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Abstract
The typical characteristic of a thin porous layer is that its thickness is much smaller than 
its in-plane dimensions. This often leads to physical behaviors that are different from 
three-dimensional porous media. The classical Richards equation is insufficient to simu-
late many flow conditions in thin porous media. Here, we have provided an alternative 
approach by accounting for the dynamic capillarity effect. In this study, we have presented 
a set of one-dimensional in-plane imbibition and subsequent drainage experiments in a thin 
fibrous layer. The X-ray transmission method was used to measure saturation distributions 
along the fibrous sample. We simulated the experimental results using Richards equation 
either with classical capillary equation or with a so-called dynamic capillarity term. We 
have found that the standard Richards equation was not able to simulate the experimental 
results, and the dynamic capillarity effect should be taken into account in order to model 
the spontaneous imbibition. The experimental data presented here may also be used by 
other researchers to validate their models.

Article Highlights

• We have presented a set of one-dimensional in-plane imbibition and subsequent 
drainage experiments in a thin fibrous layer.

• The experimental data were simulated using the Richards equation either with 
classical capillary equation or with a so-call dynamic capillarity term.

• The dynamic capillarity effect should be taken into account in order to model the 
spontaneous imbibition.
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1 Introduction

Thin porous media have attracted much attention because of their importance in various 
industries. Examples of thin porous media encountered in daily life are hygiene products, 
paper, filters, fuel cells, membranes, textiles, skin, blood vessel walls, and other biological 
or manufactured thin materials. A typical characteristic of a thin porous layer is that its 
thickness is much smaller than its in-plane dimensions. This often leads to physical behav-
iors different from three-dimensional porous media (e.g., soils). Knowledge of physical 
phenomena particular to thin porous media is essential for understanding many practical 
issues (Prat and Agaësse 2015). Among these, unsaturated flow in thin fibrous materials 
has been encountered in a wide range of applications, such as liquid absorption in paper 
towels and in hygiene products.

During the past decade, there have been only few experimental and numerical studies 
of unsaturated flow regimes specific to thin fibrous porous layers (e.g., Landeryou et  al. 
2005; Reza and Pillai 2010; Aslannejad et al. 2017; Tavangarrad et al. 2018). Landeryou 
et  al. (2005) performed a series of in-plane liquid infiltration experiments on a horizon-
tal or inclined fibrous sheet. The experiments were simulated using both Washburn equa-
tion  (1921) and Richards equation  (1931). The observations could be satisfactorily sim-
ulated only when the relationship between relative permeability and liquid saturation 
in the Richards equation was modified by including a percolation threshold. Ashari and 
Tafreshi (2009) investigated fluid release in the through-plane direction in thin porous 
media numerically, using Richards equation. They reconstructed the relationships between 
relative permeability, capillary pressure, and liquid saturation for primary drainage using 
a morphological method. Later on, Ashari et  al. (2010, 2011) had to use different pc–S 
curves in simulations to model fluid flow for a stack of thin layers. The Richards equation 
was employed to simulate the through-plane drainage experiments. The numerical results 
could not match the observations without special modifications of boundary conditions. 
Melciu and Pascovici (2016) modeled the in-plane imbibition in a thin fibrous layer. Both 
the Washburn equation and single-phase Darcy’s law were used to simulate the temporal 
changes of wetting length. The results obtained using the Washburn equation showed large 
discrepancy with the observations, whereas the single-phase Darcy’s law gave good agree-
ment. Tavangarrad et al. (2018) performed a series of liquid redistribution experiments in a 
stack of thin fibrous layers. A fully saturated fibrous layer was brought into contact with a 
dry layer. During the experiments, they measured the temporal changes of liquid saturation 
in the top layer. They used the Richards equation as well as a new approach called Reduced 
Continua Model, RCM in short (see Qin and Hassanizadeh 2014, 2015; Tavangarrad et al. 
2018) to simulate the experimental data. They found that Richards equation was not able to 
reproduce the data, whereas the RCM model could provide a good fit. Similar results were 
found by Tavangarrad et al. (2019b) in the study of continuous injection of water into a 
stack of two thin porous layers in the through-plane direction.

In most of these numerical and experimental studies, either imbibition or drainage was 
investigated, and not consecutive occurrence of both processes in the same domain where 
capillary hysteresis becomes important. Limited studies have been performed to investi-
gate the hysteretic effect, which is known to exist in unsaturated soil during imbibition 
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and drainage processes. Moreover, hydraulic properties of thin porous materials may be 
different in in-plane and through-plane directions due to the special character of thin struc-
tures. Studies have shown that the models used for simulating the behavior of thin porous 
media under unsaturated flow conditions suffer from various shortcomings. For instance, 
Washburn equation, which has been often used to model liquid imbibition into thin porous 
media (see, e.g., Giuespie and Chemical 1959; Marmur and Cohen 1997; Testoni et  al. 
2018), assumes that there is a sharp front between fully saturated and dry domains. This 
assumption does not hold in many situations. Also, some studies have shown that the Rich-
ards equation does not adequately simulate such conditions (e.g., Tavangarrad et al. 2018). 
Thus, one has to look for alternatives to simulate unsaturated flow in porous media.

In this study, we have performed a series of one-dimensional experiments involving 
in-plane imbibition and subsequent drainage of water in a thin fibrous layer. The X-ray 
transmission method was used to measure saturation distributions along the fibrous sample. 
The experimental data were simulated using two different models: (1) traditional Richards 
equation and accounting for hysteresis, (2) an extended Richards equation with a so-called 
dynamic capillarity term, proposed by Hassanizadeh and Gray (1993). The objectives of 
this study are: (1) to present a set of well-controlled imbibition—drainage experimental 
data for thin porous media, which may also be used by other researchers, and (2) to inves-
tigate the applicability of an alternative approach to simulating unsaturated flow in thin 
porous media, especially for fast spontaneous imbibition.

2  Methods and Materials

The thin fibrous layer used in this study was a nonwoven material, which was made of 
regenerated cellulose, commonly used in absorbent tissues. Distilled water was used in all 
experiments. The porosity of layer and mean radius of fibers were estimated from confo-
cal microscope images of the layer without any compression. Microscope images of the 
two sides of the thin layer are shown in Fig. 1. The layer thickness was measured with-
out any compression and stick-out fibers were ignored. The in-plane intrinsic permeability 
was measured through the constant-head method. We measured the layer’s imbibition and 

Fig. 1  Microscope images of the two sides of the thin layer
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drainage water retention curves in the through-plane direction using the hanging water col-
umn (HWC) method (Dane and Hopmans 2002). The measured data are shown in Fig. 2.

We employed van Genuchten formula (1980) to fit the data:

with the effective saturation, Se, defined as:

where pc(S) denotes the capillary pressure, S and Sir are water saturation and irreducible 
water saturation, respectively, α and n are fitting parameters, and m = 1 − 1/n. The fitted 
curves are shown in Fig. 2 as solid lines. Values of various parameters for the tissue fibrous 
material are given in Table 1. Mualem’s formula (Mualem 1976) was used for the relative 
permeability:

The coefficient l is usually set equal to 0.5 (van Genuchten 1980). The Mualem–van 
Genuchten model is commonly used for soils to estimate the relative permeability–satu-
ration relationship based on fitting parameters obtained from capillary pressure data. 
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Fig. 2  Measured pc–S curves for 
imbibition and drainage obtained 
via through-plane quasi-static 
experiments. Parameter values 
for fitted curves are given in 
Table 1

Table 1  Properties of the fibrous 
material used in this study

Parameter Value

Fiber radius, r (μm) 10 ± 0.5
Fiber density, ρf (g/m2) 40
Layer thickness, D (μm) 705
Porosity, φ (–) 0.96
Intrinsic permeability, k  (m2) 9.4 ×  10–10

Parameter in VG model for imbibition, α  (Pa−1) 2.6 ×  10–3

Parameter in VG model for imbibition, n (–) 2.74
Parameter in VG model for drainage, α  (Pa−1) 1.1 ×  10–3

Parameter in VG model for drainage, n (–) 2.74
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Due to the lack of relative permeability data, we have employed this model for thin 
porous media as some other studies have suggested (e.g., Ashari and Vahedi Tafreshi 
2009; Tavangarrad et al. 2019a). However, we note that this model should be improved 
for thin porous media based on experimental measurement of relative permeability spe-
cifically designed for thin porous media.

A schematic view of the experimental setup is shown in Fig.  3. A Plexiglas open 
frame, shown in green, was constructed to support a thin tissue that was placed on thin 
steel wires. A fully dry fibrous layer, shown in red, with a thickness of 705  µm and 
dimensions of 3.2  cm (width) × 30.5  cm (length), was placed on the frame. A small 
clamp was used to fix the end of the layer. For the imbibition experiment, the frame 
was put horizontally on an X-ray plate. The saturation profiles were measured along the 
length of the layer every other minute. The measurement domain started at 1 cm from 
the edge of water reservoir (point A in Fig. 3).

The experiment started by immersing the first 5 cm of the layer into a water reservoir 
(shown in blue). This ensured full contact with water at all times. The observed satura-
tion was a thickness- and width-averaged value over every 0.5 cm. After about twenty 
minutes, equilibrium was reached and water imbibition stopped. The drainage experi-
ment was started by rotating the entire system (i.e., the X-ray source and the plate) by 
45° so that the sample was in an inclined position (see Fig. 3), and water flowed back 
from the tissue into the reservoir. The rotation process took one minute. During the 
entire experiment, the tip of the sample was always kept in the water reservoir in full 
contact with water, although about 2.8  cm of the sample was hanging in the air dur-
ing drainage experiments (see Fig.  3). All experiments were conducted in a constant-
temperature room at 21 ± 0.5 °C. At least two duplicates were done for all experiments.

Fig. 3  Schematic view of the experimental setup. Open Plexiglas frame is shown in green and the sam-
ple shown in red. Spontaneous imbibition occurred with the setup placed horizontally and the sample tip 
immersed into the water. Then, the setup was put in an inclined position, which caused drainage to occur
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3  Numerical Model

We used the one-dimensional Richards equation to simulate the experiments:

where μ is water viscosity, ρ is water density, g is gravity, pw is water (gauge) pressure, t 
is time, x denotes the distance from the edge of water reservoir, and β is the angle between 
the flow direction and the horizontal axis. The value of β was equal to 0° during the spon-
taneous imbibition process, while it was 45° during the drainage process. The swelling 
effect of fibers was neglected here.

However, studies have shown that the standard Richards equation is not able to capture 
all flow behaviors in 3-D porous media (e.g., Diamantopoulos and Durner 2012). There 
have been several different approaches to simulate dynamic effects during multi-phase flow 
in soils (e.g., Barenblatt 1971; Juanes 2009). Here, the dynamic capillarity effect as formu-
lated by Hassanizadeh and Gray 1990) was included in our simulations. Assuming a lin-
ear approximation, it has the following form for an air–water system (Hassanizadeh et al. 
2002):

where τ is the so-called dynamic capillarity coefficient, which is a material property. Under 
quasi-static conditions (i.e., ∂S/∂t ≈ 0), the difference between water gauge pressure and 
capillary pressure is negligible. Zhuang et al. (2019) have referred to the combination of 
Eq. (5) with Richards equation as extended standard model.

During dynamic processes (i.e., ∂S/∂t ≠ 0), the difference between water gauge pressure 
and capillary pressure becomes significant for large flow rates. For sandy soils, it has been 
found that the pressure difference between the fluid phases is not equal to capillary pres-
sure under dynamic conditions (see, e.g., Smiles et al. 1971; Topp and Peters 1967). More-
over, a number of studies have shown that for a satisfactory simulation of fast unsaturated 
flow in soil, one has to include the dynamic capillarity effect. For example, DiCarlo (2005). 
simulated experiments on water infiltration into dry soil and showed that for the modeling 
of nonmonotonic saturation profiles one has to take into account the dynamic capillar-
ity effect. Similar results have been reported by Zhuang et al. (2019) who also simulated 
experiments on water infiltration into dry soil. In other experiments, the role of dynamic 
effect in a proper simulation of water redistribution in soil was shown (Zhuang et al., 2016, 
2017a, b). Some experimental and numerical studies have been performed to determine 
values of τ for soils. Among them, a few studies have shown that τ may be a function of 
saturation (see, e.g., O’Carroll et al. 2005; Manthey et al. 2008; Bottero et al. 2011; Joekar-
Niasar and Majid Hassanizadeh 2011; Diamantopoulos and Durner 2012; Abidoye and Das 
2014; Goel et al. 2016; Zhuang et al. 2017a, b; van Duijn et al. 2018). However, form of 
relationship between τ and saturation is still inconclusive at this moment.

Ideally, one should determine the dynamic capillarity coefficient for thin porous 
media directly through experiments. Unfortunately, a well-defined experiment would be 
difficult and complicated. In particular, the measurements of average fluid pressures as 
a function of time at various points along the thin medium are needed, which would 
not be straightforward. To the best of our knowledge, there are no direct experimental 
measurement of the dynamic capillarity coefficient for thin porous media. Tavangarrad 
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et al. (2018) evaluated τ values based on simulations of through-plane redistribution of 
water in a stack between two thin porous layers. However, there are no studies of in-
plane unsaturated flow in thin porous media using the dynamic capillarity model. Also, 
the dependence of dynamic capillarity on saturation for thin porous media still have 
not been studied, up to now. Zhuang et  al. (2019) suggested four different functional 
forms of τ based on results of studies in soils reported in the literature. We performed 
simulations using those four different functional forms for τ in order to have a general 
idea about the effect of τ–S relationship for thin porous media. Results are presented in 
“Appendix 3.” We found that the quadratic relationship between τ and saturation pro-
vides the best results for simulating current experiments.

We performed three different sets of simulations for both spontaneous imbibition and 
drainage processes. (1) Simulation I, using Richards equation with measured pc–S curve 
(denoted as Curve 1) and corresponding values for α and n as given in Table  1; (2) 
Simulation II, using Richards equation but with modified pc–S curves (denoted as Curve 
2). Corresponding values for α and n were selected in such a way that the numerical 
results and the experimental ones were in good agreement. (3) Simulation III, using the 
Richards equation in combination with the original pc–S curve (Curve 1) and dynamic 
capillarity equation. For the latter simulation, various functional forms of the coefficient 
τ (either as a constant or as a function of saturation) were optimized in order to get best 
agreement with the observed data.

The full set of equations were solved implicitly using the commercial package COM-
SOL 5.0 (COMSOL 2014), which is based on the finite element method. The grid size 
was set to 1 ×  10–3 m, and the maximum time step to 0.01 s to achieve mesh-independent 
solutions. For the simulations of spontaneous imbibition process, the initial saturation 
along the domain was set equal to a minimum value of 0.01, whereas the value of 0.99 
was assigned as the initial saturation for drainage experiments. The boundary saturation 
at the reservoir side was set to the value of 0.99, and a no-flow condition was imposed at 
the other end. For drainage simulations, the modeling domain was elongated by 2.8 cm 
due to include the hanging part of the tissue (see Fig. 3). We also performed supplemen-
tary simulations to investigate the effect of evaporation effect on simulation results; that 
was found to be negligible (details are given in “Appendix 1”). The simulation param-
eters are summarized in Table 2.

Table 2  Modeling parameters

Simulation I Simulation II Simulation III

Information With original parameters (curve 1) With fitted pc–S curve 2 With dynamic cap-
illarity equation 
and curve 1

Maximum time step 0.01 s
Grid size 1 × 10–3 m
Boundary conditions Imbibition: x = -0.01 m, S = 0.99; x = 0.245 m, no flow

Drainage: x = − 0.01 m, S = 0.99; x = 0.245 m, no flow
Initial conditions Imbibition: S = 0.01

Drainage: S = 0.99
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4  Results and Discussion

4.1  Imbibition

Experimental data for imbibition (shown as open circles) and results of three different sim-
ulations (shown as solid lines) are given in Fig. 4b–d. The saturation at x = 0, i.e., the edge 
of water reservoir, reached the value of 0.90 within 1 min, but then approached the maxi-
mum saturation relatively slowly, after about 10 min.

To model the spontaneous imbibition experiments, we focused on three features of the 
observed data: (1) the temporal variation of measured saturation at x = 1 cm; (2) the wet-
ted length of the layer at a given time (i.e., the position of saturation front); (3) the cur-
vature of the saturation profiles. As shown in Fig.  4b, the saturation distribution curves 
obtained from Simulation I are at all times distinctly different from the observations in all 
three features. The wetted length is at all times significantly larger than measured values 
(water advances much faster than in experiments). Additional simulations were performed, 
in which we changed intrinsic permeability value and relative permeability curves. The 
details and results are given in “Appendix 2”. Decreasing the values of relative perme-
ability resulted in a shorter wetted length of the layer and matched measured values at 
different times. However, the curvature of saturation profiles and the saturation value at 
x = 1 cm were still far from measured data. In Simulation II, we tried to fit observed data 
as closely as possible by adjusting the values of the parameters α and n in the imbibition 

Fig. 4  Experimental and simulation results for the spontaneous imbibition experiment. a Measured and 
fitted pc–S curves. Observed saturation profiles (open circles), and simulated curves (solid lines) obtained 
with Simulations I to III (b–d). The first data point is at x = 1 cm. Simulation results for the time of 10 min 
and 20 min overlapped
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pc–S relationship. Hence, we obtained a modified pc–S curve (shown as Curve 2 in Fig. 4a) 
by fitting measurements. This also affected the relative permeability curve. This improved 
the result for the wetted length (see Fig. 4c). However, both the saturation at x = 1 cm and 
the curvature of saturation profiles still deviated from the observations considerably. When 
we incorporated the effect of dynamic capillarity, we obtained much better agreement with 
measured data (see Fig. 4d). Although the model with dynamic capillarity equation (Simu-
lation III) fitted the observed data at early times much better, it did not do so at late times, 
while the standard Richards equation using modified pc–S curves (Simulation II) gave 
slightly better agreement with the observed data at some medium times.

Figure 5 shows the changes in average saturation of the whole layer as a function of 
time. Clearly, the model with dynamic capillarity equation (Simulation III) fitted the 
observed data at early times perfectly, but it later deviated from the data due to limited 
dynamics. The main reason for this deviation is most probably the fact that as the tis-
sue gets wet during imbibition, fibers absorb water and swell. This means water leaves 
the pores, and one should include a sink term to the Richards equation. Unfortunately, we 
could not model this effect as there was no information on the swelling behavior of fibers.

4.2  Drainage

Experimental and simulation results for the drainage experiments are shown in Fig. 6. As 
shown in Fig. 6b, the measured saturation along the sample decreased fast within 2 min. 
The drainage of water slowed down afterward, and equilibrium was reached within 20 min. 
Simulation I was able to model the observations at 2  min reasonably well, but not at 
later times. The saturation values obtained from Simulation I at equilibrium all along the 
domain are significantly higher than the observed data.

Given that equilibrium was almost reached after 20 min, one could derive a set of pc–S 
data based on the observed equilibrium saturation distribution at various positions along 
the sample. At equilibrium, water pressure along the sample follows the hydrostatic pres-
sure distribution. So, at every point, knowing the saturation, we can calculate the water 
pressure (and thus the capillary pressure). This experimental method can be used to obtain 
pc–S data for drainage for the thin porous layer. The resulting pc–S data are shown as blue 
dots in Fig. 6a. The fitted curve using van Genuchten model (Curve 2) and the measured 
through-plane pc–S curve are shown as dashed and solid lines, respectively. The fitted value 

Fig. 5  Change of the average 
saturation over the entire domain 
as a function of time during the 
spontaneous imbibition process
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of α for Curve 2 was 1.7 ×  10–3   Pa−1, and the fitted n value was the same as the one for 
Curve 1. By using Curve 2, Simulation II gave a better agreement with the observed data 
for most times except at t = 2 min, which we see some deviation. In Simulation III, dynamic 
capillarity effect was included with the same functional form of τ that was specified for 
the imbibition process. The results of Simulation III (see Fig.  6d) were almost identical 
to Simulation II. This indicates that the dynamic capillarity effect is not significant during 
the drainage as it occurs relatively slowly. This phenomenon has also been found in soils. 
Temporal changes of saturation are much slower during drainage than imbibition, resulting 
in negligible dynamic capillarity effect with the same τ values.

One interesting phenomenon regards the different pc–S curves 1 and 2 shown in Fig. 6a. 
As explained earlier, Curve 1 is based on drainage experiments in the through-plane direc-
tion, while Curve 2 is based on data from in-plane drainage. This implies that pc–S curves 
may be different in different directions. However, there are limited experimental studies to 
investigate in-plane and through-plane pc–S curves for different thin porous media up to 
now.

5  Summary and Conclusions

Here, we have presented a set of well-controlled imbibition and subsequent drainage 
experiments in a thin fibrous layer. The experimental data were simulated using Rich-
ards equation either with classical capillary equation or with the dynamic capillarity 

Fig. 6  Experimental and simulation results for the drainage experiment. a Measured and fitted pc–S curves. 
Observed saturation profiles (open circles), and simulated curves (solid lines) obtained with Simulations I 
to III (b–d)
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term. The results have shown that the standard Richards equation cannot simulate all 
flow conditions in thin porous media. We have provided an alternative approach by 
accounting for the dynamic capillarity effect. For this specific fibrous material, we have 
found:

1. The pc–S curves which are obtained when water flow is mainly perpendicular to the layer 
(i.e., through-plane direction) are not necessary applicable for modeling the process 
when the flow is in the planar direction; the entry pressure in the in-plane direction is 
lower than that of the through-plane direction. Obviously, our results are not consistent 
with the fact that both pc and S are scalar variables. Nevertheless, we think it is important 
to report the results here.

2. One can simply get the in-plane drainage pc–S curve using the vertical equilibrium drain-
age method presented in this study; the pc–S data can be obtained based on the observed 
saturation profiles at equilibrium and hydrostatic pressure distribution.

3. Given that spontaneous imbibition is a relatively fast capillary-driven process, one 
should account for the dynamic capillarity effect in order to model this process. How-
ever, the dynamic capillarity effect is not significant during the relatively slow drainage.

Appendix 1: Including Evaporation Effect During Imbibition

The evaporation rate r was measured experimentally. In the experiment, a fully satu-
rated fibrous layer was placed on a stainless-steel porous plate. The temporal changes 
of weight were recorded using a three-digit precision balance (Kern & Sohn GmbH, 
Germany). Figure 7 shows the saturation changes in the fibrous layer as a function of 
time. An evaporation rate of r = 0.165  h−1 was obtained by fitting the data linearly. We 
performed a set of simulations including evaporation during spontaneous imbibition 
process. The governing equations were modified by adding the evaporation term, − φr, 
to the right-hand side of Eq. (4). They are almost identical to the ones shown in Fig. 3a; 
this indicates that the influence of evaporation is negligible during spontaneous imbi-
bition process here. This is to be expected as the time scale of evaporation was much 
larger than the one for our experiments (Fig. 8).

Fig. 7  Saturation changes in the 
fibrous layer as a function of time 
during evaporation
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Appendix 2: Simulations Obtained by Adjusting Intrinsic and/
or Relative Permeabilities

Figure 9a shows the simulation results obtained using the classical Richards equation with 
the intrinsic permeability value reduced by a factor of 9.2/4.2 = 2.19 compared to the value 
used in Simulations I–III. In an additional set of simulations, the relative permeability was 
also reduced by increasing the value of parameter l in Eq.  (3) from 0.5 to 1.0. Results 
are shown in Fig.  9a, b, respectively. It is evident that reducing the intrinsic permeabil-
ity was capable of decelerating the imbibition process, similarly to decreasing the rela-
tive permeability. However, the shape of saturation profiles and saturation value at x = 1 cm 
were unchanged. Clearly, the classical Richards equation was not capable of modeling 
the spontaneous imbibition process despite adjusting values of intrinsic and/or relative 
permeabilities.

Fig. 8  Observed saturation pro-
files (open circles) and simulated 
curves (solid lines) obtained 
using the classical Richards 
equation including evaporation 
effect

Fig. 9  Observed saturation profiles (open circles) and simulated curves (solid lines) obtained using the clas-
sical Richards equation with adjusting intrinsic and/or relative permeabilities
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Appendix 3: Simulations Obtained with Different τ–S Functions

Based on the studies of dynamic capillarity in soils (Zhuang et al. 2019), we have cho-
sen five typical functional forms for the dynamic capillarity coefficient τ. The functions 
are shown in Table 3. The constant τ0 in each function was optimized and may vary in 
different functional forms. The simulation results using the quadratic power function 
τ4 are shown in Fig.  3. The selected simulation results obtained using the remaining 
four τ–S functions are shown in Fig. 10. Obviously, regardless of τ–S functional forms, 
including the dynamic capillarity term always improved the agreement with the wetted 
length of the layer at different times. Specifically, as shown in Fig. 10a, b, for τ1 and τ2, 
the saturation profiles were relatively steep with unchanged saturation at x = 1 cm. These 
simulations curves are not anywhere close to the measured values. The simulations 

Table 3  Different expressions 
for the dynamic capillarity 
coefficient τ.

The value of constant τ0 may vary in different functional forms

Dynamic capillarity function Expressions

τ1 τ0

τ2 τ0(1 − S)
τ3 τ0S
τ4 τ0S2

τ5 τ0S3

Fig. 10  Observed saturation profiles (open circles) and simulated curves (solid lines) obtained using the 
extended Richards equation with different τ–S functional forms
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using τ3 (linear) and τ5 (cubic power) gave a better agreement with the observations (see 
Fig. 10c, d). However, these results still showed either faster or slower temporal satura-
tion changes at x = 0. The function τ4 (quadratic power function), therefore, was chosen 
as the best form for modeling dynamic capillarity in this work.
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