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Abstract In this work, we obtain existence of nontrivial solutions to a minimization prob-
lem involving a fractional Hardy—Sobolev type inequality in the case of inner singularity.
Precisely, for A > 0, we analyze the attainability of the optimal constant

Jue (x)| 25
| x|

Ha () := inf{[u]iQ + k/ [u|>dx:u € H*(Q), dx = 1},
Q Q

where0 <s<1,n>4s5s,0<0 <25,254 = r(l”__zf), and 2 C R” is a bounded domain
such that 0 € Q.

1. Introduction

LetO<s<1,n>4s5,0<a<2s,and 2 C R"” be a bounded domain such that 0 € Q.
We introduce the fractional Sobolev space; see for instance [6]:

(1.1) HS(Q):={ueLz(Q):MeLZ(QXQ)},
lx—y|2*
endowed with the norm
— 2 lu() —u)? >
(12) lulls.0 = (/Q lu| dx+/ﬂxg R dxdy) .

Let A >0and 2,4, = 2n-9) Thig paper is devoted to analyzing the attainability of the

n—2s
optimal constant C > 0 for the following fractional Hardy—Sobolev inequality:

|u(x)|25.a 2s2,a |M(X)—u(y)|2 2
C(/dex) S/stzdedy +)L/Q|u(x){ dx,

for every u € H®(2). For the related Dirichlet problem, see the recent work [14].

In [18], Marano and Mosconi proved the existence of an extremal function uy,
solution to

2.5’,(}(
(1.3) e := inf{[u]?: u measurable, vanishing at inﬁnity,/ % dx = 1},
RN X
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_ 2(n—a)

=3 and

2
u2:/ [u(x) —u(y)l dxdv.
s Roxpr X — y[rT2s Y

where 25 4 =

See also [19]. Here, u vanishing at inﬁnity means [{|u| > a}| < oo for every a > 0.
Observe that 25 55 = 2 and 25,9 =25 = = 2 < the latter being related to the noncompact
but continuous embedding H*(R") — L% (R™). The constant @,s was calculated by
Herbst [16]. In [18], for p > 1, the existence of extremal functions u € Ws:p (R™) for
the Hardy—Sobolev inequality was established through concentration-compaotness The
authors also showed the asymptotic behavior of extremal functions: u(x) ~ |x|” =) ,
as | x| — 0o, and the summability information u € WS (R"), for every "(npﬂl) <y<
p. Such properties turn out to be optimal when s — 17, in which case optimizers are
explicitly known. See [6] for the definitions of WSP(R") and W (R").

In [10], the sharp constant in the Hardy inequality for fractional Sobolev spaces is
calculated by using a nonlinear and nonlocal version of the ground state representation.

For unbounded domains, different from R”, in [8], it was proved a variant of the
fractional Hardy—Sobolev—Maz’ya inequality for half spaces, applying a new version
of the fractional Hardy—Sobolev inequality for general unbounded John domains. Frank
and Seiringer gave an expression for the best constant in the half space in [11]; see also
[1]. Concerning bounded domains, see [7, 17]. In [9], the authors considered domains
with a uniformly fat complement.

In the local setting, in [12], the authors showed that the value and the attainability
of the best Hardy—Sobolev constant on a smooth domain 2 C R”,

Ju () [

V() 1= /qu|2dx ueH, (sz)/ Srre dx=1}

are closely related to the properties of the curvature of dQ2 at 0, where 2, = Z(n"__z“),
n>3,0<a <2, when 0 € dQ2. For the nonsingular context with either « = 0 or 0
belonging in the interior of the domain €2, it is well-known that v, (2) = vo(R") for
any domain €.

In [15], a minimization problem involving a Hardy—Sobolev type inequality was
solved, where the author analyzed both inner and boundary singularity. For further
references in the local setting, see [3, 4] and the expository paper [13].

Our goal is analyzing the existence of solution to

L 2 2 . s |u(x)|2s,a _
(1.4)  pea(R):=infi[uli g +A | |u|"dx:uec H*(Q), de—l .
: o .
THEOREM 1.1
Let A>0,0<s<1,n>4s, 0<a<2s 24 =29 4nd Q CR" be a bounded

n—2s ’
domain with 0 € Q. Then, there exists Ay € (0,00] such that the constant (i, () is

attained for every 0 < A < Ay. Moreover, if Ay < 00, L 2 (S2) is not attained for every
A> A
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The rest of the paper is organized as follows. In Section 2, we gather some prelim-
inaries and features of the constant p4 (£2). Section 3 is dedicated to the proof of
Theorem 1.1. The crucial ingredients are the properties of 114, (£2) seen as a function
in A and a fractional Hardy—Sobolev type inequality.

2. Preliminaries

Fromnowon, wefix 0 <s <1,n>4s,0 <o <2s,and Q C R” is a bounded domain
such that 0 € 2.

The relation between the global constant (1, and jiy 3 (€2), defined in (1.3) and
(1.4), respectively, will be a key element for the nonexistence result in Theorem 1.1.
As mentioned, some features of (i, 3 (£2) seen as a function in the parameter A play an
important role as well. We start with the following basic lemma.

We denote H*(R") the space of measurable functions u: R” — R such that [u], is
finite.

LEMMA 2.1
Let p € C°(R) and u € H*(R") be such that luls,e < 00. Then, pu € H*(2).

Proof
It is clear that ¢u € L?(2) since the embedding L2« (2, |x|™* dx) < L?(R) is con-

tinuous, as a consequence of Holder’s inequality with p = 252"" , P = 35— and the

boundedness of 2.
To see [¢pu]s,q < 0o, observe that

QD eux) = p(u)| = [u@)|[¢ () =) + [p()]|u(x) —u)].

Therefore, by Minkowski’s inequality, we get

[puls.q < (/Q|u(x)\2/Q %dydx)%

2 1
w([loer [ e )’
=1+ C(P)uls.e,

where we have used |¢(x)|? < ||¢]|%, in the second term. For I, we proceed as in [18,
Lemma 2.3] to get

(2.2)

/|¢(x)—¢(y)|2 )
RrR7

|x — y["+2s
uniformly in x € R”. Therefore,
[pulZ g < C(@.n.5)(lull L2g) + [uls.0) < oo

since |[ulls,a,0 < ullsa < 00, [uls,o < [u]s < oo, and the embedding L% (S2,
|x|~% dx) < L?(R) is continuous. O
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Now, we are able to establish the main result of this section, which gives useful proper-
ties of f14,1(€2) seen as a function in the parameter A > 0. Part of the next lemma relies
on the existence of an extremal function for the global constant 11, and its behavior for
|x| > 1, given in [18].

LEMMA 2.2
Let A > 0 and Q C R" be an open bounded domain such that 0 € Q. Then,

(1) pgr(RQ) < g, for every A > 0.
(2) o, (S2) is continuous and nondecreasing with respect to A.

(3) limy o Ma, A (Q) =0,
where iy 3 (2) and [uq are defined in (1.4), and (1.3), respectively.
Proof
(I)Lete>0, R>0and ¢ € C°(R2) be such that 0 <¢ <1, ¢ =1 in Br(0) C 2,

¢ =0in Q\ Byr(0).
Let uo be a positive minimizer of 14 ; see [18] for the existence of 1. Consider

ue) = (D)o, vl = ().

e lls,e,2
Then, v, € H*(2), by Lemma 2.1. Moreover, ||v¢||s,¢,@ = 1. Thus,

(2.3) fai(R) < [velf g + A fﬂ vz (x)dx.

Observe that, after a change of variables,

2s.a 23 o
/ ug"%(x) dx — / 2Y a(gyyto V) Uy (J’)
o |x]* a—lsz |y[*

Since ¢ = 11in Br(0) C 2,0 <¢ <1 and supp¢ C B,r(0), we get

25,(! ZS.C( 25.&
/ Uy ) dy < / U (x) dx < / Uy ) dy;
Br© [y o x| Bor(0) |Y[*

therefore,
25.a 25.a
(2.4) lim/ te (x)dxzf Uo ") 4y,
e=>0Jg |x|* g |Y|*
Moreover,

82s
/ Rdi=— / $(ey)uo(y)? dy = O(%).
Q

|| €||saQ (O)

The last identity is due to (2.4), and the fact that

2.5) /B #(ey)uo(y)? dy < C.

2R o
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Indeed, by [18, Theorem 1.1], we know that for
C
(2.6) |u0(y)| < W for every |y| > 1.

Then, there exist &9 > 0 such that for every 0 < ¢ < g9, we have % > 1. Therefore, for
every 0 < ¢ < g9,

Zd _ 2d
[B o, PO = S R ot

2R o)
=:1+1I.

To manage I, recall 0 < ¢ < 1 and that ug € L2 (R") by Lemma 2.1. To control /I, we
use 0 < ¢ <1, (2.6), and the fact that n > 4s, to find

1 oo —n—1+4s
HEC/y|>1 7|y|2(" 7% a’y:C/] r dr=C

Now, we have to estimate [1)8]2Q = ||u8||s o Q[ud? o Thanks to (2.4), it will be
enough to analyze [u¢]? 5. Similar to what we have done in Lemma 2.1 (Equation
(2.1), Minkowski’s inequality), but changing variables and recalling 0 < ¢ < 1, we get

2 _ 2 1
[uels.@ < [uols + (/—19 g 4o (x) |)|C¢£8;C|)n+$(8y)| dx dy) 2

Since uy is an extremal function for the constant i, we obtain

1 2 _ 2 1
Q7 [uddsa <pd + (/_19 e Uo(x) |L¢£5;|)n+§(8y)| dx dy) 2

We will show that

uo(x)?|¢(ex) — p(ey)?

|x_y|n+2s

(2.8) lim

20 Jo—1Qxe—1Q

dxdy =0

That will be a consequence of the Lebesgue dominated convergence theorem. Clearly,

uo(x)?[¢(ex) — P(ey)[?

. _ . on o mn
gl_r)r(l)nglgznglg(x,y) v — y[r2s =0 ae. inR" xR".

To find the dominating function in L!(R” x R"), we split the domain and use (2.6).
Indeed, forevery 0 <e < 1,

uo(X)%[¢ (ex) — P (ey)[? 1
Ix — y|n+2s =Cy(x, J’)(X{|x|<1}u0(x)2 + X{|x|31}|x|2(TZS))

=:¥(x,y),

where ¥ (x,y) = W}({M_ﬂd} + m)(“x_y‘zl}. For the previous
inequality, we used

ce? ,
bex) —d ) _ | poprs iflx—yl<l

=yl T g fylz L
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Let us see that W € L1 (R" x R"):

/ W(x,y)dxdy < C/ uo(x)z/ Y(x,y)dydx
R” XR” Ix|<1 n

+C/x|>1 |x|2(n 2s)/ y(x.y)dydx

1
fC[ MO(X)zdx+C/ mdxfc
[x]<1 |

Ixl>1 |X

In the last step, we use that ug € L2 _(R") by Lemma 2.1 and that n > 4s in the second
term. Hence, (2.8) holds. Consequently, from (2.7),

limsupue]? o < Ha-
e—0

Then, (2.3) becomes

1
Ha () = ——[ueli g + O(¥).
|| 5”3“9

Taking the limit ¢ — 0, we conclude (14,1 (R2) < [q.

(2) The decreasing property of [i,.(S2) is clear from the definition (1.4). To see the
continuity of ty,.(2), let {Ag }xen C (0, 00) be such that Ay — A € (0, 00) as k — oo.
Then, for every u € H*(2) verifying ||u||s0.0 = 1.

o () < [ g + A /Q jul? dx.

By taking the limit k — oo in the previous inequality, we get

limsup g, (D) = g +2 [ uldx
Q

k—o00

for every u € H*(S2) such that || u||s,o,@ = 1, implying
2.9) limsup ptg, 1, (2) < a1 (£2).

k—o00

On the other hand, for every u € H*(S2) such that ||u||s4,q = 1, we have

Haa(Q) < o + A / ul? dx + (A — Ag) / jul? dx
Q Q

f[u]ﬁ,gZ +Ak/9|u|2dx+(k—xk)c,

where C > 0 is independent of u since L2 (Q2,|x|™* dx) < L?(R2) is continuous
and |u||s.«.@ = 1. By taking first the infimum in ¥ € H*(Q2) such that ||u||s,0.0 = 1,
we get

Ha i () = fa,ag () + (A — Ax)C.
By taking the limit k — oo, we obtain

(2.10) Mo, (2) <liminf pug 2, (S2).
k—o00

Combining (2.9) and (2.10), we get the continuity of jq,.(£2).
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1
(3) Consider ¢ := (g # dx) 2s« € H%(Q). Then,

e () <[cl2 g+ /\/ c?dx = Ac?|Q|.
Q

Now, take the limit A — 0 to conclude (3). O

3. Existence of extremal function

We start this section with the second ingredient to prove Theorem 1.1, which is a frac-
tional Hardy—Sobolev type inequality. We follow ideas from [15], where the local ver-
sion was studied.

LEMMA 3.1

Let Q C R" be a bounded domain such that 0 € Q2. Then, there exists a positive constant
Cy =C1(2,n,s) such that

uPe |\
(3.1 MQ(L%dx)z‘ f[u]i9+C1[Q|u|2dx

for every u € H*(Q2).

Proof
Let 2; C Q> C 2 be bounded sets to be determined, such that 0 € 2. Let ¢ € C°(R2)
be suchthat0 <¢ <1in 2, ¢ =11in Qq, ¢ =0in Q \ ;. Consider

¢* _ (1-¢)

"= ra-92 TTera-¢2

1 1
Then, n} € CX(R), n; € C1(Q), m + 2 =1, suppn; C 2y C 2, suppnz CR"\
Q1. Let u € H5(Q2). We consider ’72” Q — R, by [6, Lemma 5.3], 772” € H*(Q2)
since u € H*(R) and r;2 e C%(Q). Moreover, ||772 ullgs) < Cn,s, Q) ||ull gs(@)-
By using the auxiliary functions 11, 12, we can write
25.«
|u|2s,a — (771|”|2 4 772|u|2) 2

25,
and, by Minkowski’s inequality in L =N (2, |x|~% dx), split the main integral into two
pieces and analyze them separately, as follows:

o 2 s
,U«a( . 7|u(|);)||jm dx) e < Ma / |771|)’:||j zv “) =11 + .
To estimate /I, notice that we can use the fractional Hardy—Sobolev inequality given
by (o for n%u; see (1.3). Thus,

2 : 2

1
Eu 25,0 52 57/1 25,0 = 1
60 n=pa [ P ) ([ P ) <
Rn

|x |x]
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Notice that suppn; C 2. Similarly to (2.7), we obtain

i < /Q ) |17 (o) =17 (u)P

|X_y|n+2s

paf | mONGR,
(R

meyxe |x =yt
1
For the first term, we use (2.1) for 77 u and Minkowski’s inequality. For the second

term, we proceed similar to Lemma 2.1 (2.2), to get

1 _ 2
iup < [ DOMOZEOR xay + cgons) [ s,
xQ |x — I Q

dxdy

Therefore,

_ 2
(3.3) I 5/;2 o MmO —uly)| dxdy—i—C(gb,n,s)/Q|u(x)|2dx.

|x_y|n+25

To analyze I,, notice that 1, = 0 in €21, so that

1
|’l u|23a 2;205 / |7122u|2“’ T
(] o[
“Na Ixle Nave,  |x]®

Observe that 0 ¢ supp 72. Denote by d; := dist(0, d21). Thus, by Holder’s inequality
with p = ﬁ, p = g,

2¢ 2

— 1 —
<y ([ e an) e
1

2u

1
< lod, 2”‘|Q\Ql|nzw</s2 |772u|2 dx)

\Qy

@ *|N

20

<,uad 2va|Q\Ql|nzsaKQ [7]21/[]59’

where kg, is given by
KQ, ::inf{[v]igzv e H*(Q),v=0in Ql,/ |v|2: dx = 1}.
Q

It will be enough to prove that

2«

(3.4) Had ZJ”IQ\QI"MK‘ 1.

Indeed, given § > 0, choose 2; C @ such that 0 € Q1 and |2\ Q21| <. Let Q¢ C 2 be
an open bounded set such that 0 € Q¢ C €21. Then, d; > dy := dist(0, dR2¢). Moreover,
kQ, < kg, . Therefore,

2a 2u

Hady >[92\ Q) |n2”"(91<ﬂa ) IR\ 2 I”sz X

2a
<C(Ro)|2\ Ql|"2s,a < C(0)8m2s. .
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20
Let § > 0 be such that C(€2¢)§"2s.« < 1. Consequently, proceeding as for the estimate
1

of [n7 u]s, we obtain

n2(0)|u(x) —u(y)?
|x — y["+2s

(3.5) I, < [772%14]?9 5/ dxdy—i—C((P,n,s)/ \u(x)|2dx.
QxQ Q

By (3.3), (3.5), and the fact that n; + 1, = 1, we conclude (3.1). O
The next corollary will be one of the main tools for proving Theorem 1.1.

COROLLARY 3.2
Let Q C R" be a bounded domain such that 0 € Q. Then,

(3.6) lim Mo, (@)= Mo -
A—00
and one of the following statements holds:
(1) Forevery A > 0, we have the strict inequality iq 2 (Q) < Ka-
(2) There exists A > 0 such that (i, 3 () = g for every A > A.

Proof
The statements (1) and (2) follow trivially from Lemma 2.2 (1). To see (3.6), again by
Lemma 2.2 (1), we know that for every A > 0, it holds that j14 1 (2) < pq. Therefore,

limsup 1,2 (2) < fa-

A—00

By Lemma 3.1, there exists a positive constant C; = C1(€2,n,s) such that

po =B+ Cr [ i dx <+ [ P dx

for every u € H*(2) verifying |u|s¢.0 = 1 and A > C;. By taking the limit A — oo,
we get

Uo < liminf g 5 (R),
A—00
which finishes the proof of (3.6). (]
Combining Lemmas 2.2 and 3.1, we get the next proposition which gives (non)existence

of an extremal function for 4 3 (€2), depending on the relation with the global constant
in R” (i.e., ig).

PROPOSITION 3.3
Let A > 0 and Q C R”" be a bounded domain such that 0 € Q.

(1) If pa,a(R) < o, then py 3 (2) is attained.
(2) If there exists a A > 0 such that Mg 7 (82) = o, then for every A> A,
Ma,1(82) is not attained.
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Proof
(i) Let {ug }ren C H*(K2) be a minimizing sequence for py 3 (£2); that is,

|uge|*s

X[ dx =1 forevery k €N,
Q X

and
lim <[uk]§9 +/\/ [ |? dx) = o1 ().
k—o00 Q

Then, {u }ren is bounded in H*(€2). Therefore, up to a subsequence, we can assume
that

ur — u weakly in H%(2),
2n

uy — u strongly in LP(Q) for 1 < p < 2§ = ~555 5 see [5, Theorem 4.54],
Up — u a.e. in Q.

Let us prove that u % 0. We proceed by contradiction. Assume u = 0 a.e. in Q2. By
(3.1), we get

2

lug 2 \ag
Ma:Ma<f > dx)z.. E[Mk]?,sz“‘cf |uk|2dx,
o x| Q

which implies

3.7) e < Haa(Q) 4+ 0(1) + (C — A) / el dx.
Q

By taking the limit in k, we obtain [ty < fLq 2 (§2) Which is a contradiction. Therefore,
u # 0 in Q. By the Brézis-Lieb theorem [2], we know that

2XO[ 25‘0{ 25‘0{
U |*s: u|=s: Ug — u|=s
[ = Ju] dx—i—/ —l k | dx +o(1);
Q |x[* o [x[|* o Ix|¢
therefore,
2 2 2 2 2
u 5.0 u S0 u _u S.0
1 — ( | k| _ d.x) 25,0 — ( | | - dx +/ | k a| dx + 0(1)> 25,0
Q Ix] o Ix| o x|

IA

(/sz |T)|c2| ax) ™ +(/Q%dx)ﬁ f ot
ua,j(sz) <[” S0 Hfﬂ |u|2dx)

k —u]ig + )L/ |ux —u|2dx) +o0(1)
Q

=

1
(e

(tuBa+ 4 [ fufdx) +o(1)

_ 1
B Ma,A(Q)
=1+4o0(1).
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Notice that we have used that
|k = 0)(0) = (i =) = [ug () = e O + fu ) —u(n)|*
= 2(uk (¥) —u (1) (u(x) —u(y)).
implying
Wi g+ ik —uliq <lulig+ Mg

o O ZHON i)
QxQ

|x_y|n+25

= [uls.q +o(1).

due to the weak convergence uy — u in H®(€2). As a consequence, there exists the
following limit:

2

25.a u _uzsa
1=1im[|| d+[|k | dx) >
k—o0 | x|«

. o
[ S ) M

Since u # 0, we conclude that uy — u strongly in L?s«(Q,|x|™®dx), and, by the
2

strict subadditivity of ¢ > ¢ 2s.er

|u|23,a

o b T

which implies that /14,1 (€2) is attained by u.
(ii) Let A > A. Assume that there exists a function u € H*(£2) which is a minimizer
for g, (§2). Then,

Haa(R2) = [u]ig +)L/ lu|*dx > [u]iQ +/_\[ |u|? dx
Q Q

> g 5 () = Ha = pa,a (),
where we have used (1) from Lemma 2.2 in the last inequality. This contradiction fin-
ishes the proof. ]

Now, we are ready to prove Theorem 1.1.

Proof of Theorem 1.1
We define A, = inf{A > 0: 1 (2) = Ue} € [0,00]. By Lemma 2.2 (3), we deduce
A+« > 0. The proof follows from Corollary 3.2 and Proposition 3.3. |
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