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Loop theory for input-output problems in cavities
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The input-output formalism is the basis to study the response of an optical cavity to the external stimulations.
The existing theories usually handle cavity systems with only one internal mode. However, there is growing
interest in more complex systems, especially the hybrid cavity-matter systems, which contain at least two internal
modes, one or more from both the optical cavity and the matter. Here we propose a graphical loop theory to
calculate and visualize the reflection and transmission spectrum of such a multimode cavity, resembling the
role of Feynman diagrams in the quantum field theory. This loop theory gives a unified picture to interpret
the experimental observations of a hybrid magnet-light system and is extremely easy to apply to arbitrary
complicated problems without any calculations.
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I. INTRODUCTION

Exploring the nature of light and its interaction with
condensed matter is a long-lasting topic in both optical and
condensed-matter physics. An important knob to manipulate
light is to guide it into mediums with finite volume such as
cavity, waveguide, or other types of resonators. This route
has inspired fruitful physical concepts, including the light
quantum (photon), the squeezed state, quantum information,
and numerous applications such as lasers, optical fibers, and
optical tweezers. To probe the light-matter interaction, the
typical practice is to put the matter in a cavity and analyze
the response (the transmission and reflection probabilities)
of the light modulated by the hybrid matter-cavity system.
This idea has given birth to fields such as cavity quantum
electrodynamics [1], cavity optomechanics [2], and cavity
spintronics or spin cavitronics [3]. To interpret the reflection
and transmission spectrum of light in these hybrid systems, it
is essential to have a theoretical formalism to connect the input
and output electromagnetic waves with the internal cavity
modes. For a single-mode cavity, this relation has been well
established [4–6], where the input wave stimulates the cavity
mode via a Hermitian interaction, which in turn also serves as
a generic decay for the cavity mode. Such a theory is sufficient
to analyze the Lorentz transmission spectrum of a cavity when
only one cavity mode is relevant, while the other modes are
either largely detuned or not directly excited by the input
wave. The situation becomes more complicated for a hybrid
cavity-matter system, where the hybridized modes are close
in energy and may be directly excited simultaneously. Take
the cavity-magnet system as an example; the dipolar fields
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produced by the precessing magnetization inevitably mix with
the cavity standing wave, and it is the superposition wave that
couples with the probe light [7–10]. In such situations, the
traditional input-output theory is insufficient, especially when
the input wave couples directly with more than one internal
mode.

In this article, based on the basic principles of quantum
mechanics, we propose a universal loop theory to analyze the
reflection and transmission spectrum of a multimode cavity.
An analytical expression of the transmission as a function
of mode frequency, coupling coefficients among the cavity
modes, and the dissipation strength of the cavity modes is
explicitly derived. The loop theory provides an extremely
simple graphical approach to solve the input-output problems
in all types of cavity-based systems without carrying out
tedious calculations. Because of its simplicity, the loop theory
also presents a unified physical picture to understand the ex-
perimental results in different regimes, such as the asymmetric
Fano resonance, Purcell effect, repulsive anticrossing in the
strong-coupling regime, and the attractive level crossing in the
dissipative-coupling regime.

II. PHYSICAL MODEL

We consider an n-mode cavity, as shown in Fig. 1, where
the internal mode represented by operators âi (i = 1, 2, . . . , n)
has natural frequencies ωi = νi + iηi, with νi and ηi being
real and imaginary (dissipative) parts. These modes are not
necessarily the optical modes of the cavity but can also be
the modes from the matter placed in and coupled with the
cavity. The cavity is connected to external ports, which guide
the external wave into or out of the cavity, and the external
incoming or outgoing wave is represented by operator â0,
whose frequency ω can be scanned. The coupling strength
between two cavity modes (modes i and j) is gi j , while the
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FIG. 1. A multimode cavity (modes as â1,2,...,n) is connected with
input and output via the â0 mode. The cavity modes are mutually
coupled with one another via coupling strength gi j and coupled with
the input (output) via

√
γi (

√
γ ∗

i ). This figure shows only the coupling
connections to the â2 mode.

coupling strength between mode i and the external mode â0 is√
γi. All the coupling coefficients are presumably complex.

Depending on the amplitude of the coupling strength with
the external mode

√
γi, cavities can be classified into two

categories, i.e., open cavities with large openings, such as
the Fabry-Pérot cavity and the cross-line cavity [11,12], and
closed cavities with small openings, such as the coplanar
wave guide (CPW) resonator, reentrant cavity, and rectangular
cavity [13–15].

The Hamiltonian of the multimode cavity system includes
the contributions from the internal cavity modes (Ĥc), the
external mode (Ĥe), and their interactions (Ĥint):

Ĥ = Ĥc + Ĥe + Ĥint. (1)

Here Ĥc is a functional of the internal boson modes inside a
cavity and their mutual interaction, i.e.,

Ĥc =
n∑

i=1

h̄ωiâ
†
i âi + h̄

2

∑
i �= j

(gi j â
†
i â j + g∗

i j âiâ
†
j ), (2)

where â†
i (âi) are the creation (annihilation) operators of

the ith cavity mode, satisfying boson commutation relations
[âi, â†

j ] = δi j , and g ji = g∗
i j is imposed to guarantee the Her-

mitian nature of the system. Ĥe is the free Hamiltonian of the
external reservoir fields,

Ĥe =
∫

dω h̄ωâ†
0(ω)â0(ω), (3)

where â†
0(ω) (â0(ω)) are the creation (annihilation) operators

of the external field of frequency ω, satisfying the commuta-
tion relation [â0(ω), â†

0(ω′)] = δ(ω − ω′). Ĥint is the interac-
tion between the cavity modes and the external fields,

Ĥint = h̄√
2π

∑
i

∫
dω[

√
γ ∗

i â†
i â0(ω) + c.c.], (4)

where
√

γi is the coupling amplitude between the ith cavity
mode and the external field. One should note that the loop
theory illustrated below holds when γi is frequency dependent,
as long as such dependence is not too strong.

FIG. 2. The graph representation of a four-mode cavity (n = 4).
The yellow vertices represent the cavity modes, while the green
vertex represents the input or output mode. The edges connecting
the vertices represent the effective coupling between the modes. The
edges highlighted in red and blue represent an internal loop and an
external loop, denoted as (123)(4) and (01)(2)(34).

III. THE GRAPH REPRESENTATION

To state our principle result, we first depict the multimode
system as a complete weighted directed graph Gn with n + 1
vertices. An example of such a graph for n = 4 is shown
in Fig. 2. The vertices of the graph V (G) represent all the
physical internal and external modes, and E (G) includes all
directed edges ei j from âi to â j :

V (Gn) = {â0, â1, â2, . . . , ân}, (5a)

E (Gn) = {ei j | i, j = 0, . . . , n}. (5b)

The weight of the directed edge represents the effective cou-
pling strength between the connected modes:

W (ei j ) = wi j = κi j

√
	i	 j . (6)

Here κi j is the renormalized coupling strength defined as κi j =
gi j − i

√
γiγ

∗
j for i �= j �= 0 (note κi j �= κ∗

ji in general), κ0i =
κ∗

i0 = √
γi, κ00 = 0, and κii = 	−1

i ≡ ωi − ω − iγi represents
the detuning of the cavity mode from the external input or
output mode [16], and 	0 ≡ 1.

We define an m-loop Fm as a subgraph of Gn with m ver-
tices, and each vertex has exactly one incoming edge and one
outgoing edge. Such an m-loop is, in fact, a union of disjoint
cyclic paths connecting m vertices; therefore, we can use a
cyclic decomposition of a permutation to represent an m-loop.
For instance, for the case of n = 4 as depicted in Fig. 2, a 4-
loop, consisting of two disjoint cycles of â1 → â2 → â3 → â1

and â4 → â4, can be represented as a permutation cycle F4 =
(123)(4) or, equivalently, as (231)(4) or (312)(4). A 5-loop,
formed by three disjoint cycles of â1 → â0 → â1, â2 → â2,
and â3 → â4 → â3, is represented as F5 = (01)(2)(34). For
the purposes of this article, we are interested in only two
particular types of loops: (i) the internal n-loop Fn, which
involves all n cavity modes but not the external mode, i.e.,
V (Fn) = {â1, . . . , ân}, and (ii) the external (n + 1)-loop Fn+1,
which involves all n cavity modes and the external mode, i.e.,
V (Fn+1) = {â0, â1, . . . , ân}. In general, there are n! internal
loops and n × n! external loops. The 4-loop (123)(4) and the
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FIG. 3. All internal (in red) and external (in blue) loops for the case of n = 1, 2, 3. The A value for each loop is calculated using Eq. (7).
The number following the × symbol for the n = 3 case indicates the number of inequivalent patterns due to different permutations of (i, j, k).

5-loop (01)(2)(34) in Fig. 2 are the examples for the internal
and external loops for n = 4.

IV. THE LOOP THEOREM

Each m-loop Fm is assigned with a dimensionless ampli-
tude A(Fm) given by the product of the weight of all edges of
the loop:

A(Fm) = P(Fm)
∏

ei j∈E (Fm )

W (ei j ). (7)

Here P(Fm) = (−1)m−k is the parity of permutation Fm, where
k is the number of disjoint cycles (brackets) of Fm.

The transmission spectrum for an open cavity system rep-
resented by graph G can be simply expressed as

S21(Gn) = 1 + i
−∑

external A(Fn+1)∑
internal A(Fn)

. (8)

The transmission for a closed cavity is given by the same
expression but with the unity removed. A detailed proof of
the theorem can be found in Appendix A. The loop theorem
in Eq. (8) is the central result of this article.

Physically, the sum of the amplitudes of the external loops
corresponds to the superposition of different propagation
channels, similar to the sum of all Feynman diagrams in a
scattering process in quantum field theory. However, the in-
ternal loops in the denominator represent the renormalization
from the internal scattering process.

V. APPLICATION OF THE LOOP THEOREM

Let us apply the loop theorem to study the transmission
spectrum for three examples with n = 1, 2, 3, respectively.
Based on the same rules, it is straightforward to apply the loop
theorem to find the transmission for arbitrary n.

For a single-mode cavity (n = 1), there is only one internal
(self-)loop and one external loop, as shown in Fig. 3. Plugging
the corresponding A value for each loop from Eq. (7) in the
loop theorem (8), one obtains

S21(G1) = 1 + i|γ1|	1 = 1 + i
|γ1|

ω1 − ω − iγ1
. (9)

When γ1 is real, Eq. (9) reduces to the well-known Lorentz-
type transmission spectrum for a single-mode cavity [5] with
a total linewidth of η′

1 = η1 + γ1, representing the intrinsic
damping η1 and the extrinsic damping due to leakage through
the cavity ports.

For a two-mode cavity (n = 2), there are two internal and
four external loops (see Fig. 3). Plugging the A value for each
loop in the loop theorem (8), one obtains

S21(G2) = 1 + i
|γ1|	1 + |γ2|	2

1 − κ12κ21	1	2

+ i
−(κ12

√
γ ∗

2 γ1 + √
γ ∗

1 γ2κ21)	1	2

1 − κ12κ21	1	2
. (10)

This expression has parity symmetry (1 ↔ 2). In the most
widely studied scenarios where only one out of the two
internal modes is coupled to the external field, e.g., γ2 > 0
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and γ1 = 0, Eq. (10) reduces to

S21(G2) = 1 − iγ2

(ω − ω2 + iγ2) − g2
12/(ω − ω1)

, (11)

which is the widely used formula possessing the typical avoided level anticrossing feature for the two modes [9].
For a three-mode cavity (n = 3), there are three types (six in total) of internal loops and four types (18 in total) of external

loops (see Fig. 3). By summing up all the contributions according to the loop theorem (8), one obtains

S21(G3) = 1 + i
|γ1|	1(1 − κ23κ32	2	3) + |γ2|	2(1 − κ13κ31	1	3) + |γ3|	3(1 − κ12κ21	1	2) + I

1 − κ12κ21	1	2 − κ13κ31	1	0 − κ23κ32	2	3 + (κ13κ21κ32 + κ12κ23κ31)	1	2	3
. (12)

Here

I ≡ −1

2

∑
i �= j

(
√

γ ∗
i γ jκ ji + κi j

√
γ ∗

j γi )	i	 j

+ 1

2

∑
i �= j �=k

(κki

√
γ ∗

i γ jκ jk + κk j

√
γ ∗

j γiκik )	i	 j	k

represents the interference effect of different scattering paths
when two or more internal modes are coupled with the exter-
nal wave simultaneously.

VI. PHYSICAL IMPLICATIONS

For a two-mode cavity case, when only one cavity mode
(γ2 �= 0, γ1 = 0) is driven by the input, the transmission can
be well described by Eq. (11). Depending on the relative
strength of the coupling strength g12 and the total dissipation
of each cavity mode η′

1, η
′
2, four types of regimes can be

identified (see Appendix B for a detailed discussion): (i) the
strong-coupling regime with typical avoided level crossings
for g12 > η′

1, η
′
2, (ii) the asymmetric Fano line shape with

electromagnetically induced transparency (EIT/MIT) at res-
onance for η′

2 > g12 > η′
1, (iii) the Purcell regime for η′

2 <

g12 < η′
1, and (iv) the weak-coupling regime for g12 < η′

1, η
′
2,

all of which have been demonstrated in experiments [17,18].
In fact, the seemingly simple two-mode cavity system con-
tains much richer physics than the four well-studied regimes
above. An apparent unexplored realm would be that both
cavity modes are coupled to the external fields, i.e., γ1, γ2 �=
0; then the interference terms [second line in Eq. (10)] will
manifest. Even more versatile variants would consider the
relative phase of γ1, γ2. All of these features are contained
in the complete transmission expression (10) for a two-mode
cavity obtained by the loop theorem and are yet to be explored.

An application of the three-mode cavity involves the at-
tractive level crossing between magnon and photon modes ob-
served in an optomagnetic cavity system by Harder et al. [11].
To explain the nonconventional attractive level crossing, Yu
et al. proposed a minimal three-mode model including a
magnon mode (â1), a cavity mode (â2) of low dissipation, and
another hidden cavity mode (â3) of strong dissipation [10].
The transmission spectrum of such a three-mode cavity can
be well captured by Eq. (12). The strong dissipation of the
mode â3 simplifies the story by smearing out the interference
effect, which is equivalent to neglecting the interference term
I → 0. Consequently, as demonstrated in Ref. [10], Eq. (12)
reproduces both repulsive and attractive level crossing behav-
iors observed in the experiments in such systems. The core
physics is that the high-dissipation mode â3, functioning as an

effective delay line for the coupling, can mediate both real and
imaginary couplings between the cavity mode â2 and magnon
mode â1.

The loop theorem applies to all types of coupled systems
with multimode excitation, including the classical coupled
oscillators, pure photonic systems [17], optomechanical sys-
tems, optomagnetic systems [7–15,18–23], and the cavity-
atom system. In particular, for a cavity-atom system where
an atomic state can be approximated by a two-level state, its
Hamiltonian in a Jaynes-Cummings model [24] has the same
form as Eq. (2) with one of the cavity modes â†

i (âi) replaced
by σ+ (σ−), where σ± are raising (lowering) operators for the
two-level state. For weak coupling or excitation, the two-level
state most likely stays in its ground state such that σ z can
be replaced by its expectation value: σ z → 〈σ z〉 � −1. This
implies that the commutation relation [σ−, σ+] = −σ z � 1
is effectively the same as Bosonic cavity modes [âi, â†

i ] = 1.
Therefore, the single-photon transmission in such a cavity-
atom system [25,26] can be well captured by the loop theory
without modification. There is also rising interest in the cou-
pling or entanglement of two or more macroscopic magnets
under the assistance of a single cavity mode [27,28]. Our the-
ory provides a simple yet systematic approach in describing
and understanding all these systems.

VII. CONCLUSIONS

In conclusion, we proposed a simple graphical loop theory
to study the transmission spectrum of a multimode cavity. By
drawing all the internal and external loops and ascertaining
their amplitudes, one can obtain the analytical expressions
of the reflection and transmission spectrum without much
calculation.
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APPENDIX A: PROOF OF THE LOOP THEOREM

The Hamiltonian Ĥ leads to the following Heisenberg
equation of the cavity modes and external mode:

dâi(t )

dt
= − i

h̄
[âi, Ĥc] − i√

2π

∫
dω

√
γ ∗

i (ω)b̂(ω, t ), (A1a)

db̂(ω, t )

dt
= −iωb̂(ω, t ) − i√

2π

∑
i

√
γi(ω)âi(t ). (A1b)
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According to Eq. (A1b), the external field can be explicitly
solved as

b̂(ω, t ) = b̂(ω, 0)e−iωt

− i√
2π

∑
i

√
γi(ω)

∫ t

0
dt ′âi(t

′)e−iω(t−t ′ ). (A2)

By substituting this solution into Eq. (A1a), we obtain

dâi(t )

dt
= − i

h̄
[âi, Ĥc] − i√

2π

∫
dω

√
γ ∗

i (ω)b̂(ω, 0)e−iωt

− 1

2π

∑
j

∫
dω

√
γ ∗

i (ω)γ j (ω)
∫ t

0
dt ′â j (t

′)e−iω(t−t ′ ).

(A3)

To get a Markovian quantum stochastic process, we now
assume that γi(ω) is independent of frequency such that
Eq. (A3) can be reduced to

dâi(t )

dt
= − i

h̄
[âi, Ĥc] + √

γ ∗
i p̂in − 1

2

∑
j

√
γ jγ

∗
i â j (t ),

(A4)
where the input field operator is defined as

p̂in = − i√
2π

∫
dωb̂(ω, 0)e−iωt . (A5)

Note that Eq. (A4) still applies when γ (ω) is frequency
dependent, as long as the dependence is not too strong. This
is because the third integral in Eq. (A3) is nearly a delta
function δ(ω j − ω) and the second integral can still be carried
out near ω j as long as γ (ω) does not have a strong frequency
dependence.

According to Eq. (A4), the evolution of cavity modes at
time t depends on only the information of modes at t ; thus,
this evolution process is Markovian. In a similar manner, we
can derive the time-reversal version of Eq. (A4) as

dâi(t )

dt
= − i

h̄
[âi, Ĥc] ∓ √

γ ∗
i p̂out + 1

2

∑
j

√
γ jγ

∗
i â j (t ),

(A6)
where the output field operator is defined as

p̂out = ± i√
2π

∫
dωb̂(ω, 0)e−iωt . (A7)

Here the ± sign denotes two different definitions of the output
modes [5,6], which will lead to a sign difference of p̂out in the
input-output relations.

Input-output relations

Before proceeding to a two-sided cavity, we first illustrate
results for a one-sided cavity; that is, the right side of the
cavity is blocked with q̂in = q̂out = 0 in Fig. 1 of the main
text. By subtracting Eq. (A4) from Eq. (A6), the input-output
relation is

p̂in − p̂out =
∑

j

√
γ j â j . (A8)

This relation carries the meaning that the dissipation of the
cavity field equals the difference between the input and output
fields. It is straightforward to generalize the input-output
relation to a two-sided cavity as

p̂in − p̂out = q̂in − q̂out =
∑

j

√
γ j â j, (A9)

where we have assumed the coupling strengths of the input
with the cavity modes through the two sides of cavity are
identical. This relation is applicable to closed cavities with
small openings serving as the input and output ports, such as
the CPW resonator, reentrant cavity, and rectangular cavity
[13–15]. For such closed cavities with small openings, the
measured transmission S21 is defined as

S21 = q̂out

p̂in

∣∣∣∣
q̂in=0

= −
∑

j

√
γ j

â j

p̂in
, (A10)

and the reflection S11 = 1 + S21.
For open cavities such as the Fabry-Pérot cavity and the

cross-line cavity [11,12], the output q̂out ( p̂out) should be
equal to the input p̂in (q̂in) in the absence of a cavity. This
requirement will modify the input-output relations as

p̂in − q̂out = q̂in − p̂out =
∑

j

√
γ j â j . (A11)

The transmission now becomes

S21 = q̂out

p̂in

∣∣∣∣
q̂in=0

= 1 −
∑

j

√
γ j

â j

p̂in
, (A12)

and the reflection S11 = 1 + S21.
By comparing Eqs. (A10) and (A12), one immediately sees

that there is an identity difference of the transmission S21 in
these two types of cavities. In experiments, this difference will
make the transmission have a peak (valley) near the resonance
and be nearly equal to 0 (1) at off resonance for the closed and
open cavities, respectively [11,15]. We shall focus on an open
cavity with single-side input (q̂in = 0). By explicitly solving
Eq. (A4) in the frequency domain, we obtain

â
p̂in

= −i
�[cofA]T · u

det {A} , (A13)

where â = (â1, â2, . . . , ân)T , � ≡ diag(
√

	1,
√

	2, . . . ,√
	n), u = (

√
γ ∗

1 	1,
√

γ ∗
2 	2, . . . ,

√
γ ∗

n 	n)T , the drift
matrix A is defined as

Aii = 1, Ai j = √
	i	 jκi j, (A14)

and det {A} and cofA are the determinant and the cofactor
matrix of matrix A, respectively. Then the transmission co-
efficient S21 with input from one side of the cavity reads

S21 = 1 −
∑

j

√
γ j

â j

p̂in
= 1 + i

v†·[cofA]T · v
det{A} . (A15)

Now it is straightforward to identify the contribution of
internal and external loops. (i) In the denominator, each term
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60dB 60dB 10dB 10dB

(a) Strong coupling (b) Purcell (c) Fano-EIT/MIT (d) Weak coupling

Purcell

EIT/MIT

I II III IV V

I

II

III

IV

V

FIG. 4. Transmission spectrum of a two-mode cavity system in the (a) weak-coupling, (b) Fano-EIT, (c) Purcell, and (d) weak-coupling
regimes. Parameters are (a) η1 = η2 = 10−3, (b) η1 = 10−3, η2 = 0.04, (c) η1 = 0.04, η2 = 10−3, and (d) η1 = η2 = 0.04. The internal
coupling g12 = 0.02, and external coupling γ1 = 0, γ2 = 0.01, η1 = η2 = 2 × 10−4. The color codes the magnitude of |S21| in units of dB
defined as 20 log10 |S21|2. The middle panels are the transmissions at the corresponding frequencies indicated by vertical arrows. The bottom
panels show the corresponding classical two-oscillator model, where the large circle has large dissipation, while the small circle has small
dissipation.

in the determinant det{A} corresponds to a product of the
weights of an internal loop running over all cavity modes
â1, â2, . . . , ân with an overall sign given by the permutation
of corresponding running order. Therefore, the denominator
det{A} is exactly a summation of A(Fn) over all internal loops.
(ii) In the numerator, the element (i, j) in the cofactor matrix
cofA corresponds a product of the weights along a set of paths
running through all cavity modes â1,2,...,n exactly once and
with open ends at âi and â j . The following multiplication with
u∗

i and u j links the two open ends with the external input
mode â0 = b̂, forming an external (n + 1)-loop. Therefore,
the numerator gives the summation of A(Fn+1) over all exter-
nal loops as promised. An overall minus sign in the numerator
of Eq. (8) is because the position of the input mode b̂ is fixed,
not included in the permutation. This completes the proof of
the loop theorem (8) stated in the main text.

APPENDIX B: PHASE DIAGRAM

In this Appendix, we will retrieve the four phases of a two-
mode cavity system, i.e., the strong coupling with avoided
level crossings, Fano effect, Purcell effect, and weak coupling.
Only one cavity mode is driven by the external input; hence,
the transmission should be well described by Eq. (11) of the
main text.

1. Strong-coupling regime

Figure 4(a) shows the transmission spectrum of a two-
mode cavity in the strong-coupling regime, g12 > γi + ηi ≡

η′
i; the coupling strength is larger than the total damping γ ′

of cavity modes, including both the intrinsic decay and the
loss from its coupling with the external input. A clear energy
level anticrossing is observed near the resonance frequency
(top panel), while the transmission line shapes at several ω1

(I–V) are shown in the middle panel.
Analytically, the eigenspectrum of the two-mode Hamilto-

nian is

ω± = 1
2

[
ω1 + ω2 ±

√
(ω1 − ω2)2 + 4g2

12

]
. (B1)

In a classical two-oscillator model, this corresponds to the
driven oscillation of two coupled oscillations with coupling
strength sufficiently larger than the dissipation of the oscillator
[10].

2. Fano effect

Fano resonance was originally proposed by Fano to explain
the asymmetric resonance line shape of helium observed in
the inelastic scattering of electrons [29] and has been widely
observed in atomic physics [30], plasmonic nanoparticles
[31], photonic crystals [17,32], optomechanics [33], and so
on. In this section, we will show that Fano-like resonance
naturally appears in our multimode system. Figure 4(c) shows
the transmission spectrum of a two-mode cavity system in the
regime η′

1 < g12 < η′
2. There are typically two resonant peaks

in such a system: a symmetric one near ω2 and an asymmetric
one near ω1. Here the asymmetric one is an example of
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the Fano resonance because of the following: In general,
an oscillator is in phase with the driving force below the
resonance, and it has a π phase shift above resonance. For line
shape II in Fig. 4(c), the natural frequencies of â1 and â2 are,
respectively, ω1/ω2 = 0.9 and ω2/ω2 = 1.0. A driving force
with frequency ω/ω2 slightly larger than 0.9 will first induce
an in-phase motion of â2, which further induces an out-of-
phase motion of â1 through their coherent coupling. Then the
out-of-phase motion of â1 acts back to â2 destructively with
the original driving force on â2. A similar argument recovers
a constructive interference when the driving force is slightly
below ω/ω2 = 0.9. Such an interference effect explains the
asymmetric line shape of II near ω1. One can also understand
line shape IV from this logic.

The narrow peak appearing at ω1 = ω2 indicates the trans-
parency of electromagnetic wave at this frequency. This is
similar to the electromagnetically induced transparency (EIT)
in photonics [34]. As the coupling strength of the two modes
g12 increases, the peak height decreases and finally disappears
in the strong-coupling regime (g12 > η′

2). The EIT-like mode
can be understood as the merging of asymmetric line shapes
IV and II near resonance; that is, the feedback from mode â1

to â2 is destructive to the original driving force on â2 close to
the resonance. A simple mathematical view will be introduced
below together with the related Purcell effect.

3. Purcell effect

Figure 4(b) shows the transmission spectrum of a two-
mode cavity system in the regime η′

1 > g12 > η′
2. Instead of

the EIT mode observed in Fig. 4(c), a broadening of the line
shape is identified near resonance. This is typically the Purcell
effect [35,36], where the high dissipation mode plays as a bath
to strengthen the dissipation of the low-dissipation mode. One
can simply see its difference from the EIT mode from the
transmission at resonance (ω = Reω1,2):

S21 = 1 − iγ2

(ω − ω2 + iγ2) − g2
12/(ω − ω1)

= 1 − γ2

γ ′
2 + g2

12/γ
′
1

. (B2)

Purcell

Fano,EIT
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coupling

weak 
coupling

12g

12g

0 '
1η

Purcell
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12g

12g

0'
1η

(a) (b)'
2η

'
2η

FIG. 5. Schematic phase diagram of a two-mode system in the
η′

1-η′
2 plane.

When γ ′
1 � g12 < γ ′

2, the second term in the denominator
dominates, and it approaches infinity in the limiting case
γ ′

1 → 0; thus, S21 ∼ 1 near resonance, i.e., the EIT mode.
However, when γ ′

1 � g12 > γ ′
2, the first term in the denom-

inator dominates, while the second term enlarges the effect
γ ′

2, and thus, S21 ∼ 0 near resonance, i.e., the Purcell effect.
The Purcell factor, defined as the magnitude of enhancement,
can be estimated as FP = 1 + g2

12/(γ ′
1γ

′
2).

4. Weak coupling

Figure 4(c) shows the transmission spectrum of a two-
mode cavity system in the regime η′

1, η
′
2 > g12. In this regime,

all the interference effects are smeared out by the strong
dissipation of the two modes.

Now we have shown four phases of a two-mode cavity
system, including the strong coupling, Fano resonance with
the EIT mode, the Purcell effect, and the weak coupling.
A complete phase diagram is shown in Fig. 5(a), when the
driving is on mode â2, as illustrated in Fig. 4. When the
driving changes to mode â1, the positions of the EIT mode and
the Purcell effect are exchanged, as shown in Fig. 5(b). These
phase diagrams are universally applicable to all two-mode
physical systems when only one mode is driven by or coupled
to the external fields. As a demonstration of the theory, a
similar phase diagram has been observed in photonics [17]
and the magnet-light system [18].
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