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1
Introduction
In this introductory Chapter we retrace the history of liquid crystals, from Reinitzer’s experiments on benzoates in 1888 to the ”banana-mania” that excited the liquid crystals scientific
community in the last couple of decades. We classify the molecules and colloidal particles that
constitute liquid crystals on the basis of their symmetries rather than their chemical structure, and liquid crystals on the basis of the symmetries that are conserved and/or broken at
a macroscopic scale. We introduce the concept of flexoelectricity, which links polarity and the
deformations of the nematic texture of a liquid crystal, and include it in an Oseen-Frank theoretical framework to justify the presence of equilibrium elastic deformations in nematic phases
of pear- and banana-shaped particles. We thereby set the historical framework within which
this thesis is written, and provide the reader with conceptual tools necessary to comfortably
approach the more technical chapters of this work.
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Chapter 1
I am at a loss to give a distinct idea of the nature of this liquid, and cannot do so without
many words. Although it flowed with rapidity in all declivities where common water would do
so, yet never [...] had it the customary appearance of limpidity. [...] It was not colorless, nor
was it of any one uniform color, presenting to the eye, as it flowed, every possible shade of
purple, like the hues of a changeable silk. This variation in shade was produced in a manner
which excited as profound astonishment, in the minds of our party as the mirror had done
in the case of Too-Wit. Upon collecting a basinful, and allowing it to settle thoroughly, we
perceived that the whole mass of liquid was made up of a number of distinct veins, each of a
distinct hue; that these veins did not commingle; and that their cohesion was perfect in regard to their own particles among themselves, and imperfect in regard to neighbouring veins.
Upon passing the blade of a knife athwart the veins, the water closed over it immediately,
as with us, and also, in withdrawing it, all traces of the passage of the knife were instantly
obliterated. If, however, the blade was passed down accurately between the two veins, a perfect separation was effected, which the power of cohesion did not immediately rectify. The
phenomena of this water formed the first definite link in that vast chain of apparent miracles...

Edgar Allan Poe, Narrative of Arthur Gordon Pym, 1837

More often than not, scientific revolutions sparkle from incidental findings. In 1888, when the
young botanist Reinitzer studied the function of cholesterol in plants by performing experiments
on cholesteryl benzoate in carrots, he surprisingly discovered that this compound presents two
distinct melting points. Under the advice of Von Zepharovich, a professor of mineralogy at the
University of Prague, he enclosed two samples of the cholesterol ester in a letter and addressed
it to Lehmann, a physicist at the RWTH Aachen University who pioneered at that time the
usage of hot stage microscopy with polarised optics, that later became the standard tool in
research on liquid crystals. The letter, dated March 14, 1888, reads:
Encouraged by Dr. V. Zepharowich [...] I venture to ask you to investigate somewhat
closer the physical isomerism of the two enclosed substances. Both substances show such
striking and beautiful phenomena that I can hopefully expect that they will also interest
you to a high degree. [...] The substance has two melting points, if it can be expressed
in such a manner. At 145.5 °C it melts to a cloudy, but fully liquid melt which at 178.5
°C suddenly becomes completely clear. On cooling a violet and blue colour phenomenon
appears, which then quickly disappears leaving the substance cloudy but still liquid. On
further cooling the violet and blue colouration appears again and immediately afterwards
the substance solidifies to a white, crystalline mass.

Lehmann studied Reinitzer’s substances under his heating stage microscope, finding that between the two melting points the compounds are birefringent and transversed by a net of
intertwined white stripes, as shown in one of his drawings in Figure 1.1(a). He gradually came
to the conclusion that, despite affecting polarised light in the manner of crystals, the cloudy
melt was actually a uniform fluid phase. In a letter addressed to Reinitzer on the 20th of
August 1889, he wrote that the melt compound
consists of very soft crystals, that are to be considered as a physically isomeric modification
of the substance. It is absolutely homogeneous, and another liquid — as you assumed
formerly — is not present.

Introduction

3

Figure 1.1: (a) Original Lehmann’s drawing of Reinitzer’s cholesteryl benzoate, reprinted from
Ref. [2]. (b) Thread-like Schlieren texture of a nematic phase in between crossed polarisers. Courtesy:
National Science Foundation. Credit: O. Lavrentovich, Liquid Crystal Institute, Kent State University.

And, he concluded,
it is of a high interest for the physicist, that crystals exist which are of such a considerable
softness that one could almost call them liquid.

Only 10 days later Lehmann wrote an article on the matter, published in the Zeitschrift für
Physikalische Chemie, entitled ”Über fließende Kristalle”, i.e. ”Of flowing crystals” [6]: the
liquid crystals revolution commenced, which led more than 70 years later to the world-changing
invention of the Liquid Crystal Display (LCD) at the RCA laboratories.
In the following years, the German organic chemist Vorländer synthesised more than 200
liquid crystalline compounds, and claimed to have mastered the building principles of liquid
crystals. In particular, he found that a linear molecular geometry was propitious to the formation of liquid crystalline substances. Interestingly, many among the synthesised compounds
presented soap-like properties. In 1922, the famous French crystallographer Friedel claimed in a
paper published on the Annales de Physique [7] that Lehmann’s and Vorländer’s liquid crystals
constitute entire new forms of matter, termed ”mesomorphic states of matter” or mesophases.
He distinguished three main categories. While he called substances that present thread-like
patterns between crossed polarisers nematics from the Greek word for threads, νηµα, see Figure 1.1(b), Vorländer’s compounds with soap-like properties were named smectic, from the
Greek word σµηκτ ικoζ for soap. Additionally, he termed those materials with ”strong twists
around a direction normal to the positive optical axis”, like Reinitzer’s cholesteryl benzoate,
cholesteric. Remarkably, Friedel’s classification has survived unchanged to the present day,
despite the broader and deeper knowledge that we have gained over the past decades about
these mesophases and their distinctive features.
This partial history of liquid crystals is based on the exceptional historiographical work of Kelker [1, 2], as
well as on Refs. [3–5].
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Figure 1.2: Examples of particle shapes of increasing symmetry: (a) the most generic particle in
the 3-dimensional space has three orientational degrees of freedom on top of the three translational
ones, corresponding to the orientations of two mutually orthogonal unit vectors û and v̂; (b) a polar
particle with C2v symmetry also has three orientational degrees of freedom, but is symmetric with
respect to the mirror transformation û → −û; (c) in addition, a biaxial particle with D2h symmetry
has also a mirror symmetry with respect to the v̂ → −v̂ transformation; (d) a uniaxial particle, with
an infinite-fold rotational symmetry around the û axis, has only two orientational degrees of freedom,
i.e. only û.

1.1

Nematic, smectic, and other liquid crystal phases

Materials are aggregates of atoms, molecules, or colloidal particles, and their macroscopic properties emerge from the arrangement and interactions of such building blocks on the microscopic
scale. In the following we will generically refer to liquid crystal constituents as particles, since
the physics is independent of the molecular or colloidal nature of the liquid crystal constituents.
A particle has in general up to six translational and orientational degrees of freedom, and
possibly a number of internal conformational degrees of freedom (e.g. the conformation of
a protein, the bending angle of a flexible molecule, etc.). In the 3-dimensional space, there
are three translational degrees of freedom corresponding to the x, y and z position of the
centre of mass of the particle. The number of orientational degrees of freedom depends on the
symmetry of the particle. In the most general case, a biaxial molecule bereft of any rotational
and/or mirror symmetries has three orientational degrees of freedom, which can be equivalently
described by a set of three Euler angles, a set of three directional cosines, or the components of
two mutually orthogonal unit vectors û and v̂ (see Figure 1.2(a)). To determine the orientation
of polar particles with C2v symmetry, e.g. banana-shaped particles (Figure 1.2(b)), and particles
with D2h symmetry, e.g. cuboidal particles (Figure 1.2(c)), also three angles are required. The
former particles have a û → −û mirror symmetry, and the latter an additional v̂ → −v̂
symmetry. However, in the case of uniaxial particles with an infinite-fold C∞h symmetry, like
rod-like particles (Figure 1.2(d)), the unit vector û is sufficient to determine the orientation
of the particle in space, which has hence only five configurational degrees of freedom in total.
Moreover, such particles have a û → −û mirror symmetry.
Friedel’s mesophases are indeed, as he already conjectured himself, entire new states of
matter, each characterised by different degrees of order in translational and/or orientational
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degrees of freedom, interpolating between disordered fluids and perfectly ordered crystals. On
the one hand, an isotropic (I) fluid phase is bereft of any long-range translational and/or
rotational order, exhibiting solely short-ranged structural correlations between particles degrees
of freedom. On the other hand, in a crystal (X) phase both translational and rotational degrees
of freedom have perfect long-range order, i.e. if one knows the position and orientation of a
particle it is possible to infer the position and orientation of any other particle in the crystal
lattice except for thermal fluctuations. Mesophases cover the range of partial structural order
in between these two extremes.
For example, the plastic crystal (P ) phase is a mesophase with long-range translational
order, in a similar fashion as that of perfect crystals, but lacking any orientational order:
despite being constrained to their lattice positions, particles in a plastic crystal are free to
rotate, yielding only a short-range orientational order. In a way, liquid crystals are the other
side of the mesophase coin. They are typically characterised by only partial or no translational
order which let them flow like fluids, and by a high degree of orientational order which makes
them anisotropic and birefringent.
The nematic (N ) phase, for instance, is the exact opposite of plastic crystals, lacking any
kind of positional order but featuring long-range orientational order, as all particles align one
of their particle axes, e.g. û, along a common nematic director n̂. In this thesis, n̂ is always
assumed to be parallel to the z-axis unless stated otherwise. In systems of biaxial molecules,
particles may align both their û and v̂ particle axes along two mutually orthogonal nematic
directors n̂ and m̂, thereby yielding a so-called biaxial nematic (Nb ) phase. As we will discuss
thoroughly in Chapter 3, the Nb phase is one of the holy grails in the liquid crystal scientific
community, due to its surprising elusiveness in experiments despite numerous theoretical studies
suggesting its existence and stability. Moreover, if polar particles form an N phase in which
the polar particle axes v̂ point in the same direction, a polar nematic (NP ) phase is obtained.
Note that an NP phase can also be biaxial.
On the other hand, Friedel’s ”soap-like” smectic (Sm) phases present not only orientational
order but also some degree of translational order. In fact, in addition to being aligned along
a common director n̂, particles in a smectic phase are stacked in layers without any in-layer
positional order, thereby yielding a long-range 1-dimensional positional order along one of the
directions, say the z-axis. If the nematic director n̂ is aligned along the layers normal, i.e.
n̂ k z, the phase is classified as a smectic A (SmA ) phase. Otherwise, if the particles are
aligned obliquely, the phase is commonly named smectic C (SmC ) phase. Of course, more and
more complex liquid crystal phases can be conjectured considering other forms of symmetry
breaking. For example, a Sm phase can be biaxial (Smb ), if the biaxial particles in the smectic
layers align both their particle axes. Straightforwardly, in systems of polar particles a smectic
phase could also be polar (SmP ), if all the particles share the same polarity, or anti-polar
(SmAP ), if the particles in adjacent layers have opposite polarity.
It should be clear, by now, that the zoo of possible liquid crystal phases is only bounded by
one’s imagination. For example, a smectic B (SmB ) phase is a Sm phase in which particles in
the layers present a 2-dimensional crystalline order, but there is no spatial correlation between
different layers. Furthermore, a columnar (Col) phase is an N phase with 2-dimensional longrange positional order in the xy plane, as particles organise in a hexagonal lattice of columns.
Hence, drawing a complete map of liquid crystal phases is impossible. An attempt is presented
in Figure 1.3, which may serve as a guide for the reader through the sometimes confusing liquid
crystal nomenclature used in this thesis, without any pretence of being a complete census of
liquid crystal phases.
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Figure 1.3: Schematic map of some of the most common liquid crystal phases, classified on the basis
of the degrees of freedom showing long-range order.
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Figure 1.4: Sketches of the elastic deformations of (a) splay, (b) twist, and (c) bend of the nematic
director field.

For example, the careful reader will have noticed that one of Friedel’s mesophases, i.e. the
”cholesteric” phase, has not been discussed yet. The cholesteric (N ∗ ) phase, sometimes also
referred to as the twist nematic (NT ) phase, is a homogeneous phase lacking any translational
long-range order, in which particles twist their axes around a certain phase director, e.g. the
z-axis, with a certain pitch length p. In a cholesteric phase particles at z are on average
aligned with their particle axes û along the local nematic director n̂(z) = cos(2πz/p)êx +
sin(2πz/p)êy , where êx,y,z are the directors of the x, y, and z axes of the laboratory reference
frame, respectively. Hence, on average, in the N ∗ phase there is no net translational or rotational
symmetry breaking, and the cholesteric phase has no adequate location in the simple schematics
of Figure 1.3. However, there is structural order in the correlation between the translational
and orientational degrees of freedom, in particular between the particle orientation described
by the û axis and the z coordinate of the particle. This yields a chiral symmetry breaking,
resulting into surprising optical properties which proved fundamental in many technological
applications of liquid crystals. The N ∗ phase is just one example of the deformed nematic
phases, i.e. nematic phases characterised by elastic deformations of the nematic director field.
These exotic nematic phases will be central throughout the whole thesis, and in the remainder
of this Chapter we will introduce them systematically within a proper theoretical framework.

1.2

Twist, splay and bend deformations of the nematic
director field

About ten years after Friedel’s classification of liquid crystal phases, Oseen [8] developed an
elastic theory of nematic liquid crystals independent of their microscopic constituents and
interactions. A further development by Frank in 1958 [9] led to a continuum theory of nematic
liquid crystals, the Oseen-Frank theory, which is still widely used at present.
We consider a nematic liquid crystal phase with particles aligned along a certain nematic
director n̂. We assume that the nematic director can vary in space, hence yielding a nematic
director field n̂(r), such that a particle at position r is aligned along n̂(r). There are three
types of deformations of the nematic director field, i.e. splay, twist, and bend modulations, as
sketched in Figure 1.4. Within the Oseen-Frank theory, a deformation of the nematic director
field causes a change in free energy that reads
∆F =

Z
V

i
1h
K11 (∇ · n̂)2 + K22 (n̂ · ∇ × n̂)2 + K33 (n̂ × ∇ × n̂)2 dr,
2

(1.1)

where s = ∇ · n̂, t = n̂ · ∇ × n̂, and b = n̂ × ∇ × n̂ are the splay, twist and bend deformations
of the nematic director field, respectively, and K11 , K22 , and K33 are the corresponding Frank’s

8

Chapter 1

Figure 1.5: Sketches of the (a) splay and (b) bend flexoelectric effect. In a system of pear-shaped
particles the onset of polar order yields a splay of the nematic director field, whereas in systems of
banana-shaped particles polar order leads to bend deformations of the nematic director field.
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elastic constants. The elastic constants are positively defined, and the equilibrium state of the
liquid crystal is a uniaxial phase with a homogeneous director field without any deformations.
We now consider the case in which the microscopic interactions among the liquid crystal
constituents are chiral, e.g. because of a chiral shape. Within the framework of Oseen-Frank’s
theory this microscopic chirality can be characterised by a pseudoscalar t0 [10], which couples
with the macroscopic twist t yielding the free energy
∆F =

Z
V

i
1h
K11 s2 + K22 (t − t0 )2 + K33 |b|2 dr,
2

(1.2)

such that the equilibrium ground state of the liquid crystal is a state of finite twist t0 , namely
a cholesteric phase with pitch length p = 2π/t0 .
A similar mechanism can be conjectured for the deformations of splay and bend, in which
the coupling of the liquid crystal free energy with microscopic symmetries yields equilibrium
deformations of splay and bend of the nematic director field, respectively. However, the nature
of this coupling is less straightforward than in the case of chiral symmetry. In 1969, Meyer
investigated the possible coupling of polar order and splay and bend deformations of the nematic
director field, unveiling the so-called splay and bend flexoelectric effects [11].
To illustrate this flexoelectric effect, we first consider a system of hard pear-shaped particles.
Note that particles are hard if they only interact by means of excluded-volume interactions,
i.e. they are not allowed to overlap with one another. As clearly sketched in Figure 1.5(a),
due to these excluded-volume interactions the presence of polar order in the system causes the
onset of splay deformations of the nematic director field, an effect called the splay flexoelectric
effect. In a similar fashion, in systems of hard banana-shaped particles the onset of polarity
drives the formation of bend deformations in the system. This mechanism known as the bend
flexoelectric effect is illustrated in Figure 1.5(b). Although splay deformations in systems of
pear-shaped particles and bend deformations in systems of banana-shaped particles are closely
related, the latter has received much more attention in the past decade, mostly due to the
abundance of molecular systems with a banana-shaped conformation, i.e. the so-called bentcore mesogens (see Figure 1.6). Bent-core mesogens are a class of achiral polar molecules with
a bent banana-shaped conformation. Due to their rich phase behaviour as thermotropic liquid
crystals, bent-core mesogens have been object of a wide-spread surge of interest in the past
few decades, a phenomenon that has gone down in history as the ”banana-mania” of the liquid
crystal community [10].

Figure 1.6: A schematic of the bent-core mesogen 1”,7”-bis(4-cyanobiphenyl-4’-yl)heptane (CB7CB),
i.e. one of the first experimental systems that yielded experimental evidence of a stable twist-bend
nematic phase [12].

1.3

Twist- and splay-bend nematic phases

After realising that bend deformations can spontaneously arise in nematic phases of bananashaped particles, Meyer started to speculate on their implications. He rapidly realised that
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bend deformations cannot uniformly fill the 3-dimensional space, and in equilibrium they have
to be accompanied by complementary deformations of twist or splay. On the basis of these
considerations, he postulated in his lectures in Les Houches [13] the existence of two novel
liquid crystal phases, the twist-bend nematic (NT B ) phase and the splay-bend nematic (NSB )
phase.
The NT B and NSB phases are both deformed nematic phases, in which the geometric frustration caused by the bend deformations of the nematic director field is resolved by a complementary deformation of twist and splay, respectively. In particular, in the NT B phase particles
twist along a right- or left-handed heliconical precession, thereby breaking the chiral symmetry (see Figure 1.7(a)). On the other hand, the splay-bend nematic phase presents alternate
domains of splay and bend, thereby preserving the chiral symmetry while showing biaxiality
(see Figure 1.7(b)). The chirality of the NT B phase is particularly remarkable, as experimental
evidences of this novel deformed phase have been systematically reported in systems of the already mentioned bent-core mesogens, i.e. molecules with a banana-shaped conformation, hence
displaying a spontaneous chiral symmetry breaking in a system of achiral particles. This makes
the study of the NT B phase of banana-shaped particles particularly valuable from a fundamental point of view, to obtain insights and possibly shed light on the yet unclear mechanisms
behind the breaking of the chiral symmetry in various liquid crystalline substances bereft of
any microscopic chirality, e.g. in systems of coated filamentous viruses [14]. Despite the numerous experimental evidences of the NT B phase, the NSB phase is to date still missing. This
is unexpected, as the NT B and the NSB always come together in their theoretical predictions.
In particular, one of the most relevant theoretical papers on these fascinating deformed
nematic phases dates back to the work of Dozov in 2001 [15]. In this seminal work, Dozov avoids any consideration on polarity and
on flexoelectric effects, and simply assumes
that bent-core mesogens display an anomalously small value of the bend elastic constant K3 , namely they have a pronounced
tendency to yield spontaneous bend deformations of the nematic director field. He then
makes the ansatz that K3 can even become
negative in these peculiar liquid crystalline
systems. As this would yield a free energy
unbounded from below, higher terms in the
derivatives of n̂(r) have to be included in the
free energy of deformations. The competition
Figure 1.7: Sketches of the organization of par- between the negative K3 term and the positicles in (a) a twist-bend and (b) a splay-bend ne- tive higher-order terms in ∆F yields an equilibrium state with finite bend deformations.
matic phase.
As already discussed, bend deformations in
bulk have to be accompanied by a complementary deformation of twist or splay. Dozov finds that if K1 > 2K2 the bend deformation is
accompanied by a twist, yielding a stable NT B phase, and otherwise an NSB phase is stable.
The lack of any experimental evidence of an NSB phase may thus be attributed to K1 always
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being larger than 2K2 in systems of bent-core mesogens. In Chapter 3 we will see, however,
that this is not the case, and the elusiveness of the splay-bend nematic phase is actually due
to an overly stable smectic phase.
Dozov’s theory can be mapped onto Meyer’s polarisation theory by minimising the free
energy with respect to polarisation, thereby obtaining renormalised elastic constants that take
into account the flexoelectric effects [10]. In addition, Dozov suggested that the molecular shape
of bent-core mesogens plays a significant role in the stabilisation of these deformed nematic
phases. In the very first line of the abstract of his paper, Dozov refers to the ”natural tendency
of banana-shaped mesogen molecules to induce a local bend of the nematic director” as a
possible cause for the pathological negative bend elastic modulus K3 . In order to introduce the
banana-shape of bent-core mesogens as an ingredient of his Landau-like theory, Dozov replaced
the usual point-like intermolecular interaction with a set of point-like interactions between
interaction centres distributed along the curved profile of each molecule, thereby resulting in
the single-molecule mean-field potential
U ∝−

1 Z L/2
dz (n̂(z) · N(z))2
L −L/2

(1.3)

where N(z) is a vector field that traces the molecule’s bananashape (see Figure 1.8), and L is the molecular contour length.
Dozov’s theory is thus based on the assumption that bananashaped particles have a tendency to align their profile tangentially to the nematic director field, which is the physical mechanism behind the formation of the deformed nematic phases. This
will be a recurrent theme in this thesis. In a very similar fashion
as Dozov’s Landau theory, we will introduce this assumption in a
generalisation of the Maier-Saupe theory for banana-shaped rods
in Chapter 5. Moreover, we will exploit this insight to introduce
the concept of pseudomanifolds, a generalisation of cholesteric
pseudo-layers to twist- and splay-bend nematic phases, which we
will use to rationalise the structural and dynamical properties of
deformed nematics.
We note that, despite the elusiveness of the NSB phase, experimental evidences have been reported of a closely related phase,
i.e. the splay nematic (NS ) phase [16]. The splay nematic
phase is the equivalent of twist- and splay-bend nematic phases
for pear-shaped particles. While the bend flexoelectric effect in
systems of banana-shaped particles induces bend deformations
and stabilises NT B and NSB phases, the splay flexoelectric effect in systems of pear-shaped particles induces splay deformations and stabilises thereby a phase with alternating domains of
opposite splay (see Figure 1.9(a)). Remarkably, as sketched in
Figure 1.9(b) the modulation of the short particle axis in an NS Figure 1.8: Sketch of the
phase of pear-shaped particles is the same as the modulation of particle profile vector field
the long particle axis in an NSB phase of banana-shaped parti- N(z) introduced in Dozov’s
cles, and vice versa. Namely, a rotation of π/2 of the nematic Landau-like theory [15].
director field transforms an NS phase in an NSB phase and vice
versa, in the same way as a spontaneous splay of pear-shaped particles can be transformed in
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a spontaneous bend of banana-shaped particles [17].

Figure 1.9: (a) Sketch of the organization of pear-shaped particles in an NS phase. (b) A rotation
of π/2 transforms the spontaneous splay deformations due to the splay flexoelectric effect into spontaneous bend modulations arising from the bend flexoelectric effect. Hence, the splay nematic phase of
pear-shaped particles can also be viewed as the splay-bend nematic phase of banana-shaped particles.

Introduction

1.4

13

Scope of this thesis

This is the historical framework within which we write this thesis, which devotes itself to the understanding of the microscopic origin, the properties, and the consequences of the deformations
of the nematic director field in systems of hard particles. In Chapter 2 we show how entropy
is indeed sufficient to stabilise a cholesteric phase, and might be a justification of the yet to
be understood chiral symmetry breaking in experimental systems of cellulose nanocrystals. In
Chapter 3 we directly address the already discussed elusiveness of the biaxial and splay-bend
nematic phases of bent particles. In computer simulations, we find that the stability of these
phases is hindered by an overly stable smectic phase, and we conjecture and confirm in simulations that polydispersity in the particle length distribution or a continuous curvature in the
particle shape might open pathways towards these long-sought nematic phases. In Chapter 4,
our speculations are confirmed in experimental systems of polydisperse bent and curved rods,
which yield the first experimental evidences of stable splay-bend nematic phases. This is also
a remarkable example of how theory and simulations can guide experimentalists and prepare
the ground for experimental breakthroughs. In Chapter 5 we show that the NT B and the NSB
phase are actually special cases of a more general phase, i.e. the twist-splay-bend nematic
(NT SB ) phase, which simultaneously presents both twist, splay, and bend modulations of the
nematic director field. Using the generality of the NT SB in a variational ansatz, we build a
comprehensive theory of all deformed nematics, which we successfully apply to theoretically
predict the phase behaviour of systems of curved rods. We also introduce here the concept of
pseudomanifolds, and use it to link the amplitude and the periodicity of the NT B phase via
the radius of curvature of the particles. Pseudo-manifolds are further exploited in Chapter 6,
where we study the dynamics of curved rods in twist-bend nematics. Finally, in Chapter 7 we
study the dynamics of non-commensurate guest particles in a host smectic environment.

2
Modelling the cholesteric phase of
cellulose nanocrystal suspensions in
apolar solvents with a hard-rod
model of chiral bundles
In this Chapter we investigate the possibility of an entropic stabilisation of the cholesteric
phase of cellulose nanocrystals (CNCs). We start with the assumption that CNCs in indexmatched apolar solvents with surfactants interact as nearly hard particles, and conjecture that
the formation of cholesteric phases is purely driven by entropy. We develop a simple hardparticle model, the Hard Splinter model, characterised by a number of shape parameters which
can be tuned in order to mimic cotton-based CNCs of various shapes. In particular, we model
an experimental suspension of CNCs in cyclohexane with BNA surfactants, and study the
stability and equilibrium periodicity of the cholesteric phase using a density functional theory
and Monte Carlo simulations. We find that both theory and simulations predict, for our simple
model, an equilibrium cholesteric phase in reasonably good agreement with the experimental
observations, confirming that, at least as a first approximation, the cholesteric phase of CNCs
in apolar solvents can be explained by entropy.

Based on: M. Chiappini, S. Dussi, B. Frka-Petesic, S. Vignolini, and M. Dijkstra, Modeling the cholesteric
phase of cellulose nanocrystal suspensions in apolar solvent with a hard-rod model of chiral bundles, manuscript
in preparation
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Introduction

Due to its abundance, versatility and environment advantages over fossil-based resources, cellulose represents an important green resource that has stimulated intensive research activities
on both fundamental and applied levels [18]. Amongst its surprising yet poorly understood
features are its occurrences in chiral assemblies within plant tissues [19–21], providing adjustable mechanical resistance or photonic responses [22–26]. The ability of splinter-like cellulose nanocolloids, also known as Cellulose Nanocrystals (CNCs), to spontaneously form chiral
nematic liquid crystal phases [27], a key property to reproduce artificial photonic films [28–30],
suggests that this chiral behavior originates from cellulose itself rather than from purely biologically driven processes [30, 31]. While the origin of the molecular chirality of cellulose is
clear (cellulose is made of d-glucose, a chiral molecule), elucidating the transfer mechanisms of
its chirality to its supramolecular levels, from the microfibrils to the suspensions [32, 33], has
triggered lots of interest in the cellulose community and beyond.
At the colloidal level, predicting the collective chiral behaviour of simple mesogens (either
molecular or colloidal) in their liquid crystalline state from the knowledge of their individual
description is a more general problem that presents its own technical challenges [34–36]. In
this regard, even a semi-quantitative theory predicting the twisting of the nematic phase of
suspensions of CNCs, characterized by its cholesteric pitch, P, is still missing. Moreover, since
the key parameters describing the chiral self-assembly of CNCs are still debated, a successful
modelling could, in return, justify its starting hypotheses and shed light upon the nature of
their microscopic chirality.
Modelling the CNC self-assembly into cholesteric liquid crystals requires a simple yet representative model of individual CNCs, justified by the current understanding of the structure of
native cellulose fibres and the effects of the treatments applied during CNC extraction. At the
molecular level, cellulose chains are locally parallel to one another (i.e., all chains pointing in
the same direction), and maintained together by intermolecular forces (Van der Waals interactions and hydrogen bonds) within each microfibril in a crystalline lattice [37–39]. The biological
source greatly influences the proportion of the two natural crystalline allomorphs (Cellulose Iα
and Iβ), but also the microfibril cross-sectional area and shape. These crystallites are connected
into bundles with various defects and twists. Numerous observations of isolated microfibrils
have suggested that the microfibrils are twisted [40–45], and atomistic simulations using various approaches have independently concluded that defect-free cellulose crystals spontaneously
develop a gentle right-handed twist inversely proportional to the cross-sectional area [46–52].
Defects in the cellulose microfibrils are often described as amorphous regions linearly alternating with crystalline units along the chain direction, yet this simplistic description is nowadays
criticised and might not exist in the original tissues but rather arise in the processing of the
cellulose raw material (e.g., a transient dry state or a mechanical distortion of the cellulose
fibers) [43, 44, 53].
Extraction of CNCs from cellulose fibers is typically conducted in an interrupted hydrolysis step in sulphuric acid, usually described as resulting from the selective degradation of the
aforementioned amorphous regions [27, 54–58]. After centrifugation and extensive dialysis in
water, a colloidally stable aqueous suspension of negatively charged, splinter-like CNCs is obtained. For cotton-sourced CNCs, observations in AFM [40, 41], EM [40, 41], or small angle
scattering [32, 41, 59–61], revealed high polydispersity, with total lengths and widths described
by broad lognormal distributions (lengths L ≈ 100 − 200 nm, width w ≈ 15 − 35 nm) but with
much better defined thicknesses (gaussian distribution centered around 6 ± 1 nm). This sug-
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Figure 2.1: Sketch of the Hard Splinter model, composed of a set of Nc hard spherocylinders of
diameter d and an elliptical profile of lengths between two extremal values Lmin and Lmax , with
total width w, twisting with a microscopic pitch length p around a twist-axis t which not necessarily
coincides with the particle axis.
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gests that these CNCs are rather made of polydisperse bundles of laterally connected crystalline
microfibril fragments of well-defined individual cross-section.
Most characterizations present them as achiral lath-like rods, while their twisted nature,
as often suspected [62–64], is usually visible only on much longer CNCs (on micron scale
or higher) or hidden by drying artefacts [41, 43–45]. Importantly, Majoinen et al. employed
electron tomography to visualize CNCs in 3D, suggesting that they formed bundles with twisted
shapes, yet their observations suffered from limited statistical significance [65, 66].
The mechanisms for the spontaneous alignment of CNCs into a (chiral) nematic liquid
crystalline phase can be understood in essence from a trade-off between the rotational and the
translational entropy of individual rods as the volume fraction increases, as introduced in the
seminal work of Onsager on elongated, achiral rods [67], and later refined to account for lower
aspect ratios [68–70], polydispersity [71], and electrostatic effects in aqueous media [72–76].
To account for the formation of a chiral nematic (or cholesteric) phase in CNC suspensions,
additional chiral interactions were mostly qualitatively considered, such as the cork-screw model
in the limit of small twists [63,64]. This model suggests that CNCs are twisted parallelepipeds,
characterized by their microscopic pitch p, that would pack more efficiently when slightly tilted
with one another, so as to enter one another’s groove, leading to a collective twist. This
description accounts for the apparent reduction of the chiral interactions in water at low ionic
strength, where large Debye lengths contribute to screen the chiral shapes around the CNCs [62].
However, chiral nematic suspensions were also formed when the charges were neutralized or not
able to ionize, and the CNCs were stabilised with steric interactions using polymer grafting or
surfactants [77–79].
Recently, the first quantitative description of the chiral self-assembly of CNCs in aqueous
media was proposed by Kuhnhold et al., based on Monte Carlo simulations of helical Yukawa
rods [80,81]. In their work, CNCs were modelled as hard spherocylinders around which a set of
discrete point charges were wrapped in a helical arrangement. The resulting cholesteric pitch,
P, was estimated by introducing a new method to simulate cholesteric phases using soft walls
and self-determined boundary conditions. Their predictions were remarkably relevant to CNC
suspensions in aqueous media, where the self-assembly was determined at volume fractions
starting from Φ ≈ 0.05, a typical value observed experimentally [33, 76]. However, their ad hoc
description of the CNC chiral interactions makes it difficult to connect to existing experimental
observations of the chiral shapes of actual CNCs.
Alternatively, CNC suspensions in apolar solvents (e.g., toluene, cyclohexane) might offer
a more informative system to model in order to elucidate the missing link between the tendency of individual crystalline rods to twist and the self-assembly ability of CNCs to form a
cholesteric order. These suspensions can be obtained using surface functionalization, or much
more easily, using surfactants [78, 82–84], and also self-assemble into cholesteric phases [85]. In
toluene, the optical index of cellulose is almost matched (ncell ≈ 1.55 ± 0.05, ntol ≈ 1.49), which
almost suppresses the attractive dispersion forces (Van der Waals) between the CNCs, while
in cyclohexane the optical index mismatch is slightly larger (ncyhex ≈ 1.43), suggesting some
residual attractions persist. The low dielectric constants prevent the electrostatic charges to
ionize and significantly reduce the influence of this interaction. A minimal stabilisation using
surfactants is then sufficient to maintain colloidal stability, and reduce the interactions between
CNCs to nearly a hard-rod potential. The resulting suspension allows for a much shorter distance between CNCs, and displays cholesteric phases at much higher volume fractions (between
Φ ≈ 0.15-0.35, eventually limited by kinetic arrest). The much smaller pitches are in agreement with a stronger chiral interaction at the individual level, and presumably suitable to be
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Figure 2.2: Comparison of various experimental images of cotton-based CNCs from transmission
electron microscopy and our Hard Splinter model with a suitable choice of model parameters. Scale
bars correspond to a 100 nm length.
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quantitatively compared to a hard-rod model of twisted bundles.
In this Chapter, we propose to quantitatively test this hypothesis of chiral hard splinters,
combining density functional theory (DFT) and Monte Carlo (MC) simulations [36]. We carefully design a model CNC shape that allows for a direct comparison with experimental observations and that accounts for the twisted microstructure of cellulose microfibrils via its microscopic
pitch p, its apparent bundle structure and the effect of polydispersity, while accounting for the
layer of surfactant on the effective shapes and volume or mass fractions. Notably, the twist
between the microfibril fragments within each CNC, related to p, is chosen as the one directly
arising when combining the individual twist of each microfibril and the assumption that two adjacent fragments share, at their junction, the same chain orientation. Note, this constitutes our
unique chirality transfer mechanism to higher length scales. The microfibrils within each CNC
are then modeled as achiral spherocylinders, while the chirality of the resulting CNCs is only
arising from the mutual twisted arrangement of these spherocylinders with a given microscopic
pitch p.

2.2
2.2.1

Model and methods
The Hard Splinter model

Despite having a significantly irregular and polydisperse shape, widely dependent on the extraction method and the hydrolysis and/or sonication conditions, a number of experimental
observations suggest that cotton-based CNCs generally consist of slightly twisted bundles of
laterally connected roughly rod-like cellulose crystallites of well-defined cross-section.
We therefore devise a simple hard-particle model, named the Hard Splinter (HS) model,
to account for the most general twisted splinter-like shape of cotton-based CNCs. A hard
splinter, sketched in Figure 2.1, consists of Nc hard spherocylinders each modelling one of the
crystallites composing the CNC. Each ith spherocylinder composing the splinter has diameter
d — hence cross-section d2 — and length Li varying between Lmin ≤ Li ≤ Lmax following an
elliptical curve. Note that Li is the cylinder length, and therefore the end-to-end length of the
spherocylinders is given by Li + d. In addition, the spherocylinders twist with a microscopic
pitch p around a certain axis t, which is not necessarily the particle axis passing through its
center of mass. The total width w of a hard splinter can in general be smaller than Nc d,
thus allowing for some degree of overlap between the crystallites composing the particle. In
Figure 2.2 we show how this simple particle model is indeed sufficiently generic to capture the
shape of various cotton-based CNCs as displayed by electron microscopy images.
To test this simple hard-rod model with existing data, we based our CNC geometry mainly
on the sample ’Cot63’ of Refs. [41, 83]. These CNCs were obtained via hydrolysis of cotton
linters with 65% sulfuric acid at 63 °C for 30 minutes, which are typical hydrolysis conditions
for cotton-based CNCs. A stable suspension of CNCs was then transferred to cyclohexane by a
freeze-drying/redispersion cycle in presence of surfactant (BNA). The sample ’Cot63’ was primarily chosen for the good-quality size distribution analysis available for lengths, widths and
thicknesses, as well as the macroscopic pitch measurements available in the fully anisotropic
regime. The condition of the fully anisotropic regime, as opposed to the biphasic one, is essential to avoid the complications from possible fractionation of CNCs between the two phases
(isotropic and anisotropic). It also prevents any mismatch between the local CNC volume fraction in the cholesteric phase and the average volume fraction across the two phases. Although
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highly polydisperse, CNCs from sample ’Cot63’ are reported to have a length L = 128 nm
and width w = 26 nm, with an additional 3 nm due to the surfactant layer contribution. A
dimension of the single crystallites of 6.3 nm implies an average of 4 crystallites per particle.
Despite their high polydispersity in size and shape, we model a CNC from the ’Cot63’ sample
as a symmetric (axis t matching the particle axis) hard splinter composed of Nc = 4 spherocylinders with Lmin = Lmax = 128 nm, w = 26 nm and d = 6.3 nm. To select the microscopic
pitch length p of the CNC, we refer to recent all-atom Molecular Dynamics simulations reporting a spontaneous right-handed twist of cellulose microfibrils with a pitch length linearly
proportional to the inverse of its cross-sectional area [48]. If we assume that this spontaneous
twist is coherent across the crystallites composing the CNCs, we obtain a pitch length for the
whole splinter of p ∼ 500 nm. Additionally, we account for the surfactant layer by simply
increasing the diameter of the crystallites accordingly, e.g. with a λS = 3 nm thick surfactant
layer that yields an effective diameter deff = 9.3 nm [82]. Hence, the resulting hard splinter
model for ’Cot63’ CNCs, shown in Figure 2.4, is composed of Nc = 4 hard spherocylinders with
Lmin = Lmax = 128 nm, w = 26 nm and a hard-core diameter deff = 9.3 nm, twisting with pitch
p = 500 nm around the particle axis.

2.2.2

Density functional theory for chiral nematic phases

We theoretically investigate the stability of the cholesteric phase N ∗ and identify the equilibrium macroscopic pitch P by employing a novel classical density functional theory (DFT) for
chiral phases [36, 86, 87]. We briefly highlight here the main points of this second-virial DFT
approach. The input of the theory is the excluded volume between two particles separated by a
(center-to-center) distance r with the orientation described by a 3 × 3 rotation matrix R and a
corresponding unit vector û denoting the orientation of the longest particle axis. The excluded
volume depends on the (imposed) macroscopic chirality of N ∗ . In particular, the following
Legendre polynomial expansion coefficients are calculated:
Ell0 (q) = −

Z

dr

Z

dR dR0 f (r, R, R0 )Pl (n̂q (z) · û)Pl0 (n̂q (0) · û0 ) ,

(2.1)

where q = 2π/P is the inverse macroscopic pitch, n̂q (z) = sin(qz)êx + cos(qz)êy is the nematic
director profile, and Pl is a normalized Legendre polynomial of degree l, where we consider up to
l = 20. Furthermore, f (r, R, R0 ) is the Mayer function between two particles, which is 1 if they
overlap or 0 if they do not. The coefficients Ell0 (q) are calculated via Monte Carlo integration
techniques and are used in the expression for the Helmholtz free energy of a cholesteric phase
that reads
Z
n2 G(η) X
Fq [ψ]
= n(log Vn − 1) + 4π 2 n d cos(θ)ψ(θ) log ψ(θ) +
ψl ψl0 Ell0 (q) ,
kB T V
2
l,l0

(2.2)

where n = N/V is the system number density, V is an (irrelevant) constant thermal volume,
and G(η) = (1 − 0.75η)/(1 − η)2 is the Parsons-Lee correction factor, with η = ρv0 = N v0 /V
the packing fraction, and v0 the single particle volume. Here, ψ(R) = ψ(θ) is the orientation
distribution function where we kept only the dependence on the polar angle θ with respect to
the local nematic director, and ψl are the expansion coefficients. At fixed n, the free energy is
minimized by iteratively solving the following equation:
1
ψ(θ) = exp
Z



− nG(η)

X
l,l0

Ell0 (q) 1
[Pl (cos θ)ψl0 + Pl0 (cos θ)]ψl
4π 2 2



,

(2.3)
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with Z a normalization constant. This procedure is repeated for several values of the inverse
pitch length q. Minimising the free energy with respect to q gives the equilibrium pitch length
P of the N ∗ phase.
The presented DFT can be straightforwardly generalized to study binary mixtures of particle
species with different shape. In particular, we investigate the stability and macroscopic pitch
length P of the cholesteric phase in binary mixtures of hard splinters with different shapes,
to address the effect of size and shape polydispersity on the phase behaviour of these chiral
splinters. The equilibrium pitch length of the N ∗ phase is again obtained by minimizing the
free energy functional, which for binary mixtures of two species i = 1, 2 has an additional
mixing entropy term, an orientational free energy term for each species, and both intra- and
inter-species excluded volume terms, i.e.
2
X
Fq [ψ]
= n(log Vn − 1) + n
xi log xi +
kB T V
i=1

4π 2 n

2
X

xi

Z

d cos(θ)ψi (θ) log ψi (θ)+

i=1
2 X
2
X
n2 G(η) X
xi xj
ψil ψjl0 Ellij0 (q) , (2.4)
2
i=1 j=1
l,l0

with xi = Ni /N the number fraction of species i, Ni the number of particles of species i, and
N the total number of particles, Ellij0 (q) the excluded-volume coefficients between species i and
j (intra-species for i = j and inter-species otherwise) at cholesteric wave vector q, and ψil the
lth expansion coefficient of the orientation distribution ψi (θ) of species i. The volume ratio of
each species is then defined as νi = xi vi /(x1 v1 + x2 v2 ), where vi is the single particle volume of
species i.

2.2.3

Monte Carlo simulations

We perform MC simulations in an orthorhombic simulation box with edges of length Lx , Ly ,
and Lz and we apply periodic boundary conditions. The simulation box imposes intrinsic
periodicity of wavelength qLz = 2π/Lz , since the system repeats itself in every periodic image.
If the equilibrium state corresponds to a cholesteric phase with the chiral director along the
z-axis and with an inverse pitch length q that is not commensurate with an integer multiple of
qLz , the system may become frustrated and equilibration may be hampered.
Various ad-hoc methods have been developed to simulate the equilibrium properties of chiral
phases [88–94]. One simple but effective solution is to replace the periodic boundary conditions
with boundary conditions that do not introduce an intrinsic periodicity of space [87, 95]. In
particular, if we assume that the chiral director of the phase coincides with the z-axis, we can
replace the periodic boundary conditions along the z-axis with hard walls, thereby allowing for
any periodicity of the cholesteric phase along the z direction, which can then freely relax to
its equilibrium pitch length. The main draw-back of this method is that the hard walls may
affect the system’s behaviour in the proximity of the walls, and large system sizes are needed
to overcome any wall effects. For our system we find, however, that the effect of the walls is
negligible.
We perform N P T -MC simulations of a system of N = 4096 CNCs modeled as hard splinters, employing hard walls along the z direction. The overlap test between CNCs is performed
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Figure 2.3: The x, y and z components (respectively the blue, green and yellow points) of the nematic
director field n̂(z) = (nx (z), ny (z), nz (z)) as a function of z in the cholesteric state of the modelled
cotton-based ’Cot63’ CNCs with λS = 3 nm at packing fraction η = 0.47 (see Figure 2.4). The
colour-matching lines correspond to a fit of the theoretical nematic director field n̂(z) = (cos(2πz/P +
φ), sin(2πz/P + φ), 0), which yields a measure of the macroscopic pitch P. The red points correspond
to the local number density n(z) as a function of z, showing that the effect of the hard walls on the
bulk of the simulation box is negligible.
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by checking overlaps between the respective Nc hard spherocylinders [96]. To speed up the
overlap test between the spherocylinders composing the CNCs, we completely cover them with
a minimal mesh of overlapping spheres. We then perform the overlap test between the meshing
spheres as a pre-test: we only test the overlaps between pairs of spherocylinders that have at
least one overlapping meshing sphere. The introduction of cell lists for the overlap between
meshing spheres strongly reduces the computational cost of the overlap test between spherocylinders and thus also between CNCs.
The N P T -MC scheme consists of two types of MC moves: roto-translation moves and
volume-change moves. The first type of moves consists of a random roto-translation of a
randomly chosen CNC that is accepted if it does not lead to overlaps in the system. In a
volume move, a random variation in the length of one of the three sides of the orthorhombic
simulation box is proposed, resulting in either an expansion or compression of the system. If
the move leads to overlaps, it is rejected, otherwise it is accepted with a probability acc =
(V 0 /V )N exp(−βP (V 0 − V )), where V and V 0 are the volume of the system before and after
the move, respectively, and P is the (isotropic) pressure in the system. Along the simulation
we measure a wide variety of observables (density, uniaxial nematic order parameter, smectic
order parameter, etc.). The simulation is considered to be equilibrated when all the sampled
observables cease to drift and start to fluctuate around their mean value.
Once equilibrated, the macroscopic pitch P of a N ∗ state is measured as follows: we partition
the simulation box in a reasonable number of slabs along the z-axis, and measure the nematic
director n̂(zi ) in each slab, where zi is the coordinate of the ith slab along the z-axis; a leastsquare fit of the theoretical expressions nx (z) = cos(2πz/P + φ) and ny (z) = sin(2πz/P + φ) for
the x and y components of n̂(z) yields a measure of the macroscopic pitch P (see Figure 2.3).

2.3

Results

In Sec. 2.2.1 we introduced the Hard Splinter Model and the set of parameters that model
the average bare shape of the cotton-based ’Cot63’ CNCs from Refs. [41, 83], i.e. Nc = 4,
Lmin = Lmax = 128 nm, w = 26 nm, d = 6.3 nm, and p = 500 nm. To model the effect of
the surfactants adsorbed to the CNCs we use an effective hard-core diameter deff = d + λS
for the spherocylinders modelling the crystallites composing the CNCs in the HS model, with
λS = 3 nm being the thickness of the surfactant layer.
We employ the DFT framework to identify at which density the I-N ∗ phase transition occurs
for this model, and how the macroscopic pitch P varies as a function of concentration. Note
that our DFT calculations, as discussed in Sec. 2.2.2, produce a state diagram as a function
of the packing fraction η of the model system. In order to obtain the phase behaviour as a
function of the w/w mass fraction, we first calculate the volume ratio of surfactants in a single
CNC as rS = (v0 (λS ) − v0 (λS = 0)) /v0 (λS ), where v0 (λS ) is the volume of a single CNC with
a surfactant layer of thickness λS . For example, for λS = 3 nm, the surfactants constitute
rS = 39.3% of the particle volume. Given the density ρS of the surfactants and the density
ρCNC of the bare CNCs, we calculate the effective density of CNCs with adsorbed surfactants
as ρeff = ρS rS + ρCNC (1 − rS ). Hence, given the density ρsolv of the solvent we can calculate the
effective w/w mass fraction from the packing fraction η as ceff = ρeff η/ (ρeff η + ρsolv (1 − η)).
In Figure 2.4 we show the macroscopic pitch length P of the predicted N ∗ phase of cotton CNCs as a function of the effective w/w mass fraction ceff against the gathered experimental data. DFT calculations show that the cholesteric phase is stable with respect to the
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Figure 2.4: Macroscopic pitch length P of the cholesteric phase of cotton CNCs with a surfactant
layer of thickness λS = 3 nm as a function of w/w concentration, from DFT calculations on the
hard splinter model sketched on the left (green circles) and from experimental suspensions in apolar
solvent with surfactants (CNC@BNA in cyclohexane, blue diamonds, data for ’Cot63’ from Ref. [83]).
Note that only data from monophasic cholesteric phases are reported, and measurements in biphasic
regions between the isotropic and cholesteric critical concentrations are excluded. The yellow band
corresponds to a confidence region for variations of λS = 3 ± 1 nm.
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isotropic phase for a wide range of concentrations. Remarkably, the predicted cholesteric phase
of ’Cot63’ CNCs is left-handed, implying that the macroscopic chirality has opposite handedness with respect to the microscopic chirality of the CNCs. Such opposite handedness regime is
consistent with previous observations on systems of weakly chiral hard helices [36] and twisted
polyhedra [87]. The macroscopic pitch P is found to decrease monotonically with increasing
concentrations, again in line with previous theoretical predictions. However, this dependence
does not follow a power law, as expected from Straley (P ∼ η −2 ) [97], or Odijk (P ∼ η −1 ) [98].
While our first few points seems to follow Straley’s model, they rather tail up in agreement
with previous work on single-strand helices [36]. Notably, the values of the macroscopic pitch
length P as predicted by our DFT calculations are in reasonably good agreement with the available experimental data, suggesting that the shape of cotton-based CNCs suffices to stabilise a
cholesteric phase with pitch lengths within the experimental range, and that — at least as a
first approximation — the cholesteric phase of CNCs in apolar solvents can be assumed to be
entropy-driven. As the thickness of the surfactant layer λS = 3 nm is an estimate, in Figure 2.4
we also report a confidence region for variations of λS = 3 ± 1 nm, obtained by repeating the
DFT calculations for different values of λS .
We note that in our model for ’Cot63’ CNCs, the microscopic pitch length p is the only
parameter that could not be derived from experimental measures, but has been estimated
from atomistic simulations. We therefore investigate to what extent the pitch length p of the
microscopic twist affects the DFT predictions for the macroscopic pitch P of the cholesteric
phase. To this end, we repeat the DFT calculations for small variations of p, keeping the other
particle model parameters fixed. The results are shown in Figure 2.5. Interestingly, variations
of the order of 10% of the microscopic pitch length only cause significant variations of the
macroscopic pitch length at very large concentrations (ceff & 0.6), and still lead to macroscopic
pitches that match reasonably well with the experimental data, showing that our results are
robust with respect to possible inaccuracies in the value used for the microscopic pitch p.
Moreover, typical CNC suspensions are highly polydisperse, and their polydisperse shape
distributions are expected to influence significantly the macroscopic pitch P of the cholesteric
phase. We therefore study a bidisperse mixture of large and small CNCs to illustrate the
expected behaviour of a more general, polydisperse suspension. Even though polydispersity
can affect both the length L and the width w of CNCs, size distribution analyses reveal that
usually longer CNCs are also thicker, suggesting that the aspect ratio defined as L/w does not
vary as much across fractionated suspensions [41]. A bimodal suspension of chiral splinters
(CNC(+) , CNC(−) ) is hence introduced, at equal specific volume fraction (ν(+) = ν(−) = 1/2),
with sizes defined as a function of a scaling parameter δ. The length and the width of the larger
CNC(+) rods are given by L(+) = L(1 + δ) and w(+) = w(1 + δ), respectively, whereas the length
and width of the smaller CNC(−) species are given by L(−) = L(1 − δ) and w(−) = w(1 − δ)). As
shown in Figure 2.6, our model predicts that, under these circumstances (i.e., assuming fixed
ratio L/w for each rod and the same microscopic pitch p) the cholesteric pitch P increases upon
increasing δ, i.e. the relative variation in CNC size, suggesting that polydispersity contributes
to an increase of the pitch compared to the monodisperse case.
We also explore the influence of the proportion of large and small CNCs in the suspension on
P, by varying the volume fraction of each subpopulation to reflect various degrees of composition
ν(+) = η(+) /(η(+) + η(−) ), where η(+) and η(−) = η − η(+) are their respective volume fractions.
The motivation for this choice is three-fold: firstly, the two extreme values provide a clear
indication of how P varies with the CNC size in the monodisperse case, from ν(+) = 0 for
pure small CNC(−) to ν(+) = 1 for pure large CNC(+) ; secondly, the intermediate values for ν(+)
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Figure 2.5: Variation of the macroscopic pitch length P of the cholesteric phase of ’Cot63’ CNCs
as a function of w/w concentration corresponding to variations of the macroscopic pitch p of ±10%
with respect to the reference value p = 500 nm derived from atomistic simulations of single cellulose
crystallites. Experimental data are reported in blue (CNC@BNA in cyclohexane, blue diamonds, data
for ’Cot63’ from Ref. [83]). On the left, particle shapes corresponding to values p = 450 nm, 500 nm,
and 550 nm of the microscopic pitch length, respectively, are shown.
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Figure 2.6: Variation of the macroscopic pitch length P of the cholesteric phase as a function of
w/w concentration, in a bimodal suspension {(+),(−)} of chiral splinters (CNC(+) , CNC(−) ) of equal
volume fraction (ν(+) = ν(−) = 0.5) with sizes (L and w) rescaled as a function of δ as L(+) = L(1 + δ)
and w(+) = w(1 + δ), and L(−) = L(1 − δ) and w(−) = w(1 − δ)), respectively. The monodisperse case
(Ref. at δ = 0) is displayed for reference.

correspond to various degrees of size fractionation, whereby a suspension could be preferentially
made of long or short CNCs [99]; thirdly, this choice is also relevant for elucidating the effect
of a tip sonication treatment, known to increase P as reported by Beck et al. for aqueous
suspensions [100]. In Figure 2.7, we show the macroscopic pitch P for varying 0 ≤ ν(+) ≤ 1,
i.e. for different number fractions of CNC(+) particles. We observe that the macroscopic pitch
decreases upon increasing the number fraction of CNC(+) , implying that larger CNCs cause a
higher twist than smaller CNCs. This is against the general expectations that larger CNCs, as
they are also the longest, should favour a larger pitch.
This also indicates that fractionation of CNCs should lead to smaller pitches for larger rods.
Several indirect experimental observations suggest that this is indeed the case, even beyond
the restrictive case of CNC suspensions in apolar solvents. First, spatial pitch variations were
observed inside sealed capillaries filled with aqueous CNC suspensions, with smaller pitch values
found at the bottom and larger near the interface between the two phases (see ref. [101],
Figure S16). In this case, fractionation is known to occur between the two
q coexisting phases:
longer rods with larger ”effective aspect ratio” (equivalent here to (L+λS )/ (w + λS )(d + λS ))
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Figure 2.7: Variation of the macroscopic pitch length P of the cholesteric phase as a function of
w/w concentration, in a bimodal suspension {(+),(−)} of chiral splinters of different shape (L and w)
with δ = ±10% (see Figure 2.6), for varying specific volume fractions ν(+) s. The monodisperse case
from (Ref. at δ = 0) is displayed for reference.

are expected to phase-separate and sediment at the bottom of the capillary, while the shorter
should remain in the isotropic phase. In practise, even this large CNC fraction can experience
subsequent fractionation: the longest CNCs phase-separate first, which decreases slightly the
volume fraction in the isotropic phase. This decreases the osmotic pressure on the remaining
(less) large CNC fraction, and slows down their own macro-phase separation, while shorter
CNCs remain in the isotropic phase. The resulting biphasic suspension present, after full
sedimentation and macro-phase separation, a bottom cholesteric phase that is also visco-elastic.
The longest rods that first phase-separate tend to remain at the bottom of the cholesteric phase
while the last remain at the top, even after prolonged equilibration time (several weeks) and
prevent the pitch equilibration across the phase. The observation of a pitch increase towards
the top of the anisotropic phase can then be explained by the weaker twisting power of CNCs
of smaller effective aspect ratios. At the time of writing this Chapter, a dedicated fractionation
study performed by Honorato-Rios et al. on aqueous CNCs suspensions originated from the
University of Maine has confirmed this pitch dependence with the size of CNCs fractionated
by macro-phase separation (private communication, work currently under consideration for
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Figure 2.8: Comparison of the macroscopic pitch length P of the N ∗ phase of our model for ’Cot63’
CNCs with λS = 3 nm predicted by MC simulations (green symbols) and DFT calculations (blue
symbols) as a function of packing fraction η. The black line denotes the equation of state βP v0
versus η. The comparison is reasonable within the expected quantitative errors of DFT calculations,
and the MC simulations confirm that our simple hard-particle model of CNCs stabilises a cholesteric
phase with macroscopic pitch length in reasonable agreement with experimental values. On the left, a
snapshot from simulations of the left-handed cholesteric phase of ’Cot63’ CNCs at η = 0.47 is reported,
with particles colored according to their orientation.
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publication).
A second cue that this effect is indeed expected in CNCs is the pitch increase with tip
sonication treatment, reported by Beck et al. in suspensions and in resulting films, after
the suspension is cast in a dish [100]. Tip sonication treatment is routinely used to improve
the dispersion of CNCs in various solvents and makes the suspensions less turbid, an effect
that can be associated with the breaking of the largest subpopulation of CNCs into a smaller
subpopulation of CNCs, while the total volume fraction is kept fixed. However, Beck and
coworkers ruled out the possibility to explain this variation from the breakdown of CNCs into
shorter rods, as they expected shorter rods would rather decrease P. Instead, they proposed an
explanation involving the release of trapped ions, as they noticed an increase of conductivity.
This scenario is unconvincing since a higher ionic strength is primarily known to decrease P,
which makes this driving mechanism rather inconsistent. Alternatively, the higher twisting
power of the larger CNC subpopulation offers, we think, a more convincing explanation for
this effect: tip sonication breaks the larger CNCs that contribute most to propagate chiral
interactions between CNCs.
Finally, we intend to test the DFT predictions against MC simulations. With the methods
discussed in Sec. 2.2.3 we perform simulations of our model of ’Cot63’ CNCs with λS = 3 nm,
finding a wide region of stability of the left-handed cholesteric phase as predicted by DFT. In
particular, in Figure 2.8 we plot the macroscopic pitch length P as a function of the packing
fraction η as measured in MC simulations against the DFT predictions. We find that, although
the theory tends to overestimate the chirality of the N ∗ phase predicting smaller pitch lengths
than the ones found in the simulations, the pitch length of the cholesteric phase obtained from
MC simulations still compares reasonably well with the experimental pitch lengths, and shows
the same decreasing trend with η. We also show a snapshot of the simulated cholesteric phase
of our hard splinter model for ’Cot63’ CNCs at packing fraction η = 0.47.
Comparing the experimental pitch with the DFT in the monodisperse case gave at first
an excellent agreement with the experimental pitches observed in apolar solvent, but both
polydispersity and MC simulations indicate that the pitch should be much larger, increasing
the mismatch with the experimental values for P. Does that eventually invalidate our model?
Not necessarily. Apolar suspensions of CNCs, in spite of their surfactant layer and reduced
van der Waals interactions, are not rigorously equivalent to hard rods, and a residual attractive
interactions between CNCs is likely to exert at short range. This in part explains why the phase
diagram tends to be limited at higher mass fraction by the formation of a kinetically arrested
gel (somewhere above 45 wt.%), contrasting with the simulated data. This could also explain
that in presence of these attractive interactions, the twisting factor is increased. Indeed, as it
is known that higher ionic strength allows for a smaller pitch, even though the average distance
between CNCs is fixed and determined by the volume fraction, the presence of these weak and
short range interactions should favor closer interactions between CNCs and thus enhance their
twisting behavior.

2.4

Conclusions

In conclusion, we developed a simple hard-particle model, the Hard Splinters model, mostly
relevant for cotton-based CNCs dispersed in apolar solvents with surfactants. To test this
model, we tuned the particle model parameters such that the shape matches the typical shape
of cotton-based ’Cot63’ CNCs from Refs. [41,83]. We modelled the layer of surfactants adsorbed
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to the CNCs by using an effective diameter of the crystallites composing the CNCs, which are
modelled as hard spherocylinders in the HS model, and we finally accounted for the density of
the CNCs and surfactant to compare our simulation to actual pitch measurements expressed
in mass fraction.
We studied our model system by means of a recently developed DFT suited to study chiral
phases, as described in Sec. 2.2.2, and we tested the validity of our theoretical calculations
against MC simulations carried out with the method discussed in Sec. 2.2.3. We found that
our simple hard-particle model of right-handed CNCs stabilises a left-handed cholesteric phase
(i.e., inversion of chirality) with macroscopic pitch values P that compare reasonably well with
experiments. Remarkably, this model predicts that P decreases with the size of the CNCs,
a trend going against the common assumptions and that can explain both pitch observations
in fractionated suspensions and the red-shift induced by tip sonication, beyond the restrictive
case of CNC suspensions in apolar solvents. Our observations suggest that the chiral shape
of cotton-based CNC clusters, mainly characterised by a chiral twisted bundle, leads to a
purely entropy-stabilised cholesteric phase with a pitch length in good agreement with the
experimentally measured ones. However, we cannot fully exclude the existence of other sources
of chiral interactions arising from this chiral shape, and how they translate in aqueous or in
other solvents [102]. Monte Carlo simulations and polydispersity both suggest that a model of
the purely hard-rod monodisperse CNCs underestimates the pitch, and other effects such as
residual van der Waals interactions between CNCs could compensate for it.

3
Biaxial, twist-bend, and splay-bend
nematic phases of banana-shaped
particles revealed by lifting the
“smectic blanket”
In this chapter, we address the long-standing problem of the elusiveness of the biaxial, twistbend and splay-bend nematic phases of banana-shaped particles. We perform an extensive
computational study of the phase behaviour of hard bent spherocylinders, and show that these
exotic nematic phases are metastable with respect to the positionally ordered smectic phase. We
thereby attribute the elusiveness of the biaxial and deformed nematic phases of bent particles to
the competition with smectic phases. However, we find that if the smectic phase is destabilised
— either by polydispersity in the particle length or by curvature in the particle shape —
stable biaxial, twist-bend and splay-bend nematic phases are obtained. This provides a unified
and consistent picture on the subtle role of particle shape on the phase behaviour of bent
rods, thereby opening pathways for the experimental realisation of the long-sought splay-bend
nematic phase.

Based on: M. Chiappini, T. Drwenski, R. van Roij, and M. Dijkstra, Biaxial, Twist-bend, and Splay-bend
Nematic Phases of Banana-shaped Particles Revealed by Lifting the “Smectic Blanket”, Phys. Rev. Lett. 123,
068001 (2019), and S. Dussi, M. Chiappini, and M. Dijkstra, On the stability and finite-size effects of a columnar
phase in single-component systems of hard-rod-like particles, Mol. Phys. 116, 2792-2805 (2018).
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Figure 3.1: Structure of the (a) chiral twist-bend nematic (NT B ) phase, and of the (b) biaxial
splay-bend nematic (NSB ) phase. Schematic of a hard bent spherocylinder (c) and a hard curved
spherocylinder (d).

3.1

Introduction

Already introduced in Chapter 1, the nematic phase is a homogeneous fluid phase with longrange orientational order corresponding to the alignment of particles along a common nematic
director n̂. In 1949 Onsager [103] predicted that fluids of uniaxial hard particles undergo an
entropy-driven first-order phase transition from the (I) isotropic to the nematic (N ) phase at
sufficiently high density, as later verified in experiments [104–112] and simulations [113–117].
Much work has since then been devoted to unveiling the rich variety of other nematic phases
that can be stabilised by particles with different shapes and symmetries [13,15,86,87,118–126].
For example, it is possible to distinguish between rod-like prolate nematic (N+ ) phases, when
the longest particle axes are aligned along n̂, and (platelet-like) oblate nematic (N− ) phases,
when the shortest particle axes are aligned.
However, rod-like and platelet-like particles are both uniaxial particles, i.e. particles characterised by an infinite fold C∞h rotational symmetry around a long or short particle axis,
respectively (see Figure 1.2). One of the first questions to arise from Onsager’s seminal paper
concerned the case of biaxial particles, for which the cylindrical symmetry is broken. In 1970
Freiser [118] showed by a generalised Maier-Saupe [127] theory that biaxial particles can exhibit a second-order phase transition from an isotropic to a biaxial nematic (Nb ) phase, in which
both particle axes are aligned along two mutually orthogonal nematic directors. In the following years, the stability of the Nb phase was theoretically predicted for hard biaxial particles of
various shapes and symmetries [97, 125, 128, 129].
Surprisingly, despite the numerous theoretical predictions, the Nb phase turned out to be
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Figure 3.2: Hard curved spherocylinder with a length-to-diameter ratio of L/d = 10 and Ψ = 150◦
as modeled by hard spherical beads.

elusive in experiments, supposedly because of a subtle competition with the positionally ordered
smectic phase (Sm) [130–132]. Only in 2004, i.e. more than 30 years after its theoretical
prediction, Madsen et al. [133] and Acharya et al. [134] claimed the first observation of a
thermotropic Nb phase in a system of bent-core mesogens, i.e. a class of polar biaxial “banana”shaped molecules with a C2v symmetry. Various claims of observations of a thermotropic Nb
phase were later reported in systems of bent-core mesogens [135–142], promoting the idea that
the C2v symmetry plays a crucial role in the stabilisation of Nb phases.
Although the validity of these claims is still a matter of debate [143–153], they encouraged
new experimental, theoretical and computational studies on bent-core mesogens, evolving into
a “banana mania” in which more than 50 new liquid crystalline phases were discovered [10].
The observation of the twist-bend nematic (NT B ) phase [12, 154–163] is particularly exciting.
As already discussed in Chapter 1, the NT B phase is a chiral nematic phase characterised
by a wavenumber q = 2π/p, a pitch length p, a conical angle θ0 , and an oblique heliconical
modulation of the nematic director field n̂(z) = sin(θ0 ) cos(qz) êx +sin(θ0 ) sin(qz) êy +cos(θ0 ) êz
(see Figure 3.1(a)). The possibility of this phase was postulated by Meyer [13] in 1976 and
independently by Dozov [15] in 2001 for banana-shaped particles that favour a spontaneous bend
deformation of the nematic director field. As a pure bend deformation cannot uniformly fill
3-dimensional space, a geometrical frustration arises due to the local bend deformations of the
nematic director, which is resolved via the emergence of a complementary left- or right-handed
twist deformation. Understanding the formation mechanism of the NT B phase of bent-core
mesogens could therefore provide fundamental insights on the spontaneous chiral symmetry
breaking in systems of achiral particles.
Meyer and Dozov [13, 15] postulated that the geometric frustration arising from bend deformations could also be resolved via a complementary splay deformation, yielding a so-called
splay-bend nematic (NSB ) phase, characterised by alternating domains of splay and bend and
nematic director field n̂(z) = sin(θ0 sin(qz)) êy +cos(θ0 sin(qz)) êz (see Figure 3.1(b)). The NSB
phase — which unlike the NT B phase preserves the chiral symmetry — is also an Nb phase.
Dozov predicted stability regimes of both the NT B and NSB phase for banana-shaped particles,
but unlike the NT B phase neither experimental nor computational evidence of a stable bulk
NSB phase has yet been reported, thereby raising doubts on its very existence.
Moreover, the attribution of the rich phase behaviour of bent-core mesogens to their shape
and symmetry is questioned by an earlier study by Lansac et al. [164], who mapped out the
phase behaviour of hard bent spherocylinders (see Figure 3.1(c)) using Monte Carlo (MC)
simulations, finding large stable regions of polar and antipolar smectic (SmP/AP ) phases rather
than Nb , NT B and NSB phases. Smectic phases were also observed experimentally in systems

36

Chapter 3

of bent silica rods [165, 166].
To summarise, a fragmented and inconclusive picture arises from previous investigations on
bent-core particles, in which a zoo of novel and exotic nematic phases appears to be cloaked
under a vast “smectic blanket” in computer simulations. In this Chapter, we first confirm the
huge stability of the Sm phase of hard bent spherocylinders in simulations. Next, inspired by
an earlier Onsager theory [129] which predicts the existence of Nb phases when the Sm phase
is not taken into account, we proceed by “lifting” the smectic blanket. We destabilise the Sm
phase, either by a polydisperse distribution of particle lengths or by curvature in the particle
shape, thereby opening pathways towards all the theoretically predicted exotic nematic phases,
including — for the first time — the NSB phase.

3.2

Models and methods

In this section, we describe the model systems and the Monte Carlo simulation methods employed for this study. In particular, we introduce a method to simulate a polydisperse system
that allows for fractionation. Finally, we discuss how we characterise the different liquid crystalline phases in our simulations. Readers that are not interested in these technical details may
skip this section and continue with Sect. 3.3.

3.2.1

Monte Carlo simulations of the phase behaviour of bent and
curved hard spherocylinders

We perform Monte Carlo simulations on systems of hard bent spherocylinders consisting of two spherocylinders with a length-to-diameter
ratio L/d, a rigid opening angle Ψ, and a shared capping sphere (see
Figure 3.1(c)), or of hard curved spherocylinders consisting of a spherocylinder of aspect ratio 2L/d, and curved with a radius of curvature
R = L/2 cos(Ψ/2) (see Figure 3.1(d)). In order to check for overlaps
between bent rods, we employ the overlap test for the individual spherocylinders of which they are composed. The overlap test for spherocylinders is extensively discussed in Ref. [96]. For computational
convenience, we model the curved rods of length-to-diameter ratio
L/d and opening angle Ψ by Ns = 2L/d spherical beads of diameter
d equally spaced along an arc of circle of radius R = L/2 cos(Ψ/2)
and length l = 2(π − Ψ)R, see Figure 3.2. The overlap between two
curved rods is tested by checking the overlap of any pair of spherical
beads composing the curved rods. This overlap algorithm scales with
the number of spheres in the system when a cell list is employed. To
speed up equilibration, we implement the cell list method [167]. The
cell list method is straighforwardly applied to the spheres of which the
curved rods are composed. In the case of the bent spherocylinders, Figure 3.3: The three
we mesh the particle with a minimal number of spheres and check for particle axes n̂, m̂, and ô
overlaps between the meshing spheres using the cell list as a pre-test of a bent spherocylinder.
for the overlap between bent spherocylinders. As the bead model exhibits an artificial corrugation compared to the smooth curved rod, we
checked our results on the phase behaviour by doubling the number
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Figure 3.4: Simulated phase diagram of hard bent spherocylinders with L/d = 5 in the packing
fraction η - opening angle Ψ representation, displaying I (yellow), N+ (lilac), Sm (red brown), and
crystal X (dark blue) phases. The coexistence regions are coloured light brown.

of spheres. We observe no change in phase behaviour by increasing the number of beads, but we
find that the equations of state are slightly shifted to smaller packing fractions as the particle
volume increases with the number of beads.
In order to determine the equations of state and the phase behaviour, we perform both
compression and expansion runs using standard N P T Monte Carlo simulations with periodic
boundary conditions, starting from a random isotropic low-density state and from the closepacked crystal state, respectively. To predict the close-packed crystal state, we employ the
floppy box Monte Carlo method [168, 169]. Since the unit cell of these crystal structures are in
general non-orthorhombic, we use the variable box shape Monte Carlo method. The number
of particles in the simulation box strongly depends on the particle model, the starting closepacked crystal structure and the expected phases, in order to achieve the best trade-off between
accuracy and computational efficiency. In general, system sizes from N = 1024 to N = 4096
are employed. Along the equilibration in both compression and expansion runs a wide set of
observables is measured (the packing fraction, the uniaxial order parameters, the smectic order
parameters, etc.). The equilibration is considered complete when the order parameters cease
to drift and only fluctuate around a mean value. The duration of the equilibration strongly
depends on the particle shape and the equilibrated phase, but is typically of the order of 106
to 108 MC cycles.
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Figure 3.5: Phase diagram of hard bent spherocylinders with L/d = 10 in the η - Ψ representation
from MC simulations, displaying I (yellow), N+ (lilac), Sm (red brown), and crystal X (dark blue)
phases, but also a small pocket of stability of the twist-bend NT B (light blue) nematic phase. The
coexistence regions are coloured light brown.

3.2.2

Simulations in the Semi-Grand Canonical Ensemble and NonEquilibrium Potential Refinement Method

To study the effect of polydispersity in the particle length on the phase behaviour of bent rods,
we also perform simulations of polydisperse hard bent spherocylinders. We start by freezing
the polydisperse particle length distribution, and perform standard N P T -MC simulations of
the polydisperse system not allowing for demixing and fractionation. A posteriori, we test
the stability of the observed phases with respect to fractionation via a MC integration based
on the Semi-Grand Canonical Ensemble (SGCE) introduced in Ref. [170] and on the NonEquilibrium Potential Refinement (NEPR) method of Wilding [171]. The method involves
two simultaneous SGCE simulations with a fixed number of particles, the same pressure and
temperature, and the same tunable distribution of chemical potentials µ(L) of particle species.
Along with standard variations of volume, particle positions, and particle orientations, we
propose independent variations of the length of individual particles L → L0 , accepted or rejected
with a probability depending on the chemical potential change µ(L0 ) − µ(L). The distribution
µ(L) is tuned iteratively via the NEPR algorithm such that the overall distribution of particle
lengths in both simulation boxes is a Gaussian parent distribution with an imposed average
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Figure 3.6: The pitch length p (black) and the conical angle θ0 (red) as a function of packing fraction
η of the NT B phase of bent spherocylinders with aspect ratio L/d = 10 and opening angle Ψ = 130◦
(a), 135◦ (b), 140◦ (c), and 150◦ (d). The lines are guides to the eye.

hLi and standard deviation σL . In this way, after equilibration and convergence of the NEPR
algorithm the system can fractionate, if it prefers to do so, into two coexisting phases of different
density and composition but with a given parent distribution of particle lengths.

3.2.3

Characterization of biaxial and deformed nematic phases

In order to distinguish between rod-like prolate nematic N+ , plate-like oblate nematic N− ,
and biaxial nematic Nb phases, we measure the orientational order of the three orthogonal
particle axes as depicted in Figure 3.3, i.e. the axis n (the prolate axis for Ψ > 90◦ ), the polar
axis m (the prolate axis for Ψ < 90◦ ), and the oblate axis o (aligned in the platelet-like oblate
nematic phase N− and/or in the biaxial nematic Nb phase, where all the axes are simultaneously
aligned). Note that particle axes are considered to be aligned if the corresponding uniaxial order
parameter is larger than 0.6.
On the other hand, to the best of our knowledge simple and unique order parameters for
the deformed NT B and NSB do not exist in literature. Although the transitions to the NT B and
NSB phases are signalled by typical features of the ordinary order parameters (the N − NT B
phase transition is associated to an instantaneous drop of the prolate uniaxial order parameter
while the NT B −NSB phase transition is associated by an abrupt increase of the prolate uniaxial
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Figure 3.7: Phase diagram in the η - Ψ representation of polydisperse hard bent spherocylinders
with a Gaussian length distribution, an average length hLi = 10d and polydispersity σL = 0.36hLi,
displaying I (yellow), N+ (lilac), Sm (red brown), columnar Col (dark green), and crystal X (dark
blue) phases, but also twist-bend NT B (light blue), biaxial Nb (purple), and splay-bend NSB (pink)
nematic phases. The white region corresponds to parts of the phase diagram that are unaccessible
because of kinetic arrest upon compression. Dashed lines correspond to continuous transitions.

order parameter, as shown later), to unequivocally recognise these phases we check for their
main fingerprint: the modulation of the nematic director field. By the quality of a fit of the
modulation of the nematic director field n̂(z) = nx (z) êx + ny (z) êy + nz (z) êz along the phase
axis we can distinguish NT B and NSB phases, respectively, and measure the pitch length p and
the conical angle θ0 of the phases. In particular, the modulation of the nematic director field of
the NSB phase is constrained to a plane. We defined the modulation in the yz-plane, namely
as n̂(z) = sin(θ0 sin(qz)) êy + cos(θ0 sin(qz)) êz , but this choice is arbitrary. In general, an NSB
with the director along the z-axis can be modulated within any plane that contains the z-axis,
at an angle Φ with the x-axis. Therefore, the modulation that we actually have to fit on the
simulation data is n̂(z) = − sin Φ sin(θ0 sin(qz)) êx + cos Φ sin(θ0 sin(qz)) êy + cos(θ0 sin(qz)) êz .

3.3

The phase behaviour of hard bent spherocylinders

We start by considering a system of hard bent spherocylinders consisting of two spherocylinders
with a length-to-diameter ratio L/d, a rigid opening angle Ψ, and a shared capping sphere (see
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Figure 3.8: Snapshot of a biaxial nematic Nb phase of polydisperse hard bent spherocylinders with
opening angle 90◦ , hLi = 10d and σL = 0.36hLi at η = 0.45, on the left coloured according to the
orientation of the prolate axis n̂, on the right coloured according to the orientation of the oblate axis
ô.

Fig. 3.1(c)). We first study the phase behaviour of hard bent spherocylinders with L/d = 5 and
various opening angle Ψ ∈ [0, π]. We measure the equations of state of the system at every 5◦
(Ψ = 0◦ , 5◦ , 10◦ , etc.), thereby obtaining the phase diagram shown in Figure 3.4 as a function
of the opening angle Ψ ∈ [0, π] and packing fraction η. The phase behaviour of crooked rods
of aspect ratio L/d = 5 appears completely dominated by I and Sm phases, with only small
pockets of prolate nematic N+ phases at Ψ ∈ [3π/4, π] and close to Ψ ∼ π/6 and Ψ ∼ 0. This
is consistent with Ref. [164] — where the regime Ψ > π/2 was investigated — except for the
stable columnar phase reported in Ref. [164], which turned out to be an artefact of finite-size
effects [172]. However, these findings differ from the work by Teixeira et al. [129], who presented
a phase diagram based on Onsager theory featuring N+ , N− , and Nb phases for L/d → ∞ and
Ψ ∈ [π/2, π].
Inspired by Ref. [129], which is only exact in the Onsager limit of infinite L/d, and by
Dussi et al. [125], who showed that Nb phases can only be stabilised for sufficiently anisotropic
particles, we then perform simulations of a system of hard bent spherocylinders with L/d = 10.
To construct the phase diagram we determine the system’s equation of state for the set of
opening angles Ψ = 0◦ , 2.5◦ , 5◦ , 7.5◦ , 10◦ , 12.5◦ , 15◦ , 20◦ , 25◦ , 30◦ , 45◦ , 60◦ , 75◦ , 90◦ , 105◦ ,
130◦ , 135◦ , 140◦ , 150◦ , 155◦ , 160◦ , 170◦ , and 180◦ . The resulting phase diagram is presented in
Figure 3.5. Our simulations reveal neither N− nor Nb phases, largely because of the enormous
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Figure 3.9: Snapshots along the continuous I − N − Nb transition of polydisperse hard bent
spherocylinders with a distribution of particle lengths of mean hLi/d = 10 and standard deviation
σL = 0.36hLi, and opening angles (a) Ψ = 60◦ , (b) 75◦ , (c) 90◦ , and (d) 105◦ . Only the particles with
all axes significantly aligned are represented, showing the continuous formation, growth and aggregation of smectic clusters in the I phase which drives the continuous transition towards the Nb phase.
The particles are coloured according to the orientation of the n̂ axis.
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stability of the Sm phase. In fact, Figure 3.5 reveals a direct I-Sm phase transition at η as low
as ' 0.30. The direct low-η I-Sm transition deviates from the behaviour of straight rods [117],
for which smectic order sets in at η ' 0.45 for L/d ∈ [6, ∞]. Also, the onset of the Sm phase
moves to lower η when the rods are bent (Ψ = 0 → π/2 and Ψ = π → π/2), showing that
crooked rods favour Sm phases. Interestingly, we do find a small region of stable NT B phase
for Ψ ∈ [130◦ , 150◦ ], demonstrating that the symmetry and polarity of boomerangs can be
sufficient to break the chiral symmetry and stabilise the NT B phase, provided that the aspect
ratio is sufficiently pronounced. Note that we find an I − N − NT B − Sm phase sequence at
Ψ = 150◦ , whereas the nematic phase region shrinks and disappears for Ψ . 135◦ , where we
observe an I − NT B − Sm phase sequence with a direct I-NT B transition. This is in agreement
with the predictions of a molecular theory for V-shaped particles [122], which predicts that
the phase sequence I − N − NT B (for decreasing temperature) is replaced by a direct I − NT B
transition when Ψ changes from 140◦ to 130◦ . More confirmations on the destabilisation of the
N phase in favour of the NT B phase at large particle curvatures will come from our generalised
Maier-Saupe-like theory in Chapter 5. Moreover, the packing fraction dependence of the pitch

Figure 3.10: Configurations of polydisperse bent spherocylinders with hLi/d = 10 and opening
angle Ψ = 90◦ obtained from two simultaneous simulations in the semi-grand canonical ensemble with
imposed Gaussian parent distributions of variance (a) σL = 0.01hLi and (b) σL = 0.36hLi. At low
polydispersity (a) two I states, I − Sm coexistence, and two Sm states are found upon increasing
the pressure. At large polydispersity (b) a continuous I − N − Nb transition is found with increasing
pressure in both the simultaneous simulations. No fractionation is found in the cases shown here, but
the I − Sm coexistence shows fractionation at intermediate polydispersities (see Figure 3.11).
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length p of the NT B phase, shown in Figure 3.6 is in remarkable agreement with the theory of
Ref. [122], which predicts a decreasing pitch length from p ∼ 10L to ∼ 5L when moving deeper
into the NT B phase for Ψ = 140◦ and 135◦ , and a nearly constant pitch length of p ∼ 5L for
Ψ = 130◦ . On the other hand, we find smaller conical angles θ0 than the ones predicted by
theory [122].

3.4

Lifting the smectic blanket via polydispersity in the
particle length distribution

The most significant difference between the theoretical predictions in literature and the phase
diagram of Figure 3.5 concerns the enormous stability of the Sm phase, which covers most of the
nematic regimes. We anticipated that this “smectic blanket” can be lifted by destabilising the
Sm phase. Since polydispersity is well known to destabilise the Sm phase [173,174] and favour
the formation of Nb phases [175,176], a polydisperse length distribution of bent spherocylinders
may open a pathway to the hitherto elusive nematic phases.
Performing accurate investigations of the equilibrium phase behaviour of polydisperse systems requires sophisticated theoretical and computational methods [174, 177, 178]. As we only
intend to take a peek below the smectic blanket, we start by fixing the polydisperse length distribution and ignoring fractionation. We perform N P T -MC simulations on systems of hard bent
spherocylinders with particle lengths drawn from a Gaussian distribution of average hLi = 10d
and standard deviation σL = 3.6d, keeping the lengths of the particles — hence the length
distribution — fixed along the simulations. We do not allow for demixing and fractionation.
Simulations are performed for the discrete set of opening angles Ψ = 0◦ , 30◦ , 45◦ , 60◦ ,
75◦ , 90◦ , 105◦ , 120◦ , 145◦ , 150◦ , and 180◦ , resulting in the phase diagram in Figure 3.7, which
interestingly shows no Sm phases at the packing fractions studied but exhibits Nb phases at
large η. We observe that the I-N phase transition is always driven by orientational order of
the prolate particle axes (either n or m, respectively, for Ψ > 90◦ and Ψ < 90◦ ). The other
particle axes become more aligned upon further increasing the packing fraction η, stabilising
the Nb phase at sufficiently high η. The orientational order of the secondary particle axes
becomes more pronounced when the particles become more bent, showing no orientational
order of the secondary particle axes at Ψ ' 0◦ or Ψ ' 180◦ , when the particle shape is actually
uniaxial and the secondary axis is not even defined, and strong alignment of both particle
axes at intermediate opening angles, resulting into a direct transition from the I to the Nb
phase. Consequently, we find a single cusp-shaped Nb phase ending in a Landau critical point
at Ψ = 105◦ , which compares well with the theoretically predicted value [129], sandwiched
between two N+ phases for Ψ > 105◦ and Ψ < 105◦ . We show a typical Nb state in Figure 3.8.
At Ψ = 150◦ we find again the NT B phase, but with a significantly smaller conical angle θ0 ,
signalling a weakening of the bend deformations — and therefore of the twist-bend ordering
— caused by polydispersity. Intriguingly, we also find an NSB phase in an I-N -NT B -NSB
phase sequence, confirming that the polarity and C2v symmetry of banana-shaped particles is
sufficient to stabilise an NSB phase, as predicted in Ref. [15]. This finding is, to the best of our
knowledge, the first observation of a stable bulk NSB phase since its prediction in 1976 [13].
For polydisperse straight rods (Ψ = 0◦ and Ψ = 180◦ ) we recover the phase behaviour reported
in Ref. [174], with an N − Col phase transition at η ≈ 0.6.
In particular, the phase diagram in Figure 3.7 presents dashed lines corresponding to continuous I − N − Nb phase transitions of systems of polydisperse hard bent spherocylinders,
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Figure 3.11: Simulations in the semi-grand canonical ensemble (SGCE) (with the non-equilibrium
potential refinement (NEPR) method) of coexisting I − Sm states of polydisperse hard bent spherocylinders of aspect ratio hLi/d = 10 and opening angle Ψ = 90◦ for increasing polydispersities, from
(a) σL = 0.01hLi, to (b) σL = 0.15hLi, to (c) σL = 0.36hLi. On the left, we report snapshots of the
simultaneously simulated boxes (left: box 1; right: box 2). On the right, we report the distributions
of particle lengths in the boxes 1 and 2 (in black and red, respectively) and the parent distribution
of lengths (in green). The I − Sm coexistence, stable without fractionation at low polydispersity (a),
remains stable at intermediate polydispersities, but some degree of fractionation appears (b). At large
polydispersities (c), the coexisting I and Sm states melt into two I states without fractionation. The
coexisting I states show the presence of Sm clusters, a signature of the continuous I − N transition
of polydisperse bent spherocylinders (see Figure 3.9).
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Figure 3.12: A bent spherocylinder (a) can only escape out of a Sm layer by creating a void and by
displacing other rods, whereas a curved rod (b) can simply slide out of a Sm layer without generating
empty spaces and disturbing other rods.

Figure 3.13: Equation of state (black), i.e. pressure βP v0 versus packing fraction η, with the scale
on the left, of hard (a) bent and (b) curved spherocylinders with L/d = 10 and Ψ = 150◦ along with
the nematic order parameter S (in red) and the smectic order parameter τ (in green) with the scale
on the right.
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in which the uniaxial order parameters associated to the different particle axes gradually
increase upon compression without any significant discontinuity in the equation of state. A
closer inspection of the states along the compression route shows that the continuous transition is driven by the formation, growth and
aggregation of clusters of highly ordered particles, as shown in Figure 3.9. In particular,
the presence of Sm clusters of particles with
short-range positional order across the whole
nematic range in systems of bent particles,
supposedly caused by their frustrated trans- Figure 3.14: Density profile ρ(z) for various packlational symmetry, is well known in literature ing fractions (η = 0.38 → 0.6) along the continuous
and widely confirmed in experiments [10]. In NSB → Sm phase transition of hard curved sphesystems of monodisperse particles, these clus- rocylinders with L/d = 10 and Ψ = 150◦ .
ters aggregate into structures with long-range
positional order, yielding a stable Sm phase. In systems of polydisperse particles, the coherent aggregation of these clusters is hindered by their different length scales, and the stable
Sm phase is frustrated into an Nb phase composed of clusters of particles with short-range
positional order.
However, the introduced polydispersity of σL /hLi = 0.36 is twice as large as the terminal
polydispersity for the Sm phase of straight rods [174]. Such a relatively large polydispersity
could in principle give rise to fractionation in the actual equilibrium phase diagram. To test the
stability of the nematic phases observed in Figure 3.7 with respect to fractionation we apply the
semi-grand canonical ensemble (SGCE) with the non-equilibrium potential refinement (NEPR)
method to the exemplary case of Ψ = 90◦ and hLi = 10d, simulating the system at three
representative states for a small (σL = 0.01hLi) and a large (σL = 0.36hLi) polydispersity of the
parent length distribution (Figure 3.10). At high pressures, the two simulation boxes correspond
to smectic phases at low polydispersity and to Nb phases at high polydispersity, both without
fractionation, confirming the stability of the Nb phase in Figure 3.7 with respect to fractionation.
At a pressure corresponding to the I − Sm phase coexistence of the monodisperse system the
system melts into two intermediate states along the continuous I − N − Nb transition at large
polydispersity without fractionation, confirming the phase behaviour reported in Figure 3.7
(see Figure 3.11).

3.5

Lifting the smectic blanket via curvature in the particle shape

Our simulations show that monodisperse systems of hard bent spherocylinders favour Sm
phases at η as low as ' 0.30 (see Figure 3.5). The sharp and abrupt kink in the particle
shape, i.e., a single point of infinite curvature between two curvature-free legs, favours the
formation of pre-transitional smectic clusters, interlocking the particles in the fluid phase and
driving the I − Sm phase transition. We therefore speculate that replacing the sharp kink by
a smoothly curved shape may be an alternative way to destabilise the Sm phase, postulating
the mechanism in Figure 3.12.
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Figure 3.15: Phase diagram of (a) hard bent spherocylinders and (b) hard curved spherocylinders
for L/d = 10 and Ψ = 150◦ as a function of packing fraction η.

To investigate this, we perform MC simulations of hard curved spherocylinders with a
fixed and finite curvature along the entire particle (see Figure 3.1(d), where also L is defined).
Previous simulations showed the presence of a stable NT B phase for a system of soft repulsive
curved rods [123]. Here, we perform simulations of hard curved rods with L/d = 10 and
Ψ = 150◦ , and compare their phase behaviour with the one of hard bent spherocylinders of
“equivalent” shape. We plot the corresponding equations of state, i.e., the pressure βP v0 as a
function of packing fraction η (in black) in Figure 3.13 along with the nematic order parameter
S (in red) and the smectic order parameter τ (in green) as defined in Ref. [179], where v0 denotes
the particle volume and β = 1/kB T the inverse temperature. We observe a clear jump in the
nematic order parameter S at the isotropic I - nematic N transition as well as a drop in S at the
N to twist-bend nematic NT B phase transition for both the bent and curved spherocylinders.
At higher packing fractions, we find a clear discontinuity of the smectic order parameter at the
first-order NT B − Sm phase transition for hard bent spherocylinders. In the case of hard curved
spherocylinders, the smectic order parameter gradually increases with η along a continuous
phase transition from the splay-bend nematic NSB to the smectic Sm phase. In particular,
in Figure 3.14 we show the evolution of the density profile along this continuous transition.
The development of the peaks in the density distribution corresponds to an increase of the
smectic order parameter. The density profiles in Figure 3.14 feature a periodic modulation,
but should be spatially uniform in the nematic NSB phase. This leads to values of the smectic
order parameter τ which are high for a nematic phase (see Figure 3.13). In Chapter 5 we will
show that density modulations are intrinsic to NSB phases due to the modulations of curvature
associated with splay deformations of the nematic director field, suggesting that NSB phases
actually have a smectic nature.
From the equations of state in Figure 3.13 we determine the phase behaviour of the two
systems as a function of η and compare them in Figure 3.15. We observe that the smooth
finite curvature of the particles not only destabilises the smectic order but also promotes bend
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Figure 3.16: Configurations of a (a) NT B and (b) NSB phase of hard curved spherocylinders along
with the nematic (n̂) and polar (m̂) director fields along the z-axis.

deformations in the nematic phase. As a consequence, the stability region of the N+ phase
shrinks in favour of a wider stability region of the NT B phase, and the first-order NT B -Sm
phase transition is replaced by a weakly first-order NT B -NSB phase transition followed by a
continuous transition to the Sm phase, with a gradual increase of the smectic order with η.
Note that more on the nature of the NT B -NSB phase transition will be presented in Chapter 5.
Typical configurations of the NT B and NSB phases are shown in Figure 3.16. In Figure 3.17(a) and Figure 3.17(b) we show the packing fraction dependence of the pitch and conical angle of, respectively, the NT B and NSB phases of curved spherocylinders with L/d = 10
and Ψ = 150◦ . In the NT B phase — as already observed for bent spherocylinders — the pitch
length decreases and the conical angle increases upon increasing the packing fraction, consistently with previous literature results. On the other hand, in the NSB phase both the pitch
and conical angle decrease with packing fraction.

3.6

Conclusions

In conclusion, we showed by simulations that the Nb , NT B , and NSB phases are metastable
with respect to a stable Sm phase for a system of hard bent spherocylinders. By introducing
polydispersity in the particle length or curvature in the particle shape, the smectic order is
destabilised and all the exotic Nb , NT B and NSB phases become stable. We confirmed that
molecular polarity and anisotropy are fundamental ingredients for the formation of Nb , NT B
and NSB phases of bent particles, and that the exotic nematic states of bent-core mesogens
can be justified in terms of their shape and C2v symmetry. We also showed that ingredients
that stabilise these exotic nematic phases also enhance the stability of the competing Sm
phase. In particular, the sharp kink of crooked rods favours smectic ordering, shedding light
on the discrepancy between theory and previous MC simulations. The destabilisation of the
positionally ordered smectic phase of crooked rods — either via polydispersity or curvature —
opens pathways towards a variety of theoretically predicted nematic states in systems of hard

50

Chapter 3

Figure 3.17: The pitch length p (black) and the conical angle θ0 (red) as a function of packing
fraction η of (a) the NT B and (b) the NSB phase of curved spherocylinders with aspect ratio L/d = 10
and opening angle Ψ = 150◦ . The lines are guides to the eye.

particles. Introducing finite curvature in the particle shape destabilises the smectic phase, and
favours the spontaneous formation of bend deformations yielding stable regions of NT B and
NSB phases. As we will clearly see in the next chapter, our results may provide guidelines and
insights to settle the long-standing quest for an experimentally stable NSB phase.

4
Experimental splay-bend nematic
phases in systems of bent and curved
colloidal rods
In Chapter 3 we showed by computer simulations that polydispersity in the particle length
distribution and/or curvature in the particle shape can destabilise the positionally ordered
smectic phase, thereby opening pathways towards novel exotic nematic phases, including the
long-sought splay-bend nematic phase. Following these guidelines, we introduce in this Chapter two novel experimental systems of bent and curved colloidal rods, respectively, with a
polydisperse length and curvature distribution. Using confocal microscopy we study the phase
behaviour of these colloidal particles in sedimentation, revealing a I-N -NSB -Sm phase sequence
with decreasing height featuring a splay-bend nematic phase, of which the first experimental
evidences are thus reported 40 years later than its theoretical prediction. The experimental
realisation of a colloidal analogue of the NT B phase, supposedly missing because of gravity and
the hard wall at the bottom of the sediment, remains a compelling experimental challenge.

This Chapter is based on [1] R. Kotni, A. Grau-Carbonell, M. Chiappini, M. Dijkstra, and A. van Blaaderen,
Splay-bend nematic phases of bend colloidal silica rods induced by polydispersity, manuscript in preparation, and
[2] C. Fernández-Rico, M. Chiappini, T. Yanagishima, H. de Souza, D.G.A.L. Aarts, M. Dijkstra, and R.P.A.
Dullens, Shaping colloidal bananas to reveal biaxial, splay-bend nematic, and smectic phases, Science 369, 950955 (2020). Text and figures in Sections 4.1 (Introduction) and 4.3 (Phase behaviour of curved SU-8 rods)
have been reprinted from [2]. The development, synthesis and characterisation of the bent silica rods, and the
experiments to study their (phase) behaviour, as described in Section 4.2 (Phase behaviour of polydisperse bent
silica rods), were performed by R. Kotni and A. Grau Carbonell in research led by Prof A. van Blaaderen at
Utrecht University. The development, synthesis and characterisation of the curved colloidal SU-8 rods (colloidal
bananas), and the experiments to study their (phase) behaviour, as described in Section 4.3 (Phase behaviour
of curved SU-8 rods), were performed by C. Fernández-Rico and colleagues in research led by Prof R. Dullens
at the University of Oxford.
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Introduction

Over the past two decades, more than fifty new banana-shaped liquid crystalline phases have
been reported depending primarily on the molecular curvature [180–182]. The vast majority of
these are smectic (Sm) phases, as the kinked shape of the constituting molecules promotes their
locking into smectic layers [181, 182]. The large stability of Sm phases has also been observed
in experiments of colloidal ‘boomerang-like’ particles [183], and in the computer simulations
of similarly shaped particles presented in Chapter 3. The rather uncommon observation of
nematic phases in banana-shaped systems [184, 185] has been the subject of intense research
for the past 20 years, not least because of their potential to form chiral and biaxial nematic
phases [186–188]. Examples of chiral and biaxial nematic phases are the twist-bend (NT B ) and
the splay-bend (NSB ) nematic phases, respectively, in both of which the particle orientation
is modulated in space. While in the NT B phase the particles exhibit a periodic twist in space
resulting in a chiral phase, the NSB phase exhibits periodic splay and bend modulations of the
particle orientation in a single plane, therefore showing biaxiality but not chirality [189].
The NT B and NSB phases were postulated over forty years ago by Meyer [190], and later
independently by Dozov [189], who suggested that bend deformations in the orientation field
of banana-shaped particles should be accompanied either by twist or splay deformations to
fill the 3-dimensional space. While the NT B phase has been observed in thermotropic liquid
crystals (see e.g. [191–193]) the very existence of the NSB phase is still to be confirmed experimentally. In Chapter 3, we suggested that the NSB phase can be found in systems of hard
boomerangs, i.e. bent rod-like particles, if the Sm phase is destabilised by polydispersity in
the particle length or by smooth curvature in the particle shape. Experimentally studying the
impact of polydispersity and curvature on the microscopic structure of banana-shaped systems
is thus crucial for a deeper understanding of the formation and properties of these phases.
However, banana-shaped liquid crystals are typically characterised using birefringence and Xray diffraction techniques, where direct information about structural details is not available at
the molecular scale. This prompts the need for a colloidal analogue, where such microscopic
structural information is readily accessible using optical microscopy.
In this Chapter, we introduce two novel experimental systems of bent and curved colloidal
rods, respectively, with polydisperse length and curvature distributions, and study their phase
behaviour in sedimentation. We find that both systems stabilise an I-N -NSB -Sm phase sequence upon compression, i.e. with increasing depth in the sample, thereby confirming that
either polydispersity in the particle length and a smooth curvature in the particle shape open
pathways to the otherwise elusive NSB phase, as speculated in Chapter 3. We thus report
the first experimental evidences of stable NSB phases more than 40 years past its prediction,
finally putting an end to the skepticism over its very existence. Intriguingly, both experimental
systems lack the NT B phases which in Chapter 3 we predicted to appear in between the N and
NSB phases. We attribute this to the concurrence of gravity and the hard wall at the bottom
of the sediments.

4.2

Phase behaviour of polydisperse bent silica rods

We first consider a system of asymmetric bent-shaped fluorescent silica rods with polydisperse
shape distributions. The distributions of diameters d, lengths L1 and L2 of the asymmetric
particle legs, and bending angles Ψ, obtained from Electron Microscopy (EM) images, exem-
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Figure 4.1: (a) Schematics of a bent-shaped silica rod of diameter d, uneven legs of lengths L1 and
L2 , and bending angle Ψ, as revealed from (b-e) electron microscopy images of the particles at various
length-scales. The distributions of the shape parameters determined from the EM images are reported
in Figure 4.2.
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Figure 4.2: Histograms of the distributions of the lengths (a) L1 and (b) L2 of the long and short
segments composing the bent silica rods of Figure 4.1, respectively, and of the (c) diameters d and (d)
bending angles Ψ. The lines correspond to fits with a Gaussian distribution, and the resulting average
and standard deviation of the distributions are reported in the insets.
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Figure 4.3: Phase behaviour of a suspension of bent-shaped silica rods with a size and shape distribution reported in Figure 4.2 in sedimentation, for varying depths in the sample corresponding to
various osmotic pressures, revealing an (a) I, (b) N , (c) NSB , and (d) Sm phase sequence. A local
gradient structure tensor analysis using the OrientationJ software of the confocal microscopy images
of the different phases (top panels) yields information on the local orientation of the bent silica rods,
shown as an colormap overlaid to the microscopy images (bottom panels). A visual inspection of the
confocal images and the overlaid orientation analyses of both the NSB and the Sm phases reveals
clear modulations of the particle orientations, consistent with splay-bend modulations of the nematic
director field. A quantitative analysis of these modulations is reported in Figure 4.4, confirming the
splay-bend nature of the NSB and Sm phases of polydisperse bent silica rods in (c) and (d). The scale
bars all correspond to 10 µm.
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plarily shown in Figure 4.1(b)-(e), are reported in Figure 4.2. We estimated the mean lengths
hL1 i = (2.80 ± 0.53)µm and hL2 i = (1.27 ± 0.08)µm, mean diameter hdi = (0.27 ± 0.03)µm,
and mean bending angle Ψ = (150 ± 9)◦ . Despite a shorter average aspect ratio (L1 + L2 )/d =
15.1 ± 2.0 than the polydisperse bent spherocylinders simulated in Chapter 3, a polydispersity
of σL1 +L2 /hL1 + L2 i = 13.3% should suffice to at least partially destabilise the Sm phase and
stabilise modulated nematic phases.
Suspensions of bent-shaped silica rods
were left to sediment and equilibrate for several days in an index matched (n = 1.45) solvent and afterwards imaged in confocal microscopy, thereby taking advantage of their
fluorescence. As a diffusion-sedimentation
equilibrium was reached, confocal images at
various depths in the sample revealed various liquid crystalline phases, corresponding
to different values of the osmotic pressure.
An analysis of the liquid crystalline order
as a function of increasing pressure reveals
the phase behaviour in Figure 4.3. At the
top of the sediment an I phase was identified (Figure 4.3(a)), bereft of any positional/orientational order. Deeper in the Figure 4.4: Nematic director field of the N phase
sample, the onset of long-range correlations in in Figure 4.3(c) as measured from a gradient structhe particle orientations, revealed by the anal- ture tensor analysis via the OrientationJ software
ysis of the pixel structure tensor via the Ori- (symbols). The splay-bend modulations of Eq. 4.1
entationJ software and visualised as overlaid fit the measured n̂(y) remarkably well (lines), concolormaps in the bottom panels of Figure 4.3, firming that the nematic director field of the considcorresponds to a transition from the I to the ered N phase presents alternate domains of splay
N phase (Figure 4.3(b)-(c)). At the bottom and bend deformations and that the phase actuof the sediment, the clear organisation of the ally is a NSB phase. Also, the fit of Eq. 4.1 yields a
particles in layered structures signals a tran- measure of the conical angle θ0 = 0.465 and pitch
sition to the positionally ordered Sm phase length p = 89.2µm of the phase.
(Figure 4.3(d)).
A visual inspection of the highest density N phase and of the Sm phase in Figure 4.3 reveals
clear modulations of the particle orientations along the global phase director, reminiscent of
the splay-bend modulations of the nematic director field of the NSB phase. To unequivocally
assess the splay-bend nature of these phases, we measure the (2-dimensional) nematic director
field n̂(y) = nx (y)êx + ny (y)êy of the N phase of Figure 4.3(c) via the gradient structure tensor
analysis of the OrientationJ software, reported in Figure 4.4. Note that the y-axis is chosen
as the phase global nematic director, and êx,y represent the directions of the x and y axes,
respectively. We then fit the measured nematic director field with the theoretical expression of
the nematic director field of a NSB phase which, as already introduced in Chapter 3, reads
n̂(y) = sin(θ0 sin(qy))êx + cos(θ0 sin(qy))êy ,

(4.1)

with θ0 the conical angle and q = 2π/p the wave number, respectively determining the amplitude and periodicity of the splay-bend modulations, with p the pitch length of the periodic
modulations. The quality of the fit (see Figure 4.4) confirms the splay-bend nature of the N
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Figure 4.5: (a) Schematic picture of the SU-8 banana-shaped particles with a length L, diameter d
and curvature κ. We study the phase behaviour of three different batches of colloidal bananas with
different curvatures. (d,e,f) EM images of the three different systems.

phase of Figure 4.3(c), thereby establishing an I-N -NSB -Sm phase sequence of the polydisperse bent silica rods of Figure 4.1 upon increasing pressure or, equivalently, upon increasing
depth. Moreover, fitting Eq. 4.1 provides a quantitative measure of the pitch and conical angle
of the NSB phase. In particular, for the NSB phase of Figure 4.3(c), we obtain θ0 = 0.465 and
p = 89.2µm.
Table 4.1: Mean length (L), diameter (d), aspect ratio (L/d), curvature (κ), and opening angle (Ψ),
with the corresponding polydispersities (%), of the SU-8 banana-shaped particles from batch 1, 2, and
3, respectively. Polydispersities (%) are defined as σi = δi /hii, where δi is the standard deviation of
the mean value hii.

Batch
L (µm)
1
8.1 (30.2%)
2
10.9 (31.7%)
3
14.0 (30.4%)

4.3

d
0.94
0.80
0.74

(µm)
(16.9%)
(19.7%)
(19.3%)

L/d
κ (µm−1 )
Ψ (◦ )
9.5 (25.9%) 0.25 (29.8%) 113.4 (12.7%)
14.3 (27.5%) 0.10 (29.5%) 148.3 (11.5%)
19.1 (26.7%) 0.07 (28.4%) 151.0 (8.5%)

Phase behaviour of curved SU-8 rods

We then consider a system of curved colloidal rods. By heating straight SU-8 rods, a shape
deformation can be induced that causes the rods to buckle into banana-shaped particles (see
Figure 4.5(a)-(c)). We study the effect of curvature on the phase behaviour of banana-shaped
particles by preparing concentrated samples of three differently-curved colloidal bananas, labelled batch 1, 2, and 3, respectively, and by imaging them using confocal microscopy. The
mean length, mean diameter and mean curvature of the three batches are listed in Table 4.1.
Inherent to the polydisperse nature of the initial SU-8 rods, the resulting colloidal bananas are
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Figure 4.6: Distributions of (a) lengths L, (b) diameters d, (c) curvatures κ and (d) effective bending
angles Ψ of the three considered batches 1, 2, and 3 of banana-shaped colloids, in blue, red, and green,
respectively. The distributions are obtained from the EM images exemplarily reported in Figure 4.5(d)(f). The lines are fits with a log-normal distribution. The averages and standard deviations of the
distributions are reported in Table 4.1.
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also polydisperse in length, diameter and curvature, with typical polydispersities of 30%, 20%,
and 30%, respectively. The distributions of the particle shape parameters obtained from the
EM images, exemplarily shown in Figure 4.5(d)-(f), are reported in Figure 4.6.
Whilst the three-dimensional samples are typically ∼ 50 µm thick, the system is imaged
relatively close to the bottom wall of the sample container, as this facilitates a quantitative
two-dimensional structural analysis at the particle level. In Figure 4.7, we present confocal
microscopy images of the structures formed by the three batches of colloidal bananas at different
packing fractions η. The most curved bananas (batch 1, κ = 0.25 µm−1 ) only display isotropic
phases (I) at all packing fractions, as shown in Figure 4.7(a). Although small smectic domains
are observed at high packing fractions, the combination of polydispersity and small opening
angles of these bananas suppresses the formation of any ordering at larger length scales. This
is corroborated by the flat distribution of polar orientation θ (see inset in Figure 4.7(a5)) of
the bananas, p(θ), in Figure 4.7(a5), and the lack of orientational correlations over space in
the overlays in Figure 4.7(a1)-(a4), where the bananas are coloured according to their polar
orientation. Note that due to the alignment of the bananas to the wall, the orientation of the
long axis is directly related to the polar orientation via a π/2 rotation.

Figure 4.7: Confocal microscopy images of colloidal bananas from batch (a) 1, (b) 2, and (c) 3,
with an average curvature of κ = 0.25 µm−1 , κ = 0.10 µm−1 , and κ = 0.07 µm−1 , respectively, and
packing fractions (a1-a4) η = 0.12, 0.26, 0.61 and 0.84, (b1-b4) η = 0.27, 0.63, 0.79 and 0.82, and (c1c4) η = 0.29, 0.60, 0.67 and 0.79, respectively. The top-right overlays on the images show the bananas
coloured according to their polar orientation as defined in panel (a5) and the legend in panel (a1).
Panels (a5)-(c5) show the polar angle distributions of the corresponding confocal microscopy images.
Scale bars are 10 µm.
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Figure 4.8: (a1) Center of mass positions of all the bananas, (a2) bananas coloured according to
the particle orientation as indicated by the white arrows, (a3) and density profile ρ(y) (blue line)
and nematic director field n̂(y) (white arrows) along the nematic director, n̂, of the system shown in
Figure 4.7(c3). Note that the y-axis is parallel to n̂. (b) Confocal microscopy images of the colloidal
bananas from batch 3, with curvature κ = 0.07 µm−1 , for packing fractions η = 0.6, 0.64, 0.67, 0.70
and 0.79 with ρ(y) and n̂(y) overlaid. (c) Modulation of the x- and y-components of the measured
nematic director field along n̂. The solid lines are fits according to the theoretical expression for n̂(y)
(see Eq. 4.1). (d) Pitch length (in units of the particle length L) and amplitude θ0 as a function of
the packing fraction. (e) Global nematic (NOP) and smectic (SmOP) parameters as a function of the
packing fraction. (f) 3D confocal microscopy image (70 × 70 × 15 µm3 ) of the splay-bend nematic
phase. Scale bars are 10 µm.
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The bananas of batch 2, with intermediate curvature κ = 0.10 µm−1 , also exhibit
isotropic ordering at low packing fractions
(Figure 4.7(b1)), but self-assemble into biaxial nematic and polar and antipolar smecticlike phases at higher packing fractions as
shown in Figure 4.7(b2)-(b4). The onset
of orientational ordering in the nematic and
smectic phases manifests itself as the emergence of peaks in p(θ) above η = 0.63, as
shown in Figure 4.7(b5).
The biaxial nature of this ordering is inherent to the orthogonality between the long
and polar axes of the bananas due to their
alignment to the wall. In particular, the biaxial nematic phase (Nb ) observed at η = 0.63
(Figure 4.7(b2)) is characterized by two peaks
in p(θ), which correspond to the two polar
orientations the bananas show in this phase.
At higher packing fractions, η = 0.79 (Figure 4.7(b3)), the emergence of smectic domains, with some local polar smectic ordering, is observed [194]. Note that the polydomain structure at this packing fraction results in a single broad peak in p(θ). Antipolar
smectic ordering is observed at η = 0.82 (Figure 4.7(b4)), which leads to a double peak in
p(θ) due to the neighbouring layers exhibiting
alternating polar orientation, as is also evident from the overlay in Figure 4.7(b4).
Even richer phase behaviour is observed
for the least curved bananas (κ = 0.07µm−1 )
of batch 3, as shown in Figure 4.7(c). As expected, the isotropic phase is observed at low
packing fractions. Upon increasing packing
fraction, the system starts to exhibit biaxial
nematic ordering (Figure 4.7(c2)-(c3)), as is
evident from the development of peaks in p(θ)
(Figure 4.7(c5)), and eventually forms layered
antipolar smectic structures at η = 0.79 (Figure 4.7(c4)). Most interestingly, however, the
biaxial nematic phase of bananas with this
curvature (Figure 4.7(c3)) clearly exhibits a
strong spatial modulation of the particle orientations, which is reminiscent of the elusive
biaxial splay-bend nematic phase.
To distinguish the splay-bend nematic
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Figure 4.9: (a) Snapshot of a splay-bend nematic phase from Monte Carlo (MC) simulations
of NHCS = 2048 polydisperse hard curved spherocylinders with the same particle shape distribution as colloidal bananas from batch 3 (see Figure 4.6). The same MC simulation methods as in
Chapter 3 have been applied. The orange parallelepiped shows, in perspective, the actual simulation box, whilst the rest of the snapshot is obtained
via periodic images. The phase is in remarkable
qualitative agreement with the experimental splaybend nematic phase in Figure 4.8(b4). Moreover, a
(b) fit of the nematic director field n̂(y) also yields
a remarkable quantitative comparison in terms of
pitch length p and conical angle θ0 .
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phase from the biaxial nematic and smectic phases, we measure the spatial modulation of
both the number density profile and the nematic director field along the nematic director, defined as the average particle orientation over all bananas. To this end, we determine the center
of mass positions and the particle orientations ûi (see inset Figure 4.8(a1)) of all the particles
as presented in Figure 4.8(a1) and Figure 4.8(a2), respectively, for the least curved bananas at
η = 0.67 shown in Figure 4.7(c3). From these, we extract the number density profile and the
nematic director field along the nematic director n̂, which are shown as the blue line and the
white arrows in Figure 4.8(a3), respectively. Note that the y−axis is defined to be parallel to
n̂. In Figure 4.8(b1)-(b5) we present these measurements for the five highest packing fractions
(η = 0.60 − 0.79) for the bananas from batch 3. Firstly, we observe that the number density
profiles are mostly flat, characteristic for nematic phases, except for the highest packing fraction (η = 0.79), where clear peaks develop due to the organisation of the bananas into smectic
layers. Consistently, the global smectic order parameter only increases at η = 0.79, as shown
in Figure 4.8(e), confirming the smectic nature of this phase. Secondly, we observe a clear
modulation of the nematic director field, n̂(y), for all five packing fractions as is evident from
the periodic fluctuations in the orientations of the white arrows in Figure 4.8(b1)-(b5).
A detailed characterisation of the measured n̂(y) is shown in Figure 4.8(c), where
the spatial modulations of its components
parallel (ny ) and perpendicular (nx ) to the
nematic director are shown for all five packing fractions. To unambiguously identify the
splay-bend nature of these phases, we fit the
measured nematic director field with the theoretical expression of Eq. 4.1. As shown in Figure 4.8(c), we find that our experimental data
for nx and ny are remarkably well described
by the expression for n̂(y) for all packing fractions in the range η = 0.60 − 0.79, confirming the splay-bend nature of the director field.
However, for η < 0.67, the amplitude θ0 and
pitch length p, obtained from these fits, increase with increasing η (see Figure 4.8(d)),
Figure 4.10: Experimental phase diagram for in contrast to what is expected for the splaybanana-shaped particles from batch (a) 1, (b) bend nematic phase, as shown in Chapter 3.
2, and (c) 3, with average curvatures of κ = Only for η ≥ 0.67, θ and p are directly pro0
0.25 µm−1 , κ = 0.10 µm−1 , and κ = 0.07 µm−1 , portional to each other and decrease with inrespectively.
creasing η (see Figure 4.8(d)), in agreement
with the computer simulations in Chapter 3,
suggesting that the splay-bend nematic phase forms at η ≥ 0.67. This is corroborated by the
decrease in the global nematic order parameter at η = 0.67, consistent with the onset of significant splay-bend modulations of the particle orientations, resulting in a decrease of the global
alignment of particles (see Figure 4.8(e)). It is thus clear that the least curved bananas of batch
3 undergo a transition from the biaxial nematic phase to the modulated splay-bend nematic
phase at η ≈ 0.67, before going into the smectic phase at η ' 0.79. We demonstrate the 3D
nature of the splay-bend nematic phase in Figure 4.8(f), where a 3D confocal microscopy image
shows the splay-bend deformations up to fifteen particle diameters into the bulk of our sample.
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Finally, in Figure 4.9 we report a splay-bend nematic phase from simulations of polydisperse
hard curved spherocylinders with the same particle shape distribution as the experimental
batch 3 (see Figure 4.6), which compares remarkably well, qualitatively and quantitatively,
with the experimental splay-bend nematic phase from Figure 4.8(b4). The remarkable comparison confirms that the phase behaviour of hard colloidal bananas can be largely attributed to
entropic interactions, yielding a cross-validation of experiments and Monte Carlo simulations
that strengthens the reliability of the unveiled physical behaviours.
From our experimental results the picture of the phase behaviour in Figure 4.10 emerges.
For the most curved bananas (κ = 0.25 µm−1 ) of batch 1 only the isotropic phase is observed,
for the bananas with intermediate curvature (κ = 0.10 µm−1 ) of batch 2 a phase sequence
of I-Nb -Sm is found and the least curved bananas (κ = 0.07 µm−1 ) from batch 3 exhibit a
I-Nb -NSB -Sm phase sequence as a function of the packing fraction.

4.4

Conclusions

In this chapter, we studied the experimental phase behaviour of bent and curved colloidal particles in sedimentation. The revealed phase diagrams are largely consistent with the computer
simulations of Chapter 3, confirming that both polydispersity in the particle length distribution
and/or curvature in the particle shape open pathways towards the stabilisation of modulated
splay-bend nematic phases, thereby yielding the first evidences of stable NSB phases more than
40 years later than their theoretical prediction in 1976.
However, the experimental phase sequences of both bent and curved colloidal rods (I-N NSB -Sm) lack a twist-bend nematic phase, which we predicted to occur between the nematic
and the splay-bend nematic phases in Chapter 3. We attribute the absence of the NT B phase
in our experimental systems to the effect of gravity and the presence of flat bottom walls in
the sample cells. Although a twist-bend nematic phase can be found in sediments with a hard
wall at the bottom, as we will clearly see from simulations in Chapter 5, a strong enough
external field may transform the NT B phase into a NSB phase in the case the nematic director
is perpendicular to the external field [193]. In addition, the presence of a flat wall favours
biaxial order, and hence the NSB rather than the NT B phase may form close to the wall.
The direct observation of the colloidal analogue of the NT B phase therefore still remains
an exciting experimental challenge, which we believe could be achieved with the experimental
systems studied in this Chapter by a careful adjustment of the gravitational field and the
volume fraction in the samples.
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5
A novel density-modulated
twist-splay-bend phase of
banana-shaped particles revealed by a
simple mean-field theory and
simulations
In Chapters 3 and 4 we demonstrated, both in computer simulations and experiments, that
systems of curved rods can stabilise both the chiral twist-bend nematic phase, characterised by
a heliconical twist of the particle orientations, and the biaxial splay-bend nematic phase, which
exhibits alternating domains of splay and bend of the nematic director field. In this Chapter we
introduce a generic novel liquid crystal phase with both splay, twist, and bend deformations,
and exploit its generality as a variational ansatz to build a generalised Maier-Saupe-like theory
for modulated nematic phases. By employing this theory we determine the phase behaviour
of curved rods, showing that the twist-bend phase transforms via the novel twist-splay-bend
phase into a splay-bend phase by flattening the heliconical structure. We confirm these results
by extensive simulations, in bulk and in sedimentation due to gravity. By introducing the
concept of pseudomanifolds, we show that the splay deformations are inherently accompanied
by density modulations, thereby justifying the smectic-like nature of the NSB phase of hard
curved spherocylinders in Chapter 3, and that the spatial modulations in twist- and splay-bend
nematic phases originate from the particle curvature.

Based on: M. Chiappini and M. Dijkstra, A novel density-modulated twist-splay-bend phase of banana-shaped
particles, manuscript submitted
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Introduction

The simplest and most common liquid crystal phase is the nematic phase, which is also
the most relevant one for opto-electronic applications. The uniaxial nematic (N ) phase
consists of anisotropic particles that lack positional order but display orientational order as
the particles are preferentially aligned along
a so-called nematic director n̂. More exotic
and fascinating states of matter can be conjectured if the nematic director is allowed to
vary in space, i.e. the average orientation of
a particle at position r is defined by a nematic director field n̂(r). A remarkable and
well-known example is the chiral nematic or
cholesteric (N ∗ ) phase, characterised by a nematic director that rotates around a chiral director with a cholesteric pitch length p.
Another fascinating example is the twistbend nematic (NT B ) phase, recently discovered in experiments on bent-core mesogens Figure 5.1: Spatial modulations of the parti[12,154–163,195]. The NT B phase was already cle orientations in (a) a chiral twist-bend nematic
predicted by Meyer in 1976 [13], and by Dozov (NT B ) phase and (b) an achiral biaxial splay-bend
in 2001 [15] for banana-shaped particles, that nematic (NSB ) phase.
favour spontaneous bend deformations in the
nematic director field. As a pure bend deformation cannot uniformly fill the three-dimensional
space, local bend deformations have to be accompanied by either a spontaneous twist, yielding
an NT B phase, or by splay distortions, resulting into an oscillating splay-bend nematic (NSB )
phase, see Figure 5.1. The NT B phase is characterised by a nematic director field that precesses
around a right circular cone with a surprisingly small pitch p and a conical angle 0 < θ0 < π/2.
Hence, the NT B phase is a chiral phase with local polar order and a uniform bend deformation.
Because of the achirality of bent-core mesogens, the precession of the nematic director of the
NT B phase can be left- or right-handed. On the other hand, the nematic director field of the
NSB phase precesses over a flat isosceles triangle with maximum angle θ0 , thereby preserving
the chiral symmetry and oscillating between non-uniform bend and splay domains.
Many fundamental questions regarding the NT B phase are still open despite numerous theoretical and experimental investigations. Even the most basic question regarding the origin
of the bend deformations and the consequent chiral symmetry breaking in systems of achiral
bent-shaped particles is still unresolved.
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Figure 5.2: Precession cone (top panel) and orthogonal projection of the nematic director field
n̂T SB (z|θa , θb , q) (bottom panel) of several limiting cases of the twist-splay-bend nematic (NT SB )
phase: (a) the uniaxial nematic (N ) phase with θa = θb = 0, (b) the splay-bend nematic (NSB ) phase
with θb = 0, (c) the NT SB phase with θa 6= θb , (d) the twist-bend (NT B ) phase with θa = θb , and (e)
the cholesteric (N ∗ ) phase with θa = θb = π/2.

While Meyer invoked that bend deformations
originate from the spontaneous polar ordering of the particles due to either the molecular shape or the electrostatic polarisation via
the so-called flexoelectric effect [13], as already discussed in Chapter 1, Dozov ignored
the possibility of spontaneous polar order and
explained the bend distortions by a negative
bend elastic constant [15]. In addition, the
relationship between the macroscopic structure of the NT B phase and the microscopic
details of the constituent molecules is still
not well understood. It is found experimentally that the observation of the NT B phase
Figure 5.3: Mean squared difference MSE bedepends sensitively on the molecular details.
tween our expression n̂T SB (z|θ0 , 0, q) and Dozov’s
Flexible bent-core molecules linked with an expression n̂ (z) in Ref. [15] over a full pitch
SB
odd number of hydrocarbon atoms display length p as a function of conical angle θ0 .
NT B phases, but not the ones with an evennumbered linkage [196]. In addition, flexibility also plays an important role in the stabilisation of NT B phases as most rigid bent-core molecules form smectic (Sm) phases instead of
nematic phases. Moreover, the prediction of the surprisingly short pitch length and the nontrivial tilt angle of the helicoidal nematic director field on the basis of the microscopic details
of the particles is also of urgent interest for the design of optoelectronic materials.
In Chapter 3 we showed that systems of banana-shaped colloidal particles can stabilise the
long-sought NSB phase, as experimentally confirmed in Chapter 4. However, it is unclear what
the physical mechanism is behind the NSB phase and how a system transforms from an NT B
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Figure 5.4: Comparison of the x-, y-, and z-components of our expression for the nematic director
field n̂T SB (z|θ0 , 0, q) (full lines) and Dozov’s expression n̂SB (z) [15] (dashed lines) of an NSB phase
as a function of z over a full pitch length p for conical angle (a) θ0 = 0.5, (b) 0.7 (b), and (c) 0.9.
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to an NSB phase. In this Chapter, we conjecture that the transition from the NT B to the NSB
phase may proceed via an intermediate phase, which we term the twist-splay-bend nematic
(NT SB ) phase, that displays spatial modulations of both twist, splay, and bend. In this picture,
twist deformations in the NT B phase are gradually replaced by splay deformations, eventually
resulting into an NSB phase with pure splay and bend deformations. Furthermore, the presence
of long-ranged density modulations questions the nematic nature of the NSB phase presented
in Chapter 3. A transition from an NT B phase to an unidentified density-modulated phase was
also observed experimentally [197].
To shed light on the microscopic origin of the spatially modulated nematic phases and to
better understand the transformation from the NT B to an NSB phase via a possible NT SB phase,
we develop a simple Maier-Saupe-like mean-field theory that takes into account not only the
particle shape and interactions, but also the spatial modulations of the nematic director and
density fields in a variational fashion. We map out a phase diagram of curved spherocylinders
which displays stable NT B , twist-splay-bend, and splay-bend phases, and test the predictions
against simulations. We show that the twist-splay-bend and splay-bend phases present periodic
density modulations due to non-uniform deformations in the director field. Finally, we derive a
simple relation between the microscopic particle properties and the macroscopic details of the
NT B phase.

5.2

The twist-splay-bend nematic (NT SB ) phase

How does a system transforms into an NSB phase? Does the transition proceed via a firstorder or a second-order phase transition from the N or NT B phases? In this Chapter, we
conjecture that the transition to the NSB phase proceeds via a continuous transformation
from the NT B phase, in which twist deformations are gradually replaced by splay deformations
of the nematic director field. A similar scenario was recently predicted in a study on the
response of an NT B phase to an external field [198, 199], which undergoes a structural change
via an elliptical analogue of the NT B phase to an NSB phase upon increasing the field strength.
This intermediate twist-splay-bend nematic phase is characterised by a nematic director that
precesses around an elliptical cone with conical angles θa and θb (see Figure 5.2). Given the
normalisation constraint kn̂T SB (z|θa , θb , q)k = 1, one can easily derive the nematic director
field n̂T SB (z|θa , θb , q) of a generic NT SB phase with conical angles θa and θb , wavenumber q,
and helical axis along the z−direction, i.e.
n̂T SB (z|θa , θb , q) = sin(θb ) cos(qz)êx
+ sin(θa ) sin(qz)êy
q

(5.1)

+ 1 − sin (θb ) cos2 (qz) − sin (θa ) sin (qz)êz .
2

2

2

We note that the NT SB phase reduces to an NT B phase with a circular precession cone
when θa = θb = θ0 , whereas for θa = θb = π/2 the circular cone reduces to a flat circle resulting
into an N ∗ phase as the precession of the nematic director reduces to a simple twist around
the phase director. If either θa or θb vanishes, the elliptical cone collapses onto a flat isosceles
triangle and an NSB phase is obtained. Finally, for θa = θb = 0 the cone becomes a simple line,
and the NT SB simply reduces to a uniaxial N phase. Hence, all the above-mentioned nematic
phases are limiting cases of the NT SB phase, see Figure 5.2.
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Figure 5.5: Splay, twist, and bend deformations from Eq. 5.2 (top panel) and curvature of the
pseudomanifold (bottom panel) in the (a) NT B , (b) NT SB , and (c) NSB phases.

A novel density-modulated twist-splay-bend phase of banana-shaped
particles revealed by a simple mean-field theory and simulations

71

Note that the nematic director field obtained from Eq. 5.1 for, e.g., θa = θ0 and θb =
0 reads n̂T SB (z|θ0 , 0, q) = sin(θ0 ) sin(qz) êy +
q
1 − sin2 (θ0 ) sin2 (qz) êz , which differs from
the expression n̂SB (z) = sin(θ0 sin(qz)) êy +
cos(θ0 sin(qz)) êz given by Dozov [15]. However, for small conical angles the two expressions for the nematic director fields are indistinguishable. To illustrate this, we first
consider the y-component of n̂T SB (z|θ0 , 0, q),
i.e. sin(θ0 ) sin(qz). In the small angle approximation sin θ0 ≈ θ0 , and sin(θ0 ) sin(qz) ≈
θ0 sin(qz), which is smaller or equal than
θ0 since | sin(qz)| ≤ 1. Hence, for small
conical angles θ0 sin(qz) ≈ sin(θ0 sin(qz)),
hence recovering Dozov’s expression for the
y-component. The derivation for the zcomponent is now straightforward. Using
sin θ0 sin(qz) ≈ sin(θq0 sin(qz)) for small con- Figure 5.6: A hard curved spherocylinder consisting of a cylinder of length L and diameter d capped
ical angles, we find 1 − sin2 (θ0 ) sin2 (qz)) ≈
q

at both ends with a hemisphere of diameter d and
bent with a radius of curvature R corresponding
to an opening angle Ψ = L/R. In our generalised
Maier-Saupe theory, this particle is modelled as a
rigid chain of M segments with centre-of-mass positions ri and orientations ûi tangent to the particle
profile for i ∈ 1, · · · , M as sketched in purple.

1 − sin (θ0 sin(qz)) ≈ cos(θ0 sin(qz)), thus
recovering Dozov’s expression for the zcomponent. In Figure 5.3 we show the mean
square difference MSE between our and Dozov’s expression for the nematic director field
of a NSB phase as a function of conical angle θ0 , showing that although the difference
increases with θ0 the difference remains small
for all θ0 ∈ [0, π/2], i.e. MSE < 5 × 10−3 . In Figure 5.4 we show explicitly a comparison
of the two expressions of the nematic director field over a full pitch length for conical angle
θ0 = 0.5, 0.7, and 0.9.
Moreover, as thoroughly discussed in Chapter 1, deformations of splay, twist and bend of
the nematic director field n̂(r) are given by
2

s = (∇ · n̂)2
(5.2)

t = (n̂ · (∇ × n̂))2
b = (n̂ × (∇ × n̂))

2

In Figure 5.5 (top panels) we report the splay, twist and bend deformations of the nematic
director field of exemplary twist-bend nematic NT B , twist-splay-bend nematic NT SB , and splaybend nematic NSB phases, calculated via Eq. 5.2. The NT B phase is characterised by a zero
splay and by uniform twist and bend deformations which are constant over the whole pitch
length. On the other hand, the NSB phase has zero twist, but displays periodically alternating
domains of splay and bend deformations. The NT SB phase is intermediate between the NT B
and NSB phase with properties of both, and is characterised by a uniform twist, and by periodic
splay and bend deformations.
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5.3

A variational mean-field theory for spatially modulated liquid crystal phases

We generalise a recent Maier-Saupe theory for thermotropic bent-core mesogens [122] to determine the phase behaviour of curved spherocylinders with diameter d, length L, and radius
of curvature R corresponding to a central angle Ψ = L/R (Figure 5.6). We describe a curved
spherocylinder with centre-of-mass position R = (X, Y, Z) and orientation Ω = (α, β, γ) as
a rigid chain of M segments of length L/M . We find that M = 10 segments is sufficient to
account for the particle shape for the range of Ψ that we considered. Each segment i, with
centre-of-mass position ri and orientation ûi , is assumed to align preferentially along the local
nematic director n̂(ri ) via an effective mean-field potential βU (R, Ω). In addition, we employ McMillan’s extension [200] to account for possible density modulations along the (global)
nematic director. The resulting effective mean-field potential reads
2πZ
β
S + ατ cos
βU (R, Ω) = −
M
λ






×

M
X

!

P2 (ûi · n̂(ri )) ,

(5.3)

i=1

where β is a dimensionless constant that quantifies the alignment strength, P2 (x) = (3x2 −1)/2
is the second-order Legendre polynomial, β = 1/kB T is the inverse temperature with kB the
Boltzmann’s constant, λ is the periodicity of the density modulations, and α is a tunable
parameter determining the tendency of the system to form density modulations. Furthermore,
S and τ are the local nematic and the smectic order parameters, respectively
*

S=



M
M
2πZ
1 X
1 X
P2 (ûi · n̂(ri )) , and τ = cos
P2 (ûi · n̂(ri ))
M i=1
λ
M i=1

where h· · · i =
tion function

+

R

*

!+

,

(5.4)

dRdΩf (R, Ω) · · · denotes the ensemble average with the probability distribu-

1
exp (−βU (R, Ω))
Q
for the position and orientation of a curved spherocylinder and
f (R, Ω) =

(5.5)

Z

(5.6)

Q=

dRdΩ exp (−βU (R, Ω))

is the partition function.
As a variational ansatz for n̂(r) we employ the nematic director field n̂T SB (z|θa , θb , q) of a
generic NT SB phase with conical angle θa and θb , wavenumber q, and the helical axis along the
z−direction, as from Eq. 5.1.
As βU (R, Ω) only depends on the Z-component of R with period p, we restrict all integrations over R to integrations over Z ∈ [0, p]. The onset of orientational and/or positional order
corresponds to a change of entropy per particle
Z
∆S
16π 3
1
16π 3
= −kB dZdΩ f (Z, Ω) log
f (Z, Ω) = hU (Z, Ω)i − kB log
,
N
q
T
qQ
!

!

(5.7)

and to a change of energy per particle
∆U
1
= hU (Z, Ω)i.
N
2

(5.8)
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Using Eq. 5.4 we obtain the change of free energy per particle relative to the isotropic state
β∆F
β∆U
∆S
S 2 + ατ 2
=
−
= β
N
N
kB N
2

!

qQ
− log
.
16π 3




(5.9)

Minimizing ∆F with respect to S, τ , λ, and the variational parameters θa , θb , and q of the
nematic director field n̂T SB (z|θa , θb , q) yields the equilibrium phase at temperature kB T /. We
note that since the nematic director n̂T SB (z|θa , θb , q) already imposes a periodicity with pitch
length p = 2π/q in the system, p must be a multiple of the periodicity λ of the density
modulations, i.e. p = nλ with n ∈ N. As the numerical minimisation of ∆F always yields noninteger values of n close to 2 in spatially modulated phases, we impose n = 2 in all considered
cases.
From a numerical point of view, calculating the free energy difference per particle β∆F/N
is trivial except for the partition function Q, i.e. an integral of the form
I=

Z

dΩ

Z p
0

dZ f (Z, Ω) =

Z 2π
0

dα

Z 1
−1

d(cos β)

Z 2π
0

dγ

Z p
0

dZ f (Z, Ω),

(5.10)

with f (Z, Ω) = exp (−βU (Z, Ω)) is a periodic function in Z with period p. To evaluate the
integrals of the form 5.10, we first transform the original space of integration to a 4-dimensional
hypercube [−1, 1]4 using the transformation

α = π(ξ + 1)






 cos β = η

γ = π(µ + 1)





p

Z = (ψ + 1)

,

(5.11)

2

with Jacobian |J| = pπ 2 /2. The integral in Eq. 5.10 becomes
I=

Z 1
−1

dξ

Z 1
−1

dη

Z 1
−1

dµ

Z 1
−1

dψ

pπ 2
f (Z(ψ), Ω(ξ, η, µ)),
2

(5.12)

which we solve using an N -points Gauss-Legendre quadrature. If {ξi }, {ηi }, {µi }, and {ψi } are
the N node points in [−1, 1], i.e. the N roots of the N -th Legendre polynomial, and {wξ,i },
{wη,i }, {wµ,i }, and {wψ,i } are the associated weights, we can approximate the integral I of
Eq. 5.12 by
N X
N X
N X
N
X
pπ 2
f (Z(ψl ), Ω(ξi , ηj , µk )).
(5.13)
I≈
wξ,i wη,j wµ,k wψ,l
2
i=1 j=1 k=1 l=1
Using the approximation of Eq. 5.13 and f (Z(ψ), Ω(ξ, η, µ)) = exp (−βU (Z(ψ), Ω(ξ, η, µ))), we
evaluate the partition function in Eq. 5.9 using an N = 32 points Gauss-Legendre integration.
Once Q is calculated, we minimise β∆F/N at given β in the 6-dimensional space of parameters
S, τ , nl , θa , θb and q = 2π/p by means of a Covariance Matrix Adaptation Evolution Strategy
(CMA-ES) using the Python library at https://pypi.org/project/cma/.
In Figure 5.7(a) we show the resulting phase diagram from Maier-Saupe theory for a system
of curved spherocylinders as a function of Ψ and inverse temperature β, where we set α = 0.05.
At low curvature, i.e. small Ψ, the isotropic I phase transforms into a uniaxial N phase and
subsequently into an NT B phase upon increasing β. However, the stability range of the N
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Figure 5.7: Phase behaviour of hard curved spherocylinders as (a) predicted by theory, as a function
of inverse temperature β and particle curvature Ψ, and (b) obtained from simulations, as a function
of packing fraction η and Ψ. Both phase diagrams exhibit an isotropic (I) phase at low β and
η, respectively. For small particle curvatures Ψ the isotropic (I) phase transitions into an uniaxial
nematic (N ) phase upon increasing β or η. The stability range of the N phase decreases with Ψ
and disappears at Ψ & 1.2. Upon increasing β or η further, the twist-bend nematic (NT B ) phase
transforms into a twist-splay-bend (T SB) phase, and eventually into a splay-bend (T B) phase. The
splay deformations in the nematic director field are accompanied by density modulations.

phase shrinks with increasing particle curvature, eventually disappearing at Ψ & 1.2, showing
that the deformations of the nematic director field become more pronounced with increasing
particle curvature Ψ until the I-N phase transition is replaced by a direct I-NT B transition, as
already found in the computer simulations of Chapter 3.
Remarkably, our generalised Maier-Saupe theory predicts that upon increasing β further
the nematic director field exhibits not only twist and bend modulations but also splay deformations, resulting in a twist-splay-bend phase. Upon lowering the temperature further, the twist
deformations are gradually replaced by splay deformations, eventually yielding a splay-bend
phase at sufficiently high β. Moreover, we find two distinct regions of splay-bend phases, one
at low particle curvature and one at high curvature, the latter transforming into a re-entrant
twist-splay-bend phase with increasing β. Surprisingly, our theory predicts that the onset of
splay deformations is accompanied by density modulations. We therefore refer to these phases
as twist-bend-splay (T SB) and splay-bend (SB) phases rather than NT SB and NSB phases, but
we could also have named them smectic phases. This key finding of our study is also supported
by the observation that in the case of α = 0, i.e. without McMillan’s extension to describe
density modulations, the phase diagram displays only stable I, N , and NT B phases. The NSB
is thus unstable in the case of a homogeneous density field. Furthermore, we find that varying
the value of α > 0 results only in a temperature shift of the transition from NT B to the T SB
and SB phase, whereas the amplitude of the density modulations remains unaffected. This
confirms that splay deformations of the nematic director field are inherently associated with
the appearance of density modulations.
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Figure 5.8: Twist-bend, twist-splay-bend and splay-bend phases of hard curved spherocylinders of
length L/d = 19 and radius of curvature R/d = 14.5: (a) NT B phase at packing fraction η = 0.367,
with conical angles θa ∼ θb ∼ 0.83; (a) T SB phase at packing fraction η = 0.383, with conical angles
θa ∼ 0.87 and θb ∼ 0.51; (a) SB phase at packing fraction η = 0.406, with conical angles θa ∼ 0.76
and θb ∼ 0.
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Monte Carlo simulations of hard curved spherocylinders in bulk and sedimentation

To test our Maier-Saupe theory predictions we study the bulk phase behaviour of hard curved
spherocylinders with L/d = 19 and varying particle curvature Ψ using N P T -MC simulations,
i.e. the number of particles N , pressure P and temperature T are fixed. We use the same
bead model for hard curved spherocylinders as in Chapter 3, and we also apply the cell lists
method. We employ an orthorhombic simulation box of sides Lx , Ly , and Lz and apply periodic
boundary conditions. We perform a sequence of MC cycles consisting of N +1 MC moves. Each
MC move consists of a particle move with probability ∼ N/(N + 1), and a volume move with
probability ∼ 1/(N + 1). In a particle move, a random roto-translation of a randomly picked
particle is proposed and accepted if it does not generate overlaps with other particles. In a
volume move, a random variation of a random side of the simulation box is proposed, and the
system is compressed or expanded accordingly. If the compression/expansion does not generate
overlaps between the particles, the move is accepted with a probability


V0
acc(V → V 0 ) = min 1,
V



!N

e−βP ∆V  ,

(5.14)

where ∆V = V 0 −V denotes the change in volume. We perform simulations on a system of N =
2048 hard curved spherocylinders, and initialise all simulations from a nematic configuration.
We measure a wide set of observables during the simulation, like density, uniaxial nematic order
parameters, smectic order parameters, etc. When the system reaches equilibrium as monitored
from the observables, we characterise the system’s configuration. We find that 108 MC cycles
are typically sufficient for equilibration.
The resulting phase diagram is shown in Figure 5.7(b) as a function of Ψ and packing
fraction η. The phase behaviour of this athermal lyotropic system is driven by η, which plays a
similar role as the inverse temperature β in our Maier-Saupe theory for thermotropic systems.
Using this analogy, the comparison of the topologies of the theoretical and the computational
phase diagrams is remarkable. Our simulations confirm the I-N -NT B phase sequence at low
particle curvature that transforms into an T SB and SB phase upon increasing η, as well
as a direct I-NT B transition at high particle curvature transforming into an T SB and SB
phase with increasing density. Moreover, our simulations reveal that the splay modulations
are accompanied by density modulations in agreement with our predictions from Maier-Saupe
theory. In Figure 5.8 we report snapshots of the NT B , T SB, and SB phases of hard curved
spherocylinders of length L/d = 19 and radius of curvature R/d = 14.5. Details on the packing
fraction and conical angles of the shown states are reported in the figure caption.
Following Ref. [201], we compare the thermotropic and lyotropic phase diagrams by mapping
them as a function of the global nematic order parameter Sg . In particular, the global nematic
order parameter Sg in a thermotropic nematic phase has the following power law behaviour
Sg (β) = 1 − αth

βIN
β

!!γth

,

(5.15)

where βIN is the bulk temperature at the isotropic-nematic (I − N ) phase transition. Analogously, Sg in a lyotropic nematic phase follows the power law
Sg (η) = 1 − αsim

ηIN
η

!!γsim

,

(5.16)
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Figure 5.9: The global nematic order parameter Sg as a function of βIN /β from theory (a), and as
a function of ηIN /η from simulations (b). The fits using Eqs. 5.15 and 5.16, respectively, are denoted
by the pink lines, yielding the values αth = 0.98 and γth = 0.22, and αsim = 1.03 and γsim = 0.14.

where ηIN is the packing fraction at the I − N phase transition. To map the two phase
diagrams, we proceed as follows. For each opening angle Ψ that we considered in theory (or
simulations), we determine the inverse temperature βIN (Ψ) (or packing fraction ηIN (Ψ)) at
the bulk I-N /NT B phase transition. We then measure the global nematic order parameter Sg
as a function of βIN (Ψ)/β(Ψ) (or ηIN (Ψ)/η(Ψ)) for every opening angle Ψ. We then collect
all the data for Sg (βIN /β) (or Sg (ηIN /η)) in Figure 5.9 thereby ignoring the Ψ-dependence,
and fit the data with Eq. 5.15 (or Eq. 5.16), which enables us to obtain an estimate of αth
and γth (or αsim and γsim ). In Figure 5.10 we compare the phase diagrams from theory and
simulations as a function of the global nematic order parameter Sg using Eqs. 5.15 and 5.16
with αth = 0.98, γth = 0.22, αsim = 1.03, γsim = 0.14 obtained from the fits in Figure 5.9, and
with βIN (Ψ), and ηIN (Ψ), showing a remarkable agreement between theory and simulations.
We note that the isotropic state does not appear in this representation, as Sg of Eqs. 5.15
and 5.16 is not defined for β < βIN and η < ηIN , respectively.
In Figure 5.11 we compare the global nematic order parameter Sg , smectic order parameter
τ , ellipticity θb /θa , conical angle θa , and pitch length p for systems of curved spherocylinders
for three representative opening angles Ψ as predicted by our Maier-Saupe theory as a function
of inverse temperature β and as obtained from simulations as a function of packing fraction
η. Despite the thoroughly discussed temperature/density ambiguity, the comparison between
theory and simulations is remarkable. We clearly find that at low β (or η) the systems display
an isotropic phase with Sg = 0 and τ = 0. Upon increasing β (or η), we find a transition
to a uniaxial nematic N phase with Sg > 0 and τ = 0 for opening angle Ψ = 0.71 and 0.83
which transforms into an NT B phase with e ' 1, and θa > 0 at higher β (or η), whereas the
isotropic phase transforms into an NT B phase for Ψ = 1.54 (1.47) with Sg > 0, τ = 0, e ' 1,
and θa > 0. For even higher β (or η), the NT B phase transforms into a T SB phase with a
decreasing e and increasing τ upon increasing β (or η) until a transition occurs to e = 0 and
θa > 0 corresponding to a SB phase. The only significant discrepancy lies in the fact that in
simulations, the pitch length p and θa in the SB phase is always relatively small, whereas the
Maier-Saupe theory shows a T SB-SB phase transition with an abrupt change to the maximum
possible conical angle θa ' π/2 and a relatively large pitch p along with θb = 0, and only at
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Figure 5.10: Phase diagrams from theory (a) and simulations (b) as a function of the global nematic
order parameter Sg as calculated from Eqs. 5.15 and 5.16, with αth = 0.98, γth = 0.22, αsim = 1.03
and γsim = 0.14 obtained from the fits in Figure 5.9 along with βIN (Ψ) and ηIN (Ψ) obtained from
the Maier-Saupe theory and simulations.

sufficiently high β a transition to a SB state with values of θa and p similar to the simulation
results occurs (see for example Figure 5.11(e)). We remark here that the absence of an SB phase
with a conical angle θa ' π/2 and a relatively large pitch p may be caused by the finite size of
the simulation box and the periodic boundary conditions. We find that the compression of N
and NT B states in relatively small simulation boxes always results into SB phases with small
pitch p and conical angle θa as shown in Figure 5.12(b), supposedly to preserve continuity in
the pitch length and conical angle. However, if we perform simulations of a much larger system
initialised in a SB phase with a conical angle θa = π/2, the system remains mechanically stable
over a wide range of pressures as shown in Figure 5.12(a). Compression runs from an N or
NT B phase using larger simulation boxes are beyond the limits of our computational resources,
and hence we cannot conclude which one of the two SB phase is more stable. However, the
Maier-Saupe theory shows that the free energies of the two SB phases are very similar, but
the SB phase with θa ' π/2 is slightly more stable. Finally, we remark that the smectic layer
spacing λ = p/2 varies as λ/L ∈ [0.32, 4.16], and perhaps the unidentified SmX phase with a
smectic layer spacing of λ ' 0.5L is actually a T SB or SB phase [197].
Finally, we perform simulations on a system of hard curved spherocylinders with L/d = 19
and Ψ = 0.99 under gravity with a gravitational length lg = kB T /mg = 7.5d parallel to ẑ with
a hard wall at the bottom at z = 0, m denoting the buoyancy mass of the rods and g the
gravitational acceleration. We perform Monte Carlo simulations in an N V T ensemble, i.e. we
fix the number of particles N = 8192, volume V and temperature T . We implement the hard
wall at the bottom at z = 0 and apply periodic boundary conditions in the x− and y−direction.
Each MC cycle consists of N attempts to displace a randomly selected particle. If a particle
displacement leads to an overlap with one of the particles or with the hard wall, the move is
rejected, otherwise it is accepted with a probability
acc(z → z 0 ) = min(1, e−β∆Ug ),

(5.17)
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Figure 5.11: Comparison of the global nematic order parameter Sg , smectic order parameter τ ,
ellipticity θb /θa , conical angle θa , and pitch length p for a system of curved spherocylinders with
opening angles Ψ as labeled as obtained from the Maier-Saupe theory (left) and simulations (right),
as a function of inverse temperature β and packing fraction η, respectively.

with ∆Ug = (z 0 − z)/lg the change in potential energy due to gravity, z and z 0 the old and new
z-coordinate of the displaced particle. The resulting configuration, presented in Figure 5.13(a),
shows the full I-N -NT B -T SB-SB phase sequence in a single system. In particular, we observe
a continuous transition from an NT B phase with a director field precessing on a circular cone at
the top of the sediment, via a T SB phase where the precession cone becomes elliptic, towards
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Figure 5.12: (a) Typical configuration from MC simulations of an SB state with conical angle
θa ∼ π/2 of hard curved spherocylinders of length L/d = 19 and opening angle Ψ = 1.05 at packing
fraction η = 0.41. Our Maier-Saupe theory commonly predicts this kind of SB state, characterised by
full splay/bend swipes, which indeed proves to be mechanically stable in MC simulations. However,
compression runs from an N and NT B states of hard cuved spherocylinders with L/d = 19 and opening
angle Φ = 1.03 in relatively small simulation boxes result into a SB phase with a small pitch p and
conical angle θa as shown in (b), supposedly to preserve continuity in the pitch length and conical
angle.

a SB phase where the elliptical cone reduces to a flat triangle at the bottom of the sample.
Hence, the transition from the NT B to the SB phase occurs via a continuous flattening of the
precession cone of the nematic director field from a right circular cone to an isosceles triangle
via a continuous range of elliptical precession cones corresponding to a range of T SB phases.
A similar scenario was predicted recently in a theoretical study on an NT B phase in an electric
field [198]. In Figure 5.14 we compare the equation of state obtained by integrating the density
profile of the sediment with the equation of state obtained from bulk simulations, and find
excellent agreement.

5.5

Rationalising modulated liquid crystal phases in terms
of pseudomanifolds

Our microscopic theory is solely based on the tendency of particles to align their particle shape
to the local nematic director field n̂(r). To rationalise its findings and, consequently, the
relationship between the microscopic particle details and the macroscopic modulations in the
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Figure 5.13: (a) Typical configuration from a simulation on a system of hard curved spherocylinders
with an aspect ratio L/d = 19 and central angle Ψ = 0.99 in a gravitational field along −ẑ with a
gravitational length lg = 7.5d and a hard wall at z = 0. The phase sequence I-N -NT B -T SB-SB
is observed from the top to the bottom in the sediment. (b) The x-, y-, and z-components of the
nematic director field n̂(y) = (nx (y), ny (y), nz (y)) in subsequent slabs of the system of thickness 5d,
showing a continuous transition from SB deformations to T B deformations with increasing altitude
z, corresponding to lower pressure and density. The measured values of the nematic director field are
denoted by points, whereas the lines denote a fit of the simulation data using Eq. 5.1. The precession
cones correspond to the fits of the nematic director field, showing a continuous transition from an
NT B phase with a director field precessing around a circular cone at the top of the sediment, via a
T SB phase where the precession cone becomes elliptic, towards a SB phase where the elliptical cone
reduces to a flat triangle at the bottom of the sample.
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Figure 5.14: Comparison of the equations of state of hard curved spherocylinders of aspect ratio
L/d = 19 and opening angle Ψ = 0.99 as obtained from bulk simulations and from integrating the
density profile of a system subject to gravity with a gravitational length lg = 7.5d.

nematic director field, we can hence exploit the concept of pseudomanifolds Φ, i.e. manifolds
to which the nematic director n̂(z) is tangent at any r(z) ∈ Φ, such that r0 (z) = ν n̂(z) with
ν a proportionality constant that imposes the periodicity of the pseudomanifold, as we will see
below. We thus find
Z z
r(z) = r(z0 ) +
dz 0 νn̂(z 0 ),
(5.18)
z0

where the integration constant r(z0 ) = (x0 , y0 , z0 ) corresponds to the starting point of a pseudomanifold, such that a T SB phase actually yields an infinite collection of pseudomanifolds,
all identical except for a translation in x and y.
For a generic T SB phase the integral in Eq. 5.18 cannot be evaluated analytically. However,
the tendency of particles to align their profiles to a pseudomanifold at low temperatures or
high densities corresponds to a tendency to match their particle curvature with the curvature
of the pseudomanifold. Given a point r(z) ∈ Φ with tangent r0 (z) = ν n̂(z) of constant norm
kr0 (z)k = ν, we can re-parametrise it by its arc length as r(s) = r(s = νz). In this reparametrisation the tangent to the pseudomanifold r0 (s) = (∂r(z)/∂z)z 0 (s) = n̂(s) has unit
norm, and we can calculate the curvature of the pseudomanifold as κ(s) = kn̂0 (s)k. Going back
to the original parametrisation, we obtain κ(z) = kn̂0 (z)k/ν. For a generic T SB phase, this
formula yields the curvature
v
u

q u sin2 (θa ) − 2 sin2 (θa ) sin2 (θb ) + sin2 (θb ) + (sin2 (θa ) − sin2 (θb )) cos(2qz)
. (5.19)
κT SB (z) = t
ν
2(1 − sin2 (θa ) sin2 (qz) − sin2 (θb ) cos2 (qz))
In the presence of splay deformations, i.e. θa 6= θb , κ(z) is a non-trivial periodic function of
z. In Figure 5.15, we show the curvature κSB (z) of the pseudomanifolds of varying SB phases
with θa = θ0 and θb = 0 from theory and simulations, along with their density profiles ρ(z),
measuring the probability of finding a particle at z. The periodicity of κSB (z) agrees well
with that of log ρ(z), i.e. minus the effective mean-field potential felt by the particles. If the
curvature of the manifold matches that of the particles, the particles can optimally align their
shape to the local nematic director field, resulting into a lower potential energy or higher free
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volume and thus a higher local density in ρ(z), whereas geometric frustration arises when the
curvature of the manifold deviates from that of the particles, leading to a higher potential energy
or lower free volume and hence a lower local density. We thus conclude that the presence of
density modulations is inherent to the T SB and SB phases, due to the non-uniform curvature
in the nematic director field.

Figure 5.15: Modulations of the curvature κ(z) of the nematic director field (top), and of the
logarithm of the density profile ρ(z) (bottom) corresponding to minus the effective potential acting
on the particles, in splay-bend nematic states predicted by our theory (a) and found in Monte Carlo
simulations (b) for a system of hard curved spherocylinders of various curvatures Ψ and inverse
temperatures β or packing fractions η as labelled.

Figure 5.16: Pitch length p versus the conical angle θ0 of various twist-bend nematic phases of hard
curved spherocylinders of various curvatures Ψ ∈ [0.5, 2] from theory (top) and simulations (bottom),
along with the relationship of Eq. 5.21 (pink line).

In the case of an NT B phase with θa = θb = θ0 , integration of Eq. 5.18 yields the following
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expression
rT B (z) = rT B (z0 ) +

ν
sin θ0 [sin(qz) − sin(qz0 )]êx
q

ν
sin θ0 [cos(qz) − cos(qz0 )]êy
q
+ ν cos θ0 [z − z0 ]êz ,

−

(5.20)

for the associated pseudomanifold, i.e. a pseudohelix of period pν cos θ0 . Hence, we can impose
that the pseudomanifold has the same pitch p as the NT B phase by setting ν = 1/ cos θ0 . In
addition, the curvature of Eq. (5.19) reduces to a uniform value κT B (z) = (q/ν) sin(θ0 ) =
q sin(2θ0 )/2 independent of z for an NT B phase with θa = θb = θ0 . Using the conjecture that
particles tend to match their particle curvature with the curvature of the pseudomanifold, we
can impose κT B = 1/R, and obtain the simple relation
p = πR sin(2θ0 )

(5.21)

between the macroscopic pitch p and conical angle θ0 of an NT B phase and the microscopic
particle curvature R. In Figure 5.16 we test this simple relation against NT B phases from theory
and simulations, finding that it describes the data remarkably well without any fit parameter.
The most significant deviation is found for the theoretically predicted NT B states close to
the I-N phase transition, where the pitch increases significantly across a small temperature
range [122], a behaviour not captured by Eq. 5.21 and our simulations. We remark here that
the absence of an increase in the pitch in simulations may be caused by the finite size of the
simulation box and the periodic boundary conditions. However, larger simulation boxes are
beyond the limits of our computational resources. Figure 5.16 shows that the conical angle
and the pitch vary in the range θ0 /π ∈ [0.05, 0.30], and p/R ∈ [1, 5]. We thus find that the
pitch length p is on the order of the radius of curvature R of a particle independent of L, which
can be used as a simple design rule and is consistent with the small pitch lengths observed
for thermotropic bent-core mesogens. We also note that the smectic layer spacing λ = p/2
varies as λ/L ∈ [0.32, 4.16]. Hence, the unidentified SmX phase with a smectic layer spacing
of λ ' 0.5L may perhaps be a T SB or SB phase [197].

5.6

Conclusions

In this Chapter, we introduced a novel nematic NT SB phase with twist, splay, and bend modulations in the director field which reduces to N , N ∗ , NT B , and NSB phases in limiting cases. We
use the NT SB phase as a variational ansatz to develop a simple but comprehensive variational
Maier-Saupe theory of periodically deformed nematic phases. We exploit this mean-field theory
to predict the phase behaviour of curved rods as a function of thermodynamic state and microscopic details, and find excellent agreement with simulations on hard curved spherocylinders.
Our key findings are (1) that the NT B transforms continuously into a twist-splay-bend phase
via a gradual squeezing of the precession cone, eventually resulting into a splay-bend phase, and
(2) that the elusive splay-bend nematic phase is unstable with respect to a density-modulated
T SB and SB phase.
Moreover, the remarkable agreement between the phase diagram determined by our simple mean-field theory for a thermotropic system and the one obtained from simulations for a
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lyotropic system, demonstrates not only the predictive power of our simple variational MaierSaupe theory, but also provides strong evidence that topology is the driving force behind the
spatial director-field modulations in the NT B , T SB, and SB phases. To rationalise this finding,
we introduced the concept of pseudomanifolds. We show that in the case of T SB and SB
phases the curvature of the 1-dimensional pseudomanifold is non-uniform due to the presence
of splay deformations. These modulations in the curvature of the pseudomanifold lead to modulations in the density. In the case of NT B phases, we derived an explicit expression for the
uniform curvature of the pseudomanifold. By matching the curvature of the pseudomanifold
with that of the particles, we derive a simple relationship between the macroscopic pitch and
conical angle of the NT B phase and the microscopic particle curvature. We verify this simple
relationship using theory and simulations. In Chapter 6 we will see how pseudomanifolds can
also be exploited to rationalise transport properties in deformed nematic phases, yielding a link
between structural and dynamical properties in spatially modulated nematics.
In conclusion, our variational ansatz for a novel twist-splay-bend phase is a powerful tool
for predicting, understanding and rationalising spatially modulated liquid crystal phases. Exploiting the generality of this variational ansatz in a generalised Maier-Saupe theory enabled
us to predict not only the stability of twist-bend and splay-bend phases, but also the orientational order parameters, pitch and conical angle as a function of the thermodynamic state and
microscopic details of the particles. This variational ansatz can also be exploited in Landau-de
Gennes and Oseen-Frank theories of spatially modulated phases. Further improvements of the
Maier-Saupe theory such as introducing biaxiality [202], extending the description from prolate
to oblate liquid crystals, or generalising the variational ansatz for spatial modulations from 1D
to 2D and 3D to describe polar blue phases [203], may lead to a generic theoretical framework
of modulated liquid crystal phases.

6
Helicoidal dynamics of biaxial curved
rods in twist-bend nematic phases
unveiled by unsupervised machine
learning techniques
In this Chapter, we investigate in computer simulations the effect of chiral symmetry breaking
on the dynamics in a twist-bend nematic phase of achiral curved rods, unveiling an intriguing
connection between microscopic diffusion and phase morphology. We find that the chirality of
the twist-bend nematic phase enforces a chiral dynamics of the rods, which exhibit a fascinating
Brownian diffusion along the helicoidal pseudomanifolds introduced in Chapter 5. Exploiting
the low dimensionality of these manifolds, we devise a machine learning protocol that allows for
the full characterisation of the helicoidal trajectories, whose pitch and radius are determined by
the pitch and conical angle of the twist-bend nematic phase, thereby connecting its dynamical
and structural properties and paving the way for reverse engineering the chiral microscopic
dynamics.

Based on: M. Chiappini, A. Patti, and M. Dijkstra, Helicoidal dynamics of biaxial curved rods in twist-bend
nematic phases unveiled by unsupervised machine learning techniques, manuscript accepted on Phys. Rev. E
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Chapter 6

Introduction

Liquid crystals are phases of matter that combine properties from
both a solid and a liquid phase. They may flow like liquids, but
display varying degrees of orientational and/or translational order that resemble those of crystalline solids. In nematic liquid
crystals the positions of molecules are completely random, but
their axes are on average oriented along a common nematic director n̂. Due to the ease to manipulate the director with electric
fields, nematic liquid crystals have revolutionised the way we display information with devices ranging from nanowires, organic
LEDs, transistors, to LCDs in smart phones, laptop screens and
flat-panel TVs [204–208].
Very recently, a fascinating new nematic phase has been discovered in which the orientation of achiral banana-shaped bentcore mesogens twists and bends at a very small length scale
[12, 154–163, 195]. This novel twist-bend (NT B ) nematic phase
is characterised by an oblique heliconical winding of the nematic
director field n̂(z) = sin(θ0 ) cos(qz) êx + sin(θ0 ) sin(qz) êy +
cos(θ0 ) êz , with q = 2π/p the wave number of the heliconical Figure 6.1: Sketch of a
twist, θ0 the conical angle, and p the pitch length (see Fig- hard curved spherocylinder of
ure 6.2(a)) [13, 15]. The fluid-like behaviour as well as the short length L, diameter d and ralength scale of the periodic modulations of the director makes dius of curvature R.
this phase sensitive to external fields and highly promising for
ultra-fast optoelectronic and photonic applications. Understanding the effect of the macroscopic chiral symmetry breaking on the transport properties of the
NT B phase is hence not only interesting from a fundamental point of view, but also crucial for
its future technological applications.
However, to study the dynamics in an NT B phase one requires a model system that stabilises this peculiar liquid crystal phase. Despite numerous efforts, simulations that succeeded
to stabilise an NT B phase are extremely scarce [123, 209, 210]. In Chapters 3, 4, and 5 we
demonstrated in theory, experiments, and computer simulations that an NT B phase can be stabilised in a simple system of curved hard rods. In this Chapter, we use this system to study the
translational diffusion in various NT B phases, and compare it with the macroscopic transport
properties of isotropic and uniaxial nematic phases.
To this end, we require a simulation method that mimics Brownian dynamics. In the
limit of very small displacements and rotations, Monte Carlo (MC) methods have been shown
to correctly mimic Brownian motion [211–214]. These Dynamic Monte Carlo (DMC) methods
have so far only been applied to uniaxial particles with an infinite-fold rotational axis, for which
there is no coupling between the translational and rotational motion. In this Chapter, we devise
a new DMC method, termed Coupled Dynamic Monte Carlo (CDMC) method, in which the
single-particle Brownian motion is described by a diffusion tensor that fully incorporates not
only the translational and rotational motion, but also the roto-translational coupling.
We employ the newly developed CDMC method to study the dynamics of hard curved spherocylinders, i.e. achiral biaxial particles with non-zero roto-translational coupling, of different
length and curvature in various NT B states with different handedness, pitch, and conical angle.
Surprisingly, we reveal a chiral single-particle Brownian diffusion along helicoidal pathways with
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Figure 6.2: Sample trajectories (right) of the centre-of-mass of curved spherocylinders in a NT B phase
(left), showing a peculiar helicoidal brownian dynamics. Different colours identify the trajectories of
different particles.

the same handedness as the macroscopic phase (see Figure 6.2), thereby confirming that the
macroscopic chiral symmetry breaking propagates to the single-particle level yielding a chiral
single-particle dynamics.
To quantitatively assess the properties of this unusual dynamics, we develop a method based
on modern machine learning techniques which takes advantage of the low dimensionality of the
single-particle helicoidal trajectories. Exploiting once again the concept of pseudomanifolds,
introduced in Chapter 5 to rationalise the structural features of the NT B phase, we relate the
pitch and amplitude of the single-particle helicoidal diffusion to the pitch and conical angle of
the NT B phase, thereby connecting the structural and dynamical properties of the NT B phase
and paving the way for reverse engineering the chiral microscopic dynamics.

6.2

Model and Methods

We study the dynamics of hard curved spherocylinders with length L, diameter d, and radius
of curvature R, a model already introduced and studied by theory and computer simulations
in Chapters 3 and 5, here sketched in Figure 6.1. We model once again each hard curved spherocylinder as a rigid chain of Ns = L/d equally spaced spheres of diameter d. We use standard
N P T -MC simulations to equilibrate systems of NHCS = 2048 hard curved spherocylinders of
different lengths and curvatures at varying packing fractions η = NHCS v0 /V in the isotropic (I),
uniaxial nematic (N ) and NT B phases, with v0 and V the particle and box volumes, respectively.
After equilibration, we fix the system density and perform production runs via our novel
CDMC method, whose formal derivation is presented in Sect. 6.2.1. For each production run,
we label Ntracked = 1000 random particles. Production runs consist of Ncycles = 2 · 107 MC
cycles, where an MC cycle consists of NHCS attempted moves of randomly selected particles,
and the state of the tracked Ntracked particles is saved every 100 MC cycles, thereby producing
Ntracked trajectories over Nt = 2 · 105 discrete times.
We calculate the mean square displacements (MSDs) of the resulting trajectories ri , with
i ∈ [1, Nt ], in e.g. the x direction as
MSDx (t) =

N
t −t
X
1
(xi+t − xi )2 .
(Nt − t) i=1

(6.1)
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and average the MSDs of the Ntracked trajectories to reduce the statistical error on the measurements. We determine the long-term diffusion coefficient Dx along the corresponding axis
by fitting the MSD via the equation
MSDx (t) = 2Dx tγ

(6.2)

with γ = 1. The statistical error on D is determined as the standard error on the average.
Finally, we analyse the dynamics in the NT B states via the machine learning method introduced in Sect. 6.2.2 in order to unwind and quantitatively characterise the helicoidal dynamics
of hard curved spherocylinders in an NT B phase.

6.2.1

The Coupled Dynamic Monte Carlo (CDMC) method

We consider a Brownian particle of arbitrary shape. The position and orientation of the particle in the 3-dimensional (3D) space are specified by a 6-dimensional vector x = (r, ω) =
(x, y, z, α, β, γ), where x, y, and z are the coordinates of its centre-of-mass with respect to a
fixed laboratory reference frame, and α, β, and γ the Euler angles. The particle Brownian
motion is characterised by correlations between translational and/or rotational displacements
linear in time with the 6 × 6 real symmetric diffusion tensor


namely



Dxx Dxy Dxz Dxα Dxβ Dxγ


Dyx Dyy Dyz Dyα Dyβ Dyγ 


..




Dzz
.
,
D=


.
..


D
αα




Dββ


Dγx Dγy Dγz Dγα Dγβ Dγγ

(6.3)

h∆x(t)∆xT (t)i = 2Dt.

(6.4)

In particular, D can be decomposed in four 3 × 3 tensors
"

#

Dtt Dtr
,
D=
Drt Drr

(6.5)

where Dtr = (Drt )T quantifies the roto-translational coupling of the particle dynamics, i.e. the
statistical correlation between displacements of the particle translational and rotational degrees
of freedom. For uniaxial particles, D = diag(D1 , · · · , D6 ) is diagonal if the rotation axis is
chosen to be along one of the axes of the molecular frame, and there is no roto-translational
coupling in the particle diffusion.
In the DMC integration scheme for uniaxial particles of Ref. [211], a trial move
xn = xo + δ

(6.6)

simultaneously modifies all degrees of freedom of a randomly selected particle, with xn and xo
denoting the new and old configurations, respectively. The ith component of δ is uniformly
sampled within the interval [−∆xi , ∆xi ], and ∆xi is tuned according to the ith diagonal element
of D as
q
(6.7)
∆xi = 2Di δtM C ,
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where δtM C is an arbitrary unit of time for the MC time step. As a result, a single MC cycle
can be directly related to a Brownian dynamics time scale via the probability A of accepting a
MC move, as
A
(6.8)
δtBD = δtM C .
3
To generalise this DMC method to arbitrary shaped particles with non-diagonal diffusion
tensor D, we first diagonalize the diffusion tensor D via
D0 = QT DQ,

(6.9)

where QT is a change of basis matrix. In this new basis, the diffusion tensor
D10



D0 = 



0

...

0
D60



(6.10)





is diagonal, and we can apply the DMC scheme attempting a displacement δ 0 q
whose ith com0
0
0
0
ponent δi is uniformly sampled within the interval [−∆xi , ∆xi ], with ∆xi = 2Di0 δtM C . By
transforming δ 0 back to the original basis, we obtain the trial move
xn = xo + Qδ 0

(6.11)

We notice that the components of δ 0 are stochastically independent, but the transformation
through Q stochastically correlates the components of the displacement δ = Qδ 0 . Indeed, in
a single step of our generalised Coupled Dynamic Monte Carlo method we randomly select
a particle and propose a displacement ∆x = Qδ 0 of its 6-dimensional state x, comprising
both translational and rotational degrees of freedom. If the move ∆x = Qδ 0 is accepted, the
correlation between the displacements of different degrees of freedom is given by the crosscorrelation matrix
h∆x∆xT i = h(Qδ 0 )(Qδ 0 )T i = Qhδ 0 δ 0T iQT .
(6.12)
Since hδ 0 δ 0T i is the self cross-correlation matrix of the vector δ 0 , and the components of δ 0 are
stochastically independent, we find
hδ102 i



hδ 0 δ 0T i = 



0

...

0
hδ602 i



.


(6.13)

In the case the components of δ 0 are sampled from a uniform distribution in [−∆xi , ∆xi ],
it is easy to derive that hδi02 i = ∆x2i /3 = 2Di0 δtM C /3, and hδ 0 δ 0T i = (2δtM C /3)D0 , where
D0 = QT DQ is the diagonalized D tensor. Hence
h∆x∆xT i = (2δtM C /3)QD0 QT = (2δtM C /3)QQT DQQT .

(6.14)

Since Q is an orthonormal matrix, i.e. Q−1 = QT , the cross-correlation of the particle
displacements after one accepted DMC move finally reads
h∆x∆xT i = (2δtM C /3)D,

(6.15)
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Figure 6.3: (a) Sketch of a hard curved spherocylinder of length L∗ = L/d = 16 and radius of
curvature R∗ = R/d = 11.5 with molecular reference frame (in orange) coincident with the laboratory
reference frame (in black). The particle body lies in the yz plane of the molecular reference frame,
and the xy and yz planes are planes of mirror symmetry. The centre-of-mass of the particle coincides
with the centre of the molecular reference frame. (b) Sketch of a hard curved spherocylinder and its
molecular reference frame after a displacement via the main mode of diffusion.

which corresponds to the cross-correlation of the Brownian dynamics

h∆x∆xT i = 2Dt

(6.16)

for t = δtM C /3. Taking into account the acceptance ratio A of the DMC moves, crucial to
compare dynamics across different conditions and/or systems we obtain the time rescaling of
Eq. 6.8. The arbitrary Monte Carlo unit of time δtM C can be used to tune the time resolution of
the DMC simulations. We set δtM C always equal to 0.1τ , where τ = σ 3 µ/kB T , with σ the unit
of length, and µ and T the viscosity coefficient and the temperature of the solvent respectively.
In particular, if we consider a hard curved spherocylinder of length L∗ = L/d = 16 and
radius of curvature R∗ = R/d = 11.5, lying in the yz plane of its molecular reference frame as
sketched in Figure 6.3(a), with its centre-of-mass in the origin of the molecular reference frame,
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the diffusion tensor as calculated via the Hydro++ software package [215] reads
0.014
0
0
0
0
−0.00019


D
0
0.014
0
0
0
0





D0tr 


0
0
0.019
−0.00019
0
0

 , (6.17)

=

rr 
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0
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D  
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0
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0
D0rr
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0
0
0
0
0.0017






D∗ =

D

tt

 tt
 D0


 rt
D

D0rt

tr



where Dtt , Dtr = (Drt )T , and Drr are the translational, roto-translational and rotational parts
of the diffusion tensor, respectively, and D0tt = σ 2 /τ , D0tr = D0rt = σ/τ , and D0rr = 1/τ . Note
that all the terms have been rounded to the second significant decimal and all terms smaller
than 10−6 have been neglected for simplicity. Note that the diffusion tensor of Eq. 6.17 respects
the symmetry expected for particles with two mutually orthogonal planes of symmetry (the xy
and yz planes) [216]. Diagonalization of D∗ yields the following transformation matrix Q∗ and
diagonal diffusion tensor D0∗
1.0
0.015
0.0
0.0 0.0 0.0

0.0
0.0
0.0 1.0 0.0
 0.0




0.0
0.0
1.0
0.010 0.0 0.0
∗

,
Q =
0.0 −0.010 1.0 0.0 0.0
 0.0



 0.0
0.0
0.0
0.0 0.0 1.0
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0.0
0.0 0.0 0.0




(6.18)
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(6.19)

where again all terms have been rounded to the second significant decimal and all terms smaller
than 10−6 have been neglected. In the generalised DMC framework, each eigenvalue of D∗
corresponds to the diffusion coefficient of a natural coordinate corresponding to a certain mode
of diffusion. Hence, the highest eigenvalue identifies the fastest natural mode of diffusion. In
the current case, the highest eigenvalue is Dc0∗ = 0.019, corresponding to the eigenvector
0.0


 0.0 


 1.0 
∗


Ψc = 

−0.010


 0.0 
0.0




(6.20)

i.e. to a negative correlation between a displacement along z and a rotation around the x axis
which, as sketched in Figure 6.3(b), corresponds to a sliding of the particle following its curved
profile.
Note that this roto-translational coupling is expected to play a significant role in the dynamics of highly biaxial and/or chiral particles in extremely diluted states, and should be
less relevant in denser states, where the diffusion of single particles is mainly determined by
crowding.
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P P

Figure 6.4: Example of i j Aij () as a function of the Gaussian kernel bandwidth . The vertical
line corresponds to  = exp(6), which lies in the linear region of the characteristic sigmoid curve
P P
i
j Aij () for all the analysed trajectories.

6.2.2

Analysis of helicoidal dynamics

Quantitatively assessing the properties of the helicoidal dynamics of hard curved spherocylinders, exemplarily shown in Figure 6.2, is a challenge in itself. Most of the quantitative observables usually employed to analyse macroscopic transport properties like MSDs, diffusion
coefficients, Van Hove functions, etc., would average out the unique features of this singleparticle dynamics. One might be tempted to fit the particle trajectories with the parametric
equation of a helix, thereby averaging out the Brownian noise by regression and obtaining an
estimate for the amplitude and period of the chiral diffusion. However, as we will thoroughly
discuss in Sect. 6.3, a careful inspection of the trajectories shows that they consist of a number
of helicoidal paths, generally inter-connected by transient Brownian stages, and full trajectories cannot satisfactorily be fitted by a single helix. Identifying the various helicoidal paths
composing a given trajectory is therefore necessary.
A simple cluster analysis of trajectory points would fail because of the non-linearity of helices: two state points might be far in Euclidean space, and yet be part of the same helicoidal
path. Recently, non-linear dimensionality reduction algorithms have been successfully applied
to the characterisation of low-dimensional dynamics of high-dimensional systems [217]. For
example the Diffusion Maps (DMs) method [218], an unsupervised manifold learning algorithm
that extrapolates from a dataset the underlying non-linear manifold from which it is sampled,
has been successfully applied to the low- dimensional coarse-graining of high-dimensional trajectories [219–222]. Here, we exploit the low-dimensional embedding of trajectories provided
by DMs to distinguish dynamically ”separate” parts of the original 3-dimensional trajectories.
The main idea of DMs is to explore the connectivity of the dataset revealing paths connecting
data that, despite being not especially close in the original representation and thus apparently
unrelated, might be part of a unique global subset. Moving from the idea that a random walk
most likely diffuses among nearby points, DMs identifies the slowest modes of diffusion of a
suitably built Markov chain process on the dataset to reveal data that are "kinetically" close.
The dataset is then non-linearly re-parametrised in a low-dimensionality representation in which
data connected via many kinetic pathways are close. To actually implement DMs, one should
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first introduce a criterion to quantify the distance between all possible pairs of points i and j in
the dataset, here indicated as xi and xj , and build a matrix P with elements Pij = ||xi − xj ||. A
good choice of the metrics adopted is non trivial, depends dramatically on the system studied,
and strongly affects the effectiveness of DMs. In this work, since the data xi = ri are coordinates
in the 3D Euclidean space and we are interested
in real-space diffusive properties, a natural
q
2
choice would be the Euclidean norm ||r|| = rx + ry2 + rz2 . However, points close in time are
more likely to be "kinetically" close, i.e. to belong to the same helicoidal path. As the points
ri of the discrete sampled trajectory are already ordered in time, we can include the temporal
information simply adopting the following metrics
Pij = ||ri − rj || +

q

(i2 − j 2 ).

(6.21)

From the matrix P, we can then build the matrix A of elements
Aij = e

−

P2
ij


(6.22)

as a convolution of P with the Gaussian kernel k(x, y) = exp(−||x − y||2 /), where  is referred
to as kernel bandwidth. An appropriate choice of  ensures the full connectivity of the random
P P
walk being built on the dataset. To tune the value of , i j Aij () is calculated as a function
of , resulting in a characteristic sigmoid curve in a log-log representation (see Figure 6.4).
Suitable values of the kernel bandwidth are the ones corresponding to a linear region of this
sigmoid [223]. In this work,  = exp(6) results to be a suitable value for all the trajectories
analysed. In addition, an estimate of the dataset dimensionality, namely the dimensionality of
the underlying manifold from which the data is actually sampled, can be inferred as twice the
slope of the linear region of the sigmoid curve [223]. In this work, the dataset dimensionality
fluctuates between 1 and 2 for all the trajectories analysed, confirming that the trajectories
explore a manifold of lower dimensionality than the 3D Euclidean space they are embedded in.
The matrix A is then row-normalized, obtaining the matrix M of a stochastic Markov
process on the dataset. The eigenvectors Ψi corresponding to the largest eigenvalues of M
provide the leading modes of this Markov process. Neglecting the trivial stationary mode of
eigenvalue λ1 = 1 and eigenvector Ψ1 , a re-parametrisation of the original dataset is obtained
as
xi → (Ψ2,i , Ψ3,i , . . . )
(6.23)
which unfolds the real low-dimensional geometry of the dataset.
We consider the helicoidal trajectory shown exemplarily in Figure 6.5(a). Applying DMs and
taking only the two most important components of the reparameterization, the 3D trajectory
is unfolded onto a 2D trajectory as illustrated in Figure 6.5(b). We then apply Hierarchical
Agglomerative Clustering (HAC) [224] on the unfolded 2D trajectory in Figure 6.5(c), and apply
the resulting clustering to the original 3D trajectory in Figure 6.5(d), thereby distinguishing
the distinct helicoidal paths of the trajectory. Each distinct cluster can then be fitted with the
parametric equation of a helix of radius RH , pitch pH , which reads
2π
t+φ
= x0 + RH cos
pH
!
2π
,

y(t) = y0 + RH sin
t+φ



pH




z(t) = z0 + t




x(t)






!

(6.24)
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Figure 6.5: Example of the clustering and fit of an helicoidal trajectory via Diffusion Maps and
Agglomerative Hierarchical Clustering. The raw trajectory ri = (xi , yi , zi ) in the 3D Euclidean space
(a) is fed as a dataset to DMs, which reveal a true dimensionality of the dataset smaller than 2.
The two most important non-trivial components resulting from the DMs analysis are hence used to
re-parametrise the trajectory as ri → Ψi = (Ψ2,i , Ψ3,i ), obtaining an unfolded 2D trajectory (b).
Agglomerative Hierarchical Clustering is then applied to the unfolded trajectory (c), and the resulting
clustering is applied to the original 3D trajectory (d), with different clusters corresponding to different
colours. The helicoidal parts of the resulting segmented trajectory can be fit via Eq. 6.24.

with φ being an irrelevant phase, thereby measuring the amplitude and periodicity of the
helicoidal trajectory.
In particular, HAC is a bottom-up clustering approach: all data are initially assigned to a
different cluster, and the clusters are then gradually merged. The merging of clusters is stopped
when a pre-determined number of clusters Nc is reached. To decide which clusters have to be
merged at each iteration, a measure of the similarity of the clusters, i.e. a so-called linkage
criterion, is required. To this end, we first define the distance d(Ψi , Ψj ) between two points
Ψi and Ψj of the low-dimensional re-parametrised trajectory. As a metrics, we simply use the
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Euclidean distance in the 2-dimensional space
d(Ψi , Ψj ) =

q

(Ψ2,i − Ψ2,j )2 + (Ψ3,i − Ψ3,j )2 .

(6.25)

We then determine the dissimilarity D(A, B) between two clusters A and B
D(A, B) =

1 XX
d(Ψi , Ψj )),
|A||B| i∈A j∈B

(6.26)

where |A| and |B| are the cardinalities of clusters A and B, respectively. At each iteration,
the two least dissimilar clusters, i.e. with the smallest distance D(A, B), are merged. The
optimal choice of Nc is the minimal number of clusters that yields the best fit of the helicoidal
trajectories, i.e. such that using Nc + 1 clusters does not entail a significant improvement of
the quality of the fit, quantified as the R2 of the fit. In order to systematically determine the
optimal Nc according to this criterion, we employ the L-method by Salvador and Chan [225]
to locate an elbow in R2 as a function of Nc . We perform the clustering with various number
of clusters {Nc } = {1, 2, . . . , 10}, and fit the resulting clusters with Eq. 6.24. We measure for
each Nc the total R2 on the fits. Given R2 (Nc ), we find the division point e of {Nc } in left and
right subsets {Ncl } = {1, . . . , e − 1} and {Ncr } = {e, . . . , 10} which yields the best linear fits of
R2 (Ncl ) and R2 (Ncr ), thereby locating the elbow of R2 (Nc ) as shown in Figure 6.6. We then use
Nc = e + 2 as the number of clusters.

Figure 6.6: Examples of (a) R2 and (b) Mean Squared Residuals (MSR) on the fits of the distinct
helicoidal paths of particle trajectories of hard curved spherocylinders as a function of the number of
clusters Nc . The L-method by Salvator and Chan [225] is applied to locate the elbow e of the function
R2 (Nc ) by determining the partition of R2 (Nc ) which yields the best pair of linear fits, as shown in
(a).
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Figure 6.7: Mean square displacements (MSD) of hard curved spherocylinders with L∗ = 10 and
R∗ = 9.5 along the (a) x, (b) y, and (c) z axes for various packing fraction η as reported in the
legend. Frame (d) refers to the total MSD. The MSDs clearly show a long-time diffusive behaviour
(γ = 1) of hard curved spherocylinders at any packing and along any direction. However, the diffusion
coefficients (e) show a significant dependence on density and, in particular, on the system LC phase.
In general, the dynamics slows down as the packing fraction increases. At the transition to the N
phase the dynamics becomes significantly anisotropic, with a faster diffusion along the z direction.
The anisotropy (f) persists in the NT B phase, although weakened by the obliqueness of the nematic
director field. The lines in (e) and (f) are guides to the eye.

6.3

Results

With the methods discussed in Sect. 6.2 we study the dynamics of hard curved spherocylinders
with L∗ = L/d = 10 and R∗ = R/d = 9.549 for a number of packing fractions in the I, N and
NT B phases. The phase behaviour of this system exhibits an I-N transition at ηIN = 0.37±0.01
and an N -NT B transition at ηN NT B = 0.43 ± 0.01. From the MSDs in Figure 6.7(a)-(d) we
measure the translational diffusion coefficients presented in Figure 6.7(e) as a function of η.
The global nematic director is taken to be along the z axis of the laboratory reference frame.
In the I phase, the diffusion coefficients along all directions are equal within our statistical
accuracy. Upon increasing the density, the overall dynamics gets slower and the diffusion
coefficients decrease. We observe a drastic change at the I-N phase transition, where the
system becomes anisotropic. The diffusion becomes faster parallel to the nematic director than
perpendicular to it, in agreement with previous work [226, 227]. At the N -NT B transition, the
anisotropy of the diffusion is weakened by the oblique orientation of the local nematic director
field (see Figure 6.7(f)), as the nematic director field always forms an angle θ0 with the z axis
in the NT B phase, and the local preferential direction of motion has non-vanishing components
along all axes.
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Figure 6.8: Probability distribution function of pitches (a) and radii (b) of the helicoidal dynamics
of hard curved spherocylinders with L∗ = 10 and R∗ = 9.5 in a left-handed NT B state of packing
η = 0.46, pitch p∗ = −35 and conical angle θ0 = 0.65. Positive and negative pitch indicate right
and left handedness, respectively. The vertical lines indicate the radius RP∗ H and pitch p∗P H of the
structural pseudo-helices as from Eqns. 6.27 and 6.28.

In Figure 6.2 we show some exemplary centreof-mass trajectories of hard curved spherocylinders in an NT B phase, clearly exhibiting a
remarkable helicoidal dynamics with the same
handedness as the host phase. This demonstrates that the macroscopic chirality of the
NT B phase propagates across scales to the microscopic level, yielding a chiral single-particle
dynamics. More intriguingly, the dynamics
in the xy-plane of the NT B phase is purely
diffusive on all the time scales that we explored, suggesting that the particles are not
constrained to diffuse along single helicoidal
trajectories of radius RH and pitch pH , as one
may perhaps conjecture. This naive picture Figure 6.9: Pitch of the helicoidal trajectories in a
would result into a cage-trapping plateau in left-handed ∗NT B phase of∗ hard curved spherocylinders with L = 10 and R = 9.5, packing η = 0.46,
2
the transverse MSDs at MSD ∼ RH
, as the x
pitch p∗ = −35 and conical angle θ0 = 0.65 plot
and y positions would be constrained within
against their radius, showing a clear linear correlathe range [−RH , RH ]. More importantly, the tion. The line corresponds to the model of Eq. 6.29,
ergodicity hypothesis would be violated if the only depending on the macroscopic quantity θ ,
0
particle dynamics was restricted to a single which describes the data with a surprising quanhelicoidal path. This suggests a more involved titative accuracy without any fitting.
scenario in which particles diffuse along different helicoidal paths at different times, each
with their own centre and perhaps even with their own pitch and radius.
We employ the Diffusion Maps method described in Sect 6.2.2 to separate the distinct
helicoidal paths that compose a particle trajectory and measure their amplitude and periodicity.
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Figure 6.10: Distribution of the measured (a) pitches and (b) radii of the dynamics of curved
spherocylinders of different length, curvature and packings as in the legend to the figure. The vertical
lines indicate the values of radius and pitch predicted by Eqns. 6.27 and 6.28, respectively.

We first consider a left-handed NT B state with p∗ = p/d = −35 and θ0 = 0.65 of hard curved
spherocylinders with aspect ratio L∗ = 10 and radius of curvature R∗ = 9.5 at η = 0.46,
for which we find the distributions of pitches and radii of the helicoidal dynamics reported in
Figure 6.8. Note that the sign of the pitch indicates the handedness of the phase, with positive
and negative pitches indicating right and left handedness, respectively.
In order to unveil the relationship between the structural and dynamical properties of the
NT B phase, we exploit the concept of pseudohelices introduced in Chapter 5 for the most
general deformed nematic phases. Previous studies show that particles in an N phase diffuse
preferentially in the direction of the nematic director [226, 227]. The assumption that an
NT B phase locally resembles a uniaxial N phase and that particles at coordinate z diffuse
preferentially along n̂(z) implies that the average particle trajectories are tangent to n̂(z).
Intriguingly, we already showed in Chapter 5 that integrating the nematic director field n̂(z)
of an NT B phase with pitch p and conical angle θ0 yields an infinite collection of helices with
the same pitch and radius
|p|
tan θ0 ,
(6.27)
RP H =
2π
and
pP H = p,
(6.28)
respectively, but with different starting points (i.e. the integration constant). We refer to these
helices as pseudohelices, thereby generalising the concept of pseudolayers, well-established for
cholesteric phases, i.e. planes to which particles are locally tangent [228–231]. For the NT B
phase under consideration, we calculate the pitch pP H and radius RP H of the pseudohelices
and report them as vertical lines in Figure 6.8. Remarkably, the distributions of pitches and
radii of the trajectories are clearly peaked at these values, confirming the link between the
single-particle dynamics and the pseudohelices. Combining the expressions for the pitch and
radius of a pseudohelix, we find the linear relationship
RP H =

|pP H |
tan θ0 ,
2π

(6.29)
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which describes well our simulation data in Figure 6.9.
As a last check, we try and test our model against different NT B nematic states of differently
shaped curved spherocylinders. The results, reported in FIGS. 6.10 and 6.11, clearly show how
the model describes remarkably well the dynamics in NT B states of various density, handedness,
pitch and conical angle.

6.4

Conclusions

In conclusion, we investigated the macroscopic transport properties of a NT B phase
of hard curved spherocylinders using a novel
DMC method that accounts for the rototranslational coupling in the diffusion of biaxial particles. We find that the diffusion in the
NT B phase is less anisotropic than in the uniaxial N phase and the diffusion is mainly reduced due to packing. In addition, we studied
the dynamics of single particles to gain insight
in the macroscopic transport properties on a
microscopic level. We find that the particles
actually diffuse along non-linear manifolds of
lower dimensionality than the 3D space in
which they are embedded. Using a non-linear
Figure 6.11: Correlation of pitch and radius of dimensionality reduction method, we are able
the dynamics of curved spherocylinders of different to distinguish kinetically separate parts of the
length and curvature as in the legend of the figure.
particle trajectory. We thereby reveal the heThe lines correspond to the model of Eq. 6.29.
licoidal single-particle dynamics and measure
its pitch and radius. We then introduced the
concept of pseudohelices as low-dimensional
manifolds to which the particles are locally tangent. We verified that the measured distribution
of radii and pitch lengths of the helicoidal dynamics correspond to those of the pseudohelices
for various NT B states with different p and θ0 . Hence, these pseudohelices constitute the link
between the structural and dynamical properties of the NT B phase, and are a powerful tool for
the rationalisation of dynamical properties, which can be easily generalised to other spatially
modulated nematic phases.

7
Speeding up dynamics by tuning the
non-commensurate size of rod-like
particles in a smectic phase
In this Chapter we study the diffusion of rod-like guest particles in a smectic environment of rodlike host particles. We find that the dynamics of guest rods across smectic layers changes from a
fast nematic-like diffusion to a slow hopping-type dynamics via an intermediate switching regime
by varying the length of the guest rods with respect to the smectic layer spacing. We determine
the optimal rod length that yields the fastest and the slowest diffusion in a lamellar environment.
We show that this behaviour can be rationalised by a complex 1D effective periodic potential
exhibiting two energy barriers, resulting in a varying preferred mean position of the guest
particle in the smectic layer. The interplay of these two barriers controls the dynamics of the
guest particles yielding a slow, an intermediate and a fast diffusion regime depending on the
particle length.

Based on: M. Chiappini, E. Grelet, and M. Dijkstra, Speeding up Dynamics by Tuning the Noncommensurate
Size of Rodlike Particles in a Smectic Phase, Phys. Rev. Lett. 124, 087801 (2020).
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Introduction

Understanding the dynamics of particles or
objects in crowded environments is important
in many fields ranging from traffic jams [232],
evacuations of crowds, sheep herding, evasive
tumor growth, to caging in colloidal glasses
[233–235]. The motion of a guest particle in
a disordered crowded environment is severely
hampered by its surrounding constituents. As
most disordered systems are characterised by
only one relevant length scale (e.g. particle
size), a simple picture emerges: the bigger
the particle the slower its dynamics [236–239].
This phenomenon is invariant across scales
as demonstrated by the above-mentioned examples. However, this simple picture breaks
down as the environment becomes inhomogeneous and ordered, yielding additional competing length scales and giving rise to remarkable exceptions to this general rule.
Figure 7.1: Snapshot from simulations of a guest
The motion of particles in ordered envispherocylinder (cyan) with cylindrical length Lg
ronments has been thoroughly studied in the and diameter d diffusing in a host smectic phase
field of liquid crystals, finding that crowded of layer spacing λ formed by hard spherocylinenvironments with different degrees of posi- ders (purple) with equal diameter d and length
tional and/or orientational order lead to a Lh = 40d.
wide variety of dynamic behaviours. For nematic liquid crystals, exhibiting long-range
orientational order, the anisotropy of the environment is transferred to the motion of the particles. A fast longitudinal self-diffusion is observed in the direction parallel to the nematic
director n̂ (the average particle orientation), and a slow transverse self-diffusion in the perpendicular direction [226, 227, 241]. In Chapter 5 we showed how this behaviour, when associated
with deformations of the nematic director field, can yield extremely peculiar dynamics, such as
the chiral helicoidal dynamics of banana-shaped particles in twist-bend nematic (NT B ) phases.
In the case of long-range positional order, the dynamics strongly depends on the dimensionality of the translational order and the corresponding effective energy landscape. In 3D colloidal
crystals, particles are confined to their lattice positions, and the diffusion is largely determined
by the motion of defects [242–244]. In columnar liquid crystals, showing 2D positional order, a
liquid-like longitudinal diffusion is observed within the columns, accompanied by a transverse
hopping-type dynamics between different columns [245, 246]. Finally, in smectic liquid crystal
phases characterised by a quasi long-range 1D translational order, a quantised hopping-type
dynamics is found across smectic layers as the particles experience an effective one-dimensional
periodic potential due to the lamellar organisation [247–249]. Furthermore, computer simulations demonstrated cooperative motion of string-like clusters of particles across the smectic
layers [250].
In general, the presence of positional and/or orientational order introduces additional length
scales to the system. In the presence of guest particles, their interplay with the various length
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Figure 7.2: (a) Example trajectories of guest particles with varying size ratio r = (Lg + d)/λ along
the nematic director n̂ of the host smectic phase in simulations (top) and experiments (bottom) [240]
showing the fast nematic-like diffusion of non-commensurate guest rods with r ∼ 1.3 and the discrete
hopping-type diffusion of host particles (r ∼ 1). The conversion factor from the computational time
unit τ to seconds s (τ ∼ 2·10−6 s) is discussed in Sect. 7.2. (b) Longitudinal mean square displacement
(MSD) of simulated guest particles of varying size ratios r = (Lg +d)/λ, showing either a fast nematiclike diffusion for non-commensurate guest rods of r ∼ 1.3 and 0.3, or a sub-diffusive regime for the
other guest and host particles. The diffusion exponents γ = 0.5 and 1 are indicated for comparison
(see Eq. 7.2).

scales associated with the structure increases the complexity of the dynamics. On the one
hand, the diffusion of guest spherical particles in nematic phases of rod-like host liquid crystals
has been widely addressed in literature [251–257], finding a faster diffusion in the direction
longitudinal to the nematic director field. On the other hand, the diffusion of non-spherical
particles in anisotropic liquid crystalline environments is still largely unexplored. Recently,
Alvarez et al. [240] studied in experiments the diffusion of tracer amounts of non-commensurate
guest viral rods in a smectic phase of shorter host fd filamentous viruses with a size ratio
Lguest /Lhost ' 1.3. Surprisingly they found that while the host particles experience the usual
hopping-type dynamics across smectic layers, the non-commensurate guest particles undergo a
fast and almost continuous nematic-like diffusion, yielding the exceptional case of larger guest
particles diffusing faster than the smaller host ones. No significant differences between host and
guest particles were found in the transverse in-layer diffusion. The typical slow hopping-type
diffusion across smectic layers was recovered for dimeric and trimeric mutants of the host fd
particles, namely for guest particles with length ratios of 2 and 3, respectively.
In this Chapter, we study using computer simulations the dynamics of guest particles of
varying lengths in a smectic environment of host particles in order to unravel the mechanism
behind this highly counterintuitive fast diffusion of large non-commensurate guest particles.
We show that by tuning the length of the guest rods with respect to the smectic layer spacing
their longitudinal dynamics changes from a fast nematic-like diffusion to a slow hopping-type
dynamics via an intermediate switching regime, thereby obtaining control over the speed and
type of behaviour of the longitudinal diffusion. More importantly, we determine the optimal
rod size for either the fastest or slowest diffusion, and rationalise this behaviour in terms of a
complex 1D effective smectic periodic potential characterised by two energy barriers that each
rod feels in the lamellar structure of the smectic phase. We show that the interplay and relative
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height of the two energy barriers control the dynamics of the guest particles, yielding a slow,
an intermediate and a fast diffusion regime depending on the particle length.

7.2

Model and methods

We model the experimental mixture of long and short filamentous bacteriophage viruses as a
binary mixture of rigid rods. Each guest and host rod is modeled by a hard spherocylinder,
i.e. a cylinder of diameter d and length Lg and Lh , respectively, capped at both ends with
hemispheres of diameter d, yielding an end-to-end length of Lg,h + d (Figure 7.1). We introduce
a tracer amount of Ng = 6 guest particles in a system of Nh = 3072 host particles with a
length Lh = 40d. The overall phase sequence of isotropic (I), nematic (N ), smectic-A (SmA ),
and smectic-B/crystal (SmB /X) phases of fd-viruses [258] is well captured by that of hard
spherocylinders with Lh = 40d [117], even though fd-virus suspensions also display a columnar
(Col) phase [259]. The aspect ratio of the host rods in the simulations is set such that it roughly
matches the effective rod length over diameter ratio of the experimental system, thereby taking
into account the electrostatic repulsion of the fd viruses [258].
We equilibrate the system in a low-density SmA state (Figure 7.1) using Monte Carlo (MC)
simulations in an isothermal-isobaric ensemble, i.e. the pressure, temperature, Ng and Nh are
kept fixed. Note that the smectic layer spacing in simulations is λ ∼ 1.1Lh , whereas λ ∼ 1.0Lhost
in the experimental system of filamentous viruses [258]. After full equilibration we investigate
using both standard and Dynamic MC (DMC) simulations [211,260] the longitudinal dynamics
along the z-axis, parallel to the nematic director n̂, for various Lg ∈ [0.2, 2.5]Lh corresponding
to various size ratios r = (Lg + d)/λ. Within this range of lengths the probability of finding
guest rods in a transverse inter-lamellar configuration is negligible [261, 262].
We perform production runs in the N V T ensemble, i.e. the number of guest and host
particles Ng and Nh , the volume V , and hence the density ρ = N/V are kept fixed, and
we track the positions of 3000 host particles and 6 guest particles to measure their diffusive
properties. In general, MC simulations are not guaranteed to yield realistic particle trajectories,
and do not provide a physical time scale. However, as we already discussed in Chapter 6, for
sufficiently small maximum displacements N V T -MC simulations with simple translational and
rotational moves produce trajectories that follow the correct Brownian dynamics. In the case
of anisotropic particles, the maximum displacements have to be tuned according to the selfdiffusion properties of each particle in order to enforce the correct anisotropy of the dynamics.
More specifically, for rod-like particles, the ratio between the maximum displacements parallel
and perpendicular to the particle axis δk /δ⊥ has to be equal to the ratio between the parallel
and perpendicular diffusion coefficients at infinite dilution D0,k /D0,⊥ [263].
However, reaching the long-term diffusive regime of highly anisotropic particles in a smectic
phase is a highly non-trivial computational effort. In order to reach and explore the long-term
regime of the longitudinal dynamics of guest particles in a reasonable computational time, we
increase the ratio between the parallel and perpendicular maximum displacements to speed up
the parallel diffusion relative to the perpendicular one. Here, we assume that the parallel and
perpendicular dynamics can be decoupled, i.e. that the perpendicular diffusive behaviour has a
negligible effect on the parallel diffusion. In particular, we set δ⊥ = 0.08d and δk = 5δ⊥ = 0.4d,
and we find that for these values of the maximum displacements MC simulations consisting
of ∼ 1.5 · 108 MC cycles are sufficient to reach and adequately sample the long-term diffusive
behaviour. In particular, we save the positions of the tracked host and guest particles every
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Figure 7.3: Parallel MSDs (along the long rod axis) in the SmA phase from basic MC simulations
(in purple) after rescaling onto the MSDs from DMC simulations (in blue) for size ratios r = 0.56 (a),
0.92 (b), 1.53 (c), and 1.99 (d).
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103 MC steps, hence producing trajectories of Nt ∼ 1.5 · 105 points.
We measure the MSD at discrete times t ∈ [1, Nt ] using Ng trajectories zi = [zi,1 , zi,2 , . . . , zi,Nt ]
as
MSD(t) =

Ng
N
t −t 
2
X
1
1 X
zi,(j+t) − zi,j .
Ng i=1 (Nt − t) j=1

(7.1)

In order to determine the long-term diffusion coefficient Dk , we consider a wide collection of
time windows {[t0 , t1 ]} in the long-time diffusion limit of the MSD. In each time window, we
perform a fit of the MSD via
MSD(t) = 2Dk tγ

(7.2)

with γ = 1, and measure the reduced χ2 of the fit. Subsequently, we average the values of D of
all time windows for which χ2 is smaller than a certain threshold value. The statistical error
on D is determined as the standard error on the average.
To test the validity of our assumption on the decoupling of the parallel and perpendicular
dynamics, we compare the MSDs from our MC simulations and the ones from simulations
performed using the Dynamic Monte Carlo (DMC) method introduced by Patti and Cuetos
[211]. In the DMC method, the maximum displacements of both translational and rotational
motions are carefully tuned according to the diffusive properties of the particles at infinite
dilution, resulting in reliable Brownian dynamics with respect to a physical unit of time τ =
µσ 3 /kB T , where µ is the solvent viscosity, σ the characteristic unit of length in the system and
T the solvent temperature. In the experiments of Ref. [240], the particles are dispersed in water
at room temperature, for which µ = 10−3 Pa · s and kB T = 4.11 · 10−21 J. In our simulations,
we use the particle diameter d as our unit of length, and hence in the experimental system
σ corresponds to the effective diameter def f ∼ 20 nm of the fd viruses, where we have taken
into account the electrostatic repulsion between the charged viruses [258]. This results in a
conversion factor τ ≈ 2 · 10−6 s. To test this conversion factor, we perform DMC simulations of
single particles and measure their infinite dilution diffusion coefficient D0sim = 1.16 · 10−2 d2 /τ .
Theoretically, the diffusion coefficient D0th of long rods (L/d ≫ 1) at infinite dilution is known
and is expressed as [263]:
 
L
kB T
ln
.
(7.3)
D0th =
3πµL
d
This yields for rods with an aspect ratio of L/d ∼ 40, a diffusion coefficient D0th = 2.3 µm2 /s,
which is in quantitative agreement with D0exp ≈ 2µm2 /s experimentally measured in very dilute
filamentous virus suspensions. Considering that d = 20 nm, with τ = 2 · 10−6 s, we obtain
D0sim = 2.3 µm2 /s = D0th ≈ D0exp , confirming the value of our conversion factor.
We note that in the case of a binary mixture (as our guest/host particles mixture) a specific
treatment is required as discussed in Ref. [260]. For every length of our guest particle that we
consider, we perform an additional simulation with the more accurate but slow DMC method.
Subsequently, we map the short-time MSDs from our basic MC simulations onto the ones from
DMC simulations by rescaling the unit of time. If this mapping is accurate, the dynamics using
the basic MC simulations is sufficiently reliable, and the rescaling of time onto the physical time
unit τ can be used to compare the dynamical properties with experiments. In Figure 7.3 we
show typical examples of such a rescaling for varying size ratios r = (Lg +d)/λ of the guest rods
with λ the smectic layer spacing confirming the good mapping between the two approaches.
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Figure 7.4: Long-time diffusion coefficient Dk (r) normalised by the infinite-dilution diffusion coefficient D0 (r) of guest particles as a function of the size ratio r. The experimental values of Dk (r) are
shown in purple for r = 1, 1.3, and 2 [240]. The inset shows the raw diffusion coefficients. Statistical
errors on the diffusion coefficients are of about the symbol size or smaller. The background is coloured
according to the three diffusion regimes displayed in Figure7.5, and the dashed lines are guides to the
eye.
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Results

In Figure7.2(a), we present typical longitudinal trajectories from both simulations and experiments, showing remarkably similar slow hopping-type dynamics of host particles (r ∼ 1)
as well as fast diffusive behaviour of non-commensurate guest particles (r ∼ 1.3). For each
particle trajectory z(t) along the director n̂ k z we measure the mean square displacement
MSD(t) = h(z(t0 + t) − z(t0 ))2 i, and average the MSDs of all particles with equal length. In
Figure 7.2(b) we show the MSDs for a selected set of size ratios r. For particles with a length
commensurate with the smectic layer spacing (r ∼ 1) we obtain the typical MSD of particles in
a lamellar phase [248] with a cage-trapping plateau between the short- and long-time diffusion
regimes corresponding to the intra- and inter-layer dynamics, respectively. As the length of
the guest particles increases, the time interval for the caging becomes shorter, and eventually
disappears for r ∼ 1.25 when the dynamics becomes nematic-like with a diffusive behaviour
(Figure 7.2(b)). Upon further increasing the particle length, the cage-trapping plateau reappears (r ∼ 1.45) and becomes more pronounced as the dynamics becomes hopping-type again
for nearly commensurate dimers (r ∼ 1.90). Similarly, for guest rods shorter than the smectic
layer spacing, the time interval of caging decreases (r ∼ 0.47) and eventually disappears for
guest particles of low anisotropy (r ∼ 0.29).
To quantify the long-term dynamic behaviour, we determine the long-time diffusion coefficient Dk and we present it normalised by the particle diffusion coefficient at infinite dilution
D0 (r) as a function of the size ratio r in Figure 7.4. In the range 1 ≤ r < 2, a strong increase
of the diffusion is observed with a maximum Dk (r)/D0 (r) at r ∼ 1.25, corresponding to a fast
nematic-like diffusion of particles whose length is not commensurate with the smectic layer
spacing. This yields an optimal value for the fastest longitudinal diffusion remarkably close to
the particle length ratio for which fast diffusion was observed in experiments [240]. For larger r
the diffusion slows down as the hopping-like dynamics is retrieved. The slowest diffusion is not
found for particles twice the length of the smectic layer spacing (r ∼ 2) but at slightly smaller
lengths (r ∼ 1.75). We also observe in Figure 7.4 that the values of Dk (r)/D0 (r) are in good
quantitative agreement with the experimental values marked by the purple symbols despite the
simplicity of our model. For guest particles shorter than the host ones (r < 1), the fastest
and the slowest dynamics are obtained by non-commensurate particles of size ratios r ∼ 0.25
and r ∼ 0.75 respectively, corresponding to the fast nematic-like diffusion for the former and
slow hopping-like dynamics for the latter. Interestingly, the normalised values for r < 1 of the
diffusion coefficients for the slowest and fastest dynamics are very similar to their corresponding
values for r > 1, emphasising again that the shortest particles do not necessarily diffuse the
fastest. In the long rod limit, i.e. for r > 2, we find another maximum of Dk (r)/D0 (r) at
r ∼ 2.25.
The dependence of Dk (r)/D0 (r) on the size ratio r in Figure 7.4 suggests a periodic behaviour of the longitudinal dynamics with a period set by the smectic layer spacing λ. For
each size ratio interval r ∈ [n, n + 1] with n = 0, 1, 2, · · · , the dynamics first speeds up as r
increases and the smectic caging becomes less severe, reaches a maximum value at r ' n + 0.25
corresponding to the fastest nematic-like diffusion, and then slows down and reaches a minimal
value at r ' n + 0.75. This periodic behaviour can be explained by dividing the end-to-end
guest rod length Lg + d = rλ into a length λbrc that is commensurate with brc smectic layers
(where the floor function bxc denotes the largest integer that is less than x), and an “excess"
length of λ(r − brc). The longitudinal dynamics of guest particles is predominately determined
by the excess part of the guest rod, which creates voids in the smectic layers and affects the
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Figure 7.5: (a-f) Effective potential USm (z) experienced by guest particles for varying size ratios
r = (Lg + d)/λ in a smectic phase with a layer spacing λ. The dashed vertical lines indicate the
equilibrium positions of the rod particles, z1min and z2min , corresponding to the minima of the ordering
potential USm (z). (g) Sketches of the host (purple) and guest (cyan) particles at their equilibrium
positions z1min and z2min for three exemplary size ratios (r = 1.25, 1.5, 1.75) corresponding to the different
diffusion regimes.
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caging of the lamellar phase. Here, the only effect of the “commensurate" part of the particle
is a general slowing down of the dynamics with n (See the inset of Figure 7.4).
To quantify the effect of the excess particle length, we measure the effective potential
βUSm (z) = − ln(ρ(z)) felt by a guest rod, where ρ(z) is the probability distribution of finding
a rod-shaped particle in an infinitesimal interval of [z, z + δz] and β = 1/kB T . The effective
potential is periodic due to the smectic host ordering, therefore ρ(z) is only measured in a
single smectic layer 0 ≤ z < λ. In Figure 7.5(a)-(f), we report the smectic potential for varying
length ratios 0 < r < 2. Surprisingly, we find that the smectic potentials exhibit two barriers, or equivalently two minima at z1min and z2min which merge into a single minimum when
r ' n, namely when particles are commensurate with the layer spacing. We plot z1min and z2min
for varying r in Figure 7.6, allowing us to distinguish three different regimes as schematically
illustrated in Figure 7.5(g).
In the first regime (I) corresponding to size ratios r ∈ [n, n + 0.3], the guest particles are
on average located at the same position as their commensurate counterparts with r = n, i.e.
in the middle of the smectic layers. However, as they are longer than nλ, they create holes
in the adjacent smectic layers resulting in a release of the cage constraint thereby facilitating
the inter-layer diffusion and speeding up the dynamics, with the fastest nematic-like diffusion
found for r ∼ n + 0.25. In the opposite limit, the third regime (III) having r ∈ [n + 0.6, n + 1]
exhibits the slowest diffusion behaviour and corresponds to guest particles which already have
the same equilibrium position as the next commensurate multimer (r = n + 1). Because the
guest rods are shorter than (n + 1)λ, they first have to diffuse within the smectic layer to
reach one of its two boundaries, before they can jump to the adjacent layer, slowing down
the longitudinal diffusion in comparison to the one associated with commensurate particles.
We denote regime III as the slow diffusive regime. More intriguingly perhaps is the regime
II with r ∈ [n + 0.3, n + 0.6], where the minima z1min and z2min correspond to the centre-ofmass positions at which one of the ends of the guest particles touches one of the boundaries
of the smectic layers (Figure 7.5(b) and (e)). This was recently experimentally observed for
short rods dispersed in colloidal monolayer of host rod-shaped particles with a length ratio
r ∼ 0.5 [264]: the short rods were found to strongly anchor to the membrane interfaces, and
only occasionally hop to the opposite interface. Our results confirm this anchoring behaviour
and extend it to particles even larger than the lamellar spacing. The preferential adsorption
of non-commensurate guest rods at the interface of smectic layers can be explained by the
fact that guest rods at the interface generates large voids that can be partially filled via small
angular fluctuations of neighbouring host particles, thereby hindering their diffusion. However,
if the guest particle is at the centre of a smectic layer (or in between two smectic layers), the
resulting voids are smaller, making it harder for host particles to occupy the empty space. This
would indeed require higher tilt angle of the host rods, hence generating a defect structure
in the smectic organisation. As a consequence, the guest particles escape from this central
position and adhere to one of the two smectic layer interfaces. This mechanism is sketched in
Figure 7.7. In this regime II, referred as the switching regime, the guest particles experience
two potential barriers of varying height (Figure 7.5(b) and (d)) for varying r, which results
from a non-trivial interplay of the effective smectic potentials that are felt by single host rods
(r ∼ 1, Figure 7.5(c)) as well as by commensurate rods (r ∼ 2, Figure 7.5(f)) and which are
out-of-phase in terms of barrier locations.
Indeed, Figure 7.5(a)-(f) shows that the two minima z1min and z2min of the effective potentials
are separated by two potential barriers located at z = nλ (barrier A) and z = (n + 1/2)λ
(barrier B). Monomers and “odd" multimers with r ∼ (2n + 1) feel exclusively the barriers at
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Figure 7.6: Center-of-mass positions z1min and z2min of the guest rods corresponding to the minima of
the effective smectic potential as a function of size ratio r. The background is coloured according to
the three diffusive regimes displayed in Figure7.5.

Figure 7.7: Sketches (top) and snapshots from actual simulations (bottom) of a guest particle of
length Lg = 1.5Lh (corresponding to a size ratio r ∼ 1.36) and its neighbour host particles (whose
centre-of-mass is contained in a cylinder of diameter 3D and height 3λ around the guest particle).
When the guest particle adheres to an interface between layers (a and c) the voids created in the
adjacent layer are wide enough for host particles to occupy it and to hinder the diffusion of the guest
particle. Vice versa, when the particle sits in the centre of a smectic layer (b), it creates two voids
which are too small to be populated by host particles and hence the guest particle can diffuse away
freely.
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z = nλ, and dimers and “even" multimers with r ∼ (2n + 2) experience only the barriers at
z = (n + 1/2)λ. As shown in Figure 7.8(a), guest particles in regime I experience exclusively
the same barrier as the preceding multimer, whereas in regime III they only feel the same
barrier as the successive multimer. In regime II, the dynamics of the guest rods is affected by
both barriers and switches from a “monomer"-like to a “dimer"-like behaviour upon changing
r. Interestingly, in Figure 7.8(b) we find that the sum of the barriers, accounting for the total
smectic caging felt by the guest particle, is minimal for r ∼ n + 0.25, for which the fastest
dynamics is observed, and maximal for r ∼ n + 0.75, when the slowest dynamics is achieved,
confirming that the dynamic behaviour of guest rods in a host smectic phase can be rationalised
in terms of the caging due to the lamellar environment

Figure 7.8: (a) Height and (b) sum of the two potential energy barriers as a function of the size ratio
r for guest rods in a host smectic phase. The background is coloured according to the three diffusive
regimes. Dashed lines are guides to the eye.

7.4

Conclusions

In conclusion, in this Chapter we showed that the dynamics of guest rods can be controlled
by tuning the ratio r of their size over the lamellar spacing. We observed that the longtime diffusion coefficient Dk is a periodic function of r, as the longitudinal dynamics is entirely
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determined by the excess length λ(r −brc) of the guest particle. We showed that this behaviour
can be rationalised by a 1D effective periodic potential exhibiting up to two energy barriers,
yielding a slow, an intermediate and a fast diffusive regime, granting complete control over the
type and speed of the dynamics of guest particles in a smectic environment.

8
Towards the complete understanding
of structural and dynamical
properties of deformed nematic
phases
In this Chapter, we summarise the results of this thesis and present ideas and preliminary results
for an outlook, towards a complete understanding of the structural and dynamical properties of
deformed nematic phases. We show that highly bent rods induce splay deformations because of
the splay flexoelectric effect, and are hence good candidates for the stabilization of a colloidal
analogue of the splay nematic phase introduced in Chapter 1. We discuss how the twist-bend,
splay-bend, and even the novel twist-splay-bend nematic phases are just a subclass of all the
possible deformed nematic phases. We thereby introduce the polar analogues of blue phases,
and show how they can be stabilized by fast out-of-equilibrium compressions of systems of
banana-shaped particles. Finally, we discuss the helicoidal dynamics of spherical guest particles
in twist-bend nematic phases yielding control over the diffusive behaviour of the guest spheres,
which can be exploited for potential applications.
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Introduction

In Chapter 1, we introduced the idea that pear-shaped and banana-shaped particles can induce
splay and bend deformations of the nematic director field, respectively, due to the so-called
flexoelectric effect. We speculated that these deformations can in turn lead to the formation of
fascinating nematic liquid crystal phases characterised by elastic deformations of the nematic
director field with 1-dimensional periodicity along a certain axis, i.e. n̂(r) = n̂(z). In particular, the splay deformations induced by pear-shaped particles are expected to result into
the formation of a so-called splay nematic (NS ) phase. On the other hand, the bend deformations caused by banana-shaped particles supposedly lead to the formation of the fascinating
twist-bend (NT B ) or splay-bend (NSB ) nematic phases when accompanied by complementary
deformations of either twist or splay, respectively, the latter being related to the NS phase of
pear-shaped particles by a rotation of π/2 of the nematic director field.
In Chapters 3, 4, and 5 we confirmed these speculations for banana-shaped particles, showing
in theory, computer simulations, and experiments that if positional order is destabilised either
by polydispersity or by a smoothly curved particle profile, bent rods can indeed stabilise not
only the twist- and splay-bend nematic phases, but even a novel twist-splay-bend nematic
(NT SB ) phase in which the spontaneous bend deformations due to the flexoelectric effect are
complemented by both deformations of twist and splay. In this Chapter, we speculate that a
similar destabilisation of positional order could lead to the formation of NS phases in systems of
highly bent rods. We will also explore further possible generalisations of the deformations of the
nematic director field beyond the NT SB phase, for instance by considering elastic deformations
with a 3-dimensional spatial periodicity.
Moreover, in Chapter 5 we introduced a simple Maier-Saupe mean-field theory for predicting
the phase behaviour of curved rods, only based on the assumption that particles tend to align
their profiles tangentially to the local nematic director field at any point. We predicted that
the NT B phase, characterised by a precession of the nematic director field over a right circular
cone, transitions towards a NSB phase, characterised by a precession of n̂(z) over a flat triangle,
via an intermediate NT SB phase, in which n̂(z) precesses over an elliptical cone. We confirmed
the theoretical predictions in computer simulations, both in bulk and in sedimentation due
to gravity, thereby confirming the effectiveness of our generalized Maier-Saupe theory and,
in particular, the validity of the assumption of local alignment of particles with the nematic
director field.
Based on the same assumption, in Chapter 5 we introduced the concept of pseudomanifolds,
i.e. manifolds to which the nematic director field is tangent at any point. If the assumption
of local alignment with n̂(z) holds, particles have a tendency to match their curved profiles
with these pseudomanifolds, and we can hence exploit them to rationalise the macroscopic
structural properties of deformed nematic phases in terms of the microscopic details of the
particle shape. In particular, in Chapter 5 we exploited the concept of pseudomanifolds to
rationalise the density modulations that accompany splay deformations of the nematic director
field, and to find a simple relationship that connects the pitch and amplitude of the NT B phase
to the microscopic particle curvature.
Furthermore, in Chapter 6 we exploited the idea of pseudomanifolds once again to rationalise
the transport properties of an NT B phase of curved rods. Under the assumption of local
uniaxiality particles in a NT B phase are expected to preferentially diffuse along the local nematic
director field n̂(z) at any point. The average trajectories of curved rods in a NT B phase
should hence coincide with the pseudomanifolds, which in a NT B phase are helices with a
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Figure 8.1: Configurations (top) at infinite pressure and (bottom) at pressure βP v0 = 10.7 of hard
bent spherocylinders with aspect ratio L/D = 5 and opening angle Ψ = 20◦ (see Figure 3.1(c)),
starting from (a) a close-packed anti-polar crystal and from (b) a less densely packed polar crystal.
While the anti-polar crystal is stable at finite pressures, the polar crystal immediately melts into outof-equilibrium states. The polarity leads to a characteristic splayed smectic-like structure, due to the
splay flexoelectric effect introduced in Chapter 1.
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radius and periodicity depending on the pitch and conical angle of the NT B phase itself. In
Chapter 6 we developed methods specifically suited to simulate and study the dynamics of
biaxial particles on low-dimensional manifolds, and employed them to show that curved rods in
a bulk NT B phase diffuse along helicoidal trajectories which coincide with the pseudomanifolds
of the thermodynamic phase, thereby rationalising the dynamical properties of the NT B phase
in terms of the macroscopic structure and hence of the microscopic details of the particle shape.
Finally, in Chapter 7 we studied the dynamics of non-commensurate guest rod-like particles
in a smectic phase of host rod-like particles, revealing how the interplay of various length scales
in the system can lead to a non-trivial guest particle dynamics, which we rationalised in terms
of effective potentials with two potential barriers separating two distinct equilibrium positions
of the guest particles. In particular, we showed that control over the length scales in the system,
i.e. control over the length of the host and guest particles, grants control over the speed of the
guest particle dynamics. In this Chapter we show how a similar approach may yield control over
the diffusion of spherical particles embedded in a twist-bend liquid crystalline environment.

8.2

Evidences of the splay flexoelectric effect in
out-of-equilibrium states of highly bent rods

As thoroughly discussed in Chapter 1, already in 1969 Meyer [11] predicted that in systems of
pear- and banana-shaped particles a polar symmetry breaking is accompanied by the onset of
splay and bend deformations of the nematic director field, respectively. In the case of bananashaped particles, the resulting bend deformations cannot uniformly fill the 3-dimensional space,
and must be accompanied by complementary deformations of either twist or splay, yielding the
formation of twist-bend and splay-bend nematic phases, respectively. Similarly, in systems
of pear-shaped particles, the splay deformations caused by the splay flexoelectric effect are
expected to stabilise a splay nematic phase.
In Chapter 3 we introduced two simple hard-particle models for banana-shaped particles,
i.e. the bent and curved hard spherocylinder models, and demonstrated by computer simulations that their shape and symmetry are indeed sufficient to stabilise both twist-bend and
splay-bend nematic phases. Chapters 5 and 6 clearly exemplified how simple models can be
employed to study exotic liquid crystal phases. Exploiting the simple hard-particle models of
Chapter 3, we built a generic mean-field theory of deformed liquid crystal phases and performed extensive computer simulations of the structural and dynamical properties of twistand splay-bend nematic phases, thereby linking these to the microscopic details of the particle
shape in a coherent and unifying picture. Moreover, Chapter 4 demonstrated how these simple
hard-particle models, by identifying and isolating the most relevant ingredients for the stabilisation of certain liquid crystalline phases, provide powerful guidelines to rapidly advance the
experimental research on exotic liquid crystals, leading to the realisation of colloidal analogues
of molecular liquid crystalline phases whose structural details are readily available via optical
microscopy.
A question immediately follows: can we find equivalently simple models for pear-shaped
particles, in order to shed light on the structural and dynamical properties of the NS phase?
The answer is that we might have already found one. As discussed in Chapter 1 and clearly
exemplified in Figure 1.9, NSB phases of banana-shaped particles and NS phases of pear-shaped
particles are closely related. In particular, if we align the z-axis of the molecular reference frame
with the particle prolate axis, a rotation of π/2 transforms a banana with polar and prolate
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Figure 8.2: Side and top views of the polar blue phases of hard curved spherocylinders (see Figure 5.6)
of aspect ratio L/D = 16 and radii of curvature (a) R/D = 16.0 and (b) R/D = 11.5, respectively,
obtained via a fast out-of-equilibrium compression of an isotropic state to a packing fraction η ∼ 0.39,
where the NT B phase is stable at equilibrium. The former presents a (a) 2-dimensional lattice of
disclinations of strength ±1, whereas the latter presents a (b) 3-dimensional lattice of disclinations of
strength ±1/2.

axes orthogonal to each other and a flexoelectric effect yielding bend deformations, into a pear
with polar and prolate axes parallel to each other and a flexoelectric effect inducing splay
deformations, and consequently transforms an NSB phase into an NS phase.
If we consider again the hard bent spherocylinder model of Chapter 3 (see Figure 3.1(c)), we
note that a Ψ → π − Ψ transformation of the opening angle, which transforms a slightly bent
rod in a highly bent rod and vice versa, also flips the polar axis from being orthogonal to being
parallel to the prolate particle axis, thereby transforming the bent spherocylinder from being
banana-shaped to being pear-shaped. Hence, the flexoelectric effect of bent spherocylinders,
which for slighly bent rods induces bend deformations of the nematic director field and leads
to stable twist- and splay-bend nematic phases for Ψ & 130◦ , is expected to induce for highly
bent rods splay deformations of the nematic director field and possibly a stable NS phase for
Ψ . 50◦ .
Consider for example hard bent spherocylinders with aspect ratio L/D = 5 and opening
angle Ψ = 20◦ . For this particle shape, in Figure 3.4 we reported an I-N -Sm-X phase sequence
with increasing density, which is the equilibrium equation of state obtained via the expansion
of a close-packed anti-polar crystal. However, Floppy-box Monte Carlo simulations for this
particle model also produce an alternative less densely packed polar crystal structure. As
shown in Figure 8.1, contrary to the anti-polar crystal structure, which remains stable at finite
pressures and eventually melts into an anti-polar smectic phase at sufficiently low pressures, the
polar crystal phase melts almost immediately at finite pressures, yielding a polar smectic-like
phase with layers splayed because of a splay flexoelectic effect.
Lifting once again the smectic blanket, for example by introducing polydispersity in the
particle shape distribution or by slightly modifying the particle shape to destabilise the formation of layered structures, could hence open pathways towards the stabilisation of NS phases
in a simple hard-particle model, thereby connecting all periodically deformed nematic phases
in a coherent and unique picture, and paving the way to the realisation of a colloidal analogue
of Mertelj’s molecular NS phase [16].
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Out-of-equilibrium polar blue phases of hard curved
spherocylinders

Liquid crystals are one of material scientists favourite playgrounds, with a plethora of conserved
or broken microscopic and macroscopic symmetries yielding a complicated landscape of phases
with different mechanical and optical properties. In Chapter 1 we gave a brief overview of the
most common liquid crystal phases, and discussed the surge of interest in the phase behaviour of
banana-shaped bent-core mesogens that excited the liquid crystal community in the last couple
of decades, as the little kink in their molecular shape proved to be crucial for the stabilisation
of numerous unexpected and novel liquid crystal phases. Among these, the twist- and splaybend nematic phases have been central through the whole course of this thesis. Postulated
by Meyer as the result of the geometric frustration caused by spontaneous bend deformations
of the nematic director field, which can be resolved by complementary deformations of either
twist or splay, respectively, these fascinating phases are characterised by a modulated nematic
director field n̂(z) with 1-dimensional periodicity along the phase director z.
In Chapter 5 we pushed Meyer’s conjectures on the consequences of bend deformations of
the nematic director field further, speculating that the bend deformations induced by the flexoelectric effect in nematic phases of banana-shaped particles could be resolved by simultaneous
deformations of both twist and splay, thereby yielding a twist-splay-bend nematic phase with
a nematic director field n̂(z) precessing around a right elliptical cone. This novel phase, which
we found to be the intermediate stage of a continuous transition from the NT B to the NSB
phases of curved rods, constitutes the most general case of the deformed nematic phases with
1-dimensional periodic modulations of the nematic director field, of which the N , N ∗ , NT B ,
and NSB phases are all special cases. In particular, in Chapter 5 we showed how this generality
can be exploited, for example, in building a general and comprehensive mean-field theory of
1-dimensional deformed nematic phases.
Of course, further generalisations are possible. It could be speculated, for example, that the
novel NT SB phase is also a special case of an even more generic nematic phase, with a nematic director field n̂(r) characterised by 3-dimensional periodic deformations. A periodic arrangement
of modulations of the nematic director field is found, for example, in cholesteric blue phases of
chiral particles. Known for more than a century [265], blue phases are yet to be understood completely. They flow like liquids, with isotropic arrangement of the particle positions, but present
translational symmetry in the spatial organisation of particle orientations. Cholesteric blue
phases, in particular, which are stabilised by various systems of chiral molecules, are cholesteric
phases with line defects arranged respecting conventional crystallographic space group symmetries. A collection of these crystallographic domains, which selectively reflect visible light,
produces the characteristic mosaic of bright colours of blue phases.
Recently, motivated by the analogy between polarity and chirality, already exploited in
Chapter 1 to predict the stability of the NT B and NSB phases within an Oseen-Frank theoretical
framework, Shamid et al. [266] postulated polar analogues of the cholesteric blue phases in
systems of pear- and banana-shaped particles. Using a lattice model for the splay and bend
flexoelectric effects, they predicted in theory and computer simulations that spontaneous twist
and splay deformations of the nematic director field can also lead to the formation of polar blue
phases. In particular, they expect systems of pear-shaped particles to stabilise a 3-dimensional
body-centered-cubic lattice of point defects, and systems of banana-shaped particles to form
a 2-dimensional hexagonal lattice of vortices, i.e. a lattice of line defects of strengths 1 and
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Figure 8.3: (right) Nematic and polar director fields of the (left) polar blue phase of Figure 8.2(a),
revealing a 2-dimensional lattice of disclinations of strength ±1. We adopt the same representation as
in Ref. [266], i.e. representing the nematic director field via red boxes corresponding to the Q tensor
eigenvalues and the polar director field via green arrows.

−1/2.
In Chapters 3 and 5 we introduced the hard curved spherocylinder model for banana-shaped
particles, and demonstrated by theory and extensive computer simulations that it stabilised
both twist- and splay-bend phases, confirming Meyer’s predictions on the bend flexoelectric
effect and its implications. Intriguingly, we incidentally found that if an isotropic state of
sufficiently curved spherocylinders is rapidly compressed to densities at which the system is
expected to stabilise twist- and splay-bend phases, defects emerge in the nematic director field
driving the formation of 2- and 3-dimensional lattices of line defects, i.e. polar analogues of
the chiral blue phases. For example, in Figure 8.2 we report the out-of-equilibrium states
resulting from a deep rapid compression of isotropic states of hard curved spherocylinders of
different curvatures, yielding a 2-dimensional lattice of disclinations of strength ±1 and a 3dimensional lattice of disclinations of strength ±1/2. In Figure 8.3 we report the measured
nematic and polar director fields of the polar blue phase of Figure 8.2(a), showing a remarkable
similarity with the polar blue phase predicted by Shamid et al. for systems of banana-shaped
particles [266]. However, while they predict a hexagonal lattice of disclinations of strength 1
and −1/2, we find a square lattice of disclinations of strength ±1.
An accurate study of the out-of-equilibrium phase behaviour of rapidly compressed systems
of hard curved spherocylinders as a function of curvature is key to identify the ingredients
driving the formation of polar blue phases. Understanding the minimum particle curvature
necessary to stabilise these fascinating phases and how their formation depends on the rate
and type of compression, for example, is fundamental to provide experimentalists guidelines to
realise these polar blue phases experimentally. It is of fundamental interest to understand which
are the ingredients to form defects of strength ±1 or ±1/2, respectively, and if the difference
between the blue phases of Figure 8.2 and the ones theoretically predicted by Shamid et al comes
from the simulated particle model, from finite size effects in our Monte Carlo simulations, or
from the toy model adopted in Ref. [266].
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Figure 8.4: Exemplary trajectories of guest spherical particles of diameter d in a NT B phase of hard
curved spherocylinders of diameter d, length L/d = 16, and radius of curvature R/d = 11.5, at packing
fraction η = 0.37. Different colours correspond to different particles.

Moreover, in the case that a simple hard-particle model for pear-shaped particles will be
found, as prospected in Sect 8.2, an out-of-equilibrium compression of the model might result
into the polar blue phases predicted by Shamid et al. for systems of pear-shaped particles,
consisting of 3-dimensional lattices of point defects. Intriguingly, the splayed structures in
Figure 8.1 do remind of the hedgehog point defects of Ref. [266].

8.4

Dynamics of guest spherical particles in a host twistbend nematic phase

In Chapter 6 we studied the equilibrium transport properties of an NT B phase of curved rods,
unveiling a unique chiral helicoidal dynamics at the single-particle level. Using the notion of
pseudomanifolds, we revealed a link between these surprising dynamical properties and the
structure of the NT B phase, showing that curved rods preferentially diffuse along helicoidal
trajectories with a pitch and radius depending on the macroscopic pitch and conical angle of
the phase.
This finding is of fundamental interest but also has remarkable technological implications.
In Chapter 5, again exploiting the concept of pseudomanifolds, we revealed a simple structural link between the particle curvature and the pitch and conical angle of the NT B phase,
paving the way for reverse engineering the periodicity and amplitude of NT B phases. Via the
structure-dynamics link revealed in Chapter 6, the engineering of the structural features of a
NT B phase straight forwardly implies the engineering of its dynamical properties, i.e. of the

Towards the complete understanding of structural and dynamical
properties of deformed nematic phases

125

typical helicoidal trajectories of the constituting particles.
In Chapter 7, we discussed how an inhomogeneous environment with various degrees of
symmetry can affect the diffusion of guest particles. In particular, we studied the diffusion of
rod-like particles of various length in a smectic environment, and revealed how the speed and
type of diffusive behaviour of guest particles can be engineered by tuning the relative length
scales in the system. A question naturally follows: how would a twist-bend environment affect
the dynamics of guest particles?
It is well established, for example, that guest spherical particles in a nematic phase of
rod-like particles diffuse preferentially in the direction longitudinal to the nematic director
field [251–257]. Using again the assumption of local uniaxiality of the NT B phase, we conjecture
that spherical particles immersed in a twist-bend nematic environment would preferentially
diffuse along the local nematic director field n̂(z) at any point, thereby yielding a diffusion
along helical pseudomanifolds.
To test this hypothesis, we perform exploratory simulations on the dynamics of a trace
number of guest spheres with diameter d in an NT B phase at packing fraction η = 0.37 of hard
curved spherocylinders of diameter d, length L/d = 16, and radius of curvature R/d = 11.5,
using the CDMC introduced in Chapter 6. The resulting trajectories, reported in Figure 8.4,
clearly show how spherical guest particles in an NT B phase indeed experience the same unique
helicoidal dynamics as the host curved rods.
A careful and extensive study of the dynamics of spherical particles of various diameters
dispersed in twist-bend nematic phases of various pitch and conical angles is therefore necessary
to understand to which extent the structural features of the NT B phase control the guest particle
dynamics. For example, in the case spherical particles diffuse over the same pseudohelices as
the host curved rods, by tuning the pitch of the NT B phase one may, as shown in Chapter 6,
tune the pitch of the helicoidal diffusion of the guest particles, and hence the mobility of their
diffusion along the phase director. A similar control over the diffusion of spherical particles in
a liquid crystalline medium could have relevant implications in e.g. drug delivery. Moreover, if
the spherical guest particles were charged, their helicoidal diffusion in twist-bend environments
could in principle be exploited to generate magnetic fields due to a helical current of charges.

8.5

Conclusions

To summarise, in this thesis we studied many aspects of deformed nematic liquid crystal phases.
We shed light on the relationship between particle shape and deformations of the nematic director field well beyond Meyer’s predictions. We unravelled the key ingredients needed for the
stabilisation of twist- and splay-bend nematic phases and rationalised their structural and dynamical properties in terms of particle curvature, thereby paving the way to precisely engineer
and exploit these phases for optoelectronic applications in the near future. Using these insights,
we introduced two novel experimental systems which both stabilise the long-sought splay-bend
nematic phase, finally reporting experimental evidences in support of the predictions of Meyer
in 1976. We even pushed these predictions further, postulating and demonstrating the existence of a new and more general deformed nematic phase, the twist-splay-bend nematic phase.
We showed how the generality of this phase can be exploited to build a comprehensive theoretical framework for the understanding of all deformed nematic phases with a 1-dimensional
periodicity.
However, some questions remain open. For example, why did we not find a stable twist-
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bend nematic phase in experiments on both colloidal bent and curved rods? Can we generalise
the deformations of the nematic director field and identify a more generic phase of which the
twist-splay-bend nematic phase is also a special case, moving one step further towards a single
comprehensive picture of all deformed nematics? Where would the splay nematic phase be
positioned in this framework, and so forth? In this Chapter we presented some ideas, insights,
and directions to follow in future work.
In conclusion, the work presented in this thesis contributes towards a unique and coherent
theoretical picture of the deformed nematic phases, from the most exotic polar blue phases to
the most common cholesteric phases, which would not only satisfy the long-standing curiosity
of generations of liquid crystal physicists, but could also serve as a map for the experimental
realisation and technological applications of these fascinating liquid crystal phases.
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Summary
The story we tell in this thesis starts in 1888, when the young Austrian botanist Friedrich
Reinitzer discovered that the cholesteryl benzoate of carrots displays two distinct melting
points. Little he knew that this finding, after meeting the interest of the German physicist Otto
Lehmann, would sparkle a revolution bound to change the world and would still motivate doctoral researchers more than 130 years later. The substance in between the two melting points,
that Reinitzer described as a cloudy, but fully liquid melt, with a violet and blue colouration,
was indeed an entirely new state of matter, later named the cholesteric phase, which almost
a century later would constitute the fundamental ingredient for the invention of the Liquid
Crystal Display (LCD), changing the way we manipulate and display information forever.
Reinitzer’s cholesteric phase is just one of many existing liquid crystal phases, i.e. states of
matter of systems of anisotropic particles which are in between the fluid and the solid phases.
Living in between two worlds, liquid crystals are often gifted with remarkable mechanical and/or
optical properties, which make them highly exploitable in technological and industrial applications. The cholesteric phase, for example, presents disorder in the positions of its constituent
particles, and hence flows like a fluid, but order in their orientation, as particles twist around
a certain phase director with given pitch length. This twist, whose periodicity can be tuned
by operating with electric fields, grants control over the polarisation and frequency of Braggreflected light, and is at the basis of the utilisation of the cholesteric phase in LCD displays
and other opto-electronic applications.
However, the zoo of liquid crystal phases is vast and always expanding, with novel liquid
crystal phases continuously being conjectured and/or discovered. A single, all-reaching, and
all-comprehensive theoretical framework of all liquid crystal phases is hence implausible, and
for the liquid crystal research to progress further it is necessary to specialise and focus in a
divide et impera fashion, addressing different classes of liquid crystal phases with different and
specifically tailored methods, while never letting the larger common picture moving out of
sight. Therefore, this thesis devotes itself to shedding light on the microscopic origin and on
the structural and dynamical properties of the so-called deformed nematic phases, of which the
cholesteric phase is a worthy representative itself, by developing methods, ideas, conceptual
tools, and theoretical frameworks especially tailored for this class of liquid crystal phases.
A nematic phase is a liquid crystal phase which flows like a fluid, as its constituent particles
are uniformly distributed in space, but presents birefringence, as the particles align themselves along a certain nematic director, thereby breaking the macroscopic rotational symmetry.
Thanks to the seminal work of Carl Oseen and Sir Charles Frank, not only we know that the
nematic director, i.e. the direction of average local alignment of the particles, can be a function of position, but also that it can be subject to elastic deformations of twist, splay, and/or
bend. These three elastic deformations come with a change in free energy that is quantified by
three corresponding elastic moduli. If, for some reason, these elastic constants turn negative,
the elastic deformations become favourable, yielding equilibrium deformations of the nematic
director field and hence a deformed nematic phase.
For example, it is well established that microscopic chirality in the particle interaction
potential and/or in the particle shape can lead to a negative effective twist elastic modulus,
and induce equilibrium twist deformations of given pitch length, i.e. an equilibrium cholesteric
phase. In Chapter 2, for instance, we show that the cholesteric phase of cellulose nanocrystals,
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whose microscopic origin is to date a matter of debate, could actually be justified in terms of
only entropic effects, thus demonstrating the significance of particle shape in the formation of
deformed nematic liquid crystal phases.
Already in 1969 Robert Meyer conjectured an akin mechanism, which links the microscopic
details of the particle shape to the onset of equilibrium deformations, for splay and bend
deformations too. This mechanism, termed flexoelectric effect, is expected to induce splay
and bend deformations in systems of pear- and banana-shaped particles, respectively. In the
introduction of this thesis we show how spontaneous splay deformations of pear-shaped particles
and spontaneous bend deformations of banana-shaped particles are topologically equivalent,
and we only focus on the latter in the rest of the thesis.
In particular, Meyer noticed that bend deformations cannot uniformly fill the 3-dimensional
space, and in 1976 speculated that the spontaneous bend deformations in nematics of bananashaped particles have to be accompanied by spontaneous complementary deformations of either
twist or splay, postulating the existence of the so-called twist-bend and splay-bend nematic
phases. To find verification or rebut these ideas had to wait until the last couple of decades,
when bent-core mesogens, i.e. molecules with a banana-like conformation, proved to stabilise
many novel and fascinating liquid crystal phases. These observations aroused excitement in the
liquid crystal scientific community and led to a true banana-mania. Among these novel phases
is Meyer’s twist-bend nematic phase, of which experimental evidences have been consistently
reported from 2007 onwards in systems of bent-core mesogens. On the other hand, at the time
of writing this thesis there was still no experimental evidence reported of a splay-bend nematic
phase, thereby raising doubts on its very existence.
However, in Chapter 3 of this thesis, we demonstrate that the splay-bend and other exotic nematic phases of bent particles exist, but their stability is hindered by the competition
with a positionally ordered smectic phase, in which particles are organised in layered structures
with periodic density modulations, which covers as a blanket the most fascinating phase behaviour regime of these particles. In particular, we show that if this smectic blanket is lifted,
destabilising the positional order either via polydispersity in the particle length distribution or
via a smoothly curved particle profile, stable twist- and splay-bend nematic phases are found.
In Chapter 4 we test these conclusions experimentally by introducing two novel experimental
systems of bent and curved colloidal rods with polydisperse shape distributions. We study
the phase behaviour of these systems in sedimentation due to gravity, revealing for both stable splay-bend nematic phases just on top of a smectic phase at the bottom of the sediment,
thereby confirming all of Meyer’s speculations of 1976 more than 40 years later.
In particular, in Chapter 5 we push these speculations even further, conjecturing that the
spontaneous bend deformations due to the flexoelectric effect in systems of banana-shaped
particles can be accompanied by deformations of both twist and splay, thereby introducing a
liquid crystal phase which, perhaps not surprisingly, we term twist-splay-bend nematic phase.
We show that the twist- and splay-bend nematic phases, as well as the cholesteric phase and
the simple non-deformed nematic phase, are all special cases of this generic novel phase, and
we exploit this generality as a variational ansatz in a comprehensive mean-field theory of the
deformed liquid crystal phases of curved rods. We show that, upon compression, the twist-bend
nematic phase of banana-shaped particles transforms into a splay-bend phase by gradually
replacing the twist deformations with splay deformations, thereby passing through a region
of stability of a twist-splay-bend phase showing a concurrence of all elastic deformations. We
confirm these theoretical predictions by computer simulations both in bulk and in sedimentation
due to gravity.
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Surprisingly, we find both in theory and computer simulations that splay deformations in
systems of banana-shaped particles are always accompanied by periodic density modulations
of proportional amplitude and periodicity. To rationalise this and other findings, we introduce
the concept of pseudomanifolds, i.e. manifolds to which the nematic director is tangent at
any point in space, a generalisation of the concept of pseudolayers, well established and often
exploited in the studies on the cholesteric phase. Using this simple and yet powerful conceptual
tool, we demonstrate that the onset of density modulations is due to a non-uniform curvature
of the splayed pseudomanifolds, and that splay- and twist-splay-bend nematic phases are hence
actually smectic phases. Furthermore, exploiting the notion of pseudomanifolds once again we
find a simple relationship between the periodicity and amplitude of the twist-bend nematic
phase and the particle curvature, which can be exploited as a simple design rule for engineering
twist-bend nematic phases with a given pitch length.
In Chapter 6 we give an additional example of how the concept of pseudomanifolds can
be exploited to rationalise properties of deformed nematic phases, and we show how reverse
engineering the structural features of the twist-bend nematic phase has unexpected technological implications. Using a novel computational method specifically developed to address the
dynamics of biaxial particles in computer simulations, we study the dynamics of banana-shaped
particles in a twist-bend nematic phase, and compare the transport properties of this deformed
nematic phase to the ones of the isotropic and the non-deformed nematic phases. We find that
curved rods in a twist-bend nematic phase experience a unique and novel Brownian diffusion
along helicoidal manifolds. We develop an analysis method, based on modern machine learning
techniques, to quantitatively inquire the dynamics of particles over low-dimensional manifolds,
and we reveal that the average particle trajectories correspond to the pseudomanifolds of the
twist-bend nematic phase defined in Chapter 5. We hence find a link between the structural
and dynamical properties of the twist-bend nematic phase, implying that by reverse engineering
the pitch length and amplitude of the phase we can control the average particle trajectories.
Intriguingly, the novel methodology introduced in this Chapter can be straightforwardly applied to study the dynamics of other deformed phases, like the cholesteric, the splay-bend, and
even the novel twist-splay-bend phases.
Finally, in Chapter 7 we address the long-standing problem of particles diffusing in a crowd
by studying the dynamics of guest rod-like particles in a non-commensurate smectic phase.
We reveal that the interplay of the different length scales in the system leads to non-trivial
guest particle dynamics, that can be rationalised in terms of unique effective potentials with
two potential barriers and two minima. In particular, we show that by controlling the crowd’s
inherent length scales we can control the speed of the guest particles diffusion. In Chapter 8 we
suggest that a similar approach could yield control over the speed of the diffusion of spherical
particles dispersed in a host twist-bend nematic phase, with promising applications in fields
like drug delivery.
We believe that this thesis contributes towards a unique and coherent theoretical picture
of deformed nematic phases, from their microscopic origin to their structural and dynamical properties, and the way they are linked to the microscopic details of the particle shape.
We introduce novel methodologies, theoretical frameworks, and conceptual tools that can be
straightforwardly generalised to other liquid crystalline phases or even to other lines of research.
We resolve some already known issues on the way of the technological exploitation of deformed
nematic phases, and suggest other possible technological applications. However, many questions remain open, of which an overview is given in Chapter 8, and there is fortunately still
space for the curiosity of other doctoral researches and fellow scientists.

Samenvatting
Het verhaal dat we in dit proefschrift vertellen begint in 1888, toen de jonge Oostenrijkse
botanicus Friedrich Reinitzer ontdekte dat cholesterylbenzoaat geëxtraheerd uit wortels twee
verschillende smeltpunten vertoont. Hij wist niet dat deze vondst, die de interesse van de
Duitse natuurkundige Otto Lehmann had gewekt, een revolutie zou ontketenen die de wereld
zou veranderen en meer dan 130 jaar later nog steeds doctoraal studenten zou inspireren. De
stof tussen deze twee smeltpunten in, die Reinitzer beschreef als een cloudy, but fully liquid melt,
met een violet and blue colouration, was inderdaad een geheel nieuwe toestandsfase. Deze nieuwe
toestand van de materie werd later een cholesterische fase genoemd en zou bijna een eeuw later
de basis vormen voor de ontwikkeling van een Liquid Crystal Display (LCD), een uitvinding
die de manier waarop we informatie overbrengen en weergeven voorgoed zou veranderen.
De cholesterische fase van Reinitzer is slechts één van de vele vloeibaar kristallijne fasen,
of ook wel aggregatie toestanden van anisotrope deeltjes die zich tussen de vloeibare en de
vaste fase in bevinden. Vloeibare kristallen hebben vaak opmerkelijke mechanische en/of optische eigenschappen, waardoor ze zeer goed bruikbaar zijn in technologische en industriële
toepassingen. Neem bijvoorbeeld de cholesterische fase. Deze vertoont geen orde in de posities
van de deeltjes, en gedraagt zich als een vloeistof. Echter, de oriëntaties van deze deeltjes
zijn gerangschikt in een schroefvormig patroon om een zogeheten nematische voorkeursrichting. Deze draaiing, waarvan de periodiciteit kan worden ingesteld met een elektrisch veld, geeft
controle over de polarisatie en de frequentie van het door Bragg gereflecteerde licht. Dit is
het startpunt van het gebruik van cholesterische fasen in LCDs en andere opto-elektronische
toepassingen.
De verscheidenheid van vloeibaar-kristallijne fasen is groot en neemt gestaag toe. Voortdurend worden er nieuwe vloeibaar-kristallijne fasen ontdekt. Een allesomvattende theorie voor
alle vloeibaar-kristallijne fasen is daarom onwaarschijnlijk. Om het vloeibaar-kristalonderzoek
verder te brengen is het noodzakelijk om te focussen op een divide et impera manier, waarbij verschillende klassen van vloeibaar-kristallijne fasen met verschillende en specifiek op maat
gemaakte methoden worden aangepakt, zonder het overzicht uit het oog te verliezen. Dit
proefschrift geeft inzicht in de microscopische oorsprong en de structurele en dynamische eigenschappen van de zogenaamde periodiek gemoduleerde nematische fasen, zoals bijvoorbeeld de
cholesterische fase. We hebben hiervoor verschillende methoden, ideeën, conceptuele hulpmiddelen, en theoretische kaders ontwikkeld die speciaal afgestemd zijn op deze klasse van
vloeibaar-kristallijne fasen.
Een nematische fase is een vloeibaar kristal dat als een vloeistof stroomt omdat de deeltjes
homogeen verdeeld zijn in de ruimte, maar het vertoont een dubbele breking omdat de deeltjes
dezelfde kant op wijzen langs een zogenaamde nematische director, waardoor de macroscopische
rotatie symmetrie wordt gebroken. Dankzij het werk van Carl Oseen en Sir Charles Frank
weten we dat de nematische director niet alleen kan afhangen van de positie, maar dat deze
ook onderhevig kan zijn aan elastische vervormingen van spreiding, draaiing, en buiging. Deze
drie elastische vervormingen veroorzaken een verandering in de vrije energie die gekwantificeerd
wordt door de drie bijbehorende elastische constanten. Als deze elastische constanten om een of
andere reden negatief worden ontstaat er evenwichtsvervormingen van het nematische director
veld die uitmonden in een periodiek gemoduleerde nematische fase.
Bijvoorbeeld een microscopische chiraliteit in de interactie en/of vorm van de deeltjes kan
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leiden tot een negatieve effectieve draaiings elastische constante, wat vervormingen met een
bepaalde spoed kan induceren, resulterend in een cholesterische fase. In hoofdstuk 2 laten we
zien dat de cholesterische fase van cellulose nanokristallen, waarvan de microscopische oorsprong
nog steeds een lopende discussie is, verklaard kan worden door puur entropische effecten. Dit
benadrukt het belang van de vorm van de deeltjes bij de stabilisatie van periodiek gemoduleerde
nematische fasen.
In 1969 stelde Robert Meyer een soortgelijk mechanisme voor, waarbij hij de microscopische vorm van de deeltjes koppelde aan het ontstaan van elastische vervormingen van spreiding
en buiging in de nematische fasen. Dit mechanisme, dat het flexo-elektrisch effect wordt genoemd, zal naar verwachting spreidings- en buigingsvervormingen creëren in systemen van
peer- en banaan-vormige deeltjes. In de inleiding van dit proefschrift laten we zien hoe spontane spreidingsvervormingen van peer-vormige deeltjes en spontane buigingsvervormingen van
banaan-vormige deeltjes topologisch gelijkwaardig zijn. In de rest van dit proefschrift zullen
wij ons richten op dit laatste systeem.
Meyer merkte in het bijzonder op dat buigingsvervormingen niet uniform voortgezet kunnen worden in de driedimensionale ruimte, en speculeerde in 1976 dat de spontane buigingsvervormingen in de nematische fasen van banaan-vormige deeltjes gepaard moeten gaan met spontane vervormingen van draaiing of spreiding, wat leidt tot een zogenaamde twist-bend en splaybend nematische fase. Het duurde enkele decennia voordat het experimentele bewijs gevonden
werd, toen bleek dat bent-core mesogenen, ofwel moleculen met een banaan-achtige conformatie,
vele nieuwe en fascinerende vloeibaar kristallijne fasen konden stabiliseren. Deze observaties
wekten veel opwinding op in de wetenschappelijke gemeenschap van vloeibare kristallen en
leidden tot een ware bananen-mania. Een van deze nieuwe fasen is Meyer’s twist-bend nematische fase, waarvan vanaf 2007 voortdurend nieuwe experimentele bewijzen voor werden
gerapporteerd in systemen van bent-core mesogenen. Aan de andere kant was er ten tijde van
het schrijven van dit proefschrift nog geen experimenteel bewijs gemeld van een splay-bend
nematische fase, waardoor er twijfel ontstond over het bestaan ervan.
In hoofdstuk 3 van dit proefschrift tonen we het bestaan van splay-bend en andere exotische
nematische fasen van banaan-vormige deeltjes aan. Echter de stabiliteit van deze nematische
fasen wordt belemmerd door concurrentie met een positioneel geordende smectische fase, waarin
de deeltjes georganiseerd zijn in een gelaagde structuur met periodieke dichtheidsmodulaties,
die als een ware deken het gebied van deze fascinerende nematische fasen volledig bedekt.
Vervolgens laten we zien dat door het optillen van deze smectische deken door bijvoorbeeld
de positionele orde te destabiliseren, hetzij door polydispersiteit in de deeltjesvormverdeling,
hetzij door een soepel gebogen deeltjesvorm, twist-bend en splay-bend nematische fasen kunnen
worden gevonden. In hoofdstuk 4 verifiëren we deze theoretische voorspellingen door twee
nieuwe experimentele systemen te introduceren van geknakte en gebogen colloïdale staven met
een polydisperse deeltjesvormverdeling. We bestuderen het fasengedrag van beide systemen in
sedimentatie als gevolg van zwaartekracht, en vinden voor beide systemen een stabiele splaybend nematische fase net boven een smectische fase in het sediment. Meer dan 40 jaar later
worden nu eindelijk de speculaties van Meyer in 1976 bevestigd.
In hoofdstuk 5 gaan we verder met deze speculaties en nemen we aan dat de spontane
buigings-vervormingen die ontstaan door het flexoelectrische effect in systemen van banaanvormige deeltjes ook gepaard kunnen gaan met draaiings- en spreidingsvervormingen. Dit geeft
aanleiding tot een nieuwe vloeibare kristallijne fase die we wellicht niet verrassend een twistsplay-bend nematische fase noemen. Vervolgens laten we zien dat de twist-bend en splay-bend
nematische fasen, evenals de cholesterische fase en de uniaxiale nematische fase, bijzondere

148

Samenvatting

gevallen zijn van deze nieuwe fase. We gebruiken deze generieke fase als een variationele ansatz
in een gemiddelde-veld theorie voor periodiek gemoduleerde nematische fasen van gebogen
staven. We laten zien dat de twist-bend nematische fase van banaanvormige deeltjes overgaat in een splay-bend fase bij hogere dichtheden door de draaiings-vervormingen geleidelijk
te vervangen door spreidings-vervormingen. Hierbij wordt een reeks van vloeibaar kristallijne
fasen met zowel draaiings-, buigings-, en spreidings-vervormingen gestabiliseerd. We bevestigen deze theoretische voorspellingen met behulp van computersimulaties, zowel in bulk als in
sedimentatie als gevolg van zwaartekracht.
Verrassend genoeg vinden we zowel in theorie als in computersimulaties dat spreidingsvervormingen in systemen van banaan-vormige deeltjes altijd gepaard gaan met periodieke
dichtheidsmodulaties. Om deze en andere bevindingen te rationaliseren, introduceren we het
concept van pseudomanifolds, d.w.z. manifolds waaraan de nematische director op elk punt
in de ruimte een raakvlak heeft, en wat een generalisatie is van het concept van pseudolagen,
dat veelvulding gebruikt wordt in studies van cholesterische fasen. Met behulp van dit simpele
concept tonen we aan dat de dichtheidsmodulaties veroorzaakt worden door een niet-uniforme
kromming van de pseudomanifolds, en dat de splay-bend en twist-splay-bend nematische fasen
eigenlijk smectische fasen zijn. Bovendien vinden we door gebruik te maken van het begrip van
pseudomanifolds een eenvoudige relatie tussen de periodiciteit en amplitude van de twist-bend
nematische fase en de deeltjeskromming. Deze relatie kan gebruikt worden als een eenvoudige
ontwerpregel voor het maken van twist-bend nematische fasen met een specifieke periodiciteit.
In hoofdstuk 6 geven we nog een voorbeeld hoe het concept van pseudomanifolds kan worden
gebruikt om de eigenschappen van periodiek gemoduleerde nematische fasen te rationaliseren.
We laten zien hoe een reverse-engineering van de structurele eigenschappen van twist-bend
nematische fasen onverwachtse technologische implicaties heeft. Met behulp van een nieuwe
methode die speciaal ontwikkeld is om de dynamiek van biaxiale deeltjes in computersimulaties
te simuleren, bestuderen we de dynamica van banaan-vormige deeltjes in een twist-bend nematische fase, en vergelijken we de transporteigenschappen van deze periodiek gemoduleerde
nematische fase met die van een isotrope en een uniaxiale nematische fase. We vinden dat
gebogen staven in een twist-bend nematische fase een unieke Brownse diffusie vertonen op een
helicoïdale manifold. We ontwikkelen een analysemethode gebaseerd op machinaal leren om
de dynamica van deeltjes op laag-dimensionele manifolds kwantitatief te beschrijven. We laten
zien dat de gemiddelde deeltjestrajectoriën overeenkomen met de pseudomanifolds van de twistbend nematische fase die we in hoofdstuk 5 hebben geïntroduceerd. We vinden dus een verband
tussen de structurele en dynamische eigenschappen van de twist-bend nematische fase. Dit impliceert dat we door middel van het reverse engineeren van de periodiciteit en amplitude van
een fase de gemiddelde deeltjestrajectoriën kunnen instellen. Deze nieuwe methodologie kan
ook worden toegepast om de dynamica van andere periodiek gemoduleerde vloeibaar kristallijne
fasen te bestuderen, zoals de cholesterische, de splay-bend en zelfs de nieuwe twist-splay-bend
fasen.
Tot slot behandelen we in hoofdstuk 7 het probleem van de dynamica van grote menigtes
door de diffusie van gast deeltjes met verschillende lengtes te bestuderen in een smectische fase.
We onthullen dat het samenspel van de verschillende lengteschalen in het systeem leidt tot een
niet-triviale dynamica van de gastdeeltjes, die begrepen kan worden in termen van een effectieve
potentiaal met twee barrières en twee minima. In het bijzonder laten we zien dat de diffusie
snelheid van de gastdeeltjes bepaald wordt door de lengte van de gastdeeltjes ten opzichte van
de lengte schaal van de smectische lagen. In hoofdstuk 8 laten we zien dat de diffusie snelheid
van bolvormige deeltjes op een soortgelijke manier kan worden gecontroleerd, wat veelbelovende
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toepassingen zou kunnen hebben bij bijvoorbeeld de toediening van geneesmiddelen.
Dit proefschrift draagt bij aan het ontwikkelen van een theoretische beschrijving van periodiek gemoduleerde nematische fasen, van hun microscopische oorsprong tot hun structurele
en dynamische eigenschappen, en de manier waarop ze verbonden zijn met de microscopische deeltjesvorm. We introduceren nieuwe methodologieën, theoretische kaders en conceptuele
instrumenten die ook eenvoudig toegepast kunnen worden voor het beschrijven van andere
vloeibaar-kristallijne fasen of zelfs voor andere onderzoekslijnen. We lossen een aantal welbekende problemen op op onze reis naar technologische toepassingen van deze periodiek gemoduleerde nematische fasen en we geven ook een paar nieuwe toepassingen aan. Toch blijven
er ook nog heel veel vragen open en is er nog voldoende ruimte voor de nieuwsgierigheid van
andere doctoraal studenten en collega-onderzoekers. In hoofdstuk 8 geven we een overzicht van
de verschillende onderzoeksperspectieven.
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