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a b s t r a c t 

In this work, a grain-scale modelling technique is introduced for the simulation of unsaturated flow in deforming 
and swelling granular materials. To do so, a pore-scale model for unsaturated flow is coupled to the discrete 
element method (DEM). It is assumed that initially a dry packing of particles is quickly invaded by a liquid 
and becomes fully saturated. Particles start absorbing the liquid and this causes a rearrangement of particles, 
entrance of air into the packing, and a redistribution of the liquid (i.e. unsaturated flow). Flow was computed 
using a scheme of implicit pressure solver and explicit saturation update (IMPES), whilst particle movement was 
modelled using DEM. Simulations are continued until the packing is dry again. This is the first time that such 
a pore-scale model has been developed. We have used the model to investigate unsaturated flow during drying 
of a bed of swelling particles. Results indicated that the characteristic time scales of unsaturated flow and water 
absorption determine the swelling behaviour of the particle packing. 
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. Introduction 

Unsaturated flow in swelling porous materials poses an intricate and
ighly coupled problem. Swelling not only causes deformation of the
olid phase and rearrangement of grains, but also affects the distribution
f the liquid inside the pores, which subsequently affects the swelling
f the solid phase. For example, a coal bed may swell due to injection
nd subsequent adsorption of CO 2 inside the coal matrix, which causes
n increase in internal stress and a subsequent decrease in permeabil-
ty ( Espinoz et al., 2014 ; Pan et al., 2012 and references therein). But,
he decrease in permeability inhibits the usage of coal bed for further
arbon sequestration. Swelling of porous materials also occurs in an-
hropogenic materials such hydrophilic binders inside the coating layer
f paper during ink injection (see e.g. Lamminmäki et al., 2012 ), the
welling of potatoes during frying ( Takhar, 2014 ) and the swelling of
tarch in food (e.g. Tester and Morrison, 1990 ; Yeh and Li, 1996 ). 

In this work, the focus is on swelling of a bed of Super Absorbent
olymer (SAP) particles, which are used in hygienic products. SAP par-
icles can absorb distilled water up to 1000 times their initial weight and
p to 40 times of a fluid having a physiological salinity (e.g. Graham and
ilson, 1998 and references therein). The swelling of an individual SAP

article is a complex process. It includes fluid transport into the polymer
ramework of particle, ion redistribution inside the polymer framework
 Bertrand et al., 2016 ; Yu et al., 2017 ; Huyghe and Janssen, 1997 ), an ex-
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anding particle boundary ( Radu et al., 2002 ; Sweijen et al., 2017b ), as
ell as the cracking of surface of an initially dry SAP particle ( Ding et al.,
018 ). The swelling of a bed of SAP particles is not only controlled by the
welling of individual particles, but also by processes occurring within
he pores of the particle bed ( Diersch et al., 2010 ; Sweijen et al., 2017a ).

Swelling of porous materials is a specific case of hydromechanical
oupling that, in general, involves the coupling of deformation of the
orous solid and liquid flow inside its pores. To characterize hydrome-
hanical coupling, macro-scale models have been developed that de-
cribe both deformation and unsaturated flow. However, the constitu-
ive relations in such models are still being debated; in particular the
ependency of effective stress on capillary pressure and interfacial area,
.g. in Bishop’s equation ( cf Nikooee et al., 2013 ; Huyghe et al. 2017 ).
n addition, macro-scale models entail many dependencies that must
e identified prior to simulations. For example, hydraulic parameters
uch as (relative) permeability and capillary pressure-saturation curves
epend on the state-of-stress of a porous material, which has been
hown experimentally (see e.g. Nuth and Laloui, 2008 ; Salager et al.,
013 ; Oh and Lu, 2014 ; Tavakoli Dastjerdi et al., 2014 ) and numeri-
ally (see e.g. Rostami et al., 2015 ; Sweijen et al., 2016 ). Milatz and
rabe (2019) studied the relation of unsaturated flow with shearing of
 grain-skeleton of sand, using CT imaging. Their study gave insight
n the dependency of e.g. interfacial area of air and water on strain.
or swelling materials, there are more constitutive equations required
uch as the effect of water saturation on the swelling rate and the effect
ay 2020 
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Table 1 

Overview of simulations runs. The simulation number is also in- 
dicated in Fig. 4 . 

Simulation Description k0 𝜏abs 𝜏def 𝜏flow 

#1 Rigid packing 1 1 ∞ 1.33 

#2 Swelling 0.1 10 9.2 × 10 -5 1.33 

#3 Swelling 1 1 9.2 × 10 -5 1.33 

#4 Swelling 10 0.1 9.2 × 10 -5 1.33 

#5 No swelling 0 ∞ 9.2 × 10 -5 1.33 
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f swelling rate on water pressure inside the porous material (see e.g.
iersch et al., 2010 ). 

Experimental characterization of swelling materials is complex,
hich is particularly true for swelling of SAP particles. The swelling and
eformation are large and the period is short; typically, SAP absorbs 40
imes its initial weight within 5 to 10 minutes (e.g. Kabiri et al., 2003 ).

An alternative to experiments would be to conduct pore-scale mod-
lling based on pore-scale physics and rules. There is a huge litera-
ure on pore-network models for the description of (two-phase) flow
nd transport in granular porous media (see e.g., El-Zehairy et al.,
019 ; Molnar et al., 2019 ; Joekar-Niasar et al., 2010 ; Raoof and Has-
anizadeh, 2010 ). In pore-network models, the pore space is explicitly
econstructed and one can account for pore sizes, shape, topology, and
onnectivity. Even possible changes of the pore space as a result of dis-
olution/precipitation ( Wolterbeek and Raoof, 2018 ) or biofilm growth
ave been included ( Qin and Hassanizadeh, 2015 ). However, in pore-
etwork models, one cannot explicitly take into account the shape of
rains, their movement and deformation, or temporal changes in shape
nd size. 

A suitable grain-scale model for simulating deformation of particle
acking’s is the Discrete Element Method (DEM), which is capable of
omputing the movements of individual particles during deformation
nside a 3-dimensional packing of particles ( Cundall and Strack, 1979 ).
EM has previously been coupled to a pore network by Kharaghani et al.

2011) to study mechanical effects during drying. DEM can also be cou-
led with the Pore Finite Volume (PFV) method to simulate a number of
ifferent processes, such as: i) saturated flow inside deforming packings
f spheres ( Chareyre et al., 2012 ; Catalano et al., 2014 ); ii) fluidization
f a bed of particles ( Montellà et al., 2016 ), and iii) erosion of a particle
ed (Hosn et al., 2019). DEM has also been coupled to the Pore-Unit
ssembly (PUA) method, which subdivides the pore geometry into pore
nits and pore throats. Using the coupling of DEM with PUA, capillary
ressure-saturation curves have been constructed for a large variety of
article packing’s to study soil water retention curves ( Yuan et al., 2015 ;
ahmoodlu et al., 2016 ; Sweijen et al., 2016 ). Thus, using DEM with

ither PFV or PUA allows for pore-scale simulations of the coupling be-
ween deformation and fluid flow (or capillarity). This yields insight into
omplex 3-dimensional processes of particle rearrangement and fluid
ow inside granular materials, which otherwise would be difficult to
tudy experimentally; see for example the comprehensive experimental
ork of MacMinn et al. (2015) on 2-dimensional particle rearrangement
ue to fluid flow. 

Recently, Sweijen et al. (2018) coupled DEM to a pore-scale model
or unsaturated flow. They developed a pore-scale model using IMPES
implicit pressure and explicit saturation scheme), which was based
n PUA and could simulate dynamic drainage inside a rigid packing
f spheres (thus not allowing for deformation). That work combines
wo-phase flow algorithms originating from pore-network models (see
.g., Thompson, 2002 and Joekar-Niasar et al., 2010 ) with the con-
ept of pore-unit assembly. In the present work, the dynamic code of
weijen et al. (2018) is extended to include large swelling of grains due
o water absorption, their subsequent deformation, and the change of
ore space. This is the first grain-scale model that is capable of simulat-
ng unsaturated flow in an packing of highly swelling grains. 
The aim is to study swelling of a SAP particle bed and the subsequent
rying (or drainage) of the pore space. To do so, we have the following
bjectives: 

i) to develop a pore-scale model that can simulate unsaturated flow in
deforming porous materials, by extending the coupling of DEM and
PUA and include deformation; 

ii) to identify processes that occur during drainage and swelling of SAP
particle beds and to identify their characteristic time scales; 

ii) to study a rigid packing of swelling particles; 
v) to study the effect of swelling rate of individual particles on the

swelling behaviour a bed of particles. 

These objectives are tested on a virtual particle bed of SAP particles
nside a beaker glass. The packing is initially saturated with water. The
AP particles will start to swell and absorb water, whilst air will move
nto the particle packing from above. When the initial volume of water
s absorbed, the particle packing will stop swelling. 

. Numerical methods 

The simulation framework we use is the open-source software
ade, which is a 3-dimensional numerical model based on the Dis-
rete Element Method, DEM ( Š milauer et al., 2015). In that framework,
weijen et al. (2018) previously added the pore-unit assembly method
o enable unsaturated flow inside particle packings. In this approach,
n assembly of pore units is generated based on the particle locations
n DEM. Using that assembly, unsaturated flow has been simulated for
on-deforming assemblies of particles. In what follows, we extend the
ore-unit assembly method to enable simulation of unsaturated flow and
eformation, thus allowing for coupled calculations of unsaturated flow
nd particle movements following DEM. For simplification, in DEM cal-
ulations for determining the movement of grains, we do not include
orces exerted on particles by pore fluids (air and/or water). The phys-
cal meaning of this assumption is that capillary and viscous forces,
hich act on particles, do not affect the movement of particles. In fu-

ure work, adding forces that arise from the occupancy of pore units by
ater and water can relax this assumption, following the work by Yuan
nd Chareyre, 2017 . 

.1. Determining the pore-unit assembly 

In order to allow for coupling of DEM simulations with unsaturated
ow, a meshing algorithm is employed that extracts a pore-unit assem-
ly out of the particle configuration. Sweijen et al. (2018) introduced
he meshing algorithm and a short summary is given here (see also Fig.
 ). The lowest level of meshing is that of the particle centres, which is
ependent on the state-of-stress inside the particle packing and which
s determined by DEM. The particle centres determine the intermediate
evel of meshing, which is that of grain-based tetrahedra. Each grain-
ased tetrahedron has its vertices on the particle centres; this method
elies on triangulation of the particle packing and was implemented into
ade by Chareyre et al. (2012) and Catalano et al. (2014) . Each tetra-
edron encloses a pore-space that is replaced by regular shape for sake
f simplifying the pore geometry. When multiple tetrahedra enclose a
ingle pore-space, the tetrahedra are merged and replaced by a different
egular shape (see for more detail Sweijen et al., 2018 ). The assembly of
egular shapes is the highest level of meshing, referred to as an assembly
f pore units. 

Regular shapes are for example tetrahedra, cubes, octahedra. Each
egular shape is assumed to have its corners wedged into the pore
hroats of the particle packing. Since regular shapes have a known ge-
metry, a library of geometrical constants are determined that describe
he relation between capillary pressure ( 𝑝 𝑐 

𝑖 
) and saturation ( s i ) within

ach pore-unit. The equation for 𝑝 𝑐 
𝑖 

was initially defined by Joekar-
iasar et al. (2010) for cubical pore units and extended for various
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Fig. 1. Schematic overview of the meshing algorithm to abstract the pore-space inside a particle packing. Image from Sweijen et al. (2018) . 
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Fig. 2. Flowchart of the numerical scheme for coupling of the discrete ele- 
ment method with the pore-unit assembly method in order to simulate dynamic 
drainage in a deforming and swelling granular material. 
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hapes by Sweijen et al. (2018) : 

 

𝑐 
𝑖 
= 

2 𝛾
𝜒 3 
√
𝑉 𝑖 ( 1 − 𝑒 − 𝜅𝑠 𝑖 ) 

(1) 

here 𝛾 is the surface tension of air-water, 𝜒 and 𝜅 are geometrical
onstants, and V i is the volume of a pore-unit. 

In addition to the capillary pressure inside a pore unit, an entry cri-
erium is imposed for air to invade a saturated pore unit j from a neigh-
ouring pore unit i . the entry pressure of pore throat ij needs to be over-
ome. The entry criteria are implemented in Sweijen et al. (2018) and
ntails 𝑝 𝑎𝑖𝑟 − 𝑝 𝑤 

𝑗 
> 

2 𝛾
𝑟 𝑖𝑗 

, with r ij being the effective radius of pore throat

j . 
Thus, the pore-unit assembly describes the connectivity of pore-units

mong each other, the size of pore units, the size of pore throats and
he capillary pressure-saturation relations within each pore-unit. This
ssembly is then used to model unsaturated flow. To achieve hydro-
echanical coupling, changes in particle locations are directly projected

o the grain-based tetrahedra and subsequently to the pore-unit assem-
ly. 

The numerical procedure contains the following three computational
teps for every time step, see Fig. 2: i) update of particle locations, using
EM, ii) update of the local capillary pressure-saturation curve and pore

hroat entry pressures; iii) computation of unsaturated flow. Thus, first
 time step is made by DEM to go from time t to time t + Δt , then
ow computations are conducted to compute the water pressure and
aturation at time t + Δt . In what follows, the algorithm to compute
nsaturated flow is explained. 

.2. Change of pore-unit volume due to particle movement 

Unsaturated flow is computed by an IMPES scheme (implicit pressure
olver and an explicit saturation update as implemented into Yade by
weijen et al., 2018 ). 

Consider a pore unit i that has a volume V i . The change in pore
nit volume ( 𝑑 𝑉 𝑖 

𝑑𝑡 
) is the sum of volume change due to swelling of the

urrounding particles ( 𝑑 𝑉 𝑖 
𝑑𝑡 

|𝑎𝑏𝑠 )and volume change due to the relative

ovement of particles ( 𝑑 𝑉 𝑖 
𝑑𝑡 

|𝑚𝑜𝑣 ), see Fig. 3 . Thus, we have (following
weijen et al., 2017b ): 
𝑑 𝑉 𝑖 

𝑑𝑡 
= 

𝑑 𝑉 𝑖 

𝑑𝑡 

|||𝑚𝑜𝑣 + 

𝑑 𝑉 𝑖 

𝑑𝑡 

|||𝑎𝑏𝑠 (2) 

The value of 𝑑 𝑉 𝑖 
𝑑𝑡 

|𝑎𝑏𝑠 is always negative during swelling and it is de-
ermined using the swelling rate of the enclosing particles which is fur-
her discussed in Section 3.1 . Here, the change of particle volume, is
ssumed to be equal to the volume of absorbed water. As the mass den-
ity of swollen particles is almost the same as the water density, we can
ssume that the change in pore-unit volume due to water absorption by
AP particles is equal to the absorbed water volume. So, this change
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Fig. 3. 2-dimensional illustration of a de- 
forming pore unit: a) the initial configura- 
tion, b) configuration after swelling of a parti- 
cle, c) movement of particles due to deforma- 
tion and d) flow of water as a result of particle 
motion, with qij being the volumetric flux in 
pore throat ij . 

Fig. 4. 2-dimensional illustration of the boundary conditions that were used 
during swelling simulations. in our simulations. 
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oes not directly cause flow of water, since water is simply changed
rom being in a liquid state to a solid state (i.e. absorbed into the SAP
article). But, a subsequent movement of particles will cause a change
n void volume, which can cause movement of water. Therefore, the flux
𝑑 𝑉 𝑖 

𝑑𝑡 
|𝑚𝑜𝑣 is considered when solving for pressure, while 𝑑 𝑉 𝑖 

𝑑𝑡 
|𝑎𝑏𝑠 is only con-

idered when updating the water saturation. The volume change terms
n Eq. (1) are determined at time step t + Δt , based on the change in
olume of the pore unit due to particle movement as well as swelling,
sing DEM. 

.3. Computation of unsaturated flow 

In this section, the governing equations of flow in deforming pore
nits are provided. Consider pore unit i that has a water pressure p i ,
 water saturation s i and it is connected to neighbouring pore unit j
ia pore throat ij that has a conductivity k ij . The volume balance for
aturated pore units reads: 

𝑁 𝑖 ∑
𝑗=1 

𝑘 𝑖𝑗 
(
𝑝 𝑖 − 𝑝 𝑗 

)
= − 

𝑑 𝑉 𝑖 

𝑑𝑡 

|||𝑚𝑜𝑣 (3)

Chareyre et al. (2012) and Catalano et al. (2014) have previously
mplemented Eq. 3 to solve for water pressure in saturated pore units
n a deforming non-swelling granular material. For partially saturated
ore units, the following discretized volume balance holds: 

𝑁 𝑖 ∑
𝑗=1 

𝑘 𝑖𝑗 
(
𝑝 𝑖 
𝑡 +Δ𝑡 − 𝑝 𝑗 

𝑡 +Δ𝑡 ) = − 

(
𝑑 𝑉 𝑖 𝑠 𝑖 

𝑑𝑡 

|||𝑚𝑜𝑣 )𝑡 +Δ𝑡 (4) 

Eq. 4 is non-linear as k ij depends on the presence of air in pore
nits i and j as well as their capillary pressure (for more details see
weijen et al., 2018 ). In addition, s i depends on p i contributing to the
on-linearity of Eq. 4 , therefore it requires simplifications before we can
olve it for water pressure. The right-hand side of Eq. 4 is discretized
nto: 
 

𝑑 𝑉 𝑖 𝑠 𝑖 

𝑑𝑡 

||||𝑚𝑜𝑣 
) 𝑡 +Δ𝑡 

= 

𝑠 𝑡 +Δ𝑡 
𝑖 

𝑉 𝑡 +Δ𝑡 
𝑖 

− 𝑠 𝑡 
𝑖 
𝑉 𝑡 
𝑖 

Δ𝑡 
(5) 

The value of 𝑑 𝑉 𝑖 
𝑑𝑡 

|𝑚𝑜𝑣 is already known at time step t + Δt from DEM

omputations, as explained above. Therefore, the term 𝑉 𝑡 + 𝑡 
𝑖 

is deter-
ined as follows: 

 

𝑡 +Δ𝑡 
𝑖 

= 𝑉 𝑡 
𝑖 
+ 

( 

𝑑 𝑉 𝑖 

𝑑𝑡 

||||𝑚𝑜𝑣 
) 𝑡 +Δ𝑡 

Δ𝑡 (6) 

Next, we introduce the following linearization to solve for saturation
nside a pore unit: 

 

𝑡 +Δ𝑡 
𝑖 

= 𝑠 𝑡 
𝑖 
+ 

( 

𝑑 𝑠 𝑖 

𝑑 𝑝 𝑖 

) 𝑡 ( 

𝑑 𝑝 𝑖 

𝑑𝑡 

) 𝑡 +Δ𝑡 
Δ𝑡 (7) 

here 𝑑 𝑠 𝑖 
𝑑 𝑝 𝑖 

is the derivative of the local capillary pressure-saturation

urve of each pore-unit (see Eq. 1 ). The value of 𝑑 𝑠 𝑖 
𝑑 𝑝 𝑖 

is evaluated at

ime step t . After combining Eqs. 5 to 7 , we have: 
 

𝑑 𝑉 𝑖 𝑠 
𝑤 
𝑖 

𝑑𝑡 

|||||𝑚𝑜𝑣 
) 𝑡 +Δ𝑡 

= 𝑠 𝑡 
𝑖 

( 

𝑑 𝑉 𝑖 

𝑑𝑡 

||||𝑚𝑜𝑣 
) 𝑡 +Δ𝑡 

+ 

( 

𝑉 𝑡 
𝑖 
+ 

( 

𝑑 𝑉 𝑖 

𝑑𝑡 

||||𝑚𝑜𝑣 
) 𝑡 +Δ𝑡 

Δ𝑡 

) ( 

𝑑 𝑠 𝑖 

𝑑 𝑝 𝑖 

) 𝑡 ( 

𝑑 𝑝 𝑖 

𝑑𝑡 

) 𝑡 +Δ𝑡 
(8) 

In Eq. 8 , ( 𝑑 𝑝 𝑖 
𝑑𝑡 

) 𝑡 +Δ𝑡 can be rewritten as 
𝑝 𝑡 +Δ𝑡 
𝑖 

− 𝑝 𝑡 
𝑖 

Δ𝑡 . Combining Eqs. 4 and
 and rearranging various terms yields: 

 

𝑡 +Δ𝑡 
𝑖 

( 

𝑁 𝑖 ∑
𝑗=1 

𝑘 𝑖𝑗 
𝑡 + 

[ 

𝑉 𝑡 
𝑖 

Δ𝑡 
+ 

( 

𝑑 𝑉 𝑖 

𝑑𝑡 

||||𝑚𝑜𝑣 
) 𝑡 +Δ𝑡 

] ( 

𝑑 𝑠 𝑖 

𝑑 𝑝 𝑖 

) 𝑡 
) 

− 

𝑁 𝑖 ∑
𝑗=1 

𝑘 𝑖𝑗 
𝑡 𝑝 𝑡 +Δ𝑡 
𝑗 

= − 𝑠 𝑡 
𝑖 

( 

𝑑 𝑉 𝑖 

𝑑𝑡 

||||𝑚𝑜𝑣 
) 𝑡 +Δ𝑡 

+ 

[ 

𝑉 𝑡 
𝑖 

Δ𝑡 
+ 

( 

𝑑 𝑉 𝑖 

𝑑𝑡 

||||𝑚𝑜𝑣 
) 𝑡 +Δ𝑡 

] 

𝑑 𝑠 𝑖 

𝑑 𝑝 𝑖 

||||
𝑡 

𝑝 𝑡 
𝑖 

(9) 

Eqs. 4 and 9 constitute a set of linear equations that have the follow-
ng form: 

𝑝 𝑡 +Δ𝑡 
𝑖 

− 

𝑁 𝑖 ∑
𝑗=0 

𝑏𝑝 𝑡 +Δ𝑡 
𝑗 

= 𝑐 (10) 
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here a, b and c are coefficients independent of 𝑝 𝑡 + 𝑡 
𝑖 

. Eq. 10 can be
olved for water pressure. Note that the change of pore-unit volume
ue to particle movement, 𝑑 𝑉 𝑖 

𝑑𝑡 
|𝑚𝑜𝑣 is obtained from DEM simulations.

q. 10 simplifies into Eq. 1 for saturated pore units, which makes Eq.
0 applicable to saturated and unsaturated pore units. After obtaining
 

𝑡 + 𝑡 
𝑖 

, the saturation is explicitly updated while accounting for the water
bsorption by the swelling particles: 

 

𝑡 +Δ𝑡 
𝑖 

= 𝑠 𝑡 
𝑖 
+ 

𝑑 𝑠 𝑖 

𝑑 𝑝 𝑖 

[(
𝑝 𝑤 
𝑖 

)𝑡 +Δ𝑡 − 

(
𝑝 𝑤 
𝑖 

)𝑡 ] + 

Δ𝑡 
𝑉 𝑡 +Δ𝑡 
𝑖 

𝑑 𝑉 𝑖 

𝑑𝑡 

||||𝑎𝑏𝑠 (11) 

. Model setup 

.1. Discrete Element Method setup 

The Discrete Element Method was setup following previous work
f the authors ( Sweijen et al. 2017a ) where the swelling behaviour
f a saturated SAP particle bed was modelled and tested against
xperiments. In that work, the contact mechanics between the
welling particles is described by Hertz-Mindlin contact mechanics; see
odenese et al. (2012) for more details for its implementation. Contact
echanics in DEM are based on normal displacement between particles

hat results in a force, where the normal displacement is conceptual-
zed as an “overlap ” between two spherical particles. All particles were
ssumed to have a constant Young’s modulus of 10 kPa. The particle-
article friction angle was set to 5.5° ( Lorenz et al., 1997 ) and the density
as set to 1000 kg •m 

− 3 ( Mirnyy et al., 2012 ). All particles had an initial
iameter of 460μm. 

Prior to swelling simulations, a packing of dry SAP particles was
enerated. First, 3000 particles were placed into a relatively large cu-
ic modelling domain (10 3 mm 

3 ). In such a relatively large domain, the
articles do not form a tight packing and porosity is very large. Then,
he particles were compacted by applying an artificial 10 Pa confining
tress to all boundaries of the modelling domain, reducing the domain
ize significantly. This resulted in a porosity value of 0.38 and a domain
ize of 5.4 3 mm 

3 . The permeability of the dry SAP particle packing was
etermined using a virtual permeability test in Yade-DEM; the perme-
bility was found to be 4.8 × 10 − 10 m 

2 . Once, a packing of dry SAP
articles was generated, the boundary conditions were set to the condi-
ions described in the following section. 

After the particle packing was generated, the swelling simulations
ould commence. The swelling of particles was simulated by simply in-
reasing all particle sizes over time, using a growth factor following
weijen et al. (2017a) . A simple kinetic law was used to describe the
hange of radius as a function of time, although more complex and com-
rehensive models exist for swelling of spherical particle ( Huyghe and
ansen, 1997 ; Radu et al., 2002 ; Sweijen et al., 2017b ). Here, we em-
loyed the kinetic law proposed by Omidian et al. (1998) with an addi-
ional factor to account for partial wetting of the particle surface under
nsaturated conditions (following Diersch et al., 2010 ): 

𝑑 𝑅 𝑥 

𝑑𝑡 
= 𝑓 𝑤 𝑘 

0 (𝑅 

𝑚𝑎𝑥 
𝑥 

− 𝑅 𝑥 

)
(12) 

here k 0 is a kinetic coefficient, f w is the fraction of the wetted surface
f a particle R x is the radius, R max is the maximum radius. The fraction
 w is the ratio of the surface area of particle x that is in contact with
ater and the total surface area of particle x . The maximum radius was

et to 3.6 R 0 , where R 0 was the initial radius; this corresponded to an
bsorption ratio of 30 g/g. Furthermore, the swelling rate is expressed
s a dimensionless group: 1 

( 𝑘 0 𝑅 0 ) 
𝑑R 
𝑑𝑡 

, where R is the arithmetic mean of

adii of all particle. 
Eq. 12 plays an important role in the coupling of DEM with the

odel for unsaturated flow. If a particle is surrounded by empty pores,
ts swelling rate converges to zero. If a particle is only surrounded by
ully saturated pore units, its swelling rate is at a maximum value but
till dependent on its radius and initial radius. The wetted surface area
f a particle is based on the saturation of the surrounding pore units. If
 pore unit is empty (saturation lower than 10 − 6 ), the solid surface area
n that pore unit is dry otherwise it is considered wet. 

.2. Initial and boundary conditions 

In this study, we simulate a one-direction swelling experiment in a
ox similar to swelling of particles in a beaker glass. The side walls and
he bottom of the box are fixed and the top boundary is free to move
see Figure 4 ). All boundaries are no-flow boundary conditions to water
nd only via the top boundary air can enter into the particle packing.
e assume that at the start of the experiment, the bed of SAP particles

ecomes saturated quickly, without any significant swelling. As a result
he particle bed is fully saturated, except for the pore units along the top
oundary, which are partially saturated with air at an initial capillary
ressure of 2500 Pa. 

The initial volume of water inside the pores in between the particles
s the only available water for swelling throughout the simulation. Note
hat SAP particles are considered non-porous themselves and thus ini-
ially do not contain any water. After the initial conditions, the particles
tart to absorb water and swell and the particle packing will increase in
eight. Eventually the particle bed dries out and swelling will cease. 

.3. Different regimes in the coupling of unsaturated flow, swelling and 

article movement 

Three different processes govern unsaturated flow inside the pore
pace of a swelling particle bed, with each process having its own char-
cteristic time step, namely: unsaturated flow ( 𝜏flow ), water absorption
 𝜏abs ), and deformation ( 𝜏def ). The magnitude of the characteristic times
ill give insight into the behaviour of the particle packing. Therefore,
e introduce the characteristic times and their effect on the overall

welling behaviour of a bed of particles. 
The characteristic time of water absorption ( 𝜏abs ) is based on

q. 12 such that: 

𝑎𝑏𝑠 = 

(
𝑅 

𝑚𝑎𝑥 
𝑖 

− 𝑅 𝑖 

)
𝑑 𝑅 𝑖 

𝑑𝑡 

= 

1 
𝑓 𝑤 𝑘 

0 (13) 

Now, if we define f w to be the fraction of wetted surface of all parti-
les in the packing, then the second part of Eq. 13 is used to determine
haracteristic time for swelling of the whole particle packing. The char-
cteristic time for unsaturated flow ( 𝜏flow ) is given as: 

𝑓𝑙𝑜𝑤 = 

𝑙 

𝑣 
= 

𝑙𝜇

𝜌𝑤 𝑔𝐾 

= 

𝜇𝑑𝑥 

𝐾𝑑𝑃 
(14) 

here 𝜇 is the viscosity of water, l is the length of the modelling domain,

w is the density of water, g is the gravitational constant, q is the Darcy
ux, K is the intrinsic permeability of the modelling domain and 𝑑𝑃 

𝑑𝑥 

s the pressure gradient in water. Finally, we introduce the time scale
or deformation, which is based on the relaxation time required for a
ontact to dissipate its potential energy: 

𝑑𝑒𝑓 = 

�̄� 

2 

√ 

𝜌

𝐸 

(15) 

n which E is the Young’s modulus of the particles, 𝜌 is the particle den-
ity (assumed to be 1 g cm 

− 3 ) and �̄� is the average particle diameter. 
To illustrate the effect of three characteristic times on the overall

welling behaviour, we define the following ratios of time scales: 

𝜏𝑓𝑙𝑜𝑤 

𝜏𝑎𝑏𝑠 
= 

𝑙𝜇𝑓 𝑤 𝑘 
0 

𝜌𝑤 𝑔𝐾 

≈ 1 . 15 [ 𝑠 ] 𝑓 𝑤 𝑘 0 (16) 

𝜏𝑑𝑒𝑓 

𝜏𝑎𝑏𝑠 
= 

𝐷 50 𝑓 𝑤 𝑘 
0 

2 

√ 

𝜌

𝐸 

≈ 7 . 3 × 10 −5 [ 𝑠 ] 𝑓 𝑤 𝑘 0 (17) 

𝜏𝑓𝑙𝑜𝑤 

𝜏𝑑𝑒𝑓 
= 

2 𝑙𝜇

𝜌𝑤 𝑔𝐾 𝐷 50 

√ 

𝜌

𝐸 

≈ 1 . 6 × 10 4 (18) 
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Fig. 5. Overview of time-scales of deformation, absorption kinetics, and flow. Indicated are the type of modelling approaches that can be employed depending on 
the characteristic time steps. The particle packing can be expanding or rigid (i.e. clogging occurs) whereas flow can be much faster than deformation (quasi-static 
capillarity) or have a similar time scale as deformation (unsaturated flow). 
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Using Eqs. 16–18 , we can identify the following cases (which are
lso illustrated in Fig. 5 ): 

i) 𝜏flow ≪ 𝜏abs , water residing inside the pores can find equilibrium very
fast and thus dynamic effects of unsaturated flow will be short-lived.
Therefore, unsaturated flow can be simulated using a quasi-static
capillarity model rather than a dynamic code. 

ii) 𝜏flow ≫ 𝜏abs , water exchange among pores is slow and thus the
swelling rate may be strongly affected by the lack of water inside
the particle packing, which might cause suction inside the particle
packing even when it is saturated. 

ii) 𝜏def ≪ 𝜏abs , the particle-particle contact points can dissipate their
potential energy quickly. In practise, 𝜏def is always smaller than 𝜏abs 

and thus particle movement can keep up with the deformation. 
v) 𝜏def ≫ 𝜏abs , swelling is much faster than that particle contacts can

dissipate their potential energy. Therefore, particle movement will
be limited and the particle packing will clog (i.e. the porosity will
tend to zero). This scenario will be similar to swelling of a bed of
particles inside a rigid box, where particle movement will also be
restricted. 

v) 𝜏flow ≪ 𝜏def , water residing inside the pores can find equilibrium very
fast and thus dynamic effects will be short-lived. 

i) 𝜏flow ≫ 𝜏def , particle contacts can dissipate their energy quickly and
thus the flow of water will be dominating the kinetics of particle
movement. 

For swelling SAP particles, we have 
𝜏𝑓𝑙𝑜𝑤 

𝜏𝑑𝑒𝑓 
> 1 and 

𝜏𝑑𝑒𝑓 

𝜏𝑎𝑏𝑠 
< 1 , indicat-

ng that the relaxation of particle contacts occurs fast compared to flow
nd water absorption processes. Nevertheless, we consider one scenario,
imulation #1, where particles are not allowed to move ( i.e. , 𝜏def → ∞).
n addition, we conduct three simulations for varying values of k 0 start-
ng from 0.1 to 10 s − 1 (simulation #2 to #4), which varies 

𝜏𝑓𝑙𝑜𝑤 

𝜏𝑎𝑏𝑠 
from

.115 to 11.5. Thus the value of 
𝜏𝑓𝑙𝑜𝑤 

𝜏𝑎𝑏𝑠 
at the initial state of swelling is

round unity, which implicates that swelling and unsaturated flow have
imilar time scales. Lastly, we consider a hypothetical packing where
o swelling occurs, i.e., 𝜏abs → ∞ (simulation #5), and thus nothing
appens because particle locations do not change and all pores remain
aturated. The characteristic times steps are summarize in Table 1 . 

In practise, the value of 
𝜏𝑓𝑙𝑜𝑤 

𝜏𝑎𝑏𝑠 
is in the order of 10, based on the exper-

mental work by Mirnyy et al. (2013) where we have k 0 = 5 • 10 − 3 s − 1 ,
 = 0.20 m (Mirnyy et al. 2013), K = 10 − 11 m 

2 ( Diersch et al. 2011 ).
his implies that the experimental work by Mirnyy et al. (2013) is best
epresented by simulation #4, which has 

𝜏𝑓𝑙𝑜𝑤 

𝜏𝑎𝑏𝑠 
equal to 11.5. 

.4. Mechanical considerations 

As mentioned earlier, we made some assumptions regarding the me-
hanics of particles and the packing. First, forces on the particles exerted
y the surrounding fluids (i.e. air and/or water) were not included. As
he water pressure in the packing would be smaller than the air pres-
ure, the particle packing would in experiments be more compressed by
he suction of water. Secondly, the particles are assumed to keep their
nitial spherical shape during swelling, thus particles cannot grow into
vailable pore-space, which implies that case iv of section 3.3 cannot be
odelled using our code. In real SAP particle packings, we may have



T. Sweijen, S.M. Hassanizadeh and B. Chareyre Advances in Water Resources 142 (2020) 103642 

Fig. 6. Capillary pressure-saturation curves for simulations #1 to #4. 
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Fig. 7. The normalized and averaged particle swelling rate as a function of 
average absorption ratio for simulations #1 to #4. 

Fig. 8. The air-water interfacial area as a function of saturation for simulations 
#1 to #4. 
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lastic deformation of particles and a change of their shape whilst our
ode assumes that normal displacement at particle contacts is purely a
eversible deformation. 

.5. Mass balance of the simulations 

The coupling of unsaturated flow with DEM requires two mass-
alances in order to verify the quality of the numerical simulations.
irstly, modelling of unsaturated flow requires a mass-balance on its
wn for solving Eqs. 10 and 11 . The mass-balance is verified at each
ime step and the accumulative error is registered over time. From these
nalysis it follows that locally at each time step mass is conserved, with
he inclusion of very small truncation loss of saturation (at saturations
f lower than 10 − 6 ). The accumulative error is largest for simulation #1
ith 0.2%, which was a result of the rigid packing in which porosity

ends to zero. 
Secondly there is a mass balance of the coupling between un-

aturated flow and DEM, which is mostly affected by the normal-
isplacement at particle contacts, the larger the normal displacement,
he larger the error in mass-balance becomes. Thus with larger values of
𝜏𝑓𝑙𝑜𝑤 

𝜏𝑎𝑏𝑠 
, the error increases from an accumulative error in water balance

rom 1% (simulation #2) to 8% (simulation #4). 

. Results and discussion 

.1. The swelling of a rigid packing 

In simulation #1, the particle locations are fixed in order to study
he swelling of a rigid packing. This scenario is purely hypothetical,
ut would be similar to swelling particles inside a rigid box. In theory,
he saturation inside the particle packing should remain equal to unity
s water inside the pore space is simply transferred to the solid phase;
.e. particles swell into the available pore space and the porosity will
onverge to zero. Since DEM does not allow for the change of shape
f spherical particles, the numerical model cannot simulate a particle
acking whose porosity value converges to zero and consequently DEM
verestimates the normal displacement at contact points and thus too
uch particle volume “overlaps ”. As a result, water suction arises in-

ide the particle packing causing an increase in capillary pressure. Even
hough the results of simulation #1 are purely hypothetical, we use re-
ults of simulation #1 to gain insight and compare to other cases. 

Fig. 6 shows the capillary pressure-saturation curve for simulation
1, which has substantially larger values of capillary pressure compared

o other simulations for expanding domains due to the decrease in pore
hroat and pore unit radii with swelling. As seen in Fig. 7 , the swelling
ate decreases linearly with the amount of absorption. Its value is larger
han the other simulations because the majority of the pore units remain
ater saturated, while in scenarios #2 to #4 air is invading and thus
educing the wetted surface area of grains. 

.2. The effect of swelling rate 

To study the effect of swelling rate, we varied the value of k 0 from
.10 to 10 s − 1 in simulations #2 to #4. Figure 6 shows that the cap-
llary pressure values are increasing with k 0 , thus with 

𝜏𝑓𝑙𝑜𝑤 

𝜏𝑎𝑏𝑠 
(note that

𝜏𝑑𝑒𝑓 

𝜏𝑎𝑏𝑠 
remains very small with increasing k 0 ). For simulations #2 and #3,

𝜏𝑓𝑙𝑜𝑤 

𝜏𝑎𝑏𝑠 
is small enough for the distribution of water and air to be close-

o-equilibrium during swelling of the particles. But, for simulation #4,
he swelling rate becomes too large compared to the speed at which
ir is able to move into the particle packing causing a significant wa-
er suction gradient inside the packing. In other words, air-water inter-
aces do not move easily into the particle packing when swelling is fast.
onsequently, the capillary pressure increases and the air-water interfa-
ial area is lower than that for slow swelling simulations (#2 and #3).
hus, simulation #4 results in lower values of air-water interfacial area
han for simulations #2 and #3, as shown in Fig. 8 and 9 . In addition,
he fast swelling rate in simulation #4 prevents air from infiltrating at
ow absorption ratios and, therefore, the saturation decreases less with
bsorption ratio than simulations #2 and #3 (see Fig. 8 ). As a conse-
uence, the swelling rate decreases at higher values of absorption ratio
or simulation #4 than those of #2 and #3; see Fig. 7 . 

The swelling rate also affects the evolution of the height of the par-
icle bed; see Fig. 10 . If 

𝜏𝑓𝑙𝑜𝑤 

𝜏𝑎𝑏𝑠 
is small enough for unsaturated flow to

ustain the swelling rate (simulations #2 and #3), then the general ob-
ervation is: the higher the swelling rate, the less efficient the particle
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Fig. 9. Saturation as a function of absorption ratio for simulations #1 to #4. 

Fig. 10. The height of the particle bed as a function of absorption ratio. 
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Fig. 11. The fraction of wetted solid area, normalized to the total solid area 
as a function of saturation for simulations #2 to #4 as well as a 1-to-1 ratio 
line (dashed red line).(For interpretation of the references to color in this figure 
legend, the reader is referred to the web version of this article.) 
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acking deforms. Consequently, the particle packing has a higher poros-
ty value and a taller particle bed. For the first part of swelling, this ob-
ervation also applies to simulation #4 as it has a higher swelling rate
han simulations #2 and #3 and thus the particle bed is taller than the
ther samples. However, air-water interfaces are not developed in the
article packing for simulation #4 and thus the expansion of the particle
ed ceases. 

.3. Solid-water interfacial area as function of swelling and saturation 

In the continuum-scale model developed by Diersch et al. (2010) , the
ollowing equation was employed to approximate the wetted fraction
articles surface area as a function of saturation ( S ): 

𝑓 𝑤 = 

1− 𝑒 − 𝑆 𝛼𝑒𝑥𝑝 
1− 𝑒 − 𝛼𝑒𝑥𝑝 

(22)

here 𝛼exp is a fitting parameter. The values of f w for different saturation
alues as calculated in simulations #2 and #3 are plotted in Fig. 11 and
an be fitted using Eq. (22) with 𝛼exp = 4.1, while data of simulation #4
an be fitted with 𝛼exp = 0.85. 

Mirnyy et al. (2013) reported also a positive value of 𝛼exp , namely 0.4
ased on backfitting of their model on experiments. To enable a compar-
son between the work by Mirnyy et al. (2013) and our simulations, we
mploy the value of 

𝜏𝑓𝑙𝑜𝑤 

𝜏𝑎𝑏𝑠 
to evaluate 𝛼exp . From Section 3.3 it appears

hat simulation #4 has a similar value of 
𝜏𝑓𝑙𝑜𝑤 

𝜏𝑎𝑏𝑠 
to the experimental data

y Mirnyy et al. (2013). Our numerical results show that simulation #4
as a similar f w ( s ) curve as that of Mirnyy et al. (2013), and therefore
he value for 𝛼exp .between Mirnyy et al. (2013) and our simulations is
imilar, namely 0.40 and 0,85 respectively. 

To conclude, the fraction f w not only depends on saturation S but
lso on the flow rate compared to the swelling rate (i.e. 

𝜏𝑓𝑙𝑜𝑤 

𝜏
) because
𝑎𝑏𝑠 
cenario’s #2 and #3 yield the same f w ( S ) relation, but simulation #4
ives a different relation that yields lower values for f w . 

. Conclusions 

We have developed a grain-scale modelling technique for the simu-
ation of unsaturated flow in deforming and highly swelling granular
aterials. The discrete element method was used for calculations of

welling and the subsequent deformation of particle packings. Unsat-
rated flow was solved using a pore-scale model, using IMPES (implicit
ressure and explicit saturation scheme) that was tailored for pore units
n a deforming packing of spheres. Deformation was included by chang-
ng the volume of pore units, pore unit radii, pore throat radii during
welling. Simulations were conducted for swelling of a bed of particles
hat absorbs one pore volume of water. Results indicated that by vary-
ng the swelling coefficient swelling behaviour is substantially affected.
f unsaturated flow is sufficiently fast, the water pressure remains close
o hydrostatic conditions while if unsaturated flow is slow, a water suc-
ion arises inside the particle packing as a consequent of the swelling.
urthermore, we show that the fraction of wetted solid surface area as
 function of saturation is not a unique function, and it depends on the
atio of the time scales of flow 𝜏flow and absorption 𝜏abs , thus on 

𝜏𝑓𝑙𝑜𝑤 

𝜏𝑎𝑏𝑠 
. 
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