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1. Introduction
We observe most of the world around us with our eyes. Light is scattered
and reflected from objects into our eyes which allows us to see the objects.
Another instance of light scattering can be found in clouds and fog. In clouds
and fog there are many small droplets of water that scatter light in different
directions. Light reflected off an object is scattered in the fog and loses its
information about the object such that an object deep in the fog cannot be
seen. The difference between a dense layer of fog, in which nothing can be
seen, and a thin layer of fog is the average number of light scattering events
between the observer and the object. In a thin fog, only some of the light is
scattered, and the object is still visible. However, in a thick fog most or all
of the light is scattered multiple times making it impossible to see through.
In many everyday objects, such as milk, human tissue, paint, paper or cloth
a similar scattering process occurs, where light is scattered by the structure
of the material. In milk for example the light is scattered from the fat and
protein globules suspended in the liquid.
Light transport through diffusely scattering media can be described through
mesoscopic transport theory [1–4]. We are interested in the diffusive regime,
where the following inequality holds [2]
λ < l  L  Labs ,

(1.1)

where λ is the wavelength of the light inside the material, l the mean free
path which is the average distance light travels between scattering events,
L the size of the object and Labs the absorption length. In this regime the
diffusion approximation describes the average intensity of light transported
through a diffusive sample to a very good approximation [2]. However, many
physical phenomenon in diffusive media can only be described by including
light interference effects, for example enhanced backscattering [5–8].
The full knowledge of the transmitted field of a specific sample is mathematically represented by its transmission operator (TO), which maps any
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incident field to the corresponding transmitted field. In slab-type samples it
is typically impossible to completely know the transmission operator experimentally as it represents all incident and transmitted waves, and a portion
of these will always fall outside the apertures of any apparatus. The TO can
be approximated by measuring a matrix of complex amplitude transmission
coefficient between a finite set of incident and transmitted modes, known as
the transmission matrix (TM). The first transmission matrix measurement
by Popoff and colleagues [9] sampled only a small fraction of the transmission
operator, such that the transmission eigenvalue statistics resembled that of a
random matrix [10], later measurements show a signature of the underlying
mesoscopic statistics [11–15]. Controlled coupling of light to specific modes
of strongly scattering media was demonstrated first by focusing scattered
light to a single point through wavefront shaping of the light incident on the
scattering medium [16]. A key question is how well a measured TM represents the properties of the TO. In this thesis, we propose a convenient figure
of merit, the fidelity, that addresses this question. We design an apparatus
that can probe multispectral transmission properties with unprecedentedly
high fidelity.
A key concept in mesoscopic transport theory is that of transmission channels. These channels form an orthogonal set of incident fields that remains
orthogonal upon propagation through the sample. They correspond to the
singular value decomposition of the transmission matrix. The distribution of
their singular values in strongly scattering media was theoretically analyzed
by Dorohkov, Mello, Perreira and Kumar [17, 18]. The surprising result was
that open channels, which are fully transmitted, occur in any diffusive sample, as long as absorption can be ignored. A first demonstration of coupling
light to these open channels was provided through wavefront shaping [19].
Calculations using random matrix theory [20] have shown that a high experimental fidelity is needed to observe them. The spectral bandwidth of the
transmission channels is of importance for their practical application [21,22].
It can also give an insight to its relation to resonances [23]. Measurements
have been performed in microwave waveguides with a limited number of
modes [24, 25]. Optical measurements in a diffusive system were performed
on a single transmission channel with limited transmittance [26]. Numerical
work was done in the localized [27] and the diffusive regime [28] for a 2D
waveguide geometry.

2

Light pulses that are transmitted though a diffusely scattering medium are
spread out in time. The transmitted pulses are stretched and transmitted
with a complicated speckle-like time-dependence. There are ensemble averaged results for the time delay of light in a multiple scattering medium [29],
however the time delay of individual modes such as the transmission channels
or time delay eigenstates remains unexplored.
The time delay eigenstates, which are solutions of the Wigner-Smith time
delay operator of the sample [30,31] are fields that are scattered with a welldefined time delay. Experiments demonstrate focusing of light at specific
time delays through wavefront shaping [32–34]. The measurement of multispectral and time resolved transmission matrices [35–41], has opened up the
possibility of measuring the time delay of transmission channels and finding
the time delay eigenstates. So far, the measurements of multispectral transmission matrices in scattering media that have been reported only recover a
small fraction of the information in the transmission operator. These measurements therefore cannot be used to probe the time delay eigenstates or
the time delay properties of transmission channels. In this thesis we recover
a large fraction of the information in the transmission operator and report
measurements of the time delay eigenstates of light in a scattering medium
and the time delay properties of transmission channels.
Another set of special fields are scattering invariant modes (SIMs). These
are fields that are transmitted the same through a scattering medium and a
layer of air, except for a phase and amplitude difference. They represent the
field that is transmitted through the scattering sample as if not interacting.
Therefore they may hold relevance for imaging modalities that rely on this
non-interacting light, such as optical coherence microscopy. This may be
especially relevant in relatively sparsely scattering samples. We demonstrate
different strategies for finding SIMs and we report on the properties of the
SIMs that we found.

Outline of this thesis
In this thesis we present measurements of key properties of the transport
of light through random scattering media that have not been studied before
in experiment. We elucidate the frequency-domain correlation width and
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time delay of transmission channels and show the first measurements, to our
knowledge, of time delay eigenstates in strongly scattering samples. We also
show the scattering invariant modes and introduce a method for physically
solving complex valued eigenvalue problems which we use to find a scattering
invariant mode through iterative phase conjugation.
In Chapter 2 we describe the experimental apparatus and measurement
procedures that we use for our different measurements. We define the goals
and properties of the apparatus, introduce the multispectral transmission
matrix measurement procedure and derive a measure for the fidelity of the
transmission matrix.
In Chapter 3 we demonstrate the experimental capabilities of our measurements by measuring the transmission matrix of a multiple scattering
material and calculating the transmission channels. We define methods to
measure the transmittance. We measure the transmittance both by projecting the transmission channels on the multiple scattering medium and
through the transmission matrices.
In Chapter 4 we show measurements of the spectral line shape of transmission channels. We determine different regimes of the transmittance, and
compare the results for different sample thicknesses. We also investigate the
influence of the fidelity of the measured transmission matrix on the results.
In Chapter 5 we investigate the time delay of the transmission channels.
We introduce a method to measure the phase delay time of a transmission
channel. We calculate the time delay of the transmission channels with
different transmittance and perform several consistency checks to rule out
artifacts of the measurement.
In Chapter 6 we show the first results of the time delay eigenvalues of
a multiple scattering material. We measure the time delay eigenvalues for
different sample thicknesses and show their distribution. Finally we measure
the transmittance of the time delay eigenvalues and how they decorrelate
when changing the wavelength of the incident light.
In Chapter 7 we report measurements of scattering invariant modes,
which are waves that are transmitted the same through two different materials. We present experimental results and physically propagate the fields
through a strongly scattering sample and air. We show that we can find
and generate fields that highly correlate between these two media. Finally
we introduce sparse scattering invariant modes, which allow us to transmit

4

simple images through two distinct media.
In Chapter 8 we show a method to find a single scattering invariant mode
by a digital optical phase conjugation procedure. We investigate the convergence of the measurement procedure which requires a symmetry breaking
term to converge, and show experimental results.
Finally, in Chapter 9 we summarize the results and give an outlook for
future research.
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2. Apparatus for full field control
2.1. Introduction
In this chapter, we describe the experimental apparatus, the procedures,
algorithms and samples used in our experiments. The goal of our measurements is to study the properties of transmission channels of strongly scattering samples, and to observe wavelength dependent behavior. To observe
the transmission channels, we accurately sample the transmission operator
as multispectral transmission matrices [1–3] and calculate the sample properties from the transmission matrices. The open transmission channels [4–6],
which are due to the mesoscopic correlations, can only be meaninfully studied
if we accurately sample a large fraction of the transmission matrix [7,8]. Additionally, we want to be able to perform digital optical phase conjugations,
which allows us to find so called scattering invariant modes as described in
Chapter 8.
The apparatus has multiple functionalities. Firstly it measures transmission matrices at a high fidelity. Second it physically propagates arbitrary
vectors of the transmission matrix through the sample. Finally we can perform a phase, amplitude and polarization controlled digital optical phase
conjugation. All these functionalities can be performed as a function of
wavelength, which also allows us to measure multispectral transmission matrices.
This chapter is structured as follows. We first define a figure of merit for
our measurements, which is the fidelity F of the transmission matrix. Then
we introduce the apparatus and its different modules with their functionality
and our samples. Next we describe the physical and software alignment
procedure that is utilized for the phase conjugation and the transmission
matrix measurements. We introduce the measurement procedure for the
transmission matrices, where we quantify the phase noise and correct for
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phase drift in our transmission matrix measurements. Finally we make an
estimate of the fidelity of our transmission matrix measurement.

2.2. Fidelity
In the context of wavefront shaping and in some discussions of the Loschmidt
paradox, the fidelity of the reconstruction of a field is defined as
F = |γ|2 = |hEtarget |Eapprox i|2 ,
where the field Etarget represents the field that an ideal method aims to synthesize or predict, and Eapprox is the result of an experimental or numerical
approximation procedure (such as wavefront shaping or the prediction of a
transmitted field using a transmission matrix) [9, 10]. Both fields are assumed to be normalized. If the target and actual fields are identical up to
a global prefactor the fidelity F = 1, whereas if the experimental procedure
results in a random field the fidelity is small and of the order of the inverse
number of degrees of freedom.
In most optical experiments the fidelity is constrained by two limitations:
The fact that only a fraction of the incident and outgoing modes can be
detected due to apertures in real and angular space, and noise on the amplitude measurements. The effect of uncorrelated measurement noise is known
to be mostly to reduce fidelity by a factor cos2 δφ, where δφ represents the
phase noise in the system [11]. Other effects such as phase drift, polarization
cross talk, the imaging resolution and overlap between the base vectors further reduce the fidelity but are minimized by the choice of a suitable basis
vectors [3]. In the remainder we will ignore the effect of noise and study the
fidelity of transmission matrix measurements as a result of aperture effects.

2.2.1. Fidelity of a transmission matrix
For clarity we restrict ourselves to a transmission matrix in a waveguide
geometry, so that the transmission matrix is square and of well-defined dimension N × N . We assume the true transmission matrix is Ttrue ≡ Tt and
its approximation Tapprox . We define the fidelity of Tapprox ≡ Ta as the average fidelity of the transmitted fields it predicts, where the average is taken
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over the ensemble of all possible incident waves (or equivalently, over any
complete basis of incident modes).
Hence, we find for the overlap between the full and experimental transmission matrix,
P
∗
i,j Tt (i, j)Ta (i, j)
q
qP
γTM = P
.
(2.1)
N
N
∗
∗ (i, j)T (i, j)
T
a
i,j a
i,j Tt (i, j)Tt (i, j)
We further assume that a priori the transmission matrix elements are
independently identically circular-Gaussian distributed (Ginnibre ensemble),
and that the approximate matrix Ta is effectively an n × m matrix, meaning
its matrix elements outside this block are zero. As a result we can rewrite
the limits of the sum,
Pm,n ∗
i,j Tt (i, j)Ta (i, j)
qP
γTM = qP
.
(2.2)
m,n ∗
N,N ∗
T
(i,
j)T
(i,
j)
T
(i,
j)T
(i,
j)
a
t
t
a
i,j
i,j
Due to the identical independent distribution of the matrix elements, only
the terms where i = j are nonzero after averaging. We assume they are equal
to |s|2 , while all other terms average to zero. As a result,
hγTM i = min(m, n)|s|2 [min(m, n)|s|2 ]−1/2 [N |s|2 ]−1/2 ,

(2.3)

resulting in the expression for the fidelity
FTM ≈

min(m, n)
.
N

(2.4)

Hence our estimate for the fidelity of a transmission matrix is the minimum
of the fractions m/N and n/N , possibly corrected for noise effects. This
leads to the surprising conclusion that the largest of the two control fractions
apparently does not matter within the validity of this approximation, and to
optimize fidelity one should aim for a balanced control on both sides of the
medium.

2.2.2. Fidelity of digital optical phase conjugation
For digital optical phase conjugation first a transmitted field is measured,
and then digitally reproduced and propagated back. We defined the fidelity

13

2. Apparatus for full field control
of a digital optical phase conjugation as the average fidelity of phase conjugated field it produces, averaged over the ensemble of waves in a waveguide
geometry. analogous to the fidelity of a transmission matrix. This is similar
to the measurement of a transmission matrix, except for the back propagation of the transmitted field.

2.3. Hardware
The apparatus can be divided in four different modules, each with its own
specific functionality. There is a single, tunable laser source that is used as
a source. There are two interferometry modules that are used to measure
light fields. There are two field synthesis modules that are used to generate
arbitrary phase and amplitude holograms. Finally there is a sample holder
that can be used to precisely and accurately move the sample that we project
light through. In this section we will look at the different modules

2.3.1. Laser module
Light is generated by an external cavity diode laser. The laser is coupled to
six polarization maintaining fibers to guide the light to the different modules.
Half-wave plates and polarizing beamsplitters are used to change the power
ratio between the different fibers. A filter wheel with ND-filters is installed
to attenuate the power used for the interferometry (Section 2.3.3). The light
that is transmitted back through the fibers leading to the wavefront shaping
modules can be collected trough flip-mirrors on a photodiode for alignment
purposes. The photodiode signal is amplified with a transimpedence amplifier (Femto DLPCA-200). The laser source has a tuning range of 765–781 nm
with a tuning resolution of 0.01 nm. It has a linewidth of less than 200 kHz
for a 50 ms integration time [12]. Long-time fluctuations are mainly due to
slow temperature changes [13].

2.3.2. Interferometry
The goal of the field measurement module is to measure the spatial field profile of a light field. Two of these modules are present in the apparatus, one for
each side of the sample. We measure the local phase, and amplitude, for each
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Figure 2.1.: Schematic of the fiber coupling module. Flip mirrors are depicted with transparency. The half-wave plates are indicated as
grey rectangles.

polarization of a field with off-axis holography [14]. The total transmitted
intensity is measured on a separate camera. In this section we first describe
the modules that are used for off-axis holography, then we summarize the
signal processing of the holograms.
We depict a schematic of the field measurement module in Fig. 2.2. A 50:50
beamsplitter is used to spatially overlap a diagonally polarized reference
beam with the signal beam. The light is split into a horizontal and vertical
polarization component with a polarizing beamsplitter (PBS). The signal
beam then interferes with the reference beam on CCD1 and CCD2 (AVT
Dolphin F145-B). These CCD cameras are monochromatic, with a resolution
of 1392×1040, and a pixel size of 6.45 × 6.45 m.

µ

The total transmitted intensity is measured on CCD3 (AVT Stingray
F145B-30fps or AVT Guppy with a resolution of 1038x1388 and 1040x1392,
and a pixel size of 6.45 m and 4.65 m respectively). Due to the large angle
between the signal beam and the reference beam, the reference beam does
not fall on this camera, which allows separation between signal and reference
power.

µ

µ

The local phase and amplitude for the two polarization components of
the signal beam are calculated from the interference patterns on CCD1 and
CCD2. Following the derivation as in [15], omitting the position dependence
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Figure 2.2.: Schematic of the field measurement module. Signal beam in
red, reference beam in blue. Overlapped beams in pink. In the
experiment the signal and reference beam are from the same
source, with the same wavelength.
in the notation, the interference pattern I is described by
I = (Es + Er )

∗

(Es + Er )

(2.5a)

=|Es |2 + |Er |2 + Es↑∗ Er + Es Er↑∗ .

Where Es denotes the vertical polarization component of the signal field
and Er indicates the vertical polarization component of the reference beam.
The ∗ indicates a complex conjugate. The signal field is defined as
Es (x, y) = |Es (x, y)| exp{iφs (x, y)},
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where φ(x, y) indicates the local phase for the respective polarization components. Assuming a plane phase front the reference beam can be described
as
Er (x, y) = |Er (x, y)| exp{−i2π(px x + py y)}.
(2.7)
Where (px , py ) and (qx , qy ) are determined by the angle of incidence with
respect to the camera. Taking the Fourier transform of Eq. (2.5) we obtain

F(I)

=


F |Es |2 + |Er |2


+ F Es↑∗ Er


+ F Es Er↑∗ . (2.8)

The three terms in Eq. (2.8) are separated if (px , py ) and (qx , qy ) are larger
than the highest spatial frequency in the signal field. The signal field is

calculated from the F Es Er↑∗ component by translating it to (kx , ky ) =
(0, 0) and applying the inverse Fourier transform, which yields
es (x, y) = |Es (x, y)Er (x, y)| exp{iφs (x, y)},
E

(2.9)

from which we find the field Es (x, y):
es (x, y)/
Es (x, y) = E

p
Ir (x, y).

(2.10)

For the transmission matrix measurement we slightly modify this procedure, because we sample the fields in the Fourier plane. From Eq (2.8) we

isolate the F Es Er↑∗ term. Next we perform a Whittaker-Shannon interpolation by applying an inverse Fourier transform, padding the field with
zeros by a factor of five, and applying another Fourier transform. The field
is sampled from this interpolated field.

2.3.3. Field synthesis
The goal of the field synthesis module is to create a random light field, with
a large number of pixels of which the phase and amplitude are controlled.
We need a modulation fidelity F > 0.9, which implies that phase, amplitude
and polarization must be modulated. To achieve this, we use a combination
of a digital micromirror device and Lee holography [16].
Fields are synthesised with a binary amplitude mask created by a digital
micromirror device (DMD). We use a ViALUX V-9600 module with a 0.96”
WUXGA resolution DMD chip (Texas Instruments) and a VX4100 control
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board (ViALUX). The DMD has a resolution of 1920×1200 mirrors with a
pitch of 10.8 m, can operate at array switching rates of up to 9.7 kHz [17],
and has a buffer for 13981 binary frames.
In Fig. 2.3 we depict the field synthesis module. Light is collimated using
a fiber collimator (C1, Schäfter+Kirchhoff) into a wide beam (18 mm) and
split into two parallel orthogonal polarization components using a polarizing beamsplitter, a gold coated prism, and two mirrors. The two beams
are reflected of two regions on the DMD. The diffracted field is Fourier filtered using a 4f-configuration and an aperture. The two polarizations are
recombined using a similar configuration with a set of mirrors and a polarizing beamsplitter. The DMD is mounted under an angle of 45o such
that the mirrors rotate around an axis that is vertical with respect to the
optical table. The modules that split and combine the light in two polarization components are mounted on triangular aluminium blocks such that
they are mounted at an angle of 45o . A half wave plate rotates the two
diagonal polarization components after the 4f-configuration such that they
are horizontally and vertically polarized. CCD1 images the spatial filter in
the counter propagating direction using pellicle beamsplitter BS1. A mirror
M1 is placed after the half wave plate which reflects the light back. CCD2
is placed such that it images the spatial filter.
We create the arbitrary light field using Lee holography [16], which uses
a binary amplitude mask to generate a light field of which both the local
amplitude and phase are controlled. We modulate each polarization individually with a separate binary amplitude mask. We use a circular area
with a diameter of 636 mirrors per polarization. In Lee holography multiple
binary amplitude pixels (mirrors) are used to control a single pixel of the
field, which gives an effective resolution of about 4500 independent pixels
per polarization. Our implementation of Lee holography enables the use of
the superpixel method [18] which has a slightly higher modulation fidelity,
but is not implemented because in Lee holography it is easier to adjust the
carrier frequency to correct for the dispersion of the DMD.
For the correct operation of the holography the spatial filter has to be
aligned exactly. Fig. 2.4 shows the image of the spatial filter on CCD1 and
CCD2 after alignment. The outline of the aperture can be seen with a bright
spot in the center. Four other dots are visible in the intercardinal directions,
corresponding to the highest k-vectors that can be synthesised. Fig. 2.4 (a)

µ
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Figure 2.3.: Field synthesis module. Figure adapted from [15]

(a)

(b)

Figure 2.4.: Image of the spatial filter after alignment. The outline of the
spatial filter (∼3 mm) is visible.

depict the image on CCD2 and Fig. 2.4 (b) shows the image on CCD1.

2.3.4. Sample holder
The sample module projects the light field, generated in the field synthesis module, on the sample, and images the surface of the sample onto the
field measurement module. Additionally it allows an accurate and precise
displacement of the sample. It uses high numerical aperture objectives in
order to collect a large fraction of the power and to achieve a high spatial
resolution. The magnification is chosen such that each effective pixel of the
field synthesis module is mapped to a spot the size of the diffraction limit
on the surface of the sample.
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We show the schematic imaging configuration in Fig. 2.5. A sample is imaged on one side to an image plane, IP1, using a tube lens (f = 750 mm, 2”
achromat) and a 0.95NA, 63× objective (Zeiss N-Achroplan, 420984-9900,
O1). The other side of the sample is imaged to image plane IP2, using a
tube lens (f = 750 mm, 2” achromat) and a 1.4NA, 63× oil immersion objective (Zeiss Plan-Apochromat, 440760, O2) imaging the sample through
the cover glass. The objectives are mounted on closed-loop piezo stages
(80 m scan range, PiezoJena PX 100-SG) to allow refocussing of the objectives. The piezo stages are mounted on manual 3D stages (Elliot) for longer
distance alignment. The sample is mounted on a stage operated by two stickslip linear positioners (SmarAct SLC-1720-S and SLC-1740-S), this allows a
manometer precision accurate and repeatable displacement of the sample
orthogonal to the optical axis. The inset depicts how the light is focussed
on the surface of the sample. It depicts the maximum angle of the incident
light, the size of a diffraction limited spot, how the sample is deposited on
the cover slide and the size of the controlled area.
The measured magnification between the interferometry mapped to IP2
and IP1 and the sample surface is 288x. We calibrate the magnification with
respect to the sample stages by translating the sample by a known distance
and measuring the displacement on the camera. With this magnification we
have a circular control area and field of view with radius 23 m, with a speckle
size of 116 m and 79 m in IP1 and IP2 respectively. This corresponds to
the effective resolution of the field synthesis module, which has a resolution
of approximately 80 m.

µ

µ
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Figure 2.5.: Imaging configuration used. Figure adapted from [15]

2.4. Sample
For our experiments we use a strongly scattering material deposited on a
glass cover slide, as depicted in Fig. 2.6. The sample has a slight thickness
gradient. By selecting a different region of the sample to perform an experiment on we perform measurements with different sample thickness. Part
of the cover slide is cleaned from scattering material to allow measurements
without a scattering medium present. Our samples have a thickness of up
to 20 m, and a transport mean free path of 0.7 m [19].

µ

µ

We prepare the samples following a recipe based on van Putten [19]. We
use commercially available zinc oxide nanopowder (io-li-tec, Zinc(II)oxide
powder, 90–210 nm, 99.9%). The nanoparticles are suspended in a bottle in
water (2.5 g ZnO in 8 g H2 O), the mixture is mixed on a rotating vial holder
overnight and the bottle is put in an ultrasonic bath to dissolve agglomerates
of powder. We clean a microscope slide with ethanol and a plasma cleaner.
Then the solution is sprayed on the microscope slide with a commercially
available air spray gun (Harder & Steenbeck, Evolution, 400 m nozzle),
and left to dry. After drying we apply the doctor blade technique [20] to
create a thickness gradient over the sample, which allows us to measure the
transmission matrix at different thicknesses on the same prepared sample.

µ
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Figure 2.6.: Photograph of scattering sample. The sample is deposited on a
coverslide. Part of the coverslide has been cleaned to allow for
measurements without a scattering medium present. A thickness
gradient is seen along the long direction of the sample.

2.4.1. Sample thickness
An in-situ measurement of the local thickness of our sample allows us to
accurately know the physical thickness of the sample, even if globally large
thickness variations are present. The measurement procedure is as follows:
we overlap the focus of our two objectives, by focussing on the same surface of
a clean part of the cover slide that the sample is deposited on. Then we shift
the sample to the position of the measurement, and refocus on the surface
on both sides of the sample. From the net displacement of the objectives
we calculate the local thickness of the sample. To focus on the sample we
generate temporally and spatially incoherent light with the DMD by creating
160 different random phase patterns, and integrating over these patterns on
the camera. This allows us to accurately focus on the surfaces of the sample,
with an estimated accuracy of 1 m.

µ

2.5. Physical alignment
In order to perform phase conjugation with a high fidelity, it is important that
all the modules are aligned properly with respect to each other. Different
approaches have been taken in order to align a digital phase conjugation
system [21–24], in this section we describe our approach to alignment of
the phase conjugation system. We physically align the relative position and
angle between the different modules. Additionally we have implemented a
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Interferometry module

Figure 2.7.: Half of the field conjugation apparatus. Note that the pellicle beamsplitter (BS1) is only used during alignment. Figure
adapted from [15].

second alignment procedure in software (Section 2.6), to perform a second
higher accuracy alignment.
Fig. 2.7 shows how the three different types of modules are connected to
each other. The three different modules are depicted, which are connected
using a beamsplitter (BS2).
The physical alignment is composed of two steps: spatial alignment, and
angular alignment. We explain how we align along the optical axis and how
we correct for rotation, mirroring, and shifts around and orthogonal to the
optical axis respectively.
In order to align the image plane of the holography module and the interferometry module along the optical axis we use a multiply scattering material, the sample module and temporary incoherent light. To create temporal
incoherent light, we generate 160 fields, with the same amplitude profile,
but different random phase profiles. The fields are projected sequentially
at 2000 fields per second, generating temporal and spatial incoherent light.
The camera exposure time is chosen such that it integrates over a multiple
of 160 fields to average over the fluctuations. Next we physically shift both
the imaging objective and the camera such that the DMD is properly imaged to the sample and the surface of the sample is imaged to the camera
simultaneously. This can be seen in Fig. 2.8. Proper alignment of the sample
with respect to the camera and the DMD is indicated by the well defined
shape of a square with a hole and simultaneous sharp imaging of the speckle
background.
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Figure 2.8.: Alignment pattern used for alignment along the optical axis and
focusing on the sample.

The objectives and cameras are aligned sequentially with respect to the
scratched surface of the cover glass. This ensures both the detection and the
synthesis module are sharply imaged to the cover glass.
We also perform an the alignment of the rotation around the optical axis,
and in the directions perpendicular to the optical axis. The objective is
replaced with a low NA objective (Zeiss A-Plan 441030, 10× 0.25 NA) and
the sample is replaced by a mirror. A phase pattern with sharp phase jumps
is projected with the DMD and the reflected field is measured. In Fig. 2.9 we
depict an example of the feedback signal that is used. The pattern is rotated
and mirrored such that the rotation and orientation on the camera match
the pattern that is projected. The camera is physically shifted to center the
projected field on the camera.
For the physical alignment of the relative angle between the image plane
of the measurement module and the field synthesis module we use mirror M1
(Fig. 2.7). The sample module is blocked and a plane wave is projected with
the DMD. A plane wave is projected at a zero angle from the holography,
and the aperture (SF) is imaged in the back direction. The plane wave is
reflected back through the center of the spatial filter (Fig. 2.4 (b)). This
ensures mirror M1 is perpendicular to the optical path. The plane wave is
then imaged using the interferometry and this angle is set as the zero angle.
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Figure 2.9.: Intensity pattern of alignment field. A dust particle is visible
next to the line connecting ”W” and ”S”

2.6. Digital aberration corrections
By performing only a physical alignment, it is typically not feasible to obtain
the high accuracy of angular and spatial alignment that is needed for phase
conjugation. Additionally there are imaging distortions such as spherical
aberrations and coma that are hard to physically correct for. In order to
perform alignment at a high accuracy and high precision we perform a second, digital aberration correction. This allows us to correct for the angular
and spatial alignment, but also various imaging defects, such as spherical
aberrations, coma, and astigmatism. Some of these aberrations might be
caused by the 4-f Fourier filter in the field synthesis module, where we have
to pass through the lenses off-center in order to create holograms for both
polarizations simultaneously. Different methods have been implemented to
solve this problem, [21,25–27]. We have developed our own method, tailored
specifically to the aberrations and hardware present in our system.
We correct on a Zernike polynomial basis, which is a basis that directly
corrects for many common imaging errors and is widely used in adaptive
optics [28]. A phase correction with Zernike polynomials is applied in the
image plane to correct for errors such as the tilt, spherical aberrations, coma,
and astigmatism. We apply corrections for the first 13 Zernike polynomials,
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ordered by their Noll index [29]. After correcting in the real real space,
(or, x, y) a correction in the Fourier plane is performed by applying the
same Zernike polynomials with different coefficients. This way we correct
for errors such as a shift or a defocus between the interferometry and the
holography module. Finally the corrected field is rotated and resampled
to the correct resolution to take into account the 45 degree rotation of the
DMD and the difference in pixel size between the DMD and the camera. In
pseudo-code our correction algorithm is as follows:
Cut f i e l d E(x, y) t o c o r r e c t s i z e
Apply Z e r n i k e p o l y n o m i a l s i n image s p a c e
Zcorr,im (x, y) = Σan Zn (x, y) where Zcorr,im
d e n o t e s t h e c o r r e c t i o n , an t h e
c o e f f i c i e n t s , and Zn (x, y) t h e
Zernike polynomials .
E(x, y)corrected = E(x, y) ∗ exp(i2πZcorr,im )
Fourier transform the f i e l d to Fourier space
Apply Z e r n i k e p o l y n o m i a l s i n F o u r i e r s p a c e
F o u r i e r t r a n s f o r m f i e l d back t o image s p a c e
Perform a f f i n e t r a n s f o r m a t i o n o r p e r s p e c t i v e
t r a n s f o r m f o r i m a g i n a r y and r e a l p a r t
Rotation
Magnification ( resampling )
Apply c i r c u l a r a m p l i t u d e mask
For alignment we utilize the fact that the correct hologram will both shape
a planar wave to the correct speckle pattern, but also shape the correct
speckle pattern to a plane wave. This way the correct hologram couples
light to the fiber collimator that is normally used to illuminate the DMD.
This process is described also in [30] as a single mode reflector.
In Fig. 2.10 we illustrate our experimental procedure. The procedure is
the following: light is sent through a scattering medium. We measure the
transmitted field on the field measurement device, calculate the corresponding hologram and write the hologram on the DMD. We measure the power
that is coupled to the fiber collimator that we normally use to illuminate the
DMD. By adjusting the Zernike coefficients and measuring the corresponding
coupled power we determine the optimal settings. Once we have the Zernike
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Figure 2.10.: Schematic representation of the functioning of the SMR phase
conjugation. Figure elements adapted from [15].

coefficients we perform a phase conjugation by illuminating the DMD from
the fiber collimator. The power coupled to the single mode fiber is linearly
proportional to the fidelity, due to the fact that we time-reverse the process
by illuminating the DMD from the single mode fiber. This process has a
large similarity to the ”Single-Mode Reflector” concept described by Lee et
al. [30].
Our optimization method also allows us to measure the equivalent of the
point spread function (PSF) in the Fourier plane. The hologram is approximately imaged in the Fourier plane on the fiber collimator. By shifting the
spot in Fourier space, which we achieve by adding a phase gradient in the
image plane - corresponding to Zernike polynomials Z2 and Z3 - we measure
the shape of the point spread function. We depict an example of the PSF
before and after optimization in Fig. 2.11.
Fig. 2.11 depicts the PSF before (a) and after (b) optimization. The PSF
was measured through a clean piece of glass, by phase conjugating a plane
wave. We measure transmitted power through the fiber with a software lock-
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Figure 2.11.: Point spread function before (a) and after (b) optimization.
The tip and tilt are measured in units of wavelength per spot
diameter d, where d is the diameter of the phase conjugation
area. We normalize (a) and (b) to the maximum value of (b).
Note the difference in peak intensity. The PSF was measured
through a clean piece of glass, by phase conjugating a plane
wave.

in method, for a higher signal to noise, and a transimpedance amplification
of 108 V/A. This high amplification is needed because of the significant loss
as the light passes two DMD’s in diffraction mode, multiple beamsplitters
and couples into the optical fiber twice. The tip and tilt are measured in
units of wavelength per spot diameter d, where d is the diameter of the
phase conjugation area. We normalize (a) and (b) to the maximum value
of (b). Note the difference in peak intensity. We clearly see that after
optimization the PSF is smaller and radially symmetric. As a result of this
the maximum measured intensity, and therefore the fidelity, significantly
increases. From the shape of the uncorrected spot, coma and astigmatism
can easily be recognized.
The measurement of the fidelity of the phase conjugation on a photodiode provides a direct measurement with a high temporal bandwidth of the
fidelity. By measuring a time trace of the fidelity and taking a Fourier transform, we directly measure the spectral noise components. This allows us
to identify and address resonances and noise sources in the system. For fi-
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delity measurements we also apply a lock-in type measurement, where we
turn the hologram on and off at 2 kHz, and select the corresponding Fourier
component in the signal.

2.6.1. Dispersion correction
To measure wavelength dependent behaviour, we need to correct for any
dispersion effects present in the apparatus. This is done in two major ways.
First we match the path length of the reference beam with the signal path.
This minimizes any phase drift from a wavelength scan. Additionally the
beam paths are designed such that the path lengths of the two polarization
components match as much as possible, this gives us a limited phase drift
between the polarization components when scanning the wavelength.
A strong dispersive effect is present in the field synthesis module. Due
to the design of the DMDs it functions as a blazed grating, which induces
a strong dispersion, manifested as a phase gradient on the projected field.
We correct for the dispersion by adjusting the carrier frequency in the Lee
holography, linearly proportional to the laser wavelength. We measure the
dispersion with a similar procedure as is used to optimize the Zernike corrections. We illuminate a scattering medium with a collimated beam from
a fiber collimator and focus the transmitted light in the single mode fiber.
Then we apply a small detuning to the laser, within the Thouless frequency
of the scattering material. This will both decorrelate the speckle pattern
due the dispersion and due to the change in wavelength. We find the correct
dispersion correction by optimizing the dispersion correction applied to the
hologram. From our measurements we find that a linear dispersion correction
is sufficient to correct dispersion over the full wavelength range.

2.7. Transmission matrix measurements
The high degree of control on the incident field, and the high resolution at
which we sample the transmitted field allows us to very accurately sample
the transmission operator of the sample in a transmission matrix [3, 31]. We
have implemented a transmission matrix measurement procedure in order to
measure transmission matrices. In this section we describe the transmission
matrix procedure.
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A transmission matrix relates a set of incident modes on a sample to a
set of transmitted mode amplitudes [32]. In this apparatus we map fields
from the field synthesis module to fields on the interferometry module. All
our transmission matrix measurements are measured with the 0.95NA air
objective for the incident fields, and the transmitted fields are collected with
the 1.4NA oil-immersion objective. The fields are sampled in a k-vector
basis. As a set of projection fields we use circular aperture plane waves that
cover the full control area, of which we vary the k-vector. We sample the
transmitted fields on a basis circular plane waves with a size corresponding
to the incident control area, which we sample for different k-vectors. In order
to optimize the sampling density we sample on a hexagonal grid in k-space,
which allows a higher sampling density than the more commonly used square
grid [3]. We match the incident k-vectors with the transmitted k-vectors from
the transmission by measuring the transmission through a cover slide, where
we both focus the incident field, and image the transmitted field on the same
physical surface.
The spacing of the hexagonal sampling grid is determined by propagating
the basis vectors through a scattering sample and varying the incident angle.
We calculate the correlation in the propagated field as a function of angular
tilt of the incident field, and find the first minimum. We use this angular
value as the spacing in the k-vector sampling grid.
The maximum dimension of the measured transmission matrices is determined by the NA and magnification of the objectives, and the stepsize in
k-space. We sample matrices of 2282 × 2282 elements, which covers approximately 80% of the controlled angles of the incident objective and 38% of the
transmitted modes.

2.7.1. Matrix normalization
The transmission matrices are be divided into four different sub-matrices,
representing different polarization components in the back focal plane. These
components are the horizontal in-horizontal out (hh), vertical in-horizontal
out (vh) and correspondingly the hv and vv components. We normalize the
hh and vv sub-matrices to the rms-value of the singular vectors of a transmission matrix measurement through a cover slide without sample present.
This corrects for a difference in reference intensity and input power for the
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hh and vv components. We normalize the rms value of the sub-matrices to
equal the mean rms value of the hh and vv sub-matrices, because we do not
directly measure the reference intensity or input power separately. This normalization is correct for full polarization mixing through the sample, for very
thin samples it shows a slight overestimation of the hv and vh components
which have no ballistic light components.

2.8. Phase noise in transmission matrix
measurement
We observe a slow phase drift of the absolute phase between the signal beam
and the reference beam. Additionally we observe a random phase noise
during the transmission matrix measurements.
To correct for the slow phase drift, we take one reference image every five
sampling points. We calculate the phase drift for each reference frame by
calculating the correlation with the first reference field. We fit a univariate
spline to these measured values and interpolate the phase shift for the intermediate points. We use this fit to correct for the phase drift in the different
elements of the transmission matrix.
We quantify the random phase noise in the transmission matrix measurements, using a novel measurement procedure. We measure two independent
matrices of the same sample in succession and calculate the eigenvalues of
T1† T2 . If the matrices are exactly the same, all eigenvalues will be positive
and real, and represent the square of the singular values of the transmission channels. If a small phase noise is present the eigenvalues will become
complex. The shape of the eigenvalue scatter plot in the complex plane is
dependent on the amount of phase noise in the transmission matrices. We
parametrize the shape of the eigenvalue scatter plot according to the following procedure:
Take two t r a n s m i s s i o n m a t r i c e s : T1 , T2
C a l c u l a t e t h e e i g e n v a l u e s w o f T1† T2
D i v i d e t h e e i g e n v a l u e s w i n 30 e q u a l s i z e d
bins , according to t h e i r r e a l part
Approximate t h e d i s t r i b u t i o n with a c u r v e : f o r
e v e r y bin , c a l c u l a t e t h e s t a n d a r d
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d e v i a t i o n on t h e i m a g i n a r y a x i s
To estimate the phase noise present in T1 and T2 , we follow the following
procedure:
Take one o f t h e m a t r i c e s : T1
Add Gaussian phase n o i s e with d i f f e r e n t
s t a n d a r d d e v i a t i o n s t o t h e columns o f t h e
0

00

matrix : T1† and T1 .
For e v e r y amount o f Gaussian n o i s e c a l c u l a t e
t h e shape o f t h e e i g e n v a l u e s c a t t e r p l o t ,
C a l c u l a t e t h e mean s q u a r e d i f f e r e n c e χ with
t h e c u r v e f o r T1† T2
Estima te t h e phase n o i s e a s t h e v a l u e f o r
which we g e t t h e l o w e s t χ
By applying this method we find that the phase noise is best described
with a standard deviation of 0.185 radian, equivalent to a phase noise of
λ/30.

2.9. Wavelength dependent phase drift correction
The light transmitted through the scattering material will incur a phase
delay, associated to the path length of the light inside the sample. However, there is also a phase delay associated with the path length through the
system, for both the signal and the reference path. Therefore, in order to
measure the absolute phase delay through only the sample we have to match
the path length of the reference light with the light transmitted through
the sample within a micrometer, because our samples are only several micrometers thick. Experimentally this is possible, however it is not practical
and hard to achieve. Experimentally we have matched the pathlength of
the reference and the signal path within millimetres. This allows us to only
measure the relative phase delay between different transmitted fields, and
not the absolute phase delay of any field.
The relative phase between the different polarization components is essential for a correct transmission matrix measurement. Due to small path
length differences between the different polarization components phase shifts
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between these components occur when changing the wavelength of the light.
We have developed and implemented a simple yet very effective method to
correct for these phase drifts. We correct the phase shifts in a way similar to
the noise characterization method described in Section 2.8. In order to correct the phase shift, first we calculate the eigenvalues w = eig(hh†λ hhλ+∆λ ),
where hh corresponds to one of the submatrices. Next we calculate the
argument φeig of the mean of the eigenvalues. Then we rotate one ma0
trix such that the mean of the eigenvalues is real and positive: hhλ+∆λ =
hhλ+∆λ exp{iφeig }. We correct for the phase dispersion between spectrally
adjacent matrices, i.e. if we measure a transmission matrix at 771 nm, 772 nm
and 773 nm, we correct the phase dispersion between 771 nm and 772 nm, and
then the phase drift between 772 nm and 773 nm.
In Fig. 2.12, we plot the eigenvalues w for the different sub matrices of
two transmission matrices before correcting for the path length difference
and the sub matrix intensity. We find that the different transmission matrix
components hh, hv, vh and vv have different dispersions.
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Figure 2.12.: Eigenvalues of w for the different transmission matrix components. From the different orientations of the different components we find that the dispersion of the different polarizations
in the measurement apparatus is unequal. The difference in
amplitude for the vh and hv components is corrected for in a
different correction.

2.10. Fidelity estimate
We have found the best estimate for the fidelity of a transmission matrix is
the minimum of the fractions m/N and n/N , possibly corrected for noise
effects. We leave out this noise correction because the phase noise is of
the level of λ/30 which is only very minor effect compared to the aperture
effects. In our experiment, the control fraction is dominated by numerical
aperture effects. Within the effective NA of 0.95 of an objective the best
value of m/N that can be reached is about NA2 ≈ 0.8. On the transmission
side we have an oil immersion objective, but we sample up to an NA of
about 0.9 to obtain a symmetric matrix. This leads to an effective n/N of
0.36, which is therefore our best estimate of the fidelity in our experiment.
The fidelity of the wavefront synthesis may be lower due to an amplitude
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imbalance between different k-vectors and polarization components, which
are corrected for more easily in the transmission matrix measurements.

2.11. Conclusion
In summary, we have introduced an apparatus to observe correlations due
to mesoscopic physics in a multiply scattering medium. We have introduced
a measure for the fidelity of our apparatus that determines how well we
are able to resolve transmission properties of a sample, and which states
that a balanced control between the incident and transmitted side of the
sample is required. We have introduced the different modules of the apparatus, their individual functions and the alignment procedure. With a
Zernike-polynomial based digital aberration correction procedure we correct
for optical aberrations in the field synthesis and increase the phase conjugation fidelity. In order to sample the transmission operator of the sample we
introduce a transmission matrix measurement procedure and a method to
λ
. Finally we
quantify the phase noise which we determine to correspond to 30
have introduced a method that allows us to measure a multispectral transmission matrix by correcting for phase dispersion between measurements at
different wavelengths.
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3. Coupling light to transmission
channels
3.1. Introduction
Mesoscopic transport theory is a well established theory, applicable to both
light in diffusive media, and electrons in disordered conductors [1–4]. Most
of the results describe the ensemble average or correlation functions, as these
were experimentally the only accessible functions until recently. Many different effects can be explained, such as enhanced backscattering [5–7], and
universal conductance fluctuations [8].
In optics, it is possible to address specific modes of a scattering medium.
The work by Vellekoop [9] demonstrates control of the light that is transmitted through a scattering medium and bring light to a focus in transmission
by the method of shaping the incident wavefront. Other goals that can be
achieved by shaping the incident light are to increase the total transmission
of light through the material [10–16] by coupling more light to the open transmission channels, to focus light in time [17–21], to program arbitrary beamsplitters [22–24], and propagate quantum states [24–26]. Acoustic transmission matrices have been measured for a multiple scattering medium [27]
followed by transmission matrix measurements for light in scattering media [28–30] which were used to reconstruct images [31]. In optics, all measured transmission matrices have a fidelity lower than 1 due to limited optical
access, imperfect sampling and noise. As a result the transmission channels
calculated from measured transmission matrices are an approximation of the
true transmission channels of the sample1 .
In this chapter, we experimentally identify and address transmission chan1 For

brevity, we always refer to the channels found from a measured transmission
matrix as channels.
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nels for light in strongly scattering media and measure their transmittance
as well as reflectance. We find the transmission channels from measured
transmission matrices and project the associated light fields using a field
synthesizer that controls amplitude, phase and polarization of the field. The
transmittance of a transmission channel in the ideal case is given by its transmission eigenvalue, which is the square of the associated singular value of the
transmission matrix. However, in the presence of noise, sampling artifacts
or other measurement artifacts, the distribution of singular values may be
very different from that of actual transmittances. Therefore, we demonstrate
two methods to measure transmittance of a transmission channel independent of the singular value of the transmission channels. The first method is
to synthesize the field corresponding to the channel and project it through
the sample while measuring the transmitted and reflected power over the
full numerical aperture. This method is very robust and can be used to
verify energy conservation, but is limited by the fidelity of the wavefront
synthesis which is lower than that of measuring transmission matrix. The
second method is to calculate transmittance by digitally propagating the
field through an independently measured transmission matrix of the same
sample. The advantages of this method are first it can be performed in
post processing as long as at least two independently measured matrices are
available, and second that it has the high fidelity of the transmission matrix measurement. As a disadvantage, it is sensitive to systematic sampling
effects that occur in both measured matrices. These sampling effects are
minimized in our measurement procedure [32]. We demonstrate that transmittances measured by this method correspond well to the singular values
of the matrix, underlining the high quality of our transmission matrix data.

3.2. Transmission matrix measurement
To measure the transmission matrix T , we use the procedure as described in
Chapter 2. In this section we briefly reiterate the configuration used for the
transmission matrix measurement and depict the singular value histograms
corresponding to our transmission matrices.
In order to find high transmittance transmission channels, we sample the
field over a large field of view, and over large angles. We project the in-
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Figure 3.1.: Singular value histogram of the transmission matrix of the
2.7- m-thick sample (a) and the 5.2- m-thick sample (b). In
orange the histogram for a filtered DMPK model according to
Pai [34], with no free parameters.

µ

µ

cident fields with a high-NA objective (0.95NA, 63×, Zeiss N-Achroplan,
420984-9900) and collect the transmitted light with a high NA oil immersion objective (1.4NA, 63×, Zeiss Plan-Apochromat, 440760). We sample
a transmission matrix at 2282 points in k-space, sampling the transmitted
and projected field up to an NA of approximately 0.9. The measurements
reported in this chapter are performed on two ZnO samples, with thicknesses of 2.7 m and 5.2 m, transmittances of 0.45 ± 0.05 and 0.26 ± 0.03
respectively and the same scattering mean free path l ≈ 0.7 m [33].

µ

µ

µ
We depict a histogram of the the singular values σ of the transmission
matrix of the 2.7-µm-thick sample in Fig. 3.1 (a) and the 5.2-µm-thick sample

in Fig. 3.1 (b). We find a value of σ/σrms of 2.44 for the thinner sample and
2.59 for the thicker sample. In orange we fit the histogram of a simple filtered
DMPK model, calculated according to Pai [34]. The model has no adjustable
parameters, its fixed parameters are a sampling fraction of 0.36, and the
internal sample transmittance which differs from the measured value by a
factor 0.58 which corrects for extrapolation effects on the air side. We see a
good agreement between the data and the model, and a strong deviation from
the quarter circle distribution that is predicted by Marchenko and Pastur for
an uncorrelated matrix [35].
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3.3. Coupling light to transmission channels
In this section, we find the transmission channels of a multiple scattering
material and couple light into them. We define the physical transmittance
T̃ (n) and physical reflectance R̃(n) of transmission channel (n), that we measure by physically propagating the transmission channel through the sample
and collecting the transmitted and reflected light. We show that by projecting the singular vectors we can either enhance or suppress the transmitted
light and that the physical transmittance and reflectance add up to 1 for all
channel.
We find the transmission channel v (n) from the nth column of the left
singular matrix of the transmission matrix T by performing a singular value
decomposition T = U ΣV † , where U and V are unitary matrices and Σ is a
positive diagonal matrix containing the singular values. After calculating the
transmission channels v (n) we calculate the corresponding holograms, and
project the singular vectors through the scattering material. To calibrate
the transmittance and the reflectance we perform three measurements. We
measure the transmitted and reflected power for the singular vectors through
(n)
(n)
a clean part of the cover slide (Pg,T , Pg,R ), through the part of the sample
(n)

(n)

for which we measured the transmission matrix (Ps,T , Ps,R ), and through an
(n)

(n)

uncorrelated part of the sample (Pr,T , Pr,R ). The uncorrelated measurement
is taken at a position shifted 1.4 m from where the transmission matrix was
measured. This distance is large enough such that the transmission matrix
is fully decorrelated while maintaining the same sample thickness. We measure the transmitted power and the reflected power on cameras which image
the back focal aperture of the objectives. Additionally to the transmitted
power we also measure the transmitted fields. These measurements allow us
to calculate the increase in total transmittance and reflectance, both for the
subspace of controlled k-vectors, and for all the collected light within the full
NA of the objective. We take background measurements to correct for spurious reflections of the reference beam. Note that for the results described in
this section the projected transmission channels are calculated in real time
during the experiment from a transmission matrix for which we have not normalized the submatrices (Section 2.7.1). This reduces the effective fidelity of
the transmission matrix and thereby the maximal achievable transmittance.
This lack of normalization does not change the measured transmitted or re-

µ
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flected intensities, as these are measured in an independent way. In later
sections, post-processed transmission matrices are used in which we correct
for this measurement error, as described in Section 2.7.1.
Due to the limited numerical aperture of the objectives we do not capture
all the transmitted or reflected intensity. In transmission and in reflection
we capture the light within a 69◦ resp. 72◦ angle. For a Lambertian escape
function, this means we collect 90% of the emitted light in both cases. We
observe that the escape function drops below the Lambertian curve at high
angles as expected from escape function theory [36]. Since the Lambertian
approximation overestimates the escape function we conclude that we collect
more than 90% of the transmitted light.
We are interested in the physical transmittance and reflectance for each
incident channel. Conceptually, one would measure these by dividing the
transmitted (reflected) flux by that measured on a perfectly transmitting
(reflecting) sample for the same incident wave. However that measurement
is not practical as it entails changing or translating the sample between
reference and signal measurements, leading to possible systematic errors.
Therefore we define experimental approximations of the transmittance T̃ (n)
(n)
(n)
(n)
(n)
and reflectance R̃(n) as T̃ (n) = (Ps,T /Pr,T )hPr,T i/hPg,T i and similarly the
(n)

(n)

(n)

(n)

reflectance R̃(n) = (Ps,R /Pr,R )(1 − hPr,T i/hPg,T i), where hi indicates averaging over all n channels.
Our experimental approximations are defined in terms of precisely mea(n)
(n)
(n)
surable quantities, namely the transmittance increase ηT,total = Ps,T /Pr,T
(n)

(n)

(n)

and the reflectance increase ηR,total = Ps,R /Pr,R . We calculate the transmittance and reflectance by multiplying the average transmittance with the
transmission increase, and the average reflectance with the reflectance in(n)
(n)
crease, T̃ (n) = ηT,total T̃avg and R̃(n) = ηR,total (1 − T̃avg ). Here T̃avg corre(n)

(n)

sponds to the average transmittance T̃avg = hT̃ (n) i = hPr,T i/hPg,T i, where
hi denotes averaging over all channels.
To measure the physical transmittance of each channel we propagate the
transmission channels through a strongly scattering medium with average
(n)
(n)
transmittance T̃avg = 0.26 ± 0.03. We also calculate ηt,total and ηr,total , in
Fig. 3.2 (a) we see that we increase the transmitted power by up to 89%,
while suppressing the reflected power by 25%. In Fig. 3.2 (b) we plot the
reflectance R̃(n) and physical transmittance T̃ (n) . We find a transmittance

43

3. Coupling light to transmission channels

(n)

(n)

Figure 3.2.: Transmittance increase ηT,total and reflectance increase ηR,total
versus channel number (a). In (b) we depict the reflectance R̃(n)
and physical transmittance T̃ (n) . The data is for the 5.2 m
sample.

µ

T̃ (n) between 0.14 and 0.475. In the definition of R̃(n) and T̃ (n) we assume
that we capture all the transmitted and reflected light, while experimentally
we capture approximately more than 90% but not 100% of the light. We
find that the transmittance T̃ (n) and reflectance R̃(n) add up to 1 for all
channels. This demonstrates that we capture the same fraction of the light
in both transmission and reflection, not only on average but for each channel
separately. In earlier work, Kim and Choi [14, 15] show simultaneous measurements of the transmittance and reflectance of the projected reflection
channels, where the transmittance and reflectance do not add up to 1 for all
channels. The loss of light measured by Kim and Choi is likely due to light
leakage to outside of the numerical aperture [37].

µ

We also look at a second, thin (2.7 m) sample with T̃avg = 0.45±0.05. For
this sample we can increase the physical transmittance such that more light is
transmitted than reflected and vice versa. In Fig. 3.3 we plot the transmission
(n)
data as a function of channel number. In (a) we plot ηT,total and ηR,total
versus channel number. In (b) we plot the transmittance T̃ (n) and reflectance
R̃(n) . We find that the reflectance R̃(n) and physical transmittance T̃ (n) add
up to 1 for all channels, and that a significant fraction of the transmission
channels transmit more light than they reflect. We measure a maximum
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(n)

(n)

Figure 3.3.: Transmittance ηT,total and reflectance ηR,total enhancement versus channel number for a thin (2.7 m) sample with an average
transmittance T̃avg = 0.45 (a). In (b) we plot the reflectance
R̃(n) and physical transmittance T̃ (n) .

µ

transmittance T̃ (n) of 0.65, and a minimum transmittance T̃ (n) of 0.32. To
our knowledge this is the highest transmittance reported so far of a sample
in the multiple scattering regime (thickness of 4 transport mean free paths).
(n)
The transmittance enhancement ηT,total for the thin sample is lower than we
found for the thicker sample (Fig. 3.2). This is because even for T̃ (n) = 1 we
(n)
−1
can only achieve an ηT,total of T̃avg
= 2.5 with perfect control.
Using our high fidelity transmission matrix measurements, we achieve the
highest reported single channel transmittance through an optically thick diffusive medium [11–13,15]. Our results demonstrate that the sum of the physical transmittance and reflectance within the collected aperture is constant.
This shows that we do not only change the intensity of the transmitted light
in an observed subset of the transmission aperture, but actually enhance the
total transmittance.

3.4. Calculating transmittance from an
independent transmission matrix
Experimentally, it is more convenient to work with measurements that allow offline data processing after the experiment is finished. In this section
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we consider such a measure for the transmission namely, the transmittance
as predicted by an independent transmission matrix and demonstrate it increases with the transmittance through the sample, and gives a good measure
for the true transmittance T̃ (n) .
The transmission eigenvalue Σ(n) is the transmittance of transmission
channel n, calculated from the singular value of a measured transmission
matrix, Σ(n) = σ (n)2 . The advantage of the transmission eigenvalue Σ(n) is
that it is easy to calculate from a transmission matrix. The main disadvantages are that the presence of measurement noise in a transmission matrix
can introduce a systematic error in the distribution of eigenvalues.
We calculate the transmittance by multiplying the transmission channel v (n) with the transmission matrix and calculating the modulus squared
(n)
T∆λ = |T (∆λ)v (n) |2 . We use an independently measured transmission matrix T at any wavelength difference and specifically also at ∆λ = 0. This
allows us to eliminate any systematic effects due to random measurement
noise. The main advantage compared to the physical transmittance is that
it requires only the measurement of the transmission matrices. This means
that analysis can be performed in post processing, which allows high signal to noise measurements, and quick analysis. The main disadvantage is
that we only measure the transmittance to the subspace of the modes over
which we measure the transmission matrix. In this section we investigate
(n)
how representative the transmittance T∆λ is to the physical transmittance
T̃ (n) .
We plot the transmittance of the channels of a 5.2- m-thick sample in
Fig. 3.4. The sample has an average transmittance T̃avg = 0.26 ± 0.03,
where we estimate the uncertainty in the measured transmittance from the
undetected light due to the limited NA and field of view. In Fig. 3.4 (a)
we plot the transmittance T (n) versus transmission eigenvalue Σ(n) . We
find a very small difference between the transmission and the transmission
eigenvalue, which indicates a low amount of random noise in the transmission
matrix measurements. In Fig. 3.4 (b) we plot the physical transmittance
T̃ (n) versus the transmittance T (n) . We find a strong correlation between
the physical transmittance T̃ (n) and the transmittance T (n) . This shows
that T (n) is a good indicator for the physical transmittance. We find a
transmittance T (n) ranging from 0 to 0.52 and T̃ (n) ranging from 0.14 to
0.475.

µ
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Figure 3.4.: Transmittance T (n) versus transmission eigenvalue Σ(n) (a). In
(b) we plot the physical transmittance T̃ (n) versus transmittance
T (n) . The data is for the 5.2- m-thick sample.

µ

The difference between T (n) and T̃ (n) can be explained by different contributions. The measurement of T (n) covers a limited numerical aperture
(n)
(n)
and smaller area. From the measurements of Pr,T and Pg,T we find that
0.554 ± 0.004 of the captured transmitted power is within the sampled angular range. This, combined with the limited spatial sampling area, account
for a large fraction of the difference. Finally due to the limited projection
fidelity we do not perfectly project the transmission channels.
The transmittance T (n) calculated from the transmission matrix increases
with the physical transmittance T̃ (n) . This demonstrates the transmittance
T (n) is a good measure for the transmission of a transmission channel.

3.5. Conclusions
In conclusion, in this chapter we demonstrate measurements of the optical
transmission matrix of a strongly scattering medium with a high fidelity
and find and project the transmission channels of the medium. We project
the transmission channels and increase and decrease the transmittance in a
range from 0.32 to 0.65, while simultaneously lowering and increasing the
reflectance such that the total power is conserved. The directly measured
transmittance of 0.65 is the highest reported so far for an optically thick
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scattering sample. The conservation of power over a large collection aperture
in reflectance and transmission demonstrates we change the total transmitted
power, and not just the power to a small angular subset of the transmitted
modes.
Our results show that the transmission predicted by the transmission matrix increases with the physical transmittance, and is a good measure for
transmittance through the sample.
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4. Spectral width of transmission
channels1
4.1. Introduction
Mesoscopic transport theory successfully explains correlations in the transmission of light [1–3]. Transmission channels are a key element of this theory [4–8] and have been observed in experiments [9–14]. However the properties of the individual transmission channels are theoretically [and experimentally] not well explored. For the practical application of transmission
channels, their bandwidth is an important property [8, 15]. Moreover the
bandwidth of a transmission channel can give an insight to its relation to
resonances in the medium [16]. The crucial question of how the transmittance of a transmission channel changes as a function of the wavelength has
as of yet only been partially explored.
The bandwidth of individual transmission channels in a microwave waveguide with a limited number of modes has been measured [14,17], it is an open
question whether these results are relevant for the slab type samples that are
typical in the optical regime. There is also experimental work in the optical
diffusive regime [18], however this measurement only addresses one transmission channel with a limited increase in transmittance. Numerical work
has been performed both in the localized [19] and the diffuse regime [20],
however these simulations use a 2D waveguide geometry. Here we experimentally investigate the transmission channels of a 3D diffusive strongly
scattering medium. We identify transmission channels with a very transmittance of more than six times the average transmittance as well as the
1 This chapter is part of a collaborative work with Hui Chao, Sanli Faez, Chia Wei
Hsu, Allard P. Mosk, Pritam Pai, Alexey Yamilov, Hasan Yilmax. The experimental
work presented here has been performed by Jeroen Bosch
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transmission channels with average and near zero transmittance. We investigate the transmittance as a function of wavelength detuning of all these
groups of transmission channels. We find a universal line shape for the transmission channels with above average transmittance and a highly anomalous
line shape for the transmission channels with average transmittance. The
fidelity of the measurement is shown to be of critical importance of the lineshape. Finally we investigate how the transmitted field changes shape when
changing the wavelength of the incident light.

4.2. Theory
Mesoscopic transport theory describes frequency-dependent phenomena through
correlation functions. The speckle correlation function is typically given
as [21, 22]
C(∆ω) = hTab (ω)Tcd (ω + ∆ω)i/(hTab (ω)ihTcd (ω + ∆ω)i),

(4.1)

where hi indicates ensemble averaging. Typically the C(∆ω) correlation
function is measured as an intensity correlation, as this is more robust than
measuring field correlations in most experiments. Our experiment we measure field correlations because we reliably measure the field. Berkovits et
al. [23] have shown that it is possible to calculate the speckle correlation C
from the field correlations,
C(∆ω) = |hEk (ω)∗ Ek (ω + ∆ω)i |2 ,

(4.2)

which is an average over the ensemble of scattering samples and normalized
such that C(∆ω = 0) = 1. The speckle correlation function has three different contributions: C = C (1) + C (2) + C (3) . The leading contributions of
the correlation functions are of order 1, 1/g and 1/g 2 . In the weak-disorder
regime in which we investigate g ≈ N l/L with l the mean free path and N
the number of channels. The C (1) correlation function has been measured
experimentally for angular behavior [24] and for spectral behavior [25]. The
C (2) and C (3) have been measured in the time domain [26]
Van Rossum and Nieuwhuizen give an algebraic solution for the C (1) correlation [22]:
C (1) (∆ω) =
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|M |
κ2

2

(1 + κ2 z02 ) sinh κL + 2κz0 cosh κL
(1 + M 2 z02 ) sinh M L + 2M z0 cosh M L

2

,

(4.3)

4.3. Correlation function from a multi spectral transmission matrix
measurement
−1
2
where, M 2 = q⊥
+ κ2 + i ∆ω
D , κ = La denotes the inverse absorption length,
2
q⊥ the perpendicular momentum difference, z0 the extrapolation length and
L the sample thickness. We use the approximation with no absorption for
C (2) and neglect boundary reflections, because L > z0 and L << La . In its
normalized form C (2) is given by de Boer [22, 27]
p
p
!
2
sinh ( 2Ω̃L) − sin ( 2Ω̃L)
(2)
p
p
C (Ω̃) = p
,
(4.4)
2Ω̃L cosh ( 2Ω̃L) − cos ( 2Ω̃L)

where Ω̃ denotes the reduced frequency Ω̃ = ∆ω/D. We use the normalized
form of C (2) , as we are interested in the spectral shape of the correlation
function. We do not consider the C (3) as they are negligibly small due to
the typical value of g ≈ 60.
The characteristic bandwidth associated with a multiply scattering material is the Thouless width. We estimate the Thouless bandwidth ωTh
consistently as C(ωTh )(1) = 0.5. Neglecting boundary effects, the Thouless bandwidth scales as ωTh ∝ LD2 . The Thouless width is much larger than
the frequency of the light ωTh  ω0 which allows us to define the Thouless
width in units of the wavelength. We measure the Thouless width ∆λTh , as
C(∆λTh )(1) = 0.5.
We investigate the transmittance of individual transmission channels, for
which there is no known theory. However, we hypothesize that we can describe the line shape of the transmittance as a function of detuning and the
correlation function of the transmitted transmission channels with a weighted
sum of the C (1) and C (2) correlation functions.

4.3. Correlation function from a multi spectral
transmission matrix measurement
In this section we briefly describe the parameter choices within the transmission matrix procedure and we find the speckle correlation function of the
measured sample based on the MSTM.
We measure the MSTM based on the measurement procedure as described
in Chapter 2 at 6 different wavelengths. We correct for dispersion in the
experiment by adjusting the hologram, creating one set of corrected holograms per wavelength. The size of the frame buffer limits measurements to
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six wavelengths. We choose a wavelength stepsize of 1 nm. At this stepsize, adjacent transmission matrices of a typical 5.2- m-thick sample have
a high correlation of 0.68. We measure the transmission matrices starting
at 771 nm. For every wavelength two transmission matrices are measured in
a sawtooth-wave manner, for a total of twelve transmission matrices. This
ensures two independently measured transmission matrices at every wavelength with equal time delay between their measurement. Data collection
takes about 22 minutes per transmission matrix.
In Fig. 4.1 we plot the full correlations between the transmission matrices
of the MSTM, calculated according to

µ

†
Ti,j
(λ0 + ∆λ1 )Ti,j (λ0 + ∆λ2 )|2
P
,
2
2
i,j |Ti,j (λ0 + ∆λ1 )|
i,j |Ti,j (λ0 + ∆λ2 )|

C(∆λ1 , ∆λ2 ) = P

|

P

i,j

(4.5)

where Ti,j (λ0 + ∆λ1 ) is a transmission matrix element measured at wavelength λ0 + ∆λ1 . The sample is 5.2 m thick. We find a high correlation of
0.92 between transmission matrices (independently) measured at the same
wavelength.
In Fig. 4.2 we plot the same data versus ∆λ, and a fit of the C (1) function
(Eq. 4.3). For the zero detuning datapoint we calculate the correlation on
independently measured transmission matrices. We fit Eq. 4.3, with fixed
2
parameters z0 = 1.15 m, q⊥
= 0, κ2 = 1 m, L = 5.2 m, and with only a
single prefactor a and the diffusion coefficient D as free parameters. We find
a diffusion constant D = 30 m2 /s, which is in line with samples prepared
according to the same procedure from similar materials [28]. We estimate a
value g ≈ 60, so that a C (2) contribution is not observable here.

µ

µ
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4.3. Correlation function from a multi spectral transmission matrix
measurement

Figure 4.1.: Correlation coefficient between transmission matrix with different wavelength offsets. The matrices are ordered along the
horizontal and vertical axis according to order of measurement.
Transmission matrix at 0 nm offset was measured at 771 nm. For
independent matrices measured at the same wavelength we find
a high correlation C of 0.92.

Figure 4.2.: Correlation coefficient between transmission matrices with different wavelength offsets (blue). In orange fit according to the
C (1) correlation function, with D = 30 m2 /s.
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4.4. Wavelength dependence of transmission
enhancement of channels
In this section we investigate the transmittance of transmission channels versus detuning. As a surprising result we find that within our measurement
fidelity the spectral width of open channels is constant relative to the Thouless width, independent of transmittance of the channel, or sample thickness.
(n)

We calculate the detuned transmittance T∆λ of a transmission channel by
multiplying the transmission matrix T (∆λ) with the transmission channel
to calculate the propagated field and calculating its vector norm squared:
(n)
T∆λ = |T (∆λ)v (n) |2 . We calculate the transmittance for all pairs of wavelengths, which leads to a different number of datapoints per detuning value,
e.g. there are many more pairs spaced at 1 nm, than at 5 nm. We calculate
the transmittance at a detuning of 0 nm from an independently measured
(n)
transmission matrix i.e. the eigenvectors v (n) and the transmittance T∆λ
are calculated from different measurements to avoid spurious correlations
due to noise (Chapter 3). In Fig. 4.3 we plot the detuned transmittance for
different values of the detuning versus transmission eigenvalue Σ(n) . We fit
independent linear functions to the transmittance at every detuning, where
we only take into account channels with a transmission eigenvalue higher
than 0.05, as the channels with lower transmittance deviate from the linear
behavior. The linear fits agree well with the results.
We identify three distinct regimes for the transmission channels from
Fig. 4.3. The first regime is that of the transmission channels with a transmittance above the sample average transmittance where we can fit a linear
relationship, and which are described in this section. The second regime is
that of the transmission channels that have a transmittance of approximately
the average transmittance. We describe these channels in Section 4.5. Finally the third regime is that of the transmission channels with a very low
transmittance, where we see that the transmittance curve bends towards
zero transmittance, indicating a very large spectral width for the suppressed
transmittance.
We observe that the transmittance of a channel regresses towards the
mean transmittance at large detuning, however it does not yet reach the
mean transmittance at 5 nm detuning. The transmittance of the channels
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Figure 4.3.: Detuned transmittance of transmission channels versus transmission eigenvalue for different values of the detuning |∆λ|. Dotted lines are linear fits through the datapoints for transmission
eigenvalues above 0.05. The curves cross at a transmittance of
0.09. The legend indicates the wavelength detuning |∆λ| corresponding to the line.

with above sample average transmittance can be described well by a linear
regression. This means that we can associate a single spectral width to the
transmission increase of the open transmission channels, and the spectral
width of the increase in transmittance is not dependent on the transmittance.
In Fig. 4.4 we plot transmittance increase as a function for detuning for a
channel with a transmittance of 0.59. The transmittance increase is calculated from the linear fit to the transmittance versus channel transmittance
(e.g. as in Fig. 4.3). There is no theoretical model describing the transmission increase as a function of detuning that we know of. However, we find that
a linear combination of the correlation functions a(C (1) (∆λ) + bC (2) (∆λ))
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Figure 4.4.: Transmittance increase as a function of detuning for a transmission channel with a transmittance of 0.59. The datapoints are
derived from the linear fits, the line indicates a fit according to
a(C (1) (∆λ) + bC (2) (∆λ)).

(Eq. (4.3) and Eq. (4.4)), gives a good fit with the measurement result
(Fig. 4.4). We use 3 free parameters: a, b and the diffusion coefficient D. We
find a value of b of 0.39. The spectral width of the transmittance enhancement, defined as the full width at half maximum of the fit, is 15% wider than
the Thouless width. This is less than the 43% to 93% increase in width previously reported [18] from a single polarization optimization through iterative
phase conjugation. The present work is based on a different measurement
method and on a larger dataset of hundreds of channels that optimizes for
both polarization components.
We now examine the spectral width of the transmission enhancement in
samples of different thickness. For this we perform the measurement on five
different sample thicknesses (Table 4.1). We perform a physical measurement of the sample thickness by focusing on the sample surface from both
sides (Chapter 2), with an estimated systematic error of up to 1 m. This
systematic error leads to a significant spread in the calculated diffusion co-
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µ

Physical thickness ( m)
Thouless width (nm)
Converted thickness ( m)

µ

2.7
2.42
3.9

5.2
1.64
5.2

10.8
1.26
6.15

8.9
1.03
7.0

15.6
0.68
9.15

Table 4.1.: List of samples and properties.

efficients. We therefore calculate an effective sample thickness assuming a
diffusion constant of 30 from the Thouless width. The discrepancy between
the physical thickness and the calculated effective thickness can be due to
errors in the thickness measurement or to a position dependent diffusion
constant. This can be caused by a thickness dependence in the physics of
the drying and a variation in the consistency of the ZnO particles.
To compare the spectral width of the transmittance increase or decrease
we combine the transmission data at different thickness. For this we plot
the transmittance increase versus detuning in units of the Thouless width
as extracted from the whole-matrix correlation. In Fig. 4.5 we show the
transmittance increase as a function of detuning (colored dots) for different
sample thickness. Again, we fit a combination of a(C (1) (∆λ) + bC (2) (∆λ)).
From this data it is clear that the spectral width of the increase in transmission shows a universal behavior independent of the effective sample thickness. We find a half width at half maximum (HWHM) spectral width of
transmission enhancement of 1.18 times the Thouless width, and a C (2) (∆λ)
mixing value b of 0.34, which is remarkably close to our estimated fidelity
F ≈ 0.36. This is in contrast to the full-matrix correlation function, which
has only a negligibly small C (2) (∆λ) contribution which is not resolvable
here due to experimental uncertainties. These results seem to indicate that
addressing single transmission channels manifests C (2) contribution, as was
independently observed in the transmission intensity statistics [29].
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Figure 4.5.: Transmittance increase as a function of detuning for samples
with different thickness. The samples are labeled according to
their Thouless width and labeled with different symbols. In
black the model a(C (1) + bC (2) ).

4.5. Anomalous transmittance of transmission
channels
In this section, we take a close look at the transmission channels with a
transmittance that is slightly above to below the average transmittance. We
investigate how the transmittance of these transmission channels changes if
we change the wavelength of the light.
In Fig. 4.3 the crossing of the transmittance versus the transmission channels at different detuning is not well resolved due to noise. Within the noise,
it seems as if all lines cross. This implies that the transmittance of a channel
with average transmittance is independent of detuning. In order to investigate whether the transmittance of a channel with average transmittance is
actually independent of detuning, we need to reduce the noise. We reduce the
noise by binning the transmission channels according to their transmission
eigenvalue, and calculating the average transmittance for every detuning.
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Figure 4.6.: Transmittance versus detuning for the transmission channels
with a transmission eigenvalue in the 22nd (T∆λ = 0.067) to
35th (T∆λ = 0.103) bin out of a total of 180 bins. The average
transmittance of the 5.2- m-thick sample is indicated with the
thick red dotted line. The datapoints are connected as a guide
to the eye. The errorbars (standard deviation of the mean) are
smaller than the symbol size.

µ

We use 180 bins of equal width, and calculate the data for the transmission
channels of a 5.2- m-thick sample.
In Fig. 4.6 we plot the transmittance versus detuning for the transmission
channels with a transmission eigenvalue in the 22nd (T∆λ=0 = 0.067) to 35th
(T∆λ=0 = 0.103) bin out of the total of 180 bins. There are between 53 and
409 channels per bin. We also plot the average transmittance (Tavg = 0.078)
of the 5.2- m-thick sample.
Surprisingly, the transmission channels with the average transmittance at
zero detuning have an above average transmittance when propagated at a
detuned wavelength. Even for transmission channels with below average
transmittance, we find that the transmittance increases to above average

µ

µ
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transmittance at a detuning of roughly twice the Thouless width. These
results are surprising as one would intuitively expect that by detuning the
transmission regresses monotonically towards the average transmittance, because the transmission matrix decorrelates with respect to the transmission
channel, which would also be consistent with earlier measurements [18, 30].
We find this anomalous non-monotonic transmittance at all five measured
sample thicknesses.

4.6. Influence of fidelity on transmission
enhancement
In this section, we investigate the role of the transmission matrix fidelity on
the measured spectral width and spectral shape of the increase in transmission of transmission channels.
The transmission matrix T is a representation of the transmission operator of the sample. In an experiment we do not sample the full transmission
operator of the material since we sample only a part of the incident and transmitted modes. Additionally there are measurement errors which reduce the
fidelity. We have demonstrated in section 2.2 that we can approximate the
(Eq. (2.4), where N is the number of optical
fidelity F as FTM = min(m,n)
N
modes of the sample, and n and m the number of incident and transmitted
sampled modes. Here we investigate the influence of the fidelity of the transmission matrix by reducing the number of sampled incident and transmitted
modes by randomly removing columns and rows of the transmission matrix.
To decrease control we pick a number of modes n, and reduce the matrix
size from 2282 × 2282 to n × n, by selecting n random rows and n random
columns of the full measured transmission matrix
q [31]. We rescale the amplitude of the individual matrix elements with

2282
n

to keep the average

transmittance T̃avg constant. For a transmission matrix of 2282 × 2282 we
estimate a fidelity of 0.36.
(n)
In Fig. 4.7 we plot the transmittance T∆λ versus eigenvalue for different
amounts of detuning calculated for different transmission matrix fidelity. In
(a) we plot the results for a n = 700 (F ≈ 0.11) subspace of the transmission
matrix and in (b) for the full measured transmission matrix (F ≈ 0.36). We
find that the transmittance behavior of the highly transmitting transmission

64

4.6. Influence of fidelity on transmission enhancement
channels is linear as a function of transmission eigenvalue for both degrees of
control. However for the transmission channels with a transmittance below
the average transmittance we see a deviation for the high fidelity result. In
(c) and (d) we zoom-in on the low transmittance channels of (a) and (b)
respectively. In order to resolve the transmittance we bin the transmission
eigenvalue and plot the average transmittance value in every bin. We find
that for the low fidelity (c) the transmittance curves cross in a single point,
that is approximately equal to the average matrix transmittance (0.078).
For the full transmission matrix we find that the transmittance curves show
anomalous transmittance, and the approximate crossing is at a slightly higher
transmittance (0.09). Additionally we see that for the full transmission matrix the low transmittance channels have an increased spectral bandwidth,
as is indicated by the bending below transmission eigenvalues Σ(n) of 0.01.
The lack of these features for a transmission matrix with a low degree of
control indicates it is an effect of the physics of mesoscopic light transport
that is only resolved at a high fidelity.
For lower fidelity data we also calculate the spectral lineshape of the transmittance increase. We find that the shape of the curve depends on the degree
of control. In Fig. 4.8 we plot the transmittance versus detuning for a channel with low control (a, N = 700, F ≈ 0.11) and for the full transmission
matrix (b, F ≈ 0.36), we include the datapoints of every sample thickness.
We fit a(C (1) +bC (2) ) (Eq. (4.3) and (4.4)) to the data. We find that for a low
fidelity C (1) fits well to the data, and for best fidelity we need a significant
contribution of C (2) .
We calculate the shape of the transmittance increase versus detuning for
different matrix sizes. For every matrix size we fit a combination of a(C (1) +
bC (2) ) with three fit parameters a, b and D to the datapoints, we include
the datapoints of every sample thickness. We find the model fits well to the
data points. In Fig. 4.9 (b) we plot the fit parameter b versus matrix size
and we plot the estimated transmission matrix fidelity. We find that the
transmission matrix fidelity is proportional to b to good approximation. In
Fig. 4.9 (a) we plot the full width at half maximum of the fit. We find that
the width of the transmittance increase linearly increases with the fidelity of
the transmission matrix.
These results demonstrate that the measured spectral shape of the transmittance increase of transmission channels is dependent on the fidelity of
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the measurement. It shows that in order to resolve the long range C (2)
correlations, the transmission matrix has to be sampled with a high fidelity.
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(n)

Figure 4.7.: Transmittance T∆λ versus transmission eigenvalue Σ(n) for two
degrees of control. In (a,c) for a N = 700 subspace of the transmission matrix, in (b,d) for the full measured transmission matrix. The colors indicate the detuning ∆λ. In (c) and (d) we plot
a a zoom-in on (a) and (b) respectively, where the transmission
eigenvalues are binned and we plot the average transmittance
per bin. The data is from the 5.2- m-thick sample.
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Figure 4.8.: Spectral line shape of the transmittance increase for two transmission matrices with a different fidelity and two model fits. In
(a) a fidelity of F ≈ 0.11 and (b) a fidelity of F ≈ 0.36.

Figure 4.9.: Spectral width of the transmittance increase versus detuning for
different transmission matrix sizes. In (a) the half width at half
maximum calculated from a a(C (1) (∆λ) + bC (2) (∆λ)) model fit.
Data points in blue, in orange a linear regression to the data
points. In (b) we plot the fit parameter b versus matrix size
(dots) and the estimated transmission matrix fidelity F (line).
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4.7. Correlation width of transmission channels
In this section, we investigate the correlation width of transmission channels.
We investigate how the transmitted field profile of a transmission channel
changes if we change the wavelength of the light. For this we calculate
the transmission channels at a wavelength λ0 , and propagate the fields at
five different wavelength for which we have measured a transmission matrix.
We define the cosine similarity, which calculates the similarity between two
vectors:
|a · b|
,
(4.6)
CS(a, b) =
|a||b|
where |a · b| denotes the norm of the inner product between a and b, and |a|
the norm of a. We calculate the propagated field by multiplication of transmission channel v (n) with the transmission matrix at a different wavelength
T (λ0 )v (n) . In order to compare the transmission channels with the speckle
correlation function, we square the cosine similarity:
(n)

CW,λ0 (∆λ) = CS(T (λ0 )v (n) , T (∆λ)v (n) )2

(4.7)

where vn denotes the input field of the n-th transmission channel, calculated
at λ0 . We do not perform an ensemble averaging over different transmission
channels. For ∆λ = 0 we propagate the vector through a transmission matrix
that is measured independently from the one that was used to calculate the
channels.
(n)
The CW,λ0 =771 nm (∆λ) correlations calculated according to Equation 4.7
are plotted in Fig. 4.10. We find that the transmission channels propagated
at ∆λ = 0 have a very high correlation > 0.8 for all transmission channels
with a transmittance above 0.016. Moreover we find the same correlation
coefficient between transmission matrices at the same ∆λ. This is a good
indicator of the precision and repeatability of our transmission matrix measurements. The low correlations for the very low transmission channels can
be explained by the fact that these transmission channels are more sensitive
to measurement noise, as they have a much lower transmitted intensity.
We fit Equation 4.3 to the correlation function of every channel, and
calculate the spectral width. In Fig. 4.11 we plot the correlation values
(n)
CW,λ0 =771 nm (∆λ), a fit of the data points to a C (1) function with amplitude
a and diffusion constant D as fit parameters for a transmission channel with
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Figure 4.10.: Correlation function of transmission channels propagated at
different wavelengths through the transmission matrix. The
transmission channels are calculated at λ0 = 771 nm, propagated at the indicated wavelengths, and we calculate the correlation from the two propagated fields. We find a good correspondence for the correlations between the independently measured transmission matrices.

Σ(n) = 0.52, and the C (1) correlation function of all elements of the transmission matrix (green). We find that the model fits well to the data, and we
find a 82% increase in width compared to the Thouless width. Remarkably
we do not need a C (2) contribution to describe the correlation function.
We plot the width of the CW,λ0 (∆λ) correlation function versus transmittance in Fig. 4.12 (a). We find an increase in spectral width of more than
75% for the highest transmission eigenvalue, which is more than 6 times the
average. In earlier reported results a spectral width of 14% to 24% was reported [18] for a channel with a 54% increase in transmittance. We find a
similar increase in spectral width for the same increase in transmittance.
We also investigate the thickness dependence of the spectral correlation
(n)
width. For this we calculate CW for samples with different thickness. We
use the same datasets as for the wavelength dependence of the transmission
enhancement. For every sample thickness we calculate the correlation width
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(n)

Figure 4.11.: Field correlation CW,λ0 =771 nm (∆λ) versus detuning (blue) with
C (1) fit (orange). The C (1) correlation function of the corresponding sample is plotted in green.

as a function as transmittance, in the same way as for Fig. 4.12 (a). We
bin the transmission eigenvalues over 90 equally spaced bins, and calculate
the average spectral width and standard deviation of the spectral width for
(n)
every bin, to find a single curve of CW as a function of transmittance per
sample thickness.
In Fig. 4.12(b) we plot the spectral width versus the transmission channel
(n)
(n)
eigenvalue Σ(n) /Σmax , where Σmax is the maximum transmission eigenvalue
of the respective sample thickness. We find that the relative spectral width
of the transmission channel is independent of the sample thickness, and independent of the maximum transmittance of the transmission channels observed.

71

4. Spectral width of transmission channels

Figure 4.12.: Width of the C (1) correlation function as a function of the normalized transmittance. The width is normalized to the Thouless width. In (a) we plot the results for a 5.2- m-thick sample.
In (b) we plot the results for different sample thickness, with the
transmission eigenvalue normalized to their maximum transmission eigenvalue. The datapoints are binned over multiple
measurement points, the errorbars indicate the standard deviation over these points. Each curve is derived from a dataset
such as Fig 4.10.
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4.8. Conclusions
In this chapter, we investigated the spectral behavior of transmission channels. We found three main results. First we found that the spectral shape
of the transmittance of a transmission channel with above average transmittance is independent of the transmission of said sample and the thickness of
the sample. Second we have found that the spectral shape of these transmission transmission channels can be described by the sum (C (1) + bC (2) )
with b proportional to the matrix fidelity. Thirdly we have found the surprising result that transmission channels with the average sample transmittance
increase in transmission from detuning.
Additionally, we have also investigated the correlation width of the transmission channels, which are in line with earlier results on a single channel.
These results show that the spectral behavior of the transmission of trans-
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mission channels is nontrivial and require new theoretical work for a better
understanding of their behavior.
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5. Time delay of transmission
channels
5.1. Introduction
Light pulses transmitted through a diffuse multiple scattering medium are
scattered and transmitted as a stretched pulse with a complicated specklelike time-dependence. The average time delay of the transmitted light is
related to the properties of the material, such as the density of states [1–3],
the energy velocity [4, 5] and can indicate resonances [6].
The time delay can be characterized with the Wigner-Smith [7–9] operator,
which gives the time delay for scattering processes. It has been used to investigate time delay eigenstates and principal modes in microwave cavities,
random media and multimode fibers [10–12]. Closely related is numerical
work on the storage time of light in scattering media with the dwell-time operator [13–15]. Experiments on light in diffusing media show focusing of light
at specific time delays through wavefront shaping [16–18]. The measurement
of multispectral and time resolved transmission matrices [19–25], has opened
up the possibility of measuring the time delay of transmission channels, however resolving both highly transmitting transmission channels and the time
delay simultaneously has been unreported. The distribution of time delays
of individual transmission channels in a multiple scattering medium as such
is unknown. Random matrix theory of chaotic systems shows the time delay
and the transmission operator to be uncorrelated [26, 27], and as a result no
strong correlation between the transmittance and the time delay is expected.
In this chapter, we tackle the open question whether the open channels are
associated with specific time delays; is transport through open transmission
channels different from the average time delay? To answer this question we
measure the phase time delay of individual transmission channels. To find
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the time delay we measure a high-fidelity multispectral transmission matrix,
which allows us to probe the phase time delay of channels for a wide range of
transmission values. We numerically correct for phase drift between adjacent
transmission matrices, which allows us to directly calculate the phase time
delay of the transmission channels. Finally we compare the phase time delay
with the Thouless time τTh which is a measure for time delay of a random
wave [28].

5.2. Coherent multispectral transmission matrix
We calculate the transmission channels and their associated phase time delay
from the multispectral transmission matrix. In Chapter 4 we describe the
parameter choices for the transmission matrix measurement. Note that in
this measurement procedure we correct for phase shift between matrices
measured at different wavelengths. We expect to find a phase delay between
transmission matrices measured at different wavelengths due to the diffuse
delay time [29]. However, in our experiment we also measure a phase delay
due to a path length difference between the reference path and the signal
path, which we cannot separate out. Therefore we correct the phase shift
between adjacently measured transmission matrices such that the average
phase shift between adjacent transmission matrices equals zero. We also
correct for any phase shift between the transmission matrices measured at
the (same) shortest wavelength, by numerically rotating the elements in the
transmission matrix in the complex plane: T 0 = T exp{iφT M 0,1 }, where
P
∗
φT M 0,1 = arg( i,j Ti,j
(λ1 )Ti,j (λ0 )). As a result the phase delay we measure
is a differential phase delay, with respect to the phase delay of a random
incident wave. However the pulse delay of a random wave is well studied [30].
We correct for a phase shift φT M 0,1 between spectrally adjacent matrices.
This corrects for the intensity-weighted average phase delay of the matrix
elements. If all elements of the transmission matrix were characterized by
a single phase delay time, this correction would lead to a zero phase shift
between all measured matrices. There is still a phase shift between transmission matrices at larger wavelength differences, due to the spread of delay
times in the transmission matrix. In Fig. 5.1 we plot the phase shift versus
detuning normalized by the Thouless width. We have defined the Thouless
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Figure 5.1.: Phase of the correlation between transmission matrices versus
|∆λ|
wavelength detuning ∆λ
for different sample thickness (a). In
Th
(b) phase shift versus detuning where we shift the individual
curves such that the second point is shifted to zero detuning.

width as the wavelength difference for which the speckle correlation decays
to one half, C (1) (∆ω) = 0.5. In Fig. 5.1 (a) we plot the phase shift versus
the detuning. The phase shift of the individual samples is approximately
linear except for the first two points. We shift the curves such that the second point is shifted to zero detuning (b). We find that the differential phase
is similar for the different samples and depends only on detuning relative
to the Thouless width. This indicates that the transmission matrix cannot
be characterized by a single well-defined phase delay time, but instead by a
distribution of phase delay times.

5.3. Transmission time delay of transmission
channels
Different measures of the time delays of light transmitted through a scattering material have been studied. In this section we look at the phase time
delay of the transmission channels of a scattering medium, which we calculate from the multispectral transmission matrix of the system, which we
measured in the spectral domain.
The time delay of a single channel system can be calculated from the phase
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time [7]:
τφ (ω) = ∂φ(ω)/∂ω,

(5.1)

where φ(ω) indicates the phase of the wave. However, in our experiment
we measure the time delay of a multichannel system. We use a variant to
∂φ
∂ω for a multichannel system. We write the transmitted field as E(k̄, ω) =
A(k̄, ω)eiφ(ω) , we drop the (k̄ω) in the notation, and take the partial derivative with respect to ω on both sides, to arrive at,
∂E
= A0 eiφ + iφ0 Aeiφ .
∂ω

(5.2)

The phase function phi is chosen such that A0 and A are orthogonal, i.e., the
non-orthogonal derivatives are included in the phase function. Next we take
the inner product on both sides with the complex conjugate of E(ω), and
P
P
P
∗
0
∗ 0
we find k̄ E ∗ ∂E
k̄ iA Aφ +
k̄ A A , where we sum over all modes
∂ω =
k̄ of the vector. The second term is zero due to our choice of phi. We take
P
∂φ P
∗
the imaginary part: Im k̄ E ∗ ∂E
k̄ A A and rewrite,
∂ω = ∂ω
P
Im k̄ E ∗ ∂E
∂φ(ω)
∂ω
= P
.
2
∂ω
k̄ |E|

(5.3)

We extract the time delay of the transmission channels in the following
way. We pick two transmission matrices T+ and T− with a wavelength
detuning ∆λ and define T̄ = 21 (T+ + T− ) and T¯0 = 12 (T+ − T− ). We decompose the transmission matrix T̄ into the transmission channels v (n) and
transmission eigenvalues Σ(n) . Now we can easily calculate the propagated
field by multiplying the transmission channel with the transmission matrix
E ∗ = (T̄ v (n) )∗ and calculate the derivative by multiplying the transmission
¯0 (n) 1 ∂λ . The relative time delay ∆τφ which is
channel with T¯0 : ∂E
∂ω = T v
∆λ ∂ω
defined as ∆τφ = τφ − τTh , is now
∆τφ =

∂φ(ω)
Im((T̄ v (n) )∗ · T¯0 v (n) ) 1 ∂λ
=
.
∂ω
∆λ ∂ω
|T̄ v (n) |2

(5.4)

In Fig. 5.2 we plot the relative time delay ∆τφ versus transmission eigenvalue Σ(n) , measured on the 5.2 m sample, using a wavelength spacing
between the transmission matrices ∆λ/∆λTh = 0.61. We find the same
distribution of time delay values when calculating the time delay from two
independently measured transmission matrices, except for the transmission
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Figure 5.2.: Time delay ∆τφ relative to the Thouless time of transmission
channels versus transmission eigenvalue Σ(n) . In blue we plot
the time delay calculated from the same matrices as the transmission channels, in orange calculated from independently measured transmission matrices. The results are binned according
to transmission eigenvalue, error bars correspond to the standard deviation of the time delay within the bin. The average
transmittance Tavg is plotted in red.

channels with a transmittance below 0.01, which have a large spread in time
delay for both measurements. For random input vectors we find an average relative time delay of 0 fs with a standard deviation of 4 fs, for reference
1 m of propagation of light through air takes 3.3 fs. To exclude possible
measurement artifacts we propagate the transmission channels through a
transmission matrix measured for a different sample so that the transmission matrix is fully uncorrelated. In this reference measurement we find no
correlation between the time delay and the transmittance of the channel.
The fact that the correlation is absent in the reference measurement indicates that the time delay is due to properties of the transmission channels,
and is not an artifact of the measurement apparatus.

µ

There is clearly a dependence of the time delay of a transmission channel on
its transmission eigenvalue. The transmission channels with a transmittance
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just over the average transmittance have a slightly positive delay. For higher
transmittance values the delay time drops, and the channels with the highest
transmittance have a time delay of about 10 fs less than the average time
delay. We note that for all channels ∆τφ is small compared to the Thouless
time τTh , which for this sample is 190 fs. We calculate the Thouless time τTh
from the measured Thouless width:
∆τφ (ω) =

λ2
.
2πc∆λTh

(5.5)

These results demonstrate that there is a measurable difference in time delay
between transmission channels with different transmittance, of the order of
10% of the average.
As a consistency check we also calculate the time delay of the transmission
channels propagated at different wavelength spacing ∆λ than where they are
calculated at, i.e. we calculate the transmission channels from T̄∆λ=1 nm and
calculate ∆τφ for those channels also at ∆λ = 3 nm and ∆λ = 5 nm with their
respective T̄ and T¯0 . In Fig. 5.3 we plot the time delay ∆τφ . We find again
that transmission channels with a transmittance above 0.2 slightly decrease
in time delay. For the transmission channels with a lower transmittance we
see a different behaviour. The cause of the deviation in behaviour at low
transmittance is not clear.
We now measure the time delay for the transmission channels of samples
with different thickness. In Fig. 5.4 we plot the time delay versus normalized
(n)
transmission eigenvalue Σ(n) /Σmax for different sample thickness calculated
with a 1 nm spectral spacing between the transmission matrices. We find
the same behavior for all curves. We note that the Thouless width varies
widely between the different samples. Nevertheless, the time delay versus
transmittance shows a remarkable resemblance.
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Figure 5.3.: Relative time delay of transmission channels versus transmittance. The transmission channels extracted from the average
of two transmission matrices with ∆λ = 1 nm. In blue we plot
the time delay extracted from the average of two transmission
matrices with 1 nm detuning, in orange 3 nm and in green 5 nm.
Vertical dashed line: channel average transmittance. The average transmittance for the transmission matrix is plotted in red.
Data is measured on a 5.2- m-thick sample.
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Figure 5.4.: Relative time delay of transmission channels versus transmission eigenvalue for different sample thicknesses, labeled by their
Thouless width. All derivatives are taken with a transmission
matrix spacing of 1 nm.
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5.4. Conclusions
In this chapter, we have presented the first optical measurements of the
time delay of the transmission channels of a multiple scattering medium.
Our measurements are based on multispectral transmission matrix measurements with high fidelity measured with a monochromatic wavelength tunable light source. We find a consistent and reproducible dependence of the
delay-time on the transmittance and that the most open channels are up to
15 femtoseconds shorter than the channels with slightly above average transmission, which experience the longest time delay. We find that the difference
in time delay is small compared to the Thouless time, which is a measure for
the average delay time.
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[11] J. Carpenter, B. J. Eggleton, and J. Schröder, “Observation of eisenbudwigner-smith states as principal modes in multimode fibre,” Nat. Photonics 9, 751 (2015).
[12] P. Ambichl, A. Brandstötter, J. Böhm, M. Kühmayer, U. Kuhl, and
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6. Measurements of time delay
eigenstates of light transmitted
through scattering media
6.1. Introduction
The time delay of light transmitted through scattering systems determines
how long light interacts with a sample, and as such is important for various
processes such as spectroscopy, pulse transmission, and energy conversion.
The most extreme values of the time delay can be found by eliciting the time
delay eigenstates, which are the eigenstates of the Wigner-Smith time delay
operator [1, 2]. These are states that scatter with a well-defined time delay.
Measurements on the time delay eigenstates have been performed in acoustics in two dimensions, studying vibrations on a membrane and in microwave
waveguide measurements, in which particle like modes can be found [3, 4].
Optical measurements have been performed in multimode fibers with strong
mode coupling, where principal modes with well-defined delay times are
found that exhibit an increased spectral correlation width [5, 6].
Simulations on light in scattering media demonstrate the existence of
branched light instead of a spreading of the light [7]. Numerical simulations of the dwell time operator in multiple scattering media [8], indicate the
existence of states with long delay and dwell time.
Experiments with multispectral transmission matrices and wavefront shaping demonstrate control of the pulse duration and the average time delay of
light transmitted through a scattering medium [9–15], but have not looked
at time delay eigenstates.
In this chapter, we determine the time delay eigenvalues and eigenstates
from a measurement of the transmission section of the reduced Wigner-Smith
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matrix [1, 2, 4, 7, 16, 17]. We compare different ways to calculate the time delay, investigate how measurement choices influence the measured time delay
eigenvalues, and finally we investigate the transmission properties of the time
delay eigenstates such as the transmittance and their spectral correlations.

6.2. Theory
To describe the time behavior of scattering events, there are various times
that are defined in literature [1, 18–21]. For single channel scattering we use
the Wigner phase delay time defined by Wigner and Eisenbud [1, 18]. The
Wigner phase delay time is the energy derivative of the scattering phase shift
τφ (E) = ~∂φ/∂E. In optics, this can be easily computed as the frequency
derivative of the phase τφ (ω) = ∂φ(ω)/∂ω. Smith introduced the concept of
the Wigner-Smith time delay matrix Q̂, which generalizes the Wigner phase
delay time to a multi-channel system [2]. The Wigner-Smith matrix Q̂ is
calculated from the unitary scattering matrix S,
Q̂ = −i~S −1

∂S
,
∂E

(6.1)

where we note that S −1 = S † because S is unitary.
The Wigner-Smith time delay matrix can be generalized to a matrix that
only operates on the transmission matrix [4, 7, 16, 17], which allows us to
calculate a reduced Wigner-Smith time delay matrix from two transmission
matrices T+ and T− measured at ∆λ. We calculate the reduced time delay
operator Q according to same method as Brandstötter [7],
Q = −iV̄ Σ̄−1 Ū † Ū Ū †

∂T
V̄ V̄ †
∂ω

(6.2)

where Ū , V̄ and Σ̄ are the truncated matrices from the singular value decomposition of T̄ = 12 (T+ + T− ), where we truncate the rows and columns
corresponding to σ < σmax η, where η denotes the cut-off value. We calculate
∂T
1 ∂λ
∂ω = (T+ − T− ) ∆λ ∂ω .
The time delay eigenstates q (n) are the eigenvectors of Q. Due to the
non-Hermitian nature of Q, the reduced time delay operator Q has complex
eigenvalues, whereas the eigenvalues of Q̂ are real. The real part of the eigenvalues w corresponds to the Wigner delay time, as seen in our experiments
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and in the microwave work by Böhm [4]. A derivation with a didactic approach can be found in the PhD thesis by Ambichl [16]. In the experimental
part of this chapter we will look at differences between different methods of
measuring time delay.

6.3. Measurement of time delay eigenstates
In this section, we look at the time delay eigenstates of multiple scattering
media. We find the time delay eigenstates by eigenvalue decomposition of
the reduced time delay operator Q, which we obtain in turn from the multi
spectral transmission matrix. The parameter choices for the multi spectral
transmission matrix measurement are described in Chapter 4. We use a set of
five different transmission matrices measured at different sample thicknesses
and Thouless widths. We compare different methods to measure the time
delay and look at the dependence of the time delay eigenvalues on the sample
thicknesses.
The eigenvalues w of the matrix Q are sensitive to measurement noise in
the transmission matrix. We obtain an independent measurement of time
delay operator Q0 from two independently measured transmission matrices
T+0 and T−0 , measured at the same position. From Q0 we calculate the expectation value of the time delay by multiplying the time delay eigenstate
q (n) with the time delay operator Q0 , and then taking the Hermitian inner product with the time delay eigenstate q (n) to calculate the expectation
value: w0 = (q (n) · Q0 q (n) ). Additionally we calculate the phase time delay
τφ directly from a spectral derivative. In this way we have three methods to
calculate the time delay of an eigenstate: the eigenvalue w, the expectation
value w0 , and the phase time delay τφ . First, we look at the eigenvalues w
and the influence of the measurement noise by comparison with the expectation value w0 calculated from propagation through an independent set of
matrices.
0

In Fig. 6.1, we plot the eigenvalues w and w in units of the Thouless
time, a 2.7- m-thick sample and with a wavelength spacing of 1 nm. We use
a cut-off value η = 0.07 in the reduced time delay operator throughout this
chapter.

µ

We find that the eigenvalues have a large imaginary component, due to
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Figure 6.1.: Blue: measured complex eigenvalue w of the time delay operator
Q. Orange: corresponding time delay expectation value w0 calculated from independently measured time delay operator Q0 .
The eigenvalues are scaled according to w/τTh and calculated
for a 2.7- m-thick sample.

µ

the non-Hermiticity of the reduced time delay operator. The eigenvalue
distribution is close to circular symmetric, with a slight elongation along the
real axis. The distribution of the time delay expectation values w0 is more
circular symmetric. We find a range of time delay eigenvalues from w0 from
-0.4 to 2.4 times the Thouless time.
In Fig. 6.2, we plot the histogram of the time delay expectation value
Re(w0 ) for the 2.7- m-thick sample. The histogram summarizes the time
delay values of five different matrix pairs, all using a wavelength step size
of 1 nm. We find a slight asymmetry in the histogram with a tail towards
longer time delays and a sharp cutoff for negative time delays.

µ

The real part of the time delay eigenvalues gives us the proper time delay
[16]. We compare the real part of time delay eigenvalues Re(w) with real
part of the time delay expectation value Re(w0 ) and the phase time delay τφ .
This gives us a comparison with the results that we have obtained earlier for
the time delay of transmission channels, and it shows how sensitive we are
to phase noise. We have derived before that we can calculate the time delay
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Figure 6.2.: Histogram of time delay expectation value Re(w0 ) for the
2.7- m-thick sample. The histogram is calculated for time delay
over five different matrix pairs, all calculated with a wavelength
stepsize of 1 nm.

µ

τφ (Eq. (5.4)) with the spectral derivative of the transmission matrix T 0 . We
calculate the phase time delay τφ by multiplying the eigenstate q (n) with the
transmission matrix T̄ and with the derivative of the transmission matrix T¯0 .
We take the inner product between the two resultant vectors, and divide the
real part by the norm of the vector multiplied with the transmission matrix.
∂λ
We multiply by ∂ω
to calculate the time delay as
τφ =

Im((T̄ q (n) )∗ · T¯0 q (n) ) 1 ∂λ
+ τTh .
∆λ ∂ω
|T̄ q (n) |2

(6.3)

In Fig. 6.3, we plot the time delay τφ and the time delay expectation
value Re(w0 ) versus the time delay eigenvalue Re(w). We find that the time
delay τφ is about 20% higher than the time delay expectation value Re(w0 ).
However, both give a similar representation of the time delay.
An important parameter in calculating the time delay eigenvalues is the
cut-off value η that is chosen when calculating the pseudoinverse. The time
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Figure 6.3.: Time delay τ /τTh versus time delay eigenvalue Re(w). Blue:
phase time delay τφ , orange: time delay expectation value
Re(w0 ). The data is calculated for a 2.7- m-thick ZnO sample, with a wavelength step of 1 nm and a Thouless width of
2.42 nm.

µ

delay eigenvalue distribution is dependent on the cut-off value η. We look at
the maximum and minimal values that we find for the time delay eigenvalues,
and find the dependence on η. In Fig. 6.4, we plot the maximum and minimum values of the phase time delay τφ and the time delay expectation value
Re(w0 ) versus the cut-off value η. We also mark the cut-off value η = 0.07.
The data was processed from the transmission matrices of a 2.7 m sample,
with a wavelength spacing of 1 nm and a Thouless width of 2.42 nm.
We find that the maximum and minimum value of the phase time delay τφ
and the time delay expectation value Re(w0 ) depend strongly on the cut-off
value η, and both values show the same behavior. The maximum time delay
sharply decreases for cut-off values η < 0.05, and gradually decreases for
cut-off values η > 0.08.

µ
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Figure 6.4.: Highest and lowest time delay τ /τφ versus cut off values η. In
red we indicate a value η = 0.07. We plot both the time delay
expectation value Re(w0 ) and the phase delay time τφ .

6.4. Consistency checks
Average-time delay
As a consistency check, we investigate the influence of the average-time delay
on the time delay eigenvalues by rotating the matrix values of T+ in the complex plane to artificially change the average time delay: T+0 = T+ exp(jdφTh ),
where φTh is the phase shift corresponding to the Thouless time, and d a
real constant corresponding to the delay relative to the Thouless time. We
calculate the eigenvalues, and compare the histogram for different values of
delay d. In Fig. 6.5 we show the histogram of the time delay eigenvalues
w0 /τTh for different values of d, where we have subtracted dφTh from the
time delay w0 . We find the same distribution of eigenvalues for different
values of d. This shows that the time delay eigenvalues are independent of
any additional average phase shift between T+ and T− and hence that our
results are insensitive to a possible measurement error in the Thouless time.
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Figure 6.5.: Time delay w0 /τTh histogram for different average time delays.
The datasets have been shifted by their average time delay to
overlap the distributions. Data calculated on a 5.2- m-thick
sample.

µ

Transmission matrix spacing
Finally, we investigate in how far the calculated time delay eigenvalues are
also dependent on the spacing between the matrices that are used to calculate
Q. In order to find the influence of the spacing on the time delay eigenvalues,
we calculate the time delay eigenvalues for the same sample thickness, at
different matrix spacing. In order to cover a large range of matrix spacings
relative to the Thouless frequency, we calculate the time delay eigenvalues
for a thin sample with a thickness of 2.7 m. The transmission matrices are
measured at six wavelengths spaced at 1 nm, which at this sample thickness
corresponds to a spacing of 0.41 Thouless widths.

µ

In Fig. 6.6, we present a histogram of the real part of the time delay
expectation time Re(w0 ) for different transmission matrix spacing on the
same sample. We find that the histogram of time delay values is asymmetric
and broad if the spacing between the matrices used to take the derivatives is
smaller than the Thouless width. For larger spacings, the histogram becomes
narrower and more symmetric. However, it is unlikely that such large spacings give a good representation of the derivative. The number of number of
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Figure 6.6.: Histogram of the time delay Re(w0 )/τTh calculated with different
transmission matrix spacings. All distributions are calculated
from the same 2.7- m-thick ZnO sample.

µ

time delay eigenstates in the histogram depends on the spacing. This is because we use a fixed cut-off value η for calculating the time delay eigenstates.
At a large spacing, we calculate the transmission eigenvalues of the average
of two decorrelated transmission matrices, which are lower than those of two
highly correlated transmission matrices, causing more of them to fall below
the threshold.

6.5. Properties of time delay eigenstates
In this section, we look at the time delay eigenstates of different sample
thickness and the intensity transmittance versus the eigenvalue. Finally we
have a look at the spectral properties of the time delay eigenstates, and we
look at how the propagated time delay eigenstates correlate as a function of
wavelength detuning.
We calculate the time delay eigenstates for different sample thicknesses
from the transmission matrices with a 1 nm spectral spacing. Due to the
difference in sample thickness the spacing between the matrices relative to
the Thouless frequency is different for the different sample thicknesses. As
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Figure 6.7.: Histogram of time delay expectation value Re(w0 ) for different
samples, labeled by their Thouless time τTh . Every histogram
comprises 5 independent sets of transmission data, calculated
with a wavelength stepsize of 1 nm.

we have seen, this will influence the distribution of eigenvalues. We use the
same cut-off value η = 0.07
In Fig. 6.7 we plot a histogram of the time delay expectation value Re(w0 )
for different sample thickness. For every sample thickness, we calculate the
histogram over 5 different sets of transmission matrix pairs with a 1 nm
frequency spacing for every sample thickness. We find that the shape of
the time delay eigenvalue histogram is similar for different sample thickness,
however for the thin samples we find a larger spread of time delays. This
can be explained by the fact that the eigenstates are calculated at a different
spectral spacing relative to the Thouless frequency, which causes a change in
the shape of the eigenvalue distribution, as we have seen in Fig. 6.6. A list
of the sample properties i.e. thickness, Thouless width and Thouless time is
found in Table 6.1.
We calculate the transmittance Tq(n) of the time delay eigenstates q (n) by
multiplying the states with the transmission matrix to calculate the propagated field, and calculating the vector norm Tq(n) = |T̄ q (n) |2 .
In Fig. 6.8, we plot the transmittance Tq(n) versus the time delay Re(w0 )/τTh
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µ

Physical thickness ( m)
Thouless width (nm)
Thouless time (fs)

2.7
2.42
130

5.2
1.64
192

10.8
1.26
250

8.9
1.03
308

15.6
0.68
470

Table 6.1.: List of samples and properties. These are the same samples as in
Table 4.1.

for the time delay eigenstates. We find that all time delay eigenstates have a
transmittance below the average sample transmittance. For any time delay
the transmittance values show a large spread. The maximum transmittance
occurs for time delay eigenstates around the Thouless time. The naive expectation would be that there is no correlation between the transmittance
of a time delay eigenstate and the delay time, because we find no correlation between the delay time of a transmission channel and their delay time
(Chapter 5). However this is not the case.

6.5.1. Correlation width of time delay eigenstates
For the propagation of short pulses through time delay eigenstates it is important how much the transmitted wavefront changes as a function of wavelength, as this random dispersion limits the usable bandwidth. Experiments
on principal modes in multimode fibers have demonstrated that the principal
modes have a lower spatial dispersion than random wavefronts [5,6,22]. This
effect is exploited in the generalized Wigner-Smith operator, a measurement
of which allows operations such as focusing inside disordered media [17] and
optical micromanipulation inside disordered media [23]. In this section we
look at how the transmitted field of a time delay eigenstate disperses when
changing the incident wavelength.
To measure the similarity as a function of wavelength detuning in the
propagated field we define the similarity between two vectors CS(a, b),
CS(a, b) = p

|a · b|
p
,
|b|2

|a|2

(6.4)

where |a · b| denotes the norm of the inner product between a and b, and
|a|2 the square of the norm of a. We calculate the transmitted field by
multiplying the eigenvectors q (n) with the transmission matrix at a different
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Figure 6.8.: Transmittance Tq(n) versus time delay Re(w0 )/τTh for time delay
eigenstates on a 2.7 m sample. The average transmittance of
the corresponding transmission matrix T̄ is plotted in red. For
the calculation of the eigenstates a cut off η = 0.07 was used.
For the transmission matrix T̄ we find a maximum singular value
σ = 0.8.

µ

wavelength T (∆λ). Since we wish to compare the decorrelation of the time
delay eigenstates with the speckle correlation function, we define a correlation function that is the square of the cosine similarity,
(n)

Cq(n) ,λ0 (∆λ) = CS(T̄ q (n) , T (∆λ)q (n) )2 .

(6.5)

We calculate the correlation from our measured transmission matrices which
give us access to detunings of 0.5 nm, 1.5 nm, up to 4.5 nm. For reference
we also plot the measured speckle correlation function C (1) (∆λ) correlation
values for the corresponding detuning values.
(n)
In Fig. 6.9, we plot the correlations Cq(n) ,λ0 (∆λ) versus the time delay
eigenvalue for all detunings. We also plot the C (1) (∆λ) correlation values
of the sample corresponding to the same detuning. We find that there is
(n)
a large spread in correlation values Cq(n) ,λ0 (∆λ), with multiple values per
time delay. We observe that the correlation values lie below the speckle
(n)
correlation function in almost all cases. We find Cq(n) ,λ0 (∆λ = 1.5 nm) >
(n)

C (1) (1.5 nm) for 148 out of 1933 eigenstates and Cq(n) ,λ0 (∆λ = 2.5 nm) >
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(n)

Figure 6.9.: Correlation Cq(n) ,λ0 (∆λ) (dots) versus time delay eigenvalue
Re(w0 )/τTh for different detuning values ∆λ. The C (1) (∆λ)
correlation values are plotted as a line for the corresponding
detuning. Data calculated from 2.7 m sample.

µ

C (1) (2.5 nm) for 15 out of 1933 eigenstates. This clearly shows that the time
delay eigenstates decorrelate faster than the C (1) (∆λ) correlation function.
Additionally there is an asymmetry in the correlation between time delay
eigenstates with positive and negative time delay. Eigenstates with a higher
time delay decorrelate slightly faster. This might be due to the fact that
these states interact more with the scattering medium.

6.6. Conclusions
In this chapter, we have presented measurements of the optical time delay
eigenstates of a multiple scattering medium. We develop a method to find
the time delay eigenstates of the scattering medium based on the reduced
time delay operator and to measure the time delay of the eigenstates. We
demonstrate that the measured time delay depends on the measurement
method, however the distribution is consistent between the different methods
except for a constant factor. All time delay eigenstates that we analyzed
have a transmittance that is lower than the average transmittance. Finally
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we demonstrated that the time delay eigenstates typically decorrelate faster
than the speckle correlation function. As a future prospect, by measuring
the reflection matrices in addition to the transmission matrices we envisage
measuring a much larger part of the full time-delay operator which should
have a wider range of real eigenvalues.
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7. Scattering invariant modes

1

7.1. Introduction
Some special field superpositions in multiple scattering media exhibit peculiar and useful properties. Among others, it has been shown that it is
possible to create one or multiple foci through scattering materials [1, 2],
increase transmission [3–7], and transport quantum states in a determinate
way [8].
Another special field are the scattering invariant modes (SIMs), which are
fields that are transmitted the same through a multiply scattering medium
and a layer of air except for a global phase and amplitude difference. This
means that for these modes it is impossible to determine if the scattering
medium is present or not from only measuring the transmitted field. In
Fig. 7.1 the concept of SIMs is depicted: the same field is transmitted through
both a scattering medium and a clear piece of air. Mathematically the
scattering invariant modes can be described by the generalized eigenvalue
problem
Ts Ẽn = αn Tair Ẽn ,
(7.1)
where αn corresponds to the complex eigenvalue, Ẽn to a generalized eigenvector and Ts and Tair to the transmission matrices of a sample and air
respectively.
In this chapter, we describe a method to find scattering invariant modes.
We look at different methods for solving and finding an approximate solution to the generalized eigenvalue problem, and look at experimental results
of projected and calculated scattering invariant modes. Finally we perform
wavefront shaping with scattering invariant modes, and introduce the concept of sparse scattering invariant modes.
1 The

results of this chapter will be part of a forthcoming publication: P. Pai, J. Bosch,
M. Kühmayer, S. Rotter and A. P. Mosk (in preparation)
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Figure 7.1.: Cartoon of a SIM Ẽn propagating through a scattering layer
(top) and an air layer (bottom). The same field is transmitted
through both materials, except for a global amplitude factor
α [9].

7.2. Finding scattering invariant modes
The scattering invariant modes can be found in different ways. The easiest
method for finding the scattering invariant modes is by solving equation (7.1)
for two measured transmission matrices. We calculate the scattering invariant modes based on a matrix inversion. The numerical inverse is unstable
due to of measurement noise and low singular values in the transmission matrix. Therefore we implement two different matrix inversion methods. For
the first method, from Eq. 7.1 we multiply the left hand size and the right
hand side with the inverse of the transmission matrix of air,
−1
Tair
Ts Ẽn = αn Ẽn .
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(7.2)

7.2. Finding scattering invariant modes
−1
We solve this eigenvalue problem by calculating the eigenvectors of Tair
Ts
with a numeric eigenvalue solver. One major disadvantage of this method is
that it relies on inverting Tair , which is unstable due to singular values close
to zero [10, 11]. This introduces spurious high eigenvalues with non-physical
amplitudes |αn | > 1 , which correspond to states with a higher transmittance
through the scattering layer than through the air.

The second method for calculating the scattering invariant modes approximates the inverse of Tair with its Hermitian transpose. This approximation is not sensitive to low singular values in the quasi-inversion. The air
transmission matrix Tair is close to unitary, which makes this a valid approximation such that we can calculate scattering invariant modes which
propagate through the two samples with a high similarity. Hence Eq. 7.1
can be approximated as
†
Tair
Ts Ẽn = αn Ẽn .

(7.3)

We calculate the eigenvectors from Eq. (7.3) in the same way as from Eq. (7.2).
The transmission matrices are measured according to the measurement
procedure outlined in Chapter 2.7. To reiterate, we project the incident
fields with a high NA objective (0.95NA) and sample the transmitted fields
with another high NA objective (1.4NA, oil immersion) over a large field of
view with a radius of 23 m. We sample the transmission matrix at 2282
points on a hexagonal grid in k-space [12], sampling the field up to an NA
of approximately 0.9 on both sides.

µ

µ

In Fig. 7.2, we plot (a) the eigenvalue spectrum of a 2.1- m-thick scattering
†
Ts and (b) the eigenvalue spectrum calculated
sample, calculated from Tair
−1
from Tair Ts . For the eigenvalues calculated with the Hermitian transpose,
we find a drop in density along the radial direction no angular dependence
of the density. For the eigenvalues calculated from the inverse we find an
eigenvalue density that is independent of the amplitude of α or the angle.
This indicates that there is a difference between the SIMs calculated from
our two methods.
The propagated fields show a visual similarity between the field propagated through air (Fig. 7.3 (b,d)) and through the scattering medium
(Fig. 7.3 (a,c)). To quantify how well the SIMs are approximated with our
two calculation methods, we use the cosine similarity of the fields propagated
through the scattering medium. We define the cosine similarity between the
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†
−1
Ts . Measured on
Figure 7.2.: Eigenvalue spectrum of (a) Tair
Ts and (b) Tair
a 2.1- m-thick sample.

µ

vectors a and b according to
|a · b|
p
CS(a, b) = p
.
|a|2 |b|2

(7.4)

A cosine similarity of 1 corresponds to the same propagated field, with a
possible difference in global phase and amplitude, and a cosine similarity of
0 corresponds to an orthogonal field. We now calculate the cosine similarity
of the numerically propagated field: CS(Tair Ẽn , Ts Ẽn ), where we calculated
the propagated field by multiplication with the respective transmission matrix. We also physically propagate the SIMs through both the air and the
scattering medium, and calculate the cosine similarity from the propagated
fields: CS(Ẽair,n,t , Ẽs,n,t ), where Ẽair,n,t indicates the field physically propagated through air, sampled on the same grid as the transmission matrix.
In the experiment, we first measure the transmission matrices and calculate
the corresponding holograms for the SIMs. Then we project all the SIMs on
the air layer position and finally project the SIMs on the scattering medium.
We project the full SIMs, with both the horizontal and vertical polarization
component and control both phase and amplitude of the fields. For every
projected SIM we measure the full transmitted field.
In Fig. 7.3 (e), we plot the cosine similarity for three methods of finding
and projecting the SIMs. We first discuss the cosine similarity between the
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Figure 7.3.: Transmitted field of a SIM (a-d) with a cosine similarity of 0.68.
In (e) the measured cosine similarity for the propagated SIMs
†
of Tair
Ts through the transmission matrices (blue), or physically
−1
through the sample (orange) and the eigenvectors of Tair
Ts propagated through the sample (green). The cosine similarity has
been calculated from the sampled fields.

†
vectors calculated from Tair
Ts , physically propagated through the two materials. We find that the cosine similarity increases with the SIM eigenvalue,
and 775 out of 2282 propagated eigenvectors have a cosine similarity above
0.5, with a maximum of 0.72. In green we plot the cosine similarity for
−1
the eigenvectors calculated from Tair
Ts , physically propagated through the
scattering material and air. We find that the cosine similarity is generally
lower than for the projected vectors obtained from the Hermitian conjugate,
a maximum cosine similarity of 0.54, and 157 eigenvectors with a cosine similarity above 0.5. All cosine similarity are calculated from the sampled field
vectors, which is the same field as described by the transmission matrix. For
the field depicted in Fig. 7.3 (a-d) we find a cosine similarity of 0.68. We
found a higher cosine similarity in the propagated field for SIMs calculated
with the Hermitian conjugate indicating that this method produced the best
experimental approximation. Therefore we use this method in the following
sections.
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For the case of SIMs numerically propagated through the transmission
matrix, the cosine similarity shows a different behavior. For the SIMs calculated using matrix inversion, the cosine similarity is by definition unity
for all modes (not plotted), while for the SIMs calculated using Hermitian
conjugation the cosine similarity increases with the eigenvalue and quickly
reaches a high value of about 0.9. In all cases the cosine similarity as found
from numerical propagation exceeds the one found in the experiment. This
is due to a combination of limited fidelity of the wavefront synthesizer and an
overestimation of the similarity in the numerical propagation since the noise
in the measurement correlates with the noise in the digital propagation.

7.3. Superpositions of scattering invariant modes
The scattering invariant modes are speckle-like fields. By creating superpositions of SIMs it is possible to project simple images. If the SIMs have
similar eigenvalues α, these superpositions are propagated the same through
the scattering medium and air, and the same image will be projected. As a
proof of concept we optimize the transmitted intensity of the superposition
in a single point.
To create the superpositions we choose two different groups of SIMs, which
are indicated in Fig. 7.4. For the first group (a) we select a set of eigenvalues
with similar phase and amplitude. We select a set of modes with eigenvalues
in a small radius r2 around value r1 at an angle φ in the complex plane. By
choosing suitable values this gives us a set of eigenvalues with similar phase
and amplitude. For the second group (b) we select a set of modes with
similar amplitude, chosen withing a radius range from the origin. We choose
the input field as a sum of the corresponding scattering invariant modes with
optimized relative phase and amplitude of the modes. For this we initialize
the input field as a linear sum of the set of eigenvectors. Next we vary
the phase and amplitude of the modes: for each eigenvector we propagate
the input field with the transmission matrix for different phases. We set the
phase corresponding to the highest field sum in the optimization points. The
amplitude of the mode we set equal to the visibility of modulating the specific
mode. We note this method is similar to the method by Vellekoop [1].
We project the superpositions through both the air and the scattering
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Figure 7.4.: Eigenvalues of SIMs used in superpositions. The eigenvalues in
blue, the SIMs in the superposition indicated in orange. In (a)
we select eigenvalues with similar phase and amplitude, in (b)
we select eigenvalues with similar amplitude only.

medium. We image the transmitted intensity on a single camera, on which
both polarization components are combined. In Fig. 7.5 we plot the intensity
pattern of the transmitted light where we have increase the intensity in a
single focus. In (a) and (c) we select modes with eigenvalues with similar
phase and amplitude, and in (b) and (d) we select modes with only a similar
amplitude. In order to increase the contrast we integrate the image over 6
different superpositions by setting a long exposure time on the camera, and
projecting the different fields. We optimize for a focus through the scattering
medium. As expected, we find that for the superposition consisting of eigenvectors with eigenvalues with similar phase, we get a visible focus through
both the scattering medium and through air, while by selecting on eigenvalues with similar amplitude, we only project a focus through the material for
which the optimization was performed.
We achieve an enhancement contrast of about 3 (Fig. 7.5 (a)), measured in
focus intensity over average background intensity. A focus with this contrast
is similar to a bright random speckles, as seen in (Fig. 7.5 (d)). The enhancement reached by this procedure depends on the location on the sample, and
is sometimes too low for the focus to be discernible. This is due to the fact
that we have a limited set of independent basis vectors for the superposition
and at some positions even their full constructive interference may not give
rise to a high amplitude.
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Figure 7.5.: Transmitted intensity through the scatterer (a,b) and through
air (c,d). The left column (a,c) corresponds to a focus shaped
with scattering invariant modes with eigenvalues with similar
phase, the right column (b,d) corresponds to a focus shaped
with scattering invariant modes with eigenvalues with similar
amplitude. Measurements performed on a 2.1- m-thick sample.

µ

Although we have successfully projected a focus through two mediums at
the same time using this method, the low enhancement is a key limitation.

7.4. Sparse scattering invariant modes
When projecting simple patterns or images we are only interested in a limited
number M of the transmitted modes, where M is much smaller than the total
number of transmitted modes N . For these situations we define the sparse
scattering invariant modes (SSIMs). We define a SSIMs as a vectors pn for
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which: T̃s s = p and T̃air s = αp, where T̃s and T̃air are the submatrices of
Ts and Tair that contain only the rows corresponding to the M transmitted
modes of interest, ignoring the (N − M ) other modes.
We create a sparse scattering invariant mode by numerically conjugating
the target field through both transmission matrices and coherently add the
two resulting vectors. If we set p as he goal field, we approximate the incident field on the scattering sample as ≈ Ts† p and the incident field on the air
†
as ≈ Tair
p. We construct the scattering invariant mode as a superposition
†
of these two fields: s = Ts† p + Tair
p. In Fig. 7.6 we plot an experimentally projected sparse scattering invariant mode, that forms an independent
seven point constellation in each polarization component. In (a) and (b) we
see the horizontal polarization component shaped as Ursa minor and propagated through ZnO and air respectively. In (c) and (d) we see the horizontal
polarization component that is shaped as Ursa major through ZnO and air
respectively. The phase and amplitude in each spot can be set individually.
The same hologram is projected through both mediums, and we project the
phase and amplitude for both input polarizations of the hologram simultaneously. We find a high contrast between the constellation and an easily
recognizable shape.
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Figure 7.6.: Experimentally generated sparse scattering invariant mode.
Propagated through a 5.2- m-thick ZnO sample (a,c) and a
5.2- m-thick layer of air (b,d). The color scale encodes both
phase and amplitude. The same incident field is projected
through both the ZnO and the air.
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7.5. Conclusion
In this chapter, we have experimentally demonstrated scattering invariant
modes. The scattering invariant modes are fields that have a high similarity
propagated through a scattering medium and a layer of air except for a global
phase and amplitude difference. We have presented two different methods
for finding scattering invariant modes. We found that by approximating
the inverse of the transmission matrix with its complex conjugate instead of
the numerical inverse, we get scattering invariant modes with a higher cosine
similarity between the field propagated through the different materials. From
the scattering invariant modes we find a high cosine similarity between the
field propagated through air and a zinc oxide scattering medium of up to 0.72.
We have demonstrated that superpositions of scattering invariant modes with
similar phase of the eigenvalue create a field that projects a simple image
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when propagated through either of two different materials. Finally we have
experimentally demonstrated sparse scattering invariant modes, which are
scattering invariant modes that create a sparse transmitted pattern.
These results demonstrate that we generate scattering invariant modes
with a high cosine similarity. We have found that calculating the SIMs from
†
Tair
Ts allows us to find SIMs that have higher eigenvalues and cosine similarities after propagation through the sample and reference. The methods of
elucidation and control of SIMs are a basis to investigate the properties of
the scattering invariant modes, such as the interactions with the scattering
medium and their relationship to ballistic waves.
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8. Iterative algorithm for finding
scattering invariant modes
8.1. Introduction
Highly transmitting transmission channels can be found through iterative
phase conjugation [1, 2], without requiring transmission matrix measurements. These highly transmitting channels are the eigenvectors of the matrix
Ts† Ts . The phase conjugation procedure has an interesting similarity with
Andreev reections in a superconductor-metal junction [3–5]. We show the
implementation of a a modified procedure, to find a scattering invariant
†
mode of a system, which is the largest eigenvector of the matrix Tair
Ts as
demonstrated in Chapter 7. Our method is similar to the von Mises iteration
in numerical algebra. This iteration is known to converge slowly if there are
many eigenvalues with equal modulus [6]. In our physical implementation
for solving the generalized eigenvalue equation, we use a symmetry breaking
method to provide a robust and quickly converging solution. In this chapter,
we present simulation results for different approaches based on transmission
matrix measurements and experimental results of the iterative digital phase
conjugation procedure.

8.2. Methods
We demonstrate an experimental method for finding scattering invariant
modes based on iterative phase conjugation. In iterative phase conjugation,
light is alternately phase conjugated through two mediums. Here the op†
erator we are interested in is Tair
Tsample . The way to apply this operator
repeatedly is by first projecting a random generated field through the sample and measure and store the transmitted field. The projection is turned
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off, and the the phase conjugate of the transmitted field is projected in the
opposite direction through the air medium. Again we this transmitted field is
measured and stored, and subsequently the phase conjugate field is projected
through the scattering material. The idea underlying this method is the von
Mises iteration [7], which is a power iteration that yields the eigenvector of
an operator corresponding to the largest eigenvalue by repeated application
of the operator. In this section we describe the measurement procedure and
the different implementations that we have investigated.
The procedure for finding a SIM of a scattering medium and air layer is
illustrated in Fig. 8.1. This experimental procedure is as follows. We start
by projecting a random field (E0 ) from S1 trough the scattering medium
and measure the transmitted field (E1 ) on D2. We store the field in memory and turn off the projection. Next, we shift the substrate and refocus
on the air medium, which is a cleaned part of the substrate. We send the
conjugate field (E1∗ ) back through the air on S2 and measure and save the
transmitted field (E2 ) on D1. We turn off the projection from S2 and shift
back to the scattering position, refocus the objectives, and send the conjugate field (E2∗ ) from S1 through the scattering material. The transmitted
field (E3 ) is measured on D2 and stored in memory. Next, we add a symmetry breaking term which is either a fraction of the field from the previous
round E1 , or a constant field EOff , to this field as an offset with mixing
parameter β: (E3∗ + βE1∗ ). We project this field back through the air and
measure the transmitted field (E4 ). We keep iterating this loop, where we
add the symmetry breaking term when propagating through the air, but not
on the step where we propagate through the scattering material. To monitor convergence to a scattering invariant mode, we propagate every field
through both materials (e.g. E0 is also transmitted through air) and record
the transmitted field.
To calculate the convergence of the iterative phase conjugation we define
the cosine similarity CS(a, b) as,
|a · b|
p
CS(a, b) = p
.
|a|2 |b|2

(8.1)

We calculate the cosine similarity of the fields propagated through the scattering sample and the air traversing in the same direction every round:
CS(En,sample , En,air ).
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Figure 8.1.: Schematic procedure for finding scattering invariant mode with
iterative phaseconjugation. Figure adapted from [8].

8.3. Simulation of iterative algorithm for finding a
SIM
We have simulated the process of iterative phase conjugation to analyze
convergence and solutions of the method. Our simulations are based on two
measured transmission matices. The transmission matrices correspond to a
measurement of a ZnO multiple scattering sample of 2.1 m thickness, the air
transmission matrix corresponds to an air column of the same thickness. We
simulate backwards propagation through the air with the conjugate transpose of the air transmission matrix because this corresponds best to our
experimental procedure of phase conjugating. We initialize a random vector, and run through 21 iterations of phase conjugations, corresponding to a
practical number of phase conjugations. Before every propagation step, we
add random noise to the field, to simulate incomplete control and aberrations in the phase conjugation procedure. We run three different simulations
where we simulate the case without symmetry breaking, with a constant
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symmetry breaking term and with a symmetry breaking term proportional
to the field in the previous iteration. We initialize these simulations with the
same random vector but apply uncorrelated random noise in every iteration.
We calculate the cosine similarity between the field propagated through air
and the scattering medium every iteration according to equation (8.1).
In Fig. 8.2, we plot simulation results for finding scattering invariant modes
with iterative phase conjugation based on a set of measured transmission
matrices. The transmission matrices are measured on the same sample, and
with the same focussing conditions as the actual iterative phase conjugation
measurement reported in this chapter. We plot the mean and standard
deviation of the correlation over 100 independent runs. In Fig. 8.2 (a) we
plot the results for digital iterative phase conjugation without symmetry
breaking, in (b) we plot the results with a constant symmetry breaking term
and in (c) we show the results where the previous iteration field is used
as a symmetry breaking term. We plot the results for 3 different amounts
of applied noise: 10% (blue), 30% (orange) and 50% (green). The amount
of noise is measured relative to the total transmitted power. We find that
an increase in noise leads to lower cosine similarities for all three methods.
For the same amount of noise we find that no symmetry breaking term
gives the lowest cosine similarity, and the largest variance between different
runs. A constant symmetry breaking term gives higher cosine similarity and
suppresses the noise. By using the previous iteration field as a symmetry
breaking term, we find the highest cosine similarity, even in the presence of
strong noise. We also find that we consistently find a very similar cosine
similarity.
The improved convergence by applying a symmetry breaking term is explained by the fact that it adds a bias to the system. Similar to how iterative
phase conjugation converges to the most open channel [1, 2], our iterative
phase conjugation converges to the highest generalized eigenvalue. However,
if the system has converged to a superposition of two SIMs with eigenvalues
that have a π difference in argument but the same amplitude, convergence
will halt. The procedure will cycle through different superpositions of these
two SIMs, which is not a SIM itself. By adding a bias to the system, SIMs
with similar argument are favored, which avoids breakdown of convergence.
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Figure 8.2.: Simulated iterative phase conjugation procedures. (a) Cosine
similarity versus iteration without symmetry breaking, (b) with
a constant symmetry breaking term, (c) with the previous iteration field as a symmetry breaking term. Blue: 10% noise,
relative to total power, orange, 30%, green, 50%. Errorbars:
standard deviation between different runs.

8.4. Finding SIM through digital optical phase
conjugation
We have experimentally implemented the iterative phase conjugation procedure with the same 2.1- m-thick ZnO (mean free path estimated l ≈ 0.7 m
[9]) sample used in Chapter 7. This allows us to make a comparison between
the physical and simulated iterative phase conjugation measurement.
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In Fig. 8.3 (a) we plot the cosine similarity between the fields propagated
through air and the scattering medium as a function of the number of phase
conjugations. We find a sharp increase in cosine similarity in the first few
iterations, after which we find a constant cosine similarity of 0.4 after only
9 phase conjugations. This behavior corresponds with the simulation results
as seen in Fig. 8.2 with a large amount of noise. The cosine similarity is
measured on the same sampling grid as the transmission matrix measurements. In (b) and (c) we plot the transmitted field after 8 phase conjugation
iterations, propagated through air (b) and the scattering medium (c). The
correlations between the fields are hard to identify by eye, due to the low
cosine similarity. The difference between the simulated result and the experimental result can be explained by imperfect phase conjugation. The
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Figure 8.3.: (a) Cosine similarity between field propagated through the air
medium and through the scattering medium for iterative phase
conjugation as a function of the number of phase conjugations.
Two phase conjugations correspond to one iteration of iterative
phase conjugation. (b,c) Transmitted field of scattering invariant mode from iterative phase conjugation through ZnO (b) and
through air (c). The field corresponds to iteration 8 of (a). Measurements performed on 2.1 m sample of air and ZnO.
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synthesis of the field on S1 and S2 has a limited fidelity, introducing errors
in the generated field, any residual misalignment between S1/S2 and D1/D2
also introduces an additional error. Finally, in the phase conjugation experiment there is a power imbalance between the two polarization components,
which decreases the fidelity.
Finding scattering invariant modes through iterative phase conjugation
has some advantages and disadvantages. From our results, we find lower
correlations when finding a scattering invariant mode through optical phase
conjugation than through transmission matrix measurements (Chapter 7).
The main advantage is that finding a scattering invariant mode through
phase conjugation is faster, and requires less measurements. Ten phase conjugations take about 5 minutes, while the measurement of two transmission
matrices takes more than an hour. The main disadvantages are that digital
optical phase conjugation requires a highly accurate and precise alignment
between the field synthesis and field measurement, more sample movement,
field synthesis and measurement on both sides of the sample. Finally it only
provides a single eigenvector contrary to the full set found in transmission
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matrix measurements. Due to the mutual alignment of a higher number of
field synthesis and field measurement planes, phase conjugation measurements more complex to align than a transmission matrix measurement. For
our measurements, the sample has a very high time stability and we find
higher cosine similarities through transmission matrix measurements. This
makes transmission matrix based measurements a better choice for finding
scattering invariant mode.

8.5. Conclusion
In this chapter, we have demonstrated that we find a scattering invariant
mode with an iterative phase conjugation procedure, that alternatively phase
conjugates through two distinct mediums. This procedure is similar to a
method that we have used to find open transmission channels [1, 2]. With
a numerical derivation based on measured transmission matrices we demonstrate how an offset field ensures convergence and robustness to noise. By
implementing the iterative phase conjugation procedure, we experimentally
identify a scattering invariant mode with a cosine similarity of up to 0.4,
after only 9 phase conjugations. While this method is very fast, it is technically demanding and the best achieved cosine similarity is lower than with
oud transmission matrix method.
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A. Appendix
A.1. Speckle correlation function
The transmitted intensity through a random sample fluctuates as we probe
different realizations of the ensemble of random scatterer configurations. The
speckle correlation function C(k1 , k2 , k3 , k4 , ∆ω) is the intensity-intensity
correlation function between incident and outgoing wavevectors k1 , k2 , k3 , k4
[1]. The speckle correlation function can be separated into three different
contributions: C (1) , C (2) , and C (3) [1–3], which correspond to different terms
in a diagrammatic expansion, and are also of different order in the dimensionless conductance of the sample g, where g is a measure of the number
of open eigenchannels the sample supports. The different correlation functions require different experimental geometries to be measured [3]. The C (3)
correlation function is measured by injecting light through all wavevectors,
and collecting the light for all transmitted wavevectors. It is related to
universal conductance fluctuations in electronic nanowires [3, 4]. Since it is
proportional to g −2 , which is small in our experimental situation, it is not
considered further in this thesis. The C (2) correlation function which is proportional to 1/g describes the fluctuations of the total transmittance of single
mode incident light. In the case where only a handful of open eigenchannels
dominate the transport (i.e. small g) this can be a strong contribution. It
can be measured in a configuration with with a single incident wavevector
and summing over all transmitted wavevectors, which can be performed in
optics with a total integrating sphere. Finally the C (1) which is of order 1,
and therefore typically by far the leading term, is the function that describes
the short-range intensity fluctuations typical of laser speckle. It can be measured by measuring the correlation between a single incident wavevector and
a single transmitted wavevector.
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A.2. Zernike polynomials
The Zernike polynomials are a basis set of polynomials that are orthogonal
on the unit circle [5]. The different Zernike modes correspond to different
optical aberrations such as defocus or astigmatism [6]. While they are not
the most efficient basis to compensate for aberrations made up of statistically independent modes [7], they are easily computed. This makes them
a convenient choice for the correction of imaging aberrations and they are
intensively used in the field of adaptive optics [8]. The Zernike polynomials
are applied for the correction of imaging defects as a phase correction to the
field. This correction can be applied in dynamic or static ways, for example
deformable mirrors, spatial light modulators or specifically cut optics that
correct for known wavefront distortions.
In Figure A.1 we plot the local phase of the second to tenth Zernike polynomials, according to their Noll index [7]. The Zernike polynomials are labeled
according to the corresponding optical aberrations [6].
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Tip
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Figure A.1.: Phase of the second to tenth Zernike polynomials according to
their Noll index. The Zernike polynomials are labeled according
to the typical imaging aberration they correct for. The first
Zernike polynomial is not shown as it is constant, corresponding
to an overal phase shift. Adaptive optics systems can operate
with a limited set of Zernike modes because the amplitude of
aberrations typically decreases fast with the order of the Zernike
polynomial. In this thesis we use Zernike polynomials up to
order 13 to parameterize and correct the aberrations.
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Summary and outlook
In the work described in this thesis, we have investigated the transport of
light through a random scattering medium. We have measured properties of
three representations of light transport: transmission channels, time delay
eigenstates and scattering invariant modes.
We have described our multispectral transmission matrix measurement
procedure, which allows us to sample the transmission operator of a scattering medium. We introduce a figure of merit for the fidelity of the transmission
matrix measurement that quantifies how well we sample the transmission
properties of the sample. We show the results of our high fidelity multispectral transmission matrix measurements, which allow us to calculate spectral,
temporal and transmission properties of transmitted light. This allows us
to get an unprecedented insight in the transmission properties of a multiple
scattering medium.
For the transmission channels, we have found that the spectral shape of the
transmittance can be described by three distinct regimes. The first regime
is that of the transmission channels with a transmittance above the average
transmittance. These transmission channels can be described by a single
spectral shape, that is independent on sample thickness or the transmittance
of the transmission channel. We find that the exact shape of the curve
depends on the transmission matrix fidelity. The second regime is that of
the transmission channels with a transmittance around the sample-average
transmittance. For these channels we find the surprising result that the
transmittance increases through detuning, even for channels that have a
transmittance that is slightly higher than average. Finally we find that the
transmission channels with below average transmittance have an increased
spectral bandwidth. These nontrivial behaviors are not yet described by
current theoretical work, and require theory and simulations.
We have performed the first optical measurement of the time delay of the
transmission channels of a multiple scattering medium. We find that the
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most open transmission channels are transmitted slightly faster than the
channels with the sample-average transmittance, however the difference is
small compared to the average delay time for transmission of light through
the sample.
We have performed the first optical measurements of the time delay eigenvalues of a multiple scattering medium. We find that the time delay eigenvalues calculated from the reduced time delay operator range between 0 and
3 times the Thouless time. We also find that the time delay eigenstates have
a transmittance that is lower than the average sample transmittance, and
typically decorrelate faster than the speckle correlation function.
As a final subject we have studied scattering invariant modes, which are
fields that produce a similar transmitted field whether they are propagated
through a scattering medium or through a layer of air. We show an effective
method of calculating the scattering invariant modes from the transmission
matrices of two materials. We have demonstrated sparse scattering invariant
modes, that can transmit the same simple image through two distinct materials. Finally we have demonstrated a procedure for finding a scattering
invariant mode with an iterative phase conjugation procedure, which quickly
finds a scattering invariant mode without requiring any transmission matrix
measurements.
As an outlook, our results show that the spectral bandwidth of the transmission of transmission channels can be very broad for some channels at high
fidelity and reverts to the Thouless width for low fidelity measurements. This
means that a transmission channels always has a bandwidth that is at least
equal to the Thouless width. This is important for the application of transmission channels where light is injected deep into or through a medium such
as light activated medicine, secure authentication [1], pulse transmission,
and imaging inside or through a scattering material [2–5]. The time delay
eigenstates can be used in practical applications that are depend on the interaction between light and matter, such as energy conversion, spectroscopy and
optical sensors. Our experimental method can be expanded from measuring
transmission matrices to measurements of a multispectral S-matrix, which
encompasses the transmission matrices and reflection matrices in both directions. By accurately mapping the basis of the transmission matrix to that
of the reflection matrix, as is done in the phase conjugation, it is possible to
directly link transmission channels to reflection channels. The measurement
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of a the S-matrix will enable elucidation of the full time delay eigenstates
and of correlations between the reflection and the transmission channels [6],
which allows for verification of new theoretical predictions as well as potential new approaches to imaging, spectroscopy and metrology in scattering
systems.
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Samenvatting
In dit proefschrift onderzoeken we het transport van licht door een meervoudig verstrooiend materiaal. We rapporteren metingen van de eigenschappen
van drie representatieve toestanden van licht transport: transmissie kanalen, tijdsvertraging eigentoestaanden en verstrooingsonafhankelijke toestanden (scattering invariant modes of SIMs).
We beschrijven een procedure voor het meten van de multispectrale transmissiematrix (TM), waarmee we de transmissie operator van een veelvoudig verstrooiend medium bemonsteren. We introduceren een maat voor
de precisie F van de transmissiematrix meting, die kwantificeert hoe goed
we de transmissie eigenschappen van een monster bemonsteren. We laten resultaten zien met onze hoge precisie F , waarmee we de spectrale-,
tijdsafhankelijke-, en transmissie-eigenschappen van een monster kunnen berekenen. Dit geeft ons een ongekend inzicht in de transmissie-eigenschappen
van een veelvoudig verstrooiend medium.
Voor de transmissie kanalen vinden we drie verschillende gedragingen voor
de spectraallijn van de transmissie. Eerst kijken we naar transmissie kanalen
met een transmissie hoger dan het gemiddelde. Voor deze kanalen vinden we
een enkele curve die de spectraallijn beschrijft, onafhankelijk van de monsterdikte of de transmissie van het transmissie kanaal. Vervolgens kijken
we naar de transmissie kanalen met een transmissie rond het gemiddelde.
Voor deze kanalen vinden we het verrassende resultaat dat de transmissie
toeneemt na verstemmen, zelfs voor kanalen met een transmissie boven het
monster-gemiddelde. Ten slotte vinden we dat de kanalen met een transmissie lager dan de gemiddelde transmissie van het monster een toename
hebben in de lijnbreedte van de transmissie. Deze niet triviale gedragingen
worden op moment nog niet beschreven door de huidige theorieën, waarvoor
nieuwe theorieën en simulaties nodig zijn.
We hebben de eerste optische metingen van de tijdsvertraging van de transmissie kanalen van een veelvoudig verstrooiend medium uitgevoerd. Hierin

133

Samenvatting
vinden wij dat de kanalen met de hoogste transmissie een kleinere tijdsvertraging ondervinden. Het verschil is echter klein vergeleken met de gemiddelde
tijdsvertraging van lichttransmissie door het monster.
We presenteren de eerste optische metingen van de tijdvertraging eigentoestanden van een veelvoudig verstrooiend medium. We vinden tijdvertraging
eigenwaardes, die we berekenen op basis van de gereduceerde tijdvertragingsoperator, tussen 0 en 3 keer de Thouless tijd. Ook zien we dat de tijdvertraging eigentoestanden een lager dan monster-gemiddelde transmissie hebben,
en sneller decorreleren dan de specklecorrelatiefunctie.
Ten slotte bestuderen we de verstrooiingsonafhankelijke toestanden (scattering invariant modes of SIMs), dit zijn lichtvelden die hetzelfde uit een
verstrooiend medium en een laag lucht komen. We demonstreren een effectieve methode om uit de transmissiematrices van twee materialen de verstrooiingsonafhankelijke toestanden te berekenen. Ook demonstreren we de
zogenoemde sparse SIMs, waarmee SIMs construeren die een simpele afbeeldingen door twee materialen projecteert. Ten slotte demonstreren we een
methode om door iteratieve faseconjugatie snel een verstrooiingsonafhankelijke toestand te vinden.
Onze resultaten laten zien dat de spectrale lijnbreedte van de transmissie
van transmissiekanalen erg hoog kan zijn voor kanalen gemeten met een hoge
precisie F en dat deze gelijk is aan de Thouless breedte voor metingen met
een lage precisie F . Dit betekend dat de lijnbreedte van de toename van
de transmissie altijd ten minste even groot is als de Thouless breedte. Dit
is belangrijk voor toepassingen die gebruik maken van transmissie kanalen,
zoals medicijnen die geactiveerd worden door licht, kwantumveilige authenticatie [1], pulstransmissie en afbeeldingstechnieken in of door verstrooiende
materialen [2–5]. De tijdvertragings eigentoestandne kunnen gebruikt worden in praktische toepassingen die gebruik maken van de interactie tussen
licht en materie, zoals energie omzettingen, spectroscopie en optische sensoren.
De experimentele technieken kunnen uitgebreid worden van het meten van
transmissie matrices tot het meten van een multispectrale S-matrix, die zowel de transmissiematrices in beide richtingen als de reflectiematrices bevat.
Door het accuraat afbeelden van de basis van de transmissiematrix op de
basis van de reflectiematrices, zoals wij hebben gedaan voor de faseconjugatie metingen, is het mogelijk om correlaties tussen transmissiekanalen en
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reflectiekanalen te vinden [6]. Met een meting van de S-matrix is het mogelijk om de volledige tijdvertragings eigentoestanden te meten ook maakt het
de verificatie van nieuwe theoretische voorspellingen, en nieuwe afbeeldingstechnieken en spectroscopische metingen mogelijk.
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