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Abstract

We conjecture a Verlinde type formula for the moduli space of Higgs sheaves on a surface with a holomorphic
2-form. The conjecture specializes to a Verlinde formula for the moduli space of sheaves. Our formula interpolates
between K-theoretic Donaldson invariants studied by Gottsche and Nakajima-Yoshioka and K-theoretic Vafa-
Witten invariants introduced by Thomas and also studied by Gottsche and Kool. We verify our conjectures in many
examples (for example, on K3 surfaces).
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1. Introduction

Let C be a smooth projective curve of genus g > 2 over C. The classical §-functions at level k£ > 1 for
C are defined as follows. The map C — Pic!(C), p — [Oc(p)] gives rise to the Abel-Jacobi map on
the symmetric product

Symé~!(C) — Pic8~1(0),

and the image ©, which has codimension one, is known as the theta divisor. Denote by L the correspond-
ing line bundle. The 6-functions of level k are defined as the elements of H°(Pic8~!'(C), £8¥). Since
H>O(Pict~1(C), £L8¥) = 0, the Riemann-Roch theorem gives the dimension of the space of 6-functions
of level k as the degree of exp(k®). Since ®8/g! = 1, one obtains

dim H(Pic8~(C), £L8%) = k8.

The Verlinde formula extends this equation to moduli spaces of rank 2 (and higher) stable vector bundles
on C, as follows. See [0] for a survey.

Denote by M := Mc(2,0) the moduli space of rank 2 semistable vector bundles £ on C with
det E = O¢. Then Pic(M) is generated by the determinant line bundle £ [2, 9]. The Verlinde formula
(for rank 2 and trivial determinant), originating from conformal field theory [44], is the following
expression:

81 k41 . og
dim HO(M, £2%) = | X2 Sosin(Z5)
im , == sin | —— .

J=1

This formula has been proved by several people [39, 5, 41, 32, 8, 38, 7, 46] (for rank 2) and [11, 3] (for
general rank). Numerical aspects of this formula were studied by D. Zagier [45].

Let N := N¢(2,0) be the moduli space of rank 2 semistable Higgs bundles (E, ¢) on C with
det E = Oc. Here, E is a rank 2 vector bundle, and ¢ : E — E ® K¢ is called the Higgs field. The
moduli space N is non-compact. It has a C*-action defined by scaling the Higgs field. The determinant
line bundle £ on N is C*-equivariant; therefore H°(N, £&%) is a C*-representation. Recently, Halpern-
Leistner [29] and Andersen-Gukov-Du Pei [1] found a formula for dim H 0(N R £®k), which can be seen
as a Verlinde formula for Higgs bundles. In physics, this formula is related to complex Chern-Simons
theory of the (three-dimensional) Seifert manifold C x S' embedded into string theory [28].

In this paper, we study Verlinde type formulae on the moduli space of rank 2 Gieseker stable (Higgs)
sheaves on S, where S is a smooth projective surface satisfying p,(S) > 0 and b;(S) = 0.

1.1. Verlinde Formula for Moduli of Sheaves

Denote by M := M ? (2, 1, ¢3) the moduli space of rank 2 Gieseker H-stable torsion free sheaves on §
with Chern classes ¢; € H*(S,Z) and c» € H*(S,Z). We assume there are no rank 2 strictly Gieseker
H-semistable sheaves on S with Chern classes c¢1,c;. Then M is a projective scheme with perfect
obstruction theory of virtual dimension

vd = 4cy — ¢ = 3x(Os). (D

When a universal sheaf E exists on M X S, the virtual tangent bundle is given by T}(}r =

RHomy,, (E,E)[1], where mps : M X S — M denotes projection and (-)y denotes a trace-free part.
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In general, E exists only étale locally. Nevertheless, RHom,,, (E,E)y[1] exists globally on M x S,
essentially because this expression is invariant under replacing E by E ® L for any £ € Pic(M x §)
[30, Section 10.2]. Algebraic Donaldson invariants are defined by integrating polynomial expressions
in slant products over [M]"". These were studied in detail, for any rank, in T. Mochizuki’s remarkable
monograph [35].

Let @ € H*(S, Q). When a universal sheaf E exists on M x S, we consider the u-insertion defined by
the slant product

[t HP(Sx M,Q) x Hy(S,Q) — HP™1(M,Q),

1 2 * (2)
p(a) = (c2(E) - 761 E®) )/PD(a) € H"(M,Q),

where PD(-) denotes a Poincaré dual. Note that
1 ) 1 .
CZ(E)— ZC](E) = —Z Ch2(E®E®det(E) ),

where the sheaf E ® E ® det(E)* always exists globally on M X S, again, essentially because this
expression is invariant under replacing E by E ® L. Therefore, (2) is always defined. When L € Pic(S)
satisfies ¢{(L)c| € 27Z, there exists a line bundle u(L) € Pic(M) whose class in cohomology is (2) for
a = c1(L) [30, Chapter 8]. One refers to u(L) as a Donaldson line bundle. The first conjecture concerns

XM, (L)) = x(M, 0% ® u(L)),

known as a K-theoretic Donaldson invariant [23].! Here, O]V\flr denotes the virtual structure sheaf of M
[12, Section 3.2]. Géttsche, H. Nakajima, and K. Yoshioka determined their wall-crossing behaviour,
when S is a toric surface, using the K-theoretic Nekrasov partition function [23]. For rational surfaces
Gottsche and Y. Yuan established structure formulae for these invariants and relations to strange duality
[26, 17].

We denote intersection numbers such as /S c1(L)c1(O(Ks)) by c1(L)c1(O(Ks)) or simply LK.
Denote by SW(a) the Seiberg-Witten invariant of a € H*(S,Z).?

Conjecture 1.1. Let S be a smooth projective surface with pg(S) > 0, b1(S) = 0, and L € Pic(S).
Let H, ¢y, ¢y be chosen such that there are no rank 2 strictly Gieseker H-semistable sheaves on S with
Chern classes c1, cy. Then )(Vir(MéLI (2, ¢1,¢2), u(L)) equals the coefficient of x*¢ of

22-x(0s)+K}

(%—a)(L—KS)
> sW(a) (1) (g) .

(1 —xz)i(blz(‘g)z’f)((os) acH2(S,2)

In Section 2, we verify this conjecture in many cases for S: a K3 surface, an elliptic surface, a Kanev
surface, a double cover of P? branched along a smooth octic curve, a quintic surface, and blow-ups
thereof. Our strategy is similar to [24, 19, 20, 21]. We first express x"*(M, u(L)) in terms of algebraic
Donaldson invariants. Using Mochizuki’s formula [35, Theorem 1.4.6], the latter can be written in
terms of integrals on Hilbert schemes of points. We show that these integrals can be combined into a
generating series that is a cobordism invariant and hence determined on P? and P! x P'. On P? and
P! x P!, we determine this generating series (to some order) by localization.

Finally, in Section 4, we discuss interesting special cases of Conjecture 1.1.

'When the Donaldson line bundle does not exist, we define x"* (M, ;1(L)) by the virtual Hirzebruch-Riemann-Roch formula
[12, Corollary 3.4]: that is, f[ M et(rL) g (Tyr).

2We use Mochizuki’s convention: SW(a) = SW (2a - Kg), with SW (b) the usual Seiberg-Witten invariant in class b €
H?(S,Z). Moreover, there are finitely many a € H? (S, Z) such that SW(a) # 0. Such classes are called Seiberg-Witten basic
classes.
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1.2. Verlinde Formula for Moduli of Higgs Sheaves

Let H be a polarization on S. Recently, Y. Tanaka and R. P. Thomas [40] proposed a mathematical
definition of SU(r) Vafa-Witten invariants of S. We consider the case r = 2. Their definition involves
the moduli space of Higgs sheaves (E, ¢)

N :=N{(@2.c1.c2) ={(E.¢) : r¢ =0, c1(E) = c1, e2(E) = 2},

where F is a rank 2 torsion free sheaf, ¢ : E — E ® K is a morphism, and the pair (E, ¢) satisfies a
(Gieseker) stability condition with respect to H. Tanaka and Thomas show that N admits a symmetric
perfect obstruction theory in the sense of [4]. As in the curve case, one can scale a Higgs sheaf by sending
(E, ¢) to (E,t¢) for any ¢t € C*. This defines an action of C* on N. As in the previous section, we
assume stability and semistability coincide. Then the fixed locus N© is projective, and the Vafa-Witten

invariants are defined as
1
— c Q,
,/[‘NC*]vir e(N"”) Q

where NV denotes the virtual normal bundle and e(-) is the equivariant Euler class [27]. The fixed
locus N© has two types of connected components:

o Components containing (E, ¢) with ¢ = 0, which we refer to as the instanton branch. This branch is
isomorphic to the Gieseker moduli space M := M é’ (2, c1,c2). The C*-localized perfect obstruction
theory on M coincides with the one from the previous section.

o Components containing (E, ¢), where E = Eg @ E; ® t~! is the decomposition of E into rank 1
eigensheaves, and ¢ : Ey — E| ® K. Here, t denotes the weight one character of C*. These
components constitute the monopole branch, which we collectively denote by M™". Denote by S
the Hilbert scheme of z points on S and by || the linear system of an algebraic class 8 € H*(S,Z).
A. Gholampour and Thomas [15, 16] prove that the monopole components are isomorphic to
incidence loci?

SEm = {(20,21,€) 1 Iz, (=C) € Iz} € ST x st x|,

for certain ng, ny, 8, where I; C Oy is the ideal sheaf corresponding to Z c S. Moreover, they show
that the C*-localized perfect obstruction theory on S g’o’"‘] is naturally obtained by realizing this

space as a degeneracy locus inside the smooth space S0} x §I"1 x || and reducing the perfect
obstruction theory coming from this description (Section 3).

Let M’ c¢ M™°" be a connected component of the monopole branch and let « € H*(S, Q). Similar
to the previous section, we define

(@) = (5 (B) ~ 2¢5 (8))/PD(a) € HE (M, ), 3)

where the Chern classes are C*-equivariant, M’ and S carry the trivial torus action, and E is the universal
sheaf on M’ x S.

Vafa-Witten invariants can also be seen as reduced Donaldson-Thomas invariants counting two-
dimensional sheaves on X = Tot(Kg)—the total space of the canonical bundle on S [14]. From this
perspective, it is more natural to work with the Nekrasov-Okounkov twist of 0‘1’\1; [37], which is defined as

Avir ._ vir vir
our = [k o Oy,

3For fixed r = 2, ¢y, ¢y, the virtual dimension of M™°" c NC" is in general not given by (1). In fact, M™" can have
components of different virtual dimension (see Remark 3.3).
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where /K ]Vvir is a choice of square root of K X}r = det(Qy\i,r). Over the fixed locus N©', this choice of square
root is canonical [42, Proposition 2.6]. For any (possibly infinite-dimensional) graded vector spaces, set

X(Eptai - G?fb’) = Zi:y“" —;yb-f.

The K-theoretic Vafa-Witten invariants are [42, (2.12), Proposition 2.13]

—~ . .o, .
X(N,0y) := x(RT'(N,0y)) =X(NC , m ® Ky

NC*)'

Here, A_; (+) is introduced in Section 2 and y is related to ¢ := c‘f* (t) by y = ¢'. The Nekrasov-Okounkov
twist ensures that these invariants are unchanged under y <> y~! [42, Proposition 2.27]. Our next two
conjectures concern _ R

X(N,Oy ® u(L)) := x(RU(N,ON ® u(L))),

where L € Pic(S).* This expression has instanton and monopole contributions corresponding to the
decomposition N© = M LIM™". By the argument in [42, Section 2.5], the instanton contribution equals

(=)™ (ML (L)) = (=1)"y7F Y (=) (ML APQY @ (L)),
p

where vd is given by (1) and )(;ir (M, ) is the twisted virtual y,-genus [12].
Consider the following two theta functions and the normalized Dedekind eta function

n2 n n2 n - = n
03(x,) = Y XY, G0 = Yo Xy q) =] [ -, @)
nez n€Z+% n=1
We also use the following notation. For any a, b € H?(S,Z), define
Sap =#{y € HX(S,Z) : a-b=2y}. (5)

Conjecture 1.2. Let S be a smooth projective surface with p4(S) > 0, b1(S) = 0, and L € Pic(S). Let
H, c1, ¢y be chosen such that there are no rank 2 strictly Gieseker H-semistable sheaves on S with Chern
clc;sses c1,co. Let vd be defined by (1). Then y-%ng(Mg (2,c1,c2), u(L)) equals the coefficient of
x'¢ of

4 lﬁ : O oty |\
2 a=—enra—em -y gy

NS T W B = TR e e
ot (A2
1. \aKs
: Z (-1)1 SW(a) (M)
acH?(S,Z) 03(—x,y?)

L(Kg-2a)

.(ﬁ((1—x2n—1yé)(l+x2n—1y_é))2n—1) s

net V(1= x2n=1y=3) (1 4 x2n-1y3)

4If the line bundle (L) does not exist on N (or NT"), then we define these invariants by virtual C*-localization combined
with the virtual HRR formula as before.
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Conjecture 1.3. Let S be a smooth projective surface with pg(S) > 0, b1(S) = 0, and L € Pic(S).
Let H, cy, ¢y be chosen such that there are no rank 2 strictly Gieseker H-semistable Higgs sheaves on
S with Chern classes c1,c). Let N := Ngl (2, ¢y, ¢2), and let vd be defined by (1). Then the monopole

contribution to y (N, 5;\1; ® u(L)) equals the coefficient of (—x)*9 of

ﬁ | )((Os)( ﬁ(x4)2 )K§
L a=npa—dn)1-2n2))  \66hy)
(1 _x8n)2 n? 212 - 1_x4”y‘1 n\ 2LKs
( 1((1—x8”y2)(1—x8"y‘2)) ) (n( 1 —xtny ) )
Z Se, Ks—a SW(a) ka(

n=1
acH?(S,Z)

92<x4,y>)“’<5( (1 +xS"-4y-1)2 1) ‘
n=1
- NAL(Ks—a) | o LK.
1—[ 1+)68"y_1 s 1—[ 1+)c4"y‘1 g
1 +x8ny 1 +x%ny ’

13

S
Il

03 (x4, y) 1 + x84y
n=1 n=1

where kg i= x~X(0s) (y3 4 y=5)~x(0s)y3L(a=Ks),

Together, these two conjectures give a Verlinde-type formula for the moduli space of Higgs sheaves
on a surface S satistying b1(S) = 0 and pg(S) > 0. Moreover, our formulae interpolate between the
following two invariants:

o K-theoretic Donaldson invariants. After replacing x with xy% in the formula of Conjecture 1.2, we
can set y = 0. This replacement provides a formula for )(Xiy‘(M ,u(L)), and setting y = 0 implies the
formula for K-theoretic Donaldson invariants of Conjecture 1.1.

o K-theoretic Vafa-Witten invariants. Putting L = Og in Conjectures 1.2 and 1.3, we obtain the
conjectural formulae for K-theoretic Vafa-Witten invariants of [21, Remark 1.3, 1.7].

In [19, Appendix], Géttsche and Nakajima conjectured a formula interpolating between Donaldson
invariants and virtual Euler numbers of M := M g (2, ¢, c2). Conjecture 1.2 also implies this formula
(Section 4).

Using the same strategy as for Conjecture 1.1, we verify Conjecture 1.2 in many examples. On the
other hand, for Conjecture 1.3, we prove the universal dependence by presenting a variation on an
argument of T. Laarakker [34], which in turn is an application of Gholampour-Thomas’s description of
the monopole virtual class in terms of nested Hilbert schemes [15, 16].

Theorem 1.4. There exist universal series

Ci(:9),-...Cs(y,q) € 1 +qQ[y*1[[q]]

with the following property. Let S be a smooth projective surface with py(S) > 0, bi(S) = 0, and
L € Pic(S). Let H, ¢y, ¢y be chosen such that there are no rank 2 strictly Gieseker H-semistable Higgs
sheaves on S with Chern classes cy,cy. Let N := Ng (2,1, c2), and let vd be defined by (1). Then the

monopole contribution to x (N, 5}{{ ® (L)) equals the coefficient of (—x)'4 of

C1 (3, X9 Cy (3, xHKs C3(y, xHY Cy(y, xH)EKs

D Oerksma SW(@) b Cs(3,xH)™s ol xh)*h,
acH?(S,Z)

where €, := xKs=K5=3x(0s) (3 4 y=1)aKs-K3=x(Os) y3L(a-Ks)
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For L = Og, this was proved in [34] (actually, for L = Oy, the analog of this theorem is proved in any
rank [34]). Universality on the instanton branch is still open. The universal series C; can be expressed
in terms of intersection numbers on products of Hilbert schemes of points on surfaces. Again, these
intersection numbers are determined on P? and P! x P!, where we calculate using localization. This
way, we determine C; mod ¢'°, and we find a match with Conjecture 1.2 (Section 3).

For L = Og, physicists [43] predict that the instanton and monopole generating functions of Conjec-
tures 1.2 and 1.3 get swapped under the S-duality transformation 7 — —1/7, where ¢ = exp(27iT). See
[31] for a recent proof of S-duality for K3 surfaces (for any prime rank). For general L, the connection
between instanton and monopole contribution is less clear. However, the series depending on L? are
related by x — x*, y — y2, L — L®? (and similarly for any rank in Section 3.6).

1.3. K3 Surfaces

By adapting an argument from [23] combined with a new formula for twisted elliptic genera of Hilbert
schemes of points on surfaces, Gottsche proves Conjecture 1.2 for K3 surfaces in [18]. By adapting
an argument of [34] combined with the above-mentioned formula for twisted elliptic genera of Hilbert
schemes of points on surfaces, we prove the following (where the formula for C| was previously
determined in [42, 34]):

Theorem 1.5. The universal functions C1(y, q), C3(y, q) are given by

Ci(y.q) ﬁ 1
1 9 = 9
ot (L=g?M)10(1 = g?y?) (1 - g*y~2)

= (1-¢>) "
Cs(y,q) = .
3(3-4) 1—[ ((1 - q*"y?) (1 = g>y~2)

n=1

In particular, Conjectures 1.2 and 1.3 hold for K3 surfaces.’

2. Instanton Contribution and Donaldson Invariants
In this section, we gather evidence for Conjectures 1.1 and 1.2 as follows:

o Reduction to Donaldson invariants. Express the invariants of Conjectures 1.1 and 1.2 in terms of
Donaldson invariants of S.

o Reduction to Hilbert schemes. Use Mochizuki’s formula [35, Theorem 1.4.6] to express these
invariants as intersection numbers on Hilbert schemes of points on S.

o Reduction to toric surfaces. Show that the intersection numbers of the previous step are
determined on S = P? and P! x P!, where they can be calculated using localization.

The final step allows us to calculate the invariants of Conjectures 1.1 and 1.2 and compare to our
conjectured formulae. This strategy has been used by Gottsche and Kool in the determination of the
instanton contribution to rank 2 and 3 Vafa-Witten invariants and various refinements thereof [19, 20, 21].
Mochizuki’s formula was also used by Gottsche and Nakajima-Yoshioka in their proof of the Witten
conjecture for algebraic surfaces, which expresses (primary, rank 2) Donaldson invariants in terms of
Seiberg-Witten invariants [24].

SThe statement that Conjecture 1.3 holds for K3 surfaces has less content than initially meets the eye. On a K3 surface, 6¢,,q
is only non-zero only when ¢ is even. Assuming ged(2, ¢ H, %Cf — ¢3) = 1, which guarantees ‘stable=semistable’, implies ¢
is odd. Hence the coefficient of (—1)x"4 of the conjectured expression is always zero. Indeed, ‘stable=semistable’ implies that
the monopole branch is empty [40, Proposition 7.4].
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2.1. Donaldson Invariants

Let S be a smooth projective complex surface such that b(S) = 0. Let H be a polarization on S,
andlet M .= M g’ (r,c1,c2).°© We assume there exist no rank r strictly Gieseker H-semistable sheaves
on S with Chern classes c1, c». For the moment, we also assume there exists a universal family E on
M x S, although we get rid of this assumption in Remark 2.3. For any @ € H*(S,Q) and k > 0, define
u(a) € H*(M,Q) as in (2), and

T (@) := chyo(E)/PD(a) € H* (M, Q).

We refer to 7 (a) as a descendent insertion and call it primary when k = 0. As mentioned in the
introduction, if L € Pic(S) satisfies ¢;(L)c; € 2Z, then there exists a line bundle on M, denoted by
(L) and called a Donaldson line bundle, whose class in cohomology is (2) for @ = ¢ (L).

Consider the K-group K°(M) generated by locally free sheaves on M. For any rank r vector bundle
on M, define

AV = ZO[AfVJyf eK'(M)[yl,  Sym,V:= ZO][Symf Vly' e KO(M)[[]].

These expressions can be extended to complexes in K°(M) by setting Ay(=V) = Sym_,V and
Sym, (=V) = A_,V. For any complex E € K%(M), we define

Xy(E) := ch(AyEY) td(E). €))
Since Ay (E & F) = AyE ® A, F, we obtain

Xy (E @ F) = X, (E) X, (F).
Furthermore, for any L € Pic(M)

L(1+ye™L)

Xy(L) = l—elL

Lemma 2.1. Let S,H,r,cy,c2, and M = Mf (r,c1,c2) be as above. Let L € Pic(S). Then there exists
a polynomial expression P(E) in y and certain descendent insertions 1y () and u(ci(L)) such that

XM (L)) = / X, (T3iF) (e (D) — / PE).
[M]vir [M]vir

Proof. The first equality is the virtual Hirzebruch-Riemann-Roch theorem [12, Corollary 3.4] (or the
definition of our invariants when the Donaldson line bundle u(L) does not exist on M). The second
equality was proved for L = Og in [19, Proposition 2.1] by applying Grothendieck-Riemann-Roch and
the Kiinneth formula to

ch(T})") = ch(RHomy,, (B, E)[1]).

The argument for any L is the same, with P(E) now involving u(cy(L)). O

2.2. Mochizuki’s Formula
We recall Mochizuki’s formula [35, Theorem 1.4.6].

SIn this paragraph, > 0 is arbitrary, and we do not require pg (S) > 0.
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Let S[" be the Hilbert scheme of n points on S. On S x ™21 x S we have (pull-backs of) the
universal ideal sheaves 7| and 1, from both factors. For any M € Pic(S), on S [l « §lm2] e have
(pull-backs of) the tautological bundles M1 and M["2! from both factors. We endow S x §172]
with the trivial C*-action and denote the positive generator of the character group of C* by s. Define
s = c?*(s); then

H*(BC",Q) = He. (pt. Q) = Q[s].

Fix L € Pic(S), and let P(E) be any polynomial in u(c;(L)) and descendent insertions 7y (a).
We assume P(E) arises from a polynomial expression in u(c;(L)) and the Chern classes of TX/}r (for
example, such as in Proposition 2.1). Let A'(S) be the Chow group of codimension 1 cycles up to linear
equivalence; then for any ay, a, € Al (S) and ny, ny > 0, we define (following Mochizuki)

Y(L,ai,az,n1,ny) :=

P(Zi(a1) ®s™' ® Iz(az) ®5) e(O(ar) ™) e(0(a2)1™] ® 5?) @)
QI (a1) ®s7 !, Is(az) ®s) (25)m+m-x(Os) '

Coef (0

We explain the notation. Here, 7; (a;) stands for I; ® 750(a;), considered as a sheaf on Slmlxslml g
pulled back along projection to 11 x S. Similarly, O(a;) "1 is viewed as a vector bundle on §["11x 121
pulled back along projection to SI"1. Since "1 x S1™] has a trivial C*-action, we can view O(a;) "]
as endowed with the trivial C*-equivariant structure. Moreover,

O(ar)!™ ® s?

denotes O(ay)!") with C*-equivariant structure given by tensoring with character s2. Similarly, we
endow S x Sl x § with trivial C*-action, give 7;(a;) the trivial C*-equivariant structure, and
denote by

Ii(a1) ®s, I(a) ®s™!

the C*-equivariant sheaves obtained by tensoring with the characters s and 5!, respectively. We denote
the C*-equivariant Euler class by e(-). Moreover, P(-) stands for the expression obtained from P(E)
by formally replacing E with - and all Chern classes with C*-equivariant Chern classes.” For any C*-

equivariant sheaves E;, E; on Slrl x slmal x § flat over S x il
Q(Ey, Ep) := e(~=RHom(Ey, Ez) — RHomg (E, EY)),

where 7 : §Iml x §l2] 5§ — §lml x §lm] denotes projection. Finally, Coeff o (-) takes the coefficient
of s°. We define Y(L,ay,as,ny,ny,s) by expression (2) without Coeff(+). Let ¢y, ¢y be a choice of
Chern classes. For any decomposition ¢y = a; + a,, we define (again following Mochizuki)

A(L,ay,az,c3) = Z /[ L ]‘I’(L,ahaz,m,nz)- 3)
) Sttlixsing

ni+ny=cr—a)a
Let ﬁ(L, ai, as, ¢z, s) be defined by the same expression, with ¥ replaced by ¥,

Theorem 2.2 (Mochizuki). Let S be a smooth projective surface satisfying b1(S) =0, po(S) > 0, and
let L € Pic(S). Let H, c1, ¢y be chosen such that there are no rank 2 strictly Gieseker H-semistable

7The replacement of E with 7 (a;) ® slel, (az) ® s comes from Mochizuki’s wall-crossing on the master space [35].
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10 L. Gottsche et al.

sheaves on S with Chern classes c1, co and such that a universal sheaf E on Mg(Z, c1,C2) X S exists.
Assume the following hold:

(i) x(ch) > 0, where y(ch) := /S ch-td(S) and ch = (2, ¢y, %c% - c3).
(ii) peh > pkg, Where pay = x(e™ . ch)/2 and DPKs = y(e™ . eKs) are the reduced Hilbert

polynomials of ch and K.
(iii) For all SW basic classes a; satisfying aiH < (c1 — a1)H, the inequality is strict.

Let P(E) be any polynomial in u(c\(L)) and descendent insertions arising from a polynomial in
u(ci1(L)) and Chern classes of TI‘\’,Iir (for example, as in Proposition 2.1). Then

/ CP(B)=—2'Y N SW(ay) AL ar, 4, ¢3). “
M (2,c1,62) ] oL =al +a
a1H < aH

Remark 2.3. Assuming the existence of a universql sheaf E on M X S, where M := ME(Z, c1,C2), Is
unnecessary. As remarked in the introduction, Ty, and p(c1(L)) always exist, so the left-hand side
of Mochizuki’s formula is always defined. Mochizuki [35] works over the Deligne-Mumford stack of
oriented sheaves, which has a universal sheaf. This can be used to show that the global existence of E on
M X S can be dropped from the assumptions. In fact, when working on the stack, P can be any polynomial
in descendent insertions defined using the universal sheaf on the stack. Also, since Mochizuki works on
the stack, his formula and our version differ by a factor of 2.

Remark 2.4. Conjecturally, assumptions (i) and (iii) can be dropped from Theorem 2.2 [24, 19, 20, 21].
Moreover, also conjecturally, in the sum in Mochizuki’s formula, the inequality a1H < ayH can be
dropped. Assumption (i) is necessary.

Suppose the assumptions of Theorem 2.2 are satisfied. Combining with Lemma 2.1, we find that
y_LZd)(Xi; (M, u(L)) is given by (4) with

P(E) = y™ ¥ X_y (~RHom (E, B)y) e* (1)), 5)
where E is replaced by
Ti(a)®s '@ I(ar) ®s.
We note that the rank of
~RHomz(Ii(a)) ®s™' ®Ir(ay) ®s,11(a)) ®s ' @ I1r(ar) ®s)

equals the rank of T);' = —RHom (E,E).

2.3. Universal Series

In this paragraph, S is any smooth projective surface, so we allow p.(S) = 0. We want to study the
intersection numbers (3) with P(E) given by (5). Let XS* (+) denote the same expression as in (1), but
with Chern character and Todd class replaced by C*-equivariant Chern character and Todd class (recall
that we endow S!"] x S[™! with trivial C*-action). Define

_Locr, o _125(1 — ye™)
fls,y) =y 2 X (67) =y 2 ——5—
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where the second equality follows from the properties listed in Section 2.1. We write y (a) := y(Os(a))
for any a € A'(S). Forany L,a,c, € A'(S), we define

Z?St(L,a,cus,y,CI) = (Zs)_X(OS)( 2 )_X(C]_za)( ~2s )_X(za_q)e(”“z“)“

£(s.9) f(=s.y)
. Z q"1+"2/ ‘?(L,a,q - a,ni,ny,s).
slnlxglnal

ni,nz

The first line of this expression is just a normalization factor, so

Z™(L,a,c1,5,y,q) € 1+qQ[y*?1(s)[[q]].

We note that the definition of ZiS‘,‘St(L, a,ci,s,y,q) makes sense for any possibly disconnected smooth
projective surface S, and L,a,c; € AL(S).

Lemma 2.5. Let S = S’ US"”, where S’, S” are (possibly disconnected) smooth projective surfaces. Let
L,a,c; € A'(S), and define L’ := L|s/, a’ := als/, ci=cils, L := Lls», a” = als», and ¢ = cysr.
Then

Z3(L,a,c1,8,y,9) =23 (L', ad’ ¢, 8, y,q) Z8 (L a” ¢}, s, ¥, q).

Proof. The case L = Og was established in [19, Proposition 3.3]. The only new feature of the present
case is the following.

Define S> = S U S. As shown in [19, Proposition 3.3], the integrals over "1 x §"21 occurring in
the coeflicients of ZiS“S‘(L, a,ci,s,y,q) can be written as integrals on Sé"] by using the decomposition

Sénl — |_| sl s glna]

ni+ny=n

Since S = 8’ U S”, we have a further decomposition

sl s glna] — u §/[h] s g7[R] o g7lmi] ¢ grtlma]

Li+b=n1,mi+my=n;
Then the insertion e#(¢1 (1) restricted to §”101 x 7711 x §7lmi] % §77Im2] equals

1 gh(ct (L)) pyrrx u(er (L)) ,

p p

where p’, p”’ are the projections in the diagram

S’ 5 §77[k] 5 g7lmi] o g77[m2]

/ .

s/l g7bmi] §77[k] 5 gr7lma]

and §’11) x §'lm1 js seen as a connected component of S;[llml] and S”12] x §7Im] a5 a connected
11[l+m; ]

component of S,

. The rest of the proof proceeds exactly as in [19, Proposition 3.3]. O

Lemma 2.6. There exist universal functions

A1 @), AL (3, q) € 1+qQ[y**][[q]]
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12 L. Gottsche et al.

such that for any smooth projective surface S and L, a, c1 € A'(S), we have
in L? gLa ga® gaci 4€i sLei 4LKs gaKs sc1Ks 4 K5 4x (O
Z0(L,a,c1,5,y,q) = AL ALOAL AL AT AL ALKS AZKS g0 Ks (5 AX(O5),

Proof. By [10], tautological integrals on Hilbert schemes of points on surfaces are universal. We are
dealing with integrals over products of Hilbert schemes, which were handled in [22, Lemma 5.5]. By
[22, Lemma 5.5] (see also [19, Proposition 3.3]), there exists a universal power series

G € Qlx1,--- ,x11]llq]]

such that for any smooth projective surface S and L,a, c; € Al (S), we have

inst G(L?,La,a?,acy,c?,Lci,LKs,aKs,c1Ks,K2,x (O
Zg%(L,a,cy,s,y,q9)=e ( 1.¢f.Ler,LKs,aKs.c1Ks.Kg.x(0s)) (6)

Here, we use the fact that ZiS”s‘(L, a,ci,s,y,q) starts with 1.
We claim that equation (6) and Lemma 2.5 together imply the result. This can be seen as follows (see

also [22, Lemma 5.5]). Choose 11 quadruples (S, L®), a(®, cgi)) such that the corresponding vectors
of Chern numbers

wi = ((LD),..., x(Osw»)) € Q!

form a Q-basis. Now consider any (S, L, a, c1). Then we can decompose its vector of Chern numbers
w=(L%...,x(Os)) asw = 3, n;w;, for some n; € Q. If all n; € Z(; then Lemma 2.5 implies that

1 _
Z?St(L,a,Cl,S,y,CI) :l_[(eG(Wi)) z. )

i=1

Let W be the matrix with column vectors wy,...,wi; and M = (m;;) its inverse. Defining A; :=
exp(2; mijG(w;)), equation (7) implies

. 2 o
Zg'(Loa,cr sy q) = Af - AYO.

Since the set of vectors w with all n; € Zs is Zariski dense in Q'!, the proposition holds for any
(S,L,a,c1). O

Theorem 2.2 and Lemma 2.6 at once imply the following result.

Proposition 2.7. Let S be a smooth projective surface with b1(S) = 0, pg(S) > 0, and L € Pic(S).
Let H, c1, ¢y be chosen such that there are no rank 2 strictly Gieseker H-semistable sheaves on S with
Chern classes c1, co. Assume the following hold:

(i) x(ch) > 0, where y(ch) := /S ch-td(S) and ch = (2, ¢y, %c% - ).
(ii) peh > pkg, Where pay = x(e™ . ch)/2 and DKs = y(e™ . ¢Ks) are the reduced Hilbert
polynomials of ch and K.

(iii) For all SW basic classes a with aH < (c| — a)H, the inequality is strict.
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Then y‘de)(Xiyr(Mgl (2,c1,¢2), (L)) is the coefficient of x"4s° of

La
-2 > SW(a) Ay (y, 2xHE ezsAz(y,2x4))
a € H*(S,Z)
aH < (¢ —a)H
2 2

2 a
-1 2s —2s 4 4
2 (f(w)) (f(—w) A2 ))

-2 -2 acy
' 2s -2s 4 4
2(f(w)) (f(—s,w) A 2 ))

[5-t 2s ? -2s ? -1 4 ‘i
? (f(w)) (f(—s,w) A ))

Lc
~e_SA6(y,2x4)) A7(y,2x4)LKS

-1 aKs
2s -2s 4
(f(s,w)(f(—s,y)) Asl 20 ))

-3 3 c1Ks
5! 2s =25 4
? (f(w)) (f(—s,y)) Aol 2 ))

2 5 x(Os)
'Alo(y»2x4)K§(s( i )( 5 )x3A11(y»2x4)) .

2\ fGoy) )\ F(=s,)

Remark 2.8. By Remark 2.4, conjecturally, assumptions (ii) and (iii) in the previous proposition, as
well as the inequality aH < (c¢| — a)H in the sum, can be dropped.

2.4. Reduction to Toric Surfaces
We now present 11 choices of (S, L,a, c;) for which the vectors of Chern numbers (L2, ..., y(Os))
are Q-independent:
(S,L,a,c1) = (P%,0,0,0),
(P' xP',0,0,0),
(P%,0,0(1),0(2)),
(P%,0,0,0(1)),
(P%,0,0(1),0(3)),
(P' xP',0,0(0,1),0(0,2)),
(P! xP',0,0,0(0,1)),
(P%,0(1),0,0),
(P! xP',0(0,1),0,0),
(P*,0(1),0(1),0(2)).
(P2,0(1),0,0(1)).
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14 L. Gottsche et al.

Each of these surfaces S is toric and hence has an action of 7 = C* X C*. Choose T-equivariant structures
on the line bundles corresponding to L, a, c¢1. Then we can calculate Zg‘“ (L,a,ci,s,y,q) by Atiyah-Bott
localization. More precisely, consider one of the intersection numbers

¥(L,a,ci —a,ny,ny,s)
Slnlxgingl

appearing in the definition of ZiS"St(L, a,ci,s,y,q). The action of T lifts to S (] % §lm1 and its fixed
locus is indexed by pairs

({ﬂ(a>}e<s> {M<a>}e<s>)

where each 1(7) = (/15‘7) > /lé‘r) >...)and u'?) = (y(”) > ,u((r) > ...) are partitions such that
DA OI= A =, Y=Y T =
o o,i o ol

The Euler number e(S) equals the number of torus fixed points p - of S, and each partition (7, ()
corresponds (in the usual way) to a monomial ideal on the maximal T-invariant affine open subset
C2=U,cCS containing p .. For example, see [19, 20] for more details.

For any pair ({1(7)}, {1‘?)} ) corresponding to zero-dimensional T-fixed subschemes (Z, W) €
Slml x slm] we are interested in the restriction

Y(L,a,c1 —a,ny,ny, s) . (®)
(Z,W)

Let 7 := T x C*, where C* is the torus acting trivially on S x §[%1 (as in Mochizuki’s formula).
Denote by ty, 12, positive primitive generators of the character group of each factor of 7. Then the
T-equivariant K-group of a point is given by the following ring of Laurent polynomials:

Kg(pt) = Z[t], 15, 5%].

To calculate (8) in terms of € := clf(tl), € = c?(tz), and s := clf(s), we must determine the classes
of the following complexes in Kg (pt):

H°(0z(a)), H°(Ow(ci - a)),
RHomgs(Oz,0z), RHomg(Ow,Ow),
RHomg(Oz,0w (¢1 —2a) ® %), RHomg(Ow (ci —2a) ® 5%,02),

where Iz, Iw C Oy are the ideal sheaves of Z, W. The expressions in the first line follow at once from
the T- -representations of Z, W in terms of the partitions 1(°), 4(?). The expressions in lines two and
three can be calculated by using a T-equivariant resolution of /7, I'w . For explicit formulae, see [19,
Proposition 4.1]. Finally, u(L) leads to the insertion

- _ _ e(S)
. (clT(L) - (ch? (Oz) +chl (Ow)) N [s]) = Z g - (Iﬂ(")l + Iu(”)l) ,

o=1

where 7, : K; (S) — Kg (pt) denotes equivariant push-forward and a is the character corresponding

to LlUU .
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The calculation of Z?St for each of the 11 cases above is now a purely combinatorial problem, which
we implemented in the computer program Pari/GP. We determined the universal series Ay, ..., Ay} of
Proposition 2.6 to the following orders:

o For Ai(1,q),...,A11(1,q), we computed the coefficients of s'3"¢" for all n < 10, [ < 49. (Recall:
A;i(1,q),A;(y, q) are Laurent series in s.)

o For A(y,q),...,A11(y,q), we computed the coefficients of s/™"y"g¢" for alln < 6,m < 9,
[ < 30.

2.5. Verifications

We verified Conjecture 1.1 in the following cases.® In each case, we fix S, ¢y, ¢, as indicated, and we
choose H such that the assumptions of Proposition 2.7 are satisfied. We use the explicit expansions
of Ai(1,q),...,A11(1,q) determined in the previous section by localization calculations on P? and
P! x P! using Pari/GP.

1. §is a K3 surface, ¢ is such that c% =0,2,...,20,and vd < 14.

2. § is the blow-up of a K3 surface in a point, c; = 7*C + €E such that C? = —-4,-2,...,10,
e=-2,—-1,...,2,and vd < 15.

3. § is the blow-up of a K3 surface in two distinct points, ¢; = 7°C + ¢ E| + e2E; such that C? =
-2,0,...,6,e1,e2=0,1,and vd < 13.

4. § > Plisan elliptic surface of type E(N),° N = xy(Os) =3,4,...,7, ¢, = mB+nF where B is the
class of a section, F is the class of a fibre, m = -1,0,1,2,n =-2,—-1,...,5,and vd < 12.

5. § is the blow-up of an elliptic surface of type E(3) in a point, c; = n*C + €E such that CKg =
-1,0,...,4,C*=-4,-3,...,10,e=0,1, and vd < 12.

6. S is a minimal general type surface with b;(S) = 0, ¥(Os) = 2, Ké = 1 [33], ¢ is such that
c1-Kg=0,1,¢§ =-2,-1,...,11,and vd < 12.

7. S is a double cover of P? branched along a smooth octic surface, ¢y is such thatc;-Kg =0, 1,..., 10,
c% =0,1,...,30,and vd < 12.

8. § is the blow-up of a surface S’ as in (7) in a point, ¢; = 7°C + €E such that CKg = -2,-1,...,2,
C?’=-2,-1,...,8,e=0,1,and vd < 11.

9. S is a very general smooth quintic surface in P3 (then Pic(S) = Z[H]), ¢; = 2H and vd < 8, or
ci=3Handvd < 7.

Assuming the strong form of Mochizuki’s formula holds (Remark 2.4), we also verified Conjecture
1.1 in the following cases:

(10) S is a smooth quintic surface in P*, ¢ such that ¢y - Ks = 0, 1,...,25, ¢? = —4,-3,...,20, and
vd < 11.

(11) S is the blow-up of a quintic surface in P?}ina point, c; = 7°C+€E suchthat CKg = -5,-4,...,5,
C?>=-4,-3,...,8,e=0,1,and vd < 10.

Applying the same method and using our explicit expansions of A(y,q), ..., Aj1(y, g) from the
previous section, we verified Conjecture 1.2 in the following cases:

1. S is a K3 surface, ¢ is such that c% =0,2,...,14,and vd < 11.

2. § is the blow-up of a K3 surface in a point, c; = 7*C + €E such that C? = —4,-2,...,14,
e=-2,-1,...,2,and vd < 10.

3. S is the blow-up of a K3 surface in two distinct points, ¢; = 7°C + e1E| + e2E» such that C? =
-2,0,...,6,¢e1,e5=0,1, and vd < 10.

8In this list, 7 : S — S’ always denotes the blow-up in a point, and the exceptional divisor is written as E (or Ej, Ej in the
case of a blow-up in two distinct points).
9That is, an elliptic surface S — P! with section, 12N rational 1-nodal fibres, and no other singular fibres.
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4. § is an elliptic surface of type E(N) with N = 3,4,5, ¢; = mB + nF with m = —1,0,1,2,
n=-2,-1,...,10,and vd < 9.

5. § is the blow-up of an elliptic surface of type E(3) in a point, ¢; = n*C + €E such that CKg
-1,0,...,4,C*=-16,-15,...,0,e=0,1, and vd < 9.

6. S is the double cover of P? branched along a smooth octic surface, ¢ is such that ¢ - Kg
-2,-1,...,2,¢} =-16,-15,...,—6,and vd < 9.

7. S is the blow-up of S” as in (6) in a point, ¢c; = 7*C + €E such that CKg = -2,-1,...,2,
C?=-16,-15...,8,e=0,1,and vd < 7.

Assuming the strong form of Mochizuki’s formula holds (Remark 2.4), we also verified Conjecture
1.2 in the following cases:

(8) S is asmooth quintic surface in P3, ¢y is such that ¢; -Ksg=2,3,...,6, C% =-16,-15,...,-3,and
vd < 7.

(9) S is the blow-up of a smooth quintic surface in P3 in a point, ¢; = 7*C + €E such that CKg = 0,
C?=-23,-22,...,-14,€=0,1,and vd < 4.

3. Monopole Contribution and Nested Hilbert Schemes

In this section, we study the contribution of the monopole branch to the invariants y (N, 5§r ® u(L))
defined in the introduction. We prove that it is determined by universal series Cy, ..., Cg as stated in
Theorem 1.4. Moreover, we express these universal functions in terms of integrals over products over
Hilbert schemes of points on S. Much like in the previous section, these integrals are determined by
their value on P> and P! x P!, where we calculate them, modulo ¢'3, by localization.

The methods of this section are a variation on Laarakker’s work [34], which in turn relies on
Gholampour-Thomas’s work [15, 16]. For L = Og and r = 2, Theorem 1.4 was previously proved in
[34] (in fact, for L = Og, he proved the analog of Theorem 1.4 in any rank). Then y (N, 5‘1’\1;) are the rank
2 K-theoretic Vafa-Witten invariants defined by Thomas [42] and determined by the universal series
Cy, C3, Cs. Closed formulae for these universal series were conjectured in [21] (refining Vafa-Witten’s
original formula [43, (5.38)]) and subsequently verified in [34] up to the following orders:

= 1 15
o= | mma s ™
L 11 7(g)? 15
Ca(y.q) = (y2 +y 2)g* mod ¢ M
62(q,y)
1 62(q,y)

Cs(y,q) = mod ¢'°,

(y? +y~2)qt 03(q.y)

where 77(q), 62(q, ), 83(q, y) were introduced in (4). The universal power series C3, C4, Cg are new. In
accordance with Conjecture 1.3, we show

Gy, q) = ﬁ ( (- g™ )2”2 mod ¢
| (1=¢g>y?) (1 -g*y=2)

n=1
) 4n
1- qny—l n 1= any—Z n 1+ any—l s
Ci(y,q) = n ( — = mod g )
i\ L=q"y 1—gy 1+qy
) 2n 4n
1-(=D"g"y™! 1—g*y? is
Co(y.q) = n ( r— mod ¢"°.
i\ 1=(=D"g"y I—g*y
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3.1. Gholampour-Thomas’s Formula

Let S be a smooth projective surface satisfying 51(S) = 0 and p,(S) > 0. Letr = 2 and ¢y, ¢, be chosen
such that there are no rank 2 strictly Gieseker H-semistable Higgs sheaves on S with Chern classes ¢y, ¢».
Let N :=N g’ (2,¢1,¢2), and let M™™ ¢ N© be the monopole branch discussed in the introduction.
Gholampour-Thomas [15] (see also [13]) prove that the components of M™°" are isomorphic to

Sy = {(Z0,21,C) : Iz(=C) € Iz} € sl scstmlx g,

for certain (see Remark 3.2 below) ng, n; > 0 and algebraic g8 € H2(S ,Z). In particular, such ng, n, 8
satisfy

c1 —B+Ks € 2H?(S,Z),

cl—B2+K5)(c1+,82—KS)' 3

02=n0+n1+(

Whenever we have ng, n1, 8 satisfying (3), it is convenient to define

c1 — +KS c1+ —KS

Consider the inclusion
ceshoml e glml i glml g,

where |3| denotes the linear system determined by Og (). The universal sheaf E on M™" X § restricted
to the component S g’o’"'] x S is

ExTo®@Lodli®Li(1)®t!, 4)

where t is a positive primitive character of the trivial C*-action on M™" x § ¢ N© x S. Moreover,
To, I are the universal ideal sheaves pulled back from the factors of SI"0] x §1"1] x § x |B| (and then
along ¢ X idg to S [[3"0’"1]), Ly, L are pulled back from S, and O(1) is pulled back from |3|. Consider

M™" ¢ N with its C*-localized perfect obstruction theory [27].

Theorem 3.1 (Gholampour-Thomas). The class t,[S [E,"O’"‘]]"ir is given by

SW(B) e(RT(B) ® O — RHom (Lo, 11(B)) € Hangsan, (ST x ST |8)),

where 7 : SVl x §lmlx s — sl §m1 genotes projection, e(-) = Cno+m, (+), 12 and the LHS should be
interpreted as the image under push-forward along the inclusion S0 x S x {pt} s Slrolxslmlx g

Jor any point pt € |B|.

Remark 3.2. Not all ny,ni, B satisfying (3) correspond to spaces S g’o’"]] containing Gieseker H-
stable Higgs sheaves on S with Chern classes cy,cy. However, such components still have a virtual

class given by the formula of Theorem 3.1 (induced by realizing S }3"0’”'] as an incidence locus inside

Slnol s stml s |B| [15]). Laarakker proves that components S};’O’"' ], which are not part of M™", satisfy
[Sl[;“”"‘]]Vir = 0 [34]. This implies that we may as well consider all ngy, ny, B satisfying (3) and their

corresponding spaces S LE,"“ ol

0By Carlsson-Okounkov vanishing, ¢>g+n; (RT(B) ® O = RHomz (1o, I1(8)) = 0[15].
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Remark 3.3. Unlike the instanton branch, it may happen that the monopole branch M™" of

Ng (2, ¢1,¢2)® has components of different virtual dimension with respect to the C*-localized per-

no,n |

fect obstruction theory. A component S /[3 C M™°", where ng, ny, 3 satisfy (3), has virtual dimension

no + ny. As an example, take S — P2, a double cover branched over a smooth curve of degree 10; then
Ks = 2L, where L C S is the pull-back of the line from P2 Let H=L, c; = Ky, and ¢y > 3 odd; then
ged(2,c1H, %cl (c1 = Ks) — ¢2) = 1, in which case there are no rank 2 strictly Gieseker H-semistable
Higgs sheaves on S with Chern classes c1,cy. For B =0 and any 0 < ny < ng such that ¢y = ng + ny,
we obtain a non-empty component of virtual dimension c,. For B = Ks and any 0 < ng < ny such that
¢y = ng +ny + 2, we obtain a non-empty component of virtual dimension cy — 2. In both cases, the ele-
ments of the component correspond to Gieseker H-stable Higgs sheaves. Also note that in this example,
B =0, Kg are the Seiberg-Witten basic classes of S.

Although the virtual dimension of the monopole branch is in general not given by (1), we still define
vd(2,c1,¢2) :i=vd =4cy — c% -3x(0s)

and use x"¢ as the formal variable of our generating series.

3.2. Virtual Normal Bundle and u(cy(L))-Insertion
The (dual) Tanaka-Thomas perfect obstruction theory is given by [40]

ET\§ = RHom,(E,E® Ks ® t)g — RHom,(E,E)o.

Using (4), the class of Exf] i in K2.(S g"""”) equals the restriction of the following element of
/]

K(g*(S[”O] x Sl |8)):

Viony g = RHom (Io,11(8) ® O(1)) + RT(Os) ® O
— RHom(Iy,I9) — RHom(11,1,)
+RHom(I1(B) ®0(1), Iy ® Kz ®t*) —R['(Ks ®1) ® O
+RHom (19,190 ®Ks®t)+ RHom (1,7, Ks®1)
— RHomz (I, I1(B) @ K; ®t™") — RHom, (I1(B) ® K; @t Ip),

where lines 1-2 have C*-weight zero and lines 3-5 have non-zero C*-weight. We denote by ()™ the
weight # 0 part of a complex and by ()€ the weight zero part. Therefore, on § g’o’"‘ | , the virtual normal

bundle NV and C*-localized perfect obstruction theory are given by

Nvir = (E_}T)mov — Vmov

| [ng.n115

ny.nj,

0,11, Sg
VN\C* _ y,C*

(ETT) —Vno,n],/glsénoﬂw

Finally, we write
v =V | € KO, (§lmol i glmly
no,ny -+ no,n1,B sl xsnilx {pt} c* :

This restriction essentially amounts to removing O(1) from the expression of V,,; », g. Using Theorem

3.1, we conclude that the contribution of SY™! to y(N, (’)\ff ® u(L)) equals
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SW() - /S oy €(BT(8) ©0 = RHom (0.1, (8))

. ch(~/det(Vig,n,)Y) phler(L) td(

ch(A—1 (Vagin)Y)

V’S)i”l)'
Here, we used that p(c (L)) = 7. (75c1 (L) N (= cha(B) + 1 (E)?) restricted to S}J,""’"‘] also pulls back
from an expression on Slnol s glml |B3]. On

shol y glml o {pt} slol o glml o 18l

this expression is given by

u(er(L) = (w5er(L) - (= cha(Zo) - cha(Z1)) N [S170) x 511 ¢ 51)

1 L c1—B+Ks\2 1 c1+B—-Kg 2
_Z/S (=) ‘Z/SL'(T‘Z)
e

=, (mger(L) - (= cha(Tg) = chy(Z1)) N [S10T x 5T x 5]

t
+§LL'(B_KS),

where the equivariant integrals /S( --) € K% (pt) = Z[r*'] are multiplied with the fundamental class

[Slmo] x §Um1] and we are suppressing some Poincaré duals. Exponentiating and using y := e’ gives

eHler(L) _ y%L(ﬁ—Kwem(n;cl (L)~(=chy (Zg)~chy (T1))N[STr0lxS 1 IxST)

3.3. Universal Series

Let S be any smooth projective surface not necessarily satisfying 51(S) = 0 and p4(S) > 0. For any
L, B € Pic(S) and ny, n1, the expressions

Vg t(ci(L)) € KO*(S[nU] Xs[nl])

are defined as in the previous paragraph. We define

1 -x(B-Ks)
ZN(L, B,y q) = y 3K | — (y} =y 3) X B)x(0s)
yi+y?
W / ¢(RT(B) ® O — RHom (1o, T1(B))
Slolxsln]

np,n; >0

. ch(+/det(Viyyn,)Y) oh(er (L)

ch(A-1(Vigin)Y)

o
(Vi n,)-
Here, the first line is a normalization factor ensuring that

Zm(L, B, v, q) € 1+qQLy*?1[[4]]-
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The normalization factor can be computed as follows. Putting ng = n; = 0, the definition of V,,, ,, gives

Voo = R[(Os(B)) — RT'(Os) + RT(Os (- +2Ks) ® t%)

5
+RT(Os(Ks) ®t) — RT(Os(B - Ks) @ t71) — RT(Os(-B + Ks) @ 1). ©)
Using

ch(VL*) 1

ch(A_iL*) — pler(L) _ p=ter(L)

combined with Serre duality and y = e’, we obtain

puter(zy) HVAet(Vo.0 ™)

td(Vy,
ch(r ey eo)
1 1 \X(B=K5s)
— yIL(BKs) w) (v} = y 3 X B—xOs)
Y-y

The generating series Zg°"(L, B, y, q) has the following universal property.

Lemma 3.4. There exist universal functions

1
Bi(y,q),...,B7(y,q) € 1 +qQ[y*2][[q]]
such that for any smooth projective surface S and L, 8 € A'(S), we have
218,82 Ks K2 oy (O
Zi(L, B, y, q) = BY BYPBY BLKs BERs g s pX(0s),

Proof. The case L = Qg is proved (for any rank r) in [34, Section 8]. The strategy is similar to the proof
of Proposition 2.6:

Step 1: Multiplicativity. Let S = S’ U S”, where §’, S” are possibly disconnected smooth projective
surfaces. Let L, B € A'(S), and define L’ := Lls, 8’ := Bls:, L” := L|s», and 8" := B|s». Then

Z?OH(L’B’ y’ q) = Zg’l'on(L,?ﬁ/3 ys Q) Zgll(')n(LN’BN’ y: C])-
The only new feature compared to [34, Section 8] is the insertion
. (nj;m(L) - (= chy(Zo) — chy(I1)) N [S] x SW]) ,

which we discussed in Lemma 2.5.
Step 2: Universality. This is proved as in Lemma 2.6. O

Lemma 3.5. Let S be a smooth projective surface with b1(S) = 0, pg(S) > 0, and L € Pic(S). Let

H, ¢y, cy be chosen such that there exist no rank 2 strictly Gieseker H-semistable Higgs sheaves on S
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with Chern classes c1, c3. For vd given by (1), the monopole contribution to y (N, 5\11\1; X u(L)) is given
by the coefficient of (—x)'9 of

Lp
2 1
Z Serks—p SW(B) Bi (v, xhHE (ysz(y,x“))
BeH?2(S,Z)

1 ﬁZ

(‘—1) (y? _y—é)%<_x)—133<y,x4>)
yr+y?

LKg 1 -
_1 -
|y 2Ba(y, x*) -
yi +y_§

-1 i X (Os)
(‘—-‘)(_x)_lBﬁ(y ’x4)) ((I—J)(—xr%ﬂy,x“)) |
y2+y 2 yi 4yt

(S8

BKs
(y? —y-%)-%<—x)235(y,x4>)

Proof. By Remark 3.2, we sum the contributions to the invariant of Sé"o’"'] for all B € H*(S,Z),
no,ny € Zsg such that ¢; + 8 — Kg € 2H*(S,Z), and

cq —,8+KS)(c1+ﬂ—KS>’

62=n0+n1+( 2 2

or, equivalently, vd = 4(ng + n;) — (8 — Ks)> — 3x(Os). As shown in [34, Section 8], this gives
2peH?(5,2) Oc1.Ks—p SW(B) - (---), where 6, was defined in (5), and (- -) equals the coefficient of
(—])Vd)CVd of

1 1
7 —y2
(_1)de%L(B—Ks) (u (y% - y—%)x(ﬁ)—x(Os)z?on(L”& y,x4).

x (B-Ks)
y=y! )

Lemma 3.4 then gives Z¢"(L, B, y, x*) in terms of the universal series B;. O

Proof of Theorem 1.4. There are finitely many 8 € H?(S, Z) for which SW() # 0. These classes satisfy
,82 = BKs [35, Proposition 6.3.1]. The theorem follows by defining C; := B7, C, := Bg, C3 := By,
Cy := B4, Cs5 := B3Bs, Cg := Bj. m}

3.4. Reduction to Toric Surfaces
Consider the following seven choices of (S, L, 8) for which the corresponding vectors of Chern numbers
(L?,..., x(Os)) are Q-independent:
(S’ L’ ﬁ) = (Pz’ O’ O)’

(PZ’ O(_3)7 O)»

(PZ, O(_6)9 O)»

(P*,0,0(6)),

(Pz’ O’ O(—6)),

(P%,0(-3),0(-6)),

(P' xP',0,0).
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In each case, localization (as in Section 2.4) reduces the series Zg°"(L, 8, y, ¢) to a purely combinatorial
expression. In this way, we determined the universal series By, . . ., B; modulo g 15 For our calculations,
we used (and slightly adapted) a SAGE program of Laarakker, which was used for the calculation of
K-theoretic Vafa-Witten invariants in [34]. Using the definitions of Cy, ..., C¢ in terms of By, ..., By,
we obtain (1) and (2).

3.5. K3 Surfaces

In this section, we consider Z?"“(L, B,y,q) when § is a K3 surface and 8 = 0. Note that O is the only

Seiberg-Witten basic class of a K3 surface, and SW(0) = 1. Let ¢ : S([]""’"'] s Sl x slnl pe the
natural inclusion. Laarakker [34, Section 10] observes that

” [S(l)no,nll

‘ A8 when ng=n;=n
"= (6)

0 otherwise,

where A : Sl s §lnl 5 §lnl s the diagonal embedding. In other words, only universally thickened
nestings Zo = Z; contribute to the invariants.!' This fact is explained geometrically using cosection
localization in [42, Section 5.3]. This gives a simplication of V,, , o (derived in [34, Section 10] for any
rank r)

AV = Tgin) + Tgim @t = Tgim & 1 = Tgim ® 12 + Vo 0, @)

where V; o is the normalization term (5), which should be viewed as pulled back from S!"] — pt. Using
(6) and (7), Laarakker expresses the universal function C of Theorem 1.4 in terms of

Xy (S = (S A Qqimy),  where S =K3.

In turn, y,-genera of Hilbert schemes of points on K3 surfaces were calculated by Gottsche and W.
Soergel [25].

Recently, using Borisov-Libgober’s proof of the Dijkgraaf-Moore-Verlinde-Verlinde formula [3],
Gottsche found a formula for elliptic genera, with values in a line bundle, of Hilbert schemes of points
on surfaces [18]. We briefly discuss this result. Let S be any smooth projective surface (not necessarily
K3), and L € Pic(S). The determinant line bundle on S is (L) := det((L — Os)!"1). Its first Chern
class is described as follows. Consider projections from the universal subscheme Z c S" x §

z
sinl S.

c1(u(L)) = u(ci1(L)) = pug*ei(L) € HX(S™, 7). ®)

Then

Specialized to yy-genera, the results of [18] imply:

Theorem 3.6 (Gottsche). Let S be a smooth projective surface and L € Pic(S). Then

Z/\((S["], Ay Qg ® (L)) (gy™)" =
n=0

The case ng = n| = n appears in [13].
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o | x(©O0s) [ K2
(1_! (1—q”)‘o(l—q"y)(l—q"y“)) (n(l_qn))

n= n=1

00 (1—6]")2 ) 2 (( n —1) )le(5
(B((l—q"y)(l—q”y‘l) ) H 1-g"y

n=

Just like Laarakker requires Gottsche-Soergel’s result to determine the monopole contribution to
x(N, Oy\i]r) for a K3 surface, we will require Theorem 3.6 to determine the monopole contribution to
x (N, (’)\‘1’\‘,r ® u(L)) for a K3 surface.

Adapting an argument from [23] and combining with Theorem 3.6, Conjecture 1.2 (and hence

Conjecture 1.1) are proved for K3 surfaces in [18]. We now use (6), (7), and Theorem 3.6 to prove
Theorem 1.5.

Proof Theorem 1.5. Let S be a K3 surface. The case L = Og was done in [34] and gives C). Let
L € Pic(S) be arbitrary. It is useful to work with Vi n = Van — Vo,0, where Vg o is the normalization
factor (5) pulled back along S [n] % glnl — pt. For S a K3 surface and 8 = 0, (6) and (7) imply

ch(+/det(Vy ,,) .
Z2(L,0,y,9) = ) g™ /l et At (ydet(¥i,)) (V) ),
n

s ch(A_1 (Vg ,)™)
where we used

A*m, (n§c1<L> (= chy(Zo) = chy(Z1)) N [SI) x 51T x S]) = m.(xge1(L) N (2[Z]))

= u(2c1(L)),

where Z c Sl x § is the universal subscheme and u(c; (L)) is defined by (8).
We require two identities from [42]. By [42, Proposition 2.6], the canonical square root is given by

\Jdet(Vg,)Y = (det(Ve ) V)= - 12720,

where (-) 2% denotes the part with non-negative C*-weight, and 7 is its rank. Moreover, for any complex
E, we have [42, (2.28)]

A EY = (-1)*FA_E®detE". )

Pulling back along A : Sl < §lnl x §171 and using (7) yields

A*[(det V5 )V = det (Qgin + Qgin ® ) - 12" = det(Qgin)) - det(Qgim @ 1) - 127

Furthermore,

. 1 AL Qg 1T
A (Vg )oY A (Qgin © 1)
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Hence,

A* vdet(Vg )Y

A1 (Vi w)™ovY

det(Qg1n ® 1)
A1(Qgim ®1)
A (Qgm ®17h)
A,l(TS[n] ®t1) '
=t A1 (Qgim ®172),

= det(Qgn)) - A2 AL ( Qg @11 - AL (Qgim ®172)

= det(Qgim) - t*" - Aoy (Qgim ®17%)

where the second equality uses (9), the third equality uses Tgn = Qg (because S [n] jg holomorphic
symplectic), and the last equation uses Kg(»j = O. Using y := e’ and Serre duality (see also [12, Remark
4.13]), we find

ZI_SI‘IOH(L’ 09 y’ CI) = Z yan(S[n]y A—I(Qs[n] ® t—Z) ® M(L [02] L)) q2n
n=0
— N 2n [nj 2n
= Z Y X (ST ALy 2 Qg @ u(L® L)) g
n=0
= Z y_an(S[n], A_yzQS[n] ® /J(L* ® L*)) qzn.
n=0

The result follows from Theorem 3.6 and Lemmas 3.4, 3.5. O

3.6. Higher Rank

The methods of Section 3.1-3.5 generalize to any rank r. Let S be any smooth projective surface with
b1(S) =0 and pg(S) > 0. Let N := Ng (r,c1,c2). Suppose there are no rank r strictly Gieseker H-
semistable Higgs sheaves on S with Chern classes c1, c2. Consider the components of N containing
Higgs sheaves (E, ¢) such that

E=E0E ot '@  -oE_ ot

and tk Eg = --- =tk E,_; = 1. We denote the union of such components by M;-. These components
are described by Gholampour-Thomas in terms of nested Hilbert schemes [15, 16] (see also [34])

Spotrl @ sl st s 1By X B -
Let L € Pic(S), and replace ¢, (E) — %cl (E)? with ¢, (E) — %cl (E)? in definitions (2), (3). Let
vd :=2rcy — (r — 1)c% —(r* =1 x(0s).

Then the contribution of M;r to y (N, (’)\X‘f ® u(L)) is given by the coefficient of (—x)"4 of

51(’”) (y7x2r)/\/(05) 52('”) (y’ x2r)K§ 53(") (y’ er)L2 5[&7”) (y’x2r)LKS

r—1
Z Oci.Ks-ai....Ks—ar| l—l SW(a;) C5(:) (y,x2r)aiKs Cé;) (y’XZr)a,«L
(agseees a,_1)€H?(S,2)"! i=1
1650} 0y,
i<j
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where 61 "), 5}(;), 6'1(;]: are universal series in Q(y?)((x)) and

r—1
Oaby....by, =H# {y € HZ(S, Z) :a- Z ib; = ry} .

i=1

We did not normalize the universal series to start with 1. Since [34] works in any rank, Sections 3.1-3.3
readily generalize to the above statement.
Equations (6) and (7) have analogs in any rank [34, Section 10]. Define

r—1

~ _(r2_ _ _r=2 r-1. _
C () =x" VG T 4y T 44y 7)) (1, 9),
" (v,q) =" (v, 9).

Then C3(r), Cs(r) € 1+¢Q(y?)[[q]]. Generalizing Section 3.5 accordingly yields

r) = 1
C, ' (y,q) = ,
: B (1=g™)10(1 = grmy)(1 - gmy™)
) 2 r2112
) (1-4g") :
C N = )
> 0n4) l—[ ((1 —q"y" ) (1 —g™y™)

n=1

where C l(r) was previously derived in [34, 42] and C3(r) is new.
Let M = M;’ (r,c1,c2), and assume there are no rank r strictly Gieseker H-semistable sheaves

on S with Chern classes c¢1, ¢2. The instanton contribution to (=1)"4y (N, 5}{; ® u(L)), which equals
y*%)(fyr(M, u(L)), is determined in [18] for S, a K3 surface. It is derived by combining Theorem 3.6
with an adaptation of an argument of [23]. The result is the coefficient of ¢*4/2 of

L2

b ! ﬁ( (=g )
v (1=gmP(1 = gmy)*(1 - g"y™")? (I=g"y)(1-g"y™) '

n=1

Unlike the monopole contribution, these universal series are independent of 7.

4. Applications

In this section, we discuss special cases of Conjectures 1.1 and 1.2: (1) minimal surfaces of general type,
(2) surfaces with disconnected canonical divisor, (3) a blow-up formula, and (4) Vafa-Witten invariants
with u-classes. We denote the formula of Conjecture 1.1, after some slight rewriting, by

Us,L.e (X) =
2-x(0s)+K2 (1)
—(21 T DT SW(a) (1) (1 +x) KO EK) (] — gpalloKs),
— X
acH?2(S,2)

4.1. Minimal Surfaces of General Type

Proposition 4.1. Let S be a smooth projective surface satisfying pg(S) > 0, b1(S) =0, and K5 # 0 and
such that its only Seiberg-Witten basic classes are 0 and Kg. Let L € Pic(S), and let H, ¢y, ¢ be chosen

such that there are no rank 2 strictly Gieseker H-semistable sheaves on S with Chern classes ci, c).
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Suppose Conjecture 1.1 holds in this setting. Then X"“(M;’ (2, c1,c¢2), u(L)) is given by the coefficient
of x'4 of

K2 (1 +x)Ks(L=Ks)

23-x(0s)+
(1—x2)x(D

Proof. Since SW(0) = 1, we have SW(Ks) = (—1)¥(9s) [35, Proposition 6.3.4]. By Conjecture 1.1,
,\/Vir(Mgl (2,c1,¢2), u(L)) is given by the coefficient of x4 of (1), which simplifies to

22-x(0s)+K2

m [(1 +x)Ks(L—KS) + (—1)C1Ks+)((03)(1 _x)Ks(L—KS) )
- X

Varying over c,, we put the coefficients of all terms x'¢ of /5. L.c; (x) into a generating series as follows.
Suppose ¥rs.1.,¢, (x) = X~ ¥nx" and i = V=1. Then for vd given by (1), we have

Z Coeff v (Ys,L,¢, (x))de = Z Y x"
2 n=-c}-3y(Os) mod 4
: L k(c243v(0 K
— ZZZ i3y ( s))l//(l X)
k=0

(1 + x)Ks(L=Ks)
(1 — xz)/\/(L)

— x)Ks(L-Ks)

— 21—/\/(OS)+K§ + (_1)c12+3/\/(05) (1

(1 — xz)X(L)

petos (L= ix)Ks (E7Ks)

a3 (0g) (L +ix)KsL7KS)
: (L+x2x@|°

" (1 + 2D

+ (-

where the third equality uses ¢ Ks = c% mod 2. Now define

Ks(L-Ks)
bs.L.c, (x) = 23*)((05)+K§ L

(1 - x2)x(D)
Then
> Coeff i (5.1, (1)) 6 = > Gnx"
2 n=-c?-3y(0s) mod 4
1
- Z _ik(clz+3,\g(03))¢(ikx)
k=0 4
is given by the same expression as above, which proves the proposition. O

Remark 4.2. Examples of surfaces satisfying the conditions of Proposition 4.1 are (1) minimal surfaces
of general type satisfying pg(S) > 0 and b1(S) = 0 [36, Theorem 7.4.1], and (2) smooth projective
surfaces with b1 (S) = 0 and containing an irreducible reduced curve C € |Kg| (for example, discussed
in [19, Section 6.3]).

Rgmark 4.3. In general, the formula of Proposition 4.1 has integer coefficients only when y(Os) —3 <
If IS{.ZFor minimal surfaces of general type, this inequality is implied by Noether’s inequality, y(Os)—3 <
20s

Corollary 4.4. Let S be a smooth projective surface with b1(S) = 0 and containing a smooth connected

curve C € |Kg| of genus g. Let L € Pic(S), and let H, ¢y, ¢y be chosen such that there are no rank 2
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strictly Gieseker H-semistable sheaves on S with Chern classes c1, c2. Suppose Conjecture 1.1 holds in
this setting. Then )(Vir(MSIII (2, ¢1,¢2), u(L)) is given by the coefficient of x'4 of

53-x(0c)—(0s) (L YIS
(1— 2@
Proof. We have g = K§ +land y(L|c) =1 — g +deg L|c by Riemann-Roch. m

4.2. Disconnected Canonical Divisor

Proposition 4.5. Let S be a smooth projective surface with by(S) = 0, and suppose there exists 0 #
Ci+---+Cyy, € |Ks|, where Cy, . . ., Cy, are mutually disjoint irreducible reduced curves. Let L € Pic(S),
and let H, c1, ¢y be chosen such that there are no rank 2 strictly Gieseker H-semistable sheaves on S
with Chern classes cy, cp. Suppose Conjecture 1.1 holds in this setting. Then )(Vir(M;{ (2,c1,¢2), u(L))

is given by the coefficient of x*¢ of

92-x(0s)+Kg ™M

D 1—[ [(1 + )X (Eled) 4 (p)Cierh® (Neys) (1 _x)x(uc,.,)] ’
j=1

where Nc, /s denotes the normal bundle of C; C S.

Proof. We describe the Seiberg-Witten basic classes and invariants for S in this setting [19, Lemma
6.14]. Forany I ¢ M := {1,...,m}, define C; := }};c; C;; and we write I ~ J when C; and C; are
linearly equivalent. Also, Cy := 0. The Seiberg-Witten basic classes of S are precisely {Cy }rcar, and

SW(Cy) = #[I] l_[(_l)ho(Nci/s)’

iel
where #[I] denotes the number of elements of equivalence class [/]. Therefore, (1) becomes

92-x(0s)+K}

m( D l_[<—1>’“°<NCf/S>)(—1>Cm R
7]

iel

22-x(0s)+K?

= m Z (l_[(_l)CchhO(Nci/s)(l _x)C,-(L—C,-))( l_l (1 +x)C,-(L—C,-)),
—X

IcM \ iel ieM\I

where we used Ks = Cjs and the assumption that the curves C; are mutually disjoint. The result follows
from y(L|c,) =1 - g(C;) +degL|c, = Ci(L — C;) and expanding the product in the statement of the
proposition. ]

4.3. Blow-Up Formula

Proposition 4.6. Let S be a smooth projective surface, w : S - S the blow-up of S in a point, and E
the exceptional divisor. Let L, ¢ € Pic(S), ¢y =n*cy — kE, and L = n*L — CE. Then

U5z = 50 =) ) [0+ 4 DR =0 v 1, (0.

Proof. The Seiberg-Witten basic classes of S are *a and *a + E with corresponding Seiberg-Witten
invariant SW(a), where a runs over all Seiberg-Witlen basic classes of S [36, Theorem 7.4.6]. Using
x(03) = x(0s), Kg =n*Ks + E, E* = =1, and (L) = (L) - ('f;']), the proposition follows at once
from (1). m]
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4.4. Vafa-Witten Formula with u-Classes

Let S be a smooth projective surface satisfying 51(S) = 0 and pg(S) > 0. In an appendix of [19],
Gottsche and Nakajima gave a conjectural formula for

vd
Z [M] . ell(cl(L))/IVd*kck(T]\\/}f), )
k=0 vir

where M := M §I (2,c1,¢2), vd is given by (1), and we assume ‘stable=semistable’. Here, A is a formal
parameter. Setting A = 0 in (2) gives e¢""(M). Replacing A with A~!, then multiplying by A'¢, and
finally setting 4 = 0 gives Donaldson invariants /[ M eM(@1 (1)) Therefore, (2) interpolates between

Donaldson invariants and virtual Euler characteristics. Let G, (g) be the Eisenstein series of weight 2,
and define

— 1 <
Gag) = Ga(g) + 5 = ; o1(d) ¢,

where o (d) = %4, d. Furthermore, let 03(q) := 63(g, 1) and D := q%.

Conjecture 4.7 (Gottsche-Nakajima). Let S be a smooth projective surface with p4(S) > 0, b1(S) =0,
and let L € Pic(S). Let H, ¢y, cp be chosen such that there are no rank 2 strictly Gieseker H-semistable
sheaves on S with Chern classes ¢, cs. Let M = M;I(Z, c1,¢3). Then

vd
Z /[ ) eH(e1(L) vk e, (e
k:O M vir

is given by the coefficient of x*¢ of

o _ K2 2
A 1 x(Os) 27(x4)2\ 55 (eDGg(xz))% (87262(x2))/1LK5
2m(x2)12 03(x)
1, \aKs AL(Kg-2a)
Z (_1)cla SW(a) ( 93()6,))2) ) (er(x)—Gz(—x)) 2
1
acH(8,2) 03(—x,y7)

Recall that specializing Conjecture 1.2 to y = 0 implies Conjecture 1.1 (after replacing x by xy%; see
Section 1). We show that specializing Conjecture 1.2 to y = 1 implies Conjecture 4.7 (after replacing x
with xy% and L with AL( y‘% - y%)"). In summary, the invariants of this paper interpolate between:

Donaldson invariants

Virtual Euler numbers of moduli spaces of sheaves
K-theoretic Donaldson invariants

K-theoretic Vafa-Witten invariants

O O O O

Proposition 4.8. Conjecture 1.2 implies Conjecture 4.7.

Proof of Proposition 4.8. Recall the definition of y‘%X_y (E) for any complex E of rank r on M from
Section 2.1. Suppose r > 0, and denote by {-}, the degree r part in A*(M)q. Then [12, Theorem 4.5]

@) =eE) mod (1-y).
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For D € A'(M)qg, we are interested in

{Z ePake, (E)} ,
k=0 ,

which is insertion (2) for E = TX}I and D = u(c(L)). We consider

T
AP 2-y2) ly_fx_y(E).

Again using [12, Theorem 4.5], we find

/ID(y_%—y%)‘l -z D yr—k -£
e Y IXy(E); = Ze A e (E)y 2 mod (1 -y).
r k

,
Hence,

L,
{ew(y B zx—y(E)|y=1}

r

= {Z eD/lrkck(E)} . 3)
k=0

Take E = T); and D = p(c;(L)). Replacing L with
AL

1 1
y7§ — yi
in Conjecture 1.2 and setting y = 1 gives the invariants (2) by equation (3).
This reduces the proof to the following identities:

R nZ (1 _x2n)2
DG, x?) = lim lo s
> yol e (ymh _yiy2 g (1 =x2my)(1 —x2y~1)
_ 1 ks 1 — x2ny-1
G>(x?) = —= lim " Io ad=-x"y")

2ol (i oy (=22

1 1
1 —x"y2)(1 +x"y 2
Ga(x) = Ga(~x) = lim . —" tog =X ¥ +x"y7)
R YTy T (LT (14 amy)
odd

(ST

These identities follow from an elementary computation using repeatedly that

(o) xn
log(1-x)=~> —.
n=1

-7 —y3
lim % =n.
y=ly=a — g2
Therefore,
lim —— log o —— = lim Z Yooy
=S (7 - y2)? (1 =x2y)(1 - x>y~ =T ! y 2 —y32
- Z n2x? = DG ().

n, >0

The other identities follow similarly. m}
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