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Over the past two decades, multi-component dryland vegetation models have been successful in
qualitatively reproducing the spatial vegetation patterns widely observed in nature. In the two-
component (water, vegetation) Klausmeier model, water flow from bare to vegetated areas drives
pattern formation. The more elaborate Rietkerk and Gilad three-component models make a distinction
between soil and surface water. In this article the three models are approximated from within a
unifying framework, with a focus on processes that drive pattern formation, in order to promote the
understanding of similarities and differences between these models. Reduction from a model with
a separate soil and surface water component, to a model with a single water component, preserves
Turing instability in all but one of the cases studied.

© 2020 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Since the 1950s it has been known that vegetation forms large-
scale spatial patterns in drylands [1]. Analysis of satellite data
has established that they are ubiquitous in drylands around the
world [2]. Apart from being an intriguing phenomenon, it has
been proposed that these patterns can act as a spatial early warn-
ing signal for an upcoming transition to bare desert
[3-5]. As such, ultimately, they could be used to help mitigate
the consequences of climate change.

In absence of spatial heterogeneity, dryland vegetation pat-
terns are a consequence of self-organization [6]. Vegetation pres-
ence enhances the water infiltration capacity [7], resulting in
overland water flow (run-on) toward areas with vegetation [8],
increasing soil moisture in vegetated patches [9]. Thus, the per-
sistence of vegetated patches with patches of bare soil may be
explained by a positive plant-soil feedback [9], that initiates a
scale-dependent feedback mechanism [10]. The mechanism of
increased infiltration in vegetated patches is present in the Ri-
etkerk and Gilad model [11,12], and implicitly in the Klausmeier
model [6]. The local facilitation (through increased water infil-
tration), combined with long range competition for water, has
been identified as a driver of pattern formation through Turing
instability [10].
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A Turing instability [13] occurs when a spatially homoge-
neous steady state in a spatially homogeneous model becomes
unstable against a perturbation with a finite wavelength. The
simplest reaction—-diffusion models exhibiting Turing patterns are
two-component activator-inhibitor models with fast inhibitor
diffusion (relative to diffusion of the activator), as in the Klaus-
meier model [6] with water advection replaced by diffusion [14].
In models with three or more components (e.g. the Rietkerk and
Gilad model), a Turing instability need not be stationary [13]:
the emerging Turing pattern may be a wave train (in arbitrary
direction). In this article this wave instability is referred to as a
Turing-Hopf instability. In reaction-diffusion models with advec-
tion (through downhill flow of water), emerging Turing patterns
generally move uphill [15,16]; in this article the soil surface is
always modeled to be flat.

A necessary condition for Turing instability in two-component
dryland models is self-activation of the vegetation: in response
to a small increase in vegetation, vegetation (initially) grows
further. In the Klausmeier model the increased infiltration at
locations with vegetation is represented by self-activation. In the
Gilad model, self-activation is the result of a root-to-shoot ratio
that increases with standing biomass, so that a flux of water
toward vegetated areas can arise due to differences in the uptake
rate [17]. In three-component models, self-activation is not a
necessary condition for Turing pattern formation, as exemplified
by the Rietkerk model.

In summary, the presence of vegetation can both increase the
infiltration rate and the per capita uptake rate (by a varying root-
to-shoot ratio), and both can create a flux of (above respectively
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below ground) water toward vegetation, thereby enabling Turing
pattern formation. Three different models implement one (Klaus-
meier, Rietkerk) or both (Gilad) of these pattern forming mech-
anisms and all qualitatively reproduce observed patterns [18]. In
the Klausmeier model, where in this article the water component
is interpreted as surface water, water consumption is a combined
process of infiltration and uptake, compromising opportunities to
validate the model with field measurements. The Rietkerk and
Gilad models do make a distinction between soil and surface
water, but the extra model component makes analysis more
involved.

In this article, the three models and their pattern forming
mechanisms are approximated from within a single three-
component unification model framework, to identify fundamen-
tal similarities and differences between models. A detailed Turing
analysis reveals necessary conditions on the functional form of
the infiltration and uptake functions. Reductions to simpler two-
component models are performed, showing that Turing instability
is preserved, except if vegetation is not self-activating and surface
water flux is neglected. Bifurcating Turing patterns are numeri-
cally continued, opening up pathways toward model comparison
in the nonlinear regime. These techniques can be used to make
an informed modeling decision dependent on field measurement
and remote sensing data availability.

2. Methods: unification, reduction, Turing analysis and nu-
merical continuation

2.1. Existing framework and reductions
A fairly general three-component (surface water density H,

soil water density W, vegetation density B) dryland reaction-
diffusion model is given by:

H =diAH -h4WH +p —nrH-I(B)
W, =d, AW —LW +rH -I(B) —riUW,B) (1)
B =d;AB —IB +jriU(W, B).

The Laplace operator A = 8,? + aj is used to model spread of
water and vegetation. Each component diffuses with diffusion
constants dq, d, and d3 > 0 and experiences a linear loss with rate
I; due to evaporation, seepage or mortality. The rainfall parameter
p represents average rainfall on the climatic time scale, which
varies slowly; in this article it is taken to be independent of
time. The infiltration is a linear function of H. The parameter
j measures the gain in vegetation B per converted unit of soil
water W.

We assume a flat soil surface, so without downhill flow of
surface water through advection, which would have its own
influence on pattern formation [15]. The framework (1) encom-
passes the Rietkerk model [11,19] and also the simplified Gilad
model [20,21], except that in the Gilad model surface water
diffusion is nonlinear and I, and j are not constant. The Klaus-
meier model [6] is similar to (1), but it only has one water
component and its water advection would need to be replaced
by diffusion [14].

We now view two special cases of (1), referred to here as
‘sandy-soil’ and ‘sticky-soil’, that can also be studied as reduced
two-component systems.

2.1.1. Sandy-soil: without surface water flux

If surface water infiltration is a fast process (e.g. for sandy
soil [20]), it results in low surface water density. Accordingly, we
write r, = i, /€ and H = €H and substituting this is into the first
equation of (1) yields

€H; = ediAH — el1H + p — i,H - I(B)

which after ¢ — 0 and substitution back leads to the algebraic
equation r;H - I(B) = p; then (1) reduces to:

Wy = dzAW —le +p —r1U(W,B) (2)
B; = d3AB —133 +jr1 U(W, B)
If infiltration is only a fast process compared to other surface

water processes, but not compared to soil water and biomass
processes, then:

H = +p —nrH-I(B)
W, =dAW —LW +r,H -I(B) —rUW,B) (3)
B. =dsAB —I3B +jirnU(W, B)

which has the same steady states (and stationary bifurcations)
as (2) (but different dynamics). Stability of a steady state of (3)
implies stability of the corresponding steady state of (2), but
Hopf-instability will not always be preserved.

2.1.2. Sticky-soil: without soil water flux

If soil water diffusion is a slow process, in the limit this can
be modeled by d, = 0, a situation referred to here as ‘sticky-soil'.
For reasons of economy it can be worth to carry out a subsequent
reduction. By computing W solving

0= —le + nrH - I(B) — T]U(W, B),
followed by insertion in the reduced model

H =diAH —-LH +p -nrH-IB) (4)
B. =d;AB —IsB +jrU(Wy, B)

which has equal steady states (and stationary bifurcations) as
(1) with d = 0. Again, stability of a steady state of (1) with
d, = 0 implies stability of the corresponding steady state of
(4), but Hopf-instability is not generally preserved. One could
also arrive at (4) by assuming 1y = Ti/€, l, = L/e, W = €W,
UW,B)=W -U(B) and ¢ — 0 as in Section 2.1.1.

2.2. Unification model

The ‘unification model’ is a multi-linear Rietkerk model with
surface water evaporation, with an uptake term that is optionally
nonlinearly dependent on biomass, in which case it is a further
simplification of the Gilad model. It is defined by (1) with

I(B) =B 5)
U(W,B) = WB(1+ nB)

so in full it reads:
H =diAH —LH +p -nrHB
W, =dhAW —LW +rHB  —riWB(1+ nB)?  (6)
B, =dsAB —I3B +jriWB(1 + nB)".

The unification model with = 0 mimics the Rietkerk model
(Section 4) and with n > 0 mimics the simplified Gilad model
(Section 5). It has twelve parameters with five relationships:
space, time, H, W and B can be scaled. To keep the connec-
tion with real-world quantities as clear as possible, no scaling
is performed. Choosing precipitation p as a free parameter, this
means that 11 parameter values need to be chosen. Because
measurement of parameters is scarce and possibly site-specific,
parameter values in the literature can be based on rough esti-
mations. In Table 1 the implied parameters for the unification
model, based on parameter values from previous articles, show
significant variation.

Quantitative comparison of model output with real ecosys-
tems requires reliable estimation of the parameters. A common
practice is to choose parameters in such a way that the outcome
at least has realistic dimensions. With so many parameters to
choose, this problem is underdetermined and the approach would
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be highly subjective. Instead, in this article, the default parameter
value is taken to be equal to 1, and deviations from this are
explained below. The consequence is that results are qualitative,
which is why the mention of units in figures below will be
suppressed. The advantage is that it becomes more transpar-
ent which parameter choices are crucial to observe qualitative
dynamics.

There are clear differences in the values of the diffusion coef-
ficients dq, d and ds in Table 1, generally d; > d, > ds. For the
unification model we choose d; = 10000, d, = 100 and d; = 1,
meaning that surface water spreads 10 times faster than soil
water and 100 times faster than vegetation. Alternative values
are d, = 0 (without soil water flux, Section 2.1.2) and d; = 0
(without surface water flux), a more proper way to achieve this
is by letting r, — oo (Section 2.1.1).

Comparisons are made between surface water evaporation
rate I; = 0 and I; = 1 to study the effect of its presence, as
it is absent in the original Rietkerk and Gilad models [11,12].
Vegetation is typically measured as dry mass, so that j < 1
reflects that plants consist for a large portion out of water. The
parameter j is taken to be smaller than the portion of dry mass,
to take into account the use of water in (and subefficiency of) the
photosynthesis process.

Parameter > 0 represents vegetation that is more effective
at taking up water, through an increasing per capita rate (auto-
catalysis). In the Gilad model this disproportionate uptake is
through an extended root system and » is related to the root-
to-shoot ratio. In the unification model either n = 0 or n = 1;
note that negative n would result in logistic growth. The power
parameter q determines how nonlinear this effect is. Although
g = 2 in the simplified Gilad model, in the unification model
qg = 1 to have the lowest order correction to the model with
n=0.

2.3. Notation and Turing analysis

For use in the analysis of the dryland models, we introduce
some notation and useful observations on Turing instability in
three-component reaction-diffusion systems; background and
details for both two- and three-component systems are given
in Appendix A. A general three-component reaction-diffusion
system (without cross-diffusion) is given by:

u  =diAu+f(u, v, w)
vy =dyAv+g(u, v, w)
wy =ds3Aw + h(u, v, w).
The Jacobian of the reaction terms is given by
of o  of

a1 dpp a3 u v dw

— — | & 9 38
A=l an 3= 5 5
as1 043y 0433 oh  8h  oh

ou v dw
which in case of the unification model (6) is:

—l1 — rzB 0 —TzH
A= 1B —L —rB(1+nB) r,H —riW ((1+ nB)T + qnB(1+nB)Y~") |.
0 JriB(1+nB)Y =I5 +jrW ((1+ nB)? + quB(1+ nB)~1)

(7)

The first principal minors are denoted by

A1 = 0033 — 23033,
Ay = ay1a33 — ag30as3q,
A3z = a0y — apds,

where the subindices of A indicate which row and column are
excluded before the determinant is taken.

The spectrum of a steady state (u, v, w) is given by the so-
lutions A(k) of the dispersion relation det(tM — AI) = 0, where
M = A(u, v, w) — Dk? and D = diag(d;, d», d3) is the diagonal
matrix with entries dq, d;, d3. So

det(M — AI) = =1° + By(k)2> + B1(k)A + Bo(k) = 0 (8)
where

Bo(k) = det(M)

Bik)= —Mj1—Myy — M

Bao(k) = tr(M) = tr(A) — (dy + dy + d3)k? < 0

where M;; are again the first principal minors. From the Routh-
Hurwitz criterion (Appendix A.2), the functions

Bo(k) = —d1dzdsk® + (d1d2a33 + d1dsas; + dadsaqy)

x k* — (d1A11 + daAz 5 + d3As 3)k? + det(A)

9

Bo(k) + B1(k)Ba(k) = y6k® + yak* + 12k* + 1o (10)

where

yo = det(A) — tr(A)(A1,1 + Az2 + A3 3),
y2 = tr(A)(dq(ax + as3) + da(ay; + as3) + ds(ay + ax))

+ (di +dy + d3)(A11 + A22 + Az 3) — (diA11 + daAz o + d3As3),
Ya = didaass + didsay + dydsaqy — tr(A)(dqdy + dids + dad3)

— (di +dy + d3)(dq(az + as3) + da(aq; + as3) + ds(ay + ax)),
Y6 = (di + da + d3)(d1dy + dids + drds) — dydads > 0.

are relevant for linear stability, as defined below here. Let (i, v,
w) denote a spatially homogeneous steady state.

Definition. If, for given k > 0, Bo(k) > O, then (u, v, w) is
Turing unstable against wavenumber k. If (i, v, w) is stable against
spatially homogeneous perturbations and, for some k > 0, Turing
unstable against wavenumber k, then (i, v, w) is Turing unstable.

If, for given k > 0, Bo(k) + B1(k)B2(k) < 0 while By(k), B1(k) <
0, then (u, v, w) is Turing—Hopf unstable against wavenumber k.
If (u, v, w) is stable against spatially homogeneous perturbations
and, for some k > 0, Turing-Hopf unstable against wavenumber
k, then (u, v, w) is Turing-Hopf unstable.

Note that, from these definitions, any spatially homogeneous
steady state that is not stable against spatially homogeneous
perturbations is automatically not Turing(-Hopf) unstable.

Lemma 1 (No Turing Instability). If a;1, az2, ass < 0and Ay1, Az,
As3 > 0, then (u, v, w) is not Turing unstable.

Proof. Suppose that (i1, v, w) is stable against spatially homo-
geneous perturbations, then det(A) < 0. Thus, using the as-
sumptions on a; and Aj;, all terms of Bo(k) are negative (or
zero). O

Lemma 2 (No Turing—Hopf Instability). If ai1, axz, as3 < 0 and
Ay, A3 3 > 0, then (u, v, w) is not Turing—Hopf unstable if A; ; > 0
ord; > dy, ds.

Proof. Suppose that (u, v, w) is stable against spatially homoge-
neous perturbations, then y > 0, in particular Ay 1 +A2+As3 >
0. From ayq, ay3, as3 < O it follows that y, > 0.If A;; > 0 or
di > d,, ds it follows that also y, > 0. O

Lemma 3 (Mutual Exclusivity of Turing and Turing-Hopf Instabil-
ity). For given k, (u, v, w) cannot be both Turing unstable and
Turing—Hopf unstable against wavenumber k.
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Fig. 1. Vegetation component of pattern steady states with critical wavenumber
that fit the domain 2.

Proof. By definition, wavenumber k Turing unstable implies
Bo(k) > 0, whereas wavenumber k Turing-Hopf unstable implies
Bo(k) < 0. O

2.4. Setup of continuation of spatial patterns in two space dimen-
sions

To compute steady states and their stability, the software
package pdeZpath [22] (with the routine pmcont to avoid ‘branch
jumping’ [23]) is used. Let k. be the length of the (Turing-)critical
wavevectors. Since the models in this paper are isotropic, with
a slight abuse of language, the length of the wavevector will
be referred to as the wavenumber. A rectangular computational
domain §2 is chosen:

27 27 2 2
Q_[ ke kc]x[ ﬁkc’ﬁkc}

with periodic boundary conditions in the first dimension and
Neumann boundary conditions in the second. This domain ex-
actly fits both the critical 2-stripe pattern and the hexagonal
patterns with 6 gaps/spots, see Fig. 1. Only these patterns are
computed, e.g. patterns with a different wavenumber are beyond
the scope of this article. Also, (spectral) stability is against pertur-
bations on §2 and excludes stability against e.g. large wavelength
perturbations.

Because the computation of patterns is restricted to critical
wavenumber patterns, the possibility of transitions to patterns
with lower wavenumbers is not captured. Like the transition from
gaps to stripes to spots [25], transitions to smaller wavenumbers
are typically observed in model studies with (slowly) decreas-
ing precipitation [14,15,26]. At low precipitation, the last stable
pattern could thus be a single spot of vegetation in an otherwise
bare desert, but other scenarios (e.g. in the presence of sustained
grazing [27,28]) are also possible.

3. The Klausmeier model

More than two decades ago, the first multi-component model
was introduced that accounted for water redistribution toward
vegetated areas as a driver of vegetation pattern formation: wa-
ter flows down a hill slope until it reaches vegetation and is
absorbed. In the present article, flow downhill (modeled by ad-
vection) is replaced by diffusion, which is customary on flat
terrain [14]. This version of the model is almost identical to the
Gray-Scott model [29-31], but in the context of this article it will
be referred to as the (flat) Klausmeier model. The flat Klausmeier
model has two components (water density H, vegetation density
B) and is given by:

Ht :dlAH —l1H +p
B =dsAB —I3B

—C(H,B

+iC(H, B). amn

Without the explicit distinction between soil and surface water,
the function C is a composition of infiltration and uptake. In the
Klausmeier model, it is expressed as a product,

C(H, B) = rG(H)F(B)B = rHB?, (12)

where G(H) = H models the functional response of plants to
water and F(B) = B models the amelioration of soil infiltration
characteristics by vegetation [6]. The modeling of C by a prod-
uct of F and G is not further substantiated in [6], but yields a
conceptual representation of the notion of local facilitation.

The positive spatially homogeneous steady states of (11) are,
213 5

forp> =%/,

. N
l I3 1
Bi=£ﬂ: E _ 1 with Hi=;?7,
2l; 215 r J By

where only (H,, By ) is possibly stable against spatially homoge-
neous perturbations. The Jacobian of the reaction terms is

A —Il —rB? —2rHB
—\ jrB? —I5 + 2jrHB

and evaluated in (Hy, By ):

_l, —rg? %
A+ = 11 TB+ i .
]'TB_Z‘_ 13

Naturally I3 > 0, so B is self-activating which is a necessary
condition for Turing instability (Appendix A.1), and the system
corresponds to the left panel of Fig. A.8. Choosing P = p/l; and
replacing H by P — H, lack of water is an inhibitor [32], as in the
right panel of Fig. A.8.

3.1. Mimicking the Klausmeier model: sticky-soil reduction of the
unification model

Applying the sticky-soil assumption d, = 0 (Section 2.1.2), the
unification model (6) can be formally reduced by computing

_ T‘zHB .
T rB(1+nB)+ 1’

Wit

the reduced model is then given by

H[ =d]AH —11H +p
B =dsAB —I3B

—T'zHB

: r1B(141B)
+iraHB: pa e

which is reminiscent of the Klausmeier model (11) as it provides
a way how linear infiltration and uptake processes (for n = 0) can
combine into a quadratic function (12). Indeed, for positive I, B
is self-activating (also now for n = 0) since in a positive spatially
homogeneous steady state:

r1B(1 4 nB)
r1B(1+nB) + lz}
d [ jrir2HB(1+nB) |  jhriraHB(1 + 21B)
9B |:r1B(1 +nB) + lz:|

i 3B + jroHB
B 3 Jr

9B (r1B(1+ nB) + 1)?

Pivotal is that soil water loss is not a linear function of biomass B
(namely constant); in the Gilad model [12], soil water evaporation
is decreasing with B, which would strengthen the self-activation.

Comparison of bifurcating Turing patterns in the unification
model between default parameters (d, = 100) and the sticky soil
limit (d, = 0) is shown in Figs. 4 and 5.
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Table 1

Inferred parameter values for the unification model from the literature; chosen values in the right column. Note
that in [19] parameters are expressed in gram, day and millimeter, which have been replaced by kilogram, years
and kilogram per square meter respectively. The values of r; and r, are derived from the Rietkerk (and Gilad for
o) model by computing the slope of the uptake and infiltration function at W = 0 and B = 0 respectively, see (18).

Parameter Unit Klausmeier [6] Rietkerk [19] Simplified Gilad [12]|[24] This article
d, m?[yr 500° 36500 -b -b 10000 (or 0)
d, m?/yr - 36.5 0.0625 25 100 (or 0)
d; m?/yr 1 36.5 0.000625 0.1 1

I 1/yr 4 0 0 45 Oor1

%) 1/yr - 73 4 1.5 1

I5 1)yr 18 91.25 12 2 1

r m?/(kg yr) - 3650 20 14 1

T m?/(kg yr) - 11680 720 99 1 (or o0)

j 1 0.003 0.01 0.0016 0.0021 0.01

n m?/kg 0 0 35 15 Oor1

q 1 - - 2 2 1

2Taken from [14].

PNo corresponding parameter in the Gilad model because, there, water diffuses nonlinearly.

4. The Rietkerk model

Introduced in [11,19], the Rietkerk model is given by (1) with

W)=
Ur(W.B) = 7 (13)
L= 0
so explicitly:
H =diAH +p —szB;jizkzwo
L L
B =d3;AB —I3B +jf1#§<l
with original parameter values in Table 1 and
y 1 . 1 ke
rn=18250—, rn, =73 —, wg=0.2, ki =5 —,
yr yr m a4
k, = 0.005 k—g,
m

where we used that a liter of water is equivalent to 1 mm of
rainfall per square meter, which weighs a kilogram.
The only positive spatially homogeneous steady state (for I3 <

jF1 and p > Kibbyjg

jr—1l3
B B+ + k2 k1l3 i (p _ ,(]1213 ))
Fz B+ + sz)o ’ ]Fl — 13 ’ 13 ]Fl - l3 '

where H, is expressed as a function of B.. The Jacobian of the
reaction terms is given by

(H+7 W+7 B+) = (

~ Btwgky = 1—wp
—Ty 02 0 —THky —%
27 Bk, 22 (BYkyp
_ ~ B4wgky 1 F1k1B ~ 1—wq _ W
A= 27, 2= e g — Wi
jr1kyB _ MW
0 (W+1)2 I3+ W+kq

and evaluated in (Hy, W, B, ) this becomes

_F B +wgky 0 __ Pky 1—wq
27 B +ky By +kywg By +ky
- ~ By+4wgky 1. _ _TMkiB4 pky 1-wy _ I3
A= | 275, 27 Wi+12  Bitkowg Bytky (15)
Jjr1k1By
0 (Wq+12 0

so that

= Bidwoky g FikiB4
tr(A+) = Ip) By 1ky 2 (W++1)2 0,

172k113B4 B

det(A,) = _hiakilsBy Bytwoky _

(Wi+1)2 Bytky

Thus, (H;, W,, B, ) is stable against spatially homogeneous per-
turbations if and only if the Routh-Hurwitz criterion is satisfied
(confer (10)):

Bo(0)+ B1(0)B2(0) = det(A;) —tr(A4 )(A1,1+Az,2 +As33) > 0. (16)

From (15) we can read off that ayp, 0 < 0, (133,A2’2 =0
and As3 > 0, so (Hy, W4, B;) is not Turing-Hopf unstable (by
Lemma 2 since d; > d, d3). The only option for Turing instability
is if A11 < 0 (confer Lemma 1). It holds that

A _ F] k]B+ (l jpkz 1-— Wo )
T Wy +12 P By + kowo By + ko
which is negative if
ipk 1-—
Iy < JbK2 Wo (17)

B+ + k2w0 B+ + kz '
Ifp ;‘r:’—fg then By | 0, and (17) reduces to
kowo(jT1 — 13) < jkil2(1 — wo).

This inequality is satisfied by the original choice of parameter
values (14), so Turing instability can (indeed) occur.

4.0.1. Sandy and sticky soil; reduction to two components

The sandy-soil setting (d; = 0, Section 2.1.1) applied to the
Rietkerk model does not exhibit Turing patterns since —d;A; 7 is
the only negative term in By(k) (9). From another viewpoint, in
the sandy-soil reduced system B is not self-activating (as3 = 0
in (15)) and Turing instability moreover is a priori impossible
for d = d3 = 0.1 (Table 1). For the sticky-soil assumption
(d, = 0) and subsequent reduction (Section 2.1.2), this is not as
easy to compute and therefore omitted: it was determined for
the simpler unification model in Section 3.1. Note that for the
computation in Fig. 2, there was no visual distinction between
d, = 0.1 and d; = 0, so in this case Turing instability is
preserved in the sticky-soil limit. In [33], soil water diffusion was
also neglected as no significant differences were noticed.

4.0.2. Including surface water evaporation

Changing the Rietkerk model by allowing for surface water
evaporation l; > 0, as in [34], there may be two positive spatially
homogeneous steady states of the Rietkerk model, given by

_ jLWi+I3By Bi+ky
He = Iz Bx+kywg

_ kil
Wa Jri—l3

— 2 ko Fowo(p=bpWi)=l1b W4
By = Bfolcl £ \/Bfold T h o+l
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Fig. 2. Rietkerk model with and without surface water evaporation [;, using
parameter values from Table 1 and (14). Top panel: vegetation component B,
of positive spatially homogeneous steady states, with squares at the loci where
(H4+, W,, B,) becomes Turing unstable. Stability is indicated by thick curves.
Bottom panel: range of wavenumbers k against which (H,, W,, B;) is Turing
unstable. For I; = 0, the Turing instability at low precipitation p results from
instability against small wavenumbers. For larger [; this Turing instability is
lost but the Turing instability at larger p persists (as long as I; does not become
too large). No Turing-Hopf unstable wavenumbers were encountered. Changing
d, = 0.1 into d; = 0 does not have any significant impact.

where
r20p — jWa + kalzwo) — jlilb W — kol
213(F, + 1y) .

Further analytical analysis is not attempted, the Turing instability
of (Hy, W,,B;) is shown for I; = 0,l; = 10 and [; = 20 in
Fig. 2. For I; > 0 the spatially homogeneous solution starts to fold
back and the boundary of the region of Turing unstable modes in
the (p, k)-plane no longer consists solely of marginally (un)stable
modes.

Bfola =

4.1. Mimicking the Rietkerk model: the unification model withn = 0

The unification model with n = 0 is a multi-linear Rietkerk
model in the following sense. The infiltration function in the Ri-
etkerk model Iz can be approximated by the linear function I(B) =
B. The uptake function Ui can be approximated by the multi-
linear (mass action) function U(W, B) = WB. The corresponding
rate parameters are chosen:

— 7 0 | Y
n= n aw[B]‘Wzo =k
_ 7 1-wg
_rz kz

(18)

= 9
n= hn @[IRHB:O

By replacing Ug and Iz by U and I respectively, we obtain the
unification model (6) with n = 0:

H[‘ = d] AH —I]H +p —r,HB
Wy = dzAW —le +rHB —r{WB (19)
Bt = dgAB —l3B +]T1WB

The positive homogeneous steady states of (19), for p >
Ll kb /ﬂ) ; .
7 (rz + 3 +2 rr. )» are given by:
He =g (1+:%)
T n r1B+
wy =254

jr

1(ip [ L 1(jp l L 2 141
— (¥ _ 1 _ 2 Iy _a_ 2 — A2
Bi 2 (13 r T]) + 4 ([3 ) T]) T

where B_ is only positive if [; > 0. Substituting this in the
Jacobian of the reaction terms (7), with n = 0, yields:

I — 1Ba 0 = (1 n ﬁ%)
Ai = rZBj: _lz _ T]Bi ]:?Ei . (20)
0 jT]Bi 0

4.1.1. Sandy and sticky soil; reduction to two components

For the same reasons as mentioned for the Rietkerk model
in Section 4.0.1, the sandy soil limit d; = 0 does not yield
Turing patterns. The sticky-soil reduction was determined in 3.1,
showing that vegetation B is self-activating. A comparison of the
unification model with default parameter value, d; = 100, and
sticky soil, d, = 0, is presented in Fig. 4.

Remark. Note that vegetation B has become self-activating only
after sticky-soil reduction: B is not self-activating in (the unifica-
tion model mimicking) the Rietkerk model (a3 = 0 in (15) and
(20)). Despite this, B is sometimes referred to as ‘activator’ in the
Rietkerk model in the literature [3,34].

4.1.2. Turing patterns

We first look into stability of the spatially homogeneous
steady states against spatially homogeneous perturbations. It
holds that

tr(As)
det(A)

and sign(det(A+)) = F1 so (H_, W_,B_) is unstable against
spatially homogeneous perturbations. Now (H,, W, B, ) is stable
against these perturbations if and only if the Routh-Hurwitz
criterion (16) holds, with

A1 = -kl <0,
Ayp =0,
As3 = (li + By )L +1r1By) > 0.

Ifn=0,1l; > I3 and dy > d,, ds, then it does hold:

Bo(0) + B1(0)B2(0) = I3(l1ly — ryrBL) + (I + by + (11 + 12)By)
X ((h + 1By )L + 11By) — bl3)
> Iy(lily — r12B2 ) + (lh 4 L + (r1 + 12)BS.)
X l3rlB+ > 0.

=-I -l —(rn+nr)Bs <0,
= l3(lhl, — riryBL),

(21)

Since B, is invariant under a change of parameters (I3, p)
(813, 8p), it is easy to see that the criterion holds if § is small and
fails if § is large.

Next we view the stability of (Hy, W, B) against spatially
heterogeneous perturbations. Since a1, az; < 0, ass, Ay, = 0 and
As3 > 0, it can only be stationary Turing unstable, through A; ; <
0 (confer Lemmas 1 and 2). The signs of the elements of A,,
and their roles in Turing pattern formation, are graphically repre-
sented in the left panel of Fig. 3. In Fig. 4, a comparison of Turing
instability for d, = 100 (default) and d, = O (sticky soil, Sec-
tion 2.1.2) of the unification model with n = 0 is shown. Turing
pattern formation is preserved; with soil water flux (d, = 100)
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n=1,By <ly/n n=1,By >1ly/n

@ O O

Fig. 3. Depiction of processes involved in Turing(-Hopf) instability in the unification model for n = 0 (left diagram) and n = 1 (middle and right diagram). If, in
response to a marginal increase of component X, component Y increases, then this is represented by X — Y (activation). If instead the response in negative, this is
represented by X —'Y (inhibition). Left: the mutual activation W <> B (component 2 resp. 3) causes A;; < 0. If (17) holds, the Rietkerk model corresponds to this
situation. Note that there is no arrow from B to itself, so vegetation is not self-activating: as3 = 0. Middle: as for n = 0, A;; < 0 because B <> W, but here also the
self-activation of B combined with the self-inhibition of W contributes. In addition, as3 > 0 (B — B) and A, < 0 (B — B together with H 4 H). Right: Still A;; <0,

although B now inhibits W. Also still as3 > 0 and A, < 0.
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Fig. 4. Turing patterns in the unification model, using default parameters (Table 1) with » = 0, compared to using the same parameters except d, = 0 (sticky-soil
limit, Section 2.1), for I; = 0 (left) and I; = 1 (right). Top panels: root mean square (RMS) of the vegetation component B of selection of steady states as a function
of precipitation p. Stability on the domain £2 is indicated by thick lines. Stable homogeneous states enter top right and become Turing unstable, giving rise to gap,
spot and stripe patterns. The stability of the steady states in the reduced sticky-soil two-component models is identical to those in the three-component models
with d; = 0. Only the spot patterns for d; = 100 are unstable for all p (on §2); the bifurcation structure is well-preserved in the sticky-soil limit. Bottom panels:

range of wavenumbers k against which (H;, W, B;) is Turing unstable. By Lemma 2, homogeneous steady states cannot be Turing-Hopf unstable. For I; = 1, by
(21), there are no wavenumbers k against which (Hy, W, B..) is Turing-Hopf unstable. For l; = 0, tiny insignificant ranges of Turing-Hopf unstable wavenumbers

exist (not shown).

spots with critical wavelength are always unstable whereas with-
out soil water flux (d; = 0) spots are stable for a range of
precipitation p (on £2). Furthermore, the presence of surface
water evaporation [; shifts the solution branches for large p and
introduces folds for small p.

Remark. Mutual activation of W and B, e.g. as in the left panel
of Fig. 3, can be transformed into a mutual inhibition by replac-
ing W by P — W, as in Fig. A.8. So this driving mechanism of
Turing pattern formation is equivalent to the “inhibition of an
inhibition” [35], which is also prevalent in [36].

5. Simplified Gilad model

In the Gilad model, as in the Rietkerk model, it is assumed that
surface water evaporation is negligible: [; = 0 (except in [37]).
From [24], without imposing a bound on the biomass (K = o0),
the flat Gilad model is given by:

2H =diAH? +p —H - Ix(B)
W =dAW —bLW +RHH-IR(B) —GwW (22)
2B =d;AB  —LB +GsB

with infiltration I identical to the Rietkerk model (13) and

Gw(x) = 17 / Gy, X)BY)AY,
2

Go(x) = jry / Glx, yIW(y)dy.
2

exp (_ x —yI* )
275 2 (So(1 + nB(x))*
By taking a limit of the lateral extent of the roots Sy to zero, the
nonlocal terms can be replaced by local ones [20]. It holds that

= rB(x)(1 + nB(X))*;
= jriW(x)(1 + nB(x))?,

see Appendix B for computational details. Together with the
replacement of nonlinear by linear surface water diffusion (which
in the Klausmeier model does not seem to make a qualitative
difference [31]), (22) simplifies to

where G(x,y) =

limg, .o Gw(X)

. 23
lim, o Ga(x) 23)

2H =diAH +p —7,H - Iz(B)
AW =dAW —LW +RH-Ix(B) -rU (24)
2B =d;AB  —LB +jr U
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with uptake
U(W, B) = WB(1 + nB)>.

Now (24) fits the framework (1).

5.0.1. Sandy and sticky soil; reduction to two components
After applying the sandy-soil reduction (Section 2.1.1), the
Jacobian of the reaction terms becomes

A (—12 —r1B(1 + nB)? —riW(1 4+ 43B + 3n*B?) )
jriB(1 + nBy? —I3 +jriW(1 + 4nB + 31?B?)

where evaluation of ay; in a positive spatially homogeneous state

(W,, B,) shows that B is self-activating:

an(Wy, By ) = 2jrnWinB, (14 nB4) > 0.

This has been utilized in [20]. For determining the sticky-soil
reduction (Section 2.1.2):

. HH - Ig

" B(1+nBR 4L

which (depending on parameters) after substitution in U does
yield a two-component Turing system. Resulting Turing patterns

of a simplified Gilad representative in the unification model are
computed next.

st

5.1. Mimicking the simplified Gilad model: the unification model for
n=1

Replacing Iz in (24) by I, as in Section 4.1, we obtain the
unification model (6) with ¢ = 2. To view the lowest order
correction to the model with n = 0, we replace g =2 by q = 1.
We also take into account surface water evaporation: [; > 0.

In this case, the two positive spatially homogeneous steady
states of (6) are given by:

I I
He =g (] + rlgi(lz‘HIBi))

— I3
Wi = Jjr1(1+nBx)

with B the solutions of
jpriraBL(1+ nBy) — I3 (I (b + r1B+(1 + nBy)))
+ 1By (b +11B+(1+1nBy)) =0

for p sufficiently large.
The Jacobian of the reaction terms evaluated in (Hy, W4, By)
is

= ryBs 0 -5 (14 st
Ar=| 1B —lb—riBi(1+nBs) P
0 JjriB+(1+ nBy) {infsi
(25)
so that
tr(Ar) = —li—bL —rBy —rBy(1+nBy)+ fi"fgj

det(As) = anAvg+ 15 (h(l 4+ nBs) — raBi(ry + n + rinBy))

where sign(det(A+)) = F1 so (H_, W_, B_) is unstable against
spatially homogeneous perturbations. Note that again (Hy, W,
B.) is invariant under a parameter transformation (l5,p)
(815, 8p), so tr(A,) can both be positive (for large §) and nega-
tive (for small §). Apart from the sign of the trace, stability of
(Hy, W4, B;) depends on fulfillment of (16).

5.1.1. Sandy and sticky soil; reduction to two components

Since as3 > 0 (25), the sandy-soil reduced system
(Section 2.1.1) does satisfy the self-activation condition for being
a Turing model (Appendix A.1). The sticky-soil reduction was
already determined in Section 3.1. Comparison of Turing patterns
for various parameter settings is presented in Fig. 5.

5.1.2. Turing patterns
From (25) we can read off that a1, a; < 0, as3 > 0,

A = —bl (1 n 1j§+ﬂ+) <o,
Ay =—(h+ TZB+)1I§:I,,BB++ <0,

A3z = (lh +nrBy)l + 1B (1+1nBy)) > 0.

So Turing(-Hopf) instability can be caused by as33 > 0, A1; < 0
as well as A, < 0 (confer Lemmas 1 and 2). This is graphically
represented in Fig. 3.

In Fig. 5, Turing patterns are shown for both the default
parameter setting (d; = 10000, d, = 100), the sandy soil
limit (l;, = d; = 0) and the sticky-soil limit (d, = 0), for
the unification model with n = 1. Again, Turing-Hopf unstable
modes do not play a (significant) role, and the range of stability
of the steady states in the reduced two-component systems is
identical to those in the corresponding three-component system.
Just like for n = 0, the qualitative bifurcation structure near
Turing is preserved when changing from default (d, = 100) to
sticky soil (d, = 0); what stands out is that both the stripes
and spots gain a range of stability for d, = 0 in comparison to
d, = 100. The change from d; = 10000 to the sandy-soil limit
dy; = 0 is more drastic: Turing bifurcation occurs at much smaller
precipitation p, with stripes bifurcating supercritically instead of
subcritically, and it exhibits a stable range of spots instead of
gaps. What also makes the bifurcating Turing patterns in this
sandy-soil limit stand out from all the other pattern bifurcation
plots, is that the branches return to the spatially homogeneous
solution at the black cross. This scenario can already be read off
from the orange range of Turing unstable wavenumbers, since
the orange curve of Turing marginally unstable modes attains the
value k = k. twice, namely at the orange square indicating the
Turing instability and at the black cross.

As observed for n = 0, changing the surface water evaporation
rate from Il; = 0 to I; = 1 only constitutes a shift for large
precipitation p, at small p branches fold for I; = 1. In comparison
to n = 0 (Fig. 4), for n = 1 the spots still bifurcate supercritically
but only after two or four folds the branch arrives at small p
(except for d; = 0). Furthermore, Turing patterns form at lower
p for n = 1 than for n = 0.

6. Turing-Hopf instability: three versus two components

Until now, the range of stability of steady states in the sandy-
soil (l; = dq = 0) and sticky-soil (d, = 0) limit did not depend
on whether a subsequent reduction to a two-component system
was performed. Here we deviate slightly from the parameter
values in Table 1 by choosing slow infiltration r, = 0.1 and
n € {0, 0.25,0.5, 1}, and study the three-component unification
model in the sandy soil limit (l; = d; = 0). From an ecological
perspective it makes more sense to study the reduced two com-
ponent model (Section 2.1.1) and sandy soil would rather imply
r, > 1; the results below are mainly meant to illustrate how
the dynamics of the two- and three-component model can be
different (even though the steady states are equal). In particular,
in a two-component system a spatially homogeneous steady state
cannot be Turing-Hopf unstable (Appendix A.1).

The Turing(-Hopf) unstable modes are shown in Fig. 6. For n
€ {0, 0.25}, there are no Turing unstable modes. For n € {0.5, 1},
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Fig. 5. Reductions of the unification model mimicking the simplified Gilad model, using the parameters from Table 1 and n = r, = 1. Top panels: root mean square
(RMS) of the vegetation component B of a selection of steady states as a function of precipitation p. Stability on the domain £2 is indicated by thick lines. Stable
homogeneous states enter top right and become Turing unstable, giving rise to gap, spot and stripe patterns. Bottom panels: range of wavenumbers k against which
(H4+, W,, By) is Turing unstable. For [y = 0 tiny ranges of Turing-Hopf unstable wavenumbers exist (not shown), but only within the range of precipitation p where
(H4+, W4, B,) is already Turing unstable. Left: (un)stable steady states of the unification model with I; = d; = 0 (see (3), in orange), in this case stability is identical
to stability in the sandy-soil reduced two-component system (2); both the spots and stripes bifurcate stably on £2 and the gaps are always unstable; the branches
converge back to the spatially homogeneous state at the second solution of By(k:.) = O (see (9)). For d; = 10000 (and Iy = 0 or 1), only the gaps (with critical
wavenumber) are stable on £2 for a range of p. Right: (un)stable steady states of the unification model with d, = 0, again stability is identical to stability in the
(sticky-soil) reduced two-component system (4); all patterns are stable (on §2) for a range of p-values. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
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Fig. 6. Range of wavenumbers k against which (H,, W,, B;) is Turing(-Hopf) unstable in the unification model with I; = d; = 0 (sandy soil) and r, = 0.1 for
n = 0,0.25,0.5, 1. Squares indicate the loci where (H,, W, B;) becomes Turing(-Hopf) unstable. In the two-component sandy-soil reduced system the Turing
unstable modes all persist but the Turing-Hopf unstable modes all disappear. Top left: n = 0. There are no Turing unstable modes. The homogeneous steady state,
for decreasing precipitation p, first becomes Hopf unstable against a spatially homogeneous mode k = 0. Top right: n = 0.25. A Turing-Hopf instability appears.
Bottom left: n = 0.5. Turing-Hopf unstable modes and Turing instability appear. The Turing instability is preceded by the Turing-Hopf instability (for decreasing p).
The range of Turing unstable wavenumbers and Turing-Hopf unstable wavenumbers (e.g. orange and purple region respectively) are disjoint (Lemma 3): the region
of Turing-Hopf unstable modes is split in two. Bottom right: n = 1. Turing unstable modes coincide with Turing unstable modes in bottom left panel of Fig. 5. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

there are Turing unstable modes but, for decreasing precipitation explanation is that, as I; = d; = O, resource (surface water)

p, the Turing instability is preceded by a Turing-Hopf instabil- accumulates at locations without vegetation. Neighboring vegeta-
ity. In the corresponding reduced two-component system, no tion can spread toward such a location, deplete the resource, and
Turing-Hopf unstable modes exist and all the Turing unstable ‘move’ toward a next location. Then the build-up of resources can
modes persist: the spatially homogeneous steady state would be start again. Obviously, with the resource being surface water this
destabilized by the Turing instability. is not a realistic scenario and the corresponding two-component

Time-integration of the unification model for n = 1, with reduced model (without surface water component) - which does

p = 330 in the range of Turing-Hopf instability (Fig. 6), shows not have this Turing-Hopf instability — was the more logical one
the formation of rotating spiral patterns, in Fig. 7. A heuristic to choose anyways.
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Fig. 7. Simulation of the unification model with p = 330, n = 1, r, = 0.1 and |y = d; = 0. The spatially homogeneous steady state is not Turing unstable but
Turing-Hopf unstable (Fig. 5). Domain size 100 x 100 with periodic boundary conditions. As time progresses, moving patterns start to grow that eventually develop

into (pairs of) rotating spirals.

Notably, spiral vegetation patterns have been reported re-
cently in highlands in arid conditions on the border of wetlands
in Chile [38] and in Morocco and Bolivia [39]. Formation of spirals
within the Rietkerk model, out of a pattern of stripes instead
of a spatially homogeneous state, was reported for a particular
parameter combination in [25].

7. Implications for model selection

The Klausmeier, Rietkerk and Gilad models have been suc-
cessful in qualitatively reproducing observed spatially periodic
vegetation patterns. On a fundamental level, the different models
produce the same outcome (referred to as equifinality) and the
challenge is to use observations to discriminate between alternate
explanatory mechanisms [40]. In this article the Rietkerk and sim-
plified Gilad model were represented within a unification model,
and the Klausmeier model was approximated by reduction of
the unification model. The unification model is a minimal model
that focuses on processes that drive vegetation pattern formation:
infiltration is a linear function of surface water and vegetation;
uptake is linear in soil water and linear or quadratic in vegetation,
replacing more refined nonlinear functions in the Rietkerk and
simplified Gilad model. This allowed the identification of drivers
of Turing pattern formation in different models.

Model selection could be based on measuring these drivers
using field experiments, but there are some challenges. Precip-
itation in drylands is intermittent, though in the models it varies
on the climatic time scale (see e.g. [33,41-44] for model stud-
ies with seasonality/intermittency). If the real-world process is
linear, average precipitation may suffice as model input. But, for
instance, the spreading speed of surface water depends on rain

shower intensity and this process is represented in models by a
constant diffusion constant d;. In this case measurements of an
intermittent nonlinear process need to be translated into some
(weighted) average that can be used in the model.

Notwithstanding these issues, based on field measurements it
might be possible to determine whether in response to a marginal
increase in vegetation, the marginal increase in surface water in-
filtration is larger than the marginal increase in soil water uptake.
In all models, this is exactly what leads to the first principal minor
A1,1 being negative, which is the only driver of Turing instability
in (the representative mimicking) the Rietkerk model.

In (the representative mimicking) the simplified Gilad model,
additionally vegetation is self-activating (as3 > 0), because up-
take through the root network increases disproportionally with
plant size. For individual plants, the uptake rate could be mea-
sured as a function of plant size. If patches of vegetation consist
of multiple individual plants the interpretation becomes more
challenging, since two plants at the same location may have equal
biomass as a single larger plant, but a smaller combined root
network.

In the literature and in this article, it has been tacitly assumed
that the vegetation mortality rate is constant, and in this case
auto-catalysis of the vegetation is equivalent to self-activation
of the vegetation. Based on lower temperature measurements
within vegetation [37], or by associational resistance to graz-
ing [45], the mortality rate could be a decreasing function of
vegetation. In this case vegetation may be self-activating without
being auto-catalytic.

We found that the Klausmeier model can be approximated by
sticky-soil reduction (no soil water flux) of the unification model,
but there are some fundamental differences. For instance, in the
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Klausmeier model, stripes generally bifurcate supercritically [31],
in Fig. 4 and the top right panel of Fig. 5 they bifurcate subcrit-
ically. This is especially relevant since many of the (analytical)
results in the literature are specific for supercritical bifurcations.
The differences between the unification model with and without
soil water diffusion were only minor: stripes and spots of critical
wavenumber tended to gain stability without soil water diffu-
sion, but for smaller wavenumber the situation may be different.
Subsequent reduction to a two-component model did not change
steady state stability in any of the cases.

Because vegetation is not self-activating in the Rietkerk model,
in the sandy-soil limit (no surface water flux) Turing pattern
formation disappears. For the unification model mimicking the
Gilad model, Turing patterns are still present in the sandy-soil
limit, but the changes are quite dramatic, indicating that surface
water flux does play an important role for the default choice
of parameter values. Subsequent reduction to a two-component
model again did not change steady state stability, except for
ecologically unrealistic parameters in Section 6.

In this article, the stability on a bounded domain 2 was
computed for a selection of bifurcating patterns within a minimal
model with largely unsubstantiated parameter values. These lim-
ited numerical continuation results leave some questions unan-
swered. As an example, the sandy-soil reduced model (without
surface water flux) is the only model in this article with stripes
and spots bifurcating stably on 2 (Fig. 5), not complying with
the “standard sequence” [25], a difference that could be analyzed
close-to-equilibrium e.g. by bifurcation analysis on a hexagonal
lattice [46]. It would probably be a poor model to study “fairy
circles” (gaps) in the Namibian sandy soil [47,48], since the model
does not exhibit stable gaps with critical wavenumber. It is not
clear what the pivotal (ecological) difference with the sandy-
soil reduced simplified Gilad model [20] is, that results in the
selection of gap patterns there.

A more refined analysis is needed for thorough comparison
of model output. By applying numerical continuation techniques,
representations of all stable patterns (Busse balloons) can be
computed, which would provide a more solid basis for model
comparison and can be tested against distributions of remotely
sensed vegetation patterns [2,49-55].

Although steady states in three-component sandy/sticky mod-
els and those in the two-component reduced models are equal,
they are more likely to be Hopf unstable in the three-component
model and the dynamics might be different. In reaction-diffusion
systems with advection, the anisotropy may cause patterns to
move in a specific direction: in a comoving frame they would still
be stationary. Turing-Hopf instability in isotropic systems (as in
this article) results in movement in all possible directions, with
patterns that are less regular than the steady states that generally
arise after Turing instability. For application of advanced mathe-
matical techniques, it is convenient to study the simplest model
possible.
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Appendix A. Turing instability

Following the original article from Alan Turing [13], there have
been numerous follow-up articles extending or reinterpreting
this seminal work, see e.g. [56-63]. For easy reference, here
some well-known properties of the Turing(-Hopf) instability in
both two- and three-component reaction-diffusion systems are
revisited.

A.1. Two-component Turing systems

A general two-component reaction-diffusion system without
cross-diffusion is given by:

u = diAu+ f(u, v)
Vr =

dy Av + g(u, v).
The Jacobian of the reaction terms is given by:

aof of
a1 dn . v

Alu, v) = = | o v,
( ) a1 dx g—ﬁ %

We assume the existence of a spatially homogeneous solution
(u, v) that is stable against spatially homogeneous perturbations
(tr(A(u, v)) < 0 and det(A(u, v)) > 0). Since (A.1) is isotropic, we
use k to denote the length of the wavevector of a periodic per-
turbation, i.e. in two spatial dimensions with wavevector (ky, k),

(A1)

k= ,/ki + ki, and refer to k as the wavenumber.

The dispersion relation is given by det(M — AI) = 0, where
M = A — Dk?* and D = diag(d,, d;) the diagonal matrix with
entries dq, dy, So

det(M — AI) = A% + a1 (k)& + ap(k) = 0 (A2)
where

(Xo(k) = det(M) = d]d2k4 — (d]azz + dzau)kz + det(A),

ay(k) = —tr(M) = (d; + dy)k* — tr(A) > 0.

Splitting (A.2) in real and imaginary parts:

Re(1)? — Im(L)? + a1 (k) Re(}) + ag(k) = 0
2Re(A)Im(A) + a1 (k) Im(A) = 0

and looking for critical spectrum, Re(A) = 0, from the second
equation it follows that Im(A) = 0 and substituting this in the
former yields ag(k) = 0. Since Im(A) = 0, Turing-Hopf instability
is impossible. Traveling solutions away-from-equilibrium can still
exist though, confer e.g the FitzHugh-Nagumo PDE [64].

The equation «g(k) = 0 shows that the Turing instability can
only occur if dia;; + dya;; > 0, meaning that (since tr(A(u, v)) <
0) either ay; > 0 or ay; > 0. Without loss of generality we may
assume that a; > 0. From det(A(u, v)) > 0 it now follows that
either a;; > 0 or ay; > 0. The two corresponding systems are
depicted in Fig. A.8, with the first component now denoted by O
(lf app < 0 and azr > 0) orP -0 (lf a; > 0 and a;p < 0)
and the second component by B. Since the two systems can be
transformed into each other by replacing O by P — O, with P a
sufficiently large constant to retain positivity, in some sense there
is only one two-component Turing system.

Remark. There is some disagreement on the definition of acti-
vator in the literature. All authors would agree that in the right
panel of Fig. A.8, B is the activator. In the left panel, most authors
still identify B as the activator whereas in the definition of [59],
0 is now the activator. To avoid confusion, in this article B will
be described as self-activating.
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Activator-inhibitor

Activated-inhibited

Fig. A.8. Two-component reaction-diffusion systems in equilibrium that admit
a Turing instability: activated-inhibited vs activator-inhibitor. Left: component
B is activated (—) by itself and by O; component O is inhibited (H) by itself and
component B. Component O is sometimes referred to as depleted substance [57]
or substrate [58]. Right: by replacing O by P — O, with P a constant such that
positivity is retained, the inhibition of O by B is replaced by an activation of
P — 0 by B, and the opposite holds for the activation of B by O. Now B activates
itself and P — O; P — O inhibits itself and B.

A.2. Routh-Hurwitz criterion of three-component Turing(-Hopf) sys-
tems

The Routh-Hurwitz criterion provides necessary and sufficient
conditions on linear stability of a linear system of equations.
For self-containment, a derivation in the special case of three-
component (Turing) systems is given. The dispersion relation

(8),

det(M — M) = —2> + By(k)A? 4 B1(k)A + Bo(k) =0

can be split into real and imaginary parts

— Re(2)’ + 3Re(A)Im(%)? + Ba(k)Re(r)* — Ba(k) Im(2)*
+ Bi(k)Re() + Bo(k) =0

— 3Re(A)’ Im(1) 4 Im(1)* + 28,(k) Re(A) Im(%) + B (k) Im(1)
=0

and assuming criticality (Re(A) = 0) gives

—B2(k)Im(%)* + Bo(k) = O

Im(1)> + B4(k)Im(1) = 0

so that we have marginal Turing instability (Im(A) = O and
Bo(k) = 0) or marginal Turing-Hopf instability (Im(1) = &+ ﬁ;’—ﬂﬁi

= £/=Bi(k), so Bo(k) + B1(k)B2(k) = O with Bo(k), pi(k) < 0).
Appendix B. Simplification of the Gilad model

Here we compute that (23) holds.
G =i [ | GOy

=jr / exp (— Xy~
' Ja2 2782 2 (So(1 + nB(x)))>
1 |’

ex -
22782 P 253

+ x) dy

) W(y)dy

jri(1 + nB)Y /
R

/

W <—y
1+ 7B(x)

—jri(1+ nB(x))* (5(3/) *W (ﬁ ' x>>
=jri(1+ nB(x))*W(x)

as Sg — 0 where we used the substitution y = Hy—;(x) + x (and
§ is the Dirac distribution). For the other integral, we follow the
same procedure and in addition use the mean value theorem:

G (%) =r / Gly. x. B(y)dy
RZ

_r / exp (— y =X )B(y)dy
2 282 2 (So(1 + nB(y)?

B 1  ly—=x?
=N /1; 2z P ( 2501+ nB(X)))Z) By

+r/ ! ex| (— - x? >
' Jp2 2782 P 2 (So(1+ nB(2)))*

nly — x|*VyB(z) - (y — X)
S+ nb@) WY

) 3 y
—jri(1 4+ nB(x)) (8(y’) *B (—1 - + x))

nly'*VyB(z) -y
S

+ jri(1 4+ nB@)*  8(y)

y/
B<1+nB(Z) “)

=jr1(1+ nB(X))*B(X).
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