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VERLINDE FORMULAE ON COMPLEX SURFACES I:
K-THEORETIC INVARIANTS

L. GOTTSCHE, M. KOOL, AND R. A. WILLIAMS

ABSTRACT. We conjecture a Verlinde type formula for the moduli space of
Higgs sheaves on a surface with a holomorphic 2-form. The conjecture spe-
cializes to a Verlinde formula for the moduli space of sheaves. Our formula
interpolates between K-theoretic Donaldson invariants studied by the first
named author and Nakajima-Yoshioka and K-theoretic Vafa-Witten invari-
ants introduced by Thomas and also studied by the first and second named
authors. We verify our conjectures in many examples (e.g. on K3 surfaces).

1. INTRODUCTION

Let C be a smooth projective curve of genus g > 2 over C. The classical
f-functions at level k > 1 for C are defined as follows. The map C' — Pic'(C),
p — [Oc(p)] gives rise to the Abel-Jacobi map on the symmetric product

Sym?~(C) — Pic?~1(O)

and the image ©, which has codimension one, is known as the theta divisor.
Denote by L the corresponding line bundle. The #-functions of level &k are
defined as the elements of H(Pic?~!(C), LZ*). Since H>°(Pic?(C), LZ*) = 0,
the Riemann-Roch theorem gives the dimension of the space of #-functions of
level k as the degree of exp(k©). Since ©9/g! = 1, one obtains

dim H(Pict~4(C), LZ*) = k9.

The Verlinde formula extends this equation to moduli spaces of rank 2 (and
higher) stable vector bundles on C' as follows. See for a survey.

Denote by M := M¢(2,0) the moduli space of rank 2 semistable vector
bundles £ on C with det E = O¢. Then Pic(M) is generated by the deter-
minant line bundle £ [Beal [DN]. The Verlinde formula (for rank 2 and trivial
determinant), originating from conformal field theory [Ver], is the following

dim H°(M, L%*) = kr2 gJ%sin( mJ )2_2g
’ 2 k+2 '
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This formula has been proved by several people [Szel BS| [Thal, [Kir, [Don| [Raml,
DW| [Zag2] (for rank 2) and [Fal, [BL] (for general rank). Numerical aspects of
this formula were studied by D. Zagier [Zag]].

Let N := N¢(2,0) be the moduli space of rank 2 semistable Higgs bundles
(E,¢) on C with det E = O¢. Here E is a rank 2 vector bundle and ¢ : £ —
E ® K¢ is called the Higgs field. The moduli space N is non-compact. It has
a C*-action defined by scaling the Higgs field. The determinant line bundle £
on N is C*-equivariant, therefore H°(N, L#*) is a C*-representation. Recently,
Halpern-Leistner [H-L] and Andersen-Gukov-Du Pei [AGDP] found a formula
for dim H°(N, £L&*), which can be seen as a Verlinde formula for Higgs bundles.

In this paper, we study Verlinde type formulae on the moduli space of rank
2 Gieseker stable (Higgs) sheaves on S, where S is a smooth projective surface
satisfying p,(S) > 0 and b,(S) = 0.

1.1. Verlinde formula for moduli of sheaves. Denote by M := M (2, ¢y, ¢))
the moduli space of rank 2 Gieseker H-stable torsion free sheaves on S with
Chern classes ¢; € H*(S,Z) and ¢y € H*(S,Z). We assume there are no rank
2 strictly Gieseker H-semistable sheaves on S with Chern classes c;, cs. Then
M is a projective scheme with perfect obstruction theory of virtual dimension

(1) vd = dey — ¢ — 3x(Os).

When a universal sheaf E exists on M x S, the virtual tangent bundle is given
by TYF = RHom,,,(E,E)o[1], where 7y : M x S — M denotes projection
and (+)o denotes trace-free part. In general E exists only étale locally. Never-
theless, RHomg,,(E,E)q[1] exists globally on M x S, essentially because this
expression is invariant under replacing E by E ® L for any £ € Pic(M x S)
[HLl, Sect. 10.2]. Algebraic Donaldson invariants are defined by integrating
polynomial expressions in slant products over [M]"". These were studied in
detail, for any rank, in T. Mochizuki’s remarkable monograph [Mod].

Let a € H*(S,Q). When a universal sheaf E exists on M x S, we consider
the p-insertion defined by the slant product

@) pla) =m0 (elB) - icl(E)z) N[M x 5]) € H.(M. Q)

Note that . .

CQ(E) — ZCl(E)2 = _Z ChQ(E ® E X det(E)*),
where the sheaf E ® E ® det(E)* always exists globally on M x S, again,
essentially because this expression is invariant under replacing E by E ® L.
Therefore (2) is always defined. When L € Pic(95) satisfies ¢1(L)c; € 2Z, there

exists a line bundle u(L) € Pic(M), whose class in cohomology is (Poincaré
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dual to) @) for o = ¢, (L) [HLL Ch. 8]. One refers to (L) as a Donaldson line
bundle. The first conjecture concerns

X (M, (L)) == x(M, Oyf @ (L)),
known as K-theoretic Donaldson invariants [GNY2JE The first named author,
H. Nakajima, and K. Yoshioka determined their wall-crossing behaviour, when
S is a toric surface using the K-theoretic Nekrasov partition function [GNY2].
For rational surfaces the first named author and Y. Yuan established structure
formulae for these invariants and relations to strange duality [GY] [Gotl].
We denote intersection numbers such as [¢ ¢1(L)ey (O(Ksg)) by e1(L)ey (O(KSJ%}

or simply LK. Denote by SW(a) the Seiberg-Witten invariant of a € H?(S,Z)

Conjecture 1.1. Let S be a smooth projective surface with py(S) > 0, b1 (S) =
0, and L € Pic(S). Let H,c1,co be chosen such that there are no rank 2
strictly Gieseker H-semistable sheaves on S with Chern classes ci,cs. Then
X (ME (2, ¢1,¢2), (L)) equals the coefficient of x4 of

92-x(0s)+K3 1+ :1:) (%—a) (L—K3s)

1—2

swia) (-1 (

(1- Iz)WH(Os)

In Section ] we verify this conjecture in many cases for: S a K3 surface,
elliptic surface, Kanev surface, double cover of P? branched along a smooth
octic curve, quintic surface, and blow-ups thereof. Our strategy is similar to
IGNY3| [GKT), [GK2, [GK3]. We first express (M, (L)) in terms of algebraic
Donaldson invariants. Using Mochizuki’s formula [Moc, Thm. 1.4.6], the latter
can be written in terms of integrals on Hilbert schemes of points. We show that
these integrals can be combined into a generating series which is a cobordism
invariant and hence determined on P? and P' x P'. On P? and P! x P!, we
determine this generating series (to some order) by localization.

Finally, in Section ] we discuss interesting special cases of Conjecture [l

a€H?(S,Z)

1.2. Verlinde formula for moduli of Higgs sheaves. Let H be a polar-
ization on S. Recently Y. Tanaka and R. P. Thomas [T'T1] proposed a mathe-
matical definition of SU(r) Vafa-Witten invariants of S. We consider the case
r = 2. Their definition involves the moduli space of Higgs sheaves (E, ¢)

N = Né{(z,Cl,Cg) = {(E, ¢) : tI'¢ = 0, Cl(E) = (1, CQ(E) = Cg},

'When the Donaldson line bundle does not exist, we define XV (M, u(L)) by the virtual
Hirzebruch-Riemann-Roch formula [FG| Cor. 3.4], i.e. f[M}V" et e B)) td(Tyir).

2We use Mochizuki’s convention: SW(a) = SW(2a — Kg) with SW(b) the usual Seiberg-
Witten invariant in class b € H2(S,Z). Moreover, there are finitely many a € H?(S,Z) such
that SW(a) # 0. Such classes are called Seiberg-Witten basic classes.
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where E is a rank 2 torsion free sheaf, ¢ : F — E ® Kg is a morphism,
and the pair (E, ¢) satisfies a (Gieseker) stability condition with respect to H.
Tanaka-Thomas show that N admits a symmetric perfect obstruction theory
in the sense of [Beh|. As in the curve case, one can scale a Higgs sheaf by
sending (F, ¢) to (E,t¢) for any t € C*. This defines an action of C* on N. As
in the previous section, we assume stability and semistability coincide. Then
the fixed locus N© is projective and the Vafa-Witten invariants are defined as

1
= €Q
/[N(C*]vir €(NV1r)

where N'' denotes the virtual normal bundle and e(-) is the equivariant Euler
class [GP]. The fixed locus N© has two types of connected components:

e Components containing (E,¢) with ¢ = 0, which we refer to as the
instanton branch. This branch is isomorphic to the Gieseker moduli
space M := M (2, ¢y, cy). The C*-localized perfect obstruction theory
on M coincides with the one from the previous section.

e Components containing (E, ¢), where E = Ey® E; ® t7! is the decom-
position of F into rank 1 eigensheaves, and ¢ : £y — F; ® Kg ® t.
Here t denotes the weight one character of C*. These components con-
stitute the monopole branch, which we collectively denote by AM™".
Denote by S the Hilbert scheme of n points on S and by |3| the lin-
ear system of a class § € NS(S) C H*(S,Z) (recall that we assume
b1(S) = 0). A. Gholampour and Thomas [GT1], [GT2] prove that the
monopole components are isomorphic to incidence loci

Syl = {(Zo, 21, C) + I2,(=C) C I} € S x ST 1],

for certain ng,nq, B, where I, C Og is the ideal sheaf corresponding to

Z C S. Moreover, they show that the C*-localized perfect obstruction

theory on S g"o’"ﬂ is naturally obtained by realizing this space as a de-

generacy locus inside the smooth space S x S™l x |3 and reducing

the perfect obstruction theory coming from this description (Section [3]).
Let M’ C M™°™ be a connected component of the monopole branch. Similar

to the previous section, we define

(3) o) = mar (w50 (&' (B) — 3 (BF) 0[M' x §]) € HE (M, Q),

where the Chern classes are C*-equivariant, M’ and S carry the trivial torus
action, and [E is the universal sheaf on M’ x S.

3For fixed = 2, ¢1, ¢2, the virtual dimension of M™°°  N€ s in general not given by
@. In fact, M™"° can have components of different virtual dimension (see Remark B.3).
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Vafa-Witten invariants can also be seen as reduced Donaldson-Thomas in-
variants counting 2-dimensional sheaves on X = Tot(Kg) —the total space of
the canonical bundle on S [GSY2]. From this perspective, it is more natural
to work with the Nekrasov-Okounkov twist of O, which is defined as

@vNir ._ KVlr Q OVlr

where /K3 is a choice of square root of K3* = det(Q%F). Over the fixed
locus N©'| this choice of square root is canonical [Tho, Prop. 2.6]. For any
(possibly infinite-dimensional) graded vector spaces set

X(@tai - @tb]) = ;yai - ;ybﬂ'.

The K-theoretic Vafa-Witten invariants are [Thol (2.12), Prop. 2.13]

’ A (NVII‘)

Here A_;(-) is introduced in Section 2land y is related to ¢ := ¢t (t) by y = €.
The Nekrasov-Okounkov twist ensures that these invariants are unchanged
under y <> y~! [Thol, Prop. 2.27]. Our next two conjectures concern

X(N, 05 @ p(L)) := x(RT(N, Oy @ (L)),

where L € Pic(S)E This expression has instanton and monopole contribu-
tions corresponding to the decomposition N = M L M™°"°. The instanton
contribution equal

(—1)"y ™5\ (M, (L)) == (=1)"y ™% 3 (—y)P X" (M, APQSF @ (L)),

p

X(N, O%F) := X(RT(N, O3) = x (N® ® \ i)

where vd is given by (@) and x}" (M, -) is the twisted virtual x,-genus [FG].
Consider the following two theta functions and the normalized Dedekind eta
function

(4)  Os(wy) =D a"y", Oa(x)= D a"y", dx) = [[(1—a").

We also use the following notation. For any a,b € H?(S,Z), define
(5) bup =# {7y € H*(S,Z) : a—b=2v}.

4If the line bundle (L) does not exist on N (or N€), then we define these invariants by
virtual C*-localization combined with the virtual HRR formula as before.
By essentially the same argument as in [Tho, Sect. 2.5].
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Conjecture 1.2. Let S be a smooth projective surface with p,(S) > 0, b1(S) =
0, and L € Pic(S). Let H,cy, ¢y be chosen such that there are no rank 2 strictly
Gieseker H-semistable sheaves on S with Chern classes ¢y, co. Let vd be defined

by (). Then y‘V?dXV_i;(Mé{(Q,cl,CQ),u(L)) equals the coefficient of ¥4 of

o) x(Os) Kg
1 1 2m(x*)”
! <2 El (1= 22101 — z2ry)(1 - xz”y‘1)> (93(1’, y%)>

2

(i) ) (B5))

n=1

> (1) SW(a) (—93(9”?’%3))

aeH?(S,2) O3(—x,y2

2n—1

ﬁ (1 _ x2n—1y%)(1 + l.2n 1 )

S\ (1= amly” %)(1+x2n 1y )
Conjecture 1.3. Let S be a smooth projective surface with py(S) > 0, b1(S) =
0, and L € Pic(S). Let H,cy,co be chosen such that there are no rank 2
strictly Gieseker H-semistable Higgs sheaves on S with Chern classes ¢y, co. Let

N := NI(2,¢1, co) and let vd be defined by (). Then the monopole contribution
to x(N,O¥F @ u(L)) equals the coefficient of (—z)*? of

x(Os) K2
1 n(x)? "¢
( (1= 25 10(1 — a5y2)(1 = xSﬂy—%) <92<x4,y>)

((1_968&;;58’?;%_2))“) (13( 1-11—1) ) |

éc 3 Sn—4 1 2aL
1,8s—a a ) y

L(Kg—2a)

=t

/‘\
=t

D (4 ) 1 8n—4,,
acH?2(S,7) 93 Y I+z
. o\ AL(K
H 1 + x8ny—1 ST H 1 + T ny—l Ks
LA\ 1+ sy LA\ 1+ o ’

wherr’e k‘a = x_3X(OS)(y% _I_ y_%)_x(os)y%L(a_KS)'
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Together these two conjectures give a Verlinde type formula for the moduli
space of Higgs sheaves on a surface S satisfying b;(S) = 0 and p,(S) > 0.
Moreover our formulae interpolate between the following two invariants:

e K-theoretic Donaldson invariants. After replacing x by :zsy% in the
formula of Conjecture [I.2], we can set y = 0. This replacement provides
a formula for x*% (M, u(L)) and setting y = 0 implies the formula for
K-theoretic Donaldson invariants of Conjecture .11

e K-theoretic Vafa-Witten invariants. Putting L = Og in Conjec-
tures and [[L3] we obtain the conjectural formulae for K-theoretic
Vafa-Witten invariants of [GK3, Rem. 1.3, 1.7].

In [GKI, Appendix], the first named author and Nakajima conjectured a for-
mula interpolating between Donaldson invariants and virtual Euler numbers of
M := MH(2, ¢y, c;). Conjecture also implies this formula (Section [@).
Using the same strategy as for Conjecture [T, we verify Conjecture in
many examples. On the other hand, for Conjecture [[L3] we prove the universal
dependence by presenting a variation on an argument of T. Laarakker [Laa2],
which in turn is an application of Gholampour-Thomas’s description of the
monopole virtual class in terms of nested Hilbert schemes |[GT1, [GT2].

Theorem 1.4. There exist universal series

Ci(y,9), .-, Cs(y,9) € 1+ qQly=][[q]]

with the following property. Let S be a smooth projective surface with py(S) >
0, b1(S) = 0, and L € Pic(S). Let H,cy,co be chosen such that there are no
rank 2 strictly Gieseker H-semistable Higgs sheaves on S with Chern classes
c1,09. Let N := NI (2,¢1,¢0) and let vd defined by (@). Then the monopole

contribution to x(N, O @ u(L)) equals the coefficient of (—x)*® of
Cl(ya x4)X(OS) C12 (y> $4)K§ 03(ya x4)L2 04(ya x4)LKS
’ Z 501,K5—a SW(CL> ga 05(y7 x4)aKS Cﬁ(yv x4)aL7

a€H?(S,Z)

For L = Og this was proved in [Laa2|] (actually, for L = Og, the analog of
this theorem is proved in any prime rank [Laa2]). Universality on the instanton
branch is still open. The universal series C; can be expressed in terms of
intersection numbers on products of Hilbert schemes of points on surfaces.
Again, these intersection numbers are determined on P? and P! x P!, where we
calculate using localization. This way, we determine C; mod ¢*® and we find
a match with Conjecture (Section B]).
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1.3. K3 surfaces. By adapting an argument from [GNY2] combined with a
new formula for twisted elliptic genera of Hilbert schemes of points on surfaces,
the first named author proves Conjecture for K3 surfaces in |Got2]. By
adapting an argument of [Laa2] combined with the above-mentioned formula
for twisted elliptic genera of Hilbert schemes of points on surfaces, we prove the
following (where the formula for C} was previously determined in [Thol, Laa2]):

Theorem 1.5. The universal functions Cy(y, q), Cs(y,q) are given by

Ci(y,q) = H : -2

(1—¢>)1(1 — ¢*y?)(1 — ¢y

n=1

1 q2n)2 2n?
H ( 1- q2"y )(1 - qQ"y‘Q)) '

In particular, Conjectures and [L3 hold for K3 surfacesf

Acknowledgements. We thank T. Laarakker and R. P. Thomas for useful
discussions. We thank Laarakker for providing his SAGE code for calculating
the monopole contribution to Vafa-Witten invariants [Laa2|, which allowed us
to gather evidence for Conjecture [L.3l

2. INSTANTON CONTRIBUTION AND DONALDSON INVARIANTS

In this section we gather evidence for Conjectures [T and [L.2 as follows:

¢ Reduction to Donaldson invariants. Express the invariants of Con-
jectures [[LT] and [L2] in terms of Donaldson invariants of S.

e Reduction to Hilbert schemes. Use Mochizuki’s formula [Moc,
Thm. 1.4.6] to express these invariants as intersection numbers on
Hilbert schemes of points on S.

¢ Reduction to toric surfaces. Show that the intersection numbers of
the previous step are determined on S = P? and P! x P!, where they
can be calculated using localization.

The final step allows us to calculate the invariants of Conjectures [Tl and
and compare to our conjectured formulae. This strategy has been used
by the first and second named author in the determination of the instanton

6The statement that Conjecture [[.3] holds for K3 surfaces has less content than ini-
tially meets the eye. On a K3 surface, d.,,, is only non-zero when ¢; is even. Assum-
ing ged(2,¢1H, %C% — ¢2) = 1, which guarantees “stable=semistable”, implies co is odd.
Hence the coefficient of (—1)x¥? of the conjectured expression is always zero. Indeed “sta-
ble=semistable” implies that the monopole branch is empty [TT1, Prop. 7.4].
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contribution to rank 2 and 3 Vafa-Witten invariants and various refinements
thereof [GKIl, [GK2, [GK3]. Mochizuki’s formula was also used by the first
named author and Nakajima-Yoshioka in their proof of the Witten conjecture
for algebraic surfaces, which expresses (primary, rank 2) Donaldson invariants
in terms of Seiberg-Witten invariants [GNY3].

2.1. Donaldson invariants. Let S be a smooth projective complex surface
such that b;(S) = 0. Let H be a polarization on S and let M := M (r, ¢, )l
We assume there exist no rank r strictly Gieseker H-semistable sheaves on S
with Chern classes c1,cy. For the moment, we also assume there exists a
universal family E on M x S, though we get rid of this assumption in Remark
For any a € H*(S,Q) and k > 0, define u(«) € H*(M,Q) as in (2) and

(@) = Tass (ﬂ;a - chysa(E) N [M x S]) e H,(M,Q).

We refer to 74(cv) as a descendent insertion and call it primary when k& = 0.
As mentioned in the introduction, if L € Pic(S) satisfies ¢1(L)c; € 27Z, then
there exists a line bundle on M, denoted by u(L) and called “a Donaldson line
bundle”, whose class in cohomology is (Poincaré dual to) ([2]) for o = ¢;(L).

Consider the K-group K°(M) generated by locally free sheaves on M. For
any rank r vector bundle on M, define

AV = Z[AiV]y" € K°(M)[ly]l,  Sym,V := Z[Symi V]y' € K°(M)[ly]].

These expressions can be extended to complexes in K°(M) by setting A, (—V) =
Sym_, V and Sym,(—V) = A_,V. For any complex E € K°(M), we define

(6) Xy(E) := ch(A,EY)td(E).
Since Ay (E & F) = AyE ® A, F, we obtain
X,(E & F) = X, (E) %,(F).
Furthermore, for any L € Pic(M)
L(1+ye ™)
l—e b =~

Lemma 2.1. Let S, H,r,c1,co and M := ME (r, ¢y, cy) be as above. Let L €
Pic(S). Then there exists a polynomial expression P(E) in y and certain de-
scendent insertions Ti(«) and p(ci(L)) such that

WM, (D)) = / X, (T3 ene () = / P(E).
(M (M

Xy(L) =

"In this paragraph, r > 0 is arbitrary and we do not require py(S) > 0.



10 GOTTSCHE, KOOL, WILLIAMS

Proof. The first equality is the virtual Hirzebruch-Riemann-Roch theorem [FG,
Cor. 3.4] (or the definition of our invariants when the Donaldson line bundle
(L) does not exist on M). The second equality was proved for L = Og in
|GK1l, Prop. 2.1] by applying Grothendieck-Riemann-Roch and the Kiinneth
formula to

ch(Ty]) = ch(RHom,,, (E,E)o[1]).

The argument for any L is the same with P(E) now involving u(ci(L)). O

2.2. Mochizuki’s formula. We recall Mochizuki’s formula [Moc, Thm. 1.4.6].

Let S be the Hilbert scheme of n points on S. On S"™) x Sl x S we
have (pull-backs of) the universal ideal sheaves Z; and Z, from both factors.
For any M € Pic(5), on Sl x S"] we have (pull-backs of) the tautological
bundles M™! and M2 from both factors. We endow Sl x S["2l with the
trivial C*-action and denote the positive generator of the character group of
C* by s. Define s := ¢t (s), then

H*(BC*,Q) = He.(pt, Q) = Q[s].

Fix L € Pic(S) and let P(E) be any polynomial in u(ci(L)) and descen-
dent insertions 7x(a). We assume P(E) arises from a polynomial expression in
p(ci(L)) and the Chern classes of Ty} (e.g. such as in Proposition 2.1]). Let

AY(S) be the Chow group of codimension 1 cycles up to linear equivalence,
then for any a;,ay € AY(S) and ny,ny > 0, we define (following Mochizuki)

\II(L, ai, g, Ny, 712) =

(7) Cooff P(Zi(a)) ® 571 @ Th(az) @ 5) e(O(ar) ™)) e(O(az)™! @ 52)
YT\ QT (@) © 5 To(as) ©9) (25)m+n2=X(05) ‘

We explain the notation. Here Z;(a;) stands for Z; ® 75O(a;) considered as a
sheaf on S™l x Sl x § pulled back along projection to S™! x S. Similarly
O(a;)"! is viewed as a vector bundle on S x S2] pulled back along projection
to Sl™l. Since Si™l x S2l has a trivial C*-action, we can view O(a;)™! as
endowed with the trivial C*-equivariant structure. Moreover

(’)(ag)["z] & 52
denotes O(ay)"?! with C*-equivariant structure given by tensoring with char-
acter s2. Similarly, we endow S x SI"2l x S with trivial C*-action, give Z;(a;)
the trivial C*-equivariant structure, and denote by
Zi(a1) ® s, Tr(as) @5

the C*-equivariant sheaves obtained by tensoring with the characters s and s~
respectively. We denote the C*-equivariant Euler class by e(-). Moreover, P(-)

1
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stands for the expression obtained from P(E) by formally replacing E by -. For
any C*-equivariant sheaves Ey, Fy on SI™ x Sl x § flat over Sl x Sl

Q(El, Eg) = 6(—R%0m7r(E1, Eg) — R%Omﬂ(EQ, El)),

where 7 : Sl x Sln2l x5 — Sl §Ir2] denotes projection. Finally Coeff o (-)
takes the coefficient of s°. We define @(L,al,a2,n1,n2, s) by expression ()
without Coeffy(-). Let ¢1, ¢ be a choice of Chern classes. For any decomposi-
tion ¢; = aj + ag, we define (again following Mochizuki)

(8) A(L>a1>a2762) = Z / \I](Laalaa%nl)/n@)'
Slni1lyx slnal

n1+n2=c2—aiaz

Let .Z(L, ap, ag, Co, §) be defined by the same expression with W replaced by U

Theorem 2.2 (Mochizuki). Let S be a smooth projective surface satisfying
b1(S) = 0, py(S) > 0, and let L € Pic(S). Let H,cy,cy be chosen such that
there are no rank 2 strictly Gieseker H-semistable sheaves on S with Chern
classes c1,cy and such that a universal sheaf B on ML (2,c1,c9) X S exists.
Assume the following hold:
(i) x(ch) >0, where x(ch) := [y ch-td(S) and ch = (2,¢1, 2 — ¢y).
(i1) pen > Prg, where pay = (€™ - ch)/2 and pr, = x(e™ - eX5) are the
reduced Hilbert polynomials of ch and Kg.
(iii) For all SW basic classes ay satisfying ayH < (¢; — ay)H the inequality
18 strict.

Let P(E) be any polynomial in pu(cy (L)) and descendent insertions arising from
a polynomial in p(ci(L)) and Chern classes of Ty (e.g. as in Prop.[21]). Then

o PE) =27 3 SW() AL ay.az,c2).
[ME (2,c1,c2)]¥" o —
1 =a1+az

a1H < asH

Remark 2.3. Assuming the existence of a universal sheaf E on M x S, where
M := MH(2, ¢y, cy), is unnecessary. As remarked in the introduction, 7y and
w(er (L)) always exist, so the left-hand side of Mochizuki’s formula is always
defined. Mochizuki [Moc| works over the Deligne-Mumford stack of oriented
sheaves, which has a universal sheaf. This can be used to show that global
existence of E on M x S can be dropped from the assumptions. In fact,
when working on the stack, P can be any polynomial in descendent insertions
defined using the universal sheaf on the stack. Also, since Mochizuki works on
the stack, his formula and our version differ by a factor 2.
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Remark 2.4. Conjecturally, assumptions (ii) and (iii) can be dropped from
Theorem IGNY3, IGK1l [GK2, [GK3|]. Moreover, also conjecturally, in the
sum in Mochizuki’s formula the inequality a1 H < asH can be dropped. As-
sumption (i) is necessary.

Suppose the assumptions of Theorem are satisfied. Combining with
Lemma 2] we find that y‘V?dXV_iZ(M,,u(L)) is given by (@) with
(10) P(E) = y~ ¥ X_y(~ RHom(E, E),) "),
where E is replaced by
Zi(a1) @5~ @ Ir(az) ®s.
We note that the rank of
—RHom,(Ti(a1) @ s © Tr(ag) ®5,T1(a)) @5 ' @ Tylas) @ s)o
equals the rank of TYF = —RHom.,(E, E),.

2.3. Universal series. In this paragraph, S is any smooth projective surface,
so we allow p,(S) = 0. We want to study the intersection numbers () with
P(E) given by (I0). Let X{(-) denote the same expression as in (@), but with
Chern character and Todd class replaced by C*-equivariant Chern character
and Todd class (recall that we endow S x SI"2] with trivial C*-action). Define

—2s
fls,y) =y 2 X (s%) =y )

1 2s(1 — ye
1—e2

where the second equality follows from the properties listed in Section 2.1l We

write x(a) := x(Os(a)) for any a € A'(S). For any L,a,c, € A'(S), we define

. 2 —x(c1—2a) -9 —x(2a—c1)
23 (L,a,c1,8,9,q) :2(25)‘X(OS)< ° ) 1 <7f( i ) Y eler—2a)Ls

f(37y) _Svy>
) Z qn1+n2/ \AI}(L,a,Cl —a,n17n275>‘
ni,ng Sl x §lnal

The first line of this expression is just a normalization factor, so

- 1
Z3*(Lya,c1,5,9,4) € 1+ qQly™2]((s)[[q]].
We note that the definition of Zg(L, a, 1, s,y, q) makes sense for any possibly
disconnected smooth projective surface S and L, a,c; € A(S).

Lemma 2.5. Let S = S'US", where S, S" are (possible disconnected) smooth
projective surfaces. Let L a,c; € AYS) and define L' := Ll|g, a' = als,
Cll = Cl|5/, L" = L|Su, a’ = a|5//, and Cll/ = Cl|S”- Then

inst inst I inst/ gpn noon
ZS (L>aacla8ayaQ) :ZS’ (L,a,cl,s,y,q) ZS” (L y @ aclasayaQ)-
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Proof. The case L = Og was established in [GKI1, Prop. 3.3]. The only new
feature of the present case is the following.

Define Sy = S U S . As shown in [GKI, Prop. 3.3], the integrals over
Slrl xSl gecuring in the coefficients of Z¥4(L, a, ¢1, 5,7, q) can be written

as integrals on Sé"} by using the decomposition
sii = || simlx st
ni+na=n
Since S = S"US”, we have a further decomposition
gl o gln2] — |_| g/l o g7zl o grlma] o grilma]
li+l2=n1,m1+ma=n2
Then the insertion e#c1() restricted to S x 87kl x g/l x §7m2] equals

pFen(en (L) i er (L),

where p’, p” are the projections in the diagram

Sl[ll] % S//[lg} % Sl[ml] % S//[mg]

S/[ll] % S/[ml} S//[lﬂ % S//[mz}
and Sl x S0l is seen as a connected component of S;[lﬁmﬂ and S"lf2] x §me]
as a connected component of S;/[12+m2]. The rest of the proof proceeds exactly
as in |[GK1l, Prop. 3.3]. O

Lemma 2.6. There exist universal functions

Ai(y,q), -, An(y, q) € 1+ qQly*2][[q]]
such that for any smooth projective surface S and L,a,c, € A'(S) we have

inst _ AL? jLa Aad? jpaci C% Lei ALKgs paKg pc1Kg K% x(05s)
Zs (Luavchs?y?q)_Al Az A3 A4 As A6 A? As Ag A10 A11 .

Proof. By [EGL], tautological integrals on Hilbert schemes of points on surfaces

are universal. We are dealing with integrals over products of Hilbert schemes,
which were handled in [GNYT, Lem. 5.5]. By [GNYT] Lem. 5.5] (see also [GK1,
Prop. 3.3]), there exists a universal power series

G e Qlzy, -+, wullld]]

such that for any smooth projective surface S and L,a,c; € A'(S) we have

(11) Ziélst(L’ a,c1,s,y, Q) — eG(L2’La71127040170%7[/01,LKS7GK57CIKS,K§7X(OS))'

Here we use the fact that Z¥%(L, a, ¢y, s, vy, q) starts with 1.
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We claim that equation (II]) and Lemma 2.5 together imply the result. This
can be seen as follows (see also [GNY1, Lem. 5.5]). Choose 11 quadruples

(SO L® @, cgi)) such that the corresponding vectors of Chern numbers

Wi = ((L(i))2> ) X(Os(i))) S Qll
form a Q-basis. Now consider any (S, L, a,c;). Then we can decompose its
vector of Chern numbers w = (L?,..., x(Os)) asw = Y, n;w;, for some n; € Q.
If all n; € Z>y, then Lemma implies that
11

(12) Z¥(Lya,ci,8,y,q) = H <6G(wi)>

i=1

ng

Let W be the matrix with column vectors wy,...,wy; and M = (my;) its
inverse. Defining A; := exp(d_, m;;G(w;)), equation (I2) implies

ZiSHSt(Lv a, 1, s, Y, q) = A{/z T A>1(1(OS)

Since the set of vectors w with all n; € Zs is Zariski dense in Q!', the propo-
sition holds for any (S, L, a,c;). O

Theorem and Lemma at once imply the following result.

Proposition 2.7. Let S be a smooth projective surface with by(S) = 0, py(S) >
0, and L € Pic(S). Let H,cy,cy be chosen such that there are no rank 2 strictly
Gieseker H-semistable sheaves on S with Chern classes ¢q,co. Assume the
following hold:

(i) x(ch) > 0, where x(ch) fs ch-td(S) and ch = (2,¢1, 3¢} — ).

(ii) pen > DKy, where py, = X( H . ch)/2 and pgy = x(e™ - e5) are the
reduced Hilbert polynomials of ch and Kg.
(iii) For all SW basic classes a with aH < (¢; —a)H the inequality is strict.

Then y‘vz_dxii;(Mg@, c1,¢2), (L)) is the coefficient of x¥4s° of

La
—2 > SW(a) Ay (y, 224" <e2sA2(y, 2;54))
a€ HQ(S 7)
aH < (c1 —a)H

(r() (i) s
'<2<f<s,y>> <f<—s,y>) 4“44(‘”’2‘”4))

2
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2

2 (f(fy)) | (f(f:y)) é56‘1145(y, 2;54)) .
e *As(y, 2:[;4)) a As(y, 20 FKs

<f(i,sy>> (f(:i,sy)>_ A8<y>2x4>> S

; (f(i,s.w) (ﬁ) S W))MS
antnz (5775 (f(fm)f”3‘411(”’29”4))X(OS)‘

Remark 2.8. By Remark 2.4] conjecturally, assumptions (ii) and (iii) in the
previous proposition, as well as the inequality aH < (¢; —a)H in the sum, can
be dropped.

2.4. Reduction to toric surfaces. We now present 11 choices of (S, L, a, ¢;)
for which the vectors of Chern numbers (L?, ..., x(Os)) are Q-independent:

(S,L,a,c;) =(P*0,0,0),

(P! x P, 0,0,0),
(P*,0,0(1),0(2)),
(IP O 0,0(1)),
(P?,0,0(1),0(3)),
(P! x IP>1 0,0(0,1),0(0,2)),
(P' x P',0,0,0(0,1)),
(P2,0(1 ) 0,0),

(P! x P',0(0,1),0,0),
(P%,0(1 ) 0(1),0(2)),
(P?,0(1),0,0(1)).

Each of these surfaces S is toric and hence has an action of T' = C* x C*.
Choose T-equivariant structures on the line bundles corresponding to L, a, c;.
Then we can calculate Z2(L, a, 1, s,y,q) by Atiyah-Bott localization. More
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precisely, consider one of the intersection numbers

/ U(L,a,c; —a,ng,ng,s)
Sln1] x glneol

appearing in the definition of ZI*(L,a,c,s,y,q). The action of T lifts to
Sl s Szl and its fixed locus is indexed by pairs

(DS 1)

where each A@ = (A > A > ..y and p@ = (17 > 4l > .0 are
partitions such that

SN =N =n, ST =Y u =

The Euler number e(S) equals the number of torus fixed points p, of S and
each partition \@, (@ corresponds (in the usual way) to a monomial ideal
on the maximal T-invariant affine open subset C?> = U, C S containing p,.
E.g. see [GKIl IGK2|] for more details.

For any pair ({\?},, {1(?)},) corresponding to 0-dimensional T-fixed sub-
schemes (Z, W) € SIM) x SI*2l we are interested in the restriction

13 U(L,a,c; — a,ny, no, :
(13) (L,a,c anlngs)(z’w)

Let T := T x C*, where C* is the torus acting trivially on SI™l x Sl"2l (as in
Mochizuki’s formula). Denote by t1, t2,5 positive primitive generators of the

character group of each factor of T. Then the T—equwarlant K-group of a point
is given by the following ring of Laurent polynomials

K(ot) = 2t 65,57

In order to calculate ([I3)) in terms of €1 := clf(tl), €9 1= C?(tg), and s := c?(s),
we must determine the classes of the following complexes in K %(pt)

H°(Oz(a)), H°(Ow(c1 —a)),

RHoms(Oz, Oz), RHOms(Ow, Ow),

RHoms(Oz, Ow(Cl — CL) ®52), RHoms(Ow(Cl — a) ®52, Oz),
where I, Iy C Og are the ideal sheaves of Z, W. The expressions in the first

line follow at once from the 7T -representations of Z, W in terms of the partitions
A9 1109) The expressions in lines two and three can be calculated by using a
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T-equivariant resolution of I, Iyy. For explicit formulae, see [GK1l, Prop. 4.1].
Finally, (L) leads to the insertion

~ _ _ e(9)
T <CT(L) - (chi(0z) + chl (Ow) N [S]) - Za" (AL )

where 7, : K %(S ) = K %(pt) denotes equivariant push-forward and a, is the
character corresponding to Ly, .

The calculation of Z¥* for each of the 11 cases above is now a purely com-
binatorial problem, which we implemented in Pari/GP. We determined the

universal series Ay, ..., A1; of Proposition to the following orders:
e For Ai(1,q),...,A11(1,q), we computed the coefficients of s'=3"¢" for

all n <10, 1 <49. (Recall: A;(1,q), Ai(y, q) are Laurent series in s.)
o For Ai(y,q),...,A1(y,q), we computed the coefficients of s'=>"ymg"
for all n <6, m <9, < 30.

2.5. Verifications. We verified Conjecture [LLI] in the following casesf In
each case, we fix S, ¢y, co as indicated, we choose H such that the assump-
tions of Proposition 2.7 are satisfied, and we use the explicit expansions of
Ai(1,q),...,A11(1,q) determined in the previous section.

(1) S is a K3 surface, ¢; such that ¢ =0,2,...,20, and vd < 14.

(2) S is the blow-up of a K3 surface in a point, ¢; = 7*C + rE such that
C?=—4,-2.....10,7r = —-2,-1,...,2, and vd < 15.

(3) S is the blow-up of a K3 surface in two distinct points, ¢; = 7*C +
e1 By + eo By such that C? = —2.0,...,6, €1, = 0,1, and vd < 13.

(4) S — P! is an elliptic surface of type E(N)E N =x(0s) =3,4,...,7,
c1 = mB + nF where B is the class of a section, F' is the class of a
fibre, m = —1,0,1,2, n=—-2,—1,...,5, and vd < 12.

(5) S is the blow-up of an elliptic surface of type E(3) in a point, ¢; =
7C + eE such that CKg = —1,0,...,4, C? = —4,-3,....10, ¢ = 0, 1,
and vd < 12.

(6) S is a minimal general type surface with b;(S) =0, x(Os) =2, Kz =1
[Kyn], ¢; such that ¢; - Kg =0,1, ¢ = —=2,—1,...,11, and vd < 12.

(7) S is a double cover of P? branched along a smooth octic, ¢; such that
c1-Ks=0,1,...,10, ¢ =0,1,...,30, and vd < 12.

8n this list, m : S — S’ always denotes the blow-up in a point and the exceptional divisor
is written as F (or E7, Es in the case of a blow-up in two dinstinct points).

9.e. an elliptic surface S — P! with section, 12N rational 1-nodal fibres, and no other
singular fibres.
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(8) S is the blow-up of a surface S” as in (7) in a point, ¢; = 7*C + €E such
that OKg = —2,—1,...,2, C? = —2,-1,....8, ¢ = 0,1, and vd < 11.
(9) S is a very general smooth quintic in P? (then Pic(S) = Z[H]), ¢ = 2H
and vd < 8, or ¢; = 3H and vd < 7.
Assuming the strong form of Mochizuki’s formula holds (Remark 24), we
also verified Conjecture [T in the following cases:

(10) S is a smooth quintic surface in P3, ¢; such that ¢; - Kg =0,1,...,25,
2 =—4,-3,...,20, and vd < 11.
(11) S is the blow-up of a quintic in P? in a point, ¢; = 7*C + €FE such that
CKg=—5,—4,...,5,C*=—4,-3,...,8 ¢=0,1, and vd < 10.
Applying the same method and using our explicit expansions of A;(y, q), .. .,
A11(y, q), we verified Conjecture in the following cases:

(1) S is a K3 surface, ¢; such that ¢ =0,2,...,14, and vd < 11.

(2) S is the blow-up of a K3 surface in a point, ¢; = 7*C + rE such that
C?=—4,-2,...,14,r=-2,—1,...,2, and vd < 10.

(3) S is the blow-up of a K3 surface in two distinct points, ¢; = 7*C +
e1 By + eo By such that C? = —2.0,...,6, €1, = 0,1, and vd < 10.

(4) S is an elliptic surface of type E(N) with N = 3,4,5, ¢; = mB + nF
with m =—-1,0,1,2, n =—-2,—1,...,10, and vd < 9.

(5) S is the blow-up of an elliptic surface of type FE(3) in a point, ¢; =
7*C+eFE such that CKg = —1,0,...,4,C? = —16,—15,...,0,¢ =0, 1,

and vd < 9.
(6) S is the double cover of P? branched along a smooth octic, ¢; such that
¢ Kg=-2,-1,...,2, ¢ =—16,-15,...,—6, and vd < 9.

(7) S is the blow-up of S’ as in (6) in a point, ¢; = 7*C + €E such that
CKg=-2,—1,...,2,C>=—16,-15...,8, ¢ = 0,1, and vd < 7.
Assuming the strong form of Mochizuki’s formula holds (Remark 2.4]), we
also verified Conjecture in the following cases:

(8) S is a smooth quintic in P3, ¢; such that ¢; - Kg = 2,3,...,6, ¢ =

—16,—15,..., -3, and vd < 7.
(9) S is the blow-up of a smooth quintic in P? in a point, ¢; = 7*C + €E
such that CKg =0, C? = —23,-22,...,—14, ¢ = 0,1, and vd < 4.

3. MONOPOLE CONTRIBUTION AND NESTED HILBERT SCHEMES

In this section, we study the contribution of the monopole branch to the
invariants y (N, O3 @ (L)) defined in the introduction. We prove that this
is determined by universal series (', ..., Cg as stated in Theorem [I.4. More-
over, we express these universal functions in terms of integrals over products
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over Hilbert schemes of points on S. Much like in the previous section, these
integrals are determined by their value on P? and P! x P!, where we calculate
them, modulo ¢'°, by localization.

The methods of this section are a variation on Laarakker’s work [Laa2],
which in turn relies on Gholampour-Thomas’s work [GT1l [GT2]. For L = Og
and r = 2, Theorem [[.4] was previously proved in [Laa2] (in fact, for L = Og,
he proved the analog of Theorem [[4]in any prime rank). Then y (N, O%) are
the rank 2 K-theoretic Vafa-Witten invariants defined by Thomas [Tho|] and
determined by the universal series C, Cy, C5. Closed formulae for these uni-
versal series were conjectured in [GK3] (refining Vafa-Witten’s original formula
[VW, (5.38)]) and subsequently verified in [Laa2] up to the following orders:

o~ 1 15
Cl('y, Q) = H (1 o q2”)10(1 _ q2ny2)(]_ _ q2ny_2) mod q

1 92(Q>y)
(y2 +y~2)q1 03(¢,y)

mod ¢'°,

Cs(y,q) =

where 77(q), 62(q,y), 03(q, y) were introduced in (). The universal power series
Cs,Cy, Cg are new. In accordance with Conjecture [I.3, we show

(15)
Cs(y, ) =[] <( L=g) )) mod ¢*°

— 2n,,2 — q2n,y,—2
S\ (1= my?) (1 =gy

n

0 1— qny—l "1 — q2ny—2 el + any—l an 5
Ci(y,q) = H ( o ) ( T — mod g
o\ 1=qy L =gy L+ q*y
O 1— (_1)nqny—1 2n 1— q4ny2 4n 5
Cs(y,q) = H < — — mod ¢°.
22\ 1= (=1)"q"y 1 —q'ny

3.1. Gholampour-Thomas’s formula. Let S be a smooth projective surface
satisfying b,(S) = 0 and p,(S) > 0. Let r = 2 and ¢, c2 be chosen such that
there are no rank 2 strictly Gieseker H-semistable Higgs sheaves on S with
Chern classes cj,c3. Let N := NX(2 ¢1,¢5) and let M™™ C N be the
monopole branch discussed in the introduction. Gholampour-Thomas [GT1]
(see also [GSYT]) prove that the components of M™°" are isomorphic to

Sioml = {(Zo, 21, C) + I2,(=C) C I} € S x Sl |],
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for certain (see Remark 3.2 below) ng,n; > 0 and 3 € NS(S) C H*(S,Z). In
particular, such ng, ny, 8 satisfy

e — B+ Kg € 2H*(S,7Z),

(16) a—pB+ K a+p-K
02:n0+n1+<1 5 S><1 B S).
2 2
Whenever we have ng, ny, § satisfying ([I6l), it is convenient to define
LO::Cl—é—i‘KS’ L12201+ﬁ2_KS.

Consider the inclusion
v: S5l gl s gl 6],

where || denotes the linear system determined by Og(f). The universal sheaf
E on M™™ x S restricted to the component S glo’"l] x S is

(17) E2Ty@Lo®T ® Li(1) @t

where t is a positive primitive character of the trivial C*-action on M™°" x S C
N x S. Moreover, Ty, Z, are the universal ideal sheaves pulled back from the
factors of S0l x Sl x § % |3| (and then along ¢ x idg to Sg"o’m]), Lo, Ly are

pulled back from S, and O(1) is pulled back from |3|. Consider M@ c N©
with its C*-localized perfect obstruction theory [GP].

Theorem 3.1 (Gholampour-Thomas). The class t. [Sg"o’nﬂ]“r is given by

SW(B) e(RI(B) ® O — RHom(Zy, T1(8B)) € Hapgyon, (S x S x|8]),

where m : S0l x Sl § — ol s Sl denotes projection, e(-) = cn0+n1(-)E
and the LHS should be interpreted as the image under push-forward along the
inclusion S x Sl x {pt} < Sl 5 Sl s || for any point pt € |A3].

Remark 3.2. Not all ng,ny, 5 satisfying (I6) correspond to spaces Sé"o’nﬂ
containing Gieseker H-stable Higgs sheaves on S with Chern classes ¢y, ¢s.
However, such components still have a virtual class given by the formula of

Theorem B.I] (and induced by realizing Sg“)’"ﬂ as an incidence locus inside
Slrol i Il x| 3] [GTI]). Laarakker proves that components S glo’nﬂ, which are
not part of M™°™  satisfy [S glo’"l]]“r = 0 [Laa2]. This implies we may as well

consider all ng, ny, 5 satisfying (I6) and their corresponding spaces S é"o’nﬂ.

10By Carlsson-Okounkov vanishing, ¢sn,n, (RT(8) @ O — RHomx(Zy, T, (8)) = 0 [GTI].
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Remark 3.3. Unlike the instanton branch, it may happen that the monopole
branch M™% of NH(2,¢;,c;)® has components of different virtual dimen-
sion with respect to the C*-localized perfect obstruction theory. A component

S[B"O’"ﬂ C M™om° where ng,ny, B satisfy (I6]), has virtual dimension ng + nj.
As an example, take S — P? a double cover branched over a smooth curve of
degree 10, then Kg = 2L, where L C S is the pull-back of the line from P2,
Let H =L, ¢c; = Kg, and ¢y > 3 odd, then ged(2,c1H, %cl(cl —Kg)—cy) =1,
in which case there are no rank 2 strictly Gieseker H-semistable Higgs sheaves
on S with Chern classes c¢1,co. For § = 0 and any 0 < n; < ng such that
co = ng + nq, we obtain a non-empty component of virtual dimension ¢,. For
b = Kg and any 0 < ng < ny such that co = ng + ny + 2, we obtain a non-
empty component of virtual dimension ¢, — 2. In both cases, the elements of
the component correspond to Gieseker H-stable Higgs sheaves. Also note that
in this example § = 0, Kg are the Seiberg-Witten basic classes of S.

Although the virtual dimension of the monopole branch is in general not
given by (), we still define

vd(2, c1, ¢o) i=vd = 4cy — & — 3x(Og)

and use ¥4 as the formal variable of our generating series. Equivalently, one
could use £ as a formal variable.

3.2. Virtual normal bundle and p(c;(L))-insertion. The (dual) Tanaka-
Thomas perfect obstruction theory is given by [TT1]

Eyxr = RHom,(E,\E® Ks®t)g — RHom,(E,E).
Using (I7T), the class of E3%| siroml in K. (S };"O’"l}) equals the restriction of the
following element of K2. (S0l x Sl x |3])
Voo p :=RHom(Zo, 7, (8) @ O(1)) + RI'(Os) @ O
— RHom,(Zy,Zo) — RHom,(Z1,T;)
+ RHom(T(B) ® O(1), 7y @ Kz @t*) — RT'(Ks ®t) ® O
+ RHom(Zo, Ly ® Ks ® t) + RHom, (11,71 @ Kg ® t)
— RHom(Ty, T, (B) @ K @ t7') — RHom,(T,(B) ® K @t 1),

where lines 1-2 have C*-weight zero and lines 3-5 have non-zero C*-weight. We
denote by (-)™° the weight # 0 part of a complex and by (-)*" the weight zero
part. Therefore, on S };"O’"l], the virtual normal bundle NV and C*-localized
perfect obstruction theory are given by

vir ,__ oV \mov __ mov
N T (ETT> - no,nl,ﬁ|s[ﬁn07”1]7
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(Erp)® = Vi,

nomﬁ

S[no,nl] .

Finally, we write

strolx st gpry, € K (S0 STI).

Viaons i= Vigni,8
This restriction essentially amounts to removing O(1) from the expression of

Vo 8 Using Theorem B.I}, we conclude that the contribution of Sj nom] 4,
X(N, 0% @ (L)) equals

SW(3) - /s[n . e(RT(8) ® O — RHom(Zy, T:(3))

.Ch( det(Vig.ni)V)
ch(A_1(Vpsy)Y)

no,n1

1N (V.

no,n1

Here we used that p(ci (L)) = m(wger (L) N (= chy(E) + 1e1(E)?) restricted to

S[ﬁnomﬂ also pulls back from an expression on S x Sl x |3]. On

Sl §tml e {pt} ¢ Strol x Sl x|
this expression is given by

p(ci(L)) =m, (m5er(L) - (= chy(Zo) — cha(Zy)) N (Sl 5 glml 5 S))
e (e
[ (T ()
=, (7hei(L) - (= cha(Zy) — chy(Zy)) N [SI) x S % S])
+%/L'(5—Ks),
s

where the equivariant integrals [¢(---) € Kg.(pt) = Z[t*'] are multiplied with

the fundamental class [S™ x S "1]] and, as usual, we are suppressing some
Poincaré duals. Exponentiating and using y := e’ gives

prler(L) _ y%L(B—KS)em (m5e1(L)-(— cha(Zo)—cha (Z1))N[SIm0) x S[ma) XS}).

3.3. Universal series. Let S be any smooth projective surface not necessarily
satisfying b;(S) = 0 and p,(S) > 0. For any L, € Pic(S) and ng,ny, the
expressions

Vioms f(c1(L)) € K2. (S0l x glmly
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are defined as in the previous paragraph. We define

1 1

1 —x(B-Ks)
Z3(L,B,y,q) := TGl [ (y2 —y~2) XB)Hx(Os)
yz+y

S / e(RD(8) ® O — RHom (T, T:(5))

g1 >0 Slnol x gln1l

_ch( det(Vig.na)Y)
ch(A_q(Vmov V)

no,n1

erer(L)) td(V(C* )

no,n1

Here the first line is a normalization factor which ensures that
mon l
Z§"(L, B,y,q) € 1+ qQ[y™=]([q]]-

The normalization factor can be computed as follows. Putting ng = n; = 0,
the definition of V,, ,,, gives

(18)
Voo =RT(05(B)) — RT(Og) + RI'(Os(—B + 2Ks) ® t?)
+ RI(Os(Kg) ®1t) — RI'(Og(8 — Kg) @ t7') — R[(Og(—B + Ks) ® 1).
Using
ch(VL*) 1
ch(A_1L*)  egza@) _ g=3ea(l)

combined with Serre duality and y = e, we obtain
) ch(y/det(Vop)Y)

ch(A_1(Voe™)Y)

1 1\ X(B—K3s)
_ y%L(ﬁ—KS) <y > yz) (y% _ y—%)x(ﬁ)—x(os)

ehle(L

td(Vo)

The generating series Z&°"(L, 3, y, q) has the following universal property.

Lemma 3.4. There exist universal functions

Bi(y,q). .-, B:(y,q) € 1+ qQy*?][q]]
such that for any smooth projective surface S and L, 3 € A(S) we have

28 (L, B,y,q) = BY By’ B B BJ B BYO).

Proof. The case L = Qg is proved (for any rank r) in [Laa2, Sect. 8]. The
strategy is similar to the proof of Proposition
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Step 1: Multiplicativity. Let S = S’ L1 S”, where S’,S” are possibly dis-
connected smooth projective surfaces. Let L, 3 € AY(S) and define L' := L|g,
= ﬁ‘gl, L" .= L|5H, and ﬁ” = ﬁ‘gu. Then

(19) Zg™(L, B,y,q) = 25" (L, B,y.q) Zg"(L", 8"y, q).
The only new feature compared to |[Laa2l, Sect. 8] is the insertion
T (ﬂ';ﬂcl(L) : (— Chg(zo) - Chg(Il)) N [S[n(ﬂ X S[nﬂ]) y

which we discussed in Lemma 2.5

Step 2: Universality. This is proved as in Lemma [2.6] U

Lemma 3.5. Let S be a smooth projective surface with by(S) =0, py(S) > 0,
and L € Pic(S). Let H, ¢y, cq be chosen such that there exist no rank 2 strictly
Gieseker H-semistable Higgs sheaves on S with Chern classes c1,cy. For vd
giwen by (@), the monopole contribution to x(N,OW x u(L)) is given by the
coefficient of (—x)*Y of

Lp
> 5QPKS—BS\V(5)Z%(y,1A)L2(yéf%(y,14)>

BEH?(S,Z)

3 B2
—1
(ﬁ) (y? — y_%)%(—$)_133(y7364)>
yz +y 2
LKs ] -3 BKs
y‘2B4(y,x4)) <<17_1> (y2 — y‘?)‘?(—x)235(y,x4))
yz +y 2

1 K2 1 x(Os)
<ﬁ) (—93)_136(?/>554)> ((ﬁ) (—93)_337(y>554)> :
Yz + 1y 2 Y2 1y 2

Proof. By Remark 3.2, we sum the contributions to the invariant of S moml gor
all B € H*(S,Z), ng,ny € Z>o such that ¢; + 8 — Kg € 2H*(S,Z) and

_ﬁ+Kﬂ(q+ﬁ_Kﬂa

Co="ng+n —i—(cl
2 — I'tQ 1 2 2

or, equivalently, vd = 4(ng + n;) — (8 — Kg)* — 3x(Os). As shown in [Laa2,
Sect 8, this gives s yo(s7) Oer,ws—p SW(B) - (- ), where d,, was defined in
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and (---) equals the coefficient of (—1)v4z¥d of
B, (~+) eq

1 1 (B—Ks)
vd L _ Yy —-Y 1 -1 - mon
(—1)¥y=" KS)(ﬁ) (y? —y 2 OXOIZZN(L, 8.y, 2?).

Lemma [3.4] then gives Z3°"(L, 3,y, x*) in terms of the universal series B;. [

Proof of Theorem[I.]. There are finitely many 8 € H?(S, Z) for which SW(3) #
0. These classes satisfy % = SKg [Mod, Prop. 6.3.1]. The theorem follows by
deﬁning Cl = B7, Cg = Bﬁ, Cg = Bl, 04 = B4, C5 = 3335, CG = Bg. O]

3.4. Reduction to toric surfaces. Consider the following 7 choices of (S, L, /3)
for which the corresponding vectors of Chern numbers (L?; ..., x(Og)) are Q-
independent:

(S, L, B) =(F%, 0,0),
P?,0(-3),0),
P?,0(-6),0),

Y Y

O,0(
P2, 0, 0(—6)),
P?, 0(=3),0(-6)),
(P! x P, 0,0).

In each case, localization (as in Section [2.4]) reduces the series Z&°"(L, 5,y, q)
to a purely combinatorial expression. In this way, we determined the univer-
sal series B, ..., B; modulo ¢'°. For our calculations, we used (and slightly
adapted) a SAGE program of Laarakker, which was used for the calcula-
tion of K-theoretic Vafa-Witten invariants in [Laa2]. Using the definitions
of C4,...,Cg in terms of By, ..., By, we obtain (I4) and (I3]).

=(
(
(
(P 6)),
(
(

3.5. K3 surfaces. In this section, we consider Z3°*(L, §, vy, ¢) when S is a K3
surface and 5 = 0. Note that 0 is the only Seiberg-Witten basic class of a K3
surface and SW(0) = 1. Let ¢ : SJ"™) < ol 5 §lml he the natural inclusion.
Laarakker |[Laa2, Sect. 10] observes that

(20)

, [S[no,nl]]vir _ AS" when ng=n, =n
*L=0 0 otherwise,

where A : S < Sl x S g the diagonal embedding. In other words, only
universally thickened nestings Z, = Z; contribute to the invariants[7] This fact

UThe case ng = ny = n appears in [GSYI].
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is explained geometrically using cosection localization in [Thol Sect. 5.3]. This
gives a simplication of V,, , o (derived in [Laa2, Sect. 10] for any rank r)

(21) AV =Ty + T @t — Ty @t — Ty @ £ + Vo,

where Vp is the normalization term (I8]), which should be viewed as pulled
back from S — pt. Using @20) and (21]), Laarakker expresses the universal
function C; of Theorem [[.4] in terms of

Xy (S) = x(S™, Ay Qgm), where S =K3.

In turn, x,-genera of Hilbert schemes of points on K3 surfaces were calculated
by the first named author and W. Soergel [GS].

Recently, using Borisov-Libgober’s proof of the Dijkgraaf-Moore-Verlinde-
Verlinde formula [BL], the first named author found a formula for elliptic gen-
era, with values in a line bundle, of Hilbert schemes of points on surfaces
[Got2]. We briefly discuss this result. Let S be any smooth projective surface
(not necessarily K3) and L € Pic(S). The determinant line bundle on S is
p(L) := det((L — Og)I"). TIts first Chern class is described as follows. Consider
projections from the universal subscheme Z C S x S

Z
N
Sl S
Then
(22) a(u(L)) = wler(L) = pag'e(L) € HA(SM, 7).
Specialized to x,-genera the results of [Got2] imply:

Theorem 3.6 (Gottsche). Let S be a smooth projective surface and L €
Pic(S). Then

Z X(S[n}, A_yQS[’!L] ® ,U(L)) (qy_l)n =

n=0
1 X(OS) [e’9) Kg
1—-4q"
L (=gl —qry)(1 —q" y‘1)> (H( >>

n=1

’,:]8

(1
(1

f(=t) ) ()™

n=1
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Adapting an argument from [GNY2] and combining with Theorem 3.6, Con-
jecture (and hence Conjecture [[T]) are proved for K3 surfaces in [Got2].
We now use (20)), (21I)), and Theorem B.6] to prove Theorem [LL5l

Proof Theorem[1.3. Let S be a K3 surface. The case L = Og was done in
[Laa2] and gives C. Let L € Pic(S) be arbitrary. It is useful to work with
V2w = Vo= Vo0, where Vp o is the normalization factor (I8) pulled back along

Sl x Sl — pt. For S a K3 surface and 8 = 0, (20) and (1)) imply

ch(y/det(Ve,)Y)

Zm0n L,0 , 2n/ eu(2c1(L)) A* td V:n o |
Y, 4 Zq glnl Ch(A—l(Vrin)mOVV) (( , ) )

where we used

A, (mher(L) - (= cha(Zy) — cho(Zy)) N [SM x SM x S]) = m(75ei (L) N (2[2]))
= p(2c1(L)),

where Z C SI"l x S is the universal subscheme and j(c; (L)) is defined by (22).

We require two identities from [Tho]. By [Tho, Prop. 2.6], the canonical
square root is given by

det(Ve,)V = (det(V;e,)")™

1
L1570
t27=0,

where (-)2° denotes the part with non-negative C*-weight and rsg is its rank.
Moreover, for any complex E we have [Thol (2.28)]

(23) A EY = (—1)*FA E®det EY.
Pulling back along A : S < Sl" x S and using (21)) yields

A"/ (det Ve, )Y = det Qg + Qg @ t) - 2" = det(Qgim) - det(Qgm @ 1) - £

Furthermore
1 A_I(Qs[n] ® t_l) —92
A* = A1 (Qopm @ 79).
A (V)™ ~ Aa@gmeg s @0
Hence
det(V;7,,) det (Dt & ¢
AV () - S B on 0 @) AL (e @ £2)

A (Vo ymov A 1(Qqm @ 1)

1(Qs[n] ®t )
(

= det(Qgm) - . A (Qgm ® t_2)

:t2n'A (QS ®
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where the second equality uses (23)), the third equality uses Tgm = Qgm (be-
cause S is holomorphic symplectic), and the last equation uses Kgm = O.
Using y := €' and Serre duality (see also [FG, Rem. 4.13]), we find

Z5(L,0,y,9) = Yy x (S, A1 Qg @ %) @ u(L ® L)) ¢

n=0

= X (S A Qq @ p(L @ L)) ¢

n=0

=Yy (ST AL Qg @ (L7 @ L)) ¢

The result follows from Theorem and Lemmas [3.4] U

3.6. Higher rank. The methods of Section B.IH3.5] generalize to any rank r.
Let S be any smooth projective surface with b,(S) = 0 and p,(S) > 0. Let

N := NI (r,c;,cy). Consider the components of N containing Higgs sheaves
(E, ¢) such that

E:EO@El®t_l@"'@Er_1®t_(r_l)

and tkEy = --- = rkFE,_; = 1. We denote the union of such components
by Mi-. These components are described by Gholampour-Thomas in terms of

nested Hilbert schemes [GT1) [GT2] (see also [Laa2])
S © Sl Sl By ¢ x|l
Suppose there are no strictly Gieseker H-semistable Higgs sheaves on S with

Chern classes ¢1,c. Let L € Pic(S) and replace ¢o(E) — 1¢1(E)? by co(E) —

"=Lc)(E)? in definitions ), [@). Let vd be defined by (). Then the contribu-
tion of My to x(N, O% @ u(L)) is given by the coefficient of (—z)¥d of

~(r r ~(r r 2 Nl(r 'd 2 F(r r
CI (y, z2)x©9) O (y, ) K5 O (y, 2 )F CF (y, a?7) FHs

Yo Geksan ke [ SW(ai) C5 (y,a?) s CF (y, 27"
ai,...ar—1€H?(S,Z) i=1
Hc’gz‘] 2r alaj
1<j

where 6’2( C’Z(; : 5’ & are universal series in Q(y 2)((z)) and

-1
(5a,b1,-..,br71 # {’Y S H2 S Z Z }
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We did not normalize the universal series to start with 1. Since [Laa2] works
in any rank, Section B.JH3.3 readily generalize to the above statement.
Equations (20)) and (2I)) have analogs in any rank [Laa2, Sect. 10]. Define

r—2

~(r —(r2— _r-1 _r=2 =1y r
CMy,q) =2~ V™7 4y~ 7 +-+y7)7'C"(y, q),
Cy,q) = C (y,q),

then C{”, C{") € 1+ qQ(y2)[[q]]. Generalizing Section B3 accordingly yields

" = 1
) =]

(1 _ qrn>10(1 _ qrnyr>(1 _ qrny—T’)’

2,2

(r) Iy (L= q7)" 2
C57'(y,q) = H ((1 —qmy ) (1 — q’""y_r)) ’

n=1

where C\" was previously derived in [Laa2, [Tho] and C" is new.

Let M := M (r,cy,co) and assume there are no rank r strictly Gieseker H-
semistable sheaves on S with Chern classes ¢, ¢o. The instanton contribution
to (—1)"dx(N, (57\? ® (L)), which equals y_V?dXV_iZ(M, w(L)), is determined in
[Got2] for S a K3 surface. It is derived by combining Theorem with an
adaptation of an argument of [GNY?2]. The result is the coefficient of ¢*4/2 of

2

. ! . G- \")°
<H (1—=¢m)*(1—qy)*(1 - q"y‘l)z) (H ((1 —q"y)(1 - q”y‘l)) ) '

Unlike the monopole contribution, these universal series are independent of r.

4. APPLICATIONS

In this section, we discuss special cases of Conjectures [T and (1) min-
imal surfaces of general type, (2) surfaces with disconnected canonical divisor,
(3) a blow-up formula, and (4) Vafa-Witten invariants with p-classes. We
denote the formula of Conjecture [I.1], after some slight rewriting, by

wS,L,q (ZII’) =
(24> 92-x(0s)+K3

(1 — 22)x@) SW(a) (—1)%1 (1 4 g)Es—a)(E=Ks) (] _ g)all=Ks)
—x

a€H?(S,Z)
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4.1. Minimal surfaces of general type.

Proposition 4.1. Let S be a smooth projective surface satisfying p,(S) > 0,
b1(S) = 0, Kg # 0, and such that its only Seiberg-Witten basic classes are
0 and Kg. Let L € Pic(S) and let H,cy,cy be chosen such that there are no
rank 2 strictly Gieseker H-semistable sheaves on S with Chern classes ¢y, ca.
Suppose Conjecture L1 holds in this setting. Then x"" (M (2, c1,c2), u(L)) is
given by the coefficient of x'4 of
yi-x(Os)+xz (L 2) S
(1 — 22D

Proof. Since SW(0) = 1, we have SW(Kg) = (—1)X(©s) [Mod, Prop. 6.3.4].
By Conjecture [T, x""(ME (2, ¢, ¢3), u(L)) is given by the coefficient of z¥¢ of
(24)), which simplifies to

22—X(Os)+Kg

m [(1 + x)Ks(L—Ks) + (_1)01KS+X(OS)(1 _ x)KS(L—KS)] '

Varying over ¢y, we put the coefficients of all terms z'¢ of g1, (z) into a
generating series as follows. Suppose g () = > - 2" and i = v/—1.
Then for vd given by ([I), we have

Z Coeff yua (Vs.1.e, (7)) 29 = Z U "

“ n=—ci-3x(0s) mod 4

3

1
=> Zik(0?+3x(os))w(lkx)
k=0
— 91-x(Os)+K {(1 + x>KS(L(_I;S) + (_1)0%4-3)(((93) (1— SL’)KS(L(—I)(S)
(1 —a?)xt (1— 22
464 +3X(0s) (1 i) s Es) + (—i)+3x(0s) (1 — da)KstbKs)

(1 + 22)x@) (1 + 22)x(L) ’

where the third equality uses ¢;Kg = ¢ mod 2. Now define

(1 + z)Ks(L-Ks)

. 93—x(0g)+K?2
¢S,L,c1(x) =2 s (1 _ xz)X(L)

Then
Z Coeff yva (h5,1.0, (7)) 274 = Z On "

n=—c3-3x(0s) mod 4
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3

Z } k(c2+3x(0s)) (ka)
4"
is given by the same expression as above, Wthh proves the proposition. O

Remark 4.2. Examples of surfaces satisfying the conditions of Proposition
AT are (1) minimal surfaces of general type satistying p,(S) > 0 and b;(S) =0
[Morl, Thm. 7.4.1], (2) smooth projective surfaces with b;(S) = 0 and contain-
ing an irreducible reduced curve C' € |Kg| (e.g. discussed in |[GKIl Sect. 6.3]).

Remark 4.3. In general, the formula of Proposition [£.1] only has integer co-
efficients when y(Og) —3 < K2%. For minimal surfaces of general type, this
inequality is implied by Noether’s inequality x(Og) — 3 < %Kg

Corollary 4.4. Let S be a smooth projective surface with by(S) = 0 and con-
taining a smooth connected curve C € |Kg| of genus g. Let L € Pic(S) and let
H, cq,co be chosen such that there are no rank 2 strictly Gieseker H-semistable
sheaves on S with Chern classes ¢y, co. Suppose Conjecture [L1 holds in this
setting. Then X" (M (2, ¢y, co), (L)) is given by the coefficient of x4 of

58-x(0c)-x(05) (L + 7))
TEEDLCE

Proof. We have g = K%+1 and x(L|¢) = 1—g+deg L|¢ by Riemann-Roch. [J
4.2. Disconnected canonical divisor.

Proposition 4.5. Let S be a smooth projective surface with b1(S) = 0 and
suppose there exists 0 # Cy + -+ -+ Cy, € |Kg|, where C4,...,C,, are mutually
disjoint irreducible reduced curves. Let L € Pic(S) and let H,cq,co be cho-
sen such that there are no rank 2 strictly Gieseker H-semistable sheaves on S
with Chern classes ¢y, cy. Suppose Conjecture [11] holds in this setting. Then
X (ME (2, ¢1,¢2), (L)) is given by the coefficient of x4 of

22—X(OS)+K§ m o) oo | "
mﬂ[(lﬂf)" ) 4 (—1)Gath Weys)(1 — z)X c]

where N¢, /s denotes the normal bundle of C; C S.

Proof. We describe the Seiberg-Witten basic classes and invariants for S in this
setting [GK1l, Lem. 6.14]. For any I C M :={1,...,m}, define C; :=>",_, C;
and we write I ~ J when C; and C; are linearly equivalent. Also Cy = O
The Seiberg-Witten basic classes of S are precisely {C7};cn and

SW(Cy) = #[1] [ J(—1)"" Newrs),

el
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where #[I] denotes the number of elements of equivalence class [I]. Therefore
(24) becomes

22 x(Os) +K
Z # H hO(Nc /5) (_1)0101(1 + x>C]\/I\I(L_KS)(1 _ x>CI(L—KS)

1] i€l
22—X(Os)+KS

T (1= 22D
ICM \ i€l iEM\T

where we used Kg = C); and the assumption that the curves C; are mutually

disjoint. The result follows from x(L|¢,) = 1 — g(C}) . =Ci{(L—-C))

and expanding the product in the statement of the proposition. O

4.3. Blow-up formula.

Proposition 4.6. Let S be a smooth projective surface, m : S — S the blow-
up of S in a point, and E the exceptional divisor. Let L,c; € Pic(9), ¢ =
mc1 — kE, and L = n*L — (E. Then

Vgie(T) = %(1 — ) ) [+ 2+ (DR - 2) ] s e (2):

Proof. The Seiberg-Witten basic classes of S are m*a and 7*a + F with corre-
sponding Seiberg-Witten invariant SW(a), where a runs over all Seiberg-Witten
basic classes of S [Mor, Thm. 7.4.6]. Using x(Og) = x(Os), Kg = 7Kg+ E,

E?2=—1, x(L) = x(L) — (Z;Fl), the proposition follows at once from ([24). O

4.4. Vafa-Witten formula with p-classes. Let S be a smooth projective
surface satisfying b;(S) = 0 and p,(S) > 0. In an appendix of [GKI], the first
named author and Nakajima gave a conjectural formula for

vd
) S [ ety
k:() vir

where M := M (2, ¢y, c2), vd is given by (), and we assume “stable=semistable” .

Setting A = 0 in (25) gives ¢"*(M). Replacing A by A, then multiplying
by AV, and finally setting A = 0 gives Donaldson invariants f[M}Vir erler(L)
Therefore (23) interpolates between Donaldson invariants and virtual Euler
characteristics. Let Ga(q) be the Eisenstein series of weight 2 and define

Galg) = Gola) + 53 = > or(d) ",

where 01(d) = >, d. Furthermore, let 05(¢) := 05(¢, 1) and D := qdiq.

Z (H(_1)0i01+h°(Nci/s)(1 _ x)ci(L_Ci)> ( H (1 _i_x)ci(L—Ci)

)
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Conjecture 4.7 (Gottsche-Nakajima). Let S be a smooth projective surface
with py(S) > 0, b1(S) = 0, and let L € Pic(S). Let H,cq,co be chosen such
that there are no rank 2 strictly Gieseker H-semistable sheaves on S with Chern
classes c1,cy. Let M := ML (2,¢1, o), then

vd
5[, et
k=0 [M]vir

is given by the coefficient of ¥4 of

o o K2 2
) 1 x(Os) om ()2 * DG (L) sty M
I (2)12 2] € €
n(a?) 5(2)

1 Ks AL(K g—2a)
Z (_1)01a SW(a) ( 93(1’ Y é) ) (eGg(gc)—Gg(—w)) 5 )

a€H2(8,7) Os(—x,y2)

Recall that specializing Conjecture to y = 0 implies Conjecture [[.T] (after
replacing x by :)sy%, see Section [I]). We show that specializing Conjecture
to y = 1 implies Conjecture [L.7] (after replacing z by zy? and L by )\L(y_% —
y%)_l). In summary: the invariants of this paper interpolate between:

e Donaldson invariants,

e virtual Euler numbers of moduli spaces of sheaves,
e K-theoretic Donaldson invariants,

e K -theoretic Vafa-Witten invariants.

Proposition 4.8. Conjecture 1.2 implies Conjecture [{.7].

Proof of Proposition [[.8. Recall the definition of y~3X_,(E), for any complex
E of rank r on M, from Section 21l Suppose r > 0 and denote by {-}, the
degree r part in A*(M)g. Then [FG, Thm. 4.5]

{y7 2 X, (E)}, = ¢(E) mod (1-y),

For D € A'(M)q, we are interested in

{Z eDX"_kck(E)} ,

which is insertion (28] for £ = Ty and D = pu(c;(L)). We consider

1 T

AP i ().
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Again using [FGL Thm. 4.5], we find

1 1 .
[orubhymix () ={Ze”kr—’fck<E>y—5} mod (1 - ).

r
k

Hence

AD(y~%—y2)t 1 _ ~ Dyt
(26) {e y X_y(E)‘yZI}T {];e A ck(E)}.

Take E = Ty and D = u(c;(L)). Replacing L by
AL
T 1
Yy 2z —y2
in Conjecture [[L2 and setting y = 1 gives the invariants (28) by equation (26]).
This reduces the proof to the following identities

= 2 1— x2n)2
DG ,’L’2 = lim ln log ( 7
2( ) y—1 — (y_§ — y%)2 (1 x2ny>(1 _ x2"y—1)
— 1. 0 n (1 _ x2ny—1)
2y | |
GZ(x ) 2y1—r>q — y_% _y%) og (1—:L'2”y) )
1 — 2my2)(1 n,—%
Go(7) — Go(—x) = lim i log (1—= ?/2)_( +a"y"2)

(0.] l’n
log(l —x) =— —
n
n=1
X y‘g — y%
lim =— - =n.
y=ly~2 —y2
Therefore
> n n _1 1\ 2
lim ’ og (1 —a? )2 — lim n2z? Y 2 —y2
P T e B -ty ) T\t
= Z n2l2®" = DGy(x?)
n,1>0

The other identities follow similarly. O
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