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We study the effects of disorder and Coulomb interactions on the physics of three-dimensional type-I Weyl
fermions with tilted and anisotropic dispersions in a renormalization-group approach. To lowest nontrivial loop
order, we show that the tendency of the Coulomb interactions to restore the symmetry of the dispersion in the
semimetallic region of the phase diagram dominates the stabilization of the tilt and anisotropy favored by weak
disorder. We argue that the topology of the renormalization flow of the disorder and Coulomb couplings is
essentially determined by gauge invariance so that these findings continue to hold qualitatively at any order in
perturbation theory.
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I. INTRODUCTION

In electronic systems with band touching points the effec-
tive low-energy theory can often be expressed in terms of
linearly dispersing Dirac fermions. Of these Dirac systems,
the two-dimensional (2D) material graphene, isolated only
in 2004 [1], is the most prominent representative. In the
three-dimensional Weyl subclass, the massless Dirac fermions
dissociate into pairs of Weyl fermions that can separate in mo-
mentum space [2]. Band-structure calculations predict such
excitations in several material families [3,4], and they have
been shown to exist in materials, such as TaAs, NbAs, TaP,
and NbP [5–11] in experiment.

Weyl fermions exhibit interesting physical properties, such
as the chiral anomaly and surface Fermi arcs that have put
them into the focus of intense research interest [11–17]. In the
absence of perturbations, Weyl systems are semimetals with
a density of states (DoS) that vanishes at the Weyl point. The
corresponding nodes in the spectrum are sources and sinks
of Berry curvature, and their resultant opposite topological
charges imply that no gap can be opened in the spectrum with-
out merging chiral partner modes. This makes the semimetal-
lic (SM) phase remarkably robust to weak perturbations.

Disorder constitutes an irrelevant perturbation to the three-
dimensional Weyl semimetal in the renormalization-group
(RG) sense. Consequently, the system was subjected to
perturbation-theory-based methods that showed that the SM
phase prevails up to a critical disorder strength [18–20].
Beyond this critical strength, it enters a diffusive metallic
(DM) phase characterized by a finite density of states at the
Weyl point. This view is challenged by numerical results
that call into question the existence of the SM phase on
the basis of rare regions leading to an exponentially small
but finite DoS at Fermi level [21]. More recent analytical
works, however, insist on the stability of the SM phase and
absence of these rare regions [22]. Irrespective of the final
resolution of this matter for intermediate energy scales the
critical point between SM and DM phases should still control

the physics, validating perturbative approaches. Even at high
degrees of disorder, Anderson localization cannot occur in a
model of a single Weyl cone due to the absence of available
backscattering states. In realistic models comprising multiple
pairs of chiral Weyl pairs, backscattering processes connect-
ing different cones are allowed, but they are suppressed by the
intercone distance in reciprocal space [19].

Furthermore, Coulomb interactions are a marginal pertur-
bation in any number of dimensions. Due to the vanishing
free density of states at the Fermi level in Weyl semimetals,
they are left unscreened [23]. These long-ranged interactions
decay quadratically in momentum space so that processes
connecting well-separated Weyl nodes are suppressed. It is
worth emphasizing that such interactions constitute but a
particular version of quantum electrodynamics, whose central
tenet is the preservation of the invariance under the U (1) local
gauge transformation. The coupling of the Weyl fermions with
the photon mediating the Coulomb interactions should then be
subject to Ward identities [24,25].

In Weyl semimetal materials, the Fermi velocity of the
cone is much lower than the speed of light c. Consequently,
Coulomb interactions are instantaneous on the time scale
of the fermions and retardation effects are negligible [26].
Furthermore, unlike in particle physics, the effective Weyl
fermions need not be Lorentz invariant. This allows for var-
ious distortions in the conical dispersion of condensed-matter
Weyl semimetals. Anisotropies are a common occurrence in
the Weyl spectrum and have several observable effects [27].
Tilts also appear frequently and have been predicted [27–29]
and experimentally found [30] to produce clear signatures in
various properties. In type-II Weyl cones, the dispersion is
tilted over so that hole and particle pockets emerge in the
Fermi surface besides the Weyl nodes by which the DoS
develops a finite value [31]. We here restrict to the subcritical
tilts in type-I Weyl cones, which preserve the pointlike nature
of the Fermi surface. Within this model, the effects of the
tilt derive from increasing the number of states available at
a given finite energy.
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In this paper, we present a renormalization-group analysis
of the interplay of disorder and interactions at Fermi level in
three-dimensional Weyl fermions with a tilted and anisotropic
dispersion, including both disorder and electromagnetic per-
turbations that stabilize the SM phase in untilted isotropic
cones [32]. Whereas, the degree of tilting is increased by
disorder [33], Coulomb interaction tends to decrease it [34].
Coulomb interactions cause flow towards restoration of the
isotropy of the Weyl dispersion, whereas disorder effects mag-
nify the anisotropy between different momentum directions.
The goal of this paper is then to investigate the combined ef-
fect of these competing tendencies and the possible existence
of new fixed points.

The two main results of this paper are as follows: (I)
despite competing tendencies to lowest loop order, there is
no new fixed point, and like in the untilted case, the SM
phase is stabilized by the interplay of disorder and Coulomb
interaction. (II) Using a field transformation to capture all
RG-generated terms, we find a Ward identity by which this
result holds to all orders in perturbation theory.

The main body of the paper is organized as follows.
Section II introduces the model and especially discusses the
need for a field transformation to capture all terms generated
under RG transformation. Section III presents the flow equa-
tions resulting from a lowest loop order expansion. Section IV
follows with a discussion of the flow equations. We first treat
various limiting cases analytically in Secs. IV A–IV E before
numerically considering the full RG flow of the general theory
in Ssec. IV F. In Sec. V, we establish a Ward identity of
the model and discuss its implications for calculations at any
order in perturbation theory. We finish with a conclusion in
Sec. VI.

II. MODEL SETTING

In this section, we present our model and set it up for RG
treatment. Although we have relegated the technical details of
the diagrammatic calculations to Appendix A, they eventually
result in the set flow equations presented in Sec. III.

As argued in the Introduction, the separation of Weyl cones
in momentum space both represses processes that merge
nodes of opposite topological charge without which a gap
cannot open in the dispersion and subdues intercone disorder
scattering and Coulomb interactions. We, thus, reasonably
start from the generalized Bloch Hamiltonian of a single
isolated Weyl fermion in d + 1 dimensions,

H(q) = v[tq‖σ0 + χ (q‖d + ηq⊥) · σσσ ], (1)

where the dot product implies summation over d spatial di-
mensions. The Weyl matrices σμ are 2m−1 dimensional, where
m = floor[(d + 1)/2], and satisfy the anticommuting Clifford
algebra {σμ, σν} = δμν for μ, ν = 0, 1, . . . , d . Here, σ0 may
be interpreted as the 2m−1-dimensional identity matrix. Note
that, in the case where d = 3, the Weyl matrices reduce to
the commonly known Pauli matrices. We have, furthermore,
introduced a momentum parametrization where component
q‖ = d · q is oriented along the unit vector d whereas q⊥ =
q − q‖d is a radial projection onto the (d − 1)-dimensional
perpendicular plane. The chirality of the Weyl node is deter-
mined by χ = ±1. The Hamiltonian of Eq. (1) results in a

dispersion given by

Es(q) = v(tq‖ + s
√

q2
‖ + η2q2

⊥), (2)

where s = ±1 distinguishes the conduction and valence
bands. The Fermi velocity is given by v, whereas η controls
the possible development of anisotropy between the parallel
and perpendicular momentum directions. The parameter t
tilts the Weyl cone in the direction of d. Increasing t causes
the band structure to tilt over until the fermion becomes
dispersionless as t → 1. This breakdown of the SM phase is
also apparent in the divergence at overtilting of the DoS,

ρ0(ω) = − 1

π

∫
q

Im Tr G0(ω + i0+, q)

∼ Nω2

v3η2(1 − t2)2
, (3)

where we have used the propagator corresponding to the Weyl
Hamiltonian of Eq. (1),

G−1
0 = iωσ0 − H

= (iω − vtq‖)σ0 − vχ (q‖d + ηq⊥) · σσσ . (4)

In the remainder of this paper, we concentrate on type-I Weyl
cones with subcritical tilts 0 � t < 1.

We are interested in the behavior of Weyl fermions in a dis-
ordered background that is described by a quenched potential
landscape V (x) obeying a Gaussian white-noise distribution
with

〈V (x)〉 = 0, 〈V (x)V (x′)〉 ∼ δ(|x − x′|). (5)

We average over the random potential using the replica trick,
so preserving generic disorder properties [35,36]. This entails
taking many copies of the theory, promoting the various
disorder distributions to a collective field V that is integrated
over in the partition function with Gaussian weight,

SV = 1

2

∫
q

VqV−q, (6)

and finally taking the number of replicas to zero in the limit.
Suppressing the summed over replica indices, this results in a
free fermion action,

Sψ =
∫

q,ω

ψ†
q,ωG′−1

0 ψq,ω. (7)

We couple the external disorder field to the density of the Weyl
fermions according to

Sdis = �

∫
q,q′,ω

Vq−q′ (ψ†
q,ωσ0ψq′,ω ). (8)

Note that this approach is equivalent but technically differs
from the more standard way of treating the disorder in which
the field V is integrated out explicitly, resulting in a four-
fermion interaction term.

The Weyl fermions are, furthermore, coupled among each
other by means of long-range Coulomb interactions. This is
represented as

SCou = ig
∫

q,q′,ω,ω′
ϕq−q′,ω−ω′ (ψ†

q,ωσ0ψq′,ω′ ), (9)
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where the fermions are interacting by means of a scalar gauge
photon, whose free propagation is given by

Sϕ = 1

2

∫
q,ω

ϕq,ωD−1
0 ϕ−q,−ω. (10)

In Weyl semimetals, the Fermi velocity is typically much
smaller than the speed of light, v′ 	 c so that retardation
effects in the Coulomb interaction can be safely neglected
[26]. As a consequence, the bare photon propagator is taken
to be

D−1
0 = qd−1−ε̄ = (q2

‖ + q2
⊥)(d−1−ε̄)/2, (11)

where ε̄ → 0 is a dimensional regulator that is introduced for
technical reasons.

In real materials, the dispersion can feature many different
pairs of Weyl cones at comparable energies [3,9]. In the
above, we have implicitly neglected the disorder scattering
between different cones as it is suppressed by their momentum
space distance [19,37]. The intercone Coulomb interaction
in three dimensions decaying as ∼1/q2 is similarly subdued
by the cone separation and is, thus, also omitted [34]. As
a consequence, the model is composed of N-independent
sectors evenly describing individual left- and right-handed
Weyl fermions.

As was noted previously, perturbing the bare system Sψ

by disorder action Sdis generates a new term ∼t iω d · σσσ in
the self-energy contribution once a finite tilt t>0 is included
[33]. This was also observed recently in the context of two-
dimensional Dirac fermions perturbed by various types of
disorder [38,39]. In those works, this issue was resolved by
adding the term to the bare Green’s function by hand and
treating it as a bona fide stand-alone parameter of the theory.
We here propose a different scheme to manage such terms in
which we absorb the anomalous contributions in a redefinition
of the fermion field. This will have ramifications for both the
bare parameters and the couplings of the theory we consider.

We transform the fermion field according to

ψq,ω = λ̂1/2ψ ′
q,ω, λ̂ = σ0 − λ χ d · σσσ . (12)

This transformation matrix equals the identity at the beginning
of our RG procedure and only perturbatively obtains a non-
trivial structure. Under influence of this shift the free fermion
action of Eq. (7) becomes

S′
ψ =

∫
q,ω

ψ ′†
q,ωG′−1

0 ψ ′
q,ω (13)

with a modified (inverse) Green’s function,

G′−1
0 = λ̂1/2G−1

0 λ̂1/2

= (iωλ̂ − v′t ′q‖)σ0 − v′χ (q‖d + η′q⊥) · σσσ . (14)

This propagator has the same flavor as the original with
parameters that are related as

v′ = v(1 − tλ), η′ = η

√
1 − λ2

1 − tλ
, t ′ = t − λ

1 − tλ
, (15)

or alternatively,

v = v′ 1 + t ′λ
1 − λ2

, η = η′
√

1 − λ2

1 + t ′λ
, t = t ′ + λ

1 + t ′λ
. (16)

Unlike in Eq. (4), however, in the transformed propagator
Eq. (14), the frequency iω is supplemented with the matrix
structure of the transformation that can absorb the contribu-
tions deriving from the disorder-induced self-energy. Since
det G′

0 = det G0/ det λ̂, the poles of the Green’s function
remain unchanged under transformation Eq. (12), and the
energy spectrum remains given by Eq. (2). Rather, the newly
generated parameter λ acts on the level of the quasiparticle
weight attributed to the excitations of the system.

The field transformation also impacts the coupling terms of
the action, Eqs. (8) and (9). They become

S′
dis =

∫
q,q′,ω

Vq−q′ψ ′†
q,ω(�λ̂)ψ ′

q′,ω, (17)

S′
Cou =

∫
q,q′,ω,ω′

ϕq−q′,ω−ω′ψ ′†
q,ω(igλ̂)ψ ′

q′,ω′ . (18)

As the above equations show, one of the merits of the transfor-
mation procedure Eq. (12) is that minimal coupling between
frequency iω on one hand and gauge field ϕ and external field
V on the other hand is respected by construction. The same
parameter λ is now present not only in the Green’s function
Eq. (14), but also in both interacting parts of the action. We
will find that it will obtain identical renormalizations in each
of these sections.

III. RG EQUATIONS

We study the action,

S′
0 = S′

ψ + SV + Sϕ, S′
int = S′

dis + S′
Cou, (19)

in the framework of RG based on renormalized perturbation
theory. Counterterms are introduced as yi,0 = Zyi yi(μ), where
Zyi = 1 + δyi . Under anisotropic space-time rescaling,

ω → μ+zω, q → μ+1q, (20)

the parameters and fields change as yi(μ) → μ+[yi]yi(μ),
where [yi] denotes dimensionality. We determine the scaling
dimensions of the fields from S′

0 to be [ψq,ω] = −(d + 2z)/2
for the fermion field, [Vq] = −d/2 for the disorder field,
[ϕq,ω] = −(2d + z − 1 − ε̄)/2 for the photon field, and [v] =
z − 1 for the Fermi velocity. The other parameters are scale
invariant, i.e., [t] = [λ] = [η] = 0.

The disorder coupling has dimension [�] = z − d/2 mean-
ing for a free Weyl theory (z = 1) it is marginal in d = 2
and irrelevant in d = 3. The Coulomb interaction mediated
by the photons has scaling dimension [g] = (z − 1 − ε̄)/2,
where ε̄ → 0 in the end. In that case, Coulomb interactions
are marginal irrespective of the number of spatial dimensions.
In the following, we perform a double-ε expansion around
the marginal dimensions d = 2 and ε̄ = 0 by working in d =
2 + ε. We keep ε and ε̄ finite throughout the calculation and
take ε → 1, corresponding to three dimensions, and ε̄ → 0 in
the end. Such dimensional regularization is known to respect
gauge invariance [25].

We perform a one loop expansion in � and Coulomb inter-
action strength g. Within our scheme, the tilt t , anisotropy η,
and the generated parameter λ are treated nonperturbatively.
This results in the set of diagrams presented in Appendix A.
The required counterterms and derived flow equations are set
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out in Appendix B. In Appendix C, they are translated back to
β functions of the original model parameters appearing in the
dispersion by using Eq. (15).

We express the flow in terms of dimensionless couplings,

α = �dμ
ε̄

4(2π )dv
g2, γ 2 = �dμ

ε

(2π )dv2
�2, (21)

with �d as the d-dimensional solid angle. The primary set of
four coupled ultraviolet flow equations is then given by

βt = t

{
1

η
√

1 − t2
γ 2 − αF η

‖

}
, (22)

βη = −η

{
t2

η(1 − t2)3/2
γ 2 + α(F η

‖ − F η

⊥ )

}
, (23)

βα = α

{
−ε̄ + 1

η
√

1 − t2
γ 2 − αF η

‖

}
, (24)

βγ = γ

{
−ε

2
+ 1

η
√

1 − t2
γ 2 − αF η

‖

}
, (25)

where βyi = −dyi/d ln μ for parameters yi. We stress that the
limits ε̄ → 0, ε → 1 should be taken in the end. We have,
furthermore, defined two functions that depend solely on the
anisotropy η,

F η

‖ = 4η[Elliptic E (1 − η−2) − Elliptic K (1 − η−2)]

π (1 − η2)
, (26)

F η

⊥ = −4[Elliptic E (1 − η2) − Elliptic K (1 − η2)]

π (1 − η2)
. (27)

When isotropy is restored η = 1, these functions return
F η=1

‖ = F η=1
⊥ = 1.

Apart from the coupled set Eqs. (22)–(25), the behavior of
the remaining parameters obeys

βv = v

{
z − 1 − 1

η
√

1 − t2
γ 2 + αF η

‖

}
, (28)

βλ = t
1 − λ2

η(1 − t2)3/2
γ 2. (29)

Note from the last equation that the spontaneous generation of
a finite value transformation parameter λ is conditional on the
simultaneous presence of nonzero tilt and disorder.

IV. DISCUSSION OF THE RG EQUATIONS

The β functions in Eqs. (22)–(25) form a closed set that
describes the scale dependence of the general theory of a tilted
and anisotropic Weyl semimetal under the influence of disor-
der and interactions. In the following, we indicate the initial
parameters by a subscript zero in keeping with previously
used terminology [33]. We stress that the field transformation
Eq. (12) is necessary only to account for perturbatively gener-
ated terms so that we strictly have λ0 = 0 initially.

There are multiple parameter combinations for which the
primary β functions vanish simultaneously. These fixed points
are indicated by a subscript asterisk. The corresponding values
for the secondary parameters v and λ can then be obtained
from their flow equations by substitution. The fixed points
are characterized by a set of exponents that control the
critical physics in their vicinity. The correlation length ξ

scales as ξ ∼ δ−ν , where δ corresponds to a linearization of

the most relevant operator around the fixed point and ν is
the correlation length exponent (CLE). For finite ν > 0, the
correlation length diverges when δ → 0 on approach to the
fixed point, a critical indication the system is undergoing a
phase transition. Technically, ν is the inverse of the most
repulsive eigenvalue of the linearized RG transformation ma-
trix Mi j = ∂βyi/∂y j |∗ at the fixed point. Since the parameter
transformations Eq. (16) can become singular, the CLE is best
derived from the flow equations of the parameters presented
in Appendix B. Another exponent is straightforwardly found
from Eq. (28). At a fixed point, v is scale invariant, requiring
a dynamical scaling exponent (DSE),

z = 1 +
[

1

η
√

1 − t2
γ 2 − αF η

‖

]
∗
. (30)

This is highly significant as the DoS of the three-dimensional
Weyl cone model scales with the energy away form the band
touching point as

ρ(ω) ∼ |ω|(3−z)/z, (31)

in the SM phase, including close to the phase transition into
the DM [40]. Both disorder and Coulomb interactions modify
the DSE away from unity and could then lead to perturbative
corrections to the square scaling of the free DoS in Eq. (3).

In order to interpret the flow produced by the RG equations,
it is instructive to first consider some of the limiting cases.

A. Untilted disordered case

First, we investigate the untilted noninteracting model as
in Refs. [19,41], corresponding to initial values of λ0 = t0 =
α0 = 0. All the primary flow equations reduce to zero except
for the disorder β function,

βγ = γ

{
−ε

2
+ 1

η0
γ 2

}
. (32)

Note that the presence of fermion anisotropy η is trivial only
affecting the flow as a numerical factor and, therefore, omitted
in our discussion. The disorder flow is typified by two distinct
fixed points. First of all, there is the trivial attractive fixed
point at γ∗ = 0. Here, we find that ν = 0 and z = 1, reflecting
the irrelevance of the disorder perturbation. This fixed point is
associated with the clean SM phase asymptotically described
by the bare action Eq. (7) in which the DoS scales quadrat-
ically with the energy. Second, there is a nontrivial fixed
point at intermediate disorder γ∗ = √

η0ε/2. It is repulsive,
separating the weakly disordered SM phase from the strongly
disordered DM phase at the critical value of γ0,c = γ∗. This
SM-DM phase transition is characterized by a correlation
length diverging with exponent ν. For the dynamical critical
exponent, we find from Eq. (30) that z = 3/2. Close to the
critical point, the density of states is enhanced by strong
disorder effects, scaling linearly away from the nodal point
before becoming finite in the DM phase.

B. Untilted interacting case

Alternatively, we reflect on the basic model of an untitled
Weyl cone with Coulomb interactions. Its purely isotropic
limit was first studied in Ref. [42], and we here include the
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FIG. 1. Stream plot of the flow deriving from Eq. (33) of the
untilted but anisotropic and interacting model. Trivial fixed point in
blue.

possibility of anisotropy in the Weyl fermion dispersion. We
set out from the clean untilted limit t0 = γ0 = 0. The primary
β functions (22)–(25) reduce to

βη = −ηα(F η

‖ − F η

⊥ ), βα = −α{ε̄ + αF η

‖ }, (33)

and the others vanishing. The two-dimensional flow described
by these equations is presented in stream plot Fig. 1. It is
invariably directed towards the trivial noninteracting fixed
point α∗ = 0 where also the isotropy is restored η∗ = 1. The
corresponding critical exponents are ν = 0 and z = 1, reflect-
ing the irrelevance of Coulomb interaction. The DoS receives
logarithmic corrections that decrease it with compared to its
free quadratic scaling behavior.

C. Untilted disordered interacting case

Perturbing the free Weyl fermion model with both disorder
and Coulomb interactions, the setup studied in Refs. [32,43]
without anisotropy means interplay effects might appear. The
primary β functions are

βη = −ηα(F η

‖ − F η

⊥ ), (34)

βα = α

{
−ε̄ + 1

η
γ 2 − αF η

‖

}
, (35)

βγ = γ

{
−ε

2
+ 1

η
γ 2 − αF η

‖

}
, (36)

which produce the two-dimensional flow depicted in Fig. 2
in the isotropic case η0 = 1. Due to the different scaling
dimensions of the perturbations, these equations cannot simul-
taneously vanish at finite disorder and Coulomb interaction,
and there are no new fixed points. The anisotropy of the
model influences the flow quantitatively but does not funda-
mentally change its topology as there is no competition in its
β function. Within the SM region, all flow is directed towards
the previously encountered trivial points α∗ = 0, γ∗ = 0, and
η∗ = 1 with exponents ν = 0 and z = 1 at which the model is
asymptotically free, clean, and isotropic. In the disorder-only

0.0 0.5 1.0 1.5 2.0 2.5

0.0

0.5

1.0

1.5

FIG. 2. Stream plot of the flow corresponding to the isotropic
limit η0 = 1 of Eq. (36) for the untilted model perturbed by disorder
and interactions. Trivial fixed point in blue, and the numerical
approximation of the phase boundary γ0,c between SM and DM in
red.

limit, there is also the nontrivial fixed point for α∗ = α0 =
0 and γ∗ = √

η∗ε/2 with η∗ = η0 that governs the phase
transition into the DM state. It is perturbatively destabilized by
the Coulomb interaction, extending into a phase boundary that
expands the SM region towards higher disorder along which
CLE is unchanged at ν = 1 [32].

D. Tilted disordered case

We next introduce a tilt into the model of a Weyl fermion
perturbed by disorder as studied before in Ref. [33]. The β

functions of interest reduce to

βt = t
1

η
√

1 − t2
γ 2, (37)

βη = −η
t2

η′(1 − t2)3/2
γ 2, (38)

βγ = γ

{
−ε

2
+ 1

η
√

1 − t2
γ 2

}
. (39)

By virtue of the identity βη/η = −tβt/(1 − t2), the ratio
η2/(1 − t2) = η2

0/(1 − t2
0 ) is constant under renormalization-

group flow. Consequently, the flow corresponding to this set
of three differential equations can be summarized in the two-
dimensional stream plot Fig. 3. The tilt shifts the bound-
ary between semimetallic and diffusive metallic phases to
lower critical disorder, see Fig. 4. Within the SM region, the
flow is directed towards a line of clean fixed points at zero
disorder γ∗ = 0 and finite tilts t0 < t∗ < 1 and anisotropies
0 < η∗ < η0. Note that this corresponds to values 0 < λ∗ < 1
for which the transformation Eq. (12) remains well behaved.
This fixed line inherits its exponents ν = 0 and z = 1 from the
trivial untilted and clean fixed point. The renormalized cone
progressively tips over as the initial disorder approaches the
critical value, see Fig. 5(a). Similarly, the final anisotropy at
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FIG. 3. Stream plot of the flow deriving from Eq. (39) of the
tilted disordered model. Line of trivial fixed points at 0 � t∗ < 1 in
blue, and the numerical approximation of the phase boundary γ0,c

between SM and DM in red.

the disorder-free line of fixed points decreases after flowing
from more disordered points, going to zero towards the phase
boundary, see Fig. 5(b). The untilted nontrivial fixed point at
γ∗ = √

η0ε/2 with exponents z = 3/2 and ν = 1 is destabi-
lized by the inclusion of a tilt term in favor of a new fixed
point along the phase boundary at γ∗ = (1 − t2

∗ )1/4√η∗ε/2
with η∗ → 0 and t∗ → 1. This new fixed point is, however,
again characterized by critical exponents z = 3/2 and ν = 1.

E. Tilted interacting case

Alternatively, there is the case of the tilted Weyl fermion
perturbed by Coulomb interactions, whose isotropic case was
studied in Ref. [34]. The set of β functions becomes

βt = −tαF η

‖ , (40)

βη = −ηα(F η

‖ − F η

⊥ ), (41)

βα = −α{ε̄ + αF η

‖ }. (42)

0.2 0.4 0.6 0.8 1.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

FIG. 4. The critical initial disorder strength γ0,c of the SM-DM
phase transition for α0 = 0 diminishes as initial tilt t0 increases.

The flow of the anisotropy and Coulomb interaction strength
is independent of the tilt and was previously depicted in the
stream plot Fig. 1. The interactions will inevitably renormal-
ize the tilt downwards, asymptotically restoring the isotropy
of the Weyl cone. All flow is towards the untilted, isotropic,
and noninteracting fixed point at t∗ = 0, η∗ = 1, and α∗ = 0
with exponents ν = 0 and z = 1.

F. Full treatment: tilted, disordered, and interacting case

We finally consider the full set of flow equations for
the tilted anisotropic Weyl fermion under perturbation from
disorder and Coulomb interactions, Eqs. (22)–(25). These
perturbations have competing effects, which play out in both
the bare parameters and the couplings themselves. Since the
Coulomb interaction is marginal on tree level, it holds that
βt/t = βα/α, meaning the ratio α/t = α0/t0 remains invariant
under the RG transformation. A three-dimensional set of
equations is then sufficient to capture the flow,

βt = t

{
1

η
√

1 − t2
γ 2 − t

α0

t0
F η

‖

}
, (43)

βη = −η

{
t2

η′(1 − t2)3/2
γ 2 + t

α0

t0
(F η

‖ − F η

⊥ )

}
, (44)

βγ = γ

{
−ε

2
+ 1

η
√

1 − t2
γ 2 − t

α0

t0
F η

‖

}
. (45)

We numerically integrate these equations to study the SM-
DM phase transition. Usefully, we can use the spectator β

FIG. 5. Change in final tilt and anisotropy at the fixed line γ∗ = 0 as a function of the initial parameters of the tilted disordered model.
(a) t∗ as function of a parameter combination proportional to γ0 for arbitrary η0. (b) η∗ as function of a parameter combination proportional to
γ0 for t0 = 1/2.
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FIG. 6. The critical initial disorder strength γ0,c of the SM-DM phase transition as a function of initial tilt t0 and anisotropy η0 for fixed
ratio α/t = α0/t0 = 1. (a) Front view. (b) Side view.

function for λ, Eq. (29), to determine the value of the phase
transition line as it only vanishes at λ∗ = 1 for finite tilt
and disorder. This procedure yields a two-dimensional phase
boundary, depicted in Fig. 6 of the critical initial disorder
γ0,c versus initial tilt t ′

0 and anisotropy η0. In its vicinity, the
physics of the model is controlled by the isotropic untilted
disordered but noninteracting fixed point with exponents ν =
1 and z ≈ 3/2. In the DM phase, for larger initial disorder
content γ0 > γ0,c, the flow is directed towards strong disorder
and ever larger Coulomb interactions. Within SM region γ0 <

γ0,c, all flow is towards the trivial fixed point with ν = 0
and z = 1, corresponding to the clean free model. Due to
the mismatch of the zeroth-order scaling dimensions of the
perturbations ε̄ < ε, the Coulomb interactions scale out much
more slowly at small couplings. As such, in the SM phase, the
Weyl cone is asymptotically upright and isotropic. The fixed
line at γ∗ = 0 with finite t∗ > 0 and η∗ = 1 encountered in
the noninteracting case α0 = 0 is destabilized when Coulomb
interactions are included.

V. WARD IDENTITIES AND CHARGE
NONRENORMALIZATION

From Eqs. (24) and (25), it is clear that the disorder and
Coulomb interaction cannot have a fixed point at which these
couplings are both finite. Although their first-order corrections
are identical as the zeroth-order scaling dimensions ε̄ →
0, ε → 1 differ simultaneous satisfaction of these equations
is impossible.

We have found that this statement can be generalized and
that it so continues to hold to any order in perturbation theory.
It is also independent of the presence of tilts and anisotropies
in the dispersion. Disorder and Coulomb interaction couple
in a very similar manner and have analogous perturbative
expansions with diagrams of the same form. The polar-
ization bubble, Fig. 7(c), is regular using our (d = 2 + ε)-
dimensional regularization scheme. Therefore, all diagrams
that include it are subleading and can be neglected. In other
words, neither the photon nor the disorder propagator obtains
any renormalization at any order in perturbation theory. At
a given order p, corrections come from all (one-particle
irreducible) permutations of 2p vertices inserted on a single
continuous fermion line. As such, all diagrams responsible
for vertex renormalization can be exhaustively generated from
self-energy diagrams renormalizing the fermion propagator
by introducing the suitable external vertex at all possible

internal positions on the fermion line [24]. Using the identity,

∂iω′G0(iω − iω′, q − k)

= −G0(iω − iω′, q − k)λ̂G0(iω − iω′, q − k), (46)

this might diagrammatically be depicted as

(47)

where the shaded areas represent the sum of all (one-particle
irreducible) subdiagrams that can be used to connect the
external legs and the derivative is understood to be taken with
respect to the external frequency and applying the product
rule. Note that the equality is only strictly valid for vanishing
external frequency and momentum on the nonfermion third
leg in the vertex diagram. However, contributions for finite
inputs are irrelevant and may, thus, be disregarded for RG
purposes. Due to the relations Eq. (47), vertex corrections will
be exactly canceled by the counterterms δψ ′ for the fermion
field and δλ for the field transformation parameter by the
counterterms ∼iω from the self-energy corrections. We then
have identically vanishing counterterms δ� = δg = 0. Such
charge nonrenormalization has been observed before in the
2D context of graphene by Ref. [44]. A consequence δγ =
δα = −δv at all orders in perturbation. The β functions of the
dimensionless couplings can, thus, only differ in the tree-level
scaling dimensions ε̄ → 0, ε → 1, and an intermediate fixed
point at finite disorder and Coulomb interaction cannot exist
up to any order in perturbation theory.

FIG. 7. (a,b) Self-energy corrections �′
dis(iω, k) and �′

Cou(iω, k)
to the fermion Green function G′

0. (c) Polarization correction
�(iω, k) to the photon propagator D0.
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In more general terms, the nonrenormalization of � and
g can be identified as the Ward identity deriving from the
gauge invariance of the model. At its core, it is but a par-
ticular manifestation of quantum electrodynamics of which
such symmetries are a defining characteristic. The Lagrangian
contains a term of the form

ψ ′†
q,ω[iωδ(q − q′)δ(ω − ω′) + igϕq−q′,ω−ω′

+�Vq−q′δ(ω − ω′)]λ̂ψ ′
q′,ω′ , (48)

which can be obtained from the free Green’s function in
Eq. (14) by a minimal coupling procedure. Here, the disorder
field V acts as an external field, which should ordinarily
couple to the fermion fields with equal charge g as the (scalar)
gauge field ϕ mediating the electromagnetic interactions. This
term would then be protected during renormalization flow
by Ward identities, i.e., gauge invariance to all orders in
perturbation theory, guaranteeing that δ� = δg = 0. However,
as the zeroth-order scaling of Vqδ(ω) does not match that of
counterpart ϕq,ω, relative compensation between the dimen-
sions of the couplings � and g is necessary. It is, thus, that the
β functions of γ and α can only ever differ by the tree-level
scaling dimensions up to all orders in perturbation theory.
Note, furthermore, that this argument applies to all type-I
Weyl fermions including the untilted case [32], irrespective of
possible tilts or anisotropies in their dispersion as the λ̂ field
transformation preserves minimal coupling by construction.

VI. CONCLUSION

Within this paper, we studied type-I Weyl fermions includ-
ing anisotropies, tilt, and their physics if exposed to disorder
and Coulomb interactions from an RG perspective. On a
technical level, we find that a new term is generated under
renormalization-group flow, which we incorporate by means
of the field transformation λ̂ of Eq. (12). This transformation
respects the minimal coupling between frequency iω, on one
hand, and gauge field ϕ and external field V , on the other hand.
It also has ramifications on the other parameters of the model
as set out in Eq. (15).

Without tilts or anisotropies, disorder and Coulomb per-
turbations result in β functions that are the same except for
the tree-level scaling dimensions. Besides the attractive trivial
fixed point with exponents ν = 0 and z = 1, there is only the
repulsive noninteracting fixed point at finite disorder. It gov-
erns the SM-DM phase transition with critical exponents ν =
1 and z = 3/2. There cannot be an intermediate fixed point at
both finite disorder and finite Coulomb interaction [32].

Including a tilt and anisotropies does not lead to new terms
in the coupling β functions but only modifies them. It does
not change the qualitative behavior, and no new intermediate
fixed point develops. Numerical integration shows that there
is still a critical disorder value at which the system transitions
from a weakly interacting and weakly disordered phase into a
DM phase at strong interactions. It is a function of the initial
values of the parameters of the model, decreasing as a function
of the tilt and anisotropy but increasing with the Coulomb
interaction.

Within the SM phase, the flow is directed towards smaller
couplings. Since Coulomb interaction is marginal, it even-

tually dominates disorder perturbation which is irrelevant.
Therefore, in the SM region, the flow is directed towards the
attractive trivial fixed point at which the cone is upright and
isotropic [34]. The attractive line of fixed points at which
the tilt and anisotropy reach finite values to which the flow
is directed in the tilted disordered model is particular to
the complete absence of Coulomb interactions. When this is
included, it is immediately destabilized in favor of the trivial
fixed point.

Importantly, we have found that these findings hold to all
orders in perturbation theory as the relation among frequency
iω, gauge field φ, and external disorder field V corresponds
to a minimal coupling which is protected by a Ward identity.
Including a tilt does not change this as the field transformation
Eq. (12) uniformly affects the terms in Eq. (48). As a result,
there cannot be any renormalization of the coupling parame-
ters. The β functions of the disorder and Coulomb interactions
only differ because of their different scaling dimensions. This
implies that an intermediate fixed point at which both cou-
plings are finite cannot exist. There is only the disorder-driven
phase transition into the DM phase from the SM phase where
Coulomb effects will dominate due to the fact that they are
less irrelevant.
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APPENDIX A: PERTURBATIVE ANALYSIS

Under anisotropic space-time rescaling ω → μ+zω, q →
μ+1q, the parameters and fields change as yi(μ) → μ+[yi].
Going beyond tree level in perturbation theory in the inter-
actions of Eq. (19) will result in diagrammatic divergences
that are to be canceled by the inclusion of counterterms
as Zyi = 1 + δyi . The divergences arising from the disorder
perturbation are captured by regularization of the number
of spatial dimensions d = 2 + ε [41]. Because the Coulomb
interaction offers a marginal perturbation to the tree-level
Weyl fermion independent of d , an additional expansion in
ε̄ appearing the power of its propagator is required to absorb
the resulting divergences.

FIG. 8. Vertex corrections to disorder coupling �.

085121-8



INTERPLAY OF DISORDER AND INTERACTIONS IN A … PHYSICAL REVIEW B 100, 085121 (2019)

FIG. 9. Vertex corrections to the Coulomb coupling g.

Contributing diagrams are listed in Figs. 7–9. We have
adhered to the convention to represent the fermion propagator
G0 as an arrowed line, the photon propagator D0 as a wavy
line, and propagation of the disorder field by a dashed line.
Vertices indicated by �λ̂ derive from the disorder part Eq. (17)
of the interacting action. Vertices indicated by igλ̂ come from
the Coulomb part Eq. (18). Note here that all those graphs that
have some dependence on the number of field replicas will

vanish in the replica limit. Practically, this implies diagrams
with a fermion loop connected purely by disorder legs can be
safely neglected.

The derivation of these diagrammatic divergences is pre-
sented below. In calculating their divergences, we have often
employed the generalized Feynman trick,

A−nB−r = �[n + r]

�[n]�[r]

∫ ∞

0
du

un−1

(uA + B)n+r
(A1)

to handle the different powers of the denominators of the Weyl
fermion and Coulomb boson propagators. Notationally, it has
proved useful to define dimensionless couplings,

γ ′2 = �dμ
ε

(2π )dv′2 �2, α′ = �dμ
ε̄

4(2π )dv′ g
2 (A2)

to shorten commonly occurring expressions.
We first investigate the diagrams in Fig. 7, which will cause

the renormalization of the parameters of the bare actions. The
self-energy deriving from the disorder interaction yields

Fig. 7(a) = �′
dis(iω, k)

= �2
∫

q
λ̂ G′

0(iω, q)λ̂

= −1

2
�

[
1 − d

2

]
iωγ ′2 1 + t ′λ

η′(1 − t ′2)3/2
λ̂(σ0 − t ′χ d · σσσ )λ̂

=
(

1

ε

)
iωγ ′2 1 + t ′λ

η′(1 − t ′2)3/2
{[(1 + λ2) + 2t ′λ]σ0 − [t ′(1 + λ2) + 2λ]χ d · σσσ } + O(ε0). (A3)

On the other hand, the Coulomb self-energy reads

Fig. 7(b) = �′
Cou(iω, k)

= (ig)2
∫

ω′,q
λ̂G′

0(iω − iω′, k − q)λ̂D0(iω′, q)

= −2�

[
− ε̄

2

]
v′α′λ̂

[
−F η

‖
k‖

1 − λ2
(λσ0 + χ d · σσσ ) − η′

1 + t ′λ
F η

⊥χk⊥ · σσσ
]
λ̂

=
(

1

ε̄

)
v′α′

[
F η

‖ k‖(λσ0 − χ d · σσσ ) − η′ 1 − λ2

1 + t ′λ
F η

⊥χk⊥ · σσσ
]

+ O(ε̄0), (A4)

where F η

‖ and F η

⊥ are functions of the anisotropy parameter η,

F η

‖ = 2

π

∫ ∞

0
du u(ε̄−1)/2(1 + u)−3/2(1 + η′2u)(1−d )/2(k2

‖ + η2k2
⊥)−ε̄/2

(
k2
‖

1 + u
+ η2k2

⊥
1 + η2u

)ε̄/2

, (A5)

F η

⊥ = 2

π

∫ ∞

0
du u(ε̄−1)/2(1 + u)−1/2(1 + η′2u)−(1+d )/2(k2

‖ + η2k2
⊥)−ε̄/2

(
k2
‖

1 + u
+ η2k2

⊥
1 + η2u

)ε̄/2

. (A6)

Note that these functions are not divergent under ε̄ → 0. At zeroth order in ε̄, the integrals in Eqs. (A5) and (A6) can be
performed explicitly and functions reduce to the definitions given in Eqs. (26) and (27) of the main body. For the polarization,
we find the expression,

Fig. 7(c) = �(iω, k)

= −(ig)2
∫

ω′,q
Tr[λ̂G′

0(iω′, q)λ̂G′
0(iω′ + iω, q + k)]

= −2m−d Nα′
(

d − 1

d

)
�

[
d − 1

2

]
�

[
3 − d

2

]
1 − λ2

1 + t ′λ
(v′η′)1−dμd−3k′2 = O(ε0). (A7)
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Then, there are the diagrams in Fig. 8, which will renormalize the disorder interaction strength �. The disorder-only leading-
order correction yields

Fig. 8(a) = �3
∫

q
[λ̂G′

0(iω, q)]2λ̂

= �

[
1 − d

2

]
d − 1

2
�γ ′2 1 + t ′λ

η′(1 − t ′2)3/2
λ̂(σ0 − t ′χ d · σσσ )λ̂

= −
(

1

ε

)
�γ ′2 1 + t ′λ

η′(1 − t ′2)3/2
{[(1 + λ2) + 2t ′λ]σ0 − [t ′(1 + λ2) + 2λ]χ d · σσσ } + O(ε0), (A8)

whereas the mixed disorder-Coulomb diagram results in

Fig. 8(b) = �(ig)2
∫

ω′,q
D0(iω′, q)[λ̂G′

0(iω − iω′, k − q)]2λ̂ = 0. (A9)

Another perturbative contribution to the disorder vertex comes from the fermion loop diagram,

Fig. 8(c) = −(ig)2�λ̂

∫
ω′,q

D0(iω, k)Tr[λ̂G′
0(iω′, q)λ̂G′

0(iω′ + iω, q + k)]

= −2m−d Nα′
(

d − 1

d

)
�λ̂

[
d − 1

2

]
�

[
3 − d

2

]
1 − λ2

1 + t ′λ
(v′η′)1−dμd−3 = O(ε0). (A10)

Lastly there are the diagrams in Fig. 9, which source the
renormalization of the Coulomb interaction strength g. The
purely Coulombic diagram vanishes identically,

Fig. 9(a) = (ig)3
∫

ω′,q
D0(iω′, q)[λ̂G′

0(iω − iω′, k − q)]2λ̂

= 0, (A11)

in a restatement of gauge invariance. The mixed diagram,
however, results in a finite contribution of the form

Fig. 9(b) = (ig)�2
∫

ω′,q
δ(ω − ω′)[λ̂G′

0(iω′, q)]2λ̂

= �

[
1 − d

2

]
d − 1

2
(ig)γ ′2 1 + t ′λ

η′(1 − t ′2)3/2

× λ̂(σ0 − t ′χ d · σσσ )λ̂

= −
(

1

ε

)
(ig)γ ′2 1 + t ′λ

η′(1 − t ′2)3/2
{[(1 + λ2) + 2t ′λ]σ0

−[t ′(1 + λ2) + 2λ]χ d · σσσ } + O(ε0). (A12)

Note that we might, furthermore, consider a putative diagram
in which an internal disorder line interpolates between an
external Coulomb line and the vertex point by means of
an intermediate fermion loop. This, however, will have a
momentum-dependent result that is irrelevant in the RG sense
and is, therefore, neglected.

APPENDIX B: COUNTERTERMS AND β FUNCTIONS

We now include counterterms to cancel the divergences in
the diagrams of the perturbative expansion in the couplings.
The renormalized self-energy becomes

�′
R(iω, q) = �′

dis(iω, q) + �′
Cou(iω, q) − {[2δψ ′ iω − (2δψ ′ + δv′ + δt ′ )v′t ′q‖]σ0 − χ [(2δψ ′ + δv′ )v′q‖d

+ (2δψ ′ + δv′ + δη′ )v′η′q⊥ + (2δψ ′ + δλ)iωλd] · σσσ }

= iωσ0

{(
1

ε

)
γ ′2 (1 + t ′λ)[(1 + λ2) + 2t ′λ]

η′(1 − t ′2)3/2
− 2δψ ′

}
− v′t ′q‖σ0

{
−

(
1

ε̄

)
α′ λ

t ′ F
η

‖ − (2δψ ′ + δv′ + δt ′ )

}

− v′χq‖d · σσσ
{(

1

ε̄

)
α′F η

‖ − (2δψ ′ + δv′ )

}
− v′η′χq⊥ · σσσ

{(
1

ε̄

)
α′ 1 − λ2

1 + t ′λ
F η

⊥ − (2δψ ′ + δv′ + δη′ )

}

− iωλχ d · σσσ
{(

1

ε

)
γ ′2 (1 + t ′λ)[t ′(1 + λ2) + 2λ]

η′(1 − t ′2)3/2
− (2δψ ′ + δλ)

}
= 0. (B1)

Because the polarization diagram is regular under our renormalization scheme the photon field counterterm vanishes along the
lines of

�R(iω, q) = �(iω, q) − 2δϕq2 = 0. (B2)
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The renormalization deriving form the vertex correction diagrams can be counteracted as

= Fig. 8

+{(2δψ ′ + δ� )�σ0 − (2δψ ′ + δ� + δλ)�λχ d · σσσ }

= �σ0

{
−

(
1

ε

)
γ ′2 (1 + t ′λ)[(1 + λ2) + 2t ′λ)]

η′(1 − t ′2)3/2
+ (2δψ ′ + δ�])

}

−�λχ d · σσσ
{
−

(
1

ε

)
γ ′2 (1 + t ′λ)[t ′(1 + λ2) + 2λ]

η′(1 − t ′2)3/2
+ (2δψ ′ + δ� + δλ)

}
= 0. (B3)

and

= Fig. 9

+{(2δψ ′ + δϕ + δg)igσ0 − (2δψ ′ + δϕ + δg + δλ)igλχ d · σσσ }

= igσ0

{
−

(
1

ε

)
γ ′2 (1 + t ′λ)[(1 + λ2) + 2t ′λ]

η′(1 − t ′2)3/2
+ (2δψ ′ + δϕ + δg)

}

−igλχ d · σσσ
{
−

(
1

ε

)
γ ′2 (1 + t ′λ)[t ′(1 + λ2) + 2λ]

η′(1 − t ′2)3/2
+ (2δψ ′ + δϕ + δg + δλ)

}
= 0. (B4)

Consequently, for the fields of the theory, we find countert-
erms,

2δψ ′ =
(

1

ε

)
γ ′2 (1 + t ′λ)[(1 + λ2) + 2t ′λ)]

η′(1 − t ′2)3/2
, (B5)

δϕ = 0, (B6)

with which we also derive the terms needed to nullify the
diagrammatic contributions to the tree-level parameters,

δv′ =
(

1

ε̄

)
α′F η

‖ − 2δψ ′

=
(

1

ε̄

)
α′F η

‖ −
(

1

ε

)
γ ′2 1 + t ′λ

η′(1 − t ′2)3/2
[(1 + λ2) + 2t ′λ)],

(B7)

δt ′ = −
(

1

ε̄

)
α′ λ

t ′ F
η

‖ − 2δψ ′ − δv′ ,

= −
(

1

ε̄

)
α′

(
λ

t ′ + 1

)
F η

‖ , (B8)

δη′ =
(

1

ε̄

)
α′ 1 − λ2

1 + t ′λ
F η

⊥ − 2δψ ′ − δv′

= −
(

1

ε̄

)
α′

(
F η

‖ − 1 − λ2

1 + t ′λ
F η

⊥

)
. (B9)

Because of gauge invariance, the field counterterms will be
exactly sufficient to cancel the divergences coming from the
vertex diagrams so that the coupling strengths are not renor-
malized and their counterterms vanish

δg =
(

1

ε

)
γ ′2 (1 + t ′λ)[(1 + λ2) + 2t ′λ)]

η(1 − t ′2)3/2
− 2δψ ′ − δφ

= 0, (B10)

δ� =
(

1

ε

)
γ ′2 (1 + t ′λ)[(1 + λ2) + 2t ′λ)]

η′(1 − t ′2)3/2
− 2δψ ′

= 0. (B11)

Note that because δφ = δg = δ� = 0, we also find consistently
from the renormalization of the self-energy and both the
interaction vertices that

δλ =
(

1

ε

)
γ ′2 1 + t ′λ

η′(1 − t ′2)3/2
[t ′(1 + λ2) + 2λ)] − 2δψ ′

=
(

1

ε

)
γ ′2 1 + t ′λ

η′(1 − t ′2)3/2
(t ′ + λ)(1 − λ2). (B12)

These counterterms lead to the flow equations,

βv′ = v′
{

z − 1 + α′F η

‖ ,−γ ′2 (1 + t ′λ)[(1 + λ2) + 2t ′λ]

η′(1 − t ′2)3/2

}
,

(B13)

βt ′ = −α′(t ′ + λ)F η

‖ , (B14)

βλ = γ ′2 (1 + t ′λ)(t ′ + λ)

η′(1 − t ′2)3/2
(1 − λ2), (B15)

βη′ = −η′α′(F η

‖ − F η

⊥ ), (B16)

βα′ = α′
{
−ε̄ − α′F η

‖ + γ ′2 (1 + t ′λ)[(1 + λ2) + 2t ′λ]

η′(1 − t ′2)3/2

}
,

(B17)

βγ ′ = γ ′
{
−ε

2
− α′F η

‖ + γ ′2 (1 + t ′λ)[(1 + λ2) + 2t ′λ]

η′(1 − t ′2)3/2

}
.

(B18)
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APPENDIX C: REEXPRESSING THE FLOW EQUATIONS

We could proceed to analyze the set of equations presented
in the previous Appendix, finding the flow’s fixed points and
then examining afterwards what these look like in terms of the
original parameters of the theory by using Eq. (16),

v = v′ 1 + t ′λ
1 − λ2

, η = η′
√

1 − λ2

1 + t ′λ
, t = t ′ + λ

1 + t ′λ
.

We take an alternative strategy in which we use this equation
to directly translate back the β functions into the language
of the original model parameters as we have found this
to significantly simplify their structure. The flow equations
become

βv′ = v′
{

z − 1 − γ ′2 (1 + tλ)(1 − tλ)2

η(1 − t2)3/2
+ α′F η

‖

}
, (C1)

βt ′ = −t
1 − λ2

1 − tλ
α′F η

‖ , (C2)

βλ = t
(1 − λ2)(1 − tλ)2

η(1 − t2)3/2
γ ′2, (C3)

βη′ = −η′α′[F η

‖ − (1 − tλ)F η

⊥], (C4)

βα′ = α′
{
−ε̄ + γ ′2 (1 + tλ)(1 − tλ)2

η(1 − t2)3/2
− α′F η

‖

}
, (C5)

βγ ′ = γ ′
{
−ε

2
+ γ ′2 (1 + tλ)(1 − tλ)2

η(1 − t2)3/2
− α′F η

‖

}
. (C6)

The β functions for the original Fermi velocity v, fermion
anisotropy η, and tilt t are straightforward combinations of
the above through redefinitions Eq. (16). This yields

βv = v

{
βv′

v′ + λ

1 + t ′λ
βt ′ + t ′ + 2λ + t ′λ2

(1 + t ′λ)(1 − λ2)
βλ

}

= v

{
βv′

v′ + λ(1 − tλ)

1 − λ2
βt ′ + t + λ

1 − λ2
βλ

}

= v

{
z − 1 − (1 − tλ)2

η(1 − t2)1/2
γ ′2 + (1 − tλ)α′F η

‖

}
, (C7)

βt = t

{
1 − λ2

(t ′ + λ)(1 + t ′λ)
βt ′ + 1 − t ′2

(t ′ + λ)(1 + t ′λ)
βλ

}

= t

{
(1 − tλ)2

t (1 − λ2)
βt ′ + 1 − t2

t (1 − λ2)
βλ

}

= −t

{
(1 − tλ)α′F η

‖ − (1 − tλ)2

η(1 − t2)1/2
γ ′2

}
, (C8)

βη = η

{
βη′

η′ − λ

1 + t ′λ
βt ′ − t ′ + λ

(1 + t ′λ)(1 − λ2)
βλ

}

= η

{
βη′

η′ − λ(1 − tλ)

1 − λ2
βt ′ − t

1 − λ2
βλ

}

= −η

{
(1 − tλ)(F η

‖ − F η

⊥ )α′ + t
(1 − tλ)2

η(1 − t2)3/2
γ ′2

}
. (C9)

We can simplify further with by redefining the couplings
to those set out in Eq. (21) of the main body,

γ 2 = �dμ
ε

(2π )dv2
�2, α = �dμ

ε̄

4(2π )dv
g2.

In terms of these, we find

βv = v

{
z − 1 − 1

η
√

1 − t2
γ 2 + αF η

‖

}
, (C10)

βt = −t

{
αF η

‖ − 1

η
√

1 − t2
γ 2

}
, (C11)

βη = −η

{
α(F η

‖ − F η

⊥ ) + t2

η(1 − t2)3/2
γ 2

}
, (C12)

βλ = t
1 − λ2

η(1 − t2)3/2
γ 2. (C13)

The flow of the redefined couplings themselves is determined
by the equations,

βα = α

(
βα′

α′ + βv′

v′ − βv

v

)

= α

{
−ε̄ + 1

η
√

1 − t2
γ 2 − αF η

‖

}
, (C14)

βγ = γ

(
βγ ′

γ ′ + βv′

v′ − βv

v

)

= γ

{
−ε

2
+ 1

η
√

1 − t2
γ 2 − αF η

‖

}
. (C15)

Taken together these form the set of four coupled equations
Eqs. (22)–(25) and two further decoupled equations Eqs. (28)
and (29).
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