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ABSTRACT
In this work, we theoretically investigate the conditions favoring the interfacial self-assembly of PbSe nanocrystals (NCs) resulting in silicene-
honeycomb superstructures. Using a coarse-grained molecular dynamics model, we study the NCs’ self-assembly at the dispersion-air
interface with respect to the input parameters regulating the various forces experienced by the NCs at the interface. From these results, we
extrapolate detailed assembled-phase diagrams showing which ranges of the input parameters promote the formation of silicene-honeycomb
superstructures and which regimes result in square geometries. Then, we use a sharp-interface numerical model to compute the energy land-
scape experienced by each NC at the dispersion-air interface with respect to the NC’s surface chemistry. From such an energy landscape,
we fit the parameters regulating the interface-adsorption forces experienced by the NCs at the interface. Combining these findings with the
results presented in our assembled-phase diagrams, we find out which surface-chemistry properties of the NCs better promote the interfacial
self-assembly in silicene-honeycomb superstructures, and we speculate on some experimental strategies to reach an improved control on the
synthesis of PbSe silicene-honeycomb superstructures.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5128122., s

I. INTRODUCTION

Low-dimensional semiconductor nanostructured materials
have applications in a wide range of optoelectronic devices, such as
transistors, light-emitting diodes, photovoltaic cells, lasers, thermo-
electric modules, and sensors.1,2 Interfacial self-assembly of semi-
conductor nanocrystals (NCs) has emerged in the last decade as a
promising bottom-up route to build these materials.3–30

Recently, a semiconductor with a silicene-honeycomb nano-
geometry has been synthesized by the interfacial self-assembly of
PbSe NCs.31 The NCs have a size of 5–6 nm (∼104 atoms), a rock-
salt crystal structure, and a truncated-cube shape with {100}, {110},
and {111} facets.32 Such NCs form an ordered monolayer at the
dispersion-air interface and, eventually, bind to each other by the
formation of a crystalline neck between opposite {100} facets, a

process known as oriented attachment.23,33,34 In the final superstruc-
ture, the NCs are epitaxially connected and with aligned atomic
lattices, forming effectively a single crystal with both a short-range
periodicity, due to the atomic lattice, and a long-range silicene-
honeycomb periodicity of the NCs’ position. Semiconductors with
the honeycomb nanogeometry are of particular interest, since cal-
culations predict for them Dirac-type electronic conduction and
valence bands, with the semiconductor bandgap preserved.35–37

Therefore, such materials would combine the properties of semi-
conductors with those of graphene, offering novel opportunities
for a wide range of optoelectronic applications. Such a “bottom-
up” route for producing nanogeometric-honeycomb semiconduc-
tors is complementary to the more expensive lithographic patterning
methods, as self-assembly allows for smaller periodicity and, thus,
stronger electronic bonds. However, despite recent improvements,
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FIG. 1. Illustrative plot of the external potential Uz(zc) [Eq. (1)] applied, in our
coarse-grained molecular dynamics model, to each NC close to the interface plane
z = 0, to reproduce the interface-adsorption forces binding the NCs at the interface.
zc is the z coordinate of the NC’s center of mass, i.e., ± the distance of the NC
from the interface plane. The 3D sketches on the top of the plot of Uz(zc) help in
visualizing the NC’s position at the interface with respect to zc . Uz(zc) is plotted
in units of the thermal energy at room temperature, setting uz = 0.4 × 10−19 J,
zd = 3 nm, and z0 = −1 nm, which are within the expected experimental range
(see our predictions for an interface-adsorbed NC in Sec. III). The constants Es,
E1, and Ea of Eq. (1) (which do not affect the molecular dynamics simulations of
Sec. II) in this plot are Es = 0, Ea = 20.0 × 10−19 J, and E1 = −2.3 × 10−19 J, i.e.,
in line with the expected values of the interface-adsorption energy E [see Eq. (11)
in Sec. III] of a NC desorbed in solvent, desorbed in air, and at equilibrium at the
interface, respectively.

the PbSe silicene-honeycomb superlattices currently synthesized are
still afflicted by a high degree of structural disorder and poor repro-
ducibility,38 and many open questions on the formation process still
remain.34,39

In recent work,40 we presented a coarse-grained molecular
dynamics model that illustrates the basic mechanism of forma-
tion of silicene-honeycomb superstructures by the self-assembly of
interface-adsorbed PbSe NCs. This model successfully reproduces
the self-assembly of NCs in silicene-honeycomb superstructures.
The key ingredients of the model are the following (for details, see
Ref. 40):

(i) PbSe NCs are modeled by a polybead structure reproducing
a rhombicuboctahedron of size 6 nm (see Figs. 1–3), that is,
the typical shape of rocksalt PbSe NCs.32

(ii) The solvent is treated implicitly by modeling the NCs’ Brow-
nian motion.

(iii) The NCs’ dynamics is simulated using bead-bead pair poten-
tials to reproduce NC–NC short-range facet-specific attrac-
tive and repulsive interactions.

(iv) External potentials are applied to the NCs’ beads to mimic
the interface-adsorption forces experienced by NCs at a
fluid-fluid interface.

By opportunely tuning the bead-bead interactions [point “(iii)”], the
NCs are allowed to attract and attach to each other by opposite
{100} facets only, i.e., the light-orange-colored facets in the NC’s
sketches in Figs. 1–3. After the NCs’ synthesis, the NCs are dis-
persed in a solvent (e.g., toluene) and ligand molecules (typically,
oleic acid) are chemisorbed at the NCs’ surface and keep the NC
cores far apart from each other. On the NCs’ {100} facets, the ligand

FIG. 2. Illustrative plots of the interface-adsorption potentials Uφ(φ) [Eq. (2)] and Uψ(ψ) [Eq. (3)] applied, in our coarse-grained molecular dynamics model,40 to each
NC close to the interface plane z = 0, to reproduce the interface-adsorption forces orienting the NCs with a {111} upward at the interface. The inset in the center shows a
rhombicuboctahedron NC, with its {100} facets colored in light orange, its {110} facets colored in dark orange, and its {111} facets colored in red. φ ∈ [0, π] is the polar angle
of the NC’s vertical axis (corresponding to one of the NC’ ⟨100⟩ directions and indicated in the sketches by a red arrow). ψ ∈ [0, 2π) is the NC’s internal Euler angle around its
vertical axis. zc is the z coordinate of the NC’s center of mass, i.e., ± the distance of the NC from the interface plane. The 3D sketches on the top of the plots of Uφ(φ) and
Uψ(ψ) show the NC’s orientation at the interface with respect to φ (for a given value of ψ) and ψ (for a given value of φ), respectively. The 3D sketches marked by a green
hexagon on their top-right corner correspond to the {111}-up orientation of the NC at the interface (see also Fig. 3), that is, the minimum-Uφ, minimum-Uψ orientation. This is
obtained by setting in Eq. (2): φ0 = 0.3 π and φ0 = 0.7 π, and in Eq. (3): ψ0 = 0.25 π, ψ0 = 0.75 π, ψ0 = 1.25 π, and ψ0 = 1.75 π (during a simulation with our coarse-grained
molecular dynamics model, to calculate Uφ and Uψ , we select the closest values of φ0 and ψ0 to the NC’s φ and ψ at the current time step). Uφ(φ) and Uψ(ψ) are plotted
in units of the thermal energy at room temperature, setting uφ = 3.0 × 10−19 J and uψ = 1.5 × 10−19 J, which are within the expected experimental range (see our predictions
for an interface-adsorbed NC in Sec. III B), and zc = z0.
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FIG. 3. (a) Sketch of the self-assembly mechanism of interface-adsorbed NCs in silicene-honeycomb or square superstructures. An isolated NC at the interface is, at
equilibrium, oriented with a {111} facet (red) upward and with center of mass at a height zc on the interface plane z = 0 [see the top panel in (a)]. The NCs can decrease their
free energy F [Eq. (4)] by assembling in either silicene-honeycomb superstructures, by shifting their height at the interface plane by an average distance Δz, half of the NCs
moving upward and half of the NCs downward [see bottom-left panel in (a)], or in square superstructures, by changing orientation φ at the interface by an average angle Δφ,
shifting from {111}-up to {100}-up, i.e., with a light orange facet upward [see the bottom-right panel in (a)]. (b) These self-assembly mechanisms are possible only if the energy
penalties paid in Δφ or Δz are compensated by a higher energy gain from the NC-NC attachment. The NCs follow the path leading to the lowest total free energy F [Eq. (4)].
The insets in (b) are sketches of the interface top view for NCs not bound (Δφ ≃ 0, Δz ≃ 0), NCs assembled in silicene-honeycomb superstructures (Δφ ≃ 0, Δz > 0),
and NCs assembled in square superstructures (Δφ > 0, Δz ≃ 0).

chemisorption is weaker, resulting in ligand desorption from these
facets under opportune experimental conditions, due to the pres-
ence of ethylene glycol.30,38 In such a way, attractive chemical inter-
actions between opposed {100} facets become possible. The bond
energy E between two NCs attached by opposite {100} facets is an
input parameter of our coarse-grained molecular dynamics model.
The attractive chemical interactions between the (nearly) ligand-free
{100} facets of the NCs are the driving force of the self-assembly.
However, for NCs dispersed in the solvent, such a self-assembly
would lead to a simple cubic superstructure. The occurrence of two-
dimensional superstructures indicates that the NCs assemble and
interact with each other while they are confined at an interface. In
line with this, one of us calculated that, for NCs at the NCs’ sol-
vent (toluene)-air interface, the NC-interface bonding energy is at
least ∼10 kB Tr or higher,40,41 with kB the Boltzmann constant and
Tr room temperature. Recent combined experiment-theory results41

indicate that the NCs do not adsorb at the liquid substrate (ethylene
glycol)-solvent interface nor at the liquid substrate (ethylene glycol)-
air interface upon evaporation of the solvent. Thus, we assume that
the NCs’ assembly and oriented attachment, leading to the PbSe
silicene-honeycomb superstructures, occur at the solvent-air inter-
face. Such an interface is represented in our coarse-grained molec-
ular dynamics model by external potentials applied to the NCs
[point “(iv)”]. First, the interface-adsorbed NCs are forced to stay
at the solvent-air interface plane. Introducing a Cartesian coordi-
nate system x, y, z, with z = 0 representing the solvent-air interface
plane, the z coordinate of the center of the mass position of each
NC, say zc, is bonded to the solvent-air interface by the harmonic
potential,

Uz(zc) ≡
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

Es, if zc < −zd,
E1 + uz ( zc−z0

nm )
2, if ∣zc∣ ≤ zd,

Ea, if zc > zd,
(1)

where uz is an input parameter, z0 is the equilibrium height of each
NC’s center of mass at the interface plane, zd is the largest distance
of the NC’s center of mass from the interface plane at which a NC
is considered adsorbed at the interface, and Es, E1, and Ea are con-
stants. A plot of Uz , using typical experimental values, is shown in
Fig. 1. Second, the interface-adsorbed NCs are forced to stay ori-
ented with a {111} facet (red-colored facets in the NC’s sketches in
Figs. 1–3) pointing upward at the interface, i.e., approximately par-
allel to the interface plane. We define (see Fig. 2) φ ∈ [0, π] as the
polar angle of a NC’s vertical axis (given by one of its ⟨100⟩ direc-
tions) with respect to the interface plane and ψ ∈ [0, 2π) as the NC’s
internal Euler angle around its vertical axis. Each interface-adsorbed
NC experiences the potentials

Uφ(φ) = uφ [φ − φ0(φ)]2 ξ(zc), (2)

Uψ(ψ) = uψ [ψ − ψ0(ψ)]2 ξ(zc), (3)

where uφ and uψ are input parameters, and φ0 and ψ0 are the equi-
librium values of φ and ψ, respectively, i.e., corresponding to the
{111}-up orientation of the NCs at the interface. Plots of Uφ and
Uψ , using typical experimental values, are shown in Fig. 2. The
function ξ(zc) in Eqs. (2) and (3) is 1 for zc = z0, 0 for |zc| > zd,
a linear interpolation of these values for |zc| < zd, and is used to
switch on (or off) the orientation forces when a NC adsorbs to
(or desorbs from) the interface. The interface-adsorption poten-
tials Uz(zc), Uφ(φ), and Uψ(ψ) applied in our model to interface-
adsorbed NCs are meant to approximately represent the forces
experienced by NCs at a fluid-fluid interface and are estimated in
Ref. 40 for PbSe NCs covered by oleic acid ligands at the toluene-
air interface and in this work; see Sec. III, for various NC’s surface
chemistry. We remark that our coarse-grained molecular dynam-
ics model40 can be applied to study the NCs’ self-assembly at any
fluid-fluid interface, as long as the NCs’ adsorption properties at this
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interface are known [i.e., the input parameters of our coarse-grained
molecular dynamics model regulating Uφ(φ), Uψ(ψ), and Uz(zc),
which can be predicted, e.g., by the numerical model illustrated in
Sec. III].

While the NCs keep the {111}-up orientation at the interface,
because of the potentials Uφ and Uψ [Eqs. (2) and (3)], and stay in-
plane, because of the potential Uz [Eq. (1)], they cannot attach by
opposite {100} facets for clear geometrical reasons [see Fig. 3(a)].
The NC–NC attachment by other NCs’ facets would be geomet-
rically possible in this situation, but is prevented by the ligand
molecules chemisorbed on these facets (represented in our model
by bead-bead soft repulsive pair potentials; see Ref. 40). To make
NC–NC attachment by opposite {100} facets possible while the NCs
keep the {111}-up orientation at the interface, half of the NCs have
to move slightly below their equilibrium height at the interface plane
and half of the NCs slightly above [see Fig. 3(a)]. This procedure can
occur only if the NCs’ energy gain in attaching by opposite {100}
facets (∼ E per NC–NC bond) is larger than the NCs’ energy penalty
in Uz due to the NCs’ shift from their equilibrium height and only
if the energy barriers encountered are comparable with the thermal
energy. If these conditions occur, silicene-honeycomb superstruc-
tures form at the interface (see Ref. 40). Alternatively, the interface-
adsorbed NCs can attach by opposite {100} facets while remaining
in-plane (i.e., without an energy penalty in Uz) by shifting from their
equilibrium {111}-up orientation and orienting with a {100} facet
upward at the interface [see Fig. 3(a)]. This procedure can occur only
if the NCs’ attachment energy gain (∼ E per NC–NC bond) is larger
than the NCs’ energy penalty in Uφ and Uψ due to the NCs’ shift from
their equilibrium orientation and only if the energy barriers encoun-
tered are comparable with the thermal energy. If these conditions
occur, square superstructures form at the interface (see Ref. 40).
If neither of these two self-assembly mechanisms is energetically
favorable, the interface-adsorbed NCs retain their {111}-up orien-
tation while remaining in-plane; therefore, they cannot form {100}-
{100} bonds and no oriented attachment occurs (but dense ordered
monolayers of not-attached NCs can be found at high packing frac-
tions, with the ordering driven, in this case, mainly by the NCs’
entropy42,43).

To sum up our coarse-grained molecular dynamics model,40

the NCs are adsorbed at a fluid-fluid interface, and this interface
forces each NC to orient with a {111} facet upward and to stay in-
plane with the other NCs. Only the NCs’ {100} facets attract each
other, while the remaining NCs’ facets, i.e., {110} and {111}, do not
attract each other (since, at some point in the experiments, ligand
molecules are expected to be chemisorbed only on the NCs’ {110}
and {111} facets). So, the interface-adsorbed NCs can gain energy by
attaching by opposite {100} facets (∼ E per NC–NC bond). However,
to attach by opposite {100} facets [see Fig. 3(a)] the NCs need to pay
an energy penalty either to rotate away from their equilibrium orien-
tation [i.e., in the potential Uφ + Uψ ; see Eqs. (2) and (3)] or to move
away from their equilibrium height at the interface plane and lose
their in-plane geometrical configuration [i.e., in the potential Uz ; see
Eq. (1)]. Consequently, three scenarios can occur: self-assembly in
silicene-honeycomb superstructures, self-assembly in square super-
structures, and no self-assembly. Such situations have all been exper-
imentally found.26,30,31,38 The scenario that occurs in the model
depends on the interplay between the parameters regulating the
various forces:

● E, which regulates the strength of the attractive forces
between opposite {100} facets of nearby NCs,

● uz , which regulates the strength of the forces due to Uz
[Eq. (1)] that keeps the interface-adsorbed NCs in-plane,

● uφ, uψ , which regulate the strength of the forces due to Uφ
and Uψ [Eqs. (2) and (3)] that keep the interface-adsorbed
NCs in the {111}-up orientation, and

● temperature T (introduced in the model by the NCs’ Brow-
nian motion), which sets the thermal energy scale.

This self-assembly mechanism, introduced in detail in Ref. 40,
is synthetically sketched in Fig. 3(b). The total free energy F of N
NCs at the solvent-air interface, within a fixed volume V, is

F = Utot − T ⋅ SN , (4)

where T is the temperature, SN is the entropy of the N NCs, and
Utot ≡ Ukin + Upot is the total internal energy of the system, with Ukin
the NCs’ total kinetic energy and

Upot ≡ Uz + Uφ + Uψ + UNC-NC, (5)

the total potential energy of the NCs, where Uz , Uφ, and Uψ are
(implicitly) summed over all NCs in Eq. (5), and UNC-NC is the total
potential due to the NC–NC interactions. So,

UNC–NC ≃M E, (6)

with M the total number of bonds formed by NCs attached by two
opposite {100} facets. The NCs evolve toward configurations with
lower F, which can be achieved by bonding by opposite {100} facets
(F decreases by ∼ E for each new NC-NC bond formed). How-
ever, to form {100}-{100} bonds, the NCs have to pay an energy
penalty, either in Uz , to change their height at the interface plane,
which leads to silicene-honeycomb superstructures, or in Uφ + Uψ ,
to change their orientation from {111}-up to {100}-up, which leads
to square superstructures. The energy penalty in Uz , for shifting
the height of a NC at the interface of ∼1 to 2 nm, i.e., enough to
feel the attractive forces of the {100} facets of nearby NCs, is ∼5
to 10 kB Tr for typical experimental parameters (see Fig. 1). The
energy penalty in Uφ+Uψ , for shifting the orientation of an interface-
adsorbed NC from {111}-up to {100}-up, is ∼3 kB Tr for typical
experimental parameters (see Fig. 2). These energy penalties deter-
mine which path, either to silicene-honeycomb or to square super-
structures, is energetically more favorable for the interface-adsorbed
NCs or whether the interface-adsorbed NCs do not attach by {100}-
{100} bonds at all (if the energy gain, ≃ E for each NC–NC bond
formed, is too low compared to the energy penalties to be paid in
Uφ + Uψ or in Uz). Note that, in our simulations, NC–NC bonds are
irreversible (see Sec. II). However, few-NC aggregates can shift from
silicene-honeycomb to square precursors or vice versa (by changing
the few-NC aggregate orientation at the interface), allowing the NCs
to explore the energy landscape and self-assemble in the superstruc-
ture, either square or silicene-honeycomb, with the lowest total free
energy F.

In this work, we aim at investigating how the experimental con-
ditions can be tuned to favor the formation of silicene-honeycomb
superstructures. The parameter E is the most difficult to control in
the experiments. E could be regulated, e.g., by changing the NC’s size
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or compound, but this would then probably require to fully recal-
ibrate most of the many other experimental parameters involved
in the synthesis procedure: solvent, ligands, evaporation time, etc.
The parameters uz , uφ, and uψ seem to be the more convenient first
choice for our investigation, since they can be regulated experimen-
tally by slightly tuning either the surface tensions in the system or the
shape of the NCs, which should not drastically affect the remaining
experimental conditions.

● First, in Sec. II, the coarse-grained molecular dynamics
model presented in Ref. 40 (and briefly reviewed in the
Introduction) is used to quantitatively investigate which
range of values for the model’s input parameters E, uz , uφ,
and uψ , leads to the silicene-honeycomb self-assembly or to
square self-assembly, exploring the parameter space more
extensively than in Ref. 40.

● Second, in Sec. III, a sharp-interface macroscopic model is
briefly illustrated (Sec. III A) and then used to numerically
predict the interface-adsorption energetic potentials experi-
enced by an isolated NC at a flat fluid-fluid interface with
respect to the NC’s shape and surface chemistry (Sec. III B).
In the cases where the {111}-up orientation is stable for the
single-adsorbed NC, the parameters uz , uφ, and uψ are fitted
from the predicted interface-adsorption energy landscape,
to find out, on the basis of the results of Sec. II, which com-
binations of NC’s surface chemistry and shape are better to
induce self-assembly in silicene-honeycomb superstructures
or in square superstructures.

● Finally, in Sec. IV, we discuss our theoretical predictions
and, on the basis of these, speculate some experimental
guidelines to optimize the synthesis of silicene-honeycomb
superstructures.

II. SELF-ASSEMBLY RESULTS
In this section, we use the coarse-grained molecular dynamics

model introduced in Ref. 40 to simulate the self-assembly of PbSe
NCs of 6 nm size at the dispersion-air interface, with respect to
the parameter E, regulating the attractive forces between the {100}
facets of the NCs, and the parameters uz , uφ, and uψ , regulating the
interface-adsorption forces orienting the interface-adsorbed NCs
with a {111} facet upward and keeping them in-plane (see Sec. I and
Ref. 40 for details).

We consider 7 different values of E (bond energy for two NCs
attached by opposite {100} facets), ranging from −0.7 × 10−19 J
to −1.3 × 10−19 J (i.e., from ≃−17 kB Tr to ≃−32 kB Tr), that is,
the expected order of magnitude for ∼6-nm-sized NCs bonded by
oriented attachment.44 Therefore, formed NC-NC bonds are irre-
versible, since all our simulations are conducted at room tempera-
ture. For each value of E, we consider 56 values of uφ, ranging from
0.5 × 10−19 J to 6.0 × 10−19 J, and 16 values of uz , ranging from
0.05 × 10−19 J to 0.80 × 10−19 J. The experimental values are expected
to fall within these ranges; see Sec. III. So, in total, we perform 6272
simulations. In each simulation, we consider 16 NCs initially dis-
posed in a dilute hexagonal monolayer at the interface, and we sim-
ulate their dynamics for 0.1 μs (that is, enough time for 16 NCs to
form a stable aggregate, if they can attach to each other) at room
temperature. The value of uψ is always set to uψ = uφ/2, that is,

approximately, the typical experimental situation; see Sec. III. In
Ref. 40, we used the condition uψ = uφ (instead of uψ = uφ/2) in
our coarse-grained molecular dynamics simulations, but we believe
that the difference between these two choices has a minimal effect on
the NCs’ behavior at the interface. Periodic boundary conditions are
applied in the x and y directions, i.e., parallel to the interface plane
z = 0, with period 32 nm. The remaining parameters of our coarse-
grained molecular dynamics model are set as in Ref. 40, except for
the NC–NC pair capillary interaction potential, which is here deac-
tivated, since in Ref. 40, we show it is negligible (see Ref. 40 for the
model’s details).

To quantify the final assembled phase of the NCs in each sim-
ulation, we define two order parameters, e ∈ [0, 1], to measure the
degree of oriented attachment performed by the NCs (e = 0 mean-
ing no self-assembly at all, e = 1 meaning many NC–NC bonds are
formed), and s ∈ [0, 1] to measure the kind of self-assembled phase
formed by the NCs (s = 0 meaning pure silicene-honeycomb super-
structures are formed, s = 1 meaning pure square superstructures are
formed). The parameter e is defined as

e ≡ min{ ∣ULJ ∣
N ⋅ E , 1 }, (7)

where “min{x, y}” means the minimum between x and y, ULJ is
the total potential inducing the NC–NC attractive interactions, i.e.,
summed over all the bead-bead attractive interactions (see Ref. 40 for
details), and N is the total number of NCs (here, N = 16). So, basi-
cally, e = 0 means that not even one NC–NC bond has been formed.
The more the NCs bond together, the more e increases, up to a maxi-
mum of e = 1 corresponding to ∼N NC–NC bonds (which is roughly
the maximum number of bonds that can be reached by 16 aggregated
NCs). The parameter s is defined as

s ≡ 1
N

N

∑
i=1

min{φi − φ0(i)
0.2 π

, 1}, (8)

where φi is the polar angle φ of the ith NC and φ0(i) is the minimum-
Uφ value of φi closest to φi (see Fig. 2). So, s = 0 when all NCs are
in the {111}-up orientation, that is, the condition to form silicene-
honeycomb superstructures, and s is close to 1 when all NCs are
far from the {111}-up orientation, i.e., in the {100}-up orientation,
that is, the condition to form square superstructures. To recognize
the final assembled phase of the NCs, both order parameters e and
s need to be considered, since three outcomes for the NCs’ self-
assembly are possible: square superstructures, silicene-honeycomb
superstructures, and no self-assembly. Only one of these two order
parameters is not enough to univocally determine the NCs’ phase. In
addition, in many of the combinations of E, uz , uφ, and uψ consid-
ered, the NCs self-assemble in a combination of these three possible
phases.

In Fig. 4, we sum up our new results in an assembled-phase dia-
gram, plotting the color-coded values of e and s, for each simulation
performed, with respect to E, uz , and uφ (and the numerical values
of e and s obtained in each simulation are reported in the supple-
mentary material; see Tables S1–S21). The trend reported in Ref. 40
is confirmed here in much more detail: silicene-honeycomb super-
structures (corresponding to e close to 1 and s close to 0) are favored
by a high uφ and a low uz , with E setting the thresholds of uφ and
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FIG. 4. Assembled-phase diagrams
showing the results with our coarse-
grained molecular dynamics model for
the self-assembly of 6-nm-sized PbSe
NCs at the dispersion-air interface at
room temperature, with respect to the
model input parameters uφ, uz , and
E (see Sec. I). Each small box in the
diagrams corresponds to a 0.1 μs-long
simulation of 16 NCs initially dispersed
at the interface. In total, 6272 of such
simulations have been performed to
draw these diagrams. The box color
indicates the values of the order
parameters e [Eq. (7)] and s [Eq. (8)]
for the obtained NCs’ configuration; see
the color key in the top-left inset (the
NCs sketches are only illustrative). The
numerical values of e and s for each
box are reported in the supplementary
material; see Tables S1–S21. If e is
close to 0 (blue color), the NCs did
not bind. If e is close to 1, the NCs
did assemble in either square super-
structures (red color, corresponding to
s close to 1) or silicene-honeycomb
superstructures (green color, corre-
sponding to s close to 0). As a guide
for the eye, we added by hand arbitrary
dotted lines to highlight pure silicene-
honeycomb areas (majorly green),
pure square superstructure areas
(majorly red), pure no-assembly areas
(majorly blue), and mixed-phase areas
(mixed colors). In the supplementary
material (see Fig. S27), we show a
snapshot of the final NCs’ configuration
for some of the simulations performed.

uz above and below which, respectively, the silicene-honeycomb is
formed. In Sec. III, we predict how uφ and uz are affected by the sur-
face tensions in the system, to investigate which combination of sur-
face tensions leads closer to the regime where silicene-honeycomb
superstructures are favored, i.e., the areas with more green in Fig. 4.
In the supplementary material, we show, for illustrative purpose, a
snapshot of the final NCs’ configuration obtained in a few of the
simulations performed; see Fig. S27.

To verify that the superstructure obtained by our coarse-
grained molecular dynamics model with respect to the input param-
eters, i.e., the results of Fig. 4, is the NCs’ configuration with the
lowest total free energy F [Eq. (4)], we estimate the total free energy
variation ΔF of a single NC that in the initial state is isolated at the
interface and in the final state belongs to either a silicene-honeycomb
or a square superstructure.

● In the square superstructure (s), the NC forms four NC-NC
bonds, gaining an energy ≃ 4E/2 (the division by two is done
since each bond is shared among two NCs). In addition, the
NC pays an energy penalty to change its orientation at the
interface [from {111}-up to {100}-up; see Fig. 3(a)], which is
uφΔφ2 + uψΔψ2 [see Eqs. (2) and (3)], where on average Δφ
≃Δψ ≃ 0.2π. Therefore, setting uψ = uφ/2, we have

ΔFs ≃ 2E + 0.06π2 uφ. (9)

● In the silicene-honeycomb superstructure (h), the NC forms
three NC–NC bonds, gaining an energy ≃ 3E/2. In addition,
the NC pays an energy penalty to shift its height at the inter-
face [see Fig. 3(a)], which is uz (Δz/nm)2 [see Eq. (1)], where
on average Δz ≃ 1.5 nm. Therefore,
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ΔFh ≃ 1.5E + 2.25uz . (10)

With respect to the input parameters E, uφ, and uz , if both ΔFh
and ΔFs are greater than zero, then the NCs do not self-assemble.
Otherwise, if ΔFh < ΔFs, then the NCs form silicene-honeycomb
superstructures, while, if ΔFs < ΔFh, then the NCs form square
superstructures. For example, in Fig. 5, we plot, for E = −1.0 × 10−19

J, ΔFs with respect to uφ and ΔFh for various values of uz . For uz
= 5 × 10−21 J, we see that ΔFs < ΔFh, i.e., the square lattice forms,
for uφ ≲ 1.0 × 10−19 J, and otherwise, ΔFh < ΔFs, i.e., the silicene-
honeycomb superstructure forms, which is in line with the phase
diagram of Fig. 4 for E = −1.0 × 10−19 J. If uz increases, the value
of uφ above which square superstructures do not form increases, as
predicted by Fig. 4. If uz ≳ 65 × 10−19 J, then ΔFh > 0, so silicene-
honeycomb superstructures do not form for any value of uφ, and
square superstructures form only for uφ ≲ 3 × 10−19 J, again in line
with the predictions of Fig. 4 for E = −1.0 × 10−19 J. These esti-
mations confirm that, in our simulations, the NCs evolve toward the
configuration with the lowest total free energy F [Eq. (4)]. Of course,
such a simple analytic model, based only on the NC’s energetics in
the various NCs’ phases at the interface, neglects the NCs’ entropy
[i.e., the term −T ⋅ SN in F; see Eq. (4)], while entropic effects are
automatically included in the simulations with our coarse-grained
molecular dynamics model (by the NCs’ Brownian motion and by
the NC–NC hard interactions). In addition, in Eqs. (9) and (10),
we assume a homogeneous NCs’ phase at the interface, so energetic
contributions due to boundaries between different NCs’ phases are
neglected, while these effects are included in the simulations. There-
fore, more precise results such as phase coexistence between differ-
ent NCs’ phases, disorder of NCs’ superstructures, etc., can only be
observed from the simulations with our coarse-grained molecular
dynamics model.40 We also remark that our numerical model sim-
ulates the dynamics of the NCs at the interface, rather than simply
extracting the lowest energy structure, thus allowing, for example, to
find out if kinetically trapped NCs’ configurations occur in certain
regimes.

FIG. 5. Plot of ΔFs [Eq. (9)] with respect to uφ (red line) for E = −1.0 × 10−19

J and of ΔFh [Eq. (10)] for E = −1.0 × 10−19 J and various values of uz (green
lines). If both ΔFs > 0 and ΔFh > 0, then the NCs do not self-assemble, oth-
erwise, NCs form silicene-honeycomb superstructures for ΔFh < ΔFs and NCs
form square superstructures for ΔFs < ΔFh (see the text).

III. CALCULATIONS OF DIRECTIONAL ADSORPTION
OF NCs AT THE DISPERSION-AIR INTERFACE

In this section, we consider an isolated NC adsorbed at a flat
fluid-fluid interface, say the NCs’ dispersion-air interface, and cal-
culate the NC’s potential energy with respect to the NC’s position
and orientation at this interface and with respect to the NC’s surface
chemistry.

A. Method
We use a macroscopic model where the interface is treated

as a possibly curved 2D surface, i.e., without thickness, and the
two fluids forming the interface (i.e., the NCs’ solvent and air)
are treated as homogeneous. The NC is modeled as a polyhedral
shape with a smooth surface. The energy of this fluid-fluid-NC
system is40

E = γ(S − A + W cos θ), (11)

where S is the fluid-fluid interface area when the NC is adsorbed, A
is the fluid-fluid interface area when there is no NC, W is the NC’s
surface area in contact with the fluid above the fluid-fluid interface
(air), γ is the fluid-fluid surface tension, and cos θ is the cosine of
Young’s contact angle θ that is related to the surface tensions in the
system by Young’s law,

cos θ = γ1 − γ2

γ
, (12)

where γ1 is the surface tension of the NC’s surface with the fluid
above the fluid-fluid interface (air) and γ2 is the surface tension of
the NC’s surface with the fluid below the fluid-fluid interface (the
solvent where the NC was initially dispersed). In this work, we con-
sider several values of θ, but always in the regime γ1 − γ2 ≥ 0,
which is the expected experimental condition since the NCs’ surface,
covered (partly or fully) by ligand molecules, has a stronger chem-
ical affinity with the solvent than with air. Note that E = 0 when
the NC is desorbed from the solvent-air interface and immersed
in the solvent bulk, so E [Eq. (11)] is the energy bond of the NC
to the interface. In the expression of the total free energy F of N
NCs at an interface [Eq. (4)], E corresponds to Uz + Uφ + Uψ . That
is, the external potentials Uz , Uφ, and Uψ applied to the NCs in
our coarse-grained molecular dynamics model (exploited for the
results presented in Sec. II) are imposed to represent E [Eq. (11)].
In Sec. III B, we predict E for a single-adsorbed NC with respect
to the NC’s surface chemistry, using the model described here in
Sec. III A.

Computing E [Eq. (11)] is, basically, a geometrical problem.
While A is just a constant defined by the problem, the surface areas S
and W are variables that depend on the fluid-fluid interface equilib-
rium shape and on the NC’s position and orientation at the interface.
Considering a flat fluid-fluid interface, the position and orientation
of a NC can be univocally defined by three parameters. We use
(see Fig. 2) the polar angle φ of the NC’s vertical axis, the inter-
nal Euler angle ψ around the NC’s vertical axis, and the z coordi-
nate of the NC center of mass, zc, where z = 0 corresponds to the
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fluid-fluid interface plane. The so-called Pieranski approximation45

consists in assuming that the fluid-fluid interface shape remains flat
when the NC adsorbs. In this approximation, the energy E(zc, φ, ψ)
of the NC at the interface can be computed by calculating the inter-
section area A − S(zc, φ, ψ) between the NC’s shape and the interface
plane and the surface area W(zc, φ, ψ) of the NC cut above the
fluid-fluid interface plane. Carrying out this calculation analytically
is typically quite cumbersome, except for the most simple particle
shapes, e.g., a sphere. Therefore, numerical techniques are usually
used, e.g., a triangular tessellation technique21,22,46–50 or a hit-and-
miss Monte Carlo method.51,52 However, when a micro- or nanopar-
ticle is adsorbed at a fluid-fluid interface, capillary deformations can
be induced in the equilibrium shape of the interface, affecting both
S(zc, φ, ψ) and W(zc, φ, ψ). Although, at first glance, this might
seem a negligible effect; it has been proven53 that neglecting capillary
deformations can affect not just quantitatively but even qualitatively
the energy E(zc, φ, ψ) of a single-adsorbed particle, leading to false
equilibrium orientations. In our numerical calculations to compute
E(zc, φ, ψ), we include also the effects of the capillary deformations
induced by the NC on the fluid-fluid interface equilibrium shape.
For each NC’s configuration (zc, φ, ψ) considered, we first use a
simulated-annealing simulation (i.e., Monte Carlo) to equilibrate the
fluid-fluid interface shape, i.e., to compute the interface shape that
is the solution of the Young-Laplace equation with Young’s law as
a boundary condition on the three-phase contact line.54,55 During
the simulated annealing, we place a vertical wall with the contact
angle π/2 around the NC-fluid-fluid system, to induce a flat fluid-
fluid interface far away from the NC. Once the equilibrium shape
of the fluid-fluid interface is obtained from the simulated-annealing
simulation, we use a tessellation technique approach to compute
E(zc, φ, ψ).

The whole procedure to compute E(zc, φ, ψ) is sketched in
Fig. 6; first, we define the position and orientation (zc, φ,ψ) of the NC
at the interface, then we equilibrate the fluid-fluid interface shape,
and finally, we compute E. By repeating this procedure for various
(zc, φ, ψ), we obtain the energy landscape in (zc, φ, ψ). The sim-
ulated annealing to equilibrate the fluid-fluid interface shape can
be performed either constraining the fluid volumes to remain con-
stant or allowing the volume exchange between the fluids. In the
latter case, the level of the fluid-fluid interface evolves toward its
minimum-E value, so the energy E computed for the current NC
orientation (φ, ψ) is automatically minimized over the NC height
zc at the interface. More details about our simulated-annealing pro-
cedure are illustrated in Refs. 54 and 55. Various applications of
this numerical method for the equilibrium shape of fluid-fluid inter-
faces to micro- and nanoparticles at interfaces and to droplets in
contact with complex substrates can be found in Refs. 40, 41, 53,
and 56–61.

It is important to note that in our approach, we are neglect-
ing diffuse-interface effects. If the considered NC is too small in
size, the thickness of the fluid-fluid interface, which is zero in our
model, affects the energy E(zc, φ, ψ). Comparing the results of Gupta
et al.62 obtained by explicit-solvent molecular dynamics simulations
with the results of Soligno et al.53 obtained by the sharp-interface
model, we deduce that for the solvents of interest (e.g., toluene), the
minimum NC’s size to assume diffuse-interface effects negligible is
around 3 nm. Therefore, the results presented in Sec. III B are valid
for NCs with a diameter larger than ∼3 nm.

FIG. 6. Sketch illustrating our method to compute the energy landscape of a NC
adsorbed at a fluid-fluid interface. For a given input configuration (zc , φ, ψ) of the
NC at the interface (see Fig. 2), first we use a simulated-annealing approach to
compute the equilibrium shape of the fluid-fluid interface [see (b)], starting from
a flat interface [see (a)]. Then, the energy E [Eq. (11)] is computed by calcu-
lating, with a triangular tessellation approach, the surface area of the fluid-fluid
interface and the NC’s surface area in contact with the fluid above the interface
[see (c)]. By repeating this procedure for different NC’s input configurations, the
energy landscape E(zc , φ, ψ) is obtained.

Another approximation to keep in account while using our
model is that we assume the NC’s surface smooth, while in the exper-
iments, the NC’s surface is typically covered by ligand molecules
(e.g., oleic acid) chemisorbed to it. However, while the head of
the ligand molecules is attached to the NC’s surface, we expect
the tails of the ligand molecules to mix with the surrounding fluid
molecules.63–65 Hence, we can assume that the ligand molecules
chemisorbed on the NC’s surface do not affect the NC’s shape, but
induce an “effective” surface tension of the NC’s surface determined
by the interactions of ligand-fluid molecules.

B. Results
Here, we present our results for the energy landscape E(zc, φ,

ψ) [Eq. (11)] of an isolated NC at a flat fluid-fluid interface (say, the
NCs’ dispersion-air interface), where (see Fig. 2) φ is the polar angle
of the NC’s vertical axis, ψ ∈ [0, 2π) is the NC’s internal Euler angle
around its vertical axis, and zc is the z coordinate of the NC cen-
ter of mass, with z = 0 being the interface plane. We consider two
different NC shapes: a rhombicuboctahedron [which is, in fact, a
highly truncated cube; see Fig. 7(a)], typical for rocksalt PbSe NCs
of 5–6 nm size,32 and a cantellated rhombicuboctahedron [which
is a slightly truncated cube; see Fig. 7(b)], typical for larger rock-
salt PbSe NCs. The key parameter (apart from the NC’s shape) that
dictates the interface-adsorption properties of the NC at the solvent-
air interface is Young’s contact angle θ [Eq. (12)]. Since we expect a
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FIG. 7. Stable and metastable orientations predicted for an isolated NC, with (a)
rhombicuboctahedron and (b) cantellated rhombicuboctahedron shapes, at the
dispersion-air interface with respect to Young’s contact angle θ0 of the NC’s {100}
facets and Young’s contact angle θ1 of the NC’s {110} and {111} facets. The can-
tellation degree for the NC’s shape in (b) is defined setting the side of a NC’s {100}
facet to 0.75 times the distance between two opposite NC’s {100} facets. Where
two stable or metastable orientations are grouped together, it means that they are
found for the same combination of θ0 and θ1. The colored areas are a guide to
the eye arbitrarily drawn to highlight the different situations predicted for the NC
at the solvent-air interface: (green) only the {111}-up orientation is stable; (yellow-
green) the {111}-up orientation is stable, but the {100}-up orientation is metastable;
(yellow-red) the {111}-up orientation is metastable; (red) the {100}-up orientation is
stable; (violet) the NC has, essentially, orientation freedom at the interface. For the
current experimental conditions for the synthesis of silicene-honeycomb super-
structures,31,38 we estimate (see Ref. 40) that cos θ1 = 0.64 and cos θ0 ≃ 0.3. In
(c), we show the analytical shape of the solvent-air meniscus close to a vertical
wall, for various values of cos θ, to help in visualizing the relation between cos θ
and θ.

different density of ligand molecules covering the NC’s {100} facets
compared to the NC’s remaining facets, the effective surface tensions
γ1, γ2 of the NC’s {100} facets with air and solvent, respectively, can
be different from the effective surface tensions γ1, γ2 of the NC’s
remaining facets with air and solvent, respectively. That is, Young’s
contact angle θ [Eq. (12)] of the NC’s {100} facets, say θ0, can be dif-
ferent from Young’s contact angle θ of the NC’s remaining facets, say
θ1. This effect can be included in our numerical method by rewriting
Eq. (11) as

E = γ(S − A + W0 cos θ0 + W1 cos θ1), (13)

where W0 is the total surface area of the NC’s {100} facets in contact
with air and W1 is the total surface area of the NC’s {110} and {111}
facets in contact with air (so, W0 + W1 = W, with W the total sur-
face area of the NC in contact with air). In the experiments for the

synthesis of silicene-honeycomb superstructures, it is not clear
which are the values of Young’s contact angles θ0 and θ1, since these
have never been measured (theoretically or experimentally), to the
best of the authors’ knowledge. In Ref. 40, we calculate E(zc, φ, ψ)
for the PbSe NCs at the toluene-air interface setting cos θ0 = 0.30
and cos θ1 = 0.64. These values are an educated first guess obtained
by assuming that the NC’s facets covered by the oleic acid have the
same surface tension of hexane. Here, we want to investigate how
the energy landscape E(zc, φ, ψ) varies if we tune θ0 and θ1, to
find out the most favorable conditions for the formation of silicene-
honeycomb superstructures. Then, experimentally, it should be
possible to direct the system toward these conditions by system-
atically regulating the various surface tensions, as we discuss in
Sec. IV.

In Fig. 7(a), we report the rhombicuboctahedron NC’s stable
and metastable orientations at the solvent-air interface, obtained
from E(φ, ψ) minimized on zc, as computed with the method
described in Sec. III A, with respect to Young’s contact angle θ0
of the NC’s {100} facets and with respect to Young’s contact angle
θ1 of the NC’s {111} and {110} facets. As shown, the {111}-up ori-
entation is found stable (a necessary condition to form silicene-
honeycomb superstructures) for 0.1 ≤ cos θ0 ≤ 0.3 and cos θ1
≥ 0.64. A stable {111}-up orientation also arises for cos θ0 = 0 and
cos θ1 = 0.4. In practice [see also Eq. (12)], the {111}-up orienta-
tion is stable for the rhombicuboctahedron NC when all the NC’s
facets have a higher chemical affinity with the solvent than with
air, and in addition, the preference for the solvent is stronger on
the NC’s {111} and {110} facets, compared to the NC’s {100} facets.
This is, actually, the condition in which, we believe, the experiments
already are, since the ligand molecules chemisorbed on the NC’s
surface have a strong affinity with the solvent molecules, and lig-
and molecules are less dense on the NC’s {100} facets. Note that if
the contact angle is the same on all the NC’s facets, then the {111}-
up orientation is never stable. So, the different surface chemistry
of the NC’s {100} facets with respect to the NC’s {111} and {110}
facets is a necessary condition to stabilize the {111}-up orientation,
at least for this NC’s shape. These results are further discussed in
Sec. IV.

In Fig. 7(b), we report the cantellated rhombicuboctahedron
NC’s stable and metastable orientations at the solvent-air inter-
face, obtained from E(φ, ψ) minimized on zc, as computed with the
method described in Sec. III A, with respect to Young’s contact angle
θ0 of the NC’s {100} facets and with respect to Young’s contact angle
θ1 of the NC’s {111} and {110} facets. The results for this NC’s shape
show some important differences with respect to the NC’s rhom-
bicuboctahedron shape considered in Fig. 7(a). For 0 ≤ cos θ0 ≤ 1 and
cos θ1 = 0.1, the NC adsorbs at the interface stably in the {111}-up
orientation. These results are in line with the calculations presented
in Refs. 53 and 59 for a NC with a similar shape and cos θ0 = cos θ1
= 0. For cos θ1 = 0.4, the NC has a stable {111}-up orientation for
0 ≤ cos θ0 ≤ 0.2. For cos θ1 = 0.64, the NC has a stable {111}-up ori-
entation for cos θ0 = 0.1, but not for cos θ0 > 0.1. For cos θ1 = 0.7,
the NC has a stable {111}-up orientation for cos θ0 = 0.3, but not
for cos θ0 > 0.3. In practice [see also Eq. (12)], the {111}-up orien-
tation is stable for the cantellated rhombicuboctahedron NC when
the chemical affinity of all the NC’s facets with air is similar to the
chemical affinity of all the NC’s facets with the solvent. If the chem-
ical affinity of the NC’s {111} and {110} facets with the solvent is
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increased with respect to their chemical affinity with air, the NC is
also at equilibrium in the {111}-up orientation. However, if all the
NC’s facets have a stronger chemical affinity with the solvent than
with air, then the NC prefers the {100}-up orientation. These results
are further discussed in Sec. IV.

For the combinations of cos θ0 and cos θ1 that lead to a sta-
ble {111}-up interfacial orientation of the rhombicuboctahedron and
cantellated rhombicuboctahedron NC, we report in Tables I and II,
respectively, the values of uφ and uψ obtained by fitting E(φ, ψ), min-
imized on zc, with Uφ(φ) [Eq. (2)] and Uψ(ψ) [Eq. (3)], respectively,
in a neighborhood of the minimum. We also report the value of uz ,
obtained by fitting E(zc), computed for the NC in the {111}-up ori-
entation, with Uz(zc) [Eq. (1)], in a neighborhood of the minimum.
As shown in Tables I and II, uψ is always approximately equal to
uφ/2, which is the condition used in the simulations with our coarse-
grained molecular-dynamics model for the results shown in Fig. 4.
The values of uφ and uz , shown in Tables I and II (and obtained by
the sharp-interface model illustrated in Sec. III A), can be compared
with the assembled-phase diagrams in Fig. 4 (obtained by simulating
with our coarse-grained molecular dynamics model,40 illustrated in
Sec. I, the self-assembly of many NCs at the dispersion-air interface;
see Sec. II) to find out whether the stable NC’s {111}-up orientation,
induced by a given combination of cos θ0 and cos θ1, leads to NCs’
silicene-honeycomb or square self-assembly, or no self-assembly at
all. This is further discussed in Sec. IV.

The plots of E(φ, ψ), minimized on zc, and of E(zc), computed
for the NC in the {111}-up orientation, obtained with the method
described in Sec. III A are shown in the supplementary material (see
Figs. S1–S24) for the rhombicuboctahedron NC and for the cantel-
lated rhombicuboctahedron NC, for all values of θ0 and θ1 consid-
ered. In the cases where the NC’s {111}-up orientation is found out
to be stable (see Tables I and II), our fits of E with Uz(zc), Uφ(φ), and
Uψ(ψ) are also shown. In the supplementary material (see Figs. S25
and S26), we also show a 3D view of the NC and of the solvent-
air interface equilibrium shape close to the NC, as computed with
the method of Sec. III A, for all the NC’s stable and metastable
orientations reported in Figs. 7(a) and 7(b).

TABLE I. Summary of the stable {111}-up orientations of a rhombicuboctahedron NC
at the solvent-air interface that we found from our calculations; see Fig. 7. Young’s
contact angle is θ0 on the NC’s {100} facets and θ1 on the NC’s {110} and {111}
facets. For each stable {111}-up orientation, i.e., at equilibrium, we report the energy
E [Eq. (13)] and the values of the parameters uz , uφ, and uψ obtained by fitting the
landscape E(zc , φ, ψ) with Uz(zc) [Eq. (1)], Uφ(φ) [Eq. (2)], and Uψ(ψ) [Eq. (3)],
respectively, in a neighborhood of the minimum, where (zc , φ, ψ) is the NC’s configu-
ration at the interface (see Fig. 2), L is the NC’s size (precisely, the distance between
two opposite NC’s {100} facets), and γ is the solvent-air surface tension. For the typi-
cal experimental values γ = 0.028 N/m and L = 6 nm, it follows γ L2

≃ 10.0 × 10−19

J and γ nm2 = 0.28 × 10−19 J.

cos θ0 cos θ1 E/(γ L2) uφ/(γ L2) uψ/(γ L2) uz/(γ nm2)

0.30 0.70 −0.198 0.322 0.159 1.283
0.30 0.64 −0.232 0.293 0.195 1.408
0.10 0.64 −0.325 0.380 0.231 1.796
0.20 0.40 −0.420 0.184 0.098 1.650
0 0.40 −0.522 0.227 0.176 1.850

TABLE II. Summary of the stable {111}-up orientations of a cantellated rhombicuboc-
tahedron NC at the solvent-air interface that we found from our calculations; see
Fig. 7. Young’s contact angle is θ0 on the NC’s {100} facets and θ1 on the NC’s {110}
and {111} facets. For each stable {111}-up orientation, i.e., at equilibrium, we report
the energy E [Eq. (13)] and the values of the parameters uz , uφ, and uψ obtained by
fitting the landscape E(zc , φ, ψ) with Uz(zc) [Eq. (1)], Uφ(φ) [Eq. (2)], and Uψ(ψ)
[Eq. (3)], respectively, in a neighborhood of the minimum, where (zc , φ, ψ) is the NC’s
configuration at the interface (see Fig. 2), L is the NC’s size (precisely, the distance
between two opposite NC’s {100} facets), and γ is the solvent-air surface tension. For
the typical experimental values γ = 0.028 N/m and L = 6 nm, it follows γ L2

≃ 10.0
× 10−19 J and γ nm2 = 0.28 × 10−19 J.

cos θ0 cos θ1 E/(γ L2) uφ/(γ L2) uψ/(γ L2) uz/(γ nm2)

0.30 0.70 −0.407 0.298 0.226 1.445
0.30 0.64 −0.432 0.346 0.171 1.458
0.10 0.64 −0.738 0.539 0.323 1.957
0.20 0.40 −0.695 0.337 0.196 1.662
0.00 0.40 −1.02 0.604 0.291 1.947
0.10 0.10 −1.031 0.376 0.169 1.623
0.00 0.10 −1.201 0.384 0.197 1.759

IV. DISCUSSION
First, we discuss the conditions predicted in Sec. III B from the

sharp-interface numerical model for the stability of the NC’s {111}-
up orientation at the NCs’ dispersion-air interface (see Fig. 7) that is
necessary for forming NCs’ silicene-honeycomb superstructures at
this interface.

● For the NC with a rhombicuboctahedron shape [i.e., a highly
truncated cube, typically of rocksalt PbSe with the size
5–6 nm; see Fig. 7(a)], the surface chemistry of the NC’s
{111} and {110} facets needs to be different from the surface
chemistry of the NC’s {100} facets. In addition,
● The NC’s {111} and {110} facets strongly prefer the sol-

vent to air (the contact angle θ1 for these facets is such
that cos θ1 ≥ 0.64), and the NC’s {100} facets also prefer
the solvent to air, but less strongly (the contact angle θ0
for these facets is such that 0 ≤ cos θ0 ≤ 0.3).

● Alternatively, the NC’s {111} and {110} facets prefer the
solvent to air, but less strongly (cos θ1 = 0.4), and the
NC’s {100} facets have equal affinity with solvent and
air (cos θ0 = 0).

The current experiments for synthesizing silicene-honeycomb
superstructures are expected to fall within this range
of conditions. In Ref. 40, we estimated cos θ1 = 0.64
and cos θ0 = 0.3, assuming that the NC’s facets fully cov-
ered by the oleic acid have the same surface tension of
hexane. In Fig. 7(a), these values of cos θ0 and cos θ1 fall
within the area where the {111}-up orientation is stable,
and such an area is very narrowly extended around these
values. This means that, for such a NC’s shape, the exper-
iments already are very close to the conditions that allow
silicene-honeycomb superstructures. As a matter of fact,
silicene-honeycomb superstructures are observed, as a con-
firmation that our predictions are realistic; the only small
region in the (θ0, θ1) plane where we predict the {111}-up
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orientation stable is where the experiments are expected to
fall. Therefore, to improve the current synthesis of silicene-
honeycomb superstructures using such a NC’s shape, it is
unwise to drastically change the experimental conditions.
Instead, one should focus, we believe, on a systematic and
mild tuning of the various surface tensions in the system
to slightly move around the current experimental condi-
tions, probing where silicene-honeycomb formation is most
favored.

● For the NC with a cantellated rhombicuboctahedron shape
[i.e., a slightly truncated cube, typically of rocksalt PbSe
with a size larger than 6 nm; see Fig. 7(b)], the conditions
to induce a stable {111}-up orientation are different. For
the current experimental conditions, expected to be around
the values cos θ1 = 0.64 and cos θ0 = 0.3, a NC with such
a shape adsorbs at the interface with a {100} facet point-
ing upward [see Fig. 7(b)]; hence, it forms square super-
structures. Therefore, when larger and more cubic-like PbSe
NCs are used, for the current experimental conditions, we
expect square superstructures to become more dominant.
To induce a stable {111}-up orientation with such a NC’s
shape, the following conditions are necessary:

● The NC’s {111} and {110} facets have any contact angle
θ1 among those considered (0 ≤ cos θ1 ≤ 0.7). That is,
these facets can have a much stronger chemical affin-
ity with the solvent than with air, or they can also
have the same chemical affinity with solvent and with
air.

● The NC’s {100} facets have any contact angle θ0 such
that 0 ≤ cos θ0 ≤ 0.2 (if cos θ1 = 0.7, then the condition
for θ0 is more relaxed, i.e., 0 ≤ cos θ0 ≤ 0.3), that is, the
NC’s {100} facets have a similar chemical affinity with
air and with the solvent, rather than a strong preference
for the solvent.

In summary, we predict that more cubic-like NCs (i.e.,
with the cantellated rhombicuboctahedron shape) offer a
much wider range of surface chemistry conditions (com-
pared to the rhombicuboctahedron NCs) to induce a stable
{111}-up orientation. Therefore, using more cubic-like NCs
seems a viable strategy to improve the synthesis of silicene-
honeycomb superstructures. However, the current experi-
mental conditions are expected to fall outside the regime
where the more cubic-like NCs have a stable {111}-up ori-
entation. So, some changes in the current experimental pro-
cedures are required. A viable strategy to tune the current
experimental conditions toward the regime where the more
cubic-like NCs are, at the dispersion-air interface, stable in
the {111}-up orientation (see Fig. 7) consists, in our opinion,
in lowering as much as possible |cos θ1| and |cos θ0|, which
can be achieved simply by using a (much) higher solvent-air
surface tension; see Eq. (12). In addition, |cos θ1| and |cos θ0|
can also be lowered by regulating the interactions of the NC’s
surface with air and solvent such that the NC’s surface has
an as-much-similar-as-possible chemical affinity with the
solvent and with air (this can be achieved, e.g., by using dif-
ferent ligand molecules chemisorbed on the NC’s surface or

by changing the molecular composition of either the solvent
or air).

Second, we discuss, on the basis of the results predicted
in Sec. II, when a stable {111}-up orientation of the NC at
the dispersion-air interface leads to the formation of silicene-
honeycomb superstructures. As shown in Fig. 7 (see Sec. III), only
certain combinations of the NC’s shape and surface chemistry allow
the stability of the NC’s {111}-up orientation at the interface. As
illustrated in Secs. I and II, the stability of the NC’s {111}-up ori-
entation at the interface is a necessary condition for the formation
of silicene-honeycomb superstructures, but it does not guarantee it.
For a given NC–NC attachment energy E, only certain ranges of
uz and uφ allow the formation of silicene-honeycomb superstruc-
tures (see Fig. 4). We remind (see Sec. I) that uz is the parameter
regulating the forces keeping the NCs in-plane at the interface [see
Eq. (1)] and uφ is the parameter regulating the forces orienting the
NCs with a {111} facet upward at the interface [see Eq. (2)]. If uz
is too high, the NCs are forced to stay in-plane at the interface,
so they cannot form silicene-honeycomb superstructures [NC–NC
attachment by opposite {100} facets cannot occur; see Fig. 3(a)]. If
uφ is too low, the NCs lose their {111}-up orientation at the inter-
face while remaining in-plane [to attach by opposite {100} facets
by forming linear and square superstructures; see Fig. 3(a)], so in
this case, the NCs do not form silicene-honeycomb superstructures.
Note that the predictions for the stability of the NC’s {111}-up ori-
entation at the interface (see Sec. III) are NC-size independent and
surface-tension independent, since the predicted shape of the energy
landscape E(zc, φ, ψ) [Eqs. (11) and (13)], with (zc, φ, ψ) the NC’s
configuration at the interface (see Fig. 2), depends on the NC’s shape
and Young’s contact angle, but not on L (NC’s size) and γ (solvent-
air surface tension), which are only scaling factors for E(zc, φ, ψ).
Indeed, in Tables I and II, we report the values of uφ, fitted from
E(φ, ψ), in units of γ L2, with γ the solvent-air surface tension and
L the NC’s size (precisely, L is the distance between two opposite
{100} facets of the NC), and the values of uz , fitted from E(zc), in
units of γ nm2. Setting γ = 0.028 N/m, that is, the toluene-air sur-
face tension, and L = 6 nm, that is, the typical experimental NC’s
size (and the NC’s size used in the self-assembly simulations of
Sec. II), it follows γ L2 ≃ 10.0 × 10−19 J and γ nm2 = 0.28 × 10−19 J.
Using these values for γ and L, consequently, uφ ranges from
1.8 × 10−19 J (cos θ0 = 0.2, cos θ1 = 0.4, rhombicuboctahedron NC)
until 6.0 × 10−19 J (cos θ0 = 0, cos θ1 = 0.4, cantellated rhombicuboc-
tahedron NC) and uz ranges from 0.36 × 10−19 J (cos θ0 = 0.3,
cos θ1 = 0.7, rhombicuboctahedron NC) until 0.55 × 10−19 J (cos θ0
= 0.1, cos θ1 = 0.64, cantellated rhombicuboctahedron NC). Inspect-
ing the assembled-phase diagrams in Fig. 4, we see that, within these
ranges of uφ and uz , we are mostly in the coexistence region (i.e.,
mixed ∼green, ∼red, and ∼blue boxes), corresponding to the for-
mation of silicene-honeycomb superstructures in coexistence with
square superstructures and with nonbond NCs. For the lowest value
of E considered (i.e., 0.7 × 10−19 J), more ∼blue boxes occur within
these ranges of uφ and uz , i.e., the non-bonded-NC phase is dom-
inant. For the highest value of E considered (i.e., 1.3 × 10−19 J),
more ∼red boxes occur within these ranges of uφ and uz , i.e., the
square superstructure phase is dominant. For the mid value of E con-
sidered (i.e., 1.0 × 10−19 J), we are, within these ranges of uφ and
uz , closer to the area where ∼green boxes are, i.e., where formation
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of silicene-honeycomb superstructures dominates. For example, to
induce a self-assembly of rhombicuboctahedron NCs in silicene-
honeycomb superstructures, for γ = 0.028 N/m and L = 6 nm, we
see that cos θ0 = 0.30 and cos θ1 = 0.70 is a good combination.
Indeed, for these values of θ0 and θ1, we have uφ = 3.2 × 10−19 J
and uz = 0.36 × 10−19 J, leading to the coexistence region, i.e., where
also silicene-honeycomb superstructures form, in the assembled-
phase diagrams of Fig. 4, for most of the values of E considered.
Using, instead of cos θ0 = 0.20, cos θ1 = 0.40 does not promote the
self-assembly of rhombicuboctahedron NCs in silicene-honeycomb
superstructures although the values of θ0 and θ1 induce a stable
{111}-up orientation for an isolated rhombicuboctahedron NC at
the dispersion-air interface. Indeed, for cos θ0 = 0.20 and cos θ1
= 0.40, we have uφ = 1.8 × 10−19 J and uz = 0.46 × 10−19 J, lead-
ing to the region where only square superstructures form, i.e., where
only ∼red boxes are, in the assembled-phase diagrams of Fig. 4,
for most of the values of E considered. So, since the combination
cos θ0 = 0.20, cos θ1 = 0.40 leads to only a square superlattice for-
mation while the combination cos θ0 = 0.30, cos θ1 = 0.70 also
leads to a silicene-honeycomb superstructure formation, we deduce
that, to promote the self-assembly of rhombicuboctahedron NCs
in silicene-honeycomb superstructures, the higher cos θ1 is with
respect to cos θ0, the better. We remark that if the fluid-fluid sur-
face tension γ is changed from the value 0.028 N/m considered here
(for example, in the first part of the discussion, we suggest that using
a higher fluid-fluid surface tension can help induce a stable {111}-
up interfacial orientation for the cantellated rhombicuboctahedron
NC), then the predicted values of uφ and uz , in Tables I and II, are
rescaled according to the new γ, and from these values, the accessible
regions in the assembled-phase diagrams of Fig. 4 are determined.
Finally, we point out that, using γ = 0.028 N/m, the bond energy
E [Eqs. (11) and (13)] of the NC at the interface at equilibrium (E
= 0 means the NC is desorbed in the solvent) ranges (see Tables I
and II) from −2.0 × 10−19 J ≃ 49 kB Tr until −5.2 × 10−19 J ≃ 127
kB Tr for the rhombicuboctahedron NC and from −4.1 × 10−19 J
≃ 100 kB Tr until −12.0 × 10−19 J ≃ 292 kB Tr for the cantel-
lated rhombicuboctahedron NC. We remark that these values cor-
respond to the energy cost for completely desorbing the NC from
the dispersion-air interface such that the NC is fully immersed in
the solvent. However, the partial desorption of a NC from the inter-
face, occurring when NCs form silicene-honeycomb superstruc-
tures, requires a much lower energy cost (∼5 to 10 kB Tr ; see Fig. 1)
and is compensated by the energy gain of NCs attaching by opposite
{100} facets.

A complementary strategy to favor NCs’ self-assembly in
silicene-honeycomb superstructures could rely on using NCs with a
magnetic moment (with the same direction in each NC and with an
intensity small enough to not affect NC–NC interactions at the inter-
face). By applying an opportune magnetic field to the system, the
NCs’ orientation at the interface could be regulated to stabilize the
{111}-up orientation. In addition, the parameter uφ could be directly
tuned without affecting the parameter uz . By disentangling uφ from
uz , the system could be driven into regions of the phase diagram of
Fig. 4 not allowed by solely the NCs’ chemistry at the interface (i.e.,
by solely the NC’s Young’s contact angle, which leads to the pre-
dictions for uz , uφ, and uψ presented in Sec. III). In this way, the
regimes where NCs only form silicene-honeycomb superstructures
could more easily be reached.

V. CONCLUSIONS AND OUTLOOK
In conclusion, in this work, we theoretically investigate the

conditions that induce an interfacial self-assembly of PbSe NCs in
silicene-honeycomb or square superstructures. In Sec. II, we use
a coarse-grained molecular dynamics model to simulate the self-
assembly of 6-nm-sized NCs at the solvent-air interface with respect
to the input parameters regulating the various forces involved in
the self-assembly. As a result, we draw extensive diagrams of the
NCs’ assembled phase with respect to these parameters (see Fig. 4),
showing which are the regimes that induce the formation of silicene-
honeycomb superstructures and which are the regimes that induce
the formation of square superstructures. Then, in Sec. III, we use a
sharp-interface numerical model to predict the stability of the NC’s
{111}-up orientation (necessary condition for the interfacial self-
assembly in silicene-honeycomb superstructures) for PbSe NCs at
various fluid-fluid interfaces, showing that only certain combina-
tions of the NC’s surface chemistry and shape allow a stable {111}-up
orientation (see Fig. 7). Finally, in Sec. IV, we combine the results
of Secs. II and III to speculate some experimental guidelines to
attempt a better control over the PbSe silicene-honeycomb superlat-
tice formation. In future interdisciplinary theory-experiment works,
we plan to test these guidelines.

In addition, there are still many aspects in the experimental
synthesis of PbSe silicene-honeycomb superlattices that need to be
clarified. We plan to investigate them in the future, both theoretically
and experimentally, with the final goal of reaching a better control
over NCs’ interfacial self-assembly. Some of the aspects that we plan
to investigate are the following:

● How and when, during the experiments, the ligand
molecules chemisorbed on the NCs’ {100} facets start des-
orbing from these facets.

● A more precise estimation, for the experiments, of key
parameters such as E (NC–NC attachment energy) and
Young’s contact angle of interface-adsorbed NCs.

● The interface-adsorption energy E [Eq. (11)] for aggregates
of two or more NCs, after they performed the oriented
attachment. (In Sec. III, we predicted the energy landscape
E for a single NC. When two NCs merge together becoming
a single block, the two-NC block energy landscape E is not
necessarily the sum of the two single-NC energy landscapes,
although in some cases this might be a good approximation.
Understanding how the energy landscape E evolves for NC
aggregates might reveal useful insights into how to favor the
formation of silicene-honeycomb superstructures.)

● Other NC shapes, compounds, or ligand molecules that
might also lead to honeycomb or silicene-honeycomb inter-
facial self-assembly.

SUPPLEMENTARY MATERIAL

See the supplementary material for an extended version of the
assembled-phase diagrams of Fig. 4 (reporting the numerical values
of the order parameters for all the 6272 simulations performed in
Sec. II), for a snapshot of the final NCs’ configuration for some illus-
trative simulations among the 6272 simulations performed in Sec. II,
for the plots of the energy landscape E(zc, φ, ψ) for all θ0 and θ1 com-
binations considered for the rhombicuboctahedron and cantellated
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rhombicuboctahedron NCs in Sec. III B, and for a 3D view of the
NC and of the solvent-air interface equilibrium shape close to the
NC for the various stable and metastable NC’s orientations found in
Sec. III B and reported in Fig. 7.
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57I. Dević, G. Soligno, M. Dijkstra, R. van Roij, X. Zhang, and D. Lohse, “Ses-
sile nanodroplets on elliptical patches of enhanced lyophilicity,” Langmuir 33(11),
2744–2749 (2017).
58M. Kamp, G. Soligno, F. Hagemans, B. Peng, A. Imhof, R. van Roij, and
A. van Blaaderen, “Regiospecific nucleation and growth of silane coupling
agent droplets onto colloidal particles,” J. Phys. Chem. C 121(36), 19989–19998
(2017).
59G. Soligno, M. Dijkstra, and R. van Roij, “Self-assembly of cubic colloidal par-
ticles at fluid-fluid interfaces by hexapolar capillary interactions,” Soft Matter 14,
42–60 (2018).
60C. Anzivino, F. Chang, G. Soligno, R. van Roij, W. K. Kegel, and M. Dijk-
stra, “Equilibrium configurations and capillary interactions of Janus dumb-
bells and spherocylinders at fluid-fluid interfaces,” Soft Matter 15, 2638–2647
(2019).
61M. Zanini, A. Cingolani, C.-P. Hsu, M. A. Fernandez Rodriguez, G. Soligno,
A. Beltzung, S. Caimi, D. M. Mitrano, G. Storti, and L. Isa, “Mechanical phase
inversion of pickering emulsions via metastable wetting of rough colloids,” Soft
Matter 15, 7888 (2019).
62U. Gupta, T. Hanrath, and F. A. Escobedo, “Modeling the orientational and
positional behavior of polyhedral nanoparticles at fluid-fluid interfaces,” Phys.
Rev. Mater. 1, 055602 (2017).
63R. J. K. Udayana Ranatunga, R. J. B. Kalescky, C.-c. Chiu, and S. O. Nielsen,
“Molecular dynamics simulations of surfactant functionalized nanoparticles in
the vicinity of an oil/water interface,” J. Phys. Chem. C 114(28), 12151–12157
(2010).
64K. Schwenke, L. Isa, D. L. Cheung, and E. Del Gado, “Conformations and effec-
tive interactions of polymer-coated nanoparticles at liquid interfaces,” Langmuir
30(42), 12578–12586 (2014).
65A. P. Kaushik and P. Clancy, “Explicit all-atom modeling of realistically sized
ligand-capped nanocrystals,” J. Chem. Phys. 136(11), 114702 (2012).

J. Chem. Phys. 151, 234702 (2019); doi: 10.1063/1.5128122 151, 234702-14

Published under license by AIP Publishing

https://scitation.org/journal/jcp
https://doi.org/10.1126/science.aaa6760
https://doi.org/10.1103/physrevx.4.011010
https://doi.org/10.1088/2053-1583/2/3/034008
https://doi.org/10.1038/ncomms7316
https://doi.org/10.1021/acs.chemmater.8b02178
https://doi.org/10.1021/acs.chemmater.7b04223
https://doi.org/10.1021/acs.chemmater.7b04223
https://doi.org/10.1103/physrevx.9.021015
https://doi.org/10.1039/c5sm02570b
https://doi.org/10.1021/jacs.8b10752
https://doi.org/10.1021/jz301161j
https://doi.org/10.1103/physrevlett.45.569
https://doi.org/10.1103/physreve.80.051405
https://doi.org/10.1063/1.3389481
https://doi.org/10.1039/c2sm26556g
https://doi.org/10.1039/c4sm01989j
https://doi.org/10.1016/j.jcis.2015.02.069
https://doi.org/10.1039/c2sm25775k
https://doi.org/10.1021/nn204261w
https://doi.org/10.1103/physrevlett.116.258001
https://doi.org/10.1063/1.4904391
https://doi.org/10.1021/acsmacrolett.5b00480
https://doi.org/10.1021/acs.langmuir.7b00002
https://doi.org/10.1021/acs.jpcc.7b04188
https://doi.org/10.1039/c7sm01946g
https://doi.org/10.1039/c8sm02361a
https://doi.org/10.1039/c9sm01352k
https://doi.org/10.1039/c9sm01352k
https://doi.org/10.1103/physrevmaterials.1.055602
https://doi.org/10.1103/physrevmaterials.1.055602
https://doi.org/10.1021/jp105355y
https://doi.org/10.1021/la503379z
https://doi.org/10.1063/1.3689973

