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Abstract
We construct Quillen equivalent semi-model structures on the categories of dg-Lie algebroids
and L∞-algebroids over a commutative dg-algebra in characteristic zero. This allows one to
apply the usual methods of homotopical algebra to dg-Lie algebroids: for example, every Lie
algebroid can be resolved by dg-Lie algebroids that arise from dg-Lie algebras, i.e. whose
anchormap is zero. As an application, we show howLie algebroid cohomology is represented
by an object in the homotopy category of dg-Lie algebroids.

Keywords Dg-Lie algebroid · Model category · Lie algebroid cohomology
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1 Introduction

Thepurpose of this paper is to provide amodel-categorical description of the homotopy theory
of differential graded Lie algebroids over a commutative dg-algebra of characteristic zero.
Just as Lie algebroids are frequently used to describe infinitesimal structures in algebraic [28]
or differential geometry [22], such dg-Lie algebroids can be used to describe infinitesimal
structures in derived geometry. In particular, our main reason to develop a homotopy theory
of dg-Lie algebroids is to use it to study the role of dg-Lie algebroids in deformation theory.

Tomotivate this, let us start by considering dg-Lie algebroids over a field k of characteristic
zero, which are simply dg-Lie algebras. A fundamental principle in deformation theory,
tracing back to the work of Deligne and Drinfeld, asserts that for any point in a moduli space
over k, its formal neighbourhood is controlled by a dg-Lie algebra. This idea has proven
to give a very effective and concrete method for describing the infinitesimal behaviour of
moduli spaces, which applies in many situations (see e.g. [11,12,17]). Nowadays, a precise
formulation of the equivalence between dg-Lie algebras and formal deformation problems is
provided in terms of homotopy theory: work of Pridham [26] and Lurie [19] establishes an
equivalence between the homotopy theory of dg-Lie algebras and a certain homotopy theory
of formal moduli problems over k.
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494 J. Nuiten

One can try to extend these ideas to more general commutative dg-algebras A of charac-
teristic zero: given a map Spec(A) → X from an affine (derived) scheme to a moduli space,
one can try to describe a formal neighbourhood of Spec(A) inside X in terms of a dg-Lie
algebroid over A. The recent work of Gaitsgory and Rozenblyum [9] makes extensive use of
this viewpoint on Lie algebroids: they essentially define Lie algebroids to be formal moduli
problems over Spec(A) and develop their theory in these terms.

This paper serves as a complement to this work, and provides a rigid, point-set model for
the homotopy theory of Lie algebroids in terms of a dg-version of the usual notion of a Lie
algebroid [28]. More precisely, the main result of this paper is the following:

Theorem Let A be a commutative dg-algebra over a field of characteristic zero. The category
of dg-Lie algebroids carries a semi-model structure, in which a map is a weak equivalence
(fibration) if it is a quasi-isomorphism (degreewise surjective).

Warning It has been asserted in [35] that the category of dg-Lie algebroids carries an actual
model structure. However, there is a gap in the argument of loc. cit: it does not check whether
any dg-Lie algebroid can be replaced by a fibrant dg-Lie algebroid. This condition often
holds trivially, e.g. for algebras over dg-operads, but it does not hold for the category of
dg-Lie algebroids (see Example 3.2). In particular, this counterexample shows that, contrary
to [35], the quasi-isomorphisms and surjections do not define an actual model structure on
the category of dg-Lie algebroids.

Our proof method is based on an analysis of pushouts of generating trivial cofibrations of
dg-Lie algebroids. This analysis proceeds along the same lines as for algebras over operads,
with one exception: the pushout of a generating trivial cofibration need not be an injection in
general. This makes our argument slightly more complicated than usual, and is also the main
reason why dg-Lie algebroids do not form a genuine model category (see Example 3.2).

Remark (Global approach) Instead of considering dg-Lie algebroids over a fixed A, one can
also consider the category of pairs (A, g) where A is a cdga and g is a dg-Lie algebroid over
A. Such pairs are the algebras over a certain 2-coloured operad [34] and therefore admit a
model structure. This ‘global’ model structure is not so useful for the deformation-theoretic
applications in [23]. For instance, the functor sending (A, g) �→ A is not particularly well-
behaved [i.e. it is not a (op-)fibration], so the global model structure does not restrict to its
fibers.

In [23], we show that the homotopy theory of dg-Lie algebroids over (cofibrant) A provided
by the above theorem is equivalent to the homotopy theory of formal moduli problems over
A. Informally, this means that dg-Lie algebroids can indeed be used as algebraic models for
the formal neighbourhoods of Spec(A) inside moduli spaces. The fact that dg-Lie algebroids
indeed behave like ‘algebraic objects’ from the viewpoint of homotopy theory ismade precise
by the following result:

Theorem Consider the forgetful functor LieAlgddgA → ModdgA /TA, which sends a dg-Lie
algebroid to its anchor map. This is a right Quillen functor that detects weak equivalences
and preserves all sifted homotopy colimits.

Concretely, this provides a simple description of the homotopy colimit of a simplicial diagram
of dg-Lie algebroids (see Example 3.4). On a more formal level, this theorem guarantees that
the homotopy theory of dg-Lie algebroids is well behaved. For example, the free-forgetful
adjunction ModdgA /TA � LieAlgddgA induces a monadic adjunction between ∞-categorical
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Homotopical Algebra for Lie Algebroids 495

localizations [20, Sect. 4.7]. This formal property of the homotopy theory of dg-Lie algebroids
plays an important technical role in [23] (cf. also [19, Sect. 2]). Similarly, the right Quillen
functor to A-linear dg-Lie algebras

LieAlgddgA LiedgA ; g ker
(
ρ : g → TA

)

also detects weak equivalences and preserves sifted homotopy colimits. This means that
dg-Lie algebroids can be considered as algebras for some monad on the ∞-category of A-
linear Lie algebras (cf. [9]). In particular, it follows that every dg-Lie algebroid admits a
simplicial resolution by Lie algebroids arising from Lie algebras, i.e. whose anchor map is
null-homotopic (by Lie algebroid maps). Such resolutions can be used to reduce statements
about dg-Lie algebroids to the case of dg-Lie algebras, which is sometimes easier.

Outline The paper is outlined as follows: after recalling some preliminaries in Sect. 2, we
describe the above theorems, together with some variants and immediate consequences, in
Sect. 3. For example, both theorems have analogues for L∞-algebroids as well. The proofs
of the theorems are contained in Sect. 4.

In the remainder of the text, we discuss a few model-categorical tools that one can use to
study dg-Lie algebroids. For example, we give a concrete cofibrant replacement of dg-Lie
algebroids and L∞-algebroids in Sect. 5, which can be used (in certain situations) to present
derived mapping spaces in terms of ‘∞-morphisms’. In Sect. 6, we use this to identify the
(reduced) Lie algebroid cohomology (see e.g. [28])

Hn(g; A) ∼= [
g, TA ⊕ A[n − 1]]

with the set of homotopy classes of maps into the square zero extension of the tangent Lie
algebroid by a shifted copy of A. Similarly, we show that the Weil algebra of a Lie algebroid
g (see e.g. [2]) simply computes the Lie algebroid cohomology of its free loop space Lg. The
mixed structure on the Weil algebra can then be thought of as arising from the S1-action on
Lg by rotation of loops.

Conventions Throughout, we work over a field k of characteristic zero, so that a chain
complex always means a chain complex of k-vector spaces. We use homological conventions
for chain complexes, i.e. the differential ∂ is of degree −1. When V is a chain complex, we
denote its n-fold suspension by V [n] and its cone by V [0, 1].

2 Preliminaries

The purpose of this section is twofold: on the one hand, we will recall the notion of a dg-Lie
algebroid over a commutative dg-algebra and on the other hand, we will recall the notion of
a (left) semi-model category.

DG-Lie-algebroids Throughout, fix a (unital) commutative dg-algebra A over k and let
TA = Derk(A, A) be the chain complex of derivations of A. This complex carries the structure
of a dg-A-module, given by pointwise multiplication in A, as well as the structure of a dg-
Lie-algebra over k, with Lie bracket given by the commutator bracket. Following [35], we
define a dg-Lie algebroid over A as follows:

Definition 2.1 A dg-Lie algebroid g over A is an (unbounded) dg-A-module g, equipped
with a k-linear dg-Lie algebra structure and an anchor map ρ : g → TA such that
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496 J. Nuiten

(1) ρ is both a map of dg-A-modules and dg-Lie algebras.
(2) the failure of the Lie bracket to be A-bilinear is governed by the Leibniz rule

[x, a · y] = (−1)|x |·|a|a[x, y] + ρ(x)(a) · y.
Let LieAlgddgA be the category of dg-Lie algebroids over A, with maps given by A-linear
maps over TA that preserve the Lie bracket.

These objects are also known as differential graded Lie–Rinehart algebras, which were
originally considered in [28] in the non-dg setting.

Example 2.2 Any dg-A-module E gives rise to an Atiyah dg-Lie algebroid At(E) over A,
which can be described as follows: a degree n element of At(E) is a tuple (v,∇v) consisting
of a derivation v : A → A (of degree n), together with a k-linear map∇v : E → E (of degree
n) such that

∇v(a · e) = v(a) · e + (−1)|a|·na · ∇v(e)

for all a ∈ A and e ∈ E . This becomes a dg-A-module under pointwise multiplication and
a dg-Lie algebra under the commutator bracket. The anchor map is the obvious projection
At(E) → TA sending (v,∇v) to v.

Example 2.3 Similarly, suppose that E ∈ ModdgA has the structure of an algebra over a k-
linear dg-operad P. Then there is a sub dg-Lie algebroid of At(E) consisting of the tuples
(v,∇v) where ∇v is a P-algebra derivation.

L∞-algebroids One frequently encounters situations in which a chain complex does not
admit a dg-Lie algebra structure, but instead has a homotopy coherent Lie algebra structure,
i.e. an L∞-structure.

Definition 2.4 (cf. [18, Sect. 13.2.12]) Let g be a chain complex. An L∞-structure on g is
given by a collection of graded anti-symmetric maps [−, . . . ,−]: g⊗n → g of (homological)
degree n − 2, for each n ≥ 2, satisfying a sequence of Jacobi identities

J k(x1, . . . , xk) = 0 k ≥ 2.

Here J k(x1, . . . , xk) is the k-th Jacobiator, given by
∑

i+ j=k+1

(−1)i( j−1)
∑
σ

(−1)σ ± [[
xσ(1), . . . , xσ(i)

]
i , xσ(i+1), . . . , xσ(k)

]
j , (2.5)

where σ runs over the (i, k−i)-unshuffles,± denotes the usual Koszul sign due to the permu-
tation of the variables xi and the 1-ary bracket [−] : g → g is given by [x] = ∂g[1]x = −∂gx .

Remark 2.6 By a (linear)map of L∞-algebras g → hwewillmean amap of chain complexes
preserving the brackets, i.e. a map of algebras over the L∞-operad. There is a more general
notion of map between L∞-algebras, known as an ∞-morphism or L∞-morphism. We will
come back to this in Sect. 5, cf. Definition 5.4.

There is a map of operads L∞ → Lie, realizing a Lie algebra as an L∞-algebra whose
n-ary brackets vanish for n ≥ 3. This map is a quasi-isomorphism, so that any L∞-algebra is
quasi-isomorphic to a dg-Lie algebra, which is however typically much larger. Conversely,
any chain complex that is quasi-isomorphic to a dg-Lie algebra can be endowed with an
L∞-structure, by the homotopy transfer theorem [18, Sect. 10.2].
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Homotopical Algebra for Lie Algebroids 497

Similarly, there are situations where a given dg-A-module g may not support a strict dg-
Lie algebroid structure, but does admit some homotopy coherent refinement thereof. Such
homotopy coherent structures can be useful, for example, when g arises from a complex
of vector bundles, i.e. a complex of finite rank projective A-modules (cf. Remark 2.12). A
strict dg-Lie algebroid model for g can then often be found only after replacing g by a much
larger quasi-isomorphic complex, which is more complicated to understand geometrically
(cf. Corollary 3.10).

There are several possible homotopy coherent weakenings of the structure of a dg-Lie
algebroid, depending on which part of the structure one wants to relax. For example, one can
weaken the Lie bracket, the anchor map (see Remark 2.13) or the A-module structure. For
our model-categorical purposes, it is convenient to only weaken the Lie algebra structure to
an L∞-structure.

Definition 2.7 (see e.g. [6, Definition 4], [27, Definition 2.1]) We define an L∞-algebroid
over A to be a dg-A-module g, equipped with the structure of a (k-linear) L∞-algebra and
an anchor map ρ : g → TA, such that

(1) ρ is a map of dg-A-modules and a (linear) map of L∞-algebras.
(2) the brackets satisfy the Leibniz rules

[x, a · y] = (−1)axa[x, y] + ρ(x)(a) · y
[x1, . . . , a · xn] = (−1)an(−1)a(x1+···+xn−1)a[x1, . . . , xn] n ≥ 3. (2.8)

Let L∞AlgddgA be the category of L∞-algebroids over A, with maps given by A-linear maps
over TA that are also (linear) maps of L∞-algebras.

To obtain a well-behaved category of L∞-algebroids, e.g. with limits and colimits, it is
necessary to onlyworkwith linear, structure-preservingmaps between L∞-algebroids. There
is also a more homotopy coherent notion of ∞-morphism between L∞-algebroids. We will
come back to this in Sect. 5.

Example 2.9 L∞-algebroids arise naturally as extensions of Lie algebroids classified by
higher Lie algebroid cocycles [31] (see Example 6.18 for more details).

Example 2.10 (Action L∞-algebroids) Let ρ : g → TA be a map of L∞-algebras over k.
Then A ⊗ g has the structure of an L∞-algebroid, with anchor map given by the A-linear
extension of ρ and with brackets given by

[a ⊗ x, b ⊗ y] = ± ab ⊗ [x, y] + a · ρ(x)(b) ⊗ y − (±)b · ρ(y)(a) ⊗ x

[a1 ⊗ x1, . . . , an ⊗ xn] = ± a1 . . . an ⊗ [x1, . . . , xn].
where± is the usual Koszul sign. The only nontrivial condition to verify is the Jacobi identity;
for this it suffices to show that each Jacobiator J k is A-linear in each of its variables, which
can be done by explicit computation.

Example 2.11 Suppose that g is an L∞-algebroid and let J ⊆ g be a dg-ideal, i.e. a sub-A-
module of the kernel of the anchormapwhich is closed under the brackets and the differential.
Then g/J inherits the structure of an L∞-algebroid.

Remark 2.12 Definition 2.7 is often used in the following setting. Let A be an ordinary k-
algebra (concentrated in degree zero) and g a complex of finite rank projective A-modules,
concentrated in degrees≥ 0. An L∞-algebroid structure on g is then equivalent to the data of
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498 J. Nuiten

a differential on the graded symmetric algebra SymA(g[1]∨) [6, Theorem 2]; this differential
is just the Chevalley–Eilenberg differential of Eq. (6.14).

In the differential-geometric case where A = C∞(M) is the ring of smooth functions on
a manifold, this means that g is the dg-module of sections of a complex of vector bundles
over M . The associated graded-free commutative dg-algebras are then also known as ‘dg-
manifolds’ or ‘NQ-supermanifolds’ [1], which appear frequently in differential geometry
and mathematical physics (see e.g. [29,30]).

Remark 2.13 A further generalization of Definition 2.7 appearing in the literature is the
notion of a sh-Lie–Rinehart algebra [14,16,36]. Here the anchor map is allowed to be an
∞-morphism of L∞-algebras (as in Definition 5.4). Concretely, this means that g acts on A
in a homotopy coherent way, encoded by a collection of maps of degree n − 2

ρ(n) : gn−1 ⊗ A A n ≥ 2

subject to a sequence of equations. When n ≥ 3, the higher action map ρ(n) contributes an
extra term to the right hand side of the Leibniz rule.

Definition 2.7 is the special case where we force ρ(n) = 0 for n ≥ 3, so that the Leibniz
rule reduces to the simple form of (2.8) when n ≥ 3. In the situation of Remark 2.12, the
ρ(n) vanish for degree reasons and the two notions coincide.

We have chosen to work with Definition 2.7 instead of sh-Lie–Rinehart algebras because
the latter form a category which is ill-behaved for model-categorical purposes; it lacks a
terminal object, for example.

The categories of dg-Lie algebroids and L∞-algebroids over A fit into a commuting
diagram

LieAlgddgA L∞AlgddgA ModdgA /TA

Liedgk /TA L∞Algdgk /TA Moddgk /TA.

(2.14)

The vertical functors forget the A-module structure, the left two horizontal functors are inclu-
sions and the right two horizontal functors forget the L∞-structure. Each of these forgetful
functors admits a left adjoint for formal reasons. In fact, the left adjoints to the vertical
functors are easily identified:

Lemma 2.15 The left adjoints to the forgetful functors

LieAlgddgA → Liedgk /TA and L∞AlgddgA → L∞Algdgk /TA

are given by the ‘action L∞-algebroid’ construction of Example 2.10.

Proof Let g → TA be a k-linear L∞-algebra over TA and let h be an L∞-algebroid. A k-linear
map f : g → h over TA determines a unique A-linear map g : A ⊗ g → h, which preserves
the brackets if and only if f preserves the brackets. �
Definition 2.16 We will denote by

Free : Moddgk /TA LieAlgddgA F : ModdgA /TA LieAlgddgA

the functors taking the free dg-Lie algebroid on a k-linear (resp. A-linear) map V → TA.
The same notation is employed for free L∞-algebroids.
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Homotopical Algebra for Lie Algebroids 499

Remark 2.17 By Lemma 2.15, the free dg-Lie algebroid on a k-linear map V → TA is
given by the action Lie algebroid A ⊗ Lie(V ) associated to the free Lie algebra on V (and
similarly in the L∞-case). The left adjoint to the forgetful functor LieAlgddgA → ModdgA /TA
is explicitly described in [15].

Semi-model categories Recall that a (left) semi-model category [8,32] is a bicomplete cate-
goryM equipped with wide subcategories of weak equivalences, cofibrations and fibrations,
subject to the following conditions:

(1) The weak equivalences have the two out of three property and the weak equivalences,
fibrations and cofibrations are stable under retracts.

(2) The cofibrations have the left lifting property with respect to the trivial fibrations. The
trivial cofibrationswith cofibrant domain (i.e. with a domain X for which themap∅ → X
is a cofibration) have the left lifting property with respect to the fibrations.

(3) Every map can be factored functorially into a cofibration, followed by a trivial fibration.
Every map with cofibrant domain can be factored functorially into a trivial cofibration
followed by a fibration.

(4) The fibrations and trivial fibrations are stable under transfinite composition, products and
base change.

An adjunction F : M � N : G between two semi-model categories is a Quillen adjunction
if the right adjoint G preserves fibrations and trivial fibrations. It is a Quillen equivalence
when a map X → G(Y ) is a weak equivalence if and only if its adjoint map F(X) → Y is
a weak equivalence, for any cofibrant X ∈ M and fibrant Y ∈ N.

Most model-categorical constructions can be performed in semi-model categories as well.
For example, the category of (co)simplicial diagrams in M carries a Reedy semi-model
structure, which can be used to define (co)simplicial resolutions and simplicial sets of maps
in M. The latter describe the mapping spaces in the ∞-categorical localization M[W−1] of
M at its weak equivalences. For a detailed description of the basic theory of semi-model
categories, we refer to [8,32].

Definition 2.18 A semi-model category M is tractable if its underlying category is locally
presentable and if there exist sets of maps with cofibrant domain I and J with the property
that a map has the right lifting property against I (resp. J ) if and only if it is a trivial fibration
(resp. a fibration). We refer to the maps in I (resp. J ) as the generating (trivial) cofibrations.

Remark 2.19 The cofibrations and trivial fibrations in a semi-model category M determine
each other via the lifting property.WhenM is tractable, the fibrations are characterized by the
right lifting property against the trivial cofibrations between cofibrant objects. This becomes
particularly useful when considering homotopy limits: when M is tractable, the diagram
category Fun(I,M) carries a unique tractable semi-model structure whose cofibrations and
weak equivalences are given pointwise. In this case, the adjunction

� : M Fun(I,M) : lim

is a Quillen pair because the left adjoint preserves cofibrations and trivial cofibrations with
cofibrant domain. The right derived functor computes the homotopy limit.

The main purpose of semi-model structures is that they are easier to transfer along adjunc-
tions:
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500 J. Nuiten

Lemma 2.20 (cf. [8, Proposition 12.1.4]) Let F : M � N : G be an adjunction between
locally presentable categories and suppose thatM carries a tractable semi-model structure
with sets of generating (trivial) cofibrations I and J .

Define a map in N to be a weak equivalence (fibration) if its image under G is a weak
equivalence (fibration) in M and a cofibration if it has the left lifting property against the
trivial fibrations. Assume that the following condition holds:

• Let f : A → B beamap inNwith cofibrant domain, obtainedas a transfinite composition
of pushouts of maps in F(J ). Then f is a weak equivalence.

Then the above classes of maps determine a tractable semi-model structure on N whose
generating (trivial) cofibrations are given by F(I ) and F(J ).

Proof The factorization axioms follow from the small object argument. The only nontrivial
thing to check is the lifting axiom for trivial cofibrations between cofibrant objects against
fibrations. If A → B is a trivial cofibration between cofibrant objects, we can factor it as an
iterated pushout A → Ã of maps in F(J ), followed by a fibration Ã → B. Since the map
A → Ã is a weak equivalence, Ã → B is a trivial fibration and the map A → B is a retract
of the map A → Ã. The latter has the lifting property against the fibrations by definition. �
Example 2.21 LetM be a tractable semi-model category and let I be a small category. Then
the category Fun(I,M) carries the projective semi-model structure, in which a map is a weak
equivalence (fibration) if it is a levelwise weak equivalence (fibration) in M. The functor
colim : Fun(I,M) → M is a left Quillen functor, whose left derived functor takes homotopy
colimits.

Definition 2.22 A diagram F : I → M with values in a tractable semi-model category is
projectively cofibrant if it is cofibrant for this projective semi-model structure. In particular,
this means that colim F is a model for the homotopy colimit of F .

3 Main Results

In this section we will state our main results and collect some immediate consequences,
leaving the proofs to Sect. 4. First of all, consider the free-forgetful adjunction

F : ModdgA /TA LieAlgddgA : U
between the category of dg-A-modules over TA and the category of dg-Lie algebroids over
A. Our first result asserts that the usual projective model structure on dg-A-modules can be
transferred to a semi-model structure along this adjunction.

Theorem 3.1 The category LieAlgddgA of dg-Lie algebroids over A and the category

L∞AlgddgA of L∞-algebroids over A both admit a right proper, tractable semi-model
structure, in which a map is a weak equivalence (resp. a fibration) if and only if it is a
quasi-isomorphism (a degreewise surjection).

It is not true that the quasi-isomorphisms and surjections define a genuinemodel structure on
dg-Lie algebroids, as has been asserted in [35], even when the cdga A is free. More precisely,
the argument in loc. cit. relies onQuillen’s path object argument, but does not explicitly check
the condition that every dg-Lie algebroid admits a fibrant replacement. This condition tends
to be easily satisfied, but the following example demonstrates shows that dg-Lie algebroids
may fail to have a fibrant replacement.
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Example 3.2 Let A = k[x, y] and consider the quotient B = k[x, y]/(x − y). Let g be the
free A-linear Lie algebra generated by the A-module B⊕2 = B

〈
e1, e2

〉
. Equivalently, g is

the free B-linear Lie algebra on two generators e1, e2, considered as a Lie algebra over A.
Suppose that the zero map g → TA factors over a fibrant dg-Lie algebroid

g
ι

h
ρ

TA.

Being fibrant means that h is transitive, i.e. its anchor map is surjective. We claim that ι can
never be a quasi-isomorphism. To see this, let v ∈ h be an element in h and consider the
following two equalities in h:

[
x · ι(e1), [y · ι(e2), v]] = xy · [

ι(e1), [ι(e2), v]] − x · ρ(v)(y) · ι
([e1, e2]

)
[
y · ι(e1), [x · ι(e2), v]] = xy · [

ι(e1), [ι(e2), v]] − y · ρ(v)(x) · ι
([e1, e2]

)
.

The left hand sides agree by definition of g, since x = y in B. If we let v be an element such
that ρ(v) = ∂/∂ y, then it follows that

ι
(
x · [e1, e2]

)
= 0.

This means that the kernel of π0(ι) : π0(g) = g → π0(h) always contains the (nonzero)
element x · [e1, e2].

Instead of using the path object argument, our proof of Theorem 3.1 depends on an
analysis of pushouts of generating trivial cofibrations. Such pushouts of dg-Lie algebroids
(and L∞-algebroids) have a similar structure as pushouts of maps between free algebras
over an operad. However, some extra care is needed because in the case of Lie algebroids,
one can add generators that act nontrivially on A. For this reason, we postpone the proof of
Theorem 3.1 to Sect. 4, where we also prove the following result:

Theorem 3.3 The forgetful functors

U : LieAlgddgA → ModdgA /TA and U : L∞AlgddgA → ModdgA /TA

are right Quillen functors with the following two properties:

(a) they preserve cofibrant objects, i.e. any cofibrant dg-Lie-algebroid is cofibrant as a dg-
A-module.

(b) they preserve sifted homotopy colimits. More precisely, let J be a nonempty category
such that the diagonal � : J → J× J is homotopy cofinal and let g : J → LieAlgddgA be
a projectively cofibrant diagram (Definition 2.22). Then the natural map

hocolimJU (g) U (colimJ g)

is a weak equivalence of dg-A-modules over TA.

Example 3.4 Suppose that g• : �op → LieAlgddgA is a simplicial diagram of dg-Lie alge-
broids. Theorem 3.3 implies that the homotopy colimit of g• can be computed as follows:
taking normalized chains, we obtain a bicomplex N (g)p,q ⊆ (gp)q together with a map
N (g) → TA, where TA is concentrated in bidegrees (0, q). Taking total complexes, we
obtain a map of chain complexes Tot(g•) → TA. Using the Eilenberg-Zilber map, this total
complex inherits the structure of a dg-Lie algebroid. This models the homotopy colimit of g•
because the total complex Tot(g•) computes its homotopy colimit in the category of chain
complexes (over TA).
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Theorem 3.3 implies that the free-forgetful adjunction from dg-Lie algebroids to chain
complexes (over TA) induces a monadic adjunction of ∞-categories. Informally, this means
that the forgetful functor still behaves like a forgetful functor when considered from a homo-
topical perspective. As an application of this result, consider the inclusion

i : LiedgA LieAlgddgA ; g
(
g

0→ TA
)
.

of the category of dg-Lie algebras over A into the category of dg-Lie algebroids.

Proposition 3.5 Endow the categoryLiedgA of dg-Lie algebras over A with themodel structure

transferred fromModdgA . Then the above inclusion functor is part of a Quillen adjunction

i : LiedgA LieAlgddgA : ker

whose right adjoint sends a dg-Lie-algebroid to the kernel of its anchor map. The right
derived functor R ker detects equivalences and preserves all sifted homotopy colimits.

Proof One easily verifies that the functor ker is right Quillen and fits into a commuting
diagram of right Quillen functors

LieAlgddgA
ker

U

LiedgA

U

ModdgA /TA ker
ModdgA .

(3.6)

Since the vertical forgetful functors detect equivalences andpreserve sifted homotopy colimits
(see [25, Proposition 7.8] for the case of Lie algebras), it suffices to check that the right derived
functor of ker : ModdgA /TA → ModdgA has these properties as well. But it follows immediately

from the fact that ModdgA is a stable model category that taking homotopy pullbacks along
0 → TA detects equivalences and preserves all homotopy colimits indexed by contractible
categories. �
Remark 3.7 The above proposition asserts that the ∞-category of Lie algebroids over A is
monadic over the ∞-category of Lie algebras over A. In particular, even though the functor
LiedgA → LieAlgddgA is fully faithful, its derived functor is not fully faithful; the derived counit
map is given at the level of A-modules by a map g ⊕ TA[−1] → g.

In [9], Lie algebroids have also been described as algebras for a certain monad on the ∞-
category LieA of A-linear Lie algebras. However, the monad used in loc. cit. is constructed
in a rather indirect way and is not described explicitly in algebraic terms.

Corollary 3.8 Any dg-Lie algebroid g arises as the homotopy colimit of a diagram h• : �op →
LieAlgddgA where each hn is weakly equivalent to a Lie algebra over A.

Proof Use the bar resolution associated to the Quillen pair LiedgA � LieAlgddgA [5] or asso-
ciated to the induced monadic adjunction of ∞-categories [20, Proposition 4.7.4.14]. �
Remark 3.9 Let 0

∼−→ P(TA) � TA be a factorization of the zero map into a trivial cofi-
bration, followed by a fibration. For any Lie algebroid g, a Lie algebroid map g → P(TA)

determines a null-homotopy (by Lie algebroid maps) of the anchor map g → TA. Because
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the semi-model structure on LieAlgddgA is right proper, pulling back along 0 → P(TA)

determines a right Quillen equivalence

LieAlgddgA /P(TA)
∼

LieAlgddgA /0 � LiedgA .

In other words, the model category of A-linear dg-Lie algebras is Quillen equivalent to the
semi-model category of dg-Lie algebroids endowed with a null-homotopy (by Lie algebroid
maps) g → P(TA) of their anchor map.

Corollary 3.10 The inclusion j : LieAlgddgA → L∞AlgddgA is the right adjoint of a Quillen
equivalence.

In particular, any L∞-algebroid g is quasi-isomorphic to a dg-Lie algebroid. However,
note that this dg-Lie algebroid is typically much larger than g itself: it is obtained by first
taking a cofibrant replacement of g and then applying the left adjoint to j .

Proof The functor j fits into a commuting diagram of right Quillen functors

LieAlgddgA
j

ker

L∞AlgddgA

ker

LiedgA w∗ L∞AlgdgA .

Herew∗ is the forgetful functor associated to themap of operadsw : L∞ → Lie. This functor
is part of a Quillen equivalence

w! : LiedgA L∞AlgdgA : w∗

because w is a weak equivalence between Σ-cofibrant operads. Since w∗ and the vertical
functors have right derived functors that detect equivalences and preserve all sifted homotopy
colimits, it follows that j has these properties as well.

Let L be the left adjoint to the rightQuillen functor j . Because j detectsweak equivalences,
it suffices to show that the (derived) unit map η : g → j L(g) is a weak equivalence for each
cofibrant L∞-algebroid g. By Corollary 3.8 (in the L∞-case), g is weakly equivalent to
the homotopy colimit of a simplicial diagram of L∞-algebroids, each of which is weakly
equivalent to an L∞-algebra. Because j and L preserve sifted homotopy colimits, it suffices
to show that η is a weak equivalence when g is a cofibrant L∞-algebra over A. But in that
case, the (derived) unit map g → j L(g) agrees with the (derived) unit map g → w∗w!g,
which is a weak equivalence. �

Finally, let us mention that the proofs of Theorems 3.1 and 3.3 also apply in various other
situations where the notion of a dg-Lie algebroid makes sense:

Variant 3.11 LetMk be the category of graded-mixed complexes over k, i.e. Z-graded chain
complexes {V (p)}p∈Z equipped with maps

d : V (p) V (p + 1)[−1]
such that d2 = 0. Recall from [24] that there is a cofibrantly generated model structure
on Mk , with weak equivalences (fibrations) given by the degreewise quasi-isomorphisms
(surjections). This is a symmetric monoidal model structure for the tensor product

(V ⊗ W )(p) = ⊕
qV (q) ⊗k W (p − q) dV⊗W = dV ⊗ 1 + 1 ⊗ dW .
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Interpreting Definition 2.1 inMk instead of chain complexes, we obtain a notion of graded-
mixed dg-Lie algebroid g → TA over a cdga A. Here A and TA are considered as graded
mixed complexes of weight zero. The proof of Theorem 3.1 shows that the category of such
graded-mixed dg-Lie algebroids carries a transferred semi-model structure.

Variant 3.12 The category ModdgA can be endowed with the contraderived, or tame model
structure, of which the projective model structure is a right Bousfield localization. In this
model structure, the fibrations are the surjections and the cofibrations are themonomorphisms
whose cokernels are projective as graded A-modules.

The category of dg-Lie algebroids over A can then be endowedwith a semi-model structure
in which the fibrations are the surjections and the weak equivalences are the maps that induce
a tameweak equivalence on the underlying dg-A-modules. Furthermore, the forgetful functor

LieAlgddgA → ModdgA /TA

preserves cofibrant objects and sifted homotopy colimits.Both assertions are proven in exactly
the same way as the above two theorems, using Proposition 4.18 (see also Remark 4.26).

Variant 3.13 Let C be a site endowed with a presheaf of commutative dg-algebras

O : Cop CAlgdgk .

There is a natural presheaf TO whose value on c ∈ C is the dg-Lie algebra (and dg-O(c)-
module) of natural derivations of O over C/c. A presheaf of dg-Lie algebroids over O is a
map g → TO of presheaves of dg-O-modules and dg-Lie algebras, satisfying the conditions
of Definition 2.1.

There is a semi-model structure on the category of presheaves of dg-Lie algebroids over
O whose weak equivalences are the maps inducing isomorphisms on homology sheaves.
Indeed, one can apply the proof of Theorem 3.1 to obtain a transferred semi-model structure
on presheaves of dg-Lie algebroids over O, starting with the following model structure on
presheaves of chain complexes:

Lemma 3.14 Let C be a site, k a field and PSh(C)dg the category of (unbounded) complexes
of presheaves of k-vector spaces overC. This carries a cofibrantly generated model structure,
in which the cofibrations are the monomorphisms and the weak equivalences are local quasi-
isomorphisms, i.e. maps inducing isomorphisms on homology sheaves. Furthermore, this
model structure is monoidal model with respect to the pointwise tensor product (F⊗G)(c) =
F(c) ⊗k G(c).

Proof Let us first consider the category Shdg(C) of (unbounded) complexes of sheaves of
k-vector spaces. Since the category G of sheaves of k-vector spaces is a Grothendieck abelian
category, the category of complexes in G carries a combinatorial model structure, whose
cofibrations are themonomorphisms andweak equivalences are the local quasi-isomorphisms
(see e.g. [10, Corollary 7.1]).

The category G carries a tensor product ⊗̃, obtained by taking the associated sheaf of
the pointwise tensor product. Note that F⊗̃(−) is exact for every sheaf F ∈ G: indeed, the
pointwise tensor product of k-vector spaces is exact, as is taking associated sheaves. This
implies that Shdg(C) forms a monoidal model category [10, Theorem 5.1].

For the presheaf case, we apply Smith’s recognition theorem [21, Proposition A.2.6.8].
Note that:
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(1) The monomorphisms in PShdg(C) form a weakly saturated class generated by a set of
morphisms [21, Lemma A.2.8.3].

(2) The injective local quasi-isomorphisms form a weakly saturated class. Indeed, it is the
intersection of the weakly saturated class of monomorphisms and the inverse image of
the trivial cofibrations in Shdg(C) under the associated sheaf functor a : PShdg(C) →
Shdg(C).

(3) Because a is exact, a map F → G is a local quasi-isomorphism if and only if a(F) →
a(G) is. The local quasi-isomorphisms are thus the inverse image under a of the weak
equivalences in Shdg(C), and hence form an accessibly embedded accessible subcategory
[21, Corollary A.2.6.5, A.2.6.6].

(4) The local quasi-isomorphisms have the two-out-of-three property.
(5) If a map has the right lifting property against all monomorphisms, then it is in particular

a pointwise trivial fibration of complexes and hence a local quasi-isomorphism.

It follows that PShdg(C) has the required combinatorial model structure. To see that it is
monoidal model, note that the pushout-product f �g is a monomorphism when f and g
are monomorphisms: this can be verified pointwise, where it follows from the case of chain
complexes over a field (where the injective and projective model structure coincide). If f is
furthermore a local quasi-isomorphism, then f �g is a local quasi-isomorphism: its image
a( f �g) under the associated sheaf functor agrees with the pushout-product of a( f ) and a(g)
in Shdg(C), which is a local quasi-isomorphism. �

4 Filtrations on Cell Attachments

This section is devoted to the proofs of Theorems 3.1 and 3.3. Just as in the case of algebras
over an operad, these proofs rely on an analysis of the pushout of a diagram of dg-Lie
algebroids (or L∞-algebroids) of the form

F(V )
F(i)

F(W )

g h.

(4.1)

We will show that the map g → h can be decomposed into a sequence of maps g(p) →
g(p+1), whose associated graded is controlled by the reduced enveloping operad of the dg-
Lie algebroid g. The difference from the case of algebras over operads is that the maps
g(p) → g(p+1) need not be injective in general.

Throughout, we will only treat L∞-algebroids; the case of dg-Lie algebroids proceeds in
exactly the same manner, replacing all appearances of the L∞-operad by the Lie operad.

Filtrations Let Moddg,Nk be the category of sequences of chain complexes

V (0) V (1) V (2) . . . (4.2)

endowed with the Reedy model structure. We will refer to an object V of Moddg,Nk as a
weakly filtered chain complex. An object is Reedy cofibrant if and only if (4.2) consists of
monomorphisms, in which case it can be interpreted as a genuine filtration on colim V . We
will say that an element in V (p) is of weight ≤ p and an element of V (p)/V (p−1) is of weight
p. Degrees always indicate homological degrees.

123



506 J. Nuiten

The category of weakly filtered chain complexes has a closed symmetric monoidal struc-
ture, given by

(V ⊗ W )(n) = colim V (p) ⊗ W (q).

The colimit is taken over the full subcategory of (p, q) ∈ N × N for which p + q ≤
n. The symmetry isomorphism given by the symmetry isomorphisms of chain complexes
V (p) ⊗ W (q) → W (q) ⊗ V (p), i.e. there are no extra signs depending on p and q .

There are two Quillen pairs

colim : Moddg,Nk Moddgk : i gr : Moddg,Nk Moddg,grk : j .

Here i sends a chain complex to the constant diagram on V (and will be omitted from the
notation) and ‘gr’ sends a sequence V to the N-graded chain complex V (•)/V (•−1), with
right adjoint sending a graded chain complex W to the sequence consisting of zero maps.
Each of the above functors is symmetric monoidal.

Remark 4.3 The functor gr : Moddg,Nk → Moddg,grk detects weak equivalences between cofi-
brant objects: this is just the fact that weak equivalences of filtered chain complexes are
detected on the associated graded.

The notions of L∞-algebras and L∞-algebroids over A have obvious weakly filtered and
graded analogues (A is always of weight ≤ 0). For example, a weakly filtered L∞-algebroid
over A is an object g in Moddg,Nk together with

(1) the structure of an A-module, i.e. natural chain maps A ⊗ g(i) → g(i).
(2) an L∞-algebra structure in Moddg,Nk , i.e. for each p ≥ 0 a matching family of n-ary

maps [−, . . . ,−]: g(i1) ⊗ · · · ⊗ g(in) → g(p), for all i1 + · · · + in ≤ p.
(3) a map g → TA of L∞-algebras and A-modules in Moddg,Nk , where TA is of weight ≤ 0.

When g is Reedy cofibrant (i.e. a filtered chain complex), this is simply the structure of an
L∞-algebroid on colim(g) whose entire structure respects the filtration. Let us denote the
categories of weakly filtered and graded L∞-algebroids over A by

L∞Algddg,NA and L∞Algddg,grA .

The description of the free L∞-algebroid on a chain complex over TA (see Remark 2.17) also
applies to the weakly filtered and graded settings: one first takes the free (weakly filtered,
graded) L∞-algebra over TA and then takes the associated action L∞-algebroid (Exam-
ple 2.10). This yields a commuting diagram of left adjoints

Moddg,Nk /TA

Free

Moddgk /TA

Free

i
Moddg,Nk /TA

colim

Free

gr
Moddg,grk /TA

Free

L∞Algddg,N L∞AlgddgAi
L∞Algddg,NA grcolim

L∞Algddg,gr.

The vertical functors are the free functors, sending a (weakly filtered, graded) chain complex
V over TA to the action L∞-algebroid A ⊗ L∞(V ) associated to the free L∞-algebra on V .
All horizontal functors can be computed at the level of chain complexes. For example, the
colimit of a weakly filtered L∞-algebroid is simply the colimit of the underlying sequence of
chain complexes, together with a certain L∞-algebroid structure on it. Note that the inclusion
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functor i is both a right adjoint (to the functor ‘colim’) and a left adjoint (to the functor taking
the weight ≤ 0 part).

Coproducts with L∞-algebras In this section we will study the simplest type of pushout
diagram (4.1): the case of a coproduct of a (weakly filtered) L∞-algebroid g over A with the
free L∞-algebroid generated by a (weakly filtered) dg-A-module V , equipped with the zero
map to TA.

Such coproducts are much easier to describe than coproducts for nonzero maps V → TA.
Indeed, the coproduct g � F

(
V

0→ TA
)
fits into a retract diagram

g = g � F(0) g � F
(
V

0→ TA
)

g.

This construction is the left adjoint in an adjunction

g � F
(
(−)

0→ TA
) : Moddg,NA g/L∞Algddg,N/g : ker (4.4)

where the right adjoint sends a retract diagram g → h → g to the kernel of h → g.
The category of retract diagrams of (weakly filtered) L∞-algebroids

g h = g ⊕ m g

can be identified with the category of algebras over an operad in (weakly filtered) chain
complexes over k. Indeed, such a retract diagramcan equivalently be encoded by the following
kind of algebraic structure on m:

• m has the structure of a (weakly filtered) A-module.
• m comes equipped with an A-linear L∞-structure, since the anchor map vanishes on m.
• for each set of elements x1, . . . , xn ∈ g, the (n + k)-ary bracket on g ⊕ m determines a

k-ary operation [x1, . . . , xn, (−)] : m⊗k → m of degree k − 2, for each k ≥ 1.

These operations have to satisfy equations stating that certain sums of their composites are
zero. This type of algebraic structure can precisely be encoded by means of an operad, which
has no nullary operations (as one sees from the above description).

Definition 4.5 The reduced enveloping operad Envg of a weakly filtered L∞-algebroid g

is the (reduced) weakly filtered dg-operad over k whose algebras m are retract diagrams of
L∞-algebroids g → h = g ⊕ m → g.

Remark 4.6 The above definition is somewhat imprecise. More accurately, one can construct
the operad Envg in terms of generators of the form

• μa for a ∈ A (left multiplication by a)
• [−, . . . ,−] (the L∞-structure on m)
• [x1, . . . , xn,−, . . . ,−] for elements x1, . . . , xn in g.

These generators have to satisfy an obvious list of equations. For example, there are equations
expressing the anti-symmetry and Jacobi identities for the various brackets. Furthermore, the
brackets [x1, . . . , xn,−, . . . ,−] depend A-multilinearly on the elements ξi and are almost
all A-multilinear operations themselves, viz.

[a · x1, . . . , xn,−, . . . ,−] = μa ◦ [x1, . . . , xn,−, . . . ,−]
[x,−] ◦ μa = μa ◦ [x,−] + μx(a)

[x1, . . . , xn,−, . . . ,−] ◦i μa = μa ◦ [x1, . . . , xn,−, . . . ,−].
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Example 4.7 Suppose that g is an A-linear L∞-algebra. Then the reduced enveloping operad
of g is simply the arity ≥ 1 part of the usual enveloping operad of g (as discussed e.g. in [4,
Definition 1.5]).

Remark 4.8 A map of L∞-algebroids f : g → h induces a map of reduced envelop-
ing operads f : Envg → Envh, which sends a generator [x1, . . . , xn,−, . . . ,−] to
[ f (x1), . . . , f (xn),−, . . . ,−]. The corresponding restriction functor between categories of
algebras can be identified with the functor

f ∗ : h/L∞AlgddgA
/
h g

/
L∞AlgddgA

/
g

sending h → h ⊕ m → h to the pullback g → (h ⊕ m) ×h g → g.

The operad structure on Envg is not A-linear, but there is a canonical map of operads
μ : A → Envg. Here we consider A as an operad with only unary operations. The adjunction
(4.4) can be identified with the adjunction that restricts and induces operadic algebras along
μ. In particular, for every (weakly filtered) dg-A-module V , we can identify

g
∐

F
(
V

0→ TA
) ∼= g ⊕

(
Envg ◦A V

)

= g ⊕
⊕
p≥1

Envg(p) ⊗Σp�A⊗p V⊗p.

Here ◦A denotes the relative composition product over A. In exactly the same way, the
coproduct of g with the free L∞-algebroid on a map 0 : V → TA of chain complexes over k
can be identified with the composition product

g
∐

Free
(
V

0→ TA
) ∼= g

∐
F

(
A ⊗ V

0→ TA
) ∼= g ⊕

(
Envg ◦ V

)

To simplify the above formulas, let us make the following definition:

Definition 4.9 For any (weakly filtered) L∞-algebroid g, let Envg be the symmetric sequence
of (weakly filtered) chain complexes over k given by Envg(0) = g and Envg(p) = Envg(p)
for p ≥ 1. This determines a functor

Env : L∞Algddg,NA BiModdg,Σ,N

A

to the category of A-bimodules of (weaklyfiltered) symmetric sequences. In otherwords, each
Envg(p) has a commuting left A-module and right Σp-equivariant A⊗p-module structure.

Remark 4.10 The symmetric sequence Envg has no natural operad structure.

Remark 4.11 Let g be a weakly filtered L∞-algebroid of weight ≤ 0, i.e. an ordinary L∞-
algebroid. Then Envg is of weight ≤ 0 as well. Similarly, if g is a graded L∞-algebroid, then
Envg is a symmetric sequence of graded complexes. In other words, there is a commuting
diagram

L∞AlgddgA

Env

L∞Algddg,NA

Env

L∞Algddg,grA

Env

BiModdg,ΣA BiModdg,Σ,N

A BiModdg,Σ,gr
A

where the horizontal functors are the obvious inclusions.
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Construction 4.12 If X is a symmetric sequence and p ≥ 0, consider the symmetric sequence

X(p + (−)) := {
X(p + q)

}
q≥0.

The symmetric group actions are given by restriction along the inclusion
Σq → Σp × Σq → Σp+q . In particular, each X(p + q) carries an action of Σp com-
muting with theΣq -action, so that we can consider X(p+ (−)) as aΣp-object in symmetric
sequences. Consequently, any composition product X(p+ (−))◦Y has a natural Σp-action.

Lemma 4.13 The functor Env : L∞Algddg,NA → BiModdg,Σ,N

A has the following properties:

(1) It preserves all filtered colimits and reflexive coequalizers.
(2) Let g → TA be a map of weakly filtered k-linear L∞-algebras and let A ⊗ g → TA be

the associated action L∞-algebroid. Then there is a natural isomorphism of symmetric
A-bimodules

EnvA⊗g
∼= A ⊗ (L∞)g

where (L∞)g is the enveloping operad of the L∞-algebra g. The bimodule structure is
induced by the canonical bimodule structure on A.

(3) If g is a weakly filtered L∞-algebroid and V is a weakly filtered dg-A-module, then there
is an isomorphism of A-bimodules with a Σp-action

Env
g

∐
F
(
V

0→TA
)(p) ∼= Envg

(
p + (−)

) ◦A V .

(4) The functor Env commutes with taking the colimit and associated graded of a weakly
filtered L∞-algebroid. In other words, there is a commuting diagram

L∞AlgddgA

Env

L∞Algddg,NA

Env

colim gr
L∞Algddg,grA

Env

BiModdg,ΣA BiModdg,Σ,N

Acolim gr BiModdg,Σ,gr
A .

Remark 4.14 Consider Lemma 4.13(3) in the special case where A = k and g = 0. In this
case Envg = L∞ is just the L∞-operad and one retrieves the formula for the enveloping
operad of a free L∞-algebra (cf. [4, Proposition 1.6])

(
L∞

)
L∞(V )

(p) =
∑
q≥0

L∞(p + q) ⊗Σq V
⊗q .

Proof Since filtered colimits and reflexive coequalizers of L∞-algebroids are computed at
the level of the underlying complexes, part (1) follows either from the explicit description
of Envg in terms of generators and relations (Remark 4.6) or from the fact that for any such
diagram g•, there is an isomorphism

Envcolim(g•) ◦A V ∼= (
colim g•

) � F
(
V

0→ TA
)

∼= colim
(
g• � F

(
V

0→ TA
)) ∼= colim

(
Envg•

) ◦A V .

For (2), consider an action L∞-algebroid A⊗ g and let V be a chain complex. The free L∞-
algebroid on 0 : V → TA is the A-linear extension of the free L∞-algebra L∞(V ) generated
by V . It follows that
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EnvA⊗g ◦ V ∼= (
A ⊗ g

) � Free
(
V

0→ TA
)

∼= A ⊗
(
g � L∞(V )

) ∼= (
A ⊗ (L∞)g

) ◦ V

is the A-linear extension of the coproduct of k-linear L∞-algebras g� L∞(V ). This induces
an isomorphism of symmetric sequences EnvA⊗g

∼= A ⊗ (L∞)g, which identifies the A-
bimodule structure on EnvA⊗g with the bimodule structure on A ⊗ (L∞)g arising from A.

For (3), observe that for any dg-A-module W , there are natural isomorphisms

Env
g�F(V

0→TA)
◦A W ∼= g � F(V

0→ TA) � F(W
0→ TA)

∼= g � F(V ⊕ W
0→ TA)

∼= Envg ◦A (V ⊕ W )

∼=
⊕
p≥0

( ⊕
q≥0

Envg(p + q) ⊗Σq�A⊗q V⊗q
)

⊗Σp�A⊗p W⊗p

∼=
⊕
p≥0

(
Envg(p + (−)) ◦A V

)
⊗Σp�A⊗p W⊗p.

The fourth equality uses the binomial formula (V ⊕ W )⊗n ∼= ⊕
p+q=n V

⊗q ⊗ W⊗p .
It follows that Envg�F(V ) is isomorphic, in each arity p, to the Σp-equivariant object
Envg(p + (−)) ◦A V (Construction 4.12).

For (4), recall that Env commutes with the inclusions of objects of weight ≤ 0 (resp.
graded objects) into weakly filtered objects (Remark 4.11). This implies that there is a nat-
ural transformation

ν : colim ◦Env Env ◦ colim

and similarly for the functor taking the associated graded. Any weakly filtered L∞-algebroid
can be obtained as a reflexive coequalizer of free L∞-algebroids generated by weakly filtered
chain complexes over TA. Since the functors colim and Env preserve reflexive coequalizers,
it suffices to check that ν induces an isomorphism for such a free L∞-algebroid.

For a free L∞-algebroid Free(ρ : V → TA), we can use part (2) and the description of
the enveloping operad of a free L∞-algebra (Remark 4.14) to see that

ν : colim
(
EnvFree(V )(p)

)
Envcolim(Free(V ))(p)

is the A-linear extension of the map

colim
(⊕

q≥0 L∞(p + q) ⊗Σq V
⊗q

) ⊕
q≥0 L∞(p + q) ⊗Σq

(
colim V

)⊗q
.

This map is an isomorphism for anyN-diagram V . The same argument applies to the functor
taking the associated graded. �
Pushouts along free maps Let us now consider more general pushout diagrams of L∞-
algebroids of the form

F(W → TA)
F(i)

F(V → TA)

g g
∐

F(W ) F(V ).

(4.15)
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Here i : V → W is any monomorphism of dg-A-modules over TA; the maps V → TA and
W → TA need not be zero.

We can realize Diagram (4.15) as the colimit of a pushout diagram of weakly filtered
L∞-algebroids. More precisely, let us endow the objects appearing in the above square with
the following filtrations:

• g and W have weight ≤ 0, i.e. we simply take the constant N-diagrams on g and W .
• let Ṽ be the filtered dg-A-module

W
f

V
=

V V · · · .

together with the obvious map to TA (which has weight ≤ 0).

Diagram (4.15) is the colimit overN of the pushout square of weakly filtered L∞-algebroids

F(W )
F( f )

F(Ṽ )

g g
∐

F(W ) F(Ṽ ) =: h.
(4.16)

Indeed, the colimit of Ṽ is simply V and taking colimits over N commutes with all colimits
and free functors. On the other hand, the associated graded of (4.16) is given by

gr
(
g

∐
F(W )

F(Ṽ )
) ∼= g

∐
F(W )

F
(
gr(Ṽ )

) ∼= g � F
(
V /W

)
. (4.17)

The last isomorphism uses that the associated graded of Ṽ is W ⊕ V /W , with W of weight
0 and V /W of weight 1. In particular, the map V /W → TA is the zero map, since TA has
weight 0.

Proposition 4.18 Let i : W → V be a monomorphism of dg-A-modules over TA whose
cokernel is graded-free. Assume that g is an L∞-algebroid over A for which the following
holds:

(�) without differentials, g is a retract of the free L∞-algebroid generated by amap of graded
vector spaces M → TA.

Then the weakly filtered L∞-algebroid h := g
∐

F(W ) F(Ṽ ) from (4.16) has the following
two properties:

(1) the weakly filtered symmetric sequence Envh is filtered: in other words, for each p, there
is a sequence of injections

Envh(p)(0) → Envh(p)(1) → Envh(p)(2) → · · · .

(2) the filtration on Envh has associated graded

gr
(
Envh(p)

) ∼= Envg
(
p + (−)

) ◦A (W/V )

where W/V has weight 1 and Envg(p + (−)) is as in Construction 4.12.

Proof Let us start by verifying part (2): recall from Lemma 4.13(4) that Env commutes with
taking the associated graded. We then find that

gr(Envh(p)) ∼= Envg
∐

F(V /W )(p) ∼= Envg(p + (−)) ◦A (W/V )
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using the isomorphism (4.17) and Lemma 4.13(3).
To verify assertion (1), we can forget about all differentials. Without differentials, we can

split Ṽ as a direct sum

Ṽ ∼= W ⊕ (
A ⊗ N

)
TA.

Here N is a graded vector space generating the graded-free A-module V /W (of weight 1).
The map F(W ) → F(Ṽ ) can then be identified with the map

F(W ) F(W ) � Free(N )

into the coproduct with the free L∞-algebroid on a map of filtered k-modules N → TA. By
our assumption on g, we can realize h as a retract of

Free(M)
∐
F(W )

F(Ṽ ) ∼= Free(M ⊕ N → TA).

This is the free (weakly filtered) L∞-algebroid on the filtered k-module M ⊕ N . In other
words, it is given by A⊗ L∞(M ⊕N ). It follows that each Envh(p) is (without differentials)
a retract of

EnvFree(M⊕N )(p) ∼= A ⊗ (L∞)L∞(M⊕N )(p)

∼=
⊕
q≥0

A ⊗ L∞(p + q) ⊗Σq (M ⊕ N )⊗q . (4.19)

Here the first isomorphism is from Lemma 4.13(2) and the second isomorphism follows from
Remark 4.14. SinceM⊕N is filtered, the symmetric sequence (4.19) is filtered and it follows
that the retract Envh is filtered as well. �
Proof of Theorem 3.1 We have to prove that the free-forgetful adjunction

F : ModdgA /TA L∞AlgddgA : U
satisfies the conditions of Lemma 2.20, guaranteeing the existence of a transferred semi-
model structure. Since the forgetful functor U preserves filtered colimits, it suffices to show
that for any cofibrant L∞-algebroid g and any generating trivial cofibration 0 → A[n, n+1]
in ModdgA /TA, the map g → g � F(A[n, n + 1]) is a trivial cofibration of chain complexes:

Lemma 4.20 If g is a cofibrant L∞-algebroid, then the map

g g � F
(
A[n, n + 1] → TA

)

is a trivial cofibration of chain complexes. In fact, the map of symmetric sequences Envg →
Envg

∐
F(A[n,n+1]) is a levelwise trivial cofibration as well.

Proof The generating cofibrations of L∞AlgddgA are given by the maps

F
(
A[n] → TA

)
F

(
A[n, n + 1] → TA

)

Forgetting differentials, the pushout of an L∞-algebroid along such a map simply adds
a single generator in degree n + 1. It follows that any cofibrant L∞-algebroid g satisfies
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condition (�) from Proposition 4.18, so that Envg
∐

F(A[n,n+1])(p) admits a filtration with
associated graded

Envg(p + (−)) ◦A A[n, n + 1].
Since A[n, n + 1] is acyclic, it follows that the map Envg(p) → Envg

∐
F(A[n,n+1])(p) is a

trivial cofibration of chain complexes. �
Proof of Theorem 3.3 We have to prove that the forgetful functor

U : L∞AlgddgA ModdgA /TA

preserves cofibrant objects and sifted homotopy colimits. Our proof will follow the lines of
e.g. [20, Lemma 4.5.4.12]:

Definition 4.21 Let M be a (semi-) model category and let X : J → M be a diagram. We
will say that X is good if it satisfies the following conditions:

• each object X( j) is cofibrant.
• the colimit colim X is cofibrant.
• the map hocolim X → colim X is a weak equivalence.

More generally, we say that a map of J-diagrams X → Y in M is good if

(i) X and Y are both good.
(ii) each X( j) → Y ( j) is a cofibration inM.
(iii) colim X → colim Y is a cofibration inM.

Let ModdgA,A⊗p denote the category of dg-A-A⊗p-bimodules. We endow this category
with the model structure in which a map is a weak equivalence (fibration) if and only if the
underlyingmapof left dg-A-modules is aweak equivalence (fibration).With these definitions,
Theorem 3.3 follows from the following assertion by taking p = 0:

Theorem 4.22 Let J be a homotopy sifted category and let g : J → L∞AlgddgA be a projec-
tively cofibrant diagram (Definition 2.22). Then the diagram

Envg(p) : J ModdgA,A⊗p

is good for each p ≥ 0.

We will prove Theorem 4.22 by ‘induction on cells’, using the following simple stability
properties of good maps:

Lemma 4.23 Let J be a homotopy sifted category. We have the following properties of good
maps between J-indexed diagrams in M:

(1) every projectively cofibrant diagram X : J → M is good and every projective cofibration
between projectively cofibrant diagrams inM is good.

(2) good morphisms are closed under transfinite composition and retracts.
(3) given a pushout diagram

X
f

Y

X ′
f ′ Y ′
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in which f is good and X ′ is good, we have that f ′ is good.
(4) If F : M → N is a left Quillen functor and X → Y is a good map of diagrams in M,

then F(X) → F(Y ) is good.
(5) If F : M1 ×M2 → N is a left Quillen bifunctor, X1 → Y1 is a good map of J1-diagrams

inM1 and X2 → Y2 is a good map of J2-diagrams inM2, then F(X1, X2) → F(Y1, Y2)
is a good map of J1 × J2-diagrams.

(6) If X : J×n → M is good, then the restriction along the diagonal �∗X : J → M is good.

WhenM = ModdgA,A⊗p is the model category of dg-A-A⊗p-bimodules, we furthermore have:

(7) If X is a good diagram with a Σn-action, then X/Σn is good.
(8) Let f : X → Y be a natural monomorphism with a good domain and a good cokernel,

such that the map colim X → colim Y is a monomorphism. Then f is good.

Proof Thefirst four properties are easily verified. For (5), it is clear that themap F(X1, X2) →
F(X1, Y2) → F(Y1, Y2) is a pointwise cofibration. The map on colimits

colimJ1×J2 F(X1, X2) colimJ1×J2 F(Y1 × Y2)

is a cofibration between cofibrant objects. Indeed, it is the image under F of the maps

colim X1 colim Y1 colim X2 colim Y2

which are both cofibrations between cofibrant objects. To see that F(X1, X2) is good, note
that there are weak equivalences between cofibrant objects

hocolim
J1×J2

F(X1, X2) � hocolim
J1

F
(
X1, hocolim

J2
(X2)

)

� F
(
hocolim

J1
(X1), hocolim

J2
(X2)

)

� F
(
colim
J1

(X1), colim
J2

(X2)
) ∼= colim

J1×J2
F(X1, X2).

For (6), clearly �∗X is pointwise cofibrant. Since � is homotopy cofinal, the (homotopy)
colimit of �∗X agrees with the (homotopy) colimit of X , which proves conditions (ii) and
(iii). Assertion (7) follows from the fact that we are working in characteristic zero, so that
the colimit functor colim : MΣn → M is left Quillen for the injective model structure.

Finally, for (8) we use that a map of dg-A-A⊗p-bimodules is a cofibration if and only if
it is a monomorphism with cofibrant cokernel. This implies that the maps X(i) → Y (i) and
colim X → colim Y are cofibrations, so that all Y (i) and colim Y are cofibrant. Furthermore,
we obtain a commuting diagram

hocolim X

∼
hocolim Y hocolim Y/X

∼

colim X colim Y colim Y/X

Both horizontal sequences are cofiber sequences of dg-A-modules, so the map hocolim Y →
colim Y is a weak equivalence. �
Lemma 4.24 Let J be a homotopy sifted category and consider a pushout square

F(W )
Free(i)

F(V )

g h
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where i is a projective cofibration of J-diagrams of dg-A-modules and g is a projectively cofi-
brant diagram of L∞-algebroids. If each Envg(p) is good, then each Envg(p) → Envh(p)
is good.

Proof Note that each L∞-algebroid g( j) is cofibrant, so that it satisfies condition (�) of
Proposition 4.18. It follows that there is a natural filtration

Envg(p) = Envh(p)(0) Envh(p)(1) · · · Envh(p)

on the J-diagram Envh(p). There is a similar filtration on the colimit, because colim(g) is a
cofibrant L∞-algebroid as well. By parts (2) and (8) of Lemma 4.23, it then suffices to verify
that the associated graded

⊕
q≥0

Envg(p + q) ⊗A⊗q (V /W )⊗q
/

Σq (4.25)

consists of good J-diagrams of dg-A-A⊗p-bimodules.
Let us abbreviate the J-diagram of A-A⊗p+q -bimodules Envg(p + q) to just E . To show

that the above sum consists of good J-diagrams, consider the functor

T : J×1+q ModdgA,A⊗p ; (i, j1, . . . , jq) Ei ⊗A⊗q (V /Wj1 ⊗ . . . V /Wjq ).

We claim that T is a good diagram of dg-A-A⊗p-bimodules. To see this, note that the functor

ModdgA,A⊗r × ModdgA Moddg
A,A⊗r−1; (E, V ) E ⊗A V

is a left Quillen bifunctor. Since E is a good diagram of A-A⊗p+q -bimodules and V /W is a
good (projectively cofibrant) diagram of dg-A-modules, a repeated application of part (5) of
Lemma 4.23 shows that the functor T is good.

Restricting T along the diagonal and taking the quotient by the action of the symmetric
group, we obtain a good J-diagram of dg-A-modules by parts (6) and (7) of Lemma 4.23.
This means that the associated graded (4.25) is a sum of good diagrams, which proves the
result. �
Proof (of Theorem 4.22) Let K be the subcategory of g : J → L∞AlgddgA for which each dia-
gramof dg-A-modules Envg(p) is good. By part (2) of Lemma4.23,K is closed under retracts
and contains the colimit of a transfinite sequence g• for which each Envgα (p) → Envgβ (p)
is good. It therefore suffices to show that K is closed under pushouts along generating cofi-
brations, which is Lemma 4.24. �
Remark 4.26 The above proofs apply verbatim in situations where the base monoidal model
category Moddgk of chain complexes (over a field k of characteristic zero) is replaced by the
monoidal model category of graded-mixed complexes or presheaves of complexes over k
(Variants 3.11 and 3.13). In both cases, one can directly transfer the model structure along
the forgetful functor to (graded mixed, presheaves of) chain complexes over TA, using the
filtration of Proposition 4.18 (at each object in the site).

One can also obtain a semi-model structure on L∞-algebroids by transfer from the tame
model structure on ModdgA , which itself is not transferred from Moddgk (see Variant 3.12).

Indeed, the tamemodel structure onModdgA is amonoidalmodel structure, which has the same
trivial cofibrations as the projective model structure and whose cofibrations are generated by
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inclusions V → V [0, 1] of graded-free dg-A-modules into their cone [23, Lemma 3.4]. It
follows that all cofibrant L∞-algebroids still satisfy condition (�) from Proposition 4.18.

The above proofs apply now apply verbatim to this case as well. Let us remark that in
Theorem 4.22, one uses the model structure on dg-bimodules transferred from the tame
model structure on left dg-A-modules, which is different from the tame model structure on
A-A⊗p-bimodules.

5 Cofibrant Replacement

There is no straightforward way to replace a dg-Lie algebroid or L∞-algebroid by a fibrant
dg-Lie algebroid; this is the main reason for the non-existence of an actual model structure
on dg-Lie algebroids. The purpose of this section is to provide a reasonably concrete cofi-
brant replacement for dg-Lie algebroids and L∞-algebroids, which is analogous to the cobar
resolution for algebras over reduced operads.

Let us start by briefly recalling the relation between L∞-algebras and cocommutative dg-
coalgebras. All cocommutative coalgebras are assumed to be without counit and conilpotent
(every element is annihilated by some n-fold composite of the comultiplication). For any
cocommutative coalgebra C and an L∞-algebra h, the chain complex Hom(C, h) has the
structure of an L∞-algebra, with differential given by ∂τ = ∂h ◦τ −τ ◦∂C and n-ary bracket
given by composing the n-ary bracket in h with the n-fold comultiplication in C . A twisting
cochain is a Maurer–Cartan element of this L∞-algebra, i.e. a mapC → h[1]which satisfies
the Maurer–Cartan equation

∂τ +
∑
j≥2

1

j ! [τ, . . . , τ ] j = 0. (5.1)

The infinite sum is well-defined because C is conilpotent. There are natural bijections

Hom
L∞Algdgk

(�C, g) ∼= Twist(C, g) ∼= Hom
CoAlgdgk

(
C,C∗(g)

)
(5.2)

between the set of twisting cochainsC → g[1], the set ofmaps of L∞-algebras�C → g from
the cobar construction of C and the set of maps of cocommutative coalgebras C → C∗(g)
to the reduced (homological) Chevalley–Eilenberg complex of g. The latter is the cofree
(conilpotent, non-counital) graded-cocommutative coalgebra

C∗(g) := Sym≥1
k g[1] Δ(x1 . . xn) =

∑
i,σ

xσ(1) . . xσ(i) ⊗ xσ(i+1) . . xσ(n) (5.3)

where the sum runs over all (i, k − i)-unshuffles, endowed with the unique differential
extending the map

∑
n≥1[−, . . . ,−]n : Sym≥1

k g[1] g[1].

The natural isomorphisms (5.2) realize the cobar functor � as a left adjoint to C∗.

Definition 5.4 (cf. [18, Sect. 13.2.12]) An ∞-morphism of L∞-algebras g � h (also called
an L∞-morphism) is a twisting cochain

C∗(g) → h[1],
or equivalently, a map of cocommutative dg-coalgebras C∗(g) → C∗(h).
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Definition 5.5 Let g and h be L∞-algebroids over A. An ∞-morphism g � h of L∞-
algebroids is an ∞-morphism of L∞-algebras τ : g � h, such that

(i) the composite map ρh(τ ) : C∗(g) → h[1] → TA[1] first takes the quotient by
Sym≥2

k g[1] ⊆ C∗(g) and then applies the anchor of g to the remaining g[1].
(ii) the map of graded vector spaces τ : Sym≥1

k (g[1]) → h[1] descends to a graded A-linear
map Sym≥1

A (g[1]) → h[1].
Let L∞Algd(∞)

A denote the category of L∞-algebroids and ∞-morphisms between them.

Remark 5.6 The category of L∞-algebras and ∞-morphisms between them is a full subcat-
egory of the category of cocommutative dg-coalgebras (on the fibrant objects in the model
structure from [12]). We do not know if L∞Algd(∞)

A can be embedded into such a category
of coalgebraic objects.

Remark 5.7 These ∞-morphisms between L∞-algebroids frequently arise in the setting of
Remark 2.12, where A is an ordinary ring and the L∞-algebroids considered are nonneg-
atively graded complexes of finite rank projective A-modules. In this case, ∞-morphisms
g � h can be identified with maps of cdgas SymA(h[1])∨ → SymA(g[1])∨, also known as
‘maps of NQ-supermanifolds’. For example, they naturally appear when studying homotopy
transfer of L∞-algebroid structures [27].

Every strict morphism between L∞-algebroids defines an ∞-morphism, using the func-
toriality of C∗(g) in maps of L∞-algebras. We therefore obtain a functor

ι : L∞AlgddgA → L∞Algd(∞)
A

which is the identity on objects.

Lemma 5.8 The functor ι admits a left adjoint Q : L∞Algd(∞)
A → L∞AlgddgA .

Proof For each g ∈ L∞Algd(∞)
A , it suffices to prove that the functor

L∞AlgddgA Set; h
{∞-morphisms g � h

}

can be corepresented by an L∞-algebroid Q(g). This functor sends limits of L∞-algebroids
(and strict maps between them) to limits of sets, and similarly for κ-filtered colimits where κ

exceeds the cardinality of g. The existence of a corepresenting object Q(g) then follows from
the following version of the adjoint functor theorem, sometimes called ‘the representability
theorem’: any accessible, limit-preserving functor F : C → Set out of a locally presentable
category is corepresentable (see e.g. [21, Proposition 5.5.2.7], whose proof also applies to
locally presentable categories instead of ∞-categories). �

Our goal will be to show that Q(g) often provides a cofibrant replacement for the L∞-
algebroid g, see Propositions 5.17 and 5.22(c). To this end, let us first give a somewhat more
explicit description of the L∞-algebroid Q(g).

Construction 5.9 Let g be an L∞-algebroid and consider the maps of graded vector spaces

Sym≥1
k

(
g[1])[−1] Sym≥1

A

(
g[1])[−1] proj

g
ρ

TA.
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The last two maps are graded A-linear. Working without differentials, we can take free L∞-
algebroids and obtain a surjective map

q : A ⊗ �C∗(g) ∼= Free
(
Sym≥1

k

(
g[1])[−1]

)
F

(
Sym≥1

A (g[1])[−1]
)
. (5.10)

As indicated, the domain of this map is isomorphic to the action L∞-algebroid associated to
the operadic bar-cobar resolution�C∗(g) → g → TA of the k-linear L∞-algebra underlying
g. In particular, it comes equipped with a differential.

Unwinding the definition of the differential on the bar-cobar construction (see e.g. [18,
Sects. 11.2.2, 11.2.8]), one sees that on generators x1 . . . xn ∈ Sym≥1

k

(
g[1])[−1], the differ-

ential takes the form

∂
(
x1 . . . xn

) = ∂lin(x1 . . . xn) + κ(x1 . . . xn). (5.11)

The first term ∂lin(x1 . . . xn) = ∑
x1 . . . ∂g(xi ) . . . xn is the differential induced from the

differential on g. The second term is given (modulo Koszul signs) by

κ
(
x1 . . . xk

) = −
∑
i≥2

∑
σ

[xσ(1), . . . , xσ(i)]g . . . xσ(k) +
∑
j≥2

1

j ! [�
( j)(x1 . . . xk)]. (5.12)

Here σ runs over the (i, k − i)-unshuffles. The bracket [−, . . . ,−]g denotes the bracket of
g, while [−, . . . ,−] denotes the (formal) bracket in A ⊗ �C∗(g). Finally, �( j) denotes the
j-fold comultiplication on Sym≥1

k (g[1]).
To see Eq. (5.12), recall that the differential on �C∗(g) is the sum of the differential

induced from C∗(g)[−1], and a second differential built from the comultiplication of C∗(g)
and the brackets in�C∗(g). This second differential is exactly the second termof κ . Similarly,
the differential on C∗(g)[−1] is build out of the differential on g and the comultiplication on
C∗(g). The first contributes ∂lin to the differential and the second contributes the first term
of κ (5.12) (the minus sign arises because we pass from C∗(g) to its desuspension).

Lemma 5.13 The differential (5.11) passes to the quotient F
(
Sym≥1

A

(
g[1])[−1]). Conse-

quently, we have that

Q(g) ∼=
(
F

(
Sym≥1

A

(
g[1])[−1]

)
, ∂ = ∂lin + κ

)
.

Proof For the second part of the statement, it suffices to check the universal property. To this
end, note that maps of L∞-algebroids without differentials

fτ : F
(
Sym≥1

A (g[1])[−1]
)

h

correspond to bijectively to graded A-linear maps τ : Sym≥1
A g[1] → h[1] such that the

composite map Sym≥1
A g[1] → TA[1] first projects to g[1] and then applies the anchor. The

map fτ preserves differentials iff its restriction to A⊗�C∗(g) preserves differentials, i.e. iff
the composite C∗(g) → Sym≥1

A g[1] → h[1] is a twisting cochain. It follows that such maps
fτ correspond precisely to ∞-morphisms g � h.
For the first part, comparing univeral properties shows that without differential,

F
(
Sym≥1

A

(
g[1])[−1]) is given by the quotient

Free
(
Sym≥1

k

(
g[1])[−1]

)/(
1 ⊗ x1 . . . (axi ) . . . xk − a ⊗ x1 . . . xk

)
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by the graded ideal generated by a ⊗ x1 . . . xk − 1 ⊗ x1 . . . (axi ) . . . xk (see Example 2.11).
It suffices to check that this ideal is also closed under the differential (5.11). Unraveling
the definitions, one sees that it is enough to check that the following two equations hold in
F

(
Sym≥1

A

(
g[1])[−1]), ignoring Koszul signs:

∂lin(x1 . . . (axi ) . . . xk) − a · ∂lin(x1 . . . xn) = ∂A(a) · x1 . . . xn

κ
(
x1 . . . (axi ) . . . xk

) − a · κ
(
x1 . . . xk

) = 0. (5.14)

The first equation is easily verified. The second equation asserts that κ depends A-
multilinearly on the xi . Since it is symmetric in the xi by assumption, it suffices to take
i = 1.

To see that κ depends A-multilinear on the xi , recall that all brackets of arity ≥ 3 are
A-multilinear. Consequently, most terms in (5.12) are already A-multilinear, so that the left
hand side of (5.14) reduces to

κ
(
(ax1) . . . xk

) − a · κ
(
x1 . . . xk

) =
∑
j>1

[ax1, x j ] . . . xk − a[x1, x j ] . . . xk

− 1

2

[
�

(
(ax1) . . . xk

)] + 1

2
a
[
�(x1 . . . xk)

]
(5.15)

Next, note that taking brackets with an element from
(
Sym≥2

A g[1])[−1] is A-linear, since the
latter space is contained in the kernel of the anchor map of F

(
Sym≥2

A g[1])[−1]). It follows
that the second line of (5.15) reduces to

− 1

2

[
�

(
(ax1) . . . xk

)] + 1

2
a[�(x1 . . . xk)] =

∑
j>1

[ax1 . . x̂ j . . xn, x j ] − a[x1 . . x̂ j . . xn, x j ].

The right hand side consists only of the contributions to coproduct (5.3) from the (1, k − 1)-
unshuffles and (k − 1, 1)-unshuffles. Applying the Leibniz rule, one then sees that the two
lines in (5.15) cancel out, so that κ is indeed A-multilinear. �

Definition 5.16 An L∞-algebroid g is A-cofibrant if its underlying dg-A-module is cofibrant.

Proposition 5.17 If g is an A-cofibrant L∞-algebroid, then Q(g) is cofibrant.

Proof For any L∞-algebroid g, let us define

Q(n)(g) = F
(
Sym1≤•≤n

A (g[1])[−1]
)

⊆ Q(g).

By formulas (5.11) and (5.12), the differential on Q(g) preserves Q(n)(g), so that Q(n) is
indeed an L∞-algebroid. We therefore obtain a sequence of inclusions

Q(1)(g) Q(2)(g) . . . Q(g) (5.18)

whose colimit is Q(g). Note that κ vanishes on generators from g ⊆ Sym≥1
A (g[1])[−1].

Consequently, Q(1)(g) is simply the free L∞-algebroid generated by the A-linear map
ρ : g → TA; this is certainly cofibrant if g is A-cofibrant.

Toprove the result, it suffices to verify that eachmapQ(n)(g) → Q(n+1)(g) is a cofibration.
To this end, observe that there is a pushout square of L∞-algebroids of the form
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F
((
Symn+1

A g[1])[−2]
)

κ
Q(n)(g)

F
((
Symn+1

A g[1])[−2,−1]
)

Q(n+1)(g).

(5.19)

Here the left two L∞-algebroids are freely generated by the twofold desuspension of the
dg-A-module Symn+1

A g[1] and its cone, both equipped with the zero anchor map. Indeed,
unraveling the universal property of the pushout, one obtains the following description of
the pushout of (5.19). One freely adds generators from Symn+1

A (g[1])[−1] to Q(n)(g). The
differential of a new generator x1 . . . xn+1 is the sum

∑
i

x1 . . . ∂g(xi ) . . . xn+1 + κ(x1 . . . xn+1).

The first term the ‘internal’ differential in Symn+1
A (g[1])[−1] and the second term is the

attaching map κ . More precisely, the above sum is obtained by taking the differential of
x1 . . . xn+1 in the cone

(
Symn+1

A g[1])[−2,−1] and applying the attaching map κ to the part
that is contained in

(
Symn+1

A g[1])[−2]. The result is exactly Q(n+1)(g), together with its
differential (5.11).

When g is A-cofibrant, Symn+1
A g[1] is cofibrant as well, so that the left vertical map in

(5.19) is a cofibration. It follows that each Q(n)(g) → Q(n+1)(g) is a cofibration, so that the
colimit Q(g) is cofibrant. �
Remark 5.20 Note that the filtration (5.18) on Q(g) depends functorially on g, with respect
to the ∞-morphisms. Indeed, an ∞-morphism of L∞-algebroids g � h induces a map of
coalgebras (without differential) Sym≥1

A g[1] → Sym≥1
A h[1], which induces the maps on the

various stages of the filtration.
Note that κ decreases the filtration degree and hence vanishes on the associated graded of

the filtration.Using this, it follows that the associated graded of the filtration (5.18) is given by

gr
(
Q(•)(g)

) ∼= F
(
Sym≥1

A (g[1])[−1]
)
. (5.21)

Here the right hand side is endowed with the differential ∂lin induced from the differential
on g, i.e. it is the free L∞-algebroid generated Sym≥1

A (g[1])[−1]. Furthermore, its (weight)

grading is inherited from the grading on Sym≥1
A (g[1]) by polynomial degree, using the ‘free

graded L∞-algebroid’ functor from Sect. 4.

Proposition 5.22 The functor Q : L∞Algd(∞)
A → L∞AlgddgA enjoys the following proper-

ties:

(a) let g � h be an ∞-morphism between A-cofibrant L∞-algebroids. If the linear part
g → h is a weak equivalence, then Q(g) → Q(h) is a weak equivalence.

(b) the composite functor from the category of A-cofibrant L∞-algebroids

Q ◦ ι : L∞Algddg,A−cof
A L∞Algddg,cofA

is a relative functor that preserves �op-indexed homotopy colimits.
(c) the counit map Q(g) → g is a weak equivalence whenever g is A-cofibrant.

Proof For assertion (a), using the filtration (5.18) andRemark 5.20, it suffices to check that the
map on the associated graded is a weak equivalence. Note that the higher order components
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of the ∞-morphism g � h decrease the filtration degree and hence induce the zero map on
the associated graded. In light of the isomorphism (5.21), it then suffices to verify that the
linear part g → h induces graded quasi-isomorphisms

F
(
Sym≥1

A (g[1])[−1]
)

F
(
Sym≥1

A (h[1])[−1]
)
.

This follows because each Sym p
A(g[1]) → Symp

A(h[1]) is a quasi-isomorphismbetween cofi-
brant dg-A-modules when g → h is a quasi-isomorphism between cofibrant dg-A-modules.

For part (b), note that the composite functor Q ◦ ι preserves weak equivalences between
A-cofibrant L∞-algebroids by part (a). Suppose that g• : �op → L∞AlgddgA is a projectively
cofibrant diagram. In particular, each gi is a cofibrant L∞-algebroid and hence A-cofibrant
by Theorem 3.3(a). We have to show that the natural map

hocolim
(
Q(g•)

)
colim

(
Q(g•)

)
Q(colim g•)

is a quasi-isomorphism. The description of Q from Lemma 5.13 shows that the second map
is an isomorphism. To see that the left map is a quasi-isomorphism, note that we can work
at the level of the underlying chain complexes by Theorem 3.3(b). The filtration (5.18) on
Q(g•) induces a filtration on the (homotopy) colimit, and it suffices to check that the map on
the associated graded is a quasi-isomorphism. By a similar argument as in (a), and using that
taking the associated graded commutes with (homotopy) colimits, it suffices to show that

hocolim F
(
Sym≥1

A (g•[1])[−1]
)

colim F
(
Sym≥1

A (g•[1])[−1]
)

is a graded quasi-isomorphism. The left Quillen functor F and taking symmetric powers both
commute with taking sifted (homotopy) colimits [by Lemma 4.23(5) and (7)]. The result then
follows from the fact that hocolim g � colim g, since we assumed that g was projectively
cofibrant.

For part (c), note that by parts (a) and (b), together with Corollary 3.8, it suffices to prove
this when g = A ⊗k h is just the A-linear extension of an ordinary L∞-algebra h over k. In
that case, the map Q(g) → g is just the A-linear extension of the usual map �(C∗(h)) → h

of L∞-algebras from the operadic cobar construction of h. This map is a weak equivalence
(see e.g. [18] for a textbook account). �

As usual, the derived mapping space between two L∞-algebroids can be described by
the simplicial set of maps from a cofibrant replacement of the domain to a fibrant simplicial
resolution of the codomain. Such a simplicial resolution of fibrant L∞-algebroids has been
described in [35].

Construction 5.23 ([35]) Let g be an L∞-algebroid over A and let B be any (possibly
unbounded) commutative dg-algebra over k. Then g ⊗k B has the structure of an A-module
and an L∞-algebra and the anchor map extends to a B-linear map g ⊗k B → TA ⊗k B. Let
g � B be the pullback

g � B

ρ

g ⊗ B

TA TA ⊗ B.
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All maps in this diagram are A-linear and preserve L∞-structures, and one can verify that the
induced L∞-structure on g� B turns it into an L∞-algebroid over A (see [35]). We therefore
obtain a functor

g � (−) : CAlgdg L∞AlgdA

which preserves pullbacks and fibrations, and weak equivalences when g is fibrant. Further-
more, there are natural isomorphisms g � (B ⊗k C) ∼= (

g � B
)
� C .

For any finite simplicial set K , let gK = g � �[K ] be the dg-Lie algebroid obtained by
applying this functor to the polynomial differential forms on K .

Lemma 5.24 Let K → L be a cofibration between finite simplicial sets and let g → h be a
fibration. Then gL → gK ×hK hL is a fibration, which is a weak equivalence if g → h or
K → L is a weak equivalence.

Proof It is well-known that the map g⊗�[L] → g⊗�[K ]×h⊗�[K ]h⊗�[L] is a surjection
and a quasi-isomorphism whenever g → h or K → L is a weak equivalence (cf. [7]). The
assertion now follows by considering the two pullback squares

gL gK ×hK hL TA

g ⊗ �[L] g ⊗ �[K ] ×h⊗�[K ] h ⊗ �[L] TA ⊗ �[L]
and using that (acyclic) fibrations are stable under base change. �
Corollary 5.25 Let g be an A-cofibrant L∞-algebroid and let h be fibrant. Then the simplicial
set

Map
L∞Algd(∞)

A
(g, h�[−]) (5.26)

is a model for the derived mapping spaceMapR(g, h).

Remark 5.27 When the L∞-algebroids g and h are concentrated in nonnegative degrees, one
can also compute the mapping space using a semi-model structure on connective dg-Lie
algebroids. In this case, one just has to assume that the map h → τ≥0TA is a surjection in
degrees > 0; this becomes particularly easy when A is discrete (so that TA is concentrated
in degree 0).

Remark 5.28 The simplicial sets (5.26) endow the category L∞Algd(∞)
A with an enrichment

over simplicial sets. Corollary 5.25 shows that the ∞-categorical localization of the semi-
model category of L∞-algebroids can be modeled by the full simplicial subcategory of
L∞Algd(∞)

A on the L∞-algebroids which are fibrant and A-cofibrant.

Remark 5.29 A similar analysis can be carried out with dg-Lie algebroids instead of L∞-
algebroids: ∞-morphisms of dg-Lie algebroids g � h correspond to maps out of a certain
cofibrant replacement of g, at leastwhen g is A-cofibrant. This cofibrant replacement is simply
the image of the L∞-algebroid Q(g) under the left Quillen functor from Corollary 3.10.

The ∞-categorical localization of the semi-model category of dg-Lie algebroids is then
the full simplicial subcategory of LieAlgd(∞)

A on the dg-Lie algebroids which are fibrant
and A-cofibrant. In particular, Corollary 3.10 shows that this simplicial category of dg-Lie
algebroids is equivalent to the simplicial category of L∞-algebroids of Remark 5.28.
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6 Applications

In this section,we give two examples of the homological algebra that the semi-model structure
on dg-Lie algebroids facilitates. First, we illustrate how classical Lie algebroid cohomology
can be understood model-categorically in terms of mapping spaces. Furthermore, we provide
a description of the loop space of a dg-Lie algebroid g. This loop space can naturally be
considered as a dg-Lie algebroid in graded-mixed complexes, whose (graded-mixed) Lie
algebroid cohomology can be described by the Weil algebra of g.

Representations Recall that a representation of a dg-Lie algebroid g over A is given by a
dg-A-module E , together with a Lie algebra representation

∇ : g ⊗k E E (6.1)

such that∇axe = a∇x e and∇x (ae) = x(a)e+(−1)axa∇x e, for all a ∈ A, x ∈ g, and e ∈ E .
There are at least two other ways of describing a g-representation on a dg-A-module E :

(1) Let At(E) be the Atiyah Lie algebroid of E , as in Example 2.2. Then a g-representation
is just a map of dg-Lie algebroids

g At(E).

(2) If E is a g-representation, then g⊕ E has the structure of a dg-Lie algebroid, with anchor
map (ρ, 0) : g ⊕ E → TA and bracket

[(x, e), (y, f )] = ([x, y],∇x f − ∇ye).

There is an obvious inclusion and retraction g → g ⊕ E → g. Using these maps, one
can realize the category of g-representations as the full subcategory of g

/
LieAlgddgA

/
g

on those retract diagrams g → g⊕m → g for which the Lie bracket vanishes onm⊗m.

Remark 6.2 Suppose that P is a dg-operad with P(0) = 0 and let P(1) be its dg-algebra of
unary operations. Since P(1) is the quotient of the operad P by all morphisms of arity ≥ 2,
the category of dg-modules over P(1) is equivalent to category of dg-P-algebras on which
the operations of arity≥ 2 are all zero. On the other hand, the category of dg-P(1)-modules is
also equivalent to the category of abelian group objects in the category of (all) dg-P-algebras
[4, Lemmas 1.3, 1.4].

Now recall that the categoryg
/
LieAlgddgA

/
g can be identifiedwith the category of algebras

over the reduced enveloping operadEnvg ofg, via the assignmentg⊕m �→ m (Definition 4.5).
Applying the above observations to algebras over Envg, the following categories are then
equivalent:

• the category of modules over Envg(1), the dg-algebra of unary operations in the reduced
enveloping operad.

• the category of abelian group objects in g
/
LieAlgddgA

/
g.

• the full subcategory of g
/
LieAlgddgA

/
g on the g ⊕ m such that the Lie bracket vanishes

on m⊗m. This uses that the 2-sided ideal of operations of arity ≥ 2 is generated by the
Lie bracket, by Remark 4.6.

Unraveling the definitions, one sees that Envg(1) agrees with the usual enveloping algebra

U(g) of g, as described in e.g. [28]. Since the categoryRepdgg of g-representations is equivalent
to the category of left modules over a dg-algebra, it carries a model structure with weak
equivalences (fibrations) the quasi-isomorphisms (surjections).

123



524 J. Nuiten

Example 6.3 Every dg-Lie algebroid has a natural representation on A (via the anchor) and
on the kernel of its anchor map (via the Lie bracket).

Example 6.4 The categoryRepdgg has a closed symmetricmonoidal structure, given by E⊗A F
endowed with the g-representation

∇x (e ⊗ f ) = ∇x (e) ⊗ f + (−1)xee ⊗ ∇x ( f ).

The internal hom is given by HomA(E, F), equipped with the conjugate representation of
g. This does not make Repdgg a monoidal model category, but for every g-representation E
whose underlying dg-A-module is cofibrant, the functor E ⊗A (−) does preserve quasi-
isomorphisms.

Wheng is a cofibrant dg-Lie algebroid, the enveloping algebraU(g) ∼= Envg(1) is cofibrant
by Theorem 3.3. It follows that every cofibrant g-representation has a cofibrant underlying
dg-A-module, so that the tensor product can be derived.

The above definitions have analogues for L∞-algebras:

Definition 6.5 Let g be an L∞-algebroid over A. A g-representation is a dg-A-module E ,
together with operations

[x1, . . . , xn,−]: E E

of degree |x1| + · · · + |xn | + n − 2 for every x1, . . . , xn ∈ g, such that (ignoring all Koszul
signs due to permutations of variables)

[xσ(1), . . . , xσ(n), e] = (− 1)σ [x1, . . . , xn, e] σ ∈ Σn

[a · x1, . . . , xn, e] = (− 1)(n−1)aa · [x1, . . . , xn, e]
[x1, . . . , xn, a · e] = (− 1)(n−1)aa · [x1, . . . , xn, e] n ≥ 2

[x1, a · e] = a · [x1, e] + x1(a) · e.

(6.6)

Furthermore, the brackets have to determine the structure of a module over the L∞-algebra
g, i.e.

Jn+1(x1, . . . , xn, e) = 0 (6.7)

for all n ≥ 0, where Jn+1 is the Jacobiator from 2.5, xi ∈ g and e ∈ E .

Remark 6.8 When g is a dg-Lie algebroid, there are now two notions of g-representation. To
avoid confusion, we will call a representation in the sense of (6.1) a strict g-representation
and a representation in the sense of Definition 6.5 will be called an L∞-representation of g.

Lemma 6.9 Let g be an L∞-algebroid over A and let E be a dg-A-module. Then the following
data is equivalent:

(0) an L∞-representation of g on E.
(1) the structure of a retract diagram of L∞-algebroids on g → g ⊕ E → g, for which all

brackets vanish when evaluated on at least two element of E.
(2) an ∞-morphism g � At(E) to the Atiyah Lie algebroid of E.

Proof Unwinding the definitions, the nontrivial brackets on g ⊕ E precisely correspond to
the operations from Definition 6.5. This shows that (0) and (1) are equivalent.
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By [13], a k-linear L∞-algebra representation of g on E is equivalent to the data of a
twisting cochain τ : C∗(g) → Endk(E)[1] to the endomorphism Lie algebra of E : the map
τ is given by

Symn
kg[1] Endk(E)[1]; x1 ⊗ . . . ⊗ xn [x1, . . . , xn,−].

The conditions (6.6) are now equivalent to the condition that

(ρ, τ ) : C∗(g)
(
TA ⊕ Endk(E)

)[1]
takes values in the Atiyah Lie algebroid of E and is graded A-linear. �

By (1), the category Rep(∞)
g of L∞-representations of an L∞-algebroid g is equivalent to

the category of modules over Envg(1), the unary operations of its reduced enveloping operad.
In particular, the category carries a model structure in which a map is a weak equivalence
(fibration) if and only if the underlying map of dg-A-modules is one.

Corollary 6.10 A map f : g → h of L∞-algebroids induces a Quillen adjunction

f∗ : Rep(∞)
g Rep(∞)

h : f !.

This is a Quillen equivalence whenever f is a weak equivalence between A-cofibrant L∞-
algebroids.

Proof The Quillen pair ( f∗, f !) is induced by induction and restriction along the map of
reduced enveloping operads f : Envg → Envh. For the second assertion, let Q( f ) : Q(g) →
Q(h) denote the map induced by f on ‘cobar’ resolutions of Lemma 5.13. This is a weak
equivalence between cofibrant L∞-algebroids. Applying the left Quillen equivalence of
Corollary 3.10 to Q( f ), we obtain a weak equivalence between cofibrant dg-Lie algebroids
that we will denote by f̃ : g̃ → h̃.

By part (2) of Lemma 6.9, an L∞-representation of the L∞-algebroid g is just a map of
dg-Lie algebroids g̃ → At(E). It follows that there is a natural equivalence

Rep(∞)
g � Repdgg̃

between the category of L∞-representations of g and the category of strict representations of
the cofibrant dg-Lie algebroid g̃. This equivalence of categories identifies themodel structures
on both sides, which are both transferred from ModdgA . The Quillen pair ( f∗, f !) can now be
identified with the Quillen pair

f̃∗ : Repdgg̃ Repdg
h̃

: f̃ !

associated to the map of dg-Lie algebroids f̃ : g̃ → h̃. By Lemma 4.20, a weak equivalence
between cofibrant dg-Lie algebroids induces a weak equivalence on enveloping operads, so
that the above Quillen pair is a Quillen equivalence. �
Lie algebroid cohomology Let g be an L∞-algebroid and let E be a representation of g. Our
aim is to give a cohomological description of the derived space of sections
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g

=

g ⊕ E

π

g

of the canonical projection from g ⊕ E to g.
Because the semi-model structure on L∞-algebroids is right proper, the derived space of

sections of π can be computed as the derived mapping space from g to g ⊕ E in the slice
semi-model category L∞AlgddgA /g. As an object over g, the L∞-algebroid g ⊕ E is fibrant.
Furthermore, it admits a simple fibrant simplicial resolution, given by

�op L∞AlgddgA /g; [n] g ⊕ C∗(�[n], E).

Here C∗(�[n], E) are the normalized cochains on �[n] with coefficients in E , which carry
a natural g-representation.

Let us assume from now on that g is an A-cofibrant L∞-algebroid, so that it has an
explicit cofibrant replacement q : Q(g) → g, as described in Sect. 5. The datum of map of
L∞-algebroids s : Q(g) → g⊕E over g is equivalent to the datum of a graded A-linear map

(q, α) : Sym≥1
A g[1] g[1] ⊕ E[1]

satisfying the Maurer–Cartan equation (5.1), where q is the obvious projection onto g[1].
Since q already satisfies the Maurer–Cartan equation and there are no nontrivial brackets
between elements in E , the Maurer–Cartan equation reduces to the following (linear) equa-
tion for α:

∂CE(α) := ∂E ◦ α − α ◦ ∂C∗(g) +
∑
k≥1

1

k! [q, q, . . . , q, α]k+1
!= 0. (6.11)

Lemma 6.12 Formula (6.11) determines a differential on the graded vector space of graded
A-linear maps

HomA

(
Sym≥1

A g[1], E[1]).
Proof Formula (6.11) determines an R-linear map of (homological) degree −1

∂CE : HomA(SymAg[1], E[1]) Hom
R
(SymRg[1], E[1])

To verify that this preserves A-multilinear maps and squares to zero, replace E by its cone
E[0, 1]. Unraveling the definition, a map Q(g) → g⊕ E[0, 1] over g is determined by a pair
of maps

α : Sym≥1
A g[1] E[1] β : Sym≥1

A g[1] E[2]
subject to the condition that ∂CEα = β and ∂CEβ = 0.

On the other hand, a map Q(g) → g ⊕ E[0, 1] over g is determined uniquely by a map
Q(g) → g ⊕ E of L∞-algebroids without differential over g. Without differential, Q(g) is
freely generated by the graded A-module

(
Sym≥1

A g[1])[−1] and the map Q(g) → g ⊕ E is
classified by the map α above.

It follows that for every graded A-linear α, there is a unique graded A-linear β such that
β = ∂CEα and ∂CEβ = 0. It follows that ∂CE preserves graded A-linear maps and squares to
zero. �
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Definition 6.13 LetC∗(g, E) be the chain complexHomA
(
SymAg[1], E

)
, equippedwith the

differential ∂CE given by formula 6.11. We will refer to C∗(g, E) as the reduced Chevalley–
Eilenberg complex of g with coefficients in E .

The Chevalley–Eilenberg differential ∂CE can be computed explicitly, using that the value
of 1

k! [π, π, . . . , π, α]k+1 on an element X1 . . . Xn ∈ Sym≥1
A g[1] is given by the sum (ignoring

Koszul signs)
∑

σ∈UnSh(k,n−k)

[
xσ(1), . . . , xσ(k), α(xσ(k+1), . . . , xσ(n))

]
.

Using this, one obtains (modulo Koszul signs) the explicit formula

(∂CEα)(x1, . . . , xn) =
∑
k≥1

∑
σ∈UnSh(k,n−k)

[
xσ(1), . . . , xσ(k), α(xσ(k+1), . . . , xσ(n))

]

−
∑
k≥1

∑
σ∈UnSh(k,n−k)

α
(
[xσ(1), . . . , xσ(k)], xσ(k+1), . . . , xσ(n)

)

+ ∂E
(
α(x1, . . . , xn)

)
. (6.14)

This is precisely the formula for the usual Chevalley–Eilenberg (or de Rham) differential on

C∗(g, E) = HomA

(
SymAg[1], E

)

which computes the cohomology of the L∞-algebroid g with coefficients in E . The reduced
Chevalley–Eilenberg complex is simply the kernel of the canonical map of chain complexes
C∗(g, E) → E evaluating at 1 ∈ SymAg[1]. Consequently, one can think of its homotopy
groups as the reduced cohomology groups Hi (g, E) of g with coefficients in E .

Definition 6.15 For a chain complex V over k, let us write �∞(V ) := MapR(k, V ) for
the derived mapping space from k to V . This notation is justified by the following: the ∞-
category of chain complexes over k has a compact generator k and is therefore equivalent to
the ∞-category of H(k)-module spectra [20, Theorem 7.1.2.1]. The space �∞(V ) is exactly
the (infinite loop) space underlying the H(k)-module spectrum associated to V .

Corollary 6.16 Let g be an A-cofibrant L∞-algebroid and let E be a representation of g.
There is a (natural) equivalence

MapR

/g(g, g ⊕ E) � �∞C∗(g, E[1])
between the derived space of sections g → g ⊕ E and the space associated to the reduced
Chevalley–Eilenberg complex C∗(g, E[1]). In particular, there is a natural bijection

π0MapR

/g(g, g ⊕ E) ∼= H1(g, E).

Proof By Lemma 6.12 and the discussion preceding it, the derived mapping space
MapR

/g(g, g ⊕ E) can be modeled by the simplicial set

�op Set; [n] Z0C∗
(
g,C∗(�[n], E[1])

)
.

There are natural isomorphisms

C∗(g,C∗(�[n], E[1])
) ∼= C∗(�[n],C∗

(g, E[1])
)
.
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The simplicial set of sections of g ⊕ E → g can therefore be identified with the simplicial
set of k-linear maps k → C∗(�[−],C∗

(g, E[1])). The latter precisely computes the derived

mapping space from k to C
∗
(g, E[1]), i.e. the infinite loop space �∞C∗(g, E[1]). �

Example 6.17 Recall that there is a canonical representation of g on A via its anchor map. By
shifting degrees, we also obtain representations of g on the various A[n]. By Corollary 6.16,
we have that

Hn(g, A) ∼= H1(g, A[n − 1]) ∼= π0MapR

/g(g, g ⊕ A[n − 1]).
Note that g ⊕ A[n − 1] is isomorphic to the fiber product g ×TA TA ⊕ A[n − 1]. Since
TA ⊕ A[n − 1] → TA is a fibration, this pullback is a homotopy pullback, so that

MapR

/g(g, g ⊕ A[n − 1]) � MapR

/TA (g, TA ⊕ A[n − 1]) � MapR(g, TA ⊕ A[n − 1]).
The last equivalence uses that TA is the terminal L∞-algebroid.We conclude that the reduced
cohomology of gwith values in its canonical representation can be identified with homotopy
classes of maps of L∞-algebroids

Hn(g, A) ∼= π0MapR
(
g, TA ⊕ A[n − 1]).

Example 6.18 Let g be an A-cofibrant L∞-algebroid and let

α ∈ C∗(g, E) = HomA(Sym≥1
A g[1], E)

be a degree 0 cycle in the reduced Chevalley–Eilenberg complex with coefficients in an L∞-
representation E of g. Associated to α is a map of L∞-algebroids gα → g, given by the
projection g ⊕ E[−2] → g at the level of graded A-modules. The bracket on gα is given as
follows: a bracket of multiple elements in E[−2] is zero and the bracket of elements in g

with an element in E[−2] is given by the g-representation on E . The bracket and differential
of elements in g is given by

[x1, . . . , xk] = ([x1, . . . , xk]g, α(x1, . . . , xk)
)

∂(x) = (∂g(x), α(x)). (6.19)

We claim that there are pullback squares of L∞-algebroids (and strict maps)

gα Q(g)α
∼

g ⊕ E[0, 1]

g Q(g)
∼
q (q,α)

g ⊕ E[1].
(6.20)

Here q is the canonical weak equivalence from the cobar resolution of g and Q(g)α is defined
by the left pullback square. Note that Q(g)α → gα is the pullback of a weak equivalence
along a fibration, and hence a weak equivalence itself.

Indeed, as graded A-modules, there is an isomorphismQ(g)α ∼= Q(g)⊕E , but the brackets
and differential are twisted by α as in Eq. (6.19). Now recall that without differential, Q(g)

is freely generated by
(
Sym≥1

A g[1])[−1]. Consequently, the obvious linear section

(id, 0) : (
Sym≥1

A g[1])[−1] Q(g) ⊕ E ∼= Q(g)α

extends to a splitting Q(g) → Q(g)α → Q(g), where both maps preserve the brackets.
This splitting induces a different isomorphism Q(g)α ∼=′ Q(g) ⊕ E . Without differential,
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this isomorphism ∼=′ identifies Q(g)α with the square zero extension of Q(g) by the Q(g)-
representation E (obtained by restriction along Q(g) → g). A tedious but straightforward
computation, using the description of the differential on Q(g) from Lemma 5.13, then shows
that the differential on Q(g)α takes the form

∂(v, e) = (
∂Q(g)(v), ∂E (e) + α(v)

)
(v, e) ∈ Q(g) ⊕ E ∼=′ Q(g)α.

Finally, the pullback of the right square is exactly the square zero extension Q(g) ⊕ E
endowed with the above differential.

Note that the map g⊕ E[0, 1] → g⊕ E[1] is weakly equivalent to the map (id, 0) : g →
g⊕E[1]. At the∞-categorical level, the diagram (6.20) therefore exhibits gα as the homotopy
pullback of the map α : g � g ⊕ E[1] and the map (id, 0) : g → g ⊕ E[1].
Loop spaces As in every model category, the free loop space Lg of an L∞-algebroid is the
homotopy limit of the constant S1-diagram with value g. There are various ways to compute
such free loop spaces, depending on a choice of cell decomposition for the circle S1. Taking
the CW-structure on S1 with two zero cells and two 1-cells, one obtains the usual description
of Lg as the derived self-intersection of the diagonal map g → g ×h

TA
g.

When g is a fibrant (i.e. transitive) L∞-algebroid, there is a simple way to compute Lg
using the cotensoring of L∞-algebroids over (unbounded) cdgas from Construction 5.23.
Indeed, Lg can simply be computed as g� �[S1], where S1 is some finite simplicial model
for the circle and �[S1] is the cdga of polynomial differential forms on it. In fact, recall that
H∗(S1) = k[ε−1] is the free graded algebra on a generator of (homological) degree −1. We
can therefore choose a weak equivalence of cdgas k[ε−1] → �[S1] and identify

Lg = g � k[ε−1].
Let n denote the kernel of the anchor map ρ : g → TA, which carries a natural (adjoint) g-
representation. Unwinding the definitions, we find that g�k[ε−1] is isomorphic to g⊕n[−1].
There are maps

g
ι Lg = g ⊕ n[−1] π

g

which realize g ⊕ n[−1] as a square zero extension of g. The inclusion ι is the canonical
map induced by k → �[S1], but the projection π is not canonical: it depends on a choice of
basepoint for S1.

Lemma 6.21 Let g be a fibrant L∞-algebroid. Then Lg = g � k[ε−1] has the structure of
a graded-mixed L∞-algebroid (Variant 3.11), whose underlying graded-mixed complex is
given by

Lg(−1) = n[−1] Lg(0) = g

with d : Lg(−1) → Lg(0)[−1] the obvious inclusion.
Proof The bracket of an element inLg(p)with elements inLg(0) is again contained inLg(p)
and the bracket of at least two elements in Lg(−1) is zero. It follows that the L∞-algebroid
structure is compatible with the grading. It is compatible with the mixed structure because
for any xi ∈ g, ξ ∈ n[−1], we have that

d[x1, . . . , xn, ξ ] = [x1, . . . , xn, dξ ]
is simply given by the (n + 1)-fold bracket in g. �
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Remark 6.22 The graded-mixed structure on Lg can be understood as follows. Recall (see
e.g. [3,24]) that graded mixed complexes can be viewed as dg-comodules over the Hopf
algebra

H := k[t, t−1, ε−1] �(t) = t ⊗ t �(ε−1) = ε−1 ⊗ t .

Here t has degree 0 and ε−1 has (homological) degree −1. There is a coaction

k[ε−1] k[ε−1] ⊗k H; ε−1 ε−1 ⊗ t

which induces a coaction of H on the free loop space Lg of the form

Lg = g � k[ε−1] g �
(
k[ε−1] ⊗k H

) ∼= Lg � H,

simply by restricting the canonical H-comodule structure on g ⊗ k[ε−1]. Unwinding the
definitions, this coaction of H on Lg corresponds to the graded mixed structure on Lg
described in Lemma 6.21.

Remark 6.23 The mixed structure on Lg can also be interpreted homotopy-theoretically at
follows. The sub-Hopf algebra k[ε−1] ⊆ H can be identified with the cohomology ring
H∗(S1), which inherits a Hopf algebra structure from the groupmultiplicationμ : S1×S1 →
S1. The mixed structure on Lg is then encoded by the coaction

Lg = g � H∗(S1)
g�H∗(μ)

g � H∗(S1 × S1) ∼= Lg � H∗(S1).

In fact, the Hopf algebra k[ε−1] provides a rational model for S1, together with its group
structure [33] (see also [3, Remark 3.16]). One can therefore think of the mixed structure on
Lg as a (rational) algebraic incarnation of the S1-action onLg by rotation of loops. This more
topological (rather than algebraic) perspective is used in derived geometry, cf. Remark 6.30.

The Chevalley–Eilenberg complex of a graded mixed L∞-algebroid over A can be
computed internally to graded mixed complexes, using exactly the same formulas as in
Definition 6.13. Applying this to the free loop space of an L∞-algebroid g, we obtain the
following:

Example 6.24 Let ρ : g → TA be a fibrant L∞-algebroid and let Lg = g⊕ n[−1] be its free
loop space. The Chevalley–Eilenberg complex C∗(Lg) with coefficients in A decomposes
into graded pieces

C∗(Lg)(q) := HomA

(
SymAg[1] ⊗ Symq

An, A
)

consisting of maps that are polynomial of degree q in n. This is indeed stable under the
differential (6.14) because n[−1] ⊆ Lg is square zero. Furthermore, C∗(Lg) carries a mixed
structure d : C∗(Lg)(q) → C∗(Lg)(q + 1)[−1] given by

(dα)(x1, . . . , xn, ξ1, . . . , ξq) =
q∑
j=1

α(x1, . . . , xn, σ (ξ j ), ξ1, . . . , ξq)

where xi ∈ g, ξ j ∈ n and σ : n → g is the inclusion, which gave the mixed structure on Lg.
The resulting graded mixed complex C∗(Lg) has the structure of a graded mixed cdga, with
multiplication given by the usual product of forms.
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Remark 6.25 The Chevalley–Eilenberg complex of graded mixed L∞-algebroids is only
homotopy invariant when applied to h for which each h(p) is a cofibrant dg-A-module.
For free loop spaces Lg, this is the case when g → TA is a fibration between cofibrant dg-A-
modules. For the remainder of this section, we will therefore assume that TA is a cofibrant
dg-A-module. One can always replace TA by a weakly equivalent dg-Lie algebroid for which
this is the case.

For sufficiently nice dg-Lie algebroids, the mixed graded complex C∗(Lg) has a more tra-
ditional description as the Weil algebra W (g) of g [2]. In fact, W (g) can also be used to
describe the cohomology of Lg when g is not fibrant.

Construction 6.26 Suppose that TA is a cofibrant dg-A-module and consider the graded
mixed complex

d̂R(A)(p) = HomA

(
Sym p

A

(
TA[−1]), A

)

with mixed structure given by the de Rham differential (without Koszul signs)

ddRω(v1, . . . , vn) =
∑
i

vi
(
ω(v1, . . . , vn)

) −
∑
i< j

ω([vi , v j ], v1, . . . , vn).

The result is a graded mixed cdga d̂R(A), to which the usual Cartan calculus of differential
forms can be applied: in addition to the de Rham differential, every v ∈ TA yields operators

ιv : d̂R(A) d̂R(A)[1] Lv = dιv + ιvd : d̂R(A) d̂R(A)

where ιv is given by (ιvω)(v1, . . . , vn) = ω(v, v1, . . . , vn).
Let ρ : g → TA be a dg-Lie algebroid over TA and let g ⊕ g[−1] be the square zero

extension of its underlying dg-Lie algebra (over k) by the shifted adjoint representation. There
is a canonical representation of g ⊕ g[−1] on d̂R(A), where an element (x, ξ) ∈ g ⊕ g[−1]
acts by the derivation

(x, ξ) · ω = Lρ(x)ω + ιρ(ξ)ω.

Consider the graded subalgebra of the associated Chevalley–Eilenberg complex consisting
of maps Symk(g[1] ⊕ g) → d̂R(A) that are A-multilinear in g[1] ⊕ g

Ŵ (g) ⊆ A := C∗(g ⊕ g[−1], d̂R(A)
)
.

This subalgebra is closed under the Chevalley–Eilenberg differential by [2, Proposition 3.5],
where it is called the vertical differential. In fact, unwinding the definitions yields the fol-
lowing description of Ŵ (g). Let

ñ = fib(g → TA) = g ⊕ TA[−1]
denote the mapping fiber of the anchor map of g. Then Ŵ (g) factors as

Ŵ (g) =
∏
q

Wq(g) =
∏
q

HomA

(
SymAg[1] ⊗A Symq(ñ), A

)
.

For xi ∈ g[1], ξ j ∈ g and vk ∈ TA[−1], the differential is given by
(∂α)(x, ξ, v) = ∂A

(
α(x, ξ, v)

) − α
(
∂lin(x, ξ, v)

) +
∑
i

xi · α(. . .)

−
∑
i<i ′

α([xi , xi ′ ], . . .) −
∑
i, j

α([xi , ξ j ], . . .) −
∑
i,k

α([xi , vk], . . .).
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Here the dots indicate all variables xi , ξ j and vk not appearing before. Furthermore,
∂lin(x, ξ, v) is the (A-linear) differential on SymA(g[1] ⊕ ñ) induced by the differentials
on g and ñ. The brackets

[xi , xi ′ ] ∈ g[1] [xi , ξ j ] ∈ g [xi , vk] ∈ TA[−1]
arise from the k-linear Lie algebra representation of g on itself and on the mapping fiber ñ.
In particular, the Chevalley–Eilenberg differential preserves each factor Wq(g). In addition,
there are derivations d : Wq(g) → Wq+1(g)[−1], given (modulo Koszul signs) by

(dα)(x, ξ,−) = ddR(α(x, ξ,−)) +
∑
j

α(x, σ (ξ j ), ξ,−) ∈ d̂R(A).

In the second term, σ(ξ j ) ∈ g[1] indicates the element ξ j , considered as an element in g[1]
instead of g. In other words, we replace one of the variables ξ j by the corresponding ‘x-
variable’, leaving the rest of the variables the same. The map d is a chain map which squares
to zero, since the de Rham differential on d̂R(A) does.

Definition 6.27 The Weil algebra of a dg-Lie algebroid g over A is the graded mixed cdga
from Construction 6.26

W (g) =
(⊕

q

Wq(g) ⊆ Ŵ (g), ∂, d

)
.

Lemma 6.28 Suppose that TA is a cofibrant dg-A-module and let f : g → h be a weak
equivalence between A-cofibrant dg-Lie algebroids over A. Then restriction along f induces
a weak equivalence of graded mixed cdgas W (h) → W (g).

Proof For every A-cofibrant dg-Lie algebroid g, the mapping fiber ñ of its anchor map
is a cofibrant dg-A-module. Furthermore, a weak equivalence between A-cofibrant dg-Lie
algebroids induces a weak equivalence between their mapping fibers. Observe that the Weil
algebra W (g) is the limit of the sequence of graded mixed cdgas

W (g)≤p =
⊕
q

HomA

(
Sym≤p

A g[1] ⊗ Symq
Añ, A

)

consisting of quotients by polynomials of degree > p in the variables g[1]. The associated
graded of this filtration can be identified with

⊕
q

HomA

(
Symp

Ag[1] ⊗ Symq
Añ, A

)
.

Each of these summands carries a differential obtained from the A-linear differentials of g
and ñ by tensoring and dualizing. It follows that f : g → h induces a weak equivalence
between the associated graded of W (h) and W (g), so that the map on limits W (h) → W (g)

is a weak equivalence as well. �
Proposition 6.29 Suppose that TA is a cofibrant dg-A-module and let g be a fibrant-cofibrant
dg-Lie algebroid over A. Restriction along the canonical map g ⊕ ker(ρ)[−1] → g ⊕
fib(ρ)[−1] induces a weak equivalence of graded mixed cdgas

W (g) C∗(Lg).
In particular, the Weil algebra of an A-cofibrant dg-Lie algebroid g computes the (derived)
Chevalley–Eilenberg complex of its free loop space Lg.
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Proof The second part of the assertion follows from the fact thatW (g) is homotopy invariant,
by Lemma 6.28. For the first part, note thatW (g) andC∗(Lg) are both filtered by polynomial
degree in g[1], as in the proof of Lemma6.28. The restrictionmapW (g) → C∗(Lg) preserves
this filtration, and is given on the associated graded by a map

HomA

(
Symp

Ag[1] ⊗ Symq
Añ, A

)
HomA

(
Symp

Ag[1] ⊗ Symq
A

(
ker(ρ)

)
, A

)
.

This map is obtained from the inclusion ker(ρ) → fib(ρ) by tensoring and dualizing. Since
this inclusion is a weak equivalence between cofibrant dg-A-modules, the result follows. �

Remark 6.30 Under certain restrictions on A, there is an equivalence between the∞-category
of dg-Lie algebroids over A and certain ‘formal derived stacks’, or ‘formal moduli prob-
lems’, around Spec(A) [23]. Under this equivalence, the Chevalley–Eilenberg complex of
g corresponds to the dg-algebra of functions on the associated formal derived stack. When
C∗(g) is considered as an algebra of functions, the Weil algebra W (g) closely resembles
the corresponding (graded-mixed) complex of differential forms. This is not unexpected: in
differential geometry, the Weil algebra of an ordinary Lie algebroid is indeed closely related
to the complex of differential forms on the associated Lie groupoid [2].

More precisely, recent work in derived geometry [3,24,33] often models differential forms
by ‘functions on (derived) loop spaces’, with the de Rham differential coming from loop
rotation. For a formal derived stack X , this geometric description can be made explicit in
terms of algebra, using the computations in this section. Indeed, let g denote the dg-Lie
algebroid associated to X under the equivalence of [23]. Then the algebra of functions on
LX is given by C∗(L(g)

)
, or by the Weil algebra W (g). By Remark 6.23, the loop rotation

can be described concretely by the mixed structure of Lemma 6.21.
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