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BLOW-UPS IN GENERALIZED COMPLEX GEOMETRY

M. A. BAILEY, G. R. CAVALCANTI, AND J. L. VAN DER LEER DURAN

ABSTRACT. We study blow-ups in generalized complex geometry. To that end
we introduce the concept of holomorphic ideals, which allows one to define
a blow-up in the category of smooth manifolds. We then investigate which
generalized complex submanifolds are suitable for blowing up. Two classes
naturally appear: generalized Poisson submanifolds and generalized Poisson
transversals. These are submanifolds for which the geometry normal to the
submanifold is complex, respectively symplectic. We show that generalized
Poisson submanifolds carry a canonical holomorphic ideal, and we give a nec-
essary and sufficient condition for the corresponding blow-up to be generalized
complex. For generalized Poisson transversals we prove a normal form theo-
rem for a neighborhood of the submanifold and use it to define a generalized
complex blow-up.
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1. INTRODUCTION

The notion of blowing up was invented by algebraic geometers in the study of
birational transformations. Although it is unclear to the authors when and by
whom precisely the notion of blowing up was invented, Zariski [18] introduced it in
modern language and used it to study singularities. This work culminated in results
by Abhyankar and Hironaka on resolutions of singularities in all dimensions. Later
Hopf [12] introduced the corresponding notion in the context of complex analytic
geometry. Blowing up a submanifold preserves the class of Kéhler manifolds, and it
was pointed out by Gromov in [9] that it can be defined in the symplectic category
as well. This was then used by McDuff in [I5] to produce examples of simply-
connected non-Kéhlerian symplectic manifolds.
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The fact that blow-ups exist in both complex and symplectic geometry naturally
raises the question whether the same is true in generalized complex geometry, a con-
cept introduced by Hitchin and developed by Gualtieri [I0] and which unifies com-
plex and symplectic structures into one framework. This question was first investi-
gated in [7], where it was shown that a blow-up exists for a non-degenerate point of
complex type in a generically symplectic 4-manifold. This was then used to produce
new examples of generalized complex structures on the manifolds mCP2#nCP? for
m odd.

In this paper we study blow-ups in generalized complex geometry. The first step
is to understand which submanifolds are suitable for blowing up. In the complex and
symplectic categories these are the complex, respectively symplectic, submanifolds.
There are a number of possible ways to define a generalized complex submanifold,
and the one which we will use has complex and symplectic submanifolds as special
examples. However, for blowing up this notion is too general, and we will restrict
ourselves to two special subclasses. The first are the generalized Poisson submani-
folds, where the geometry normal to the submanifold is complex. Using the normal
form theorem of the first author [2] we prove that these submanifolds come nat-
urally equipped with a special ideal which gives them a holomorphic flavor, and
we use that to construct the blow-up as a differentiable manifold. The question
of whether this blow-up has a generalized complex structure for which the blow-
down map is holomorphic then boils down to the analogous question in the context
of holomorphic Poisson geometry. This has been answered by Polishchuk in [I6],
and, building on that, we give necessary and sufficient conditions for blowing up a
generalized Poisson submanifold.

The second class of submanifolds comprises the generalized Poisson transversals,
where the geometry normal to the submanifold is symplectic. As in the symplectic
category, to blow them up we first need a normal form for the generalized complex
structure in a neighborhood of the submanifold. Such a neighborhood theorem was
constructed in [§] in the context of Poisson geometry, and it has a direct counterpart
in our setting. We then blow up the submanifold globally. An elegant way to
perform this last step uses reduction methods, just as the symplectic blow-up can
be performed using symplectic cuts, as shown in [13]. In contrast with generalized
Poisson submanifolds, the blow-up is not canonical but depends on some additional
choices. This is also the case for blow-ups in symplectic geometry, for even if one
specifies the symplectic volume of the exceptional divisor, it is not known in general
whether the blow-up is unique up to symplectomorphism.

Organization: In Section 2] we briefly review all the necessary ingredients from
generalized complex geometry that are needed in the paper. Most of this material
is due to [10], and all statements without explicit references are from there. We
then proceed in Section Bl to the blow-up procedure. We first define the notion of
a holomorphic ideal and argue that this is the natural input to define a blow-up
procedure in the category of smooth manifolds. Then, in Section 3.1l we introduce
generalized Poisson manifolds and explain the extra assumptions that are needed
for the blow-up. In Section we define generalized Poisson transversals, give
a normal form for their neighborhoods, and use it to blow them up. Finally, in
Section [3.3] we discuss other types of generalized complex submanifolds and give a
concrete example of one that cannot be blown-up.
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2. GENERALIZED COMPLEX GEOMETRY

Let M be a real 2n-dimensional manifold equipped with a closed real 3-form H.
The main idea of generalized geometry is to replace the tangent bundle TM by
the bundle TM :=TM & T*M. The latter carries two natural structures, the first
being a fiberwise natural pairing

(X+6Y +1) = 5(6() +9(X),

which is a non-degenerate metric of signature (2n,2n). The second is a bracket
on its space of sections which replaces the Lie bracket and is called the Courant
bracket. 1t is given by

[[X+€ay+77]] = [XaY] +£x77_ Lydg - LYLXH'

This version of the Courant bracket is not skew-symmetric but does satisfy the
Jacobi identity.

Definition 2.1. A generalized complex structure on (M, H) is a complex structure
J on TM which is orthogonal with respect to the natural pairing and whose (44¢)-
eigenbundle L C TM¢ is involutive[]

A Lagrangian, involutive subbundle L C TMc is also called a Dirac structure,
and it follows from the definition that generalized complex structures correspond
in a one-to-one fashion with Dirac structures L satisfying the non-degeneracy con-
dition LN L = 0.

Example 2.2. The main examples are provided by complex and symplectic geom-
etry:

(2.1) Ji = <_OI IO> T = (2 _%_1>.

The associated Dirac structures are given by L; = T%'M @ T*1'°M, where T M
denotes the (—i)-eigenbundle of I, and L, = {X —iw(X)| X € TMc}. Another

important example is provided by a holomorphic Poisson structure (I,0). If ¢ =
Q — iIQ, then

(-1 4IQ
(2.2) Jo = ( 0 I >
is generalized complex, with Dirac structure Ly, = {X + o(§) + £|X € T M,
£ € T*19M}. In these examples the 3-form is taken to be 0.

A useful way to look at generalized complex structures is through spinors. There
is a natural action of the Clifford algebra of (TM, (,)) on differential forms given
by

X+ p=1tp+ENp,
yielding an identification between the space of differential forms and the space of

spinors for C1(TM, (,)). A line subbundle K C A*T*Mc gives rise to an isotropic
subbundle L C TM¢ by taking its annihilator

L={X+¢eTMc|[(X +¢&) K =0}.

LA subbundle of TM is called involutive if its space of sections is closed with respect to the
Courant bracket.
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This gives rise to a one-to-one correspondence between Dirac structures L C TM¢
and complex line bundles K C A*T*M¢ which satisfy the following two conditions.
Firstly, K has to be generated by pure spinors, i.e., forms p which at each point x
admit a decomposition

(2.3) pr = BT AQ,

where B + iw is a 2-form and {2 is decomposable. This condition is equivalent to
L being of maximal rank. Secondly, if p is a local section of K there should exist
X + ¢ e I(TMc) with

d"p= (X +¢)-p.
This condition amounts to the involutivity of L. The condition L N L = 0 can

then be expressed in spinor language using the Chevalley pairing: If p € T'(K) is
non-vanishing, then

Ln Z’ =0 (paﬁ)c;,, = (P/\ ﬁT)tOP 7£ 0.

The superscript T stands for transposition, acting on a degree I-form by (51 A... A
Bi)T = BiA...AB1, and the subscript top stands for the highest degree component.
If p is given by ([Z3) at a particular point z, then this condition becomes

(2.4) WEAQAQ#0,

where 2n is the real dimension of M and k = deg(2). The line bundle K associated
to a generalized complex structure J is called the canonical line bundle, and the
integer k appearing in (2.4) is called the type of J at x. Structures of type 0 are
called symplectic, and those of maximal type n complex@ Another description of
the type is as follows. Every generalized complex structure naturally induces a
Poisson structure given by the composition

(2.5) 77 :T*M < TM L TM — TM.

The conormal bundle to the leaves, i.e., the kernel of 77, is given by the complex
distribution

vy =T"MNJ(T*M).

Note that v; might be singular as its complex dimension can jump in even steps
from one point to the next. The type at a point z is then given by

. 1
type,(J) = dime(vy), = icorankR(ﬂJ)m.

Having laid out the relevant geometric structures we need to define morphisms
between them.

Definition 2.3. A generalized map between (M7, H1) and (Ms, Hs) is a pair @ :=
(o, B), where ¢ : My — My is a smooth map and B € Q?(M;) satisfies p*Hy =
H, +dB.

2The reason being that they are equivalent to symplectic or complex structures, where equiv-
alence is defined in Definition 241
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We will often abbreviate (¢,0) by ¢ and drop the prefix “generalized”. An
important role is played by B-field transformations, maps of the formf (Id,—B) =:
eB. They act on TM via

(2.6) B X+ X+E6—1xB.

Given u € I'(TM) we denote by ad(u) : T'(TM) — I'(TM) the adjoint action with
respect to the Courant bracket. This infinitesimal symmetry has a flow, i.e., a
family of isomorphisms 1, : TM — TM characterized by the equation

d
%'l/)t(v) = —[u, ¥ (v)].
Concretely, if u = X 4+ £ and ¢, denotes the flow of X, then

(2.7) Y= (1) o€
where By 1= ¢*(d§ + ¢, H). A map ® = (¢, B) gives rise to a correspondence

fot Bgds
b

X+ExY+nESpX =Y, £=¢"n— 1B

Definition 2.4. A map ® : (My,H;,J1) — (M, Ho, Jo) is called generalized
holomorphic if

X+ Y4n= N(X+E) » Y +n).
It is called an isomorphism if it is in addition invertible.

Remark 2.5. It follows immediately from the definition that ¢ is a Poisson map,
ie., pumy, = mg,. This is quite restrictive; for example if the target is symplectic,
then ¢ has to be a submersion. In the complex category we recover the usual notion
of holomorphic maps.

In case ¢ is a diffeomorphism a more concrete description in terms of spinors can
be given. If K; is the canonical bundle for [J;, ® being an isomorphism amounts to
K1 = €B A QO*KQ

We now state the analogue of the Newlander-Nirenberg and Darboux theorems in
generalized complex geometry.

Theorem 2.6 ([2]). Let (M, H,J) be a generalized complex manifold. If x € M is
a point where J has type k, then a neighborhood of x is isomorphic to a neighborhood
of (0,0) in

(2.8) (RQn*Qk,wst) x (Ck, o),

where wg is the standard symplectic form, o is a holomorphic Poisson structure
which vanishes at 0, and the 3-form is zero.

Finally we come to the notion of a generalized complex submanifold. For this
the notion of holomorphic map as defined above is actually too restrictive. Let
® = (¢, B) be a map and let Ly be a Dirac structure on (Ms, Hy). We define the
backward image of Lo along ® by

(2.9) BD(Ly) = {X + ¢*¢ — 1, Blp.X + £ € Ly} C TM.

3The minus sign is chosen so that eZ A (X + &) - p) = (eB(X +€))-eB Ap.
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This is a Dirac structure on (Mj, Hy), provided it is a smooth vector bundle. A
sufficient condition for that is that ker(dy*) N ¢*L is of constant rank. Similarly,
the forward image of a Dirac structure Ly on (M7, Hy) is given by

SO(L1) = {p X+ X + 9" —1xB e L1} C o"TM,.

This will be smooth if ker(p.) N e;ZL has constant rank and projects down to
M, if it is constant along the fibers of ¢. In case ¢ is a diffeomorphism we have
FO(L) = p.(e;B(L)). A more detailed description of forward and backward images

in Dirac geometry, including proofs of the above statements, can be found in [5].

Definition 2.7. A generalized complex submanifold is a submanifold i : Y —
(M, H,J) such that Bi(L) is generalized complex, i.e., is smooth and satisfies
Bi(L) N Bi(L) = 0.

Remark 2.8. A sufficient condition for smoothness is that N*Y N J(N*Y) is of
constant rank. Moreover, the second condition is equivalent to J(N*Y)N(N*Y)+ C
N*Y. In complex or symplectic manifolds we recover the usual notion of complex,
respectively symplectic, submanifolds. Also, a point is always a generalized complex
submanifold. Note that in the symplectic case the inclusion map is only generalized
holomorphic if Y is an open subset.

3. BLOWING UP SUBMANIFOLDS

Before considering blow-ups in generalized complex geometry we discuss the
notion of blowing up a submanifold in the general context of smooth manifolds.
We emphasize that the blow-ups that will be considered here refer to complex
blow-ups and in particular should not be confused with so-called real (oriented)
blow-ups.

Definition 3.1. Let M be a smooth manifold and let C%7 be the sheaf of complex
valued smooth functions on M. Let Y C M be a closedd submanifold of real
codimension 2, with [ > 1. A holomorphic ideal for Y is an ideal sheaf Iy C C%7
with the following properties:

(i) IYlM\Y = Cjov?lM\Y‘

(ii) Each y € Y has a neighborhood U together with z!,... 2! € Iy (U), such
that 2z = (2!,...,2!) : U — C! is a submersion with Y N U = 271(0),
and Iy |, = (z,...,2%).

A holomorphic ideal turns NY into a complex vector bundle via N*Yy = N*1.0Y
& N*01Y, where Ny0Y := (dyz| z € Iy). Given a complex structure on N'Y there
are many holomorphic ideals inducing it, and one way to obtain them is as follows.
The zero section in NY carries a natural holomorphic ideal generated by T'(N*1:0Y"),
viewed as fiberwise linear functions on NY. We will call this ideal i®. Using a
tubular embedding of NY into M we can then glue this ideal on NY to the trivial
ideal on M\Y'. In fact, all holomorphic ideals for Y arise in this way.

Proposition 3.2. Let Iy be a holomorphic ideal for Y, inducing a complex struc-
ture on NY. Then there exists a tubular embedding + : NY — M such that
Iy = 18

4Closed in the sense of topological subspace; we do not necessarily assume that Y is compact.
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Proof. Let k : NY — M be a tubular embedding and consider x*Iy, which is a
holomorphic ideal for Y on NY inducing the same complex structurd] on NY as
Iin. Tt suffices to show that there exists a diffeomorphism ¢ of NY defined in a
neighborhood of Y that fixes Y and satisfies p*x* Iy = Ii". Then ¢ := ko will be
the desired tubular embedding. We will construct ¢ on N*YY | which is isomorphic
as a complex vector bundle to NY'.

Pick an open cover {U,} of Y together with trivializing frames e® = (ef, ..., ef)
for N1OY over U, with k = codim¢(Y). Such a local frame induces an identifi-
cation ¢~ 1U, = U, x CF by letting (z,2,) € Uy x C* correspond to >, zhe(z).
Here ¢ : N'9Y — Y denotes the projection. Let e = (gap),’ e be the tran51t10n
on a double overlap U, N Ug, so that in particular zﬂ = (gag)j 7. By taking the
U, sufficiently small we may assume that x*Iy is generated, on a neighborhood of

U, in ¢~'U,, by functions w}, ..., w*. By assumption, we know that

(3.1) dwl, |, = (ha)';dz] v,

for some family of invertible matrices h, on U,. We may absorb h, in the local
frame e, and assume without loss of generality that h, = Id. Let {p,} be a
partition of unity subordinated to {U,}. The expression w,q*(p.e®) defines a map
from a neighborhood of Y in N1.%Y to N'OY, given by

v Zwé(v)pa(q(v))G?(Q(U))~

It sends fibers to fibers and restricts to the identity on Y, and outside U, it maps
all fibers to zero. Note that the same expression without the p, would only be
defined over U,. Define

(3.2) = Zwaq pae®) : NYOY — N0y,

which is well-defined in a neighborhood of Y in NY. Again, this map is fiber
preserving and restricts to the identity on Y. We claim that its derivative along Y
is the identity, so that it induces a diffeomorphism of neighborhoods of Y in NY.
Indeed, to check this we look in a particular coordinate chart ¢—'U, = U, x CF.
There, v is given by

(3.3) P ZP/B (980 (@), (@)wh(z, 2))-
Using (B31) with h, = Id we see that
(Zm (950(@))wh(@, 20) Iy = gpﬂu)(g&y(wvdwg(z,za>|y
=D pe(@)dzgly = dzily,

which implies that diy|y = Id; hence v is a local diffeomorphism around Y. From
the local expression (B3] it is clear that w*I%i/“ = k*Iy, so ¢ = ¥~ is the desired
diffeomorphism. |

5This is because drx|y : T(NY)|y — TM]|y induces the identity map on NY.
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The main point in the above proof is the construction of the map ¢ in ([3.2]) which
relates any holomorphic ideal for Y on NY to its linearization. Since the functions
Wa(t) := (1 — t)zq + twy all satisfy dw, (t)|y = dzaly, the family 1)y, defined by
the same equation as ¢ but with w, replaced by w,(t), defines an isotopy from the
identity to ¥ = 11 on a small enough neighborhood of Y in NY. Consequently,
if Y is compact we may use the isotopy extension theorem to obtain the following
corollary.

Corollary 3.3. If Y is compact and if Iy and I{, are two holomorphic ideals for
Y that induce the same complex structure on NY , then there is a diffeomorphism
¢ of M with ¢*Iy = I,.

We will mainly be interested in holomorphic ideals for smooth submanifolds, but
in order to state the definition of the blow-up we also consider singular submanifolds
of codimension 1.

Definition 3.4. A divisor on M is an ideal sheaf Iy C C'§7 which locally can be
generated by a single function and whose zero set Y is nowhere dense in M.

Remark 3.5. To define the blow-up it is enough to work only with divisors whose
zero set Y is smooth. This is not necessary though, and working with general
divisors gives a slightly more general universal property in Definition below.
The condition on Y being nowhere dense is necessary because we are working with
functions that are not necessarily analytic.

Equipped with these definitions we can define the notion of blowing up in the
same way as is usually done in algebraic geometry.

Definition 3.6. Let Y C M be a closed submanifold and let Iy be a holomorphic
ideal for Y. The blow-up of Iy in M is defined as a smooth manifold M together
with a smooth blow-down map p : M — M such that I := p*Iy is a divisor and is
universal in the following sense: For any smooth map f X — M such that f*Iy is
a divisor, there is a unique f X — M such that the following diagram commutes:

X%M

N

M

Theorem 3.7. The blow-up (M, p) exists and is unique up to unique isomorphism.
Moreover, p: M\Y — M\Y is a diffeomorphism, Iy is smooth, and p:Y —Y is
isomorphic td P(NY) —-Y.

Proof. By definition we can cover M by charts which are either disjoint from Y
or are of the form C' x R™ with coordinates (z!,...,2!,x',... 2™), where the
2" are as in Definition B.] (ii) and z° are coordinates on Y. If we can construct
the blow-up on each individual chart, then the universal property implies that all
the local constructions can be glued into the desired manifold M. On a chart not

intersecting Y we do nothing as Iy is already (trivially) a divisor there. On a chart

SHere P(NY') denotes the complex projectivization of NY with respect to the complex structure
on NY induced by the holomorphic ideal.

Licensed to Universiteit Utrecht. Prepared on Mon Oct 28 07:30:01 EDT 2019 for download from IP 131.211.104.202.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



BLOW-UPS IN GENERALIZED COMPLEX GEOMETRY 2117

U = C! x R™ as above with Y N U = {0} x R™ we define U := C! x R™ and
p=(mId): U — U where 7 : C! — C! is the blow-up of the origin. Recall that

Cl = {(z, [a])|z € [2]} C C! x P2

has a cover by [ charts on which 7 has the form

(3.4) R T L T L ,vl) = (2t 2T 2 2t zivl)

for i < I. Now suppose that f : X — U is a map such that f*(Iy|,) is a divisor
with nowhere dense zero set D. The desired lift ]7: X — U is already uniquely
defined on X'\ D because 7 is an isomorphism over C'\{0}, so we only have to show
that f extends smoothly over D. To that end write f = (f,..., L, f, ..., f'™),
so that f*(Iy|,) = (f',..., f!). By definition of being a divisor there exists, on
a neighborhood V of any zo € D, a function g with (g) = (f1,..., f!). Therefore
there exist a’,b; € C*°(V) with f* =a'g and g =, b; f*, and so, since g # 0 on a
dense set, we obtain ), a'b; = 1. In particular there is an index iy such that, after
possibly shrinking V, a® is nowhere zero. The map f: VAD — U maps into the
chart (34 for ¢ = iy, where it is necessarily of the form

rl fl (.13) i fl (l‘) 1 l
[z (5 s f(x), ., @), M ().
(f“’(m) (z) oo () (z) (z))
Since fi/f% = a'/a™ we see that f indeed extends smoothly over the whole of
V' and therefore over the whole of D. So, from the above discussion the blow-up

D M — M indeed exists and is unique. Its further mentioned properties are easily
verified from the construction. |

Remark 3.8. It follows from the universal property that the blow-up construction
is functorial; i.e., for any map f : (M, Iy,) — (Ma, Iy,) with f*Iy, = Iy,, there
is a unique map f: Z\,Zl — ]\Afg making the obvious diagram commute. Note that
f*Iy, = Iy, implies that the induced map df : NY; — NY5 is complex linear and
injective. One case where this occurs is when f : My — (Ma, Iy,) is transverse to
Ys. Then f*Iy, is a holomorphic ideal for Y7 := f~1Y5.

If Y C M is a compact submanifold whose normal bundle NY is equipped with
a complex structure, then we obtain a holomorphic ideal for Y on M which, by
Corollary B3] is unique up to (non-canonical) diffeomorphism. In particular, we
can blow up Y in M to obtain another smooth manifold M , which is unique up to
(non-canonical) diffeomorphism.

Definition 3.9. Let Y C M be a compact submanifold with complex normal
bundle. The blow-up M of Y in M is defined as the blow-up with respect to any
holomorphic ideal inducing the given complex structure on NY'.

Remark 3.10. We call M the blow-up of Y in M, even though M is only unique
up to non-unique diffeomorphism.

3.1. Generalized Poisson submanifolds. In this section we will look at general-
ized complex submanifolds for which the geometry in normal directions is complex.
The precise definition is as follows.

Definition 3.11. Let J be a generalized complex structure on M. A generalized
Poisson submanifold is a submanifold Y C M such that J(N*Y) = N*Y.
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This condition is equivalent to J(N*Y) N (N*Y)L = N*Y; hence general-
ized Poisson submanifolds are automatically generalized complex] in the sense of
Definition 71 Since J is orthogonal it also preserves (N*Y )L, and this gives
an explicit description of the generalized complex structure induced on Y via
TY = (N*Y)L/N*Y. In this description it is clear that the inclusion map is
generalized holomorphic, and so Y is a Poisson submanifold for 77, justifying the
terminology. The key fact in the blow-up theory of generalized Poisson submani-
folds is the following.

Proposition 3.12. Let Y C (M, J) be a closed generalized Poisson submanifold.
There is a canonical holomorphic ideal Iy whose associated complex structure on
N*Y is given by J.

Proof. Consider a generalized complex chart U = (R2"~2¥ () x (C*, o) around a
point in Y as provided by Theorem Since Y is a union of symplectic leaves we
have YNU = W x Z where W C R?"~2* is open and Z C CF is a complex submani-
fold which is Poisson for o. By choosing appropriate holomorphic coordinates z* on
C* we may assume that Z = {z!,..., 2! = 0}, and a natural choice of holomorphic
ideal for Y in U is then given by (z!,...,2!). To patch these local ideals into a
global one we need to show that on the overlap of two charts the correspondin
ideals match. So suppose (R2"72 ;) x (C*¥,0;), i = 1,2, are two local model
and suppose that (¢, B) is a generalized complex isomorphism between them which
maps Y to itself. Let (z, z) and (y,w) be coordinates on the two charts, where z,y
and z,w denote the symplectic, respectively complex, directions, and such that Iy
is given by (z!,...,2"), respectively (w',...,w'). By symmetry it suffices to show
that p*w’ € (2%,...,2%) for all i < I. As is shown in [I4, Ch. VIJ, this condition
may be verified on the level of Taylor series, and since p*w’ € (z1,... 20 21 ... 21
because ¢(Y) =Y, we only need to verify that

omw’
(3.5) my:o, Vr >0, Yi,i1,..., 0 € {1,...,1}.
Here we are abbreviating w® := ¢*w®. The case r = 0 reads w'|, = 0, which is
satisfied since ¢(Y) =Y. To verify (B we first write what it means for (¢, B) to
be an isomorphism:

(3.6) et N et (d2t . d2F) = ef BT A o2 (ot .. dwt).

The factor ef is there because we are taking representatives of the spinor line. At
Y, using that Y is Poisson, [B3.6]) becomes

et Adzt . d2t AN e (d2TY L dRR) =el B A dut L dw! A €72 (dw' T L dw”).

Now apply dw® A Lo_;, » with 7,41 < [, to both sides. The left hand side vanishes,
while the only survivor on the right is given by

X3

%ef+3+i”2 Adw? ... dw' A e”(dw”l ... dwk)7
0z

"Note that N*Yc Ni*L = N*Y¢ so Bi(L) is automatically smooth, where i : Y — M denotes
the inclusion.

8Strictly speaking we should look at open neighborhoods of 0, but for the sake of notation
we suppress this. Also note that we can assume that the “k” in both charts is the same, as the
type can only jump in even steps and (R*$ wst) is isomorphic to (C2%,0¢) for o an invertible
holomorphic Poisson structure.
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so ([B.5) holds for » < 1. This implies in particular that the forms dz'...dz! and
dw' ... dw' are proportional along Y, where again we think of w’ as a function of
(z,2).

Suppose inductively that for some m > 1 equation (B3] is satisfied for all r < m.
Apply dw' A Ly, ---Lo,, , for any i,i1,... i, < I, to both sides of (B.6) and
evaluate the resulting expression at Y. The left hand side will vanish again because
wy is independent of z and o7 is holomorphic. Using multi-index notation, the
Leibniz rule gives

(3.7)

O=dw'A Y Lo, (efTBTNLy (7)) Lo (dw' ... dw') Lo, (dw'™ .. dw").
I{u.JI_lK[_IL
={%15--ylm

Claim. We have Ly_, 02(dw’)|,, = 0 for all J C {i1,...,im} and j <.

Let us accept this claim for the moment and continue with the proof. We com-

pute
(3.8)
) aIK\+1w1 HIKI+1y, OIKI+14,d
Lo dw’ = 3zaagK Z 9za95K 2+ Z OzbOzK dz”.
1<a<k 1<a<k 1<b<2n—2k

If j < I, the function 0/%lw’ /925! vanishes along Y by the induction hypothesis.
Hence, at Y the first and second terms above with a > [ together with the entire
third term vanish, because we differentiate in directions tangent to Y. If in addition
|K| < m, the second term vanishes by the induction hypothesis. It follows that
for K C {i1,...,im}, Lo_ (dw' ...dw')|, is proportional to (dw" ...dw")|, . Using
the Claim, these terms all disappear from (B1) because we wedge everything with
dw®. Tt is then readily verified that ([B3.7)) reduces to
0 = ef HBHiw1 o2 Llwldzim“dwl dw®

0z ... QZim+1
1<ipmp1 <l

at Y. So ([33) holds for r = m + 1 as well and therefore for all r by induction. O

Proof of Claim. If we write 0o = 03°0,a 0,0, the Poisson condition implies that o§?
vanishes at Y for a <[ or b < [. A repeated Lie derivative on o5 will be a sum of
terms of the form
8T0.ab

Using the chain rule and the fact that o9 is holomorphic we can rewrite the first
term in terms of w-derivatives. By the induction hypothesis there are no derivatives
in the w'-directions for i < I, because these come together with a term of the form
ow' / 0z% or a further derivative thereof. Moreover, if either a < [ or b < [ there
are also no w'-derivatives for i > [ because these are tangent to Y along which o
is constantly equal to zero. Hence ([B.9) will only be non-zero at Y for a,b > [, and
so to prove the Claim it suffices to show that (Lo, ... Lo, D) (dw?)|,, = 0 for
a > 1,7 <l. Abbreviating J = {j1,...,js} we have

0=Lo(dw (Dpe)) = > (Londw!)(L;00ue).

Jiude=J

(3.9) Lo, 0ue)(Lo,, Loy, Dup)-
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From equation (3.8) and the comments below it we see that £ss, dw’ is a linear
combination of dw’ with j' <. The result then follows by induction over s. [

Having a canonical holomorphic ideal for Y we obtain a canonical blow-up M.
We now investigate whether M carries a generalized complex structure for which
the blow-down map p is holomorphic. Clearly this structure exists and is unique on
M \}N/, and we only need to verify whether it extends over Y. From the definition
of the ideal Iy and the blow-up construction, p is locally given by

R2=H) x Bl,C* — R*"R) x CF,

where Bl,CF is the complex blow-up of Z C CF. The target is equipped with
the generalized complex structure determined by the standard symplectic form on
R2("=F) and a holomorphic Poisson structure o on C*. Clearly this structure lifts if
and only if o lifts. So we are led to the following question: When does a holomorphic
Poisson structure lift to a blow-up? This was addressed by Polishchuk in [I6], and
for completeness we review the results here in more differential geometric language.
Recall that Z C (X,0) is a holomorphic Poisson submanifold if and only if its
holomorphic ideal sheaf I; of functions vanishing on Z is a Poisson ideal. In that
case N*1:°Z inherits a fiberwise Lie algebra structure, given by the Poisson bracket
under the natural isomorphism N*19Z = [, /12 To state the blow-up conditions
on Z we need the following terminology.

Definition 3.13. A Lie algebra g is degenerate if the map A3g — Sym?(g) given
by

TAY Az [yl + [y, 2o+ [zaly
vanishes.

Remark 3.14. Geometrically, this is equivalent to the condition that the Lie bracket
of any two elements lies in the plane spanned by them. In particular, it depends
on the base field over which g is defined. For instance, the complexification of a
degenerate Lie algebra over R is degenerate over C, but a degenerate Lie algebra
over C need not be degenerate over R when we restrict scalars. It is shown in [10]
that degeneracy is equivalent to being either Abelian or isomorphic to the algebra
generated by eq,...,e,_1, f, with relations [e;,e;] = 0 and [f,e;] = e;. Note that
2-dimensional Lie algebras are always degenerate.

If Z is Poisson we call N*1:°Z degenerate if its fiberwise Lie algebra structure is
degenerate over C. This is equivalent to the condition

(3.10) {f,9th+{g.h}f +{h,flge I} Vf.g.helz.

Now let p : X — X denote the complex blow-up along a complex submanifold Z,
and let Z be the exceptional divisor. We say that o can be lifted if there exists
a holomorphic Poisson structure ¢ on X for which p is a Poisson map. Note that
a lift is necessarily unique, because p is an isomorphism almost everywhere. The
proof of the following proposition is due to Polishchuk [I6]; for the convenience of
the reader we reproduce it here.

Proposition 3.15 ([10]). There exists a lift o on X if and only if Z is a Poisson

submanifold and N*':°Z is degenerate. The exceptional divisor Z is a Poisson
submanifold if and only if N*10Z is Abelian.
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Proof. Let z',..., 2 be local coordinates on X with Z = {z!,..., 2! = 0} for some
I < k. This is covered by [ charts on X on which the projection has the form (cf.
B.4)

(3.11) p:(vh, ..,z ol 2 ) s (2%t 2 2l 2T 2R
for a < l. Then p is an isomorphism on the open dense set {z% # 0}, where we
have v/ = 27 /2% We have to verify when the brackets extend smoothly over the

exceptional divisor {z* = 0}. There are two types of brackets that cause trouble.
Firstly,

o v 1. .
(312) {szvj} = {Zla _} = _{szzj} -
z¢ 2
fori=aori>1, and j <[ with j # a. Secondly,
(313 ' ={G 2} = G (A ),

for 1 <i4,j <1l,i+# a# j. Now (BI2) extends smoothly over z* = 0 for all a if
and only if I is Poisson, while (813 extends over z* = 0 for all a if and only if
Iz is degenerate in the sense of (B.1I0). Finally, I3 is generated by 2%, and this is a
Poisson ideal if and only if the right hand side of BI2]) for ¢ = a is divisible by 22,
which is equivalent to {Iz, 1z} C I%. O

{2},

(24)?

IfY C (M,J) is a generalized Poisson submanifold, then Y is in particular a
Poisson submanifold for 77, and so N*Y inherits a fiberwise Lie algebra structure
in the same manner as discussed above in the holomorphic Poisson context. As
e.g. shown in the proof below, this Lie bracket is complex linear with respect to
the complex structure on N*Y induced by J. We call N*Y degenerate if the Lie
algebra structure is degenerate over C.

Theorem 3.16. Let Y C (M,J) be a generalized Poisson submanifold and let
p: M — M denote the blow-up with respect to the canonical holomorphic ideal Iy .

Then M has a generalized complex structure for which p is holomorphic if and only
if N*Y s degenerate.

Proof. Pick a local chart where Y = W x Z C (R*"%) ) x (C*, o) with W open
and Z a holomorphic Poisson submanifold (cf. the proof of Proposition BI2]). As
explained in the discussion above, the generalized complex structure lifts to the
blow-up if and only if & lifts to the blow-up of Z in C*, which we now know to be
equivalent to N*1'0Z being degenerate. Denote by N*Z the normal bundle of Z
considered as a real submanifold, which carries a complex structure because Z is a
complex submanifold. If Q = Re(o) we have

0, flg = dQ(a, §) = d(5o(a™, ) + L5(a%, 6°)
= 5[, 80 + 2 [a%, 505,

for o, 3 € N*Z. Consequently the complex isomorphism N*Z — N*10Z given
by a — o' carries [,]g over to 3[,]o. In particular, N*'°Z is degenerate if and
only if (N*Z,[,]q) is degenerate as a complex Lie algebra. Now in the local chart
N*Y = N*Z and 77 = —w; * @ 41Q. Hence [,lg and [,], agree up to a complex
multiple, and so one is degenerate over C if and only if the other one is. O
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Since degeneracy is automatic in codimension 2, we obtain Corollary B.17

Corollary 3.17. IfY is a generalized Poisson submanifold of complex codimension
2, then it has a generalized complex blow-up.

Example 3.18. Let (M, J) be a generalized complex manifold. In [3] it is shown
that the complex locus, i.e., the points of type 0, carries canonically the structure
of a complex analytic space. Any complex submanifold of the complex locus is then
a generalized Poisson submanifold and can be blown up as soon as its conormal
bundle is degenerate. The easiest applications are in complex codimension 2 where
degeneracy is automatic. For example, any point in the complex locus on a gen-
eralized complex 4-manifold can be blown up. This generalizes the corresponding
result from [7], where it was assumed that the point lies in the smooth part of the
complex locus.

Example 3.19. We mention here an explicit example of a generalized Poisson
submanifold of positive dimension that can be blown up. In [II] it is shown
that any even-dimensional compact Lie group admits a generalized Kdhler struc-
ture, i.e., a commuting pair of generalized complex structures (Ji, J2) for which
(u,v) = (J1u, J2v) is positive definite on TM. As shown in [I7], one can construct
such a generalized Kahler structure out of left- and right-invariant complex struc-
tures on the group in such a way that a maximal torus is a generalized Poisson
submanifold for J;. Applying this to the Lie group S3 x S? yields a generalized
Poisson submanifold S* x S c S x S3, which can be blown-up because it has
complex codimension 2.

The following result shows how blow-ups can be used to desingularize the type
change locus of a generalized complex 4-manifold.

Theorem 3.20. Let (M, J) be a 4-dimensional generalized complex manifold which
is of symplectic type on an open dense set and with complex locus Z C M. Then
there exists a generalized complex manifold (M, j) whose complex locus Z has at
most normal crossing singularities, together with a generalized holomorphic map
p: M — M that induces an isomorphism between M\Z and M\Z.

Proof. Since Z is locally described by the vanishing of a holomorphic Poisson tensor
in two complex dimensions, it locally looks like a complex curve. By Example B.I8|
we can blow up any point on Z to obtain another generalized complex manifold.
In general, if C' C X is a complex curve on a complex smooth surface X, one can
perform a locally finite number of blow-ups on X so that the underlying analytic
set of the total transform of the curve C' has only ordinary double points. A proof
of this fact can be found e.g. in [4]. In particular, the total transformd itself will be
a normal crossing divisor with possible multiplicities (so in local coordinates z1, 29
it will be given by 2¢25 = 0 for some a,b € Z~(). Now we do not have a global
complex structure available, but this desingularization procedure is purely local, so
we conclude that after a finite number of blow-ups we get a generalized complex
manifold whose complex locus, as a complex analytic space, has at most normal
crossings as singularities. O

9The total transform of a subset C under a blow-up equals p~1(C) where p is the blow-down

map, while the proper transform equals p~1(C)\E.
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3.2. Generalized Poisson transversals. We now focus on submanifolds where
the geometry normal to the submanifold is symplectic.

Definition 3.21. Let (M, J) be a generalized complex manifold. A generalized
Poisson transversal is a submanifold Y C M satisfying

(3.14) J(N*Y)n (N*Y)+ =0.

Remark 3.22. The above condition automatically implies N*Y N J(N*Y) = 0;
hence generalized Poisson transversals are in particular generalized complex sub-
manifolds[[d Note that BI4) is equivalent to 77 (N*Y)+TY = TM]ly; ie, Y is
a Poisson transversal for the underlying Poisson structure w7. Geometrically, YV
intersects the symplectic leaves of 77 transversally and symplectically. Note that
if J is complex, then Y has to be an open subset, while if 7 is symplectic, then Y
has to be a symplectic submanifold.

3.2.1. A normal form theorem. Let Y — (M, J) be a generalized Poisson transver-
sal. To blow up Y we need a description of a neighborhood of Y in M. Since Y
is a generalized complex submanifold it has its own generalized complex structure
Jy. Moreover, the splitting TM|y = TY @ NY, with NY := 77 (N*Y), induces
a decomposition (77)|y = 77, + wy, where w7, equals the Poisson structure on
Y induced by Jy and wy € I'(A2NY) is non-degenerate. The suggestive notation
for the latter indicates that we will consider wy as a symplectic structure on the
bundle N*Y. In what follows we will implicitly identify Y with the zero section in
N*Y and use the decomposition

(3.15) T(N*Y)ly = N*Y & TY.

We will first show that associated to (Jy,wy), there is a family of generalized
complex structures on a neighborhood of Y in N*Y. For that we need the following
lemma.

Lemma 3.23. There exists a closed 2-form o on the total space of N*Y, which
along Y 1is given by wy @ 0.

Proof. Choose a Hermitian structure (g, ) on N*Y compatible with wy. Let e; be
a local unitary frame with dual frame e’, such that wy = % > j eJ A&/, We obtain
local coordinates (z,z) on N*Y" by identifying (z,z) with the point >, Zej(x).
Note that the z-coordinates are complex. If p, is a partition of unity and e} are
local frames as above, define

(3.16) A= Zp*(pa)%zajdéaj.
g

Then o := d\ restricts to wy on Y, and its restriction to each fiber of N*Y is the
translation invariant extension of wy. Note that this particular choice of X is also
U(1)-invariant. a

Theorem 3.24. Associated to the data (Jy,wy) there is a family of mutually
isotopic generalized complex structures on a neighborhood of Y in N*Y.

10As i*L N N*Yg = 0, Bi(L) is smooth. Here i : Y < M denotes the inclusion.
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Proof. If o is a closed extension of wy as in Lemma [3.23 we define a Dirac structure
L, on the total space of N*Y by

(3.17) Ly := €7 (Bp(Ly)),

where p : N*Y — Y is the projection. It is integrable with respect to the 3-form
H :=p*Hy where Hy := i*H, and along the zero section we have

Loy, ={X+&+e—iwy(e)|] X +& € Ly,e € N'Y},

where we used the decomposition ([3I5). In particular L,NL, = 0 at Y, hence also
in a neighborhood of Y in N*Y. We will denote the resulting generalized complex
structure by J,. The family of the theorem is by definition the set of J,, where o
ranges over the closed extensions of wy. If o and ¢’ are two closed extensions, we
obtain a family of closed 2-forms o, := (1 —t)o +to’ all extending wy. We can now
apply Lemma below, which is a generalization of the well-known Moser trick,
to conclude that J, and J,: are isotopic. O

Lemma 3.25. Let o; be a family of closed 2-forms extending wy and let L,, be
the corresponding family of Dirac structures. Then there is a neighborhood U of
Y in N*Y and a family of embedding O, = (py,By) : U — N*Y, satisfying
Oy = (Id,0) and §P4(Ly,) = Ly,. Furthermore, ®; = (4, By) fixzes Y up to first
order, in the sense that @iy =1d, dpily =1d, and Bi|ly =0 for all t.

Proof. Since o; — 0 vanishes on Y, Lemma [3.26] below provides a family n, €
QYN*Y) with o, — 09 = dn; and such that the 1-jet of 7, vanished'3 along Y. By
definition,

Ly =L, = eiﬂt (%p(Ly)) = eid??t (Loo)'

t

Since dn; vanishes at Y, L; defines a family of generalized complex structures J;
in a neighborhood U’ of Y, integrable with respect to the 3-form H. Consider the
time-dependent generalized vector field J;7, =: X; + & on U’ and let ¢, , be its
flow, given by

(3.18) Prs = (©r.s)s 0 €x s sar,s(dEMLLXTH)dr7

where ¢,  is the flow of the time-dependent vector field X;. Since the 1-jet of 7,
vanishes on Y, we can find a smaller neighborhood U C U’ with the property that
¢rs : U — U’ is a well-defined embedding, fixing Y to first order. We claim that

(3.19) Ly = oLo.

From the formula for L; this amounts to showing that ey v Yi0Lo = Lo. We have

o | |
ey o () = =i, e 0 (w)] — € [T, Y0 (w)]

dt
(3.20) = [ = Tome, e peo(u)]-
This shows that e*_idmz/)t,o integrates the adjoint action of —in, — Jon: € T'(Lo).
Since I'(Lyp) is involutive, (319) indeed holds. The desired family is then given by

t
®; = (@1, By) = (sﬁt,o,/ oro(dér + 1y, H)dr). a
0

11We call a generalized map (g, B) an embedding if the underlying smooth map ¢ is.
12That is, if we write n; = > i Me,i(x)dz® in a local coordinate system, then the functions 7 ;
and 9;m;,; all vanish on Y for each t.
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Lemma 3.26. Let oy € QN(E) be a family of closed forms on the total space
of a vector bundle E over Y, which all vanish at Y. Then there exists a family
ne € QF1(E) with dny = oy, such that for each t the 1-jet of the form n; vanishes
along Y.

Proof. Let V denote the Euler vector field on E, ie., Ve = ¢ for £ € E. Its flow is
given by ¢,(§) = e*¢, and we have

0 0
ap = sg@m(wooet —pioy) = / 75 Paauds = d(LV / wsatd8> =: dn;.

Another formula for 7, is given by . = ¢, fol %L’Skatds, where Ly denotes left-
multiplication by s on . The forms n; then satisfy all the properties of the lemma.
O

Theorem [3.24] shows that for any symplectic vector bundle over a generalized
complex manifold, a neighborhood of the zero section carries a generalized complex
structure for which the zero section is a generalized Poisson transversal. Our next
aim is to show that all compact generalized Poisson transversals locally arise from
this construction. To establish that, we will construct an embedding of a neighbor-
hood of Y in N*Y into M that pulls back 7 to one of the structures of Theorem
This embedding will only depend on the choice of a connection on T'M, and
all such embeddings will turn out to be isotopic to each other.

Let p: T*M — M be the cotangent bundle and choose a connection V on T'M,
whose dual connection on 7% M we also denote by V. Using the Poisson structure
w7 we obtain a vector field V' on the total space of the bundle 7% M, whose value
at £ € T*M is given by Vg := Wj(f)lg, the horizontal lift of the vector 77(€) at the
point & € T* M with respect to the connection V. We denote by ¢, : T*M — T*M
the flow of V' and define

:N*Y — M.

exp :=p oy

N*Y

Lemma 3.27. The map exp restricts to a diffeomorphism between a neighborhood
of Y in N*Y and a neighborhood of Y in M. If V' is a different connection, then
exp’ is isotopic to exp via maps which all agree along Y up to first order[™

Proof. By definition of V' we have L}V = sV for s € R, where L, denotes mul-
tiplication by s on the fibers of T*M. It follows that] 0t(Ls&) = Ls(pst(€)) for
& e T*M. Hence,

dyor(€) = 1| (L) = €+t (6),

ds
s=0
fory € Y C N*Y. Since V vanishes at ¥ we have exp |,, = Id, and so
(3.21) dyei(§v) = (§, v +1tmy(8))

in terms of the decomposition (BI5). Composing with p gives d, exp(§,v) = v +
7 7(€); hence by transversality of Y we see that exp is a local diffeomorphism. Since
exp|, = Id and Y is properly embedded, exp gives a diffeomorphism between a
neighborhood of Y in N*Y and a neighborhood of Y in M. As the space of

13That is, they all restrict to the identity on Y, and their derivatives Ty(N*Y) — Ty M all
coincide for y € Y.
14This equality is similar to the more familiar equality v, y (£) = vy (st) for geodesics.
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connections is affine, we can connect any other connection V' to V by a path
of connections {V'};c(o1] (e.g. the linear path), whose exponentials exp’ give the
desired isotopy. Since (B.2I)) is independent of V!, the maps exp! all agree up to
first order along Y. O

We will now explicitly construct one of the generalized complex structures from
Theorem [3:24] which agrees with exp*(J) (up to B-field transform). Denote by wean
the canonical symplectic form on 7" M, and recall that for y € M and X,Y € T, M,
a,BeT M,

(3.22) (Wean)yla+ X, +Y) =a(Y) — B(X)
in terms of T(T*M)|,, =T*M & TM.

Lemma 3.28. Define

t
(3.23) O 1= —/ (¢s)* Weands € QA(T*M),
0

where pg is the flow of the vector field V. Then o := i*c1 is a closed extension of
wy, where i : N*Y — T*M denotes the inclusion.

Proof. Recall that T(N*Y )|y = N*Y & TY, so that elements of T, (N*Y") can be
written as a + X, for « € NjY and X € T,Y. Using 3.21), (B.22), and the
definition of &;, we obtain

1
o (0t X, f+Y)=— / (@ean)y (@ + (X + 577(0)), B + (¥ + sm7(5)))ds

=— /0 2sa(m 7 (B))ds = wy (a, B)

for all a, 8 € NjY and X,Y € T,Y. This shows that o is indeed an extension of
Wy . O

We are now ready to state the normal form theorem.

Theorem 3.29. Let Y C (M,J) be a generalized Poisson transversall™ Then a
neighborhood of Y in (M, J) is isomorphic to a neighborhood of Y in (N*Y, j),
where J is one of the generalized complex structures of Theorem [3.241

Remark 3.30. In particular, this result tells us that on a neighborhood of Y, J is
completely determined by the induced generalized complex structure Jy on Y and
the induced symplectic structure on the vector bundle N*Y'.

Proof. The vector field V' defined above is part of the generalized vector field V
on T*M defined by V¢ := (Jﬁ)?, the horizontal lift of J¢ € T))M to & € T*M
with respect to the connection V. If ¢, denotes the flow of V, then a computation
similar to ([B.20) shows that

d i . o~
Ewteiat (u) = [[_Z)‘Can - Vu "/Jteigt (u)]]

Since (—tAcan — V)e = (—i€ — jf)? € Bp(L) and Bp(L) is involutive, et
preserves Bp(L) and so

(3.24) 7 Bp(L) = - Bp(L),

15Note that Y is not assumed to be compact, but we do require it to be closed in M.
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as Dirac structures on T*M. Here is an overview of all the maps involved:

NY 1M -2 T M

S

The left square is commutative, but the right triangle is not. Now if we apply Bi
to [B:24) at t = 1, the left hand side becomes e“BiBp(L) = e”Bp(Ly) where
o = i*oy. This is precisely one of the structures from Theorem If we write
Py = (i) ez Bt (see (7)), the right hand side becomes

Bi(yp-1Bp(L)) = BiBP1Bp(L) = B(po &1 04)(L),

where ®; := (¢, Bt). Now po ®; 0i = (exp,i*By), so if we define B :=i* By, then
(exp, B) is indeed holomorphic with respect to J and J. O

3.2.2. Blowing up. In this section we will use the normal form theorem for Y to
construct the symplectic version of the blow-up. To motivate the upcoming dis-
cussion let us recall how to blow up a point using symplectic cuts (cf. [I3]). Let
wst = % (dw A dw + > dz? A dz7) be the standard symplectic structure on C x C"
and consider the Hamiltonian S*-action given by e - (w, z) = (e"w, e 2), with
moment map

(3.25) plw,2) = 3 (21 ~ ).

Now S acts freely on p~'(3e?) for € > 0, and the map x : p=*(3¢2) — C" x P!

2
given by

K (w,2) (%, [2])

induces a diffeomorphism from p~*(4?)/S* onto C" = {(z,1)|z € 1}, the blow-up
of C" at the origin. It is a well-known fact that x*(priws + €2priwrs) = wet,
giving an explicit description of the symplectic form on the reduced space. Finally,
consider the following slice for the S'-action:

o CNBe = i (52, ues (VIE— )

Here B. is the ball of radius . Clearly ¢*wy = £ 3 ; dud Adu? , which shows that the
symplectic quotient u‘l(%€2)/ S' is symplectomorphic, away from the exceptional
divisor, to (C™\B.,wst).-

To use this in our setting we need a reduction procedure for generalized complex
structures. A general reduction theory has been introduced in [6], but we only need
a very special case, which we will present here. In what follows, an S'-action on
(Z,H,J) is understood to be an S'-action on the manifold Z which preserves J
and for which tx H = 0, where X is the associated action vector field. In analogy
with symplectic geometry we call u: Z — R a moment map if 7X = dp.

Proposition 3.31. Suppose we have an S*-action on (Z, H,J) with moment map
p. If i p=t(c) = Z is a reqular level set with quotient q : p='(c) — p=*(c)/St,
then Fq(Bi(L)) gives a generalized complex structure J' on u=t(c)/St. If p is a
local spinor for J which is S'-invariant, then i*p = q*p’ for a unique form p' on
the quotient which is a spinor for J'.
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Proof. The inclusion of a regular level set i : 4~ 1(c) < Z has real codimension 1
so that Bi(L) is automatically smooth, and we have

(3.26) Bi(L)NBi(L) =C- X.

By the assumption tx H = 0 we can write H = ¢*H' for a (unique) 3-form H’ on
the quotient, so ¢ is a generalized map. It satisfies ker(dq) N Bi(L) = C- X, which
is of constant rank 1, so the forward image Fq(Bi(L)) is smooth and projects down
to u=1(c)/St because Bi(L) is S'-invariant. It is generalized complex because of
B26) and the fact that X spans the kernel of g.. Let p be a local spinor for L
which is Sl-invariant. Then i*p is non-zero on p~1(c) and is an Sl-invariant spinor
for Bi(L). Moreover,

0=(X—iJX) -p=(X—idu)-p

implies that ¢,i*p = 0; hence i*p comes from a unique differential form on
pu~t(e)/S*. This will be a spinor for the induced generalized complex structure
on the quotient. O

Consider now a generalized Poisson transversal Y C (M, J), with wy the in-
duced symplectic structure on N*Y. As in the proof of Lemma [3.23] we choose a
compatible Hermitian structure (g, I) on the bundle N*Y and use it to construct
an Sl-invariant 1-form A on the manifold N*Y of the form (B.I6). In particu-
lar its differential ¢ = d\ is a closed extension of wy which is S'-invariant and
whose restriction to the fibers is translation invariant. Consider the S!-action on
Z :=C x N*Y given by

e (w,z) = (ew, e "2),
and denote by X € T'(TZ) the induced action vector field. We equip Z with the

3-form p*Hy and the generalized complex structure which is the product of the
standard symplectic structure on C and 7, on N*Y as defined by equation (3I7).

Lemma 3.32. The map pn : Z — R given by p(w,z) := 3g(2,2) — 3|w|? is a
moment map.

Proof. We can write X = (X1, X2) on C x N*Y with X; the corresponding action
vector field on the separate factors. In particular X5 is vertical, and by definition
of J, we have J (X1, X3) = (wst(X1),0(X2)). Since wg + 0 = d(Ag; + A) where
both Ay and A are S'-invariant, we get JX = —dix(\s; + A). Hence it suffices to
show that —tx(Ass + A) = p. This is a fiberwise equality and can be verified on
CxCm™. O

Remark 3.33. If one starts with an arbitrary extension ¢ = dA of wy one can
average it over S! to render it invariant, and the map —ix (At + A) is again a
moment map. The advantage of our choice above is that the moment map has an
explicit description in terms of a metric.

For € > 0, Proposition 3.31] implies that NY, = pt(3e%)/St is generalized
complex, which is diffeomorphic to the blow-up of Y in N*Y with respect to the
linear holomorphic ideal. We would like to show that this blow-up can be glued
back into the original manifold M to produce the blow-up of Y in M. For that we
consider the slice

- — 1
(3.27) @: N*Y\B: < u71(§€2) CcZ, zv (V]z|?—¢€22).
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Here B, is the disc bundle of radius €. If ¢ denotes the quotient map of the S'-
action, we obtain a diffeomorphism

@::qo@:N*Y\E—)]WE\E,

where E denotes the exceptional divisor. To show that ¢ is holomorphic it suffices,
by definition of the generalized complex structure on the quotient, to show that ¢
pulls back a local spinor on Z to a local spinor for J,. If p = e™=t+i Ap*py- is such
a spinor on Z, then from the definition of & we see that indeed @*p = €@ A p*py
is a spinor for 7.

Theorem 3.34. Let Y C (M,J) be a compact generalized Poisson transversal.
Then the blow-up@ of Y in M carries a generalized complex structure which, outside
a neighborhood of the exceptional divisor, is isomorphic to the complement of a

neighborhood of Y in M.

Remark 3.35. We call (M, J) the blow-up of Y in (M, J), even though that termi-
nology is slightly ambiguous. Indeed, the construction depends on several choices
and it is not clear, even in the symplectic category, whether different choices lead
to isomorphic blow-ups.

Proof. Equip a neighborhood U of Y in N*Y with the generalized complex structure
J» where o is as above. By Theorems and 329 if U is small enough there is
a holomorphic embedding ¢ : (U, J,) — («(U),J) with ¢(U) a neighborhood of Y
in M. Since Y is compact there is an & > 0 such that B. C U. Set U := o(U)U E
and define the blow-up of Y in M by

(3.28) M:=M\u(B:) U U.
Lop—
Here the glueing takes place between U\E and «(U\B;). O

Remark 3.36. The drawback of defining M by (328) is that there is no canon-
ical blow-down map. It is possible to define blow-down maps, but they are not
particularly useful because they will not be holomorphic around the exceptional
divisor.

Example 3.37. Let (M, J1,J2) be a generalized Kahler manifold and let Y —
M be a generalized Poisson submanifold for [Ji, ie., J1IN*Y = N*Y. Since
(Jha, Joc) > 0 for all @ € N*Y, we see that JoN*Y N (N*Y)L = 0; ie., YV is
a generalized Poisson transversa for Jy. In Example B.19 we discussed how the
maximal torus in a compact-even dimensional Lie group is a generalized Poisson
submanifold for J; which, because of the degeneracy condition, can almost never
be blown up. With respect to J> however there are no restrictions, so all maximal
tori can be blown up for J». In [I7] a more thorough investigation of these examples
is given and it is shown that if the maximal torus can be blown up for /; and /s,
then the result is again generalized Kéahler.

16Since Y is a generalized Poisson transversal, its normal bundle has a complex structure, and
we can blow up Y in M as in Definition 3.9

17In Kéhler geometry this amounts to the well-known fact that a complex submanifold is
automatically symplectic.
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3.3. A remark on other types of submanifolds. Our definition of a generalized
complex submanifold is, besides a smoothness criterion, characterized by

(3.29) J(N*Y)n (N*Y)! c N*Y.

In the previous sections we investigated the blow-up theory of the two extreme cases,
namely those for which the above inclusion is either an equality (the generalized
Poisson case) or the intersection is zero (the generalized Poisson transversals). An
obvious question at this point is whether the “intermediate” cases admit a blow-up
theory as well. The techniques we used for generalized Poisson submanifolds and
generalized Poisson transversals are so different from each other that it does not
seem we can use either of them when the type in the normal direction is mixed. We
will now give an example where we can explicitly prove that there does not exist
a blow-up. The following proposition is a consequence of a more general result by
Atiyah [I]; we give a direct proof for the convenience of the reader.

Proposition 3.38. Let M be a compact 4-dimensional generalized complex mani-
fold of type 1. Then the Euler characteristic x(M) is even.

Proof. A type 1 structure gives rise to a decomposition TM = L1 ® Lo, where Ly
is the distribution tangent to the symplectic foliation and Lo is a choice of normal
bundle. In particular L; and L, are orientable and we can think of them as complex
line bundlesE giving an almost complex structure on TM. By Wu’s formula, using
that ¢1(TM) = we(M) mod 2 and ¢, (TM) = ¢1(L1) + ¢1(L2), we obtain

o> =aUc (L)) +aUc(Ly) mod 2 VYa € H*(M,Z).
Applying this to a = ¢1(L1) we see indeed that x(M) = ¢1(L1)c1(L2) is even. O

Now let M be a compact 4-dimensional generalized complex manifold of type 1.

The blow-up of a point in M is differentiably given by M #@2, which has Euler
characteristic x(M)+ 1. If the blow-up would have a generalized complex structure
that agrees with the one on M outside a neighborhood of the exceptional divisor,
it would have type 1 everywhere since the type can only change in even amounts.
By the proposition we conclude that the blow-up cannot be generalized complex,
at least not in a way that is reasonably related to the original structure on M.

In the example above, equation ([B:29) is neither zero nor an equality. There
are, however, generalized complex submanifolds Y for which (8:29) is zero at some
points and an equality at others. Further study is needed to see what can be said
about these types of submanifolds.
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