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a b s t r a c t

Magnetized orbifolds play an important role in compactifications
of string theories and higher-dimensional field theories to four
dimensions. Magnetic flux leads to chiral fermions, it can be a
source of supersymmetry breaking and it is an important ingredi-
ent of moduli stabilization. Flux quantization on orbifolds is subtle
due to the orbifold singularities. Generically, Wilson line integrals
around these singularities are non-trivial,which can be interpreted
as localized flux. As a consequence, flux densities on orbifolds
can take the same values as on tori. We determine the transition
functions for the flux vector bundle on the orbifold T 2/Z2 and the
related twisted boundary conditions of zero-modewave functions.
We also construct ‘‘untwisted’’ zero-mode functions that are ob-
tained for singular vector fields related to the Green’s function on
a torus, and we discuss the connection between zeros of the wave
functions and localized flux. Twisted and untwisted zero-mode
functions are related by a singular gauge transformation.

© 2018 Elsevier Inc. All rights reserved.

1. Introduction

Orbifold compactifications play an important role in string theory [1,2]. They partially break
supersymmetry and lead to chiral fermion spectra in four dimensions. The same effects can be
achieved by compactifications on magnetized tori [3,4]. Particularly interesting are magnetized D-
branes wrapping tori or toroidal orbifolds, which were studied in compactifications of type-I string
theory [5–7]. The interplay of these ideas led to a class of four-dimensional chiral gauge theories,
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constructed as type-I or type-II string vacua with D-branes and orientifolds, which capture the main
features of the Standard Model and its supersymmetric extension (for reviews see, for example
[8–10]).

In view of the complexity of string compactifications, especially the need to stabilize all moduli
fields of the theory, also compactifications of higher-dimensional field theories have been considered
as an intermediate step towards a solution of the full problem. In particular orbifold grand unified
models (GUTs) in five and six dimensions can successfully account for the doublet-triplet splitting,
the breaking of GUT gauge groups and flavour physics [11–16], as well as the stabilization of moduli
[17–19]. Orbifold GUTs are strongly inspired by heterotic string compactifications (for reviews see,
for example [20,21]).

A complementary approach are compactifications on magnetized tori, which were thoroughly
studied in [22] and extended to magnetized orbifolds in [23–27]. Since magnetic flux can provide
both, chiral fermions and supersymmetry breaking, one can obtain extensions of the Standard
Model where supersymmetry is broken at a high scale that is related to the size of the compact
dimensions [28]. Moreover, magnetized orbifold compactifications have interesting implications for
flavour physics [29–33], and in this simple setup the interplay of flux and nonperturbative effects
at the orbifold fixed points allows to stabilize all moduli in Minkowski or de Sitter vacua [23,34].
Particularly interesting is the effect of flux on quantum corrections to scalar masses. In models of
gauge-Higgs unification magnetic flux can keep Wilson line scalars at zero mass due to symmetries
of the higher-dimensional theory [35–37].

Compared to compactifications on magnetized tori, flux compactifications on orbifolds are subtle
due to the orbifold singularities. In particular, there is a puzzle concerning the allowed flux densities.
For instance, it has been argued that for a quantized flux density f = 2πM , M ∈ Z on a torus
T 2, the allowed flux density on an orbifold T 2/Z2 is f = 4πM [4,23,27]. Considering a closed path
on the orbifold and using naively Stokes’ theorem, this follows immediately from the fact that the
area of the orbifold is half the area of the torus. On the other hand, zero-mode wave functions
have been constructed on magnetized orbifolds for flux densities f = 2πM without any signs of
inconsistency [24,25]. One of themain goals of this paper is to clarify this puzzle. This will be achieved
by carefully discussing the flux vector bundle on the orbifold. Aswe shall see, the non-trivial transition
functions on the orbifold will lead to non-trivial Wilson line integrals around orbifold fixed points,
which makes flux densities f = 2πM indeed consistent. This has first been observed in the context of
RR-NSNS flux compactifications of type-IIB string theory [38,39].

The non-trivial Wilson lines around orbifold fixed points can be interpreted as localized magnetic
flux. Localized flux has previously been considered in connection with fixed-point anomalies [40,41]
as well as localized Fayet–Iliopoulos terms [42]. In the latter case zero-mode wave functions of
charged bulk fields have been constructed bymeans of torus Green’s functionswhose singularities are
localized at orbifold fixed points. We shall extend this construction tomagnetized orbifolds and show
that these ‘‘untwisted’’ zero-mode functions are closely related to the standard ‘‘twisted’’ zero-mode
functions with boundary conditions of Scherk–Schwarz type [43]. As we shall see, untwisted wave
functions can be mapped to twisted wave functions by means of a singular gauge transformation.

The paper is organized as follows. In Section 2 we first briefly review 1-cycles on orbifolds. We
then discuss the vector bundle for magnetic flux in Landau gauge and derive the non-trivial transition
functions and the related twisted boundary conditions. Subsequently, we consider the singular vector
fields obtained from the Green’s function of the bosonic string on the torus. Section 3 is devoted
to zero-modes on the orbifold. We first consider the regular flux vector bundle and briefly recall
the derivation of ‘‘twisted’’ wave functions in terms of Jacobi theta-functions. We then discuss the
pattern of zeros of the wave functions for odd and even flux densities. Finally, untwisted zero-mode
functions are constructed for singular vector fields and compared with the corresponding twisted
wave functions. Our results are summarized in Section 4. In the appendices we collect some formulae
for Jacobi theta-functions and 6d gamma-matrices, which are used in the calculations presented in
the main text.
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Fig. 1. A torus lattice Z2 and its fundamental domain (grey); the basis of 1-cycles T1,2 is depicted by dashed arrows.

2. Gauge theories on orbifolds

In our discussion of gauge theories on orbifolds 1-cycles around orbifold fixed points play a crucial
role. We therefore briefly recall their relation to the standard torus one-cycles. We then discuss the
vector bundles related to magnetic flux and Wilson lines and compute the corresponding transition
functions. They are compared with singular vector fields obtained from the torus Green’s function,
which are invariant under torus translations and for which the transition functions are trivial.

2.1. One-cycles on orbifolds

Consider a six-dimensional theory compactified on a torus T 2 to four-dimensional Minkowski
space. The torus is obtained from the covering space R2 by modding out a two-dimensional lattice,

y ∼ t(y) = y + λ , (1)

where λ = n1λ1 + n2λ2 is a linear combination of two lattice vectors λ1,2 with integer coefficients.
They correspond to two basic translations t1,2 and define the fundamental domain of the torus. The
dimensionless coordinates y are related to physical coordinates by y = (y1, y2) = (x5, x6)/L, where L
denotes a fixed physical length scale.

The shape of the torus is parametrized by two real moduli τ1,2 in the two-dimensional metric
(g2)mn,

(g2)mn =
1
τ2

(
1 τ1
τ1 τ 21 + τ 22

)
, (2)

and the physical volume of the torus is VT2 = L2. A basis of 1-cycles and the fundamental domain of
the torus are depicted in Fig. 1. Modding out a rotational Z2 symmetry,

y ∼ p(y) = −y , (3)

one obtains the orbifold T 2/Z2. Its fundamental domain can be chosen as y1 ∈ [0, 1/2), y2 ∈ [0, 1),
or alternatively as y1 ∈ [0, 1), y2 ∈ [0, 1/2). Hence, its volume is VT2/Z2

= L2/2. The transformations
{t1, t2, p} generate the so-called space group.Modding out its action from the covering spaceR2 yields
the orbifold T 2/Z2. The space group does not act freely, but there are fixed points located at

ζ1 = (0, 0) , ζ2 = (1/2, 0) , ζ3 = (0, 1/2) , ζ4 = (1/2, 1/2) . (4)
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Fig. 2. The fundamental domain of T 2/Z2; the black dots denote the orbifold fixed points. The canonical basis of orbifold 1-
cycles is presented in (a). (b) shows the bulk 1-cycles T1,2 , and (c) illustrates the decompositions T1 ∼ C3+C4 and T2 ∼ C1+C3 .
Source: From [27]

The orbifold has the topology of a sphere with four points removed. At each fixed point there is a
conical singularity with deficit angle π , corresponding to singular curvature. The bulk away from the
fixed points is flat.

As shown in [27], it is often convenient to decompose the bulk 1-cycles T1,2 in terms of the
‘‘canonical’’ 1-cycles Ci, i = 1, . . . , 4, encircling the orbifold fixed point, see Fig. 2(a). TheZ2 operator p
corresponds to the 1-cycle C1. The torus cycles T1,2 can be projected to the fundamental domain of the
orbifold, see Fig. 2(b), and then deformed continuously, see Fig. 2(c), yielding T1 ∼ C3+C4 ∼ −(C1+C2)
and T2 ∼ C1 + C3, where a minus sign indicates a reversed orientation. The geometry described above
has important consequences for gauge fields on the orbifold, as we shall see in the following sections.

2.2. Gauge fields on a torus

Consider now a U(1) vector field A = Amdym and a charged complexmatter field φ on the covering
space. The field theory on the torus is obtained by modding out a two-dimensional lattice from
space–time as well as field space. Vector and matter fields are required to be invariant under lattice
translations t = n1t1 + n2t2 up to a gauge transformation,

Am(t(y)) = Am(y) −
1
q
∂mΛt (y) , φ(t(y)) = eiΛt (y)φ(y) , (5)

such that the covariant derivative Dmφ = (∂m + iqAm)φ transforms like φ. The periodicity conditions
for the matter field are left invariant under the so-called large gauge transformations,

φ(t(y)) → eiΛ(k1,k2)φ(y) , Λ(k1,k2) = 2π (k1y1 + k2y2) , k1,2 ∈ Z , (6)

under which the vector field shifts as

Am(y) → Am(y) −
2π
q

km . (7)

On the covering space constant gauge fields

A = αmdym , αm ∈ [0, 2π ) , (8)

are unphysical, they can be removed by gauge transformations. On the torus, however, they cannot be
removed by the remaining large gauge transformations. Hence,Wilson lines corresponding to 1-cycles
T = n1T1 + n2T2,

WT = exp
[
−iq

∫
T
A
]

= e−iq(n1α1+n2α2) , (9)

do have a physical meaning and play an important role.
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Fig. 3. Three copies of the fundamental domain of the torus in the y1−y2-plane with a magnetic vector field in Landau gauge.
The overlap of the two patches of the bundle contains the circles y2 = 0 and y2 = 1/2.

Since the torus T 2 is not simply connected, vector fields and matter fields are represented by
fibre bundles (for a review see, for example [44]). For the monopole field on a sphere this has been
thoroughly discussed in [45], andmagnetic fields on a torus have been considered in [46]. Two patches
covering the torus are shown in Fig. 3,1 together with a vector field in Landau gauge,

A1 =

⎧⎪⎨⎪⎩
−fy2 , 0 ≤ y2 <

1
2

(a)

−f (y2 − 1) ,
1
2

≤ y2 < 1 (b)
, A2 = 0 , (10)

leading to the constant magnetic field

F = dA = f v , (11)

where v = dy1 ∧ dy2. The overlap of the two patches contains the circles y2 = 1/2 and y2 = 0. The
transition function that relates fields at the same point in the two patches is given by2

φb = Sbaφa , Sba = eiΛba , Sba = S−1
ab ,

Ab
m = Aa

m +
i
q
S−1
ba ∂mSba = Aa

m −
1
q
∂mΛba . (12)

At y2 = 1/2, this implies

Ab
1(y1, 1/2) − Aa

1(y1, 1/2) = −
1
q
∂1Λba = f , (13)

which yieldsΛba = −qfy1 and therefore the transition function

Sba = eiΛba = e−iqfy1 . (14)

From the required single-valuedness of the transition function,

Sba(y1 + 1) = Sba(y1) , (15)

1 Here we follow [46]. Strictly speaking, a patch should not contain a non-contractable cycle. However, in Landau gauge,
covering the torus with more patches would only introduce additional trivial transition functions.
2 We follow the notation and conventions of [45], with the replacement e → −q.
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one obtains the quantization condition for the magnetic flux,

qf = 2πM , M ∈ Z . (16)

At y2 = 0, the vector field in the patches (a) and (b) is the same, Aa
1(y1, 0) = Ab

1(y1, 0) = 0. The
transition function at y2 = 0 is therefore trivial, Sab = 1.

Starting at y2 = 1/2 in patch (b) and going around the torus in y2-direction via patch (b) and patch
(a) until y2 = 1/2 in patch (a), the vector field changes from A1 = f /2 to A1 = −f /2. This necessitates
a non-trivial transition function Sba(y1), which in the literature on magnetized tori is usually treated
as twisted boundary condition,

φ(y1, y2 + 1) = S−1
ba (y1)φ(y1, y2) = eiqfy1φ(y1, y2) , (17)

i.e. the twist factor corresponds to the transition function Sab on the torus.
Constant vector fields Am = αm can be chosen to be the same in both patches. Hence, the transition

functions are trivial and all values αm ∈ [0, 2π ) are allowed. On the covering space a constant vector
field can be removed by a gauge transformation. Writing Am(y) = αm + A′

m(y), one has

Am(y) → A′

m(y) = Am(y) −
1
q
∂mΛ(α)(y) ,

φ(y) → φ′(y) = eiΛ(α)(y)φ(y) , Λ(α)(y) = q(α1y1 + α2y2) . (18)

For a translation t by a lattice vector λ, the boundary condition (5) changes to

φ(y + λ) = ei(q(α1y1+α2y2)+Λt )φ(y) . (19)

This means that the effect of a constant background field can be represented by the term exp
(iq(α1y1 + α2y2)) in a twisted boundary condition.

2.3. Regular gauge fields on orbifolds

For vector fields on the covering space which are odd under reflections up to a gauge transforma-
tion,

Am(p(y)) = −Am(y) −
1
q
∂mΛp(y) , φ(p(y)) = eiΛp(y)φ(y) , p(y) = −y , (20)

one can mod out a Z2 symmetry, which leads to a field theory on the orbifold T 2/Z2 (see, for
example [47]). The vector field (10) is odd under reflections. Hence, the projection to the orbifold
does not require an additional gauge transformation and we haveΛp = 0.

It is instructive to compare Wilson lines in the bulk with Wilson lines around fixed points. For the
line integral between two points we define

WQP = exp
[
−iq

∫ Q

P
A
]
. (21)

The bulk Wilson line shown in Fig. 4a is then given by (see, for example [45]),

WAFEDCBA = W (a)
AF Sab(F )W

(b)
FE W (b)

ED W (b)
DC Sba(C)W

(a)
CB W

(a)
BA . (22)

Here the superscripts denote the relevant patches. Using Eqs. (14) and (21) one obtains

WAFEDCBA = eiqf (y1F−y1C+ϵ)e−iqf (y2E−y2A)ϵ = e−iq∆F , (23)

where ∆F = f ϵδ, with ϵ = AB = ED and δ/2 = AF = FE = CD = BC . This is the expected result
that the line integral is given by the enclosed flux according to Stokes’ theorem. To obtain this result
it is crucial to take the transition function Sba and Sab into account. The Wilson line integral around
the fixed point shown in Fig. 4b can be calculated in the same way,

WADCBA = W (a)
AD Sab(D)W

(b)
DCW

(b)
CB Sba(B)W

(a)
BA . (24)
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Fig. 4. (a) (left) Wilson line integral in the bulk; (b) (right) Wilson line integral around the fixed point at ζ4 .

At the boundary y1 = 1/2 between the patches (a) and (b) the vector field does not change. Hence,
the transition function is trivial, Sba(B) = 1. Using Eqs. (14) and (21) one now finds

WADCBA = eiqf /2e−iq∆F , (25)

where again∆F = f ϵδ, with ϵ = AB and δ/2 = AD = CD. The result differs from the naive expectation
by a factor which does not vanish in the limit where the enclosed area goes to zero,

W4 = lim
ϵ,δ→0

WADCBA = eiqf /2 . (26)

The flux quantization (16) then impliesW4 = ±1. One easily verifies that the line integrals around the
other fixed points areWi = 1, i = 1, 2, 3. The flux quantization condition can therefore be expressed
as

eiqf /2 = W1W2W3W4 ≡ W = ±1 . (27)

Hence, for W = 1, the bulk flux F =
∫
T2/Z2

dA satisfies qF = qf /2 = 2πM , M ∈ Z, whereas for
W = −1 one has qF = π + 2πM .

This is an interesting result. Originally, the magnetic flux density on the orbifold was assumed to
be twice as large as on the torus, qf ∈ 4πZ, since the area of the orbifold is half the area of the torus.
The bulk flux on the orbifold is then quantized as the one on the torus, qF = qf /2 ∈ 2πZ [4,23].
This immediately follows from Stokes’ theorem if one assumes that the surface integral receives no
contribution from the fixed points. On the contrary, it has been argued that a flux density qf ∈ 2πZ is
consistent also on the orbifold since it allows normalizablewave functions [24,25]. Eq. (27) shows how
this is indeed possible due to the effect of non-trivial Wilson line integrals around the fixed points,
which has first been observed in [38]. Such Wilson line integrals can be interpreted as localized flux.
In general, one has at each fixed point

Wi = e−iqFi , Fi =
π

q
(δ(Wi,−1) + 2ki) , ki ∈ Z . (28)

From Eq. (27) one then obtains

q(F +

∑
i

Fi) = π (δ(W ,−1) + 2M +

∑
i

(δ(Wi,−1) + 2ki)) . (29)

Since (δ(W ,−1) +
∑

i δ(Wi,−1)) ∈ 2Z, the total flux of bulk and fixed points always satisfies the torus
quantization condition

q(F +

∑
i

Fi) ∈ 2πZ . (30)

The bulk flux alone, however, can be odd, qF ∈ πZ.
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Fig. 5. Possible choice of fundamental domain on the magnetized orbifold T 2/Z2 . At the boundary y2 = 1/2 points connected
by dotted lines are identified.

For completeness, let us point out that the above discussion is independent of the choice of the
fundamental domain of the orbifold. Fig. 5 shows the second choice for a fundamental domain of the
orbifold with a field configuration projected from the torus,

A1 = −fy2 , 0 ≤ y1 < 1 , 0 ≤ y2 <
1
2

(a), (a′) . (31)

We introduce patches (a) and (a′), separated by the boundaries y1 = 0 and y1 = 1/2. They correspond
to the patches (a) and (b) in Fig. 3. The transition functions at these boundaries are obviously trivial.
On the orbifold the y1-intervals [0, 1/2] and [1/2, 1] at the boundaries are identified. At y2 = 0 and
y2 = 1/2 one has

y1 ∼ s(y1) = 1 − y1 , y1 ∈ [0, 1/2] . (32)

Since the identification involves a reflection (see Fig. 5), the corresponding transition functions are
obtained from

Aa′

1 (s(y)) = −Aa
1(y) −

1
q
∂1Λa′a(y) . (33)

At y2 = 0, the vector field vanishes and the transition function is therefore trivial. At y2 = 1/2, one
has Aa′

1 (s(y)) + Aa
1(y) = −f , which yieldsΛa′a = −qfy1, and therefore the transition function

Sa′a = e−iqfy1 . (34)

This transition function is identical to the transition function Sba given in Eq. (14). This has to be the
case, as the patches (a′) and (b) both describe the ‘‘back’’ of the ‘‘orbifold pillow’’, as a comparison of
Figs. 3 and 5 shows.

Let us now consider ‘‘Wilson lines’’, i.e. constant vector fields, on the orbifold. Fig. 6 shows a field
configuration on the torus, which is odd under reflection so that it can be projected on the orbifold,

A1 =

⎧⎪⎨⎪⎩
α1 , 0 ≤ y2 <

1
2

(a)

−α1 ,
1
2

≤ y2 < 1 (b)
, A2 = 0 . (35)

Analogously to the discussion below Eq. (10), the transition function at y2 = 1/2 is determined by

Ab
1(y1, 1/2) − Aa

1(y1, 1/2) = −
1
q
∂1Λba = −2α1 , (36)

from which one obtains

Sba(y1, 1/2) = eiΛba(y1,y2=1/2)
= e2iqα1y1 . (37)
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Fig. 6. Three copies of the fundamental domain of the torus in the y1−y2-plane with constant vector field. Two patches of the
bundle are separated by the circles y2 = 0 and y2 = 1/2.

Fig. 7. Wilson line integrals on orbifold with constant vector field. Left: bulk Wilson line WT1 ; right: fixed-point Wilson lines
Wi .

The required single-valuedness of the transition function, Sba(y1 + 1) = Sba(y1) , implies

α1 =
πk1
q
, k1 ∈ Z . (38)

This is the well-known fact that Wilson lines on orbifolds are discrete. The same holds for α2. In the
transition from (b) to (a) the vector field changes by 2πk1/q. Hence, Sab(y1, 0) = S−1

ab (y1, 1/2) =

Sba(y1, 1/2).
It is now straightforward to compute bulk Wilson lines and Wilson lines around fixed points (see

Fig. 7). For k1 odd, one finds

W1 = W3 = 1 , W2 = W4 = −1 ,

WT1 = W3W4 = W−1
1 W−1

2 = −1 ,

WT2 = W1W3 = W−1
2 W−1

4 = 1 .

(39)
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Fig. 8. Wilson line integrals on orbifold with magnetic flux and constant vector field. Left: bulk Wilson lineWT1 ; right: fixed-
point Wilson linesWi .

Table 1
Wilson line integrals around the orbifold fixed points ζi , i = 1, . . . , 4, for
different transition functions determined by k1 , k2 and M .
M (k1, k2) W1 W2 W3 W4

even (0, 0) + + + +

(1, 0) + − + −

(0, 1) + + − −

(1, 1) + − − +

odd (0, 0) + + + −

(1, 0) + − + +

(0, 1) + + − +

(1, 1) + − − −

Note that the projections of the torus Wilson lines WT1,2 now factorize into products of fixed-point
Wilson line integrals. For a constant vector fields Aa

= α2dy2 and Ab
= −α2dy2 on the patches (a)

and (b), respectively (see Fig. 6), one obtains the transition functions Sba = e2iqα2y2 at y2 ≈ 1/2 and
Sab = e−2iqα2y2 at y2 ≈ 0. The transition functions at y1 ≈ 1/2 and y1 ≈ 0 are trivial. The Wilson line
integrals now read (k2 odd)

W1 = W2 = 1 , W3 = W4 = −1 ,

WT1 = W3W4 = W−1
1 W−1

2 = 1 ,

WT2 = W1W3 = W−1
2 W−1

4 = −1 .

(40)

For k1 and k2 odd, theWilson line integralsWi are given by the product of the factors given in Eqs. (39)
and (40).

Our particular interest concerns the Wilson line integrals in the case of non-vanishing magnetic
flux together with constant background fields, see Fig. 8. The transition functions can be read off from
Eqs. (14) and (37),

y2 ≈
1
2

: Sba = ei(2π (k1y1+k2y2)−qfy1) ,

y2 ≈ 0 : Sba = e2iπk1y1 ,
(41)

where qf = 2πM , M ∈ Z. Knowing the transition functions one easily determines the fixed-point
Wilson line integralsWi for different values ofM , k1 and k2. The results are summarized in Table 1.

In the case of even bulk flux the number of negativeWilson linesWi is even.WhichWilson lines are
negative depends on the values of k1 and k2. This pattern has already been discussed in [27]. For odd
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bulk flux [24,25], an odd number of Wilson lines has to be negative. Again it depends on the values
of k1 and k2, which Wilson lines are negative. In this way the standard quantization condition, which
holds on the torus, is restored for the total flux, the sum of bulk and localized fluxes.

2.4. Singular gauge fields

So far we have considered regular gauge fields defined on the orbifold by means of transition
functions, which are related to twisted boundary conditions on the covering space. It is remarkable
that due to the singular fixed points, magnetic fields on orbifolds can also be described by means of
singular gauge fieldswithout the need to introduce transition functions. This possibility has previously
been discussed in connection with localized Fayet–Iliopoulos terms [42].

Consider the Green’s function of the bosonic string on a torus [48] with the singularity located at
the position of one of the orbifold fixed points,

G(z − ζ , τ ) =
c
2
ln |ϑ1(z − ζ , τ )|2 −

cπ
τ2

(Im(z − ζ ))2 . (42)

Here z = y1 + τy2, ζ = ρ + τη, and ϑ1 is the Jacobi theta-function listed in Appendix A. The Green’s
function satisfies the differential equation

∂∂G(z − ζ , τ ) = πc δ2(z − ζ ) −
cπ
2τ2

, (43)

where we have used3

∂ = ∂z =
i

2τ2
(τ̄ ∂1 − ∂2) , ∂ = ∂z̄ = −

i
2τ2

(τ∂1 − ∂2) , δ2(z − ζ ) =
1
2τ2

δ2(y − ζ ) . (44)

Defining the vector field [42]

A = Azdz + Az̄dz̄ , Az = i∂G , Az̄ = −i∂G , (45)

one obtains

F = dA = Fzz̄dz ∧ dz̄ =
1
2
Fmndym ∧ dyn , Fzz̄ = ∂Az̄ − ∂Az = −2i∂∂G , (46)

and therefore

Fmn = −2iϵmnτ2Fzz̄ = −4ϵmnτ2∂∂G

= ϵmn(−2πc δ2(y − ζ ) + 2πc) . (47)

Clearly, the vector field A describes a constant bulk flux density c , which is related to a flux density
of opposite sign localized at an orbifold fixed point. From the discussion of flux quantization in the
previous section we know qc ∈ Z.

In the vicinity of the orbifold fixed point, z ≃ ζ , the vector field is singular,

ϑ1(z − ζ , τ ) ∝ (z − ζ ) , ∂G(z − ζ , τ ) ≃
c
2

z − ζ

|z − ζ |2
, (48)

and with

Az =
i

2τ2
(τ̄A1 − A2) , Az̄ = −

i
2τ2

(τA1 − A2) , (49)

one obtains

Am = cτ2ϵmn
(y − ζ )n
|y − ζ |2

. (50)

This is precisely the vortex field introduced in [27] to account for localized flux.

3 For simplicity, we use the same symbol ζ for ρ + τη and (ρ, η).
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The Green’s function G(z, τ ) is even and invariant under lattice translations,

G(z, τ ) = G(−z, τ ) , G(z, τ ) = G(z + 1, τ ) , G(z, τ ) = G(z + τ , τ ) . (51)

Since 2ζi is a lattice vector for all fixed points, ζ1 = (0, 0), ζ2 = (1/2, 0), ζ3 = (0, 1/2) and
ζ4 = (1/2, 1/2),G(z−ζi) is invariant under reflections at the origin,G(z−ζi, τ ) = G(−z−ζi, τ ). Hence,
the vector fieldAz(z−ζ ; c) is invariant under lattice translations and odd under reflection at the origin.
It can therefore be projected to the orbifold. Because of the invariance under lattice translations it is
not necessary to introduce patches and transition functions for the singular vector field.

Using Eq. (50) one obtains for the Wilson line integral around the 1-cycle Ci for the vector field
Am(y − ζi; ci),

Wi = exp
(

−iq
∮
Ci

A
)

= e−iqπci , (52)

which implies Wi = ±1 for ci = ki/q, ki ∈ Z. Here we have taken into account that the orbifold fixed
point ζi has a deficit angle π .

3. Wave functions

We now turn to 6d Weyl fermions in a background U(1) gauge field,

Lf = iΨ̄ (x)Γ aeMa DMΨ (x) , Γ 7Ψ = −Ψ . (53)

Here Γ 0, . . . ,Γ 6 are gamma-matrices in six dimensions (see Appendix B), eMa is the inverse vielbein,
Γ 7

= Γ 0
· · · · · Γ 6 and DM = ∂M + iqAM is the gauge covariant derivative. For the torus metric (2),

the inverse zweibein (a = 5,6;m = 1,2) is given by4(
ema

)
=

1
√
τ2

(
τ2 0

−τ1 1

)
, (54)

where we have used the definitions

eamδabe
b
n = gmn , ema e

b
m = δab . (55)

The 6d Weyl fermion Ψ contains two 4dWeyl fermions of opposite chirality. For gamma-matrices in
Weyl representation, one has

Ψ =

(
ψL
ψR

)
, γ5ψL = −ψL , γ5ψR = ψR . (56)

On the orbifold, we impose chiral boundary conditions,

ψL(xµ, ym) = ψL(xµ,−ym) , ψR(xµ, ym) = −ψR(xµ,−ym) , (57)

which correspond to one possible embedding of the orbifold twist into the SU(2)R symmetry of the
6d theory. Γ aema Dm is the mass operator of the fermion fields in the effective 4d theory, and from the
6d Dirac equation

Γ aeMa DMΨ (x, y) = 0 (58)

one obtains a coupled system of equations for the two 4d Weyl fermions ψL and ψR,

iγ µ∂µψL = −
i

√
τ2

(τD1 − D2)ψR = 2
√
τ2(∂ + iqAz̄)ψR ,

iγ µ∂µψR = −
i

√
τ2

(τ̄D1 − D2)ψL = −2
√
τ2(∂ + iqAz)ψL . (59)

4 Lower and upper indices label rows and columns, respectively.
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Here we have assumed a background gauge field in the compact dimensions, which contains a
constant part and magnetic flux part, Am = αm + Aflux

m . The constant part can be removed by a field
redefinition, see Eq. (18). This changes the boundary conditions to5

ψL,R(y + λ) = eiq(α1y1+α2y2)S−1
ba (y)ψL,R(y) , (60)

where Sba is the transition function of the vector bundle.
For comparison, a complex scalarΦ with charge q satisfies the equation of motion

(ηµν∂µ∂ν + (g2)mnDmDn)Φ = 0 . (61)

Eqs. (59) and (61) are a convenient starting point to construct mass spectra and wavefunctions.

3.1. Twisted wave functions

For the magnetic vector field in Landau gauge, A1 = −fy2, Eqs. (59) can be rewritten as

iγ µ∂µψL = −i
√
2qf a†ψR , iγ µ∂µψR = i

√
2qf a ψL , (62)

where we have introduced the differential operators (qf > 0)

a = −(2qf τ2)−1/2(τ̄ (∂1 − iqfy2) − ∂2) , a†
= (2qf τ2)−1/2(τ (∂1 − iqfy2) − ∂2) . (63)

The operators a and a† satisfy the commutation relation [a, a†
] = 1, and they can therefore be

interpreted as annihilation and creation operators.6 An orthonormal set of mode functions is given
by (qf = 2πM , M ∈ N)

ξn,j =
in

√
n!

(
a†)n ξj , a ξj = 0 ,

a ξn,j = i
√
n ξn−1,j , a†ξn,j = −i

√
n + 1 ξn+1,j ,

(64)

where j = 1, . . . ,M labels the degeneracy of the ground state,with the correspondingmode functions
ξj. Expanding the chiral fermions ψL and ψR in terms of the mode functions ξn,j,

ψL(x, y) =

∑
n,j

ψLn,j(x)ξn,j(y) , ψR(x, y) =

∑
n,j

ψRn,j(x)ξn,j(y) , (65)

one obtains from Eqs. (62) and (64)

iγ µ∂µψL0,j = 0 , iγ µ∂µψLn+1,j = −

√
2qf (n + 1) ψRn,j , n ≥ 0 ,

iγ µ∂µψRn,j = −

√
2qf (n + 1)ψLn+1,j , n ≥ 0 .

(66)

The fermionsψL0,j are theM expected zero-modes, and the pair of chiral fermions (ψLn+1,j, ψRn,j) form
4d Dirac fermions with massesmn,j =

√
2qf (n + 1).

Correspondingly, for the complex scalarΦ one finds (cf. (61))

(ηµν∂µ∂ν − 2qf (a†a + 1/2))Φ = 0 . (67)

After a mode expansion, Φ =
∑

n,jΦn,jξn,j, one obtains the scalar mass spectrum M2
n,j = 2qf (n + 1),

n ≥ 0.
We are particularly interested in the fermionic zero-modes ψL0,j. Their mode functions are

determined by the equation

a ξj ∝ (τ̄D1 − D2)ξj = 0 , (68)

5 In the following we drop the dependence on the 4d space–time coordinates for simplicity.
6 For the symmetric gauge, A1 = −fy2/2, A2 = fy1/2, and τ = i, one obtains, in the conventions of [37]: a =

i(∂z + qf z̄)/
√
2qf , a† = i(∂z̄ − qfz)/

√
2qf .
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where D1,2 are now the covariant derivatives in the flux background. From Eq. (60) and the transition
functions (41) one obtains the twisted boundary conditions (qf = 2πM,M ∈ N)

ξn,j(y + λ1) = e−π ik1ξn,j(y) ,

ξn,j(y + λ2) = e−π i(k2−2My1)ξn,j(y) .
(69)

Clearly, the mode functions ξn,j depend on the number of flux quanta M as well as k1 and k2, which
determine the boundary conditions.

For comparison with the untwisted wave functions, which we will construct in the following
section, we briefly recall the derivation of the zero-mode functions, following [22], see also [39]. The
boundary conditions (69) are satisfied by functions ξ which can be written as

ξ (y) = e−iπ (k1y1+k2y2)
∑
n

fn(y2)e2π iny1 , (70)

where the coefficient functions fn(y2), n ∈ Z, fulfil the recurrence relation

fn(y2 + 1) = fn−M (y2) . (71)

The zero-mode equation (68), a ξ = 0, yields first-order differential equations for the functions fn(y2),
whose solutions are given by

fn(y2) = cne−iπτ̄My22−iπ (τ̄k1−k2)y2+2π iτ̄ny2 . (72)

Because of the recurrence relation (71), onlyM of the constants cn are independent.Writing n = lM+j,
with l ∈ Z and j = 0, . . . ,M − 1, one has

cn = Nje−
iπτ̄
M (lM+j)2+

iπ
M (τ̄k1−k2)(lM+j) , (73)

where the Nj are normalization constants. Hence, there are indeed M independent zero-mode
functions ξj on the torus. Combining Eqs. (70), (72) and (73), and replacing the sum over n by a double
sum over j and l, one obtains the wave functions ξj as infinite sums over l, which can be conveniently
expressed in terms of Jacobi theta-functions (see Appendix B) [22],

ξj(y) = Nje−iπM τ̄y22−iπk1 z̄
∑

l

e−iπM τ̄ (l+j/M)2+2π i(l+j/M)(Mz̄+(τ̄k1−k2)/2)

= Nje−iπM τ̄y22−iπk1 z̄ ϑ

[
j/M
(k1τ̄ − k2)/2

]
(Mz̄,−M τ̄ ) , z̄ = y1 + τ̄y2 . (74)

Since τ2 = −Imτ̄ > 0, these zero-mode functions are normalizable forM > 0.
Under reflection the zero-mode ξj turns into another zero mode ξj′ . One finds the relation

ξj(−y) = e
2π i
M (j

′
−k1/2)k2 Nj

Nj′
ξj′ (y) , j′ = mM + k1 − j , m ∈ Z , (75)

with m chosen such that j, j′ = 1, . . . ,M − 1. From ξj and ξj′ one can form even and odd linear
combinations,

ξ
η

j (y) ∝ ξj(y) + ηξj(−y) , η = +,− ,

ξ
η

j (y) = ηξ
η

j (−y) .
(76)

For j ̸= j′ one obtains one even and one odd zero-mode. In the case j = j′ the zero-mode is either
even or odd. From Eq. (75) one easily derives the relations between j and j′ for givenM , k1 and k2 (see
Table 2). For k1 = 0 the j = 0 mode is even; moreover, forM even the j = M/2 mode is even (k2 = 0)
or odd (k2 = 1). For k1 = 1 and M odd the (M + 1)/2 mode is even (k2 = 0) or odd (k2 = 1). This
leads to the numbers of even and odd zero-modes listed in Table 2. These results have previously been
obtained in [25].

The field theory on the orbifold is defined by the chiral boundary conditions (57) which require
that 4d left-handed fermions are linear combinations of even mode functions. For the zero-modes
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Table 2
Zero-modes j and j′ , which are related by reflection, with the choice j′ ≥ j. The last four columns give the number of even and
odd linear combinations that depend on the values ofM , k1 and k2 . Their sum is alwaysM .

j j′ k2 = 0
η = +

k2 = 0
η = −

k2 = 1
η = +

k2 = 1
η = −

k1 = 0
M even 0, 1, . . . , M

2 0,M − 1, . . . , M
2

M
2 + 1 M

2 − 1 M
2

M
2

k1 = 0
M odd 0, 1, . . . , M−1

2 0,M − 1, . . . , M+1
2

M+1
2

M−1
2

M+1
2

M−1
2

k1 = 1
M even 0, 1, 2, . . . , M

2 1, 0,M − 1, . . . , M
2 + 1 M

2
M
2

M
2

M
2

k1 = 1
M odd 0, 1, 2 . . . , M+1

2 1, 0,M − 1, . . . , M+1
2

M+1
2

M−1
2

M−1
2

M+1
2

these are7

ξ+

j (y) = Nje−iπM τ̄y22

(
e−iπk1 z̄ ϑ

[
j/M
(k1τ̄ − k2)/2

]
(Mz̄,−M τ̄ )

+ eiπk1 z̄ ϑ
[

j/M
(k1τ̄ − k2)/2

]
(−Mz̄,−M τ̄ )

)
= Nje−iπM τ̄y22

∑
l

e−iπM τ̄ (l+j/M)2+iπ (τ̄k1−k2)(l+j/M) cos
[
2π

(
lM + j −

k1
2

)
z̄
]
, (77)

where Nj are adjusted normalization constants on the orbifold.
Let us now consider some examples. ForM = 0, one has the standard orbifold result without flux,

a single constant mode function for k1 = k2 = 0, and there are no non-vanishing mode functions
otherwise. ForM = 1, one obtains a single zero-mode j = 0 for each pair (k1, k2). For k1 = k2 = 1, the
zero-mode is odd, otherwise it is even. Using properties of the Jacobi theta-functions (see Appendix A)
one has

ξ+

0 (y) = N0e−iπτ̄y22e−iπk1 z̄ ϑ

[
0
(k1τ̄ − k2)/2

]
(z̄,−τ̄ )

= N0e−iπτ̄y22e−iπk1 z̄ ϑ(z̄ + (k1τ̄ − k2)/2,−τ̄ ) .

(78)

The three even zero-mode functions are shown in Fig. 9. For each (k1, k2) combination the zero-mode
function vanishes at one fixed point.

ForM = 2 there are two zero-modes, j = 0,1. In the case k1 = k2 = 0 both of them are even. Their
mode functions read

ξ+

j (y) = Nje−2π iτ̄y22 ϑ

[
j/2
0

]
(2z̄,−2τ̄ )

= Nje−2π iτ̄y22e−iπτ̄ j2/2+2π ijz̄ ϑ(2z̄ − jτ̄ ,−2τ̄ ) , j = 0, 1 . (79)

The two mode functions are depicted in Fig. 10(a, b). Note that the functions are non-zero at all fixed
points. In the remaining cases there is always one even and one odd mode functions. For the even
mode functions one obtains from Eq. (77), after some manipulations,

ξ+

0 (y) = N0e−2π iτ̄y22
(
e−iπ z̄ ϑ(2z̄ + τ̄ /2,−2τ̄ ) + eiπ z̄ ϑ(2z̄ − τ̄ /2,−2τ̄ )

)
,

k1 = 1, k2 = 0 ,

ξ+

0 (y) = N0e−2π iτ̄y22 ϑ(2z̄ − 1/2,−2τ̄ ) , k1 = 0, k2 = 1 , (80)

7 Note, that these zero-mode functions are the complex conjugate of the wave functions given in [27].
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Fig. 9. Absolute square of even zero-mode functions for M = 1 and different values of k1 and k2 . The white circles indicate
where the mode functions vanish.

Fig. 10. Absolute square of even zero-mode functions for M = 2 and different values of k1 and k2 . The white circles indicate
where the mode functions vanish.

ξ+

0 (y) = N0e−2π iτ̄y22
(
e−iπ z̄ ϑ(2z̄ + τ̄ /1 − 1/2,−2τ̄ ) + eiπ z̄ ϑ(2z̄ − τ̄ /2 + 1/2,−2τ̄ )

)
,

k1 = 1, k2 = 1 .

The even functions are shown in Fig. 10(c, d, e). They all vanish at two fixed points.
It is straightforward to continue the discussion to larger values of M . For M = 3 one obtains a

pattern similar to the one for M = 1. For (k1, k2) = (0, 0), (1, 0), (0, 1) one finds two zero-modes,
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Fig. 11. Absolute square of even zero-mode functions for M = 3 and different values of k1 and k2 . The white circles indicate
where the mode functions vanish.

j = 0 and j = 1 (see Fig. 11(a, b, c)). The zeros of the mode functions appear at the same fixed
points as for M = 1. An interesting new aspect is that now an even mode function also exists for
(k1, k2) = (1, 1) with zeros at three fixed points (see Fig. 11(d)).

Finally, the mode functions for M = 4 are shown in Fig. 12. The pattern completely agrees with
the caseM = 2, especially with respect to the distribution of zeros at fixed points. The only difference
is that for each combination of k1, k2 the number of zero modes has increased by one. The mode
functions agree with those obtained in [27].

3.2. Untwisted wave functions

In [27] it has been pointed out that the zeros of the zero-mode functions are related to negative
Wilson line integrals around the orbifold fixed points, whichmight be interpreted in terms of localized
flux, envoking Stokes’ theorem. Such localized flux has previously been discussed in connection with
fixed point anomalies [40,41] and also with respect to localized Fayet–Iliopoulos terms [42]. In the
latter case a consistent description of the localized flux is obtained by means of the Green’s function
on a torus, whose gradient yields a singular vector field, as discussed in Section 2.4.

From the torus Green’s function one obtains a localized flux together with a bulk flux (see (47)),

F12 = −2πc δ2(y − ζ ) + 2πc . (81)

Hence, in our convention for the bulk flux, qf = qF12 = 2πM > 0, one has c = M/q. The torus Green’s
function G(z − ζ , τ ) has been used to describe zero-modes of a charged bulk field [42]. Indeed, for a
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Fig. 12. Absolute square of even zero-mode functions for M = 4 and different values of k1 and k2 . The white circles indicate
where the mode functions vanish.

vector field Az = i∂G, the wave function

χζ (z) ∝ eqG(z−ζ ,τ ) (82)

solves the field equation

(∂ + iqAz)χζ (z) = 0 . (83)
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Using Eqs. (44) and (49) it is apparent that Eq. (83) is nothing but the field equation (68), with the
regular vector field of Section 2.3 replaced by the singular vector field Az = i∂G. Using (42), the zero-
mode function (82) can be written as

χζ (z) ∝ |ϑ1(z − ζ , τ )|Me−
πM
τ2

(Im(z−ζ ))2
, (84)

where ζ denotes the Green’s function’s singularity. The asymptotic behaviour of the wave function
close to the singularity is given by

χζ (z) ∝
z→ζ

|z − ζ |M . (85)

Clearly, the wave function is normalizable forM > 0.
Wave functions for bulk flux M = 1 can be obtained from Green’s functions G(z − ζi), where ζi

are the four orbifold fixed points. From Eq. (84), and using relations among theta-functions listed in
Appendix A, one obtains for the fixed points ζ2, ζ3 and ζ4:

χζ (z) =

⎧⎪⎨⎪⎩
|e−iπτ̄y22−iπ z̄ϑ(z̄ + τ̄ /2,−τ̄ )| , ζ2 = 1/2 (k1 = 1, k2 = 0)
|e−iπτ̄y22ϑ(z̄ − 1/2,−τ̄ )| , ζ3 = τ/2 (k1 = 0, k2 = 1)
|e−iπτ̄y22ϑ(z̄ + τ̄ /2,−τ̄ )| , ζ4 = (1 + τ )/2 (k1 = 0, k2 = 0) .

(86)

These wave functions are precisely the modulus of the M = 1 zero-mode functions given in Eq. (78)
(see Fig. 9). This connection is not unexpected since both sets of functions are zeromodes for the same
bulk flux, M = 1, just for different choices of the vector field. By construction, the zeros are obvious
for the untwisted wave functions, see Eq. (85). The three fixed points ζ2, ζ3 and ζ4 correspond to three
pairs (k1, k2), which are given in brackets in Eq. (86). The wave function χζ1 corresponds to the odd
zero mode among the untwisted wave functions.

At first sight the appearance of the modulus in Eq. (86) is surprising. As a consequence, the
untwisted wave functions transform trivially under translations by the lattice vectors λ1 and λ2. This,
however, is expected. Like the Green’s function, the vector field is invariant under translations by
lattice vectors. Therefore, no non-trivial transition functions occur, and the boundary conditions are
trivial. The situation is different for the regular vector field, where the non-trivial transition functions
lead to twisted boundary conditions, which can be satisfied by appropriate phase factors.

The caseM = 2 can be treated in a similar way. Two bulk flux quanta can be obtained by localizing
one quantum at two fixed points. The vector field is now the sum Az = i(∂G(z−ζ1, τ )+∂G(z−ζ2, τ )),
and the wave function is the product

χζ1,ζ2 = χζ1 (z)χζ2 (z) ∝ eq(G(z−ζ1,τ )+G(z−ζ2,τ ))

∝ |ϑ1(z − ζ1, τ )ϑ1(z − ζ2, τ )|e
−
π
τ2

((Im(z−ζ1))2+(Im(z−ζ2))2) . (87)

Using Eq. (111) the product of theta-functions can be written as

ϑ1(z − ζ1, τ ) ϑ1(z − ζ2, τ )

= ϑ

[
1/2
0

]
(z − ζ1 + 1/2, τ ) ϑ

[
1/2
0

]
(z − ζ2 + 1/2, τ )

=

1∑
m=0

ϑ

[
(m + 1)/2

0

]
(2z − ζ1 − ζ2 + 1, 2τ ) ϑ

[
m/2
0

]
(ζ1 − ζ2, 2τ ) . (88)

The second theta-function in the last line does not depend on z. Hence, the product of ϑ1-functions
can be expressed as a linear combination of z-dependent theta-functions. A look at Fig. 10 suggests
to consider the combination of fixed points (ζ2, ζ4), (ζ3, ζ4) and (ζ2, ζ3). After some algebra, one then
obtains from Eqs. (87) and (88):

χζ ,ζ ′ ∝ e−2πτ2y22

⎧⎪⎪⎪⎨⎪⎪⎪⎩
|e−iπ z̄ ϑ(2z̄ + τ̄ /2,−2τ̄ ) + eiπ z̄ ϑ(2z̄ − τ̄ /2,−2τ̄ )| ,

ζ2, ζ4 (k1 = 1, k2 = 0)
|ϑ(2z̄ − 1/2,−2τ̄ )| , ζ3, ζ4 (k1 = 0, k2 = 1)
|e−iπ z̄ ϑ(2z̄ + (τ̄ − 1)/2,−2τ̄ ) + eiπ z̄ ϑ(2z̄ − (τ̄ − 1)/2,−2τ̄ )| ,

ζ2, ζ3 (k1 = 1, k2 = 1) .

(89)
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Fig. 13. Untwisted zero-mode functions with two flux quanta at a fixed point.

These wave functions are again the modulus of the M = 2 twisted zero-mode functions listed in
Eq. (80). There are three more untwisted zero-mode functions corresponding to the pairs of fixed
points (ζ1, ζ2), (ζ1, ζ3) and (ζ1, ζ4). They correspond to the three odd twisted zero modes that are not
shown in Fig. 10.

Further M = 2 untwisted zero-mode functions are obtained by localizing two flux quanta at one
fixed point. The corresponding mode functions read

χ2
ζi

∝ eqG(z−ζi,τ )

∝ |ϑ1(z − ζi, τ )2|e
−

2π
τ2

(Im(z−ζi))2 , i = 1, . . . , 4 . (90)

Using Eq. (88) the product of ϑ1-functions can be written as

ϑ1(z − ζi, τ )2 = ϑ

[
0
0

]
(0, 2τ ) ϑ

[
1/2
0

]
(2z − 2ζi + 1, τ )

+ ϑ

[
1/2
0

]
(0, 2τ ) ϑ

[
0
0

]
(2z − 2ζi, τ ) . (91)

The wave functions χ2
ζi
can easily be expressed in terms of two k1 = k2 = 0 mode functions ξ+

j , see
Eq. (79). For χ2

ζ1
and χ2

ζ2
, for instance, one finds

χ2
ζ1

= |aξ+

0 − bξ+

1 | , χ2
ζ2

= |aξ+

0 + bξ+

1 | , (92)

where a = ϑ1(−1/2,−2τ̄ )/N0 and b = ϑ(0,−2τ̄ )/N1. Analogous expressions can be given for χ2
ζ3

and χ2
ζ4
. The wave functions χ2

ζ1
and χ2

ζ2
are shown in Fig. 13. By construction, they vanish at z = ζ1

and z = ζ2, respectively.
The construction of untwisted zero-mode functions described above can be extended to larger

values of M in a straightforward way. These wave functions have characteristic zeros which may be
interesting in physical applications. However, the combinatorics becomes more involved because of
the many possibilities to distribute flux quanta over the fixed points, and the extension to larger M
goes beyond the scope of this paper.

3.3. Singular gauge transformations

The regular and singular gauge fields discussed in Section 2 yield the same bulk flux, and the
corresponding zero-mode functions constructed in the previous subsections are closely related. Aswe
shall now show, these two descriptions of a gauge theory on orbifolds can indeed be directly mapped
into each other by means of a singular gauge transformation.
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The regular gauge field in Section 2.3 is given by Eq. (31),

A(r)
= A(r)

1 dy1 + A(r)
2 dy2 , A(r)

1 = −2πMy2 , A(r)
2 = 0 . (93)

Alternatively, the singular gauge field

A(s)
= A(s)

z dz + A(s)
z̄ dz̄ = A(s)

1 dy1 + A(s)
2 dy2 (94)

is defined by means of the Green’s function G(z − ζ , τ ), where ζ denotes one of the orbifold
singularities (see (42), (45)). With c = M/q and ζ = ρ + τη, complex and real components of the
singular vector field are given by

qA(s)
z = iq∂G = iM∂

(
1
2
ln |ϑ1(z − ζ , τ )|2 −

π

τ2
(Im(z − ζ ))2

)
= iM∂

(
1
2
lnϑ1(z − ζ , τ ) −

π

τ2
(Im(z − ζ ))2

)
= qA(s)

z̄
∗

, (95)

qA(s)
1 = q(A(s)

z + A(s)
z̄ ) = −2πM(y2 − η) + iM∂1 ln

ϑ1

|ϑ1|
, (96)

qA(s)
2 = q(τA(s)

z + τ̄A(s)
z̄ ) = −2πMτ1(y2 − η) + iM∂2 ln

ϑ1

|ϑ1|
. (97)

Comparing Eq. (93) and Eqs. (96) and (97) it is clear that regular and singular gauge fields are related
by a singular gauge transformation,

A(r)
= A(s)

−
1
q
dΛ , (98)

whereΛ is given by

Λ = 2πMηy1 − πMτ1(y2 − η)2 + iM ln
ϑ1

|ϑ1|
. (99)

The local gauge parameter Λ is ill-defined at the singularity z = ζ of the Green’s function. Away
from this point Λ is real. The crucial point of this transformation is that it changes the factor |ϑ1|

M

appearing in untwisted wave functions to the factor ϑ∗

1
M appearing in twisted wave functions,

χ ∝ |ϑ1|
M

−→ ξ = eiΛχ ∝ ϑ∗

1
M
. (100)

Note that ϑ∗

1 is a function of τ̄ , like the holomorphic part of the zero-mode functions ξj.
Untwisted wave functions transform trivially under lattice translations,

χ (y1 + 1, y2) = χ (y1, y2) , χ (y1, y2 + 1) = χ (y1, y2) . (101)

The boundary conditions of twisted wave functions are then determined by the transformation of Λ
under lattice translations. From Eqs. (99), (117) and (118) one obtains

Λ(y1 + 1, y2) = −πM(1 − 2η) +Λ(y1, y2) ,

Λ(y1, y2 + 1) = −πM(1 + 2ρ − 2y1) +Λ(y1, y2) .
(102)

This agrees precisely with the twisted boundary conditions (69), with the identification up to mod 2,

k1 = M(1 − 2η) , k2 = M(1 − 2ρ) . (103)

Hence, the location of the singularity at ζ = ρ + τη determines the constant Wilson line factors
k1,2 of the regular vector field. The generalization of this result to untwisted wave functions with
contributions from different singularities at ζi = ρi + τηi is obvious. Up to mod 2, k1 and k2 are now
given by

k1 =

∑
i

Mi(1 − 2ηi) , k2 =

∑
i

Mi(1 − 2ρi) , (104)
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where −Mi are the localized fluxes at the fixed points ζi. This result is indeed consistent with the
explicit examples discussed in the previous section. For M = 1, (k1, k2) is given by (1, 0) for ζ2, (0, 1)
for ζ3 = τ/2 and (0, 0) for ζ4 = (1 + τ )/2; this agrees with the list in Eq. (86). For M = 2, with both
flux quanta at the same fixed point, one obviously has k1 = k2 = 0, which is consistent with Eq. (92).
Finally, forM = 2, with flux quanta localized at different fixed points (ζ , ζ ′), (k1, k2) is given by (1, 0)
for (ζ2, ζ4), (0, 1) for (ζ3, ζ4) and (1, 1) for (ζ2, ζ3). This is in agreement with Eq. (89).

Note that the above procedure, mapping singular to regular gauge fields, is restricted to the bulk,
excluding the orbifold fixedpoints. It is tempting to conjecture that integer localized fluxes correspond
to localized fermion zero-modes. In this way not only the mod 2 parity but the entire localized flux
would be a physical quantity. It would then influence the fields localized at the orbifold singularities
without modifying the bulk content. However, despite being of general interest, this question goes
beyond the scope of our investigations.

4. Summary and outlook

We have studied in detail U(1) gauge fields on the orbifold T 2/Z2. One of the main goals has been
to clarify the quantization condition for magnetic flux. Contrary to the naive expectation qF = 2πM ,
M ∈ Z, also flux values qF = π+2πM ,M ∈ Z, are allowed, confirming results in [24,25,38,39]. This is
an effect of the orbifold fixed points ζi. They can have non-trivial Wilson linesWi around them, which
can be interpreted as localized flux, qFi = π (δ(Wi,−1) + 2ki), ki ∈ Z. The total flux of bulk and fixed
points then satisfies the standard quantization condition q(F +

∑
i Fi) ∈ 2πZ. To obtain these results

it is crucial to treat the flux background as a vector bundle on the orbifold.
Localized flux can be used to construct normalized zero-modes of charged bulk fields [42].We used

this method to systematically construct zero-mode wave functions for different flux densities. The
background gauge field is now singular. It is obtained from torus Green’s functionswhose singularities
are located at orbifold singularities. The localized flux densities can vary and are related to the
bulk flux density. The zero-mode wave functions vanish at the fixed points where flux is localized.
Since the Green’s function is invariant under lattice translations and reflection at the origin, the
corresponding untwisted wave functions satisfy trivial boundary conditions. For comparison, we also
recalled the construction of the standard twisted wave functions for regular background fields. These
fields are not invariant under lattice translations and have non-trivial transition functions. Hence, the
corresponding wave functions satisfy twisted boundary conditions.

For small values of magnetic flux we showed that there is a one-to-one correspondence between
twisted and untwisted zero-mode functions, and it is a matter of convenience which basis to use. It is
satisfactory to see explicitly how untwisted wave functions can bemapped to twisted wave functions
by means of singular gauge transformations. An advantage of the untwisted wave functions is the
geometric origin of thewave function zeros, whichmay be phenomenologically interesting. It appears
straightforward to extend the construction of untwistedwave functions to largemagnetic flux as well
as to other orbifolds.

Magnetized orbifolds play an important role in compactifications of type-I string theories. It
appears interesting to analyse the role of localized flux in these constructions and to obtain a better
understanding of the relation to field theory compactifications. This may be particularly valuable in
view of the challenging problem of supersymmetry breaking.
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Appendix A. Jacobi theta-functions

For convenience we list a number of relations among Jacobi theta-functions which were used in
calculations presented in the previous sections. We follow the conventions of [48].

The basic theta-function is given by (n ∈ Z)

ϑ(z, τ ) =

∑
n

eπ iτn
2
+2π inz . (105)

A useful extension is the theta-function with characteristics,

ϑ

[
α

β

]
(z, τ ) =

∑
n

eπ iτ (n+α)
2
e2π i(n+α)(z+β) . (106)

It satisfies the relation

ϑ

[
α

β

]
(z, τ ) = ϑ

[
α

0

]
(z + β, τ ) (107)

and is related to the basic theta function by

ϑ

[
α

β

]
(z, τ ) = eiπτα

2
+2π iα(z+β)ϑ(z, τ ) . (108)

The theta-function with characteristics includes as special cases

ϑ(z, τ ) = ϑ

[
0
0

]
(z, τ ) = ϑ

[
1
0

]
(z, τ ) , (109)

−ϑ1(z, τ ) = ϑ

[
1/2
1/2

]
(z, τ ) . (110)

An important ‘‘addition formula’’ is given by [22,49]

ϑ

[
α

0

]
(z1,Mτ )ϑ

[
β

0

]
(z2,Nτ ) =

M+N−1∑
m=0

ϑ

[
(Mα + Nβ + mM)/(M + N)

0

]
(z1 + z2, (M + N)τ )

×ϑ

[
(α − β + m)/(M + N)

0

]
(Nz1 − Mz2,MN(M + N)τ ) . (111)

Further relations read

ϑ(z + 1, τ ) = ϑ(z, τ ) , (112)

ϑ(z + τ , τ ) = e−iπτ−2π izϑ(z, τ ) , (113)

ϑ(z, τ ) = ϑ(−z, τ ) , (114)

−ϑ1(z, τ ) = eiπτ/4+iπ (z+1/2)ϑ(z + (τ + 1)/2, τ ) , (115)

ϑ((1 + τ )/2, τ ) = 0 , (116)

ϑ1(z + 1, τ ) = eiπϑ1(z, τ ) , (117)

ϑ1(z + τ , τ ) = eiπ (1−τ−2z)ϑ1(z, τ ) , (118)

−ϑ1(z, τ )∗ = e−iπτ̄/4−iπ (z̄+1/2)ϑ(z̄ + (τ̄ + 1)/2,−τ̄ ) , (119)
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Appendix B. Gamma-matrices

For completeness, and in order to avoid confusion, we list our conventions for the 6d gamma-
matrices in the following. We start from the Wess–Bagger conventions in four dimensions [50],

{γµ, γν} = −2ηµν , ηµν = diag(−1, 1, 1, 1) ,

γ5 = −iγ 0γ 1γ 2γ 3 , γ5ψL = −ψL , γ5ψR = ψR . (120)

This is extended to six dimensions using ηMN = diag(−1, 1, 1, 1, 1, 1) and

{ΓM ,ΓN} = −2ηMN . (121)

Explicitly, we use the representation

Γ µ
=

(
γ µ 0
0 γ µ

)
, Γ 5

=

(
0 iγ 5

iγ 5 0

)
, Γ 6

=

(
0 −γ 5

γ 5 0

)
, (122)

which implies

Γ7 = −Γ 0Γ 1Γ 2Γ 3Γ 5Γ 6
=

(
γ 5 0
0 −γ 5

)
. (123)
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