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1

Introduction

Soft Condensed Matter is a broad field of research that has recently grown and found application
in several areas. Among different topics within this field, we introduce here the basic concepts
that will help understanding the context and scientific background where this work took form
and substance. After providing some historical references about soft matter, we describe its mi-
croscopic constituents and, in particular, those kind of systems that will be the subject of our
investigation in the following chapters. We also describe the simulation techniques we employed
to predict the physical behaviour of the system, within the limits associated to model approxima-
tions or computational cost.
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1.1 Soft Matter

Soft Condensed Matter comprehends a variety of materials whose features and physical properties
distinguish them from simple liquids and solids. Above all, what discriminates soft from hard matter
is the ease by which its structure is deformed and manipulated. In fact, mechanical or thermal stress
of the order of thermal fluctuations are sufficiently strong to determine a deformation or a complete
alteration of the structure of the system1,2. We encounter an incredible variety of such materials in
everyday life without realizing it, for instance glues, paints, foams, gels and milk are only a few ex-
amples of it. A considerable amount of research has been performed in this field in the last century,
where soft matter constituents of diverse shape and complex interactions have been synthesized to
produce materials with desired mechanical or optical properties. Among all, we highlight drug deliv-
ery systems, electronic ink and liquid crystal displays. Such a progress enables the use of soft matter
in several fields, as in cosmetics, pharmaceutics, technology, chemical and food industries3–6.

In more precise terms, this thesis deals with colloidal suspensions, i.e. submicrometer particles
suspended in a fluid. In terms of length scales, this system is located between the microscopic scale
of atoms and molecules (∼ 0.1,1 nm) and the macroscopic scale of large human cells - an oocyte is
about 120 µm - or sand grains of a few hundreds of microns. In fact, in the mesoscopic world of soft
matter, a colloidal suspension has a typical size between a few tens of nanometres to a few microns2.

Due to their size, colloidal particles immersed in a fluid exhibit an erratic motion also known
as Brownian motion, named after the botanist Robert Brown who observed the chaotic agitation of
pollen grains in water with an optical microscope in 18277,8. Brownian motion is also called pedesis,
from Ancient Greek πήδησιζ which means “leaping”, as to indicate the seemingly random nature
of this motion2. This phenomenon is caused by the thermal agitation of solvent molecules that collide
isotropically on the surface of a colloid. The latter one, on the other hand, has the right dimensions to
be affected by these collisions, thereby displaying the characteristic erratic motion for which the par-
ticle’s mean squared displacement scales linearly with time, as independently published by William
Sutherland, Albert Einstein and Marian Smoluchowski in 1905 and 19069–11. A few years later, in
1908, the experimental measurements of rotational and translational particle diffusion by Jean Perrin
were the ultimate prove of the existence of atoms and molecules12,13, for which he was awarded the
Nobel Prize in Physics in 192614.

A fundamental consequence of colloidal diffusion is the ability of the system to explore the phase
space and eventually reach thermodynamic equilibrium. As a result of the competition between
energy and entropy, the system might form crystal structures, just alike to atomic crystals. In this
regard, soft matter has been the perfect playground to investigate the kinetic aspects of homoge-
neous15,16 and heterogeneous17 crystal nucleation or the glass transition18–20, due to the much larger
time and length scales associated to colloidal systems with respect to the atomic ones. The ability of
colloids to organise themselves together in complex ordered structures without outside assistance is
known as self-assembly. This remarkable feature has been exploited to self-assemble complex mate-
rials by designing sophisticated building blocks of anisotropic shape and interactions. Some examples
of different shapes are cubes, discs, ellipsoids, rods and cones, while directional interactions are re-
alized by synthesizing patchy particles, namely particles with local patches, i.e. local surface areas
with different physical or chemical properties as compared to the rest of the surface. These patches
are obtained in several ways, for instance by coating the colloidal surface with sticky DNA strands,
or by creating a rough or hydrophilic surface21–25. Due to the highly directional bonding of patchy
particles, the formation of crystals with low-coordination number becomes possible in colloidal sci-
ence26.

In the next section, we describe the systems of hard spheres and long-ranged repulsive spheres,
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which form, despite their simplicity, interesting structures or display intriguing phase transforma-
tions when combined in a binary mixture and/or subjected to external fields, as we will show in the
following chapters.

1.2 Model systems
We initiate this section by describing one of the simplest systems encountered in colloidal science,
that of hard spheres (HS). We describe how to obtain such a system in experiments and how to model
it in simulations, even when implementing a Molecular Dynamics simulation technique. Further
on, we describe the long-range repulsive system of hard-core Yukawa particles and show how the
interaction range can be finely tuned in experiments, passing with continuity from HS to long-ranged
repulsions by varying the concentration of salt dissolved in the solvent. Finally, we present another
kind of particle interaction that does not contribute to the energy of the system but, instead, affects
only the particle kinetics. We are referring to hydrodynamic interactions, which might have some
relevance in non-equilibrium processes.

1.2.1 From hard towards long-range interactions
The stability of a colloidal system against sedimentation, creaming and aggregation is a central issue
in colloidal science. Gravity may destabilize a colloidal dispersion causing creaming effects when
the density of dispersed particles is smaller than the density of the dispersing medium. An example
of this phenomenon is the untreated full-cream milk, where fat droplets tend to rise up to the surface.
On the contrary, droplets denser than the dispersing fluid tend to sediment to the bottom2. Although,
if particles are sufficiently small, thermal fluctuations may effectively reduce gravitational effects and
render the overall system more stable. Another source of destabilization is the van der Waals attrac-
tion between colloids, which causes them to stick together after colliding, thus forming larger and
larger assemblies of particles as time elapses. This phenomenon is known as aggregation and it is
usually overcome either by steric stabilization, i.e. by attaching polymer chains on the colloidal sur-
face, or by charge stabilization, which exploits electrostatic forces between charged colloids to induce
reciprocal repulsion2.

The first methodology was employed in 1986 by Peter Pusey and William van Megen, who studied
the phase behaviour of hard spheres (HS) composed of sterically stabilized poly(methyl methacrylate)
(PMMA) particles, suspended in a mixture of non-polar solvents27. This was among the first experi-
mental realizations of a hard-sphere system, where particles are impenetrable and do not interact with
each other, apart from colliding at a distance equal to the particle’s own diameter σ . This kind of
pair-interaction is expressed as

βUHS(r) =

{
∞ r ≤ σ

0 r > σ ,
(1.1)

where r is the centre-to-centre distance between two particles and β = 1/(kBT ) is the inverse tem-
perature, with kB the Boltzmann constant and T the temperature. The phase behaviour of this system
is entirely governed by entropy28, which favours an homogeneous fluid phase at a volume fraction
φ < φf with φf = 0.495 the freezing volume fraction, and the close-packed face-centred cubic (fcc)
crystal for φ > φm with φm = 0.545 the melting volume fraction. The coexistence between fluid
and fcc extends in a range of volume fraction of φf < φ < φm. Pusey and van Megen were able to
experimentally confirm the phase behaviour of HSs, which was previously reported in numerical stud-
ies29,30. While performing Monte Carlo simulations, the hard-sphere potential can be employed in the
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form of equation (1.1), because the algorithm checks for particle overlaps and rejects those configu-
rations which display overlapping particles. On the contrary, in Molecular Dynamics simulations the
equations of motion are integrated over time, and one has to compute the force acting on each particle
due to pair-interactions and/or external forces in order to correctly reproduce the particle dynamics
and properly resolve collisions among them. Since the calculation of the force needs a continuous
potential to be differentiated, the HS potential cannot be implemented in the form of equation (1.1).
John Weeks, David Chandler and Hans Andersen proposed a continuous version of the HS potential,
which is named after the authors’ initials as WCA potential31,32

βUWCA(r) =

{
4βε

[
(σ/r)12− (σ/r)6 +1/4

]
r ≤ 21/6σ

0 r > 21/6σ ,
(1.2)

where r is the centre-to-centre distance between two particles, β is the inverse temperature, σ is the
particle’s diameter and ε corresponds to the contact energy at distance r = σ . Larger values of ε lead
to stronger repulsions, which are a favourable choice in order to mimic hard potentials. Nevertheless,
larger repulsion energies require smaller integration time steps, thereby increasing the computational
time of the simulation. This is one of the cases where the choice of parameters is conditioned by the
accuracy of the model on the one side, and computational resources on the other side.

The employment of charges on colloidal suspensions not only stabilizes dispersed particles against
aggregation, but it is a means to generate a repulsive system whose range of interaction reaches sev-
eral times the particle’s own diameter. The repulsion strength and the interaction range are determined
by the charge Z on the colloidal surface and the amount of dissolved ions in the continuous medium
which, on the contrary, screen colloidal charges thereby reducing the interaction range. A pair po-
tential that describes quite well the interaction between charged colloids is the hard-core screened-
Coulomb potential, also known as the Yukawa potential33

βUY(r) =

{
∞ r ≤ σ

βε ′ exp [−κσ (r/σ −1)]/(r/σ) r > σ ,
(1.3)

where r is the centre-to-centre distance between two particles, σ is the hard-core distance, β is the
inverse temperature and ε ′ is the contact energy defined by

βε
′ =

Z2

(1+κσ/2)2
λB

σ
, (1.4)

with Z the particle’s charge and κ the inverse Debye screening length. This parameter is related to
the distance over which a charged particle influences other particles, which, in turn, depends on the
concentration of monovalent ions ρi as expressed by

κ =
√

4πλBρi (1.5)

λB = βe2/(4πε0εr) (1.6)

where λB is the Bjerrum length, e the electron charge, ε0 the permittivity of free space and εr the
relative dielectric constant of the solvent.

Experimental realizations of long-range repulsive systems were performed with polystyrene
or silica colloids in deionized water, which enabled to reach an interaction range of several times
the particle diameter35,36. However, the self-ionization of water limits the Debye screening length
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Figure 1.1: Phase diagram of Yukawa particles with βε ′ = 81 in the volume fraction φ - Debye screening
length 1/κσ representation. This diagram shows the presence of three phases, a fluid region at low volume
fractions, an fcc crystal stable in a wide range of volume fractions for 1/κσ . 0.25 and a bcc crystal for
1/κσ & 0.25. This results were obtained in computer simulations and are reported in Ref. [34].

to a maximum value of ∼ 300 nm, thus imposing an upper boundary for the particle diameter of
200 nm. Longer Debye screening lengths were obtained with PMMA particles in halogenated hydro-
carbons, where colloids with a diameter of 4µm influenced other particles over a distance of some
microns37. In this system it is possible to tune the Debye screening length from long-ranged interac-
tions (κσ < 1), to nearly hard-spheres (κσ > 20) by adding salt to the solvent.

The phase diagram of hard-core repulsive colloids has been explored in experiments33 and sim-
ulations34. In figure 1.1 we report the phase diagram obtained as a function of the volume fraction
φ and the Debye screening length 1/(κσ) for a system with βε ′ = 8134. We observe that for short
Debye screening lengths (1/(κσ). 0.25) the system displays a fluid-fcc phase boundary which shifts
to lower volume fractions with increasing the interaction range. For a Debye length 1/(κσ) & 0.25
the body-centred cubic (bcc) structure is favoured to the fcc phase for volume fractions close to the
melting point, and it becomes stable in a larger range of volume fractions as the Debye length is
increased even further. The reason behind this preference is related to the energy gain the system ben-
efits by forming bcc, which counts 8 closest neighbours, instead of fcc with 12 closest neighbours, as
we display in figure 1.2 where we represent the unit cells of bcc and fcc in the left and right panels,
respectively.
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Figure 1.2: Representation of the bcc (left) and fcc (right) unit cells. The bcc structure is characterized by
a cubic cell with two particles per cell. Eight particles are positioned at the vertices of the cube, while one
particle sits in the centre of the unit cell. The fcc structure also displays a cubic cell, but counts four particles
per cell. Eight particles are sitting at the vertices of the cube, while six particles are positioned at the central
point of each face of the cube.

1.2.2 Hydrodynamic interactions

In section 1.1 we explained that the Brownian motion displayed by colloidal dispersions is the result
of the instantaneous and isotropically distributed collisions of solvent molecules on the colloidal sur-
face. Interestingly, another important aspect of the colloidal dynamics is determined by the presence
of the dispersing medium, i.e. hydrodynamic interactions. In fact, a colloidal particle perturbs the
surrounding fluid with its own movement, and generates long-ranged flows that decay as slowly as
1/r in bulk. In turn, these flows affect the motion of other colloidal particles, thereby influencing the
qualitative dynamical behaviour of colloidal suspensions. Hence, hydrodynamic interactions (HIs)
are effective interactions among colloids transmitted via the surrounding medium. Differently from
other kinds of interactions that can be reasonably approximated by a pairwise interaction potential,
HIs are difficult to be modelled due to their many-body character38.

A theoretical approach to the problem is the Stokesian Dynamics, a method that considers an ap-
proximated analytical expression of higher-order terms in a multipole expansion of the HIs39. How-
ever, this approach is quite slow and difficult to implement in the presence of complex boundary
conditions. A popular computational fluid dynamics method is the Lattice Boltzmann (LB) model,
where the Boltzmann transport equation for the probability density function of the fluid is numerically
solved on a lattice in order to acquire the flow of the solvent40–42. Another simulation technique that
includes HIs in the model system is Multi-Particle Collision Dynamics (MPCD), where Stochastic
Rotation Dynamics (SRD) is a particular implementation of it. This is a particle-based simulation
method where, in addition to colloids, explicit coarse-grained solvent particles are also part of the
model system. This technique is able to reproduce the correct Navier-Stokes hydrodynamics, where
thermal fluctuations and hydrodynamic interactions naturally arise from the implementation of the
algorithm43–45.

Hydrodynamic interactions are naturally present in colloidal systems and they play a crucial role
in some physical processes, especially those related to biological systems, where strong spatially and
temporally varying forces govern the motion of small particles suspended in a fluid44. Therefore,
different fields of research analysed the impact of HIs on the physical properties of such systems.
For example, recent studies focussed on the deformability of biological membranes and their elastic
response to flow fields in microcapillaries, where clustering and margination phenomena are ob-
served46,47. Another recent study shows that two Brownian particles exhibit distance independent
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hydrodynamic interactions when located in a narrow open channel48, implying strong impact for bio-
logical and technological applications. Furthermore, hydrodynamic interactions could be exploited to
fabricate colloidal molecules, i.e. functional building blocks for the creation of new colloidal materi-
als. The method exploits hydrodynamic interactions and depletion forces between colloidal particles
flowing in a microfluidic device to produce different clusters of particles. The design of different
configurational clusters is achieved by varying the flow parameters49.

1.3 Simulation techniques
In this section, we introduce the simulation techniques we implemented to investigate the physical
phenomena reported in this thesis.

1.3.1 Stochastic Rotation Dynamics
A colloidal system is composed of suspended particles, whose typical size ranges from a few nanome-
tres to a few microns, and a suspending fluid composed of molecules whose size is about 0.1 nm. The
huge difference in time and length scales between mesoscopic colloidal and microscopic solvent
particles prevents the straightforward implementation of a molecular dynamics scheme for both sub-
systems. To easily get an impression of it, consider that the integration time step required to properly
resolve intermolecular interactions should be of the order of 10−15 s, while a colloid of 1 µm in size
diffuses over its own diameter in about 1s in water43. Fortunately, we are not interested in resolving
the exact microscopic details of the dynamics of solvent molecules, but our interest rather focuses on
the macroscopic properties of the fluid, for instance flow fields and how they influence the dynamics
of mesoscopic colloidal particles.

As already anticipated in section 1.2.2, a simulation method that enables us to include hydrody-
namic effects, i.e. thermal fluctuations as well as HIs, is the Stochastic Rotation Dynamics (SRD)
technique, introduced by Malevanets and Kapral in 199950,51. The SRD method is used in com-
bination with Molecular Dynamics to simulate explicit coarse-grained solvent particles, which we
conveniently call fluid particles. Despite this name, fluid particles should not be confused with fluid
molecules, since the first one are a coarse-grained version of the second one. Moreover, the proper-
ties of an SRD fluid are obtained over local averages rather than extracting information at the single
particle level. The SRD method consists of two steps: the “streaming step” and the “collision step”.
During the first one, fluid positions r and velocities v are integrated over a time interval ∆t, in analo-
gous way as performed for colloidal particles. For instance, we integrate the equations of motion of a
fluid particle i by employing the velocity Verlet algorithm52

ri(t +∆t) = ri(t)+vi(t)∆t +
Fi

2m f
∆t2 (1.7)

vi(t +∆t) = vi(t)+
Fi(t)+Fi(t +∆t)

2m f
∆t, (1.8)

where m f is the particle mass and F is the force arising from interactions with the colloidal particles.
In fact, fluid particles behave like an ideal gas among themselves, meaning that they do not interact
with each other during the streaming step. Herein lies the main computational efficiency of the SRD
technique, which does not require an exact computation of the intermolecular interactions to repro-
duce hydrodynamic effects.
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At this point one might wonder how the SRD method accounts for the transmission of linear mo-
mentum throughout the solvent. This aspect is addressed in the collision step. Every time interval ∆tc
we perform a coarse-grained collision step, such that solvent particles exchange momentum with their
neighbours. First, we partition the simulation box into cubic cells of volume a3

0, also known as SRD
cells. Second, we assign a new velocity vnew

i to a fluid particle i according to the following rule50

vnew
i = vCM +R

(
vold

i −vCM

)
, (1.9)

where vold
i is the velocity of particle i before the collision step, vCM is the centre-of-mass velocity

of the SRD cell where particle i is located, and R is a rotation matrix that rotates relative veloc-
ities by a fixed angle α around a randomly oriented axis. The goal of the collision step is to ex-
change momentum between fluid particles while conserving the energy and total momentum in each
cell. Since mass, momentum and energy are conserved locally, the correct hydrodynamic equations
(Navier-Stokes) are captured in the continuum limit, including the effect of thermal noise50. Before
performing the collision step, it is of fundamental importance to shift the mesh of SRD cells by a
vector whose coordinates are randomly sampled from 0 to a0. We implement this grid shift in order
to maintain Galilean invariance, namely we prevent that the same particles participate in the collision
step for several times, because that would lead to anomalies in the physical properties of the fluid.
Hence, this procedure becomes even more important at low temperatures, when the diffusion length
is smaller than the dimension of an SRD cell, or in the case of a small collision time interval ∆tc.

1.3.2 (Non-equilibrium) Brownian Dynamics
Brownian Dynamics

In section 1.3.1 we described the SRD simulation method which enables us to mimic both Brownian
motion and hydrodynamic interactions via the presence of explicit coarse-grained solvent particles.
Despite its potentiality, this simulation technique is computationally expensive due to the additional
presence of explicit solvent particles whose number is usually considerably large - from hundred
thousands to a few millions - in order to correctly reproduce hydrodynamic effects. Moreover, some
physical problems do not necessarily require to account for hydrodynamic interactions in the model
system, because either the study concerns equilibrium thermodynamic properties, or HIs do not have
a crucial role in the physical process and might be neglected as a first approximation. In those cases,
one could employ other simulation techniques which do not reproduce HIs but may give access to
longer simulation times. One of these techniques is Brownian Dynamics, a more efficient simulation
method than SRD. In fact, it treats the presence of solvent molecules only implicitly, namely it di-
rectly integrates an effective equation of motion for the colloids which incorporates the thermal noise
transmitted by the solvent. Paul Langevin introduced in 1908 such a stochastic differential equation
which has been named after him53,54. Consider a colloidal particle i, positioned at ri at time t. The
Langevin equation reads

m
d2ri

dt2 =−∑
j 6=i

∂U(ri j)

∂ri
−η

dri

dt
+

√
2η

β
ξi, (1.10)

where m is the colloidal mass, η is a damping coefficient which represents the viscosity of the solvent
and β = 1/(kBT ) is the inverse temperature, with kB the Boltzmann constant and T the temperature
of the system. The Langevin equation describes the total force acting on particle i as the sum of three
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contributions (right hand side of equation (1.10)). The first one to the left represents the pairwise
interaction force exerted on i by all the other particles j, where ri j is the centre-to-centre vector
between i and j and U(ri j) is the pair-interaction potential. The second and third terms account for
the collisions between colloids and solvent molecules, representing the drag force and the stochastic
force originated by isotropically distributed random collisions. The vector ξi is a unit-variance random
vector characterized by a mean value and variation

〈ξi(t)〉= 0 (1.11)

〈ξi(t)ξk(t ′)〉= Idδikδ (t− t ′), (1.12)

where Id is the identity matrix in d dimensions and angular brackets represent an average over the
Gaussian distributed realizations of each single component of ξ.

In fluid dynamics we define two distinct flow regimes, namely laminar and turbulent flow. A di-
mensionless number that differentiates between these two regimes is the Reynolds number, defined as
the ratio of inertial over viscous forces Re = vsa/ν , where vs is the flow velocity or the velocity of a
colloidal particle with a hydrodynamic radius a, and ν is the kinematic viscosity. The Reynolds num-
ber is rarely more than 10−3 in a typical colloidal system where the particle’s diameter ranges from a
few tens of nanometres up to a few micrometers. In this laminar regime, also called Stokes regime,
viscous forces dominate and inertial effects can be completely ignored. Therefore the Langevin equa-
tion can be rewritten by neglecting the term on the left hand side of equation (1.10), giving

dri

dt
=− 1

η
∑
j 6=i

∂U(ri j)

∂ri
+

√
2

βη
ξi, (1.13)

which is known as the overdamped Langevin equation. The term overdamped refers to the dominance
of viscous over inertial forces. By integrating equation (1.13) we obtain that a colloidal particle, in a
very dilute system, displays a motion characterized by

〈ri(t)− ri(0)〉= 0 (1.14)

〈(ri(t)− ri(0))2〉= 2dD0t, (1.15)

where the angular brackets denote an average over many configurations of the system. Equations (1.14)
and (1.15) describe a particle that undergoes Brownian motion and diffuses in the continuous medium
with D0 = 1/βη as diffusion coefficient. These results coincide with the Einstein-Smoluchowski re-
lation obtained around the same period.

Non-equilibrium Brownian Dynamics

In Chapters 4 and 5 of this thesis, we study the out-of-equilibrium phase behaviour of a colloidal sys-
tem under oscillatory shear. We implement a modified version of the Brownian Dynamics technique
described above. The walls, positioned in z = 0 and z = Lz, perform a continuous oscillatory motion
along x, which causes the formation of a linear velocity profile in the dispersing fluid where colloids
are dispersed. In turn, the fluid flow transfers the linear momentum to the colloidal fluid which also
displays such a linear velocity profile along z. We reproduce this effect in our simulations by adding
an extra term in equation 1.13

dri

dt
=− 1

η
∑
j 6=i

∂U(ri j)

∂ri
+
√

2D0ξi + γ̇(t)zi(t)x̂, (1.16)

where γ̇(t) = γ̇maxcos(2π f t) is the shear rate, characterized by the maximum shear rate γ̇max and
oscillation frequency f 55.
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1.4 Scope and outline of the thesis
In this thesis we investigated the self-organization properties of matter at the nano- and micro-scale.
Control over the 3D organization of nanoparticles (NPs) leads to unprecedented possibilities for the
design of materials with new and/or improved properties, e.g. photonic crystals and sensors for a
range of advanced applications. Mastering complex multiscale structures enables one to achieve the
control necessary for catalytic applications. For instance, one can self-assemble catalyst and support
NPs in a binary lattice inside a slowly evaporating emulsion droplet in such a way that the metal(-
oxide) catalyst particles in the resulting “supraparticle” are spatially separated and are well-protected
against sintering. In order to have a better control over the self-assembly of NPs into a binary super-
lattice and to guide the experiments, it is essential to have a better fundamental understanding on the
nucleation and growth of the NPs during synthesis, the crystal morphology of the resulting NPs, and
the resulting effective interactions between the NPs that determines the superlattice formation. There-
fore, in this thesis we try to answer to fundamental questions concerning the nucleation and growth of
NPs under different physical conditions or the definition of novel pathways for transforming crystal
structures in order to obtain materials with the desired physical properties. We summarize here the
topics addressed in the following chapters.

In Chapter 2 we extend the interesting work by Uspal et al.56 about self-steering objects in
microfluidic devices, and investigate to which extent it is possible to reduce the size of an asym-
metric dumbbell particle while still observing the self-steering phenomenon. This problem translates
into increasing the relative strength of Brownian fluctuations with respect to the hydrodynamic drag.
Chapter 3 addresses the long-standing problem of the crystal nucleation rate of hard spheres, where
the discrepancy between experiments and simulations remains still unresolved. We study this problem
with different numerical approaches. For instance we perform direct simulations of crystal nucleation,
we implement a seeding approach method and analyse configurational properties of the supersaturated
colloidal fluid. In Chapters 4 and 5 we perform in silico experiments of oscillatory shear. Chapter 4
concerns the shearing of long-ranged repulsive particles. We study the out-of-equilibrium phase dia-
gram of such a system under oscillatory shear, starting from a fluid configuration of the system close
to the freezing point. Finally, in Chapter 5 we exploit oscillatory shearing to induce a solid-to-solid
transformation in colloidal Laves phases.



2

Small Brownian objects self-align in
nanofluidic channels

Although the self-alignment of asymmetric macro-sized objects of a few tens of microns in size
have been studied extensively in experiments and theory, access to much smaller length scales is
still hindered by technical challenges. We combine Molecular Dynamics and Stochastic Rotation
Dynamics techniques to investigate the self-orientation phenomenon at different length scales,
ranging from the micron to the nano scale by progressively increasing the relative strength of
diffusion over convection. To this end, we model an asymmetric dumbbell particle in Hele-
Shaw flow and explore a wide range of Péclet numbers (Pe) and different particle shapes, as
characterized by the size ratio of the two dumbbell spheres (R̃). By independently varying these
two parameters we analyse the process of self-orientation and characterize the alignment of the
dumbbell with the direction of the fluid flow. We identify three different regimes of strong, weak
and no alignment and we map out a state diagram in Pe versus R̃ plane. Based on these results, we
estimate dimensional length scales and flow rates for which these findings would be applicable
in experiments. Finally, we find that the characteristic reorientation time of the dumbbell is a
monotonically decreasing function of the dumbbell anisotropy.

Based on: G. Fiorucci, J. T. Padding and M. Dijkstra, Small Brownian objects self-align in nanofluidic channels,
Soft Matter 15, 321-330 (2019)
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2.1 Introduction

In recent years microfluidic devices have found increasingly wide application in several scientific ar-
eas57. They are widely employed in clinical and biological research for disease diagnosis58,59 and
for cytometric analysis60. For instance, microfluidic techniques may be used to efficiently sort and
analyse mixtures of healthy and diseased cells based on their differing physical properties61,62. Other
applications are found in chemical and pharmaceutical industries, which use suspended micron-sized
soft particles in confined flows as models to design deformable drugs delivery carriers63–66. The de-
velopment of microfluidic technologies has opened new paths to manipulate suspended particles by
having fine control over their position and orientation. Engineering particle trajectories in a device is
now possible in three different ways, by means of external fields67, by taking advantage of hydrody-
namic interactions in laminar flows, or by exploiting inertial effects in flow drag at finite Reynolds
numbers68. The latter has been achieved in recent studies on flow sculpting69–71, while hydrody-
namic interactions are exploited in laminar flows by engineering the geometry of the channel72–76

or, alternatively, the shape of the suspended particles56,77,78. This work is concerned with the last of
these and specifically with dumbbell shaped particles. Such a particle, consisting of two connected
disks, transported in a Hele-Shaw flow exhibits a rich variety of dynamic behaviours56, which are in-
duced entirely by hydrodynamic interactions (HIs). By fine-tuning the relative size of the two disks,
it is possible to control the trajectory of the particle. A comprehensive experimental and theoretical
study is reported in Ref. [56], where the authors investigated the non-Brownian regime. A recent
work has further analysed this particular system, providing an alternative and more efficient theoret-
ical framework to solve the Stokes flow around the particle78. Their study focuses on the already
known phenomenon of self-orientation, the spontaneous alignment of the long axis of the particle
with the flow direction, provided that the two disks have different radii (R1 6= R2). This phenomenon
originates from the hydrodynamic self-interaction, i.e. the hydrodynamic interactions the two disks
exert on each other. In the present case of high confinement, a disk with diameter 2R1 generates a
flow disturbance which decays with distance r as a dipole field ∝ 2R1/r2. In addition, the magnitude
of the generated velocity field linearly increases with the diameter of the disk. In case of a symmetric
dumbbell, where the two disks have equal radii (R1/R2 = R̃ = 1), the hydrodynamic force that disk
1 exerts on disk 2 is perfectly balanced by the force disk 2 exerts on disk 1, resulting in only a lateral
drift of the particle without any rotation. However if the dumbbell is asymmetric (R1 > R2, R̃ > 1) the
imbalance of internal hydrodynamic forces results in a torque on the dumbbell that must be balanced
by a frictional torque of rigid rotation, which causes the small disk to be dragged downstream of the
large disk.

Although this specific system has been extensively examined, the studies performed so far concern
macro-sized particles, which are much less affected by thermal fluctuations as compared to colloids,
polymer chains or macromolecules. The experiments reported in Ref. [56] were performed at very
high Pe number (on the order of 104), which was essential to drag particles of a few tens of microns
in width and 100 microns in length, dimensions that are quite big if compared to the typical colloidal
length scales (100−1000 nm). Similarly, in numerical studies56,78,79, the lack of thermal noise in the
deterministic model limits the investigations to infinite Pe and do not provide insights on the possibil-
ity of self-orientation of smaller objects.

On the basis of these arguments, natural questions arise: is the self-alignment still possible for
nanoparticles or macromolecules with an asymmetric conformation? What is the effect of thermal
fluctuations on the self-orienting process? The progressively increasing interest in nanofluidics for
“lab-on-a-chip" bioanalysis techniques and for DNA manipulation80, leads to an urgent need to bridge
these length scales and to verify whether self-organization can still be exploited down to the nanoscale.
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In this study, we show for the first time, at the best of our knowledge, that very small Brownian objects
can exhibit self-alignment in nanofluidic channels. To do so, we combine Molecular Dynamics and
Stochastic Rotation Dynamics techniques (MD+SRD) to simulate a dumbbell particle in a Hele-Shaw
flow. This hybrid technique naturally includes hydrodynamic interactions as well as thermal fluctua-
tions, and will be described in more detail in Section 2.2.2. In addition it enables us to arbitrarily tune
the relative strength of the convection over the diffusion. This study aims to explore the Brownian
regime where both thermal fluctuations and hydrodynamic interactions are important. In particular,
we analyse the self-orientation phenomenon and the stability of the alignment with the flow by ex-
ploring a wide range of Péclet numbers, from the fully-Brownian regime towards the non-Brownian
regime, and different particle shapes.

2.2 Methods

2.2.1 The dumbbell in geometrical confinement
We perform numerical simulations (MD+SRD) to study the effect of Brownian fluctuations on the
self-orientation process of a single dumbbell particle transported by a pressure-driven flow. In Fig-
ure 2.1 (a) we present a schematics of the system. We consider a shallow channel with a rectangular
cross section. The confining walls are orthogonal to the x and y axes, while we implement periodic
boundary conditions (PBC) along the z axis. The height of the channel is H and the width is W. The
fluid flows with an approximately uniform maximal velocity U0 parallel to the z axis, as shown by the
black arrows in the figure, and it drags the dumbbell particle embedded in the fluid. The dumbbell is
composed of two colloidal spheres with radii R1 and R2 ≤ R1. Note that we use spheres instead of
disks as in Refs. [56,78], because dumbbell spheres are simpler to simulate and easier to create exper-
imentally at the small (colloidal) scales where Brownian motion is relevant. The spheres are bounded
by a harmonic potential βUh (r12) = k ( r12− s )2 /2a2

0, where β = 1/kBT is the inverse temperature,
kB is the Boltzmann constant and T is the temperature. The instantaneous centre-to-centre distance
of the spheres is r12 = |r2− r1|, with the spheres at positions r1 and r2, respectively. The parameter
s denotes the equilibrium distance and a0 our unit of length, to be defined later. The parameter k is
a dimensionless harmonic spring constant. We choose k = 105 such that the characteristic period of
elastic vibration of the dumbbell is much smaller than the time needed for the acoustic wave in the
fluid to travel over the particle radius. The phenomenon of self-orientation depends sensitively on the
shape of the particle, as characterized by the size ratio R̃ = R1/R2 > 1. To investigate the effect of
particle shape on the hydrodynamic self-orientation, we consider dumbbells with five different size
ratios. The radius of the cyan sphere R1 is kept constant, whereas the radius of the red sphere R2 is
varied. We test two models, in the first s is held constant for different size ratios at a value of 8.8 a0,
while in the second s = R1 +R2, as illustrated in Figures 2.1(b) and (c), respectively. The interac-
tion between each sphere of the dumbbell and the confining walls is described by a purely repulsive
Weeks-Chandler-Andersen (WCA) potential81

βφcw (ri) =

4βεcw

[(
σcw
ri

)12
−
(

σcw
ri

)6
+ 1

4

]
ri ≤ 21/6σcw

0 ri > 21/6σcw,
(2.1)

where ri is the distance along i = {x,y} between the centre of the sphere and the surface of the wall,
εcw = 40 kBT sets the colloid-wall energy scale and σcw represents the colloid-wall collision radius.
The dimensions of the channel are W×H = 100× 10 a2

0. The length of the channel along the z
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Figure 2.1: Schematics of the system. Dumbbell particle flowing at the centre of a 3D channel of a rectangular
cross section transported by the fluid flow at constant pressure gradient (a). Model of a dumbbell particle
composed of two spheres of radius R1 and R2 ≤ R1. We model five different dumbbell shapes by varying
the sphere size ratio R̃ = R1/R2. The centre-to-centre equilibrium distance s = 8.8 a0 is kept constant (b), or
changes with R̃ as s = R1 +R2 (c). Note that the particle longitudinal axis can slightly wiggle in the yz plane,
therefore we define the angle θ ∈ (−180◦,180◦] as the angle between the projection of the particle axis on the
xz plane and the z axis.

direction, Lz, is chosen to be sufficiently large that the hydrodynamic interactions of the dumbbell
particle with its own periodic image can be neglected. In a quasi-2D system, the flow disturbance
generated by the presence of the particle decays as 4R2

1/r2, hence the disturbance is less than 0.1%
for r = 100 R1, and with a typical R1 of 4 a0 we therefore choose Lz = 400 a0. We choose σcw = 4.4 a0
for the largest sphere, such that it is highly confined in the y direction, leaving a lubricating gap of
0.6a0 to the wall. Position Ri and velocity Vi of each sphere i are integrated via the velocity Verlet
algorithm52

Ri(t +∆tMD) = Ri(t)+Vi(t)∆tMD +
Fi(t)
2Mi

∆t2
MD, (2.2)

Vi(t +∆tMD) = Vi(t)+
Fi(t)+Fi(t +∆tMD)

2Mi
∆tMD, (2.3)

over a timestep ∆tMD. Fi(t) is the force acting on sphere i at time t and Mi is the mass of the sphere.
We match the mass density of each dumbbell bead with the mass density of the fluid.

2.2.2 The fluid
The MD+SRD method was introduced by Malevanets and Kapral in 199950,51. Since then it has
been implemented to study a large variety of systems. For example, it has been employed to study
the fluid flow in confinement, or driven by an external force82. In addition, it has been applied to
investigate polymers in solution83 or the sedimentation in colloidal suspensions84. Moreover this
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technique is particularly convenient for the study of colloidal suspensions embedded in a fluid, since
the intrinsically stochastic nature of the algorithm naturally incorporates the thermal noise50, i.e. it au-
tomatically captures the Brownian fluctuations experienced by the colloidal particles in a suspension.
Within MD+SRD the fluid is represented by the explicit presence of coarse-grained point particles of
mass m f , whose positions and velocities are continuous variables in space. Hence we refer to these
point particles as “fluid particles”, even if the physical properties of the fluid are not represented at
the single particle level, but are rather extracted from a local average. Fluid particles are subjected to
Newton’s laws of motion and their positions and velocities are integrated via the MD scheme. This is
the streaming step of the simulation method, where we implement the velocity Verlet algorithm52

ri(t +∆tMD) = ri(t)+vi(t)∆tMD +
fi(t)
2m f

∆t2
MD, (2.4)

vi(t +∆tMD) = vi(t)+
fi(t)+ fi(t +∆tMD)

2m f
∆tMD, (2.5)

where ∆tMD is the integration time step, ri and vi are, respectively, the position and the velocity of
particle i, which is subject to the total force fi. In the streaming step fluid particles do not interact with
each other and behave as an ideal gas. Therefore the total force acting on a fluid particle arises from
the colloid-fluid interaction and the pressure gradient imposed externally. While executing the colli-
sion step, the SRD algorithm enables the exchange of momentum throughout the solvent performing
coarse-grained collisions among the fluid particles. Every time interval ∆tc = 4 ∆tMD we partition the
volume of the system into cubic cells (SRD cells of size a3

0), we compute the centre of mass velocity
vcm in each cell, and we rotate the relative velocities by a fixed angle α = π/2 about a randomly
oriented axis43

v new
i = vcm +R(α)× (v old

i −vcm), (2.6)

where v old
i and v new

i are the velocities of particle i before and after the collision step, respectively,
and R is the rotation matrix. We shift the SRD cells before performing the collision step, in order to
maintain Galilean invariance85,86. The SRD method locally conserves both energy and momentum,
which is crucial for correctly reproducing the Navier-Stokes hydrodynamics50. In order to generate a
fluid flow, as shown in Figure 2.1, we apply an external driving force on the fluid particles. The force
is parallel to the z direction. In order to maintain a constant temperature of the fluid, we implement a
modified version of the stochastic thermostat proposed by Heyes87, which is extensively described in
Ref. [88]. To ensure the velocity of the fluid is zero at the wall, we impose no-slip boundary condition
by implementing the bounce-back rule50. We also insert virtual particles into the SRD cells that are
overlapping with the wall when performing the collision step82 in order to prevent spurious slip. The
fluid is represented by N f = 2×106 particles, i.e. 5 particles per cell, corresponding to a mass density
ρ f = 5m f /a3

0. The fluid particles interact with the dumbbell through the repulsive WCA potential

βφc f (r) =

4βεc f

[(
σc f

r

)12
−
(

σc f
r

)6
+ 1

4

]
r ≤ 21/6σc f

0 r > 21/6σc f ,
(2.7)

where r denotes the centre-of-mass distance between a fluid particle and a dumbbell sphere, εc f =
2.5 kBT sets the colloid-fluid energy scale and σc f is the colloid-fluid collision radius. We remark that
σc f should be smaller than σcw to prevent the effect of spurious depletion that might arise between
colloid and wall43. Therefore we impose σcw = 1.1 σc f . In addition, we highlight that we implement
the slip boundary condition on the surface of the colloidal particle; this property naturally comes from
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the isotropic property of the colloid-fluid interaction potential.
The different hydrodynamic regimes are characterised by dimensionless numbers that determine

the relative importance of the different physical processes. The dependence of these dimensionless
numbers on the simulation parameters are described in Ref. [43]. First, we ensure that the fluid mod-
elled by SRD particles reproduces a liquid-like rather than a gas-like dynamics. The Schmidt number
Sc= ν/D f , defined by the rate of diffusive momentum transfer over the rate of diffusive mass transfer
in the fluid, distinguishes between these two different behaviours. When momentum transfer results
from collisions among particles rather than mass diffusion, the SRD fluid represents a liquid and
Sc� 1. In our simulations, the Schmidt number Sc > 6 is sufficiently high to guarantee liquid-like
dynamics. Second, we ensure that the Mach number89 Ma = U0/c f , which compares the velocity of
the fluid U0 with respect to the speed of sound c f , is small enough to avoid compressibility effects so
that the fluid can be assumed to be effectively incompressible. Hence, we set Ma∼ 0.1 in our simu-
lations. Another important parameter is the Reynolds number89 Re = U0 σc f ρ f /η which measures
the relevance of inertial over viscous forces and where η denotes the shear viscosity of the fluid. We
simulate a fluid in the Stokes regime, i.e. in absence of turbulence. The critical Reynolds number Rec,
which discriminates the crossover from laminar to turbulent flow, depends on the physical system un-
der investigation. It is known that Rec ∼ 1 in bulk43 while it has been recently shown that the critical
threshold is higher in a channel (Rec ∼ 800)90 and much higher in a pipe (Rec ∼ 2000)91. In our
simulations Re < 0.8, which corresponds to Stokes flow. In the present work we perform simulations
exploring a wide range of Péclet numbers. This parameter measures the relevance of convective over
diffusive transport, and we define it as follows

Pe =
U0R1

D0
, (2.8)

where R1 and D0 are, respectively, the radius and the bare diffusion coefficient of the larger sphere.
We chose R1 as a representative quantity for the size of the dumbbell as it remains constant upon
varying the size ratio R̃, and hence Pe and R̃ can be changed independently. To explore different
hydrodynamic regimes, we vary the shear viscosity of the fluid η . More specifically in terms of
simulation parameters, we change the integration time step from ∆tMD = 0.025 t0 for Pe ∼ 40, to
∆tMD = 1.75× 10−3 t0 for Pe ∼ 500, being t0 = a0

√
m f /kBT . With this choice of parameters the

shear viscosity varies from η = 2.5 η0 to η = 32 η0, respectively, with η0 = m f /(a0t0).

2.2.3 Achieving steady state flow of the fluid

During the self-orientation process the asymmetric dumbbell changes its orientation and eventually
aligns with the fluid flow with the small sphere dragged downstream of the large sphere. This phe-
nomenon is determined by the hydrodynamic self-interaction, while the hydrodynamic interaction
with the side walls (the walls orthogonal to the x axis) plays no role in this process56. We position
the particle’s centre of mass at the centre of the channel x = 0, with orientation θ = 170◦, where
θ ∈ (−180◦,180◦] is defined as the angle between the projection of the particle’s long-axis on the xz
plane and the z axis (see Figure 2.1(a)). Before proceeding with the measurements of the angle θ

over time, we wait till the fluid forms the expected velocity profile. In order to achieve this steady
state without affecting the initial orientation of the dumbbell, we initially impose a constraint on the
dumbbell, such that the acceleration of the two spheres along the y and the z axes are the same, while
the acceleration of the centre of mass along the x axis is zero. This can be achieved by imposing the
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following forces on the large particle (here with label 1)

F new
x1 = Fx1−

µ

M2
(Fx1 +Fx2)

F new
y1 =

µ

M2
(Fy1 +Fy2)

F new
z1 =

µ

M2
(Fz1 +Fz2),

(2.9)

where µ = M1M2/(M1 +M2) is the reduced mass, M j is the mass of sphere j and Fi j is the instan-
taneous force along i experienced by sphere j. Similarly, the forces imposed on the small particle
(labelled 2) can be obtained from (2.9) by exchanging the subscripts 1 and 2. Once the expected
velocity profile is formed, we release the constraints and start our measurements. The velocity profile
of the fluid along the z direction is determined by the specific geometry of the channel. In our case,
we expect to observe a parabolic profile (Poiseuille flow) from the side view because of the high con-
finement in the y axis, while we expect an approximately uniform profile (Hele-Shaw flow) from the
top view.
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2.3 Results

2.3.1 Verification of fluid velocity profile
In Figure 2.2 we report the fluid velocity profile uz from the top view at different heights y of the
channel, and from the side view at x = 50 a0. The points represent our numerical results, obtained by
averaging the velocities of the fluid particles over the volume of a single SRD cell (a3

0). The profiles
are in very good agreement with the theoretical prediction92, represented here by the solid lines. We
highlight that there is no adjustable parameter for the magnitude of the velocity field. However, our
profile extrapolates to a finite non-zero velocity at the wall, and therefore we obtain the best fit by
including a small slip velocity of magnitude ∼ 0.01a0/t0.
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Figure 2.2: Velocity profile of the fluid flow uz along x and y at different heights. The dots represent the results
obtained with the MD+SRD method, while solid lines are theoretical predictions. The profile is determined by
the geometry of the channel. In this shallow channel we observe almost a flat profile (Hele-Shaw flow) from the
top view, where different colours denote velocity profiles at different heights along the y axis, and a parabolic
profile (Poiseuille flow) from the side view, where we show the profile at x = 50.0 a0.

2.3.2 Hydrodynamic self-orientation: the state diagram
We perform MD+SRD simulations on a single dumbbell particle with fixed s = 8.8 a0 as shown in
Figure 2.1(b) in a fluid flow. We study the self-orientation process by measuring the angle θ of the
long axis of the dumbbell with the flow direction as a function of time. Note that our model consists
of a dumbbell in three dimensions which can slightly wiggle in the yz plane. Hence the angle θ is
defined as the angle between the xz projection of the particle centre-to-centre axis and the z axis. For
example, we plot the angle θ as a function of the reduced time t̃ = t U0/s for Pe = 480 and R̃ = 1.3
in Figure 2.3(a).
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Figure 2.3: (a) The tilt angle θ of the long axis of the dumbbell with the flow direction as a function of reduced
time t̃ = tU0/s for a dumbbell with s = 8.8 a0 and size ratio R̃ = 1.3 in a channel under an external flow at
Pe = 480. Different curves represent independent runs. The graph shows the self-orientation process where
the particle is initially positioned with θ = 170◦ and, due to the hydrodynamic self-interaction, it eventually
aligns with the fluid flow (θ = 0◦). The inset shows fluctuations of θ about the equilibrium value θ = 0◦ as
a function of t̃ for simulation runs where the dumbbell is initially positioned with θ = 0◦. We measure the
standard deviation of θ obtaining σθ = 8◦. (b) Tilt angle θ averaged over eight runs presented in (a). Inset: the
left panel shows the tilt angle θ averaged over eight runs in (a), the right panel shows the normalised histogram
of θ . The horizontal lines indicate the full width at half maximum.
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Each curve in the plot represents a single run performed at the same physical conditions. We sim-
ulated eight independent runs in order to investigate the statistical fluctuations. All the curves show
essentially the same trend. The simulation is initiated with a dumbbell particle forming an angle
θ = 170◦ with the direction of the fluid flow. After a certain waiting time, the value of θ rapidly de-
creases towards θ = 0◦, where it remains stable over time within small fluctuations due to the thermal
noise. Note that at this apparently high Pe Brownian fluctuations are still visible, but, contrary to the
case of the Brownian regime, they do not significantly interfere with the hydrodynamic drag and the
resulting particle orientation. The thermal noise is not only the cause of the small fluctuations about
the equilibrium orientation at θ = 0◦ but it also prevents the immediate reorientation of the dumbbell:
the configuration characterized by θ ' 180◦ is an unstable equilibrium configuration56, therefore the
hydrodynamic torque about this angle is still quite weak compared to the Brownian fluctuations. Con-
sequently, the competition between the hydrodynamic torque, which leads to the reorientation of the
particle, and the Brownian fluctuations, determines the different waiting times at which the particle
starts reorienting. In Figure 2.3(a) we clearly observe this phenomenon by comparing eight inde-
pendent runs. Nevertheless the different waiting times do not affect the self-alignment process itself.
Once the hydrodynamic forces start to dominate, the change in θ with time for intermediate angles is
very similar in the eight runs. This is most clearly appreciated by the similarity of the slopes around
θ = 90◦, in fact the typical time scale of the self-orientation process is only intrinsically related to the
shape of the particle, parametrized here by R̃, and the geometry of the channel. Later in this section
we will provide quantitative results on this topic, while for the moment we focus on the alignment
of the particle once the self-orientation has occurred. Specifically, we investigate how the alignment
is destabilized by the thermal fluctuations as we decrease the Péclet number. In addition, we show
that as we enter the Brownian regime, the stability of the alignment depends also on the shape of the
particle, therefore we will also compare the behaviour at constant Pe and different R̃.

As we lower the Péclet number we enhance the strength of the thermal noise relative to the strength
of the convective flux. We compare Figures 2.3(b), 2.4(a) and 2.4(b) where we show the tilt angle
θ averaged over eight realizations as a function of time, for R̃ = 1.3 and Pe = 480, Pe = 170 and
Pe = 40, respectively. It is apparent that the curves present larger errorbars as we lower the Péclet
number, moreover the fluctuations in orientation about the equilibrium position θ = 0◦ are more pro-
nounced. To quantify the magnitude of these oscillations we measure the standard deviation of the
angle θ with respect to its mean value 〈θ〉 as σθ =

√
〈θ 2〉−〈θ〉2. By decreasing Pe, we observe an

increase of σθ , as shown in the inset of Figures 2.3(b) and 2.4. Here we also display the histogram of
θ , which broadens as Pe decreases. This is clear evidence that decreasing the Péclet number destabi-
lizes the alignment of the particle at θ = 0◦, which is the hydrodynamically stable configuration.

The Péclet number is a good parameter to estimate the relevance of the thermal fluctuations com-
pared to the hydrodynamic drag, but it is not sufficient to give a complete description of the stability
of the particle. From the definition given in Equation (2.8) it is clear that Pe does not depend on the
specific shape of the particle, only on its typical length scale. However we expect that the stability is
also related to the shape of the dumbbell. For instance we intuitively expect that as we decrease the
radius of sphere 2, the thermal fluctuations become more effective, leading to destabilization. We thus
investigate also the behaviour of the dumbbell by varying R̃ while keeping Pe constant. In analogy
to the previous analysis, we compare the fluctuations around θ = 0◦ for different R̃. In Figure 2.5
we show the average tilt angle θ as a function of time for Pe = 115 and size ratio R̃ = 1.3 (a) and
R̃ = 2.5 (b). As expected, we observe larger fluctuations as we increase the size ratio R̃: we estimate
that σθ = 18◦ for R̃ = 1.3, while σθ = 39◦ for R̃ = 2.5.
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Figure 2.4: Tilt angle θ averaged over eight realizations as a function of reduced time t̃ = tU0/s for a dumbbell
with s = 8.8 a0 and size ratio R̃ = 1.3 in a channel under an external flow at Pe = 170 (a) and Pe = 40 (b). By
decreasing Pe the curves presents larger fluctuations and σθ increases, being σθ = 15◦ in (a) and σθ = 34◦ in
(b). Inset: the left panel shows the tilt angle θ averaged over eight runs, the right panel shows the normalised
histogram of θ . The horizontal lines indicate the full width at half maximum.
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Figure 2.5: Tilt angle θ averaged over eight realizations as a function of reduced time t̃ = t U0/s for a dumbbell
with s = 8.8 a0 and size ratio R̃ = 1.3 (a) and R̃ = 2.5 (b) in a channel under an external flow at Pe = 115. By
increasing R̃ the curves exhibits larger fluctuations and σθ increases, being σθ = 18◦ in (a) and σθ = 39◦ in
(b). Inset: the left panel shows the tilt angle θ averaged over eight runs, the right panel shows the normalised
histogram of θ . The horizontal lines indicate the full width at half maximum.
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In order to investigate how thermal fluctuations destabilize the alignment of the particle as we
vary both the Péclet number and the size ratio, we ran many simulations for 40 . Pe . 500 and for
1.0 < R̃≤ 2.5. By analysing the fluctuations of the angle θ about the equilibrium position θ = 0◦, we
discriminate three different regimes for the hydrodynamic self-alignment. Our results are summarized
in Figure 2.6.

Figure 2.6: State diagram of a dumbbell with s = 8.8 a0 describing the stability of the particle self-alignment
along the direction of the fluid flow for different Péclet numbers Pe and size ratios R̃. The characterization
of stability is based on the magnitude of the standard deviation σθ =

√
〈θ 2〉−〈θ〉2 of θ with respect to its

mean value 〈θ〉. The blue region denotes oscillations limited to σθ ≤ 15◦, where the alignment is strong. The
light blue region is characterized by oscillations 15◦ < σθ ≤ 30◦ so the alignment is weaker. Finally, the red
region denotes oscillations with σθ > 30◦, therefore the alignment is no longer possible in this region. The
black dots denote the state points at which the simulations were performed. The heatmap is computed by linear
interpolation between these points. The black lines delimit the three regimes of alignment.

The black dots display the simulation runs performed at a specific value of Pe and R̃. We compute the
σθ for each run and linearly interpolate between points to obtain a heatmap. The blue region repre-
sents the regime of strong alignment, where σθ ≤ 15◦. We delimit this region with a solid black line
corresponding to σθ = 15◦. The light blue region represents the regime of weak alignment, where
15◦ < σθ ≤ 30◦. Finally, the red region shows the regime of no alignment, where σθ > 30◦, also here
delimited by a black line corresponding to σθ = 30◦. For a sufficiently high Péclet number, Pe≥ 400,
a change in the size ratio does not affect the angular stability regime of the dumbbell, as the convec-
tive flux leads to a strong hydrodynamic torque. We define this range of high Pe as the non-Brownian
regime. For Pe < 50 the self-orientation does not occur for any size ratio of the dumbbell. Therefore
we define this regime as the Brownian regime. In the intermediate Pe regime, i.e. 50 ≤ Pe < 400,
we find all three self-orientation behaviours: upon increasing R̃, the strong alignment region shrinks,
whereas the weak and no alignment regions widen. This confirms our expectations that the stability
is also strongly related to the shape of the dumbbell, and provides a quantitative estimation of this
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dependence. For completeness, we also report the values of σθ for the simulated state points in Fig-
ure 2.7, where we show σθ as a function of Pe for different size ratios R̃. We note that small changes
in angle cut-offs for defining the stability regions can determine a small shift of the boundaries, but
the overall trends remain the same.
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Figure 2.7: Standard deviation σθ of the tilt angle θ of a dumbbell with s = 8.8 a0 as a function of Pe for
different size ratios R̃. The dashed lines correspond to σθ = 15◦ and σθ = 30◦.

On the basis of these results, we extract information on the required experimental conditions to
achieve a certain level of alignment. In Table 2.1, we list the particle radius, ranging from a few
microns for macro-colloids, to a few tens of nanometres for nanoparticles. We compute the critical
flow rate Uc

0 for different particle sizes R1 and for different regimes of alignment Pec. The values
Pec = 50 and Pec = 150 represent the thresholds for weak and strong alignment of a dumbbell with
size ratio R̃ < 1.5, and Pec = 400 represents the threshold for strong alignment of a dumbbell with
R̃ = 2.5, as obtained from Figure 2.6. We also display width W and height H of the channel for each
particle size. For instance, a particle with R1 = 0.1µm and R̃ < 1.5 displays weak alignment for
Uc

0 ≥ 1×103µm/s and Uc
0 < 3×103µm/s, while it shows strong alignment for Uc

0 ≥ 3×103µm/s. In
order to observe strong alignment of a particle with the same size and R̃ = 2.5, one has to set a flow
rate Uc

0 ≥ 9×103µm/s. The critical flow rates are derived by inverting equation (2.8), obtaining

Uc
0 =

PeckBT
6πηR2

1
, (2.10)

where D0 is rewritten in terms of the fluid viscosity through the Stokes-Einstein equation D0 =
kBT/(6πηR1). In our computation, we considered room temperature T = 300 K and the viscos-
ity of water η = 0.001 Pa·s. Of course, the pressure drops required to reach these flow velocities
increases with decreasing channel dimensions. For a channel of length Lz and a height H�W, the
pressure drop is approximately given by ∆p = 12ηU0Lz/H2. According to our results, alignment is
achieved within a distance of 100 s, which is of the order of 100 H. For a channel of this length, the
pressure drop is ∆p = 1200ηU0/H. For example, for a channel with H = 0.25µm and Lz = 25µm, a
pressure drop of 0.5 bar will be sufficient to orient the R1 = 0.1µm particle. In addition, it has been
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R1 (µm) W (µm) H (µm) Uc
0 (µm/s)

10 250 25 (1, 3, 9)×10−1

5 125 12.5 (0.4, 1, 4)×100

1 25 2.5 (1, 3, 9)×101

0.5 12.5 1.25 (0.4, 1, 4)×102

0.1 2.5 0.25 (1, 3, 9)×103

Pec = (50, 150, 400)

Table 2.1: Critical flow rate Uc
0 (last column) for different particle sizes R1 (first column) and for different

regimes of alignment Pec (bottom row). The values Pec = 50 and Pec = 150 represent the thresholds for
weak and strong alignment of a dumbbell with size ratio R̃ < 1.5, and Pec = 400 represents the threshold for
strong alignment of a dumbbell with R̃ = 2.5. The corresponding critical flow rates Uc

0 are calculated from
equation (2.10). We also display width W and height H of the channel for each particle size.

shown that it is possible to achieve flow rates on the order of mm/s in nanofluidic devices, as reported
in Refs. [ 93, 94].

2.3.3 Hydrodynamic self-orientation: the relaxation time
As mentioned earlier, in this section we provide a quantitative analysis of the rate of the self-orientation
process. An analytical expression describing how θ evolves with time t̃ was derived for the case of
a dumbbell particle composed of two disks instead of two spheres56. Even though the two dumb-
bell models are different, the analytical expression is valid also for the present case of a dumbbell
composed of spheres. In fact it has recently been shown that the analytical expression holds for all
particles which have the property to be mirror symmetric with respect to the xy plane passing through
their longitudinal axis79. Taking t̃ = 0 when θ = 90◦, the dependence of θ with respect to t̃ can be
expressed implicitly as56

t̃ = τ̃ ln
(

1+ cos(θ)
sin(θ)

)
, (2.11)

where τ̃(R̃,H,W) is the relaxation time defined as the characteristic time the particle spends in self-
orienting from θ = 90◦ to θ = 0◦. This parameter depends on the shape of the particle and the
geometry of the channel. This quantity can be extracted by fitting equation (2.11) to the data obtained
from the numerical simulations. Each simulation run is parametrized by Pe and R̃. We perform eight
independent runs to carry out our statistical analysis.

To perform the fit, we first shift each single curve θ(t̃) in time, such that θ = 90◦ corresponds to
t̃ = 0. It is worth to mention that the time shift is usually different for each curve. This is due to the
time delay the particle accumulates before starting the self-orientation.
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Figure 2.8: The average tilt angle θ as a function of rescaled time t̃/τ̃. Each coloured curve represents a
different size ratio R̃ and is obtained by averaging over eight independent runs. For R̃ = 1 the orientation of the
dumbbell remains constant in time at θ = 90◦, which is the initial orientation. For R̃ > 1 we scale the data by
a fitted τ̃, collapsing all the curves onto a master curve predicted by theory and represented here with a black
dashed line. The inset shows the fitted relaxation time τ̃ for different R̃. In the range of R̃ investigated, τ̃ is a
monotonically decreasing function of R̃. (a) and (b) Results obtained at Pe = 480 by implementing the model
with constant s = 8.8 a0 and the model with s = R1+R2, respectively. (c) and (d) Results obtained at Pe = 115
by implementing the model with constant s = 8.8 a0 and the model with s = R1 +R2, respectively. The two
models give similar results.
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We shift the curves also to perform an accurate averaging of θ over the eight realizations. In fact,
this procedure guarantees that we get the best superpositions of the curves for different runs, as the in-
ternal hydrodynamic torque is maximal at θ = 90◦. We obtain the value of τ̃ by fitting equation (2.11)
to each single realization. We then average the values of τ̃ over eight runs. In Figure 2.8(a) we show
the decay of the tilt angle θ averaged over the eight realizations as a function of time for different
R̃ at Pe = 480, in the non-Brownian regime. Since time is scaled by τ̃, all curves collapse onto the
theoretical master curve. The match with theory is remarkably good. In the inset we represent the
values of τ̃ for different size ratio R̃. The characteristic time of alignment monotonically decreases
with increasing size ratio. In fact as the size ratio starts to increase from R̃ = 1.0, the hydrodynamic
torque also increases leading to a faster convergence to the equilibrium configuration. A similar trend
is shown in Figure 2.8(c) where we illustrate the same analysis performed at Pe = 115, in the inter-
mediate regime. We highlight that the only noticeable difference is the presence of small fluctuations
within the curves which denotes the relative importance of thermal noise over the hydrodynamic con-
vective drag with respect to the case of the non-Brownian regime. These insets also show that the
relaxation time for self-alignment is mostly a function of particle geometry, and not of Péclet number,
for intermediate to large Péclet numbers.

We also analyse the robustness of the model with respect to small changes in the design of the
dumbbell particle. More specifically, we performed simulations with the model presented in Fig-
ure 2.1(c) where the dumbbell is composed of spheres with their surfaces at contact as we vary R̃.
Hence the fluid is not allowed to flow in between them. The results are shown next to the first model
in Figure 2.8(b) and (d). We observe that the two models give consistent results and the values of τ̃
fall in the same range. Therefore we infer that the model of the dumbbell particle is robust within
small variation in the design of the particle, and that the small gap between the spheres in the first
model does not have any major consequence on the self-orientation phenomenon observed.

In order to assess the effect of the side walls on our results, we also performed simulations in a
wider channel, characterized by W×H×Lz = 200×10×400 a3

0 for a few selected state points. We
did not observe any statistically significant deviations on the values of τ̃.

2.4 Conclusions

In summary, we have performed numerical simulations to analyse the self-orientation process of an
asymmetric dumbbell particle in a shallow channel at different hydrodynamic regimes. We have im-
plemented the MD+SRD simulation technique and have verified that this method is able to reproduce
the correct velocity profile of the fluid flow.

Next, we have investigated the self-orientation process at different relative strengths of Brownian
motion and for different particle shapes by varying Pe and R̃, respectively. We define three regimes
of stability by analysing the amplitude of oscillations about the equilibrium position θ = 0◦. For
Pe ≥ 400 the alignment is strong for all R̃. As we lower the Péclet number, 50 ≤ Pe < 400, thermal
fluctuations start to affect the self-orientation process first at large R̃, and progressively also at lower
R̃. The self-alignment process is no longer possible for Pe < 50 for any R̃.

On the basis of these results, we have computed the experimental conditions, such as flow rates
and channel dimensions, to achieve alignment of asymmetric particles whose sizes range from tens
of microns till a few tens of nanometres. This information can guide future experimental work that
focus on nano-sized objects in fluid flows.

Moreover, we have computed the time dependence of the orientation angle θ , and compared it
with the theoretical prediction derived for the fully non-Brownian regime56. Our results are in re-
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markably good agreement with theory, even for intermediate Pe. We have fitted the analytical curves
on our data set, where the fitting parameter is the reorientation relaxation time τ̃. We find that this
parameter is a monotonically decreasing function of R̃. We stress that this result is not in contradic-
tion with recent work where the relaxation time shows a minimum for R̃ = 1.978, since their model of
dumbbell particle is fundamentally different from our model. In our model we increase R̃ by decreas-
ing the radius of one sphere, leading to a particle composed of two beads for all R̃. In their model the
dumbbell is instead composed of two disks where the centre-to-centre distance is kept constant and
the radius of one disk increases with increasing R̃, thus eventually leading to a particle composed of
only one disk for high R̃.

This work has provided evidence that control over particle position and orientation is still possible
at intermediate Péclet numbers, where diffusion becomes relevant in addition to convection. Our find-
ing is relevant for scientific applications which rely on controlling dispersions in micron-sized devices
at intermediate Pe. In fact, several devices are explicitly designed to operate in this regime95,96 such
as H-filters, which enable separation of species by exploiting the difference in diffusivity of the solute
particles97. Since the diffusivity plays a key role in this process, it is clear that the range of applica-
bility of these devices is confined to the low-to-intermediate Pe regime. Another fundamental aspect
of this study reveals that the self-alignment still occurs at length scales on the order of a few microns
to a few tens of nanometres. This finding is quite remarkable as there is no experimental evidence yet,
to the best of our knowledge, which proves that hydrodynamic self-interaction can function at such
small length scales. Therefore our work paves the way to new methods for particle sorting down to
scales of a fraction of microns by exploiting diffusivity, hydrodynamic self-interactions and particle
shape to govern particle position and orientation.
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The effect of hydrodynamics on the crystal
nucleation of nearly hard spheres

We investigate the effect of hydrodynamic interactions (HIs) on the crystal nucleation of hard-
sphere colloids for varying supersaturations. We use molecular dynamics and stochastic rotation
dynamics (MD+SRD) techniques to account for the HIs. For high supersaturation values, we
perform brute force simulations and compute the nucleation rate, obtaining good agreement with
previous studies where HIs were neglected. In order to access low supersaturation values, we
use a seeding approach method and perform simulations with and without HIs. We compute the
nucleation rate for the two cases and surprisingly find good agreement between them. The nucle-
ation rate in both cases follows the trend of previous numerical results, thereby corroborating the
discrepancy between experiments and simulations. Furthermore, we investigate the amount of
fivefold symmetric clusters (FSCs) in a supersaturated fluid under different physical conditions,
following the idea that FSCs compete against nucleation. To this end, we explore the role of the
softness of the pair interactions, different solvent viscosities, and different sedimentation rates in
simulations that include HIs. We do not find significant variations in the amount of FSCs, which
might reflect the irrelevance of these three features on the nucleation process.
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3.1 Introduction

Homogeneous crystal nucleation of colloidal hard spheres has been the subject of many studies in the
past seventy years. The first simulations were performed in the fifties29,30, while the first experimental
results were obtained in the eighties98,99. The considerable body of work performed so far indicates
the relevance of the topic both in fundamental physics and other disciplines100–105. Despite this, the
mechanism by which a supersaturated fluid of colloidal hard spheres transforms into a crystal is still
unclear. Several scenarios such as a one-step, two-step, devitrification or spinodal-like process have
been proposed106–110, but consensus has not yet been reached.

A simple theoretical framework for nucleation is known as classical nucleation theory106,111,112

(CNT). This theory describes homogeneous nucleation as a single-step process, where a crystal nu-
cleus forms out of the metastable fluid and its probability to grow depends only on its size. However,
recent investigations show that crystallization may also occur in two steps107–109. First, thermal fluc-
tuations in the fluid cause the formation of preordered regions, known as precursors, and second,
the precursors promote the formation of the actual crystal nucleus. The nature of the order in these
precursors is still debated. Part of the scientific community believes that density fluctuations in the
supersaturated fluid lead to local denser amorphous regions113,114. Others, instead, believe that bond
orientational order fluctuations lead to the formation of orientationally ordered structures110,115–117.

Another controversial topic concerns the rate of crystal nucleation. Several studies, performed
with different approaches and from different perspectives, have tried to bridge the twenty orders of
magnitude difference on the nucleation rate between experiments and simulations118–122. Despite the
effort, it is still unclear why simulations display a much lower nucleation rate as compared to exper-
imental results. Several hypotheses have been proposed, but none of them conclusively prove what
causes such a huge discrepancy.

For instance, in experiments, sterically stabilized polymethyl methacrylate (PMMA) particles in
low polar solvent are considered to interact like hard spheres. The effect of residual charges or steric
stabilizers on colloidal surfaces might, however, render their interaction slightly softer123. Therefore,
it has been questioned whether the softness of the interaction potential might be the missing ingre-
dient in numerical models to recover the experimental nucleation rates. A numerical investigation,
performed by Kawasaki and Tanaka124, followed by Filion et al.125 and by Richard and Speck126,127,
has looked into this issue by simulating nearly hard particles interacting through the Weeks-Chandler-
Andersen (WCA) potential31. The nucleation rate of this softer system is in good agreement with
earlier numerical results for hard spheres120,122, thus proving that introducing a small amount of soft-
ness does not influence the nucleation rate.

Another ingredient that is usually missing in simulation models concerns hydrodynamic interac-
tions (HIs) among colloids. HIs do not affect the thermodynamic properties of the system, yet they
have an influence on the particle dynamics and, hence, they might affect the nucleation process. HIs
cannot be simplified to pairwise interactions due to their many-body character, hence their implemen-
tation requires the use of specific computationally expensive algorithms. Radu and Schilling128 have
included far-field HIs in their model system and have investigated the nucleation rate of hard spheres
at different solvent viscosities. They remarkably find that a higher solvent viscosity leads to a higher
nucleation rate, moreover they predict larger effects for lower supersaturation. However, in their im-
plementation the near-field hydrodynamic interactions are neglected, and their work is limited to high
supersaturation values, where the fluid is characterised by a volume fraction of φ > 0.537. The latter
is due to limitations in computational time, which prevents one to directly probe the role of solvent
viscosity at lower supersaturation, where numerical and experimental results start to deviate.

Gravity also plays a non-negligible role in experiments. The solvent mixture is density matched to
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colloids, in order to minimize the effect of gravity. Despite this, it is difficult to obtain an exact density
matching, and some gravitational effects will remain present. Reference [129] shows that the literature
on the experimental nucleation rates can be separated in two branches of slow and quick nucleation,
corresponding to weak and strong sedimentation regimes, respectively. The hypothesis that gravity
might enhance the nucleation rate has inspired both simulations and experiments to quantitatively
measure this effect, by intentionally introducing small gravitational effects in the system. Experi-
ments by Ketzetzi et al130 display a strong enhancement of nucleation rate due to gravity. Results
also indicate that such enhancement is caused by collective hydrodynamic effects during sedimenta-
tion, rather than by changes in the local volume fraction. The numerical study by Russo et al.131,
where HIs are neglected, also shows higher nucleation rates under sedimentation. The enhancement
is attributed here to the formation of an inhomogeneous density profile, where crystal nuclei are more
likely to form in the fluid at a local volume fraction of φ ∼ 0.56.

Another research branch has recently focused on analysing the local structure of supersaturated
fluids and, particularly, on the detection of fivefold symmetric clusters (FSCs). This interest originates
from previous studies which highlight that fivefold symmetric clusters can suppress crystallization in
supercooled fluids, eventually leading to vitrification132,133. In analogy with hard spheres at high
supersaturation, the presence of fivefold local arrangements might inhibit the nucleation process. A
recent numerical study has shed light on the mechanism by which these clusters compete with nu-
cleation134. They implemented a model system where the amount of pentagonal bipyramids can be
tuned, and showed that the presence of such clusters has an influence on both the thermodynamic
and kinetic aspects of nucleation. In particular, the authors found that the fluid-solid coexistence
boundaries shift towards lower volume fractions (thermodynamic aspect) and that the nucleation rate
increases (kinetic aspect) by decreasing the amount of pentagonal bipyramids. This study has re-
vealed the nucleation process from a different perspective, and suggests an alternative approach to
the problem. However, this investigation is not concerned with understanding which physical condi-
tions promote or suppress the formation of fivefold symmetric clusters in the fluid. A recent study by
Wood et al.129 made progress in this direction. It showed that the amount of defective icosahedral
clusters decreases considerably by increasing gravity. With these preliminary but encouraging results,
they also studied the nucleation rate of the fluid under the effect of gravity by using the simulation
model134 described above. The amount of fivefold clusters measured in the sedimenting fluid in ex-
periments has been mapped to the amount of clusters in the simulated fluid. This study predicted a
nucleation rate of five orders of magnitude larger than the nucleation rate of a gravity-free fluid129.
This is in agreement with expectations set by the fivefold picture, but unfortunately the enhancement
is not enough to explain the high nucleation rates in experiments in the weak sedimentation regime129.
In the present work, we study crystal nucleation of nearly hard spheres with different numerical meth-
ods, all including (far-field and near-field) HIs in our model system. In section 3.3, we compute the
nucleation rate by direct observation of crystal nuclei forming out of a homogeneous supersaturated
fluid. As the required computational time increases rapidly upon lowering the supersaturation, this
investigation is limited to high supersaturation. To overcome this problem and have access to lower
supersaturation, we use a seeding approach method135,136 in section 3.4. Here, we compare the nucle-
ation rate obtained in a model system which includes HIs, to one where HIs are neglected. Finally, in
section 3.5, we further investigate different physical conditions that may affect the local structure of
the fluid phase, particularly, the presence of fivefold symmetric clusters. In particular, we retrace the
hypothesis mentioned above, and investigate the role of softness of the particle interactions, different
solvent viscosities and gravitational effects, on the local structure of a low supersaturated fluid phase.
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3.2 Model and Methods

3.2.1 The model system

We consider a system of N colloidal spheres with a diameter σ in a volume V , interacting via the
Weeks-Chandler-Andersen (WCA) pair potential31. Two colloids at a relative centre-to-centre dis-
tance r experience a repulsion of the form

βU (r) =

{
4βε

[(
σ

r

)12−
(

σ

r

)6
+ 1

4

]
r ≤ 21/6σ

0 r > 21/6σ ,
(3.1)

where ε is the energy scale and β = 1/kBT with kB the Boltzmann constant and T the temperature. If
not stated otherwise, we consider a repulsion strength of βε = 40. The freezing density of this system
is known from literature, ρfσ

3 = 0.712125, with ρ = N/V the density. In order to map this system
onto hard spheres, we equate the freezing volume fraction of hard spheres φ HS

f = 0.492 to the freezing
volume fraction of our system φf = πρfσ

3
eff/6, with σeff the effective diameter of the colloids, and find

σeff = 1.097σ . Hence, we define the volume fraction as φ = πρσ3
eff/6, which directly compares with

the volume fraction of hard spheres.
We perform simulations in the canonical ensemble using the Large-scale Atomic/Molecular Mas-

sively Parallel Simulator (LAMMPS)137,138 software, by using molecular dynamics (MD) in combi-
nation with the stochastic rotation dynamics (SRD) technique. The hydrodynamic effects are rendered
by the presence of point particles, which we call SRD particles. They represent a coarse-graining of
the solvent molecules over space and time. Physical properties of the solvent are extracted from space
and time averages50.

The SRD algorithm consists of two steps, the streaming and the collision step. During the stream-
ing step, SRD particles behave like an ideal gas among themselves, but they exchange momentum
with the colloids via hard collisions. A colloid and an SRD particle collide at a relative distance
r′ = 0.465σ , which is slightly smaller than the colloid radius of 0.5σ . This guarantees that the SRD
particles are isotropically distributed around the colloid surface, in order to prevent spurious depletion
effects between the colloids43. In fact, two colloids at a relative distance 2r′ = 0.93σ experience a
repulsion of βU(2r′) ' 175, which makes the occurrence of two colloids at a distance r < 0.93σ

extremely unlikely. We employ slip boundary condition on the colloid surface.
Every time interval ∆tc = 4τMD, where τMD is the molecular dynamics integration time step, SRD

particles exchange momentum among themselves via the stochastic rotation algorithm, and their ve-
locities are rescaled in order to keep the temperature fixed in the system. We implement the Galilean-
invariant thermostat of Hecht et al.88. Colloidal particles are therefore thermalized by collisions with
SRD particles, which act as a thermal bath.

The SRD fluid is characterised by a mean free path λ = 0.023σ and a number density γ = 5/a3
0,

where a0 ' 0.23σ is the SRD grid cell. We compute the solvent shear viscosity η by using the
expression reported in Refs. [88,139,140] and obtain η = m f [ γa3

0− 1+ exp(−γa3
0)]/(18∆tca0) +

kBT γ∆tc(γa3
0+2)/[4(γa3

0−1)] = 3.51η0, where η0 =
√

MckBT/σ2 is expressed in colloid mass units
Mc, and m f is the mass of an SRD particle.

In section 3.5 we investigate whether the variation of some system properties has any influence
on the local structure of the fluid, in particular on the formation or suppression of fivefold symmetric
clusters (FSCs). In order to do so, we vary some of the parameter values described above. We explore
the effect of the softness of the colloid interactions by varying the temperature βε = 40,10,5, which,
in turn, changes the size of the effective colloidal diameter. In order to map the softer system onto the
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hard-sphere system, we compute the effective diameter using the freezing densities from Ahmed and
Sadus32. For βε = 10 and βε = 5 we obtain σeff = 1.073σ and σeff = 1.055σ , respectively.

We investigate the role of solvent viscosity by varying the number density of SRD particles in the
range 5≤ γa3

0 ≤ 200, corresponding to a solvent viscosity of 3 . η/η0 . 165.
Finally, we investigate the system in a gravitational field. To do so, we impose an external force

Fcol on each colloid, pointing to the negative z-direction. We also reproduce the effect of back-flow in
the solvent by imposing a force fsrd on each SRD particle, which points to the positive direction of z.
The force acting on N colloids N×Fcol is balanced by the force acting on Nf SRD particles Nf× fsrd,
leading to conservation of the center of mass velocity, which was initially imposed to be zero. We
perform simulations at Péclet number Pe = 0,0.5,1.0,1.5,2.0, where Pe = vσeff/2D0 is the ratio of
advection over diffusion. Here v and D0 are, respectively, the terminal velocity and diffusion coeffi-
cient of the colloidal particles in the limit of very low volume fraction (φ ∼ 0.001). In all simulations
we use periodic boundary conditions in all three directions (x, y and z), and the system size ranges
from 4000 to 7000 colloidal particles, with an order of 2 million solvent particles.

3.2.2 Local structure analyses

In order to distinguish a crystal structure from the amorphous fluid on a single particle level, we use
the bond-orientational order parameter141,142. This algorithm detects whether a particle i belongs to a
crystal or fluid environment based on the arrangement of its closest neighbours Nb(i). The algorithm
associates to each particle i a complex vector qlm(i) defined as

qlm(i) =
1

Nb(i)

Nb(i)

∑
j=1

Ylm(ri j), (3.2)

where l is a free integer parameter, m is an integer defined in the range −l ≤ m ≤ l and Ylm(ri j) are
the spherical harmonics. The sum runs over the nearest Nb(i) neighbours of particle i and the vector
ri j connects particle i to particle j. We compute the scalar product of qlm of neighbouring particles i
and j

Sl(i, j) =
∑

l
m=−l qlm(i)q∗lm( j)(

∑
l
m=−l |qlm(i)|2

)1/2 (
∑

l
m=−l |qlm( j)|2

)1/2 , (3.3)

where the symbol ∗ indicates the complex conjugate. We define i and j connected if Sl(i, j) > d,
where d is a threshold parameter. Finally, particle i belongs to a crystal environment if it has a num-
ber of connections nc larger than a threshold nc ≥ c. If this is the case, we label it solid-like, otherwise
liquid-like. As a result, we are able to identify all the solid-like particles and perform a cluster anal-
ysis which assigns all the solid-like connected particles to a single cluster. Therefore each solid-like
particle belongs only to one cluster. Nearly hard-sphere particles form a crystal nucleus characterized
by random hexagonal order and 12 nearest neighbours, therefore we choose l = 6 and Nb(i) = 12.
The thresholds d = 0.7 and c = 7 are optimised for the detection of solid-like particles in this sys-
tem122,125.

We analyse the amount of fivefold symmetric clusters in the supersaturated fluid via the topolog-
ical cluster classification (TCC) algorithm143. One parameter involved in the definition of a bond is
fc, which is set to 0.82, in line with the analyses performed by Wood et al.129.
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3.3 Brute force simulations
This simulation method enables us to calculate the nucleation rate of nearly hard-sphere colloids
by directly observing the nucleation events originating from a supersaturated fluid. We perform
MD+SRD simulations in order to account for HIs in our model. We simulate a system composed
of N = 4000 colloids in different box volumes V , chosen such that the volume fraction of inter-
est is acquired. We set the number density of SRD particles γa3

0 = 5 and the integration time step
τMD = 4.5× 10−4σ

√
Mc/(kBT ), with SRD collision time ∆tc = 4τMD. These parameters are cho-

sen such that the SRD fluid displays the properties of a viscous solvent in the Stokes limit, while
maintaining a feasible computational time. We verify that SRD particles reproduce the dynamics of
a solvent by computing the Schmidt number Sc, which compares the rate of diffusive momentum
transfer relative to the rate of diffusive mass transfer in the solvent, and which is much greater than
1 for liquid-like systems. In our system we have Sc ' 6, which confirms a liquid-like dynamics. By
using the aforementioned parameters, we obtain a colloid dynamics characterized by a self-diffusion
constant D0 = 0.0573σ

√
kBT/Mc, which we measure from the mean squared displacement of a par-

ticle in a very dilute system (φ ' 0.001). From the self-diffusion constant we derive the Brownian
time τB = σ2/D0, which we use as the unit of time in this section. We generate an equilibrated initial
configuration and ensure that the fraction of crystalline particles is below 1% at time t = 0 of the sim-
ulation run. During the simulation run, we monitor the crystallinity fraction ξ of the system, which is
defined as the ratio of crystalline particles over the total number of particles. We define the nucleation
time τn as the time that elapses until we obtain ξ = 0.10. Hence, the nucleation rate reads

κ =
1
〈τn〉V

, (3.4)

where 〈τn〉 is the nucleation time averaged over several simulation runs. We show the crystallinity
fraction ξ as a function of the rescaled time t/τB in figure 3.1(a), where different colours indicate
different fluid densities, while trajectories with the same colour represent independent runs at the
same density. The sharpness of the transition from the fluid to the crystal phase guarantees that our
criterion to define the nucleation time is reasonable. In fact, the largest source of error comes from
the spread in nucleation times across different simulation runs, rather than the choice of the threshold.
Note that the crystallinity fraction ξ reaches very high values (ξ > 0.8) in many simulation runs, but
also saturates around ξ ' 0.5 in some other cases, where we observe a coexistence between fluid and
crystal. In fact, all the simulated densities, except for ρσ3 = 0.79228, fall in or nearby the fluid-solid
coexistence region of the phase diagram, which extends from the freezing density ρFσ3 = 0.712 to the
melting density ρMσ3 = 0.784 for our system125. We display two configurations, well equilibrated
after the nucleation event, in figure 3.1(b). The left panel shows a snapshot of the system with a
density of ρσ3 = 0.78153, where the fluid coexists with the crystal phase and displays a crystallinity
fraction of ξ = 0.50. We represent the crystalline and fluid particles in red and cyan, respectively.
The fluid particles are reduced in size to enhance the visualization. In the right panel of figure 3.1(b)
the system has a density of ρσ3 = 0.79228 and has fully crystallized (ξ = 0.95).



3

THE EFFECT OF HYDRODYNAMICS ON THE CRYSTAL NUCLEATION OF NEARLY HARD SPHERES35

Figure 3.1: a Fraction of crystalline particles as a function of time for different densities ρ∗= ρσ3, represented
here by different colours. The curves of the same colour are independent realizations performed at the same
density. b Snapshots of the system taken after the nucleation event. (Left) Configuration of the system with
ρσ3 = 0.78153, showing a fluid-crystal coexistence. The particles that belong to a crystal domain are coloured
red and those belonging to a fluid phase are coloured cyan and reduced in size to enhance the visualization.
(Right) Configuration of the system with ρσ3 = 0.79228, showing a full crystallization.

In table 3.1 we report the results of the average nucleation time 〈τn〉/τB and the nucleation rate
κσ5

eff/D0, together with the density of the fluid ρσ3, the number of simulations performed for each
density ntr and the number of observed nucleation events ne. In case there are less nucleation events
than trials, we calculate the nucleation rate from equation (3.4) by considering a larger volume of the
simulation box given by V ′ =V ntr/ne.
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ρσ3 ntr ne 〈τn〉/τB κσ5
eff/D0

0.79228 5 5 22.6 1.38×10−5

0.78507 5 5 185 1.68×10−6

0.78153 10 10 190 1.64×10−6

0.77700 20 10 1130 1.38×10−7

Table 3.1: Nucleation rates κσ5
eff/D0 of nearly-hard spheres obtained from brute force simulations which

include HIs. We perform ntr simulations for each fluid density ρσ3 and report the number of simulations that
have nucleated ne and the average nucleation time 〈τn〉/τ .

In figure 3.2 we show the nucleation rate κσ5
eff/D0 as a function of the mapped volume fraction

φ . Our results are represented by red squares, while previous numerical and experimental results are
shown in blue and green symbols, respectively.

κ
σ

5 ef
f

/D
0

φ

FFS HS Filion et al.[122]

FFS WCA Filion et al.[125]

US HS Auer et al.[120]

BD WCA Kawasaki et al.[124]
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exp Harland et al.[119]

exp Sinn et al.[121]
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 1e−15
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Figure 3.2: Nucleation rate κσ5
eff/D0 as a function of the mapped volume fraction φ . Green symbols represent

experimental results, blue symbols are numerical results obtained without accounting for HIs, and red squares
represent our results, obtained with Brute Force simulations including HIs.

We observe that our data points are in very good agreement with the literature, which we ex-
pected at these high packing fractions. Therefore, we conclude that HIs do not affect the nucleation
rate at high supersaturations. Yet, we need to access lower fluid supersaturations in order to under-
stand whether HIs play a role in the enhancement of the nucleation rate, as observed experimentally.
In fact, previous numerical results, obtained without HIs, differ from the experimental results by
approximately two order of magnitudes at the volume fraction of φ ' 0.535, and the difference be-
comes even larger for lower volume fractions, in the range of weak supersaturation, as illustrated in
figure 3.2. However, directly computing the nucleation rate in the region of weak supersaturation
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becomes impractical via brute force simulations. For instance, the experimental nucleation rate at
φ = 0.53 is at least one order of magnitude smaller as compared to the nucleation rate at φ = 0.535.
We obtain results at φ = 0.537 in a simulation time of about 2 months, thereby confirming that this
method becomes inadequate at such low volume fractions. In section 3.4 we overcome this problem
by employing another simulation method.

3.4 The seeding approach

In the previous section, we provided results on the nucleation rate of nearly-hard spheres with HIs by
performing brute force simulations. However, the use of this numerical approach at low supersatura-
tion is hindered by the enormous computational time required to observe a nucleation event to occur.
Several biasing techniques have been used to access volume fractions lower than 0.535, like umbrella
sampling and forward flux sampling122,125,126. Recently, a new simulation technique has provided
quite accurate results on both the thermodynamic and kinetic aspects of nucleation. This technique
is known as the seeding approach135,136, and it has been applied to study the nucleation barrier of
nearly-hard spheres with βε = 40127.

In this section, we aim to understand the relevance of HIs on the nucleation process of a colloidal
fluid at low supersaturation. To do so, we employ a seeding approach method and implement both
the MD and the MD+SRD techniques to neglect or account for HIs in the model system, respectively.
We compute the nucleation rate for different nucleus sizes and compare the results obtained with the
two simulation schemes.

The seeding approach is based on classical nucleation theory and involves seeding the supersat-
urated fluid with a crystalline nucleus, and determining the thermodynamic conditions at which the
nucleus is critical, i.e. it has equal probability to shrink or grow. We perform simulations in the NV T
ensemble, with βε = 40 for different densities. For each size of the nucleus, we determine the density
at which the nucleus is critical and we refer to it as the critical density ρc.

In order to determine the critical density, we compute the probability of melting Pm(ρ) determined
by the fraction of trajectories that display a complete melt of the nucleus, leading to n < 10. In
figure 3.3(a) we show ten independent trajectories of a nucleus of size n as a function of time. We
obtained these realizations by performing simulations with HIs. The committor probability Pc(ρ) =
1−Pm(ρ) reflects the probability that the seed grows out and induces a fluid-solid phase transition
in the system, at fixed density ρ . We report the committor probability as a function of the density
of the system in figure 3.3(b), displayed here with dots. We obtain these results for a seed of size
〈n〉 = 430± 40, in a system composed by N = 7000 particles and accounting for HIs. The seed is
initially composed of 〈n〉= 430±40 particles, where the angular brackets indicate an average of the
nucleus size performed over the first time interval t/τMD = 5×104 at the critical density ρc. We fit the
function Pc(ρ) = 1/2[1+erf(a(ρ−ρc))] on the numerical data, where a and ρc are fitting parameters.
The fit is shown with a solid line, and it directly provides the critical density ρcσ3 = 0.751 for this seed
size, which corresponds to the density where Pc = 1/2. As mentioned earlier, we perform simulations
in the NV T ensemble for which it is possible to implement HIs. In this ensemble, however, the
stability of the seed is influenced by finite size effects127. In fact, given a seed of size n, the critical
density found with a system of N particles is higher as compared to the critical density we would
obtain with an infinitely large system, which corresponds to the thermodynamic limit. This effect is
due to the progressive depletion of colloidal particles in the supersaturated fluid phase which surround
the nucleus while the latter is increasing in size. As we increase the total system size N, this effect
becomes less relevant and we detect a lower critical density. In figure 3.3(c) we report the results
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Figure 3.3: The seeding approach. a Time evolution of a crystalline seed of 430 particles at temperature
kBT = 0.025 ε and critical density ρcσ3 = 0.751 for 10 independent trajectories, using MD simulations with
HIs. The total number of particles is 7000. b The committor probability as a function of density for a seed
of 430 particles in a system of 7000 particles. The solid line represents the fit performed to obtain the critical
density ρc at PB = 1/2. c Critical density as a function of system size for different seeds, as obtained from MD
simulations without HIs in the NV T ensemble. The solid line indicates the linear fit performed on the dataset to
extrapolate the critical density to the thermodynamic limit at 〈n〉/N = 0. d Seed size as a function of the critical
volume fraction φc = πρcσ3

eff/6. Data obtained from N pT simulations are not affected by finite size effects,
while data obtained from NV T simulations show a higher critical volume fraction. The black dots represent
the values of the critical volume fraction obtained from the finite-size scaling study, reported in c. The dashed
black and dashed-dotted green lines are interpolations of the results reported in Ref. [126,127].
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on the finite size scaling, which are performed without including HIs, due to the huge computational
cost that the MD+SRD method requires for large system sizes. We show the critical density ρc as a
function of system size 〈n〉/N for four seed sizes 〈n〉= 216, 430, 503, 640, here represented by points
in different colours. We observe that ρc increases linearly with the inverse system size, therefore we
perform a linear fit to extrapolate the critical density ρextr

c in the thermodynamic limit at 〈n〉/N = 0. In
figure 3.3(d) we show the seed size 〈n〉 and its corresponding critical volume fraction φc = πρcσ3

eff/6,
for simulations performed in different ensembles. The red points represent the results obtained from
MD simulations in the N pT ensemble. In this ensemble, the growth of the seed is not affected by the
system size, since the pressure of the fluid is constant over time. These points are in good agreement
with the results obtained in Refs.[126, 127], where they use both the seeding approach and forward
flux sampling methods. For ease of comparison, we report here an interpolation of their results
with dashed black and dashed-dotted green lines for the seeding and forward flux sampling methods,
respectively. The orange and blue points are obtained from simulations on a finite system in the NV T
ensemble, where hydrodynamic interactions are included and neglected, respectively. The system size
varies in the range 0.053 < 〈n〉/N < 0.094. In both cases, finite size effects are present and determine
a higher critical volume fraction as compared to N pT simulations. Interestingly, we observe that
the simulations in the NV T ensemble provide slightly different critical volume fractions for the two
cases of including and neglecting HIs. This difference is not significantly large, although simulations
with HIs provide systematically smaller φc for all the seed sizes. We expect that in the case that
HIs would affect the nucleation rate, they would only influence the kinetic aspect of the nucleation
process. With this regard, we believe that the difference observed in φc might be introduced by the
specific simulation method used to include HIs in the model. In fact, the SRD method is a particle-
based algorithm where the presence of the solvent is resolved by explicitly including point particles
in the system. Therefore, the simulations with HIs have a larger number of degrees of freedom
as compared to the simulations which do not include HIs. The augmented number of particles in
MD+SRD simulations might reduce finite size effects on the system, thus providing slightly smaller
values of φc. Finally, we display the extrapolated critical volume fractions in the thermodynamic limit
with black points, which are obtained from the finite size scaling study of figure 3.3(c). The trend is
nicely matching with the results obtained in the N pT ensemble.

The seeding approach, in combination with classical nucleation theory, enables us to compute also
the nucleation rate of the system, which is defined as136

J =
√
|∆µ|/(6πkBT 〈n〉) f+ρ

extr
c exp(−∆G/kBT ), (3.5)

where ∆µ is the chemical potential difference between the fluid and the solid phases at the same tem-
perature and pressure, ∆G = |∆µ|〈n〉/2 is the height of the free-energy barrier, and f+ = 〈(n(t)−
〈n〉)2〉/(2t) is the attachment rate101, calculated at the critical density. We calculate the chemical
potential of the fluid and solid phases by performing thermodynamic integration of the respective
equation of states. The chemical potential of the fluid phase is evaluated at the extrapolated critical
densities ρextr

c for both cases of HIs and no HIs. This is in line with our assumption that the ther-
modynamic properties of the system should be independent of its kinetic features, hence we expect
that the extrapolated critical density should be the same for simulations that exclude and include HIs.
The values of ρextr

c and ∆µ are reported in table 3.2. In order to compare the dynamical properties
of the system for the two cases of HIs included and excluded, we rescale the attachment rate and the
nucleation rate by the short-time self diffusion constant D0. We estimate D0 in MD+SRD simula-
tions by performing a linear fit to the mean squared displacement of the colloid particle. We obtain
D0 = 0.0573± 3× 10−4σ

√
kBT/Mc. Following Ref. [126], we compute D0 in MD simulations via

the expression D0 = 3
√

kBT/(πMc)/(8ρσ2
eff), which is obtained from the Chapman-Enskog kinetic
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theory of gases144. The values of f+σ2
eff/D0 and Jσ5

eff/D0 are reported in table 3.2.

〈n〉 ρextr
c σ3 β|∆µ| f+σ2

eff/D0 Jσ5
eff/D0

no
H

Is
216±27 0.7579 0.3741 1096 3×10−17

430±26 0.7477 0.2820 3601 1×10−25

503±41 0.7464 0.2708 3582 5×10−29

640±17 0.7443 0.2527 2648 9×10−35

H
Is

213±21 1033 5×10−17

430±40 same as same as 2389 6×10−26

506±58 no HIs no HIs 2921 3×10−29

618±50 1576 9×10−34

Table 3.2: Values of the variables that lead to the computation of the nucleation rate, which are obtained from
MD (no HIs) and MD+SRD (HIs) simulations. From the left, we report the seed size 〈n〉, the extrapolated
critical density ρextr

c σ3, the chemical potential difference β |∆µ| between the fluid and the solid states at the
same temperature and pressure, the attachment rate f+σ2

eff/D0 and the nucleation rate Jσ5
eff/D0. We use the

values of ρextr
c σ3 and β |∆µ| to calculate the nucleation rate in both cases of “no HIs” and “HIs”.

Finally, we plot the values of the nucleation rate obtained with the seeding method as a function
of the system volume fraction in figure 3.4, where we also add previous literature results as compari-
son. We observe that the seeding method enables us to investigate the nucleation process at very low
supersaturation values of the fluid, as we provide results down to the volume fraction of φ = 0.514 for
a seed size of 〈n〉 ' 630. The red diamonds and circles represent the results we obtain with simula-
tions that neglect and include HIs in the model, respectively. We see that the two simulation methods
provide similar results for all the seed sizes. We also notice that the results corresponding to a seed
size of 〈n〉 ' 215, at volume fraction φ = 0.524, fall in a range of the volume fraction which was
already investigated by other simulation methods, thus directly enabling a comparison with the litera-
ture. Our results of the nucleation rate are in very good agreement with the ones obtained via forward
flux sampling122 on hard spheres, thus showing that the seeding approach correctly reproduces pre-
vious results. From this investigation we conclude that the hydrodynamic interactions do not play a
significant role on the kinetic aspects of the nucleation process.
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Figure 3.4: Nucleation rate Jσ5
eff/D0 as a function of the volume fraction φ of the system. The red diamonds

and circles represent the results we obtain from the seeding method by neglecting and including HIs, respec-
tively. We report our results from brute force simulations with HIs with red squares, previous numerical results
without HIs with blue symbols and previous experimental results with green symbols.

3.5 The structure of the fluid
Previous studies showed that the exact local structure of the fluid, e.g. the presence of FSCs, may af-
fect the nucleation rate of nearly hard-sphere particles129,134. This section is dedicated to the analyses
of the FSCs in a supersaturated fluid under different physical conditions. In particular, we compute
the fraction of defective icosahedral clusters χ , which is defined by the number fraction of particles
that belong to a defective icosahedral cluster. We compare values of χ obtained in a fluid of particles
characterized by varying softness of the pair interaction, embedded in various solvent viscosities and
affected by a gravitational field at different Péclet numbers. We investigate the fluid at volume frac-
tions φ = 0.50, 0.515, 0.53, 0.544 and verify that the fraction of crystalline particles is below 1% in
all the cases. For sake of clarity, the main results of this section are presented first in the following
figure 3.5, and then discussed in more details in the respective subsections.
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Figure 3.5: a (Left) Pair potential βU as a function of the distance r/σ , for different softness βε . (Right)
Fraction of defective icosahedra χ as a function of the volume fraction φ , for different softness βε . b (Left)
Self diffusion constant D∗ = D

√
Mc/kBT σ as a function of the solvent viscosity η∗ = ησ2/

√
MckBT . The

squares represent the short-time diffusion constant D∗0 = D0
√

Mc/kBT σ , while the circles represent the long-
time diffusion constant D∗L =DL

√
Mc/kBT σ , measured on a fluid at volume fraction φ = 0.50. (Right) Fraction

of defective icosahedra χ as a function of the volume fraction φ , for different solvent viscosities η∗. c (Left)
Average terminal velocity v normalised by the Stokes velocity v0 as a function of the hydrodynamic volume
fraction φh. The dots represent our numerical results, shown with different colours for different Pe. The
dotted and dashed-dotted lines correspond to two versions of the semi-empirical Richardson-Zaki law145 v/v0 =
(1−φ)a, with a = 4.7 and a = 6.55, respectively. The solid line is a theoretical prediction by Hayakawa and
Ichiki146. The inset shows the reduced Stokes velocity v∗0 = v0

√
Mc/kBT as a function of the reduced drag

force F∗ = Fσ/kBT applied on the colloid. Different colors correspond to different Pe and the solid line is a
linear fit to the data points. (Right) Fraction of defective icosahedra as a function of φ for different values of
Pe.
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3.5.1 The role of softer potentials
The softness of a pair interaction is related to the ease by which two particles approach each other
closer than their cut-off radius. This feature is reflected by the slope of the interaction potential. The
steeper the potential, the harder the pair interaction. On the left panel of figure 3.5(a) we show the
interaction potential βU as a function of distance r/σ , for βε = 5,10,40. We observe that the softness
of the potential increases by lowering the repulsion strength βε , therefore we use these values of βε

to investigate the role of softness on the local structure of the fluid. In section 3.2 we describe how we
prevent the occurrence of spurious depletion effects by choosing the colloid-SRD collision distance
r′ = 0.465σ slightly smaller than the colloid radius 0.5σ . For βε = 5 and 10, the repulsion strength
perceived by two colloids at a relative distance of 2r′ = 0.93σ is equal to βU(2r′) ' 22 and 44,
respectively. These repulsion strengths are large enough to ensure that two colloids will not approach
each other at distances closer than 2r′. In order to verify this statement, we show in figure 3.6 the
radial distribution function g(r) of a fluid at a volume fraction of φ = 0.515, for different softness.
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Figure 3.6: Radial distribution function g(r) of the fluid at φ = 0.515 for different softness βε = 5,10,40. The
distance r is rescaled by the effective diameter σeff, collapsing all curves on top of each other. The inset shows
a zoom in of the g(r) as a function of reduced distance r/σ . The function is zero for 2r′ < 0.96σ for all the
softness.

We rescale the relative distance r by the effective diameter σeff of the particle. Note that σeff de-
pends on the softness of the potential, since we map the freezing volume fraction of each system to
the freezing volume fraction of hard spheres, as described in section 3.2. By rescaling the relative
distance in this manner, the position of the peaks of the radial distribution functions superimpose on
each other. The height of the first peak is slightly larger for harder potentials. This reflects that the
distribution increases more steeply for harder potentials at a distance of r/σ ' 1. Since the height of
the first peak for βε = 5 and 10 is marginally smaller as compared to βε = 40, we are confident that
spurious depletion effects are not present in our model systems, as they would cause a considerable
enhancement of the first peak43. Moreover, the inset shows a zoom in of the g(r) as a function of
the distance r, here rescaled by the bare unit of length σ . In this representation we can clearly see
that g(r) = 0 for r < 0.96σ for all the softness values considered here, thus demonstrating that two
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particles never approach each other closer than 2r′. The right panel of figure 3.5(a) shows the fraction
of defective icosahedra clusters χ as a function of the volume fraction φ for different softness, as
obtained from MD+SRD simulations. For all the softness values, we observe that χ increases with
increasing the supersaturation of the fluid, as already reported in the literature129,134. Different soft-
ness values are represented here by different colours. We hardly see any difference on the values
of χ for different values of βε . We therefore conclude that the softness of the interaction potential
does not affect the local structure of the fluid within the range of volume fraction investigated in this
work. Consequently, this result supports the hypothesis that softness, as represented here, might not
influence the rate of nucleation in hard and nearly-hard spheres.

3.5.2 The role of solvent viscosity
In this section we simulate four different solvent viscosities η∗ = η/η0 = 3.5, 40.8, 82.2, 165.2. To
do so, we increase the number density of SRD particles 5 ≤ γa3

0 ≤ 200. We note that by increas-
ing the viscosity of the system, the simulation time considerably increases due to two independent
phenomena. The first one is related to the computational time per time step, which scales linearly
with the number of SRD particles. The second one is related to a slowing down of the colloidal
particle dynamics, which is caused by a higher friction. The latter phenomenon is visible in fig-
ure 3.7, where we show the self-intermediate scattering function Fs(q, t) as a function of rescaled
time t/τMD, for different solvent viscosities and fixed volume fraction φ = 0.515. This function is
defined as Fs(q, t) = 1/N ∑

N
j=1〈exp{iq · [r j(0)−r j(t)]}〉, where q is the wave vector for which we use

q = |q|= 2π/σ , and r j is the position vector of particle j.
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Figure 3.7: Self intermediate scattering function Fs(q, t) as a function of reduced time t/τMD for different
solvent viscosities η∗ = ησ2/

√
MckBT , here represented in different colours. The black line indicate the value

1/e, which intercepts the functions at the relaxation time τr, indicated on the x axis by the dotted lines.

This function describes the positional correlation of a particle with itself over time. It displays high
correlation values for short time scales, and a subsequent decay for longer time scales. This decay
expresses the progressively decorrelation of the configurations with respect to the initial one, as time
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elapses. We define the relaxation time τr as the time interval where Fs(q,τr) = 1/e. In figure 3.7 we
represent the value of 1/e with a black line which intercepts each curve at the relaxation time. We
indicate τr on the x axis by dotted lines in order to guide the eye. The slowing down of the particle
dynamics is evident from the increase of τr as we enhance the solvent viscosity. For instance, the
relaxation time of the red curve is 8.4 times larger than the relaxation time of the green curve. As we
further increase the viscosity, the relaxation time becomes 16.2 and 31.2 times larger for the blue and
violet curves, respectively. As is clear from figure 3.7, an increase in viscosity leads to a shift, but
crucially not to a qualitative change in the shape of the self intermediate scattering function. We note
that this is a consequence (i) of having sufficiently resolved near-field HIs, which scale linearly with
the viscosity, and (ii) of having a sufficiently large separation of time scales between the relaxation
of colloidal and fluid velocities43, ensuring that on time scales on which the colloids change their
configurations, they feel purely viscous effects from the fluid, not influenced by the very short-time
ballistic motion of the fluid particles. Note that the shift is proportional to the viscosity for the three
highest viscosities in figure 3.7, indicating full separation of time scales. From the lowest viscosity
of 3.5 to the next, the shift is almost (but not exactly) proportional to the viscosity, indicating that
for the lowest viscosity the time scales are almost (but not quite fully) separated. For each viscosity,
we output nearly uncorrelated configurations every multiple of the respective relaxation time, such
that we perform FSCs analyses on equivalent sets of configurations. The left panel of figure 3.5(b)
shows the colloidal self diffusion constant as a function of the solvent viscosity. We measure the
diffusion constant by performing a linear fit of the mean squared displacement of a particle. The
squares represent the short time diffusion constant D0, measured in a very dilute system of φ ' 0.008,
while the circles represent the long time diffusion constant DL of a dense fluid at φ = 0.50. In both
cases D scales as 1/η , here visible from the linear scaling in the logarithmic representation of the x
and y axes (with a very small deviation for the lowest viscosity, for reasons as discussed above). These
results indicate that the hydrodynamics of the system is correctly captured by this simulation method.
On the right panel of figure 3.5(b) we present the results on the FSCs analysis. We show the number
fraction of defective icosahedral clusters χ as a function of volume fraction φ for different solvent
viscosities. In analogy with the results obtained for different softness of the interaction potential,
we observe that χ increases with increasing supersaturation of the fluid, for all the simulated solvent
viscosities. Moreover, on a general level, we observe that there is no noticeable effect of the solvent
viscosity on the configurational properties of the colloidal fluid. In fact, for each volume fraction,
the measurements of χ might slightly vary for different solvent viscosities, but they are consistent
with each other within the error bars. For instance, a small difference is found at the highest volume
fraction φ = 0.544, since χ decreases of 8% by increasing the solvent viscosity from η/η0 = 3.5 to
η/η0 = 165. As we lower the supersaturation of the fluid, the value of χ decreases with increasing the
solvent viscosity for φ = 0.530 and 0.515, where we measure a difference of 6% and 5%, respectively.
On the contrary, χ is larger at η/η0 = 165 rather than at η/η0 = 3.5 for φ = 0.50. On the basis of
considerations reported in Ref. [129] and explained more deeply in section 3.5.3, these differences
are too small to cause a sensitive enhancement of the nucleation rate of hard spheres, especially at
low supersaturations. Moreover, the opposite trend shown for φ = 0.50 further proves that the solvent
viscosity does not affect the local structure of the fluid.

3.5.3 The role of gravity

In figure 3.5(c) we present the results obtained for a supersaturated fluid subject to gravity. The left
panel shows the average terminal velocity v of the system, normalised by the Stokes velocity v0, as
a function of the hydrodynamic volume fraction φh. The latter quantity is defined by φh = 4πρr3

h/3,



3

46 CHAPTER 3

with the hydrodynamic radius equal to rh = 0.363σ . We calculated the hydrodynamic radius via the
following equation

rh =
ζSζE(η

k +2η)

6πη(ηk +η)(ζS +ζE)
, (3.6)

where ζS is the Stokes friction and ζE the Enskog friction43, η is the shear viscosity and ηk is its
kinetic contribution43,147. Note that the hydrodynamic radius is somewhat smaller than the colloid-
SRD collision radius r′ = 0.465σ , introduced earlier. This is due to an overall smaller friction acting
on the colloidal surface which, in turn, affects the strength of the hydrodynamic interactions. We
map the hydrodynamics of our model system onto an equivalent physical system by displaying the
terminal velocity as a function of the hydrodynamic volume fraction φh. In fact, the latter quan-
tity encodes the information of the hydrodynamic radius and therefore enables us to quantitatively
compare our results with the literature. The values of v/v0, shown with dots, are in good agree-
ment with both experimental148 and numerical84 results, the latter performed in the same range of
parameters. We observe that collective hydrodynamic effects slow down the settling velocity of the
system as the volume fraction is increased. Moreover the reduction is independent of Pe, here repre-
sented by different colours, in agreement with Ref. [84]. The dotted and dashed-dotted lines are two
versions of the semi-empirical Richardson-Zaki law145 (1−φ)a with a = 4.7 and a = 6.55, respec-
tively. The solid line is a theoretical derivation which takes higher-order hydrodynamic interactions
into account146. The inset displays the reduced Stokes velocity v∗0 = v0

√
Mc/kBT as a function of

the reduced external force F∗ = Fσ/kBT acting on the colloids. The data points perfectly follow a
linear trend, shown with a solid black line, which demonstrates that we reproduce a fluid dynamics
in the Stokes regime. Moreover, the slope of the linear fit gives an estimate of the diffusion constant
D0 = 0.0587± 6× 10−4 σ

√
kBT/Mc, which results in good agreement with the one measured from

the mean squared displacement D0 = 0.0573±3×10−4 σ
√

kBT/Mc in absence of gravity.
In the right panel of figure 3.5(c) we report the fraction of defective icosahedra χ as a function

of the volume fraction φ , for different values of Pe. We observe that χ increases as we increase the
supersaturation of the fluid. This trend is in qualitative agreement with recent experimental results
on the same topic129. We also find that the amount of χ is rather independent of Pe. In fact, for
fixed volume fraction, the number fraction of defective icosahedra do not significantly change within
our error bars. For instance, we obtain that the amount of defective icosahedra at Pe = 2 differs by
3% from the value obtained in absence of gravity, whereas the relative error of the measurements is
about 10%. However, the irrelevance of gravitational effects on the amount of FSCs is surprisingly
in contrast with the experimental results mentioned above, where they find a reduction of defective
icosahedra between 34% and 24% in the range of 0.50 < φ < 0.544, for Pe = 1.5 as compared to the
density matched case. The cause of this divergence between experiments and simulations is not clear
yet. For what concerns our numerical results, we are confident that the SRD method accurately cap-
tures the hydrodynamics of the system. In fact, we demonstrate this by nicely reproducing the decay
of the terminal velocity of the system as a function of the volume fraction. Yet, we note that the hy-
drodynamic radius is slightly smaller than the radius of the colloid. This implies that the magnitude of
hydrodynamic interactions, which scales linearly with the hydrodynamic radius, is somewhat smaller
in our model system as compared to an actual system. Despite this, we believe that the weakening
of hydrodynamic interactions is not so relevant to justify the discrepancy between simulations and
experiments. A more rigorous matching between experimental and simulation results would require
further quantitative analyses on the differences inherently present in these two systems. We leave this
additional investigation for future research, as we believe it is out of the scope of the current work.
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3.6 Conclusions

We performed MD+SRD simulations of nearly-hard spheres in order to investigate whether hydrody-
namic interactions may enhance the crystal nucleation rate, and may bridge the long-standing discrep-
ancy between numerical and experimental results. To do so, we addressed the problem from different
angles and employed several simulation methods. In all the cases investigated, we found that HIs do
not influence the crystal nucleation rate neither directly nor indirectly, thereby leaving the problem
unresolved.

In the first part of this work, we computed the nucleation rate in a wide range of fluid volume
fractions by means of two simulation methods. At high supersaturations, we employed brute force
MD+SRD simulations to directly observe the spontaneously forming crystal nuclei. We computed
the nucleation rate and showed that our results agree well with previously reported values, thereby
validating the use of this simulation technique in this context.

At low fluid supersaturations, we employed the seeding approach method and perform MD sim-
ulations with and without HIs. We compared the nucleation rates obtained in these two cases and
remarkably found a good agreement between them. Therefore, the presence of hydrodynamic in-
teractions in the system does not influence the crystal nucleation rate, in direct contrast with what
hypothesized in previous studies that did not account for HIs122,124–127,129,136. The obtained nucle-
ation rates follow the trend of earlier numerical results, thus leaving open the issue of the discrepancy
between experiments and simulations101,118–122,124,125,129.

In the second part of this work, inspired by the hypothesis that FSCs might compete against nu-
cleation already at lower fluid supersaturation than the glass transition, we further investigated the
properties of the system from this perspective. We simulated a supersaturated fluid of nearly-hard
spheres in a volume fraction range of 0.50 < φ < 0.544 and computed the fraction of defective icosa-
hedra χ in the system under different physical conditions.

First, we studied the role of the pair interaction softness by simulating three different temperatures
βε = 40,10,5. We compared the values of χ in the three cases and found very nice agreement among
them. With this regard, we conclude that the interaction softness does not influence the local structure
of the fluid, specifically the fraction of FSCs.

Second, we explored different values of the solvent viscosity, which was varied in the range of
3 < η/η0 < 165. Because of the clear separation of time scales for relaxation of the colloidal and
fluid velocities, the colloidal dynamics was found to slow down linearly with increasing viscosity,
as expected. We found that χ slightly decreases with increasing solvent viscosity at high supersat-
uration, although the decrement is very small (∼ 6% for φ = 0.530) and should definitely not lead
to a significant difference in the nucleation rate. In fact, in a recent study129 on the same topic, it
was shown that a difference of χ of about 30% is still not sufficient to recover the experimental nu-
cleation rates. At low supersaturations, we found hardly any effect of viscosity on χ , and hence the
discrepancy between experiments and simulations remains unexplained.

Finally we studied the system under gravity, for values of Pe < 2. Similarly to what we obtained
by varying other system properties, the local structure of the fluid is insensitive to different sedimen-
tation rates. This result is surprising as it shows a net contrast with the recent work of Wood et al.129,
where a settling fluid at Pe = 1.5 displays 30% less defective icosahedra as compared to the non-
settling fluid.

To conclude, we consistently find a substantial irrelevance of the hydrodynamic interactions on
the nucleation rate and the local structure of the supersaturated fluid. Despite the fact that our find-
ings do not explain the enduring discrepancy between experiments and simulations on the nucleation
rate, they have disproved the hypothesis, coming from previous numerical studies, that HIs are the
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missing ingredient to recover the experimental nucleation rates. Perhaps HIs are important, but then
in combination with another physical mechanism not explored in our work. Furthermore, we opened
new interesting research directions to be investigated, e.g. a joint experimental and numerical study
on the properties of the fluid under gravity.
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Oscillatory shear-induced BCC-FCC
Martensitic transformation in a colloidal

suspension with long-range repulsive
interactions

We perform Non-equilibrium Brownian Dynamics (NEBD) simulations to investigate the out-of-
equilibrium phase behaviour of a fluid of hard-core Yukawa particles under external oscillatory
shear. We independently vary the frequency f and the maximum strain amplitude γmax of the
oscillations and map out an out-of-equilibrium phase diagram in the f vs γmax plane. Similarly
to what has been observed in earlier studies on hard spheres, we find the formation of 3D crystal
structures in a specific range of γmax, namely a twinned fcc phase which displays a Martensitic
transition to a bcc crystal within half of the oscillation cycle. We provide a comprehensive analy-
sis of these structures and show how the system transforms from one to the other. We also report
evidence of sliding layers and a string phase.
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4.1 Introduction

Colloidal science has invested much research on understanding the intricate coupling between the
structure of matter and the physical properties it exhibits. It is well known that the spatial organi-
zation of matter on the microscopic scale determines the physical properties of the system on the
macroscopic scale. In reverse, it is possible to fabricate a system which manifests the desired phys-
ical properties by driving the formation of specific microstructures. The significance of this branch
of research is due to the numerous industrial applications of colloidal suspensions in emerging tech-
nologies. For instance, specific colloidal structures reveal intriguing optical properties like photonic
crystals, where the material exhibits a photonic bandgap that prevents the propagation of light along
specific directions149,150. Other unexpected discoveries are made in rheology, which studies the me-
chanical properties of fluids under shear stress. In non-Newtonian fluids, the application of steady
or oscillatory shear is responsible for the aggregation of colloidal suspensions on a local level, de-
termining a change in the visco-elastic properties of the system. These phenomena are known as
shear thinning and shear thickening151–154. Although major steps towards the comprehension of soft
condensed matter have been performed, having control over the self-assembly process is still a ma-
jor challenge. Nevertheless, it is possible to assist the self-assembly process by means of external
fields, such as electric or magnetic fields, laser-optical fields, shearing3 or flow fields in microfluidic
devices155,156. During the past three decades a branch of research has focused on the application of
steady and oscillatory shear to suspensions of hard spheres and charged particles157. Surprisingly,
it has been discovered that oscillatory shear induces crystal formation in a fluid of hard spheres,
and the shear-induced crystal melts back upon cessation of the shear158,159. This out-of-equilibrium
crystallization is the result of a delicate balance of direct inter-particle interactions, hydrodynamic
interactions, Brownian motion, and shear-flow induced dynamics. In the oscillating shear flow the
strain amplitude is one of the key parameters that drives the self-assembly process. This parameter
sets the distance of flow-induced interactions between the particles. By varying the strain amplitude
a rich out-of-equilibrium phase diagram displaying layering160, string formations161 and 3D crystal-
like ordering55,159 has been observed in experimental as well as numerical studies of hard and nearly
hard spheres. For low values of strain amplitude, the system forms the twinned face-centred-cubic
(fcc) structures. For higher strain amplitudes the crystal ordering is affected by the collisions among
particles which become more frequent. The hexagonal order on the velocity-vorticity plane is pre-
served, but the planes along the gradient direction show random stacking. This different phase is
known as the sliding layer phase. A comprehensive investigation of the out-of-equilibrium phase be-
haviour of hard-sphere like colloidal suspensions is reported in Ref. [55], where the authors provide
an analysis of different ordered structures encountered by systematically varying the strain amplitude
and the oscillation frequency. The inspiring work performed on hard-sphere particles demonstrates
that oscillatory shearing is a valuable method to generate non-equilibrium ordered structures out of
a disordered fluid phase. In analogy, some work has been performed on charged colloidal particles.
Yan et al. performed a light scattering study on weakly repulsive charged colloids under oscillatory
shear162. They distinguished two ordered structures by varying the strain amplitude: the twinned fcc
phase for low strain and the sliding layer phase at high strain. These results are in agreement with
the earlier mentioned studies on hard spheres, which is to be expected since the Debye screening
length is just about 6% of the particle’s diameter. Furthermore, Xue and Grest have investigated the
behaviour of repulsive particles characterized by a longer range of interaction163. They implemented
non-equilibrium Brownian Dynamics (NEBD) simulations and found shear-induced string ordering
in a system at temperatures slightly below the melting point. The strings are aligned along the veloc-
ity axis, forming hexagonal packing in the vorticity-gradient plane. Beyond this result, they did not
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find any evidence of a 3D ordered structure. However, they investigated only low values of the Péclet
number (Pe), where the Brownian forces might still be sufficiently strong compared to the convective
drag induced by the shearing. To our knowledge, a comprehensive study on long-range repulsive par-
ticles at high Pe is missing in the literature. Hence, in this work we investigate the out-of-equilibrium
phase behaviour of long-range repulsive particles under oscillatory shear using NEBD simulations
without including hydrodynamic interactions among the colloids.

4.2 Model and Methods

4.2.1 The model system

We simulate a system of charge-stabilized colloidal particles in the presence of an oscillating shear
flow. To do so, we model the interaction between colloids through the Yukawa hard-core pair poten-
tial, where two particles of hard-core diameter σ , at a relative distance r from each other, experience
a repulsion of the form

βU(r) =

{
βε exp [−κσ (r/σ −1)]/(r/σ) r > σ

∞ r ≤ σ ,
(4.1)

where βε is the repulsion energy at contact distance r = σ , and κσ is the inverse Debye screening
length. We use 1/β = kBT as our unit of energy, where kB is the Boltzmann constant and T is
the temperature of the system. In a dilute system characterized by high repulsion energy βε , the
inter-particle distance is always larger than σ . This condition is fully satisfied in our numerical study,
where we simulate a fluid phase at a volume fraction of φ = 0.085 and set βε = 80. Consequently, we
simplify our simulation method by implementing only the Yukawa repulsion term of equation (4.1),
which indeed holds for r > σ , whereas we neglect the hard-core repulsion term and perform a post-
clearance verification that particles do not approach each other closer than σ by analysing the radial
distribution function of the system. As illustrated in figure 4.1, we confine the system in the z direction

Figure 4.1: Schematics of the system. Long-range repulsive particles (blue spheres) are confined in z by
the presence of two parallel planar walls at z = 0 and z = h. The walls move in opposite directions along x
with an oscillatory motion, characterized by amplitude A and frequency f of oscillation. The shear induces
the formation of a linear velocity profile on the system, represented here by black arrows. Particles are not
subjected to any flow drag in the zero velocity plane (zvp), shown with a red dashed line.



4

52 CHAPTER 4

with the presence of two planar parallel walls, located at z = 0 and z = h. Hence, a particle positioned
at height z interacts with the walls according to

βUw(z) =


βεw

(
σ

z

)6 for z < σ/2

βεw
(

σ

h−z

)6 for z > h−σ/2
0 otherwhise,

(4.2)

where βεw = 2.5 is the wall-particle repulsion energy. Note that we use periodic boundary conditions
along x and y. The walls oscillate along x in opposite directions, inducing the formation of a flow
profile in the solvent which, in turn, drags colloidal particles in an oscillatory convective motion.

We perform simulations by implementing the non-equilibrium Brownian Dynamics (NEBD) tech-
nique. This method enables us to reproduce the colloidal dynamics in the presence of an external
oscillatory shear. Note that this technique does not include hydrodynamic interactions among col-
loids. We integrate the position r of a particle i over time t by implementing the integration method
of Ermak164, supplemented by an additional term which accounts for the oscillating shear effect

ri(t +δ t) = ri(t)+δ t
−∇Ui(t)

ξ
+δrG

i +δ t γ̇(t)zi(t)x̂, (4.3)

where δ t is the integration time step, −∇Ui(t) is the force determined by the sum of colloid-colloid
and colloid-wall interactions, ξ = kBT/D0 is the friction coefficient with D0 the particle short-time
self-diffusion constant, δrG

i is a random displacement sampled from a Gaussian distribution with
zero mean and variance 〈

(
δ rG

iα
)2〉 = 2D0δ t with α ∈ {x,y,z}, and finally γ̇(t) = γ̇max cos(2π f t) is

the shear rate, which is dependent on the maximum shear rate γ̇max and the frequency of oscillations
f . The Gaussian displacement determines the diffusive motion of the particle, while the displacement
along x, which corresponds to the direction of shear, is responsible for the formation of a velocity
profile in the colloidal fluid. This term has a linear dependence on the particle height zi(t), which
reflects the linearity of the flow profile that we impose. A previous experimental study5 showed that
the velocity profile deviates from linearity in the presence of crystal domains or randomly stacked
hexagonal planes in the system. In the proximity of these regions, the shear rate is 1.5 larger than
the one measured in the fluid phase. Despite this, we neglect possible deviations from the linear flow
profile, since we believe that they should not have a strong influence on the structures that we observe
after applying oscillatory shear.

We investigate the out-of-equilibrium phase behaviour of the system under external oscillatory
shear, where we independently tune the frequency f and maximum strain amplitude γmax of oscil-
lations. The latter quantity is defined by γmax = 2A/h, where A is the amplitude of the oscillation
and h/2 is the height of the wall from the zero velocity plane (zvp), illustrated in figure 4.1 by a red
dashed line. The previously defined maximum shear rate γ̇max is related to f and γmax via the relation
γ̇max = 2π f γmax. We define the Péclet number by Pe = γ̇maxησ3/(8kBT ), where η is the shear vis-
cosity of the solvent.

We simulate N ' 3000 long-range repulsive particles characterised by a Debye screening length
of 1/κσ = 0.5. We choose this value because it is large enough to guarantee a long-range repulsion
among particles, but also small enough that the repulsion energy becomes negligible at the largest
distances in our simulation box. We choose a cut-off distance of rcut = 0.5Lx, where Lx is the smallest
dimension with periodic boundary conditions. The potential energy at rcut is very small and measures
βU(rcut) = 5×10−13. The box dimensions are Lx×Ly×Lz = 32×32×18σ3. We set δ t = 10−4τB
and ξ = 4 kBT τB/σ2, where τB = σ2/D0 is the Brownian relaxation time.
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4.2.2 Local structure analysis
The application of an external oscillatory shear might determine the formation of out-of-equilibrium
ordered structures for some values of the parameter space. We analyse these structures with different
methods, which we describe in this section.

As a preliminary investigation, we compute the radial distribution function g(r) = 〈∑N
i, j 6=i δ (r−

|ri− r j|)〉/(Nρ), where r is a vector in our simulation box with r = |r|, ri, j are the position vectors
of particles i and j, ρ = N/V is the number density and the angular brackets indicate an ensemble
average. The expression above is valid in homogeneous and isotropic systems. The latter condition
does not hold in our system due to the presence of confining walls orthogonal to z. Therefore, we
cannot merely normalise the quantity 〈∑N

i, j 6=i δ (r−|ri− r j|)〉 by a constant ideal gas density ρ . On
the contrary we compute the radial distribution of Nig ideal gas particles confined in the same simula-
tion box, thus obtaining the correctly normalised radial distribution function for our system from the
expression

g(r) =

〈
N

∑
i, j 6=i

δ (r−|ri− r j|)

〉
〈

Nig

∑
i, j 6=i

δ (r−|rig
i − rig

j |)

〉(Nig

N

)2

, (4.4)

where rig
i, j indicate the position vectors of the ideal gas particle i and j. The radial distribution function

of long-range repulsive systems presents quite broad peaks due to the softness of the interaction
potential, so this method is not sufficiently accurate to distinguish among different crystal structures
on its own. To do so, we use the bond orientational order parameters141,142, which enable us to
identify different crystal structures on a single particle level. In particular, we implement the version
reported by Lechner and Dellago165. This algorithm classifies the environment of each particle as
described by the local arrangement of its closest neighbours Nb(i). The algorithm associates to each
particle i a complex vector qlm(i) defined by

qlm(i) =
1

Nb(i)

Nb(i)

∑
j=1

Ylm(ri j), (4.5)

where l is a free integer parameter, m is an integer defined in the range −l ≤ m ≤ l and Ylm(ri j) are
the spherical harmonics. The vector ri j connects particle i to particle j and the sum is performed over
the first shell of neighbours, which counts all the closest particles below a radial cut-off distance. We
set the cut-off distance equal to the position of the first minimum in the radial distribution function of
the system. We compute the quantity

ζl(i, j) =

l

∑
m=−l

qlm(i)q∗lm( j)(
l

∑
m=−l
|qlm(i)|2

)1/2( l

∑
m=−l
|qlm( j)|2

)1/2 , (4.6)

where the symbol ∗ indicates the complex conjugate. This variable is the scalar product of ql vectors
of neighbouring particles i and j, hence it quantifies the correlation of the local environments sur-
rounding the two particles. We define i and j connected if ζl(i, j)> 0.6. Finally, particle i belongs to
a crystal environment if nc ≥ 8, where nc is the number of connections. If this is the case, we label
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it solid-like, otherwise liquid-like. We perform this analysis by using l = 6. Along the lines of Ref. [
165], we compute the average bond-orientational order parameters defined by

qlm(i) =
1

Ñb(i)

Ñb(i)

∑
k=0

qlm(k), (4.7)

where the sum is performed over the neighbours of i plus particle i itself, thus leading to Ñb(i) =
Nb(i)+ 1. Beyond the analysis for identification of crystalline particles described above, we would
like to distinguish among different crystal structures. In fact, a system of hard-core Yukawa particles
at thermodynamic equilibrium can form either body centred cubic (bcc) or face centred cubic (fcc)
crystal structures, depending on the volume fraction of the system and the specific parameters which
characterize the pair interaction potential, e.g. the Debye screening length and the charge on the
colloidal surface34. On the basis of previous experimental and numerical studies, we expect that the
application of an external oscillatory shear might promote the formation of any of the aforementioned
crystal structures. In order to distinguish among them, we introduce another average bond-order
parameter

wl(i) =
∑

m1+m2+m3=0

( l l l
m1 m2 m3

)
qlm1

(i)qlm2
(i)qlm3

(i)

(
l

∑
m=−l
|qlm(i)|2

)3/2 , (4.8)

where the term in brackets is the Wigner 3-j coefficient166 and the sum runs over all possible combi-
nations of mk ∈ {−l, l} which satisfy the relation ∑

3
k=1 mk = 0. To be more specific, we use the w6

parameter to discriminate whether a solid-like particle belongs to a bcc crystal, which is indicated by
w6 > 0. In the case of w6 < 0, the particle belongs either to the fcc or the hexagonal close-packed
(hcp) crystal. We further distinguish the two structures by computing the w4, which gives w4 < 0
for fcc and w4 > 0 for an hcp crystal. In order to minimize the error caused by the presence of the
boundaries in z, we exclude the top and the bottom layers from the computation of the local bond
order parameter, while we exclude the second top and second bottom layers from the computation of
the average bond order parameters.

Ultimately, we compute the diffraction pattern of different crystal planes in order to further char-
acterize the crystal structure and its orientation with respect to the direction of shear. We first collect
configurations of the system at specific times within every period of oscillation. We mainly analyse
configurations obtained at γ(t) = 0 and γ(t) =±A, which correspond to instantaneous zero strain am-
plitude (the walls are aligned) and instantaneous maximum strain amplitude (the walls are in opposite
positions), respectively. This enables us to investigate the structure of the system at different moments
of the oscillatory shear cycle, and identify the transformation mechanism between different structures
over time. To this end, we average over about 100 configurations, which were collected at the same
period within the oscillation cycle, after a fixed number of cycles. We analyse the averaged configu-
rations, identify the crystal planes and determine their structure. With this procedure we enhance the
intensity of the peaks and reduce the noise that would originate from the misalignment of particles
positions, which is more pronounced in the case of long-range interacting systems as compared to
hard spheres. We compute the structure factor, which is defined by

S(q) =
1
N

〈 N

∑
j=1

N

∑
k=1

eiq(rk−r j)

〉
, (4.9)
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where i denotes the imaginary unit, and r j and rk are the position vectors of particle j and k, respec-
tively. The angular brackets indicate an ensemble average and q is a vector in reciprocal space chosen
such that qα = 2πn/Lα , with n an integer, α ∈ {x,y,z} and Lα the system size.

4.3 Results and Discussion
We start the simulation runs with an initial configuration of the system in the equilibrium fluid phase,
but just below the bcc freezing transition. We apply external shear and perform simulations for dif-
ferent values of f and γ . The formation of a crystal structure occurs after application of shear for
a number of oscillations which varies with frequency f . As a general trend, this number increases
upon increasing f , and varies from a minimum of 200 until a maximum of ∼ 3000 oscillations. Note
that the crystal structures formed via application of shear are out-of-equilibrium structures, i.e. we
observe the melting of each identified ordered structure upon cessation of shear.

4.3.1 Twinned fcc and bcc-fcc Martensitic transformation
It has been shown that a hard-sphere fluid close to the freezing density forms a twinned fcc phase when
sheared with a maximum strain amplitude of about γmax ' 0.3555,158. Around this value, convective
flows enhance collisions between particles and the fluid transition into a crystal structure, most likely
to minimize the stress.

For the long-range repulsive system under investigation here, we also observe the transition from
a fluid to an ordered structure when we apply oscillatory shear with a maximum strain amplitude
of γmax = 0.35 in a wide range of frequency 3/τB < f < 100/τB. We show the radial distribution
function g(r) of a system sheared with γmax = 0.35 and f = 60.0/τB in figure 4.2.
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Figure 4.2: Radial distribution function g(r) of the system before (black points) and after application of shear
with γmax = 0.35 and f = 60.0τ

−1
B . We selectively analyse configurations at zero strain amplitude (red points)

and maximum amplitude of oscillation ±A (light and dark green).

We obtain the red, dark and light green radial distribution functions by averaging over 350 configura-
tions selectively collected at zero and maximum (±A) strain amplitude, respectively. The two red and
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green g(r)’s display peaks that differ in position and shape from the black one, which we obtain from
a quiescent fluid confined in the same simulation box. These differences indicate a change in structure
after applying shear. Note that the red and (dark and light) green g(r)’s at zero and maximum strain
amplitude also differ from each other, which suggests that the two structures have different nature.
The g(r) obtained from the analyses at maximum strain amplitude±A are identical, thereby revealing
the formation of the exact same structure at the two extremes of the oscillation. This analysis offers
only a preliminary understanding of the local particle arrangement. In fact, a one-to-one compari-
son of the peak positions with perfect crystals is prevented by the broadness of the peaks, which is
determined by the softness of the pair interaction in combination with a low particle density.

To characterise the shear-induced crystals we perform a bond orientational order analysis as pre-
sented in figure 4.3. We compute the q6 parameter in order to identify the crystalline particles. We
further compute the w6 parameter to identify crystalline particles that belong to a bcc environment
and mark them red. Finally, the w4 parameter distinguishes between fcc and hcp particles which we

Figure 4.3: Analysis of the bond orientational order parameters. a Sequence of three snapshots (zoom in) taken
at maximum strain amplitude ±A (left and right) and zero strain amplitude (centre). Particles that belong to the
fcc, hcp, and bcc crystals are coloured in green, blue and red, respectively. Fluid particles are coloured in cyan
and reduced in diameter to enhance visualization. b Scatter plot of the system in the w6-w4 parameter space.
We identify bcc-particles if w6 > 0 and fcc-particles if w4 < 0. Each plot represents the system in a moment of
the oscillation cycle corresponding to the snapshot above it. Points are colour-coded as in a, according to the
region they fall into. c Crystallinity fraction of bcc (red), fcc (green) and hcp (blue) as a function of time in one
period of oscillation.

visualise in green and blue, respectively. We display three instantaneous configurations of the system
(zoom in) taken at γ = −A, 0, A from left to right in figure 4.3(a). We observe that shear induces
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the formation of an fcc-like structure at the two extremes of the oscillation, as demonstrated by the
dominant presence of green particles as compared to red and blue. This structure deforms during a
shearing cycle and transforms into a bcc-like crystal at zero strain amplitude, where the amount of red
particles overcomes the green and blue. We illustrate a scatter plot of the system in the w6-w4 param-
eter space in figure 4.3(b). Each plot shows the results obtained by averaging over 100 configurations
collected at the aforementioned strain amplitudes. For γ = ±A the cloud mostly covers the region
characterized by w6 < 0 and w4 < 0, which denotes the formation of an fcc-like crystal. We colour
the points that fall in this region in green, while those which fall in the other two regions, denoted
"hcp" and "bcc", are coloured in blue and red, respectively. We observe that the cloud is composed
by these two colours as well, but in minor quantity, which indicates the presence of some defects
associated to the bcc-like and hcp-like structures. As the walls move back to the resting position of
zero strain amplitude, the cloud progressively migrates towards the positive axis of w6, reaching the
peak position at w6 = 0.01 for γ = 0. We visualise the smooth transition from the fcc-like into the
bcc-like phase by monitoring the crystallinity fraction of each crystal structure over time. The crys-
tallinity fraction χ of a particular crystal is defined by the number fraction of particles that belong to
that crystal structure. We report χ for the bcc, fcc and hcp crystals, respectively represented with red,
green and blue points in figure 4.3(c). We show χ for one period of oscillation, starting from γ = 0
where χ = 1 for bcc and χ = 0 for fcc and hcp. We observe that the fraction of hcp crystal is quite
low for the entire period of oscillation, reaching a maximum of χ ' 0.09 at γ =±A. On the contrary,
the χ values relative to the bcc and fcc crystals oscillate from zero to one, in an exactly counter phase
manner with respect to each other.

Thus far, the radial distribution function and the bond orientational order analysis reveal the for-
mation of two different crystals, namely an fcc-like structure at maximum strain amplitude, and a
bcc-like structure at zero strain amplitude. Nevertheless, we wish to identify the underlying unit cell
of the formed structures and the orientation of the crystals with respect to the shearing plane. This
knowledge will enable us to recognise the phase transformation mechanism of the unit cell from one
structure into the other one. We therefore proceed by slicing single crystal planes and calculating the
respective diffraction pattern.

In figure 4.4 we show three different crystal planes of the bcc-like structure, together with the
diffraction pattern and a schematics. The latter represents a general body center tetragonal (bct) unit
cell, where we indicate the lattice constants a1, a2, a3, and highlight the plane under examination with
a red colour. In figure 4.4(a) we display the (100) plane, which forms parallel to the velocity-gradient
plane, with lattice constants a1 and a2 rotated by 45◦ with respect to the z and x axes, respectively.
This feature is visible by comparing the highlighted region in the plane and in the unit cell. The
diffraction pattern exhibits bright spots with small elongation along z, which is a consequence of the
smaller system size in z as compared to x. The spots reproduce the fourfold symmetric pattern of the
plane, and sit on ideal vertices of perfect squares, forming angles of 90◦. This aspect reflects the or-
thogonality between the lattice constants a1 and a2. We measure them and obtain a1/σ = 2.41±0.02
and a2/σ = 2.40±0.02, which is in very good agreement with each other, and hence we find that the
two lattice constants are equal a1 = a2 = a. We retrace the position of the (111) plane by rotation.
We face the (100) plane as oriented in figure 4.4(a) and rotate the system about x by 52.6◦. This
value is remarkably close to the angle formed by the intersection of the (100) and (111) planes in
a perfect bcc crystal, which is 54.7◦. We show the (111) plane in figure 4.4(b) and recognise two
important features that characterize also the (111) plane in a perfect bcc crystal. The first one is the
arrangement of particles in a hexagonal pattern, the second one is the visibly lower particle density as
compared to other planes like the (100) and (011) shown in the same figure. The diffraction pattern
shows hexagonal symmetry, giving a spot-centre-spot average angle of 60◦± 3◦. We measure the
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Figure 4.4: Different crystal planes and their scattering pattern for the structure obtained at zero strain ampli-
tude under shear characterized by γmax = 0.35 and f = 60/τB. The schematics highlights the plane in a bct
unit cell. a (100) plane oriented parallel to the velocity-gradient plane. b (111) plane oriented parallel to the
vorticity-n̂1 plane. The unit vector n̂1 forms an angle of 52.6◦ with the gradient-velocity plane. c (011) plane
oriented parallel to the velocity-vorticity plane (walls).

face diagonal d3/σ = 3.43±0.02 which is in very good agreement with a perfect bcc face diagonal√
2a/σ = 3.40 where the lattice constant is equal to a. We also measure d1/σ = 3.29± 0.01 and

d2/σ = 3.27± 0.01 which agree well with each other, but less with d3. This feature might indicate
that the lattice constant a3 slightly differs from a. In order to verify this, we locate the (011) plane
by further rotating the crystal about x by 37.4◦ from the (111) plane. This also implies that the in-
tersection of the planes (100) and (011) forms an angle of 90◦, and so a3 is orthogonal to a1 and a2,
in line with a bct crystal where the lattice constants are all orthogonal to each other. We illustrate the
(011) plane in figure 4.4(c). The plane shows the highest particle density, likewise to a perfect bcc
crystal, and it forms parallel to the walls as already observed in previous experimental work, where a
strongly repulsive fluid in confinement crystallizes in a bcc structure with the (110) plane parallel to
the walls167,168. The reason behind this preferential orientation is not entirely clear yet, but it might be
determined by an energetic advantage. The diffraction pattern shows six bright spots with two angles
α = 65.6◦±0.2◦ and four angles β = 57.0◦±0.8◦, as indicated in the figure. In the (011) plane of a
perfect bcc, particles form a pattern which resembles a distorted hexagon, characterized by two angles
α ′ = 70.5◦ and four angles β ′ = 54.7◦. We observe that α and β differ by a few degrees to α ′ and
β ′, respectively. This difference is determined by the length of a3/σ = 2.20±0.07 which is slightly
smaller than a. The face diagonal d′3 is parallel to the velocity direction and coincides with the face
diagonal d3 of figure 4.4(b). As expected, we obtain d′3 = 3.42± 0.02 which is in good agreement
with d3. This analysis has further characterized the aforementioned bcc-like structure, which we now
classify as a bct crystal with a3/a = 0.92. Note that this ratio is lower, but relatively close to 1, which
is the ratio of the lattice constants in a bcc crystal.

In a similar way, we perform a deeper analysis on the fcc-like unit cell and report the results in
figure 4.5. The (110) plane forms parallel to the velocity-gradient plane, as shown in figure 4.5(a).
We measure the lattice constant b3/σ = 2.85±0.03 and the face diagonal D1/σ = 4.07±0.03. The
latter quantity is in good agreement with the face diagonal of an fcc with lattice constant equal to
b3, which is

√
2b3/σ = 4.04. The angles measured from the diffraction pattern give an average of

90◦± 2◦. From this orientation, we retrace the (001) plane by implementing two subsequent rota-
tions, the first one about z by 90◦ and the second one about y by 36.3◦. The (001) plane, shown in
figure 4.5(b), is orthogonal to (110) and enables us to measure the lattice constants b1/σ = 2.93±0.02
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Figure 4.5: Different crystal planes and their scattering pattern for the structure obtained at maximum strain
amplitude under shear characterized by γmax = 0.35 and f = 60/τB. The schematics highlights the plane in
a face-centred orthorhombic (fco) unit cell. a (110) plane oriented parallel to the velocity-gradient plane. b
(001) plane oriented parallel to the vorticity-n̂2 plane. The unit vector n̂2 forms an angle of 36.3◦ with the
gradient-vorticity plane. c (11̄1) plane oriented parallel to the velocity-vorticity plane (walls).

and b2/σ = 3.08±0.02. The angles measured from the diffraction pattern show a small divergence
from orthogonality, being γ = 86.8◦± 0.6◦ and δ = 93.2◦± 0.4◦. Finally, we identify the (11̄1)
plane by rotating about y by 53.7◦. The plane, shown in figure 4.5(c), forms parallel to the velocity-
vorticity plane, with one of the close-packed directions almost perpendicular to x. Similarly to the
bcc-like crystal, we observe also here the formation of the densest plane parallel to the walls, which
is in agreement with previous studies. We find that one close-packed direction is either parallel to y,
or it might form an angle of ±9◦ with respect to y. This feature is also observed in Besseling et al.55,
where the authors apply oscillatory shear on a system of hard-sphere particles. We measure the face
diagonals obtaining D2/σ = 4.1±0.02, D3/σ = 4.07±0.02 and D4/σ = 4.43±0.02, where the first
two are in good agreement with each other and the latter one is slightly larger, which is a direct con-
sequence of being b2 slightly larger than the other two lattice constants. The measured angles are on
average 60.0◦±4.5◦, where the mean value of 60◦ reflects a coordination number of 6, while the stan-
dard deviation of 4.5◦ indicates a small deviation from the exact six-fold symmetry. This deviation
corresponds to the one we measure in the (011) plane of the bcc-like structure. In fact, the two planes
coincide as they are both oriented parallel to the velocity-vorticity plane and the shearing mechanism
affects only those inter-particle distances which have a component in the gradient direction, leaving
unchanged the inter-particle distances in the velocity-vorticity plane. On the basis of these analyses
we classify the fcc-like crystal as a face-centred orthorhombic (fco) structure, since the angles from
figures 4.5(a) and (b) are almost orthogonal and the unit cell displays three different lattice constants.
Due to the small difference between b1, b2 and b3, with a maximum of (b2−b3)/b3 = 0.08 we are
inclined to consider this fco structure to be very close to an fcc. In support of this, we visualize two
adjacent fcc-like unit cells and identify the bct unit cell enclosed in them, as illustrated in figure 4.6(a),
where particles forming the bct unit cell are highlighted in yellow. We estimate the ratio of the bct
lattice constants b3/c = 1.34, where c = (D1 +D4)/4, which indicates that the structure is relatively
close to an fcc where this same ratio gives

√
2' 1.41, and differs from a bcc where the ratio is 1.

We explain the transformation mechanism from the bcc-like to the fcc-like unit cell in figure 4.6(b)
and (c). Figure 4.6(b) shows a projection of the system in the velocity-vorticity plane, at maximum
strain amplitude (left and right) and zero strain amplitude (centre). We illustrate a selection of four-
teen particles distributed in three adjacent z-stacked planes, where particles belonging to the bottom,
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Figure 4.6: a Schematics representing two adjacent fcc unit cells and the bct unit cell enclosed in between
them (yellow). b Sequence of snapshots showing fourteen particles which belong to three adjacent z-stacked
planes. We recognise the A-B-C stacking of the fcc structure in the left frame, and its twinned phase in the
right frame, where the stacking sequence changes to A-C-B. The middle frame shows the stacking of the planes
at zero strain amplitude. We increase the particle radius to enhance the visualization of the stacking sequence.
c Sequence of snapshots covering one quarter of the oscillation period from zero strain amplitude (left) to
maximum strain amplitude (right). The yellow particles form a bct unit cell which deforms with shear. The rest
of the particles is coloured according to whether they belong to a bcc-like (red) or an fcc-like (green) crystal.

middle and top planes are coloured grey, purple and yellow, respectively. We observe the (111) planes
stacked with an A-B-C structure in the left frame and its twinned structure stacked with an A-C-B
fashion in the right frame. We increased the particle radius to enhance the visualization of the stack-
ing sequence. The twinned fcc shear-induced phase was observed for hard spheres under oscillatory
shear in 1988158. In our study we also find the formation of the same phase under oscillatory shear,
but it occurs in a long-ranged strongly repulsive system, at a volume fraction lower than that of the
fluid-bcc freezing transition. The formation of an fcc structure in such a system is quite remarkable
considering that the system is near the fluid-bcc phase transition in equilibrium instead of a fluid-fcc
phase transition, as the bcc structure counts a lower number of nearest neighbours and hence, is en-
ergetically more favourable for a long-range repulsive system. Despite the energetic disadvantage,
oscillatory shear preserves the formation of the fcc twinned phase even in long-ranged repulsive sys-
tems. We visualize the transformation from the bcc-like to the fcc-like unit cell in figure 4.6(c). Note
that we restore the particle dimensions to their original size here. The sequence of snapshots shows a
projection of the system on the velocity-gradient plane. The first frame to the left corresponds to zero
strain amplitude, while the last frame corresponds to maximum strain amplitude, such that the entire
sequence covers a quarter of the oscillation period. We highlight in yellow particles forming a bct
unit cell in the bcc-like structure (first frame) and a bct unit cell in between two fcc-like unit cell (last
frame) as in figure 4.6(a). Note that the remaining particles are coloured in red or green depending on
whether they belong to a bcc-like or an fcc-like crystal, respectively. Monitoring the system from this
angle facilitates the visualization of how the unit cell progressively deforms over time. The square of
highlighted particles in the first frame corresponds to the (100) plane in the bcc-like structure. The



4

OSCILLATORY SHEAR-INDUCED BCC-FCC MARTENSITIC TRANSFORMATION IN A COLLOIDAL

SUSPENSION WITH LONG-RANGE REPULSIVE INTERACTIONS 61

shear applied in the x-y plane continuously deforms this squared pattern, which eventually becomes a
rectangle in the last frame. Here, the rectangle lies on the (110) plane of the fcc-like structure and its
surface area corresponds to half the surface area of the (110) plane in a fcc-like unit cell, as visible
from figure 4.6(a). The mechanism of transformation from this perspective bridges the two structures
in a continuous fashion, providing an intuitive comprehension of the structure deformation process in
its entirety.

4.3.2 Out-of-equilibrium phase diagram
Previous studies showed that the formation of out-of-equilibrium structures is highly dependent on
the maximum strain amplitude applied on the system. For instance, the out-of-equilibrium phase di-
agram of hard spheres reveals that the formation of an out-of-equilibrium state is somehow related to
amount of collisions between particles set by the flow drags in the system55. In analogy, in our system
of long-range interacting particles, flow drags might cause frequent and instantaneous approaching
of particles at such distances that energy repulsions are highly enhanced. For simplicity, we refer to
these events as “effective collisions” among long-range interacting colloids, in order to distinguish
this phenomenon to collisions occurring between hard spheres. In this section we present the shear-
induced structures that form in our long-range repulsive system as we increase the maximum strain
amplitude γmax. At the end of this section we summarise the results in an out-of-equilibrium phase
diagram.

Liquid. For small values of γmax, the application of shear is not strong enough to induce a phase
transformation in the fluid, irrespectively of the frequency of oscillations f . Also large values of
γmax prevent the formation of any ordered structure, due to the large number of effective collisions
among particles. We display a snapshot of the system after application of shear with γmax = 0.05 and
f = 1/τB in figure 4.7(a). In addition, we present the density distribution ρ(z) along z of the system
before (red) and after (blue) application of shear with γmax = 0.05 and f = 1/τB in figure 4.7(b).
We observe that the fluid is quite homogeneous in the centre of the simulation box, while it presents
the formation of some dense fluid layers close to the walls. The two distributions are rather simi-
lar towards the centre of the simulation box, while they slightly differ closer to the walls, where the
shear somewhat enhances the layering effect (blue line). We thus conclude that the layering is mainly
caused by the confinement rather than by shearing. We further confirm the fluid nature of the system
by analysing the radial distribution function g(r) and the q6 distribution function in figure 4.7(c) and
(d), respectively. We compare the distributions obtained by analysing the system before and after ap-
plying shear, represented here by the red and blue lines, respectively. The radial distribution functions
are nicely superimposed and present the typical density fluctuations of a fluid phase. The situation is
similar for the q6 parameter, where the blue and red distributions display a maximum at q6 ∼ 0.15,
which is below the peak of the bcc distribution at q6 ∼ 0.35, thereby confirming that the system is in
the fluid phase.
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Figure 4.7: System properties before (red line) and after (blue line) applying shear with γmax = 0.05. (a)
Snapshot of the system after shear. (b) Normalized density distribution ρ(z) as a function of z. (c) Radial
distribution function g(r). (d) Distribution of q6 values for the fluid phase before and after shear compared to a
thermalized bcc crystal at the same state point.

Twinned fcc-bcc Martensitic transformation. In section 4.3.1 we have shown that shearing
the system with γmax ' 0.35 favours the formation of an fcc crystal. The reason why the fluid-fcc
transition is triggered by γmax = 0.35 is fully explained by geometrical considerations on the fcc
structure. Consider an fcc unit cell of lattice constant a and a hexagonal plane where particles occupy
the lattice positions "A". The hexagonal layer above it could occupy one of the neighbouring voids
"B" or "C", whose reciprocal distance is 2∆x = a/

√
6. The distance between two adjacent hexagonal

planes is ∆z = a/
√

3 and the ratio ∆x/∆z ' 0.35 is equal to the value of γmax that determines the
formation of an fcc crystal. In fact, the quantity 2∆x represent the distance covered by a particle
with respect to the hexagonal layer below it in half oscillation cycle, therefore γmax = 0.35 enables
the switching mechanism from A-B-C stack to A-C-B stack, as we have previously illustrated in
figure 4.6(b).
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Sliding layers and Strings. For strain amplitude γmax & 0.6 effective collisions between particles
prevent the formation of a twinned fcc structure, which is confirmed by a bond order analysis that
shows that w6 > 0 during the entire oscillation cycle. The system rather forms a string phase or a
sliding layer phase, depending on the frequency of oscillations. The sliding layer phase is composed
of hexagonal planes parallel to the velocity-vorticity plane with a close-packed direction parallel
to the velocity direction, which is different from what we have seen for the twinned fcc structure.
This orientation is particularly convenient for the system since it enables z-stacked hexagonal planes
to freely slide on top of each other along the velocity direction. We show the sliding layer phase
obtained for γmax = 0.80 and f = 30τ

−1
B in figure 4.8. The top panel shows a projection of the system

Figure 4.8: The sliding layers phase obtained for γmax = 0.80 and f = 30τ
−1
B . The top panel shows a projection

of the system in the vorticity-gradient plane. The system is composed of crystalline particles with w6 > 0, as
denoted in red colour. The stacking of xy planes is such that every third layer is sitting on top of the first one.
The bottom panel shows one of the xy planes, specifically the zero velocity plane. It presents hexagonal order
as demonstrated by the high value of Ψ6 and the six-fold symmetry of the corresponding diffraction pattern.

in the vorticity-gradient plane. We observe that each third hexagonal plane is stacked on top of the
first one. From this angle we clearly see that each layer easily slides in the grooves of the layers
above and below it, while the system is sheared perpendicularly to the page. We visualize crystalline
particles with w6 > 0 in red, while those characterized by w6 < 0 and w4 > 0 or w4 < 0 in blue
or green, respectively. We reduce the radius of liquid-like particles, represented in cyan here. The
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bond orientational order analysis gives a crystallinity fraction of 90% and, mostly, w6 > 0. We select
one of the z-stacked planes, specifically the zero-velocity plane, and show it in the velocity-vorticity
representation in the bottom panel. Here, particles are illustrated by using the same colour and radius
in order to enhance the visualization of the pattern they form in the plane. We compute the diffraction
pattern, which displays six-fold symmetry, thus proving that particles are distributed in a hexagonal
arrangement. Moreover, we quantify the hexagonal order in the plane by computing the 2D local
bond order parameter ψ6, given by

|ψ6( j)|=

∣∣∣∣∣ 1
nc( j)

nc( j)

∑
k=1

ei6θ(r jk)

∣∣∣∣∣ (4.10)

where j is a particle in the plane at r j, and the sum runs over the nc( j) nearest neighbours of particle
j. θ(r jk) is the angle between the vector r jk = rk−r j and an arbitrarily chosen reference vector. The
number of nearest neighbours nc( j) is defined as the number of particles whose distance with j is
smaller than a threshold rψ6 . We choose rψ6 = 2.8σ , since the nearest neighbours of j fall within this
distance, for our system. We then compute the global bond order parameter, defined as the average of
ψ6 values

Ψ6 =

∣∣∣∣∣ 1
Np

Np

∑
j=1

ψ6( j)

∣∣∣∣∣ (4.11)

where Np is the number of particles in the plane. Note that Ψ6 is equal to 1 in a perfect hexagonal
plane, while it vanishes in a fluid phase. We obtain Ψ6 = 0.73 for the plane displayed in figure 4.8,
thereby confirming its high hexagonal order.

Previous studies reported the formation of a string phase for high values of γmax and low frequency
of oscillation163. The string phase is similar to the sliding layer phase when observed from the
vorticity-gradient representation. In fact, high values of γmax make the stacking described in figure 4.8
still favourable. The main difference that distinguishes the string from the sliding layer phase is
the lack of hexagonal order in the velocity-vorticity plane. The string phase rather forms strings of
particles parallel to the velocity direction. This difference is probably caused by a lower ratio of
convective diffusion with respect to thermal diffusion that reduces the amount of hexagonal order in
the plane. We also find the string phase for γmax = 0.8 and f = 1/τB and report it in figure 4.9. The
top panel shows a projection of the system in the vorticity-gradient plane. We find the same stacking
sequence already observed for sliding layers. Although, the crystallinity fraction of the system reaches
only 45%, thus revealing a minor six-fold bond orientational order with respect to the sliding layers.
The zero-velocity plane is shown in the bottom panel of figure 4.9. Visual inspection reveals a low six-
fold symmetry, which is confirmed by a low value of Ψ6 = 0.38. Furthermore, the scattering pattern
displays bright peaks in the vorticity direction which indicate the presence of regularly separated
strings parallel to x, and less intense peaks in the other directions, indicating absence of order.
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Figure 4.9: The string phase obtained for γmax = 0.80 and f = 1/τB. The top panel shows a projection of
the system in the vorticity-gradient plane. The system is composed of crystalline particles with w6 > 0 and
fluid particles, denoted by red and cyan, respectively. The stacking of xy planes is such that every third layer
is sitting on top of the first one. The bottom panel shows one of the xy planes, specifically the zero velocity
plane. It presents string formation parallel to x, as also indicated by the corresponding diffraction pattern. The
hexagonal order in plane is quite low, as reported by a low Ψ6.

Out-of-equilibrium phase diagram. We summarize all the results described above in the out-of-
equilibrium phase diagram of figure 4.10, where we independently vary the maximum strain ampli-
tude γmax and frequency of oscillations f . As a general trend, we observe that γmax is the parameter
that triggers the formation of different phases, while f is rather irrelevant, except for the string phase
which forms only for f = 1/τB. The system remains in the fluid phase for γmax . 0.2 and γmax & 1.5,
as illustrated by the blue diamonds.

We observe the Martensitic transformation between twinned fcc and bcc crystals in a wide region
of the phase diagram, which covers 0.25 . γmax . 0.53, as indicated by the red diamonds. However,
these state points are not all equivalent to each other, since we observe a well defined fcc-bcc trans-
formation mainly about γmax' 0.35, which we indicate with full red diamonds. For these state points,
the fraction of fcc crystal is above 60% at the extremes of the oscillation cycle. In the other cases,
represented by the half-full red diamonds, the system attempts to switch from bcc to fcc as passing
from γ = 0 to γ = ±A, but the fraction of fcc crystal does not exceed 35%. This is likely due to the
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Figure 4.10: Out-of-equilibrium phase diagram of a long-range repulsive fluid under oscillatory shear. Blue
diamonds indicate the fluid phase, which is found for γmax . 0.2 and γmax & 1.5. A twinned fcc via bcc
Martensitic transformation is observed for 0.25 . γmax . 0.5 and represented here with red diamonds. The full
state points display an fcc crystallinity fraction larger than 60%, while those half-full are characterized by an
fcc crystallinity fraction smaller than 35%. Sliding layers are found for 0.75 . γmax . 1 and represented here
with green diamonds (half-full when sliding layers occupy only half the system size), while strings are found
for only one yellow state point with γmax = 0.80 and f = 1/τB. The grey diamonds are boundary state points.

mismatch between γmax and the geometrical dimensions of the fcc structure, as explained above.
Furthermore, we observe the sliding layer phase for 0.75. γmax . 1.1 and f & 3τ

−1
B and the string

phase for γmax = 0.8 and f = 1/τB, which we report with green and yellow diamonds, respectively.
We represent with half-full green diamonds those state points where the system forms a sliding layer
phase in about half of the simulation box, while the remaining crystalline part of the system displays
an orientation that we cannot identify with neither of the previously identified structures.

Finally, note that grey diamonds represent boundary state points, where the system forms a crys-
talline structure whose orientation with respect to the simulation box does not fully correspond to
either a twinned fcc/bcc nor a sliding layer phase.

4.4 Conclusions

We have implemented NEBD simulations to investigate the out-of-equilibrium phase behaviour of a
long-range repulsive system under oscillatory shear. In contrast to previous simulation studies that
only observed a shear-induced string phase in such a system163, we demonstrate in this study that the
formation of highly ordered structures in such a long-range repulsive fluid is possible under oscillatory



4

OSCILLATORY SHEAR-INDUCED BCC-FCC MARTENSITIC TRANSFORMATION IN A COLLOIDAL

SUSPENSION WITH LONG-RANGE REPULSIVE INTERACTIONS 67

shear. Surprisingly, we discover that the twinned fcc phase, previously observed by shearing a hard-
sphere fluid55,158, also forms in a long-range repulsive system, when sheared with a maximum strain
amplitude 0.25 . γmax . 0.5.

We characterize the structures formed in this range of γmax by means of a bond orientational
order and diffraction pattern analysis. The first method reveals the formation of an fcc-like crystal at
the extremes of the oscillations, and a bcc-like crystal at zero strain amplitude. We further inspect
these structures via a diffraction pattern analysis, by which we identify the crystal unit cells and
their orientation with respect to the direction of shear. The structure formed at the extremes of the
oscillations is an fco crystal, since it displays three slightly different lattice constants. Nevertheless,
these three lattice constants differ with each other by less than 8%. Therefore we consider this fco
to be very close to an fcc crystal. The fcc is oriented with the densest plane (111) parallel to the
walls, where one of the close-packed directions is orthogonal to the direction of shear x. The structure
formed at zero strain amplitude is a bct crystal with a lattice constant ratio of a3/a = 0.92, which is
very close to that of a bcc crystal. Also in this case, the densest plane (011) is parallel to the walls.

Finally, we retrace the transformation mechanism from bcc to fcc as the walls pass from the resting
position of zero strain amplitude to one of the extremes of an oscillation. We identify the continuous
transformation between the two structures by following a bct unit cell from the velocity-gradient
perspective at zero strain, during a quarter of a period of an oscillation. The bct unit cell, initially
similar to a bcc unit cell, progressively deforms with increasing strain amplitude, and elongates until
it eventually fulfils the space of an fcc crystal at maximum strain amplitude.

For larger values of γmax we also found other ordered structures. The sliding layer phase forms
for 0.75 . γmax . 1 and f ≥ 3τ

−1
B , and displays hexagonal planes parallel to xy with a close-packed

direction parallel to the direction of shear x. The structure also shows the characteristic z-stacking
from the vorticity-gradient projection, where each third layer sits on top of the first one. The string
phase is observed for γmax = 0.8 and f = 1/τB. Similarly to the sliding layers, it displays the same
z-stacking sequence in the vorticity-gradient plane. The string phase show the formation of strings
parallel to the direction of shear x, but differs from the sliding layer phase due to the lack of hexagonal
order in the xy plane.

This work provided evidence that oscillatory shear induces the formation of 3D crystal structures
also in a fluid of long-range repulsive colloids. The remarkable formation of an fcc crystal in such
a system, at low volume fraction, indicates the strength of this methodology, where specific flow-
induced effective interactions enhance the mechanical stability of such a close-packed crystal below
the freezing density of the system, and favour the formation of fcc over the thermodynamically more
stable bcc structure.
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Novel transformation mechanism in
colloidal Laves phases under oscillatory

shear

The self-assembly of a binary fluid into MgCu2 Laves phase is an involved process, usually
requiring complex particle interactions and/or convoluted self-assembly protocols. In this work
we use simple oscillatory shear to promote the transformation of the MgZn2 Laves phase into
a MgCu2 Laves phase, by exploiting the fact that the formation of a stacking fault transforms
one structure into the other one. We perform non-equilibrium Brownian Dynamics (NEBD)
simulations in order to apply oscillatory shear on a MgZn2 crystal. We find that it is possible
to induce a phase transformation to MgCu2 in a specific range of the maximum strain amplitude
γmax and frequency f of the oscillations. Moreover the transformed MgCu2 remains stable after
cessation of shear. Furthermore, we characterize the transformation process and discover a novel
mechanism which differs from the synchro-shear mechanism observed in atomic Laves phases.
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5.1 Introduction

Recently, an incredible amount of work has been devoted in driving the self-assembly of colloidal
systems into Laves phase structures26,169–176. These crystals are receiving a lot of attention by the
soft matter community because their microscopic structure manifests outstanding macroscopic prop-
erties that might find applications in a diverse number of technological devises, like optical fibres,
displays, switches to bio-sensing and bio-medical engineering177–188.

To be more specific, the C15 Laves phase displays an omnidirectional photonic band gap, which
prevents the propagation of the electromagnetic field in a similar way as semiconductors prevent the
propagation of electric current. The C15 Laves phase is only one example of several other photonic
crystals, i.e. crystals that exhibit a full photonic band gap. These structures forbid the propagation of
those wavelengths that are commensurate to the crystal building blocks. Therefore, colloidal photonic
crystals prevent the propagation of visible light, in the case the diameter of a colloidal particle is a
few hundreds of nanometres.

The first assembled structure with photonic properties is the inverted face-centred-cubic (fcc)
crystal176, but its rather narrow photonic band gap is too sensitive to defects, making this system
unsuitable for applications. Alternatively, the diamond and pyrochlore lattices are desired structures
that exhibit a wide photonic band gap. However, these open crystals are characterized by a low co-
ordination number and, hence, are difficult to achieve via self-assembly of colloidal particles. In this
direction, two possibilities have been attempted. The first one exploits long-range repulsive inter-
actions to energetically penalize the formation of structures with a high coordination number189,190.
Despite this approach might be valuable in some other context, it is rather impracticable in colloid
science, where the ratio of the interaction range (about a few nanometres for polar solvents) and the
particle size (of a few hundred nanometres) is not large enough to induce the formation of such open
crystals. The second approach promotes the formation of tetrahedrally oriented bonds, similarly to
the diamond structure, by the employment of patchy particles, where the colloidal surface has been
pretreated with sticky DNA strands26.

Another approach consists in driving the self-assembly of a colloidal binary mixture towards the
more compact C15 Laves phase. This crystal structure, often referred to as MgCu2, the intermetallic
compound where it was observed for the first time191, is a binary crystal with composition LS2, where
the large species L occupy the lattice positions of a diamond structure, and the small species S form
tetrahedral clusters and sits on the lattice positions of a pyrochlore structure. By selectively removing
one of the species it would be possible to create a photonic crystal173. This alternative route turned
out to be hindered by obstacles. On the one side, it was found with free-energy calculations on hard
spheres that Laves phases are thermodynamically stable when the two species are characterized by
a diameter ratio of 0.76 ≤ σS/σL ≤ 0.84173. On the other side, spontaneous nucleation of a binary
mixture of hard spheres in this size ratio range has not been observed yet, neither in simulations
nor in experiments. The thermodynamic stability does not guarantees the spontaneous nucleation of
the Laves phases out of the binary fluid, where kinetics also plays a role. In fact, there are several
limiting factors which render the phase transition a rare event, for instance kinetic arrest192, fraction-
ation192,193, a high energy barrier194,195 are only a few of them. Recently, a numerical study showed
that crystal nucleation of Laves phases could be achieved by introducing a small amount of softness
in the pair-interaction potential171.

However, even if we could overcome kinetic limitations, we would still face another problem.
Laves phases are classified in three groups, namely C14, C15 and C36. Only the sublattices of C15
display photonic properties, while the sublattices of the other two structures are not photonic crys-
tals. It was shown with free-energy calculations that C14 is the most stable among the three, with a
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free-energy difference of the order of 10−3kBT per particle174. Even though such a small difference
indicates that C15 is thermodynamically close to C14, this aspect also reflects that in spontaneous nu-
cleation it would be likely to observe a random stacking of these three crystals which would strongly
compromise the photonic properties of the sample. Recent numerical investigations proved that C15
becomes thermodynamically more stable than C14 in a system composed of hard spheres and hard
tetramers172, while experimentally it was possible to form C15 in a system of spheres and tetramers
with pair-like attractions between unlike species, which were functionalized by DNA coatings175.
Other recent experiments observed the spontaneous formation of MgZn2 in bulk and, highly remark-
ably, a MgCu2-like icosahedral cluster in spherical confinement169,170.

The present work is also concerned with the formation of the pursued MgCu2 structure, but we
take a different approach to the problem. Our investigation is inspired by two scientific directions.
The first one studies shear-induced phase transformations in colloidal systems. The formation of a
twinned fcc crystal in a hard-sphere fluid under oscillatory shear was already observed thirty years
ago158. Since then, many other experiments reported the formation of ordered structures, like sliding
layers, a string fluid and tilted layers, all induced by oscillatory shear5,55,158,159,162,163,196. A recent
study shows the strength of this method, whereby shear triggers the formation of a twinned fcc crystal
in a long-range repulsive fluid, even if the equilibrium phase transition from the fluid phase is to-
wards a bcc crystal197. There is an intriguing connection between oscillatory shear and the resulting
ordered structures it induces. A parameter that plays a decisive role is the maximum strain amplitude
γmax = ∆x/∆z, which determines the relative displacement ∆x of two adjacent planes at a tangential
distance of ∆z. When the value of γmax is commensurate with a certain crystal dimension or a trans-
formation mechanism, oscillatory shear might promote the formation of that crystal or trigger a phase
transformation between two crystals. Therefore, we could exploit this method in the case of Laves
phases to induce a phase transformation from the MgZn2 to the MgCu2 structure. This approach is
highly challenging, due to the complexity of the binary crystal structure and the possible shearing
methods we could attempt by varying the direction of shear, the frequency and maximum strain am-
plitude of the oscillations.

The second scientific direction that inspired this work concerns studies on atomic Laves phases,
which is a subject of great interest in the hard condensed matter community198–201. In this field,
research is motivated by different purposes, for instance some works investigated the presence of
stacking faults in order to improve the ductility of Mg-Zn-based alloys201. In particular, it was shown
that the synchro-shear mechanism transforms C14 into C15199 and this transformation might be of
great interest in our context as well.

In this work, we apply oscillatory shear on a MgZn2 colloidal crystal phase to understand whether
it is possible to induce a phase transformation towards MgCu2, the Laves phase of which the sublat-
tices display a photonic band gap.

5.2 Model and Methods

5.2.1 The model system

Our system is composed of a binary mixture of nearly hard spheres, characterised by a diameter ratio
σS/σL = 0.78, where σS and σL are the diameters of small and large spheres, respectively. Two
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particles at a relative distance r experience a repulsion of the form

βUµν (r) =

4βε

[(
σµν

r

)12
−
(

σµν

r

)6
+ 1

4

]
r ≤ 21/6σµν

0 r > 21/6σµν ,
(5.1)

where β = 1/kBT is the reciprocal of the temperature T of the system, and kB is the Boltzmann
constant. The indices µ,ν ∈ {L, S} indicate the large (L) and small (S) species. We set the repulsion
strength βε = 5, which corresponds to the repulsive energy acting on two particles of species µ and
ν at contact distance σµν = (σµ +σν)/2. We express the spatial length in units of σL, therefore the
contact distance of two small particles is σSS = 0.78σL, while the contact distance of a large and a
small particles is σLS = (σL+σS)/2 = 0.89σL. The number ratio of large over small particles is equal
to NL/NS = 1/2. We implement periodic boundary conditions along x and y, while we confine the
system by the presence of two planar walls at z = 0 and z = Lz. Thus, a particle at height z interact
with the walls according to

βUw (r) =


βεw

(
σµ

z

)6
z≤ σµ/2

βεw

(
σµ

Lz−z

)6
z≥ Lz−σµ/2

0 otherwise,

(5.2)

where βεw = 5 is the repulsion strength. We implement non-equilibrium Brownian dynamics (NEBD)
simulations in order to apply oscillatory shear on the system. Note that this technique does not include
hydrodynamic interactions among the colloids. We integrate the position ri of a particle i at time t by
implementing the integration method of Ermak164, enriched by an additional term in the x̂ component
that accounts for the displacement induced by the shear flow

ri(t +dt) = ri(t)+dt
−∇Ui(t)

ξµ

+drG
iµ +dt γ̇(t)

(
zi(t)−

Lz

2

)
x̂, (5.3)

where dt is the integration time step, −∇Ui(t) is the force on particle i due to colloid-colloid and
colloid-wall interactions and ξµ = kBT/D0µ is the friction coefficient with D0µ the particle short-
time self-diffusion constant and µ ∈ {L,S}. We set dt = 10−5τB, where τB = σ2

L/D0L is the large
particle Brownian relaxation time, ξL = 4kBT τB/σ2

L and ξS = ξLσS/σL. The term δrG
iµ determines

the diffusive motion of particles. It is a random displacement sampled from a Gaussian distribution

with zero mean and variance 〈
(

δ rG
iµγ

)2
〉= 2D0µδ t with γ ∈ {x,y,z}. The latter term of equation (5.3)

reflects the response of a particle to the shear motion originated by the walls and transmitted by
the solvent. It has a component only along x, which corresponds to the direction of shear, and it
is responsible for the formation of a velocity profile in the colloidal fluid. This term has a linear
dependence on the particle height zi(t), which reflects the linearity of the flow profile that we impose.
The term γ̇(t) is the shear rate, which depends on the maximum shear rate γ̇max and the frequency of
oscillations f . We employ two shearing methods which we call "shearing protocol 1" and "shearing
protocol 2", as illustrated in figure 5.1(b). The first one corresponds to a shear rate equal to γ̇(t) =
γ̇max cos(2π f t +π/2), while the second one corresponds to γ̇(t) = γ̇max cos(2π f t). As we will show
in section 5.3.2, these two shearing methods produce different effects on our crystalline system.

We investigate the out-of-equilibrium phase behaviour of the system under external oscillatory
shear, where we independently tune the frequency f and the maximum strain amplitude γmax of the
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Figure 5.1: (a) Schematics of the system. Large (L) and small (S) particles are represented in cyan and red,
respectively. The system is confined along the gradient direction (z axis) by two walls located at z = 0 and
z = Lz. The walls move in an oscillatory way by shifting along the velocity direction (x axis). We set the
amplitude of the oscillations A and the maximum velocity vmax. The zero velocity plane (zvp) is highlighted by
the red dashed line. (b) Two methods of shearing. We show the movement of the upper wall with respect to the
zvp at each quarter of a period. Under the same amplitude A, the maximum deformation of the crystal along x
is 2A in shearing protocol 1 and A in shearing protocol 2.

oscillations. The latter quantity is defined by γmax = 2A/Lz, where A is the amplitude of the oscillation
and Lz/2 is the height of the wall from the zero velocity plane (zvp), illustrated in figure 5.1 by
a red dashed line. The previously defined maximum shear rate γ̇max is related to f and γmax via the
relation γ̇max = 2π f γmax. We generate a thermalized initial configuration of a MgZn2 crystal structure,
oriented with the (1120) planes parallel to the velocity-gradient plane. The system counts N = 4608
total number of particles, which are contained in a volume V = Lx × Ly × Lz ' 12× 14× 17σ3

L .
This gives a density of ρσ3

av = N/V (σ3
L/3 + 2σ3

S/3) = 0.993, slightly above the melting density
ρMσ3

av = 0.953 of the system171.

5.2.2 Local structure analyses
We calculate the bond orientational order parameters141,142,165 in order to distinguish between MgZn2,
MgNi2 and MgCu2. This algorithm classifies a particle i as belonging to a specific crystal by analysing
the local arrangement of its closest neighbours Nb(i). We compute the complex vector qlm(i) defined
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by

qlm(i) =
1

Nb(i)

Nb(i)

∑
j=1

Ylm(ri j), (5.4)

where l is a free integer parameter, m is an integer defined in the range−l ≤m≤ l and Ylm(ri j) are the
spherical harmonics. The vector ri j is centred in i and points to neighbour j, and the sum is performed
over the first shell of neighbours, which counts all the closest particles below a radial cut-off distance.
We set the cut-off distance equal to the position of the first minimum in the radial distribution function
of the system. We perform this analysis by using l = 4 and l = 6. Along the lines of Ref. [165], we
compute the average bond-orientational order parameters defined by

qlm(i) =
1

Ñb(i)

Ñb(i)

∑
k=0

qlm(k), (5.5)

where the sum is performed over the neighbours of i plus particle i itself, thus leading to Ñb(i) =
Nb(i)+1.

5.3 Results
The Laves phases were discovered in atomic crystals, where MgZn2, MgNi2 and MgCu2 not only are
three different examples of Laves phases, but also represent the three structure prototypes by which
Laves phases can be classified, respectively C14, C36, C15. In this work we deal with a colloidal
binary AB2 mixture whose density and diameter ratio of the two species are such that Laves crystals
are the stable phases. Along the same line of previous studies in colloid science, we employ the afore-
mentioned chemical formula of intermetallic compounds in order to refer to their crystal structure.

We investigate whether it is possible to induce a phase transformation in colloidal Laves phases
by application of oscillatory shear. To do so, we generate a configuration of MgZn2 and rotate the
crystal such that the [1120] crystallographic direction is orthogonal to the velocity-gradient plane.
After having thermalized the configuration, we apply oscillatory shear along x (velocity) and vary
the maximum strain amplitude γmax and frequency f of the oscillations. In section 5.3.1 we report
the transition observed from MgZn2 to MgCu2 structure when performing shearing protocol 1, for
γmax = 0.35 and f = 100τ

−1
B . This phase transformation is not observed by implementing the shear-

ing protocol 2. Despite these two shearing methods only differ by a phase in the argument of the
cosine function, they are substantially different when applied on a non-isotropic system, e.g. a crystal
structure, due to the existence of a preordered particle arrangement.

We then characterize the mechanism of transformation from MgZn2 to MgCu2, and compare it
with the synchro-shear mechanism observed in atomic crystals198,199,201. We discover that our mech-
anism is intrinsically different from synchro-shear, thereby establishing the uniqueness and novelty
of our findings. In section 5.3.2 we provide an overview of the results obtained by exploring a wide
range of γmax and f .

5.3.1 MgZn2 to MgCu2 transformation mechanism
Laves phases are classified in three classes, namely the MgZn2, MgNi2 and MgCu2 structures. Despite
these crystals display different symmetry, the first two being hexagonal and the third one cubic, they
are assembled from the same building block, which we show in figure 5.2(a). This unit is also known
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Figure 5.2: (a) Schematics representing the building block of the Laves phases, also known as Laves polyhe-
dron. Twelve small particles (red) are located at the vertices, while a large particle (cyan) is in the center. (b,
c, d) MgZn2, MgNi2 and MgCu2 structures. We display the projection of planes to [1120], [1120], and [110],
respectively. The yellow line connects small particles highlighting different z-stacking in the three structures.
The yellow segments connect large-small-large triplets, providing another visualization of the three different
stacking sequences.

as the Laves polyhedron, and is composed of twelve small particles located at the vertices and one
large particle in the centre. What discriminates one structure from the other is, in fact, the stacking
sequence of these building blocks, which is different in the three cases. We show in figure 5.2(b),(c)
and (d) the MgZn2, MgNi2, and MgCu2, respectively. Note that we reduce the particle radius by
25% in order to enhance the visualization of the stacking sequence. From this angle we compare and
identify different stacking sequences which characterize each crystal. For instance, by following the
vertical sequence of small (red) particles and connecting them by a yellow line, we find that this line
is made of segments which connect three particles in MgZn2, five particles in MgNi2, and an ideally
infinite number of particles in MgCu2, where the yellow line is just straight. Another way to visualize
different stacking sequences consists in observing the z-stack of large-small-large (L-S-L) triplets,
highlighted by (nearly horizontal) yellow segments. We label the triplets as t or t’ according to their
orientation with respect to the kagome lattice s, as we show in the figure. In MgZn2, the triplets
display a stacking sequence of alternate t and t’ (...t, t’, t, t’...). MgNi2 also shows an alternation of t
and t’, but in a different fashion (...t, t, t’, t’...), while MgCu2 is characterized by a single stacking of
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t (...t, t, t, t...).
On the basis of this criterion, we inspect the crystal structure obtained after application of shear

with γmax = 0.35 and f = 100τ
−1
B . We show the system before and after applying shear respectively

in the left and right panel of figure 5.3, where the top panel illustrates the system in its entirety,
and the bottom panel offers a zoom in of the region in the black square. The transformation occurs

Figure 5.3: Configuration of the system before (left panel) and after (right panel) shearing. We apply oscillatory
shear on a MgZn2 crystal, which partially transforms in MgCu2 after only about 70 oscillation cycles. In the
right panel, we delimit the region that have transformed by yellow dashed lines and highlight the stacking
sequence with a zig-zag line and segments indicating the large-small-large triplets. Two bands of MgCu2 are
separated by a band of non-transformed MgZn2. Bottom panel shows a zoom in of the two different stacking
sequences.

very rapidly, after only about 70 oscillation cycles, and involves parts of the system which transform
from MgZn2 to MgCu2, as indicated by the labels in the figure. The horizontal bands of MgCu2 are
separated by a horizontal band of non-transformed MgZn2. We recognise the MgCu2 structure from
the straight yellow line, which connects seven red particles, and from the (t, t, t) stacking sequence of
triplets, which unequivocally distinguish the MgCu2 from the MgNi2 crystal.

We ultimately prove that the transformed structure corresponds to MgCu2 by computing the bond
orientational order parameters. We show the qL

4-qL
6 scatter plot for different crystals in figure 5.4. We

display the values calculated on thermalized perfect MgZn2, MgNi2 and MgCu2 in a scale of grey,
while we show the results concerning our system in bright colours.
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Figure 5.4: Bond orientational order analysis. We report the qL
4-qL

6 scatter plot for different crystals. We
represent the results of thermalized perfect MgNi2, MgZn2 and MgCu2 with grey dots, black open circles and
black triangles, respectively. We show the values of the system before shearing with red dots and after shearing
with green dots. Note that analyses on the system after shearing are performed only on the portion of crystal
that had transformed.

As already reported in previous work169,171, qL
4 and qL

6 order parameters calculated on the solely
large particles clearly distinguish MgZn2 from MgCu2. In fact, qL

4-qL
6 values of MgZn2 form a cloud

centred at (qL
4 ,q

L
6) ' (0.36,0.54) and represented here with black open circles. On the other hand,

MgCu2 display a cloud in a different region of the parameter space, namely at (qL
4 ,q

L
6)' (0.50,0.60),

as reported here with black triangles. MgNi2 exhibits a structure whose stacking sequence is a combi-
nation of MgZn2 and MgCu2, therefore the bond order analysis results in two clouds, one coincident
with MgZn2 and the other one with MgCu2, as visible from the grey dots which cover both areas. We
report and compare the analysis performed on our system before and after application of shear with
red and green dots in figure 5.4, respectively. Before shearing, the system is characterized by qL

4-qL
6

values that entirely fall in the region associated to MgZn2. This result is trivially expected, since
we apply shear on a MgZn2 structure generated beforehand. After shearing, the system displays two
bands of transformed crystal which alternate with a band of non-transformed crystal. Therefore we
select the portion of the crystal that has transformed and analyse it separately, such that we identify
the structure of the transformed crystal without contaminating the results with the non-transformed
part. We report the results with green dots, which entirely fall in the region associated to the MgCu2
structure. This further proves the MgCu2 nature of the transformed crystal against the MgNi2 struc-
ture which, instead, shows a cloud of points also for qL

4 < 0.45.
The limited extension of MgCu2 bands along z resembles the stacking fault I2 found in C14 atomic

crystals201. Here the authors investigate the energetic cost for a C14 crystal, specifically MgZn2, to
form the I2 stacking fault based on the dislocation mechanism of synchro-shear. This mechanism
has been observed in atomic crystals and is extensively explained in several works198,199,201. Below
we demonstrate that the synchro-shear mechanism is different from the transformation mechanism
observed in our colloidal system, which may be explained by the different types of interactions in the



5

78 CHAPTER 5

two systems investigated, i.e. the atomic one is composed of strongly interacting units, and the col-
loidal one involves interactions that are limited to short-range repulsions and whose crystal formation
is mainly driven by entropy. In order to provide a clear picture of the two transformation mechanisms
and highlight their differences, we start by describing the MgZn2 structure in figure 5.5(a). In the top

Figure 5.5: (a) Progressive stacking sequence of xy planes in z (top panel). Projection of the system in the xz
plane (bottom panel). The plane under examination in the top panel is indicated by a black dashed line in the
corresponding bottom panel. (b) Synchro-shear mechanism. (c) Our transformation mechanism.

panel, the sequence of sketches shows the sequential stacking of (0001) planes in z. We display parti-
cles forming the plane under examination with bright colours, while we introduce some transparency
to visualize the planes underneath it. We also indicate the plane under examination with a dashed
line in the bottom panel, which shows a projection of the system along the [1120] crystallographic
direction (xz plane). Starting from the left, we illustrate the kagome network, a plane composed of
small (S) particles in hexagonal and triangular arrangement. We then visualize the planes composing
a large-small-large (L-S-L) triplet. L particles closer to the aforementioned kagome network (labelled
2 and 5 in the figure) sit in the centre of the hexagons, while the S particle in the middle of the triplet
(labelled 3) and L particles in the plane above it (labelled 1 and 4) occupy the centre of triangles in al-
ternate manner, such that one S/L particle sitting on a triangle is surrounded by L/S particles sitting in
the first neighbouring triangles. Note that a switch of S/L with L/S particles sitting on these triangles
transforms the stacking sequence from MgZn2 to MgCu2. In fact, this phenomenon occurs in atomic
crystals as a relaxation effect after being subjected to shear or compression stress199,201. Figure 5.5(b)
illustrates the synchro-shear mechanism from the aforementioned two perspectives. This mechanism
involves the simultaneous dislocation of two units, for instance an L particle moving in the xz plane,
and an S particle moving in the xy plane. The exact path covered by L and S particles is indicated by
the blue and yellow arrows, respectively. As already anticipated, L particles sitting in the centre of a
triangle move along x towards the next triangle where an S particle is sitting. Consequently, the latter
particle has to move out of the way, and it does so by migrating in a straight line forming an angle of
60◦ with x. Hence, S particles settle in the vacancy left behind by L particles.

In our system we observe a different transformation mechanism, which we report in figure 5.5(c).
Similarly to synchro-shear, our transformation eventually leads to the switching of L/S to S/L parti-
cles which occupy the centre of triangles. However, the whole process develops in a different man-
ner since the transformation is promoted by the application of a shear stress whose characteristics,
namely direction and strain amplitude, are fundamental features to be finely tuned in order to trigger
the transformation. In addition, the transformation occurs while we still apply shear on the system,
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rather than being a relaxation phenomenon after cessation of the applied stress as observed for inter-
metallic compounds. Our shearing method determines the sliding of (0001) planes on each other, and
it corresponds to having the kagome network stationary and the three-layer stacks above it sliding in
the −x̂ direction, as illustrated in figure 5.5(c). Note that we use shearing protocol 1, or asymmetric
shearing, where the deformation of the crystal occurs only in one direction, meaning that the three-
layer stacks make an excursion of −2Ax̂ and return back to the initial position. The transformation
dynamics is described in figure 5.5(c). In contrast to synchro-shear, the transformation involves the
motion of all the particles composing the triplet, namely also L particles sitting in the centre of the
hexagons. Moreover, L and S particles move in the xz plane only, excluding the y dimension from the
dislocation process. The transformation is the result of a simultaneous and coherent shifting of the
three-layer stacks with respect to the kagome lattice by a distance d, which we show in the figure.
This distance is such that L top particles 1 and 4 will sit in the middle of the hexagons, S particle 3
will shift from one triangle to the next one on the left, and L bottom particles 2 and 5 will move from
the centre of an hexagon to the centre of a triangle, where S particles were sitting. The overall shift
observed from the xy view results in the exchange of L/S with S/L particles sitting in the centre of a
triangle. However the transformation is not complete yet, as the blue and green arrows show in the
bottom panel. In fact, L top particles have to move down while L bottom particles have to move up in
order to recover the MgCu2 structure.

We earlier provided a two-step description of our transformation mechanism, where first, three-
layers stacks shift laterally with respect to the kagome network, and second, L particles change their
height (along z), where top L become bottom L and vice versa. This two-step picture is an expedient
used to simplify the description of the mechanism rather than an actual two-step process, since we
do not observe such a distinction while the transformation is occurring. We clarify this aspect in fig-
ure 5.6, where we show a sequence of three snapshots of the system, captured before shearing, after
4.5 oscillation cycles and after shearing. We highlight the transforming L-S-L layers with different
colours and show a zoom in of the area in the bottom panel to enhance the visualization of the mech-
anism.

Before shearing, we colour top L particles with blue and bottom L particles with yellow. After 4.5
oscillation cycles we observe a structural transformation of the system. The walls are positioned at
maximum displacement ±2A, hence, the deformation of the crystal, indicated by a yellow line in the
second snapshot, is also at maximum. We observe that highlighted layers have flattened in a single
layer parallel to the walls, as we easily recognise by blue and yellow particles being now at the same
height. Beside the transforming layers, also other L-S-L layers show the same phenomenon of flatten-
ing. We provide a better visualization of it in the third snapshot, where we display only L particles.
We recognise that dimers of L-L particles either lay horizontally or stand almost vertically in alternate
layers. We understand the mechanism behind this, and explain it here. Consider a stationary kagome
lattice and the three-layer stack above and below it. Our mechanism of shearing operates such that the
L-L dimers in the three-layer stack above the kagome lattice are brought apart from each other. In this
way, they approach closer to the S particle in the middle of a L-S-L triplet. Since S particles have a
smaller radius than L particles, the latter ones gain some space around themselves and can freely move
up and down. On the contrary, the L-L dimers that belong to the three-layer stack below the kagome
lattice are brought closer to each other. Due to excluded volume interactions, as they approach closer
to each other they have to stand in a vertical manner to avoid overlaps. In this three-layer stack the
switching between top L and bottom L particles is prohibited by the unidirectional deformation of the
crystal, which is determined by asymmetric shearing.

Finally, we report the configuration of the system once the transformation is completed, in the
right panel of figure 5.6. Note that the blue L particles that initially occupied the top positions, are
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now located at the bottom of the triplet. In analogous way, the yellow L particles have switched height
from the bottom to the top.

Figure 5.6: Configurations of the system before shearing (left panel), after 4.5 oscillation cycles (middle panel)
and after shearing (right panel). Before shearing, the system displays the MgZn2 structure. The two three-layer
stacks that transform under shear contain both blue and yellow particles. Specifically, we colour top L particles
blue and bottom L particles yellow. After 4.5 oscillation cycles, the three-layer stacks flatten in a single layer
parallel to the walls in an alternate manner, as visual inspection of L particles reveals. After shearing, the two
highlighted layers have transformed such that blue and yellow particles occupy the bottom and top positions,
respectively. The insets at the bottom display a zoom in of the region identified by the black rectangles.

5.3.2 Out-of-equilibrium phase diagram
In this section we describe the out-of-equilibrium phase diagram obtained by applying oscillatory
shear (protocol 1) on MgZn2 and independently varying the maximum strain amplitude γmax and
frequency of oscillations f . We report our results in figure 5.7, where state points are indicated by
diamonds of different colours for different transformations.

Not transformed. For γmax . 0.25 the deformation applied on the system is not large enough
to cause a phase transformation, irrespectively of the frequency of oscillations. We indicate with red
diamonds those state points where the system does not transform, thus showing MgZn2 structure also
after shearing. In addition, we illustrate a configuration of the system after shearing with γmax = 0.20
and frequency f = 100τ

−1
B . The z-stacking sequence of triplets is totally alike the sequence in MgZn2

before shearing, which is reported in figure 5.3. We also recognise the zig-zag trend of the yellow line
connecting small particles. It is worth noting that small shear deformations do not affect the stability
of the crystal.
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Figure 5.7: Out-of-equilibrium phase diagram of the sheared MgZn2 structure, for different values of maximum
strain amplitude γmax and frequency of oscillations f . We distinguish a non-transformed MgZn2 phase for
γmax < 0.25, represented by red diamonds. Within 0.25 . γmax ≤ 0.4 some portions of MgZn2 transform into
MgCu2. The state points that transform only a three-layer stack are represented by half-full green diamonds,
while those that transform a bigger portion of the crystal are indicated with full green diamonds. For γmax > 0.45
we observe a shear-induced melting of the crystal, represented by half-full blue diamonds (partially melted) and
full blue diamonds (fully melted).
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One or more layers transformed. As we increase the maximum strain amplitude, we observe
that the crystal transforms into the MgCu2 structure in some portions of the system. In particular, for
γmax = 0.25 only a three-layer stack is subjected to the transformation, such that the system displays
only a small portion of MgCu2. Moreover this transformed band presents quite some defects, as we
observe by visual inspection of the configuration sheared with γmax = 0.25 and f = 60τ

−1
B . We show

with half-green diamonds the state points where only a three-layer stack has transformed. These state
points are all located at γmax = 0.25, which reveals that this strain amplitude is yet rather small, but
large enough to have some effects on the system. As we further increase γmax, the crystal transforms
into MgCu2 in a larger portion of the system, i.e. more than one triplet transforms, and we represent
those points with full green diamonds. We observe that for f ≥ 30τ

−1
B the transformation occurs

in a range of 0.25 < γmax ≤ 0.4. We also illustrate the configuration obtained after shearing with
γmax = 0.4 and f = 60τ

−1
B . Here, we observe two bands of MgCu2 separated by a three-layer stack of

non-transformed sequence, similarly to what we described in figure 5.3.
On the basis of earlier studies on shearing effects55,158, which connected the maximum strain

amplitude γmax to geometrical dimensions occurring in a transformation process, we wonder which
value of γmax = ∆x/∆z triggers the observed transition. Having figure 5.5 as a reference, we initially
considered 2∆x to be the distance that particle 4 covers in order to reach position 2 in half an oscillation
cycle, and ∆z equal to the distance between the centre of the triplet (we consider the height of S in
the triplet) and the kagome network. We obtain a ratio of ∆x/∆z' 0.70, which is too large to explain
the transformations observed already at much smaller strain amplitudes. In addition, the system melts
at such a large value of γmax, as we will show in the next paragraph. From another perspective, we
observe that a crucial aspect of the transformation mechanism is the flattening of alternate three-layer
stacks, so that eventually the system transforms by switching height between top and bottom L in a
triplet. The flattening is not observed for γmax < 0.25 when the walls are at maximum displacement.
Therefore we strongly believe that the threshold ratio γmax = ∆x/∆z that triggers the transformation
should be associated to dimensions that enable L particles in a triplet to freely move along z. From
figure 5.5, we observe that the height of particle 4 is larger than the height of particle 2 because the
first one is sitting on a triangle while the second one is sitting on an hexagon (note that the xy distance
between S and L is smaller in the triangle than the hexagon). We consider the distance ∆x that brings
particle 4 in line with the edge of the triangle, and ∆z the distance of the centre of the triplet from the
kagome lattice underneath it. The ratio ∆x/∆z ' 0.35 is in line with our expectations, and it enables
particle 4 to lower its height in the second quarter of the oscillation cycle, which is what we observe
as part of the transformation mechanism.

Partially and fully melted. For f ≤ 30τ
−1
B and γmax ≥ 0.45 the deformation applied on the

crystal is too large, and the system shows a melted region in coexistence with a crystal at γmax = 0.45,
indicated by half-blue diamonds, while complete melt is observed for γmax > 0.45, represented by
full-blue diamonds. Note that the system melts at lower strain amplitudes as we lower the frequency
to values f < 30τ

−1
B . This shift is likely due to a combined effect of shear-induced perturbation of the

system and enhancement of Brownian fluctuations that strongly influences the stability of the crystal.

5.4 Conclusions

We have implemented NEBD simulations in order to apply oscillatory shear on a MgZn2 crystal,
oriented with the [1120] crystallography direction orthogonal to the velocity-gradient plane. The
system is composed of a binary mixture characterized by a diameter ratio of σS/σL = 0.78 and a
density of ρσ3

av = 0.993, close to the melting density. We have implemented two shearing protocols,
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which differ from each other only by a phase of π/2 in the argument of the cosine function. These
two shearing protocols are totally equivalent when applied on a fluid system, due to its invariance
with respect to translations and rotations. On the contrary, they are not equivalent when applied on
a crystal structure, and hence might induce different effects on the system. We observed a phase
transformation of MgZn2 into MgCu2 only by applying shearing protocol 1, or asymmetric shearing.
The transformation occurs for f > 30τ

−1
B and 0.25 . γmax ≤ 0.4 within the parameter range we have

explored. By geometrical considerations, we expect that a maximum strain amplitude of γmax ' 0.35
is the threshold value that triggers the transformation process. We have characterized the transforma-
tion mechanism and discovered that it differs from the synchro-shear mechanism observed in atomic
Laves phases, thereby establishing the novelty and relevance of this intriguing mechanism in colloid
science. We observed that the shearing promotes a coherent shift of the three-layer stack above the
kagome lattice along the velocity direction. This movement, in combination with a height switch
between the top and bottom L particles that compose a triplet, causes the formation of a stacking fault
in MgZn2, thereby transforming the crystal into the MgCu2 structure. We confirm the stability of
the transformed structure after cessation of shear. For γmax < 0.25 the deformation impressed on the
crystal is too small to cause any change in its structure. On the contrary, for γmax > 0.45 the strain
amplitude is so large that multiple collisions among particles eventually lead to the melting of the
crystal.
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Summary

This thesis deals with the study of colloidal systems. A colloidal system is made of an insoluble
phase, for instance fluid droplets or particulate solids, suspended in a dispersing medium. The size
of a colloidal particle ranges from a few tens of nanometers to a few microns, a length scale between
atoms and molecules on the one side, and human cells or sand grains on the other side. By virtue
of their dimensions, colloids are subjected to the thermal fluctuations transmitted by the surrounding
fast-moving molecules that compose the dispersing fluid, and consequently, they display a peculiar
dynamics known as Brownian motion. As a result of this erratic motion, colloids explore the con-
figurational phase space, driving the system to its thermodynamic equilibrium by forming the most
favorable equilibrium structure. The ability to self-assemble renders them an ideal model system to
study the behavior of atomic and molecular systems on accessible time and length scales. Moreover,
the rich variety of colloids that is synthesized nowadays enables the design of new materials with
advanced properties.

In this thesis we try to answer some of the most intriguing questions posed in Soft Matter, and we
do this by performing numerical simulations. We provide a brief introduction on colloidal systems
and their physical properties in Chapter 1. We describe, in particular, the colloidal systems that are
the subject of our investigation and the simulation techniques employed to address the problems.

In Chapter 2 we study the physical behaviour of a dumbbell particle in a microfluidic chan-
nel. The dumbbell is composed of two beads, namely two spheres of different radii R1 and R2, held
together by a rigid center-to-center connector. This system, among others, displays a self-steering be-
haviour when dragged by a fluid flow in a nearly 2D channel. By virtue of its asymmetric shape,
hydrodynamic interactions between the beads cause the rotation of the particle, thereby aligning
its center-to-center axis with the fluid flow direction. This property has been investigated on the
macroscale, i.e. with macro-sized objects of a few tens of microns in size, in a regime of high Péclet.
In our study, we address the problem at a different length scale by changing the particle size from the
micron to the nanoscale, and we investigate at which length scale we still observe the self-steering
process. To this end, we study the dynamics of a dumbbell particle in a Hele-Shaw flow for a wide
range of Péclet numbers (Pe), enabling us to investigate the interplay between convective drag and
thermal noise. In addition, we vary the size ratio of the beads R̃ = R1/R2 and map out the state dia-
gram in the Pe vs R̃ plane. We identify three different regimes of strong, weak, and no alignment of
the particle with the fluid flow. Hence, we find an intermediate Pe regime, where beside convection
also diffusion becomes relevant for the self-orientation process of the particle.

Chapter 3 deals with the long-standing problem of crystal nucleation in hard spheres, where sev-
enty years of research were not sufficient to explain the almost twenty orders of magnitude difference
in the nucleation rate as obtained in experiments and simulations. We investigate this problem and
focus on the effect of hydrodynamic interactions on the crystal nucleation of nearly hard spheres. We
employ different approaches to the topic. We perform direct simulation of crystal nucleation, where
we measure the time that elapses until a nucleation event occurs in a supersaturated fluid. Unfor-
tunately, this method is limited by the computational time that is required to observe a nucleation
event at low fluid supersaturations. Hence, we use the seeding approach method to investigate crystal
nucleation at low volume fractions. This technique directly seeds the fluid with a crystal nucleus and,
by employing classical nucleation theory, provides results on the nucleation rate of the system. We
perform simulations with and without hydrodynamic interactions among the colloids. We find that
the two methods give similar results, establishing the irrelevance of hydrodynamic interactions on the
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crystal nucleation rate.
We also investigate the properties of the supersaturated fluid under different physical conditions.

In particular we analyse the amount of five-fold clusters, normally present in a fluid state, and in-
vestigate how this quantity varies by changing the softness of the particle interaction, the viscosity
of the dispersing fluid, and the sedimentation rate. A decrease of five-fold clusters might suggest an
enhancement of the nucleation rate, since the five-fold symmetry is incompatible with the formation
of 3D periodic structures. Unfortunately, we do not observe any difference in the local structure of
the fluid, meaning that these three conditions, in combination with hydrodynamic interactions, are
irrelevant to the kinetics of crystal nucleation of hard spheres.

In Chapter 4 we apply oscillatory shear on a system of long-range repulsive particles. Similar
studies were performed on hard spheres already in the eighties and, since then, many other experi-
mental and numerical works extended the investigation to a wider range of the parameter space or to
different kinds of systems, for instance soft repulsive systems. To our knowledge, a comprehensive
study of the effect of oscillatory shear on a long-range repulsive fluid is still missing in the literature,
and hence we address this problem here. We vary the frequency and the maximum strain amplitude
of the oscillations and report the observed structures in an out-of-equilibrium phase diagram. In con-
trast to earlier studies that only found the formation of a string phase, we observe the formation of
3D crystal structures, sliding layers and string phases. We thoroughly analyse the crystal structures
by means of a bond orientational order and diffraction pattern analysis. We find that, in a specific
range of maximum strain amplitude, the system forms an fcc crystal at the extremes of the oscilla-
tions (twinned fcc), and a bcc crystal at zero strain amplitude. The twinned fcc phase was already
observed in system of hard spheres under oscillatory shear, but this is the first time that such a phase
is reported for a long-range repulsive system. Furthermore, we investigate the mechanism of the fcc
to bcc Martensitic transformation, as the system proceeds from maximum to zero displacement, re-
spectively.

Chapter 5 concerns the study of colloidal Laves phases. There are three types of Laves phases
MgZn2, MgNi2 and MgCu2, which differ only in stacking sequence. There we investigate how the
transformation from MgZn2 to MgCu2 can be promoted, as the latter crystal structure is highly de-
sirable for its photonic properties since it is the only Laves phase of which the sublattices display
a photonic band gap. However, MgCu2 is thermodynamically metastable with respect to MgZn2.
Moreover, the spontaneous self-assembly of the Laves phases from a binary fluid is severely ham-
pered by glassy dynamics. In this study we exploit the similarities of the two crystal structures and
apply oscillatory shear to drive a transformation from one to the other. We apply oscillatory shear on
a MgZn2 crystal and vary the maximum strain amplitude and frequency of the oscillations. The struc-
tures observed after shearing are mapped in an out-of-equilibrium phase diagram. We find a range
of maximum strain amplitude where part of the MgZn2 transforms into MgCu2, thereby providing
evidence that this transformation can be triggered by a specific shearing protocol. We characterize the
transformation process and discover a novel mechanism that differs from the synchro-shear observed
in atomic Laves phases.

In conclusion, in this thesis we elucidate the role of hydrodynamic effects in a variety of systems
by employing different simulation methods. We hope that our results will inspire further work in this
direction.



Samenvatting

Dit proefschrift gaat over het bestuderen van colloïdale systemen. Zo’n colloïdaal systeem bestaat uit
een onoplosbare fase, zoals vloeistofdruppels of vaste deeltjes, die gedispergeerd zijn in een ander
medium. De grootte van colloïdale deeltjes zit tussen enkele tientallen nanometers en enkele mi-
crometers in. Deze lengteschaal ligt tussen die van atomen en moleculen enerzijds en veel grotere
deeltjes zoals menselijke cellen of zandkorrels anderzijds. Vanwege hun dimensies, zijn colloïden
onderhevig aan thermische fluctuaties die veroorzaakt worden door de snel bewegende moleculen in
de dispersie. De colloïdale deeltjes vertonen hierdoor een grillige dynamica, wat Brownse beweging
wordt genoemd. Deze kris-kras bewegingen zorgen ervoor dat de colloïden de gehele configurationele
ruimte kunnen verkennen waardoor het systeem een thermodynamisch evenwicht kan bereiken door
de meest stabiele structuur te vormen. Het vermogen van colloïdale deeltjes om te zelf-assembleren
maakt colloïden ideale modelsystemen om het gedrag van atomen en moleculen te bestuderen op een
gemakkelijker meetbare tijd- en lengteschaal. Daarnaast maakt de grote variëteit aan synthetiseer-
bare colloïden het tegenwoordig mogelijk om nieuwe materialen met geavanceerde eigenschappen te
ontwerpen.

In dit proefschrift proberen we zeer intrigerende vragen uit de zachte gecondenseerde materie
te beantwoorden door gebruik te maken van numerieke simulaties. In Hoofdstuk 1 introduceren
we colloïdale systemen en hun fysische eigenschappen. We beperken ons hier in het bijzonder op
colloïdale systemen die in dit proefschrift aan bod komen en de simulatietechnieken die we gebruikt
hebben om de bovengenoemde vragen op te lossen.

Hoofdstuk 2 beschrijft onze studie aangaande het fysische gedrag van dimeerdeeltjes in een mi-
crofluïdisch kanaal. Het dimeerdeeltje bestaat uit twee bollen met verschillende stralen, R1 en R2,
en wordt bij elkaar gehouden door een rigide binding die tussen de twee middelpunten van de bollen
loopt. Dit systeem is een voorbeeld van een systeem wat zelf-sturend gedrag vertoont wanneer het
door een 2D kanaal stroomt. Omdat de deeltjes een asymmetrische vorm hebben, zorgt de hydro-
dynamische interactie tussen de 2 bollen ervoor dat het deeltje roteert zodat de as van het deeltje in
de richting draait van de vloeistofstroom. Deze eigenschap was al bestudeerd op macroschaal, d.w.z.
met macro-objecten die een grootte hebben van tientallen micrometers, in het regime met een hoog
Péclet getal (Pe). In ons werk bestuderen we dit fenomeen op een andere lengteschaal door de deelt-
jesgrootte te verkleinen van de micro- naar de nanometerschaal, en we onderzoeken in hoeverre het
zelf-sturende gedrag nog steeds aanwezig is. Hiertoe bestuderen we de dynamica van dimeerdeeltjes
in een Hele-Shaw stroming voor verschillende Péclet getallen. Dit stelt ons in staat om het effect van
convectie en thermische ruis te onderzoeken. We variëren ook de grootte verhouding tussen de twee
bollen R̃ = R1/R2 en construeren een fasediagram waarin Pe is uitgezet tegen R̃. We identificeren
drie regimes waarin de deeltjes zich in sterke mate, zwakke mate of niet oriënteren in de richting van
de vloeistofstroom. We laten daarmee zien dat het mogelijk is om de positie en de oriëntatie van de
deeltjes te controleren in een Pe regime waar, afgezien van convectie, ook diffusie een belangrijke rol
speelt in de dynamica van de deeltjes.

Hoofdstuk 3 gaat over een lang bestaand probleem aangaande de nucleatie van harde bollen,
waarbij zeventig jaar onderzoek niet genoeg is geweest om het verschil van bijna twintig orde van
grootte tussen de experimentele en met computer simulaties bepaalde nucleatiesnelheden te verk-
laren. Wij hebben dit probleem onderzocht en het effect van hydrodynamische interacties bekeken op
de kristal nucleatie van nagenoeg harde bollen. We hebben hierbij verschillende aanpakken gebruikt.
We hebben bijvoorbeeld een directe simulatie van de kristalnucleatie uitgevoerd, waarbij we de tijd
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tot een spontane nucleatiegebeurtenis direkt meten in een oververzadigde oplossing. Helaas werkt
deze methode alleen als de nucleatie tijden overeen komen met de tijden die we in simulaties kunnen
bereiken. Bij lage oververzadiging zijn de nucleatie tijden zeer lang. Om die reden gebruiken we
voor lage verzadigingen een andere methode, waarbij we een groeikern al toevoegen aan de vloeistof.
Met behulp van klassieke nucleatietheorie, leveren deze simulaties ook informatie op voor de nu-
cleatiesnelheid van het systeem. We hebben deze simulaties uitgevoerd met en zonder hydrody-
namische interacties tussen de colloïden. We zien dat deze twee methodes vergelijkbare resultaten
geven, wat aangeeft dat hydrodynamica bijna geen invloed heeft op de kristalnucleatiesnelheid. In
het bijzonder richten we ons op het analyseren van vijfvoudig-symmetrische clusters, die normaliter
aanwezig zijn in de vloeistof. We onderzoeken hoe de concentratie van deze clusters varieert wanneer
de zachtheid van de wisselwerking van de deeltjes, de viscositeit van het dispergerende medium en de
sedimentatiesnelheid worden aangepast. Een lagere concentratie aan vijfvoudig-symmetrische clus-
ters kan een aanwijzing zijn voor een hogere nucleatiesnelheid, aangezien de vijfvoudige symmetrie
niet verenigbaar is met de vorming van periodiek geordende 3D structuren. Helaas observeren we
geen verschillen in de lokale structuur van de vloeistof, wat betekent dat deze drie condities net als de
hydrodynamische interacties, geen rol spelen in de kinetiek van kristalnucleatie.

In Hoofdstuk 4 beschrijven we een studie waarbij oscillerende afschuifstromingen zijn toegepast
op een systeem bestaande uit deeltjes die een repulsieve langedrachts interactie hebben. Er zijn in de
jaren tachtig vergelijkbare studies gedaan met harde bollen. Sindsdien zijn er vele experimentele en
numerieke studies gedaan om de parameterruimte verder te verbreden naar andere systemen, bijvoor-
beeld met repulsieve interacties. Voor zover wij weten is er nog geen uitgebreide studie in de literatuur
gerapporteerd over het effect van oscillerende schuifbewegingen op repulsieve langedrachtsvloeistof-
fen. Dit vormt een belangrijke motivatie voor ons onderzoek. We variëren de frequentie en de am-
plitude van de oscillaties en laten zien welke structuren er in- en uit evenwicht gevormd worden in
een fasediagram. Ondanks dat voorgaande studies alleen maar de vorming van een string fase von-
den, laten wij hier zien dat ook 3D kristalstructuren, sliding layers en string fases gevormd kunnen
worden. We analyseren de kristalstructuren door een bond orde parameter en een diffractiepatroon
analyse uit te voeren. We vinden hierbij dat voor specifieke amplitudes het systeem een FCC kristal
vormt bij maximale uitwijking in een oscillatie cyclus (twinned FCC) en een BCC kristal bij geen
uitwijking. De twinned FCC was al gevonden in een systeem van harde bollen, maar dit is de eerste
keer dat het ook gevonden wordt in repulsieve langedrachtssystemen. Daarnaast karakteriseren we de
Martensitische overgant tussen FCC en BCC tijdens een oscillatie cyclus.

Hoofdstuk 5 gaat over het bestuderen van colloïdale Laves fases. Er zijn 3 types, MgZn2, MgNi2,
en MgCu2, die verschillen in hoe de verschillende kristallagen gestapeld zijn. We bestuderen hoe
de overgang van een MgZn2 naar een MgCu2 overgang bevorderd kan worden. De laatst genoemde
fase is de meest wenselijke kristalstructuur vanwege zijn fotonische eigenschappen. Dit is de enige
Laves fase met een fotonische band gap. Echter, MgCu2 is thermisch metastabiel ten opzichte van
MgZn2, en de spontane zelf-assemblage van deze Laves phases vanuit een binaire vloeistoffase wordt
bemoeilijkt door glas-achtige dynamica. In deze studie maken we gebruik van de sterke overeenkom-
sten tussen de twee kristalstructuren en gebruiken we oscillerende afschuifstromingen om de overgang
van de ene naar de andere fase in gang te zetten. We onderzoeken het effect van oscillerende afschuif-
bewegingen op een MgZn2 kristal en variëren de amplitude en de frequentie van de oscillaties. De
verkregen structuren brengen we samen in een uit-evenwicht fasediagram. We vinden een gebied van
amplitudes waarbij een deel van de MgZn2 wordt omgezet in MgCu2, wat laat zien dat de structurele
transformatie in gang kan worden gezet door gebruikt te maken van een specifiek afschuifbeweg-
ingsprotocol. We karakteriseren het transformatieproces en ontdekken een nieuw mechanisme dat
verschilt van het mechanisme voor atomaire Laves fases.



SAMENVATTING 101

Samenvattend hebben we in dit proefschrift de rol van hydrodynamische effecten in verschillende
colloïdale systemen onderzocht door gebruik te maken van verschillende computersimulatie tech-
nieken. We hopen dat onze resultaten inspiratie vormen voor toekomstig onderzoek in deze richting.
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