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Abstract

In this thesis, some aspects of hydrodynamics on systems with non-trivial
spin degrees of freedom are studied. We start by identifying the relevant spin
degrees of freedom and how they can be incorporated in the hydrodynamic
expansion. After this has been achieved we modify the constitutive relations
to include such degrees of freedom, this is done in a way compatible with
the second law of thermodynamics. Conformal symmetry in the presence
of spin degrees of freedom is also analyzed and is used to write down an
idealized model that resembles the quark gluon plasma generated in heavy
ion collisions. From this model the expected polarization of particles after
such a collision is computed and compared to experimental data. Finally,
we use the fluid gravity correspondence and a five dimensional gravitational
toy model to exemplify how the new spin related transport coefficients of
a strongly interactive quantum field theory can be computed from a dual
gravitational theory.
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Chapter 1

Introduction

Hydrodynamics is a robust effective theory, valid on distance scales much
longer than the typical mean free path, capable of describing a wide variety
of phenomena, ranging from stellar evolution through fluid flow in a pipe to
heavy ion collisions. The dynamics of fluid flow are captured by the conser-
vation laws of the underlying many body theory at hand, supplemented by
constitutive relations which parametrize the conserved currents as local func-
tions of the dynamical variables. For example, energy can be parametrized
by a local temperature field and energy conservation serves as a dynamical
equation for it.

In a relativistic theory, on Minkowski spacetime, translation invariance
implies that the energy momentum tensor, T µν , is conserved. In relativistic
hydrodynamics the constitutive relations for the energy momentum tensor
are expressed in terms of a temperature field T and a velocity field uµ nor-
malized such that uµuµ = −1. As in any effective theory, the constitutive
relations are the most general ones possible, compatible with the physical
constraints of the problem. In hydrodynamics these include [1–3] symmetries,
unitarity, the second law of hydrodynamics and various Onsager relations.
Once the constitutive relations are available (usually in terms of a derivative
expansion), the equations of motion for T and uµ are given by energy momen-
tum conservation and from the relativistic Navier-Stokes equations. Over the
last few years there has been increasing interest in a theory of hydrodynamics
in the presence of an independently conserved angular momentum density,
Jµνρ, or, alternatively, a non vanishing spin current, Sµνρ;

Jµνρ = xνT µρ − xρT µν − Sµνρ. (1.1)
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CHAPTER 1. INTRODUCTION

In flat spacetime, the conservation of energy and angular momentum implies

∂µT
µν = 0 , ∂λS

λµν = 2T [µν] . (1.2)

Equations (1.2) will rule the evolution of the flow on a fluid with non-
vanishing spin current Sλµν . The spin current Sλµν will be present when
underlying canonical fields carry nontrivial spin. An instructive example is
to look at free Dirac fermions, i.e. the quantum field theory of spinors ψ with
mass m that evolve according to the Lagrangian

S[ψ] =

∫
ddx|e|ψ̄ (iγµ∂µ −m)ψ , (1.3)

with γµ the Dirac gamma matrices. From the Noether procedure it can be
shown that conservation of angular momentum fixes the spin current to be

Sλµν = − i

2
ψ̄
(
γλγµν + γµνγ

λ
)
ψ , (1.4)

with γµν = γµγν − γνγµ, (1.4) is the simplest example of a theory with
non-vanishing spin current as the scalar field will have a vanishing Sλµν as
expected.

Relativistic hydrodynamics plays an important role during heavy ion col-
lisions. In these collisions the quark gluon plasma (QGP) is produced along
with strong magnetic fields, see figure 1.1.

Figure 1.1: Schematic view of the collision with the yellow arrow indicating
the direction of the flow.Figure taken from [4].
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In off-central collisions the QGP is characterized by a large vorticity,
which together with the large magnetic fields that are generated can induce
a global polarization of the final hadrons [4]. In particular, there is experi-
mental evidence for correlations between the spin polarization of Λ-hyperons
and the angular momentum of the quark gluon plasma in off center colli-
sions [5, 6], see figure 1.2.

Figure 1.2: Results and figure taken from [5] where the average polarization
P̄H for Λ-hyperons (H = Λ) and Λ̄-hyperions (H = Λ̄) is plotted against the
beam energy per nucleon

√
sNN for 20-50% central Au+Au collisions. The

results of [5] are shown together with the ones from [7] for 62.4 and 200 GeV
collisions. Boxes indicate systematic uncertainties.

Fluid-like description of spin dynamics in non-relativistic systems are also
crucial in spintronics [8, 9] and quantum spin liquids [10]. The experimental
realization of spin currents induced by vorticity in liquid metals [11], see
figure 1.3, is a recent example. Spin hydrodynamics in (nearly) defect-free
crystals might give insights on the spin transport, energy dissipation, and
efficiency of the system [12].
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CHAPTER 1. INTRODUCTION

Figure 1.3: Comparison of electron hall effect (left) and an equivalent spin
effect in liquid metals due to non-vanishing vorticity (right). Figure taken
from [11].

A proper theoretical understanding of these phenomenon necessitates a
consistent hydrodynamic theory of spin currents. While there has been a
significant amount of work on the matter, see, e.g., [13–33] and [34–38], a fully
consistent theory of hydrodynamics of spin currents is lacking. Therefore the
main goal of this thesis is to show the steps we have taken into developing an
exhaustive and consistent theory of spin hydrodynamics. One of the main
issues when trying to develop spin hydrodynamics is the general disregard of
the spin current due to the Belinfante-Rosenfeld (BR) symmetry [39,40], an
invariance of (1.2) under the shift

T ′µν = T µν +
1

2
∇̊λ

(
Bλµν −Bµλν −Bνλµ

)
, (1.5)

S ′λµν = Sλµν +Bλµν , (1.6)

where Bλµν is antisymmetric on the last two indices and in principle can
then be chosen judiciously to completely remove the spin current from the
description, leaving the symmetric Belinfante-Rosenfeld energy momentum
tensor T µν

BR as the only relevant current

T µν
BR = T µν − 1

2
∇̊λ

(
Sλµν − Sµλν − Sνλµ

)
. (1.7)
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1.1. SOURCING THE SPIN CURRENT

This conclusion was challenged in [20] (see also [22,23]) where it was argued
that, even though the definition of the spin current operator is subject to
the transformation (1.6) this symmetry might be broken by the thermody-
namic state of the theory, hence the different choices of Bλµν would lead to
different observables. Our approach to the BR symmetry consisted on intro-
ducing sources into the description. Once the proper sources of the energy
momentum tensor and the spin current were identified the BR symmetry
was broken, allowing us to work in an unambiguous way. This identification
is the jumping point into exploring the dynamics of the spin current in a
consistent way. Although we did not manage to do an exhaustive study of
all aspects associated to the spin dynamics we did develop the first steps into
a systematic approach to studying relativistic hydrodynamics with spin.

In the rest of this chapter we will discuss how the spin current is con-
sistently sourced, we will review the classical relativistic theory of hydrody-
namics and how we can consistently include the spin degrees of freedom into
the description. Finally we will mention how spin hydrodynamic transport
can be studied using holographic techniques. These topics on themselves are
explored on the remaining chapters. In chapter 2 the introduction of spin de-
grees of freedom into the hydrodynamic description of a theory is performed
in a systematic way. Chapter 3 is used to explore conformal symmetry in
the presence of spin, we later use this symmetry to simplify the computation
of spin polarization in a model containing some of the main features found
in the quark gluon plasma generated in heavy ion collisions finding a good
fit with collision data. Chapter 4 is relatively self contained and in there
we use a holographic five dimensional toy model to show that it is possible
to compute hydrodynamic transport via holographic techniques. Finally in
chapter 5 we discuss the next steps that should be taken to fully flesh out
the hydrodynamic description of systems with spin.

1.1 Sourcing the spin current

The dynamics of a finite temperature many body system at a given energy
scale are encoded on the partition function Z[JO,Φε], where J are sources
coupled to the operators O of the theory and Φε are the microscopic degrees
of freedom relevant at such energy scale. Such partition function is obtained
after integrating out the high energy degrees of freedom of the microscopic
theory up to the chosen scale.
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CHAPTER 1. INTRODUCTION

From the partition function the quantum effective action W can be de-
fined as

eiW [JO,Φε] = Z[JO,Φε] . (1.8)

By taking variations of W [JO,Φε ] with respect to the sources we can find the
correlation functions of the theory for the operators O. In the hydrodynamic
limit only conserved currents enter the description, meaning that we only
need to know how those can be sourced. As we already discussed, for an un-
derlying theory invariant under translations and rotations there will be two
operators associated to the Noether currents of these symmetries, the energy
momentum tensor T µν and the total angular momentum Jλµν . In flat space-
time the conservation laws for these currents will be (1.2). In the context
of hydrodynamics, which our work will focus on, these two currents will be
the only relevant ones for the dynamics while all the higher energy degrees
of freedom have been integrated out, namely Z = Z[JT , JS]. We know that
for theories with vanishing spin the energy momentum tensor can be sourced
by coupling the underlying QFT to a generic curved background, with the
metric gµν of such background acting as the source of T µν . To illustrate how
the spin current can be sourced it is, once again, enough to understand how
Dirac fermions couple to gravity. To place fermions in curved spacetime it
is necessary to change from a formulation in terms of the background met-
ric gµν to a first order formulation in terms of the vielbein fields eaµ [41–43],
related to the metric by

eaµe
b
νηab = gµν . (1.9)

The vielbein introduce a flat tangent space at every point in spacetime on
which the Clifford algebra can be locally defined. This results in the Dirac
Lagrangian

S[ψ] =

∫
d4x|e|iψ̄

[
γµ
(
∂µ +

i

2
ωab

µγab

)
−m

]
ψ + c.c. , (1.10)

where |e| is the determinant of the vielbein fields, and ωab
µ is the spin connec-

tion introduced to make the theory invariant under local Lorentz transfor-
mation. The connection is minimally coupled to the fermions hence sources
the spin current operator − i

2
ψ̄
(
γλγµν + γµνγ

λ
)
ψ. Comparing this coupling

with (1.4) it becomes clear that the spin connection will act as the source of
Sλµν .
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1.1. SOURCING THE SPIN CURRENT

When the sources in (1.10) are only background fields hence not subject
to variations, there is no reason to choose the connection to be Levi-Civita1.
It can be more general

Γλ
µν =

1

2
gλρ (∂µgνρ + ∂νgµρ − ∂ρgµν) +Kλ

νµ , (1.11)

where the first term is the Levi-Civita connection Γ̊λ
µνand the second term,

K is called contorsion and its antisymmetric on its first two indices. The
metricity requirement (vanishing covariant derivative of the metric) does not
fix K. Instead, it is determined completely in terms of the torsion T a

µν ,
through

T λ
µν ≡ 2Γλ

[µν] = Kλ
νµ −Kλ

µν , (1.12)

while torsion itself is related to both the vielbein and spin connection through

T a
µν = ∂[µe

a
ν] + ωa

b[µe
b
ν] . (1.13)

In the presence of a non-trivial T a, the vielbein and the spin connection stay
independent.

We can now extend the discussion from free fermions to a more general
QFT with an action I[e, ω,Ψ] with Ψ a non-trivial representation of the
Lorentz algebra, coupled to a first order gravitational background. One then
defines the effective action W [e, ω]

eiW [e,ω] =

∫
DΨeiI[e,ω,Ψ] , (1.14)

with a variation of the form

δW =

∫
ddx|e|

[
T µ

aδe
a
µ +

1

2
Sλ

abδω
ab
λ

]
. (1.15)

Coupling the underlying theory to a torsionful spacetime will unambiguously
define the spin current through (1.15), we will take this relation as the def-
inition of Sλµν . At this point we can note that taking the affine connection
to be the Christoffel connection,

Γ̊λ
µν =

1

2
gλσ (∂µgσν + ∂νgσµ − ∂σgµν) , (1.16)

1Choosing the Levi-Civita connection is equivalent to symmetrizing the energy momen-
tum tensor and removing the spin current through a BR transformation.
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CHAPTER 1. INTRODUCTION

will make the connection and the vielbein not independent and will recover
the usual symmetric Belinfante-Rosenfeld energy momentum tensor [39, 40]
and a vanishing spin current. It is then crucial to keep the connection inde-
pendent throughout any computation to have unambiguous definitions, we
are free to set torsion to zero once the relevant macroscopic quantities of
interest have been computed.

1.2 Relativistic hydrodynamics

Hydrodynamics is a universal low energy effective field theory of many body,
finite temperature systems. The equations of motion of hydrodynamics con-
sist of local conservation laws (e.g. energy momentum conservation or charge
conservation, we will focus on the set of equations (1.2)). The dynamical
variables are given by a temperature field T, a velocity field uµ (which we
normalize such that uµuµ = −1 for the relativistic setting we are working
in), and chemical potentials associated with other conserved charges present.
In the current context angular momentum conservation leads to a (non-
)conservation equation for the spin current, which implies the existence of a
spin potential µab, i.e. the spin analog of electric chemical potential.

To obtain the explicit form of the equations of motion for the hydrody-
namic variables one needs a set of constitutive relations whereby the energy
momentum tensor and spin current are expressed in terms of T, uµ, the
relevant chemical potentials and their derivatives. Often, such constitutive
relations are expressed in terms of a truncated expansion in derivatives of
the hydrodynamics variables. In particular we would like to classify all in-
dependent and symmetry allowed tensor structures at any given order of
the expansion to write down the most general set of constitutive relations.
The proportionality constants between the currents and each of the relevant
tensor structures are usually called transport coefficients. For example, the
constitutive relations for T µν up to first order in derivatives of an uncharged
fluid with trivial spin is known to be of the form

T µν = ε(T )uµuν + P (T )∆µν − ζ(T )θ∆µν − η(T )σµν , (1.17)

where ε is the energy density, P is the pressure, the projector ∆µν to the
space orthogonal to uµ is defined as

∆µν = gµν + uµuν , (1.18)
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1.2. RELATIVISTIC HYDRODYNAMICS

the transport coefficients {ζ, η}, known as the bulk and shear viscosities,
appear next to the first order in derivative terms {θ, σµν} respectively. These
first order tensors are related to the gradient of the four velocity through

θ = ∇̊µu
µ , (1.19)

σµν =

(
∆µ

(α∆
ν
β) −

∆µν∆αβ

d− 1

)
∇̊αuβ , (1.20)

with d the dimension of the spacetime and ∇̊ is the Christoffel covariant
derivative. In general the constitutive relations must satisfy certain criteria
which have been shown to be captured by the second law of thermodynam-
ics, at least to leading order in derivative expansion. For the particular case
of (1.17) we know these constraints are translated into the positivity of the
viscosities {ζ, η}. One of the main goals of this work was to derive the equiv-
alent of (1.17) for a system with both a non-trivial spin current and spin
chemical potential. We will later motivate that the spin potential is natu-
rally associated with terms which are first order in derivatives, this will alter
the way we will truncate the theory. We will write down the most general
constitutive relations for the energy momentum tensor and spin current of a
parity invariant theory on d-dimensional flat spacetime, this will be shown in
chapter 2. It is important to mention that this counting will not be the only
possible counting on the hydrodynamic derivative expansion, in chapters 2
and 4 we will briefly discuss some alternatives and in [44, 45] some other
proposed alternatives can be found.

1.2.1 Classification of constitutive relations

The tensor structures appearing on the constitutive relations for the currents
can be classified into two categories: equilibrium and non-equililbrium. The
non-equilibrium tensors are defined such that they vanish under local ther-
modynamic equilibrium, while the equilibrium part corresponds to the hydro-
static limit. A fluid which is acted on by time independent external forces will
settle down to a hydrostatically equilibrated configuration. Since a hydro-
statically equilibrated configuration must be a solution to the hydrodynamic
equations of motion, the explicit form of the hydrostatic configuration must
be compatible with the constitutive relations of the fluid. Put differently,
the existence of hydrostatic equilibrium poses constraints on the constitutive
relations of the fluid. Therefore, if we can generate a valid hydrostatically

15



CHAPTER 1. INTRODUCTION

equilibrated configuration we may use it to simplify the construction of the
constitutive relations for the fluid.

To obtain a valid hydrostatically equilibrated configuration we use the
methods developed in [46,47]: Consider a hydrostatically equilibrated state.
In such state Euclidean correlation functions of generic operators at equal
Euclidean time will decay exponentially at large distances (assuming we are
not at a critical point or that there are no long range forces at play). That
is, there exists a power series expansion of zero frequency correlation func-
tions of generic operators around zero spatial momentum. Let us consider a
generating function for such correlation functions valid up to, say, m powers
of spatial momentum. In real space such a generating function will contain
m derivatives of its arguments, the sources for the operators in question.
For instance, the hydrostatic generating function for the energy momentum
tensor will be a local function of the background metric and its derivatives.
Thinking of hydrodynamics as an expansion around this hydrostatic state
justifies the use of a truncated derivative expansion.

There exists an abundant body of literature on the construction of the
hydrostatic generating function, and the associated constraints on constitu-
tive relations for a variety of operators and sources. See e.g., [48–77]. For
the current work, we are interested in hydrostatics in the presence of a spin
current, as defined in (1.15). To this end, we need to construct a Lorentz
and coordinate invariant generating function associated with a time inde-
pendent external vielbein, eaµ and spin connection, ωµ

ab (and their covariant
derivatives).

To make time independence of the sources manifest, we denote by V µ the
Killing vector along which the vielbein and connection are time independent.
Then, time independence of ωµ

ab and eaµ amounts to the condition LL(...) = 0
for any tensor and source of the theory. The existence of V µ will allow us to
find a solution of the dynamical variables in terms of the sources {eaµ, ωab

µ}.
For the ideal fluid, namely a fluid with only energy and pressure taken into
account, this solution looks like

T =
T0√
−V 2

, uµ =
V µ

√
−V 2

, (1.21)

with T−1
0 the parametric length of a compact Euclidean time direction on

which the effective action W has been computed. Through (1.21) the equi-
librium/hydrostatic effective action W for the ideal fluid can be written in

16



1.2. RELATIVISTIC HYDRODYNAMICS

terms of the dynamical variables as

W =

∫
ddx|e| P (T ) , (1.22)

with P (T ) the hydrostatic pressure, this identification will follow once we
compute the variation of W using (1.21). In addition to the pressure identi-
fication the Gibbs-Duhem relation and first law also follow from this partition
function, namely

ε = −P + sT , (1.23)

s =
∂P

∂T
, (1.24)

dε = Tds , (1.25)

where we have identified ∂P
∂T

with the entropy s, this identification follows
from matching the result of the variation of W with the standard thermody-
namic relations expected to be valid at local equilibrium. We can go beyond
the ideal case and find the equilibrium corrections to the constitutive rela-
tions at any given order of the derivative expansion, this can be done by
adding to W all independent equilibrium scalars made out of gradients of
the dynamical variables at the desired order. It is important to note that the
equilibrium condition, LV (...) = 0, imposes certain relations between the dy-
namical variables. For the uncharged fluid the following equilibrium relations
can be derived from the background metric Killing equation, LV gµν = 0,

aµ = −∇̊µT

T
, (1.26)

θ = 0 , (1.27)

σµν = 0 , (1.28)

with a the acceleration defined as

aµ = uν∇̊νuµ . (1.29)

If we were to take ∇̊µT as the independent equilibrium vector we will be left
with the vorticity Ωµν , defined below, as the only independent equilibrum
part of the velocity gradient

Ωµν = ∆ρ
µ∆

σ
ν∇̊[ρuσ] . (1.30)
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CHAPTER 1. INTRODUCTION

In addition to these equilibrium identities we will have uµ∇̊µT = 0, following
from LV T = 0, allowing us to conclude that there are no non-vanishing
first order scalars for the uncharged fluid2. We can conclude the first order
corrections to the ideal fluid constitutive relations should only be of the
non-equilibrium type. There are 2 non-equilibrium scalars {θ, uµ∇̊µT}, 1
non-equilibrium vector aµ +

∇̊µT

T
, and 1 non-equilibrium tensor σµν resulting

in the first order constitutive relation3

T µν =
(
ε+ n1u

ρ∇̊ρT + n2θ
)
uµuν +

(
p+ n3u

ρ∇̊ρT + n4θ
)
∆µν (1.31)

+ n5

(
a(µ +

∇̊(µT

T

)
uν) − ησµν ,

with ni some functions of temperature. We can note (1.31) is not of the form
discussed in (1.17), the reason for this is that there are still two simplifica-
tions we can make4. The first one consists on writing down the constitutive
relations on-shell at any given order in the derivative expansion, meaning
we can use the equations of motion order by order to write a subset of the
non-equilibrium tensors in terms of another independent subset at any given
order. For the uncharged fluid we have two projections of the equations of
motion at first order in derivatives

uν∇̊µT
µν = 0 , (1.32)

∆ρ
ν∇̊µT

µν = 0 . (1.33)

From (1.32) it follows that uρ∇̊ρT is related to θ on shell, allowing to change

(n3u
ρ∇̊ρT + n4θ) → −ζθ and leaving only the bulk viscosity ζ as the inde-

pendent transport coefficient. The second equation (1.33) will set aµ + ∇̊µT
T

to zero. The second simplifications consist on performing a so called frame
transformation of the dynamical variables, this transformation is of the form

T → T + δT , (1.34)

uµ → uµ + δuµ , (1.35)

2This is true for a parity invariant theory. If we allow for parity breaking contributions
to W there might be equilibrium contributions at first order.

3The uncharged fluid has a symmetric energy momentum tensor.
4If this simplifications are not made the constitutive relations will have an ambiguity

on them as the transport coefficients will not uniquely characterize the fluid.
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1.2. RELATIVISTIC HYDRODYNAMICS

with {δT, δuµ} first order in derivatives. Such transformation is related to
the ambiguity in defining microscopically the dynamical variables and we can
note that such shift will not change the equations of motion at the order we
are taking into account. We can note that under this transformations the
projections of (1.31) transforms, up to O (∂), as

δ (uµuνT
µν) = 0 , δ (∆µνT

µν) = 0 , (1.36)

δ (∆µρuσT
ρσ) = − (ε+ p) δuµ , (1.37)

δ (∆µρ∆νσT
ρσ) = 0 . (1.38)

From (1.37) we can choose δuµ such that T µνuµ is parallel to the four velocity,
this choice of frame is known as the Landau frame and will be our choice
for the whole work. After fixing δu this way we are left with δT , to fix this
transformation we can look closely at (1.36) and note that under the frame
transformation the energy and pressure transform as

ε(T ) → ε(T ) +
∂ε

∂T
δT , (1.39)

p(T ) → p(T ) +
∂p

∂T
δT . (1.40)

We can then pick δT to absorb
(
n1u

ρ∇̊ρT + n2θ
)
. We are then left with the

constitutive relations on the Landau frame

T µν = ε(T )uµuν + p(T )∆µν − ζ(T )θ∆µν − η(T )σµν . (1.41)

This whole discussion can be repeated for the case of a fluid with non-trivial
spin current and non-vanishing spin potential. After we have chosen the
derivative order on which µab is to be considered we can classify all tensor
structures on the theory in terms of the equilibrium condition and their order
in the expansion. For the equilibrium piece we can write down the effective
action W up to a desired order in derivatives by using a solution of the
dynamical variables analogous to (1.21), in particular the spin potential will
be related to the spin connection via

µab =
ωab

µV
µ

√
−V 2

. (1.42)
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The number of non-equilibrium tensors can then be reduced by using the
equations of motion at the desired order in the expansion. This systematic
classification of a fluid with spin is one if, if not the, main results of this
work.

1.2.2 Constraints on transport coefficients

The coefficients appearing on the constitutive relations (1.41) are generically
not unconstrained. They will be restricted by the existence of an entropy
current Sµ, namely we will ask for the existance a vector Sµ such that, on-
shell, its divergence is positive definite

∇̊µS
µ ≥ 0 . (1.43)

Equation (1.43) is the hydrodynamic version of the second law of thermo-
dynamics. Following the canonical approach of deriving such current [1] we
can look at the following equation of motion

uν∇̊µT
µν = −uµ∇̊µε− θ (ε+ P ) + ζθ2 + ησµνσµν , (1.44)

using the thermodynamic relations ∇̊µε = T ∇̊µs and ϵ + P = sT we can
rewrite (1.44) as

uν∇̊µT
µν = −T

(
uµ∇̊µs+ sθ

)
+ ξθ2 + ησµνσµν , (1.45)

that, on-shell, can be rewritten as

∇̊µ (su
µ) =

ξθ2

T
+
ησµνσµν

T
. (1.46)

If we are to assume Sµ = suµ then for (1.43) to be satisfied we would need

ζ > 0 , η > 0 . (1.47)

However there could exists a non-canonical part5 on the entropy current,
namely the entropy current can take the form Sµ = suµ + Sµ

non−can with
Sµ
non−can a judiciously chosen first order vector such that (1.43) is still satis-

fied. Although it can be shown that the canonical part is enough to capture

5Generically the canonical part of the entropy current is Scan = suµ− uν

T (Tµν − Tµν
ideal).
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the entropy current of an uncharged fluid we know that not taking the non-
canonical piece into account can lead to incomplete results, see [78] to see
its importance on anomalous transport. When analyzing spin transport an
analogous analysis should be done, in this case the canonical part of the spin
current will take the form

Sµ
can = suµ − uν

T
(T µν − T µν

ideal)−
µρσ

2T
(Sµρσ − Sµρσ

ideal) , (1.48)

where T µν
ideal and S

λµν
ideal are the ideal pieces of the constitutive relations6. To

determine the non-canonical piece we need to assume the most general first
order vector7 and impose (1.43).

1.3 Holography

Two theories are called dual when you can map the observables from one
theory into the observables of the other one. A very successful duality has
been the holographic correspondence, that on its original and more general
form relates a string theory in an AdS5 xS5 background with N = 4 super
Yang-Mills (SYM) theory with SU(N) gauge group living in four spacetime
dimensions [80]. In its stronger form the mapping between these two theories
is conjectured to be given by [81]

ZCFT

[
Oϕ(0)

]
= ZString|ϕ(z,x)boundary=ϕ0(x)

, (1.49)

where ZCFT is the SYM partition function, ZString is the string partition
function, O is some SYM operator and ϕ(x, z) is a general field propagating
on the AdS bulk with coordinates (z, x), note that x are the coordinates of
the 4D spacetime on which SYM is evolving. What (1.49) is telling us is that
the boundary value of the bulk field acts as source for the corresponding
operator O. On the SYM side there are two relevant couplings: the SYM
coupling gYM and the number of colors N , while on the string side there is
the string length ls and the string coupling constant gs. The relation between

6From the point of view of the hydrostatic partition function P we refer to the ideal
part as the one coming from the contributions to the pressure P involving no explicit
derivatives.

7We are assuming (1.43) is satisfied up to O
(
∂2
)
, for an analysis when higher order

terms are taken into account look at [79].
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these couplings is

g2YM = 2πgs , 2g2YMN =
L4

l4s
, (1.50)

with L the AdS radius. On the gs → 0 and l2s
L
→ 0 limit the string theory

can be approximated by classical supergravity, the corresponding limit on the
CFT side will correspond to the t’Hooft limit [82] N → ∞ and λ ≡ g2YMN
large. Namely the large N and strongly coupled CFT can be approximated
by the on-shell supergravity action SSUGRA, in Euclidean signature, through

ZCFT

[
Oϕ(0)

]
= e−SSUGRA

∣∣
ϕ(z,x)boundary=ϕ0(x)

. (1.51)

Strong arguments for (1.51) have been made [80] in the particular case of
Type IIB supergravity and strongly coupled N = 4 SYM. However, for com-
putational purposes, it is possible to assume that (1.51) is a good approxi-
mation to compute observables on any given strongly coupled QFT once an
adequate choice of dual gravitational theory has been chosen8.

Assuming (1.51) works for our theory of interest we can note from com-
paring (1.51) and (1.8) that SSUGRA takes the role of the effective quantum
action. As suggested from (1.15) the boundary value of the supergravity
metric will source the energy momentum tensor. In addition to the gravita-
tional fields we would need to include fields for all the relevant operators of
the theory, however on the hydrodynamic limit these operators are the ones
associated to conserved currents, for us they will be the energy momentum
tensor and the spin current. This means the class of gravitational theories
that are of interest to us are those of the Einstein-Cartan type [83–85], where
the vielbein and the spin connection are the gravitational independent vari-
ables

SSUGRA = SSUGRA[e
A
M , ω

AB
M ] , (1.52)

where we are using bulk spacetime and tangent space indices {M,N, ..} and
{A,B, ..} respectively. In practice what has to be done is to propose a gravi-
tational action based on the symmetries of the expected dual CFT, and then
solve the equations of motion to evaluate the on-shell gravitational action and
its fluctuations. From the fluctuations of SSUGRA the correlations functions

8This type of holography is known as bottom up holography and the dual gravitational
theory is usually chosen based on the symmetries of the particular QFT of interest.
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of the theory can be computed. When using holography for computing the
constitutive relations it is possible to directly use the hydrodynamic expan-
sion on the gravitational side [86,87]. This procedure consists on solving the
gravitational equations of motion order by order in the derivative expansion.
This will allow us to compute the correlation functions to any desired order
in the gradient expansion. In chapter 4 we will look at a particular gravi-
tational action satisfying this characteristics that will allow us to compute
different spin transport coefficients in an analytic and controlled manner.
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Chapter 2

Hydrodynamics

As discussed in the introduction, the first step in setting up a hydrodynamic
theory of spin currents is to construct a well defined spin current. The
challenge that arises when working in flat spacetime is the inherent ambiguity
in the definition of the stress tensor constructed via Noether’s procedure due
to improvement terms. These improvement terms modify the structure of the
angular momentum density and therefore the structure of the spin current,
as defined in (2.6). In what follows we will go over the origin of the ambiguity
of the spin current and we will make two observations. The first one is that
the ambiguity in the spin current is removed once the theory is placed on
a torsionful background geometry. Thus, by coupling the theory to torsion
one can obtain a well defined spin current. Our second observation is that
the ambiguity in the spin current does not affect the combined dynamics of
the stress tensor and spin current. Therefore, to obtain a well defined spin
current we can couple our theory to a torsionful background and take the
torsionless limit to obtain physical results. Along the way we will introduce
some notation relevant for the rest of this work. While the material contained
in this section is known, it is central to our construction, so we present it
here for completeness.

Given an action S[ϕ; χ] with dynamical fields ϕ and couplings χ, we define
the variation

δS[ϕ; χ] =

∫
[C · δχ+ E · δϕ] ddx , (2.1)

such that E denotes the equations of motion. If δS = 0 and δχ = 0 for a
particular δϕ, we say that δϕ is an infinitesimal symmetry. If δS = 0 for
a particular (non vanishing) δχ and δϕ we say that δχ and δϕ constitute a
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CHAPTER 2. HYDRODYNAMICS

spurionic symmetry. If we parametrize an infinitesimal symmetry via δϕ =
λδλϕ with λ a constant, then for a spacetime dependent λ we necessarily
have

δS[ϕ; χ] = −
∫
Jµ∇µλd

dx =

∫
E · λδλϕddx , (2.2)

which gives Noether’s theorem, ∇µJ
µ = 0, under the equations of motion.

The transformation associated with δϕ = λ(x)δλϕ is not a symmetry.
But, if we manage to couple the action to a source χµ such that a generic
transformation of the action yields

δS[ϕ; χ, χµ] =

∫
Jµδχµ + C · δχ+ E · δϕddx , (2.3)

then δϕ = λ(x)δλϕ and δχµ = ∇µλ will be a spurionic symmetry with the
associated conservation law ∇µJ

µ = 0. Conversely, suppose δS = 0 for some
spurionic symmetry δϕ = F (λ(x)), δχ = χ(λ(x)) and δχµ = Xµ(λ(x)) where
F , X and Xµ are linear functions of λ with (possibly) a finite number of
derivatives acting on them. Then, Jµ defined in (2.2) will satisfy a certain
identity under the equations of motion. Often, this identity is referred to as
a conservation equation even though, as it should be clear from the above
construction, it will result in ∇µJ

µ = 0 only for δχµ = ∇µλ and δχ = 0. In
what follows we will refer to identities associated with the above spurionic
symmetry as conservation laws if they lead to a conservation equation of the
form∇µJ

µ = 0 and to non conservation laws otherwise. Our entire discussion
can be mapped to a quantum field theory (modulo a treatment of anomalies)
where the non conservation laws are referred to as Ward identities.

Before applying this somewhat abstract construction to the vielbein and
spin connection, let us first discuss it in a more familiar setting. Consider a set
of dynamical fields ϕ coupled to an external metric gµν and an external gauge
field, Aµ such that the action is coordinate reparameterization invariant and
gauge invariant. In this case, the coordinate reparameterizations and gauge
transformations are spurionic symmetries. A general variation of the fields
and sources is given by

δS[ϕ; gµν , Aµ] =

∫ (
1

2
T µνδgµν + JµδAµ + E · ϕ

)
√
gddx . (2.4)

Only the gauge field transforms under gauge transformations so Jµ will sat-
isfy a conservation law, ∇µJ

µ = 0. On the other hand coordinate reparam-
eterizations will modify the metric and the gauge field which leads to the
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non-conservation law
∇µT

µν = F νµJµ , (2.5)

with F µν the field strength associated with the external gauge field Aµ. Mov-
ing on to our particular setup, consider a field theory with dynamical fields
ϕ, coupled to a vielbein eaµ and spin connection ωµ

ab. The variation of the
action associated with this theory is given by

δW =

∫
ddx|e|

[
T µ

aδe
a
µ +

1

2
Sλ

abδω
ab
λ

]
. (2.6)

Such an action can be made invariant under coordinate reparameterizations,
ξµ, and local Lorentz transformations, θab, as long as the dynamical fields
transform as appropriate tensors, e.g.,

δQa
µ = £ξQ

a
µ − θabQ

b
µ , (2.7)

for some tensor Qa
µ, and the vielbein and spin connection transform as

δeaµ =£ξe
a
µ − θabe

b
µ ,

δωab
µ =£ξω

ab
µ +∇µθ

a
b .

(2.8)

Here £ξ is a Lie derivative along ξ, and ∇µ denotes a covariant derivative,

∇µQ
a
ν = ∂µV

a
ν + ωa

cµV
c
ν − Γα

µνV
a
α . (2.9)

If ωab
µ and eaµ are independent fields, the transformations (2.8) will lead

to two non conservation laws: one for T µ
a and one Sµ

ab. Conversely, if ω
ab
µ is

determined from eaµ then the only current is the stress tensor and (2.8) will
lead to a non conservation law for it. The improvement term which allows
for an ambiguity in the definition of the spin current can be traced to the
latter and its absence to the former. Before showing this explicitly, let us
introduce some notation. We define the torsion free spin connection ω̊ab

µ via

ω̊ab
µ = eν

a
(
∂µe

νb + Γ̊ν
σµe

σb
)
, (2.10a)

where

Γ̊α
βγ =

1

2
gαδ (∂βgγδ + ∂γgβδ − ∂δgβγ) . (2.10b)
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The covariant derivative associated with ω̊ab
µ or Γ̊α

βγ will be denoted by ∇̊µ.
For instance,

∇̊µQ
a
ν = ∂µV

a
ν + ω̊a

cµV
c
ν − Γ̊α

µνV
a
α . (2.11)

Likewise, R̊α
βγδ and other ringed curvature tensors are associated with ringed

connections in contrast to their non-ringed counterparts, e.g., Rα
βγδ. The

difference between the spin connection and the ringed spin connection is the
contorsion tensor

ωab
µ = ω̊µ

ab +Kab
µ . (2.12)

The contorsion tensor, Kab
µ, is related to the torsion tensor, Tα

βγ, defined
via

Γα
βγ − Γα

γβ = Tα
βγ , (2.13)

through

Tα
µν = Kα

νµ −Kα
µν . (2.14)

Going back to (2.8), suppose that ωab
µ = ω̊ab

µ. In this case (2.8) will reduce
to

δS[ϕ, eaµ, ω
ab

µ(e)]
∣∣∣
ωab

µ=ω̊ab
µ

=

∫
(T µ
c aδe

a
µ + E · ϕ) |e|ddx , (2.15)

where

T µ
c a(x) = T µ

a(x) +
1

|e|

∫
1

2
Sν

cb(y)
δω̊cb

ν(y)

δeaµ(x)
|e(y)|ddy . (2.16)

The conservation equations associated with the spurionic symmetries (2.8)
read

∇̊µT
µν
c = 0 , T µν

c − T νµ
c = 0 . (2.17)

Note that in our current formulation, the absence of an antisymmetric com-
ponent of the energy momentum tensor is a dynamical statement. That is,
it is satisfied only if the equations of motion, E = 0, are satisfied. We will
come back to this feature shortly. So far, we have set ωµ

ab = ω̊µ
ab and then

taken the variation (2.6) in order to get the stress tensor. We could have
carried out the same procedure in the reverse order, first take the variation
(2.6) and then set ωab

µ = ω̊ab
µ. In this case we would have obtained the non

conservation equations

∇̊µT
µν =

1

2
R̊ν

αβγS
αβγ , T µν − T νµ = ∇̊αS

αµν . (2.18)
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Note that the first equality in (2.18) can be written in the equivalent form,

∇̊µT
µν =

1

2
∇̊µ∇̊α (S

αµν − Sµαν − Sναµ) . (2.19)

The second equality in (2.18) is equivalent to angular momentum conserva-
tion, c.f., (1.1).

Using (2.10) and (2.16) it is straightforward to show that Sαµν is related
to T a

cµ via

T µν
c = T µν − 1

2
∇̊α (S

αµν − Sµαν − Sναµ) . (2.20)

Thus, equations (2.17) and (2.18) are, obviously, equivalent, and no informa-
tion is lost by solving one or the other. In fact, since ω̊ab

µ is a function of eaµ
the dependence of the action, S, on the spin connection ω̊ab

µ is ambiguous:
we may always shuffle a dependence of the action on ω̊ab

µ into a dependence
on eaµ and its derivatives. Thus, in general, we find

∇̊µT
′µν =

1

2
R̊ν

αβγS
′αβγ , T ′µν − T ′νµ = ∇̊αS

′αµν , (2.21)

where

T ′µν = T µν +
1

2
∇̊α (B

αµν −Bµαν −Bναµ) . (2.22a)

with
Bαµν = S ′αµν − Sαµν . (2.22b)

Equations (2.17) and (2.18) are special cases of (2.21).
Let us emphasize once again that given an action, S, equations (2.17),

(2.18) and (2.21) are all equivalent and will take the same functional form.
The difference between T µν and T ′µν exhibited in equation (2.22a), is often
referred to as an improvement term, and amounts to exchanging derivatives
of the vielbein in the action between the spin connection and the stress tensor.
In equations, it amounts to a decomposition of the stress tensor T µν

c of the
form

T µν
c = T ′µν − 1

2
∇̊α (S

′αµν − S ′µαν − S ′ ναµ) . (2.23)

Colloquially, due to the similarity between (2.21) and (2.18), one oftentimes
refers to the decomposition in (3.30) as an ambiguity in the spin current. The
construction presented in this section makes it clear that the modification
of the spin current à la (2.22b) is compensated by a modification of the
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energy momentum tensor given by (2.22a) so that the equations of motion
are unchanged.

Let us now turn our attention to the somewhat simpler situation where
ωµ

ab and eaµ are independent parameters. Coordinate invariance and local
Lorentz invariance imply the non-conservation equations

∇̊µT
µν =

1

2
RρσνλSρλσ − TρσK

νabeρae
σ
b , (2.24)

∇̊λS
λ
µν = 2T[µν] + 2Sλ

ρ[µeν]
aeρ

bKλab . (2.25)

Since ωµ
ab and eaµ are independent sources the freedom leading to (3.30) is

absent and the stress tensor and spin current can not be transmuted into one
another. It is particularly insightful to rewrite equations (2.24) and (2.25)
as1

∇̊µ

[
T µν
BR +

1

2
Sµ

ρσK
ρσν

]
=

1

2
Sλρσ∇̊νKρσλ , (2.26)

T
[µν]
BR = Sλ

ρ[µK
ρ
ν]λ , (2.27)

where TBR is the Belinfant-Rosenfeld energy momentum tensor defined as

T µν
BR = T µν +

1

2
∇̊λ

(
Sµλν + Sνλµ − Sλµν

)
, . (2.28)

In the torsionless limit equations these equations reduce to (2.18) (or equiv-
alently, (2.17) or (2.21)) as expected. We will focus on the constitutive
relations for {T µν , Sλµν} when there is no background torsion, meaning that
most contributions of the spin current will be reabsorbed into the antisym-
metric part of the energy momentum tensor. However the spin chemical
potential will still be present and T

[µν]
BR = 0 will be nothing but the dynami-

cal equation for µab. Although we will focus on the zero torsion case we will
keep it around for as long as possible both on the constitutive relations and
on the equations of motion. The reason for this is that even when Kab

µ is set
to zero its fluctuation with respect to both the vielbein and connection is not
necessarily vanishing meaning that it will generically contribute, either to
the constitutive relations from appearing in W or to higher point functions
when appearing on the constitutive relations. We will not look, in detail, be-
yond the one point functions however we want to leave as much groundwork

1To get to this form it is enough to use the definition of the Riemann tensor as the
commutator of covariant derivatives.
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done as possible for any future work. The main use of torsion, when describ-
ing theories without it, is to remove the ambiguity introduced by the shift
(2.28), and to allow for a well defined set of hydrodynamic currents through
the identification of their respective sources. Before moving on there are a
couple of observations we can make around the set of equations (2.24) and
(2.25) (or alternatively (2.26) and (2.27)):

1. The derivative expansion: From (2.25) we can note that if the spin
current is at least O (1) in the derivative expansion then the antisym-
metric part of the energy momentum tensor will have to be at least
O (∂).

2. Dynamical degrees of freedom: The dynamical variables for the hydro-
dynamic equations (2.24) and (2.25) will be the temperature T , the four
velocity uµ, and the spin potential µab. Equation (2.24) compromises
d equations which will allow us to solve for T and uµ, while equation
(2.25) contains the d(d−1)

2
equations necessary to solve for µab.

3. Order of µab and Kab
µ: In principle we are allowed to freely choose

the order of the spin potential and external torsion, each choice will
correspond to a different physical setting. The main application we
have in mind, heavy ion colllisions, sets the external torsion to zero
meaning that an adequate counting can be done by assuming Kab

µ ∼
O (∂) before eventually setting it to zero. Taking Kab

µ ∼ O (1) should
be a valid assumption when other systems, such a condensed matter
settings, are taken into account. In equilibrium we will identify the spin
potential with the spin connection making µab ∼ O (∂) a natural choice.
We can note that it could be possible for us to consider µab ∼ O (1)
once we are far from equilibrium, however we are assuming for the
hydrodynamic limit to be valid mostly near equilibrium states.

4. Equation of motion for µab: The order on which µab is considered im-
plies its dynamical equation will appear at O (∂2). If we want to write
down dynamical equations for all the hydrodynamic degrees of freedom
we will need to go up to O (∂2) on the antisymmetric piece of T µν , per
the previous observations.

5. We can note that due to the assumed order of ωab
λ we will have a de-

crease in the derivative order when computing variations with respect
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to it, namely when computing correlation functions involving the spin
connection. This means that an O(∂2) scalar on the effective parti-
tion function might contribute to the O (∂) spin current constitutive
relation.

The program of hydrodynamics aims to find a solution for the dynamical
variables order by order in gradients. For this we need to provide the consti-
tutive relations order by order in the expansion as well. Our goal will be to
write down the constitutive relations up to O (∂) on the symmetric piece of
the energy momentum tensor, O (∂) on the spin current, and O (∂2) on the
antisymmetric piece of the energy momentum tensor, see the aforementioned
observations. It is particularly useful to decompose both currents by means
of the four velocity uµ and its transverse projector ∆µν as

T µν = Euµuν + P∆µν + (qµuν + uµqν) + (hµuν − uµhν) Σµν + τµν , (2.29)

Sλµν = uλρµν +
(
uµjλν − uνjλµ

)
+ lλµν , (2.30)

with the projections {E ,P , q, h, ρ, j, l} given by

E = uµuνT
µν , (2.31)

P =
1

d− 1
∆µνT

µν , (2.32)

qµ = −∆µ
ρuσT

(ρσ) , (2.33)

Σµν = ∆µ
ρ∆

ν
σT

(ρσ) , (2.34)

hµ = −∆µ
ρuσT

[ρσ] , (2.35)

τµν = ∆µ
ρ∆

ν
σT

[ρσ] , (2.36)

ρµν = −uλSλµν , (2.37)

jµν = ∆µ
ρ∆

ν
σuαS

ρσα , (2.38)

lλµν = ∆λ
κ∆

µ
ρ∆

ν
σS

κρσ . (2.39)

What follows is to write down the projections (2.31)-(2.39) in terms of the
equilibrium and non-equilibrium tensor structures at the relevant hydrody-
namic order. To write the lowest order dynamical equation for the hydrody-
namic degrees of freedom we would need the following:

• All independent equilibrium scalars up to O (∂2) so that we can write
down the hydrostatic partition functionW by means of the equilibrium
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2.1. TENSORIAL CLASSIFICATION

ansatz. Once again we can recall the reason for wanting the partition
function up to this order is twofold, first we need the antisymmetric
parts of the energy momentum up to O (∂2) and second we can recall
that the variations with respect to the spin connection lower the order
in the derivative expansion.

• {E ,P , qµ,Σµν} up to O (∂). This means we will need all independent
non-equilibrium scalars up to O (∂), all independent non-equilibrium
transverse vectors up to O (∂), and all independent non-equilibrium
symmetric traceless and transverse rank 2 tensors up to O (∂).

• {hµ, τµν} up to O (∂2). This means we will need all independent non-
equilibrium transverse vectors up to O (∂2), and all independent non-
equilibrium rank 2 transverse antisymmetric tensors up to O (∂2).

• {ρµν , jµν , lλµν} up to O (∂). The density ρµν can still be further de-
composed into a transverse vector and a transverse antisymmetric ten-
sor. The reason for not doing this decomposition explicitly is because
ρµν will take the role of a thermodynamic spin density and is more
intuitive to leave it as a whole. After considering this further split-
ting we note we will need all non-equilibrium transverse vectors up to
O (∂), all non-equilibrium transverse rank-2 tensors up to O (∂), and all
non-equilibrium transverse rank-3 tensors with a pair of antisymmetric
indices up to O (∂).

In the following sections we will do a recap of the equilibrium ansatz follow
up by the classification for all relevant aforementioned tensor structures.

2.1 Tensorial Classification

We can recall that the equilibrium condition implies the existence of a time-
like Killing vector V µ, this Killing vector then allow us to write down an
ansatz for the dynamical variables in term of the sources

T =
T0√
−V 2

, uµ =
V µ

√
−V 2

, µab =
ωab

λV
λ

√
−V 2

, (2.40)

with T0 the inverse Euclidean time length. From the Killing condition on the
background metric LV gµν = 0 we find the equilibrium conditions
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aµ = −∇̊µT

T
, (2.41)

θ = 0 , (2.42)

σµν = 0 , (2.43)

with {a, θ, σ} the acceleration, compressibility, and shear tensor as defined
from the velocity gradient decomposition

∇̊µuν =
1

d− 1
θ∆µν − uµaν + σµν + Ωµν , (2.44)

θ = ∇̊µu
µ , (2.45)

aν = uµ∇̊µu
ν , (2.46)

Ωµν = ∆ρ
µ∆

σ
ν∇̊[ρuσ] , (2.47)

σµν = ∆µνρσ∇̊ρuσ , (2.48)

where we defined ∆µνρσ as

∆µνρσ = ∆µ(ρ∆σ)ν − 1

d− 1
∆µν∆ρσ . (2.49)

In addition to the Killing equation we also have the Killing condition of the
vielbein eaµ, resulting in

Kab
µu

µ = µab + eaµe
b
ν

(
Ωµν − 2u[µaν]

)
= µab + Teaρebσ∇̊[ρ

(uσ]
T

)
, (2.50)

with Ωµν the previously defined vorticity. The second term on the right
hand side of (2.50) can be rewritten as the thermal vorticity, defined as
T
2

[
∇̊ρ

(
uσ

T

)
− ∇̊σ

(uρ

T

)]
allowing us to identify (2.50) with the known relation

between thermal vorticity and spin potential [88], while generalizing it in the
presence of torsion. The last equilibrium relation that can be found follows
from the Killing condition on the spin connection and results in

Teρae
σ
b∇λ

µab

T
= Rρσ

λαu
α , (2.51)

with ∇ and Rλ
ρµν the covariant derivative and Riemann tensor respectively

associated to the torsionful affine connection. The spin potential itself can
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also be decomposed as

µab = uamb − ubma +Mab , (2.52)

ma = µabub , (2.53)

Mab = ∆a
c∆

b
dµ

cd , (2.54)

Before moving on, it is convenient to split the contorsion into its projections
along and transverse to the four velocity

Kab
µ = −uµ

(
uakb − ubka +Kab

)
+ 2u[a

[
κ∆

b]
µ

d− 1
+ (κS)

b]
µ + (κA)

b]
µ

]
+

1

d− 2
∆[a

µ (KV )
b] + (KT )

ab
µ + (KA)

ab
µ , (2.55)

with the properties

(KT )
µσ

µ = 0 , (KT )
[ρσλ] = 0 , (KA)

ρσλ = (KA)
[ρσλ] ,

with the inverse projections

ka = uµubK
ab
µ , (2.56)

Kab = ∆a
c∆

b
du

µKcd
µ , (2.57)

κ = eµcudK
cd
µ , (2.58)

(κs)
µν = ∆µνρ

cudK
cd
ρ , (2.59)

(κa)
µν =

(
∆µ

c∆
ρν −∆ν

c∆
µρ

2

)
udK

cd
ρ , (2.60)

(KV )
µ = 2∆µ

d∆
ρ
cK

cd
ρ , (2.61)

(KA)
ρσλ = ∆[ρ

c ∆
σ
d∆

λ]αKcd
α , (2.62)

(KT )
αβ

µ = ∆α
c∆

d
β∆

ν
µK

cd
ν −

1

d− 2
∆[α

µ (Ka)
β] − (KA)

αβ
µ . (2.63)

In summary, the contorsion tensor can be decomposed into a scalar κ, two
transverse vectors {ka, (KV )

µ}, two transverse antisymmetric rank-2 tensors
{Kab, (κa)

µν}, a symmetric traceless transverse rank-2 tensor (κs)
µν , a trace-

less transverse rank-3 tensor (KT )
αβ

µ, and a totally antisymmetric transverse
rank-3 tensor (KA)

ρσµ. It is convenient to use this decomposition to rewrite
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(2.50) as

kµ = mµ − aµ , (2.64)

Kµν =Mµν + Ωµν . (2.65)

We will now look at tensor structures vanishing/non-vanishing under equi-
librium conditions (2.44)-(2.48), (2.51), (2.64), and (2.65).

2.1.1 Equilibrium Terms

For the equilibrium piece we only need to use (2.40) to write down the equi-
librium partition function W , for this we in principle need all independent
equilibrium scalars up to O (∂2). We list these, parity invariant, scalars on
the following table

S(0)
1

T

S(1)
1

κ

S(2)
1 S(2)

2 S(2)
3 S(2)

4

(κa)
µν Mµν KµνMµν mµk

µ mµ (KV )
µ

S(2)
5 S(2)

6 S(2)
7 S(2)

8

κ2 kµk
µ KµνKµν kµ (KV )

µ

S(2)
9 S(2)

10 S(2)
11 S(2)

12

(KV )
µ (KV )µ (κA)

µν Kµν (κA)
µν (κA)µν (κS)

µν (κS)µν
S(2)
13 S(2)

14

(KA)
µνρ (KA)µνρ (KT )

µνρ (KT )µνρ

Table 2.1: Summary of zeroth, first and second order independent equilib-
rium scalars.

We have denoted the nth scalar of order i as S(i)
n . Not all second order

scalars will contribute to the currents once torsion is set to zero, however all
of them will contribute to the two point functions of the theory.
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2.1.2 Non-equilibrium terms

The classification for the non-equilibrium tensors will be shown in tables
2.1.2-2.1.2 and will be organized slightly different than how the equilibrium
scalars were previously presented. First we have to note that there are no
zeroth order non-equilibrium terms while the first and second order structures
are listed on their own tables, two for each order. The first table, for each
order, shows all independent tensors for each relevant tensor structure that
are not composed of products of other tensor structures, we will then show
the equations of motion and constraints that will allow us to reduce the
number of terms, we will then list the remaining independent structures and
finally we will mention which of these remaining independent tensors are
non-equilibrium. The second table, for each order, will list the independent
tensor composed of products of other independent tensors. There is one
last caveat that should be mentioned before moving on, we are using the
equation of motion Lµν as if it appeared first at second order in derivatives.
The reasoning for this will be discussed at the end of the chapter.

Type Before Eqm Ind. Ind.
eqm Data Non-eq

Scalar uµ∇̊µT, θ, κ uνD
ν θ, κ θ

Vector ∆µν∇̊νT + Taµ, m̂µ, ∆µ
νD

ν m̂µ, m̂µ

mµ, kµ, (KV )
µ kµ, (KV )

µ

S. Traceless σµν , (κS)
µν σµν , (κS)

µν σµν

Antisymmetric Mµν , M̂µν Mµν , M̂µν M̂µν

Kµν , (κA)
µν Kµν , (κA)

µν

Spin (KA)
µνρ , (KT )

µνρ (KA)
µνρ

Symmetry (KT )
µνρ

Table 2.2: Relevant non-composite first order tensor structures.

Type Composite data

Spin Symmetry ∆µ[ρm̂σ]

Table 2.3: Relevant composite non-equilibrium first order tensor structures.
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where we defined {m̂, M̂} as

m̂µ = mµ − kµ − aµ , (2.66)

M̂µν =Mµν −Kµν + Ωµν , (2.67)

and where we are denoting the equations of motion as

Dµ ≡ ∇̊µT
µν − ... , (2.68)

Lµν ≡ ∇̊λS
λµν − ... . (2.69)

At second order we simply need the vectors and tensors

V
(2)µ
1 V

(2)µ
2 V

(2)µ
3 V

(2)µ
4 V

(2)µ
5 V

(2)µ
6

σµρm̂ρ M̂µρm̂ρ Mµρm̂ρ Θm̂µ κm̂µ σµρmρ

V
(2)µ
7 V

(2)µ
8 V

(2)µ
9 V

(2)µ
10 V

(2)µ
11 V

(2)µ
12

σµρkρ Kµρm̂ρ M̂µρmρ M̂µρkρ σµρKρ (κS)
µρ m̂ρ

V
(2)µ
13 V

(2)µ
14 V

(2)µ
15 V

(2)µ
16 V

(2)µ
17 V

(2)µ
18

M̂µρKρ (κA)
µρ m̂ρ (KT )

µρσ σρσ θmµ θkµ ΘKµ

V
(2)µ
19 V

(2)µ
20 V

(2)µ
21

(KA)
µρσ M̂ρσ (KT )

ρσµ M̂ρσ (KT )
µρσ M̂ρσ

Table 2.4: Relevant composite non-equilibrium second order vectors.

A
(2)µ
1 A

(2)µ
2 A

(2)µ
3 A

(2)µ
4 A

(2)µ
5

σ
[µ
ρM̂ν]ρ σ

[µ
ρMν]ρ M̂ [µ

ρM
ν]ρ κM̂µν θM̂ρσ

A
(2)µ
6 A

(2)µ
7 A

(2)µ
8 A

(2)µ
9 A

(2)µ
10

θMµν θKµν θ (κA)
µν m̂[µmν] m̂[µkν]

A
(2)µ
11 A

(2)µ
12 A

(2)µ
13 A

(2)µ
14 A

(2)µ
15

m̂[µKν] (KA)
µνρ m̂ρ (KT )

µνρ m̂ρ m̂ρ (KT )
ρ[µν] σ[µ

ρ (κS)
ν]ρ

A
(2)µ
16 A

(2)µ
17 A

(2)µ
18 A

(2)µ
19 A

(2)µ
20

σ[µ
ρK

ν]ρ σ[µ
ρ (κA)

ν]ρ (κS)
[µ

ρM̂
ν]ρ K [µ

ρM̂
ν]ρ (κA)

[µ
ρM̂

ν]ρ

Table 2.5: Relevant composite non-equilibrium second order tensors.
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Before eqm Eqm Ind. Data Ind. Non-Eq

∆µνuρ∇̊ν∇̊ρT ∆µ
νu

ρ∇̊ρD
ν ∆µν∇̊νθ ∆µν∇̊νθ

∆µν∇̊νθ, uρ∆
µν∇̊νD

ρ ∆µν∇̊νκ ∆µ
νL u

T
kν

∆µν∇̊νκ ∆µ
ρuσL

ρσ ∆µ
νL u

T
mν , ∆µ

νL u
T
kν

∆µ
νL u

T
mν , ∆µ

νL u
T
(KV )

ν ∆µ
νL u

T
(KV )

ν

∆µ
νL u

T
aν ∆µ

α∇̊βσ
αβ ∆µ

α∇̊βσ
αβ

∆µ
νL u

T
kν , ∆µ

α∇̊β (κS)
αβ ∆µ

α∇̊βM̂
αβ

∆µ
νL u

T
(KV )

ν ∆µ
α∇̊βM

αβ

∆µ
α∇̊βσ

αβ ∆µ
α∇̊βM̂

αβ

∆µ
α∇̊β (κS)

αβ ∆µ
α∇̊β (κA)

αβ

∆µ
α∇̊βM

αβ

∆µ
α∇̊βM̂

αβ

∆µ
α∇̊β (κA)

αβ

R̊αν∆
µαuβ

Table 2.6: Relevant non-composite second order vectors.

∆µ
ρ∆

ν
σL u

T
Mρσ ∆µ

[ρ∆
ν
σ]∇̊ρDσ ∆µ

ρ∆
ν
σL u

T
Kρσ ∆µ

ρ∆
ν
σL u

T
Kρσ

∆µ
ρ∆

ν
σu

β∇̊βM̂
ρσ ∆µ

ρ∆
ν
σL

ρσ ∆µ
ρ∆

ν
σL u

T
(κA)

ρσ ∆µ
ρ∆

ν
σL u

T
(κA)

ρσ

∆µ
ρ∆

ν
σL u

T
Kρσ ∆ρ[µ∆ν]σ∇̊ρm̂σ ∆ρ[µ∆ν]σ∇̊ρm̂σ

∆µ
ρ∆

ν
σL u

T
(κA)

ρσ ∆ρ[µ∆ν]σ∇̊ρmσ

∆ρ[µ∆ν]σ∇̊ρm̂σ ∆ρ[µ∆ν]σ∇̊ρkσ
∆ρ[µ∆ν]σ∇̊ρmσ ∆ρ[µ∆ν]σ∇̊ρ (KV )σ
∆ρ[µ∆ν]σ∇̊ρkσ ∇̊α (KA)

αµν

∆ρ[µ∆ν]σ∇̊ρ (KV )σ ∇̊α (KT )
µνα

∇̊α (KA)
αµν ∆

[µ
ρ ∆

ν]
σ ∇̊α (KT )

αρσ

∇̊α (KT )
µνα

∆
[µ
ρ ∆

ν]
σ ∇̊α (KT )

αρσ

Table 2.7: Relevant non-composite second order rank 2 antisymmetric ten-
sors.
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2.2 Hydrostatic Partition Function

The most general hydrostatic partition function contributing to the desired
order can be written by using the independent scalars summarized in table
2.1. The resulting partition function can be split as2.

W = Wideal +Wmixed +Wtorsion , (2.70)

where the ideal, mixed and torsion pieces are defined as

Wideal =

∫
ddx|e|p(T,m2,M2) , (2.71)

Wmixed =

∫
ddx|e|

[
χ
(2)
1 (κA)

µν Mµν + χ
(2)
2 KµνMµν + χ

(2)
3 mµk

µ (2.72)

+χ
(2)
4 mµ (KV )

µ
]
,

Wtorsion =

∫
ddx|e|

[
χ(1)κ+Υ

(2)
0 κ2 +Υ

(2)
1 kµk

µ +Υ
(2)
2 KµνKµν (2.73)

+Υ
(2)
3 kµ (KV )

µ +Υ
(2)
4 (KV )

µ (KV )µ

+Υ
(2)
5 (κA)

µν Kµν +Υ
(2)
6 (κA)

µν (κA)µν

+Υ
(2)
7 (κS)

µν (κS)µν +Υ
(2)
8 (KA)

µνρ (KA)µνρ

+Υ
(2)
9 (KT )

µνρ (KT )µνρ

]
.

Where χi and Υi are all functions of temperature. We call Wideal the ideal
piece as it only depends on the dynamical variables with no explicit deriva-
tive dependence. The Wmixed is linear in torsion and will contribute to the
constitutive relations even in the zero torsion limit. The terms in Wtorsion

with coefficients Υi are quadratic in torsion and will only contribute to the
constitutive relations whenever torsion is kept, however it will contribute to
the two point functions even in the absence of torsion.

2The ideal term can take a more general form once parity invariance is broken or we
allow for higher order contributions. The ideal term valid at all orders in derivatives is
shown in appendix A.
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2.2.1 Ideal constitutive relations

From the fluctuation of Wideal we find the ideal constitutive relations

(Tideal)
µν = εuµuν + p∆µν − 2

(
∂p

∂m2
+ 4

∂p

∂M2

)
uαMβγmγ , (2.74)

(Sideal)
λµν = uλρµν , (2.75)

with the energy density ε and spin density ρ defined as

ε = −p+ ∂p

∂T
T +

1

2
ραβµ

αβ , (2.76)

ραβ = 8
∂p

∂M2
Mαβ + 2

∂p

∂m2

(
uαmβ −mαuβ

)
. (2.77)

From (2.76) and (2.77) together with the analytic structure of the pressure
we find the following differential relations

dp = sdT +
1

2
ρcddµ

cd +

[
2

(
∂p

∂m2
+ 4

∂p

∂M2

)
mdMdc

]
duc , (2.78)

dε = Tds+
1

2
µcddρ

cd −
[
2

(
∂p

∂m2
+ 4

∂p

∂M2

)
mdMdc

]
duc , (2.79)

where we defined the entropy density s = ∂p
∂T

. We can then identify (2.79)
with the first Law of thermodynamics and (2.78) with the Gibbs-Duhem
relation. A couple of observations are in order

• Even in the ideal case there will be an antisymmetric piece on the
energy momentum tensor as long as both projections of the chemical
potential are turned on.

• The spin density ρcd and spin potential µcd satisfy the expected ther-
modynamic relation (2.76). However the first law is modified as seen
in (2.79). This modification will be crucial when asking for the second
law of thermodynamics to hold.

2.2.2 Contorsion variation and Belinfante completion

The zero torsion contributions to the constitutive relations and two point
functions from {Wmixed,Wtorsion} will necessarily contain a variation of the
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contorsion tensor, in particular the two point function contributions from Υ
coefficients will come only from contorsion fluctuations as all other contribu-
tions will vanish on the torsionless limit. It is then convenient to note the
following identity∫

ddx|e|Bµ
abδK

ab
µ =

∫
ddx|e|

[
∇̊λ

(
Bλµν −Bµλν −Bνλµ

)
eaνδe

a
µ

]
(2.80)

+

∫
ddx|e|

[
(Bµ

ab) δω
ab
µ

]
,

That follows from the fluctuation identity

δKab
µ = δωab

µ −
[
D̊µ

(
eσ[aδeb]σ

)
− D̊σ

(
eσ[aδeb]µ

)
− D̊σ

(
eσ[aeρb]ecµδe

c
ρ

)]
.

We note that as expected there is a contribution to the spin current follow-
ing from the coupling with contorsion, however it is more notable that the
contribution to the energy momentum tensor is nothing but the Belinfante
improvement associated to the spin current contribution, see (2.28)

(TB)
µν = ∇̊λ

(
Bλµν −Bµλν −Bνλµ

)
, (2.81)

(SB)
λµν = 2Bλµν , (2.82)

We will call (2.81) the Belinfante completion of the spin contribution Bλµν .
Note that this completion includes not only equilibrium terms but also non-
equilibrium contributions. Even though terms containing variations of this
form will be derived from the hydrostatic partition function we will keep
the associated non-equilibrium pieces coming from (2.81). The main reason
for this is two-fold: Using (2.81) without specifying the equilibrium condi-
tion allows for a compact notation and second, we will show that the non-
equilibrium terms encoded in (2.81) will be necessary for the second law of
thermodynamics to hold3.

2.2.3 Mixed Constitutive relations

The variation of the term Wmixed will contribute to the first order part of the
spin current and to the second order part of the energy momentum tensor, of

3We will actually only show this for χ(1) as all other contributions will be subleading
on the entropy production.
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which we will only be concerned with the antisymmetric piece. The resulting
constitutive relations take the form

(Tmixed)
µν =

(
TB
mixed

)µν
+
(
TEOM
mixed

)
, (2.83)

(Smixed)
λµν = 2 (Bmixed)

λµν +
(
SEOM
mixed

)λµν
, (2.84)

Where we defined

(
TB

mixed

)µν
= ∇̊λ

[
(Bmixed)

λµν − (Bmixed)
µλν − (Bmixed)

νλµ
]
, (2.85)

(Bmixed)
λµν = uλ

[
χ
(2)
2 Mµν − χ

(2)
3 u[µmν]

]
− χ

(2)
1 Mλ[µuν] (2.86)

+ 2χ
(2)
4 ∆λ[µmν] ,

(T EOM

mixed)
µν = −χ(2)

1 u[µ
[
(KT )

ν]αβ + (KA)
ν]αβ
]
Mαβ +

χ
(2)
1 κMµν

d− 1
(2.87)

+
χ
(2)
1

2(d− 2)
u[µMν]β (KV )β − 2χ

(2)
1 u[µ (κA)

ν]β mβ

+ χ
(2)
1 Mα[µ

[
(κA)

ν]
α − (κS)

[ν
α

]
− 2χ

(2)
2 u[µ

(
Mν]αkα +Kν]αmα

)
− χ

(2)
3 u[µ

(
Mν]αkα +Kν]αmα

)
+ 2χ

(2)
4 (KA)

µναmα

+ 2χ
(2)
4 (KT )

α[µν]mα +
χ
(2)
4

(d− 2)
(KV )

[µmν] − χ
(2)
4 u[µMν]α (KV )α

+ 2χ
(2)
4 u[µ

[
(κA)

ν]α − (κS)
ν]α
]
mα +

2χ
(2)
4 (d− 2)

(d− 1)
κu[µmν] + ... ,

(SEOM

mixed)
λµν = 2uλ

[
χ
(2)
1 (κA)

µν + χ
(2)
2 Kµν − χ

(2)
3 u[µkν]

]
(2.88)

− 2χ
(2)
4 uλu[µ (KV )

ν] ,

where +... represents terms irrelevant at the order in derivatives taken into
account for either the one point functions or the two point functions, this
means O (∂2) in the antisymmetric piece of T µν and keeping contorsion up to
its linear terms. In the absence of torsion only the Belinfante-Rosenfel (BR)
like terms (2.85) and (2.86) will be left, however due to their BR nature they
will not contribute to the equations of motion in this limit.

43



CHAPTER 2. HYDRODYNAMICS

2.2.4 Torsion constitutive relations

There are two types of contributions coming from Wtorsion. The first one is
the single contribution with the χ(1) coefficient, this contribution will be of
zeroth order to the spin current and of first order to the energy momentum
tensor. The second type of contribution comes from the terms with Υ co-
efficients. These terms are quadratic in contortion and as such we will only
keep their O (∂) contribution to the spin current and their O (∂2) linear in
contorsion contribution to the antisymmetric piece of the energy momentum
tensor, namely all relevant constitutive relations will come from the fluctua-
tion of contortion. With all these considerations taken into account we will
decompose the constitutive relations as

(Ttorsion)
µν =

(
T B−χ

torsion

)µν
+
(
T B−Υ

torsion

)µν
+ (T EOM

torsion)
µν , (2.89)

(Storsion)
λµν = 2 (Bχ

torsion)
λµν + 2

(
BΥ

torsion

)λµν
, (2.90)

Where we defined(
T B−χ

torsion

)µν
= −θχ(1)uµuν +

(
d− 2

d− 1
θχ(1) + uλ∇̊λχ

(1)

)
∆µν (2.91)

− uµ∆νλ∇̊λχ
(1) + χ(1)uνaµ − χ(1)σµν + χ(1)Ωµν ,(

T B−Υ
torsion

)µν
= ∇̊λ

[(
BΥ

torsion

)λµν − (BΥ
torsion

)µλν − (BΥ
torsion

)νλµ]
, (2.92)

(Bχ
torsion)

λµν = χ(1)∆λ[µuν] , (2.93)(
BΥ

torsion

)λµν
= 2Υ0κ∆

λ[µuν] + uλ
[
2Υ1k

[µuν] + 2Υ2K
µν +Υ5 (κA)

µν] (2.94)

+ uλ
[
Υ3 (KV )

[µ uν]
]
+ 2∆λ[µ

[
Υ3k

ν] + 2Υ4 (KV )
ν]
]

−Υ5K
λ[µuν] − 2Υ6 (κA)

λ[µ uν] + 2Υ7 (κS)
λ[µ uν]

+ 2Υ8 (KA)
λµν + 2Υ9 (KT )

µνλ ,

(T EOM

torsion)
µν =

[(
T
∂χ(1)

∂T
− χ(1)

)
κ

]
uµuν +

[
χ(1)d− 2

d− 1
κ

]
∆µν (2.95)

+ 2χ(1)u(µkν) +
1

2
χ(1)uµ (KV )

ν − χ(1) (κS)
µν − χ(1) (κA)

µν .

In the absence of torsion only the χ(1) contribution is left, although it will
have no contribution to the equations of motion as it becomes a BR like term
on this limit.
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2.3 Non-equilibrium Constitutive Relations

We have already taken care of writing down the equilibrium part of the
constitutive relations and we are left to write the non-equilibrium piece.
To write these terms we will use the relevant independent non-equilibrium
structures and write the most general constitutive relations that we can build
from them. The relations are decomposed as

(Tnon-eq)
µν =

(
TB

non-eq

)µν
+
(
T (1)

non-eq

)µν
+
(
T (2)

non-eq

)µν
, (2.96)(

TB
non-eq

)µν
=

1

2
∇̊λ

[
(Snon-eq)

λµν − (Snon-eq)
µλν − (Snon-eq)

νλµ
]
, (2.97)(

T (1)
non-eq

)µν
= −ξθ∆µν − ησµν + σ7u

[µm̂ν] − σ8M̂
µν , (2.98)(

T (2)
non-eq

)µν
= ∆[µ

α u
ν]
[
λ1∇̊βσ

αβ + λ2∇̊βM̂
αβ + λ3L u

T
kα + λ4L u

T
(KV )

α
]

+ λ5∆
α[µuν]∇̊αθ +∆[µ

α ∆
ν]
β

[
λ6L u

T
Kαβ + λ7L u

T
(κA)

αβ
]

+ λ8∆
α[µ∆ν]β∇̊αm̂β +

29∑
i=9

λiu
[µV

(2)ν]
i−8 +

49∑
i=30

λiA
(2)µν
i−29 , (2.99)

(Snon-eq)
λµν = uλ

(
2σ1u

[µm̂ν] + 2σ2M̂
µν
)
+ 2σ3θ∆

λ[µuν] + 2σ4σ
λ[µuν]

+ 2σ5M̂
λ[µuν] + 2σ6∆

λ[µm̂ν] . (2.100)

This encompasses 53 non-equilibrium transport coefficients on the energy
momentum tensor and 8 non-equilibrium transport coefficients on the spin
current, note that according to our decomposition of the currents the spin
current transport coefficients will only contribute to the equations of mo-
tion when torsion is non-vanishing. We have also chosen a frame where
(Tnon-eq)

(µν) uν = 0.

2.4 Summary of Constitutive Relations

To avoid confusion we summarize the form of the constitutive relations

T µν = (Tideal)
µν + (Tmixed)

µν + (Ttorsion)
µν + (Tnon-eq)

µν , (2.101)

Sλµν = (Sideal)
λµν + (Smixed)

λµν + (Storsion)
λµν + (Snon-eq)

λµν . (2.102)

The explicit form can be found after using (2.74), (2.75), (2.83),(2.84), (2.89),
(2.90), (2.96), and (2.100).
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2.5 First Order Constraint

When the equations of motion are being solved order by order in the deriva-
tive expansion we expect for the dynamical equation of motion for the spin
dynamical degrees of freedom to appear as second order equations. The first
order spin current equation should either be identically satisfied or should
impose constraints on transport. From (2.74), (2.75), (2.83), (2.84), (2.89),
(2.90), (2.96), and (2.100) the first order spin current equation of motion
becomes

σ7u
[µm̂ν] + σ8M̂

µν = 0 . (2.103)

There are two possibilities for this equation to be satisfied. Either the first or-
der transport coefficients {σ7, σ8} are zero or the non-equilibrium spin chemi-
cal potentials are zero at this order in derivatives, meaning the spin potential
is equal to thermal vorticity up to O (∂2) terms. Choosing the former option
keeps the constitutive relations just as were shown in this chapter, choosing
the latter allow us to remove the {λ2,8−14,16,17−22,24−26,30,32−34,38−43,47−49, σ1−2,5−6}
contributions4. For chapter 3 we will assume {σ7, σ8} to see the implications
of having a dynamically independent variable on a heavy ion collision setting.

Before moving on we have to note that there is an additional possibil-
ity to avoid (2.103) showing up, this involves modifying the derivative ex-
pansion by the inclusion of an additional expansion parameter [44, 45] that
parametrizes the scaling of the transport coefficients {σ7, σ8}. The hierarchy
of this new scaling can be chosen such that O (∂) and O (∂2) equations, un-
der an ordinary derivative counting, mixes allowing for m̂ and M̂ to become
dynamically independent variables, namely they are not forced into their
equilibrium value at leading order. This scaling is known as the spin hy-
drodynamic limit [44,45]. Under this novel scaling the constitutive relations
that we wrote down will need to be revised.

2.6 Entropy Current

We are interested on computing an entropy current Sµ such that

∇̊Sµ ≥ 0 +O
(
∂3
)
. (2.104)

4Note that when {σ7, σ8} are not vanishing we can in principle perform a frame trans-
formation on the spin potentials such that the whole non-equilibrium second order terms
can be absorbed into it.
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To achieve this we need to analyze the canonical and non-canonical pieces
of the entropy current. We will start by analyzing only the ideal piece and
noting that it satisfies

uν∇̊µT
µν
ideal = −uµ∇̊µε− θ (p+ ε) + 2

(
∂p

∂m2
+ 4

∂p

∂M2

)
aµmνM

µν (2.105)

= −Tuµ∇̊µs−
1

2
µαβ∇̊µρ

αβ − θ

(
sT +

1

2
ραβµ

αβ

)
= −T ∇̊µ (su

µ)− 1

2
µαβ∇̊µ

(
uµραβ

)
= −T ∇̊µ (su

µ)− 1

2
µαβ∇̊µ

(
Sµαβ
ideal

)
,

where we have used the first law (2.79) and the thermodynamic relation
(2.76). Note that, given (2.74) and (2.75), (2.105) is true to all orders in
derivatives5. From the definition of the canonical entropy current (1.48) and
(2.105) it follows that

∇̊µS
µ
can = −uν

T
∇̊µT

µν − 1

2

µρσ

T
∇̊λS

λµµ − (T µν − T µν
ideal) ∇̊µ

(uν
T

)
(2.106)

− 1

2

(
Sλρσ − Sλρσ

ideal

)
∇̊λ

(µρσ

T

)
= −uν

T

(
1

2
RρσνλSλρσ − TρσK

ρσν

)
− µρσ

T

(
T ρσ − SλαρKα

σ
λ

)
− (T µν − T µν

ideal) ∇̊µ

(uν
T

)
− 1

2

(
Sλρσ − Sλρσ

ideal

)
∇̊λ

(µρσ

T

)
,

where we have used the equations of motion (2.24) and (2.25). At this point

5The ideal terms discussed in this chapter are valid up to O
(
∂2
)
in the derivative ex-

pansion. However it is possible to write down an ideal term valid to all order in derivatives,
this is done in appendix A where an analogous relation to (2.105) is also derived. From
such relation it is also shown, to all order in derivatives, that an ideal fluid with spin has
an entropy current with a vanishing divergence.
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we will only keep terms of O (∂2) in6 (2.106), this reduces (2.106) to

∇̊µS
µ
can = − 1

T

(
uνR

ρσνλ − 2Kρ
β
λµσβ

)
(Bχ

torsion)λρσ (2.107)

+
(Kρσ − µρσ)

T

[(
TB−χ

torsion

)
ρσ

+
(
TEOM

torsion

)
ρσ

+
(
T (1)

non-eq

)
ρσ

]
−
[(
TB−χ

torsion

)ρσ
+
(
TEOM

torsion

)ρσ
+
(
T (1)

non-eq

)ρσ] ∇̊ρ

(uσ
T

)
− (Bχ

torsion)
λρσ ∇̊λ

(µρσ

T

)
+O

(
∂3
)
,

=
ζθ2

T
+
ησρσσρσ

T
+
σ7m̂

αm̂α

T
+
σ8M̂

ρσM̂ρσ

T
− χ(1)∇̊αm̂

α

T

− χ(1)uρ∇̊ρ (θ + κ)

T
− χθ (θ + κ)

T
+ aρm̂

ρ

(
∂χ(1)

∂T
− χ(1)

T

)

− sT
∂ε
∂T

θ (θ + κ)
(
T ∂χ(1)

∂T
− χ(1)

)
T 2

+O
(
∂3
)
.

Where we have used the constitutive relations (2.89) and (2.96) as well as
the first order equation uµD

(1)µ = 0. The next step is to write down the
non-canonical part of the entropy current, this is done by writing the most
general independent first order vector. This will restrict the form of the
non-canonical piece to

Sλ
non−can = (n1Θ+ n2κ)u

λ + n3m̂
λ + n4a

λ + n5k
λ + n6 (KV )

λ , (2.108)

where ni are functions of the temperature to be fixed by imposing (2.104).
By taking the choice

n1 =
χ(1)

T
, n4 = 0 ,

n2 =
χ(1)

T
, n5 = 0 , (2.109)

n3 =
χ(1)

T
, n6 = 0 ,

we find the quadratic form

∇̊λS
λ =

ζθ2

T
+
ησρσσρσ

T
+
σ7m̂

αm̂α

T
+
σ8M̂

ρσM̂ρσ

T
, (2.110)

6When the fluid is an ideal fluid it is not necessary to truncate the theory as the
divergence will vanish to all orders, as expected.
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2.6. ENTROPY CURRENT

with the entropy current given by

Sλ = Sλ
can + Sλ

non−can =

[
s+

(
∂χ(1)

∂T

)
κ

]
uλ − σ7m̂

λ

2T
. (2.111)

From (2.110) and (2.104) we can conclude that the viscosities {ζ, η} should be
greater than zero. The same condition seems to be true for {σ7, σ8}, however
if these viscosities are non-vanishing then we can use the first order spin
equation to set m̂ and M̂ to zero at this order on the derivative expansion,
keeping the sign of {σ7, σ8} unfixed.
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Chapter 3

Conformal Symmetry in the
presence of spin

We will now analyze conformal symmetry in the presence of a spin current.
We can recall that conformal symmetry is the invariance of the theory under
scaling of the background metric. In an uncharged fluid this can be translated
into the vanishing of

δS =

∫
√
gT µνδgµν = 0 , (3.1)

whenever δgµν = 2ϕgµν with ϕ an arbitrary function of the coordinates. This
condition will imply the energy momentum is traceless. The generalization
to a theory with a non-trivial spin current is given by the vanishing of

δS =

∫
|e|
[
T µ

aδe
a
µ +

1

2
Sλ

abδω
ab

λ

]
= 0 , (3.2)

under the Weyl transformations [89]

δeaµ = ϕeaµ , (3.3)

δωab
µ = (1− q)

(
eaµe

bν − ebνe
aν
)
∂νϕ , (3.4)

where q is a parameter that shifts between the spin connection transforming
as the Christoffel connection at q = 0, and the spin connection being invariant
when we set q = 1. Note that torsion can only be set to zero consistently
when q = 0, namely when torsion is invariant under Weyl transformations,
whenever q ̸= 0 torsion gets reintroduced through a Weyl transformation.
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Condition (3.2) under (3.3) and (3.4) implies the following relation

T µ
µ = (1− q)∇̊µ

(
Sλ

λµ
)
. (3.5)

Invariance of the equations of motion under (3.3) and (3.4) imply the currents
should transform as

δT µν = −(d+ 2)ϕT µν + (q − 1)Sµνρ∂ρϕ− (q − 1)Sλ
λµ∂νϕ , (3.6)

δSλµν = −(d+ 2)ϕSλµν , (3.7)

The transformation of the hydrodynamic variables is

δT = −ϕT , (3.8)

δuµ = −ϕuµ , (3.9)

δmρ = (1− q)∆β
α∂βϕ , (3.10)

δMαβ = −3ϕMαβ , (3.11)

where the transformation rules of the spin potentials were inferred from their
relation with the spin connection in hydrostatic equilibrium.

3.1 Weyl connection

Let’s assume there exists a one form Aµ satisfying the transformation prop-
erties

δAµ = ∂µϕ , (3.12)

We can then note that the transformation rule for the Christoffel connection
and the contorsion can be written as

δΓ̊λ
µν = −δAλ

µν , (3.13)

δKλ
µν = δ

[
q
(
gµνg

λσ − δλµδ
σ
ν

)
Aσ

]
, (3.14)

where we defined

Aλ
µν = gµνAλ − δλµAν − δλνAµ , (3.15)

Given any field Qα1
β1

that transforms uniformly under Weyl transformation
with weight ω, namely

δQα1...
β1...

= ωQα1...
β1...

, (3.16)
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we can look for a Weyl covariant derivative [90] D such that

δ
(
DµQ

α1...
β1...

)
= ωDµQ

α1...
β1...

, (3.17)

This can be achieved by defining D as

DµQ
α1...
β1...

= ∇̊µQ
α1...
β1...

− ωAµQ
α1...
β1...

−Aρ1
µβ1
Qα1...

ρ1...
+ ...+Aα1

µσ1
Qσ1...

β1...
+ ... . (3.18)

Making use of this connection we can define the field strength F associated
to A, Weyl invariant contorsion (KW )µν , its Weyl invariant field strength
(GW )λ αρσ, a Weyl invariant Riemann tensor (RW )λ αµν , and a Weyl invariant

chemical potential (µW )ab as

Fµν = ∇̊µAν − ∇̊νAµ , (3.19)

(KW )λ νµ = Kλ
µν − q

(
gµνg

λσ − δλµδ
σ
ν

)
Aσ , (3.20)

(GW )λ αρσ = Dρ (KW )λ ασ −Dσ (KW )λ αρ + (KW )λ βρ (KW )β ασ (3.21)

− (KW )λ βσ (KW )β αρ ,

(RW )α λµν = R̊α
λµν + ∇̊µAα

λν − ∇̊νAα
λµ +Aβ

λνA
α
βµ −Aβ

λµA
α
βν (3.22)

+ (GW )α λµν ,

(µW )ab = µab − (1− q)
(
uaAb − ubAa

)
, (3.23)

The Weyl commutator of a tensor will be related to the field strength F , and
the Weyl invariant curvature RW through

[Dµ,Dν ]Vλ = −ωFµνVλ − (RW −GW )α λµνVα , (3.24)

From the transformation rules (3.8)-(3.11) we can note there are multiple
choices for connections depending on the value of q, see table 3.1. As we
want to eventually set torsion to zero we will mainly work with q = 0, and
we will pick A1 as our connection of choice. From (3.6) we can see that
the energy momentum tensor does not transform covariantly under Weyl
rescaling, unless q = 1. However we can define a modified energy momentum
tensor (TW )µν that does, through

(TW )µν = T µν − (q − 1)SµµρAρ + (q − 1)Sλ
λµAν , (3.25)

δ (TW )µν = −(d+ 2)ϕ (TW )µν , (3.26)
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Ai q = 0 q = 1 q ̸= {0, 1}
(A1)µ = aµ − Θ

d−1
uµ ✓ ✓ ✓

(A2)µ = − 1
q−1

mµ − Θ
d−1

uµ ✓ × ✓
(A3)µ = − 1

2q(d−2)
(Ka)µ − Θ

d−1
uµ × ✓ ✓

(A4)µ = aµ +
κ

q(d−1)
uµ × ✓ ✓

(A5)µ = − 1
q−1

mµ +
κ

q(d−1)
uµ × × ✓

(A6)µ = − 1
2q(d−2)

(Ka)µ +
κ

q(d−1)
uµ × ✓ ✓

Table 3.1: Different connection options given the value of q.

We can try to rewrite the equations of motion in an explicit Weyl covariant
way by writing them in terms of the covariant tensors {Sλµν , (TW )µν ,F ,
(RW )α λµν , (KW )λ νµ} and their Weyl covariant derivatives, finding

Dµ (TW )µν =
(RW )ρσνλ Sλρσ

2
− (TW )ρσ (KW )ρσν + 4(q − 1)SλµνFµν , (3.27)

DλS
λµν = (TW )[µν] + 2Sλρ[µ (KW )ν] ρλ , (3.28)

where we used the equation of motion for the spin current, the trace condition
(3.5), as well as the weights for the currents with all upper indices equal to
ωT = ωS = −(d + 2). We can note that the form of the equations is almost
the same as simply changing the fields for their Weyl versions, however for
q ̸= 1 there is an additional coupling between the spin current and the Weyl
connection field strength.

3.2 Constitutive Relations

The constitutive relations will be of the generic form (2.101) and (2.102),
however conformal symmetry will restrict the transport coefficients and will
fix their temperature dependence. We are interested on studying polarization
on heavy ion collisions when the spin potential becomes an independent
degree of freedom. This means we will focus on 3+1-dimensions and set
q = 0, torsion to zero and {σ7, σ8} to zero1. Under this assumptions the

1It is not standard to set transport coefficients to zero in arbitrary way, however the
theory on this limit is quite distinct from the one when they do not vanish. We want to
explore the consequences on polarization on the limit when spin matters the most.
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constitutive relations take the form

T (µν) =ϵ0T
4uµuν +

1

3
ϵ0T

4∆µν − 2η0T
3σµν + T

(µν)
BR +O(∂2) ,

T−2T [µν] =∆β
[µuν]

(
ℓ1Dασ

αβ + ℓ2DαM̂
αβ
)
+ ℓ3∆

ρ[µ∆ν]σ∇̊ρm̂σ

+ ℓ4u
[µσν]ρm̂ρ + ℓ5u

[µM̂ν]ρm̂ρ + ℓ6u
[µMν]ρm̂ρ

+ ℓ7σ
[µ
ρM̂

ν]ρ + ℓ8σ
[µ
ρM

ν]ρ + ℓ9M̂
[µ
ρM

ν]ρ

− T−2S[µν]ρ

(
aρ −

1

3
Θuρ

)
+ T−2

(
Sρ

ρ
[µaν] − 1

3
ΘSρ

ρ
[µuν]

)
+ T

[µν]
B ,

T−2Sµ
νρ = 8ρ0u

λMνρ + 2s1u
λu[νm̂ρ] + 2s2u

λM̂νρ + SB
λ
νρ ,

(3.29)

with

T µν
B =

1

2
∇̊λ

(
SB

µνλ + SB
νµλ − SB

λνµ
)
,

SB
λ
µν =2T 3χ1∆

λ
[µuν] + 2T 2χ2M

λ
[µuν] + 2σ1T

2σλ
[µuν]

+ 2σ2T
2M̂λ

[µuν] + 2σ3T
2∆λ

µm̂ν] ,

(3.30)

where {ϵ0, ρ0, η0, ℓ1−9, s1−2, χ1−2, σ1−3} are constants and the Weyl derivatives
are explicitly given by

Dασ
αβ = ∇̊ασ

αβ − 3aασ
αβ ,

DαM̂
αβ = ∇̊αM̂

αβ − aαM̂
αβ ,

(3.31)

3.3 An application to heavy ion collisions

We do not presume to carry out a full fledged analysis of heavy ion collision
experiments with possible spin currents manifesting during the short colli-
sion period. Instead, we consider a perturbed solution to the hydrodynamic
equations of motion in the presence of spin, in the limit of dynamical spin,
with an underlying Bjorken (SO(1, 1) × ISO(2) × Z2) symmetry [91]. We
then attempt to relate the dependence of the spin potential on the initial
temperature to the dependence of the average hyperon polarization vector
on the beam energy. Of course, a complete analysis, which we do not carry
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out, should include a proper treatment of initial conditions, a full hydrody-
namic simulation, and a comprehensive treatment of hadronization of the
quark gluon plasma before reaching the detector.

Consider a collision of two gold ions of radii R initially moving with a
relativistic velocity directed along a Cartesian ‘z’ coordinate. Let’s assume
that the fluid formed after the collision has Bjorken symmetry, that is, it is
invariant under boosts along the beam direction, translations and rotations
along the ‘x’ and ‘y’ directions, and under z/t → −z/t. Going to a Milne
coordinate system, ds2 = −dτ 2 + τ 2dη2 + dx2 + dy2 where τ =

√
t2 − z2 and

η = arctanh(z/t) are proper time and pseudo-rapidity respectively, we find
that

uτ = 1, T = T0

(τ0
τ

) 1
3 − η0

2ϵ0τ
, (3.32)

with all other components of uµ and µab vanishing, solve the equations of
motion. Here T0 is the temperature at the initial time τ0 when the fluid
description is a viable one. Note that the shear viscosity to entropy ratio,
η/s, satisfies η/s = 3η0/4ϵ0.

Since the spin potential vanishes on account of Bjorken symmetry, let’s
consider linear perturbations of Bjorken flow which break transverse transla-
tions and axial rotation, T → T+

∫
d2qδTei(qxx+qyy), uµ → uµ+

∫
d2qδuµei(qxx+qyy),

and µab → µab +
∫
d2qδµabe

i(qxx+qyy). To mimic the experiment, we consider
a peripheral collision with impact parameter b along the ‘x’ axis. Glancing
beams are expected to create a non-trivial velocity gradient in the x direction
at initial proper time τ0 at which we assume hydrodynamics becomes appli-
cable. To this end, we consider an initial velocity profile where δuη(τ0) ∝ bqx,
and other components of the perturbations to the velocity vanish. As a re-
sult, we find that δmη, δMηx = δMηiqx and δMηy = δMηiqy are non zero
while the temperature perturbations and all other components of the spin
potential vanish.

To solve the equations of motion we will use the Floerchinger-Wiedemann
(FW) approximation [92], where 3η0

4ϵ0
1
Tτ

is perturbatively small but q2τ 2 3η0
4ϵ0

1
Tτ

(with q2 = q2x+ q
2
y) is finite. In this approximation, only the leading term for

the temperature in (3.32) becomes relevant, the velocity field perturbations
take the form

δuη = iu0 b qx τ
− 5

3 e
− 9q2η0τ0

16T0ϵ0

(
τ
τ0

) 4
3

, (3.33)

and δMη and δmη are determined algebraically from δuη and its derivatives.
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Presumably, the stress tensor and spin current will evolve according to
hydrodynamic theory from an initial Bjorken time τ0 to a final time τf when
matter hadronizes, T (τf ) = Tf ≃ 150MeV . The hadrons yield is then col-
lected by the detector which measures its properties. Converting a hydrody-
namics spin current and energy momentum tensor to a Hadron distribution
is fraught with difficulty. One often used prescription for doing so works un-
der the assumption that the particle distribution after hadronization follows
a thermal distribution with temperature, velocity and chemical potential of
the hydrodynamic configuration leading to it [93]. Within this framework
the polarization vector reads

Πα(p) = −1

4
ϵαρσβ

pβ

m

∫
dΣλp

λBµρσ

2
∫
dΣλpλnF

, (3.34)

where
∫
dΣµ is an integral over the hadronization surface, dΣµ = τδτµdηdxdy

in Bjorken coordinates, pµ is the particle momentum, m its mass, nF is the
Fermi Dirac distribution and B is an additional distributional quantity that
depends on uµ and T . See, e.g., [17, 94] for details.

It is tempting to use our solution to evaluate (3.34) and compare to
data. However, one should keep in mind that our hydrodynamic solution is
rather simple minded, involving a linear perturbation on Bjorken symmetry
on top of which we used the FW approximation. This perturbation should
presumably capture a non vanishing impact parameter. Realistic collisions
at mid centrality have an impact parameter of order of the nucleus size and
are unlikely to resemble Bjorken flow. They should generate a large enough
vorticity for a non trivial spin current to be generated which makes the
validity of our linearized approximation somewhat suspect. Still, we have at
our disposal an analytic solution to the hydrodynamic equations of motion
with spin and it is hard to resist the temptation to compare it with the
experimental results using (3.34). Hence, throwing caution to the wind, and
inserting the perturbed Bjorken solution into (3.34), we find

Πµ(p) =

16be
−

4T4
f ϵ0x

2
0

9T3
0 η0τ0 u0π

3
2T 8

f x0ϵ
3
2
0 (ℓ1 + ℓ2)Erf

(√
4T 4

f ϵ0y
2
0

9T 3
0 η0τ0

)
27mT

13
2

0 η
3
2
0 ℓ2τ

13
6

0

×


−pyI(1)

0
0
I(2)

 ,

(3.35)

where now x0 = R − b
2
, y0 =

√
R2 − b2

4
and we have integrated over the
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SPIN

range −x0 < x < x0 and −y0 < y < y0 which approximates the area of
overlap of the two colliding nuclei. The expressions for I(n) are given by

I(n)(τf ) =

∫
dη B (pτ )n

2x0 × 2y0 ×
∫
dηnFpτ

∣∣∣∣∣
τ=τf

, (3.36)

and Erf denotes the error function.
We are particularly interested in the dependence of the spin polarization

on the initial temperature, related to the beam energy. Making the reckless
approximation that energy and nucleons are distributed uniformly in the
nucleus and that the relation between energy density and temperature is of
the form ϵ = ϵ0T

4 as dictated by conformal invariance, we find

T0 =

(
2N

πR2ϵ0τ0

) 1
4

s
1
8
NN , (3.37)

where N is the number of nucleons,
√
sNN is the beam energy per nucleon,

and we approximated the volume of the nucleus as πR2τ0. It is clear that
each of these approximations may be improved and upgraded, but as a pre-
liminary order of magnitude estimate relating our hydrodynamic solution to
the polarization vector, they are good enough.

Using, ϵ0 = 12, Tf = 150MeV , η/s = 1/4π, τ0 = 1fm, R = 7fm and
b = 10fm (see [92, 95–97]), we find

4T 4
f ϵ0x

2
0

9T 3
0 η0τ0

≃ 5.1(
sNN

GeV2

) 3
8

√
4T 4

f ϵ0y
2
0

9T 3
0 η0τ0

≃ 5.5(
sNN

GeV2

) 3
16

. (3.38)

The overall scaling of Π in terms of the energy per nucleon is of the form

Π = α

exp

− 5.1(
sNN

GeV2

) 3
8

Erf

 5.5(
sNN

GeV2

) 3
16


(

sNN

GeV2

) 13
16

, (3.39)

where we have replaced the overall constant in (3.35), which depends on the
undetermined initial value for the velocity field perturbations u0, and on the
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Figure 3.1: A comparison of our estimate (3.39) of the average hyperon
polarization (blue) to the STAR measurement [5]. Since a magnetic field
was not incorporated in our setting, we have compared our estimate to the
average value of the polarization of Λ and Λ.

coefficients ℓ1 and ℓ2, with α. To compare to experimental data we need to
work out Πµ in the center of mass frame of the hyperon. Such a Lorentz
transformation will not affect the dependence of Πµ on sNN . Therefore, we
can attempt to fit (3.39) to experiment by fitting to a single parameter, α.
Using the data from [5], we find a surprisingly good fit to α = 286 ± 52.
See figure 3.1. We emphasize that our phenomenological analysis crucially
depend on the new transport coefficients ℓ1 ℓ2 added to the constitutive
relations.
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Chapter 4

Holography

In this section we will look at a particular example where we use the fluid
gravity correspondence [86,87] to derive the constitutive relations for a fluid
with a dynamical spin current. We can recall that the holographic corre-
spondence amounts to reading the currents from the relation

δSgrav =

∫
ddx|e|

[
T µ

aδe
a
µ +

1

2
Sλ

abδω
ab

λ

]
, (4.1)

where Sgrav is a dual gravitational action with both a dynamical and in-
dependent vielbein δeaµ and spin connection δωab

λ, and {T µν , Sλµν} are the
conserved currents of the dual quantum field theory (QFT). The fluid gravity
treatment will amount to finding gravitational solutions order by order in a
gradient expansion, and using the holographic prescription (4.1) to compute
the currents. We will focus on 3+1 QFT’s, namely we will work on a dual
5D gravitational theory.

For this purpose we focus on the 5 dimensional Lovelock-Chern-Simons
(LCS) gravity without matter [85,98,99]. We pick this theory for two reasons:
unlike Einstein gravity (1) the spin connection and vielbein are independent,
and (2)the equations of motion can be reduced to algebraic equations. The
first point is crucial for obtaining a non-trivial spin current as discussed
above. The second is practical. We will first review the Chern-Simons model
of [85] and the holographic prescription for obtaining the currents is derived
as well. We later present an ansatz for the holographic model that is suitable
for the fluid-gravity correspondence. We then solve the dynamical equations
of motion to all orders in the hydrodynamic derivative expansion by reducing
them to a set of constraint equations.
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After this generic treatment we then consider zeroth order hydrodynam-
ics, namely constant sources, and present two zeroth order gravitational
blackhole solutions. These are the only solutions with independent and un-
constrained spin sources. The energy momentum tensor, spin current, and
thermodynamic potentials for the solutions are derived. We then promote
all the sources to slowly varying functions of the boundary coordinates and
obtain the corresponding first order solutions and constitutive relations.

4.1 5D Lovelock Chern-Simons Gravity

The holographic backgrounds that we consider in this work as dual to quan-
tum field theories with a non-trivial spin current, are 5-dimensional back-
grounds that solve the Chern-Simons action.

S =

∫
⟨F ∧ F ∧ A− 1

2
F ∧ A ∧ A ∧ A+

1

10
A ∧A ∧A ∧A ∧A⟩ , (4.2)

where ⟨ ⟩ indicates a group trace over the SO(4,2) algebra with generators
JĀ on which the connection one form A is valued, and, where the field
strength is defined as usual F = dA+A ∧A. It was shown in [85] that, for
this five dimensional gravitational Chern-Simons (CS) theory a certain class
of gauge allows for a finite Fefferman-Graham (FG) expansion. Therefore
a well defined holographic recipe can be established for this theory. Their
work was generalized in [100] to any odd dimension gravitational CS theory
where an analysis of the boundary gauge symmetries was also performed.
Here, we first outline the necessary details of the theory. Our discussion
closely follows the presentation in [85]. The SO(4,2) indices Ā can be written
as a pair of antisymmetric indices via Ā = AB,A6 with the indices A =
0, 1, 2, 3, 5. Using this index decomposition the following identification can be
done {JA6 = PA,JAB = JAB} with PA and JAB the generators of translations
and Lorentz transformations in five dimensions satisfying the SO(4,2) algebra

[PA, PB] = JAB , (4.3)

[PA, JBC ] = ηABPC − ηACPB , (4.4)

[JAB, JCE] = ηBCJAE + ηAEJBC − ηACJBE − ηBEJAB . (4.5)
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The action (4.2) is invariant under infinitesimal gauge transformations

δA = dτ + [A, τ ] , (4.6)

τ = ηAPA +
1

2
λABJAB , (4.7)

with gauge parameters {ηA, λAB} representing local translations and Lorentz
transformations, up to a boundary term

δS = −1

2

∫
∂M5

⟨dτ ∧ (A ∧A+ dA ∧A+A ∧A ∧A)⟩ . (4.8)

To connect to the five dimensional gravity the 5D vielbein1 and the spin
connection ω̂AB are identified as components of the gauge connection A via
[101]

A ≡ êAPA +
1

2
ω̂ABJAB , (4.9)

F = T̂APA +
1

2

(
R̂AB + êA ∧ eB

)
JAB , (4.10)

where T̂A and R̂AB are the five dimensional torsion and curvature two forms
defined as

T̂A = dêA + ω̂A
B ∧ êB , (4.11)

R̂AB = dω̂AB + ω̂A
C ∧ ω̂CB . (4.12)

Using the identification (4.9) the CS action (4.2) can be written in the more
familiar form

SLCS = κCS

∫
M5

ϵABCDE

[
R̂ABR̂CDêE +

2

3
R̂AB êC êDêE +

1

5
êAêB êC êDêE

]
,

(4.13)

where for notational simplicity we omit the wedge product symbol. Here κCS

is the CS parameter that arises from the non-vanishing group trace

⟨JABJCDJE6⟩ =
κCS

2
ϵABCDE . (4.14)

1Below we denote the 5D quantities with a hat symbol to distinguish them from the
corresponding quantities in 4D.
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The equations of motion for action (4.13) are

ϵABCDE

(
R̂AB + êAêB

)(
R̂AB + êAêB

)
= 0 , (4.15)

ϵABCDE

(
R̂AB + êAêB

)
T̂E = 0 , (4.16)

and can be compactly written in the CS form

gĀB̄C̄F B̄F C̄ = 0 , (4.17)

where gĀB̄C̄ = ⟨JĀJB̄JC̄⟩ is the trilinear symmetric invariant trace whose
only non-vanishing component is given by (4.14). There exist non-trivial
solutions to (4.15) and (4.16) with non-vanishing torsion T̂A ̸= 0, see [102,
103]. We will indeed find such novel solutions later in this section.

4.2 Gauge Fixing and Fefferman-Graham ex-

pansion

We look for asymptotically AdS solutions to (4.15) and (4.16) to find holo-
graphic duals to fluids with spin degrees of freedom. We work with a radial
foliation of the spacetime coordinates xM = (xµ, r) and similarly of the tan-
gent space indices A = (a, 5) where the asymptotic boundary of the manifold
is located at r = r0 which wee send to infinity r0 → ∞ after holographic
renormalization. For metric formulations of gravity Fefferman-Graham (FG)
theorem tell us that the metric near this boundary takes the form [104]

ds2 =
dρ2

4ρ2
+

1

ρ2
gµν (x

µ, ρ) dxµdxν , (4.18)

where we have introduced the FG coordinate ρ = 1
r2
. On even d-dimensional

boundary spacetimes, gµν admits the expansion

gµν(x
µ, ρ) = g0µν (x

µ) + ...+ ρ
d
2 gdµν (x

µ) . (4.19)

To derive the equivalent of (4.18) in the first order formulation, it is conve-
nient to use the CS form (4.17) of the equations of motion [85] and note that
under the radial foliation they split as

gĀB̄C̄ϵ
µναβF B̄

µνF C̄
αβ = 0 , (4.20)

gĀB̄C̄ϵ
µναβF B̄

µνF C̄
αr = 0 . (4.21)
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Equation (4.20) contains no radial derivative and can be regarded as a con-
straint that holds at every value of r. It was shown in [85] that the Ward
identities of the dual CFT are contained in this set of constraints. The bulk
dynamics of the theory are contained in (4.21) and it is from this expression
that the FG structure arises. Equations (4.20) and (4.21) are not indepen-
dent and for a generic solution of (4.20) it follows that (4.21) implies [105]

F B̄
rµ = F B̄

µνN
ν , (4.22)

with N ν arbitrary functions. Equation (4.22) can be rewritten as

∂rAB̄
µ = DµAB̄

r + F B̄
µνN

ν , (4.23)

where Dµ denotes a covariant derivative. We note that the right hand side
of (4.23) corresponds to a gauge transformation parametrized by Ar and a
diffeomorphism2 with parameter N ν . This means Aµ(r + δr) is determined
from Aµ(r) by means of a gauge transformation and a diffeomorphism, allow-
ing us to choose the functions {Ar, N

ν} at will. By fixing diffeomorphisms
on the transverse direction xµ we can set Nµ = 0 leaving only Ar to be
fixed by a gauge transformation. One crucial remark here is that different
gauge choices for Ar give rise to non-equivalent boundary theories [100] as
the CS action is only gauge invariant up to boundary terms. We consider
the following parametrization of the gauge choice Ar

Ar = H(r, x)P5 +Ha
+(r, x)J

+
a +Ha

−(r, x)J
−
a +

1

2
Hab(r, x)Jab , (4.24)

with J±
a ≡ Pa ± Ja5 and where {H,Ha

±, H
ab} are arbitrary functions of the

holographic coordinate and of the boundary coordinates. Setting {Ha
±, H

ab}
to zero and H = H(r) corresponds to the gauge choice3 in [85,100]. Here we
will work with a slight generalization by allowing H = H(r, x). In particular
we assume H(r, x) to assume the following form

H =
1

rg(r, x)
, (4.25)

2We are using the gauge invariant form for diffeomorphisms [106] that differs from a
Lie derivative by a local gauge transformation with parameter τ = Aµξ

µ.
3The simplest gauge sets {H,Ha, Hab} to zero, however this will result in a degenerate

metric.

65



CHAPTER 4. HOLOGRAPHY

with g(r, x) playing the role of a blackening factor which in principle can
be fixed by making use of the remaining radial diffeomorphism. In particu-
lar, in [85] it is set to 1 with the corresponding solution being global AdS.
However when g(r, x) has poles, as in a blackhole, the radial diffeomorphism
required to set g to unity would be singular. These give rise to a class of black-
hole solutions distinct from the global AdS solutions considered in [85, 100].
We therefore consider g(r, x) with simple poles. A generic near boundary
asymptotic is then given by

g(r, x) = 1 +
∑ ci(x)

ri+1
, (4.26)

with ci(x) some real functions. The solution to (4.23) in this gauge becomes

A(ρ, x) = e−PP5

∫
h(r,x)dρA(0, x)eP5

∫
H(r,x)dρ + P5

[
dxµ∂µ

∫
H(r, x)

]
. (4.27)

For convenience we switched back to the FG coordinates and where A(0, x)
is the boundary condition for the gauge connection at the AdS boundary.
One finds, using (4.25) and (4.26), that the function H when integrated over
the radial coordinate satisfies the following asymptotic expansion∫

Hdρ = − ln ρ

2
+ c0ρ

1
2 +

c1 − c20
2

ρ+
c30 − 2c0c1 + c2

3
ρ

3
2 (4.28)

+
c3 − c40 + 3c20c1 − c21 − 2c0c2

4
ρ2 + ... . (4.29)

On the other hand, using the gauge choice discussed above, the boundary
condition A(0, x) can be parametrized as

A(0, x) = ea(x)J+
a + ka(x)J−

a +
1

2
ωab(x)Jab , (4.30)

Combining (4.27), (4.28), and (4.30) the near boundary expansion of êM and
ω̂MN is

ê5 = −dρ
2ρ
, êa =

1
√
ρ

[
ẽa + ρk̃a

]
, ω̂a5 =

1
√
ρ

[
ẽa − ρk̃a

]
, ω̂ab = ωab ,

(4.31)
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with ẽa and k̃a a shorthand notation for

ẽa =

[
1 + c0ρ

1
2 +

c1
2
ρ+

2c2 − c0c1
5

ρ
3
2 +

6c3 − 4c0c2 − 3c21 + 2c20c1
24

ρ2 + ...

]
ea ,

(4.32)

k̃a =

[
1− c0ρ

1
2 +

2c20 − c1
2

ρ+ ...

]
ka . (4.33)

Here we only show the terms that are relevant for the thermodynamics of the
solutions. The near boundary expansion (4.31) is the equivalent of the FG
expansion (4.18) in the first order formulation of gravity. The asymptotic
expansion (4.31) should still satisfy the constraint equation (4.20). As it
was shown in [85,100], the constraint implies the hydrodynamic equations of
motion for the energy momentum tensor and spin current, leaving the fields
ea and ωab unconstrained, which will then be identified with the sources for
the currents.

4.3 Holographic Counterterm Action

An important aspect of the holographic theory is renormalization. In order to
identify the on-shell gravity action with the effective action of the field theory,
we should first construct a finite action which at the same time preserve the
boundary symmetries

Iren = lim
ϵ→0

[Son-shell(ϵ)− V (ϵ)] , (4.34)

where V (ϵ) is the counterterm action and ϵ a cutoff for the FG coordinate.
The renormalized action (4.34) should have a well defined variational prob-
lem, so that, upon the holographic identification of Iren = Sgrav in (4.1), it
becomes the generating function in the dual field theory. Following a pro-
cedure analogous to the one in [85], we obtain the following counterterm
action

V = 4κCSϵabcd

∫
M4

∫ (Rab + eakb
)
kced +

ẽaẽbẽcẽd

6ϵ2
−
ẽaẽb

(
Rcd + 4

3
ẽck̃d

)
2ϵ

 ,

(4.35)

with Rcd = dωcd +ωc
dω

bd the boundary field strength of the source ωab. The
first term of (4.35) is a Gibbons-Hawking term, while the last two terms
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cancel the divergences in Son-shell. By varying δIren and identifying it with
the variation of the boundary generating function the energy momentum and
spin curren three forms are found as4

τa = −8κCSϵabcd
(
Rbc + 2ebkc

)
kd , (4.36)

σab = 16κCSϵabcdT
ckd , (4.37)

with T c the torsion coming from the boundary sources ea and ωab, and with
the three forms τa and σab related to the usual currents through

T µν =
ϵρσλν

|e|
ebµτb,ρσλ , Sλ

µν =
ϵλρστ

|e|
eaµe

b
νσab,ρστ . (4.38)

Following [85] it follows that the conservation equations for currents are the
expected ones. The chosen gauge leaves not only these symmetries as residual
boundary symmetries but also Weyl symmetry and a particular non-abelian
symmetry are present [100]. These last two symmetries become anomalous
and it has been suggested in [85] that the non-abelian anomaly could be re-
lated to a chiral anomaly through the antisymmetric part of the spin current.

4.4 Thermodynamic properties of the black-

hole solutions

In equilibrium we can Wick rotate the theory to Euclidian signature, allowing
us to identify the (grand-)canonical free energy Ffree as

βFfree ≡ β

∫
M3

Ffree = I[e, ω]on−shell , (4.39)

with β the inverse temperature which equals the length of the thermal cycle
and Ffree the free energy density integrated over the spatial boundary M3.
We are also interested in the thermal entropy Sthermal. For blackhole solu-
tions the entropy can be computed as the Noether charge associated with

4We note that the form of these currents correspond to a particular choice of finite
counterterms given in (4.34).
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diffeomorphisms5 and is found to be

Sthermal ≡
∫
Mh

3

Sthermal = 4π

∫
Mh

3

ϵABCDF

(
R̂CDêF +

1

3
êC êDêF

)
nAB ,

(4.40)

where Mh
3 denotes the horizon manifold, nAB = D[AξB] is the binormal at

the horizon, and ξB the Killing vector generating the horizon. We denote the
entropy density by Sthermal. Expression (4.40) is obtained from the general
entropy formula (B.19) which is valid for a generic Lovelock gravity6. This
formula is the analogue of Wald’s entropy formula [108] for the first order for-
mulation of gravity and its derivation is shown in appendix B. Our derivation
closely follows [109, 110] where a similar formula was derived for torsionless
theories7. The free energy and the entropy satisfy the Smarr relation and
the first law of thermodynamics

Ffree =M − TSthermal − µIQ
I , (4.41)

dFfree = −SthermaldT −QIdµI , (4.42)

withM ≡M0−µIQ
I the mass of the blackhole, µI represent all independent

components of torsion, and QI =
∂Ffree

∂µI
. This mass can be independently

computed from the energy tensor and the spin current as

M =

∫
M3

d3x

[
nµξνT

µν +
1

2
nλS

λ
cdω

cdξα
]
, (4.43)

with nµ the normal to the timelike direction.

4.5 Generic Holographic Background

In this section we introduce a hydrodynamic ansatz for {êM , ω̂MN} suitable
for a blackhole solution. We will introduce this ansatz in a form appropriate

5To be precise, here we consider the gauge invariant diffeomorphisms discussed below
equation (4.23).

6To see another concrete analysis of blackhole thermodynamics in a higher derivative
theory see [107] for the thermodynamics of Ads and dS blackholes in Gauss-Bonnet gravity.

7There exist some subtleties for deriving a first law in the context of the first order
formalism.
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to perform the hydrodynamic expansion in (boundary) derivatives, allowing
us to interpret the currents of the solutions as those of a thermal conformal
fluid. Just as in the derivation of the holographic currents above, we consider
the following gauge

ê5 =
dr

rg
+ ∂µ

(∫
dr

rg

)
dxµ , (4.44)

êar = ω̂a5
r = ω̂ab

r = T̂A
rµ = F ab

rµ = 0 . (4.45)

where FAB ≡ RAB + eAeB is the Chern-Simons field strength. We know that
solving for FAB

rµ = 0 and T̂A
rµ = 0 is sufficient to determine the radial depen-

dence of the functions {êaµ, ω̂a5
µ, ω̂

ab
µ} leaving a set of constraint equations

for the integration constants and sources. The dynamical equations we need
to solve are

∂rω̂
ab

µ = 0 , (4.46)

ω̂a5
µ = rg∂rê

a
µ , (4.47)

∂r
(
rg∂rê

a
µ

)
=

1

rg
êaµ . (4.48)

This system of equations has a simple solution which was already presented.
We will rewrite such solution in an alternative form by using the hydrody-
namic ansatz presented in the rest of this section. This manipulation will
allow us to solve the remaining constraint equations more easily in terms of
the hydrodynamic derivative expansion. This, in particular, entails a decom-
position of the background ansatz in terms of the fluid velocity uµ and the
projection operator ∆µ

ν .

4.5.1 Ansatz for the vielbien

The one form ea can be decomposed as

êa = θaµ

[
F (x, r)uµuν + Fσ(x, r)u

µ∆σ
ν + F̃ρ(x, r)∆

ρµuν + Fρσ(x, r)∆
ρµ∆σ

ν

]
dxν ,

(4.49)

where {F, Fσ, F̃ρ, Fρσ are functions of both the boundary and the holographic
coordinate and θa us a boundary vielbein that is related to the vielbein ea in
the previous section as

ea = θaµ (u
µuν +∆µ

ν ) dx
ν . (4.50)
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The corresponding bulk metric reads

ds2 =
dr2

r2g2
+
[
−
(
F 2 − F̃αF̃β∆

αβ
)
uµuν + 2

(
F̃αFβσ∆

αβ − FFσ

)
uµ∆

σ
ν

+
(
FαρFβσ∆

αβ − FρFσ

)
∆ρ

µ∆
σ
ν

]
dxµdxν . (4.51)

The AdS boundary conditions for the functions {g, F, Fσ, F̃σ, Fρσ} are such
that

lim
r→∞

ds2 ∼ dr2

r2
+ r2γµνdx

µdxν , (4.52)

where γµν is the boundary metric coupled to the dual CFT. For simplicity
we take γµν = ηµν in the rest of the paper. It is now possible to write down
an ansatz for the functions {g, F, Fσ, F̃σ, Fρσ} as an expansion in derivatives

F (x, r) = −rf(r) +
∞∑

m=1

Ism∑
im=1

ϵmrf
[m]
im

(r, x)s
[m]
im

(x) , (4.53)

Fσ(x, r)∆
σµ =

∞∑
m=1

Ivm∑
im=1

ϵmrl
[m]
im

(r, x)υ
[m]µ
im

(x) , (4.54)

F̃ρ(x, r)∆
ρµ =

∞∑
m=1

Ivm∑
im=1

ϵmrl̃
[m]
im

(r, x)υ
[m]µ
im

(x) , (4.55)

Fρσ(x, r)∆
ρµ∆σν = rh(r, x)∆µν +

∞∑
m=1

Itm∑
im=1

ϵmrh
[m]
im

(r, x)t
[m]µν
im

(x) , (4.56)

where f is a function of the radial coordinate8, {h, f [m]
im
, l

[m]
im
, l̃

[m]
im
, h

[m]
im

} func-
tions of both the holographic and the boundary coordinates9, index [m] indi-
cates the order of appearance in the derivative expansion, ϵ is a book keeping
parameter explicitly counting the number of derivatives. Here s

[m]
im

, v
[m]µ
im

, and

t
[m]µν
im

are, respectively, a scalar, a vector, and a tensor form the corresponding
Ism, I

v
m, and I

t
m independent quantities constructed from all available sources

8Using radial diffeomorphisms f can be chosen to depend only on the holographic co-
ordinate.

9Dependence on the boundary coordinates in these functions arises from their temper-
ature dependence.
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with m number of derivatives. Although the ansatz in (4.53)-(4.56) is formal
it is possible to find solutions for all the functions in terms of the blackening
factor f as follows10

g =

√
h0 + (rf)2

r(rf)′
, (4.57)

h =
(h0 + h1)(rf) + (h0 − h1)

√
h0 + (rf)2

2rh0
, (4.58)

f
[m]
im

= a
[m]
im

(
rf −

√
h0 + (rf)2

2rh0

)
, (4.59)

l
[m]
im

= b
[m]
im

(
rf −

√
h0 + (rf)2

2rh0

)
, (4.60)

l̃
[m]
im

= c
[m]
im

(
rf −

√
h0 + (rf)2

2rh0

)
, (4.61)

h
[m]
im

= d
[m]
im

(
rf −

√
h0 + (rf)2

2rh0

)
, (4.62)

with prime denoting a radial derivative, {h0, a[m]
im
, b

[m]
im
, c

[m]
im
, d

[m]
im

} integration
constants that a priori are functions of the boundary coordinates, and where
the asymptotic AdS boundary conditions have already been implemented.
As seen from (4.57)-(4.62) we have rewritten the solution for the functions

{g, h, f [m]
im
, l

[m]
im
, l̃

[m]
im
, h

[m]
im

} as algebraic functions of f . This function f is arbi-
trary and can be fixed via the remaining diffeomorphisms of the holographic
coordinate.

It is instructive to look at the zeroth order metric

ds2 =
dr2

r2g2
+ r2

(
−f 2uµuν + h2∆µν

)
dxµdxν . (4.63)

This corresponds to a non-extremal blackhole with a horizon at rh if the
function f satisfies f 2(rh) = 0 and (f ′)2 (rh) ̸= 0. Then the blackhole tem-
perature T (x) can be related to h0 by

h0 = (2πT )2 . (4.64)

10This choice of ansatz with the corresponding AdS asymptotic behavior identifies the
boundary source as in (4.50).
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4.5.2 Ansatz for the connection

The connection ωa5 can be decomposed in a similar fashion

ω̂a5 = θaµ

[
K(x, r)uµuν +Kσ(x, r)u

µ∆σ
ν + K̃ρ(x, r)∆

ρµuν +Kρσ(x, r)∆
ρµ∆σ

ν

]
dxµ ,

(4.65)

where {K,Kσ, K̃ρ, Kρσ} are functions of the holographic and the boundary
coordinates. From (4.46)-(4.48) we see that these functions are solved in
terms of {F, Fσ, F̃ρ, Fρσ} as

K = (rf)F ′ , (4.66)

Kσ = (rg)F ′
σ , (4.67)

K̃σ = (rg)F̃ ′
σ , (4.68)

Kρσ = (rg)F ′
ρσ , (4.69)

where prime denotes a derivative with respect to r. From (4.46)-(4.48) it
also follows that the connection ω̃ab should be independent of the holographic
coordinate and can only depend on the boundary coordinates. These, then,
corresponds to the external spin sources ωab in the dual field theory.

4.6 Solutions dual to zeroth order hydrody-

namics

We first consider the zeroth order in the derivative expansion where all
sources are taken to be constant and of O (1). Using (4.57)-(4.62) we reduce
the equations of motion to a set of algebraic constraints. Before attempting
to solve this set of constraints, we will first limit the space of solutions by
analyzing the behavior of the Ricci scalar R near the horizon and demanding
that it stays finite. At the horizon the Ricci scalar behaves as

R (rh + ϵ) = −1

ϵ

[
(KV )

α kα + 2 (κa)
αβ Kαβ + 3 (h0 − h1)

]
+O

(
ϵ0
)
. (4.70)

A particular solution reads

h1 = −h0 , (4.71)

(κA)
αβ Kαβ = −1

2
(KV )

α ka . (4.72)

73



CHAPTER 4. HOLOGRAPHY

Clearly (4.71)-(4.72) is not the most general regular solution, but it is easy to
show that this condition automatically implies the first law (4.42) of blackhole
thermodynamics is satisfied. We found two classes of solutions compatible
with (4.71)-(4.72)

• Vanishing {(κs)µν , κ, kµ, (κA)µν} and independent sources {(KT )
λµν ,Kµ

V ,(
(KA)

λµν , Kµν} . We will refer to this solution as the Scalar-Vector-

Tensor solution. The reason for this is that in 3+1 dimensions the
sources (KA)

λµν , (KT )
λµν and Kµν can be dualized into a scalar, a

symmetric traceless rank 2 tensor, and an axial vector respectively.

• Vanishing {(κS)µν , (KT )
λµν , κ, kµ, (KV )

µ , (KA)
λµν , Kµν} and the sin-

gle independent source (κA)
µν . We will refer to this solution as the

Axial solution. Once again, the reason for this name is that (κA)
µν can

be dualized into an axial vector.

Below we analyze these two solutions by computing their zeroth order con-
stitutive relations and determining their thermodynamic behavior.

4.6.1 Scalar-Vector-Tensor solution

For sake of clarity we present the explicit form of the metric and the torsion

with non-vanishing scalar-vector-tensor in a convenient gauge11 f 2 = 1− r2h
r2
.

ds2 = − dr2

r2g2
+ r2

(
−f 2uµuν + h2∆µν

)
dxµdxν ,

f 2 = 1− r2h
r2
,

g2 =

(
1− r2h

r2

)(
1− r2h − 4π2T 2

r2

)
,

h2 = 1− r2h − 4π2T 2

r2
,

T a = rhθaµ

[
Kµ

ρuσ −
(KV )ρ

4
∆µ

σ − (KA)ρσ
µ −

(KT )ρσ
µ

2

]
dxρ ∧ dxσ ,

T 5 = 0 .

(4.73)

11This gauge puts the blackhole solution in the familiar form in higher derivative gravity,
e.g. the Gauss-Bonnet gravity with Gauss-Bonnet coupling set to λGB = 1/4, see for
example [107,111,112].
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The energy momentum tensor of the holographic dual fluid follows from
(4.36) as

T µν = 32π4κCST
4

[(
1 +

3 (KT )αρβ (KT )
αβρ − (KA)αβρ (KA)

αβρ

12π2T 2

)
(4uµuν + γµν)

+
uµ
(
(KT )

ναβ + (KA)
ναβ
)
Kαβ

2π2T 2
+

(KA)
µ
αβ (KT )

ναβ − (KT )αβ
ν (KT )

µαβ

2π2T 2

−
uµuν

(
16 (KT )αρβ (KT )

αβρ + (KV )
α (KV )α

)
+ (KV )

µ (KV )
ν

32π2T 2

−(KV )
α ((KA)

µν
α + (KT )

µ
α
ν − (KT )

ν
α
µ − uµKν

α)

8π2T 2

]
, (4.74)

The energy momentum is traceless and satisfies the usual equation of
state p = − ε

3
for a conformal fluid. There exists a non-vanishing shear

(traceless symmetric) component when (KT )
λµν and (KV )

µ are non vanishing.
Also we observe that the energy momentum tensor is not symmetric unless
{Kµν , (KV )

µ} or {Kµν , (KT )
λµν , (KA)

λµν} vanish. Finally, we observe several
novel transport coefficients associated to the spin sources appear in (4.74).
The spin current in this holographic fluid follows from (4.37) as

Sλµν = 8π2κCST
2
[
4 (KA)

λµν − 2 (KT )
µνλ − 2uλ (KV )

[µ uν] (4.75)

+4Kλ[µuν] +∆λ[µ (KV )
ν]
]
.

An interesting observation here is that, there exists a non-trivial spin cur-
rent, due to the presence of non-trivial spin sources, even when the energy
momentum tensor is symmetric.

Finally the thermodynamic potentials which correspond to the mass M0,
the axial charge Qλµν

A , the vector charge Qµ
V , and the tensor charge Qλµν

T ,
the free energy density, and the entropy density of the holographic fluid are
given by

M0 = 96π4κCST
4

(
1− 3µ2

eff

2π2T 2

)
, (4.76)

Ffree = −32π4κCST
4

(
1−

3µ2
eff

2π2T 2

)
, (4.77)

Sthermal = 128π4κCST
3

(
1−

3µ2
eff

4π2T 2

)
, (4.78)
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(QA)
λµν = −16π2κCST

2 (KA)
λµν , (4.79)

(QV )
µ = −2π2κCST

2 (KV )
µ , (4.80)

(QT )
λµν = 16π2 (KT )

λνµ , (4.81)

where we defined an effective potential µeff through

µ2
eff ≡ 1

6
(KA)λµν (KA)

λµν − 1

6
(KT )λµν (KT )

λνµ +
1

48
(KV )α (KV )

α , (4.82)

which enters into the free energy and the entropy density. We note that
the energy of the fluid, and the total mass of the blackhole agrees with
ε ≡ uµuνT

µν =M0−µIQ
I . Positivity of the thermal entropy requires µeff <

4π2T 2

3
for κCS > 0 and µeff >

4π2T 2

3
for κCS < 0. It can be easily verified

that the thermodynamic potentials satisfy the first law of thermodynamics

dFfree = −SthermaldT − (QA)λµν d (KA)
λµν − (QV )µ d (KV )

µ (4.83)

− (QT )λµν d (KT )
λµν .

The thermodynamic stability of the solution requires positivity of the specific
heat c, and the chemical susceptibilities χ,

CV ≡ −T ∂
2Ffree

∂T 2
= 384π4κCST

3

(
1−

µ2
eff

4π2T 2

)
> 0 , (4.84)

χλρσκµν
A ≡ ∂Qλρσ

A

∂ (KA)
κµν = −96π2κCST

2∆λκ∆ρµ∆σν > 0 , (4.85)

χµν
V ≡ ∂Qµ

V

∂ (KV )
ν = −32π2κCST

2∆µν > 0 , (4.86)

χλρσκµν
T ≡ ∂Qλρσ

T

∂ (KT )
κµν = 16π2κCST

2∆λκ∆ρµ∆σν > 0 . (4.87)

To analyze (4.84)-(4.87) we need to distinguish the two cases: κ > 0 and
κ < 0. For κ > 0 we first observe that the positivity of the susceptibilities
requires setting (KA)

λµν = (KV )
µ = 0. Then, from (4.82) we find µ2

eff >
0 hence there are no further conditions that arise from positivity of the
specific heat or positivity of the entropy. We conclude that, for κ > 0 the
black hole with a tensor source is thermodynamically stable. For κ < 0, on
the other hand, positivity susceptibilities require the vanishing of the tensor
source. From positivity of the specific heat then we obtain an upper bound
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on the temperature T < µeff/2π. Dynamical stability of the solutions is
another question which can be settled by considering perturbations around
the background and calculating the quasi-normal modes. We will no further
investigate the dynamical stability of the solutions.

4.6.2 Single axial solution

Now we consider the second class of solutions to the constraint equations,
outlined in the beginning of this section: the blackholes with a single axial
charge. The explicit forms of the metric and the torsion, choosing once again

the gauge f 2 = 1− r2h
r2
, reads

ds2 = − dr2

r2g2
+ r2

(
−f 2uµuν + h2∆µν

)
dxµdxν ,

f 2 = 1− r2h
r2
,

g2 =

(
1− r2h

r2

)(
1− r2h − 4π2T 2

r2

)
,

h2 = 1− r2h − 4π2T 2

r2
,

T a = rθaµ (κA)
λ
ρ [(f − 2h)uλu

µuσ − fγµλuσ + huµγλργκσ] dx
ρ ∧ dxσ ,

T 5 = 0 .

(4.88)

We find the following energy-momentum tensor

T µν = 32π4κCST
4

[
4uµuν + γµν +

(κA)
ρσ (κA)ρσ (u

µuν +∆µν)− 2 (κA)
µα (κA)

ν
α

4π2T 2

]
,

(4.89)

We observe that the energy momentum tensor for the single axial fluid is
traceless and symmetric with a shear component. The spin current follows
from (4.37) as

Sλµν = −32π2κCST
2
[
uλ (κA)

µν + (κA)
λ[µ uν]

]
. (4.90)

As in the previous example we note that there exists a non-trivial spin current
sourced by the torsion even though the energy-momentum tensor is symmet-
ric. As for the thermodynamics, there is an axial charge (QA)

µν associated
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to (κA)
µν as shown in the following thermodynamic potentials

M0 = 96π4κCST
4

(
1 +

(κA)µν (κA)
µν

4π2T 2

)
, (4.91)

(QA)
µν = 16π2κCST

2 (κA)
µν , (4.92)

Ffree = −32π4κCST
4

(
1 +

(κA)µν (κA)
µν

4π2T 2

)
, (4.93)

Sthermal = 128π4κCST
3

(
1 +

(κA)µν (κA)
µν

8π2T 2

)
. (4.94)

We again observe that the energy ε = uµuνT
µν agrees with the total mass

M0. We also note that positivity of thermal entropy automatically discards
the case κ < 0. The aforementioned thermodynamic potentials satisfy the
first law in the form

dFfree = −SthermaldT − (κA)µν d (κA)
µν . (4.95)

The stability of the solution is determined from the condition on the specific
heat and the susceptibilities

CV ≡ −T ∂
2Ffree

∂T 2
= 384π4κT 3

(
1 + +

(κA)µν (κA)
µν

12π2T 2

)
> 0 , (4.96)

(χA)
µνρσ =

∂ (QA)
µν

∂ (κA)
ρσ = 16π2κT 2∆µ[ρ∆σ]ν > 0 , (4.97)

We observe that the thermodynamic stability is guaranteed for κ > 0.

4.7 Solutions Dual to First Order Hydrody-

namics

We now promote the hydrodynamic variables uµ and T as well as the spin
sources ωab

µ to slowly varying functions of the boundary coordinates to study
hydrodynamic expansion at first order in derivatives. For this purpose we
consider the generic solution in (4.57)-(4.62) to solve the constraint equa-
tions (4.20) up to first order in the derivative expansion. For simplicity we
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explicitly treat only two cases: non vanishing (KA)
λµν and non vanishing

(KV )
µ. This is sufficiently rich to explore the spin dependent transport in

our holographic model. For all cases we can choose the gauge f 2 = 1− r2h
r2

as
before. In this gauge the generic solution for the metric at first order can be
written as

ds2 =
dr2

r2g2
+ r2

[
−f 2uµuν + h2∆µν + j

(
2hcIuµv

I
ν − 2fbIuµv

I
ν + hdIt

I
µν

)]
dxµdxν ,

f 2 = 1− r2h
r2
,

g2 =

(
1− r2h

r2

)(
1− r2h − 4π2T 2

r2

)
,

h2 = 1− r2h − 4π2T 2

r2
,

j =
1

2h0

[√
1− r2h

r2
−
√

1− r2h − 4π2T 2

r2

]
,

(4.98)

where {cIvIµ, bIvIµ} denotes two distinct combinations of linearly independent
vectors with a single derivative of any of the hydrodynamic (uµ, T ) or spin
sources ωab

µ, and {dItIµν} the same for linearly independent tensors. To
obtain the solution we used the regularity of the metric determinant to set
F = −rf in the metric ansatz (4.51) and (4.53). The corresponding torsion
two form at first order for non-vanishing {(KA)

λµν , (KV )
µ , (KT )

λµν , (κA)
µν}

is given by

T a = θaα

[
r

(
2u[α (κA)

β]
µ −

1

2
(KV )

[α∆β]
µ − (KA)

αβ
µ − (KT )

αβ
µ

)
(4.99)(

−fuβuν + h∆βν + juβbIv
I
ν + juνcIv

I
β + jdIt

I
βµ

)
+

∆α
ν∂µh0
2rh

+ 4h0rju(µ∂νuα)

−
huαuµ − f∆αµ + j

(
uµcIv

I
α + uαbIv

I
µ

)
+ dIt

I
µα

2rh(f + h)
∂νh0

]
dxµ ∧ dxν ,

T 5 =
1

2

[
dIt

I
µν + uµ(bI − dI)v

I
ν

]
dxµ ∧ dxν . (4.100)

The regularity of the Ricci scalar at the horizon can be written as

dIt
Iµ
µ = −aµ (KV )

µ + 2Ωµν (κA)
µν . (4.101)
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Below we derive the constraint equations to be satisfied by the sources and
the integration constants {bIvIµ, cIvIµ, dItIµν} for the particular solutions.

4.7.1 Non-vanishing (KA)
λµν

The solution at first order in derivatives is found to be

bI = cI , (4.102)

cIv
I
ν =

4π2T 2

ϵαβµνuα (KA)
βµν

Ω̃ν , (4.103)

dIt
I
µν = 0 , (4.104)

θ = 0 , (4.105)

aµ = 0 , (4.106)

∂µT = 0 , (4.107)

uα∂α (KA)
λµν = 0 . (4.108)

The energy momentum tensor and spin current are found to be

T µν = 32π4κCST
4

[(
1−

(KA)
αβλ (KA)αβλ
12π2T 2

)
(4uµuν + γµν) (4.109)

− 4u(µΩ̃ν)

ϵαβλκuα (KA)
βλκ

+
2uν (KA)

µ
αβΩ

αβ + ∂α (KA)
µνα

2πT 2

]
,

Sλµν = 32π2T 2
[
(KA)

λµν + 2uλΩµν + 4u[µΩν]λ
]
. (4.110)

We note the energy-momentum tensor is generically non-symmetric and
traceless. The spin current (4.110) is totally antisymmetric so it can be
dualized into an axial current JA given

Jλ
A = −32π2κCST

2
[
ϵρσµνuσ (KA)ρµν u

λ + Ω̃λ
]
. (4.111)

This axial current comprises a charge density ρA = 32π2κCST
2ϵρσµνuσ (KA)ρµν

and a linear response proportional to the vorticity with coefficient 32π2κCST
2.

This last contribution has the same form as the known chiral separation vor-
tical effect (CVSE) [113,114] that is typically associated to anomalous trans-
port in chiral fluids. We note however it resembles more the chiral torsional
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effect [115] where an axial current is generated due to the presence of defects.
The appearance of vorticity as a source of the spin current in (4.110) is inter-
esting, implying magnetization by rotation, akin to the Barnett effect [116].

4.7.2 Non vanishing (KV )
λ

Next, we work out an example with a non-vanishing vector-like spin source.
The solution to (4.20) for this choice of sources is

bI = cI , (4.112)

cIv
I
ν =

16π2T 2 (θ (KV )ν − 2Ωνρ (KV )
ρ)

(KV )α (KV )
α , (4.113)

tIµν = 0 , (4.114)

together with the flow solution

θ =
uα∂α (KV )

2

64π2T 2 − (KV )
2 , (4.115)

σµν =
Θ

6

(
∆µν − 3 (KV )

µ (KV )
ν

(KV )
2

)
, (4.116)

aµ = 0 , (4.117)

∂αT = 0 . (4.118)

We note that whenever the vector source (KV )
µ is time independent, both

the compressibility and the shear tensor vanish. Using (4.36) we arrive at
the following energy momentum tensor

T µν = 32π4κCST
4

[
4uµuν + γµν − (KV )

µ (KV )
ν + uµuν (KV )

2

32π2T 2
(4.119)

+
uµΩνκ (KV )κ

8π2T 2
+

8u(µΩν)κ (KV )κ
(KV )

2 +

(
∆µ[α∆

ν]
β + 2uµu[α∆

ν]
β

4π2T 2

)
∂α (KV )

β

+

(
(KV )

µ uν + 2uµ (KV )
ν

8π2T 2
− 16u(µ (KV )

ν)

(KV )
2

)
θ

]
.
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We observe that the energy momentum tensor is not symmetric but it remains
traceless. Using (4.37) the spin current is found to be

Sλµν = 32π2κCST
2

[
∆λ[µ (KV )

ν] + 2uλu[µ (KV )
ν]

4
−∆λ[µuν]θ (4.120)

+
(KV )

λ (KV )
[µ uν]θ

(KV )
2 +

2 (KV )
κ
(
uλΩ[µ

κ (KV )
ν] + u[µ (KV )

ν] Ωλ
κ

)
(KV )

2

 ,

A tensor-axial current is contained within the spin current from the projec-
tion

J̄µ
A =

1

2
(ϵβλνσuα − ϵαβνσuλ)u

σγµνSλαβ (4.121)

= −16π2κCST
2

(
γµν − (KV )

µ (KV )
ν

(KV )
2

)
Ω̃ν .

Perhaps the most remarkable finding in this analysis is this last equation: a
novel type of torsional anomalous transport in the direction proportional to
the projection of vorticity transverse to the spin source vector.

82







Chapter 5

Discussion and Outlook

In this thesis we took some first steps towards a consistent and exhaustive
treatment of relativistic hydrodynamics with spin degrees of freedom. The
first step was to identify the relevant current associated to spin, the spin
current Sλµν , as well as providing a consistent definition in terms of its cou-
pling to sources, background torsion. Just as with any current there will
exist an associated canonical charge, which we denoted as the spin potential
µab. This associated charge will be the dynamical degree of freedom whose
equation of motion will correspond to the (non-)conservation equation of the
spin current. Together with the temperature T and the four velocity uµ it
will form a closed system of equations that describe the evolution of spin,
temperature, and flow of the fluid of interest.

We will summarize the advances presented in this work

• Belinfante-Rosenfeld (BR) symmetry : The ambiguity when defining
the spin current was resolved by the inclusion of sources. Adding tor-
sion to the background breaks the BR symmetry and allows for an
unambiguous treatment of the spin current. Torsion can be set to zero
at the end of any physical computation but this way of computing the
quantities will have observable effects in the expectation values of these
observables.

• Order of µab and torsion on the derivative expansion: It was argued
that the most natural order in which both of these quantities should
be treated is O (∂). The possibility of having O (1) torsion is not dis-
carded, but such theory of torsion hydrodynamics should be treated
independently.
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• Hydrostatic limit : The most general parity invariant hydrostatic parti-
tion function and hydrostatic constitutive relation, contributing up to
O (∂2) to the equations of motion was derived, see (2.70). From here 15
equilibrium transport coefficients associated to the spin potential and
the background torsion were identified, in addition to the hydrostatic
ideal pressure p.

• Non-equilibrium transport : In addition to the bulk ζ and shear vis-
cosities η there are two additional O (∂) non-equilibrium viscosities
{σ7, σ8} associated to the antisymmetric part of the energy momentum
tensor, and six O (∂) transport coefficients {σ1−6} associated to the
spin current. The way we structured the constitutive relations (2.101)
and (2.102) implies {σ1−6} will only contribute to the equations of mo-
tion in the presence of torsion. There are in principle additional O (∂2)
transport coefficients associated to the antisymmetric piece of T µν that
will contribute to the second order equations of motion. However their
inclusion requires some extra term

1. Independent spin degrees of freedom: When {σ6, σ7} are non-
vanishing the equations of motion imply that, up to O (∂2), the
spin potentials take their equilibrium value and are completely
determined by the vorticity and acceleration of the fluid. This
implies the spin degrees of freedom are not independent. To have
independent spin degrees of freedom it is needed that {σ6, σ7}
vanish or an alternative expansion counting is taken into account,
see [44, 45] for an example of a novel counting proposal.

2. O (∂2) transport coefficients: When {σ6, σ7} are non-vanishing,
and no additional scaling is assumed on the coefficients, it is pos-
sible to absorb all higher order transport coefficients associated to
the antisymmetric part of the energy momentum tensor into the
spin potential projections {ma,Mab}, namely we can remove all
related higher order transport coefficients through a frame trans-
formation. However on the independent spin limit, either from
vanishing {σ6, σ7} or when some exotic scaling is assumed, the
second order transport coefficients cannot be removed and we are
left with 49 spin related transport coefficients. It is on this inde-
pendent spin limit where we analyzed a toy model of polarization
on the quark gluon plasma, see chapter 3.
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3. Entropy current analysis: Asking for the second law to hold up to
O (∂2) constraints the shear and bulk viscosities to be positive. All
other transport coefficients will contribute at a higher order. We
can note that {σ6, σ7} appear in a quadratic form that upon using
the equations of motion contributes at O (∂4) to the divergence of
the entropy current. This seems to suggest that {σ6, σ7} should
also be subject to a positivity constraint, however in principle
a higher order analysis analogous to the one of [79] should be
performed to verify this. There might be a simpler argument, that
so far has escaped us, to impose positivity on those coefficients
without having to do such higher order analysis.

• Conformal symmetry : We identified the conformal transformations for
the energy momentum tensor and spin current by asking invariance
of the conservation equations under such transformations. A conse-
quence of the found transformations was that the energy momentum
tensor does not transform uniformly under conformal transformations
whenever the spin current is non-trivial.

• Holography : We showed with a particular example that the fluid gravity
correspondence can be successfully used to compute the currents, and
consequently the transport coefficients, of a theory with non-trivial spin
degrees of freedom.

There are still many things to be done and questions to be answered regarding
the hydrodynamic description of spin, to conclude this work we will list some
of the future direction we want to explore

• Kubo formulas: From the constitutive relations presented in (2.101)
and (2.102) it is straightforward, albeit involved, to compute the vari-
ation of the current on a flat background. Allowing us to compute
the two point functions and ideally resulting in Kubo formulas for all
transport coefficients involved.

• Holographic computation of viscosities: We already showed that a holo-
graphic computation of the spin current in holography is possible. A
natural next step is to go beyond the CS toy model and perform a
fluid gravity analysis to compute the spin transport coefficients on a
more realistic dual theory. Alternatively, once the Kubo formulas are
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derived a holographic two point function analysis can be performed to
compute these transport coefficients as well.

• Polarization in quark gluon plasma: We have shown, on a particular
spin limit, that taking into account spin transport and solving, in a
naive way, the hydrodynamic equations give a good match with data
(see figure 3.1). A natural step from this is to go beyond the Bjorken
approximation of the background flow and do a more robust computa-
tion of hyperion polarization.

• Torsion hydrodynamics and condensed matter: The constitutive rela-
tions we provided are valid even in the presence of torsion. Although in
heavy ion collisions torsion is not present, we know that in some con-
densed matter systems it can appear as lattice defects [117–119]. The
hydrodynamic equations in the presence of torsion might give further
insights into this type of materials.
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Samenvatting

In dit proefschrift worden aspecten van hydrodynamica op systemen met non-
triviale spinvrijheidsgraden bestudeerd. We beginnen met het identificeren
van de relevante spinvrijheidsgraden en hoe deze in de hydrodynamische ex-
pansie kunnen worden opgenomen. Nadat dit is bereikt passen we de con-
stitutieve relaties aan zodat ze deze vrijheidsgraden meenemen, wat gedaan
wordt op een manier die verenigbaar is met de tweede wet van de thermody-
namica. Conforme symmetrie in de aanwezigheid van spinvrijheidsgraden is
ook geanalyseerd en wordt gebruikt om een gëıdealiseerd model op te schri-
jven dat op het quark-gluon plasma lijkt wat gegenereerd wordt in zware
ionenbotsingen. Met dit model wordt de verwachte polarisatie van deelt-
jes na een dergelijke botsing uitgerekend en vergeleken met experimentele
data. Tenslotte gebruiken we de vloeistof-zwaartekrachtcorrespondentie en
een vijfdimensionaal gravitationeel versimpeld model om te illustreren hoe
de nieuwe spingerelateerde transportcoëfficiënten van een sterk interagerende
kwantumveldentheorie uitgerekend kan worden middels een duale gravita-
tionele theorie.
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Appendix A

Ideal fluid with spin

The generating function whose variation will give us constitutive relations
with no explicit derivatives is given by

W = P (T, uµ, µab, eaµ) +O
(
∇̊, Kµ

ab
)
. (A.1)

A fluid whose constitutive relations are obtained by varying the leading term
on the right hand side of (A.1) is often referred to as an ideal fluid. Ideal
fluids are fluids whose constitutive relations contain no explicit derivatives
of the hydrodynamic variables. Note that we have phrased the previous
sentence rather carefully. In most instances an equivalent definition of an
ideal fluid is one whose constitutive relations are zeroth order in derivatives.
We will see shortly that in our current scheme, these two definitions of an
ideal fluid are not interchangeable.

From the projections {ma,Mab} of the spin potential we find that the
available scalars in a generic number of spacetime dimensions d are given by
contractions of chains of Mab,

M(n)
a
b =Ma

c2M
c2

c2 . . .M
cn

b n ≥ 1 , (A.2)

with a pair of ma’s or with themselves:

m(n) = mcM(2n)
cdmd ,

M(n) = M(2n)
c
c .

(A.3)

For notational convenience it is useful to define

M(0)
a
b = δab , (A.4)
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so that m(0) = mcm
c and M(0) = d are well defined. The number of possible

independent scalars is bound by the dimensionality of Mab and ma. In a
generic number, d, of spacetime dimensions the independent scalars are given
by m(0), . . . , m(⌊ d−2

2 ⌋), and M(0), . . . , M(⌊ d−1
2 ⌋). Of course, in addition to

(A.3) one may construct various dimension dependent pseudo scalars using
the Levi Civita tensor. For example, in 3 + 1 dimensions one may use,

M̃ = ϵabcduambMcd . (A.5)

Since M̃2 = 4m(1)−2M(1)m(0) we should replace m(1) with M̃ . Unless stated
otherwise, in what follows we will consider contributions to the constitutive
relations for a generic d dimensional spacetime theory.

The dependence of the ideal stress tensor and current on the external
fields can now be computed by varying P (m(n), M(n), T

2) with respect to the
vielbein or spin connection respectively. Inserting (A.1) into (2.6) and de-
noting the resulting stress tensor and spin current by (Tideal)

µν and (Sideal)
µνρ

we find

(Tideal)
µν = ϵuµuν + P∆µν + uµ∆ναPα ,

(Sideal)
λ
µν = uλρµν ,

(A.6)

where ϵ is given by

ϵ = −P + sT +
1

2
ραβµ

αβ , (A.7)

and s, ρab and Pa are given by the variation of the pressure with respect to
the variables T , µab and ua,

s =
∂P

∂T
,

1

2
ρab =

∂P

∂µab
, Pa =

∂P

∂ua
. (A.8)

Their explicit dependence on derivatives of the pressure with respect to our
basis of scalars is given by

ρab = 4

⌊ d−2
2 ⌋∑

n=0

∂P

∂m(n)

mcM(2n)
c
[aub] +

⌊ 2n−1
2 ⌋∑

k=0

mcM(k)
c
[aM(2n−1−k)b]

dmd


− 4

⌊ d−1
2 ⌋∑

n=1

n
∂P

∂M(n)
M(2n−1)ab ,

(A.9)
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Pa = −2

⌊ d−2
2 ⌋∑

n=0

∂P

∂m(n)

m(n)ua −mbM(2n+1)
b
a +

⌊ 2n−1
2 ⌋∑

k=0

mbM(2n−1−2k)
b
am(k)


− 4

⌊ d−1
2 ⌋∑

n=1

n
∂P

∂M(n)
mbM(2n−1)

b
a , ,

(A.10)

where square brackets represent an antisymmetric combination, A[µν] =
1
2
(Aµν − Aνµ). Note that the stress tensor is not symmetric due to the term

proportional to (the transverse part of) P µ.
A few comments are in order. The relations given in (A.6) describe the

dependence of the energy momentum tensor and spin current on the external
sources which have been conveniently packaged into the variables, T , µab and
ua given in (2.40). Since these are hydrostatically equilibrated configurations
the resulting stress tensor and current should also be expressible in terms of
solutions to the hydrodynamic equations. This interpretation allows us to
identify T as the temperature, uµ as the velocity field and µab as the spin
chemical potential. From this point of view, the relations (A.6) are the
constitutive relations for an ideal fluid and (2.40) give the dependence of the
hydrodynamic values on the external sources once hydrostatic equilibrium is
achieved.

Once the hydrodynamic variables T , uµ and µab have been ascertained,
we may identify P with the pressure, ϵ with the energy density, s with the
entropy density, ραβ with the spin charge density and Pa with what we refer
to as a momentum density. With the above interpretation of thermodynamic
variables, equation (A.7) can be interpreted as the Gibbs Duhem Relation
relating energy density and pressure. This expression together with (A.8)
gives us the first law of thermodynamics

dϵ = Tds+
1

2
µabdρab − Padu

a . (A.11)

From (A.11) (or (A.8)) we observe that the momentum density is the
variable conjugate to the velocity field, ua. Such a quantity is absent in
relativistic thermodynamics as long as the velocity field is the only tensor
which breaks Lorentz invariance. Thus, normal, charged and uncharged flu-
ids, do not support such variable. The two component model of superfluids
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includes a superfluid velocity field which further breaks Lorentz invariance
but since the superfluid flow is a gradient flow thermodynamic quantities are
packaged in a somewhat different way than here. The instance we are aware
of where the momentum density plays a thermodynamic role similar to the
one in (A.11) is in non relativistic thermodynamics without boost invariance.
See [120].

96







Appendix B

Thermal Entropy in
Riemann-Cartan Spacetimes

An entropy formula and the corresponding first law for blackhole solutions in
arbitrary theories of gravity carrying a metric and a Levi-Civita connection
was derived in [108] by Lee and Wald. An analogous formula for gravitational
theories described in vielbein formalism, albeit with vanishing torsion, was
not addressed until much later1 in [121–123]. In this appendix we derive the
blackhole entropy formula for gravitational theories in the first order formal-
ism of gravity, with independent vielbein and connection, by extending the
approach in [123]. We first present a quick review of the necessary covariant
phase space formalism — for a more complete review see [124–126] — and
then we apply it to gravitational theories that we are interested in.

B.1 Covariant phase space formalism

To start the discussion let us consider a local Lagrangian L = L(ϕ) depend-
ing on canonical fields {ϕ}. Through the variation of the Lagrangian one
obtains not only the equations of motion Eϕ but also the so called symplec-
tic potential θ(δϕ)

δL = Eϕδϕ+ dθ(δϕ) . (B.1)

1The complication arises from the internal degrees of freedom of the vielbein associated
to the Lorentz symmetry of the tangent space. See the discussion in [121] for a summary.
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It is important to note that θ is not uniquely defined as any exact form dα
could be added to it. We instead consider a class of symplectic potentials Θ
defined by

Θ = θ + dα , (B.2)

where the form α will be used to fix the gauge invariance of the symplectic
potential. The anti-symmetrized field variation of Θ defines a symplectic
form Ω as

Ω(δ1, δ2) = δ1Θ− δ2Θ . (B.3)

For a symmetry parametrized by ω, the symplectic structure allow us to
define a Hamiltonian flow by

δHω =

∫
Σ

Ω (δ, δω) , (B.4)

where Σ denotes the spacetime manifold. For a diffeomorphism ξ we expect
all linear variations δξ to vanish, as this is a symmetry of the theory, implying
that the Hamiltonian flow should also vanish, namely δHξ = 0. In Riemann-
Cartan spacetimes there is, in addition to diffeomorphisms, local Lorentz
symmetry parametrized by λAB, so we will equivalently ask for absence of an
associated charge by demanding δHλ = 0. This allows us to fix α.

It is also possible to use the symplectic potential to define a Noether
current associated to diffeomorphisms ξ. This can be done by noting that, if
we define this current Jξ as

Jξ = Θ(δξ)− L · ξ , (B.5)

then dJ = 0 on shell using (B.1). This implies we should be able to write
the current as an exact form

Jξ = dQξ , (B.6)

where Qξ will be the Noether charge. The Noether charge and the Hamilto-
nian flow for a diffeomorphism can easily be related by noticing that

Ω(δ, δξ) = d (δQξ −Θ(δ) · ξ) , (B.7)
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which implies the Hamiltonian flow is given by a boundary term

δHξ =

∫
∂Σ

[δQξ −Θ(δ) · ξ] , (B.8)

whenever Θ · ξ = δB with B being some differential form. We then say the
theory is integrable. We are concerned with theories where ∂Σ is formed
by a Killing horizon, i.e. ξ = 0 on this surface, and with an asymptotic
boundary at ∞. Taking this into account together with the vanishing of the
Hamiltonian flow we are left with∫

∂Σh

δQh
ξ =

∫
∂Σ∞

[
δQ∞

ξ −Θ∞(δ) · ξ
]
. (B.9)

This equation is the first law of thermodynamics when the left hand side
identified with T0δSthermal. We now proceed to calculate the relevant Noether
charge.

B.2 Gauge Invariant symplectic potential

To compute Qξ it is necessary to find a form α such that δHλ = 0. As in [123]
we rather proceed via a simpler road by requiring for the symplectic potential
itself to be invariant, namely Θ(δλ) = 0. For completeness, we show below
the relevant local Lorentz transformations for the coframes and connection 2

δλe
A = −λAF ê

F ,

δλω
AB = DλAB ,

(B.10)

We now consider gravitational Lagrangians that are functions of both the
coframes eA and the connection ωAB. In particular we expect the Lagrangian
to depend on the local Lorentz covariant forms {eA, TA, RAB}, i.e. L =
L (e, T,R).

The corresponding variation of the Lagrangian can then be written as

δL = δeAEA + δωABEAB + dΘ(δe, δω) , (B.11)

2Note that at this point we are working in arbitrary dimensions and A represent D-
dimensional indices, not necessarily the 5D ones.
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with EA, EAB the equations of motion and Θ the symplectic potential given
by

EA =
∂L
∂eA

+D

(
∂L
∂TA

)
,

EAB = eB
∂L
∂TA

+D

(
∂L
∂RAB

)
,

Θ(δe, δω) = δeA
∂L
∂TA

+ δωAB ∂L
∂RAB

+ dα .

(B.12)

We obtain∫
Σ

Θ(δλ) =

∫
Σ

[
−λAF e

F ∂L
∂TA

+DλAB ∂L
∂RAB

+ dα(δλ)

]
= −

∫
Σ

λAB

[
eB

∂L
∂TA

+D

(
∂L
∂RAB

)]
+

∫
∂Σ

[
λAB ∂L

∂RAB
+ α(δλ)

]
= −

∫
σ

λABEAB +

∫
∂Σ

[
λAB ∂L

∂RAB
+ α(δλ)

]
.

(B.13)

Requiring on-shell gauge invariance of the potential fixes α as

α(δ) = −
(
eaµδebµ

) ∂L
∂Rab

. (B.14)

We note that the form of α is valid for any theory in a Riemann-Cartan space-
time. To calculate the Noether charge we will need to specify a particular
Lagrangian.

B.3 Noether Charge in 5D Lovelock Gravity

We consider a (non necessarily Chern-Simons) 5D Lovelock Lagrangian char-
acterized by the action

S =

∫
ϵABCDF

[
c1R

ABRCDeF +
c2
3
RABeCeDeF +

c3
5
eAeBeCeDeF

]
, (B.15)

with free parameters {c1, c2, c3}. The equations of motion for this action read

EA = ϵABCDF

[
c1R

BCRDF + c2R
BCeDeF + c3e

BeCeDeF
]

EAB = ϵABCDF

[
2c1R

CD + c2e
CeD

]
T F ,

(B.16)
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with the symplectic potential Θ

Θ = ϵABCDF

(
2c1R

ABeC +
c2
3
eAeBeC

)
δωDF , (B.17)

and the symplectic current

J = d
[
ϵABCDF

(
2c1R

AB +
c2
3
eAeBeC

) (
eDµT F

µνξ
ν +DDξF

)]
(B.18)

+ EAB (ωAB · ξ) + EA (eA · ξ) .

We can now read off the Noether charge and evaluate it at the horizon, by
noting that D[F ξF ] → nDF . This yields the following expression for the
entropy

S = 2π

∫
M3

[
nAB ∂L

∂RAB

]
= 2π

∫
M3

ϵABCDFn
AB
[
2c1R

AB +
c2
3
eAeBeC

]
.

(B.19)

with the 2π a normalization factor. Setting c1 = 1 and c2 = 2 we find the
result of (4.40).
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