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1. Introduction and statement of results

Denote by Mp the (uncompactified) moduli stack of elliptic curves over some (com-
mutative) ring R. The aim of this note is to study vector bundles on Mg. This extends
the classification of line bundles by Fulton and Olsson, who prove:

Theorem 1.1. (See [7].) If R is a reduced ring or a Z[}]-algebra, then
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is an isomorphism for m: Mpg — A}, the map defined by the j-invariant (which is
isomorphic to the canonical map into the coarse moduli space).

Here, w denotes the line bundle on Mg defined by the following property: Let p: £ —
X be an elliptic curve over a scheme X. Then the evaluation wx at the map X — Mg
classifying F is given by p. Q}E /X

Note that we have the following special case of Theorem 1.1:

Corollary 1.2. If R is a regular local ring, the map Z/12 — Pic(MRg), [k] — w*

isomorphism.

, 1S an

Proof. By [9], I1.6.6 and 11.6.15, we have Pic(A}) = Pic(Spec R). O

We will take some first steps towards the study of vector bundles of higher rank on
the moduli stack of elliptic curves. We will be able to give a complete classification only
under severe restriction on the local ring R, but have several partial results. Before we
go into the details, we want to fix the definition of a vector bundle we want to use:

Definition 1.3. Let (X, Ox) be a ringed site. Then a vector bundle on X is a locally free
Ox-module of finite and constant rank.

Our first main theorem concerns the situation at primes bigger than 3:

Theorem A. Let R be a discrete valuation ring or a field with (residue) characteristic
not equal to 2 or 3. Then every vector bundle on Mg is a sum of line bundles.

The author learned of this result in the case of a field from Angelo Vistoli, where it is
also true for the compactified moduli stack. Theorem A will be proven in the more general
context of weighted projective and affine lines in Section 3. As the question whether every
vector bundle on A} for a regular local ring decomposes into (trivial) line bundles is the
open Bass—Quillen conjecture (see [16, VIIL.6]), an extension of Theorem A to arbitrary
regular local rings does not seem feasible in the moment, though some generalizations are
certainly possible. As our applications to stable homotopy theory (see [19]) only require
the case R = Z,), we stay with discrete valuation rings. Note also that the results in
[14] indicate that Theorem A might not be true for the compactified moduli stack if R
is not a field.

The rest of this article will be concerned with the situation at 2 and 3, where not every
vector bundle splits into line bundles. The easiest examples of indecomposable higher
rank vector bundles are non-trivial extensions of line bundles. At the prime 3 we achieve
a classification of all vector bundles which are iterated extensions of line bundles:

Theorem B. Let £ be a vector bundle on M(g) = MZ(3) that is an iterated extension of
line bundles. Then £ is a sum of vector bundles of the form w*, W* @ E, and w*® f, f*O.
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Here, the vector bundle E,, is of rank 2 and will be introduced in Subsection 4.2. The
vector bundle f, f*O is of rank 3 and arises from the forgetful map f: Mg (2) ) — M3,
from the moduli stack of elliptic curves with one chosen point of exact order 2.

The situation at the prime 2 seems to be more involved and here we can prove that
there are actually infinitely many indecomposable vector bundles:

Theorem C. There are infinitely many indecomposable vector bundles on Moy = ./\/lz(z)
(of arbitrary high rank).

This indicates that a complete classification of vector bundles on M3y might be quite
difficult, while the classification of vector bundles on M3, could be achieved by a positive
answer to the following question:

Question 1.4. Is every vector bundle on M sy an iterated extension of line bundles?

At last, we give an overview over the structure of this article. The second section
provides some basics about weighted projective stacks. The third section proves The-
orem A, first for fields and then for discrete valuation rings. This will be done in the
more general context of weighted projective and affine lines. In Section 4 we will give
a detailed (cohomological) analysis of some low-rank vector bundles on M3y and their
extensions. In Section 5 we will exploit this to show that we have already constructed
all iterated extensions of line bundles, i.e. we prove Theorem B. In Section 6, we see
how integral representations of G Ly(F3) give rise to vector bundles on M,y and use
representation-theoretic arguments to prove Theorem C. In Appendix A, we will review
some results about quasi-coherent sheaves and completions used in Section 3.

2. Basics about weighted projective stacks

Away from 2 and 3, the moduli stack of elliptic curves is a weighted projective line
and it is more natural to study vector bundles in this context. For the convenience
of the reader, we define in this section weighted projective stacks, prove some of their
properties and compute their cohomology. This is probably all well-known and we claim
no originality here.

For ag,...,a, € N and a commutative ring R, the weighted projective stack
Pr(ao,...,a,) is the (stack) quotient of A%, —{0} by the multiplicative group G,, under
the action which is the restriction of the map

¢: Gy x AR — AT
Z[t,t7'] @ Rlto, ..., tn] < Rlto, ..., ty]

tY Rt it
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to Gy, x (AT — {0}). Here, A%t — {0} denotes the complement of the zero point, i.e.
of the common vanishing locus of all ¢;. On geometric points, the action corresponds to
the map (¢,to,...,tn) — (t*%g,...,t%t,). In the special case of n = 1 we speak of a
weighted projective line.

Recall that there is an equivalence between affine schemes with G,,-action and graded
rings given as follows: If Spec A has a G,,-action, an element a € A is homogeneous of
degree i if and only if @ — a ® t* under the map A — A ® Z[t,t~1] corresponding to the
action map Spec A x G,,, — Spec A. Under this correspondence, ¢ corresponds thus to
the grading |t;| = a;.

I learned the following proof from Akhil Mathew.

Proposition 2.1. For every ag,...,a, € N and every commutative ring R, the projective
stack X = Pglaqg,...,an) is a proper and smooth Artin stack over Spec R.

Proof. Since X ~ Pz(ao, ..., an) Xspecz Spec R and properness is preserved under base
change, we can assume R = Z. Every stack quotient of a smooth scheme by a smooth
group scheme is a smooth Artin stack, so X is a smooth Artin stack.

Next, we have to show that X is separated. For a preliminary remark assume
that A is a local ring. Then the groupoid X(A) is equivalent to the groupoid with
objects (n + 1)-tuples (xg,...,7,) € A"l where at least one z; is invertible and
a morphism between (xq,...,x,) and (yo,...,yn) is an element A € A* such that
(N%xzg, ..., \x,) = (Yo,...,Yn). Indeed, while X is the stack of G,-torsors with
G-equivariant map to A"t — {0}, we just described the value of the prestack of triv-
ial G,-torsors with G,,-equivariant map to A"** — {0} (see [2], Definition 3.11 and
Example 3.12). These agree on every scheme whose Picard group is trivial.

For m: X — SpecZ to be separated it suffices to show that for every valuation
ring A with quotient field K and every two objects x,y € X(R) with an isomorphism
X\ zxg — yx in X(K), there is exactly one isomorphism \: z — y in X(A) such
that A\x = X ([17, Proposition 7.8]). As a valuation ring is local, = corresponds to
(zg,...,2,) € A"y to (yo,...,yn) € A1 and X to an element N € K* with
N iy, =y;. If z; is invertible, A’ * € A and thus also \ € A.

As 7 is thus separated and also of finite type, for 7 to be proper it is now enough to
show the following: For every discrete valuation ring A with quotient field K and object
x € X(K), there is a finite extension L of K such that we have an object y € X (B)
(for B the integral closure of A in L) and an equivalence y;, — z in X (L) (see [17,
Theoreme 7.10]). The object & corresponds again to an (n+1)-tuple (zo, ..., x,) € K"
The object z is isomorphic to yx for some y € X(A) if and only if the valuation of z;
is divisible by a; for ¢ = 0,...,n + 1. This can be assumed after ramified (finite) base
change. O

Remark 2.2. Set again X = Pg(ag,...,a,) and let © € X (k) be a field-valued point
corresponding to an (n + 1)-tuple (xo, ..., 2,) € k"T1. We claim that the automorphism
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group scheme Aut(x) is isomorphic to pq = Spec k[u]/(u? — 1), where d is the greatest
common divisor of all a; such that x; # 0.

Indeed, let R be a k-algebra and denote by zr € X(R) the pullback. As in the last
proof, the automorphism group of x consists of all A\ € R with

()\aoxo, e )\a”'xn) = (Zoy...,Tn)-

As the x; are either invertible or zero, the condition is exactly A% = 1 if x; # 0. Thus,
we have a natural bijection Aut(z)(R) = uq(R).

A stack quotient of a smooth scheme by a smooth group scheme is a smooth
Deligne-Mumford stack if the stabilizers are finite and reduced (see [6]). We see that
Prlag,...,a,) is actually a Deligne—-Mumford stack if all a; are invertible on R.

Proposition 2.3. For every ag, . ..,a, € N and every commutative ring R, there is a finite
fpge map ¥: P =Pr(1,...,1) = Prlag,...,an).

Proof. By definition, we have P, = (Spec R[xo, ..., 2,]—{0})//Gy and Pr(ag, . .., a,) =
(Spec RJto, - .., tn] —{0})//G,, with gradings |z;] = 1 and |¢;| = a; for all i = 0,...,n.
We define a map f: Rlto,...,tn] = R[zo,...,x,] of graded rings by ¢; — z*. This
map makes R[xq,...,Z,] into a free module of finite rank over R[to,...,t,]. The map f
induces a G,,-equivariant map g: Spec Rz, ..., z,] — Spec R|[to, ..., t,], which is finite,
flat, quasi-compact and surjective. As all these properties descent via fpqc-maps and

Spec R[xq, - . ., Tn] Spec R[to, - .., Zp]

| |

Spec R[xg, ..., x,)//Gm — Spec Rlto, ..., tn]//Gm

is a pullback square, the map g//G,,: Spec R[zo, ..., z,]//Gm — Spec R[to, ..., tn])//Gm

has all these properties as well. As the complement of the vanishing locus of zg, ..., x,
is the same as that of z3°,...,z% this restricts to a finite fpqc map
P: Py — Pr(ao, ..., an). |
For every integer m, there is a line bundle O(m) on Pr(ag,. .., a,) defined as follows:

The map ¢ gives a G,-action on A%. The category of quasi-coherent modules on A% //G,
is equivalent to graded Rlto,...,t,]-modules by Galois descent, where |t;| = a;. For M
a graded module, denote by M[m] the graded module with M[m]y = My,+r. Then
Rlto,...,tn][m] is a graded Rlto,...,t,]-module, which corresponds to a line bundle on
A% //G,, whose restriction to P(ao, ..., a,) we denote by O(m).

Example 2.4. Denote by Mg the compactified moduli stack of elliptic curves over a ring
R (in the sense of My in [5, IV.2.4]). We have an equivalence
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Mg ~ (Spec R[cq, cg] — {0})/ /G = P(4,6)

for R a ring where 6 is invertible. This equivalence is given by the Weierstrafl form

E: y? = 2% 4 ¢4 + cg. Under this equivalence, the line bundle w on Mg corresponds

to O(1) on Pgr(4,6). The reason is that f(u)*wy = uwp, where wy = 62% is the usual

invariant differential, which is a local trivialization of w, and f(u) is the endomorphism
of the elliptic curve E given by f(u)(z) = u™2z and f(u)(y) = u3y.

Our next aim is to calculate the cohomology of the line bundle O(m) on a weighted
projective stack.

Proposition 2.5. Let X = Pg(aq,...,a,) be a weighted projective stack. Define sets

A(m) = {()\0,...,)\”) GZTZLBI :Z)\iai:m}7 and

i=0
B(m):{()\o,..., ezt ZAaZ_m}

Then

H°(X;0(m)) = free R-module on A(m)
Hi(X;(’)(m)) =0 for1<i<n-1
H"™(X;0(m)) = free R-module on B(m)

Note, in particular, that H*(X;O(m)) =0 for m < 0 and

H°(X;0(m)) = H" (X;(’)(—Zz:;ai — m>>

Proof. We compute the cohomology as Cech cohomology with respect to the cover by
the open substacks

U; = Spec Rlto, . . ., ty) [ti_l]//Gm

Note that H7(U;; F) = 0 for j > 0 and every quasi-coherent sheaf F by Lemma 3.15.

The Cech complex associated to this cover and the sheaf @,., O(l) agrees with the
one for the standard covering of the projective space P, if we view @,., O(l) as an
ungraded sheaf. As in this classical case (see [9, II1.5.1]), we obtain
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H0<X @0 ) Rlto, ... tn]

IEZ

H’(X;@O(l)) =0 for1<i<mn—1

leZ

H" <X; @ 0(1)) = free R-module on the set of monomials ¢ - - -t with all i; < 0
IEZ

The group H*(X;O(m)) is isomorphic to the part of degree m, where |t;| = a; again.
The proposition follows easily now. O

As an example, we depict some range of cohomology in the case of Pr(4,6), where
squares stand for copies of R:

} O

} B

us

RN 1
20 —18 —16 —14 —12 —10

3. Vector bundles away from 2 and 3

3.1. The case of a field

I have learned most of the proofs in this subsection from Angelo Vistoli.
Recall that a coherent sheaf F is called reflexive if the canonical map from F to its
double-dual is an isomorphism. In particular, every vector bundle is reflexive.

Lemma 3.1. Pullbacks along flat maps preserve reflexive sheaves.

Proof. It follows from [25, IV, Proposition 18] that pullbacks along flat maps between
affine schemes preserve duals. Since flatness is a local condition and duals are computed
locally, thus pullback along any flat map between algebraic stacks preserves duals. 0O

Lemma 3.2. Let X be an Artin stack and i: U — X a quasi-compact open immersion.
For every reflexive sheaf & on U, there is a reflexive sheaf F on X with i*G = €.

Proof. Note first that i.£ is quasi-coherent by [17, Proposition 13.2.6] since ¢ is quasi-
compact. By [17, Corollaire 15.5] there is then a coherent sheaf G on Mg with i*G = £.
Let F denote its double-dual. This is reflexive ([10], 1.2 — which we can use also for
stacks since both reflexivity and coherence are local conditions) and, in addition, we
have i*F = £ since £ is already reflexive and i is flat. O

By the lemma, we get directly the following:
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Proposition 3.3. For R a ring, every reflexive sheaf on Mg is the restriction of a reflexive
sheaf on MRg.

By Example 2.4, we have an equivalence My =~ (Spec K|[cs,cg] — {0})//Gp =
Pr(4,6) for K a field of characteristic not 2 or 3. Therefore, it is enough to classify
reflexive sheaves on weighted projective lines.

Proposition 3.4. Let K be an arbitrary field, m,n € N. Then every reflexive sheaf F on
Pr(m,n) is a direct sum of line bundles of the form O(a).

Proof. By Galois descent, the sheaf F corresponds to a G,,-equivariant sheaf on
A% — {0}, with respect to the action given by t(z,y) = (t"x,t"y); we will denote
this G,,-equivariant sheaf by abuse of notation still by F. This new sheaf F is reflex-
ive since pullbacks by flat maps preserve reflexive sheaves by Lemma 3.1. Using the
inclusion (A% —{0})//G,, — A% //G,,, we can by Lemma 3.2 extend F to a reflexive
Gm-equivariant sheaf on A%, which we denote by abuse of notation again by JF. Since
every reflexive sheaf on a regular 2-dimensional scheme is locally free [10, Corollary 1.4],
F is locally free as a non-equivariant sheaf. The datum of a G,,-equivariant sheaf on
A?% is equivalent to that of a graded module over K[t1,ts]. Each shift K[t1,s][a] for
a € 7 defines a G,,-equivariant line bundle on A?, restricting to O(a) on Pk (m,n).
Thus, our proposition follows directly from the following more general (and not very
difficult) proposition. O

Proposition 3.5. (See [16], I1.4.6.) Let R be a ring graded in degrees > 0, Ry its zeroth
degree part and RT its part of positive degree. Then for every graded projective R-module,
we have an isomorphism of graded R-modules R ®p, (P/RTP) = P. In particular, if Ry
is a field, every graded Rg-module is a sum of shifts of Ry and so P is isomorphic to a
sum of shifts of R.

Corollary 3.6. For K a field of characteristic not 2 or 3, every vector bundle on Mg or
My is a direct sum of line bundles.

Remark 3.7. The analogue of Proposition 3.4 is certainly not true for higher dimensional
(weighted) projective spaces. There is a nice overview of the topic of indecomposable
vector bundles on projective spaces in the introduction of [21].

3.2. Vector bundles on weighted affine lines over a discrete valuation ring

We do not attempt to classify vector bundles over weighted projective lines over a
regular local ring; this is probably difficult even if dim(R) = 1 as in [14]. We try to
classify vector bundles over weighted affine lines instead.
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Definition 3.8. Let R be a ring and a and b be positive integers. Then a weighted affine
line of type (a,b) is the non-vanishing locus of a section A € O(m)(Pr(a,b)) whose
vanishing locus is isomorphic to Spec R// tigcd(a,p)-

An example of a weighted affine line is Mp if % € R. Indeed, it is the non-vanishing

locus of A € O(12)(Pr(4,6)) where A = 6127_222 for Pr(4,6) = (Spec R[cq, c6]—{0})/ /G

We wish to prove the following theorem:

Theorem 3.9. Let a and b be positive integers and R be a discrete valuation ring. Then
every vector bundle on a weighted affine line of type (a,b) is a direct sum of line bundles
of the form O(n) (or rather their restrictions).

Corollary 3.10. Fvery vector bundle on Mg for R a discrete valuation ring with % €ER
is a sum of tensor powers of w. In particular, this holds for R = Z, for p > 3.

We will mimic the proof strategy of [11], where Horrocks proves the analogous result
for non-weighted affine lines. More precisely, we will first show that a vector bundle
on a weighted affine line is trivial if it can be extended to the corresponding weighted
projective line (for an arbitrary noetherian local ring R) and then that vector bundles
can be extended (for R a regular local ring of dimension < 1).

Lemma 3.11. Let R be a local ming and X be an algebraic stack over R such that X —
Spec R is a closed morphism. Assume furthermore that there is a closed fpgc cover Y — X
for some reduced scheme Y. Let

0=+&—=+F—=G—=0

be a short exact sequence of sheaves on X where £ and F are vector bundles. Assume
that

0—>EQRrk—>FRrk—>GR®RrE—0

is a short exact sequence of vector bundles on X Xgpec rSpeck for R/mp = k the residue
field. Then G is a vector bundle.

Proof. Let A be the local ring of an arbitrary closed point in Y. It is enough to show
that G(Spec A) is a free A-module. We have exact sequences

0 — &(Spec A) — F(Spec A) — G(Spec A) — 0
and

0 — &(SpecA) ®r k — F(Spec A) ®r k — G(Spec A) @ k — 0.
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There is an isomorphism G(Spec A) ®@gk = (A®g k)™ 7% € Lifting the basis elements,
we get an A-linear map f: A7 —kE& 5 G(Spec A). It is surjective, as can be tested at
the closed point of Spec A, which maps to the closed point of Spec R.

The ring A is reduced, hence integral. Denote by K the quotient field of A. Then

fre: AT € @0 K — G(Spec A) @4 K
is also a surjection; hence an isomorphism since we have a short exact sequence
0 — &(Spec K) — F(Spec K) — G(Spec K) = G(Spec A) ®4 K — 0,

which implies that G(Spec A)@4 K = A™F k&g , K. Since K is a flat A-module, we ob-
tain ker(f)®4 K = 0 and ker(f) is completely A-torsion. But A™ 7~ k€ is A-torsionfree.
Therefore, ker(f) = 0 and f is an isomorphism. O

Proposition 3.12. Let R be a noetherian reduced local ring. Let £ be vector bundle on
X = Prgla,b). Then there exists a short exact sequence

0200l —=E—=E/0()—=0
with £/O(1) a vector bundle on X and l € Z.

Proof. Write m for the maximal ideal of R and k for R/m. The sheaf & = £ ®g k is a
locally free sheaf on Xj = X Xgpec g Speck. Denote by O(n) the sheaf O(n) on Xj.
By Proposition 3.4, we have an isomorphism &, = @,, 7,0 (n). By tensoring £ with a
suitable power of O(1), we can assume that r, = 0 for n < 0 and r # 0.

Denote the completlon of R with respect to m by R. Since R is flat over R, we have
I'(€) ®r R~ I'(€ ® R). By Theorem 11.ii from [23], we get thus an isomorphism

() @r R =5 1lim (€ ®p R/m’).

i

We are going to show that the homomorphisms in the inverse limit are surjective.
Since £ is locally free, the sequence

0= E@pm ™! /m' - E@r R/m' = E@r R/m™t =0
is exact for 7 > 2. The R-module mi_l/mi is isomorphic to kV for some N for i > 1. So

H'(X;E@rm' ™! /m’) @H (Xk; Ex) @@Tn (Xk; O(n)i).

By Proposition 2.5, H(X;O(n)) vanishes for n > 0. Thus,



L. Meier / Journal of Algebra 428 (2015) 425456 435

IEéwr R/m') = I'(E®pr R/m'")
is surjective for ¢ > 2 and thus also

I'(&)®r R=1m (€ @ R/m') — I'(&).

As the target is a k-module, the morphism factors over
Ir'é€)erk— I'(&)
and thus also
&) —rE) ork— I

is surjective.

Since r¢ # 0, there is an injective map f: Ox, — &, whose cokernel is a vector bundle
of rank rk & — 1. The map f corresponds to a nowhere vanishing section 5 € I'(€;) and
since I'(€) — I'(&) is surjective, we can lift § to a section s € I'(E); since every closed
point of X is over the closed point of Spec R, this is also nowhere vanishing. The section
s corresponds to an injective map Ox EENY , yielding a short exact sequence

0-0x s e8/0x =0
By Proposition 2.1 and Proposition 2.3, Pg(a,b) is a proper Artin stack and P} —
Pr(a,b) a proper fpqc map from a reduced scheme. As proper maps are closed,
Lemma 3.11 implies that £/Ox is a vector bundle again. O
Corollary 3.13. Let R be a noetherian reduced local ring. Let £ be wvector bundle on
X = Pg(a,b) and j: U < X be an open substack such that Ext*(F;G) vanishes for all
vector bundles F and G. Then j*E is a direct sum of line bundles.
Proof. By the last proposition, there is a short exact sequence of vector bundles

0— Ou(k) = j°&—3°E/77O(k) = 0.

As Ext! (5*€/5* Oy (k), 57*O(k)) = 0, the extension splits. The assertion follows by induc-
tion. O

Proposition 3.14. Let R be a discrete valuation ring and U C Pgr(a,b) be a weighted
affine line with ged(a,b) = 1. Then every vector bundle £ on U is the restriction of a
vector bundle F on Pr(a,b).
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Proof. Let U be the non-vanishing locus of some A € O(m)(Pg(a,b)). Then the comple-
tion of Pr(a,b) at the vanishing locus of A is equivalent to Spf R[[g]]; here, ¢ corresponds
to A under a trivialization of O(m) on Spf R|[[q]]. Let U be the “non-vanishing locus” of
A (or, equivalently, ¢) on this completion or, more precisely, the ringed site with same
underlying site as Pg(a,b) and sheaf of rings Op = O;R(?,b)[%] as in Theorem A.8.

By Theorem A.8 and Lemma A.6, the datum of a vector bundle on Pg(a,b) is thus
equivalent to that of a vector bundle £ on U, a finitely generated projective module P on
R[[g]] and an isomorphism £(U) — P[%]. Hence, a vector bundle € on U is the restriction
of a vector bundle on Pr(a, b) if there is a finitely generated projective R[[¢]]-module P
such that £(U) = P[%]. But by [11, Theorem 2] every projective module over R((q)) =
Rl[[g]][3] is free, in particular £(U). Thus, we can choose P to be R[[¢]]'™*¢. O

Lemma 3.15. Let X ~ Spec A//G,,, for a graded ring A. Then Extsz (E,F)=0 for& a
vector bundle, F a quasi-coherent sheaf and i > 0.

Proof. Quasi-coherent sheaves on X are equivalent to graded A-modules by Galois
descent. Clearly, the functor Hom g-gymod (4, —) is exact on graded A-modules. Thus,
Hi(X;F) = 0 for every i > 0 and every quasi-coherent sheaf F. But, Ext’bX (&€, F) =
H*(X;Home, (€, F)) by the degenerated Grothendieck spectral sequence, where Hom
denotes the Hom-sheaf, since the Ext-sheaves EthbX (€, F) vanish for i >0. O

Proof of Theorem 3.9. We want to reduce to the case ged(a,b) = 1. For this reduction
it is enough to show that if the theorem is true for (a,b), then it is also true for (la, b)
for | € Z~q. Let Pr(a,b) = (Spec R[z,, xp) —{0})//G,, and U be a weighted projective
line, i.e. the non-vanishing locus of some section A € I'(O(m)). As A corresponds to
a homogeneous polynomial of degree > 0, U can also be seen as the non-vanishing lo-
cus of A on Spec R[zq4,%p]//Gm. Thus, U ~ Spec Rz, xp, A™Y]//G,, and QCoh(U) ~
Spec R[z4, 2y, A7 -grmod. The category R[xla,xlb,ﬁfl]—grmod (where |z4] = la,
|z = Ib and |A| = I|A|) is equivalent to an I-fold product of R[z4, x5, A~]-grmod. The
equivalence is given by sending a tuple (My, ..., M;_1) of graded R[z,, 2y, A~1]-modules
to @i;é M;[i]. Reformulating, we get an equivalence from the I-fold product of
Vect(Pr(a,b) — V(A)) to Vect(Pr(la,lb) — V(z)) sending a tuple (&,...,&-1) to
P._L & @ O(i). If the & decompose all into line bundles, also @'_} & © O(i) does.

Assume now ged(a,b) = 1 and let U C Pg(a,b) be a weighted affine line with a
vector bundle £ on it. We can use the last proposition to find a vector bundle F on
Pr(a,b) which restricts to £. Thus, £ is a sum of line bundles by Corollary 3.13 as
U =~ Spec R[xq, 2y, A7']//G,, and thus all Ext-groups between vector bundles vanish by
Lemma 3.15. O

4. Examples of vector bundles on M 3) and their extensions

In this section, we will give a detailed exposition of some vector bundles of low rank
on the moduli stack of elliptic curves at p = 3. Our main aim will be to compute the
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groups of extensions between them, which will be key to the classification of iterated
extensions of line bundles in the next section.

To compute these Ext-groups we will first recall the cohomology of the moduli stack
of elliptic curves. Then we will discuss two examples of indecomposable vector bundles,
E, and f,f*O. In the third subsection, we will show that f,.f*O is self-dual and con-
struct two short exact sequences connecting E, and f, f*O by representation theoretic
methods. In the fourth subsection, we will classify extensions between E, and E, ® w’
for arbitrary j.

4.1. The cohomology of the moduli stack of elliptic curves

A computation of the cohomology on M3y = Mz, can be found in slightly different
language in [1, Section 3]. More precisely, he calculates the cohomology of the graded
Hopf algebroid

(A = ZLs)lai, az, a3, aq, agl, Alr, s, t]),
where |a;| = 4, |r| = 2, |s] = 1 and [t| = 3. Recall that a Hopf algebroid is just a
cogroupoid object in commutative rings (we give here just the rings corepresenting ob-
jects and morphisms of this groupoid and leave the structure maps implicit). A graded
Hopf algebroid is a cogroupoid object in (strictly) commutative graded rings. Given an

algebraic stack X and an affine morphism ¢: Spec R — X, we get a Hopf algebroid
(R, '), where

Spec R x x Spec R ~ Spec I

If ¢ is faithfully flat, we get an equivalence of categories between quasi-coherent sheaves
on X and (R, I')-comodules (see [22, Section 3.4]).

In the case of the moduli stack of elliptic curves, the Weierstrafl form gives an fpqc
map Spec A[A™!] — M 3y with

SpecA[Afl] X M sy SpecA[Afl] ~ SpecA[Afl} [r, s,t,uil}.
Comodules over
(A[A], Afrs. 1] [A71])

are equivalent to graded comodules over

(A [A_l] , Alr, s, t] [A_l} )

One can check that the structure maps of this Hopf algebroid agree with those found in
[1, Section 3].
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The line bundle w on M3y corresponds to the graded comodule A[A™1] seen as sitting

*

s tuWo = uwo, where wo = 2 s the

2y+aiz+as
usual invariant differential over the Weierstra$ elliptic curve E over Spec A[A™1] (i.e. a

in degree 1. The reason is essentially that @

trivialization of w) and &, s, is the endomorphism of E classified by r,s,t,u € A (as
in [24], Section 9.2 and Proposition 9.4).

Bauer computes in [1] the cohomology of the graded Hopf algebroid (A, Alr, s, t]), i.e.
the Ext-groups EXtZ(A,A[r,s,t])—grcomod(AvA[k]) where Alk],, = Ag4m denotes an index
shift of A. This is by the previous discussion, after inverting A, isomorphic to

l E\ ~ gyl Lk
Exto,, (0.0%) = H (M z);w").
Summarizing his calculation, we have

Z/3Z if i =2 mod 12,
0 else,
Z/3Z if i =6 mod 12,

0 else.

H' (Mz);0) :{
H?(Mz);0") —{

Chosen generators of H' (M s);w?) and H?*(M3);w®) are denoted by a and . The
algebra H*(M3);w*) is for cohomological degree > 0 generated over Z/3 by a, # and
A*! with only relation o = 0.

4.2. Examples of indecomposable vector bundles

The aim of this subsection is to define vector bundles E, and f,.f*O, compute their
cohomology groups and deduce that these vector bundles are indecomposable.

For brevity, we denote the structure sheaf O, by O and all Ext-groups will be in
the category of O-modules. The class o € H'(M3);w?) = Ext' (w2, 0) classifies an
extension

0-0—=E,—»w?=0. (1)

Up to isomorphism, which is not necessarily the identity on w’, all non-trivial extensions
of two line bundles are given as

02w 5 Ey®@w - w20
since the extension classified by —a is isomorphic to the one classified by « (via multi-

plication by —1).
We now want to compute some further Ext-groups.
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Proposition 4.1. We have

Ext? (wj , Ea)

{Z/?)Z if j = —4 mod 12,

0 else,

Extg(wj,Ea) _ {OZ/3Z 2];] = —6 mod 12,
else.

Furthermore, left multiplication with [ defines isomorphisms Exti(wj, E, =
Ext™?(w’, E,).
We denote that generator of the Ext'-group by & that maps to o under the map
Ext! (w_4, Ea) = Ex‘cl(w_2,w2 ® Ea) — Extl(w_Q, (’))

induced by Eo — w™2 as in (1).

Proof. We have an exact sequence

Ext!(w’, 0) — Ext!(w?, Ey) — BExt!(w/, w?)

Ext?(w’, 0) — Ext?(w?, Ey) —— BExt?(w/, w?)

Ext?(w, 0) ————> -

To handle this, we need the following lemma:

Lemma 4.2. (See [20], I1.9.1.) Let
0-A—-B—-C—=0

be an extension in an abelian category A (with enough injectives or projectives), corre-
sponding to an Ext-class x € Extl(C, A), and T an arbitrary object in A. The boundary
map Extk(T7 C)— Ex‘ck“(T7 A) of the long exact sequence for Ext-groups out of T equals
right multiplication by x. Similarly, the boundary map Ext®(A,T) — Ext*™(C,T) of
the sequence for Ext-groups into T equals left multiplication by x.

The map Jy is therefore surjective, dox_1 is zero (since (BFaAl) -« = 0) and gy, is an
isomorphism for k > 0. Hence, we get isomorphisms Ext?* ™ (w7, E,) = Ext?* ™! (w7, w™?)
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and Ext?*(w, E,) = Ext**(w’,0) for k > 0. These isomorphisms commute with left
multiplication by 8 (as these isomorphisms are induced by post composing with a map
of sheaves). This results in the Ext-groups given in the proposition. 0O

Corollary 4.3. The vector bundle E,, is indecomposable.
Proof. If E, = w*@®w!, then Extl(wj, E,) #0for j =k—2mod 12 and j = 1—2 mod 12.
If k£ # 1 mod 12, this is a contradiction to the last proposition. If k¥ = [ mod 12, then
Ext!(w*=2, E,) = (Z/3)?, which is also a contradiction to the last proposition. O
By dualizing the defining extension of E, and tensoring with w2, we get an extension
0502 E,Quw?osw?2o0,

where Ea denotes the dual of E, — note that dualizing is here exact since w2 is a

vector bundle. This extension is non-split (else the dual sequence would split as well)
and therefore we have the following:
Lemma 4.4. We have an isomorphism Ea ~E,Qw?.

Now consider the following lemma:

Lemma 4.5. Let (X,0) be a ringed site, £ and F be vector bundles and G be a quasi-
coherent sheaf on X. Then we have Ext'(£, F @ G) = Ext'(£ @ F,G).

Proof. Since vector bundles are (strongly) dualizable, we have a natural isomorphism
Homo (€, F @ G) = Homo (€ @ F,G)
of Hom-sheaves. The same holds for all higher Ext-sheaves (they are all zero). Therefore,

Ext’ (€, F ®G) = H' (X; Homo(§, F ® G)) = Hi(X;Homo(c?@ﬁ,g))
~ Ext!(E ® F,G)

by the Grothendieck spectral sequence converging from the cohomology of the Ext-
sheaves to the Ext-groups. O

In particular, we have
Ext’ (Ea Qw, O) ~ Ext’ (wj, Ei,) ~ Ext’ (wij, Ea).

This vanishes for ¢ = 1 iff j £ —2 mod 12.
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Remark 4.6. One possibility to construct F, (or rather Ea) concretely is the following;:
The reason for E, not to split is the same as for the Hasse invariant not to lift, namely
the non-vanishing of H'(M3);w?). At the prime 3, the Hasse invariant is a section
Ae HO(M(g);UJQ/S), i.e. a morphism O — w?/3. Define a vector bundle E as the fiber
product O X2/3 w?. Since w? — w?/3 is surjective, E — O is surjective and non-split

(since a splitting corresponded to a lifting of the Hasse invariant). The kernel is given by

the map w? — F inducing w? 3+ w? and w? % O. Thus, we get a non-split extension

0w’ = E—0—=0.
Thus, E = E, ® w? = Ea by Lemma 4.4.
A further, particularly important example of a vector bundle is the following: Let
fr Mo(2) ) = Mz,

be the usual projection map from the moduli stack of elliptic curves with chosen point
of exact order 2. Then f,f*w’ = f.f*O ® w’ defines a family of rank 3 vector bundles
on Ms).

Lemma 4.7. The cohomology groups Hi(./\/l(g);f*]:) vanish for ¢ > 0 for every quasi-
coherent sheaf F on My(2).

Proof. The map f is finite and, in particular, affine. Therefore, all higher direct images
Rif, vanish and, using a degenerate form of the Leray spectral sequence, we get

H' (Msy; foF) = H (Mo(2)(3); F).

The latter vanishes by Lemma 3.15 since M(2)3) ~ SpecZg)[bz, bs, A1/ /Gy, by
[3, Section 1.3.2]. O

Corollary 4.8. The vector bundle f.f*O is indecomposable.

Proof. If it is not indecomposable, it is a sum of a line £ and a plane bundle £. By the
classification of line bundles and Section 4.1, there exists some j € Z such that £L&w’ has
non-trivial first cohomology, but f, f*O ® w/ = f, f*w’ has trivial first cohomology. O

Note that the last lemma implies Ext’(E, f, f*©) = 0 for all i > 0 for every vector
bundle €. Indeed, we have a (Grothendieck) spectral sequence

H* (Extly (€, f.f70)) = Ext* T (€, f.f7O).

Since & is a vector bundle, all Ext-sheaves for ¢ > 0 vanish. Furthermore, Hom/(&, f.f*O)
o f*’HomoMO(z)(S) (f*€:OMqy(2)(s))- Thus its cohomology groups vanish for s > 0 by
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the last lemma and the spectral sequence is concentrated in s = ¢t = 0. Likewise
Ext’(f.f*O,£) = 0 for all i > 0 by Lemma 4.5 since f, f*O is self-dual by Lemma 4.12 in
the next subsection. To show this lemma (and more), it will be convenient to do a short
excursion to representation-theoretic methods. But first, let us summarize the preceding
discussion:

Proposition 4.9. Every extension of vector bundles
0=>&E=F—=-G—-0

on Msy splits if € or G is isomorphic to f.f*O ® w’ for some j.

4.8. Representation-theoretic methods

In this subsection, we will use integral representations of S3 to produce vector bundles
on Mzy. We will recover by these means the examples of the last subsection, but in a
more concrete setting. This will allow us to prove that f, f*O is self-dual and to produce
the short exact sequences (6) and (7).

We denote by p: M(2)3) — M3y the forgetful morphism from the moduli stack of
elliptic curves with level-2-structure at the prime 3. This Ss-torsor is classified by a map
i: M3y — SpecZ3)//S3, which fits into a (2-)commutative square

M(2>(3) EEEE——— Spec Z(g)

| |

M3y ——= SpecZs)//Ss

Set A, = w"(M(2)(3)). By [27, Proposition 7.1], we have M(2)s) ~ Spec A.//G,,
and thus QCoh(M(2)3)) =~ A.-grmod. This induces a diagram

S3 — Ay-grmod <———— S3 — Z(3)-mod

|

QCoh(Ms)) -~ QCoh(SpecZs)//S3)

The upper left corner consists of graded A,-modules with semilinear Ss-action (with
respect to the Sz-action on A, induced by that on Ms)(2)). The two vertical maps
are equivalences by Galois descent. We denote the composition of the inverse of the
right vertical equivalence with i* by I: Z3)[S3]-mod — QCoh(Ms)). Viewing the right
hand side as graded Ss-equivariant A,-modules, this corresponds just to the functor
M — M ® A, with diagonal S3-action (i.e. the upper horizontal functor). Thus, we have
Ss-equivariantly
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Z3)[S3](Spec A.) @ Ay,

here we let S3 act on S3 from the left by h-g = gh™!; on the right hand side S3 acts
simultaneously by permuting the factors (by the action just described) and on A,. This
convention is chosen for the following reason: Consider the map

M3)(2) x S3 == M3)(2) XMy M3)(2)

indicated by the formula (m,g) — (m,gm). If S5 acts just on the left factor in the
right hand side, the map becomes equivariant if we act on S3 x M 3)(2) via h-(g,m) =
(gh™1, hm). We can base change this by Spec A, X M3y (2) tO get an equivalence

Spec A, x S3 == Spec Au X m,) M 3)(2)
Thus, we have also p.p*O(Spec A.) =5, Py, A« and therefore 17 3)[S3] = p.p*O for
p: M(Q)(s) — M(3)

the forgetful map as above. Note that it is true in general that IM is a vector bundle of
rank n if M € Z)[S3]-mod is free of rank n as a Zs)-module.
Similarly, for P the standard permutation representation of S3 of rank 3, we have that

IP = [, f*O (since M3)(2) X a5 Mo(2)3) s 10,3y M3)(2))- As

T M@ @) = M) (2) X, Mo(2)@) = M3)(2) Xang, Mz = M — (3)(2)

{1,2,3}

is the fold map ][ 54, M(3)(2) = M3)(2), the functor I sends the diagonal map
Z3) — P to the adjunction unit O — f. f*O.

The group S3 acts on Zs)[(3] for (3 a third root of unity via permuting the ordered
set (1,(3,(3) of roots of unity. Denote the basis vector corresponding to 1,2,3 in P by
t1,ta,t3 € P. We have two exact sequences

0 — Zgy — P — Z3)[C3] =0 (2)

and
0— (1—-(3)Z3[¢3] = P—Zzy — 0 (3)
of Z3)[S3]-modules (sending t; to 1 respectively 1—(3 to t; —to). Here, the map Zs) — P
is the diagonal and the map P — Z3) is the summing map. Since ¢ is flat, I is exact

and we get exact sequences

0= 0 = fuf 7O = IZ3[(3] = 0 (4)
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and
0= I((1—¢3)Z3)[Cs]) = fof*O = O —=0. (5)

Proposition 4.10. We have A, = Zz)[A1, Ao, A7 with A = 16ATA3(A1 — X2)? and || =
|A2| = 2. Furthermore, the sub-Ss-representation Z) (A1, Xa) C A (where Zz) (A1, X2)
denotes the free Zs)-module of rank 2 on generators A1 and ) is isomorphic to (1 —

(3)Z3)[¢3].

Proof. This follows from the existence of the Legendre normal form, but we will give
precise references.

The first statement is contained in the discussion before [27, Proposition 7.1] except
for the formula for A, which follows by relating the \; to the usual b;.

A formula for the action of S3 on A, is given in [27, Lemma 7.3]. It follows that the
map Zz)y (A1, A2) = (1—(3)Z3)[C3] given by Ay — (3—1 and Ap — (3 —1is Sz-equivariant
and thus an S3-equivariant isomorphism. O

Lemma 4.11. We have I((1—(3)Z3)[(3]) = w* ® Eo, with notation as in the last subsec-
tion.

Proof. Since the higher cohomology of f,f*O vanishes, we have by the long exact se-
quence associated to extension (5) that

Z/3 for k=2 mod 12

0 else.

Mo 10~ i) =

Thus, the rank 2 vector bundle I((1 — (3)Z3)[¢3]) is indecomposable (since every line
bundle has non-trivial second cohomology in every 12-th degree).

By the last proposition, the multiplication map A, ® A, — A, restricts to an
Ss-equivariant map A, ® (1 — (3)Z3)[¢s] — Asq2, which is surjective (since A; is a
unit as it is a divisor of A). By Galois descent, this induces in turn a surjective map
I((1 = ¢3)Z3)[¢s]) = w?. Its kernel is a line bundle (since locally every surjection onto
a vector bundle splits). The vector bundle I((1 — (3)Zs)[¢3]) is thus a non-split exten-
sion of w? with another line bundle. Hence, by the considerations at the beginning of
Subsection 4.2, it has to be isomorphic to E, ® w*. O

Lemma 4.12. We have 1Z3)[(s] = w™? ® E4 and fi f*O is self-dual.

Proof. Equip P = Hom(P, Z3y) with the Ss-action (g- f)(p) = f(g~'(p)). Then sending
each basis vector of P to its dual vector defines an Ss-equivariant isomorphism P = P.
With this identification, the dual of the diagonal is the summing map. Thus, the short
exact sequences (2) and (3) are dual to each other and hence the dual of (Zs)[(3]) is
isomorphic to (1 — (3)Zs)[¢3]. Since 7 is a flat map, I = equivalence o i* sends duals



L. Meier / Journal of Algebra 428 (2015) 425456 445

to duals (see [25, TV, Proposition 18] for the commutative algebra statement). Hence,
I73)[¢s] 2 w™2 ® E4 by Lemma 4.4 and (f f*O) = f.f*O. O

Thus, the short exact sequences (4) and (5) are isomorphic to
00— fuffO—=E,@w ?2—=0 (6)
and
0= Ey@uw* = f,ffO—=0 =0 (7)
where the map O — f, f*O is the adjunction map and the map f,f*O — O is its dual
(under a chosen isomorphism (f, f*O)= £, f*O).
The two extensions (6) and (7) are non-split (as can be seen by computing coho-

mology). Thus, extension (7) corresponds to + the Ext'-class & introduced in Proposi-
tion 4.1.

4.4. Extensions of Eo and Eq @ w?
Proposition 4.13. Let
O%EQ%Y%Ea@)wj%O
be a non-split extension. Then j = —2mod 12 and Y 2 E, ® B, = f.f*O ® w2,
Proof. If we tensor the extension (6) with F,, we get:
0= Ey—= fif O0E, > E,@E, @w > =0

The middle term is isomorphic to f.f*O @ f.f*O ® w=? (as can be seen by tensor-
ing the extension (1) with f,f*©) and therefore Ext'(f,f*O ® E,,F) = 0 for every
vector bundle F and ¢ > 0 by Proposition 4.9. Thus, using Lemma 4.5 for the second
isomorphism,

Ext®(w/ ™ Ey) 2 Ext' (w72 Ey ® Eq) 2 Ext' (Eq @ W/, E,),

which is zero unless j = —2 mod 12, when it is isomorphic to Z/3, by Proposition 4.1.
Tensoring (1) with E,, gives an extension

0—+FE,—E,®FE, > E,Qw 20,

which is non-split since Hl(./\/l(3); E,® E, ®@w%) = 0 differs from Hl(/\/l(g); (Ea ®EL®
w™?) @ wb) = Z/3 by the calculation above and Proposition 4.1. It follows that this
extension represents a generator of Extl(Ea Rw 2 E,).
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Consider now the extension X corresponding to an element in Extl(Ea ® w2 E,)
coming from a generator in Ext' (E,®w~2, 0) (corresponding to (6)) via the map induced
by O — E,. This extension sits in a diagram

0 0
0 @ foff O —= E, Qw2 ——=0
l_
0 E, X E,@w?——=0
e

with rows and columns exact. This implies X 2 f, f*O @ w~?2 by Proposition 4.9. Thus,
the cohomology of X ® wb differs from that of (E, ® Eq ® w™?) ® w® and the middle
horizontal extension is non-split. Hence, E,® E, = X as E)<:‘51(Ea(§§w_27 E,)=7/3. O

5. Classification of iterated extensions of line bundles on M3

In this section, we want to classify all iterated extensions of line bundles on Ms). For
shortness, we will call iterated extensions of line bundles standard vector bundles. More
precisely:

Definition 5.1. We define the notion of a standard vector bundle on a ringed site X in-
ductively on the rank as follows: Every line bundle on & is called standard. Furthermore,
a vector bundle £ on X is called standard if there is an injection £ — & from a line
bundle on X such that the cokernel is a standard vector bundle.

Equivalently, we can characterize the class of standard vector bundles as the smallest
sub-class of all vector bundles which is closed under extensions and contains all line
bundles.

Theorem 5.2 (Theorem B). Every standard vector bundle on M sy is a direct sum of the
form @, w™" @@ Eq @w™ & Pp fufTODw"-.

Proof. We will prove this theorem by induction on the rank of the vector bundle. The
rank 1 case is the classification of line bundles.
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So assume that we have proven the theorem for all standard vector bundles of rank
smaller than n and that X is a standard vector bundle of rank N. By the induction
hypothesis, we have a short exact sequence

02wl —=>X—-Y—=0 (8)

where Y is of the form
Do o @E 0w o P IS0
Iy Jy Ky

and of rank (N — 1). We will call the depicted summands of Y its standard summands.
Furthermore, we can assume that there is no vector bundle Z which is isomorphic to

@wmi @@Ea ® W™ @@f*f*(o(g@wmk
Iz Jz Kz

with |Iz| < |Iy| such that there is a surjective morphism X — Z with a line bundle as
kernel. In addition, we assume (for notational simplicity) that ¢ = 0.

We assume for contradiction that X is not of the form which is demanded by the
theorem we want to prove. Then the extension (8) is non-trivial. Since the Ext functor
commutes with (finite) direct sums, there is at least one standard summand S of YV
such that the map Ext' (Y, 0) — Ext'(S,0) (induced by the inclusion) sends the class
x € Ext'(Y,0) corresponding to (8) to a non-trivial class. We will prove the theorem
case by case:

1) S = f.f*O @ w’: this cannot happen since Extl(f*f*O ® wl,0) = 0 by Proposi-
tion 4.9.

2) S = E, ® w’: Since the only non-split extension of O and an E, ® w’ is f.f*O
with j = —2 (as follows from Proposition 4.1), we get a diagram (with rows and columns
exact) of the form:

0 0
0 0] f.f0 Ea®w?—>0
0 0] X e 0
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The left vertical extension is trivial since Ext' (Y — (B, ®@w™2), f, f*O) = 0 by Propo-
sition 4.9. Therefore,

X2ff 08 (Y- (B,ow?).

3) S = w’: Since the only non-split extension of O and an w’ is E, with j = —2, we

get a diagram (with rows and columns exact) of the form:

0 0
0 @) E, w2 0
0 O X Y 0

Y —w?2—>Y -—w?

If the left vertical extension in the diagram is non-split, there is a standard sum-
mand S’ of Y — w2 such that the map Ext’ (Y — w=2 E,) — Ext!'(S', E,) induced
by the inclusion sends the element y € Extl(Y — w2 E,) corresponding to the left
vertical extension to a non-trivial class. If S’ = w!, then the argument is similar to the
case before and we get X = (Y —w™2 —w™) @ f.f*O. The case 5" = f.f* O ® '
can again not occur because Extl( ff*O @ W' E,) = 0. Therefore, we can assume
that S’ is isomorphic to E, ® w! for some I. By Proposition 4.13, the only non-
trivial extension of E, with some E, ® w' is fof*O ® w™2 with | = —2. So we can
assume that we get a commutative diagram (with rows and columns exact) of the

form:
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0 0
0 E, Fof O @ w2 Ea@w?— =0
0 E, X ) o |

Pushing the left vertical extension forward along the projection map f,f*O ®w™2 —
f«[*O produces the following diagram (with rows and columns exact):

0 0
w2 = w2
0 —= f.ffODw? X Y —w?2—(Ea®@w™?) ——=0
l_
00— f.f*O Z Y —w?2—(EBy@w?) ——=0
0 0

The lower horizontal extension splits by Proposition 4.9 so that Z & f,f*O @ (Y —
w™? — (E, ®w™2)). Thus, there is a surjective map X — Z with a line bundle as kernel
and |Iz| = [Iy| — 1 (where Iz is the set of standard line bundle summands as above),
which is a contradiction to the minimality of |Iy|.

This completes the proof of Theorem A. O

Corollary 5.3. Let € be a standard vector bundle on M sy with H'(M3);€ @ w¥) = 0
for all k € Z. Then the rank of € is divisible by 3.

Proof. By the main theorem of this section, £ is a sum of vector bundles of the form
W, By, ®@wl and f,f*O @ wl. But w? ® w?™7 and E, ® w! ® w* 7 have non-trivial first
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cohomology. Therefore, £ is a sum of vector bundles of the form f, f*O ®w’. These have
rank 3. O

6. Vector bundles on M)

We will turn now our attention to M) = MZ(Q), where the situation is in some
respects quite different from bigger primes; we will see that we have here infinitely many
indecomposable vector bundles (of arbitrary high rank).

Recall that we have a G'Lo(IF3)-Galois covering M(3) 2y — Mg for M(3) the moduli
stack of elliptic curves with level-3 structure at the prime 2. Set G = GLy(F3).

Consider the elliptic curve E: y?+y = 23 over Fy. This has, according to [26], II1.10.1,
automorphism group S of order 24. By [15, 2.7.2], the morphism S — G (given by the
operation of S on E[3]) is injective. Using elementary group theory, we get that G has a
unique subgroup of order 24, namely SLy(F3); thus S embeds onto SLa(F3). The group
SLo(F3) has as a 2-Sylow group the quaternion group @, the multiplicative subgroup of
the quaternions generated by ¢ and j. This defines an action of @ on E.

Since the finite group scheme E[3] over Fy is isomorphic to (Z/3)2, we can choose a
level-3 structure on E. This gives the following 2-commutative diagram

SpecFy x Q —— M(3)(2) x G — SpecZ x G

SpecF, M(3)2) SpecZ

| | |

SpecFy//Q —= My —— " > SpecZ//G

Thus, we get functors I: Z[G]-mod — QCoh(M) and R: QCoh(My)) —
Fo[Q]-mod given by 7* and e*, composed with the Galois descent equivalence, respec-
tively. As @ acts on E[3] via the inclusion @ C G, the functor RI is given up to
isomorphism by tensoring with Fy and restricting to Q C G.

Our next aim is to define certain integral G-representations, which will allow us (via
the functor I) to prove the existence of an infinite family of indecomposable vector
bundles on Ms). There is a family of Cy x Ch-representations over Z given as M,, =
Zx1® - D Lxy D Lyy® -+ D Ly, and

(91 + (=1)")z; = yi1, (92 + (=1))z; = ys,

(91— (=) = (92 + (-1)")y; = 0,
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where g; and gy generate Cy x Co (see [13], 6.2). The modules M,, = M,, ®z F, (and,
hence, also the M,,) are indecomposable as Cy x Cy-modules (see [12], Proposition 5(ii)
and its corollary). The same holds if we pull them back to representations of @ via the
surjective morphism p: Q — Cy x Oy (given by dividing out i? € Q). Indeed, as there
is no Cy x Cy-equivariant idempotent on M,,, there is also no Q-equivariant idempotent
on M,,. By abuse of notation, we denote p*M,, also by M,,.

Let (Y;) et be the collection of indecomposable vector bundles on M 3. Decompose
IlIldQ M,, as P Y; (with almost all a; = 0). Thus, RI 1ndQ M, = D, ;a;R(Y)).
Since

JEJ

RI indg M, = resg indg M, = @ M,,
G/Q

we see that M, is a direct summand of this module. Recall now the theorem of Krull-
Remak—Schmidt:

Theorem 6.1 (Krull-Remak—Schmidt). Every noetherian and artinian module over a ring
has a (up to permutation and isomorphisms) unique decomposition into indecomposable
modules.

Thus, as M,, is finite-dimension as an Fag-vector space and hence noetherian and
artinian, M,, has to be a summand of one of the RY}. Since rk M,, = 2n + 1, the rank
of RYj (and hence of Y;) must be at least 2n + 1. Therefore, M 4) has indecomposable
vector bundles of arbitrary high rank.
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Appendix A. Quasi-coherent sheaves and completions

In this appendix we review some descent results for (quasi-)coherent sheaves on Artin
stacks with respect to completions. Similar results appear for affine schemes and algebraic
spaces instead of Artin stacks in [8] and [18]. We will freely restrict to noetherian and
separated situations when convenient.

Throughout this section let X be an Artin stack. In [17] and [23, Definition 3.1], the
lisse-étale site corresponding to X is defined: It is the full subcategory of X’-schemes
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consisting of smooth X-schemes and a family {f;: U; — U} is called a covering if each
fi is étale and the maps are jointly surjective. Denote by Xj;,_.: the corresponding topos.

Call a sheaf of rings A on Xy, flat if for every smooth map f: U — V of smooth
X-schemes the associated map f~1Ay — Ay is faithfully flat (|23, Definition 3.7]). An
example is the structure sheaf Oy. A sheaf of A-modules is cartesian if for every map
U — V of smooth X-schemes the natural map

AU ®f—1AV f_lMV — MU

is an isomorphism. For 4 = Oy an Oxy-module is cartesian if and only if it is quasi-
coherent. Therefore, we denote the category of cartesian A-modules by QCoh(X, A) and
the category of those cartesian .A-modules locally of finite presentation by Coh(X, .A).

Theorem A.l. (See [23], Proposition 4.4.) Let X be an Artin stack, A a flat sheaf of
rings on Xjs.et and X — X a smooth cover by an algebraic space. Denote by X, the sim-
plicial algebraic space given by X,, ~ X**" L Denote furthermore by Modcar (XJ) the
category of systems of cartesian modules Fp, on (Xp iis-et, A) together with isomorphisms
Gai QuFm — Fn for every injective order-preserving a: [m] — [n] such that

Po © (AxP8) = Paop: QxfuFr = (a0 B)Fi = Fn
for a: [m] = [n] and B: [k] — [m] injective. Then the functor
QCoh(X, A) — Modcart (X))
given by pullback is an equivalence of categories.
We now want to discuss completions of stacks in the style of [4].

Proposition A.2. (See [17], 14.2.) There is a natural bijection between ideal sheaves on
X and closed substacks, sending an ideal T to a substack V().

Definition A.3. Let X’ be a locally noetherian Artin stack and Z an ideal sheaf. The
(formal) completion of X along Z is defined to be the ringed site X with the same
underlying site as X and O given as léLn Ox/I™. By the correspondence between ideal
sheaves and closed substacks, we can also speak of the (formal) completion of X along a
closed algebraic substack.

From now on, let X always be noetherian. As above, for a chosen ideal sheaf 7 we
denote by QCoh(X) the category of cartesian O p-modules and by Coh(X) the full sub-
category of modules locally of finite presentation. Note that X is flat since the completion
A — B with respect to an ideal of A is flat if A — B is flat for A and B noetherian.

We like now to recall a variant of a result by Ferrand and Raynaud [8]:
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Proposition A.4. Let A be a noetherian ring, I = (t) C A a principal ideal and A the
completion of A with respect to I. Then we have cartesian squares of categories:

QCoh(Spec A) —— QCoh(U)

l |

QCoh(Spec A) — QCoh(U)
and

Coh(Spec A) —— Coh(U)

l |

Coh(Spec A) — Coh(T)

Here U and U denote the complements of V(I) in Spec A and Spec fl, respectively. The
equivalence of the fiber product to the upper left corner can be chosen functorial in (A, I).

Proof. The map Spec A U U — Spec A is a faithfully flat map of affine schemes. Thus,
by [8, Proposition 4.2], we have a cartesian square

QCoh(Spec A) QCoh(U)

! l

QCoh(U) x QCoh(Spec A) —= QCoh(U) x QCoh(U)

Here, the lower horizontal map is just the identity on the first factor and the map induced
by the inclusion on the second. This gives the first square. The functoriality follows from
the construction of the A-module as a pullback.

To deduce the second square from the first, we only need to prove that the functor

QCoh(Spec A) — QCoh(Spec A) x QCoh(U) ~ QCoh(Spec/i U QCoh(U))

detects coherence. This holds since Spec AU U — Spec 4 is fpqc (since A is noetherian)
and pullback along fpgc-morphisms detects coherence. 0O

We will generalize this result to algebraic stacks.
Definition A.5. A substack X of X is called locally principal closed if there is an fpqc-

covering {U; Jiy X} such that Xy x x U; is the vanishing locus of a t; € H°(U;; Oy,).
This is a generalization of the notion of an effective Cartier divisor.
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For a cosimplicial ring A®, we define a category Modca, (A% ) as follows: An object is
a family (M™),>0 of A”-modules together with an isomorphism ¢: A" ®@gm M™ — M™
for every injective order-preserving a: [m] — [n] such that the ¢, are compatible with
compositions as in Theorem A.1. Morphism are compatible families of morphisms M"™ —
N™ of A"-modules. Define the full subcategory fModcari (A% ) on objects (M™),cn where
every M™ is a finitely presented A™-module.

Before we use this definition, we have to define a preliminary lemma.

Lemma A.6. Let (t) C A be an ideal of a noetherian ring. Then I: QCoh(Sm) —

~

Mod(A) and I': QCOh(S@[%]) — Mod(fl[%]) are equivalences. Here, A and Spec A

are (formally) completed with respect to (t) — the latter in the sense of Definition A.3;

furthermore, @[%] is the ringed site with sheaf of rings Osfec\A[%] on (Spec A)yis.et-
These equivalences restrict to equivalences

I': Coh(Spec A) — fMod(A)

r con(spmeaff]) - pwoa(4[])

to the finitely generated modules.

and

Proof. First, we will show that I QCoh(@) — Mod(A) is exact. It is enough to
show that a map M — N of A-modules is surjective if M®AB — N®AB is surjective for
some smooth surjective map Spec B — Spec A (where B is also completed with respect
to (t)). This is true since Spec B — Spec A is fpqc.

The functor I" also commutes with arbitrary direct sums. Indeed, we can use [28,
I1.1.5.1] to see that the lisse-étale site of Spec A is noetherian and for noetherian sites,
all sheaf cohomology commutes with arbitrary direct sums by [28, 1.3.11.2].

There is a functor A: Mod(A) — QCoh(@) associating to every A-module M the
sheafification of the presheaf associating to every smooth Spec A-scheme X the module
(’)Sm(X) ®4 M. Clearly I'(A(P A)) = @ A for arbitrary direct sums of A (which
are flat A-modules) and thus also I'(A(M)) =2 M for every A-module M since I'" and
A are both right exact. Furthermore, AI'(F) = F since F is cartesian. Both A and
I' are compatible with the action of A. Thus, I" restricts to an equivalence of the full
subcategories where t acts invertible, yielding the second equivalence. O

Since we are only interested in applications to coherent modules, we will state the
remaining results only for these.

Theorem A.7. Let X be a noetherian separated Artin stack and Xy be a locally principal
closed substack of X. Let U be the complement of Xy and X the completion of X along X.
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Furthermore, let U be the ringed site with same underlying site as X and Op = OX[%]
locally for Xy the vanishing locus of t.

Let Spec A — X be a smooth cover such that Spec A Xy Xy is cut out by a single
element t € A. Define a cosimplicial ring A® by Spec A" = Spec AX*"+1. Then pullback
defines equivalences

Coh(X) — fModcart (A%)

—

(A3
Coh(X) — fModcar (A® )

Coh(U) — fModcart (ﬁ H )
+

Proof. The first equivalence is clear by Theorem A.1 since Spec A — X is a fpqc map
and detects therefore coherence. The second and the third equivalence follow in the same
way from Theorem A.1, the fact that completion and localization preserve flatness and
the previous lemma. 0O

Theorem A.8. Let X be a noetherian separated Artin stack and Xy be a locally principal
closed substack of X. Let U be the complement of Xy and X the completion of X along Xy.
Furthermore, let U be the ringed site with same underlying site as X and Op = (’)X[%]
locally for Xy the vanishing locus of t. Then we have cartesian squares

Coh(X) — Coh(U)

l l

Coh(X) — Coh(U)
and

Vect(X) — Vect(U)

l |

Vect(X) — Vect(D).

Proof. We begin by showing the first square to be cartesian. This is true if X is an
affine scheme and A&} is cut out by a single element by Proposition A.4 and Lemma A.6.
The general case follows from the last theorem by choosing a smooth cover Spec A — X
where A} is cut out by a single element t.

A coherent sheaf on X, X or U is a vector bundle iff its restriction to (Spec A) jis-et
is. Since Spec A U Spec A[H — Spec A is fpqc and being locally free is detected by fpqc
maps, the second square follows. O
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