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ARTICLE INFO ABSTRACT

Keywords: Tidal heating can play an important role in the formation and evolution of subsurface oceans of outer-planet

Tides moons. Up until now tidal heating has only been studied in subsurface oceans of spatially uniform thickness.

Iey moons . We develop a numerical model to consider oceans of spatially variable thickness. We use the Laplace Tidal

Rotational dynamics Equations for the ocean and model the ice shell using membrane theory. The problem is solved using the
commercial Finite Element software Comsol Multiphysics®. We use this new model to study the tidal response of
Enceladus’ ocean with a twofold objective: to understand how ocean thickness variations modify the tidal
response of a subsurface ocean and to assess if tidal dissipation in an Enceladan ocean with varying ocean
thickness can explain the high heat flux emanating from Enceladus’ South Polar Terrain and the perdurance of a
subsurface ocean. We consider the effect of meridional ocean thickness changes of spherical harmonic degree two
and three as suggested by topography and gravimetry data. We observe that an ocean with degree two topog-
raphy responds with the same eigenmodes as an ocean of constant thickness but resonances occur for thicker
oceans. However, resonant ocean thicknesses are still thin compared to current estimates for Enceladus ocean
thickness. Rossby-Haurwitz waves, excited by the obliquity tide for thick oceans of constant thickness, are not
excited at the tidal frequency when oceans of variable thickness are considered. This result implies that the role
of the obliquity tide in ocean tidal-dissipation might have been overestimated for Enceladus and other icy worlds.
An antisymmetric, degree-three ocean thickness variation mixes the ocean modes excited in a constant thickness
ocean by the eccentricity and obliquity tide.

1. Introduction

The discovery of subsurface oceans in the outer solar system (e.g.,
Kivelson et al., 1996; Khurana et al., 1998; Iess et al., 2014; Beghin et al.,
2010; Saur et al., 2015; Thomas et al., 2016; Beuthe et al., 2016) has
raised new questions on the thermal evolution of icy moons. Because
they receive little energy from the Sun, the persistence of subsurface
oceans in these bodies needs to be explained by internal heat sources
such as radiogenic heating and tidal dissipation and/or the presence of
dissolved salts or ammonia that decrease water’s melting temperature.
Tidal dissipation arises due to the non-zero obliquity and eccentricity of
synchronously rotating icy satellites. It has long been recognised that

tidal dissipation in solid viscoelastic layers can generate enough heat to
maintain subsurface water reservoirs (e.g., Cassen et al., 1979). This is
the case of the Jovian satellites Europa, Ganymede and Callisto, where
models including radiogenic and tidal heating predict the presence of
subsurface oceans (e.g., Ojakangas and Stevenson, 1989; Hussmann
et al., 2002; Spohn and Schubert, 2003). However, for Enceladus, tidal
heating in the solid layers of the moon is not enough to explain the
presence of a global ocean (Tobie et al., 2008; Behounkova et al., 2017;
Soucek et al., 2019) unless the satellite rocky core is unconsolidated
(Choblet et al., 2017). Neither can it account for the 10-50 GW of
average tidal dissipation suggested by astrometric observations (Lainey
et al., 2012, 2017; Nimmo et al., 2018) and the 4.2 GW of heat
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emanating from Enceladus’ South Polar Terrain (SPT) observed by
Cassini’s CIRS instrument (Spencer et al., 2013). This fact has led to the
speculation that oceanic tidal dissipation contributed significantly to the
thermal budget of subsurface oceans (e.g., Tyler, 2008).

In the last decade, the role of ocean dynamics in tidal-dissipation has
been investigated. Tyler (2008, 2009, 2011, 2014) considered the
response of an ice-free ocean to tides, Matsuyama (2014) expanded the
formulation to consider the effect of self-gravity and a deformable rocky
core. More recently, models that consider the overlying ice shell have
been developed (Beuthe, 2016; Matsuyama et al., 2018; Hay and Mat-
suyama, 2017, 2019). The ocean response highly depends on the surface
gravity wave speed (c) which is given by ,/gh, with g being the ocean
surface gravity and h the ocean thickness. The time it takes for a
perturbation to travel around the moon is 2zR/c, with R the moons’s
radius. If this time is much smaller than the tidal period, the ocean re-
sponds following nearly the equilibrium tide and oceanic tidal dissipa-
tion becomes negligible. Otherwise, the dynamic response of the ocean
needs to be considered. Resonant ocean thicknesses exist for which tidal
dissipation becomes very high. However, these resonances happen for
oceans considerably thinner than those present on the moons of the
outer solar system (e.g., Tyler, 2014; Matsuyama et al., 2018). It has
been suggested that these resonances can prevent subsurface oceans
from freezing as they get thinner (Tyler, 2011), although this may not be
the case for small satellites like Enceladus where the effective rigidity of
the ice shell is large (e.g., Hay and Matsuyama, 2019).

The obliquity tide can also excite (planetary) Rossby-Haurwitz waves
(Tyler, 2008). Contrary to surface gravity waves, the restoring force lies
in the conservation of potential vorticity (the fluid dynamical analog of
angular momentum conservation) arising in a field where background
vorticity varies spatially (such as due to a latitudinal gradient in plan-
etary vorticity, or due to thickness-variations of a rotating fluid). These
waves are characterised by an ocean flow that is tangentially non-
divergent implying that there are no surface displacements in the
radial direction. Rossby-Haurwitz waves were argued to play a major
role in preventing Enceladus and Europa’s ocean from freezing (Tyler,
2008, 2009, 2011). However, this argument relied on what is likely a
two orders of magnitude overestimate of the obliquity of Enceladus
(Chen and Nimmo, 2011) and the debate on the role of tidal heating in
the ocean of Enceladus was reopened.

All of the previous studies are restricted to oceans of constant
thickness. However, it is expected that subsurface oceans have thickness
variations. For instance, gravity and topography data suggests that
Enceladus’ ocean thickness is not constant: the ice shell has degree two
and three meridional thickness variations (Beuthe et al., 2016; Cadek
et al., 2016; Hemingway and Mittal, 2019). On Earth, tides are greatly
affected by ocean bathymetry, which raises the question of how the tidal
response of a subsurface ocean of variable thickness differs from that of
an ocean of constant thickness. In particular, we want to understand
what the effect of ocean thickness variations is on gravity waves reso-
nances and the excitation of Rossby-Haurwitz waves.

To tackle these questions we use a finite element software package
Comsol Multiphysics® to solve the Laplace Tidal Equations for an ocean
with varying thickness. To account for the ice shell we use the thin shell
theory of Beuthe (2008, 2016) in the membrane limit. We consider a
subsurface ocean overlying a rigid spherical core and neglect the effects
of self-gravity. While our method can illustrate the effect of ocean
thickness changes for subsurface oceans in general, we focus on Ence-
ladus as there is compelling evidence for meridional ocean thickness
variations and closing its thermal budget has proven to be more prob-
lematic than for other icy worlds (Nimmo et al., 2018). We start by
considering an ocean of constant thickness and its solutions and then
add meridional degree two and three ocean thickness variations via the
dependence of phase speed on ocean thickness, while formally keeping
the thickness of the elastic lid constant. This implicitly corresponds to an
ocean with bedrock topography (Fig. 1). Even though our model has
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limitations (no self-gravity, a rigid core and constant ice shell thickness),
it provides the first insight on how ocean thickness variations change the
dynamic tidal response of subsurface oceans.

2. Problem formulation and assumptions

The Laplace Tidal Equations (LTE) were presented by Laplace (1798)
in his study of barotropic (surface) tides. We use the formulation given
in Tyler (2011). The linearised LTE for an ocean of variable thickness h
and surface gravity g on a spherical body with radius R rotating at
angular frequency (2 are given by:

dis —fs xr= —c*V (m—my) — F,, (1a)
dm+ Vs =0, (1b)

where c is the local surface gravity wave phase speed that is a function of
ocean thickness, f the Coriolis parameter (20 cos@ with ¢ being co-
latitude), my a potential forcing term and r the unit radial vector. m
and s are respectively a surface density and a vertically integrated mo-
mentum flow defined as:

m=p,n, 2)

s = / pudr. 3)
h

pw is the ocean density (assumed to be constant), and # and u are the
radial surface displacement and tangential flow velocity. The forcing
term my follows from the tidal potential I™:

P
my="2T. 4
! 8

The term Fy;g is a dissipative term that can take different forms. It is
often described using a linear drag term, a quadratic drag terms or a
combination of both:

(a) Constant ocean thickness

-80 —60 —40 20 0 20 40 60
Latitude [o]

(b) Noo = 1

-20 —40 —20 0 20 40 60
Latitude [o]
(C) nso = —-0.5

Depth [km]

-8 —-60 —40 20 0 20 40 60 80
Latitude [o ]

Fig. 1. Ocean thickness for a uniform ocean 10 km thick (a) and oceans with
degree two (b) and three (c) meridional thickness variations.
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Fdiss =as+ <c4 >S|S|. (5)
C

a and cp are the Rayleigh and the bottom drag coefficient, respectively.
Differences between both approaches are discussed in detail in Hay and
Matsuyama (2017). For a given bottom drag coefficient, scaling re-
lations can be used to estimate a linear drag coefficient (Matsuyama
et al., 2018). As most studies have considered the simpler case of linear
drag (e.g., Tyler, 2011; Matsuyama, 2014; Matsuyama et al., 2018) and
we want to investigate how the response of an ocean with variable
thickness compares with an ocean of constant thickness we adopt the
simpler linear approach.

If a pressure load q (positive inwards) acts on the ocean surface (e.g.,
atmospheric pressure, force exerted by an elastic lid), Eq. (2a) can be
modified as:

08 —fs xr= —cZV(m—mf+q/g)—as (6a)
om—+V-s =0. (6b)

A problem that can arise depending on the choice of coordinates is
the “pole-problem™: nodes located at the poles become singular as the
definition of east-west becomes singular (Platzman, 1978; Hay and
Matsuyama, 2017). To avoid this problem the equations can be
rewritten using a Helmholtz decomposition. The momentum flow is split
into curl-free (&) and divergence-free (¥) components:

s =Vo+Vx(¥r) @

By using this definition and taking the curl and divergence of Eq.
(6a), Egs. (6a), (6b) become (Tyler, 2011):

om+ V2P =0, 8a)

(0 + Q) VPP +fV2¥ — V- (VO + V x (#r) x 7] = )
SO v gfs) - T ),

(0 + @) V¥ —fV2D + [V x (VO + V x (¥r)) x 1] = 50

r[Ve? x V(m—my +q/g)]

From Egs. (8b) and (8c) it becomes clear that ocean thickness variations
enter the equations through the implicit dependence of ¢ on ocean
thickness. In case of uniform c?, we recover the equations for an ocean of
constant thickness.

The term q couples the ocean and the ice shell response. Two
different approaches have been used to account for this term: the thick
and the thin shell approaches. The thick shell approach considers all the
elements of the stress and strain tensor (Matsuyama et al., 2018). The
thin shell theory is a 2D analog of the 1D beam theory. It can be used if
the shell is thin compared with the radius of the body (i.e., 5-10% of the
radius) (Beuthe, 2008). Under this circumstance it can be assumed that
the transverse stress is negligible and that normals to the reference
surface remain normal after deformation. The membrane limit is a
further simplification that consists in neglecting bending within the ice
shell. Matsuyama et al. (2018) and Hay and Matsuyama (2019) used the
thick shell approach to study tidal dissipation in subsurface oceans, and
showed that the membrane approach is accurate to 4% for Enceladus.

We use the thin shell approximation in the membrane limit. Beuthe
(2008) derived a set of equations to study the deformation of a mem-
brane of changing thickness under transverse and tangential loads.
However these equations proved to be difficult to be efficiently imple-
mented using Comsol’s Multiphysics tools. The equations are fourth
order differential equations which imply that quintic or higher order
elements need to be used together with a high spatial resolution. This
fact highly increases the computational time making it difficult to
explore the parameter space. Due to this limitation we consider an ice
shell of constant thickness which implies that changes in ocean thickness
are implicitly represented by bedrock topography. In this case, the
relation between surface displacements () and pressure exerted by the
ice shell (q) is given by a second order differential equation:
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I%A/nfﬂRA'q+ (1+v)BRg = 0. 9)

v is the Poisson ratio and f is extensional rigidity of an ice shell of
constant thickness h; and Young modulus E and is given by Beuthe
(2008, 2016):

f=— (10)

A’ is a differential operator equal to R*V2 42,

Egs. (8a—c) and (9) can be solved to obtain the ocean response to tidal
forcing. Once the ocean tidal response is obtained, the momentum flow s
can be used to compute the amount of tidal dissipation for each time-
step:

D= is.stA 1n
sPw

D changes over a tidal-period. We are interested in the average tidal
dissipation over a tidal-period, which is obtained as:

— 1
fo/TDdt 12)

where T is the tidal period.

Egs. (8a) and (8b) are forced through the tidal potential I which
arises due to the eccentricity (e) and obliquity (¢) of the satellite. The
tidal potential can be written in terms of the satellite’s orbital elements
(Jara-Orué and Vermeersen, 2011):

I'= "R (Yo + Ve +Were T Werw +Wore +Wor) 13)

where w is the mean motion of the satellite which equals its rotational
frequency Q. y is the static component of the tidal-potential which does
not have any dynamic effect. The eccentricity and obliquity tide can be
written in terms of spherical harmonics of degree two and different
harmonic orders. The eccentricity tide consists of an order zero
component () and an order two component that can be further split
into an eastward (o) and a westward component (i,2,,). The obliquity
tide is an order one forcing that can also be split into eastward and
westward components (Wo1e, Wo1w). These components are given by:

Yo = — 32—€P2A0 (cos@) cos (a)t) , (14a)
Te

Ve = §P2_2 (cosO)cos(2¢ — wr), (14b)

Yo = — §P2,2 (cosO)cos(2¢ + wt), (14c)

Wy = sz(s)Pz.l (cosO)sin(¢p — wt + O) (144d)

e = sm(e)Pu (cosO)sin(¢p + wt + O) (14e)

where e, € and O are the satellite’s eccentricity, obliquity and argument
of pericenter, ¢ is fthe longitude and P; , are associated Legendre
polynomials of degree [ and order m. The physical parameters used for
Enceladus are given in Table 1.

3. Solving the LTE using FEM

Different approaches exist to solve the previous set of partial dif-
ferential equations. If the ocean thickness is constant, spectral methods
are very efficient (Longuet-Higgins, 1968; Tyler, 2011, 2014; Mat-
suyama, 2014; Matsuyama et al., 2018; Beuthe, 2016). In such methods,
m, @, ¥ are expanded in a series of spherical harmonics and Egs. (8a)
and (8b) are reduced to a set of algebraic equations that can be inverted
to obtain the spherical harmonic coefficients. However, if ¢2 is not
constant this approach is more problematic and other numerical
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Table 1

Enceladus physical parameters used for this study.
Physical and orbital parameters are obtained from the
JPL ephemerides (http://ssd.jpl.nasa.gov/?sat_elem).
Enceladus’ obliquity is an upper bound obtained
considering Enceladus is in a Cassini state (Baland
et al.,, 2016). We use the same Young modulus (E),
Poisson ratio (v) and ocean density (p,,) as in Soucek
et al. (2016). Ocean (hycean) and ice shell thickness
(h;ce) are varied within the indicated range.

Parameter Value

R [km] 252.1
gms™2] 0.11

Q [rads™] 5.31-107°
e[-] 0.047

£ [°] 0.00045

@ [rad] 0

pw [kgm ™3] 1007

E [10° Pa] 8.778

v [km] 0.33

hocean [km] 0.01 - 45
hice [km] 0,1,10

als 1 1.107% %7

approaches are more suitable.

For example, for Earth, Platzman (1975) used a finite difference
method to study the eigenmodes of the Atlantic ocean. The finite dif-
ference method presents some challenges, one of them being the pre-
viously mentioned “pole-problem”. Platzman (1978) developed an
alternative approach using a Finite Element Method (FEM) and applied
it to study the eigenfrequencies and modes of Earth’s ocean basins. In
the context of planetary sciences, Sears (1995) used a finite difference
approach to solve for tides in Titan’s hydrocarbon lakes. This approach
was incorporated in the first version of ODIS (Ocean Dissipation in Icy
Satellites) (Hay and Matsuyama, 2017) to study tides in icy satellites
with non-linear bottom drag. A finite volume method is used in the most
recent version of ODIS (Hay and Matsuyama, 2019).

We use the commercial Finite Element software Comsol Multi-
physics® to solve the system of partial differential equations. Comsol
Multiphysics® allows to solve user-defined partial differential equations
and has extensively tested build-in integration methods that can be
employed (Comsol Multiphysics®, 2012). More specifically, we use the
Boundary PDE module to solve the PDEs in the boundary of a 3D
domain, in our case a sphere of radius R. The equations are discretised
using a mesh of quadratic triangular elements. The use of quadratic el-
ements gives a smooth representation of the derivatives of m, @, ¥ and
therefore of the flow momentum s (see Eq. (7)) which results in a more
accurate estimation of tidal dissipation for a given mesh size.

The eigenmodes and eigenfrequencies of the system are obtained
using the eigenvalue solver algorithm of Comsol® which uses the
implicitly restarted Arnoldi method (IRAM). Different methods can be
used to integrate the system forward in time. Hay and Matsuyama
(2017, 2019); Sears (1995) use an explicit method. This implies that the
time step should fulfill the Courant-Friedrichs-Lewy (CFL) stability
conditions which dictates that At <Al/c with Al being the mesh size
which places a stringent constraint on time-step for thick oceans. In
contrast, we decide to use the Generalized-Alpha method, an implicit
second-order integration method (Chung and Hulbert, 1993). The use of
an implicit method has the advantage that the CFL condition can be
relaxed.

The system is forced with the eccentricity and obliquity tide and
integrated forward in time until a periodic solution is reached. The ac-
curacy of the solution depends on the mesh-size and time step. Appendix
A shows a benchmark of the FEM model as well as a study of the effect of
mesh-size and time step. Based on the results presented there we decide
to use a mesh with 834 elements (Fig. A.7) and a time step of 0.008
Enceladus orbital period for the simulations presented below. Using
these parameters the error is shown to be smaller than 3% in most of the
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parameter space with the exception of few cases close to resonant states
for which the error can be up to 20%.

4. Results

We use the FEM presented above to compute the response of sub-
surface oceans to the time-varying eccentricity and obliquity tidal po-
tential (Egs. 14a—€). We consider ocean thicknesses between 10 m and
45 km. For each ocean thickness we force the system with the eccen-
tricity and obliquity tide, the solution approaches the periodic steady
solution asymptotically. In order to speed-up convergence we follow the
approach of Hay and Matsuyama (2017). Instead of using initial con-
ditions of the rest state, we use the converged solution of the previous
ocean thickness as starting point. For some ocean thicknesses, the ocean
response exhibits oscillations with a period of few Enceladan orbits
diminishing in amplitude (see Fig. A.8). For these cases we compute
tidal dissipation by averaging tidal dissipation for the last oscillation.

The Rayleigh coefficient depends on the dissipation mechanism at
work in the ocean. Using values of Earth’s Rayleigh and bottom drag
coefficients, Matsuyama et al. (2018) argues that its value can range
from 10> s to 107! s!. We consider a nominal Rayleigh coefficient
of 1077 s~ and briefly discuss the effect of changing this parameter by
exploring two more dissipative scenarios 10> 6s7h,

We are interested in studying the effect of ocean thickness variations
on the ocean response. However, to put our results into context, we start
by considering the very thoroughly studied case of a global ocean of
constant thickness without any ice-cover, then discuss the effects of
adding an elastic ice shell of constant thickness and, finally, we study
how ocean thickness variations alter the ocean response.

4.1. Ocean of uniform thickness

The case of a global ocean with a free surface (no ice shell) has been
widely studied in the past in the context of geosciences (e.g., Hough,
1898; Longuet-Higgins, 1968) and recently revisited in the context of
planetary sciences (e.g., Tyler, 2008; Matsuyama, 2014; Beuthe, 2016;
Hay and Matsuyama, 2017). The behaviour of the system can be un-
derstood in terms of its eigenmodes and eigenfrequencies. Resonances
can occur when the system is forced at one of its eigenfrequencies with a
forcing that has a spatial pattern similar to that of the eigenmode. We
will first consider the eigenmodes of Egs. (8a), (8b), (9) without a
forcing term and then the response of an ocean forced with the tidal
potential. For the discussion that follows, we will name the different
modes as follows: the first letter indicates whether the mode is sym-
metric (S) or antisymmetric (A) with respect to the equator; the number
that follows indicates the order of the mode (wave number in the lon-
gitudinal direction), and the second letter indicates the propagation
direction: east (E), west (W) or standing non-propagating wave (-). As
some modes share the previous characteristics we will use subindices to
distinguish modes belonging to the same family, with 1 corresponding to
the mode excited for the thickest ocean.

It is very common to study the LTE in terms of the non-dimensional
Lamb parameter 6:4[22R2/gh (e.g., Hough, 1898; Longuet-Higgins,
1968). In his pioneering work, Hough (1898) studied the response of a
non-dissipative ocean in the limit of a thick ocean h — o (or ¢ — 0) and
identified two classes of waves: waves of the first class (gravity-waves),
and waves of the second class (vorticity waves).! He showed that the

1 Vorticity waves were first discovered by Laplace (Laplace, 1798). These
oscillations were forgotten until Margules (1893) and Hough (1898) redis-
covered them independently and called them oscillations of second class.
Rossby and Haurwitz (Rossby, 1939; Haurwitz, 1940) rediscovered the waves
of the second class again and since then the term “Rossby-Haurwitz waves” or
“planetary waves” is also widely used to refer to Class 2 oscillations. We use
both terms depending on the context.
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eigenfrequencies (in the asymptotic limit) are respectively given by:

® n(n+1)

55 : (15a)
1) m
E:n(nJr 1) (15b)

where n and m are the degree and order of the ocean response. Class 2
oscillations propagate westward, while class 1 oscillations can propa-
gate either east- or west- ward. Fig. 2 shows a representative Class 1
(S2E); and Class 2 (A1W); mode. The plots show the amplitude and
phase of surface displacements (7) as well as the tangential flow velocity
(u) at t=0 (in red) and tidal ellipses showing the change of magnitude

(a) (S2E)

90

60

Latitude [°]
w
o o

@
)

-60

-150 -100 -50 0 50 100 150
Longitude [°]

(b) (A1W)4

Amplitude

90

&>

60

w
-

=~ < o ae)

Latitude [°]
o

@
S

-60 |

{
‘

<
7S

-150 -100 -50 0 50 100 150 0 1
Longitude [°] Amplitude

Fig. 2. Class 1 (a) and Class 2 mode (b). The arrows show the flow velocity at
t=0, the surrounding ellipses show the change of the flow velocity during a tidal
period. The phase and amplitude of surface displacements are shown in the
background, with the phase represented by the colour and amplitude by
brightness. Black indicates diminishing amplitude.
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and direction of the current vector over a tidal period. The difference
between these two modes can be further appreciated by computing the
ratio of potential energy to total energy (kinetic plus potential). For an
ocean thickness of 10 km this ratio equals 0.4659 for the Class 1 (S2E);
mode and 0.016 for the Class 2 (A1W); mode, indicating that surface
displacements are small for the (A1W); mode which means that the flow
is nearly non-divergent. As ocean thickness increases, the ratio ap-
proaches 0.5 and O for Class 1 and 2 modes, respectively (Longuet-
Higgins, 1968, Figures 14, 15).

The eigenfrequencies of the system for different ocean thicknesses
are shown in Fig. 3. The modes that have the right spatial structure to be
excited by the eccentricity and obliquity tide are labelled. For an ocean
of constant thickness symmetric and antisymmetric modes with respect
to the equator are decoupled. Therefore the symmetric eccentricity tide
excites symmetric modes while the antisymmetric obliquity tide excites
antisymmetric modes. These modes are shown in Figs. B.9 and B.10,
where the distinction between symmetric and antisymmetric modes can
be identified as a 180° phase lag between the Northern and Southern
Hemisphere. The order of the mode is evident as the number of cycles in
the zonal direction. Class 2 modes can be distinguished in Fig. 3 as
modes which asymptotically approach a constant frequency. This is the
case of the (A1W); mode which in the asymptotic limit has an eigen-
frequency equal to that of the tidal forcing w/202=0.5. By contrast, the
other indicated modes are Class 1 modes whose frequency in the thick
ocean limit is proportional to h'/2 and therefore show up as straight lines
of slope 1/2 in Fig. 3.

As the ocean becomes thinner the spectrum becomes denser and we
cannot use the classification into Class 1 and 2 modes anymore. In the
limit h — 0 (¢ - o), Longuet-Higgins (1968) distinguished three types of
modes. For the first type, the eigenfrequency is proportional to h'/*
while for the second and third type it is proportional to h'/2. The second
and third type can be distinguished because they propagate westward
and eastward respectively. All modes labelled in Fig. 3 are type 1 except
mode (S2E); which is type 3 as evidenced by its slope. In between the
two asymptotic limits (¢ > oo and ¢ — 0) the eigenfrequency curves
change their slope as they transition to class 1 and 2 oscillations.

When forced with the tidal potential, the response of the system is
given by a combination of the previous eigenmodes. The tidal response
is maximized if the eigenfrequency of the mode is the same as the tidal
frequency, which can be visualised as a mode crossing the horizontal
line corresponding to w/2Q2=1/2 in Fig. 3. When this happens a reso-
nance occurs. Fig. 4 shows the average tidal dissipation for different
ocean thicknesses due to the eccentricity and obliquity tide. The ocean
response is characterised by a series of resonance peaks, i.e. ocean
thicknesses for which tidal dissipation is enhanced by several orders of
magnitude. For these resonant peaks, tidal dissipation can be above
Enceladus’ observed thermal flux (Spencer et al., 2013). The resonance
peak corresponding to a thicker ocean occurs for an ocean thickness of
h,=363 m. However, as noted before, the actual ocean on Enceladus is
expected to be much thicker (Beuthe et al., 2016). Surface heat flux
patterns due to the eccentricity tide for a resonant and non-resonant
configuration are shown in Fig. 5a, b. In both cases tidal dissipation is
symmetric and maximum in equatorial regions, for the resonant ocean
thickness tidal dissipation is increased by 7 orders of magnitude. Dissi-
pation patterns depend on flow amplitudes, from the eigenmodes
depicted in Fig. B.9, it follows that tidal dissipation in polar regions is
very small for the eccentricity tide which does not agree with Cassini’s
observation of enhanced heat flux in Enceladus SPT.

The curves corresponding to the eccentricity and the obliquity tides
are markedly different. Dissipation due to Enceladus’ obliquity is lower
than that due to its eccentricity, mainly because the obliquity of Ence-
ladus is predicted to be very small (see Table 1). Moreover, the behav-
iour for an increasing ocean thickness differs. For the eccentricity tide
we observe that tidal dissipation decreases with ocean thickness. As the
ocean thickness increases the surface gravity wave-speed increases too,
thus the ocean can adjust faster to the varying tidal potential.
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Fig. 3. Eigenfrequencies for an ocean without ice cover and different ocean thickness changes. The modes excited by the obliquity tide and the eccentricity tide are
indicated. For the ocean with degree three order zero topography only the new excited modes (indicated in darker blue) are labelled. High frequency eigenmodes
corresponding to thin oceans (upper left corner) are not shown. (For interpretation of the references to colour in this figure legend, the reader is referred to the web

version of this article.)

Interestingly, this is not the case for the obliquity tide, which shows the
opposite behaviour. This is because the ocean response is mainly given
by the Rossby-Haurwitz mode (A1W);. We should not label this
behaviour as a resonance (Beuthe, 2016). In contrast to the other reso-
nance peaks, where in the inviscid limit kinetic energy diverges as the
difference between eigenfrequency and forcing frequency becomes
smaller, the excitation of the (A1W); mode does not result in a divergent
response. Dissipation patterns for this mode are shown in Fig. 5c. Con-
trary to the eccentricity tide, where tidal dissipation is maximum at the
equator, tidal dissipation is enhanced at the poles for the obliquity tide.
However, dissipation patterns remain symmetric and the values are still
small compared with the estimated radiogenic heating (~4 x 10*
Wm2) making it difficult to explain Enceladus dichotomy through this
mechanism.

The ocean response is influenced by the value of the Rayleigh coef-
ficient. As expected, for more dissipative oceans (higher @) resonant
peaks are smoothed (Fig. 4d, e). Similarly, lower values result in nar-
rower resonance peaks but do not alter the ocean thickness for which
they occur provided a < 2. When damping is increased, the obliquity

tide in the thick ocean limit is no longer only described by the Rossby-
Haurwitz alone, gravity waves are added to the solution. In such
cases, the maximum value of tidal dissipation is not obtained in the limit
h - oo (Matsuyama, 2014; Beuthe, 2016; Hay and Matsuyama, 2019).

If an ice shell is added the response of the system is altered. We
compute the tidal response of an ocean of constant thickness covered by
a1l or 10 km ice shell. As in Beuthe (2016) and Matsuyama et al. (2018)
we find that the effect of adding an elastic ice shell is twofold (Fig. 4): (1)
it shifts the gravity mode resonance peaks to thinner oceans and (2) for
thick oceans it dampens the ocean response. Using the (S2E); mode as an
example we can see that the ocean thickness for which this mode has an
eigenfrequency equal to that of the tidal force decreases with increasing
ice shell thickness (Fig. 6b), resulting in the shift of the resonance peaks.
The (A1W); mode still has an eigenfrequency equal to w/2Q2=0.5 in the
thick ocean limit and thus Rossby-Haurwitz waves are still excited by the
obliquity tide in an ocean covered by an ice shell.
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Fig. 4. Tidal dissipation for different ocean thicknesses for an ocean of constant thickness and oceans with degree two and three thickness topography. Each panel
shows tidal dissipation due to the obliquity tide and eccentricity tide with the curves for the obliquity tide corresponding to lower values of tidal dissipation. The
different panels show the solution for different ice shell thicknesses (0,1 and 10) km and Rayleigh coefficient (1075, 10’6, 10~7) s .. In (a) the different resonances
are labelled, those excited due to antisymmetric topography are indicated in blue. The horizontal grey band corresponds to the observed thermal output of Enceladus
(‘Spcnccr et al., 2013). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

4.2. Ocean of variable thickness

Using gravity, topography and libration data Beuthe et al. (2016),
Cadek et al. (2016) and Hemingway and Mittal (2019) showed that
Enceladus’ ice shell has degree two and three thickness changes
resulting in ocean thickness variations of the same type. As explained in
Section 2, our model uses an ice shell of constant thickness; ocean
thickness variations are therefore implicitly given by sea-floor topog-
raphy. We consider an ocean with thickness variations of the same kind
as those inferred for Enceladus’ ice shell:

h = h(1+nyPag + nyoP) a6

(a) Recsan = 363m

80
60 200
40 iE
2
= 20 150 %
) L =
S o =
E Ju:)
® 100 g
©
=
=3
w
50
-150 -100 -50 0 50 100 150
Longitude [°]
(6} Piosean = S0km
- %108
80
6
60 |
55 g
40 T
— 2
= 20 5 %
3 o
S5 0 =
£ 45 T
820 2
©
by =
-40 4 3
-60 |
3.5
-80

-150 -100 -50 0 50 100 150
Longitude []

where f is the average ocean thickness and Py and Pj are respectively
the degree two and three order zero Legendre functions. These two types
of ocean topography are shown in Fig. 1. Their effect will be studied
separately.

The values of nyg and n3y depend on ocean and ice shell geometry.
For a 38 km thick ocean and an ice shell of 22.8 km, Beuthe et al. (2016)
obtains values for nyy and ngg equal to ~0.3 and ~ — 0.1, respectively.
To make the effect of variable ocean thickness more evident we use
higher nominal values of nyy and n3p equal to 1 and —0.5, respectively.

We start by considering how symmetric ocean thickness changes
affects the ocean response. We compute tidal dissipation due to the ec-
centricity and the obliquity tide, the results are shown in Fig. 4. Some
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Fig. 5. Time-averaged tidal dissipation patterns for the eccentricity (a, b) and obliquity tide (c, d) in an ice-free ocean. (a, b, ¢) show dissipation patterns for an ocean
of constant thickness while (d) correspond to an ocean with degree three topography.
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Fig. 6. Eigenfrequencies for the (S2E); (straight lines) and (A1W); (bended lines) modes for an ocean of constant thickness and different ice shell thicknesses (a), and
an ocean with a 1 km ice shell and different amplitudes () of degree two topography.

differences are apparent when comparing the tidal response to that of an
ocean without topography. Firstly, the same resonant peaks character-
istic of an ocean of constant thickness are observed, however, they are
shifted towards thicker oceans. For the case of an ocean with a free-
surface the (SE2); resonance moves from a 363 to a 550 m deep
ocean. Secondly, we observe that, oppositely to what occurs when the
ocean is uniform, tidal dissipation decreases with increasing ocean
thickness for the obliquity tide which suggests that the Rossby-Haurwitz
mode (A1W); is not efficiently excited in an ocean with degree two
topography.

Some further insight can be obtained by considering the eigenmodes
of the system when topography is included. Fig. 3b, shows the eigen-
frequencies of the system for nyy=1. We observe that the general
appearance of the spectrum is not very different from that of a uniform
ocean. The ocean thicknesses at which the gravity modes cross the tidal
frequency line change, which translates in the shift of resonance peaks
observed in Fig. 4. In contrast, the Rossby-Haurwitz (A1W); mode ap-
proaches a frequency lower than the forcing frequency in the thick ocean
limit, which diminishes the role of this mode. As we did before for
different ice shell thicknesses, we track the (A1W); and the (S2E);
modes for different values of ny (Fig. 6b). The (S2E); resonance grad-
ually shifts towards thicker oceans as nyg increases and the asymptotic
Rossby-Haurwitz eigenfrequency decreases.

We move now to the case of oceans with antisymmetric ocean
thickness changes. The dissipation curve corresponding to an ocean with
antisymmetric thickness variations is similar to that of an ocean of
constant thickness (Fig. 4). However, we observe that new resonant
peaks corresponding to new modes appear (labelled in blue in Fig. 4).
We will first discuss the effect of degree three topography in the modes
already present in the constant thickness ocean response and then
examine the new modes.

With the exception of the (A1W); mode, the modes also excited for a
constant thickness ocean occur for roughly the same ocean thickness as
in the constant ocean thickness case. This fact contrasts with degree two
topography, where we observe a shift in the resonance peaks towards
thicker ocean. The different behaviour can be understood by examining
the geographical patterns of the gravity modes excited by the eccen-
tricity and obliquity tide (Figs. B.9 and B.10). We observe that these
modes are confined to low and mid latitude regions. Thus, it can be
expected that the ocean thickness in this latitudinal range will control
the tidal response. Looking at Fig. 1 it is evident that an ocean with
degree two topography deviates from an ocean of constant thickness in

low and mid latitudes. For nyp>0 the ocean is thinner than the average
ocean thickness; this means that at low and mid latitudes an ocean
thickness similar to that for which the gravity modes are excited for a

constant thickness ocean will be attained for a higher h, explaining the

shift towards higher hin the resonant peaks. In contrast, ocean thickness
variations at low and mid latitudes for degree three topography are
small (Fig. 1). This results in the terms related with ocean thickness
variations in Egs. (8a), (8b) to be small and results in gravity mode
resonances occurring approximately for the same average ocean thick-

ness (fl) as in the constant thickness ocean.

In contrast, the (A1W); mode (Fig. 2b) is not confined to low lati-
tudes and thus the previous argument does not apply. The ocean
response is more affected by degree three thickness variations which are
large at high latitudes. As in the constant thickness ocean, we observe
that the (A1W); mode eigenfrequency asymptotically approaches a
constant frequency in the limit h — o in Fig. 3c. However, this asymp-
totic frequency is higher than the tidal frequency. Therefore the mode
crosses the tidal frequency line and as a consequence dissipation due to
the (A1W;) mode reaches a maximum and then decreases with
increasing ocean thickness. We obtain tidal dissipation patterns for this
mode and compare them with the same mode for a uniform ocean
(Fig. 5c, d). Degree three topography results in anti-symmetric tidal
dissipation patterns, tidal dissipation is enhanced in north polar regions,
where the ocean is shallow. This simply follows from mass conservation,
Eq. (6b); currents are stronger in shallower regions which results in
higher energy dissipation. Although this mechanism presents a new way
to introduce anti-symmetries in tidal dissipation patterns it does not
agree with Enceladus heat flux being higher at the Southern
Hemisphere.

As mentioned before, new modes are excited when the antisym-
metric topography is considered. The new modes are shown in Fig. B.11.
As opposed to the two previous cases we notice that antisymmetric
modes (A2E);, 2 and (A0),, » are excited by the symmetric eccentricity
tidal forcing and the symmetric modes (S1E); and (S1W); are excited by
the antisymmetric obliquity forcing. Fig. 3c shows the eigenfrequencies
of the modes excited by the eccentricity and obliquity tide. Indicated in
dark blue are the new modes that appear due to the degree three order
zero topography. The (A0); resonance is particularly interesting. For an
ice-free ocean, its resonance thickness is the same as that of the (S2E);
mode and thus it is shadowed by this mode in the dissipation curve.
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Adding an ice shell separates the two modes and the (A0); mode be-
comes visible in the dissipation curves (Fig. 4b, c) to the right of the
(S2E); resonance peak for the 1 and 10 km thick ice shells.

5. Conclusions

In this paper we present a new numerical model to solve ocean tides
in subsurface oceans with variable thickness. We solve the Laplace Tidal
Equations for an ocean of variable thickness coupled with an elastic
membrane of constant thickness. We use the Boundary PDE module of
the commercial finite element software Comsol Multiphysics®. The
equations are spatially discretised using quadratic triangular elements
and integrated in time using the Generalized Alpha algorithm. We
benchmark the model against the solution of the LTE for an ocean of
constant thickness obtained by Matsuyama (2014) using a spectral
method. We show that the model converges to the analytic solutions of
Matsuyama (2014) provided that sufficiently small time steps and mesh
size are used.

We use this model to study tides in Enceladus’ subsurface ocean. We
start with the thoroughly studied case of an ocean of constant thickness
to identify characteristics in the system that help us understand the
response for an ocean with variable thickness (e.g. Tyler, 2008; Beuthe,
2016; Hay and Matsuyama, 2019). As in previous studies, we find that
the ocean response to the eccentricity and obliquity tide is characterised
by a series of resonant peaks where tidal dissipation surpasses Encela-
dus’s observed heat flux (Spencer et al., 2013) but does not agree with
the observed distribution of heat. The resonant peaks can be related to
the eigenmodes of the system. The equatorially symmetric eccentricity
tide excites symmetric modes while the anti-symmetric obliquity tide
excites anti-symmetric modes. All the excited modes are gravity-waves
modes except for the westward propagating Rossby-Haurwitz mode
which corresponds to a vorticity (or Class 2) mode. Gravity mode res-
onances occur for oceans that are thinner (few hundred meters)
compared to the average ocean thickness of around 30 km estimated
using gravity, libration and altimetry data (Beuthe et al., 2016; Cadek
et al., 2016; Hemingway and Mittal, 2019). The Rossby-Haurwitz mode
is excited by the obliquity tide for thick oceans which results in an in-
crease of tidal heating with ocean thickness for the obliquity tide.

We then explore the effect of degree two and three meridional ocean
thickness variations in the ocean response. We observe that the equa-
torially symmetric degree two topography does not add additional
resonant modes to the ocean response. However, the resonant ocean
thicknesses for the gravity wave modes are shifted to thicker oceans than
those of an ocean of uniform thickness. This shift does not push the
resonant ocean thickness to a value close to Enceladus’ estimated ocean
thickness. The antisymmetric degree three topography can activate new
resonant modes. We observe that equatorially symmetric modes can be
excited by the antisymmetric obliquity tide and antisymmetric modes
are excited by the symmetric eccentricity tide.

Topography also affects the excitation of Rossby-Haurwitz waves.
For degree two topography, Rossby-Haurwitz waves have a frequency
lower than the tidal frequency which limits the excitation of these waves
by the obliquity tide. With degree three topography the maximum
dissipation due to the Rossby-Haurwitz mode occurs for thinner oceans
than in the constant ocean thickness case. Additionally, degree three
topography results in anti-symmetric dissipation patterns, but maxima
are attained at the north polar regions and not the south polar regions as
observed by Cassini. These results have important implications as the
Rossby-Haurwitz mode has been suggested to play a major role in pre-
venting subsurface oceans in Europa (Tyler, 2008), Enceladus (Tyler,
2009) or Triton (Chen et al., 2014; Nimmo and Spencer, 2015; Hay and
Matsuyama, 2019) from freezing. We show that an uneven ocean di-
minishes the amount of tidal heating produced through the excitation of
Rossby-Haurwitz waves. These results are similar to those of Tyler
(2011), who already pointed out that the Rossby-Haurwitz wave
amplitude is greatly reduced in the case of an Enceladan ocean confined
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to the South Pole.

This study illustrates the importance of topography in controlling the
tidal response of subsurface oceans. However, very little information on
ocean thickness variations is available for icy moons. In the case of
Enceladus, gravity, libration and altimetry data suggest degree two and
three variations in the ice shell thickness (Beuthe et al., 2016; Cadek
et al., 2016; Hemingway and Mittal, 2019). For Europa these lateral
variations could be smaller (Nimmo et al., 2007) and they are unknown
for other ocean worlds. Very little is known about seafloor topography,
however low gravity objects like Enceladus can potentially support large
topographic relief. Future missions such as JUICE or Europa Clipper
might help to estimate ocean thickness for some of these bodies leading
to a better understanding of tides in subsurface oceans.

Our numerical model has some limitations that should be pointed
out. Firstly, it does not include self-gravity and the ocean is assumed to
be covering a rigid core. Matsuyama (2014) showed that including the
effect of self-gravity and considering a deformable core results in a shift
of gravity mode resonances to thicker oceans. Moreover, self-gravity
slightly enhances tidal dissipation per unit time due to the obliquity
tide for thick oceans (Hay and Matsuyama, 2019). However, these two
elements do not add new modes to the ocean response. Similar effects
are expected if self-gravity and a deformable core would be added to our
model. Secondly, while our ocean model includes meridional thickness
variations through a thickness dependent phase speed we model the ice
shell as an elastic membrane of constant thickness. This implies that
ocean thickness variations are due to seafloor topography instead of ice
shell thickness variations. Behounkova et al. (2017) and Soucek et al.
(2019) considered the response of Enceladus’ ice shell of variable
thickness above an ocean that is in hydrostatic equilibrium. Their ice
shell model is 20 km thick on average and varies from about 5 km in the
SPT to more than 30 km near the equator, additionally the Tiger Stripes
are included as weak regions in the SPT. They showed that, when forced
with the eccentricity tide, ice thickness variations lead to a higher
amplitude of surface displacements in the SPT compared with a uni-
formly thick ice shell. Based on our results, we expect that this would
result in the excitation of the antisymmetric ocean modes as happens
with the degree three seafloor topography considered here.

Another point that deserves further attention is the validity of the
Laplace Tidal Equations in the context of subsurface oceans. The Laplace
Tidal Equations are derived from the Navier-Stokes equations assuming:
(1) a perfectly homogeneous fluid; (2) horizontal length-scale of the
problem larger than vertical length-scale; and (3) small perturbations
relative to a state of uniform rotation (e.g., Miles, 1974; Hendershott,
1981; Gerkema et al., 2008). Considering the little amount of informa-
tion about the composition of subsurface oceans and the premise that
they are heated from below it seems reasonable to make the assumption
that subsurface oceans are neutrally buoyant (Vance and Goodman,
2009) and thus justify (1). However, depending on the ocean salinity,
the ocean might be stably stratified (Melosh et al., 2004; Vance and
Brown, 2005). In that case, internal gravity waves might develop. The
effect of stratification has been considered by Tyler (2011) who used a
scaling law to relate the baroclinic and barotropic ocean response and
suggested that baroclinic tides in a stratified ocean could close Encela-
dus’ energy budget. However, it is not clear how the baroclinic response
would be excited. The effect of stratification in the ocean response to
tides could be further investigated by using a multilayered shallow-
water system. Moreover, the flow of the barotropic tide over topog-
raphy can result in the excitation of internal gravity waves (Egbert and
Ray, 2003). The barotropic response of the ocean obtained with our
model could be used as starting point to study the excitation of the
baroclinic tide through this mechanism.

Assumption (2) leads to the hydrostatic and traditional approxima-
tions which filter internal waves from the solution. The LTE have been
widely used to study tides on Earth and successfully explain ~70% of
tidal dissipation in the ocean, the remaining part being due to internal
waves excited in regions of rough topography (Egbert and Ray, 2000,
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Appendix A. Mesh selection and model benchmark

We study the effect of the time step and mesh resolution in the FEM model. To do so we consider the results of Matsuyama (2014) who solved the
LTE for an ice-free ocean using a spectral method. We use the solutions obtained with a Rayleigh coefficient of 2.7 - 10~ s~1. We start by considering
the effect of the time step. We select a thick ocean, as it implies a more stringent CFL condition. We consider a 9937 m thick ocean and use a mesh with
N=848 elements (Fig. A.7). For this mesh size and ocean thickness, a time step of 0.01 Tg, would be needed to fulfill the CFL criteria. We run the model
for 300 Enceladan orbits with different time steps and compute the average tidal dissipation using Eq. (12) for each orbital period. The results are
shown in Fig. A.8a. For all the different time steps the solution converges to a value of tidal dissipation, however accuracy increases with decreasing
time step.

To study the effect of mesh size we select two ocean thicknesses; one close to a resonance peak (h,=30.35 m) and one far from a resonance peak
(hy=500.18 m) and run the model for 300 Enceladan orbits using different meshes ranging from 246 to 2814 elements (Fig. A.7) and a time step of
0.008TEy,. Fig. A.8b and ¢ show the surface average tidal dissipation for the different meshes. We see that for the ocean thickness far from a resonance
peak all the meshes converge towards the solution of Matsuyama (2014). In contrast, for the resonant ocean thickness, a higher resolution mesh is
needed to converge to the solution.

Based on the previous results we chose to use a time step of 0.008Tg, and a mesh with 848 elements. To assess the numerical error obtained with
this model configuration we compute tidal dissipation for subsurface oceans with thickness ranging from 10 m to 10 km and compare the results with
those of Matsuyama (2014). We observe a very good agreement between the FEM model and analytic results. For most ocean thicknesses errors are
smaller than 3%, however close to resonant peaks errors can be as high as 20%.
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(a) N =246
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Fig. A.7. Meshes used for the benchmark of the FEM code against analytical results.
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Fig. A.8. (a, b, ¢) Surface average dissipation obtained using the FEM model for different mesh sizes (represented by number of elements N) and time steps for three
different ocean thicknesses. The dashed line corresponds to the analytic solution of Matsuyama (2014). (d) Comparison of the FEM solution obtained with N=848 and
a time step of 0.008Tg, and the analytic solutions for ocean thickness between 10 and 10000 m, the error is shown in red and the ocean thicknesses corresponding to
the numerical tests of panels a, b and c are indicated with a black crosses.
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Appendix B. Resonant modes
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Fig. B.9. Symmetric eigenmodes that can be excited by the eccentricity tide.
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Fig. B.10. Antisymmetric modes excited by the obliquity tide.
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Fig. B.11. Same as Fig. 2 but for four of the extra modes excited by degree three order zero ocean thickness variations.
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