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Abstract

In the context of Elementary Arithmetic (EA) we know that already an extremely
weak arithmetical theory like R proves every true Σ1-sentence. Thus, it would seem
that adding the true Σ1-sentences to the axiom set of a given theory adds nothing.
However, Elementary Arithmetic cannot prove this ‘obvious fact’. We show that
under the assumption of the negation of Σ1-collection, the weak theory PA− plus the
true Σ1-sentences is inconsistent.
It follows that, in EA plus the negation of Σ1-collection, any consistent extension U
of PA− is not closed under finite conjunctions: there is a conjunction of theorems of
U such that U plus that conjunction is inconsistent.
A corollary of our main insight is that Σ1-collection is, over Elementary Arithmetic,
equivalent to the restricted consistency of PA− plus the true Σ1-sentences.
In Appendix C, we prove slightly modified results for the weaker theory R. A conse-
quence of these results is that, over EA, Σ1-collection is equivalent to the consistency
of the theory axiomatized by the theorems of R.
In Appendix A, we provide a lay person’s summary of the results of the paper.

Keywords: collection principles, reflection principles, completeness principles,
elementary arithmetic

1 Introduction

It is told of a German monk who came back to tell his friend about heaven
that he only spoke the words totaliter aliter. The worlds of metamathematics
in which we start from the negation of a cherished assumption are also fairly
aliter. Fortunately, in their case, we are often able to say much more than
just affirming their alterity. The study of such a world is beneficial since it
gives us a better feeling of where the cherished assumption is needed. In this
paper, we study one such world: a world in which we start from the negation
of Σ1-collection.

In the paper we will consider the connection between Σ1-collection and
provability with an oracle for Σ1-truth in the context of EA or Elementary

1 I am grateful to Zofia Adamowicz, Lev Beklemishev, Emil Jeřábek, Joost Joosten and
Leszek Ko lodziejczyk for helpful comments, corrections and additional insights. I thank the
two anonymous referees for their insightful comments.
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Arithmetic. It is well known that, in the context of EA, all theories extending
the very weak arithmetic R prove all true Σ1-sentences. So, it would seem that
adding these sentences to the axiom set of a given theory is a harmless addition
that could only result in speeding up some proofs. However, the verification of
this ‘obvious fact’ essentially depends on the presence of Σ1-collection. We will
show that the ‘obvious fact’ fails as badly as possible if we add the negation
of Σ1-collection to EA. Under these assumptions, the weak theory PA− plus all
true Σ1-sentences becomes inconsistent.

We note that it follows that, in EA plus the negation of Σ1-collection, consis-
tent extensions U of PA− are not closed under finite conjunctions of theorems:
there is a finite conjunction of theorems such that adding it to the theory makes
it inconsistent. In other words: the theory axiomatized by the set of theorems
of U is inconsistent.

The methods of the paper allow us to see that, over EA, Σ1-collection is
equivalent with the restricted consistency of PA− plus all true Σ1-sentences.

Remark 1.1 There is a great and beautiful open problem in the global area of this paper:

is the theory I∆0 + ¬Exp + ¬Σ1-coll consistent? See [14] and [2]. Regrettably, I do not see

any relevance of the results of the present paper for this problem.

Remark 1.2 The present paper is, in a sense, a sequel of Section 5 of my paper [10].

In Appendix A we give a description for the lay person of some salient results
of the paper.

2 Basics

In Appendix B we will give a bit more detail on the various theories discussed
in the paper. The reader is referred to [4] for more details and more discussion.

2.1 Theories
The theories we study in this paper are extensions of the weak arithmetic R of
[9] in (definitional extensions of) the arithmetical language. See Appendix B
for the axioms of R. See also [12] for discussion and further references on R.

Remark 2.1 Since we will work in Elementary Arithmetic as our ambient meta-theory,

we have the luxury of the totality of exponentiation available. This means that we do not have

to worry about the big disjunctions in the axiom set that Tarski, Mostowski and Robinson

call Ω4 (R4 of Appendix B). If we would work in the context of S1
2 these disjunctions would

be too big. There it would be better to replace Ω4 by the axioms: x ≤ 0 ↔ x = 0 and

x ≤ n+ 1↔ (x ≤ n ∨ x = n+ 1).

Our theories are given by arithmetical predicates that define the axiom set. We
allow axiom sets defined by more complex formulas than e.g. ∆b

1. Suppose e.g.
the theory U is axiomatized by α(x) and a set X of sentences is given by β(x).
Then, U + X is the theory given by α(x) ∨ β(x). We implicitly assume that
the formulas defining the axioms sets of familiar theories are chosen in some
obvious way.

A salient theory in the paper is PA−, the theory of discretely ordered com-
mutative semirings with a least element. This theory is mutually interpretable
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with Robinson’s Arithmetic Q. However, PA− has the additional good property
that it is sequential as was shown in [5]. In Appendix B, we give the axioms of
PA−. We refer the reader to [6] and [5] for information on PA−.

A second salient theory is S1
2, the theory of p-time computability introduced

in [3]. In Appendix B, we give a bit more detail concerning S1
2. See also [4].

A third salient theory is Elementary Arithmetic EA, i.e. I∆0 +Exp. Harvey
Friedman calls this theory EFA, for: Elementary Function Arithmetic. We
describe this theory in Appendix B.

Since we are going to enter a world in which Σ1-collection fails, we will also
be interested in two theories that are, in the real world, extensionally the same
as a given theory U but which might be extensionally different in that other
world. The first theory is the theory U+S, where S := {S ∈ Σ1-sent | true(S)}
and true is the arithmetized Σ1-truth predicate. It is well known that the
elementary properties of this truth predicate are verifiable in EA. We note that
the axiom set of U + S is given by a Σ1-formula. The second theory is the
theory thm(U), which is the theory axiomatized by the theorems of U . We note
that the axiom set of thm(U) is also given by a Σ1-formula. We will show that,
according to EA, the theories U + S and thm(U) prove the same theorems. It
follows, in EA, that thm is a closure operation (modulo sameness of the theorem
set).

We will use modal notation 2 for (formalized) provability. We employ the
dot notation for variables occurring freely inside boxes. For example, 2UP (ẋ)
means: the number resulting by substituting the Gödel number of the numeral
of x for pvq in pP (v)q has the property provU . More formally, this could be
written as:

2UP (ẋ) :↔ provU (sub(num(x), pvq, pP (v)q)).

2.2 Formula Classes

We define the following formula classes in the arithmetical language.
• ∆0 is the class of formulas in which all quantifiers are bounded.
• Σ1 := Σ1,0 is the class of formulas of the form ∃xS0(x,y), where S0 is in

∆0.
• Σ1,n+1 is the class of formulas of the form ∃x ∀y < tS0(x,y, z), where S0

is Σ1,n. Here the bounded quantification is subject to the usual restriction
that the quantified variable y does not occur in the bounding term.

• Σ1,∞ is the union of the Σ1,n.

We define Π1,n analogously. Our main interesest in the present paper will be
in these classes for n ≤ 2.

2.3 Collection

The Σ1-Collection Principle, Σ1-coll, is:
• ` ∀x < a∃y Sxyz → ∃b∀x < a∃y < bSxyz, where Sxyz is Σ1.
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The principle Σ1-coll follows from the special case that S is in ∆0. Suppose
Sxyz is of the form is ∃w S0wxyz with S0 ∈ ∆0. Now consider the formula
S+

0 xyz :↔ ∃w, u < y S0wxuz. It is easy to see that collection for S follows
from collection for S+

0 in PA−.
We show that, in EA, Σ1-Collection can be compressed to a single sentence.

In EA, we have a Σ1-satisfaction predicate sat(σ, s). Here σ stands for a se-
quence of numbers and s represents a Σ1-formula. This satisfaction predicate
has the form ∃w sat0(w, σ, s), where sat0 is in ∆0. The usual construction yields
that the witness for s (given σ) is below w, since w contains this witness as a
component. We consider the following principle:

(†) ∀x < a∃w sat0(w, 〈x〉 ∗ σ, s)→ ∃b∀x < a∃w < b sat0(w, 〈x〉 ∗ σ, s).

Consider any Σ1-formula Sxyz. Let S′xz := ∃y Sxyz. Assuming (†), we find:

EA ` ∀x < a∃y Sxyz→∀x < a∃w sat0(w, 〈x〉 ∗ 〈z 〉, pS′q)

→∃b∀x < a∃w < b sat0(w, 〈x〉 ∗ 〈z 〉, pS′q)

→∃b∀x < a∃y < bSxyz

The last step uses that y is bounded by w. We note that our reduction uses
the presence of parameters. It was shown in [7] that, over EA, parameter-free
Σ1-collection cannot be finitely axiomatized. Hence the use of parameters is
essential here.

In [1], it is shown that the Σ1-collection principle is Π1,1. We give a proof
here. Let S0 ∈ Σ0. We consider the following properties. (We suppress the
parameters and the dependence of the P on S0.)

P0(a) ∀x ≤ a∃y S0xy → ∃b∀x ≤ a∃y ≤ b S0xy.

P1(a) ∃u ≤ a ∀v (S0uv → ∀x ≤ a∃y ≤ v S0xy).

Lemma 2.2 We have:

a. PA− ` P1(a)→ P0(a).

b. I∆0 ` P0(a)→ P1(a).

Proof. We prove (a). Reason in PA−. Suppose P1(a) and ∀x ≤ a ∃y S0xy.
Pick u as promised by P1(a). By our second assumption, there is a v such that
S0uv. Thus, by P1(a), we get the conclusion of P0(a) with b := v.

We prove (b). Reason in I∆0. Assume P0(a). In case ∃x ≤ a∀y ¬S0xy,
we immediately have P1(a). So suppose ∀x ≤ a∃y S0xy. By P0(a), we have,
for some b, that ∀x ≤ a∃y ≤ b S0xy. By the ∆0-minimum principle, there is
a minimum such b, say b?. If we had ∀x ≤ a ∃y < b? S0xy, then we would
have ∀x ≤ a∃y ≤ b? − 1S0xy, contradicting the minimality of b?. So, we get
∃x ≤ a ∀y < b? ¬S0xy. Let u? ≤ a be such that ∀y < b? ¬S0u

?y. Consider
any v and suppose S0u

?v. It follows that v ≥ b?. Since, for any x ≤ a there is
a y ≤ b? with S0xy, there also is a y ≤ v such that S0xy. So, we find P1(a). 2

Since P1 is Π1,1 it follows that Σ1-collection is Π1,1 in I∆0. The following
lemma will be used in the proof of our main result Theorem 4.1. We remind
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the reader that a virtual class is progressive if it contains 0 and is closed under
successor.

Lemma 2.3 Both P0 and P1 are progressive in PA−.

Proof. We leave the proof for P0 to the reader. We prove the claim for P1.
We remind the reader of the definition of P1:

P1(a) :↔ ∃u ≤ a∀v (S0uv → ∀x ≤ a ∃y ≤ v S0xy).

We reason in PA−. Clearly we have P1(0). Suppose P1(a). Let b be the
promised witness and suppose S0bv. In case we have (i) ∃y ≤ v S0(a+ 1)y, we
easily find that b ≤ (a+1) and ∀x ≤ (a+1)∃y ≤ v S0xy. So b is also a witness
for P1(a + 1). Suppose (ii) ∀y ≤ v ¬S0(a + 1)y. We claim that, in this case,
a + 1 is a witness for P1(a + 1). Clearly a + 1 ≤ a + 1. Suppose S0(a + 1)w.
Then, by (ii) w > v. So ∀x ≤ a ∃y ≤ wS0xy. Moreover, ∃y ≤ wS0(a + 1)y,
since this is witnessed by w itself. So, in both cases, we have a witness for
P1(a+ 1). 2

For more information about the Σ1,n classes and Σ1-collection, see e.g. [11].

3 Completeness

A central component of the proof of our main result is the Σ1,1-completeness
of extensions of R plus the true Σ1-sentences. In this section we will treat some
basic facts concerning both Σ1,0-completeness and Σ1,1-completeness.

We can distinguish three versions of Σ1-completeness (Σ1,0-completeness)
for a theory U .
• Local or sentential Σ1-completeness: for all Σ1-sentences S, we have:
` S → 2US.

• Uniform Σ1-completeness: for all Σ1-formulas Sx, we have:
` ∀x (Sx→ 2USẋ).

• Global Σ1-completeness: ` ∀S ∈ sent(Σ1) (true(Ṡ)→ 2US).
Note that for global Σ1-completeness, we need an ambient theory like EA in
order to provide the basic facts concerning the relevant Σ1-truth predicate.

As is well known, all three versions hold over EA when U is EA-verifiably an
extension of R. In this paper we zoom in on uniform Σ1-completeness and
uniform Σ1,1-completeness. Of course, uniform Σ1,1-completeness is defined
just like uniform Σ1,0-completeness. Undoubtedly more could be said about
global Σ1,1-completeness too, but developing this would distract us too much
from the main line of the paper. We will use simply ‘Σ1-completeness’ for
uniform Σ1-completeness.

Our first order of business is to provide a counter example for EA-verifiable
Σ1,1-completeness. Our counter example is also a counter example to sentential
Σ1,1-completeness. The method used is due to Paris and Kirby. See [8] or [6].

Theorem 3.1 For some sentence S in Σ1,1, we have: EA 0 S → 2EAS.



6 Oracle bites Theory

Proof. We remind the reader that we can transform any Σ1-formula S(x) into
a Σ1-formula S◦(x) that has the following properties:

i. {x | S◦(x)} ⊆ {x | S(x)},
ii. if {x | S(x)} is non-empty, then so is {x | S◦(x)},
iii. {x | S◦(x)} has at most one element.

Suppose S(x) is ∃y S0(y, x), where S0 is ∆0. We take:
• S1(z) :↔ ∃y ≤ z (z = 〈x,y 〉 ∧ S0(y, x)).
• S◦(x) :↔ ∃z (S1(z) ∧ ∀w < z ¬S1(w) ∧ (z)0 = x).

Thus, we can work with Σ1-definitions of elements which have the normal
form S◦ without worrying about the uniqueness clause. Using the Σ1-truth
predicate true, we can construct a Σ1-predicate def, where def(s, x) codes: s is
a Σ1-definition of x. Let:

S? := ∃p ( proofPA(p,⊥) ∧ ∀q < p¬ proofPA(q,⊥) ∧ ∀x ≤ p ∃s < p def(s, x)).

We note that S? is Σ1,1.
Consider any model N of PA + incon(PA). Let M be the submodel given

by the Σ1-definable elements of N . By the results of [8] (see also [6]), we have:
M |= EA. Moreover, clearly, M |= S?.

To prove our theorem it suffices to show thatM 6|= 2EAS
?. We note that if

M |= 2EAS
?, then N |= 2EAS

?. Since N is a model of PA and since PA proves
reflection for EA, we have N |= S?. Quod non, since PA proves the relevant
version of the Pigeon Hole Principle. 2

Remark 3.2 The above proof is a variation of a proof in Section 5 of [10].

We show that EA does prove uniform Σ1,1-completeness for 2R+S and, ipso
facto for all EA-verifiable extensions of R + S.

We can describe an R + S-proof p as follows. It is a preproof, i.e. a proof
from R plus assumptions that are Σ1-sentences such that its assumptions, say
the elements of ass(p), are all Σ1-true.

Theorem 3.3 We have, for all Σ1,1-formulas Sx, EA ` ∀x (Sx→ 2R+SSẋ).

Proof. We give our proof for the case that the initial blocks of quantifiers
consist of just one quantifier. The more general case is similar. Let Sx be a
formula of the form ∃y ∀z < t(y,x)S0(z, y,x), where S0 is Σ1,0.

We reason in EA. Suppose Sa. Find b such that we have:

(‡) ∀z < t(b,a)S0(z, b,a).

We can easily construct an R-preproof p of ∀z < t(ḃ, ȧ)S0(z, ḃ, ȧ) from as-
sumptions S0(0, ḃ, ȧ), . . . , S0(t(ḃ, ȧ)−1, ḃ, ȧ). By (‡) all these assumptions are
Σ1-true. 2

We can refine Theorem 3.3 a bit. Let ρ be the complexity measure depth of
quantifier alternations. Inspecting the proof of Theorem 3.3, we see that, for a
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fixed Sx, the ρ-complexity of the formulas in the R+S-proof of Sx is bounded
by a fixed standard number depending only on the ρ-complexity of Sx. The
same holds when we exchange R + S for e.g. PA−+ S, since in this last theory
the verifications of the axioms of R are of a fixed restricted complexity.

We write 2U,n for provability in U from axioms bounded by n with a proof
only involving formulas of ρ-complexity below n. By the above considerations,
we find:

Theorem 3.4 Consider a Σ1,1-formula Sx. We can find a standard n such
that EA ` ∀x (Sx→ 2R+S,nSẋ). Similarly, for U+S, for a theory U in which
the verifications of the axioms of R are EA-verifiably of standardly bounded
complexity, like all theories containing PA−.
Remark 3.5 Note that in the witnesses of 2U+S,nA only Σ1-sentences with complexity
less than n will be used. So we could as well write something like 2U+Sn,nA.

Instead of restricted provability we could as well have used cut-free provability, tableaux

provability or Herbrand provability.

4 Oracle Provability and Collection

In this section we study provability with a Σ1-oracle in the context of EA.

Theorem 4.1 EA ` ¬Σ1-coll→ 2PA−+S⊥.

Proof. We reason in EA. Suppose ¬Σ1-coll. Thus, for some a and s, we
have ¬P0(a, s). Here s appears in the role of an appropriate parameter. It
follows that ¬P1(a, s) (Lemma 2.2). Since ¬P1(a, s) is Σ1,1, it follows that
2PA−+S¬P1(ȧ, ṡ) (Theorem 3.3). Since {x | P1(x, s)} is progressive in PA−

(Lemma 2.3), it follows by induction that ∀x2PA−P1(ẋ, ṡ). To make the
induction work in EA we show that the witnessing proofs can be given an
multi-exponential bound. Thus, we find: 2PA−P1(ȧ, ṡ). A fortiori we have
2PA−+SP1(ȧ, ṡ). Hence, 2PA−+S⊥. 2

Remark 4.2 With a bit more care we can prove the analogue of Theorem 4.1 also for

Q + S.

Theorem 4.1 allows us to characterize provability with a Σ1-oracle for exten-
sions of PA−.

Theorem 4.3 Suppose U is, EA-verifiably, an extension of PA−. We have:
EA ` ∀A (2U+SA ↔ (¬Σ1-coll ∨2UA)).

Proof. We reason in EA.
Left to Right. Suppose 2U+SA. If we have ¬Σ1-coll, we are done. So,

suppose Σ1-coll. In this case we can transform any U + S-proof p into an U -
proof q, by inserting proofs of the Σ1-sentences occurring as axioms in p. By
Σ1-coll, the witnesses of these sentences are all bounded by some number r.
Moreover, a proof of a Σ1-sentence witnessed by a number below r, is bounded
by 22r

. Thus, the transformation from p to q exists given the presence of
exponentiation.

Right to Left. If ¬Σ1-coll, then 2PA−+S⊥, and, hence, 2U+S⊥ and, a
fortiori, 2U+SA. Moreover, if 2UA, then, trivially, 2U+SA. 2
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Problem 4.4 What is the combined provability logic of 2EA and 2EA+S? And a slight

variation: what is the combined provability logic of 2EA and 2EA+S with a constant for

Σ1-coll?

We formulate an immediate corollary of Theorem 4.1. Clearly, in EA, we have,
for all A, if 2PA−+SA, then 2thm(PA−)A. It follows that:

Corollary 4.5 EA ` ¬Σ1-coll→ 2thm(PA−)⊥.

From this, we easily derive:

Theorem 4.6 Suppose U is, EA-verifiably, an extension of PA−. We have:
EA ` ∀A (2thm(U)A ↔ (¬Σ1-coll ∨2UA)).

It follows that EA ` ∀A (2thm(U)A ↔ 2U+SA).

Inspecting the proofs of Theorems 4.1 and 4.3 (replacing the application of
Theorem 3.3 by Theorem 3.4), we find:

Theorem 4.7 Suppose U is, EA-verifiably, an extension of PA−. We have,
for a sufficiently large number n:
EA ` ∀A ∈ sentn (2U+S,nA ↔ (¬Σ1-coll ∨2U,nA)).

We remind the reader that, for any n, EA ` conn(PA−). (This follows e.g.
from the results of [13], noting the fact that restricted provability and tableaux
provability are multi-exponentially connected and the mutual interpretability
of Q and PA−). If we take U := PA− and A := ⊥ in Theorem 4.7, we obtain:

EA ` 2PA−+S,n⊥ ↔ (¬Σ1-coll ∨2PA−,n⊥).

And, hence, EA ` 2PA−+S,n⊥ ↔ ¬Σ1-coll. Thus, we may conclude:

Theorem 4.8 We have, for sufficiently large n, EA ` conn(PA− + S) ↔
Σ1-coll.

It is not difficult to see that we may replace PA− in the statement of the theorem
by e.g. Q or S1

2. Thus, we have found that Σ1-coll is EA-provably equivalent
to a reasonably non-contrived consistency statement. We note that in the
statement of the theorem conn can also be replaced by cut-free consistency,
tableaux consistency or Herbrand consistency.

In the appendix we will sketch a proof that shows that with minor differences
in formulation we can replace PA− by R.

Remark 4.9 As referee I points out our results show the non-verifiability of Craig’s trick

in EA. (See e.g. [4],Theorem 2.29, Chapter III.) This is clear since Craig’s trick allows the

transformation of a recursively enumerable axiom set to a elementarily decidable one. One

easily sees that Craig’s trick is verifiable in EA + Σ1-coll.

Theorems 4.8 and C.4 constitute positive answers of sorts for n = 1 to Problem
5 of the section on Reflection Principles of Lev Beklemishev’s list of questions
on http://www.mi.ras.ru/∼bekl/problems.html:

Are the collection principles BΣn equivalent to some form of reflection over
EA?
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It seems reasonably hopeful to extend the results to n > 1 using adaptations
of the methods employed above. However, I did not try this.

As pointed out by referee I, the above answers to Beklemishev’s question
are not fully satisfactory, since conn(PA− + S) is the restricted consistency
statement of a theory that is not axiomatized by an elementarily decidable set
of axioms as is usually the case in Beklemishev’s work.

Of course, we can recast conn(PA− + S) more in the style of a reflection
principle by noting that:

EA ` conn(PA− + S)↔ ∀X ⊆ Π1-sent (2PA−

∨
X → ∃P ∈ X true∗(P )).

Here X ranges over finite sets and true∗ is the Π1-truth predicate. In the
recast version, reflection takes more the form of a combination of reflection
and a disjunction property, so again one could take exception to this form of
the result as providing an answer to Beklemishev’s question. Referee I suggests
the following theorem as giving an unobjectionable answer. We publish it here
with his/her kind permission.

Theorem 4.10 i. EA + con(PA−) ` RfnΠ1,1(PA−)↔ Σ1-coll.

ii. EA ` Rfnn,Π1,1∩Γn
(PA−)↔ Σ1-coll, for sufficiently large n. Here Γn is the

class of formulas with depth of quantifier alternations less than or equal to
n.

Here:
• RfnΠ1,1(PA−) is the scheme ∀x (2PA−P (ẋ)→ P (x)),

where P ∈ Π1,1.
• Rfnn,Π1,1(PA−) is the scheme ∀x (2PA−,nP (ẋ)→ P (x)),

where P ∈ Π1,1 ∩Γn. Here Γn is the set of formulas with depth of quantifier
alternations less than or equal to n.

Proof. We prove (i). Reason in EA + con(PA−). Suppose RFNΠ1,1(PA−).
Since, {y | P1(y,x)} is progressive in y in PA− (Lemma 2.3), we have
∀y,x 2PA−P1(ẏ, ẋ ). Since Π1 is Π1,1, by reflection, we find ∀y,xP1(y,x), and,
hence, we have Σ1-coll.

In the other direction, suppose Σ1-coll and, for some x, 2PA−P (ẋ). Suppose
¬P (x). We rewrite ¬P (x), using only predicate logic, to a sentence of the
form:

∃y ∀z < t ∃u S◦(y, z,u,x).

Here S◦ is ∆0. By Σ1-coll, we find:

∃y, w ∀z < t ∃u < wS◦(y, z,u,x).

It follows that:

2PA−∃y, w ∀z < t ∃u < wS◦(y, z,u, ẋ).

Hence, 2PA−⊥. Quod non. We may conclude that P (x ).

The proof of (ii) is similar. 2
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Problem 4.11 Let PrLΣ be predicate logic in signature Σ. Can we give a perspicuous

axiomatization of X := {A ∈ sentΣ | EA + ¬Σ1-coll ` 2thm(PrLΣ)A}? We note, for example,

that for any translation τ of the language of arithmetic in LΣ, we have that ¬ (
V

PA−)τ

is in X. So, X strictly extends PrLΣ. On the other hand X should be contained in PrLfin
Σ ,

the principles valid in all finite models of signature Σ. Consider any finite model M of

signature Σ. We can think of the theory of M as axiomatized by a standardly finite model

description A. The theory EA can verify that proofs from A can be replaced by a proofs with

an elementary bound. Hence thm(A) will EA-verifiably prove the same theorems as A. It

follows, externally, that X is contained in the set of sentences that are true in M.
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[4] Hájek, P. and P. Pudlák, “Metamathematics of First-Order Arithmetic,” Perspectives in

Mathematical Logic, Springer, Berlin, 1993.
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Appendix

A Lay Person’s Summary

In this section, we briefly explain in somewhat simpler terms what this paper is
about. The paper is a study of features of certain subsystems of the strong sys-
tem Peano Arithmetic PA. 2 Given the fact that we can do nearly all numerical

2 See Appendix B for a description of PA.

http://dx.doi.org/10.1002/malq.201200102
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reasoning we can think of in Peano Arithmetic, why look at weaker systems at
all? The reason is that a lot of the fine structure of reasoning cannot be explic-
itly studied when we just consider a strong system like PA. Take, for example,
the version of the Pigeon Hole Principle that says that if we put k objects in
n boxes and k > m, then some box will contain more than one object. This
principle can be proven by induction. However, this reduction does not well
reflect the fundamental character of the principle in finite combinatorics, where
it appears as a basic principle of thought. It is therefore interesting to study
the status of the Pigeon Hole Principle in the context of weaker theories where
it can function as a basic axiom.

A second reason to study weaker systems is that we may be interested in
extracting algorithmic information from proofs. A proof in a weaker system
will usually yield a better algorithm.

In the present paper we study a version of the (finite) Collection Principle.
Suppose we have a function f from a finite set X to the natural numbers. In
that case the values of the function are bounded by some natural number n.
We study a special case of this principle, to wit Σ1-collection. It says that if
we have a computable function g on the set of numbers ≤ k, then the values of
g have a bound n.

To get the study of the Σ1-collection Principle off the ground, we have to
work in an meta-theory that is weaker than the strong theory Peano Arith-
metic PA. After all, PA proves Σ1-collection, so we are barred from inspection
what happens if it fails, but for the uninteresting observation that such failure
leads to a contradiction over PA. For this reason we work over the weaker the-
ory Elementary Arithmetic EA. 3 There are many reasons why EA is a good
choice. One such reason is that we have a rather simple model construction
due to Paris and Kirby that gives us models of EA plus the negation of Σ1-
collection. Another reason is that over EA the principle Σ1-collection is finitely
axiomatizable.

The Σ1-collection Principle is almost everywhere present in our numerical
reasoning. It is so obvious that most of the time we do not notice we are
using it. One of the examples that the present paper zooms in on is as follows.
Suppose we have an effectively axiomatized theory U and a finite set of X of
theorems of U . Let U +X be the theory axiomatized by the axioms of U plus
the elements of X. Then, U and U +X prove the same theorems. Clearly, this
insight is the basis of our use of already proven theorems to prove new ones.
Let’s call this insight the Lemma Principle.

In the paper we show that without Σ1-collection we cannot derive the
Lemma Principle over our chosen ambient theory EA. Here is some intuition:
suppose we have an (U + X)-proof p∗ of A. How do we convert this into a
U -proof? Well, we take, for every B in X, a U -proof pB of B and we add pB

above the assumption B in p∗. But what if the pB could grow arbitrarily large
so that no finite proof would result of this construction? To ensure that the

3 See Appendix B for a description of EA.
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pB do not get out of hand, we need Σ1-collection.
In fact, for a wide range of theories U , we can prove something strange:

if we assume the negation of Σ1-collection, then we can find a finite set of
theorems X of U such that U +X is inconsistent. Among the theories within
the range of this result are such familiar, trusted theories as EA and PA. Hence,
if Σ1-collection fails, a theory and its finite extension with some theorems can
be very different in their consequences.

An important program in current metamathematics if Reverse Mathemat-
ics: over a given basic theory we show that different salient principles are
equivalent. In the present paper we prove a result of this form: under the
assumption of the consistency of U , we can prove that the Lemma Principle
for U is equivalent to Σ1-collection. 4

B Axioms of Important Systems

The system R was introduced in [9]. It is a very weak system that is essentially
undecidable. A theory is essentially undecidable if every consistent extension
of it is undecidable. The language of R is the language of arithmetic with 0, S
(successor), + and ·. We write

n :=

n×︷ ︸︸ ︷
S · · · S 0.

The theory R is axiomatized as follows.

R1. ` n+m = n+m

R2. ` n ·m = n ·m
R3. ` n 6= m, for n 6= m

R4. ` x ≤ n→
∨

m≤n x = m

R5. ` x 6= n ∨ n ≤ x
One easily shows that R is not finitely axiomatizable. For more information on
R we refer the reader to [12].

The system Q was introduced in [9]. It is a weak finitely axiomatized the-
ory in the language of arithmetic that extends R (and, hence, is essentially
undecidable). The theory Q is axiomatized as follows.

Q1. ` Sx = Sy → x = y

Q2. ` Sx 6= 0

Q3. ` x = 0 ∨ ∃y x = Sy

Q4. ` x+ 0 = x

Q5. ` x+ Sy = S(x+ y)

Q6. ` x · 0 = 0

4 In Appendix C we provide examples of theories U such that this results holds for U and
such that EA proves the consistency of U .
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Q7. ` x · Sy = x · y + x

A slightly stronger theory than Q is PA−. This theory has the advantage
that it has better metamathematical properties than Q and that is has a more
mathematical ‘feel’ to it. It is the preferred basic theory of researchers in the
area of non-standard models of arithmetic. PA− is the theory of theory of
discretely ordered commutative semirings with a least element. It is given in
the arithmetical language plus the relation symbol ≤. The theory PA− is given
by the following axioms.

PA−1. ` x+ 0 = x

PA−2. ` x+ y = y + x

PA−3. ` (x+ y) + z = x+ (y + z)

PA−4. ` x · 1 = x

PA−5. ` x · y = y · x
PA−6. ` (x · y) · z = x · (y · z)
PA−7. ` x · (y + z) = x · y + x · z
PA−8. ` x ≤ y ∨ y ≤ x
PA−9. ` (x ≤ y ∧ y ≤ z)→ x ≤ z

PA−10. ` x+ 1 6≤ x
PA−11. ` x ≤ y → (x = y ∨ x+ 1 ≤ y)

PA−12. ` x ≤ y → x+ z ≤ y + z

PA−13. ` x ≤ y → x · z ≤ y · z
PA−14. ` x ≤ y → ∃z x+ z = y

Emil Jeřábek in his paper [5] employs a version without the subtraction axiom
(PA−14).

The theory S1
2 was first given in [3]. It was tailored for the study of p-time

computability. It is an ideal theory for the arithmetization of syntax. It would
take us too far afield to give a full description of S1

2. I just will give some
salient features. We start with the arithmetical language including ≤ and add
two new function symbols | · | and #. Here |x| is the length of the binary
representation of x and #, the smash function, is x, y 7→ 2|x|·|y|. This function
grows faster than multiplication but slower than exponentiation. We have a
basic arithmetic like PA− plus suitable axioms for | · | and #. Moreover, we
have an induction axiom of the form:

(A0 ∧ ∀x (Ax→ (A(2x+ 1) ∧A(2x+ 2))).

Here A is Σb
1 which means that it is of the form ∃y ≤ t A0xy, where A0 is ∆b

0.
A formula is ∆b

0 if all its quantifiers are sharply bounded, i.e. they are of the
form ∀z ≤ |u| or ∃z ≤ |u|. An important feature of S1

2 is the fact that the
theory is finitely axiomazable.
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The theory Elementary Arithmetic or EA or EFA or I∆0 + exp is given as
follows. It is a theory in the arithmetical language with axioms (Q1,2,4,5,6,7)
plus ∆0-induction, where a formula is ∆0 if all its quantifiers are bounded. We
can show that the graph of exponentiation can be written as a ∆0-formula. We
have as final axiom exp which states that exponentiation is total. An important
feature of EA is the fact that the theory is finitely axiomazable.

Finally, Peano Arithmetic or PA is the theory in the language of arithmetic
axiomatized by (Q1,2,4,5,6,7) plus full induction.

C Downtuning our Results to R

We first prove the desired result for the theory NSN. This is the theory of a
non-standard number. Here are the axioms of NSN.

NSN1. ` Sx 6= 0

NSN2. ` Sx = Sy → (x = y ∨ Sx = c)

NSN3. ` Sc = c

NSN4. ` c 6= n

NSN5. ` x+ 0 = x

NSN6. ` x+ Sy = S(x+ y)

NSN7. ` x× 0 = 0

NSN8. ` x× Sy = x× y + x

NSN9. ` (A0 ∧ ∀x (Ax→ ASx))→ ∀xAx
The theory NSN is locally finite. This means that every finitely axiomatized
subtheory of NSN has a finite model. We can easily verify that the usual
ordering linearly orders the NSN-numbers with minimum 0 and maximum c.
Addition and Multiplication are like ordinary addition and multiplication —
only they are cut off at c.

Let P1(a, s) be the formula given above Lemma 2.2 for the instance of Σ1-
collection that implies all other instances. We have NSN ` ∀s∀aP1(a, s). We
can see this in two ways. First, trivially, we have NSN ` ∀s∀aP0(a, s). It
follows by the reasoning of the proof of Lemma 2.2 that NSN ` ∀s∀aP1(a, s).
Alternatively, we verify as in Lemma 2.3 that P1 is progressive in a and prove
the desired result by induction.

If we work in EA plus the negation of Σ1-collection, we find
2NSN∀s∀aP1(a, s). Also, since ¬P1(a, s), for some a and s, and since NSN
contains R, we find that 2NSN+S¬P1(ȧ, ṡ). It follows that 2NSN+S⊥. Thus,
we have:

Theorem C.1 i. EA ` ¬Σ1-coll→ 2NSN+S⊥.

ii. EA ` 2NSN+SA↔ (¬Σ1-coll ∨2NSNA).

iii. EA ` 2thm(NSN)A↔ (¬Σ1-coll ∨2NSNA).
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We can use the fact that EA verifies that NSN is locally finite, to prove that
EA ` con(NSN). It follows that:

Theorem C.2 i. EA ` con(NSN + S)↔ Σ1-coll.

ii. EA ` con(thm(NSN))↔ Σ1-coll.

We turn to the treatment of R. We refer the reader to our paper [12] for
background on R. By the main result of [12] it follows that R interprets NSN,
say via an interpretation K. Clearly, NSN extends R. Since EA verifies that
NSN is locally finite, we can verify the correctness of the construction of K in
EA. This can be seen by inspecting the construction in [12]. A consequence
is that we can find a multi-exponential bound on the transformation of an
NSN-proof of A into an R-proof of AK .

We work in EA. Consider a proof p of ⊥ in NSN + S. We can transform p
into a proof p? of ⊥ in R + SK , where SK := {SK | true(S)}, using the fact
that we have multi-exponential bounds for the R-proofs of AK , where A is an
axiom of NSN. Thus we find:

Theorem C.3 EA ` ¬Σ1-coll→ 2R+SK⊥.

It follows that:

Theorem C.4 EA ` con(thm(R))↔ Σ1-coll.

We note the important difference with Theorem 4.5: we can work here with
ordinary consistency instead of restricted consistency.
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