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Summary

Generalized complex (G.C.) geometry [4], a generalization of symplectic and complex geometry, was originally
defined via a complex structure on a Courant algebroid. As a consequence of the first author’s local structure
theorem, G.C. geometry may alternatively be understood as a “twisted” or localized version of holomorphic
Poisson geometry. Therefore, we can integrate G.C. structures to certain holomorphic symplectic groupoids
in analogy with holomorphic Poisson structures integrating to holomorphic symplectic groupoids. However,
the “holomorphic” part of the integration is defined only up to (holomorphic) Morita equivalence, i.e., as
a holomorphic stack. Nonetheless, with these data packaged as a weakly holomorphic symplectic

groupoid, we can recover the underlying G.C. structure, establishing a full Lie correspondence, with the
correct notions of uniqueness and equivalence. This answers a longstanding question as to what is the natural
object integrating G.C. structures.

Generalized complex structures

Gauge Symmetry: B-transforms

Because of generalized complex geometry’s connection to physics via string theory and mirror symmetry, it
is of special interest to quantize generalized complex manifolds. In future work, we hope to use these holomorphic symplectic integrations to produce deformation quantizations via the construction of Kontsevich
[5].

A generalized complex structure, I, on a smooth manifold M is a complex structure,
I : T M ⊕ T ∗M −→ T M ⊕ T ∗M,
with I2 = −Id, I orthogonal w.r.t. the standard pairing on T M ⊕T ∗M , and which satisfies an integrability
condition. Integrability may be expressed by considering the equivalent data of I’s +i-eigenbundle
L ⊂ C ⊗ (T M ⊕ T ∗M ) .

The extended symmetry group of T M ⊕ T ∗M is taken to include, not just the diffeomorphisms acting by
pushforward on T M and inverse pullback on T ∗M , but also the B-transforms, where a closed 2-form B
acts via
eB · (X + ξ) := X + ιX B + ξ
(X ∈ T M, ξ ∈ T ∗M ).
This preserves the Courant bracket, the anchor map to T M , and the canonical symmetric pairing between
T M and T ∗M . Thus, it takes generalized complex structures to generalized complex structures.

L is a complex Dirac structure, involutive w.r.t. a (possibly twisted) Courant bracket, such that L ∩ L̄ = 0.
The “real rank zero” condition ensures that it will be the +i-eigenbundle of some I.
∗
) and
Examples include symplectic structures (L = graph(iω)), complex structures (L = T 0,1 ⊕ T1,0
∗
holomorphic Poisson structures (L = T 0,1 ⊕ graph π : T1,0
−→ T 1,0 ).

Local holomorphic structure

The associated real Poisson structure and the real
symplectic integration

B-transform of holomorphic
Poisson

A generalized complex structure, I : T ⊕ T ∗ −→ T ⊕ T ∗, has an associated real
Poisson structure: if a : T ⊕ T ∗ −→ T is the projection to T , then the Poisson
anchor map is
P = a ◦ I|T ∗ .
Note that P is invariant under B-transforms. In the case of a hol. Poisson structure
∗
π = IP + iP : T1,0
−→ T 1,0, this is just the imaginary part.
If P satisfies known integrability conditions [2] then it integrates to a symplectic
groupoid G. However, G, with its symplectic form is not enough to recover I. (Note
that if G were holomorphic symplectic it would differentiate to a holomorphic
Poissson structure, which would be generalized complex.)

If I0 is a complex structure and π0 = I0P +
iP a hol. Poisson structure, with (I0, π0)
represented as generalized complex, and if
B is a closed 2-form such that
BI0 + I0∗B + BP B = 0
then the B-transform of L is once again
hol. Poisson, with complex structure I1 =
I0 + P B and hol. Poisson structure π1 =
I1P + iP . [3]

In earlier work [1], we showed:
Theorem (B. 2012) In a small enough neighbourhood of any point, a generalized complex structure is equivalent, up to gauge, to a product of a symplectic
manifold with a hol. Poisson manifold whose Poisson tensor vanishes at the
point in question.
Assuming the G.C. structure has “Poisson rank” 0 mod 4 (which for out purposes
does not lose generality), a neighbourhood of any point may be represented as hol.
Poisson. However, this gauge– or B–transform can take one hol. Poisson structure
to another with an entirely different complex structure! The local complex
structure is noncanonical, though it is constrained by the G.C. structure.
M may be covered by local complex charts, but the transition maps will only be
generalized complex (i.e., with a B-transform), not holomorphic, and M may not
even admit a complex structure globally.

Groupoid localizations
If G ⇒ X is a [hol./symplectic/etc.] Lie groupoid and U = {Ui, . . .} is an open cover of X, then we have the
localization,
G
G
GU =
Gij =
s−1(Ui) ∩ t−1(Uj ),
i,j

i,j

F

a new [hol./symplectic/etc.] groupoid over base U consisting of elements of G labeled with indices ij to
designate source in Ui and target in Uj .
In the picture, we see the groupoid G (below) localizes over {U1, U2} to a groupoid with 4 components (3 shown),
G11 and G22—full subgroupoids over U1 and U2 respectively—G12, consisting of elements going from U1 to U2,
and similarly G21 (not shown).

The Holomorphic Integration of L
If G ⇒ M is the real symplectic groupoid integrating the real Poisson structure of a generalized complex manifold
M , then G may not admit a compatible complex structure, but (if the Poisson rank of M is 0 mod 4) it admits a
localization that does.
Theorem. If (M, I) is a generalized complex manifold, G is a source-simply-connected symplectic groupoid
integrating the real Poisson structure associated to I, and U = {Ui, . . .} is a cover of M by open sets, on each
of which I is gauge-equivalent to a hol. Poisson structure for some C-structure Ii, then the localization GU
is hol. symplectic in a natural way.
The “diagonal” components Gii ⇒ Ui are (formal completions of) the usual hol. symplectic integrations of the hol.
Poisson structures [6], whereas Gij = s−1(Ui) ∩ t−1(Uj ) has a complex structure mixing Ii with Ij .

Lie Correspondence
Given the data of a symplectic groupoid and a holomorphic localization of it, one can recover a generalized complex
manifold by a kind of “differentiation.” One takes the usual differentiation of a hol. symplectic groupoid to a hol. Poisson
manifold on each Gii ⇒ Ui, and on the intersections Ui ∩ Uj the two hol. Poisson structures glue as generalized complex
structures via a B-transform—data which can be recovered from the hol. symplectic structure on Gij .

The Holomorphic Stack
Localization is a kind of Morita equivalence of groupoids, and Lie groupoids up to Morita
equivalence are differential stacks. Then the integrating object of a generalized complex
manifold (given the parity condition) is a symplectic Lie groupoid together with a “stacky”
complex strcture, i.e., a Morita-equivalent holomorphic stack. We call these data a weakly
holomorphic symplectic groupoid.
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Example: the Hopf surface
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The Hopf surface is X = C \ {0} /Z, where 1 ∈ Z acts by
multiplication by 2. X admits various holomorphic Poisson
structures,
in this case just hol. sections of its anticanonical
V2 1,0
bundle
T . Any such nontrivial sections will vanish on a
degree 2 divisor.

X admits a G.C. structure I whose Poisson structure
vanishes on a degree 1 divisor. If x1, x2 are coordinates for
C2 \ {0} and R2 = |x1|2 + |x2|2, then
L = graph(C) ⊂ C ⊗ (T ⊕ T ∗), where


1 2x1
C= 2
dx̄1 ∧ dx̄2 + dx1 ∧ dx̄1 + dx2 ∧ dx̄2
R
x̄2
is a complex 2-form (homogeneous of degree 0, so it passes to
the quotient X).
Away from x2 = 0, the imaginary part Im(C) gives a
symplectic structure, and
at x2 = 0, C blows up, but L

∗
extends to T 1,0 ⊕ T0,1
|{x2=0}, a C-structure.
If we remove the curve x1 = 0, then on U1 = X \ {x2 = 0}
we can find a new C-structure and a B-transform such that
eB · I is hol. Poisson vanishing to first order at x2 = 0. On
the other hand, on U2 = X \ {x1 = 0}, I is B-equivalent to
hol. symplectic, for another new C-structure. This gives us
two holomorphic local charts for X. On U1 ∩ U2, the
C-structures will not agree—they are related by a
B-transform. However, the localized groupoid
GU ⇒ U1 t U2 is holomorphic symplectic.

