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THE vn-PERIODIC GOODWILLIE TOWER ON WEDGES

AND COFIBRES

LUKAS BRANTNER and GIJS HEUTS

(communicated by Nicholas J. Kuhn)

Abstract
We introduce general methods to analyse the Goodwillie

tower of the identity functor on a wedge X ∨ Y of spaces (using
the Hilton–Milnor theorem) and on the cofibre cof(f) of a
map f : X → Y . We deduce some consequences for vn-periodic
homotopy groups: whereas the Goodwillie tower is finite and
converges in periodic homotopy when evaluated on spheres
(Arone–Mahowald), we show that neither of these statements
remains true for wedges and Moore spaces.

1. Introduction and main results

Recently, Behrens and Rezk [4] have provided a new perspective on the calculation
of vh-periodic homotopy groups of spheres by relating the Bousfield–Kuhn functor to
topological André–Quillen cohomology. Their result applies to the class of spaces for
which the vh-periodic Goodwillie tower converges (see Definition 1.3). This naturally
raised the question of which spaces are contained in this class. In 1998, Arone and
Mahowald [2] established that spheres satisfy the desired hypothesis (see Theorem 1.4
below), but beyond this, knowledge was scarce.

In this paper, we introduce new methods for the analysis of the Goodwillie tower
on a wedge of spaces or on the cofibre of a map. We use them to prove that several
natural classes of spaces have divergent vh-periodic Goodwillie towers. In particular,
the vh-periodic homotopy groups of these spaces cannot be completely recovered from
the TAQ-based Lie algebra models of Behrens and Rezk (cf. [5]). Our methods, in
fact, provide a useful tool in the study of vh-periodic spaces through spectral Lie
algebras. For example, Theorem 2.5 was originally used in [10] to establish a more
direct relation between the Bousfield–Kuhn functor and spectral Lie algebras which
does not suffer from the aforementioned convergence issues.

Given a pointed space X, we can evaluate the Goodwillie tower of the identity
on X (see [9]) and obtain a diagram

X −→ · · · −→ P2X −→ P1X.

The first space P1X is simply given by QX = Ω∞Σ∞X, and for n � 2, the nth Good-
willie layer is the homotopy fibre DnX of the map PnX → Pn−1X. By work of
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Johnson and Arone–Mahowald (cf. [14, 2]), it can be expressed as the infinite loop
space of the spectrum

DnX = (∂nid ∧X∧n)hΣn
,

where ∂nid is the Spanier–Whitehead dual of the suspended partition complex. For
simply-connected (and more generally nilpotent) spaces X, the natural map

X −→ holim
n

PnX

is known to be an equivalence – we say the Goodwillie tower converges on X.

Recall that for pointed connected spaces X1, . . . , Xk, the Hilton–Milnor theorem
asserts the existence of a weak equivalence∏′

w∈Lk

ΩΣ
(
w(X1, . . . , Xk)

) H
−−−−−→ ΩΣ(X1 ∨ · · · ∨Xk).

Here Lk denotes an ordered set of Lie words w forming a basis for the free (ungraded)
Lie algebra on k generators x1, . . . , xk. We evaluate such a word on a k−tuple of spaces
X1, . . . , Xk by letting the bracket act as a smash – for example [x1, [x2, x2]](X1, X2,
X3) = X1 ∧X2 ∧X2. Finally,

∏′
denotes the weak infinite product, i.e. the filtered

colimit of products indexed over the finite subsets of Lk.

Unstably, wedge sums of spaces are often harder to understand than smash prod-
ucts. The general strategy is to use the equivalence H to compute invariants of the
wedge sum on the right in terms of the corresponding invariants of the various smash
products on the left. This technique has been employed to express the Goodwillie
layers Dn evaluated on a wedge sum in terms of the layers Dn evaluated on various
related smash products:

Theorem 1.1 (Arone–Kankaanrinta, cf. Theorem 0.1 in [3]). For any collection of
pointed connected spaces X1, . . . , Xk, there is an equivalence∏
∑

ni=n

∏
d| gcd(ni)

w∈B(
n1
d

,...,
nk
d

)

ΩDd (Σw(X1, . . . , Xk))
∼

−−−−−→ ΩDn(ΣX1 ∨ · · · ∨ ΣXk).

Here B(n1

d
, . . . , nk

d
) is the set of words in the basis Lk involving the ith letter ni

d
times.

We lift this result concerning the layers Dn to the level of towers. Essentially, we
will show that each component

ΩΣ
(
w(X1, . . . , Xk)

) Hw−−−−−−→ ΩΣ(X1 ∨ · · · ∨Xk)

of the Hilton–Milnor map can be refined to a map of towers

ΩPn(Σw(X1, . . . , Xk))
Hw,n

−−−−−−−→ ΩPn|w|(Σ(X1 ∨ · · · ∨Xk)),

i.e., a sequence of maps as written which are natural in n. Here |w| denotes the length
of a word w. We use these maps to assemble the Goodwillie tower on wedge sums as
follows:
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Theorem 1.2 (2.5). Fix pointed connected spaces X1, . . . , Xk. The Hilton–Milnor
map refines to an equivalence of towers:∏′

w∈Lk

ΩP� n
|w| �

(
Σw(X1, . . . , Xk)

)
∼

−−−−−→ ΩPn(ΣX1 ∨ · · · ∨ ΣXk).

We prove this result by extending the known comparison results between single-
and multivariable Goodwillie calculus in Section 2.

Let S∗ denote the category of pointed spaces and consider a functor of k variables

F : S×k
∗ −→ S∗

which preserves weak equivalences and filtered colimits. We can apply (single-variable)
Goodwillie calculus to such a functor to obtain n-excisive approximations PnF for all
n � 0. However, we can also apply multivariable calculus and form approximations
‘in each variable separately’. Given a tuple (n1, . . . , nk) of positive integers, we may
form a Goodwillie approximation P #»n := Pn1,...,nk

F which is ni-excisive in the ith

variable. The key Lemma 2.1, which is of some independent interest, allows us to
compute single-variable Goodwillie towers on wedges in terms of associated multi-
variable towers.

We apply Theorem 2.5 to vh-periodic homotopy theory. First we recall the basic
setup. Fix a prime p and a natural number h. Everything that follows will implicitly
be localised at p. Recall that a vh self-map of a finite pointed space V is a map
v : ΣdV → V which induces an isomorphism in K(h)∗ and is nilpotent in K(i)∗ for
i �= h. Here K(i)∗ denotes the (reduced) i

th Morava K-theory at the prime p. A finite
pointed space V is of type h if K(i)∗V = 0 for i < h and K(h)∗V �= 0. Mitchell [22]
established that finite type h spaces exist for every h � 0. The periodicity theorem of
Hopkins–Smith (see Theorem 9 of [13]) guarantees that every type h space admits a
vh self-map after suspending it sufficiently many times.

From now on, we fix a finite pointed space V of type h together with a vh-self
map v : ΣdV → V . For any pointed space X, one can define the vh-periodic homotopy
groups of X with coefficients in V by considering the homotopy groups of the space
Map∗(V,X) and inverting the action of v by precomposition. More precisely, one
considers the system of spaces

Map∗(V,X)
v∗

−−−−−→ Map∗(Σ
dV,X)

v∗

−−−−−→ Map∗(Σ
2dV,X) −→ · · · .

One can think of this sequence as defining a spectrum ΦvX with constituent spaces
(ΦvX)kd = Map∗(V,X) for every k � 0 and with structure maps

v∗ : Map∗(V,X) −→ ΩdMap∗(V,X).

The vh-periodic homotopy groups of X with coefficients in V are then the homo-
topy groups of this spectrum ΦvX. This functor Φv is called the telescopic functor
associated to v. Up to equivalence, the value of ΦvX is independent of the choice of
self-map v by Corollary 3.7 of [13], although it does still depend on the chosen space
V . Observe that the homotopy groups of Φv are periodic with period d. Also, it is
clear that Φv preserves filtered colimits and finite homotopy limits. It is possible to
take a certain homotopy limit over choices of coefficient complexes V and thus define
a functor Φ, the Bousfield–Kuhn functor, which is independent of any choices (see
[18] for a comprehensive overview, or [15] for a more original reference).
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It is useful to know that the functor Φv takes values in the category SpT (h) of
T (h)-local spectra (see Theorem 4.2 of [18]). Here T (h) is the telescope of a vh self-
map on a finite p-local type h spectrum. Again, this localisation does not depend on
choices by the results of Hopkins and Smith.

Definition 1.3. For X a pointed space we say the vh-periodic Goodwillie tower of X
converges if the map

ΦvX −→ holim
n

ΦvPnX

is an equivalence.

This definition is easily shown to be independent of V , although this will not
concern us here. In Section 4 of [2], Arone and Mahowald establish this convergence
for spheres:

Theorem 1.4 (Arone–Mahowald). The vh-periodic Goodwillie tower of Sj converges
for every j � 1. Moreover, the tower is finite, meaning it becomes constant at a finite
stage.

In Section 3 and 5, we will prove that both statements fail on two natural classes
of spaces:

Theorem 1.5 (3.4). The vh-periodic Goodwillie tower is infinite and fails to converge
on wedges of spheres (of dimension at least 2).

Theorem 1.6 (5.4). The v1-periodic Goodwillie tower of a Moore space S�/p is infi-
nite and fails to converge (for p odd and � � 5).

To prove this last theorem, we will analyse the Goodwillie layers on the cofibre
of a given map f : X → Y of pointed spaces. Given a spectrum Z, we will write
Dn(Z) = (∂n id∧Z

∧n)hΣn
for ∂n id the Spanier–Whitehead dual of the nth suspended

partition complex. If Z is the suspension spectrum of a space, then Ω∞Dn(Z) gives
the nth layer of the Goodwillie tower of said space. We will often abuse notation and
denote a space and its suspension spectrum by the same symbol. The crucial tool in
our considerations is a filtration of the spectrum Dn(cof(f)), which is established in
Lemma 4.4.

Finally, in the proof of Theorem 5.3 we make the following observation, which may
be of some independent interest:

Proposition 1.7. Suppose X is a finite type h space with a vh self-map ΣdX → X.
Then the tower {ΦvPn(Σ

2X)}n�1 splits, meaning that there are equivalences

ΦvPn(Σ
2X) �

n⊕
k=1

ΦvDk(Σ
2X)

natural in n.

Remark 1.8. We have learnt recently that at height h = 1, the divergence of the v1-
periodic Goodwillie tower on Moore spaces can also be deduced from Theorem 1.1 of
[11], which constructs so-called “nonloopable K/p∗-equivalences”.
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2. Goodwillie towers on wedge sums

In this section, we will compute the Goodwillie tower of the identity on wedges of
spaces. We begin with the following lemma:

Lemma 2.1. Let G : S∗ → S∗ be a functor preserving weak equivalences, filtered col-
imits, and the basepoint (i.e. G is reduced). Given a positive integer k, we write∨
: S×k
∗ −→ S∗ for the iterated wedge sum functor and set F = G ◦

∨
∈ Fun(S×k

∗ ,S∗).
Let Uk

n be the ordered subset of [n]×k consisting of all tuples (a1, . . . , ak) satisfying
a1 + · · ·+ ak � n. Then there are canonical equivalences of functors S×k

∗ → S∗:(
PnG

)
◦
∨
−→ PnF −→ holim

#»n∈Uk
n

P #»nF.

The Pn on the left and the middle refers to single-variable calculus, the P #»n on the
right-hand side to multivariable calculus.

Remark 2.2. In this paper we focus on calculus for the category of pointed spaces.
Goodwillie calculus can be developed in more general settings, e.g. for model cat-
egories satisfying appropriate conditions [16, 26] or certain kinds of ∞-categories
(Chapter 6 of [20]), and the appropriate analogue of Lemma 2.1 holds there as well.

Proof of 2.1. The left arrow is an equivalence since the functor
∨
: S×k
∗ → S∗ pre-

serves homotopy colimits. The existence of the right morphism follows from the obser-
vation that functors S×k

∗ → S∗ which are #»n -excisive as multivariable functors are∑
i ni-excisive when considered as functors in one variable (cf. Lemma 6.6 of [9]).

We now prove by induction that the composition of the two arrows is an equiv-
alence, which will conclude the proof of the statement. Assume that the map is an
equivalence for n− 1. We have a diagram of fibre sequences

DnG ◦
∨ ∏

n1+···+nk=n D(n1,...,nk) (G ◦
∨
)

PnG ◦
∨

holim #»n∈Un
k
P #»n (G ◦

∨
)

Pn−1G ◦
∨

holim #     »

n−1∈Un−1
k

P #     »

n−1 (G ◦
∨
) .

A natural transformation between reduced n-excisive functors is an equivalence if and
only if it induces an equivalence on each homogeneous layer Dk, for k � n. By our
inductive hypothesis, it therefore suffices to prove that the top horizontal arrow in
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the diagram above is an equivalence. Observe that there are natural equivalences

DnG(X1 ∨ · · · ∨Xk) � Ω∞
(
(∂nG ∧ (X1 ∨ · · · ∨Xk)

∧n)hΣn

)
�

∏
n1+···+nk=n

Ω∞
(
(∂nG ∧Xn1 ∧ · · · ∧Xnk)h(Σn1

×···×Σnk
)

)
.

The latter expression is precisely the evaluation of the functor∏
n1+···+nk=n

D(n1,...,nk)

(
G ◦

∨)

at (X1, . . . , Xk) (compare Lemma 1.3 of [3]) and it is straightforward to see that the
horizontal map is compatible with these identifications. Hence the claim holds true
for n.

Every word w ∈ Lk gives rise to a functor w : S×k
∗ → S∗ by smashing the factors

in the order they appear in w. The iterated Samelson product yields a transformation

w(ιX1
, . . . , ιXk

) : w(X1, . . . , Xk) −→ ΩΣ(X1 ∨ · · · ∨Xk).

Extending multiplicatively, we obtain a transformation

ϕw : ΩΣw(X1, . . . , Xk) −→ ΩΣ(X1 ∨ · · · ∨Xk).

Finally, we obtain a transformation∏′

w∈Lk

ΩΣw(X1, . . . , Xk) −→ ΩΣ(X1 ∨ · · · ∨Xk)

by multiplying all these maps in the order determined by Lk (compare Theorem 4.3.3
of [24]).

Theorem 2.3 (Hilton [12], Milnor[21]). The natural transformation∏′

w∈Lk

ΩΣw(X1, . . . , Xk) −→ ΩΣ(X1 ∨ · · · ∨Xk)

is an equivalence.

Lemma 2.1 allows us to understand Pn(ΩΣ)(X1 ∨ · · · ∨Xk) in terms of multivari-
able calculus. The following lemma (which is also contained, with a different proof
using a connectivity argument, in the proof of Lemma 1.4 of [3]) will similarly help
us understand the polynomial approximations to the domain of the Hilton–Milnor
map:

Lemma 2.4 (Arone–Kankaanrinta). Let G : S∗ → S∗ be a reduced functor preserv-
ing weak equivalences and filtered colimits. Consider a k-tuple of natural numbers
(a1, . . . , ak) and define a functor F : S×k

∗ → S∗ by

F (X1, . . . , Xk) := G(X∧a1
1 ∧ · · · ∧X∧ak

k ).

Then for any k-tuple #»n = (n1, . . . , nk) there is a natural equivalence

P #»nF (X1, . . . , Xk)
∼

−−−−−→ PlG(X∧a1
1 ∧ · · · ∧X∧ak

k ),

where l = mini

ni

ai
�.
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Proof. To determine P #»nF we may assume without loss of generally that G is N -
excisive for some N . In fact, N = n1 + · · ·+ nk suffices. With this assumption, G fits
into a finite tower of fibrations

DNG DN−1G · · · D2G

G PN−1G · · · P2G P1G.

Therefore F (X1, . . . , Xk) arises from a finite tower of fibrations in which the successive
fibres are

Ω∞
(
(∂jG ∧X∧ja1 ∧ · · · ∧X∧jak)hΣj

)
for 0 � j � N . Since the process of forming multiderivatives preserves fibre sequences
of functors, it is clear that the only values of #»n for which the multiderivative D #»nF
can be nonzero are the multiples of #»a , i.e., the tuples (ja1, . . . , jak). For a general
tuple #»n , it follows that

P #»nF (X1, . . . , Xk)
∼

−−−−−→ PlG(X∧a1
1 ∧ · · · ∧X∧ak

k ),

where l is the largest integer such that lai � ni for every 1 � i � k.

We can combine these results to compute the Goodwillie tower on a wedge sum:

Theorem 2.5. Fix pointed connected spaces X1, . . . , Xk. The Hilton–Milnor map
refines to an equivalence of towers:∏′

w∈Lk

ΩP� n
|w| �

(
Σw(X1, . . . , Xk)

)
∼

−−−−−→ ΩPn(ΣX1 ∨ · · · ∨ ΣXk).

Proof. We use without further notice that we have Pn(ΩGΣ) � Ω ◦ PnG ◦ Σ for any
functor G : S∗ → S∗. Also, to avoid notational confusion, we will write Pnid(X) rather
than the abbreviated PnX for the length of this proof. Forming #»n -excisive approxi-
mations to functors of k variables commutes with finite limits and filtered colimits,
so that the Hilton–Milnor theorem implies an equivalence∏′

w∈Lk

ΩP #»n (Σw)(X1, . . . , Xk) −→ ΩP #»n (Σ(− ∨ · · · ∨ −))(X1, . . . , Xk).

We wish to form the homotopy limit over #»n ∈ Un
k on both sides, where as before Uk

n

is the ordered subset of [n]×k consisting of all tuples (a1, . . . , ak) satisfying a1 + · · ·+
ak � n.

On the right-hand side, this will by Lemma 2.1 yield

ΩPnid(ΣX1 ∨ · · · ∨ ΣXk).

On the left-hand side, Lemma 2.4 implies that the homotopy limit

holim
#»n∈Un

k

P #»n (Σw)(X1, . . . , Xk)

may be identified with

Plid(Σw(X1, . . . , Xk)),

for l the largest integer satisfying l(w1 + · · ·+ wk) � n. In other words l = 
 n
|w|�,

which completes the proof.
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3. Divergence on wedges

Our description of Goodwillie towers on wedges in Theorem 2.5 has the following
straightforward consequence:

Theorem 3.1. Consider pointed connected spaces X1, . . . , Xk. Then there is a nat-
ural equivalence∏

w∈Lk

holim
n

ΦvPn(Σw(X1, . . . , Xk)) −→ holim
n

ΦvPn(ΣX1 ∨ · · · ∨ ΣXk).

The product on the left is to be interpreted as the homotopy product.

Proof. The functor Φv commutes with finite homotopy limits and filtered colimits.
Therefore Theorem 2.5 gives an equivalence∏′

w∈Lk

ΦvP� n
|w| �

(Σw(X1, . . . , Xk)) −→ ΦvPn(ΣX1 ∨ · · · ∨ ΣXk).

Since only finitely many words w ∈ Lk have length not exceeding n, the product on
the left has only finitely many nonzero factors and there is no need to distinguish
between the weak product and the actual product. Therefore we find an equivalence

holim
n

∏
w∈Lk

ΦvP� n
|w| �

(Σw(X1, . . . , Xk)) −→ holim
n

ΦPn(ΣX1 ∨ · · · ∨ ΣXk).

The homotopy limit can now be commuted past the product to obtain the result.

Corollary 3.2. Consider pointed connected spaces X1, . . . , Xk. Then the map

Φv(ΣX1 ∨ · · · ∨ ΣXk) −→ holim
n

ΦvPn(ΣX1 ∨ · · · ∨ ΣXk)

may be identified (up to equivalence) with the evident map∏′

w∈Lk

Φv(Σw(X1, . . . , Xk)) −→
∏

w∈Lk

holim
n

ΦvPn(Σw(X1, . . . , Xk)).

The previous corollary makes it easy to construct examples of spaces for which the
vh-periodic Goodwillie tower does not converge:

Corollary 3.3. Consider pointed connected spaces X1, . . . , Xk and assume that
Φv(Σw(X1, . . . , Xk)) is not contractible for infinitely many w ∈ Lk. Then the canon-
ical map

Φv(ΣX1 ∨ · · · ∨ ΣXk) −→ holim
n

ΦvPn(ΣX1 ∨ · · · ∨ ΣXk)

is not an equivalence.

Proof. By Corollary 3.2, the map in question appears as the diagonal in the following
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diagram:∏′

w∈Lk

Φv(Σw(X1, . . . , Xk))
∏

w∈Lk

Φv(Σw(X1, . . . , Xk))

∏′

w∈Lk

holim
n

ΦvPn(Σw(X1, . . . , Xk))
∏

w∈Lk

holim
n

ΦvPn(Σw(X1, . . . , Xk)).

The homotopy groups of an infinite (possibly restricted) product can simply be com-
puted as the infinite product of homotopy groups (there is no lim1 term). For a given
�, we obtain a square∏′

w∈Lk

π�Φv(Σw(X1, . . . , Xk))
∏

w∈Lk

π�Φv(Σw(X1, . . . , Xk))

∏′

w∈Lk

π� holim
n

ΦvPn(Σw(X1, . . . , Xk))
∏

w∈Lk

π� holim
n

ΦvPn(Σw(X1, . . . , Xk)).

If there exists a word w such that the map

π� Φv(Σw(X1, . . . , Xk)) −→ π� holim
n

ΦvPn(Σw(X1, . . . , Xk))

is not a bijection, then the left vertical map of the last square also fails to be bijective.
Since postcomposing a non-bijective map with an injection yields a non-bijective map,
the diagonal fails to be bijective. We may therefore assume without restriction that
both vertical legs are isomorphisms and it suffices to check that the top horizontal
map is not surjective.

Combining the periodicity of the homotopy groups of Φv with the pigeonhole
principle, we conclude that there is an integer � with π�Φv(Σw(X1, . . . , Xk)) �= 0 for
infinitely many w ∈ Lk. This clearly implies that the top horizontal map is not a
bijection and thereby establishes the claim.

We can now deduce:

Theorem 3.4. The vh-periodic Goodwillie tower is infinite and fails to converge on
wedges of spheres (of dimension at least 2).

Proof. The divergence follows by applying Corollary 3.3 in the case where each Xi is
a sphere of dimension at least 1. Indeed, the assumption of the corollary holds true
since each Σw(X1, . . . , Xk) is another sphere of dimension at least 2. Such a sphere
has nonvanishing vh-periodic homotopy groups.

To see that the vh-periodic Goodwillie tower of ΣX1 ∨ · · · ∨ ΣXk does not become
constant at any finite stage, we first recall that the vh-periodic Goodwillie tower
of a sphere only becomes constant at stage ph or 2ph, depending on the parity of
the dimension of the sphere. It then follows from Theorem 2.5 that in the tower
for ΣX1 ∨ · · · ∨ ΣXk, the contribution from the factor corresponding to a word w
only becomes constant at stage |w|ph or 2|w|ph. Clearly there is no bound on these
numbers as w runs through Lk.
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4. Goodwillie derivatives on cofibres

In this section we analyse the layers in the Goodwillie tower of the identity functor
when evaluated on a cofibre cof(f) in terms of the map f : X → Y . In fact, our
analysis concerns the free O-algebra on cof(f) for O any operad in spectra. The
Goodwillie layers of a space arise when we take O to be the “shifted Lie operad” (cf.
[8]) – we will explain this in more detail later. In a later section, we will apply the
methods developed in this section to the example of a Moore space, i.e. the cofibre

of the ‘multiplication by p’ map S� p
−→ S�.

For now, let f : E → F be a map of spectra. We first observe that we can write
cof(f)∧n as the total cofibre of a cubical Σn-diagram. We refer to [23] for a detailed
exposition of cubical homotopy theory. Indeed, write P(n) for the power set of
n = {1, . . . , n}, which is partially ordered under inclusion. Let Δ1 denote the poset
{0 < 1} and observe that there is an evident identification P(n) ∼= (Δ1)×n. Write Sp
for the category of spectra and define a diagram Cn(f) : P(n)→ Sp by taking the
composition

P(n) ∼= (Δ1)×n f×n

−−−−−−→ Sp×n ∧n

−−−−−→ Sp.

This is a cubical diagram with initial vertex E∧n and final vertex F∧n. For a general
subset S ⊂ n, the corresponding value of Cn(f) is given by the smash product of |S|
copies of Y with |n\S| copies of X. The smash product cof(f)∧n is now the total
cofibre of Cn(f). Writing P−(n) = P(n)\{n}, we have

cof(f)∧n � cof(hocolimCn(f)|P−(n) → F∧n).

The punctured cube P−(n) comes with an evident filtration by the size of subsets:

P−(n)�0 ⊂ P
−(n)�1 ⊂ · · · ⊂ P

−(n)�n−1 = P−(n).

We shall write

Ck
n(f) := Cn(f)|P−(n)�k

.

We obtain a corresponding filtration of cof(f)∧n by the (näıve) Σn-spectra cofkn(f)
defined by

cofkn(f) := cof
(
hocolimCk

n(f)→ F∧n
)
,

for k = 0, . . . , n− 1. We decree that cof−1
n (f) = 0.

Lemma 4.1. Given a map f : E → F of spectra, the filtration of Σn-spectra

cof0n(f) −→ · · · −→ cofn−1
n (f) ∼= cof(f)∧n

defined above has associated graded spectra grk(cof(f)
∧n)= cof

(
cofk−1

n (f)→ cofkn(f)
)

given by

grk(cof(f)
∧n) =

{
cof(E∧n → F∧n) for k = 0,

Σ IndΣn

Σn−k×Σk

(
E∧(n−k) ∧ cof(f)∧k

)
for 1 � k � n− 1.

Remark 4.2. There is another (perhaps more standard) filtration of cof(f)∧n defined
as follows. One considers the map F → cof(f) and smashes it with itself n times to
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again obtain a cubical diagram P(n)→ Sp. A Σn-equivariant filtration of cof(f)∧n

can be defined by taking the homotopy colimit over the restriction of this cubical
diagram to each of the P(n)�k. The associated graded spectra of this filtration are

IndΣn

Σn−k×Σk
((ΣE)∧(n−k) ∧ F∧k).

This filtration will not suffice for our purposes because the associated graded spectra
do not depend on the map f .

Proof of Lemma 4.1. The claim for k = 0 is evident. Assume 1 � k � n− 1. We can
compute grk(cof(f)

∧n) as the total cofibre of the square

hocolim Ck−1
n (f) F∧n

hocolim Ck
n(f) F∧n,

which shows that

grk(cof(f)
∧n) ∼= Σcof

(
hocolimCk−1

n (f)→ hocolimCk
n(f)

)
.

The cofibre on the right-hand side can alternatively be computed by first taking the
homotopy left Kan extension of the diagram Ck−1

n (f) from P−(n)�k−1 to P−(n)�k

(we denote this extension by LCk−1
n (f)), then taking the cofibre of the natural trans-

formation from LCk−1
n (f) to the diagram Ck

n(f), and finally, taking the homotopy
colimit over P−(n)�k. Note that the diagram LCk−1

n (f) agrees with Ck
n(f) when

evaluated on subsets of size smaller than k. If S has size exactly k, then one easily
computes

LCk−1
n (f)(S) � E∧(n−S) ∧ hocolimCS(f)|P−(S),

where CS(f) is equivalent to Ck(f) after identifying S with k. However, it is of course
better to think of it as a k-dimensional cubical diagram indexed on subsets of S. It
follows that

cof
(
hocolim LCk−1

n (f)→ hocolim Ck
n(f)

)
�

⊕
|S|=k E

∧(n−S) ∧ cof(hocolim CS(f)|P−(S) → F∧S)

�
⊕
|S|=k E

∧(n−S) ∧ cof(f)∧S

� IndΣn

Σn−k×Σk

(
E∧(n−k) ∧ cof(f)∧k

)
,

where we regard Σn−k × Σk as a subgroup of Σn using the standard inclusion. This
group acts on E∧(n−k) ∧ cof(f)∧k in the evident manner. The asserted claim follows.

Now let O be an operad in spectra, i.e., a sequence of spectra {O(n)}n�0 with
symmetric group actions and composition maps satisfying the usual axioms. The
free (homotopy) O-algebra on a spectrum X is, up to equivalence, described by the
formula ⊕

n�0

(O(n) ∧X∧n)hΣn
.

We apply Lemma 4.1 to free O-algebras on cofibres in two special cases of interest:
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Corollary 4.3. Let f : E → F be a map of spectra. Then the nth summand in the
free E∞-algebra on cof(f) has a finite filtration whose associated graded spectra are
given by

grk
(
cof(f)∧nhΣn

)
=

{
cof(E∧n → F∧n)hΣn

for k = 0,

ΣE
∧(n−k)
hΣn−k

∧ cof(f)∧khΣk
for 1 � k � n− 1.

The example we are most interested in here is the case whereO = ∂∗id is the operad
given by the derivatives of the identity on S∗. Recall that ∂nid is given by the Spanier–
Whitehead dual of the suspended partition complex [2, 14]. More precisely, we write
Πn for the poset of proper nondiscrete partitions of the set {1, . . . , n} and |Πn| for
the geometric realisation of its nerve. We then have a Σn-equivariant equivalence
∂nid � D(Σ|Πn|


). Here (−)
 denotes the unreduced suspension and D stands for
Spanier–Whitehead duality.

For a spectrum E, we write

DnE = (∂nid ∧ E∧n)hΣn
.

If E = Σ∞X for some pointed space X, then this agrees with the nth Goodwillie
layer of X. We remark once more that we often abuse notation and denote a space
and its suspension spectrum by the same name.

Lemma 4.4. Let f : E → F be a map of spectra. Then Dn cof(f) has a finite filtra-
tion whose kth graded piece grk

(
Dn cof(f)

)
is given by⎧⎪⎪⎪⎨

⎪⎪⎪⎩
cof(DnE → DnF ) for k = 0,⊕

d | k,n−k

w∈B(n−k
d

, k
d
)

ΣDdΣ((Σ
−1E)∧

n−k
d ∧ (Σ−1 cof(f))∧

k
d ) for 1 � k � n− 1.

Here the sum ranges over numbers d dividing both k and n− k and elements of the set
B(n−k

d
, k
d
). Recall that B(i, j) denotes the set of words in the basis L2 which involve

the first letter i times and the second letter j times.

Proof. The case k = 0 follows directly from Lemma 4.1 after smashing with ∂nid and
taking homotopy orbits for Σn. For k � 1, we combine Lemma 4.1 with the projection
formula and read off an equivalence between

(
∂nid ∧ grk(cof(f)

∧n)
)
hΣn

and

Σ
(
(ResΣn

Σn−k×Σk
∂nid) ∧ E∧(n−k) ∧ cof(f)∧k

)
h(Σn−k×Σk)

.

Theorem 0.1 of [3] gives, for k1 + · · ·+ km = n, a natural equivalence between(
(ResΣn

Σk1
×···×Σkm

∂nid) ∧ Y ∧k1
1 ∧ · · · ∧ Y ∧km

m

)
h(Σk1

×···×Σkm )

and ⊕
d | k1,...,km

B(
k1
d
,...,

km
d

)

(
∂did ∧

(
Σ((Σ−1Y1)

∧
k1
d ∧ · · · ∧ (Σ−1Ym)∧

km
d )

)∧d)
hΣd

when each Yi is of the form Σ∞ΣXi for some connected space Xi. In other words,
the (k1, . . . , km)-homogeneous functors from spaces to spectra defined by these two
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expressions are naturally equivalent when evaluated on suspensions of connected
spaces. But using Goodwillie’s correspondence between homogeneous functors from
spaces to spectra and homogeneous functors from spectra to spectra (implemented
by taking derivatives, cf. [9]), it follows that the equivalence above can, in fact, be
defined for any collection of spectra Y1, . . . , Yn (since the Goodwillie derivatives of a
functor only depend on its values on highly connected spaces). Applying this equiv-
alence to our expression for

(
∂nid ∧ grk(cof(f)

∧n)
)
hΣn

above gives the conclusion of
the lemma.

Remark 4.5. A different proof of Lemma 4.4 can be given using recent work of Arone
and the first author (cf. Theorem 5.10 of [1]), which studies the (unstable) equivariant
homotopy type of the partition complex directly.

5. Divergence on Moore spaces

We expect that the results of Cohen–Moore–Neisendorfer [24] on splittings of the
loop space of a Moore space together with methods analogous to our Theorem 2.5
should give a detailed understanding of the v1-periodic Goodwillie tower of a Moore
space. However, our goal in this section is only to prove divergence, which we achieve
by a series of cheap (but rather effective) swindles. To present our arguments in their
simplest form we take p to be an odd prime, but there is no essential difficulty in
covering the case p = 2 as well.

Lemma 5.1. Let M � = S�/p be a mod p Moore space. Then infinitely many Good-
willie layers of M � have nonzero v1-periodic homotopy groups.

In order to prove this lemma we introduce a certain notion of Euler characteristic:

Definition 5.2. Let N be a finitely generated graded module over the graded field
Fp[u

±1] with |u| = 2. Then we define the Euler characteristic of N by

χ(N) = rkFp[u±1]N
ev − rkFp[u±1]N

odd.

Here N ev (resp. Nodd) is the even-dimensional (resp. odd-dimensional) part of N and
rkFp[u±1] denotes the rank of a module.

Now say N is a finitely generated graded module as in the previous definition
equipped with a differential d of odd degree, i.e., d = d0 ⊕ d1 with

d0 : N
ev −→ Nodd and d1 : N

odd −→ N ev.

Then clearly χ(H∗(N, d)) = χ(N) since(
rkFp[u±1]ker(d0)− rkFp[u±1]im(d1)

)
−

(
rkFp[u±1]ker(d1)− rkFp[u±1]im(d0)

)
=

(
rkFp[u±1]ker(d0) + rkFp[u±1]im(d0)

)
−

(
rkFp[u±1]im(d1) + rkFp[u±1]ker(d1)

)
.

Proof of Lemma 5.1. It suffices to show that infinitely many Goodwillie layers of M �

have nonvanishing (completed) p-adic K-theory (e.g. compare 3.7 of [7]). We will
achieve this by analyzing the K-homology of DnM

� and showing that it is a graded
Fp[u

±1]-module of non-zero Euler characteristic for infinitely many values of n.
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Let n be a prime and consider the filtration of DnM
� given by Lemma 4.4, i.e.,

we take E = F = S� and f the multiplication by p. Since by [2] the v1-periodic
Goodwillie tower of a sphere becomes constant after stage p or 2p (depending on the
parity of �), we know that for n > 2p the k = 0 graded piece of that filtration is null.
We can use the p-adic K-theory of the remaining pieces with 1 � k � n− 1 as input
for a spectral sequence, consisting of n− 1 lines, converging to the p-adic K-theory
of DnM

�. Since n is prime, the greatest common divisor of k and (n− k) is 1. By
Lemma 4.4, the kth graded piece grk(DnM

�) is given by the spectrum⊕
w∈B(n−k,k)

Σ2−n+�(n−k)(M �)∧k.

Neisendorfer (cf. Theorem 4.1 in [25]) proves that

M �1 ∧M �2 �M �1+�2 ∨M �1+�2+1,

whenever �1, �2 � 1. Iterating this splitting shows that

(M �)∧k �

k∨
j=0

(
k − 1

j

)
Mk�+j .

In particular, the associated graded spectra grk(DnM
�) are themselves wedge sums of

Moore spectra and their p-adic K-theory is therefore p-torsion. Any finitely generated
p-torsion abelian group is an Fp-vector space in a unique way, and a homomorphism
between such groups is automatically Fp-linear. Therefore, the E1-page of our spectral
sequence is a module over the graded field Fp[u

±1], with u denoting the Bott class,
and the differentials are Fp[u

±1]-linear. Moreover, all differentials are of odd degree,
so that the Euler characteristic of the E1-page is the same as that of the E∞-page.
The Euler characteristic of K∗(M

�) is of course 1 or −1, depending on the parity of
�. Note that if k � 2, then the Euler characteristic of K∗((M

�)∧k) is zero because the
alternating sum of binomial coefficients vanishes. Therefore the corresponding lines
in the spectral sequence, being sums of such modules, have zero Euler characteristic.
For the k = 1 line, however, the spectrum under consideration is⊕

w∈B(n−1,1)

Σ2−n+�(n−1)M �.

Its p-adic K-theory is either completely in even or completely in odd degrees and,
in particular, has nonzero Euler characteristic. Thus the E∞-page has nonzero Euler
characteristic as well. In particular, it is nontrivial, so that K∗(DnM

�) cannot vanish.

Finally, we wish to prove Theorem 5.4, which states that the v1-periodic Good-
willie tower cannot converge on M �. To do this, it is useful to know that the tower
{ΦvPn(M

�)}n�1 is split (at least for � large enough), meaning that each stage is
simply the finite sum of its homogeneous layers:

ΦvPn(M
�) �

n⊕
k=1

ΦvΩ
∞(Dk(M

�)).

Theorem 5.3. If p is odd and � � 5, the tower {ΦvPn(M
�)}n�1 is split.
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Proof. The following proof is a condensed version of a more detailed analysis of Good-
willie calculus in vh-periodic homotopy theory appearing in [10]. Following Bousfield
[6, 7], we let Vh+1 be a finite space of type h+ 1 which is also a suspension. Write
dh for the dimension in which the first nonvanishing homotopy group of Vh+1 occurs.

We denote the category of dh-connected, pointed, and p-local spaces by S
(p)
∗ 〈dh〉.

Consider the full subcategory Lf
hS

(p)
∗ 〈dh〉 spanned by all spaces Y for which the

map Y → Map(Vh+1, Y ) induced by pullback against Vh+1 → ∗ is an equivalence of
unpointed spaces. We obtain the left Bousfield localisation

S
(p)
∗ 〈dh〉 Lf

hS
(p)
∗ 〈dh〉.

L
f

h

ι

In [7], Bousfield constructs a left Quillen functor

Θ: SpT (h) −→ Lf
hS

(p)
∗ 〈dh〉,

where SpT (h) denotes the localisation of the category of spectra with respect to T (h),
as before. This functor gives a derived left adjoint to the Bousfield–Kuhn functor Φ,
although we will not need this.

We state several facts about the left adjoint Lf
h:

(A) The functor Lf
h does not affect vh-periodic homotopy groups.

(B) The functor Lf
h preserves homotopy colimits.

(C) Any space X with a vh-self map is ‘almost’ in the image of Θ, in the sense that

for such X there is an equivalence Lf
hΣ

2X ∼= ΘLT (h)Σ
∞+2X.

(D) The functor Lf
h : S

(p)
∗ 〈dh〉 → S

(p)
∗ 〈dh〉 preserves finite homotopy limits. Here and

in the remainder of this article, we omit the functor ι from our notation.

Statement (A) is proven in 4.6 of [7]. For (B), we use that Lf
h is a left Quillen functor.

Statement (C) is established in 5.9 of [7]. Statement (D) is Theorem 3.8 of [10]. In
fact, all four of these statements are summarised in Section 3 of op. cit.

We can relate the Goodwillie towers of the identity on the homotopy theories

S
(p)
∗ 〈dh〉, and Lf

hS
(p)
∗ 〈dh〉 as follows. First, for X a dh-connected space, we have

Pn(idS(p)
∗

)(X) ∼= Pn(idS(p)
∗ 〈dh〉

)(X).

We now use facts (B) and (D) to compute

Lf
hPn(idS(p)

∗ 〈dh〉
)(X) ∼= Pn(idLf

h
S

(p)
∗ 〈dh〉

)(Lf
hX).

Here we used that precomposing with a functor preserving homotopy colimits and
postcomposing with a functor preserving finite homotopy limits and filtered homotopy
colimits commutes with the n-excisive approximation Pn.

Assuming that X = Σ2X ′ for X ′ a space with a vh self-map, we use (C) to obtain
further equivalences

Pn(idLf

h
S∗〈dh〉

)(Lf
hX) ∼= Pn(idLf

h
S∗〈dh〉

)(ΘLT (h)Σ
∞X) ∼= Pn(Θ)(LT (h)Σ

∞X).

Combining this with fact (A) and the straightforward observation that Φv preserves
finite homotopy limits and filtered homotopy colimits, we, finally, get the chain of
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equivalences

ΦvPn(X) ∼= ΦvPn(idS(p)
∗ 〈dh〉

)(X) ∼= ΦvL
f
hPn(idS(p)

∗ 〈dh〉
)(X) ∼= Pn(ΦvΘ)(LT (h)Σ

∞X).

The composition of functors ΦvΘ is a functor from the category SpT (h) to itself
and all such functors have split Goodwillie towers by results of Kuhn, see for example
Theorem 1.1 of [17]. This relies on the vanishing of T (h)-local Tate spectra.

We now apply these observations to the case where h = 1 and where X ′ = M �,
which admits a v1 self-map for � � 3. The integer d1 can be taken to be 4 in this case,
by considering the type 2 complex V2 which is the suspension of the cofibre of the v1
self-map just mentioned. The analysis above shows that there is a weak equivalence
of towers

ΦvPn(M
�+2) � Pn(ΦvΘ)(LT (1)Σ

∞M �+2)

and the latter tower is split.

We can, finally, prove our result on the vh-periodic Goodwillie tower on a Moore
space:

Theorem 5.4. The v1-periodic Goodwillie tower of a Moore space S�/p is infinite
and fails to converge for � � 5 and p an odd prime.

Proof. By the above discussion, the homotopy limit of the tower {ΦvPn(M
�)}n�1 is

the infinite product ∏
n

ΦvΩ
∞Dn(M

�).

Since infinitely many of the layers have nonvanishing homotopy groups (Lemma 5.1)
and these homotopy groups are periodic, the pigeonhole principle applies again to
guarantee the existence of an integer j with

πj

(
ΦvΩ

∞Dn(M
�)
)
�= 0

for infinitely many values of n. By Cantor’s diagonal slash, the group

πj

(∏
n

ΦvΩ
∞Dn(M

�)
)

must be uncountable. But this contradicts Thompon’s calculation of the v1-periodic
homotopy groups of a Moore space in [27]. Indeed, using the results of Cohen–Moore–
Neisendorfer, he argues that the loop space of M � is a weak infinite product of certain
spaces Sm{p} and Tm{p} and computes the v1-periodic homotopy groups of these
spaces. The result is his Theorem 1.1, which, in particular, shows that these groups
are countable.

Remark 5.5. In Theorem 2.11 of [10] it is, in fact, shown that Φv(M
�) is simply

the direct sum of all its homogeneous layers (and similarly for higher heights h and
appropriate type h complexes in place ofM �); by the arguments above this can indeed
not be equivalent to the infinite product. However, the arguments of [10] require more
technology than is necessary to include here.
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