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1
Introduction

This chapter aims at familiarizing the reader with the concept of effective field theory,
string theory (including the M- and F-theories) and its compactifications, starting
with a simple circle reduction. We briefly discuss anomalies in quantum field theories.
Finally we introduce the notion of Swampland, and several criteria that have been
proposed in order to characterize it.

1.1

Motivation

We are living in an exciting time for physics, with three major experimental confirmations in the last couple of years: the observation of the Higgs boson at the Large
Hadron Collider in 2012 [1, 2], the first direct detection of gravitational waves at
the LIGO interferometer in 2016 [3] and very recently the first image of a black hole
obtained by the Event Horizon Telescope (2019) [4]. We used the term ‘confirmations’
rather than ‘discoveries’ to describe these three outstanding experimental feats, and
this was not by inadvertence. These observations agree remarkably well with theories
developed a rather long time ago. Gravitational waves (ripples of spacetime itself)
and black holes (regions where the gravitational force is so strong that nothing can
escape, not even light) are predictions of General Relativity, the theory of gravitation
formulated by A. Einstein more than a century ago (in 1915). The existence of
the Higgs boson follows from the mechanism introduced in 1964 by R. Brout and
F. Englert, and independently by P. Higgs, as a consistent way to describe certain
interactions between particles.1
Building on this mechanism, the so-called Standard Model (SM) of particle physics
was developed in the early seventies. This model described all known particles at
the time and predicted the existence of several others, that have all been found
1 More
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experimentally, culminating with the discovery of the Higgs boson. This model is
built as what is called a quantum field theory (QFT), which describes particles as
excitations, or ‘quanta’, of fields filling up the space. Using the concepts of separation
of scales and effective theories, that we will discuss promptly, this framework can
describe nature in an astonishing wide range of scales, from scales close to ours down
to the extremely tiny scales being probed at the Large Hadron Collider, about a
billionth of a millionth of a millimeter.
Moreover, the SM unifies into a single framework three of the four observed
fundamental interactions: the electromagnetic force (describing interactions between
charged particles and light), the weak force (responsible for the radioactive decays of
atoms) and the strong force (holding together the quarks that constitute the protons
and neutrons). To be more specific, this framework is known as gauge theories, where
the interactions are mediated by other particles (gauge bosons), with the gauge group
being SU (3) × SU (2) × U (1). This unification is very much in the same lines as
Maxwell’s equations unifying our description of electricity and magnetism. In fact
this pattern of unification occurred throughout the history of physics, and each time
not only our description of the world became simpler and more beautiful, but more
importantly our understanding became deeper. It is thus natural to wonder if we
could unify all the forces. After all, we do not seem that far from it.
The last fundamental force, gravity, is described by the theory of general relativity
(GR), in a totally different way than the other forces. In GR, matter bends spacetime
itself, which in turn results in the attractive gravitational force. This does not a priori
require the introduction of a particle mediating the interaction (a graviton). And
unlike the other forces, gravity only becomes relevant at large scales, for instance that
of a planet, a galaxy, or even the universe as a whole. On top of the very recent and
impressive experimental confirmations mentioned earlier, general relativity has been
intensively and successfully tested throughout the century. The standard model of
cosmology, called ΛCDM model, is based on it and describes well our universe and its
evolution2 ; it also made a number of successful predictions.
The current state of affairs in fundamental physics is thus summarized by two
extremely well tested theories: on the one hand, the Standard Model of particle
physics, which is based on the framework of quantum field theory and gauge theories,
and unifies three of the four fundamental forces; on the other hand, the ΛCDM model
which is based on general relativity that describes the fourth force, gravity. As we saw,
these two models continue to yield astonishing experimental successes, each within
their range of validity, and it is very impressive that physics developed to such a stage.
But at the same time, it renders the dichotomy between the two models even more
striking. Indeed quantum field theories and general relativity are very different both
2 It
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conceptually and in their mathematical formulation. And trying to reconcile them
into a single framework is not at all straightforward. The simplest option would be to
treat general relativity as a quantum field theory. However doing so, one immediately
faces incurable problems, such as infinities that cannot be removed. More precisely a
quantum field theory with Einstein-Hilbert action is non-renormalizable, as we will
explain later on. This also means that we currently cannot describe the gravitational
interactions at very small scales, where quantum effects become important.
While the problem of unification of the four forces might be regarded as aesthetic,
this one is more worrisome and will be made more precise below. We are thus led
to look for a new theory capable of describing gravity at such small scales, and that
reduces to general relativity at large scales. Such a theory is commonly known as a
theory of quantum gravity. Trying to understand which properties such a theory could
or should have is a question that drives a considerable amount of research, including
the present thesis.
Beside this very profound but rather abstract problem, let us mention that there
are still numerous open questions or reasons not to be totally satisfied with current
models. Some may find an answer within the current descriptions, some might require
the advent of new theories. We do not intend to give an exhaustive list here, but just
mention those that seem the most important to us. The current models require the
introduction of numerous parameters, nineteen for the Standard Model (more would
be needed for a precise account of the neutrino masses) and six for the ΛCDM model.
The value of these are not predicted by the models and must be fixed by experiments.
This is not very satisfactory, and one might hope that they could one day be computed
from a more fundamental theory. The most famous of such parameters is probably
the cosmological constant. This parameter describes the so-called dark-energy, a
force that drives the accelerated expansion of our universe. Microscopically, this
parameter is interpreted as the vacuum energy, and trying to compute this within the
SM, one finds a result about 120 orders of magnitude bigger than the value fixed by
experimental data3 . We might be missing on cancellations, but making it match would
require an incredible amount of fine-tuning. This is problem is known as cosmological
constant problem. One solution to it might be the anthropic principle, as proposed by
S. Weinberg [5], which advances that the value of the cosmological constant is so small
because if it was significantly bigger, galaxies could not have formed and we would
not be here, discussing this question. Another parameter that suffers from fine-tuning
is the Higgs mass, with the observed value also being orders of magnitude lower than
the theoretical expectation. This is known as the hierarchy problem. One could also
invoke an anthropic argument for this problem, however other solutions are available,
making it less attractive. One such solution would be supersymmetry, a symmetry
3 That
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that relates bosons en fermions, which would protect the Higgs mass from quantum
corrections.

1.2

Effective theories

If today’s physics is able to describe the wide range of scales mentioned above, it is
because it heavily relies on the principle of separation of scales. It means that one does
not need to know all the details of a system at all the scales in order to describe its
phenomena at some scale. For instance one does not need to know that water is made
of molecules (microscopic scale) in order to describe how a river flows (macroscopic
scale), which is described by hydrodynamics. But of course hydrodynamics is not valid
anymore if we want to describe phenomena happening at very small scales, where
the effect of molecules become important. It is said to be an effective theory which
has a domain of validity and outside of it another description takes over. This other
description might be completely different, in the sense that even the fundamental
objects could not be the same, e.g. the molecules versus a fluid. It could also be the
same kind of theory, but with a different content and couplings. It is in this sense that
we understand quantum field theories, where this concept is made more precise by
Wilson’s renormalization group.
Consider an effective quantum field theory Q valid up to an energy scale ΛQ , which
is called the cutoff of the theory. We may then wonder what would be the effective
quantum field theory Q0 governing processes up to a scale ΛQ0 < ΛQ . According to
K. Wilson, it is obtained from Q by integrating out all the modes that have an energy
ΛQ0 < E < ΛQ .

(1.1)

This process of integrating out will modify (through loop-diagrams) the couplings
of Q, yielding the correct ones for Q0 . Importantly, some new couplings will scale as
1/ΛQ0 , and the perturbation theory for Q0 cannot be trusted4 at energies E & ΛQ0 , as
expected, since at such energies one should really use Q. The theory Q0 is said to be
non-renormalizable, and has a built-in cutoff scale. For such theories one can expect
to make sensible predictions only below the cutoff scale.
It turns out that gravity, when treated as a perturbative QFT, is of this type, such
that we cannot trust the theory above its built-in cutoff Λpl ∼ 1019 GeV, i.e. at these
energies the quantum effects of gravity become important. This scale is set by the
Planck mass,
r
~c
Mpl =
,
(1.2)
G
4 Perturbation theory means that we assume the coupling to be small and expand quantities in
powers of the couplings, keeping only the first few terms. Clearly this procedure breaks down if the
couplings are not small enough.
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the unique quantity with mass dimension that can be built out of the fundamental
constants ~ (Planck constant), c (speed of light) and G (gravitational constant).
On the contrary, the QFT describing the Standard Model of particle physics is
known to be renormalizable [6]. Does this mean that it holds at arbitrarily high
energies? Here is extra care has to be taken, since in general the couplings g depend on
the considered energy scale Λ. This dependence is captured by the β-functions of the
∂g
renormalization group, defined as β(g) = ∂ log
Λ . If β < 0, the gauge coupling goes to
zero at higher energies and the theory is said to be asymptotically free. This is the case
for quantum chromodynamics, which describes the strong interaction. Renormalizable
and asymptotically free theories can in principle be extrapolated to arbitrary high
energies. However, if β > 0, the gauge coupling keeps increasing with energy up to
a point, known as the Landau pole, where it diverges and the theory does not make
sense anymore. Quantum electrodynamics displays such a feature, and thus cannot in
principle be trusted at arbitrarily high energies. In practice, the Landau pole seems to
occur well above the Planck scale, such that the problems of quantum gravity will
kick-in before reaching it.
We should stress that the above analysis was made within perturbation theory,
which cannot be trusted when g & 1. Therefore one cannot exclude the possibility, even
for gravity, of having a non-trivial fixed point at high energies, where all the β-functions
vanish. This would mean that gravity is in fact non-perturbatively renormalizable.
This scenario is known as asymptotically safe quantum gravity; it is a possible scenario
but not the only possible one.
In this thesis, we take the point of view that the perturbative non-renormalizability
of gravity is an indication that new degrees of freedom should appear at least around
the Planck scale and cure the non-renormalizability. Ideally this theory would be UV
complete, meaning that it would hold to arbitrary high energies5 . And of course the
holy grail would be that this UV-complete theory of gravity also describes the three
other forces, thereby unifying all the forces.

1.3

Strings as ultraviolet degrees of freedom

One of the important lessons we learned in the previous section, is that an effective
theory can be formulated in completely different terms than its extension to higher
energies, possibly UV complete. And indeed this is the case in string theory (ST),
whose basic idea is very simple: particles are not zero-dimensional but one-dimensional,
see figure 1.1, with an associated length scale ls which is rather small, such that the
5 The term ‘UV’ (for ultraviolet) is to be taken figuratively, namely as designing energies higher
than those we can access by experiments, by analogy to the UV light which has a smaller wavelength
(higher energy) than the light we can see. Similarly we will sometimes use the terminology ‘IR’ (from
infrared) to designate ‘low’ energy physics, where the effective theories describing our world are valid.
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effects of spatial extension can only be seen at very small scales, or equivalently very
high energies. This spatial extension can be seen as new UV degrees of freedom.

or
Figure 1.1: The basic idea of string theory is very simple: particles are not pointlike
anymore, but are object extended in one spatial dimenion, i.e. strings. A string can
have two topologies: that of a circle (closed string) or that of a segment (open string).
Note that closed strings are always present, as two open strings can combine to form
a closed one.
At lower energies, E  Ms ∼ ls −1 in natural units (c = ~ = 1), one cannot resolve
the spatial extension of the string, and one effectively sees a point-like particle. But
oscillatory modes of the strings do have an effect, namely they change the nature
(i.e. the quantum numbers) of the particle. That is to say, a single fundamental string
yields, through its different oscillation modes, many distinct particles from the lower
energy perspective (an infinite tower in fact). These particles can in turn be described
as excitations of quantum fields, as in a usual QFT. The mass scale for the massive
modes is set by the string scale Ms , such that, according to the separation of scales
paradigm described earlier, at low energies (below this scale), the massive modes
should be integrated out, leaving us only with the massless modes in the spectrum.
One of the key features of string theory is that one of the massless excitation
modes of a closed string always leads to a massless spin two particle, interpreted as
the graviton. And the equations of general relativity (known as Einstein’s equations)
follow from consistency conditions of the string theory (worldsheet Weyl invariance).
Thus a theory of strings always includes gravity. In fact people tried very hard to
develop a string theory without gravity, unsuccessfully. In that sense, general relativity
is a prediction (or rather, a postdiction) of string theory.
String theory also encompasses gauge theories, and as such has the potential to
also embed the Standard Model of particles, although this is much less straightforward
than with gravity. In fact, obtaining the gauge group of the SM at low energies without
other light fields is very difficult. We will discuss more in detail the gauge symmetries
in string theory later on.
In addition, the spatial extension of the string makes the theory very well behaved
at high energies, and it is likely to be UV complete, i.e. valid a arbitrary high energies6 .
In QFT one can understand the divergences as coming from virtual particles with
6 This is supported by strong arguments and proven at two loops. It is thus widely accepted,
although not proven in full generality.
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arbitrary high momentum, or equivalently probing arbitrary small length scales.
Intuitively, in a theory of strings, length scales smaller than the string length ls cannot
be probed, because the loop cannot be made arbitrarily small. Another way of phrasing
this is that the localized interactions of QFT are smeared out by the extended nature
of the strings, see figure 1.2.

gs = ehφi
Figure 1.2: Localized interactions in QFT are smeared out in ST. Note that the string
coupling, which sets the strength of the interaction, is not a free parameter of the
theory, but rather is given by the vev of scalar mode, known as the dilaton φ, i.e. it is
set dynamically.
Another important property of string theory is that it has only one parameter: the
string length ls (typically taken to be close to the Planck length). A famous example
is the string coupling gs which sets the strength of the interaction between strings.
This is not a free parameter but rather is fixed by the vacuum expectation value (vev)
of a scalar field always present in the spectrum, the dilaton φ, as
gs = ehφi .

(1.3)

In fact, the apparent freedom of choosing the string length might be an artifact of
our perturbative description of string theory; in a full non-perturbative description,
it could also be dynamically fixed by the theory, such that ST would have no free
parameter.
Altogether string theory provides a UV-complete quantum description of gravity
(i.e. quantum gravity) which furthermore has the potential to describe the other forces,
and has only one (or zero) free parameters. Hence it has all the desired criteria listed
earlier. However things are not so simple.
The strings are extremely small, so they should definitely be quantum in nature,
i.e. they should be described by a quantum theory. Albeit highly non-trivial, the
quantization of a theory of strings can be achieved, but it imposes severe constraints
on the theory. And in particular it fixes the number of spacetime dimensions to some
value, called the critical dimension. This is yet another example of the absence of
free parameters: even the dimension of the space is fixed by self-consistency of the
theory. As we will see below the critical dimension depends on the type of string
theory, but in any case it is not four. This appears to make little sense, since we
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observe three spatial dimensions and one time dimension around us. And indeed if the
critical dimension is less than four, we are doomed and the theory is to be disregarded.
However, if it is bigger than four, there is a way out. Namely, one can assume that
the supernumerary dimensions are in fact ‘curled up’ and very small, the technical
term being ‘compact’. This means that even if they are present, we would not be
able see them, very much like a piece of straw looks one-dimensional from far away,
but it is definitely two-dimensional for an ant wandering on it. In this analogy, the
strings would be like the ants, able to move freely in all spacetime dimensions because
they are very small; but we, being much bigger, can only access the four non-compact
dimensions. Of course this immensely complicates the description of the theory in
four-dimensions, and comes with numerous extra problems. We will come back to this
point in section 1.6.
Let us remark here that even if string theory turns out not to be the theory of
quantum gravity, i.e. it does not correctly describe our world, it is in any case a theory
of quantum gravity, and this is already highly non-trivial. One can hope to learn
properties of quantum gravity in general by studying string theory. We will elaborate
on this point in section 1.8.

1.4

String theories and M-theory

Which action should we use for a string theory? For a particle, the action is proportional
to the invariant world-line (the trajectory that the particle follows in spacetime). If
we now consider a string rather than a particle, it sweeps out a surface of spacetime
rather than a line, called the world-sheet. The natural generalization for the action
would then be the invariant world surface. This leads to the bosonic string theory.
We refer to the textbooks [7–9] for more details on this theory. Let us just mention
that in order to preserve the Weyl transformation upon quantization, the spacetime
dimension needs to be D = 26. This theory displays beautiful features but as well
shortcomings. Firstly it appears to be unstable (presence of tachyons7 ); but this might
just mean that we have incorrectly identified the vacuum. Most problematic is that it
fails to accommodate spacetime fermions, and thus cannot describe our world.8
1.4.1

Superstring theories

In order to accommodate for spacetime fermions, the strings need to carry additional, fermionic, degrees of freedom. The possibilities are very limited and this led
P. Ramond to realize in 1970 a new kind of symmetry relating fermions and bosons,
7A

tachyon is a field with negative square mass, signaling an instability of the theory.
matter is made of fermions.
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nowadays known as supersymmetry.9 String theory with minimal supersymmetry on
the worldsheet can be shown to be consistent, but it requires the number of spacetime
dimensions to be ten (i.e. the critical dimension is D = 10). This means that six of
the dimensions in which the strings propagate must be compact, for the non-compact
space (the one we observe) to be four-dimensional.
Supersymmetry on the worldsheet does not guarantee supersymmetry (or even
fermions) in spacetime, which is desirable since it ensures the presence of fermions and
the absence of tachyons. However, Gliozzi, Scherk and Olive (GSO) showed that there
are consistent (tachyon-free) truncations of the spectrum that yield N = 1 or N = 2
supersymmetry in ten dimensions.10 These different types of string theories were then
named Type I and Type II. Furthermore, there are two inequivalent projections with
N = 2, leading to a refinement into Type IIA and Type IIB. At low energies, these
theories are effectively described by Type IIA and Type IIB supergravities11 , the two
inequivalent 10d supergravities with maximal supersymmetry, whose actions are given
in section 1.4.2. Yet another type of consistent string theory can be constructed by
using the fact that the left and right modes on the string decouple from each other.
One can then take the left-moving sector to contain only bosonic degrees of freedom,
while including supersymmetry on the right one. Because of these very different types
of modes being mingled together, this construction received the name of heterotic
string theory.12 Again we will not go through the details of the construction here
(the interested reader is referred to the textbooks [7, 10, 9]), but just mention that
there are only two possibilities yielding a consistent supersymmetric (N = 1) in 10d,
corresponding to the two even self-dual lattice in 16d, the mismatch of dimensions
between the left and right sector. These two possibilities lead to the gauge groups
SO(32) and E8 × E8 , respectively, which are the only anomaly-free gauge groups in
10d with N = 1.
Altogether this leaves us with five 10d supersymmetric string theories leading to
spacetime supersymmetry. These are referred to as superstring theories. Having five
different might be disappointing in the sense that we loose in simplicity (e.g. no free
parameter). However, some of these theories were found to be dual to each other,
meaning that they are different formulations of the same underlying physics. This led
E. Witten to conjecture in 1995 that the five superstrings theories are in fact limiting
9 Spacetime

supersymmetry was then developed in the following years based on work of P. Ramond.
generators of the supersymmetry algebra, called supercharges, organize themselves in spinors,
and the N refers to the number of such spinors. Since the dimensionality of spinors depends on the
spacetime dimensions, extra care has to be taken when several dimensionalities are discussed (or if
different types of spinors exist in some dimension), and it is often more convenient to speak directly
about the number of supercharges. In D = 10, N = 1 corresponds to 16 supercharges and N = 2 to
32 supercharges, which is the maximum possible.
11 Supergravities are quantum field theories where the suspersymmetry algebra is gauged. This
automatically implies the presence of gravity in the theory.
12 From the Greek word ‘heteros’ meaning ‘other’.
10 The
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cases of a single eleven-dimensional theory, which he named M-theory, see figure 1.3.
This unifies all the five superstring theories, which are now understood to all be
connected by a web of dualities. Although there is strong evidence that this conjecture
holds, a microscopic description of M-theory is not entirely known. Its fundamental
objects are two- and five-dimensional branes13 , called M2- and M5-branes, and we do
not have a consistent quantum description of these objects. Nonetheless, we do know
that at low energies M-theory must be described by the unique eleven-dimensional
supergravity, whose action we give in the next section.

11d supergravity

Heterotic E8 × E8
Type IIA

M-theory
Heterotic SO(32)
Type IIB

Type I
Figure 1.3: This diagram is a schematic representation of the moduli space of Mtheory, which is intrinsically non-perturbative. In particular limits of this moduli
space, represented by the cusps, a perturbative description is known, namely the five
superstring theories and the eleven-dimensional supergravity (the low energy limit
of M-theory). All these theories are thus connected to each other, being particular
perturbative corners of the moduli space of the M-theory.

13 Branes are objects that extend in more than one spatial dimension, generalizing the string, which
can be seen as a one-dimensional brane.
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Low-energy actions
M-theory

The bosonic content of the eleven-dimensional supergravity consists of the metric and
a three-form field C3 with the action given by14 [11]
9
SM = Mpl,11

Z

1
2

R11 ? 1 −

1
4

dC3 ∧ ? dC3 −

1
12

C3 ∧ dC3 ∧ dC3 ,

(1.4)

where Mpl,11 and R11 denote the 11-dimensional Planck mass and Ricci scalar, respectively, and the integral is understood to be over an eleven dimensional space M11 . We
will follow these conventions throughout this thesis, i.e. denoting the D-dimensional
Planck mass and Ricci scalar by Mpl,D and RD .

Type II theories
We now turn to the Type II supergravities. As usual with fermions, there are two
possible boundary conditions for the fermionic degree of freedom of a closed superstring.
These are named Ramond (R) and Neuveu-Schwarz (NS) boundary conditions. These
can be chosen independently for the left and right sectors, leading to four possible
combinations NS-NS, NS-R, R-NS and R-R, which are in fact forced to coexist, they
are just different sectors of the theory. The spacetime bosonic degrees of freedom
come from the NS-NS and R-R sectors, while the fermionic ones come from the mixed
sectors. After the two distinct GSO projections, one finds that the NS-NS sectors are
the same for Type IIA and IIB, but the R-R sectors differ.
The NS-NS sector contains the graviton, a scalar φ called the dilaton and a twoform B2 , with field strength H3 = dB2 and gauge transformation δB2 = dΛ1 , where
Λ1 is a one-form. The action reads
ii
8
Snsns
= Mpl,10

Z

h
i
1
e−2φ R10 ? 1 + 4 dφ ∧ ? dφ − H3 ∧ ?H3 .
2

(1.5)

The R-R sector comprises p-forms Cp with field strengths Fp+1 = dCp and gauge
transformations δCp = dΛp−1 . In Type IIA p, is odd and one has the forms C1 (dual
to C7 ) and C3 (dual to C5 ). In Type IIB, p is even and one has the forms C0 (dual to
14 We use the differential form notation. The ? is the Hodge star operator, which practically means
√
1
that, in n dimensions, ?1 = −g dn x, and that for a p-form ω, we have ω∧? ω = p!
ωµ1 ...µp ω µ1 ...µp ?1.

Finally for λ a q-form we have ω ∧ λ =
mean antisymmetrization averaged by

1
p!q!

1
.
p!

ωµ1 ...µp λν1 ...νq dx[µ1 ⊗ ... ⊗ dxνq ] , where the brackets

12

1

Introduction

C8 ), C2 (dual to C6 ) and C4 (self-dual). The actions read
Z
1 8
iia
F2 ∧ ? F2 + F̃4 ∧ ? F̃4 + B2 ∧ F4 ∧ F4 ,
Srr
= − Mpl,10
2
Z
1 8
1
iib
Srr
= − Mpl,10
F1 ∧ ? F1 + F̃3 ∧ ? F̃3 + F̃5 ∧ ? F̃5 + C4 ∧ H3 ∧ F̃3 ,
2

2

(1.6)
(1.7)

where we defined
F̃3 = F3 − C0 H3 ,

(1.8a)

F̃4 = F4 − C1 ∧ H3 ,
F̃5 = F5 −

1
C
2 2

∧ H3 +

(1.8b)
1
B
2 2

∧ F3 .

(1.8c)

In addition, one has to supplement the action (1.7) with the self-duality condition for
C4 , which reads
? F̃5 = F̃5 .
(1.9)
Note that the equations of motions obtained from the action (1.7) are compatible
with this condition. However, imposing (1.9) directly in the action, one finds that the
kinetic term for C4 vanishes identically. In that sense (1.7) is called a pseudo-action
and the condition (1.9) is to be imposed at the level of the equations of motions.
The Type IIB bosonic action, i.e. the sum of (1.5) and (1.7), enjoys an SL(2, R)
E
symmetry. In order to make this manifest, we first rescale the metric, gµν
= e−φ/2 gµν
and define

The action then takes the form
Z
1
8
E
S iib = Mpl,10
R10
?1−

τ = C0 + ie−φ ,

(1.10)

G3 = F3 − τ H3 .

(1.11)

2 (Im τ )2

dτ ∧ ? dτ̄ −

1
G
2 Im τ 3

1
2

− F̃5 ∧ ? F̃5 −

∧ ? Ḡ3

i
C
4 Im τ 4

(1.12)
∧ G3 ∧ Ḡ3 ,

which can be readily checked to be invariant under
aτ + b
,
cτ + d
!
!
!
C2
a b
C2
→
,
B2
c d
B2
τ→

(1.13a)
(1.13b)


where ac db is an SL(2, R) element, i.e. a, b, c, d ∈ R with ad − bc = 1. This continuous
symmetry of the classical action can be shown [12] to be broken at the quantum level
to the discrete subgroup SL(2, Z). This duality is known as the S-duality, which

0 1
is a strong-weak duality. Indeed the element S = −1
0 sends τ → −1/τ , which
essentially corresponds to gs → 1/gs , i.e. relates an effective field theory at weak
coupling with one at strong coupling.
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D-branes

Let us now discuss the open string sector. For the endpoints of the strings, two types
of boundary conditions are possible (for each spacetime direction), called Neumann
and Dirichlet. The latter fixes the endpoint in the corresponding spacetime direction.
When choosing this condition for 9 − p directions, the endpoint is thus forced to lie
on a subspace of d spatial dimensions. This subspace is referred to as a Dp-brane
(for Dirichlet-brane). Note that a D9-brane fills the whole spacetime, such that the
endpoints of an open string always end on a D-brane. Having perfectly rigid objects in
a theory of gravity would be bizarre, and indeed D-branes are dynamical objects. The
massless open-string excitations yield fields localized on the brane: 9 − p scalars fields
that describe the transverse fluctuations of the branes and a U (1) gauge field A (plus
fermionic partners). An important fact understood by J. Polchinski is that Dp-branes
are sources for the R-R gauge fields Cp+1 , such that the D-brane action contains the
term
Z
Scs ⊃ −Tp
Cp+1 ,
(1.14)
Wp+1

where Wp+1 is the worldvolume of the Dp-brane, and Tp is related to its tension.
Therefore consistency requires p to be odd in Type IIA and odd in Type IIB. The full
D-brane action contains two pieces, called the Dirac-Born-Infeld (DBI) and ChernSimons (CS) action15
Z
q

Sdbi = −Tp
e−φ − det g + B2 − 2πα0 F ,
(1.15a)
Wp+1

Z
Scs = −Tp

X

Wp+1



Ck exp B2 + 2πα0 F ,

(1.15b)

k

where φ is the dilaton restricted to the brane, g, B2 and Ck denote the metric, the
NS-NS two form and the R-R k-forms, implicitly pulled-back onto the brane and
finally F = dA is the field strength of the brane gauge field.
Consequently a Dp-brane is an electric source for the field Fp+2 = dCp+1 , or
equivalently a magnetic source for its dual F8−p . Objects of interest for us are the
magnetic sources for F1 , that is the D7-branes. These have two transverse directions,
that we will denote by a complex coordinate z. If a D7-brane is present at the origin
z = 0, Gauss’s law tells us that upon integrating F1 around the origin we should get
the D7 charge, which is one in proper units
I
I
1=
F1 =
dC0 .
(1.16)
S1

S1

1
15 For clarity, we omit in the CS action a factor Â(R) = 1 −
R2 + ... called the A-roof genus,
196π 2
see e.g. [13] for the full expression. In addition we introduced the parameter α0 ∼ ls2 .
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Consequently C0 cannot be single valued, it must have monodromies. In this case the
monodromy is C0 → C0 + 1 as we go around the origin. This might look worrisome
at first sight. But worries go away if we recall that Type IIB possesses the SL(2, Z)
invariance (1.13), of which
τ →τ +1
(1.17)
is the simplest example, realized by the SL(2, Z) matrix
T =

1

1

0

1

!
.

(1.18)

Note that quantization of the D-brane charge in string theory requires that ( 10 n1 ) shifts
C0 by an integer, i.e. n ∈ Z, confirming the discreteness of the symmetry (1.13). A
simple solution to eq. (1.16) valid near the origin is16
τ (z) ∼

1
z
ln ,
2πi
λ

(1.19)

up to regular terms, where λ is a complex constant. From this we can already guess
that a D7-brane has a long range effect, because the solution does not die off. A careful
study, see e.g. [14, 15], reveals that close to the brane the geometry is approximately
flat but far away from the brane there is a defect angle. We thus cannot neglect the
backreaction of the brane, even asymptotically away. That is, the probe approximation
is not applicable. Close to the brane, i.e. when |z|  |λ|, we have τ → i∞ thus
gs → 0, such that a weak coupling limit may be achieved by taking λ → ∞. However
generically we expect strongly coupled regions, e.g. if |z| ∼ |λ| we have gs → ∞, which
implies a highly non-trivial profile for τ .
Even more problematic are O7-planes17 , for they have magnetic charge −4 under
C0 , and the same reasoning as above would lead to the solution τ (z) = −4/(2πi) ln z/λ
Near the origin this would give large negative values for Im τ = e−φ , which does not
make much sense (recall that gs = eφ ). Of course we can escape this situation by
putting four D7-branes right on top of an O7-plane (i.e. canceling all the charges
locally). Then the string coupling is constant everywhere and can be chosen arbitrary
small, such that a perturbative treatment is valid. However this is a highly non generic
situation. At any rate, in the presence of D7-branes or O7-planes the axio-dilaton
generically has a non-trivial profile, with regions where gs is of order one. This begs
the need for a proper treatment of such backgrounds.
The self-duality (1.13) of Type IIB provides yet another way of seeing how nonperturbative regimes naturally show up in Type IIB. The fundamental string, or
16 In

fact supersymmetry requires τ to be holomorphic in z.
O-plane is the locus invariant under an orientifold involution. Like a Dp-brane, an Op-plane
extends in p + 1 dimensions.
17 An
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F1 -string, is charged electrically under the B2 -field. Analogously, there is also an
string charged electrically under the C2 -field. However in Type IIB this is a solitonic,
non-perturbative object, namely the D1-string. These two a priori different types of
strings are mixed by the SL(2, Z) symmetry, see eq. (1.13b). In particular the SL(2, Z)
element
!
0 1
S=
(1.20)
−1 0
exchanges the two. This is accompanied by the transformation τ → −1/τ , which
as already mentioned, is a strong-weak duality. Acting on the fundamental string
with an arbitrary SL(2, Z) transformation, say M = ( pq rs ), we get string with various
charges under B2 and C2 , in this case p and q respectively. This object is called a
(p, q)-string. Yet those strings are absent in weakly coupled Type IIB18 , they are
non-perturbative objects. In analogy with the fundamental string that ends on a
D7-brane, a (p, q)-string ends on what is called a (p, q)-7-brane. One then finds that
these branes induce a monodromy


2
1
−
pq
p
,
Mpq = M T M −1 = 
(1.21)
−q 2
1 + pq
that generalizes the standard T -monodromy (1.18). It is instructing to find out what
strings are left invariant under Mpq . A (p, q)-string clearly is, but that’s not all.
Indeed, (p0 , q 0 )-strings with p0 and q 0 satisfying p q 0 = p0 q are also left unchanged. For
such p0 and q 0 we also have Mp0 q0 Mpq Mp−1
0 q 0 = Mpq , indicating that the monodromies
are independent. The corresponding branes are said to be mutually local. And
otherwise (that is if p q 0 6= p0 q) they are said to be mutually non-local. Although every
(p, q)-brane can be mapped to (1, 0)-brane (a standard D7-brane) with an SL(2, Z)
transformation, this cannot be done at the same time for several mutually non-local
branes. In a consistent compactification all the charges must cancel globally, implying
the presence of mutually non-local branes. So if we start with a D7-brane, generically
there will be a (p, q)-brane with q 6= 0 somewhere else, exchanging strong and weak
coupling. For instance if there is a (0, 1)-brane somewhere and we let a fundamental
string loop around it, it will come back as a D1-string. Put differently, the combined
system is strongly coupled. It is thus impossible to define a perturbation theory for
fundamental strings in a globally well-defined way.
In the end if we want a global description of a Type IIB compactification,19 we
have to keep track of all these monodromies and seek for a consistent configuration.
18 Except

for the (1,0)-string, of course.
if we do not care about a global picture, already in local models problems can arise.
Indeed at the intersection of two mutually non-local objects there is no frame in which they are both
perturbative.
19 Even
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This is already cumbersome enough when we compactify to eight dimensions, even
though in that case the 7-branes are just points in the compact space. Needless to say
that when we compactify to six or four dimensions the situation becomes intractable.
Happily though, there exists an extremely elegant and powerful reformulation of the
problem that enables us to find legitimate solutions in a much simpler way. This
construction is known as F-theory.

1.5

F-theory

The idea at the origin of F-theory, introduced by C. Vafa in [16], is to view the
axio-dilaton τ as the modular parameter of an auxiliary torus T 2 . Essentially this
is just a clever change of variable: rather than specifying τ , we specify the torus
directly. Clever because τ can get quite complicated due to all the aforementioned
monodromies, whereas the torus is naturally an SL(2, Z) invariant object. Let us
expand a little bit on this.
A torus is usually defined as the quotient of C by a lattice. Without loss of
generality we can take the generators of the lattice to be 1 and τ , with Im τ > 0:
T 2 = C/(Z ⊕ τ Z) .

(1.22)

As the notation suggests, this τ , called modular parameter or modulus, is identified with
the axio-dilaton in the F-theory picture. If we perform a modular transformation (1.13a)
on this parameter, the resulting lattice is the same (modulo translation) as the starting
one, implying that the torus is invariant, as expected (the transformation was just
a reparametrization). Conversely if two tori have the same complex structure, their
τ -parameters are related by an SL(2, Z) transformation (1.13a). Consequently, in
F-theory the SL(2, Z) symmetry of Type IIB in interpreted as the modular group of
the auxiliary torus, thereby geometrizing it.
We saw in the previous section that in general τ has a non-trivial profile over the
Type IIB compactification space, which we will call Bn .20 As in F-theory τ is identified
with the modular parameter of a torus, we end up with different torus attached at
every point of Bn . This construction is called a torus fibration (or elliptic fibration if
the torus has a well-defined marked point) and is depicted on figure 1.4.
Thanks to the properties of the elliptic fibration, all the monodromies due to the
seven-branes are automatically taken into account. So this construction is a clever
way to study the backreaction of seven-branes in global models. It is also intrinsically
non-perturbative, as we also saw earlier that strongly-coupled regimes were generic.
The problem now gets translated to finding a suitable geometry, namely an elliptic
20 Note that because of the non-trivial profile of τ , B cannot Ricci flat in order to solve the
n
equations of motion.
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T2
Yn+1
π

Bn
Figure 1.4: Illustration of an elliptic fibration Yn+1 . At each point of the base Bn is
‘attached’ a torus T 2 with a different modular parameter τ , and hence, shape. The
attachment is made precise by the projection map π, represented by the arrows.

fibration. In fact, supersymmetry tells us that the total space (the base Bn and the
T 2 fiber) has to be Calabi-Yau, which we will denote Yn+1 . The difference between a
fibration and a fiber bundle is that the fiber is allowed to be singular along certain
divisors or higher codimension loci.21 This must indeed happen in the presence of
D7-branes, as we see from eq. (1.19) that τ diverges at the position of the seven brane.
Since a D-brane carries a U (1) vector, abelian symmetries will appear in F-theory
where the fiber is singular, while the total space smooth. Stacking several branes in
Type IIB one finds an enhancement to non-abelian gauge symmetries. In F-theory
this corresponds to the development of a singularity, not just of the fiber, but of the
whole space [17]. One can study which gauge groups arise at which singularity [18, 19].
Remarkably in this fashion it is possible to engineer exceptional gauge groups, whereas
in perturbative Type IIB these cannot be obtained. This makes of F-theory a favored
choice for string realizations of GUTs models and for model building in general, see
e.g. [20–23]. We possibly cannot make justice here the extraordinarily broad field that
F-theory is, so we refer the reader to the lectures note [24–26] and the reviews [27, 28].
With all these benefits, one can genuinely envisage a fundamental theory in twelve
dimensions. In fact, the two first terms of the Type IIB action (1.12) are precisely
those one would obtain from pure gravity in twelve dimensions compactified on a
torus whose modulus τ varies on the space, see e.g. [14]. The other terms can also
be obtained by reducing some 4-form F̂4 along the one-cycles of the torus. However,
this does not work as straightforwardly as one might wish [24], and in fact, problems
21 More precisely, there is a projection map π : Y
−1 (b),
n+1 → Bn such that almost every fiber π
b ∈ Bn is non-singular.
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are numerous. To start with, there is no twelve dimensional supergravity theory with
signature (1,11) which would be the low energy effective description of F-theory. In
addition, why would the complex structure τ of the torus appear in the effective theory,
but not the overall size of the torus? Similarly, the reduction of F̂4 along the full torus
and point would a priori lead to a 2-form and a 4-form in the effective theory, which
again are absent form (1.12). Fortunately this is not the end of the story, as there
exists an alternative formulation via M-theory, equivalent but perfectly well defined
this time. We postpone this discussion to section 1.7.
One of the main goal of this thesis is to determine the four- and six-dimensional
effective actions coming from F-theory, obtained via compactification, and to determine
some general properties these may have. Before getting more specific about the
questions we want to answer, let us first elaborate on the concept of compactification.

1.6

Compactifications

We saw in the previous sections that string theory can only be consistently described
in spacetimes with more dimensions than four. In order for these theories to be able
to make contact with our four-dimensional world, the supernumerary dimensions have
to be inaccessible at our energies. This happens if the extra dimensions are small, or
more precisely, compact. This process is called compactification. Remember the ant
walking on a straw? In that analogy, there is a single compact dimension, with the
topology of a circle, we speak of circle compactification. This situation is a very good
playing ground for understanding more general compactifications. Furthermore, in
the context of F-theory effective actions, circle compactifications play a crucial role,
as we will see in section 1.7, and hence appear ubiquitously in this thesis. Let us thus
spend some time introducing them here.
1.6.1

Circle compactifications

The idea of having a fifth circular dimension was first proposed by T. Kaluza in
1921 and further developed by O. Klein in 1926, as a way to unify the gravitational
and electromagnetic interactions. Although this attempt failed, the ideas behind the
compactification procedure stayed, and they are nowadays of prime importance in the
context of string theory.
Before we discuss the Kaluza-Klein theory, which involves gravity on a circle, let us
first treat the simpler case of a single scalar on a circle. For clarity of presentation we
will not discuss here the case of chiral fermions on a circle, which will be reported to
the moment we need it, in chapter 5. It will be useful for us to keep the dimension of
the spacetime arbitrary, such that we will consider backgrounds of the form MD+1 =
MD × S 1 .
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A complex scalar on a circle
We start with a single complex massless scalar φ̂ on such a background. The hat
indicates quantities in the higher-dimensional theory, a convention we will keep
throughout this thesis, whenever we deal with compactifications. The action reads
Z
¯
SD+1 =
dφ̂ ∧ ˆ? dφ̂ .
(1.23)
MD+1

We take the following Ansatz for the metric on MD+1
dŝ2 = ds2 + r2 dy 2 ,

y ∼ y + 2π ,

(1.24)

where r is the radius of the circle, and y the coordinate along the circle. Because of
this choice of background, φ̂ must be periodic in y, φ̂(x, y) = φ̂(x, y + 2π), and thus
can be expanded in Fourier modes as follows
X
φ̂(x, y) =
φn (x) einy .
(1.25)
n∈Z

Plugging back in the action and integrating over y we find

Z
 n 2
X
SD = 2πr
dφn ∧ ? dφ̄n +
φn φ̄n ? 1 .
r
MD

(1.26)

n∈Z

This describes a D-dimensional theory with infinitely many scalar fields φn (x). These
are the Fourier modes appearing in (1.25), and are called the Kaluza-Klein modes
of φ̂. Moreover, we see that they have a mass
n
.
(1.27)
r
This means that only the zero mode n = 0 is massless, and all the other modes are
massive. At low energies E  r−1 , these massive modes need to be integrated out,
according to the discussion in section 1.2. We are thus left with solely the zero mode
φ ≡ φ0 , i.e. a single D-dimensional massless scalar, with action
Z
SD = 2πr
dφ ∧ ? dφ̄ .
(1.28)
mn =

MD

We see here an example of the earlier statement: at low energies, or equivalently at
large scales, one cannot see the effect of the compact dimension. Their detection would
require energies of order r−1 , at which one starts seeing the KK replicas, otherwise
too massive to be excited.
Let us note that we simply disregarded the massive KK-modes, but in principle
they could contribute to the couplings of the effective theory via loop diagrams. In
the present situation, there is only the scalar kinetic term they could contribute to;
we will perform this computation in chapter 6. And sometimes the inclusion of such
loop corrections is crucial, as we will see e.g. in chapter 5.
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Gravity on a circle
We now discuss the main ingredient of the Kaluza-Klein theory, which is to consider
pure gravity on circle. Again we will keep the dimensionality generic. The action is
Z
D−1
SD+1 = Mpl,D+1 RD+1 ˆ? 1 .
(1.29)
While in the case of a scalar we only obtained a scalar in the lower dimensional theory,
the metric ĝµν yields different types of fields, depending on how many components
of it are along the circle: a metric gab (no component along the circle), a vector A0a
(one component) and a scalar r (two components). The vector is called graviphoton
or KK-vector, and we will use the notation A0 throughout this thesis. More precisely
one decomposes ĝµν as
!
gab + r2 A0a A0b −r2 A0a
ĝµν =
,
(1.30)
−r2 A0b
r2
where we only kept the zero modes. This corresponds to
dŝ2 = ds2 + r2 (dy − A0 )2 .

(1.31)

The U (1) gauge symmetry of A0 , i.e. δA0a = ∂a λ(x), comes from the local reparametrizations of the circle, δy = λ(x). Note that (1.24) is a special case of (1.31) with
A0 = 0. Plugging (1.31) in the action (1.29) and integrating over y, one finds
Z
1
D−1
(1.32)
SD = 2πMpl,D+1
rRD ? 1 − r3 F 0 ∧ ?F 0 ,
2

such that starting from pure gravity in D + 1 dimensions (1.29), one obtains gravity
together with a U (1) pure gauge theory in D dimensions. The problem with this
picture is that it does not accommodate for chiral fermions (they cannot arise in the
circle reduction of a five-dimensional theory) and thus fails to describe the Standard
Model. Actually, reducing gravity on a circle also yields a scalar r, but its kinetic term
is absent from (1.32). This is because this action is not in the Einstein frame, i.e. the
Einstein-Hilbert term is not in its canonical form (it is multiplied by the scalar r).
However, it can be brought to the Einstein frame by the Weyl rescaling
E
gab
=

2
 r  D−2
gab ,
r0

(1.33)

where the introduction of the scale r0 is required to keep the metric dimensionless
and can later be fixed to the expectation value of r. We find, after also rescaling
1
− D−2

(A0 )E = r0
SD

A0 , and omitting the index E altogether,
Z
D − 1 −2
1 2(D−1)
D−1
= 2π r0 Mpl,D+1 RD ? 1 −
r dr ∧ ? dr − r D−2 F 0 ∧ ? F 0 ,
D−2

2

(1.34)
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where we now see that the scalar r acquired a kinetic term (crucially with a factor
r−2 , as we will discuss in section 6.1.2). This scalar has no potential, and is called a
modulus. Its vev is thus arbitrary and sets the radius of the circle. Here lies hidden a
generic feature of any compactification: the parameters (mathematicians call them
moduli) that give the size or shape of the compactification space yield in the lower
dimensional theory to scalars without potential (physicists call these moduli). Note
that the circle has only one such parameter: its shape is fixed and its ‘volume’ is set
by the radius, r.
Let us also note that from (1.34), one is led to identify the D-dimensional Planck
mass as
D−2
D−1
Mpl,D
= 2π r0 Mpl,D+1
.

(1.35)

This is another generic feature of compactifications: the lower dimensional Planck mass
is the higher one times the volume of the compactification space (with the adequate
positive power). This can be understood as ‘gravity being diluted through the internal
space’.
Finally let us remark that when compactifying on a circle a D + 1-dimensional
scalar φ as in (1.23), together with gravity, the masses (1.27) of the KK-modes of φ̂
get modified by the Weyl rescaling, as follows
mn (r) =

1
n  r0  D−2
.
r r

(1.36)

This will be relevant for our analysis in section 6.1.3.
This closes (for now) our discussion of circle compactifications, where a single
dimension is compact. In fact, as we saw a one-dimensional compact space can have
only two topologies: a circle or a segment, such that these are the only possibilities for
compactifying a single dimension. Possibilities become infinite as soon as we consider
more than one extra dimension, which is what we now turn to.
1.6.2

String compactifications spaces

In this section we discuss compactifications on higher dimensional manifolds, which are
relevant for string compactifications. Recall that in superstring theory six dimensions
have to be compact if we want an effective theory in four dimensions. Regarding
M-theory and F-theory, seven and eight dimensions have to be compact, respectively.
It is also instructive to look at compactifications of string theories to more than four
dimensions, since those can be more tractable. In particular, in this thesis we will also
study F-theory compactifications to six dimensions.
First let us discuss some general properties. We call the compact space the internal
space and the one that is non-compact, or extended, the external space. So in general,
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we consider spaces of the form
M = Mext × Mint .

(1.37)

In a similar fashion to the circle discussed in the previous section, the compact space
Mint has an associated length scale lint (in the case of a circle, it is the radius r). At
energies
−1
E  lint
,
(1.38)
fluctuations of the fields cannot be excited in the internal space, and one can only
probe the external space. From the point of view of the lower dimensional theory, the
−1
modes with excitations in the internal space are massive, with mass scale given by lint
,
and should be integrated out at energies satisfying (1.38), as discussed in section 1.2,
leaving us only with the zero modes. One might then be tempted to take the internal
space to be as small as possible. However, in order to safely neglect the higher string
modes, we need to take the internal space to be large with respect to the string scale,
lint  ls .

(1.39)

When this is not satisfied, stringy corrections in powers of ls , known as α0 -corrections,
become important and should be considered.
What space should we take Mint to be? The simplest thing that comes to
mind would be a product or circle, or tori T n = (S 1 )n . These are called toroidal
compactifications and are useful to learn some properties of string theory in lower
dimensions. However, they preserve all the supersymmetry of the 10d theories, leading
to N = 4 or N = 8 is four dimensions. Extended supersymmetry does not allow for
chiral fermions, and thus would fail at incorporating the Standard Model. On the
other hand, a generic six-dimensional manifold would break all supersymmetry (at
high energy thus). Without supersymmetry we loose a lot of computational control
and instabilities may occur. Moreover, having supersymmetry at some low scale (and
further broken by some other mechanism) present several phenomenological advantages,
such as incorporating the standard model into a grand unified theory (GUT) at higher
energies, a much milder hierarchy problem, etc. Even if this turns out not to be the
case, studying supersymmetric compactifications of string theory is a first step to
understand more general compactifications. All in all, for the time being, and in this
thesis, we focus on compactifications that preserve minimal supersymmetry, that is,
N = 1 in four dimensions, unless otherwise stated. How do we know the amount of
supersymmetry that a manifold preserves? Well, remember that the supercharges
transform as spinors, and thus can be non-trivially rotated under parallel transport
along a closed loop of the internal manifold. A supercharge that gets rotated is
not globally well-defined and the associated symmetry is broken. The set of all
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possible rotations under all possible loops is called the holonomy group of the manifold.
For a generic six-dimensional manifold, the holonomy group is SO(6) such that all
supercharges do get rotated and no susy is preserved. We are thus looking for manifolds
whose holonomy is a subgroup of SO(6) that preserves some supercharges. It can
be shown that manifolds with SU (3) holonomy preserve exactly four supercharges
in four dimensions, per 10d supercharge spinor, i.e. minimal supersymmetry for the
heterotic and type I theories, while N = 2 for Type II theories. The latter amount of
supersymmetry is too high to permit chirality, but can be broken down to N = 1 by
orientifolding. Similarly, it can be shown that M-theory compactified on eightfold with
SU (4) holonomy leads to a three-dimensional theory with four supercharges (N = 2).
This corresponds to the circle reduction of an N = 1 four-dimensional theory (recall
that tori, hence circle, reductions do not break any supersymmetry). This will be
crucial for the F-theory compactifications discussed below.
How do we find manifolds with SU (n) holonomy? In principle this is a very hard
question that would require computing the metric and the associated holonomy group.
Thankfully, there is a very powerful theorem, conjectured by E. Calabi and proved
by S.T. Yau, which states that any Kähler manifold with vanishing first Chern class
admits a Ricci flat metric. This in turn implies that the holonomy is contained in
SU (n) for an n-complex-dimensional manifold. We will not review these concepts in
details here but refer to e.g. [29]. It is then enough to find Kähler manifolds with
vanishing first Chern-class, which is much easier than computing the holonomy directly.
Such manifolds are called Calabi-Yau (CY) manifolds. Let us review here some of
their basic properties. For a n-complex manifold Yn , the cohomology groups split as

H m (Yn ) =

m
M

H m−p,p (Yn ) ,

(1.40)

p=0

which count the holomorphic and anti-holomorphic indices. The dimensions of these
spaces
hp,q = dim H p,q (Yn )

(1.41)

are called the Hodge numbers of the manifold. They give the number of free parameters
of the metric, like the radius of the circle discussed earlier. They thus also tell how many
moduli fields will be present in the lower dimensional theory. They satisfy hp,q = hq,p
by complex conjugation and hp,q = hn−p,n−q by Hodge duality. In addition, if Yn
satisfies the Calabi-Yau condition, we further have hn,0 = 1 and hp,0 = 0 for 0 < p < n.
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This means that the Hodge numbers for a Calabi-Yau threefold read
h0,0
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leaving only two independent Hodge numbers, h1,1 and h2,1 . Similarly, the Hodge
numbers for a Calabi-Yau fourfold read
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(1.43)
In this case one can show that there exists an extra relation between these Hodge

numbers, namely h2,2 = 2 22 + 2h1,1 + 2h3,1 − h2,1 , leaving three independent Hodge
numbers, e.g. h1,1 , h2,1 and h3,1 .
The h1,1 Hodge parameters count the Kähler deformations of the manifold, which
can be understood as the variation of the volumes of some cycles within the manifold
(including the total volume), analogous to the radius of a circle or the volume (more
precisely surface) of a torus. In a low energy effective theory, these deformations
appear as massless fields, called the Kähler moduli. Similarly, the h1,3 Hodge numbers
count the complex structure deformations, which correspond to variations in the shape
of the cycles, like the shape of a torus for instance (which is precisely given by the
complex structure τ of the torus). They yield to the complex structure moduli in
an effective theory. Moduli can be seen as coordinates on a moduli space, and an
important feature of the total moduli space of a CY is that it factorizes into Kähler
and complex structure subspaces
Mcy = MKs × Mcs .

(1.44)

The fact that we focused on Calabi-Yau threefolds and fourfolds was of course
purposeful, as these are the manifolds that will be relevant in this thesis. We already
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saw that 10d superstring theories on CY threefolds (and their orientifolds) yield fourdimensional effective actions with minimal supersymmetry. Fourfolds will be relevant
for obtaining four-dimensional effective actions from F-theory (the two extra dimensions
come from the F-theory torus). One can also consider F-theory compactified on a CY
threefold, which then yields a 6d effective theory with 8 supercharges. This would of
course not be directly relevant for making contact with our world, but the high level
of supersymmetry (yet allowing chirality) gives more control, and one can use this
setup as a testing ground, and later deal with the more complicated four-dimensional
case. It is now time for us to discuss how to obtain effective actions from F-theory.

1.7

F-theory effective actions

We saw in section 1.5 that F-theory describes Type IIB configurations with varying
axio-dilaton τ by identifying it with the complex structure parameter of a torus, which
shares the same SL(2, Z) transformation properties. This would mean that the Type
IIB internal space gets enhanced with an elliptic fibration, as depicted in figure 1.4.
Therefore, in order to obtain a four-dimensional effective action from F-theory, we
need to compactify on an elliptically fibered eight-dimensional manifold, the two extra
dimensions corresponding the torus fibers.
However, we have also seen in section 1.5 that regarding F-theory as a twelve
dimensional theory does not quite work. We now explain how F-theory can be defined
as a special limit of M-theory. Schematically it goes as follows: consider M-theory on
1
a torus T 2 = SM
× ST1 with modulus τ , and let its size shrink to zero (thus avoiding
1
the problem of the size modulus), but in a specific manner. First, one takes SM
to be
22
the M-theory circle (hence the notation) and sends its radius to zero, rM → 0. This
gives weakly coupled Type IIA on the remaining circle. Before shrinking the second
circle, one performs T-duality23 , which yields Type IIB on S̃T1 with radius r̃T ∼ 1/rT .
Finally, taking limit rT → 0, the dual circle opens up, or decompactifies, such that
in the end we get Type IIB in ten dimensions. This chain of dualities is depicted on
figure 1.5. Keeping trace of the complex structure τ of the torus during this route,
one finds that it gets mapped to the axio-dilation of Type IIB. Taking τ to vary with
the position, we can repeat this procedure for each torus, leading to Type IIB with
varying axio-dilaton, that is, F-theory. Remarkably one can show that full 10d Lorentz
invariance is restored in the limit rT → 0.
This duality with M-theory allows one to obtain effective actions of F-theory [24, 30]:
one compactifies M-theory on a space with a torus fibration, and taking the limit of
22 This is the circle that relates M-theory and Type IIA. Its radius is given by the Type IIA string
coupling constant.
23 T-duality is a duality between Type IIA on a circle of radius r on the one hand and Type IIB
T
on a circle of radius r̃T = α0 /rT on the other hand, where α0 ∼ ls2 .
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M-theory on
M9 × T 2

Type IIB
on M10

1
T 2 = SM
× ST1

rM → 0
rT → 0
Type IIA on
M9 × ST

T-duality
r̃T ∼

1
rT

Type IIB on
M9 × S̃T

Figure 1.5: This schematic picture explains how F-theory is defined via M-theory. The
axio-dilation of Type IIB on M10 is given by the complex structure of the torus one
of the M-theory side. Performing this fiberwise, we obtain Type IIB with varying
axio-dilaton, that is, F-theory.

shrinking, one should grow an extra dimension. Following this path, we see that in
order to preserve minimal supersymmetry in four-dimension, the space on which we
compactify M-theory should be a Calabi-Yau fourfold (elliptically fibered). In F-theory,
the D7-brane, and thus their associated gauge theories, are encoded in the geometry
at singularities of the fiber or of the full space. In order to be able to compactify
M-theory, we use a smoothed version of the CY (this is called a resolution and is not
always possible to achieve, see for instance [31–37]). In the F-theory limit, i.e. the
shrinking torus limit, the singular Calabi-Yau is recovered. However this limit brings
the M-theory effective actions into a strongly coupled regime, where non-perturbative
effects become important and we loose computational control (we are trying to grow
an extra dimension). This means that in practice we cannot really follow through the
whole duality chain presented in figure 1.5.
Instead, what can practically be done is to reduce on a circle a generic 4d theory
with minimal supersymmetry. The resulting 3d theory can then be compared with
the 3d theory obtained from the M-theory reduction. This comparison allows one to
infer information about the original four-dimensional theory. This is schematically
presented in figure 1.6 for four- and six-dimensional effective theories, and the different
steps are performed in detail in chapter 2 for the four-dimensional effective actions
and in chapter 4 for the six-dimensional effective actions, for generic Calabi-Yau’s.
In order to obtain F-theory effective actions, two compactifications are of great
importance. Naturally the M-theory compactification, which encodes the UV physics
we want to study, but also the circle reduction, which allows to perform the ‘F-theory
lift’. They both play a central role in this thesis. As we will see, a very thorough
analysis of the circle reduction is needed in order to match with the M-theory reduction.
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12d F-theory
11d M-theory

12d F-theory
11d M-theory

Y4
Ŷ4

Y3
Ŷ3

lift

4d N = 1
S 1 + CB

3d N = 2

lift

6d N = (1, 0)
S 1 + CB

5d N = 2

3d N = 2
compare
(a) 4d effective theories from F-theory

5d N = 2
compare
(b) 6d effective theories from F-theory

Figure 1.6: Schematic representation of the road to four- and six-dimension effective
actions from F-theory. Yn denotes a CY n-fold and Ŷn its resolution. The red
dashed arrow represents the lift that would be obtained by taking the shrinking torus
limit, which cannot be performed in a controlled way in the EFT (non-perturbative
effects become important). Rather we compare the M-theory reduction with the circle
compactification of a generic theory with the expected supersymmetry in one dimension
higher (green arrow). Note that some dualization is required before performing this
comparison. The details of all these steps are given in chapter 2 for the 4d case and
chapter 4 for the 6d case.

In particular, special care has to be taken when regularizing the theory obtained by
circle reduction, as we will discuss at length in chapter 5. As it turns out, on the
circle reduction side, we need to include at least one-loop effects to match with the
classical M-theory reduction. The two compactifications are thus not on the same
footing; this is very surprising and interesting. For quantities that receive more than
one-loop corrections, it is not known what exactly the M-theory reduction captures.
Some properties are worth noticing concerning these two compactifications. First,
they do not necessarily end up in the same duality frame, meaning that in order to be
able to compare them, one first needs to perform some dualization. This is explained
in great details in section 2.2. Second, the comparison is to be made in the Coulomb
branch. This means the scalars coming from the component of the vectors along the
circle (Wilson lines) aquire a vev, which breaks the gauge group to its abelian subgroup
(Cartan). On the M-theory side, the smoothing of the Calabi-Yau has exactly the same
effect (and as mentioned, this smoothing is needed in order to use the supergravity
description). The extra divisors appearing during the resolution of the CY can be
seen as giving a mass to the off-diagonal elements of the gauge group, leaving only the
Cartan subgroup.
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Naturally by comparing the actions in the Coulomb branch one might loose
information. However, many properties are preserved and can be studied. It is
one of the main goals of this thesis to infer some general properties of the F-theory
effective actions obtained via M-theory. By general we mean that we do not take specific
examples of Calabi-Yau manifolds, but keep the Calabi-Yau space generic (as mentioned
earlier we restrict to Calabi-Yau’s in order to preserve minimal supersymmetry). Two
of the most basic questions one can ask about an effective theory are (1) What are
the gauge couplings? (2) Is the theory anomaly free?
Gauge coupling functions
The gauge couplings, which control the dynamic of the vector fields, can in general
depend on the scalars present in the theory, and hence are more generally called gauge
coupling functions. In four-dimensional theories with minimal N = 1 supersymmetry,
these functions are required to be holomorphic in the complex scalars of the chiral
multiplets [38]. This holomorphicity allows to infer certain non-renormalization
theorems for the coupling function. In particular, one can show that it only receives
perturbative corrections to one-loop order, while non-perturbative corrections can
generally be present. However, it was found [39] by reducing the D7-brane effective
actions (1.15) in type IIB, that the four-dimensional gauge coupling function24 was not
holomorphic. Chapter 3 is devoted to answer this riddle, both in Type IIB and its nonperturbative generalization, F-theory; and more generally to study the gauge coupling
functions in F-theory. In those settings, the gauge coupling functions depend on
scalars admitting classical shift-symmetries, which constrain the functional form of the
coupling. We will exploit the interplay between holomorphicity and shift-symmetries
in the study of gauge coupling functions of brane and R-R gauge fields.
Anomalies
Sometimes a classical theory enjoys some symmetry that cannot consistently be carried
over to the quantum theory. This breaking of a symmetry upon quantization, or more
precisely the non-conservation of the symmetry current, is called an anomaly. If this
concerns a global symmetry, this is not so much of a problem but rather a property of
the theory. In fact global anomalies are very robust properties, as they do not depend
on the scale at which the theory is considered. This means that the global anomaly of
an effective theory must equal that of the original ultraviolet theory, which is known
as the ’t Hooft anomaly matching condition.
However, if the symmetry is local (i.e. a gauge symmetry), this is much more
problematic. Indeed, gauge symmetries are not really symmetries but rather redun24 Recall

that a D7-brane yields a U (1) gauge field in four-dimensions.
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dancies in the field configurations, such that if they are broken the theory becomes
inconsistent, one cannot define a partition function. These so-called gauge anomalies
are thus to be avoided. They can occur when chiral fermions charged under the gauge
group are present, precisely because there is no UV regulator preserving simultaneously
Lorentz invariance and gauge invariance (for a pedagogical review, see e.g. [40]). These
anomalies are called chiral anomalies. Since we are interested in four-dimensional
effective theories with chiral fermions25 , we should be worried about them having
anomalies.
For effective theories obtained from weakly coupled Type IIB string theory with
D7-branes and O7-planes, it is well understood that non-abelian anomalies are canceled
if the D-branes and fluxes are chosen such that they cancel the R-R tadpoles, while
abelian anomalies are canceled through a (generalized) Green-Schwarz mechanism, see
e.g. [41–43]. On the other hand, in F-theory, D7-branes and O7-planes are encoded
in the geometry of the Calabi-Yau manifold. The anomaly cancellation conditions
then translate into geometric relations [44–48]. These have been checked to hold for
individual geometries but have not been proved generally. Doing so would ensure the
effective theories obtained from F-theory to be free from anomalies. Note that this
is somehow expected since full non-perturbative string theory is very likely to have
a good quantum behaviour (UV completeness), which its effective theories should
inherit.
Another approach would be to directly verify that the effective actions obtained by
compactifying F-theory on a generic Calabi-Yau manifold, via the M-theory duality
(explained above, see figure 1.6), are free of anomalies. In order to do that, one ought
to consider a general theory, possibly anomalous, perform a circle reduction, go to the
Coulomb branch, and compare the result with M-theory on the Calabi-Yau manifold.
Hence, one is led to wonder what happens to an anomalous theory upon circle reduction.
Recall here that we are talking about chiral anomalies, and chirality only happens in
even-dimensional space. Therefore, odd-dimensional theories do not have local gauge
anomalies, and it naively seems that the anomaly is lost upon compactification. This
surely cannot be the case, as we saw that theories suffering from gauge anomalies
were inconsistent, and one cannot flow26 from an inconsistent theory to a consistent
one. This conundrum is interesting in itself, without the string theoretic motivation
that led to it. Its resolution is presented in chapter 5. This will allow us to show
that chiral anomalies are automatically canceled in four- and six-dimensional F-theory
effective actions obtained by compactification on Calabi-Yau’s that can be smoothed
(thus allowing to use the M/F-theory duality). Therefore, this provides a ‘physics
proof’ of the geometric relations mentioned earlier. As a by-product, it will also allow
25 This
26 A

was our motivation for not having more supersymmetry than N = 1.
compactification can be viewed as a flow in energies, see section 1.6.
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us to complete the ‘F-theory lift’. By this we mean that every term of the M-theory
reduction on a threefold can be matched to the circle reduction of a six-dimensional
N = (1, 0) theory — anomaly free, of course.

1.8

The Landscape and the Swampland

Anomalies (see previous section) restrict the set of theories that can be consistently
described at the quantum level. At higher energies, where quantum gravity effects
play a role, self-consistency seems to be even more constraining, possibly uniquely
fixing the theory. In particular, string theory has no free parameter (except perhaps
for the string length), even the dimension of spacetime itself being fixed. However, in
order to obtain a low-energy action we need to compactify the extra dimensions on
some internal space. There is a huge number of geometries that solve the equations
of motion and thus of different possibilities for the choice of internal space, called
vacua. In addition to choosing the geometry, one can also specify fluxes27 . This yields
the (in)famous estimation of order O(10500 ) ‘vacua’ for Type IIB compactifications28 .
This means that at low energies we loose the nice predictability that string theory has
at high energy. This bewilderingly big set of possible string vacua was dubbed the
string theory Landscape [50]., and could lead one to think that any consistent effective
field theory could be realized in string theory. This would render string theory rather
irrelevant for IR physics.
However, in the recent years, quite the antithetical viewpoint has emerged. Indeed
it seems that most of the theories that look consistent from the low-energy perspective
(i.e. not suffering from anomalies) cannot be obtained from string theory29 . The set
of these apparently consistent effective theories that cannot be UV-completed into
string theory, or more generally in a quantum gravity theory, was coined Swampland
by C. Vafa in [51], and is depicted in figure 1.7.
Of course, this abstract concept of Swampland is void of sense if we do not have
criteria allowing us to distinguish it from the Landscape. These should be formulated
in terms of the IR physics only, without reference to the UV-completion. Determining
the criteria is a difficult task that stimulates intense research, known as the Swampland
program. Except maybe one or two exceptions, none of the proposed criteria has
been rigorously proven, and are therefore referred to as Swampland conjectures.
Nonetheless, some of them have received very strong evidence, especially in the context
of string compactifications. We do no wish to review here all the different Swampland
27 A flux is a non trivial expectation value for gauge fields, in this context the gauge fields appearing
in (1.6) and (1.7).
28 A recent study [49] in the context of F-theory gave the estimate of O(10272000 ) ‘vacua’.
29 In fact only a set of measure zero of them seems to be coming from string theory, in a naive
sense of measure.
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String Theory
(quantum gravity)

Set of apparently consistent (anomaly free)
low-energy QFTs

energy
scale

Landscape

Swampland

Figure 1.7: The Swampland refers to the set of low-energy field-theories that look
consistent (anomaly free) but cannot be obtained from string theory, or more generally
a quantum gravity theory. On the other hand, effective theories that do arise from
string theory are said to belong to the Landscape.

conjectures and their various pieces of evidence —the interested reader is referred to
the reviews [52, 53]— but we will focus on those that are directly relevant for the work
presented in this thesis, or closely related.
We note that the Swampland criteria are conjectured to hold for any theory of
quantum gravity, and sometimes they are motivated by semi-classical black hole
arguments. Since these criteria yield non-trivial quantum gravity constraints at low
energies and to provide new guidelines to make progress in high energy physics, it is
essential to gather more evidence to prove or disprove these conjectures in a rigorous
way. Therefore, having a theory of quantum gravity, namely string theory, is very
useful. Indeed one could disprove a Swampland criterion if it does not hold for string
theory. Conversely, the more non-trivial tests within string theory a criterion passes,
the more evidence it acquires. Furthermore, the way string theory satisfies the criterion
sometimes teaches us more fundamental reasons why it holds, or provides relationships
with other swampland criteria. We will discuss these points more in depth in chapter 6.

32

1

Introduction

Presumably the first Swampland criteria30 and arguably the most accepted one,
comes from the absence of global symmetry in string theory; indeed a global symmetry
on the worldsheet always ends up being gauged in the target space [54]. This led to
the following conjecture:
No Global Symmetries Conjecture [54] There can be no exact global
symmetry in a theory with finitely many fields coupled to gravity.
This means that any apparent global symmetry at low energy would in fact be broken
at higher energies, if the theory is to belong to the Landscape. Recently this conjecture
was proven [55, 56] in the context of AdS/CFT, constituting another very strong piece
of evidence for it.
Another early ‘Swampland’ criterion is the following hypothesis:
Completeness Hypothesis [57] In a gauge theory coupled to gravity,
there must exist states of all possible chargesa under the gauge symmetry.
a Consistent

with Dirac quantization.

For instance in Type II string theories, D-branes are the charged objects under the
R-R gauge symmetries [58].
Our next Swampland criterion states, loosely speaking, that gravity should always
be the weakest force:
Weak Gravity Conjecture (WGC) [59] In a four-dimensionala theory
coupled to gravity and with a U (1) gauge symmetry with gauge coupling
gel , there must exist a charged particle with mass mel such that
mel . gel Mpl .

(1.45)

The magnetic version of this statement is that the cutoff is actually lower
than expected
Λ . gel Mpl .
(1.46)
a This

conjecture can be generalized to any dimension, see e.g. [52].

There is a substantial amount of evidence for this conjecture [60–62]. Furthermore we
note that it is clearly connected to the absence of global symmetry since the eq. (1.46)
30 It

was proposed well before the name Swampland itself.
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states that taking the limit gel → 0 in which the gauged symmetry becomes global, the
cutoff goes to zero as well, and the effective theory breaks down. Let us also mention
that there exists a scalar version of the conjecture:
Scalar Weak Gravity Conjecture [63] In a theory with massless scalar
fields φi , whose kinetic term is given by gij , there must exist a state with
mass m such that
2
g ij (∂i m)(∂j m) Mpl
& m2 ,
(1.47)
where ∂i =

∂
∂φi

and g ij is the inverse of gij .

See also [64] for its generalization in D-dimensions and tests in F-theory and heterotic
models.
The last Swampland criterion that we present here is the most relevant for the
work presented in chapter 6. It deals with distances in moduli space:
Swampland Distance Conjecture (SDC) [65] Consider the moduli
space M of a consistent quantum gravity effective theory parametrized by
the expectation values of the massless scalar fields in the theory. Starting
from any point Q ∈ M, there is another point P ∈ M such that the
geodesic distance d(P, Q) between the two points is arbitrarily large. Furthermore, there is an infinite tower of states whose mass scale behaves
as
m(P ) ∼ m(Q) e−γ d(P,Q) ,
(1.48)
where γ is a positive constant.
Accordingly, in the limit d(P, Q) → ∞ there is an infinite tower of states becoming
massless exponentially fast in the proper field distance. This in turn implies that the
cutoff of the theory goes to zero (also exponentially fast). In other words, this signals
the complete breakdown of the effective theory. Intuitively, a quantum field theory
description of infinitely many fields weakly coupled to Einstein gravity is not possible,
as quantum gravitational effects become important. The conjecture thus states that
any low energy effective theory defined at a particular point of the moduli space is
only valid in a finite domain around that point. Therefore, it implies an upper bound
on the scalar field range that any effective theory can accommodate. Such a bound
can have crucial implications for phenomenology, especially when constructing models
of large field inflation.
It is interesting to note that all these Swampland criteria are not disconnected from
one another, but some may be recovered as particular limits of others, or the states
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Conjecture

Figure 1.8: The different Swampland criteria are not isolated but rather there exist
many relations between them. In this schema, we exhibit three of the most established
Swampland criteria and the relations among them. Here g is the gauge coupling and
∆φ is the field displacement in moduli space.

satisfying one criterion also satisfy another one at the same time, etc. We present
such connections between three selected Swampland criteria in figure 1.8.
Since the Swampland Distance Conjecture yields such important constraints at
low energies, it is essential to gather evidences to prove or disprove the conjecture in a
rigorous way. In [66–75] the conjecture was analyzed in concrete string compactification
setups. Substantial evidence for it was obtained in [76, 77] by studying infinite distance
singularities of the complex structure moduli space of Calabi-Yau threefolds. Recent
studies also showed that not only particles can be candidates for satisfying the SDC,
but also strings [60], branes [78] or instantons [79, 80].
The strength of the approach followed in [76, 77] is its model independence, as the
results are valid regardless the specific Calabi-Yau under consideration. In addition,
a general prescription was proposed in [76], which identifies the tower of states in
terms of a charge orbit generated by a monodromy action of infinite order. Such a
monodromy is ensured to exist if the locus is at infinite distance. In chapter 6 we
further test the SDC, and this prescription to identify the tower, in the Kähler moduli
spaces of Calabi-Yau threefolds, likewise in a model independent manner. As we will
see, in certain cases, the SDC seems to be satisfied in a conspiratorial way by string
theory.
Since evidences for the SDC to hold are piling up, the question naturally rises, of
what underlying quantum gravity principle(s) is(are) responsible for it; recently, two
proposals have been suggested. Before introducing them, we must note that in the
presence of many elementary particles weakly coupled to gravity (called species), it
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has been proposed that the quantum gravity cutoff is in fact much lower than naively
expected (the Planck mass). This new scale is called the species scale and is defined
as follows:
The Species Scale (Conjecture) [81–85] In a D-dimensional theory
coupled to gravity (with Planck mass Mpl,D ), the maximal quantum gravity
cutoff is set by
Λqg '

Mpl,D
1

,

(1.49)

D−2
Nqg

where Nqg is the number of species present below the energy scale Λqg .
We are now in measure of stating the two proposals for the underlying principles
responsible for the SDC:
(1) The infinite tower is a quantum gravity obstruction to restore a global symmetry
at the infinite distance limit [76].
(2) The infinite distance itself emerges from quantum corrections of integrating out
the infinite tower of states up to the species scale of the tower [65, 76, 86].
The second one is actually part of a more general proposition that goes towards a
microscopic description of the Swampland conjectures, namely
The Emergence Proposal based on [76, 86–89] The fields dynamics,
i.e. their kinetic terms, emerges in the infrared from integrating out towers
of states down from an ultraviolet scale Λqg < Mpl .
The proposals (1) and (2) found confirmation in [76] at the infinite distance loci
of the complex structure moduli space of Type IIB Calabi-Yau compactifications.
Concerning (1), the monodromy transformation is translated to an axionic discrete
shift-symmetry in the effective theory which enhances to a continuous shift-symmetry at
infinite distance. Everything fits together in a beautiful story linked to the monodromy
action. In chapter 6 we extend the discussion to Kähler moduli spaces, and check
whether the two proposals likewise hold in that setup. Regarding (2), we also present,
in section 6.1.2, a new computation that shows how the exponential mass behavior
(and the infinite field distance) is an automatic consequence of integrating out any
infinite tower of states (regardless their concrete mass) up to the species scale of the
tower, as long as the tower gets compressed as we move in the moduli space. This
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highlights the properties that need to be met by the tower, and also leads to a natural
identification of the quantum gravity cut-off with the species scale (1.49).

Outline of this thesis
This thesis is organized as follows.
In chapter 2, we perform in detail the different steps of the F/M-theory duality
which are to be performed in order to obtain four-dimensional effective actions from
F-theory. That is, we reduce M-theory on a generic Calabi-Yau fourfold and dualize
the resulting theory to the F-theory frame, allowing us to compare with the circle
reduction of a generic 4d N = 1 theory.
In chapter 3, we investigate the gauge coupling functions of four-dimensional Type
IIB orientifold and F-theory compactifications. In particular, we pay special attention
to the shift-symmetries of the axions that these compactifications feature, and propose
a general form of the quantum corrections needed in order to respect these symmetries,
together with holomorphicity.
Chapter 4 is the pendant to chapter 2, but concerning six-dimensional effective
actions, such that M-theory is to be reduced on a Calabi-Yau threefold. We match
this reduction with circle compactification of a generic 6d N = (1, 0) theory.
In chapter 5, we study in detail how four- and six-dimensional local anomalies
manifest themselves when the theory is compactified on a circle. We further include
in our analysis situations where anomalies are canceled through a (generalized) GreenSchwarz mechanism. This allows us to check whether anomalies are canceled or not in
F-theory effective actions that can be obtained via M-theory.
Finally in chapter 6, we investigate the Swampland Distance Conjecture in the
Kähler moduli spaces of Calabi-Yau threefold compactifications, both in Type IIA and
M/F-theory settings. We also provide a new computation showing further evidence
for the emergence proposal and its link to the species scale.
Note to the reader: chapters 3, 5 and 6 can be read independently from one another.
They all rely at some level on chapters 2 and/or 4, although these can also be skipped
in a first lecture, as we refer to the needed results in the later chapters.

2
Four-dimensional F-theory effective actions

Let us now dive into the details of obtaining four-dimensional effective actions from
F-theory, using the general procedure explained in section (1.7). Furthermore, we
focus on compactifications that preserve minimal supersymmetry in 4d, i.e. N = 1,
which corresponds to N = 2 in 3d (8 supercharges). This amount of supersymmetry
is obtained if the compactification space is a Calabi-Yau manifold. The F/M-theory
duality then tells us that we should compactify M-theory on an elliptically Calabi-Yau
fourfold, and match the resulting 3d N = 2 theory with the circle reduction of a
generic 4d N = 1 theory (see picture 1.6).
As the matching takes place in three-dimensions, we start by reviewing threedimensional theories with N = 2 supersymmetry in section 2.1. We then proceed in
section 2.2 with the reduction of M-theory on a Calabi-Yau fourfold; at first without
flux, then including a G4 -flux. We also explain in great detail the relevance of having an
elliptically fibered space and the dualization procedure to bring the effective action to
the correct F-theory duality frame to compare with a four-dimensional theory. Finally
in section 2.3 we perform the circle reduction of a generic 4d N = 1 action, expressing
the resulting action in the canonical form, allowing us to match the coordinates with
those obtained by M-theory reduction. We leave a detailed account of the dualization
of three-dimensional actions to the appendix 2.A.

2.1

Three-dimensional N = 2 supergravity

The multiplets of a three-dimensional N = 2 ungauged supergravity theory consists,
on top of the gravity multiplet, of chiral multiplets and vectors multiplets. Their
bosonic field content is given by1
1 Our choice of indices might seem weird for now, but will become clear later on, as they gather
many different fields arising in the M-theory reduction.
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◦ Chiral multiplets: complex scalars M A
ˆ
ˆ
◦ Vector multiplets: real scalars LI and vectors AI .
The N = 2 supersymmetry implies that all couplings are determined by a real function
ˆ
K(M A |LI ) of the scalar fields2 , called the kinetic potential. Indeed, the action is
given by
S3can =

Z

1
ĎB̄
R3 ? 1 − KAB̄ dM A ∧ ? dM
2
M3


ˆ
ˆ
ˆ
ˆ
ˆ
1
A
+ KIˆJˆ dLI ∧ ? dLJ + F I ∧ ? F J + F I ∧ Im(KIA
ˆ dM ) ,
4

(2.1)

where KAB̄ , KIˆJˆ and KIA
ˆ denote second derivatives with respect to the corresponding
scalar fields. The action (2.1) is invariant, up to boundary terms, under the following
transformation of the kinetic potential
ˆ

ˆ

δK(M A |LI ) = Re g(M A ) + LI Re hIˆ(M A ) ,

(2.2)

where g(M A ) and hIˆ(M A ) are holomorphic functions of the complex scalars M A .

2.2

M-theory on Calabi-Yau fourfolds and the F-theory frame

We proceed with the reduction of M-theory on a smooth Calabi-Yau fourfold Y4 . Here
and in the rest of this thesis, unless otherwise specified, we will work in the large volume
regime, allowing us to use the supergravity descriptions. If the volume is not large with
respect to the string length, the extended nature of the strings will become important,
and corrections from extended objected (expended in powers of α0 , and therefore
called α0 corrections) should be included. On the contrary if the volume is large
enough, these corrections can safely be neglected, and the supergravity description
holds. Our starting point is thus the eleven-dimensional supergravity action (1.4). We
first perform in great detail the case without background G4 -flux, and subsequently
discuss the inclusion of such a flux. Then, by restricting to the case in which Y4 is
elliptically fibered, we perform the necessary dualization to compare the resulting
three-dimensional theory to the circle reduction of an arbitrary four-dimensional N = 1
supergravity theory. Let us note that this approach has already been successfully
applied in previous works, see e.g. [24, 30, 90, 91]. However, we would like to stress
that the reduction without flux that we present here is the most general analysis
carried out so far.3 In particular, we will cover the cases that capture kinetic mixing
between R-R bulk and 7-brane gauge fields.
2 The
3 Also

vertical bar in its argument separates the complex from the real scalars.
in comparison to [92] we will drop simplifying assumptions.

2.2
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Dimensional reduction of M-theory on a smooth fourfold

We begin our analysis by performing the dimensional reduction of eleven-dimensional
supergravity on Y4 . Such reductions were performed already in [93–95], and we will
deviate from these works only by considering a more explicit ansatz for the (2, 1)-forms
on Y4 .
We consider backgrounds of the form
hdŝ2 i = ηµν dxµ dxν + 2gmn̄ dy m dy n̄ ,

(2.3a)

hdĈ3 i = 0 ,

(2.3b)

where gmn̄ is a Calabi-Yau metric on the fourfold Y4 . This choice of background ensures
that the resulting effective theory is a three-dimensional N = 2 supergravity [96].
The effective theory of interest includes all massless fluctuations around the background solution (2.3a). The massless modes arising from fluctuations of the metric
can be encoded in terms of the Kähler form J expanded as
J = v Σ ωΣ ,

Σ = 1, . . . , h1,1 (Y4 ) ,

(2.4)

where ωΣ form a basis of harmonic two-forms. The fields v Σ are three-dimensional real
scalar fields that parametrize the Kähler structure deformations of Y4 . We also have
h3,1 (Y4 ) complex fields z K , K = 1, . . . , h3,1 (Y4 ), that encode the complex structure
deformations of Y4 .
The massless modes that come from fluctuations of the M-theory three-form Ĉ are
given by
Ĉ3 = AΣ ∧ ωΣ + NA ΨA + N̄A Ψ̄A ,

A = 1, . . . , h2,1 (Y4 ) ,

(2.5)

where we introduced ΨA , a basis of harmonic (1, 2)-forms. We note that AΣ are threedimensional vector fields and N A are three-dimensional complex scalars. Following [30],
we choose the following parametrization of the (1, 2)-forms
ΨA =

1
2

Re f AB (αB − ifsBC β C ) ,

(2.6)

where (αA , β B ) are a basis of integral harmonic real three-forms and fAB is holomorphic
in complex structure. We also defined Re f AB , which is the inverse of Re fAB . Thus,
Ĝ is given by
Ĝ = dAΣ ∧ ωΣ + DNA ∧ ΨA + DN̄A ∧ Ψ̄A ,
(2.7)
with
DNA = dNA − Re NB Re f BC ∂K fCA dz K ,

sA = DN
Ğ
DN
A.

(2.8)

Note that we could have also chosen to use the real basis (αA , β B ) in the expansion
of Ĉ. This would introduce real scalars (c̃A , cA ), which are related to the complex
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scalars NA via NA = icA + fAB c̃A , but we will work directly with NA . The basis
form and corresponding fields are summarized in table 2.1.
cohomology group
1,1

H (Y4 )
H 3,1 (Y4 )
H 2,1 (Y4 )
H 3 (Y4 )

basis element

fields
Σ

ωΣ
χK
ΨA
(αA , β A )

Σ

(L , A )
zK
NA
(c̃A , cA )

index range
Σ = 1, . . . h1,1 (Y4 )
K = 1, . . . h3,1 (Y4 )
A = 1, . . . h2,1 (Y4 )
A = 1, . . . h2,1 (Y4 )

Table 2.1: Relevant cohomology groups in the reduction on Y4 . The dimensions are
denoted by hp,q (Y4 ) = dim H p,q (Y4 ). While ΨA and χK are complex basis elements,
the forms ωΣ and (αA , β A ) constitute real basis elements.

Substituting the ansatz (2.4) and (2.5) into the action (1.4) and performing a Weyl
rescaling , which brings the effective action into the Einstein frame, we find that the
three-dimensional effective theory is given by
Z

1
S3 =
R ? 1 − GKL̄ dz K ∧ ? dz̄ L̄ − GΣΛ dLΣ ∧ ? dLΛ + dAΣ ∧ ? dAΛ
2 3
(2.9)
1
1 Σ AB
AB Σ
s
s
s
− L dΣ DNA ∧ ?DNB − dΣ F ∧ (NA DNB − NB DNA ) .
2

4i

Let us introduce the different objects that appear in this expression. We introduced
the rescaled Kähler moduli
Z
1
vΣ
1
,
V = KΣΛΓ∆ LΣ LΛ LΓ L∆ ,
LΣ =
V̂ =
J4 ,
(2.10)
4!
4! Y4
V̂
with

Z
KΣΛΓ∆ =

ωΣ ∧ ωΛ ∧ ωΓ ∧ ω∆ ,

(2.11)

Y4

the intersection number of two-forms. The kinetic term for the complex structure
moduli z K depends on a Kähler metric given by
R
Z
χ ∧ χL̄
Y4 K
GKL̄ = − R
Ω ∧ Ω̄ ,
(2.12)
= −∂zK ∂z̄L̄ log
Ω ∧ Ω̄
Y4
Y4
where χK are a basis of harmonic (3, 1)-forms, with K = 1, . . . , h3,1 (Y4 ). Regarding
the kinetic terms for the vector multiplets (LΣ , AΣ ), we have that
GΣΛ =

V̂
4

Z
ωΣ ∧ ? ωΛ = −
Y4


1 
1
1
KΣΛ −
KΣ KΛ = − ∂LΣ ∂LΛ log V ,
8V
18V
4

(2.13)

where we defined
KΣ = KΣΛΓ∆ LΛ LΓ L∆ ,

KΣΛ = KΣΛΓ∆ LΓ L∆ ,

(2.14)
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and used that ?ωΣ = − 12 J ∧ J ∧ ωΣ +
couplings
Z

A

B

Σ

Ψ ∧ ?Ψ̄ = L dΣ

AB

,

V̂ 2
36 KΣ J

dΣ

Y4

AB
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∧ J ∧ J. Finally, we introduced the

Z

ωΣ ∧ ΨA ∧ Ψ̄B ,

=i

(2.15)

Y4

where we used that ?ΨA = −iJ ∧ ΨA . These can be written as
1
2

dΣ AB = − Re f BC QΣC A ,

QΣC A = MΣC A + ifCB MΣ BA ,

(2.16)

when using the intersection numbers
MΣA B =

Z

ωΣ ∧ αA ∧ β B ,

MΣ AB =

Y4

Z

ωΣ ∧ β A ∧ β B ,

(2.17)

Y4

which are independent of the Kähler and complex structure moduli. Notice that there
are two important properties of the ΨA that we have used numerously throughout the
derivation:
Z
AB
Ğ
BA
dΣ
= dΣ ,
ωΣ ∧ ΨA ∧ ΨB = 0 ,
(2.18)
Y4
A
Ğ
D = Q
The first relation implies that Re f AB Re fCD Q
which is the origin of
ΣB
ΣC
the identity (3.53) in the following chapter. The second identity allows to remove the
intersection numbers involving αA ∧ αB , such that the result only depends on MΣA B
and MΣ AB defined in (2.17).

It is important to stress that the Calabi-Yau compactification that we performed
preserves 4 supercharges, which corresponds to N = 2 supersymmetry in 3d. This
implies that the effective action can be put in the N = 2 canonical form, given in (2.1).
However, the fields we obtained in the above M-theory reduction are not in the correct
frame for the lift to F-theory, as we will discuss in details in subsection 2.2.3, such
that we will for now use different indices and a tilde on K,
S3M =

Z

1
e dM A
R?1−K
AB̄
2

∧ ? dM B̄
(2.19)



1 e
Σ
Λ
Σ
Λ
e ΣA dM A ,
+ K
+ F Σ ∧ Im K
ΣΛ dL ∧ ? dL + F ∧ ?F
4

where M A = (z K , NA ) denotes the different complex scalar multiplets, and (LΣ , AΣ )
correspond to vector multiplets. Comparing (2.9) with (2.19) one infers that the
kinetic potential is given by
e A , z K |LΣ ) = − log
K(N

Z
Y4


s + log V + LΣ Re NA Re dΣ BA NB .
Ω∧Ω

(2.20)
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It is worth pointing out that (2.20) is valid without any further assumptions about
the real three-forms (αA , β B ) appearing in (2.6).4 This concludes the reduction of
M-theory without flux, we now briefly discuss the inclusion of a flux.
Including G4 -flux
Including a non-vanishing G4 -flux means that the considered background is not of the
form (2.3b) anymore, but rather we take hdĈ3 i 6= 0. We will discuss here only the
topological part of the action, for only those are of relevance for anomalies, which is
the object of study in the next chapter. For a more detailed discussion we refer the
reader to the references [93, 94]. That is to say, we focus on the last term of (1.4),
which is called a Chern-Simons (CS) term. Note that this term only involves the
three-form Ĉ3 .
Our previous Ansatz (2.5) for Ĉ3 gets modified by the non-trivial flux, namely
Ĉ3 = hĈ3 i + AΣ ∧ ωΣ + NA ΨA + N̄A Ψ̄A

(2.21)

The background value of Ĉ3 is such that hG4 i = hdĈ3 i is an appropriately quantized
four-form in Y4 [97]. Using this Ansatz, one can readily reduce the CS term in (1.4)
which gives the topological terms
Z

1
ΘΣΛ AΣ ∧ F Λ − i dΣ AB F Σ ∧ NA DN̄B − NB DN̄A ,
(2.22)
S3 = −
4

where DNA and dΣ AB were defined in (2.8) and (2.15), respectively, and the intersection number ΘΣΛ are given by
Z
ΘΣΛ =
ωΣ ∧ ωΛ ∧ hG4 i .
(2.23)
Y4

Note that these are quantized, as a result of the quantization of the G4 -flux.
2.2.2

Symmetries of the three-dimensional action

Let us briefly discuss the symmetries of the 3d effective action (2.19). First of all, it
has an abelian gauge symmetry given by
δAΣ = dΛΣ ,

(2.24)

where ΛΣ is an arbitrary function. Furthermore, it has a global abelian symmetry
acting on the scalars NA as
δNA = iλA + fAB λ̃B ,

(2.25)

4 In [92] it was assumed that a basis can be chosen such that β A ∧ β B = 0 in cohomology. While
this simplifies the computations significantly and is compatible with the weak coupling limit, it needs
not necessarily be imposed in general.
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with λA and λ̃A real constants. These symmetries descend from large gauge transformations of the Ĉ-field, namely δ Ĉ = λ̃A αA + λA β A with λ̃A , λA ∈ Z. As usual, the
classical supergravity analysis is invariant under a continuous version of the symmetry,
while quantum effects break it to the discrete group. It is interesting to note that the
kinetic potential (2.20) is not invariant under (2.25), but rather transforms as
h
 i
e = − 1 LΣ Re QΣA B (NB + δNB )λ̃A + MΣA B λ̃A + MΣ AB λA NB .
δK
2

(2.26)

However, this transformation yields a boundary term in the action and can therefore
be neglected. This means that (2.26) is in fact of the form (2.2), which can be checked
using that fAB is holomorphic in z K . While being in three dimensions, we have thus
found a natural set of holomorphic functions in our setting. As we will see later,
these play a key role in the up-lift to four dimensions and indeed reappear in the
holomorphic gauge coupling function.
Using this discrete version one identifies the scalars NA to parameterize a complex
torus
H 2,1 (Y4 )
2h2,1 (Y4 )
,
(2.27)
TM
= 3
H (Y4 , Z)
with a complex structure encoded by the function fAB . Since fAB and NA vary with
z K , this torus is non-trivially fibered over the complex structure moduli space. This is
the generalization of the complex tori discussed later in (3.28), since one of the z K of
the Calabi-Yau fourfold will translate to the τ in the orientifold limit. However, the
three-dimensional action (2.19) with (2.20) is not yet in the correct duality frame in
order to make the connection with the four-dimensional F-theory setting manifest.
2.2.3

Dualization to the F-theory frame

The above reduction is valid for any smooth Calabi-Yau fourfold. In order to have an
F-theory background, we have to restrict to the cases in which Y4 is elliptically fibered,
which imposes certain conditions on the geometric data. In turn, these translate
into restrictions on the three-dimensional effective action that ensure that it comes
from the compactification of a four-dimensional theory on a circle. This is expected
from the M-theory to F-theory duality and the main tool to infer information about
F-theory effective actions. However, performing the Y4 reduction as in subsection 2.2.1
the resulting three-dimensional theory is generally not in the correct duality frame to
lift it to a four-dimensional theory, so a Hodge star duality is usually required. Before
going into the details of the dualization, let us illustrate this with an example.
Consider a massless chiral multiplet Φ̂ and a massless vector multiplet Â of a
four-dimensional N = 1 supersymmetric theory that cannot be dualized into each
other. When we dimensionally reduce on a circle, we find that the chiral multiplet
gives an N = 2 chiral multiplet Φ in three dimensions and the vector Â yields an
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N = 2 vector multiplet, that consists of a three-dimensional vector field A together
with a real scalar a, as we will see in section 2.3. Since the vector field A is massless,
it can be dualized to a real scalar ã which, together with a, corresponds to a chiral
multiplet ΦA . Conversely, we can also dualize the chiral multiplet Φ into a vector
multiplet if it appears in the three-dimensional action with a real continuous shiftsymmetry. In general, after performing such a dualization, we can no longer lift the
theory back to the original four-dimensional setting. Thus, if we start with an N = 2
three-dimensional theory (with massless scalars and vectors) and wish to lift it to four
dimensions, we first have to make sure we are in the correct duality frame.
In our case, the structure of the elliptic fibration, together with the expectations
from Type IIB compactifications, is enough to find the correct frame. Following [24, 30],
we split the three- and two-forms as
ΨA = (ΨA , Ψκ ) ,

ωΣ = (ωı̂ , ωα ) ,

(2.28)

where Ψκ correspond to three-forms on the base of the fibration and ΨA have components on the fiber. Similarly, the two-forms ωα , which are dual to vertical divisors5 ,
come from the base whereas ωı̂ do not. In particular, the latter can be further split as
ωı̂ = (ω0 , ωi ) ,

(2.29)

where ω0 is dual to the base and ωi include the exceptional divisors and the extra
sections. We can give a rough characterization of these forms by counting how many
‘legs’ their components have in the elliptic fiber. In fact, ωα , Ψκ have no legs in the
elliptic fiber. ΨA and ωi generically have components with one and zero legs in the
elliptic fiber, while ω0 has generically components with two, one and zero legs in the
elliptic fiber. In order to have a non-vanishing coupling depending on an Y4 -integral
over the above forms, one has to have a wedge-product of forms that admits at least
some components with two legs along the elliptic fiber. One thus immediately finds
the vanishing conditions for the intersection numbers (2.11) and (2.17)
Kαβγδ = 0 ,

Kiαβγ = 0 ,

Mακ A = MαA κ = Mα κA = Mi κλ = 0 .

(2.30)

The intersections M0 κλ and M0κ λ are in general non-vanishing. However, we can
always choose a special three-form basis (ακ , β κ ) such that
M0 κλ = 0 ,

M0κ λ = δκλ .

(2.31)

The split of the forms induces a split of the different fields as follows
NA = (NA , Nκ ),
5 Vertical

LΣ = (Lı̂ , Lα ),

AΣ = (Aı̂ , Aα ) .

b ) where D b is a divisor in the base.
divisors are divisors Dα = π −1 (Dα
α

(2.32)
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On the one hand, the complex fields Nκ lift to four-dimensional vectors Aκ (R-R
vectors) and so have to be dualized. On the other hand, the scalars NA correspond to
both the Ga moduli and 7-brane Wilson lines (see next chapter), so they remain as
scalars. Regarding the three-dimensional vector multiplets, the (Aα , Lα ) lift to the
four-dimensional complex scalars Tα , so Aα should be dualized into a scalar. Finally,
the vectors Aı̂ include the 7-brane vectors as well as the Kaluza-Klein vector coming
from the reduction of the metric, so they should not be dualized.
We are now ready to perform the dualization that brings the action (2.19) into the
appropriate frame to lift to four dimensions. As usual, this can be done in a manifestly
e
supersymmetric way by performing a Legendre transform of the kinetic potential K
(see appendix 2.A for a detailed discussion). In order to dualize the scalars Nκ into
vectors, we need to make sure that the kinetic potential does not depend on Im Nκ .
e given in (2.20). However, we may remove such a
At first, this is not the case for K
dependence by performing a transformation of the form (2.2), which yields
Z
e = − log
K

s + log V + LΣ Re dΣ AB Re NA Re NB
Ω∧Ω
(2.33)

Y4


+LΣ 2 Im dΣ κA Re Nκ Im NA + Im dΣ AB Re NA Im NB .
We denote the dual kinetic potential by K(NA , Tα , z K |Lı̂ , nκ ) and it is given by


e NA , Nκ , z K |Lı̂ , Lα − Lα Re Tα − Re Nκ nκ ,
K NA , Tα , z K |Lı̂ , nκ = K

(2.34)

where the new variables are defined as
Re Tα ≡

e
∂K
,
∂Lα

nκ ≡

e
∂K
.
∂Re Nκ

(2.35)

The dualized action can then be derived by inserting (2.34) and (2.35) into the general
action (2.19). Notice that Re Nκ and Lα in (2.34) should be understood as functions
of Lı̂ , NA , Re Tα , and nκ . This requires inverting the maps (2.35), which can be done
explicitly for Re Nκ . We find the identify
Re Nκ = Re dκλ

h

1
2

nλ − Lı̂ Re dı̂ Aλ NA

i

,

(2.36)

where Re dλκ is defined as the inverse of Lı̂ Re dı̂ λκ . For the complex scalars Tα we
only find an implicit expression given by
Re Tα = ∂Lα log V + Re[dα AB NA ] Re NB ,

(2.37)

This implicit form of the coordinates and kinetic potential is also present in the
orientifold setting discussed in the next chapter, see eqs. (3.12) and (3.16). However,

46

2

Four-dimensional F-theory effective actions

it should be stressed that the M-theory result is more involved, since it contains the
scalars Lı̂ , nκ such that K is not a Kähler potential.
Determining the dual Lagrangian is technically involved but straightforward. In
order to do that, we have to compute the derivatives of K(NA , Tα , z K | Lı̂ , nκ ) and
e A , Nκ , z l |
express them in terms of derivatives of the original kinetic potential K(N
Lı̂ , Lα ). The details of this computation are summarized at the end of this chapter, in
appendix 2.A.
In any case, after dualization, the action is in the correct frame to be lifted to
F-theory, such that we now use the notation of (2.1), with the multiplet content given
by
M A = (NA , Tα , z K )

Chiral multiplets

(2.38)

ˆ

ˆ

LI = (L0 , Li , Lκ ) and AI = (A0 , Ai , Aκ ) ,

Vector multiplets

(2.39)

where we further split ı̂ = (0, i) as in (2.29).

2.2.4

Symmetries of the dual Lagrangian

Before we continue analyzing the three-dimensional Lagrangian, let us first discuss
the symmetries of the dual Lagrangian. For the original Lagrangian, we found a set of
abelian symmetries given by (2.24) and (2.25), so one might think that the symmetries
of the dual Lagrangian are also abelian. However, this is not the case [91], which can
be traced back to the existence of a Chern-Simons term in the eleven-dimensional
supergravity action. In the democratic formulation we find that, due to the ChernSimons term, the large gauge transformations of the three-form and the dual six-form
potentials are not independent, but rather given by

δ Ĉ3 = ω3 ,

δ Ĉ6 = ω6 −

1
2

ω3 ∧ Ĉ3 ,

(2.40)

with ω3 and ω6 integral closed forms. Upon dimensional reduction of the democratic
action, one can check that the symmetries may be abelian or non-abelian, depending
on how one eliminates the redundant degrees of freedom. A detailed field theory
analysis in arbitrary dimension of this fact can be found in [98].
Explicitly we can investigate the symmetries of the dual Lagrangian by translating
the ones (2.24) and (2.25) from the original one into this new frame. In addition, one
directly checks the new symmetries of the vectors Aκ by using (2.19) with (2.34) and
shows perfect match with the symmetries of nκ as expected by supersymmetry. The
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set of gauge and global symmetries is then found to be
δNA = iλA + fAA λ̃A ,
δTα = iλα −

1
2

λ̃A QαA B (NB + δNB ) −

1
2

(Mα AB λA + MαA B λ̃A )NB ,

δnκ = −Lı̂ (Mı̂A κ λ̃A + Mı̂ Aκ λA ) ,

(2.41)

δAκ = dΛκ − Aı̂ (Mı̂A κ λ̃A + Mı̂ Aκ λA ) ,
δAı̂ = dΛı̂ ,
where λα , λA , λ̃A are arbitrary real constants and Λκ , Λı̂ are arbitrary real functions.
Notice that the right hand side of δNA , δTα is holomorphic and that the transformation
is valid for finite values of λα , λA , and λ̃A .
The symmetry group is now non-abelian and, in particular, it is a generalization
of the Heisenberg group. Notice also that, unlike for the original Lagrangian, the
symmetries of the scalars and vectors are mixed. This can be seen from the transformation rule for Aκ , that depends on λ̃A and λA , inducing a constant change of
basis in the space of U (1)’s (see also [99]). This necessarily implies that the gauge
coupling function must depend on the scalars and transform under the symmetries
appropriately in order to make the whole Lagrangian invariant. Furthermore, if we
were to gauge the global (non-abelian) symmetry by promoting λ̃A and λA to be
arbitrary functions, we find that the transformation of the vectors is no longer constant
and precisely matches that of a non-abelian vector field [91].
More explicitly, in order that the three-dimensional kinetic terms are invariant
under (2.41), i.e.


ˆ
ˆ
δ KIˆJˆF I ∧ ? F J = 0 ,
(2.42)
the three-dimensional gauge kinetic terms should transform, for finite λ̃A = (λ̃A , λ̃κ )
and λA , as
KIˆJˆ −→ mK̂
mL̂
K ,
(2.43)
Iˆ
Jˆ K̂ L̂
with
ˆ
mJIˆ

=

δλκ
0

M̂A κ λ̃A + M̂ Aκ λA
δ̂ı̂

!
.

(2.44)

ˆ J,
ˆ . . . run over all the three-dimensional vectors, namely Aκ and
Here the indices I,
ı̂
A.
As we will see in the next chapter, the couplings MiA κ and Mj Aκ are related
to kinetic mixing of 7-brane and bulk gauge fields, while M0I κ and M0 Aκ have no
immediate four-dimensional meaning. We would like to stress at this point that, in
three dimensions, the coefficient of the kinetic terms of the vectors KIˆJˆ is invariant
if and only if the kinetic mixing is zero and M0A κ and M0 Aκ vanish. This carries
over to a property of the four-dimensional gauge coupling function, as we show in the
following.
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Four-dimensional N = 1 supergravity on a circle
Field content and bosonic action

The bosonic field content of a four-dimensional N = 1 ungauged supergravity theory
is given by
◦ A gravity multiplet : the graviton
◦ Chiral multiplets : complex scalars M̂ A
◦ Vector multiplets : vectors ÂI .
We put a hat on the fields to indicate that they live in four dimensions. The action is
Ď
given in terms of a real function K̂(M̂ , M̂ ) of the complex scalars, called the Kähler
potential, and the holomorphic functions fˆIJ (M̂ ), called the gauge coupling functions,
as
Z
Ď
1
1
1
A
S4 =
R̂ ˆ
? 1−K̂AB
? dM̂ B̄ − Re fIJ (M̂ ) F̂ I ∧ˆ? F̂ J − Im fIJ (M̂ ) F̂ I ∧F̂ J ,
s dM̂ ∧ˆ
M4

2

4

4

(2.45)
where as before, K̂AB
are
the
second
derivatives
of
the
Kähler
potential.
Note
that
s
both K̂AB
s and Re fIJ are positive definite.
Classical circle reduction
We now perform the circle reduction of the action (2.45), i.e. M4 = M3 × S 1 ; we
take as Ansätze for the metric and the gauge field
dŝ2 = r−2 ds2 + r2 (dy + A0 )2 ,
I

I

I

(2.46a)

0

Â = A − ζ (dy + A ) ,

(2.46b)

where y ∼ y + 2π is the circle coordinate, A0 is the graviphoton or KK-vector, AI
are three-dimensional vectors and finally ζ I are three-dimensional scalars. Note the
Ansatz for the metric already includes the Weyl rescaling that brings the action in the
Einstein frame, as we already saw in equation (1.33). The Ansätze (2.46) imply that
for the time being we neglect all the massive KK-modes, keeping only the zero-modes
(i.e. we perform a classical reduction). The four-dimensional action (2.45) yields the
following three-dimensional action
Z
S3 =

1
R
2 3
M3
1
−
4

1

ĎB̄
? 1 − r−2 dr ∧ ? dr − r4 F 0 ∧ ?F 0 − KAB̄ dM A ∧ ? dM
4
(2.47)


1
2 I
I
−2
I
J
I
J
Re fIJ r F̃ ∧ ? F̃ + r dζ ∧ ? dζ − Im fIJ F̃ ∧ dζ

where we defined F̃ I = F I − ζ I A0 .
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The circle reduction that we perform does not break any supersymmetry6 , such
that we still have 4 supercharges in 3d, i.e. N = 2 supersymmetry. This means that
the action can be put into the canonical form (2.1). In order to achieve this, we
perform the following field redefinitions
R = r−2 ,
ξ I = r−2 ζ I .

(2.48)

The scalars are now the proper N = 2 scalars, and they enter the vector multiplets
together with the graviphoton A0 and the reduced vectors AI . Indeed, gathering those
scalars and vectors with a single index Iˆ as
ˆ

LI = (R, ξ I ),

ˆ

AI = (A0 , AI ) ,

(2.49)

one finds that the action (2.47) takes the standard form (2.1) with kinetic potential
Ď) + log R − 1 Re fIJ ξ I ξ J .
K(M |R, ξ) = K̂(M, M
2R

(2.50)

We can thus deduce information about the four-dimensional F-theory effective
theory by comparing the action we just obtained by circle reduction with the result
from the M-theory reduction (after dualization), i.e. with the action derived from
the kinetic potential (2.34). We will follow this strategy when studying the F-theory
gauge coupling functions in the next chapter. Before turning to that, we discuss the
identification of the coordinates.
The chiral multiplets scalars (2.38) match with the scalars M A in (2.47), and
straightforwardly lift to the scalars M̂ A in four dimensions, which therefore consist of
NA , Tα and z K . We comment below their correspondence to the scalars (3.17) one
finds in the orientifold setup. Concerning the vector multiplets, extra care has to be
taken concerning the radius moduli R nd KK vector A0 , which do not lift to 4d, as
they arise in the process of compactification itself. Our choice of name indicates that
we should match L0 and A0 in (2.39) with R and A0 in (2.49), which we summarize as
L0 = R .

(2.51)

We will see more evidence later that this is indeed the case. Finally, the index I
in (2.49) runs over all the four-dimensional vector multiplet, such that comparing with
(2.39) we find that it must split as {i, κ}, i.e.
LI = (Li , Lκ )

and

AI = (Ai , Aκ ) .

(2.52)

The vectors Ai correspond to brane U (1)’s, while the vectors Aκ correspond to bulk
U (1)’s.
6 In

particular we also choose boundary conditions that leave the fermionic zero-modes massless.
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Summary
In this chapter we performed the reduction of M-theory on a Calabi-Yau fourfold in
full generality and explained in detail the role of the elliptic fibration when performing
the dualization to the F-theory frame. In doing so, we have payed special attention to
the shift-symmetries of the axions coming from the M-theory three-form expanded
into three-forms of the Calabi-Yau fourfold. These shifts-symmetries will be of crucial
importance in the next chapter. We have shown explicitly that a direct reduction of
eleven-dimensional supergravity at first only yields shift-symmetries that are abelian.
Due to the dualization of three-dimensional fields into the F-theory frame they become
non-abelian as already discussed in [91, 98]. This is a direct consequence of having a
non-trivial Chern-Simons coupling in the eleven-dimensional supergravity action.
We then performed the circle compactification of a generic four-dimensional N = 1
theory and expressed the resulting action in the canonical N = 2 formulation, allowing
a comparison with the (dualized) M-theory reduction.

2.A

Dualization of three-dimensional actions

In this appendix, we perform the dualization of N = 2 three-dimensional actions,
where massless vectors and scalars are dual to each other. The dualization can be
done explicitly by adding Lagrange multipliers to the action and integrating out the
fields we want to dualize. In fact, this can be done in superspace, where the N = 2
supersymmetry is manifest, and which corresponds to a Legendre transform of the
Kähler potential.
To illustrate this, let us consider the three-dimensional N = 2 action for a massless
vector multiplet
Z

e G(V ) ,
S1 (V ) = d3 x d2 θ d2 θs K
(2.53)
where G is the linear multiplet (D2 G = D̄2 G = 0) that contains the field strength,
namely G = 2i D̄α Dα V .7 To perform the duality transformation, we consider the
parent action given by
Z


e
SP (G, Φ) = d3 x d2 θ d2 θs K(G)
− G Re Φ ,
(2.54)
where G is now an unconstrained real superfield and Φ is a chiral superfield. By
varying Φ, we find that G is a linear superfield and substituting this in the action, we
obtain (2.53). On the other hand, varying the action with respect to G gives
Re Φ =
7A

e
∂ K(G)
,
∂G

vector multiplet in 3d N = 2 can be described by such a liner multiplet.

(2.55)
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which leads to the dual action
Z
S2 (Φ) =

d3 x d2 θ d2 θs K(Re Φ) ,

(2.56)

e
where K is the Legendre transform of K.
Therefore, we may dualize the action (2.19) used in the main text,
Z
e dM A ∧? dM B̄ + 1 K
e ΣΛ (dLΣ ∧? dLΛ +F Σ ∧?F Λ )+F Σ ∧Im(K
e ΣA dM A ) ,
S3 = −K
AB̄
4

(2.57)
by performing a Legendre transform of the kinetic potential. Since we want to dualize
some of the scalars into vectors, and vice versa, we split the fields as follows8
M A = (φa , Nκ ),

LΣ = (Lı̂ , Lα ),

AΣ = (Aı̂ , Aα ),

(2.58)

and dualize the fields with Greek indices. We also assume that the kinetic potential
does not depend on Im Nκ .9 The appropriate Legendre transform is given by
e a , Nκ |Lı̂ , Lα ) − Lα Re Tα − Re Nκ nκ ,
K(ϕa , Tα |lı̂ , nκ ) = K(φ

(2.59)

where the new variables are defined as
e Lα ≡ K
eα ,
Re Tα ≡ K

e Re N ≡ K
eκ .
nκ ≡ K
κ

(2.60)

The dual action takes exactly the same form as (2.57), but with field content changed,
M A = (ϕa , Tα ),

LΣ = (lı̂ , nκ ),

AΣ = (Aı̂ , Aκ ),

(2.61)

and K replaced by its Legendre transform given by (2.59). Although the fields φa and
Lı̂ were not dualized, we nevertheless changed their names to ϕa and lı̂ for clarity.
e if one knows
It is possible to express all the derivatives of K in terms of those of K,
the derivatives of the old variables with respect to the new. The dualization gives us
the opposite, i.e. the derivatives of the new variables with respect to the old, which
we collect in a matrix

Mji

=

∂xinew
∂xjold

lı̂

ϕa

Re Tα

nκ

δ ı̂
̂
0
=

0
0

0
δab
0
0

e α̂
K
e αb
K
e αβ
K

eκ 
K
̂
e κb 
K

0 
e κλ
K

0

L̂
φb
≡
Lβ
Re Nλ

1 B
0 D

!
,

(2.62)

that, for the dualization in section 2.2.3, we have that φa = (z K , NA ).
is actually not strictly necessary, however, it is true for the Kähler potential that we dualize
in the main text.
8 Notice

9 This
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e κ = 0.10 The derivatives of the old variables in terms of the
where we assumed that K
α
new ones is given by the inverse of this matrix, namely
Lı̂

φa

Lα

Re Nκ

δ̂ı̂

0


= 0

0

δab

e β̂ (K
e αβ )−1
−K
e b (K
e αβ )−1
−K

e λ (K
e κλ )−1 
−K
̂
e λb (K
e κλ )−1 
−K



0
e κλ )−1
(K


M −1 =

1
0

−1

−BD
D−1

!

0

0
0

β

e αβ )
(K
0

−1

l̂
ϕb

.

Re Tβ
nλ

(2.63)
Using this we find the derivatives of the new kinetic potential in terms of derivatives
of the original one, which are given by
e κλ )−1
Kκλ = −(K
1
4

e iλ (K
e κλ )−1
Kκi = K

e αβ )−1
K αβ̄ = − (K

e λa (K
e κλ )−1
Kκa = K

e ij − K
e κK
e λ (K
e κλ )−1 − K
e iα K
e jβ (K
e αβ )−1
Kij = K
i
j

1 ea e
−1
K αa = K
β (Kαβ )

e ia − K
e iκ K
e aλ (K
e κλ )−1 − K
e iα K
e βa (K
e αβ )−1
Kia = K

1 e
−1
e
Kiα = K
βi (Kαβ )

e ab − K
e aκ K
e λb (K
e κλ )−1 − K
e αa K
e βb (K
e αβ )−1
K ab = K

Kκα = 0 .

2
2

(2.64)
e
For the case analyzed in the main text, namely for K given in (2.33), we find the
following derivatives of K
1
Re fκλ
(2.65)
R
1
Re[Qiκ A NA ]
(2.66)
=
R

1
1
=
∂K fκλ (nλ + iLi Mi λA NA ) =
∂K fκλ nλ + ∂K Qik A Li NA
(2.67)
2R
2R
1
=
Qiκ A Li
(2.68)
2R

1
1
=
Qiκ A nκ −
Qiκ A Re[dj Bκ NB ] + Qjκ A Re[di Bκ NB ] Lj
2R
R

1
AB
sB C α Lj
+
Re dα NB + dα AB N
(2.69)
ij
2R
h

1
=
∂K fκλ − 2 Re[dj Aκ NA ]di λB Re NB + i Re[di Aκ NA ] Im dj λB NB Lj
R
i
 α j
1
+ nκ i Im di λA NA −
∂K fBC Re f AB dα CD Re NA Re ND Cij
L (2.70)
2R

Kκλ =
Kκi
KκK
KκA
KiA

KiK

10 This is true for the Kähler potential (2.33), since d κA = 0. It is straightforward to drop this
α
assumption.
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1
α
Re −Cij
Tα − Re[dα AB NB ] Re NA + 4 Re[di Aκ NA ] Re[dj Bλ NB ] Re fκλ
R
(2.71)
1 α j
C L
(2.72)
Kiα = −
2R ij
1
1
 i j
K αβ̄ =
(Gαβ )−1 +
(Gαγ )−1 (Gβδ )−1 Hγδ Cij
LL ,
(2.73)
16
16R
Kij =

where we defined
 b
b b
Kβ
3 Kα
3 Kαβ
−
b
b
2 K
2 (K )2
 b
b
b
b
b
b b b
Kαβ
Kγb + Kβγ
Kα
+ Kγα
Kβb
Kα
Kβ Kγ
3 Kαβγ
−3
+9
≡−
,
4 Kb
(Kb )2
(Kb )3

Gαβ ≡ −
Hαβγ

(2.74)
(2.75)

α
and worked at leading order in Cij
. It is also useful to consider the following combinations


nλ κ
Li κ
F ∧ dIm fκλ +
F ∧ dIm Qiκ A NA
(2.76)
2R
2R
κ


n i
F i ∧ Im KiA dM A =
F ∧ dIm Qiκ A NA
2R
h



Lj
α 1
(2.77)
Tα − Re dα BA NB Re NA
+ F i ∧ dIm − Cij
2
R
i


+ 4 Re di Aκ NA Re dj Bλ NB Re fκλ .

F κ ∧ Im(KκA dM A ) =

3
Gauge coupling functions

We turn to the study of the gauge coupling functions of four-dimensional effective
theories with minimal supersymmetry arising from string compactifications. In particular the focus of our interests are weakly coupled Type IIB models with intersecting
space-time filling D7-branes and O7-planes, and their strong coupling generalizations,
i.e. F-theory models with seven-branes of general type. Deriving the gauge coupling
function in a full-fledged string model can be challenging. In intersecting D-brane
models this function has been investigated since their first construction [42, 10]. At
weak string coupling, the gauge coupling function can be studied by dimensionally
reducing the Type IIB D7-brane effective action as done in [39, 100]. Interestingly, it
was already pointed out in [39] (and for the mirror-dual configurations in [101]) that the
gauge coupling functions determined by direct classical reduction are not holomorphic
in the complex coordinates determined for the rest of the effective action. Firstly, this
was observed for the D7-brane gauge coupling function in the presence of D7-brane
Wilson line moduli. A solution to this problem was, however, suggested in [39], by
arguing that the missing terms arise at one-string-loop order by using the orbifold
results of [102, 103]. Secondly, including the mixing with R-R bulk U (1)’s, a further
seeming conflict with holomorphicity in the independently derived complex coordinates
is encountered. Given these gaps in our understanding of these basic couplings, one
might wonder if a more systematic approach to determine and analyze these couplings
can be developed. We suggest that by carefully studying the shift-symmetries of the
axions in the theory, one can significantly constrain the gauge coupling function of
both closed and open string gauge fields.
Exploiting the symmetry properties for determining the gauge coupling function
in string compactifications is not new and has, for example, already been discussed
intensively in heterotic models (for early works on this subject, see e.g. [104, 105] and
references therein). However, one fact that has not been exploited systematically is that
higher-degree R-R forms can transform non-trivially under the shift-transformations
55
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of lower-degree R-R or D-brane gauge transformations. This is a direct consequence
of having Chern-Simons terms in higher dimensions which, as we saw in the previous
chapter, translates into having non-abelian shift-symmetries among the axions in the
lower-dimensional effective field theory. This yield improved understanding of D7brane gauge coupling in the Type IIB weak string coupling setting, which is presented
in detail in section 3.1.
The generalization to F-theory models admits an elegant description where the
seven-brane dynamics is encoded by the geometry of an elliptically fibered Calabi-Yau
fourfold Y4 . Using the F/M-theory duality introduced in section 1.7, the leading
seven-brane gauge coupling function was found in [30], and some corrections to this
result were obtained in [106]. As for the Type IIB case, we expect that in general the
gauge coupling function depends on the two-form scalars and the Wilson lines, which
in F-theory are unified as arising from elements of H 2,1 (Y4 ). As of now, however, their
contribution had not been obtained via an M-theory reduction. This absence was
remedied in section 2.2, where we performed a general M-theory reduction, including
an expansion along H 2,1 (Y4 ), allowing us to generalize the results of [30]. Exploiting
the shift-symmetries in the M-theory reduction and the F-theory frame, we present in
section 3.2 a detailed discussion of the F-theory gauge coupling function, and propose
quantum corrections to ensure holomorphicity and shift-symmetry invariance.

3.1

Gauge coupling functions in Type IIB orientifolds

In this section we consider the four-dimensional effective action that arises from
Calabi-Yau orientifold compactifications of Type IIB with D7-branes and O7-planes.
In particular, we aim to determine the characteristic functions determining the standard
N = 1 supergravity, whose bosonic action was given in (2.45). The real function K̂, the
holomorphic gauge coupling function fˆIJ as well as the complex coordinates M̂ A are
determined by reducing Type IIB supergravity coupled to the D7-brane and O7-plane
world-volume actions following and extending [107, 39, 100]. We will also discuss the
shift-symmetries and certain quantum corrections of the effective theory.

3.1.1

Complex coordinates and Kähler potential

The general form of the effective action for the bulk fields in such compactifications was
determined in [107] by reducing Type IIB supergravity on a Calabi-Yau manifold Y3 ,
while also including the action of an holomorphic involution σ : Y3 → Y3 . The
action of σ ∗ on the cohomology groups splits them into eigenspaces H p,q (Y3 ) =
p,q
p,q
H+
(Y3 ) ⊕ H−
(Y3 ). The basis used to span these cohomologies is listed in table 3.1.
This leads to the following expansion of the Kähler form J of Y3 , the NS-NS and

3.1

cohomology group
1,1
H+
(Y3 )
1,1
H−
(Y3 )
2,2
H+ (Y3 )
3
H+
(Y3 )
3
H−
(Y3 )

In Type IIB orientifolds

basis elements
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fields
α

ωα
ωa
ω̃ α
(ακ , β κ )
(αk̂ , β k̂ )

C2α
a

v ,
ba , c
ρα
Aκ , Ãκ
zk

index range
α = 1, . . . , h1,1
+ (Y3 )
a = 1, . . . , h1,1
− (Y3 )
α = 1, . . . , h1,1
+ (Y3 )
κ = 1, . . . , h2,1
+ (Y3 )
k̂ = 1, . . . , h2,1
(Y
3) + 1
−

Table 3.1: Real basis for the cohomology groups. The dimensions are denoted by
p,q
κ
k̂
hp,q
± (Y3 ) = dim H± (Y3 ). (ακ , β ) and (αk̂ , β ) are symplectic basis. Our index
2,1
conventions include k = 1, . . . , h− , while the hat on k̂ indicates the labeling of one
further element. We also list the four-dimensional fields associated to these basis
elements in the expansions (3.1).

R-R form fields
J = v α ωα ,

B2 = ba ωa ,

C2 = ca ωa ,

C4 = C2α ∧ ωα + ρα ω̃ α + Aκ ∧ ακ + Ãκ ∧ β κ ,

(3.1)

where ca , ba , and ρα are scalars, C2α are two-forms, and (Aκ , Ãκ ) are vectors in the
four-dimensional effective theory. It is important to recall that C4 has a self-dual
field-strength, see eq. (1.9). This yields a duality between the two-forms C2α and
scalars ρα , and identifies Ãκ as the magnetic dual of Aκ . Therefore, we can eliminate
the two-forms C2α in favor of ρα and the vector Ãκ in favor of Aκ . It is, however,
interesting to point out that the structures we discuss later on can be also analyzed in
the dual frame. In addition to the zero modes of the forms (3.1), also the axio-dilaton
τ = C0 + ie−φ reduces to a four-dimensional field. Finally, the deformations of the
Calabi-Yau metric compatible with σ are the Kähler structure deformations v α and
2,1
the complex structure deformations z k parameterizing forms in H−
(Y3 , C). Note that
k
τ and z are complex fields.
Before turning to the D7-branes, let us note that a general N = 1 compactification
can include background fluxes H3 and F3 [108, 109]. These transform negatively under
σ ∗ and therefore admit an expansion
H3 = mk̂H αk̂ + eH
β k̂ ,
k̂

F3 = mk̂F αk̂ + mF
β k̂ ,
k̂

(3.2)

with the basis introduced in table 3.1. It is well-known that these fluxes induce a
non-trivial superpotential in this Type IIB setting [110]. In the following we will not
discuss background fluxes in much detail. While they can be included in the bulk
sector without much effort, we will require however that they do not alter the couplings
of the D7-brane.
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The coupling to a single space-time filling D7-brane was studied in detail in [39, 100]
by dimensionally reducing the D7-brane Born-Infeld and Chern-Simons actions. In
order to review the results we will make some simplifying assumptions. In particular,
we will analyze on the dynamics of a single D7-brane while being aware that a tadpole
canceling configuration requires the inclusion of other D7-branes.1 This will allow us to
focus on the structures relevant to this chapter. Some interesting generalizations will
appear in the study of the F-theory vacua of section 3.2. In particular, the F-theory
analysis contains the proper inclusion of the seven-brane deformation (or position)
moduli.
Let us consider a D7-brane wrapped on a divisor S in Y3 and denote its orientifold
image by S 0 = σ(S). It is useful to introduce S+ = S∪σ(S) and S− = S∪−σ(S), where
the minus sign stands for orientation reversal. This allows to split the cohomologies
p,q
p,q
H p,q (S+ ) = H+
(S+ ) ⊕ H−
(S+ ) under σ. Then, the eight-dimensional gauge field A
and embedding ζ of the D7-brane image pair can be expanded as [39, 100]
A = AD7 P− + ap γ p + āp γ̄ p ,
K

K

ζ = ζK s + ζ̄K s̄ ,

p = 1, . . . , h1,0
− (S+ ) ,

(3.3)

1, . . . , h2,0
− (S+ ) ,

(3.4)

K=

where P− is a function equal to +1 on S and −1 on σ(S). The fact that these have to
1,0
2,0
be expanded into H−
(S+ ) and H−
(S+ ), respectively, follows from the action of the
orientifold on the open string states.
It is important to stress that the notion of γ p being (0, 1) implies that the forms
depend on the complex structure moduli z k of the ambient Calabi-Yau space Y3 . To
make this dependence more explicit, we can expand
γp =

1
2

Re f pq (α̂q − ifsqr β̂ r ) ,

(3.5)

where (α̂p , β̂ p ) is a real basis of H 1 (S). Here fpq is a holomorphic function in the
complex structure moduli z k . For an appropriate basis, its real part Re fpq is invertible
and we denote the inverse by Re f pq . This ansatz can be justified in the F-theory
reduction as argued in [30, 91, 92] and was recently used in Type IIB orientifolds
in [112]. While not a priori obvious a parametrization of the form (3.5) will allow us
to bring the effective action into standard N = 1 form. This is most clearly seen in
the F-theory treatment to which we will come back in section 3.2. Clearly, one can
also expand A into the real basis (α̂p , β̂ p ) such that
A = AD7 P− + c̃ p α̂p + cp β̂ p ,
ap = icp + fpq c̃ q .

(3.6)

1 A more thorough discussion of the global constraints on such settings can be found, for example,
in [111]. We refer the reader to these works especially for the discussion of the D5-brane tadpole
constraint and the appropriate quantization conditions.
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The basis (α̂p , β̂ p ) is independent of the complex structure deformations and therefore
all complex structure dependence in ap is again captured by the function fpq . We
summarize our notation for the open string sector in table 3.2.
cohomology group

basis element

1,0
H−
(S+ )
2,0
H− (S+ )
1
(S+ )
H−

fields

p

γ
sK
(α̂p , β̂ p )

index range
p = 1, . . . h1,0
− (S+ )
K = 1, . . . h2,0
− (S+ )
p = 1, . . . h1,0
− (S+ )

ap
ζK
(c̃p , cp )

Table 3.2: Cohomology groups on the D7-brane divisor S+ . The dimensions are
p,q
p
K
denoted by hp,q
are complex basis elements, the forms
± = dim H± . While γ and s
p
(α̂p , β̂ ) constitute a real basis.

We are now in the position of stating our simplifying assumptions. First, we will
assume that2
[σ(S)] = [S] ,

(3.7)

i.e. that S and its orientifold image S 0 are in the same homology class. This implies
that the U (1) gauge field of the D7-brane is not massive by a geometric Stückelberg
mechanism [39, 90, 113]. And second, we will assume the vanishing of the intersections
Z
S+

∗

i αk̂ ∧ α̂p =

Z
S+

∗

p

i αk̂ ∧ β̂ =

Z

∗ k̂

Z

i β ∧ α̂p =
S+

i∗ β k̂ ∧ β̂ p = 0 ,

(3.8)

S+

where i denotes the embedding map of S+ into Y3 , i : S+ ,→ Y3 . This condition
ensures that there is no superpotential that obstructs complex structure and Wilson
line deformations.3 The considered D7-branes can admit an arbitrary number h2,0
− (S+ )
of deformations ζK and h1,0
(S
)
of
Wilson
line
moduli
a
.
To
keep
the
presentation
+
p
−
simple, we will freeze the fields ζK as well as all matter fields arising at the intersections
among D7-branes. This will allow us to focus the following discussion the couplings
of the Wilson line moduli ap . In the M-theory reduction of section 2.2, a general
dependence on the seven-brane deformations was included and also charged matter
states are (implicitly) accounted for.
Let us note that the condition (3.8) is only imposed for the orientifold negative
forms (αk̂ , β k̂ ) in Y3 . The positive forms (ακ , β κ ) can non-trivially intersect the
2 Here

and in the following we denote by [S] the two-form class Poincaré dual to the divisor S.
was discussed in [39] from the perspective of relative cohomology and was derived in [114]
from backreaction effects in supergravity.
3 This
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negative one-forms on S− . Thus, we introduce the intersection numbers
Z

∗

i ακ ∧ α̂p ,

Mκp =

Z

p

S−

Z

κ

∗ κ

α̂p ∧ i β ,

Mp =

i∗ ακ ∧ β̂ p ,

Mκ =

S−

M

pκ

Z

S−

(3.9)
β̂ p ∧ i∗ β κ .

=
S−

As we discuss in subsection 3.1.5, these couplings control the kinetic mixing of the
D7-brane U (1) AD7 with the R-R gauge fields Aκ of the bulk theory.
We are now in the position to display the four-dimensional N = 1 complex
coordinates. First, we have the complex fields
τ = C0 + ie−φ ,

Set 1:

zk ,

(3.10)

which are already complex in our reduction ansatz. Their complex structure does not
depend on other fields in the reduction. Note that the D7-brane deformations ζK are
part of Set 1, but have been frozen to keep the presentation simpler. Second, there
are the complex fields
Ga = ca − τ ba ,

Set 2:

ap ,

(3.11)

which admit a complex structure that changes with the values of the fields in Set 1
given in (3.10). This is obvious from the definition of Ga and readily inferred for the
ap ’s by noting that they are coefficients of complex structure dependent (0, 1)-forms
in (3.3). Finally, there is a third set of fields:
i
1
Kαab Ga (G − Ḡ)b + dα pq ap (a + ā)q ,
2
2(τ − τ̄ )
(3.12)
which non-trivially depends on the fields in Set 1 and Set 2. The Tα are often termed
the complexified Kähler structure moduli. The introduced couplings are given by the
Y3 intersection numbers
1
2

Tα = Kαβγ v β v γ + iρα +

Set 3:

Z
Kαβγ =

Z
ωα ∧ ωβ ∧ ωγ ,

Kαab =

Y3

ωα ∧ ωa ∧ ωb ,

(3.13)

Y3

as well as the complex structure dependent function
dα pq = i

Z

1
2

i∗ ωα ∧ γ p ∧ γ̄ q = − Re f qr Qαr p ,

S+

Qαr p = Mαr p + ifrs Mα sp , (3.14)

with
Mαp q =

Z
S+

i∗ ωα ∧ α̂p ∧ β̂ q ,

Mα pq =

Z
S+

i∗ ωα ∧ β̂ p ∧ β̂ q .

(3.15)
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For completeness, let us note that the Kähler potential takes the seemingly simple
form
Z
K̂ = −2 log V − log(τ − τ̄ ) − log
Ω ∧ Ω̄ .
(3.16)
Y3

This Kähler potential depends on the complex coordinates (3.10)-(3.11), i.e. we identify
in (2.45) that
M̂ A = (τ, z k , Ga , ap , Tα ) .
(3.17)
All the field dependence of this K̂ on the fields of Set 2, i.e. the Ga and ap , arises only
through the definition of Tα . In fact, we note that the volume V = 16 Kαβγ v α v β v γ in
(3.16) depends on Tα by solving (3.12) for v α , which then introduces a dependence on
Ga , ap mixed with τ, z k .
To conclude this subsection we discuss a special case for the above compactification separately in which several of the couplings simply. More precisely, we briefly
1,1
summarize the above result for h1,0
− (S+ ) = 1 and h− (Y3 ) = 0, i.e. the case in which
the rigid D7-branes only admits a single complex Wilson line modulus a. In this case
the dynamics of a is encoded by the correction to Tα given by
Tα =

1
2

Kαβγ v β v γ + iρα −

1
4

(Re f )−1 Mα a (a + ā) ,

(3.18)

where we have used that Mαp q in (3.15) reduces to a vector denoted by Mα and that
Mα pq vanishes due to antisymmetry for one modulus. The kinetic terms of a depend
non-trivially on the complex structure moduli z k through the holomorphic function f .
3.1.2

Continuous and discrete shift-symmetries

Having introduced the complex coordinates (3.10), (3.11), and (3.12) we are now in
the position to discuss the symmetries. In order to do that we first recall that Ga
and Tα contain zero modes of R-R and NS-NS forms and therefore inherit discrete
symmetries from large gauge transformations of C2 , B2 and C4 . These are shifts by
integral closed 2-forms, namely
δC2 = λa ωa ,

δB2 = λ̃a ωa ,

(3.19)

where λa and λ̃a are appropriately quantized constants.4 Turning to C4 , an obvious
large gauge transformation is δC4 = λα ω̃ α , for constant λα . However, we note that the
field-strength F5 = dC4 + 12 B2 ∧ dC2 − 21 C2 ∧ dB2 actually contains terms depending
on C2 and B2 . Therefore, the shifts (3.19) induce a shift of C4 as
1
2

1
2

δC4 = λα ω̃ α − λ̃a ωa ∧ C2 + λa ωa ∧ B2 .

(3.20)

4 As usual, the four-dimensional theory obtained from dimensional reduction is invariant under a
continuous version of the symmetry, while quantum effects break it to the discrete subgroup.
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A second set of symmetries arises from internal gauge transformations on the D7-brane
world-volume. For constants λp , λ̃p these are parameterized by
δA = λ̃p α̂p + λp β̂ p .

(3.21)

Also in this case one finds that the four-form C4 has to shift. While we will not give
the transformation of C4 directly, let us point out that it can be inferred by noting the
NS-NS two-form B2 naturally combines with F = dA on the D7-brane world-volume
as
F = i∗ B2 − 2πα0 F ,

(3.22)

where we have temporarily restored the α0 dependence. This implies that one can
capture the gauge degrees of freedom of an abelian D-brane with B2 , and the fact
that the field C4 shifts under (3.21) is already contained in (3.20). A more detailed
discussion how this is done in practice can be found in [115]. The transformations
can easily be inferred when investigating the N = 1 coordinates as we will see next.
Furthermore, since F is gauge invariant, under a shift of the B2 field (3.19), we have
to shift the worldvolume flux on the brane accordingly
δF =

1
2πα0

λ̃a i∗ ωa .

(3.23)

To examine the shifts of the N = 1 chiral coordinates, we first focus on the fields of
Set 2 defined in (3.11). Performing the transformations (3.19) and (3.21) we find that
δGa = λa − τ λ̃a ,

δap = iλp + fpq λ̃q ,

(3.24)

where we have used that ap arises in the expansions (3.3) and (3.6). Both shifts are
holomorphic in the moduli of Set 1 given in (3.10) and are unified when using the
F-theory description in terms of a Calabi-Yau fourfold. The fields of Set 3 have the
most involved transformation properties:
i

1

1

δTα = iλα − Kαab λ̃a (2Gb + δGb ) − λ̃p Qαp q (aq + δaq ) − aq (Mα pq λp + Mαp q λ̃p ) ,
2
2
2
(3.25)
which can be inferred by investigating the isometries of the Kähler manifold spanned
by all complex fields with Kähler potential (3.16). Notice that this is valid for finite
values of the transformation parameters and that the shift is holomorphic. It is also
important to stress that (3.25) implies that the shift in δρα not only depends on
λα but also on λa , λ̃a , λp , λ̃p . As mentioned above, this is a consequence of the
transformation rule for C4 given in (3.20), together with the shift induced by (3.21).
This, in turn, implies that the isometry group generated by the transformation is
actually non-abelian. To see this, we introduce the Killing vectors ta , t̃a , tp , t̃p and tα
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for the symmetries parameterized by λa , λ̃a , λp , λ̃p , and λα . These are then found to
respect the non-trivial commutators [91]
[ta , t̃b ] = −Kαab tα ,

[tp , t̃q ] = −Mαp q tα .

(3.26)

This algebra is a generalization of the well-known Heisenberg algebra. It is an
interesting challenge to gauge this algebra while preserving supersymmetry [116, 91].
As mentioned earlier, in the absence of gaugings for the isometries (3.24) and
(3.25), one expects that the continuous global shift-symmetries are actually broken to
discrete symmetries at the quantum level. Since the discrete version of the symmetries
comes from large gauge transformations in the higher-dimensional p-form fields, such
shifts actually identify field configurations in the Set 2 to parameterize complex tori
2h1,1

1,0

−
Tclosed
and T2h
open , e.g. one finds the identifications

ca ' ca + 1 ,

ba ' ba + 1 ,

cp ' cp + 1 ,

c̃p ' c̃p + 1 ,

(3.27)

and Ga , ap parameterizing 5
2h1,1

−
Tclosed
=

1,1
H−
(Y3 , C)
,
2
H− (Y3 , Z)

2h1,0

−
Topen
=

H 1,0 (S, C)
.
H 1 (S, Z)

(3.28)

2h1,1

−
The complex structure on Tclosed
is simply given by τ , while the complex structure
1,0
2h
on Topen is encoded in the holomorphic function fpq . Finally, also ρα is periodic
ρα ' ρα + 1, but one has to additionally impose identifications under (3.27) using
δρα obtained from (3.25). These identifications render the field space spanned by
ca , ba , cp , c̃p and ρα to be compact.

3.1.3

The N = 1 gauge coupling function

We turn now to the N = 1 gauge coupling function for the Type IIB orientifold setting
and study its symmetries. To keep the discussion simple, we first focus on the case in
which the kinetic mixing is absent, i.e. the case in which the couplings (3.9) are zero
Mκp = Mκ p = Mp κ = M pκ = 0 .

(3.29)

We will comment on the more general situation in subsection 3.1.5.
A first way to obtain the gauge coupling function is by performing a direct
dimensional reduction. For the R-R gauge fields Aκ one then finds [107]
fˆκλ = Fκλ |zκ =0 ,

(3.30)

5 We are sloppy here by assuming that the σ ∗ split is compatible with restricting to integer
homology and by neglecting cohomological torsion.
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where Fκλ = ∂zκ ∂zλ F is the second derivative of the holomorphic N = 2 pre-potential
F for Y3 of the underlying theory. The restriction in (3.30) is to the slice of complex
structure deformations that are compatible with the orientifold condition σ ∗ Ω = −Ω,
for the (3, 0)-form of Y3 . The function fˆκλ is thus holomorphic in the complex structure
deformations z k .
Let us next include the D7-brane. In the absence of the moduli Ga and ap in Set 2,
one finds by a reduction of the Dirac-Born-Infeld and Chern-Simons action that


1
α
fˆD7 = δD7
Kαβγ v β v γ + iρα .
2

(3.31)

α
Here δD7
is the restriction to the world-volume S+ and can be obtained by expanding
α
the Poincaré-dual two-from [S+ ] to S+ into the basis ωα , i.e. [S+ ] = δD7
ωα . The
ˆ
real part of fD7 is determined by using the calibration conditions for supersymmetric
cycles and thus obtained from the volume of S+ measured in the ten-dimensional
Einstein-frame metric. In the string frame one has Re fˆD7 ∝ gs−1 . Clearly, in the
absence of fields of Set 2 the gauge-coupling is fˆD7 = δ α Tα and thus holomorphic in
D7

the N = 1 coordinates. Its imaginary part non-trivially shifts with λα under (3.20),
which are the standard constant shifts of the theta-angle.
The inclusion on the Ga moduli is also straightforward, since the corrections in
a
G are at the same order of gs as the volume part. Indeed, dimensionally reducing
the D7 action one finds that, with vanishing worldvolume flux, the gauge coupling
function is [39]6

i
h
1
1
1
1
α
fˆD7 = δD7
Kαβγ v α v β + e−φ Kαab ba bb + i ρα − Kαab ca bb + C0 Kαab ba bb ,
2
2
2
2
(3.32)
which is holomorphic in the Tα coordinates (3.12) in the absence of Wilson line moduli.
We note that, naively, the gauge coupling function is now transforming non-trivially
under the symmetries (3.25) since, in addition to the constant shifts with λα , one also
finds shifts with λa holomorphic in Ga and τ . However, (3.32) is only valid when the
gauge flux on the D7-brane is zero, i.e. F = 0, which as noted above, is not a gauge
invariant condition since it shifts according to eq. (3.23). Thus, the gauge invariant
version of (3.32) is actually


i
α
fˆD7 = δD7
Tα + iKαab f a Gb + τ Kαab f a f b ,
2

(3.33)

where we defined the worldvolume fluxes f a as
F =

1
2πα0

f a i∗ ωa .

(3.34)

6 The slightly odd factor of 1/2 in the term proportional to K
a b
αab c b arises due to fact that our
C4 is shifted such that it is Sl(2, Z) invariant in Type IIB.
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Since these transform according to (3.23), we find that the gauge coupling function is
both holomorphic and invariant under the whole set of shift-symmetries (modulo a
constant imaginary shift), as it should.
Finally, when including the Wilson line moduli for the D7-brane, we immediately
face a problem. At first, one might think that the gauge coupling function is given
in this case by (3.33), where Tα contains a quadratic term in the Wilson lines (3.12).
However, the dimensional reduction of the D7-brane action does not give such a term
and we find again (3.31). As argued in [39], a contribution quadratic in the Wilson lines
is generated at one loop in gs and is therefore natural that it is not captured by the
Dirac-Born-Infeld action, which is only valid at tree level in open string amplitudes.7
Such corrections were computed in [102, 103] in toroidal models, which show that
indeed, a quadratic term arises at one loop level. It is therefore natural to split fˆD7 as
1−loop
red
fˆD7 = fˆD7
+ fˆD7
,

(3.35)

red
where fˆD7
is obtained by direct dimensional reduction of the D7-brane action. Comparing (3.35) with (3.33) one is lead to make the ansatz

1 α
1−loop
dα pq ap (aq + āq ) + log Θ ,
fˆD7
= δD7
2

(3.36)

where Θ is a holomorphic function. Note that our analysis of the shift-symmetries
implies that the quadratic term in (3.36) cannot be the full result, since under shifts
of the Wilson line moduli, the field Tα shifts by a non-constant term, which would
make the gauge coupling function non-gauge invariant. We therefore introduced the
non-vanishing holomorphic function Θ in the moduli ap and z k . In the next section
we discuss the properties of this completion in more detail.
3.1.4

One-loop corrections and theta-functions

Let us have a closer look at the inclusion of the Wilson line moduli in the discussion
of the D7-brane gauge coupling function fˆD7 . As stressed above the quadratic term
in the ap arise at order gs0 , i.e. is only visible at the open string one loop level. In
toroidal models [102, 103] it was furthermore shown that the fully corrected gauge
coupling function contains a Riemann theta function depending on the D-brane
moduli. In toroidal models, these theta functions arise due to the underlying toroidal
compactification space. While we are not dealing with such a simple geometry, we have
stressed in (3.28) that the Wilson lines in this more general orientifold compactification
also parameterize a higher-dimensional complex torus. In the following we will use
this fact together with the transformation property (3.25) to infer the general form of
7 This was also noticed in the mirror dual configurations [101], which were also studied in [117].
Corrections in Type IIA orbifolds have been studied, for example, in [118–120].
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ˆ1−loop
fˆD7 as a function of ap . More precisely, we suggest that Ψ = efD7
introduced in
(3.36) can be viewed as a holomorphic section of a certain line bundle on the torus
2h1,0

−
Topen
introduced in (3.28). Our construction is inspired by the discussion of the
M5-brane action first given in [121]. It has been extended and applied relevantly for
our orientifold setting, for example, in ref. [122, 123]. A similar strategy has been also
suggested in the construction of the non-perturbative N = 1 superpotential [124–127].

A simple case with one Wilson line modulus
Before discussing the general case let us exemplify our reasoning for a single Wilson
line a, i.e. for the situation discussed around (3.18). The complex field a parameterizes
a complex two-torus T2open with complex structure given by the function f . As above
∼ c̃ + 1. We then introduce the following
we can write a = ic + f c̃ with c ∼
= c + 1, c̃ =
connection on this torus
iM
A=
(a dā − ā da) .
(3.37)
4 Re f
with M ∈ 2πZ. The field strength F = 2 iM
Re f da ∧ dā is a (1,1)-form, so A is a
connection on a holomorphic line bundle L. Holomorphic sections of L are defined as
sections that satisfy

∂¯A Ψ = ∂¯ − iAā Ψ = 0 ,
(3.38)
where the differential is with respect to ā. Note that Ψ is defined on a torus and thus
has to respect appropriate boundary conditions. Compatibility of (3.38) with the
torus shifts a ∼
= a + ni + mf , with n, m ∈ Z, implies that Ψ has to transform as




iM
Ψ(a + ni + mf ) = exp −
Im (in + f m) ā Ψ(a) ,
2 Re f

(3.39)

where we kept f constant, therefore ignoring the dependence on complex structure.
One can now simply solve the differential equation (3.38) together with the boundary
conditions (3.39). There are |M |/2π linearly independent solutions given by (see
e.g. [128])8
"
M
− 4Ref
a(a+ā)

Ψj = e

ϑ

2πj
M

0

#


iM f
, iM a ,
2π

|M |
j = 0, 1, . . . , 2π−1
,

(3.40)

with
"
ϑ

µ
ν

#
(τ, a) =

X

2

eiπτ (µ+l) e2πi(µ+l)(a+ν)

(3.41)

l∈Z

8 One can show that there are |M | independent solutions without having to solve the equation.
R
This follows from an index theorem, see e.g. [7], which in this case is
2 F = −M .
T
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the Jacobi theta function. Notice that the theta functions above can be seen as
holomorphic sections of the bundle defined by (3.37) in holomorphic gauge, i.e. with
A0,1 = 0 but A1,0 6= 0, defined by the following complex gauge transformation9


iM
iM
a Re a = −
Re a da .
(3.42)
Ah = A − d
2 Re f
Re f
One thus recovers the standard transformation behavior of the theta functions under
the torus shifts.
In order to relate the Ψj given in (3.40) to the gauge coupling function we next
P|M |−1
consider taking the logarithm of an arbitrary solution Ψ = j=0 Cj Ψj ,
M
log Ψ = −
a (a + ā) + log Θ ,
4Ref

|M |−1

Θ=

X

"
Cj ϑ

j=0

2πj
M

#

0


iM f
, iM a .
2π

(3.43)
This equation is already quite illuminating. The first piece is precisely the correction
to the Tα coordinate proportional to the moduli a, as in eq. (3.18). The second
term, log Θ, is holomorphic in a and transforms precisely in the right way to render
α
δD7
Tα + log Θ invariant under shifts in a. Therefore, identifying
α
fˆD7 = δD7
Tα + log Θ ,

(3.44)

α
Mα and appropriate Cj , yields a suitable completion of the gauge
with M = δD7
ˆ1−loop
coupling function of a D7-brane. As promised, we have identified Ψ = efD7
as a
holomorphic section of a line bundle on a two-torus, when viewing the one-loop part
of the Tα coordinates as functions of a, ā.
Note that we have only focused on the a-dependence of fˆD7 in the above discussion.
We know, however, that supersymmetry implies that fˆD7 also has to be holomorphic in
the complex structure moduli z k . Indeed, we find that our construction appropriately
yields such a holomorphic dependence through the theta functions ϑ in (3.43) due
to the holomorphic function f (z k ). In general, however, the coefficients Cj can also
depend holomorphically on the moduli z k . This dependence is not constrained by
our considerations of shift-symmetries. It can be constrained by including further
symmetries, such as monodromy symmetries in the complex structure moduli space,
but considerations of this type are beyond the scope of this thesis.

The general case with several Wilson line moduli
Let us now repeat the same arguments for the more general situation with several
Wilson line moduli ap . The first step consists of constructing the line bundle L on
9 Usually we consider only gauge transformations A → A + dχ with χ a real function. However,
the eq. (3.38) is invariant under the complexified gauge group so we may take χ complex.
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2h1,0

−
Topen
, by defining an appropriate connection. We do this by analyzing the general
transformations (3.25) of Tα under the torus shifts. Then we can follow the same
strategy as above to constrain the expected one-loop correction.
We would like to consider a holomorphic function Θ(z k , ap ) which under the shift
(3.24) of the ap satisfies


α
Θ(z k , ap + δap ) = exp − δD7
δTα Θ(z k , ap ) ,

(3.45)

with δTα given in (3.25). The existence of such a Θ implies that
α
fˆD7 = δD7
Tα + log Θ ,

(3.46)

remains invariant. As above, when viewing Tα as functions of ap we can identify
ˆ1−loop
Ψ = efD7
as a holomorphic section of the line bundle L satisfying (3.38) for some
connection A.
It is easier to determine the connection A in holomorphic gauge which reads
Ah =

i α
δ (2Mαp q Re f pr Re ar + Mα pq ap ) daq .
4 D7

(3.47)

Indeed, one checks that (freezing complex structure) the connection transforms as
Ah (ap + δap ) = Ah (ap ) + dχ ,

α
χ = −iδD7
δTα .

(3.48)

The field strength of Ah is
i α
F = − δD7
Mαp r Re f pq dar ∧ dāq ,
4

(3.49)



α
Mα pq + Re f r[p Mαr q] = 0
δD7

(3.50)

where we imposed that

such that F 2,0 = F 0,2 = 0. Notice that the field strength does not depend on Mα pq
which, in particular, means that the number of solutions of (3.38) is independent of
Mα pq .10 Note that the constraint (3.50) can actually always be satisfied for a single
D7-brane when choosing a basis (α̂p , β̂ p ) in (3.5) that is symplectic with respect to
R
α
the inner product hα, βi = S+ δD7
ωα ∧ α ∧ β.11
We can thus infer the form of the solution Θ is a sum over the Riemann theta
functions
"
#
X
p
p
q
q
p
p
µp
ϑ
(fpq , ap ) =
eiπfpq (µ +l )(µ +l ) e2πi(µ +l )(ap +νp ) ,
(3.51)
νp
lp ∈Γ
10 This is related to the fact that in (3.26) the couplings M
q
pq
αp (and not Mα ) determine the
structure constants of the isometries of the scalar manifold.
11 Note that this inner product can be degenerate on the full set (α̂ , β̂ p ).
p
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where Γ is a h1,0
− -dimensional integer lattice. As in the simpler case considered before,
the coefficients in this sum can be complex structure dependent and are not constrained
by the torus shift-symmetries. In fact, in this section we worked in a fixed complex
structure of the Calabi-Yau threefold. For a proper treatment of the dependence on
2h1,0

−
complex structure moduli, we should consider a line bundle over Topen
, which is itself
fibered over the space of complex structures.
This concludes our discussion on the interplay between holomorphicity of the gauge
coupling function and its behavior under the shift-symmetries of the axions when there
is no kinetic mixing among the open and closed string gauge bosons.

3.1.5

Comments on kinetic mixing and gaugings

Up to now we have assumed that the kinetic mixing between the open and closed
string U (1)’s vanishes, c.f. (3.29). In this section we comment briefly on how the
presence of mixing changes the situation (see [129, 99] for a discussion on kinetic
mixing in D-brane models from a different perspective).
As shown in [39], the mixing is controlled by the couplings defined in (3.9). In our
notation, the result that one obtains from reducing the D7-brane action is
fˆκD7 = Re f pq Re fκλ (Mq λ − if¯qr M rλ ) ap .

(3.52)

Since both fκλ and fpq depend holomorphically on complex structure, we find that fˆκD7
has a complicated dependence on the complex structure moduli, which does not seem
holomorphic. We will find an answer to this puzzle in section 3.2 where we study the
gauge couplings in the context of F-theory. Indeed the M-theory computation shows
the existence of an identity which proves that this quantity is actually holomorphic.
Namely, one can show that
Re f pq Re fκλ (Mq λ − if¯qr M rλ ) = Mκ p + ifκλ M λp ,

(3.53)

and so the mixing becomes

fˆκD7 = Mκ p + ifκλ M λp ap ,

(3.54)

which is now manifestly holomorphic. Notice that from the Type IIB perspective this
is a highly non-trivial identity among (2,1)-forms in the internal space and (0,1)-forms
on the worldvolume of the brane. However, in the F-theory description, both of them
lift to three-forms in the Calabi-Yau fourfold, and the identity (3.53) becomes obvious,
see discussion below (2.18).
We can now analyze how the kinetic mixing behaves under the shift-symmetries
of the axions ap . Clearly, fˆκD7 is not invariant, which might be a reason to think
that this cannot be correct, or at least not the full result. However, the presence of
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mixing has an interesting consequence for the symmetries, which implies that the
gauge coupling function must transform non-trivially under shifts in the Wilson lines.
Again, since this is most easily seen from the M/F-theory description done in the next
section, we will just quote the result here. Under a shift (3.24), we have that12
δAκ = dΛκ − (Mp κ λ̃p + M pκ λp )AD7 ,

(3.55)

δAD7 = dΛD7 ,
where we included the corresponding gauge transformations of the vectors, Λκ and
ΛD7 . Thus, a shift in the axions induces a constant change of basis in the space of
U (1)’s, which mixes the open and closed gauge bosons. For integer values of λ̃p and
λp , we find that the change of basis for the vectors is also integral, as expected from
charge quantization. This, in turn, implies that the gauge coupling function has to
depend on the Wilson lines and should not be invariant under the symmetries, unlike
in the case where the mixing vanishes, as we saw in section 2.2.4.
Let us close this section with some remarks about the interplay between the
transformation (3.55) and the gauging of the isometries (3.26) of the scalar manifold
from a purely field-theoretical perspective. As we stressed earlier, the isometries of the
scalar manifold are non-abelian, while the gauge symmetry of the vectors is abelian.
This suggests that one cannot gauge such isometries without introducing extra vectors
or structure. However, this is not the case, precisely because the vectors transform as
in (3.55). Indeed, suppose that we gauge the isometries
XA = ΘA p t̃p + ΘAp tp + ΘAα tα ,

(3.56)

where A runs over κ and the D7-brane gauge boson, and Θ is the embedding tensor.
This means that, under a gauge transformation, we have to perform a shift in the
corresponding axions, namely
λ̃p = ΘA p ΛA ,

λp = ΘAp ΛA ,

λα = ΘAα ΛA .

(3.57)

Thus, the parameters λ̃p and λp are generically no longer constant and the transformation (3.55) is not simply a constant change of basis. Instead, using (3.57) it
becomes
δAκ = dΛκ − (Mp κ ΘA p + M pκ ΘAp ) AD7 ΛA ,

(3.58)

δAD7 = dΛD7 ,
12 Notice that the couplings that appear in (3.55) are not exactly those in (3.54). However, using
the identity (3.53) we see that the transformation of the vectors is trivial if and only if the kinetic
mixing is zero. This was already observed in [99].

3.2

In F-theory

71

which can be readily recognized as the gauge transformation of a non-abelian gauge
group. Thus, we see that the transformation (3.55) allows to gauge certain non-abelian
isometry starting with an abelian gauge group. Finally, since the resulting gauge
group is non-compact and non-semisimple, the gauge coupling function cannot be
constant [116], which fits nicely with what we find from the reduction.13 See [130, 91,
98] for more details on the gauging of such isometries.

3.2

Gauge coupling functions in F-theory

We now turn to determining the four-dimensional gauge coupling functions fˆIJ arising
in F-theory compactifications. According to the F/M-theory duality presented in
section 1.7, this is achieved by comparing the action derived from the kinetic potential
(2.34), which comes from the M-theory reduction and dualization, with the one derived
from (2.50), which comes from the circle reduction of a four-dimensional N = 1
theory. In order to do so, we will need the derivatives of the dual kinetic potential
K(NA , Tα , z K |Lı̂ , nκ ), which were given in the appendix 2.A.
3.2.1

Transformation rules of the gauge coupling functions

Before we proceed to actually identify the F-theory gauge coupling functions, let
us first discuss their transformation properties. In subsection 2.2.4 we saw that, in
general, the kinetic terms of the three-dimensional vectors KIˆJˆ transform under the
shift-symmetries of the scalars, see eq. (2.43). Clearly, the four-dimensional gauge
coupling function shares a similar property. Indeed, using the symmetries (2.41)
together with our Ansatz (2.46b) for the gauge fields, we find that the transformations
of the four-dimensional vectors on R1,2 × S 1 are
δ Âκ = dΛκ − Ai (MiA κ λ̃A + Mi Aκ λA ) + (M0I κ λ̃I + M0 Ak λA ) dy ,
i

i

δ Â = dΛ ,

(3.59a)
(3.59b)

where we used the identification (2.51) and Li /R → 0. Since dy is the non-trivial
one-form on S 1 , we recognize the last term in (3.59a) as a large gauge transformation.
These transformations along the circle are often key in investigating the properties
of the F-theory effective action as we will see in chapter 5. Here we find a nontrivial completion of these transformations to include R-R bulk gauge fields. In the
decompactification limit, large gauge transformations are meaningless since there are
no non-trivial one-forms in R1,3 . Thus, we find that the transformation of the vectors
13 Actually,

as shown in [91], the gauge coupling function does not depend on the gaugings.
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in R1,3 is
δ Âκ = dΛ̂κ − Ai (MiA κ λ̃A + Mi Aκ λA ) ,

(3.60)

δ Âi = dΛ̂i ,

where now Λ̂κ and Λ̂i are arbitrary functions in four-dimensions. This shows that,
under shifts of the four-dimensional scalars N̂A , the vectors Âκ transform non-trivially
only when MiA κ or Mi Aκ are different from zero. This is the M-theory derivation of
the Type IIB result given in eq. (3.55).
Now from (3.60) and (2.45), we can readily determine the transformation rules for
the four-dimensional gauge coupling function fˆIJ , namely
L ˆ
fˆIJ −→ m̂K
I m̂J fKL + iCIJ ,

(3.61)

with
m̂JI

δλκ
0

=

MjA κ λ̃A + Mj Aκ λA
δji

!
,

(3.62)

We included the possibility of having a constant shift CIJ in Im fˆIJ . Splitting the
indices, this corresponds to
δ fˆκλ = iCκλ
δ fˆiκ = pκi fˆκλ + iCκλ
δ fˆij = pκ fˆjκ + pκ fˆiκ + pκ pλ fˆκλ + iCij ,
i

j

i

j

with
pκi = MiA κ λ̃A + Mi Aκ λA .

(3.63)

Finally, notice that when MiA κ = Mi Aκ = 0, we find that the gauge coupling
function must be invariant, up to possibly constant shifts of its imaginary part. In
the following we will see that this corresponds to the case in which the kinetic mixing
between the four-dimensional vectors Âκ and Âi vanishes.
3.2.2

On the weak string-coupling limit

In addition to presenting the F-theory result we will also study the restriction to the
weak string-coupling limit discussed in section 3.1. Firstly, we note that the complex
structure moduli z K of Y4 correspond to the complex structure moduli z k of the double
cover Y3 of B3 , the axio-dilaton τ , and the D7-brane deformations ζK :
zK

weak coupl.

−−−−−−−−−→

(z k , τ, ζK ) ,

(3.64)
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which are the fields in the Set 1 given in (3.10).14 Secondly, the F-theory moduli NA
are naturally split as
NA

weak coupl.

−−−−−−−−−→

(ap , Ga ) ,

(3.65)

where ap are the D7-brane Wilson line moduli and Ga are the R-R and NS-NS two-form
moduli constituting the Set 2 given in (3.11). Finally, we consider the weak coupling
limit of the holomorphic functions fAB introduced in (2.6). Recalling the split (2.28),
the result (3.30) and the definitions (3.6), (3.11), we identify15
fκλ fκB
fAλ fAB

!
weak coupl.

−−−−−−−−−→

−Fκλ |zk =0
0
0
(fpq , −iτ δ ab )

!
,

(3.66)

where we stress that Fκλ and fpq are only determined as functions of the complex
structure moduli of Y3 . The F-theory result is significantly more general, since it
encodes the full dependence on all complex structure moduli z K of Y4 . Applying the
split (3.64) it can be used to derive corrections to the orientifold result. We now turn
to determining the four-dimensional F-theory gauge coupling functions fˆIJ .
3.2.3

Gauge coupling function for R-R vectors

Let us start with the derivation of the four-dimensional gauge coupling function for
the R-R vectors, namely fˆκλ . From the result (2.50), we see that the real part of
the gauge coupling function is encoded in Kκλ , which is the kinetic term for the
three-dimensional vectors Aκ . According to eq. (2.65), it is given by
Kκλ =

1
Re fκλ ,
R

(3.67)

where we assumed that
fκA = 0 ,

L0 = R .

(3.68)

These assumptions appear to be essential. They greatly simplify the results and,
in particular, they make (3.67) into the real part of a holomorphic function, which
matches the expectations from the Type IIB perspective. Thus, we will assert that
(3.68) holds for the rest of the chapter. It would be interesting to show that the
vanishing condition fκA = 0 can be proved for elliptic fibrations.
The computation of the imaginary part of the four-dimensional gauge coupling
function is a bit more involved. However, by carefully tracking the circle reduction,
we see that it is encoded in the three-dimensional action in the couplings
F κ ∧ Im KκA dM A
15 The



identification of fκλ with (3.30) will become apparent in the next paragraphs.

(3.69)
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in (2.19), where A runs over all the chiral fields in three-dimensions. According to the
results in appendix 2.A, we find that


nλ κ
Li κ
F κ ∧ Im KκA dM A =
F ∧ dIm fκλ +
F ∧ dIm Qiκ A NA .
2R
2R

(3.70)

In particular, the imaginary part of fˆκλ is encoded in the coefficient that multiplies
nλ /R above. Thus, from (3.67) and (3.70), we conclude that the four-dimensional
gauge coupling function for the R-R gauge bosons is given by
fˆκλ = −fκλ ,

(3.71)

which is holomorphic in the complex structure moduli of the Calabi-Yau fourfold, and
therefore holomorphic with respect to the four-dimensional chiral fields. The result
(3.71) is in accord with the expectations from the Type IIB orientifolds, c.f. (3.30).
However, it is important to note that the F-theory result (3.71) is significantly more
general, since the function fκλ can depend on all complex structure moduli of Y4 .
3.2.4

Kinetic mixing between R-R and 7-brane vectors

Now we move on to considering the kinetic mixing fˆκi between the open and closed
string gauge bosons. From the circle reduction, we see that Re fˆκi is encoded in Kκi ,
the three-dimensional kinetic mixing between Aκ and Ai . We find that the M-theory
reduction yields

1
Kκi = Re Qiκ A NA ,
(3.72)
R
where Qiκ A is the holomorphic function defined in (2.16). Notice that (3.72) is again
the real part of a holomorphic function of the complex moduli. This also shows that
the mixing is proportional to the couplings Miκ A and Mi Aκ , which are related to the
ones that appear in (3.60) by the identity (2.18). This proves the statement in the
last section that the transformation for the vector is trivial if and only if the mixing
vanishes.
Just like in the previous case, we can compute the imaginary part of the mixing
Im fˆκi by analyzing (3.70). In this case, it is given by the term proportional to Li /R.
Altogether, we find that

fˆκi = −Qiκ A NA = − Miκ A + ifκλ Mi λA NA ,

(3.73)

which is holomorphic in both the complex structure moduli z K and the moduli NA .
The identification (3.73) agrees with the result given in section 3.1.5, when asserting
that Mi λA is only non-vanishing for the directions of the Wilson line moduli ap .
However, let us stress again that in order to match it with the results obtained in [39]
from dimensional reduction of the D7-brane action we had to use heavily the identities
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(2.18), which were not known in the Type IIB context (see the discussion around
eq. (3.54)).
Let us briefly mention that we can compute the mixing between the Kaluza-Klein
vector and the R-R vectors, which is
Kκ0 = −

i
1 h λ
i
A
n
Re
f
+
L
Re
Q
N
.
κλ
iκ
A
R2

(3.74)

Of course, this has no meaning in four dimensions. However, it is reassuring to check
that it is what one would expect from a theory that comes from a circle reduction,
given (3.67) and (3.72).
3.2.5

Gauge coupling function for 7-brane vectors

Finally, let us discuss the gauge coupling function fˆij for the seven-brane gauge fields
that, as we saw in section 3.1.3, is the most involved coupling. In particular, we do not
expect to obtain a holomorphic gauge coupling function fˆij directly from dimensional
reduction. In the following we simply give the result that we obtain from dimensional
reduction and in the next subsection we then discuss how one can use holomorphicity
and the discrete shift-symmetries of the axions to constrain the exact result.
Following the same strategy as before, we see that Re fˆij is given by Kij , the
three-dimensional kinetic terms for the 7-brane gauge bosons. There is, however, a
further complication when discussing this coupling that has to be addressed. As shown
e it reads
in appendix 2.A, in terms of the original kinetic potential K,
e ij − K
e iα K
e jβ (K
e αβ )−1 − K
e iκ K
e jλ (K
e κλ )−1 ,
Kij = K

(3.75)

e given by (2.33). Thus, we immediately see that Kij depends on all the possible
with K
intersection numbers (2.11), but we do not expect all of them to contribute to the gauge
coupling function in four dimensions. In particular, the couplings Kijkl and Kijkα
induce a dependence of Kij on the scalars Li , which have no four-dimensional scalar
analog. This suggests that, just like in [131, 46, 132], the classical M-theory reduction
contains terms that correspond to one-loop effects from the circle reduction of the fourdimensional theory. However, notice that unlike in [131, 46, 132], we are restricting
ourselves to a dimensional reduction without fluxes, so the four-dimensional theory
is non-chiral in our case. Thus, the smooth Calabi-Yau fourfold encodes information
about non-chiral states. We leave a more detailed study of these corrections and their
interpretation for future work.
In order to match the classical circle reduction, we will compute the coupling (3.75)
assuming that the only non-vanishing intersection numbers are
K0αβγ ≡ Kαβγ ,

γ
Kαβij ≡ −Cij
Kαβγ ,

(3.76)
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where Kαβγ are the intersection numbers of the two-forms on the base of the elliptic
fibration. We also expressed the intersection numbers Kαβij in terms of those of the
base. The precise interpretation of the divisors labeled with indices i, j depends on the
model under consideration. The first possibility is that i, j are labeling exceptional
divisors over a single non-abelian 7-brane wrapping a divisor S in the base B3 . In
this case one can expand the Poincaré-dual two-form as [S] = δ7α ωα |B3 and split
α
Cij
= δ7α Cij , where Cij is the Cartan matrix of the non-abelian gauge algebra.16 A
second possibility is that the indices i, j label multiple U (1) gauge factors stemming
from several 7-branes on different divisors in B3 . In this case it is convenient to keep
α
Cij
in this general form, since this allows us to include kinetic mixing among the
α
7-brane U (1)’s. In either case, we compute to linear order in Cij
that
Kij = −



1
3
C α Kb + Re di Aκ NA Re dj Bλ NB Re fκλ ,
R Kb ij α R

(3.77)

where we defined
Kb = Kαβγ Lα Lβ Lγ

and

b
Kα
= Kαβγ Lβ Lγ .

(3.78)

In this expression, on the one hand, the first term in (3.77) is proportional to the
α
volumes of the divisors in B3 specified by Cij
. From the Type IIB perspective this
corresponds to the fact that the gauge coupling scales with the volumes of the cycles
wrapped by the 7-branes. The second term, on the other hand, is proportional to
the couplings MiA κ and Mi Aκ and, in particular, vanishes when there is no mixing
between Aκ and Ai . Notice that, as expected from the Type IIB discussion, (3.77) is
not the real part of a holomorphic function of the chiral fields, even in the absence of
mixing. Indeed, from (2.35) we have that
α
Cij
Re Tα =


3 α b
α
Cij Kα + Cij
Re dα BA NB Re NA ,
b
K

(3.79)

which contains a term proportional to the square of NA that is missing in (3.77). This
is precisely the same problem we encountered in the Type IIB setting of section 3.1.3,
where the contribution proportional to the square of the Wilson lines does not arise
from dimensional reduction.
Finally, let us mention that the second term in (3.77) is holomorphic in NA if and
only if we have that
Qiκ A QjB κ = 0 .
(3.80)
However, this is not sufficient to guarantee holomorphicity in complex structure moduli
z K of Y4 . In the following we discuss in detail the corrections that are needed, in four
16 In

order to have this simple identification one has to restrict to ADE gauge algebras.
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dimensions, to have a holomorphic gauge coupling function. However, we focus on
the case without kinetic mixing of 7-brane and R-R gauge fields and leave the general
case to future work.
3.2.6

Shift symmetries, quantum corrections and theta functions

In the previous subsections we have shown that a direct dimensional reduction of
eleven-dimensional supergravity on a smooth Calabi-Yau fourfold yields vector kinetic
terms and a complex moduli space that appear to be incompatible with a reduced
four-dimensional holomorphic gauge coupling function. In the absence of kinetic
mixing the missing terms in the completion to a holomorphic result are of the form
Re(dα BA NB ) Re NA . From our discussion of the orientifold setting in section 3.1,
however, we should be alerted that this apparent conflict was already encountered for
D7-brane Wilson line moduli. In fact, we recalled in subsections 3.1.3 and 3.1.4 that
the corrections to the gauge coupling functions quadratic in the Wilson line moduli are
only generated at one string-loop order and therefore are not found by a dimensional
reduction of the tree-level D7-brane effective action. We observe that in F-theory
effective actions derived via eleven-dimensional supergravity a similar feature occurs
for all moduli NA , i.e. both the Wilson line moduli and the R-R and NS-NS two-form
moduli in the split (3.65). This implies that to ensure holomorphicity of the gauge
coupling function in Tα one needs to include in the M-theory reduction a quantum
correction of the form
quant
α
fij
= Cij
dα BA NB Re NA + . . . ,

(3.81)

In the M-theory setting it is much harder to identify the origin of such a correction.
One expects that it arises due to certain M2-brane states, by following the F-theory
to M-theory duality, but it remains an open question how to make this more precise.
As we will see in the following we can nevertheless infer non-trivial constraints on
quant
fij
by using symmetries and the expected holomorphicity properties of the effective
theory. For simplicity we will only discuss the case without kinetic mixing in the rest
of this work.
In order to proceed we begin by collecting a few observations supporting the fact
that important corrections have to be missing in the reduction of the supergravity
action. On the one hand, it is clear from the outset that the three-dimensional
reduction result is invariant under all the shift-symmetries (2.41) even when choosing
continuous parameters λA , λα , λ̃A . Since these symmetries are inherited from the
eleven-dimensional action and unbroken throughout the classical reduction, there is
simply no way how they could be broken. On the other hand, we have argued in
subsection 3.1.4 that in the presence of the fields NA the continuous symmetries λA ,
λ̃A acting non-trivially on the holomorphic gauge coupling function in four dimensions
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are always broken. The discrete symmetries are, however, manifest when including
7-brane fluxes or quantum corrections resulting in a theta function on the complex
torus spanned by NA . We expect that this is equally the case for a full-fledged
F-theory compactification, such that indeed corrections must be missing in the above
dimensional reduction.
Note that in the M-theory background (2.3a) we did not include any background
fluxes hdĈi on Y4 . This implies that the F-theory setting will not contain background
fluxes either and, in particular, we did not consider 7-branes with world-volume fluxes.
This implies that the manifestation of the discrete symmetries for the Ga moduli
obtained in (3.22) by completing i∗ B2 − 2πα0 F , requires an extension of our M-theory
analysis. In fact, it was argued in [133] that such orientifold fluxes are precisely
the ones that correspond to so-called hypercharge fluxes in F-theory GUTs [21, 22].
They neither induce a D-term nor an F-term potential for the considered moduli, but
nevertheless can, for example, break a non-abelian gauge group. In our context they
are crucial to make the discrete symmetries manifest. It is of enormous importance
to understand the manifestation of these fluxes in the M-theory reduction in greater
detail.
The second possibility encountered in subsection 3.1.4 was a manifestation of
the discrete shift-symmetries by completing the first term in (3.81) with a theta
function. In fact, note that the NA span a complex torus T2n
F of real dimension
2n = 2(h2,1 (Y4 ) − h2,1 (B3 )). Its complex structure is determined by the holomorphic
function fAB and by using our assumption fλA = 0, as given in (3.68), and the
restriction to a setting without kinetic mixing this torus arises trivially in the split of
2h2,1 (Y4 )
TM
defined in (2.27). We then define a line bundle L on this torus analog to
the one in subsection 3.1.4. Freezing the complex structure moduli of Y4 one defines
the connection in holomorphic gauge

i α
Ahij = Cij
2 MαA B Re f AC Re NC + Mα AB NA dNB ,
4

(3.82)

such that Fij = dAhij is a (1, 1)-form. Note that this expression is still in the threedimensional Coulomb branch as indicated by the indices i, j. While the lift with a
non-abelian gauge group is more involved, one realizes that for a single U (1) gauge
group factor one finds the generalization of (3.47). In the following we will restrict to
this abelian case and drop the indices i, j. Arguing as in subsection 3.1.4 one can use
this connection in the non-holomorphic gauge and look for holomorphic sections


Ψ = exp C α dα BA NB Re NA Θ NA , z K ,

(3.83)

Here, as in subsection 3.1.4, Θ is a sum of Riemann theta functions with z K -dependent
coefficients, in general.
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Unfortunately, we do not know an M-theory argument how Θ can be fully determined. In addition to the ambiguities in the complex structure dependent coefficients,
one also faces the fact that fluxes should be properly included into (3.83). One might
speculate that the some of the constants (νa , µa ) determining the shifts in the theta
functions (3.51) might admit an interpretation as fluxes. However, we also expect
that the non-holomorphic pre-factor and hence the line bundle and connection become
modified. It would be very interesting to investigate the proper inclusion of fluxes in
future work.

Conclusions
In this chapter we have studied the gauge coupling functions arising in N = 1 Type
IIB orientifolds with D7-branes (section 3.1) and F-theory (section 3.2). First, we
have analyzed the result that one obtains from dimensional reduction of Type IIB
supergravity coupled to the D7-brane action without kinetic mixing between the open
and closed string gauge fields following [39]. We have seen that this does not yield a
gauge coupling function which is holomorphic in the chiral coordinates and, therefore,
has to be modified. As already mentioned in [39], one expects that corrections coming
from open-string one-loop effects generate precisely the missing terms to establish
a holomorphic result. However, an explicit computation of such corrections is very
challenging and has only been done in a related setting in toroidal orbifolds [102].
We have shown that by imposing holomorphicity and invariance under the shiftsymmetries of the axions in the effective field theory, we obtain that the required
1−loop
one-loop corrections are encoded by a holomorphic section Ψ = exp(fˆD7
) of a
certain line bundle defined on the torus spanned by the Wilson lines. Constructing
the connection on this line bundle, such sections are then found to be comprised of a
term quadratic in the Wilson lines, required for holomorphicity of the complete fˆD7 ,
and a sum of Riemann theta functions with, in general, complex structure dependent
coefficients. This form of the gauge coupling function is in agreement with the
results in [102], even though in our setting the torus is in general not related to the
compactification space.
It is important to stress that we did not unravel the precise physical interpretation
of having to deal with holomorphic sections Ψ of the constructed line bundle. We were
lead to this construction by holomorphicity and symmetries of the gauge coupling
function, but we were not able to completely fix the choice of Ψ appearing in the gauge
coupling function. Our construction, however, is reminiscent of the consideration first
given in [121]. In this work the partition function of an M5-brane is constructed and
a similar ambiguity of choosing the correct section had to be addressed. One might
hope that the extensions of [121] to Type IIB supergravity with D-branes [122, 123]
might shed new light on the significance of the choice of Ψ in our setting. It is also
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intriguing to point out that the complex structure dependence of Ψ might be fully
constrained when identifying it as a wave-function of a quantum system along the
lines of [134]. In would be interesting to check whether these ideas can be made more
explicit for our setting.
Extending our analysis of the Type IIB orientifold setting we have also included
a non-zero kinetic mixing between D7-brane gauge fields and R-R gauge fields. In
that situation, the gauge coupling function should not be invariant under the shiftsymmetries, since these induce a constant change of basis in the space of gauge bosons,
mixing open and closed string U (1)’s. Our systematic approach allowed us to clarify
certain puzzles that appeared in [91].
In section 3.2, we have studied the gauge coupling function for genuine F-theory
backgrounds via dimensional reduction of M-theory on a Calabi-Yau fourfold, extending
the results in [30]. One of the main advantages of this approach is that many of the
moduli that appear to be completely different from the Type IIB perspective, turn
out to have a common origin in the Calabi-Yau fourfold. In addition to being also
applicable away from weak string coupling, the F-theory settings also allow us (1) to
fully include the dependence on the 7-brane position moduli, (2) derive interesting and
useful relations between different moduli that are obscure in the IIB picture, and (3)
provide geometric arguments for the properties of the various couplings in the bulk and
7-brane sector. We determined the four-dimensional gauge coupling functions of the Ftheory setting, by comparing the three-dimensional M-theory effective action with the
circle reduction of a four-dimensional theory, both performed in chapter 2. As in the
Type IIB orientifolds, the resulting gauge coupling function is at first not holomorphic.
In fact, the reduction of eleven-dimensional supergravity does not capture any of the
quadratic corrections in the Tα coordinates determined from the scalar kinetic terms.
This is compatible with the fact that the dimensional reduction does not break the
continuous shift-symmetries and indicates that important quantum corrections are
missed. Accordingly, we derived that an appropriate correction to the F-theory gauge
coupling function is captured by holomorphic sections of a certain line bundle, in a
similar fashion as in Type IIB orientifolds. Such sections include a quadratic correction
required for holomorphicity in the Tα coordinates, but also generally allow for as
logarithm of a sum of Riemann theta functions with complex structure dependent
coefficients. This line bundle and these theta functions are defined on a complex torus
spanned by the axions coming from the M-theory three-form that are not dualized
into vector multiplets in the F-theory frame. This torus is thus a subspace of the
complex torus H 2,1 (Y4 )/H 3 (Y4 , Z), which also captures the degrees of freedom of the
R-R bulk vector fields. A detailed study of this geometric object and its variation over
the complex structure moduli space is therefore of key phenomenological interest.
In addition we suggested certain constrains on geometric data of elliptically fibered
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Calabi-Yau fourfolds. In particular, by demanding supersymmetry of the four-dimensional effective action, we have proposed that the function fAB , which is holomorphic in
the complex structure moduli of Y4 and defined in (2.6), should satisfy some non-trivial
relations. Our analysis has been done for a generic compactification space, without
referring to a specific example. Thus, it would be interesting to analyze in detail
different examples to check whether such relations are indeed satisfied.
Another interesting approach to derive the couplings relevant for the gauge coupling
function in F-theory was presented in a series of papers [135–137]. It was shown in
these papers that the coefficient functions of the couplings of type F 4 , where F is an
eight-dimensional gauge field, satisfy certain Picard-Fuchs-type differential equations.
It would be interesting to explore the relation of these findings to our results.

4
Six-dimensional F-theory effective actions

This chapter is the pendant to chapter 2 for the six-dimensional case. More explicitly,
we present the details of obtaining six-dimensional effective actions from F-theory,
using the general procedure explained in section (1.7). Furthermore, we focus on
compactifications that preserve N = (1, 0) supersymmetry in 6d, which corresponds
to N = 2 in 5d (8 supercharges). This amount of supersymmetry is obtained if the
compactification space is a Calabi-Yau manifold. The F/M-theory duality then tells us
that we should compactify M-theory on an elliptically Calabi-Yau threefold, and match
the resulting 5d N = 2 theory with the circle reduction of a generic 6d N = (1, 0)
theory (see picture 1.6).
As the matching takes place in five-dimensions, we start by reviewing five-dimensional theories with N = 2 supersymmetry in section 4.1. We then proceed in
section 4.2 with the reduction of M-theory on a Calabi-Yau threefold; at first with
a single section, then including extra sections. In section 4.3 we perform the circle
reduction of a generic 6d N = (1, 0) action a circle, first without vector multiplet and
subsequently including them. Finally in section 4.4, we compare the results of the
M-theory and circle compactifications, and try to match them. We see that some
terms are missing on the circle reduction side, and note that these are generated at
one-loop when integrating out the KK-towers of the 6d chiral fermions. We then
find a perfect match in the case without vector multiplet in 6d, corresponding to a
compactification on a Calabi-Yau with a single section. However, in the case with
vector multiplets, some terms are still left unmatched. The resolution of this riddle is
left for chapter 5.
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Five-dimensional N = 2 supergravity

4.1

We start by discussing five-dimensional supergravity theories with N = 2, or 8
supercharges1 . The possible types of multiplets consists, on top of the gravity multiplet,
(5)
of vectors multiplets (the number of which we denote by nV ) and hypermultiplets
(5)
(nH ). Their bosonic field content reads
◦ Gravity multiplet: the graviton and a graviphoton A0
◦ Vector multiplets: real scalars M I and vectors AI .
◦ Hyper multiplets: four real scalars q u .
The canonical form of the action is given by
Z
1
1
3
S5can = Mpl,5
R5 ? 1 − huv dq u ∧ ? dq v − GIJ dM I ∧ ? dM J
M5

2

2

1
2

− GIJ F I ∧ ? F J −

1
12

(4.1)

kIJK AI ∧ F J ∧ F K ,
(5)

(5)

where all the vectors are denoted collectively as AI , I = 0, . . . , nV , and the nV + 1
reals scalars M I are subject to the so-called very special geometry constraint
N≡

1
!
kIJK M I M J M K = 1,
3!

(4.2)

(5)

leaving effectively nV real scalar degrees of freedom. This cubic potential N entirely
specifies the gauge sector at the two derivatives level, since the gauge coupling functions
(which by supersymmetry coincide with the kinetic terms for the M I ) and the ChernSimons coefficients are given by
h
i
1
GIJ = − ∂I ∂J log N
2

,
N=1

kIJK = ∂I ∂J ∂K N .

(4.3)

At the four-derivative level, the 5d N = 2 action is known [138] to include the term
S5gr =

4.2

1
2

Z

cI ĀI ∧ tr R ∧ R .

(4.4)

M5

M-theory on a Calabi-Yau threefold

We now turn to the dimensional reduction of eleven-dimensional supergravity on a
Calabi-Yau threefold, i.e. we take M11 = R1,4 × Y3 . This reduction is well-known, see
e.g. [139], and we will mostly follow the notation of [140]. As for Calabi-Yau fourfolds,
the massless fluctuations around the background Calabi-Yau metric correspond to
1 This is the minimal supersymmetry in 5d, and it is sometimes named N = 1 in the literature (it
depends on the spinor representation one uses).
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complex structure deformations and Kähler structure deformations. The latter are
obtained as in (2.4) by expanding the Kähler form J along harmonic (1,1)-forms as
J = v I ωI , where I = 1, . . . , h1,1 (Y3 ). Likewise, we expand the three-form Ĉ3 in the
same basis, as well as on a real symplectic basis (αK , β K ), K = 1, . . . , h1,2 (Y3 ) of the
middle cohomology,
Ĉ3 = AI ∧ ωI + ξ K αK + ξ˜K β K + C3 ,

(4.5)

where the AI are all the vectors of the 5d theory, the (ξ K , ξ˜K ) are hypermultiplet
scalars and C3 a 5d three-form. We thus find h1,1 (Y3 ) vectors AI , of which one
(5)
resides in the 5d gravity multiplet and nV = h1,1 (Y3 ) − 1 reside in the 5d vector
(5)
multiplets. The h1,1 (Y3 ) scalars v I are expected to comprise the scalars in the nV
vector multiplets. The apparent mismatch in their number is resolved by noting that
the overall volume of the Calabi-Yau threefold
Z
1
1
J ∧ J ∧ J = KIJK v I v J v K ,
V3 =
(4.6)
3!

3!

Y3

actually resides in a hypermultiplet. In the expression (4.6), the coefficients KIJK are
the intersection numbers of Y3 , and are given by
Z
KIJK = DI ∩ DJ ∩ DK =

ωI ∧ ωJ ∧ ωK ,

(4.7)

Y3

where the divisors DI are related by Poincaré duality to the harmonic (1,1)-forms ωI .
Note that since the forms ωI are in the integer cohomology H 1,1 (Y3 , Z), the intersection
numbers (4.7) are integers.
Accordingly, in order to separate the total volume V, which resides in the hypermultiplets, and the scalars LI of the vector multiplets, it is natural to define
LI =

vI
.
V 1/3

(4.8)

These fields indeed parametrize only h1,1 (Y3 ) − 1 degrees of freedom, since they satisfy
NM ≡

1
3!

KIJK LI LJ LK = 1 .

(4.9)

This condition matches the general very-special Kähler constraint (4.2), such that
the fields LI can be identified with the very special coordinates and NM with the
cubic potential of the 5d N = 2 in its canonical form. One can check [139] that the
potential (4.9) indeed allows to match the action obtained by dimensional reduction
of the eleven-dimensional supergravity action (1.4).
Concerning the hypermultiplets sector, we already mentioned that the volume V3
is one of the hypermultiplets scalars; in addition, the hypermultiplet sector comprises
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the 4h1,2 (Y3 ) + 3 real scalars (ξ K , ξ˜K ) and the complex structure deformations of Y3 .
(5)
All together one finds nH = h1,2 (Y3 ) + 1 hypermultiplets. We refer to e.g. [140] for
an explicit expression of the hypermultiplet metric huv .
Up to this point the Calabi-Yau space we considered was general. In order apply the
duality between M-theory and F-theory we have to further restrict Y3 to be two-torus
or elliptically fibered. We denote the base of the elliptic fibration by B2 and introduce
the map π : Y3 → B2 projecting onto B2 . We start by discussing the case where the
Calabi-Yau is a smooth elliptic fibration (i.e. without exceptional divisors resolving
singularities) and with a single section, and then treat the case with extra sections.
4.2.1

Single section

We start by considering the simple case where Y3 has a single holomorphic section2 σ0 .
Such a section is isomorphic to the base divisor B2 and the two-form cohomology of Y3
naturally splits as
ωI = {ω0 , ωα } ,

(4.10)

where ω0 is Poincaré dual to B2 and the ωα are Poincaré dual to the so-called verticaldivisors divisors Dα = π −1 (Dαb ), which are inherited from divisors Dαb in the base.
This amounts to say that
h1,1 (Y3 ) = h1,1 (B2 ) + 1 .
(4.11)
In a similar fashion to the fourfold case (2.30), the intersection number of three ωα
vanish, having no leg in the fiber. One can show that the other intersections numbers
in (4.7) are given by
Kαβγ = 0 ,

K00α = ηαβ K β ,

K0αβ = ηαβ ,

K000 = ηαβ K α K β ,

(4.12)

where ηαβ = Dαb ∩ Dβb = B2 ∩ Dα ∩ Dβ is a non-degenerate symmetric matrix with
signature (1, h1,1 (B2 ) − 1) and K α are the expansion coefficients of the first Chern
class of the base c1 (B2 ) = −K α ωα .3 We can use the metric ηαβ to raise and lower
indices, as well as for contracting them; for compactness, we will denote such products
with a ◦ , i.e. we define v ◦ v = ηαβ v α v β .
As we will see in section 4.4, having a non-vanishing K00α is incompatible with a
6d lift [141, 45, 140]. In other words, the basis (4.10) is not the correct for lifting to
F-theory. However, performing the shift
1
2

ω̃0 = ω0 − K α ωα ,
2A

(4.13)

section is a continuous map σ : B → Y such that π ◦ σ = idB .
that in this expansion one actually has to use the two-forms on B2 , but we abuse notation
slightly.
3 Note

4.2

M-theory on a Calabi-Yau threefold

87

the intersection numbers then become
K̃αβγ = 0 ,

K̃00α = 0 ,

K̃0αβ = ηαβ ,

K̃000 = K ◦ K .

1
4

(4.14)

As we will see this turns out to be the correct basis for lifting to F-theory. The split of
the (1,1)-cohomology into this basis, i.e. ωI = {ω̃0 , ωα }, induces a split of the fields4
LI = (L0 , Lα ) ,

(4.15)

in terms of which the cubic potential reads
NM =

1
2

1
24

L ◦ L L0 +

K ◦ K (L0 )3 .

(4.16)

Note that the following identity holds
K ◦ K = 10 − h1,1 (B2 ) ,
R

(4.17)

c2 (B2 ).
Y3 1

Reducing higher derivative corrections

cα = ηαβ K β ,

(4.18a)

which can be seen from integrating
to the M-theory action one finds

1,1

c0 = 13 − h

(B2 ) .

(4.18b)

We now proceed to proceed to study the case with more than one section.
4.2.2

Extra sections

Having extra sections σi , i = 1, . . . , nσ (where nσ is the rank of the Mordell-Weil
group of the Calabi-Yau) corresponds to extra divisors. Thus the natural split (4.10)
of the cohomology extends to
ωI = {ω0 , ωα , ωi } ,

(4.19)

where ωi are the Poincaré duals of the extra sections σi . In particular the ω0 is
Poincaré dual to the zero-section, which is isomorphic to the base B2 in case this
section is holomorphic (which was the case in the previous section), but only rationally
equivalent if the zero-section is rational5 . We allow for the latter possibility in this
section. The relation (4.11) then generalizes to
h1,1 (Y3 ) = h1,1 (B2 ) + 1 + nσ .
4 We

(4.20)

deliberately do not put a tilde on the fields, for those are the correct ones for lifting to 6d.
sections σ 0 : B → B 0 ⊂ Y are in general one to one but not well defined over some
points. They can wrap the whole fiber (or a component of the fiber) over those points.
5 Rational
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In the previous section, we saw that we had to perform the change of basis (4.13)
in order to be able to lift to 6d. This shift also corresponds to the following shift of
the zero section
1
2

D0 = σ0 − (σ0 ∩ σ0 ∩ Dα )Dα .

(4.21)

In a similar fashion, the basis (4.19) is not the correct basis for the corresponding
fields to lift to abelian gauge fields in 6d. Another shift of extra sections σi is required
to achieve this, which is known as the Shioda map, and reads in our set-up6


Di = σi − σ0 (σi − σ0 ) ∩ σi ∩ Dα Dα .

(4.22)

Similarly to the case with a single section, to this new basis of divisors (D0 , Di , Dα )
corresponds a cohomology basis
ω̃I = {ω̃0 , ω̃i , ωα } .

(4.23)

In this basis, the intersection numbers read, for a generic zero-section σ0 (possibly
rational),
K̃αβγ = 0 ,
K̃αβi = 0 ,
K̃00α = 0 ,

K̃0αi = 0 ,

(4.24)

K̃0αβ = ηαβ .
And if σ0 is holomorphic, one further finds
1
4

K̃000 =

K ◦K ,

K̃00i = 0 ,
K̃0ij =

1
−
2

(4.25)
K̃ij ◦ K ,

where (K̃ij )α = K̃αij = Dα ∩ Di ∩ Dj . We note that these intersection numbers can
be rewritten as K̃αij = π(Di ∩ Dj )α , where the π(X)α = X ∩ Dα are the coefficients
of the projection π(X) = π(X) ◦ Db of a two-cycle X to the base.
As before, we denote the coordinates corresponding to the split (4.23) as
LΣ = (L0 , Lα , Li ) ,

(4.26)

in terms of which the cubic prepotential reads
NM =

1
2

L ◦ L L0 +

1
K ◦ K (L0 )3
24

+

1
2



1
1
K̃ij ◦ L − KL0 Li Lj + K̃ijk Li Lj Lk .
2

6

(4.27)
6 That

is, we take a smooth Calabi-Yau, without exceptional divisors.
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4.3

4.3.1

Field content and anomaly cancellation

In a generic 6d supergravity with (1,0) supersymmetry (8 supercharges), one can have,
on top of the gravity multiplet, three types of multiplets (restricting to spin less or
equal to two): tensors multiplets (the number of which we denote by nT ), vector
multiplets (nV ), and hypermultiplets (nH ), whose bosonic field content is given by
◦
◦
◦
◦

Gravity multiplet: the graviton and a self-dual two-form B + ,
Tensor multiplets: scalars ̂ and anti-self-dual two-forms B − ,
Vector multiplets vectors Âi ,
Hyper multiplets: four real scalars q U .

We will collectively denote the self-dual two form B + and the nT anti-self-dual twoforms B − by B̂ α , α = 1, . . . , nT +1. The nT scalars of the tensor multiplets parametrize
a moduli space with SO(1, nT ) symmetry, such that they combine into an SO(1, nT )
vector ̂ α of unit norm
̂ • ̂ ≡ Ωαβ ̂ α ̂ β = 1 ,

(4.28)

where Ωαβ is a constant SO(1, nT ) metric, and products made using this metric will
denoted by the dot ‘ • ’ throughout this document.
For simplicity we will restrict ourselves to an abelian gauge group.7 the generalization to non-abelian can be found in e.g. [145, 45], and the circle reduction thereof
in [140]. In the abelian case, the anomaly polynomial is given by [146, 147]

I8 = −

1
(n
5760 H

h
i
5
1
− nV + 29 nT − 273) tr R̂4 + (tr R̂2 )2 −
(9 − nT )(tr R̂2 )2
4
128
X
X
1
1
+ tr R̂2
qif qjf F̂ i F̂ j −
qif qjf qkf qlf F̂ i F̂ j F̂ k F̂ l ,
96

24

f

f

(4.29)
where the index f = 1, ..., nV + n∗H runs over the spin-1/2 fermions charged under
P
the U (1)’s, and the f takes chirality into account, namely the right moving modes
appear with an extra minus sign. When there exist SO(1, nT ) vectors aα and bα
ij such
7 We note that reference [142] argues that some of these theories are in the Swampland. In the
non-abelian case it was shown [143] that SU (N ) × SU (N ) can be anomaly free for any N . However
in F-constructions, configurations with N > 9 were never found, which led to wonder if they belong
to the Swampland or not. Using the completeness hypothesis presented on page 32, it was recently
shown in [144], that indeed they belong to the Swampland.
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that the following equations are satisfied
nH − nV + 29 nT − 273 = 0 ,
9 − nT = a • a ,
X
1
−
qif qjf = a • bij ,
6

(4.30a)
(4.30b)
(4.30c)

f

1
3

X

qif qjf qkf qlf = bij • bkl ,

(4.30d)

f

the anomaly polynomial factorizes as
I8 =

1
2

1
2

i j
X̂4α = aα tr R̂2 + 2 bα
ij F̂ F̂ ,

X̂4 • X̂4 ,

(4.31)

and the anomaly be canceled through the Green-Schwarz-Sagnotti (GS for simplicity)
mechanism [148].8 This means that one can cancel the one-loop variation by adding
to the action the local counterterm
Z
1
gs
B̂ • X̂4 ,
(4.32)
S =−
2

M6

which is not-invariant already at classical level. Indeed the two-forms fields B̂ α
transform under a Lorentz transformation δ ω̂ = dˆl + [ω̂, ˆl] and a gauge transformation
δ Âi = dλ̂i as
1
i j
δ B̂ α = − aα tr ˆl dω̂ − 2 bα
(4.33)
ij λ̂ F̂ .
2

One can then verify that the variation of the GS term (4.32) indeed cancels the
one-loop variation given by I8 in (4.29), if the conditions (4.30) are satisfied. These
are therefore called anomaly cancellation conditions.
4.3.2

No vector multiplets

In order to simplify the discussion, we will start by considering a theory that has no
vector multiplets and contains in addition to a gravity multiplet nT tensor multiplets
as well as nH neutral hypermultiplets. The anomaly cancellation conditions (4.30)
then become
nH + 29 nT − 273 = 0 ,
9 − nT = a a .
•

(4.34)
(4.35)

One thus needs to set nH = 273 − 29 nT . Note also that this limits the number of
tensor multiplets that one can consider, as it requires nT ≤ 9. The bosonic field
8 In the following, we will often use the denomination ‘Green-Schwarz mechanism’, even tough it
should should be understood as ‘generalized Green-Schwarz mechanism’ or ‘Green-Schwarz-Sagnotti
mechanism’, as this is common usage in the litterature.
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content of the theory under consideration consists of the graviton ĝµν , nT + 4nH
real scalars, one self-dual and nT anti-self-dual two-forms collectively denoted by B̂ α ,
α = 1, . . . , nT + 1, whose gauge invariant field-strengths are given by
1
2

Ĝα = dB̂ α + aα ω̂gr ,

(4.36)

where ω̂gr = ω̂ ∧ dω̂ + 23 ω̂ ∧ ω̂ ∧ ω̂ is the gravitational Chern-Simons form (see e.g. [140]
for further details). The bosonic part of the 6d supergravity pseudo-action9 takes the
form
Z
1
1
4
S6 = Mpl,6
R ˆ
? 1 − gαβ dj α ∧ ˆ
? dj β − hU V dq̂ U ∧ ˆ? dq̂ V
2 6
2
M6
(4.37)
1
1
− gαβ Ĝα ∧ ˆ? Ĝβ − a • B̂ ∧ tr R̂ ∧ R̂ ,
4

4

where the q̂ U , U = 1, . . . , 4nH are the scalars in the hypermultiplets. The hats now
indicate six dimensional fields. The positive definite, and non-constant, metric gαβ of
scalar manifold is defined as
gαβ = 2jα jβ − Ωαβ ;

jα = Ωαβ j β .

(4.38)

The (anti)-self-duality conditions for the two forms B̂ α in a SO(1, nT ) takes the form
gαβ ˆ
? Ĝβ = Ωαβ Ĝβ and has to be imposed by hand in addition to the equations of
motion derived from the action (4.37). Let us note that there is a convenient way
to introduce the coordinates j α , such that (4.28) is automatically satisfied. More
precisely, we can introduce real unconstraint scalars vbα and define
jα =

vbα
1/2
Vb

Vb = v b • v b .

,

(4.39)

Since the vbα are unconstraint there is an extra degree of freedom Vb . It turns out that
in F-theory compactifications it is actually physical and resides in a hypermultiplet,
as we will see in section 4.4.
We now proceed to reduce action (4.37) on a circle, focusing on the two-derivative
part. The 6d metric and two-forms B̂ α are reduced as
dŝ2 = ds2 − r2 (dy − A0 )2 ,
α

α

α

0

B̂ = B − A ∧ (dy − A ) ,

(4.40)
(4.41)

9 It a pseudo action in the sense that because of the anti-self duality of the 2-forms makes their
kinetic term to vanish. One way around this problem is the usual trick of imposing the anti-self-duality
conditions only at the level of the equations of motions, which was already done for the Type IIB
supergravity in section 1.4.2.
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where A0 is the Kaluza-Klein vector and B α and Aα are 5d two-forms and one-forms,
respectively. Dimensionally reducing the (anti)-self-duality condition to r gαβ ? Gβ =
−Ωαβ F β we can eliminate the two-forms from the 5d action and only retain 5d vectors.
In order to bring the action in the Einstein frame (canonically normalized EinsteinE
Hilbert term), we perform a Weyl rescaling gµν
= (r/r0 )2/3 gµν , where the superscript
E denotes the metric in the Einstein frame. Together with this Weyl rescaling, we also
−1/3 I
rescale the vectors as (AE )I = r0
A , and then omit the superscripts E altogether.
Finally, the five-dimensional action in the Einstein frame at the two derivative level
takes the form
Z
1
2
1
4
S5 = r0 Mpl,6
R ? 1 − hU V dq U ∧ ? dq V − r−2 dr ∧ ? dr − r8/3 F 0 ∧ ?F 0
2 5
3
4
M5


1
1
− gαβ dj a ∧ ? dj β + r−4/3 F α ∧ ?F β − A0 ∧ F ∧ • F .
2

2

(4.42)
Since such a circle reduction does not break any supersymmetry, this is a 5d N = 2
(5)
supergravity theory (8 supercharges). The number of multiplets is nV = nT + 1 vector
multiplets, and nH hypermultiplets. The bosonic field content of such a theory is one
(5)
(5)
graviton, nV + 1 vectors10 and nV + 4nH real scalars. The canonical form of the
action was given in (4.1), and the action (4.42) obtained by circle reduction indeed
matches with this general action if we identify the nT + 1 vector multiplets scalars
M I as11
M0 =
α

1 −4/3
r
,
2

M = 2r

2/3 α

j ,

(4.43a)
(4.43b)

together with a cubic potential given by
NF
class =

1
2

M0 M • M .

(4.44)

Note also that the 5d Planck mass is related to the 6d one by the usual relation
3
4
•
Mpl,5
∼ r0 Mpl,6
, as in (1.35). Using the relations (4.43), one directly finds NF
class = j j,
such that (4.28) indeed implies the very special constraint N = 1. Also straightforward
to see from the NF
class defined above is that the only non-zero Chern-Simons coefficient
is
k0αβ = Ωαβ ,
which matches with (4.42).
10 The
11 We

+1 comes from the vector in the gravity multiplet.
include the factors of 2 and 12 for a smoother match with the M-theory later.

(4.45)
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Finally, reducing the higher curvature term in (4.37) and comparing with (4.4),
one concludes that in the classical reduction

4.3.3

cα = Ωαβ aβ ,

(4.46a)

c0 = 0 .

(4.46b)

Abelian vector multiplets

For simplicity we take the gauge group to be abelian, but a generalization to nonabelian is straightforward. The action (4.37) gets supplemented by a kinetic term for
the vectors, as well as a Green-Schwarz coupling from (4.32), necessary for canceling
the anomalies, i.e.
4
S6vec = −Mpl,6

Z




j • bij F̂ i ∧ ˆ? F̂ j + b • B̂ ∧ F̂ i ∧ F̂ j ,

(4.47)

M6

and the gauge invariant field-strength for the two-form B̂ α are now given by
1
2

i
j
Ĝα = dB̂ α + aα ω̂gr + 2 bα
ij Â ∧ F̂ .

(4.48)

We now reduce the additional terms (4.47) on a circle, extending the Anstaz (4.40)
to
dŝ2 = ds2 − r2 (dy − A0 )2 ,
i

i

α

α

i

(4.49a)

0

Â = A − ζ (dy − A ) ,
α

B̂ = B − (A −

2 bα
ij

i

(4.49b)
j

0

ζ A ) ∧ (dy − A ) ,

(4.49c)

where the scalars ζ i are the Wilson lines of the gauge fields. Because of (4.48), the
vectors also enter the dualization of the two forms B̂ α into vectors Aα . Including that
effect, and the Weyl rescaling together with the rescaling of the vectors (as before),
one finds the following contributions in 5d coming from the gauge sector
4
S5vec = r0 Mpl,6

Z


−2 j • bij r−2 dζ i ∧ ? dζ j + F̃ i ∧ ? F̃ j + 2 bij • A ∧ F i ∧ F j

M5

−

1
b
12 ij

•


bkl 3 ζ i Aj ∧ F k ∧ F l − 3 ζ i ζ j Ak ∧ F l ∧ F 0 + ζ i ζ j ζ k Al ∧ F 0 ∧ F 0 ,
(4.50)

where we defined F̃ i = F i − ζ i A0 . In addition, the fields strengths of the vectors
Aα also get modified (again du to the presence of the vector Âi in (4.48)) and now
i j
α i j 0
read F̃ α = F α − 4bα
ij ζ F + 2bij ζ ζ F . Finally, when moving to the Coulomb branch,
i.e. giving a non-trivial vev to the ζ i ’s, the charged hypermultiplets acquire a mass,
thus leaving in the massless spectrum only the uncharged hypermultiplets.
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As before, we did not break any supersymmetry, such that we still have 8 supercharges and the total action (i.e. (4.42) together with (4.50)) should still match the
canonical action (4.1). This match can be achieved by extending (4.43) to
M0 =

1 −4/3
r
,
2

(4.51a)

i j
M α = 2 r2/3 (j α + 2r−2 bα
ij ζ ζ ) ,
i

M = 2r

−4/3 i

ζ ,

(4.51b)
(4.51c)

and defining the potential in the following way

NF
class = Np + Nnp

where


1
1
i
j
0
F

 Np = 2 M M • M − 2 bij • M M M ,
M iM j M k M l

1
 NF
•
.
np = 8 bij bkl
M0

(4.52)

F
Note that while NF
p is a polynomial of degree three, as in (4.2), Nnp is not. Rather, it
is a homogeneous function of degree three. This is due to the fact that (4.50) contains
field-dependent Chern-Simons terms (the second line). These are not gauge invariant,
and come from the GS terms (4.32), which are not gauge invariant either. So we
already see the field-dependent CS terms are linked to canceling the anomalies. We
will come back to this point in great details in chapter 5.
F
•
Using the definition of the coordinates (4.51) in NF
class , one finds Nclass = j j = 1,
such that the very special constraint (4.2) is indeed satisfied. Moreover the metric
computed with this potential matches with those obtained from the circle reduction
However concerning the Chern-Simons coefficients, the story is slightly different.
Computing them from NF
class as in (4.3) does not reproduce those in (4.50). This is
again due to the field-dependent CS terms and their non-gauge invariance. Rather,
the CS terms have to be computed as

S5cs

=

1
−
12

Z

3
4

I J K
i J K
(NF
+ (NF
.
p )IJK A F F
np )iJK A F F

M5

(4.53)

Clearly this description is not satisfactory and, as already mentioned, it is due to the
fact that at classical level the action is not gauge invariant. We will see in chapter 5
that at one loop this apparent problem disappears. At any rate, because of this unusual
formulation (4.53) of the CS action in terms of the cubic potential, it is sometimes
more convenient to talk directly about the CS coefficients kIJK , which read
k0αβ = Ωαβ ,
kαij = − Ωαβ bβij ,

(4.54)

4.4

F-theory matching and one-loop corrections

95

for the field independent ones, and
kijk =
k0ij =
k00i =

3
b • b ζl ,
8 ij kl
1
− bij • bkl ζ k ζ l ,
8
1
b • b ζj ζkζl ,
24 ij kl

(4.55)

for the field-dependent ones (recall that the scalar ζ i ’s are the Wilson loop of the
gauge field Âi ).

4.4

F-theory matching and one-loop corrections

The M/F theory duality tells us that we should be able to match the results of the
two previous sections, i.e. the M-theory reduction on a Calabi-Yau and the circle
compactification.
4.4.1

Single section — no 6d vector multiplets

The case of a single section and no exceptional divisors on the M-theory side is expected
to lift to a setup without vectors multiplets. All the 5d vectors thus lift to tensors in
6d.
On the M-theory side, we found the prepotential (4.16), while on the circle reduction
side we found the potential (4.44), i.e. the CS term (4.45). The F/M-theory duality
tells us that these have to match. The first term of (4.16) straightforwardly matches
with (4.44) with the simple identifications
LI = M I ,

(4.56)

Ωαβ = ηαβ .

(4.57)

The number of tensor multiplet in 6d is given by
nT = h1,1 (B2 ) − 1 .

(4.58)

It can also be checked that the overall volume V in the M-theory compactification is
identified with the volume of the base Vb introduced in (4.39), in the 6d hypermultiplet
of the F-theory compactification,
V = Vb .
(4.59)
Notice, though, that V is given in 11D Planck units while Vb is given in string units.
Finally, it seems that the second term of (4.16) is unmatched on the circle reduction
side. Clearly something is missing, and it turns out to be loops corrections from
KK-modes along the F-theory circle.
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Indeed upon circle reduction, one does not just obtain the zero-modes which are
displayed in (4.42), but every field comes with an infinite tower of KK-replicas, with
increasing mass. As explained in the introduction, if we consider the effective theory
at a scale lower that the KK mass, which is 1/r, with r being the radius, we are to
consider an effective theory where those modes have been integrated out. This does not
mean just disregarding them, but rather including them in the loops for computing the
effective action, as they might contribute to its different couplings. For the KK-modes
to run in the loops, they need to couple to the external fields considered, which might
not be case. However there is always one massless field in the effective theory that
couple to all the KK-modes: the graviphoton A0 .
Therefore, in the case of the reduction (4.42), one expects to have a term A0 ∧F 0 ∧F 0
to be generated at one-loop, if the 6d theory is chiral12 , and since the chiral KKmodes are not charged under the vectors Aα , no other CS terms can arise at one-loop.
Furthermore, it is well-known that loop corrections to CS terms are one-loop exact.
We are thus left with computing the coefficient k000 at one-loop. It receives
contributions from all the KK-modes of all the spin-1/2 fields, the spin-3/2 fields
and the two-form fields. The mass of those KK-modes is simply n/r, and their
relative contributions was carried out in [149]. Since one is summing infinite towers
of states, it is not surprising that the result diverges. One thus faces the problem
of regularizing those sums, and a method widely used in the literature is the zeta
function regularization. In this manner one obtains the following finite result
1-loop
k000
=

1
120

(nH − nT − 3) .

(4.60)

This one-loop result could potentially match with the classical M-theory reduction,
i.e. with K̃000 in (4.14). Using the relations (4.17) and (4.58), we find
1
4

K̃000 = (9 − nT ) .

(4.61)

We see that eqs. (4.60) and (4.61) match if
nH + 29 nT − 273 = 0 ,

(4.62)

which is precisely the condition (4.34) for the irreducible gravitational anomaly to
cancel in the case without vector multiplet. Therefore if the 6d theory we started
with had no anomalies, then the second term of (4.16) is precisely matched with the
one-loop corrections from the massive KK-modes.
12 Indeed it is well know that only chiral theory can generate CS terms upon circle compactification,
for non-chiral theories produce twice the same contribution with opposite signs, such that the total
vanishes.
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Let us now comment on the higher derivative terms. From the classical circle
reduction, one finds coefficients (4.46). Of these, (4.46a) is straightforwardly matched
to the M-theory result (4.18a) and leads to the identification
aα = K α .

(4.63)

Notice that this identification automatically means that the reducible gravitational
anomaly (4.35) is canceled, since eqs. (4.17) and (4.58) imply that 9 − nT = K ◦ K.
Actually the identification (4.63) can be also inferred by requiring that the anomaly
cancel [145]. On the other hand, the circle reduction result c0 = 0 is not compatible
with the M-theory result (4.18b). Here again, one has to take one loop corrections
into account; one finds [149] that c0 receives the one-loop correction
c0 =

1
(n
24 H

+ 5nT + 15) ,

(4.64)

while cα stays uncorrected. Similarly as before this matches with the M-theory (4.18b)
result if and only if the irreducible anomaly condition (4.34) is satisfied.
To recapitulate, we saw that the classical reduction of M-theory on a smooth
Calabi-Yau with a single section can be precisely matched, up to four derivatives, to
the circle compactification of a 6d N = (1, 0) theory with no vector multiplet and
h1,1 (B2 ) − 1 tensor multiplets, if one-loop corrections from all KK-modes along the
F-theory circle are included, and if the 6d gravitational anomalies are canceled. Two
aspects of this matching are worth noticing.
Firstly, it is quite remarkable that the M/F-theory duality matches a classical
reduction on the one side and a quantum corrected compactification on the other.
In the case a 5d N = 2 theory, everything is encoded in the cubic potential, thus
in the CS coefficients which only get corrected at one loop. In theories with less
supersymmetry, objects like the gauge coupling functions get quantum corrected at
higher loops. In those cases it is not know what the M-theory side captures. This is a
very interesting question worth more investigation.
Secondly, we saw that the match was only possible if the irreducible gravitational
anomaly was canceled, and automatically provided the correct GS parameter for the
cancellation of the reducible anomaly. In other words, it is not possible to lift an
M-theory reduction to an 6d theory suffering from gravitational anomalies. This is not
unexpected, since string theory derived effective actions are expected to be anomaly
free, but it is very interesting to see it at work within the F/M-duality. Actually, as
we will now see, things get much more troublesome when including vector multiplets.
4.4.2

Extra sections — 6d abelian vector multiplets

In the case with vector multiplets (extra sections on the M-theory side), we have to
match the CS coefficients (4.54) and (4.55) obtained from the circle reduction and
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the intersection numbers (4.24) and (4.25) of the M-theory Calabi-Yau. In a similar
fashion as before, the coefficients containing an index α can be matched by identifying

Ωαβ = ηαβ ,
bα
ij

=

(4.65a)

α
−K̃ij

α

= −π(Di ∩ Dj ) ,

(4.65b)

but the other ones do not seem to match. Strengthened by our previous experience,
we are confident that the mismatch will be cured by including one-loop contributions
to the Chern-Simons terms of the circle reduction. As before, for the computation of
k000 , all the KK-modes run in the loop, since they are all charged under A0 . In the
case involving the other vectors Ai , only the KK-modes of the fields charged under
the 6d gauge group will run in the loop. In any case we have infinite towers of states
running in the loop and as before the result diverges, and needs to be regularized.
Again strong of the previous success, we use the zeta-function regularization. The
results are
1-loop
k000
=
1-loop
k00i
1-loop
k0ij

1
(n
120 H

− nV − nT − 3) ,

= 0,
=

(4.66a)
(4.66b)

X
1
12

qif qjf ,

(4.66c)

f
1-loop
kijk
=−

1
2

X

qif qjf qkf .

(4.66d)

f
1-loop
Analogously to the previous case, k000
matches with K̃000 if the irreducible anomaly
cancels, i.e. if (4.30a) is satisfied. Furthermore, using the identification (4.65b), we
1-loop
find that k0ij
matches with K̃0ij (4.66c) if the mixed gauge-gravitational anomaly
is canceled, i.e. if eq. (4.30c) is satisfied. Finally, the intersection number K̃ijk is
unconstrained from the M-theory point of view, but the F/M-duality tells us that it
should match with (4.66d), such that we make the final identification

K̃ijk = −

1
2

X

qif qjf qkf .

(4.67)

f

These identifications allow one to obtain non-trivial information about the chiral
spectrum of a 6d effective theory from F-theory by studying the intersection numbers
of the Calabi-Yau of the compactification.
At this stage one might feel satisfied, and think that the F-theory lift works
smoothly and is well understood. Well... not quite. The reader might have noticed
that we left unmatched the CS coefficients (4.55), obtained from the classical circle
reduction. However all the intersection numbers on the M-theory side have been
matched. The solution to this conundrum lies in the one-loop calculation, and more
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precisely in the choice of regularization that leads to the finite result (4.66). Choosing
a different regularization, we will see that some extra terms appear in (4.66), that
precisely cancel the unmatched classical CS term. We already mentioned that these CS
coefficients are field dependent and linked to GS part of the 6d action, and therefore
to the 6d anomaly. When a theory is anomalous, or with anomalies canceled via a GS
mechanism, one has to be very careful about the regularization procedures. As we
will explain in great details in the next chapter, this holds as well for theories that
might be obtained from it by compactifications.

Summary
In this chapter, we reduced M-theory on a CY threefold a compared the resulting 5d
N = 2 theory with the circle reduction of generic 6d N = (1, 0) supergravity theory.
We saw that all terms could be matched, except for the Chern-Simons terms (4.55),
which come from the Green-Schwarz-Sagnotti mechanism, and so linked to anomaly
cancellation.

5
Chiral anomalies

“What happens to chiral anomalies upon circle reduction?” is a riddle that we raised
in the introduction. It finds its answer in this chapter. While answering this question
is imperative in order to study anomaly cancellation in F-theory effective actions that
can be obtained via M-theory, it is also a highly interesting on its own. Recall from the
introduction that a theory suffering from a local anomaly is not well-defined because,
among others, there is no UV regulator preserving simultaneously Lorentz invariance
and gauge invariance. If we now consider such anomalous theory, not on RD+1 (where
D is odd), but on RD × S 1 , the behavior at short distances is exactly the same, so one
faces the same problems in trying to regulate the theory, and it is equally inconsistent.
Thus, one cannot expect the theory to be well-defined for energies below the (inverse)
compactification radius, even though the effective theory is odd-dimensional, which
does not allow for local gauge anomalies. We will explicitly show that the effect of
having a local gauge anomaly in even dimensions, appears as field-dependent one-loop
Chern-Simons terms in one dimension lower. In order to do so, we use a regulator for
the D + 1-dimensional theory on RD × S 1 that preserves D + 1-dimensional Lorentz
invariance at high energies. This prescription was already noted in [150, 151]. Note
that a short distances, i.e. much smaller than the radius of the circle, the space still
looks locally like RD+1 , that is, the effects of the circle cannot be seen anymore. If
we were to use a regulator that preserves only D-dimensional Lorentz invariance, we
would not find these field-dependent Chern-Simons terms. This, however, would not
correspond to a theory which is D + 1-dimensional at high energies.
We first illustrate this in section 5.1 with a very simple example, a single fourdimensional chiral fermion charged under an abelian gauge field on a circle. To begin
with, we present a detailed account of the Kaluza-Klein reduction on a circle. Starting
with a possibly anomalous four-dimensional theory, we show that integrating out the
Kaluza-Klein modes generates three-dimensional Chern-Simons terms at one-loop,
which depends continuously on the Coulomb branch parameter when the anomaly
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is not canceled. We see that the precise form of this term depends crucially on the
regularization scheme and argue that the proper scheme to pick is one that respects
the four-dimensional space-time symmetries.
We then extend this analysis in section 5.2 to the case in which the fermions
are coupled to a background metric. More precisely, we carry a detailed analysis of
the Chern-Simons terms involving the Kaluza-Klein vector. Again we observe that
one-loop Chern-Simons terms are gauge invariant if and only if local gauge anomalies
are canceled. At the same time, we extend the analysis to the case where the original
anomalous theory is six-dimensional. The conclusions generalize straightforwardly,
in the sense that the six-dimensional anomaly is also captured in five-dimensional
field-dependent Chern-Simons terms. We further discuss the case in which the anomaly
is canceled via a Green-Schwarz (GS) mechanism, which, in six-dimension, is actually
the only way to cancel the anomaly [148].
As a by-product of this last analysis, we note that it enables to complete the
F-theory lift to six dimensions, in the sense that we are now able to understand every
term. Indeed in the previous chapter we saw that some terms appearing during the
circle reduction do not arise on the M-theory side. Those are field dependent CS terms
arising from the GS mechanism. And the careful treatment of this chapter is of high
importance when the anomalies are canceled in such a way. Indeed in those situations,
the one-loop variation is canceled by a classical piece, which means that one still faces
the same problems when trying to regularize the theory at one-loop, and that holds
for the lower dimensional theory as well. Using a symmetry preserving regularization,
we show that the one-loop field-dependent CS terms precisely cancel with the classical
field-dependent CS terms arising from the GS mechanism. This explains why the
latter do not appear in the M-theory reduction. With this point clarified, every term
in the M-theory reduction can be understood from the 6d to 5d circle reduction and
vice-versa.
Finally, in section 5.3, we note that this mindful analysis of anomalies on a circle,
allows us to conclude that local gauge anomalies cancel for four-, resp. six-dimensional,
F-theory compactifications that can be obtained as a limit of M-theory on a smooth
Calabi-Yau manifold (with background flux in the case of a fourfold). Indeed, using
the F/M theory duality discussed in section 1.7, we can rule out anomalies of fourand six-dimensional effective theories from F-theory, simply by looking at the threeand five-dimensional effective action obtained by M-theory reductions on CY fourand three-folds (which were performed in sections 2.2 and 4.2), and checking whether
they contain field-dependent Chern-Simons terms or not. We find that, as expected,
anomalies are canceled for this large class of models. This clarifies the arguments
given in [152, 153], where F-theory anomaly cancellation was studied using only large
gauge transformations around the circle.

5.1
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Four-dimensional chiral anomaly on a circle

We start with the very simple example of a 4d chiral anomaly on a circle, and we
choose the background to be flat, i.e. R1,2 × S 1 . This example will already be rich
enough to display the most important feature we want to point out: one must choose
a regularization that preserves the UV symmetries in order to detect the anomaly in
the IR theory.
We start by performing the classical circle compactification of four-dimensional
chiral fermions coupled to a gauge field. For simplicity we will consider for the moment
just one left-handed fermion charged under a single U (1) gauge group. The action is
Z
S4 =



¯
ψ̂ γ̂ µ i∂µ + qĝ Âµ PL ψ̂ ˆ? 1 ,

(5.1)

where Â is the gauge field, with coupling constant ĝ, ψ̂ is a Dirac fermion, with charge
q under Â, and PL = 12 (1 + γ 5 ) is the chirality projector1 . Four-dimensional quantities
are denoted by a hat; later on, unhatted objects will be three-dimensional.
As is well-known2 , the theory (5.1) is anomalous, namely, the one-loop quantum
effective action transforms under a gauge transformation, Â → Â + dλ̂, as
δS41PI =

ĝ 3
q3
24π 2

Z
λ̂ F̂ ∧ F̂ .

(5.2)

Including multiple left-handed fermions, one finds that the theory is anomaly free
P
when f qf3 = 0, with f running over the fermions. Since we are interested in showing
the effects of having an anomaly when the theory is compactified on a circle, it is
enough to consider a single fermion.
5.1.1

Classical compactification

We now take the space-time to be of the form R1,2 × S 1 with metric
dŝ2 = ds2 − r2 dy 2 .

(5.3)

Here ds2 is the flat metric in three dimensions and y ∼ y + 2π is a coordinate on the
circle of radius r. The vector Â yields in R1,2 a Kaluza-Klein (KK) tower of vectors
An and scalars ζn . The fermion ψ̂ gives a KK tower of fermions ψn . The massive
vector and scalar modes, An and ζn , will not play any role in our discussion, essentially
because they are not chiral and the anomaly is induced by chirality. The fermionic
1 As
2 For

usual, γ 5 is defined as γ 5 = iγ 0 γ 1 γ 2 γ 3 .
a pedagogical review, see [40].
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KK modes, on the other hand, are essential. Thus, we take the reduction Ansätze of
the four-dimensional fields to be
Â(x, y) = √
ψ̂(x, y) = √

1

1

2π r
1
2π r

A(x) + ζ(x) dy + . . . ,
ĝ
X
ψn (x) e−iny ,

(5.4)
(5.5)

n∈Z

where the dots stand for the massive KK modes of the vector Â that we will ignore
in the following. With these Ansätze, the three-dimensional action that one obtains
from (5.1) is
S3 =

XZ

h
i
1
ψ̄n γ a (i∂a + qgAa ) + r γ 3 (n + qζ) PL ψn ? 1,

(5.6)

n∈Z

where g is the three-dimensional effective coupling constant, which is defined as
g=√

ĝ
.
2π r

(5.7)

Notice that the fermions in (5.6) are still 4-components spinors (but the projector PL
effectively removes 2 components), and the gamma matrices are still 4 × 4 matrices,
defined by γ̂ µ = (γ a , 1r γ 3 ). We could switch to a formulation with 2-components
spinors and 2 × 2 gamma matrices [154]. However, it will be more convenient for us to
keep working with this 4-components formulation.
From the action (5.6), one reads off the mass of ψn to be n/r, as expected. In
addition to this, in the Coulomb branch, i.e. when we give the scalar a vev ζ = hζi + χ,
each mode receives an extra contribution to its mass, proportional to the vev, namely
1

mcb = r q hζi .

(5.8)

This means that for generic values of hζi even the zero mode becomes massive. From
now on, we will assume that hζi is non-zero and we will be interested in the Wilsonian
effective action at an energy scale lower than mcb , such that the whole tower of
fermions has to be integrated out.
Let us now briefly discuss the symmetries of the three-dimensional theory. Since
we have a U (1) gauge field on R3 × S 1 , the four-dimensional theory admits both small
and large gauge transformations. More explicitly, dλ̂(x, y) decomposes as3
dλ̂(x, y) = √

1
2πr

dλ(x) +

1
ĝ

n dy .

(5.9)

3 Here we also ignore the higher modes of λ̂ which correspond to the gauge parameters of the
massive gauge bosons.
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From the three-dimensional perspective, the first term corresponds to gauge transformations of the massless vector, A → A + dλ, while the second term translates into a
discrete shift-symmetry of the scalar,
ζ → ζ + n.

(5.10)

As can be seen from (5.2), the four-dimensional theory is not invariant under both
these transformations, and therefore the three-dimensional theory is also expected
to be non-invariant under both their three-dimensional counterparts. This will be a
guiding principle for the remainder of this chapter. We may compute the expected
variation of the three-dimensional one-loop effective action by formally reducing (5.2)
on the circle,
Z
g2 3
eff
δS3 =
q
n A ∧ F − 2 χ dλ ∧ F .
(5.11)
12π
That is to say, we expect the three-dimensional effective action obtained after integrating out all the massive fermions to vary as (5.11) under the variations δA = dλ
and δζ = n. We now turn to computing this effective action.
5.1.2

One-loop corrections

As explained above, we would like to compute the Wilsonian effective action at a
scale below mcb , obtained by integrating out the whole KK tower of fermions. It
is well-known [155–157] that when integrating out a single fermion of mass m and
g2
charge q in three dimensions, the diagram 5.1 generates a CS coupling, 4π
ΘA ∧ F,
4
with CS coefficient being
1
Θ = q 2 sign(m) .
(5.12)
2

ψ
A

q

q

A

Figure 5.1: One-loop diagram in three dimensions with a fermion of mass m running
in the loop. This diagram generates a Chern-Simons coupling ∼ 12 q 2 sign (m) A ∧ F .
Since the n-th KK-mode has a mass mn = 1r (n + q hζi), integrating out the whole
KK-tower would give
X
1
Θ = q2
sign (n + q hζi) .
(5.13)
2

n∈Z
4 The

loop computation giving this result can be found in appendix 5.B.1.
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This is not a well defined sum and it needs to be regularized.
Zeta-function regularization
One might be tempted to use the zeta function regularization, as is done in [158–161]
(see appendix 5.A for a detailed discussion of this regularization).5 The result of the
regularization is6


1
Θreg = q 2
+ bq hζic − q hζi .
(5.14)
2

While each term of the sum (5.13) is quantized, the result of the sum is not since
the last term of (5.14) depends linearly on the continuous parameter hζi. This is
due to the regularization and is a manifestation that our original theory was fourdimensional. Notice that the continuous term is proportional to q 3 , and would
vanish for an anomaly free theory. This non-quantized CS coefficient is therefore a
three-dimensional manifestation of the four-dimensional anomaly.
However the result (5.14) is invariant under the shift (5.10). And, as we saw
in the previous section, the three-dimensional effective action is not expected to be
invariant under such shifts, see eq. (5.11). More generally, as already explained in
the introduction, we would like to regulate the theory in a way that respects the
symmetries of the four-dimensional theory at high enough energies. In the following,
we will regulate the theory in a different way, which makes it clear that the result is
compatible with the four-dimensional symmetries in the UV. The result will not be
invariant under discrete shifts of the Coulomb branch parameter (5.10), in agreement
with (5.11).
Symmetry preserving regularisation
In order to regulate the three-dimensional effective action while preserving four-dimensional Lorentz invariance, the natural thing to do is to reduce a four-dimensional
regulator on a circle, so we briefly review a four-dimensional regularization procedure.
The regulator we consider in four dimensions is a non-gauge invariant version of
the Pauli-Villars (PV) regularization. It normally consists in introducing a set of new
particles with possibly different statistics and large mass Ms . However in our case (5.1)
chirality prevents from adding a mass term, so one has to include a right-handed
fermion as well, which does not couple to the gauge field, therefore breaking gauge
invariance [164] (see [40] for a pedagogical review). This is precisely the anomaly: one
5 The use of zeta function regularization in the study of anomalies and dimensional reduction has
already been investigated in the past, see for instance [162, 163].
6 One can also obtain this result by introducing a set of three-dimensional Pauli-Villars particles
for each KK mode, which render the sum (5.13) finite. This is done in appendix 5.B.1.
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χ

ψ
A

q
A

q

Figure 5.2: One-loop diagram contributing to the field dependent Chern-Simons terms
∼ χA ∧ F in three dimensions.

is able to regulate the theory only if one gives up on gauge invariance. Concretely, we
replace the original Lagrangian (5.1) by
S4pv

=

Z X
3

h 

i
¯
(−1)s ψ̂s γ̂ µ i∂µ + q ĝ Âµ PL + Ms ψ̂s ˆ? 1 ,

(5.15)

s=0

P3
with M0 = 0 and s=1 (−1)s Ms2 = 0, and then take the limit in which Ms goes to
infinity for s = 1, 2, 3. The case s = 0 formally defines the same theory as (5.1).7
Notice that this Lagrangian breaks gauge invariance explicitly which (for an anomalous
theory as the one we are analyzing) persists even in the limit where we decouple
the PV particles. In particular, the triangle diagram using this Lagrangian gives the
consistent anomaly [164].
Reducing the regularized theory (5.15) on a circle using the Ansätze (5.4), we find
S3pv =

3
XZ X
n∈Z

h
i
1
(−1)s ψ̄n,s γ a (i∂a + qgAa PL ) + r γ 3 (n + q ζPL ) + Ms ψn,s ? 1 ,

s=0

(5.16)
For s = 0, this theory is formally the same as the one given in (5.6). The three other
KK-towers, for which Ms 6= 0, provide a three-dimensional regulator that preserves
four-dimensional Lorentz invariance (by construction), but explicitly breaks small
gauge transformations as well as the shift-symmetry of the scalar.
At this point, we may compute the one-loop diagrams of figure 5.4 using the
Feynman rules derived from (5.16) to find the effective action in three dimensions.
The details of this computation are presented in appendix 5.B.1, where we find that
Z
1
eff
2
S3 =
g
Θreg A ∧ F ,
(5.17)
4π
with
Θreg = q 2
7 That



1
2

+ bq ζc −

is, it generates the same perturbative expansion.

2
3

qζ



.

(5.18)
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The bold superscript reg indicates that we used a different regularization than before.
Notice that we included both the constant term coming from the diagram 5.1 as well
as the field-dependent term coming from the triangle diagram 5.2. Thus, we find a
field-dependent CS coefficient which violates gauge invariance. In particular, under a
(small) gauge transformation of the three-dimensional gauge field, A → A + dλ, as well
as a discrete shift of the scalar, ζ → ζ + n, we find precisely (5.11). This undoubtedly
tells us that such a regularization that preserves the uncompactified Lorentz symmetry
is the correct one when the theory is anomalous. In particular using that regularization
the anomaly is not lost upon compactification.

5.2

Four- and six-dimensional chiral anomalies on a circle,
coupling to gravity

We now repeat the previous analysis, where we assumed the space to be flat, extending
it to the case in which the fermion couples to a background metric, and take into
account the KK vector that appears upon compactification. In addition we treat
simultaneously a 6d theory with a chiral fermion on a circle, such that we will often keep
the dimension arbitrary, using the same convention as for the generic KK reduction
in section 1.6.1, where the higher dimensional theory has D + 1 dimensions and thus
the circle reduced one D dimensions (thus in our setting D = 3 or D = 5). For the
moment we consider one left-handed fermion charged under a single U (1) gauge group,
and generalize later on. The starting point is the D + 1-dimensional action for a chiral
fermion
Z


¯
i
SD+1 = ψ̂ γ̂ µ i∂ˆµ + ω̂µ + qĝ Âµ PL ψ̂ ˆ? 1 ,
(5.19)
2

where ω̂ = ω̂µ̄ν̄ γ̂ µ̄ν̄ is the spin connection (barred indices indicate flat indices), and
PL = 21 (1 + γ ∗ ) is the chirality projector, with γ ∗ = γ 0 γ 1 . . . γ D .
In addition to pure gauge anomalies, as in (5.2), we can now also have mixed
gauge-gravity anomalies (which involve triangle diagrams where some of the external
legs are gravitons).8 Explicitly, under a variation Â → Â + dλ̂, the variations of the
1PI effective actions in 4d and 6d are are
Z


ĝ
1pi
2 2
δS4 =
q
λ̂
ĝ
q
F̂
∧
F̂
+
tr
R̂
∧
R̂
.
(5.20a)
24π 2
M4
Z


ĝ 2
2
δS61pi =
q
λ̂ F̂ ∧ ĝ 2 q 2 F̂ ∧ F̂ + tr R̂ ∧ R̂ .
(5.20b)
3
192π
M6
8 In 2 + 4k-dimensions, one can also have pure gravitational anomalies [165]. These play an
important role as we will see later. Nevertheless, they can be considered independently of the
anomalies we discuss here, so we omit them in the present discussion.
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where R̂ = dω̂ + ω̂ ∧ ω̂ is the curvature 2-form. In order to be anomaly free, a 4d
theory with multiple fermions coupled to gravity and with charges qf under a U (1)
must therefore satisfy
X
qf3 = 0 ,
(5.21a)
f

X

qf = 0 .

(5.21b)

f

However in 6d the situation is very different: it is not possible to have an anomaly
free theory by including several fermions, because the gauge anomaly in (5.20b) is
proportional to q 4 , and the mixed anomaly to q 2 . One is thus forced to include a
generalized Green-Schwarz mechanism [148] if one is to include chiral fermions in six
dimensions, as we already saw in chapter 4, and we will discuss it more in details in
section 5.2.4.
It is important to note that a 6d theory with a single fermion also suffers from an
irreducible gravitational anomaly [165], which cannot be canceled by a Green-Schwarz
mechanism. One is thus forced to consider a spectrum with several fermions (or tensor
fields) such that this anomaly cancels. For an theory with N = (1, 0) supersymmetry
this is the condition (4.30a). However we are here interested by the chiral anomalies,
and it is simplest the situation with a single fermion first, even if one should keep in
mind that this theory is not consistent because of the gravitational anomaly.
5.2.1

Classical compactification

We proceed to reduce this theory on a circle with metric
dŝ2 = ds2 − r2 (dy − A0 )2 ,

(5.22)

where A0 is the KK vector or graviphoton with field strength F 0 = dA0 . A choice of
vielbein for this metric is
êā = eā ,

êD̄ = r (dy − A0 ),

a = 0, . . . , D − 1 ,

(5.23)

The γ-matrices with world indices are given in terms of the flat γ-matrices by
γ̂ a = eaā γ ā ,

1

γ̂ D = γ ā A0ā + r γ D̄ .
1

(5.24)

As in the previous section, we keep working with a 2 2 (D+1) -dimensional representa1
tion of the gamma matrices on MD , even tough there exists a 2 2 (D−1) -dimensional
representation9 , as this is more convenient for the situation we consider. Concerning
9 This

is true for D odd, which is the case we consider
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the spin connection, one finds that
1
2

ω̂āb̄ = ωāb̄ + r2 Fā0b̄ (dy − A0 ),

(5.25)

1
2

0
ω̂āD̄ = rFāb
dxb − ∂ā r (dy − A0 ) ,

where ∂ā = eaā ∂a . Concerning the Ansätze of the fields, we modify the Ansatz for Â to
Â(x, y) = √

1
2π r

A(x) +

1
ĝ

ζ(x)(dy − A0 ) + . . . ,

(5.26)

and keep the one for ψ̂ unchanged.
The reduction of the action (5.19) gives10
i
h
XZ
 1
r
i
SD =
ψ̄n γ a i∂a + ωa+qgAa +nA0a − abc F 0bc + r γ D̄ (n + q ζ) PL ψn ?1 ,
n∈Z

2

MD

8

(5.27)
As before, the mass of the n-th KK mode is mn = 1r (n + qhζi) in the CB. We see that
the n-th KK mode has charge n under the graviphoton, as expected. In addition, we
find a Pauli coupling ∼ F 0 ψ̄ψ between the fermions and A0 .
We now discuss the symmetries of the D-dimensional theory. On the space MD ×S 1 ,
the decomposition (5.9) still holds, and yields in lower dimensions to small gauge
transformations and discrete shift-symmetries of the scalar; but with our new Ansatz
(5.26), the latter is now accompanied by a change of basis of the vectors (A, A0 )
A → A + dλ +

1
g

n A0 ,

(5.28)

ζ → ζ + n.
As in section 5.1.1, the higher-dimensional theories are not invariant under both these
transformations, as can be seen from the variations (5.20a) and (5.20b), and therefore
the lower dimensional one are expected to be non-invariant as well. One can find the
expected variation by reducing (5.20a) and (5.20b) on a circle, using the new Ansatz
(5.26). At the two-derivatives level, one finds11
δS31-loop =

g2 3
q
12π

Z




−2 dλ χF − χ2 F 0 + n AF − 2hζiAF 0 + hζi2 A0 F 0

M3

(5.29a)
δS51-loop =

10 We

3

g
q4
96π 2

Z



1



−3 dλ χF F − χ2 F 0 F + χ3 F 0 F 0
3
M5

 (5.29b)
0
2
0 0
3 0 0 0
+n AF F − 3hζiAF F + 3hζi AF F − hζi A F F

do not include couplings of the fermions to ∂a r, as they are irrelevant for our analysis.
the wedges for compactness, a convention that we will often adopt in this chapter.

11 Omitting
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As before we will recover these variations by explicitly computing one-loop CS terms
in the reduced theories.
5.2.2

One-loop corrections

Integrating out the massive fermions in three and five dimensions induces one-loop CS
couplings, via the diagrams 5.1 and 5.3. When the fermions couple to gravity, and
q
ψ
A

A

q
q

A

Figure 5.3: One-loop diagram in five dimensions with a fermion of mass m running in
the loop. This diagram generates a Chern-Simons coupling ∼ 12 q 3 sign (m) A ∧ F ∧ F .
therefore to the KK-photon A0 , there can be several types of couplings, namely12
Lcs
3 =
Lcs
5 =


1
g 2 Θ AF + 2 g Θ0 AF 0 + Θ00 A0 F 0 .
4π
1
g 3 k AF F + 3 g 2 k0 AF F 0 + 3 g k00 AF 0 F 0
24π 2

(5.30a)
+ k000 A0 F 0 F


0

.

(5.30b)

Recall from the formula (5.12) that integrating out a single fermionic n-th KK-mode
gives in 3d
Θ(n) =

1 2
q
2 n

sign(n + q hζi) .

(5.31)

k (n) =

1 3
q
2 n

sign(n + q hζi) .

(5.32)

Similarly in 5d, one finds

In those expressions we allowed the charge to depend one n, since the charge of the
n-th KK-mode under A0 is precisely n, as we saw in (5.27). Using this property and
12 One could wonder why these actions are not symmetric, e.g. Θ (AF 0 + A0 F ). The answer
0
is that for an anomaly free theory this does not matter, the symmetric version is simply equal to
the non-symmetric one by integration by part. However, for an anomalous theory, as we will see,
integration by part does not work anymore, and the gauge field whose gauge symmetry is anomalous
has to always be the one without derivative (clearly if only F appears, then the action is invariant
under δA = dλ). We already encountered effects of this feature when trying to formulate the reduction
of 6d N = (1, 0) theory in terms of a N = 2 cubic potential in section 4.3. Indeed then one is
required to always first take derivative from the non-polynomial piece w.r.t. the problematic field,
S = NiJK Ai F J F K , see eq. (4.53).
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summing over the whole KK-tower, we find the following expressions for the Θ and k
coefficients13
Θ = q 2 S1 (µ) ,
Θ0 = q S2 (µ) ,
Θ00 = S3 (µ) ,

k = q 3 S1 (µ) ,
k0 = q 2 S2 (µ) ,

(5.33)

k00 = q S3 (µ) ,
k000 = S4 (µ) ,

where we defined the sums
Sk (µ) ≡

1
2

X

nk−1 sign(n + µ)

(5.34)

n∈Z

and µ ≡ q hζi. Of course, these sums are again divergent and need to be regularized.
Zeta-function regularization
The zeta-function regularization of these sums is done in appendix 5.A, and we quote
here the result (5.76)
S1reg (µ) =

1
2

S2reg (µ) = −

+ S1 (µ) − µ ,
1
12

+ S2 (µ) +

S3reg (µ) = S3 (µ) −
S4reg (µ) =

1
120

1
3

S1 (µ) = bµc
1
2

µ2 ,

1
6

µ3 ,

+ S4 (µ) +

1
2

S2 (µ) = − bµc (bµc + 1)
(5.35)

S3 (µ) = bµc(bµc + 1)(2bµc + 1)
1
4

µ4 ,

1
4

S4 (µ) = − bµc2 (bµc + 1)2 ,

such that one find finite Θreg and k reg using these regularized sums. One can also
obtain these results by regulating the one-loop diagrams that led to eqs. (5.33) with
a Pauli-Villars regularization in three dimensions, introducing a set of three PV
regulators for each KK-mode. This is performed in appendix 5.B.1. We see once again
in (5.35) that for an anomalous theory, the CS coefficients depend continuously on
the Coulomb branch parameter hζi (contained in µ). This dependence drops when
anomalies are canceled.
However, using this regularization, the actions in (5.30), do not reproduce the
variations derived in (5.20); in particular, they are invariant under the shifts (5.28).
This answer is thus not satisfactory. In order to find the CS coefficients that correctly
reproduce the anomalous variation under gauge transformations, we have to regularize
the theory using a regulator that preserves the symmetries of the UV, i.e. 4d, resp. 6d,
Lorentz invariance. A way to achieve this is to use a PV regulator that comes from
4d, resp. 6d, which we discuss in the following.
13 One might be worried that the contribution (5.12) of a single massive mode gets modified by
the Pauli coupling in (5.19). This however does not happen, as discussed in appendix 5.B.1.
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ψ

n

A0

n

A0

(a)

n

A0

(b)

Figure 5.4: One-loop diagrams contributing to the field independent CS terms involving
the KK photon A0 in three dimensions.

Symmetry preserving regularization
We generalize here the regulator (5.15) to D + 1 dimensions and to include the coupling
to gravity,
pv
SD+1

Z
=

3
h 

i
X
¯
i
(−1)s ψ̂s γ̂ µ i∂ˆµ + ω̂µ PL + qĝ Âµ PL + Ms ψ̂s ˆ? 1 .

2

MD+1 s=0

(5.36)

Reducing this action on a circle we find
pv
SD
=

XZ
n∈Z

3
X

MD s=0


n 
r
i
(−1)s ψ̄n,s γ a i∂a + ωa PL + qgAa PL + nA0a − abc F 0bc PL
2

8

o
1
+ γ D̄ (n + q ζPL ) + Ms ψn,s ? 1 .
r

(5.37)
From this action, one can extract the Feynman rules and compute the diagrams
that lead to the CS couplings (5.30). Those are diagrams of the same type as those
displayed in figures 5.1 and 5.3, but possibly including the KK vector A0 as external
field. The corresponding diagrams in 3d are displayed on figure 5.4. The computation
of these diagrams is done in detail in appendix 5.B.2. We note that the Pauli coupling
∼ F 0 ψ̄n ψn has to be included in these computations.14 The resulting one-loop
CS coefficients differ from those in given by (5.33) using (5.35). Furthermore this
regularization differs in the 3d and 5d case. Using the zeta-function regularization is
just a mathematical trick, so it is bound to give the same results for the Θ’s and the
k 0 s since the same sums appear in them, see eq. (5.33). However, using a regulator
that preserves the symmetries of the UV, like (5.37), will be different if the UV of the
theory is 4d or 6d, and therefore yield different CS couplings in the effective 3d and
14 This only contributes to the divergent terms which precisely cancel the divergence coming from
the minimal coupling nA0 ψ̄n ψn , making the final result finite. A similar observation was also made
in [149].
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5d theory. We find for the 3d CS coefficients


1
2
+ S1 (µ) − µ ,
Θreg = q 2
2
3


1
1
= q − + S2 (µ) + µ2 ,
Θreg
0
12

(5.38)

6

Θreg
00 = S3 (µ) ,
and for the 5d ones
k reg = q 3
k0reg
reg
k00
reg
k000



1
2


3
+ S1 (µ) − µ ,
4


1
+ S2 (µ) + µ2 ,
4


1 3
= q S3 (µ) − µ ,

=q

2



1
−
12

(5.39)

12

=

1
120

+ S4 (µ) .

Again, the bold superscript reg indicates that we used a different regularization
method. And as in (5.18), we see that the regularization procedure we used gives CS
terms which are field-dependent, making the effective action not invariant under small
gauge transformations. In addition, with these coefficients, the CS Lagrangians (5.30)
are not invariant under the shifts (5.28), as is expected for an anomalous theory. One
can check that their variations match with the expected ones, eqs. (5.29). This tells
us that the coefficients (5.38) and (5.39) lead to the consistent effective actions, as we
explain the following subsection.
5.2.3

Anomaly Inflow

We have presented two different ways of regularizaring the loop diagrams, the first one
yielding a gauge invariant effective action, and the second one a non gauge-invariant
effective action. We now briefly discuss how the two are related, following [166, 160].
The chiral theories we started with in this subsection are non gauge-invariant
at one-loop, with variations given by (5.20). These variations15 can be canceled by
adding the following terms
S5ai

ĝ 3
q3
=−
24π 2

S7ai = −

15 Up

to two derivatives.

Z

ĝ 4
q4
192π 3

A(5) ∧ F (5) ∧ F (5) ,

(5.40a)

M5

Z
M7

A(7) ∧ F (7) ∧ F (7) ∧ F (7) ,

(5.40b)
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which are defined on a D + 2-dimensional space whose boundary is the original D + 1
space, i.e. ∂MD+2 = MD+1 and the fields A(D+2) are extensions of the D + 1dimensional gauge field to MD+2 . Under a gauge transformation Â → Â + dλ̂, we
find
δS5ai = −
δS7ai = −

ĝ 3
q3
24π 2

Z
λ̂ F̂ ∧ F̂ ,

(5.41)

M4

ĝ 4
q4
192π 3

Z
λ̂ F̂ ∧ F̂ ∧ F̂ ,

(5.42)

M6

which cancel (5.20). This means that if one considers the D + 1-dimensional theory (5.19) together with the terms (5.40), the full theory is gauge invariant. For
constant ζ (= hζi), we may compactify this gauge invariant action on a circle, which
leads to the covariant effective action, as opposed to the consistent one given by (5.38)
and (5.39). Taking MD+2 = ND+1 × S 1 , with ∂ND+1 = MD , we find that the terms
(5.40) in MD+2 flow to the following terms in MD
S5ai = −
S7ai

g2 3
q
12π

Z

g3 4
=−
q
96π 2

hζi Ǎ ∧ F̌

(5.43a)

M3

Z
hζi Ǎ ∧ F̌ ∧ F̌

(5.43b)

M5

where we defined Ǎ ≡ A − g1 hζiA0 . One can check that eqs. (5.43) are precisely
the difference between the result obtained using the zeta-function regularization,
i.e. using (5.35), and the (non gauge invariant) PV regularization (5.18) that we then
performed, for constant ζ. Thus, the former one gives the covariant effective action,
while the latter gives the consistent effective action, the two being related through
anomaly inflow, that is, we have
reg
reg
ai
SD
= SD
− SD
.

5.2.4

(5.44)

Green-Schwarz-Sagnotti mechanism

In this section we discuss the possibility of canceling the anomalies by a Green-SchwarzSagnotti (GS) mechanism [167, 148], which is related to the anomaly inflow we just
discussed, in the sense that the one-loop anomalous variation is canceled by a piece
non-invariant at classical level. While this situations is more general in 4d, it is in fact
the only way to cancel anomalies in 6d, as already mentioned. Indeed, unlike in 4d,
where one can include several fermions with charges satisfying the conditions (5.21),
P
P
the anomaly (5.20b) cannot be canceled in such a way, since f qf4 > 0 and f qf2 > 0
if at least one qf 6= 0. In fact we already encountered the GS mechanism in section 4.3
when we discussed a 6d N = (1, 0) theory, which contains chiral fermions.
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In the case of a single fermion, the Green-Schwarz mechanism consists of adding
to the actions (5.19) the followings non gauge invariant terms
S4gs

ĝ
=
24π 2

S6gs =

Z

ĝ 2
192π 3




ĝ 2 c F̂ ∧ F̂ + d tr R̂ ∧ R̂ ,

(5.45a)



B̂ ∧ ĝ 2 b F̂ ∧ F̂ + a tr R̂ ∧ R̂ ,

(5.45b)

ρ̂
M4

Z
M6

where we introduced the GS parameters a, b, c and d, a scalar ρ̂ in 4d and a self-dual
two-form field B̂ in 6d. The gauge invariant field strengths of these fields, and their
variations under a gauge transformation Â → Â + dλ̂, are given by
D̂ρ̂ = dρ̂ + θρ̂ ,
Ĝ = dB̂ + a ω̂gr + b Â ∧ F̂ ,

δ ρ̂ = −θ λ̂ ,

(5.46)

δ B̂ = −b λ̂ F̂ .

(5.47)

One then finds that the variations of the GS terms (5.45) cancel the one-loop variations
(5.20), if and only if one imposes the following conditions
q3 − θ c = 0 ,

(5.48a)

q − θd = 0,

(5.48b)

q 4 − b2 = 0 ,

(5.48c)

2

q − ab = 0 .

(5.48d)

One might have recognized that eqs. (5.48c) and (5.48d) are just the one fermion
versions of the conditions (4.30c) and (4.30d), up to a rescaling of the coefficients a
and b.
We now proceed to reducing the terms (5.45) on a circle, using the following
Ansätze
dρ̂ = √
B̂ = √

1
2πr
1
2πr

1
ĝ

f dy ,

(5.49)

B − Ã ∧ (dy − A0 )

(5.50)

dρ +
1
ĝ

where f ∈ Z is a flux along the circle [152], B is a 2-form in 5d and Ã a vector. These
are dual to each other because of the self-duality of the 6d two-form B̂. We therefore
eliminate B in favor of Ã. Furthermore, in 3d one may dualize the scalar ρ into a
vector Ã. This dualization is in fact crucial for matching the three-dimensional theory
with the reduction of M-theory on a fourfold, as we saw in chapter 2. On top of that,
it also makes the anomaly condition more manifest: in that frame, the CS coefficients
are integers if and only if (5.48a) is satisfied. After these dualizations, one finds that
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the three- and five-dimensional effective actions contain the CS terms
Z
g2 c
f AF − (θAF̃ + f A0 F̃ ) + θ (2ζAF − ζ 2 AF 0 ) ,
(5.51)
4π 3 M3
Z

1
1
A0 F̃ F̃ − bÃF F + b2 3 ζ AF F − 3 ζ 2 AF F 0 + ζ 3 AF 0 F 0 . (5.52)
=
2
4
24π M5

S3gs =
S5gs

One can check that, provided that eqs. (5.48a) and (5.48c) are satisfied, the variations
of these terms under the transformations (5.28)16 with the variations of the one loop
CS terms (5.38) and (5.39),
δS3reg + δS3gs = 0
δS5reg

+

δS5gs

=0

⇔
⇔

q 3 − θc = 0 ,
4

(5.53a)

2

q − b = 0.

(5.53b)

In other words, the variations of the full effective actions are proportional to the
anomalies; that is to say, that the effective actions are invariant if and only of the
anomalies cancel.
In the expressions (5.51) and (5.52), the terms that depend on ζ combine with the
field-dependent part of consistent one-loop terms found in (5.38) and (5.39) (recall
that µ = q hζi) such that the field-dependent part full CS terms read
S3field−dep =
S5field−dep =

1
4
1
4


(θc − q 3 ) 2 ζ AF − ζ 2 AF 0 ,
(b2 − q 4 ) 3 ζ AF F − 3 ζ 2 AF F 0 + ζ 3 AF 0 F

(5.54a)

0

,

(5.54b)

and thus vanish if the anomalies are canceled, as they should since such terms are not
gauge invariant.

5.2.5

3d Chern-Simons coefficients for an anomaly-free theory

In this subsection we analyze the 3d CS coefficients one obtains in the case the 4d
P
theory we start with is anomaly free, namely when f qf3 = 0 (recall that f labels the
different fermions). In this case, it does not matter which regularization we choose,
because the field-dependent terms in the Θ’s are all proportional to the anomaly
coefficient q 3 , so in a theory canceling the pure gauge anomaly, both regularizations

16 Note that (5.28) implies non-trivial transformations for the GS fields, e.g. in 3d one finds
δf = θ n, and δ Ã = 2 n A + n2 A0 .
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(zeta-function and 4d symmetries preserving PV) yield the same result17
Θaf =

X

qf2



1
2


+ bqf hζic ,

(5.55a)

f

Θaf
0 =

X



1
1
qf − − bqf hζic(bqf hζic + 1) ,
12

2

(5.55b)

f

Θaf
00 =

X1
6

bqf hζic(bqf hζic + 1)(2bqf hζic + 1) .

(5.55c)

f

The fact that both regularizations give the same result can be traced back to the fact
that for an anomaly free theory one is able to regularize the theory while preserving
both Lorentz invariance and gauge invariance at the same time. In that case, the
consistent and covariant effective actions coincide (the anomaly inflow piece vanishes),
and are gauge invariant, as expected.
The CS coefficients (5.55) were already found in [152] and several important aspects
were previously discussed in [159, 46, 166, 168, 160, 161]. Although they are obviously
discrete, at first sight these CS coefficients might not look integer. However, the
anomaly cancellation conditions ensures that this does not happen, as follows.
Concerning the first coefficient (5.55a), since qf3 ≡ qf2 mod 2 for all f, we have that
P
the condition (5.21a) implies f qf2 ≡ 0 mod 2, such that Θaf is integer. Furthermore,
the anomaly condition makes the result invariant under discrete shifts of the Coulomb
P
branch parameter. Indeed, under a shift ζ → ζ + n, the variation of (5.55a) is f qf3
and therefore vanishes.18 In figure 5.5, we plot the value of Θaf as a function of hζi
for a concrete example of a theory canceling the pure gauge anomaly, namely the
fermions of the Standard Model charged under the hypercharge U (1). The value of
Θaf jumps at the points of the Coulomb branch where qf hζi ∈ Z, at which at least
one of the fermions becomes massless. At those points, the Wilsonian effective action
breaks down since we integrated out a massless field.
P
Concerning the second coefficient (5.55b), imposing f qf3 = 0, one finds that
P
1
1
3
af
− 12
f qf ∈ 2 Z, since q − q = q(q − 1)(q + 1) ≡ 0 mod 6. So it seems that Θ0
is in general half integer and might not be integer. However, for the theory to be
consistent, mixed gauge-gravitational anomaly (5.21b) also has to be satisfied. In that
P
case, f qf = 0 and since bqc(bqc + 1) = 0 mod 2, Θaf
0 is clearly integer. In contrast,
in a theory that does not cancel the mixed anomaly Θ0 could be half integer, signaling
an inconsistency if the manifold is spinc . However this is not guaranteed, it could
17 An important caveat is that the regularization choice does matter if the anomalies are canceled
through a GS mechanism, studied the previous subsection 5.2.4, which we recall, in 6d this always
has to be the case. The GS mechanism cancels the one-loop contribution by a classical term, such
that one still faces the same difficulties when trying to regulate the quantum theory, and a proper,
symmetry preserving, regularization ought to be used.
18 In fact, the period of Θaf is in general 1/L, where L = gcd(q ), which reflects a global Z
L
f
discrete symmetry.
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Figure 5.5: Plot of the value of the CS coefficient Θaf , given in (5.55a), with charges
being the hypercharges of the Standard Model, as a function
of the Coulomb branch

parameter hζi, over the fundamental period hζi ∈ − 12 , 12 . The red points denote the
values of hζi for which some qf hζi ∈ Z, where at least a fermion is massless.

P
happen that f qf ≡ 0 mod 12, thus the 3d gauge CS terms being consistent, whilst
having an anomalous four-dimensional theory. Notice that here we are only computing
CS terms for the vectors A and A0 but, in principle, one could also compute the
three-dimensional gravitational CS term. We expect this to be field-dependent when
the mixed gauge-gravitational anomaly is not canceled, signaling the inconsistency in
three dimensions.
Finally, the last coefficient (5.55c) is straightforwardly integer, since bqc(bqc +
1)(2bqc + 1) = 0 mod 6.
Cancellation via the Green-Schwarz mechanism
When the anomalies are canceled via the Green-Schwarz mechanism, the CS coefficients
are the same as those in (5.55), to the exception that Θaf pick up an extra term 13 f c,
as can be seen from (5.51). However, the above discussion about the integerness of
the coefficients does not hold anymore, since the conditions (5.21) are replaced by the
conditions (5.48). Nevertheless, since the scalar is periodic with period 1/ĝ, notice
that Green-Schwarz parameters have to satisfy c ≡ 0 mod 6 and d ≡ 0 mod 12 when
the manifold is spinc and c ≡ 0 mod 3 and d ≡ 0 mod 6 when the manifold is spin19 .
P
In the former case, the anomaly cancellation conditions imply that f qf3 = 0 mod 6
P
and f qf = 0 mod 12, so using the same argument as above we conclude that the
CS levels are integers, as required for consistency. In the latter case, one cannot say
19 This

is because (5.45) must be compatible with ρ̂ → ρ̂ + 1/ĝ.
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P
anything about q 2 , and f qf = 0 mod 6, such that the CS levels can be half-integer,
which is consistent for spin manifolds [169].
5.2.6

Multiple fermions and multiple gauge fields

In this subsection we consider the generalization of the previous analysis to the case
with multiple fermions charged under multiple abelian gauge fields. In order to also
include non-abelian gauge theories, we note that for such theories, once we compactify
on a circle and go to a generic point in the Coulomb branch, the gauge group gets
broken to its Cartan subgroup. Anomaly cancellation can then be inferred by focusing
on the abelian subsector and following the analysis below.
The action (5.19) generalizes straightforwardly to the case with multiple fermions
Ψf , f = 1, . . . , Nf , with charges qif under multiple U (1) gauge fields Ai , i = 1, . . . , NU (1)


XZ ¯
i
SD+1 =
ψ̂f γ̂ µ i∂ˆµ + ω̂µ + ĝ qif Âiµ PL ψ̂f ˆ? 1 .
(5.56)
2

f

Four-dimensional theories
Regarding the GS action (5.45a), having several U (1)’s, one can include generalized
CS terms [170], which in 4d are of the form Ai ∧ Aj ∧ F k (these vanish identically when
only a single U (1) is present). Similar topological terms, involving the gravitational
CS-form ω̂gr can also be considered. Altogether the Green-Schwarz action (5.45a) is
modified to
h

i
ĝ
i
j
i
j
k
S4gs =
ĝ 2 cα
+ dα ρ̂α tr R̂∧ R̂ − fi Âi ∧ ω̂gr .
ij ρ̂α F̂ ∧ F̂ − eijk Â ∧ Â ∧ F̂
2
24π

(5.57)
where we alse included multiple scalars ρα , α = 1, . . . , Nρ , with covariant derivatives
α
D̂ρ̂α = dρ̂α − θiα Âi . Note that the GS parameters get extended to cα
ij , d , eijk and
fi . The variation of this actions is
Z
h
i
 j
ĝ
class
i
2
α
k
α
δS4
=
λ̂
ĝ
θ
c
+
e
+
e
F̂
∧
F̂
+
(f
+
θ
a
)
tr
R̂
∧
R̂
,
iα
ijk
ikj
i
iα
jk
24π 2
(5.58)
such that the anomaly cancellation conditions (5.48a) and (5.48b) generalize to
X
qif qjf qkf + θiα cα
(5.59a)
jk + eijk + eikj = 0 ,
f

X

qif + θiα dα + fi = 0 .

(5.59b)

a

We now proceed with the circle compactification, going to the Coulomb branch,
and integrating out the massive fermions, again regularizing while preserving fourdimensional Lorentz invariance, as is done earlier in the text. The resulting one-loop
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CS couplings are
X

Θreg
ij =

qif qjf



1
2

+ S1 (µf ) −

2 k
ζ
3



,

f

Θreg
0i =

X

Θreg
00 =

X



1
1
qif − + S2 (µf ) + qjf qkf ζ j ζ k ,
12

6

(5.60)

f

S3 (µf ) ,

f

where µf = qif hζ i i. The Green-Schwarz and generalized CS terms also yield threedimensional CS couplings upon circle reduction, and dualization of the scalars ρα into
vectors Ãα . The resulting classical CS coefficients are
Θclass
=
ij

1
f Cα
3 α ij

Θclass
0i

6

2
3


α
θiα Cjk
+ Eijk + Eikj ζ k ,

1
α
=
θiα Cjk
+ Eijk + Eikj ζ j ζ k ,
−

(5.61)

Θclass
= 0.
00
Combining (5.60) and (5.61), we find that the field-dependent CS coefficients are
Θfield-dep
=−
ij

2
3

X


α
qif qjf qkf + θiα Cjk
+ Eijk + Eikj ζ k ,

f

Θfield-dep
0i

=

1
6

X


α
qif qjf qkf + θiα Cjk
+ Eijk + Eikj ζ j ζ k ,

(5.62)

f

so they are proportional to the anomaly (5.59a), and therefore vanish in an anomaly
free theory. We again find that the remaining CS coefficients are (half)-integers.
Six-dimensional theories
While we could do such a detailed analysis for the 6d case, we will restrict ourselves
here to generalize (5.45b) to
S6gs

ĝ 2
=
192π 3

Z
B̂ ∧


•


ĝ 2 bij F̂ i ∧ F̂ i + a tr R̂ ∧ R̂ ,

(5.63)

M6

α
where we included several 2-forms B̂ α and GS parameters bα
ij and a , the contraction of
which, using a metric Ωαβ , is denoted by • as in section 4.3. The anomaly cancellation
conditions (5.48c) and (5.48d) then straightforwardly generalize to

X

qif qjf qkf qlf − bij • bkl = 0 ,

(5.64a)

f

X
f

qif qjf − a • bij = 0 ,

(5.64b)
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which are the equivalents of eqs. (4.30c) and (4.30d) in our setup.20
The one-loop CS couplings (5.39) generalize to
reg
kijk
=

X

qif qjf qkf



1
2

+ S1 (µf ) −

3 f l
q ζ
4 l



,

f
reg
k0ij
=

X



1
1
qif qjf − + S2 (µf ) + qkf qlf ζ k ζ l ,
12

4

f



reg
k00i
=

X

reg
k000

X 1

qif S3 (µf ) −

1 f f f j k l
q q q ζ ζ ζ
12 j k l



(5.65)
,

f

=

120


+ S4 (µf ) .

f

P
Notice that all the field-dependent terms are preceded by the same factor f qif qjf qkf qlf ,
which unsurprisingly is the coefficient of the pure gauge anomaly in (4.29). This
variation can be canceled by a Green-Schwarz mechanism (5.63) if the condition
(5.64a) is satisfied. Therefore reducing the Green-Schwarz action (5.63) on a circle,
one expects to find field dependent CS that cancel with those in (5.65), in a similar
fashion to the one-fermion case (5.54b). This is indeed the case, and one finds
gs
kijk
=
gs
k0ij
=
gs
k00i
=

3
b • b ζl ,
4 ij kl
1
− bij • bkl ζ k ζ l ,
4
1
b • b ζj ζkζl ,
12 ij kl

(5.66)

gs
k000
= 0,

which cancel the field dependent part of the coefficients (5.65), if the pure gauge
anomaly cancels, i.e. (5.64a) is satisfied. In that case the total CS coefficients, i.e. the
sum of (5.65) and (5.66), read
af
kijk
=

X

af
k0ij
=

X

af
k00i
=

X

af
k000

1
N
120 f

qif qjf qkf



1
2


+ S1 (µf ) ,

f



1
qif qjf − + S2 (µf ) ,
12

f

(5.67)
qif S3 (µf ) .

f

=

+

X

S4 (µf ) ,

f

where Nf is the total number of fermions. Finally we can take the hζ i i sufficiently
small in order to have bµf c = 0 for all f, we then see from their definition (5.35) that
20 In

order to match with section 4.3, one should further rescale a and b.
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all the Si (µf ) vanish. In that case the CS coefficients simplify to
X
1
af
kijk
=
qif qjf qkf ,
2

f
af
k0ij

=

1
−
12

X

qif qjf ,

f
af
k00i

(5.68)

= 0,

af
k000
=

1
120

Nf .

At this stage we should recall that we only considered Nf spin-1/2 fermions. However if
we want to embed this setup in a N = (1, 0) 6d supergravity, we need to include more
fields, and in particular the spin-3/2 gravitino and the tensor B-fields may contribute
to the CS coefficients. However they will only contribute to k000 since they are not
charged under the gauge group, while every KK-mode couples to the graviphoton
A0 . The contribution of those fields to k000 was carried out in [149]; including N3/2
spin-3/2 fields and NB tensor B-fields, we find
af
k000
=

5.2.7

1
120


Nf + 5N3/2 − 2NB .

(5.69)

Completing the 6d F-theory match

In section 4.4 we tried to match the circle compactification of a generic 6d N = (1, 0)
supergravity with the reduction of M-theory on a Calabi-Yau threefold. However at
the end of subsection 4.4.2, we found that some CS terms, namely (4.55), were left
unmatched. We could not resolve this conundrum then, as it requires the technology
developed in this chapter, i.e. a careful treatment of the anomalies upon circle reduction
and the regularization procedures.
In the current set-up, the problematic CS (4.55) correspond to the terms (5.66)21 ,
which we now understand as canceling the non-gauge invariant parts of the one-loop
CS, which only arise if a proper, symmetry preserving, regularization is used. Moreover,
the coefficients (5.68) (using the generalized k000 in (5.69)), indeed correspond22 to
those we found in (4.66), which were matched with the intersections numbers (4.25)
of a Calabi-Yau threefold with a holomorphic zero section. This analysis therefore
completes the F-theory match between M-theory on a smooth Calabi-Yau threefold
with a holomorphic zero section and a 6d N = (1, 0) supergravity on a circle, with
small Coulomb branch parameters (which we assumed in order to have bµf c = 0 for
all f).
However, when the zero section is not holomorphic, but rational, the expressions
(4.25) do not hold anymore, and the match seems to be spoiled. But this just means
21 Recall
22 They

that the a and b have to be rescaled.
differ by a sign which comes from a different convention for the one-loop regularization
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that our assumption bµf c = 0 for all f cannot be satisfied anymore. Rather one has
to use the more general expressions (5.67) in order to perform the match. Therefore
rational sections make the Chern-Simons terms jump, as was noted in [171].

5.3

Anomaly cancellation in F-theory effective actions

Recall from section 1.7 that the general procedure we use for obtaining F-theory
effective actions is to use the definition of F-theory as a special limit of M-theory.
More specifically, by compactifying M-theory on an elliptically fibered Calabi-Yau, one
grows an extra dimension in the limit of vanishing torus fiber. However is not known
how to perform this singular limit, since non-perturbative states of M-theory become
relevant. Therefore, we rather infer information about the F-theory effective action
by comparing the M-theory reduction with the circle compactification of a generic23
theory. In the process of compactifying this theory on a circle, going into the Coulomb
branch and computing the Wilsonian effective action, one might loose information.
Nevertheless, as we have seen in previous sections, an anomalous theory in four
and six dimensions, once compactified on a circle, and taken in the Coulomb branch,
generates field-dependent CS couplings, which are not gauge invariant. In fact, these
field-dependence drops if and only if anomalies cancel in the higher-dimensional
theory. So, as far as anomalies are concerned, the information is not lost upon
circle compactification. This means that, instead of worrying about proving anomaly
cancellation in the F-theory limit, i.e. when the theory decompactifies to one dimension
higher, we may use the indirect and general approach of dimensional reduction of
eleven-dimensional supergravity on smooth Calabi-Yau manifolds. The reduction on a
fourfold with flux was carried out in section 2.2 (see subsection 2.2.1 for the inclusion
of a flux), and the threefold case in section 4.2.
In a 3d N = 2 theory obtained from M-theory on a fourfold, the CS coefficients
are given in (2.23). Being intersection numbers, these field-independent. And, as
mentioned below (2.23), the quantization of the G4 -flux translates into the quantization
of the Chern-Simons coefficients ΘΣΛ . The derivatives DNA in (2.22), which were
introduced in (2.8), contain the coupling to complex structure moduli but no gaugings
by the vectors AΣ . Therefore the second term does not include further CS couplings. As
we discussed in subsection 2.2.3, the three-dimensional action (2.22) is in general not in
the correct frame to match with the circle reduction of a general 4d N = 1 supergravity
theory: some of the scalars correspond to vectors in 4d, and vice-versa, such that
a field dualization in 3d is required to lift to 4d. However, since the action (2.22)
is completely gauge invariant, it will remain so after dualization. Similarly, in a 5d
23 With

the appropriate amount of supersymmetry.
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N = 2 obtained from M-theory on a threefold, the CS coefficients are given by the
intersections numbers (4.7), which are field independent and integer.
These field-independent and integer CS coefficients correspond, therefore, to the
circle compactifications of anomaly-free theories, as expected. This concludes the proof
that four- and six-dimensional F-theory compactifications have no local anomalies.
This proof, of course, requires the existence of smooth Calabi-Yau manifolds (with
background flux in the case of a fourfold) which describe the F-theory setting in the
singular limit, which we recall is not always the case, see for instance [31–37].
Let us close this section with some remarks on the implications and extensions
of our result. Firstly, we note that, under our assumptions, the geometric relations
derived from assuming gauge anomaly cancellation found in [46, 47] are indeed satisfied.
Secondly, our strategy might also be used to translate flux quantization conditions in
M-theory to flux quantization conditions in Type IIB string theory with seven-branes,
which has been previously discussed from a different perspective in [172, 173]. Thirdly,
it is important to stress that we did not discuss the cancellation of anomalies of
geometrically massive U (1)’s. They can be included [90, 174, 113, 91] and lead to
a gauging of the complex fields NA in the effective Lagrangian (2.22). It would be
interesting to extend our discussion to this case.

Conclusions
The cancellation of local anomalies is of crucial importance to ensure the quantum
consistency of a gauge theory. In four- and six-dimensional gauge theories such local
anomalies arise from chiral fermions and lead to an associated chiral anomaly via
one-loop diagrams. In contrast, it is well-known that there are no local anomalies
in odd-dimensional theories. This immediately raises the question: Where is the
information about the anomaly once the theory is compactified on a circle?
In this chapter, we have answered this question for a four-, resp. six-,dimensional
gauge theory with chiral fermions. We have shown that the four-dimensional chiral
anomaly is visible after compactification in the form of field-dependent one-loop
Chern-Simons terms. It was hereby crucial that (1) all Kaluza-Klein modes of the
chiral fermions are included in the one-loop diagrams, and that (2) a regularization
scheme is used that preserves the higher dimensional Lorentz invariance. We have
thus performed the compactification of four- and six-dimensional (non gauge-invariant
version of) Pauli-Villars regulators. We contrasted this with the regularization using
zeta-functions, which also yields a finite result but removes part of the information
about the four-dimensional anomalies; it relates to our regularization through an
anomaly inflow analysis, and both regularizations agree when anomalies are canceled
P
by requiring f qf3 = 0 in a four-dimensional theory. However it is crucial to note
that they do not agree when the anomalies are canceled via a Green-Schwarz (GS)
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mechanism, which is required in six dimensions. Indeed in that case the anomaly is
canceled by a classical piece, such that one still faces the same problems trying to
regularize the theory at one loop. Therefore in that case situation it is crucial to use a
symmetry preserving regularization to compute the one-loop correction, otherwise it
will not cancel with the circle reduction of the GS piece. Altogether, we were thus
able to show that the cancellation of local gauge anomalies in the parent theory is
equivalent to demanding that appropriately regularized Chern-Simons terms in the
infant theory are gauge invariant.
As a by-product of our analysis, we are now able to understand every term in the
6d F-theory lift. Indeed the CS coefficient (4.55), which come from the Green-SchwarzSagnotti mechanism, and were left unmatched in chapter 4, are now understood as
being canceled by the field-dependent one-loop CS terms, if and only if a regularization
preserving six-dimensional Lorentz invariance is used.
Finally, our analysis also allowed us to conclude that four- and six-dimensional
F-theory effective actions are anomaly free, whenever the duality with M-theory can
be used. Indeed, in such cases, the F-theory effective actions match with the Mtheory reduction after circle compaction. Since the M-theory reductions, performed in
sections 2.2 and 4.2, do not yield any field-dependent CS terms, our careful treatment
allows us to conclude that the theories before circle compactification, i.e. the F-theory
effective actions, cannot possibly be anomalous. This implies that studying F-theory
models via M-theory the consistency conditions required for gauge anomaly cancellation
are implemented automatically, if a resolved Calabi-Yau geometry (with a four-form
flux in the 4d case) background exists.
In the future, it would be very interesting to extend our analysis to include other
types anomalies. For instance, the mixed gauge-gravitational anomaly will very
likely require the investigation of gravitational Chern-Simon couplings. Also very
interesting are anomalies of the global part of the gauge group, such as Witten’s SU (2)
anomaly [175]. These are gauge anomalies that cannot be accessed via Feynman
diagrams, and will therefore require a different treatment than the one presented here.

5.A

Regularization of the sums

In this appendix, we regularize the sums (5.34) (the first of which already appears
in (5.13))
Sk (µ) ≡

1
2

X
n∈Z

nk−1 sign(n + µ) ,

(5.70)
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for k = 1, . . . , 4. First we note that for n ∈ Z, they satisfy
S1 (µ + n) = S1 (µ) ,
S2 (µ + n) = S2 (µ) − n S1 (µ) ,
S3 (µ + n) = S3 (µ) − 2 n S2 (µ) + n2 S1 (µ) ,

(5.71)

S4 (µ + n) = S4 (µ) − 3 n S3 (µ) + 3 n2 S2 (µ) − n3 S1 (µ) .
In particular, decomposing µ = µ + bµc in its fractional part µ and its integral part
bµc, we have
S1 (µ) = S1 (µ) ,
S2 (µ) = S2 (µ) − bµcS1 (µ) ,
S3 (µ) = S3 (µ) − 2bµcS2 (µ) + bµc2 S1 (µ) ,

(5.72)

S4 (µ) = S4 (µ) − 3bµcS3 (µ) + 3bµc2 S2 (µ) − bµc3 S1 (µ) ,
such that we only need to compute the Sk (µ) for µ ∈ (0, 1).
In order to regulate the sums in (5.70), we use a method related to the zeta function
−s
regularization, namely we first multiply the argument of the sums by n + µ , making
the sums convergent, and after evaluating them, we take the analytic continuation to
s = 0. The result can be written as
S1reg (µ) =
S2reg (µ)
S3reg (µ)
S4reg (µ)

1
2

+ Ξ0 (µ) ,

= Ξ1 (µ) − µ Ξ0 (µ) ,
= Ξ2 (µ) − 2 µ Ξ1 (µ) + µ2 Ξ0 (µ) ,

(5.73)

= Ξ3 (µ) − 3 µ Ξ2 (µ) + 3 µ2 Ξ1 (µ) − µ3 Ξ0 (µ) ,

P∞
where we defined Ξs (x) ≡ 12 [ζ−s (x) − (−1)s ζ−s (−x)], with ζs (x) = n=0 (n + x)−s
being the Hurwitz zeta function. When s is a negative integer, its defining series
converges and reduces to the Bernoulli polynomials
ζ−n (x) = −

Bn+1 (x)
.
n+1

(5.74)

Using the explicit forms of those polynomials, the results (5.73) become
S1reg (µ) =

1
2

1
1
+ µ2 ,
12
2
1
− µ3 ,
3
1
1
+ µ4 .
120
4

S2reg (µ) = −
S3reg (µ) =
S4reg (µ) =

− µ,
(5.75)
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Substituting those in eqs. (5.72), we finally obtain expressions of the regularized sums
holding for generic µ ∈
/ Z,
S1reg (µ) =

1
2

S2reg (µ) = −

+ S1 (µ) − µ ,
1
12

+ S2 (µ) +

S3reg (µ) = S3 (µ) −
S4reg (µ) =

1
120

1
3

S1 (µ) = bµc ,
1
2

1
2

µ2 ,

S2 (µ) = − bµc (bµc + 1) ,

+ S4 (µ) +

(5.76)

1
6

µ3 ,

S3 (µ) = bµc(bµc + 1)(2bµc + 1) ,
1
4

1
4

µ4 ,

S4 (µ) = − bµc2 (bµc + 1)2 ,

which are the expressions mentioned in the main text.
Let us mention that there are other methods to regularize the sums (5.70), for inP
P
stance one is to make use of the Poisson summation formula, n∈Z f (n) = k∈Z fˆ(k),
where fˆ is the Fourrier transform of f , and then to remove the zero mode k = 0, which
captures all the divergence of the series (at least in these cases). Using the Fourrier
transform of the sign function, sgn(k)
ˆ
= 1/iπk, and the property fˆ(k+µ) = fˆ(k) e2πikµ ,
ones straightforwardly finds
S1reg (µ) =

1
π

Im Li1 (e2πiµ ) ,
µ
π

1
Re Li2 (e2πiµ ) ,
2π 2
µ
1
Re Li2 (e2πiµ ) − 3
π2
2π

S2reg (µ) = − Im Li1 (e2πiµ ) −
S3reg (µ) =

µ2
π

Im Li1 (e2πiµ ) +

(5.77)
Im Li3 (e2πiµ ) ,

P∞
where the Polylogarithm function Lis (z) is defined as Lis (z) = k=1 z k /k s . These
expressions are valid for generic µ ∈
/ Z and the transformations properties (5.71) follow
straightforwardly from them. Using trigonometric relations, or equivalently special
cases of the Hurwitz formula, it is possible to show that the expressions (5.77) agree
with those in (5.76).

5.B

Evaluation of the Feynman diagrams

In this appendix we give the details of the computation of the one-loop Chern-Simons
couplings discussed in the main text from the relevant Feynman diagrams. We give
the details for all the 3d CS terms, including those involving the KK vector A0 , which
arise from the diagrams displayed in figures 5.1 (A ∧ F ) and (5.4) (A ∧ F 0 and A0 ∧ F 0 ).
For the 5d Chern-Simons terms we only present the computation of the A ∧ F ∧ F
coupling, arising from the diagram in figure 5.3, in order to highlight the difference
with the 3d case, while the by-then-straightforward generalization to the case involving
the 5d graviphoton is left out.
As explained at length in the main text, those diagrams are divergent when a whole
tower of KK-modes runs in the loops, and one can obtain a finite result (regularize) in
different ways. One of them is to use the zeta function regularization, the details of
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which were presented the previous appendix; this is in some sense a mathematical trick.
In this appendix we regulate the diagram using the Pauli-Villars (PV) regularization,
and we will do so through two different approaches. The first one makes no reference
to the fact that the original theory was higher dimensional (D + 1-dim), such that
it preserves only the lower-dimensional Lorenz invariance (D). The second comes
from the reduction of a PV regulator of the higher dimensional theory and therefore
intrinsically preserves D + 1 Lorentz invariance. Evidently, the latter breaks gauge
invariance if the theory is anomalous, since in that case, the theory cannot be regulated
while preserving simultaneously both Lorentz invariance and gauge invariance. But
as explained in the main text, this is the appropriate path to follow if the theory
originates from a circle reduction, for regularization is a process taking place in the UV
of the theory. In order to make the comparison between the two easier, we will use for
both approaches a “D + 1-dimensional formalism”, that is, where the γ-matrices are
1
1
2 2 (D+1) × 2 2 (D+1) , but of course for the first one a D-dimensional formalism would
be more suited.
The diagrams contribute to the Wilsonian effective action by (in momentum space)

Γab Aa Ab ,

with

Γab =

XZ
n∈Z

0
Γab
0 Aa Ab ,

with

Γab
=
0

XZ
n∈Z

0 0
Γab
00 Aa Ab ,

with

Γab
00 =

XZ
n∈Z

Γabc Aa Ab Ac ,

with

Γabc =

XZ
n∈Z


d3 k 1
tr V a Sk V b Sk+p ,
3
2
(2π)

(5.78a)


d3 k 1
tr V a Sk V0b (−p)Sk+p ,
3
2
(2π)

(5.78b)


d3 k 1
tr V0a (p)Sk V0b (−p)Sk+p , (5.78c)
3
(2π) 2

d5 k 1
tr V a Sk+p V b Sk V c Sk−q , (5.78d)
5
(2π) 2

where Sk is the propagator of a fermion with momentum k, the external fields have
momentum p, and V a and V0a are the vertices between two fermions and a gauge field,
Aa and A0a respectively. Note that V0 depends on p, due to the Pauli term in (5.27).
As they stand, the expressions (5.78) are divergent, so we need to regulate them.
We will use Pauli-Villars regularization, which consists in adding for each fermion
extra massive ones, with possibly different statistic (i.e. without the usual minus sign
for a fermionic loop), evaluate the diagrams with those extra fermions running in the
loop, and finally, take their masses to infinity. In our case, three extra particles are
P3
needed, and their masses Ms , s = 1, 2, 3, must satisfy s=1 (−1)s Ms2 = 0. The choice
M12 = 12 M22 = M32 ≡ M 2 satisfies this condition, and we will make that choice in the
following; we also define M0 = 0 for ease of notation. The regularized expressions of
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the Γ’s in (5.78) are therefore
XZ

Γab
reg = lim

Ms →∞

XZ

Γab
0,reg = lim

Ms →∞

Γab
00,reg
Γabc
reg

n∈Z

XZ

= lim

Ms →∞

= lim

n∈Z

n∈Z

XZ

Ms →∞

n∈Z

3

d3 k X
1
s
(−1)s tr V a Sks V b Sk+p
3
2
(2π) s=0

(5.79a)

3

d3 k X
1
s
(−1)s tr V a Sks V0b (−p)Sk+p
3
2
(2π) s=0

(5.79b)

3

d3 k X
1
s
(−1)s tr V0a (p)Sks V0b (−p)Sk+p
2
(2π)3 s=0

(5.79c)

3

d5 k X
1
(−1)s tr V a Sk+p V b Sk V c Sk−q ,
2
(2π)5 s=0

(5.79d)

where Sks is the propagator of a PV fermion with momentum k and mass Ms .
5.B.1

Regularization preserving D-dimensional Lorentz invariance

For our first regularization method, we start from the action (5.27), to which we add
3 PV particles for each mode, thus obtaining the following action
SD

3
n 

XZ X
r
i
=
(−1)s ψ̄n,s γ a i∂a + ωa + qgAa + nA0a − abc F 0bc
n∈Z

2

s=0

8

(5.80)

o
1
+ r γ D̄ qχ + γ D̄ mn + Ms PL ψn,s ? 1 ,
where mn = 1r (n + µ) with µ = q hζi in the CB, from which we read off the following
Feynman rules
Sk :

k

= PL

i
γ a ka

−

γ D̄ mn

− Ms + i

Va :

Aa

= iqgγ a PL

V0a (p) :

A0a



r
= inγ a − abc γb pc PL

p

(5.81a)

(5.81b)

2

(5.81c)

(5.81d)
where k is the momentum of ψn and p the one of A0 . We now proceed to compute
the diagrams, using these propagator and vertices for evaluating the traces in (5.79).
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The A − A diagram We evaluate the trace in (5.79a), corresponding to the
diagram 5.1, using the Feynman rules (5.81) and restrict to the  piece. We find
Θ

reg

3
X Z d3 k X
mn
= q lim
,
(−1)s 2
Ms →∞
2iπ 2 s=0
(k − m2n − Ms2 + i)2
2

(5.82)

n∈Z

and, performing the integral (using the choice of Ms specified earlier),

X
2mn
mn
+p
Θreg = q lim 1
sign(mn ) − p
.
M →∞ 2
m2n + M 2
m2n + 2M 2

(5.83)

n∈Z

Here we pause for a moment, and look at what we would have obtained for a single
KK-mode, i.e. if we drop the sum over n. The last two terms vanish in the limit
M → ∞ and we are left with 12 q 2 sign(mn ), which is the well known result stated
in (5.12).24 This result is more straightforwardly obtained when working with a
two-dimensional representation for the 3d gamma matrices (Pauli matrices), which of
course would be the natural thing to do if the theory was truly three-dimensional.
Going back to (5.83) with the sum over the KK-modes, we find that the last two
terms, which depend on Ms , are crucial to render the result finite. Moreover, one first
has to sum over n and then take the limit M → ∞. Taking opposite order, we would
find the divergent sum (5.13), which, as mentioned, can be regularized to give (5.14)
(see appendix 5.A). But, as written, the sum in (5.83) is finite for every non-zero M
and taking the limit M → ∞ the result agrees with (5.14), i.e.


1
Θreg = q 2
+ S1 (µ) − µ .
(5.84)
2

where the function S1 was defined in (5.76).
In the second part 5.B.2 of this appendix, we compute the same diagram using
the other regularization we mentioned, i.e. preserving 4d Lorentz-invariant, and find a
different result. The same holds for the other diagrams.
The A − A − A diagram The computation for the diagram AAA (fig. 5.3) is very
similar to the previous one. We find
3
X Z d5 k X
mn
(−1)s 2
,
3
2
Ms →∞
iπ s=0
(k − mn − Ms2 + i)3

k reg = q 3 lim

(5.85)

n∈Z

and performing the integral (using the same choice of Ms as before),

X
2mn
mn
1
reg
3
k = q lim
sign(mn ) − p
+p
.
M →∞ 2
m2n + M 2
m2n + 2M 2

(5.86)

n∈Z

24 In fact, in that case the PV regulator is not needed, the expression (5.78a) is already finite for a
single mode.
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which, appart from the factor q 3 , is the same as the 3d result (5.83). Subsequently
the same discussion applies and we obtain


1
k reg = q 3
+ S1 (µ) − µ .
(5.87)
2

The A − A0 diagram We evaluate the trace in (5.79b), using the Feynman rules
(5.81) and restrict to the  piece. We find
Θreg
0

3
X Z d3 k X
n mn − 21 (m2n − 13 k 2 )
= q lim
(−1)s 2
,
2
Ms →∞
2iπ s=0
(k − m2n − Ms2 + i)2

(5.88)

n∈Z

where the term n mn comes from the minimal coupling ∼ nA0 ψ̄n ψn , while m2n − 13 k 2
comes from the Pauli coupling ∼ F 0 ψ̄n ψn . Using the result of the previous subsection,
we see that the first one yields 12 q n sign(mn ), which was expected (from eq. (5.12)
with one q replaced by n). One could think that the second coupling would modify
that result, but we will see that this is not the case. Performing the integral, we find


X
1
2
1
reg
1
p
p
Θ0 = q lim
+
−
nmn
M →∞ 2
|mn |
m2n + M 2
m2n + 2M 2
n∈Z
(5.89)


1
1
1
−p
− M2 p
.
2
m2n + M 2
m2n + 2M 2
The first line in (5.89) comes from the minimal coupling and is just obtained by
replacing one of the q’s in (5.83) by an n. The second line comes from the Pauli
coupling, and it has the sole effect of making the whole sum finite, but it is nevertheless
crucial that it is taken into account. Performing the sum and then the limit M → ∞,
we find the same result as the one obtained by regularizing the second sum in (5.34),
using e.g. zeta-function regularization (see appendix 5.A), that is,


1
1
Θreg
+ S2 (µ) + µ2 .
(5.90)
0 =q −
12

2

In fact, one can already see in (5.88) that the new coupling does not contribute to the
finite piece, using dimension regularization.25
The A0 − A0 diagram We evaluate the trace in (5.79c), using the Feynman rules
(5.81) and restrict to the  piece. We find
3
1 2
2
2
X Z d3 k X
s n mn − n(mn − 3 k )
(−1)
,
Ms →∞
2iπ 2 s=0
(k 2 − m2n − Ms2 + i)2

Θreg
00 = lim

(5.91)

n∈Z

25 Here one cannot use PV regularization with 3 extra particles just for that piece, because the
k2 in the numerator makes it more divergent, and one would need to introduce more PV particles.
However, we know that the whole expression has to be finite using just 3 PV particles, because the
four-dimensional expression is.
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where, as before, the term n mn comes from the minimal coupling, while m2n − 13 k 2
comes from the Pauli coupling. It is now familiar that the first one yields 12 n2 sign(mn ),
and that the second does not modify the result, but is nevertheless crucial to make
the integral finite. Using the results of the previous section, one readily finds



1
2
1
1 X n2 m
p
p
Θreg
=
lim
+
−
n
00
M →∞ 2
|mn |
m2n + M 2
m2n + 2M 2
n∈Z
(5.92)


1
1
2
−nM p
−p
.
m2n + M 2
m2n + 2M 2
where again, the last line is due to the additional coupling and renders the sum finite.
It is by now no surprise that performing this sum and then taking the limit M → ∞,
we find the same result as we obtained by regularizing the third sum in (5.34), using
e.g. zeta-function regularization (see appendix 5.A), that is,
1
3

3
Θreg
00 = S3 (µ) − µ .

5.B.2

(5.93)

Regularization preserving D + 1-dimensional Lorentz invariance

The second method of regularization that we will use, is to add the PV particle already
in four dimensions, as is done in (5.36) and then reduce on a circle. On then obtains
the action (5.37), which we recall here for convenience,
SD =

3
XZ X
n∈Z

n 

r
i
(−1)s ψ̄n,s γ a i∂a + ωa PL + qgAa PL + nA0a − abc F 0bc PL
2

s=0

8

o
1
1
+ r γ D̄ qχPL + r γ D̄ (n + µPL ) + Ms ψn,s ? 1 ,
(5.94)
where we use the notation µ = q hζi. The Feynman rules read
Sk :

k

=

γak

a

−

1 D̄
r γ (n

Va :

Aa

= iqgγ a PL

V0a (p) :

A0a

= inγ a −

p

i
+ µPL ) − Ms + i

r abc
 γb pc PL
2

(5.95a)

(5.95b)

(5.95c)
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where k is the momentum of ψn and p the one of A0 . We now proceed to compute
the diagrams, using these propagator and vertices for evaluating the traces in (5.79).
In order to do so, one needs to invert the matrix in (5.95a). Since this propagator is
non-standard, we present here the result. Defining
ak = k 2 − n2 − Ms2
bk = k 2 − m2n − Ms2
2

Dk = ak bk − µ

Ms2

(5.96)

.

(notice that bk is nothing but the denominator that appeared in the previous section,
namely in eqs. (5.82), (5.88), and (5.91)), we find
Sk =



1
γ a ka + M − γ 3 (n + µPR ) ak − (µ2 + 2nµ)PL + µM γ 3 γ 5 .
Dk

(5.97)

In order to compute the traces, the following identities are useful
1
PL /ξk , with ξk,µ̄ = (ak kā , −ak mn − µM 2 ) ,
Dk
1
PR Sk PL =
ζ/ PL , with ζk,µ̄ = (bk kā , −bk n + mcb M 2 ) ,
Dk k

M
PL Sk PL =
PL mcb γ a γ 3 ka + ck , with ck = ak − nmcb ,
Dk

M
PR Sk PR =
PR mcb γ 3 γ a ka + ck ,
Dk
PL Sk PR =

(5.98)

where the slashes mean contraction with four-dimensional flat gamma matrices k/ =
γ µ̄ kµ̄ .
The A − A diagram Evaluating the trace in (5.79a), using the Feynman rules
(5.95), and restricting to the  piece, we find
3
h

i
X Z d3 k X
2 2
s 1
2
2
a
m
+
µM
a
+
k
,
(−1)
n
k
s
3
Ms →∞
2iπ 2 s=0
Dk2 k

Θreg = q 2 lim

(5.99)

n∈Z

R
R
where we also used the fact that d3 ka kb = 13 ηab d3 kk 2 . This result agrees with
(5.82) for the s = 0 term, as it should, since this term corresponds to the physical
particles, and therefore should not depend on the regularization. However it differs
from (5.82) for s 6= 0, meaning that the two different ways of regularizing do not yield
the same results. But notice that by setting µ = 0 everywhere in (5.99), except in mn ,
we recover precisely (5.82).26 This means that by expanding (5.99) in powers of µ,
26 To

see this, notice that ak /Dk = 1/bk + O(µ2 ).
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one finds (5.82) plus a series in µ starting at order one,
Θ

reg



3
∞
X Z d3 k X
mn X
s
= q lim
(−1)
+
Γp .
Ms →∞
2iπ 2 s=0
b2k
p=1
2

(5.100)

n∈Z

where Γp is order p in µ. The first term was already computed in section 5.B.1 and
gives (5.84), namely we have
3


X Z d3 k X
1
s mn
(−1)
=
+
S
(µ)
−
µ
.
1
2
Ms →∞
2iπ 2 s=0
b2k

lim

(5.101)

n∈Z

Concerning the second part, only the first term of the series survives in the limit
Ms → ∞. It reads

µM 2  5 2
Γ1 = 4 s
k − n2 − Ms2 .
(5.102)
3
ak
Performing the integral over k, we find
Z



3
1
1
d3 k X
1
2
s
µM
(−1)
Γ
=
−
.
1
3
2iπ 2 s=0
(n2 + M 2 )3/2
(n2 + 2M 2 )3/2

(5.103)

In the limit M → ∞, the sum over n can be converted into an integral by the rescaling
n = M L, and we find


Z ∞
3
d3 k X
1
1
1
1
s
(−1) Γ1 = µ
lim
dL
− 2
= µ.
3
3
Ms →∞
2iπ 2 s=0
(L2 + 1)3/2
(L + 2)3/2
−∞
(5.104)
Combining (5.101) with (5.104), we find


1
2
Θreg = q 2
+ S1 (µ) − µ ,
(5.105)
Z

2

3

which is the result stated in (5.38). Note that the difference between this regularization
and the one of section 5.B.1, i.e. (5.104), is precisely the anomaly inflow term (5.43),
as was expected.
The A − A − A-diagram

Again the analysis is very similar and we find

3
i

X Z d5 k X
1 h
4
(−1)s 2 a2k mn + µMs2 ak + k 2 .
3
5
Ms →∞
iπ s=0
Dk

k reg = q 3 lim

(5.106)

n∈Z

However notice that the last term is different than in (5.99) because this time we used
R
R 5
d k ka kb = 15 ηab d5 k k 2 . Because of this the result of the regularization will be
different than in 3d case. Indeed instead of the − 23 µ as in (5.105) we find


1
3
k reg = q 3
+ S1 (µ) − µ ,
(5.107)
2

which is the result stated in (5.39).
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The A − A0 diagram Evaluating the trace in (5.79b), using the Feynman rules
(5.95), and restricting to the  piece, we find
3
X Z d3 k X
ηs (Γ0,n + Γ0, )
Ms →∞
2iπ 2 s=0

Θreg
0 q lim

(5.108)

n∈Z

where

n
a2 mn + 2ak mcb Ms2 − nm2cb Ms2 ,
Dk2 k

1 1 2 2
2 2
=
a
k
−
(a
m
+
m
M
)
.
k n
cb s
2Dk2 3 k

Γ0,n =
Γ0,

Γ0,n comes from the first coupling in (5.95c) and Γ0, comes from the second one.
Here again, the case s = 0 coincide with (5.88) and expanding in µ, we find the
corresponding term, plus a series starting at first oder in µ
Θreg
0



3
∞
X Z d3 k X
n mn − 12 (m2n − 13 k 2 ) X
= q lim
ηs
+
Γ0,p .
Ms →∞
2iπ 2 s=0
(k 2 − m2n − Ms2 )2
p=1

(5.109)

n∈Z

1

The first piece was computed in section (5.B.1) and yields S2 (µ) + µ2 , while for the
2
second piece, only the p = 2 term of the series contributes, and we find
3
X Z d3 k X
1
ηs Γ0,2 = − µ2 ,
3
Ms →∞
2iπ 2 s=0

lim

(5.110)

n∈Z

which is again the anomaly inflow piece. The total result is thus


1
1
Θreg
+ S2 (µ) + µ2 ,
0 =q −
12

6

(5.111)

which is the result stated in (5.38).
The A0 − A0 diagram Evaluating the trace in (5.79c), using the Feynman rules
(5.95), and restricting to the -piece, we find
Θreg
00

3
X Z d3 k X
= lim
ηs (Γ0,nn + Γ00,n )
Ms →∞
2iπ 2 s=0
n∈Z

where

n2 2
a mn − b2k n + 4ak mcb M 2 − 4nm2cb M 2 − m3cb M 2
Dk2 k

n 1 2
= 2
(ak + m2cb M 2 )k 2 − (ak mn + mcb M 2 )2 − M 2 c2k
Dk 3

Γ00,nn =
Γ00,n

(5.112)
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Γ00,nn comes from considering the minimal coupling ∼ n in (5.95c) for both vertices
and Γ00,n comes from having the Pauli coupling in one of them (taking twice this
coupling yields a term with two p’s, which is thus higher derivative). Once more, the
case s = 0 coincides with (5.91) and expanding in µ, we find the corresponding term,
plus a series starting at first oder in µ
Θreg
00

 2

3
∞
X Z d3 k X
n mn − n(m2n − 13 k 2 ) X
= lim
+
ηs
Γ00,p .
Ms →∞
2iπ 2 s=0
(k 2 − m2n − Ms2 )2
p=1

(5.113)

n∈Z

1

The first piece was computed in section (5.B.1) and yields S3 (µ) − µ3 , while for the
3
second piece, only the p = 3 term of the series contributes, and we find
3
X Z d3 k X
1
ηs Γ00,3 = µ3 ,
3
Ms →∞
2iπ 2 s=0

lim

(5.114)

n∈Z

which is again the anomaly inflow piece. The total result thus is
Θreg
00 = S3 (µ) ,
which is the result stated in (5.38).

(5.115)

6
Swampland Distance Conjecture

In this chapter, we explore the Swampland Distance Conjecture (1.48) in the multidimensional Kähler moduli space of Calabi-Yau compactifications. We show how the
techniques introduced in [76, 77] in the study of the complex structure moduli spaces
can also be used to identify an infinite charge orbit becoming massless at infinite
distance in Kähler moduli spaces. The main focus of our study will be the study of
infinite distance loci and charge orbits at the large volume regime. The monodromy
action can be written in full generality in terms of the intersection numbers and
topological data of the Calabi-Yau threefold, allowing for a classification of the infinite
distance limits at large volume. We also provide the general result for the infinite
charge orbit becoming massless at these limits. The existence of such orbits was shown
in [77], where it was also argued that this crucially requires to address the issue of
path-dependence by applying the powerful mathematical machinery of [176]. However,
in this work we are able to determine the charge orbit by studying a comparably
simple set of vector equations. This refined approach is valid more generally and can
also be applied to the complex structure moduli space.
As a byproduct of analyzing the SDC we further elucidate the very rich underlying
geometric structure of the moduli space and compactification manifolds required for
the conjecture to hold. This structure, together with the understanding of the states
arising in string theory, implies highly non-trivial correlations between the number of
light states and field distances. In certain cases, as we will see, the SDC seems to be
satisfied in a conspiratorial way by string theory.
Let us note that there can also be more than one tower of states becoming
exponentially light with respect to Mpl at infinite distance. For instance, if we consider
Type IIA compactified on a Calabi-Yau threefold, we find that the infinite charge orbits
generated by the monodromy action at large volume consist of a tower of particles
arising from bound states of D0-D2 branes. Clearly, there will also be Kaluza-Klein
towers of states becoming massless at large volume. However, it is the tower of
139
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D0-D2 branes that appears to be relevant for the proposals of emergence and global
symmetries in the Kähler moduli space. In particular, the infinite field distance can be
understood as emerging from quantum corrections of integrating out D-brane states
rather than Kaluza-Klein states in this case. Notice also that if the infinite distance
emerges from integrating out the tower of states, this emergence interpretation should
be equally applicable for the intersection numbers and topological discrete data of
the Calabi-Yau manifold. There are other instances though, in which a Kaluza-Klein
tower can be responsible for (at least part of) the infinite field distance. This is, for
example, the case in the circle compactification performed in order to implement the
duality between M-theory and F-theory. We analyze the infinite distance limits in
the M-theory geometry, and recover the KK tower of the circle compactification of
F-theory from following the infinite charge orbit to the small fiber regime in M-theory,
applying double T-duality along the fiber of the elliptic fibration. This provides a
geometric realization of the Kaluza-Klein tower in terms of a charge orbit generated
by a monodromy action of infinite order.
Finally it is important to remark that the tower of states becomes exponentially
light with respect to the Planck scale. This means that, if we are moving along some
path in the moduli space which is also sending Mpl → ∞, they can become very heavy
while still satisfying m/Mpl → 0. This is a result of the fact that the SDC only gives
non-trivial implications in the IR effective theory if the Mpl is forced to remain finite,
while all implications go away when gravity decouples. This feature is particularly
visible when moving in the Kähler moduli space, since Mpl → ∞ at large volume.
We start by discussing in section 6.1 the two propositions presented in the introduction (page 35) as possible underlying principles behind the SDC. In section 6.2 we
analyze infinite distances in the large volume regime of Calabi-Yau threefold compactifications. We construct the infinite charge orbits becoming massless at the different
large volume limits and their microscopic interpretation in terms of Type IIA string
theory. We also discuss how to carry the charge orbit to the small fiber volume in
elliptic fibrations. In section 6.3 we discuss infinite distances and charge orbits arising
in the duality between M-theory and F-theory, providing a geometric realization for
the KK tower in terms of an infinite charge orbit in M-theory.

6.1

Emergence of infinite distance and global symmetries

In this section we detail and revisit these two proposals presented in the introduction
(page 35) in view of the new insights gathered by our analysis. We present a new
field theory computation that shows how quantum corrections from integrating out
any infinite tower up to its species scale generates an infinite field distance (and
consequently, an exponential mass behavior) as long as the number of species increases
as we move in field space. This allows us to discuss the general properties that the
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tower of states must satisfy. Furthermore, since moving in the Kähler moduli space
usually also implies varying the Planck mass, there are some subtleties that need to be
addressed. Hence, we will first discuss these subtleties in section 6.1.3 in a toy model
example: a circle Kaluza-Klein compactification. We also discuss the meaning of the
species bound in those compactifications.
6.1.1

Obstruction to global symmetries

A nice relation between the SDC and the absence of global symmetries was proposed
in [76]. As we will explain later on in more detail, the infinite tower of states is
identified with a charge orbit generated by a discrete monodromy transformation of
infinite order. When reaching the infinite distance point, this discrete transformation
enhances to a continuous one, which would imply the presence of a continuous global
shift-symmetry in the effective theory. The presence of the infinite tower, which
automatically forces the quantum gravity cut-off to go to zero, can then be understood
as a quantum gravity obstruction to restore this global symmetry, in accordance with
the no global symmetries conjecture presented page 32. The key point is that the SDC
states how the effective theory breaks down when trying to recover a global symmetry
in a continuous way. Therefore, it quantifies how approximate a global shift-symmetry
can be, by providing a quantum gravity cut-off above which no effective field theory
enjoying that approximate global symmetry is valid. It also nicely connects with the
Weak Gravity Conjecture (1.45), which analogously quantifies what goes wrong when
trying to recover a U (1) global symmetry by sending a gauge coupling to zero. Given
that when a global shift-symmetry of a field is broken, the global symmetry of the
Hodge dual field is gauged, both conjectures could just be dual versions of each other.
This intuition of restoring a global symmetry was obtained in [76] by studying
infinite distance singularities in the complex structure moduli space of Type IIB CalabiYau compactifications. There, the discrete monodromy transformation generating
the infinite tower translates into a discrete shift-symmetry of the axionic complex
structure modulus corresponding to the angular coordinate encircling the singularity.
In the following sections, we will show how this intuition can be extrapolated to Kähler
moduli spaces. In fact, even if the moduli space is not complex, as M-theory on a
Calabi-Yau threefold or the circle compactification of F-theory, it will still be possible
to have a notion of a monodromy transformation which will generate the tower and
will correspond to some p-form discrete shift-symmetry in the effective theory. In
particular, we will see that in M-theory Calabi-Yau threefold compactifications, the
discrete symmetry enhances to a continuous one-form global symmetry1 at infinite
distance. This suggests a generalization of the SDC by requiring an infinite number of
1 See

[177] for a detailed explanation of generalized global symmetries.
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massless degrees of freedom (not necessarily particles) at every infinite distance point
at which a generalized global symmetry would be restored. It would be interesting to
further investigate this relation between the SDC and generalized global symmetries
in the future.
6.1.2

Emergence of infinite distance from integrating out a tower

Let us consider a D-dimensional effective theory of a massless scalar field φ plus a
tower of heavy particles hn whose mass depends on φ as mn (φ) = n∆m(φ). We will
follow very closely [76, 86] but without assuming any particular form for ∆m(φ). The
power of our results will precisely reside in this independence of the form of ∆m(φ).
The Lagrangian is
L=

1
2

2

(∂φ) +

X h1
n

2

i
1
2
2
(∂hn ) + mn (φ) h2n .

(6.1)

2

We are interested in the quantum corrections to the field metric of φ when integrating
out the massive infinite tower of states. However, any tower of states weakly coupled
to Einstein gravity has an associated cut-off scale above which quantum gravitational
effects become important and the quantum field theory description breaks down. Since
the procedure of integrating out can only be performed within the realm of an effective
quantum field theory, we should only integrate out the states up to this quantum
gravity scale Λqg . We saw in the introduction that in presence of many species, there
is a very natural candidate for Λqg , namely the species scale (1.49). For the above
tower of particles of evenly increasing mass, we have
Nqg =

Λqg
,
∆m(φ)

(6.2)

implying
1

 D−1
D−2
Λqg ' Mpl,D
∆m(φ)


and

Nqg =

Mpl,D
∆m(φ)

 D−2
D−1
.

(6.3)

Therefore, if ∆m depends on the point of the moduli space parametrized by φ, so will
the species scale. In fact if we now consider that the whole tower becomes massless at
a particular point φ0 , i.e ∆m(φ) → 0 as φ → φ0 , we find that Nqg → ∞, and that the
species scale will go to zero at that point, i.e. Λqg (φ0 ) = 0.
We can now compute the one-loop quantum corrections to the field metric of φ
when integrating out the tower of massive states, given by [65, 76, 86]
1-loop
gφφ
∼

X
n

mn (φ)D−4 (∂φ mn (φ))2

(6.4)
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When summing only over the number of species below Λqg , we get
2
1-loop
D−2
D−1
gφφ
∼ Nqg
∆m(φ)D−4 ∂φ ∆m(φ) ∼ Mpl,D



∂φ ∆m(φ)
∆m(φ)

2
.

(6.5)

The distance between two points of the moduli space φ0 and φ1 is then given by
Z

φ1

d(φ0 , φ1 ) =
φ0

√


gφφ ∼ log

∆m(φ1 )
∆m(φ0 )


(6.6)

which indeed diverges if ∆m(φ0 ) → 0, and the masses decrease exponentially as we
approach the infinite distance point,
∆m(φ0 ) ∼ ∆m(φ1 ) e−γ d(φ0 ,φ1 ) ,

(6.7)

where γ encodes all the numerical factors that we have neglected in the above procedure
of integrating out and that will depend on the properties of the tower. Notice that we
did not need to specify the dependence of the masses on φ. The logarithmic divergence
of the proper field distance, and consequently the exponential mass behavior, emerges
from integrating out any tower of states up to its species bound.2 The only thing that
matters is that the tower gets compressed, i.e. that ∆m(φ0 ) goes to zero at the point
in question. In terms of the quantum corrected proper field distance, the number
of species then increases exponentially and the quantum gravity cut-off decreases
exponentially fast,
Λqg ∼ Mpl,D e−λ d(φ0 ,φ1 )
(6.8)
where λ ∼ γ/(D − 1). This toy model computation removes part of the mysticism of
the conjecture relating infinite distances and infinite towers of states. If the number of
species increases when approaching a point of the moduli space, quantum corrections
from this tower will automatically generate a logarithmic field distance divergence in
terms of the mass of these states. In [65] it was pointed out that not every infinite
massless tower necessarily generates an infinite field distance. However the above
argument seem to indicate that this will always be the case, as long as they count as
different species.
Finally, let us remark that there are two possible levels of emergence. Either the
infinite tower generates part of the infinite field distance, and a classical divergence
being also present, or the infinite field distance fully emerges from quantum corrections
from integrating out the tower. In the latter case, the fact that moduli spaces are
in general non-compact would be an IR effect from integrating out infinite towers of
2 See [88, 86, 76, 55] for the proposal that the Weak Gravity Conjecture is also implied by the
idea that the small gauge coupling emerges from integrating out the massive charged WGC states up
to the species bound.
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states that become massless at particular points. A reason for these towers to exist
was discussed in the previous subsection. As a final remark, notice that quantum
corrections will dominate over the classical piece if the tower of states satisfies what
was called the Scalar Weak Gravity Conjecture [63],
1-loop
class
gφφ
≥ gφφ

if

φφ
gclass



∂φ ∆m(φ)
∆m(φ)

2
&1

(6.9)

where we made use of (6.5). Note that the notion of full emergence (i.e. the classical
piece is entirely generated by quantum corrections) occurs when the tower of states
saturates the bound. This also provides a motivation to have γ, λ & 1.
6.1.3

Kaluza-Klein circle compactification

As mentioned, we aim at studying infinite distance limits in the Kähler moduli space
of a string compactification. The expectation value of the Kähler moduli parametrize
the volumes of non-trivial cycles of the compactification space. Hence, in certain cases,
moving in this moduli space will also correspond to varying the Planck mass as it is
given by the overall volume of the internal space. It is important to remark that the
mass of the tower of states in (1.48) is given in the Einstein frame, meaning that Mpl
is fixed. Otherwise, the mass in (1.48) should be replaced by the ratio m/Mpl . This
implies, in particular, that the tower of states at infinite distance can be very heavy
while still satisfying m/Mpl → 0 if Mpl → ∞ at infinite distance. In other words,
the tower of states only affects the low energy effective theory if Mpl is finite, but
any effect disappears if gravity decouples, as expected for a swampland constraint.
The simplest example in which this happens corresponds to varying the radius of a
circle compactification. For this reason, we will first describe these observations on
a Kaluza-Klein circle compactification as well as the meaning of the species bound
in this context, before turning to more complicated Kähler moduli spaces in string
theory in section 6.2.
The circle compactification of a complex scalar φ̂ field from D + 1 to D-dimensions
was performed in section 1.6.1. Let us recall here the features we will need. We found
in (1.35) that the Planck masses in D and D + 1 dimensions are related by
D−2
D−1
Mpl,D
∼ r0 Mpl,D+1
.

(6.10)

We also saw that in D-dimensions, one obtains a infinite tower of KK-modes φn with
increasing mass, given by (1.36), which we repeat here for convenience
1
n  r0  D−2
.
(6.11)
r r
This tower of KK modes becomes massless in the decompactification limit r → ∞ and
their mass decreases exponentially in terms of the proper field distance ∆ = α log r,

mn (r) =

6.1

where α =

q
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D−1
D−2 ,
1

mn = n r0D−2 exp − α∆ ,

(6.12)

consistent with the Swampland Distance Conjecture. The species scale (1.49) for the
KK tower reads

Λqg .

D−2
Mpl,D

r0

1
 D−1
1
1
 r  D−2
 r  D−2
0
0
∼ Mpl,D+1
,
r
r

(6.13)

 1
where we have used that ∆m = 1r rr0 D−2 . Therefore, the true quantum gravity cutoff
Λqg is dictated by Mpl,D+1 and not Mpl,D , which fits with the fact that the UV of the
theory is in fact higher dimensional. In other words, for an observer in D-dimensions,
the presence of the tower of KK modes lowers the quantum gravity cut-off from Mpl,D
to Λqg ∼ Mpl,D+1 , which is the scale at which quantum gravitational effects become
important for an observer in D + 1-dimensions. This makes sense since the UV of the
two theories are the same. The number of species present at this scale is

Nqg ∼ r

D−2
Mpl,D

r0

1
 D−1

∼ r Mpl,D+1 .

(6.14)

Notice also that the quantum gravity cut-off Λqg goes to zero only if one insists on
keeping Mpl,D fixed. However, in the usual picture one rather keeps Mpl,D+1 fixed so
that Mpl,D goes to infinity as r → ∞.
We now compute the quantum corrections from the KK tower to the field metric
integrating up to Nqg . Notice that this is not a standard regularization method as we
want to explicitly keep the dependence on the UV cut-off. Recall that Λqg depends
on r and this dependence is crucial to generate the infinite field distance. Using (6.4)
we obtain
δg 1-loop ∼

Nqg
X
n=−Nqg

D−2
D−1
mn (r)D−4 ∂φ mn (r)2 ∼ Nqg
r0 r−D−1 ∼ Mpl,D

1
r2

(6.15)

which has the same parametric dependence as the classical piece in (1.34). Therefore,
we find that integrating out the infinite tower of KK modes up to the species bound,
one generates a metric that forces the limit r → ∞ to be at infinite distance. This is
expected as it corresponds to a particular case of the general computation performed
in the previous section. However, notice that this is a mild version of emergence,
as the metric already has a classical divergence. One could wonder if this classical
piece could also emerge from integrating out another infinite tower of states. Even
if this is not possible in a Kaluza-Klein compactification, it might be possible in a
consistent theory of quantum gravity. We will discuss this issue again when studying
a circle compactification of 6d F-theory in section 6.3. It would also be interesting to
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study how typical regularization methods applied to UV-dependent quantities change
when we assume that the UV cut-off varies. Let us also recall that if we keep Λqg
fixed instead and apply usual regularization methods, we do not get any quantum
divergence for the field distance, but in return, the D-dimensional Planck mass tends
to infinity and gravity decouples. Only if we insist on keeping Mpl,D fixed, we generate
the infinite field distance at quantum level.
The possibility of having different towers becoming massless at infinite distance
raises the questions of whether a tower is preferred and should be identified as the
candidate for the SDC and whether it is always possible to find a tower responsible
for the quantum emergence of the infinite field distance. We think that the best way
to identify the tower is to look for the objects that are charged under the discrete
symmetry that becomes continuous at infinite distance. We will do this by identifying
the charge orbit of states generated by a monodromy transformation of infinite order.
This monodromy is part of the discrete duality group of the compactification which
enhances to a continuous group at the infinite field distance singularities. Sometimes
this tower corresponds to KK modes but in general it consists of more exotic objects,
namely wrapping D-branes.
As a final comment, let us recall that, in the moduli space of a circle reduction,
the limit r → 0 is also at infinite distance. From the point of view of this quantum
field theory, there is no tower of states that becomes massless in this limit. However,
if the theory has a stringy UV-completion, strings winding the circle become massless
in the limit r → 0, such that one indeed finds an infinite tower of massless states, with
increasing winding number. These states are known as the winding modes. This is
actually a motivation [65] for a theory of extended objects, if one accepts the SDC.
Even if this limit is usually not accessible in a supergravity effective theory, we can
analyze it in the context of string theory, by making use of the T-duality. Since under
T-duality winding modes and KK states are exchanged, and that the metric r12 (∂r)2 is
left invariant, one concludes from the above analysis of integrating out the KK-modes
that, at small radius values, that integrating out the winding modes also yields a
metric ∼ r12 (∂r)2 , thereby also forcing the limit r → 0 at infinite distance. We will
come back to such arguments involving dualities in subsection 6.2.5.

6.2

Infinite distances and charge orbits at large volume in
Type IIA

In this section we shift to the discussion of the SDC in string theory. More precisely,
we will consider Type IIA string theory compactified on a Calabi-Yau threefold Y3 .
Focusing on the vector multiplet sector of the resulting N = 2 four-dimensional theory
we study infinite distances in Kähler moduli space. Note that the Kähler moduli,
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henceforth denoted by v I , parameterize the volumes of geometrical submanifolds of
Y3 . Limits sending one or more v I to infinity hence correspond to decompactification
limits in generalization of the discussion of section 6.1.3. We will classify such limits in
subsection 6.2.1 and show that they always lead to infinite distances in subsection 6.2.2.
The candidate charge orbits of states that become massless in the limits are determined
in subsection 6.2.3. They can be explicitly constructed and studied for elliptic fibrations,
as we show in subsection 6.2.4. Finally, we show in subsection 6.2.5 that in the latter
case the orbits can be transferred from large to small elliptic fiber volume.
6.2.1

Classifying infinite distance limits in the large volume regime

To start with we briefly review some basic aspects of the Kähler moduli space of
Calabi-Yau threefold compactifications in Type IIA. This moduli space MKs is a
Kähler manifold of complex dimension h1,1 (Y3 ) 3 . The complexified Kähler structure
deformations tI parametrizing MKs are given by
B2 + iJ = tI ωI ,

I = 1, . . . , h1,1 (Y3 ) ,

(6.16)

where the ωI ’s form a basis of the harmonic (1,1)-forms of Y3 , B2 = bI ωI is the NS
2-form and J = v I ωI is the Kähler form, so tI = bI + iv I . The Kähler potential is
given by K = − log 8V with the overall volume V of the threefold is given
V=

1
3!

KIJK v I v J v K ,

(6.17)

where the triple intersection numbers are defined as
Z
KIJK =

ωI ∧ ωJ ∧ ωK ,

(6.18)

Y3

R
1
as we already saw in section 4.2. Furthermore it is useful to introduce bI = 24
ω ∧
Y3 I
c2 (Y3 ), with c2 (Y3 ) being the second Chern class of the Calabi-Yau threefold. The
scalars tI comprise nV = h1,1 (Y3 ) vector multiplets together with the vectors AI
coming from expanding the R-R three-form C3 in the same basis
C3 = AI ∧ ωI + . . . .

(6.19)

Note that there is one further vector in the spectrum arising from the dimensional
reduction of the R-R one-form C1 . This additional vector, or rather an appropriate
linear combination of all vectors, will be part of the gravity multiplet and is often
denoted as the graviphoton.
3 Recall

that hp,q = dimH p,q (Y3 , C) are the Hodge numbers of the Calabi-Yau threefold Y3 .
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Let us next introduce the machinery to classify the types of infinite distances that
appear in the large volume regime v A  1 of Calabi-Yau compactifications. The
basic idea is to translate the data specifying the large volume compactification given
in (6.18), i.e. the triple intersection numbers KIJK and the second Chern class bI , into
h1,1 (Y3 ) so-called log-monodromy matrices NI and an anti-symmetric inner product ϑ.
Together NI , ϑ capture all relevant information concerning the metric on the scalar
field space spanned by the tI ’s.
To begin with we briefly discuss the construction of a monodromy matrix in Kähler
moduli space by using mirror symmetry. More precisely, recall that under mirror
symmetry the large volume point is mapped to the large complex structure point
by identifying the complexified Kähler structure deformations tI with the complex
structure deformations z I of IIA and IIB compactifications. The Kähler potential for
complex structure moduli space of the mirror Calabi-Yau threefold Ỹ3 is given by
K(z, z̄) = − log(iΠ̄I ϑIJ ΠJ )

(6.20)

where ΠI are the periods of the holomorphic (3,0)-form Ω into a real integral basis γI ,
I = 1, . . . , h2,1 (Ỹ3 ) + 2 of three-cycles as follows,
Ω = ΠI γI ,

Z
ϑIJ = −

γI ∧ γJ .

(6.21)

Ỹ3

The mirror map implies that, at the large volume point, one can introduce the following
2h1,1 (Y3 ) + 2-dimensional period vector Π depending on these complex variables



1


tI


Π (tI ) = 
,
1
1
J K
J


K
t
t
+
K
t
−
b
I
2 IJK
2 IJJ
iζ(3)χ
1
1
I J K
I
6 KIJK t t t − ( 6 KIII + bI )t + 8π 3

(6.22)

R
where χ = Y3 c3 (Y3 ) is the Euler number of Y3 . It is crucial in this identification that
we consider a basis ωI spanning (part of) the Kähler cone. In other words, we need
to ensure that when taking v I > 0, the Kähler form J = v I ωI measures a positive
R
volume C J > 0 for all irreducible proper curves C in Y3 . While much of the following
discussion is general, we will assume that the Kähler cone of the considered manifold
is simplicial, i.e. spanned by exactly h1,1 (Y3 ) generators. This implies, in particular,
that all KIJK ≥ 0, which will significantly simply the discussion below.
Then one defines the monodromy transformation to be the matrix arising in the
transformation Π(t1 , . . . , tA − 1, . . .) = TA Π(t1 , . . . , tA , . . .). From the point of view
of the four-dimensional effective theory, this transformation corresponds to a discrete
shift of the axionic field Re(tI ). Instead of displaying the matrix TA (see [77] for an
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explicit expression and references), we rather show the nilpotent matrix NA obtained
from TA by setting
NA = log(TA ) .

(6.23)

These NA are known as the log-monodromy matrices and can be used to classify
singularity types arising in Calabi-Yau moduli spaces. For the large complex structure
periods (6.22) they are readily determined to be



NA = 


0
−δAI
− 21 KAAI
1
6 KAAA

0
0
−KAIJ
1
2 KAJJ

0
0
0
−δAJ

0
0
0
0




 .


(6.24)

The corresponding pairing ϑ that can be used to contract the periods, takes the form



ϑ=


0
1
6 KIII

+ 2bI

0
1

− 16 KJJJ − 2bJ
0
1
(K
−
K
)
δ
IIJ
IJJ
IJ
2
−δIJ
0
0
0

−1
0
0
0




 .


(6.25)

where bI was introduced below (6.18). It is important to stress that the displayed
(2h1,1 (Y3 )+2)×(2h1,1 (Y3 )+2) matrices NA , ϑ are determined in a special basis of even
forms on the Calabi-Yau manifold Y3 , which also requires the Kähler cone condition
introduced above. We will not go into details how this basis is derived, but rather
stress that the following considerations are invariant under basis transformations. Let
us as well notice that the above nilpotent matrix has also been derived in a different
avenue by analysing the structure of the flux induced scalar potential when written
in terms of Minkowski 3-form fields [178, 112, 179], as it also deeply relies on the
presence of the discrete axionic shift-symmetries.
The crucial point is that we can now associate a log-monodromy matrix to each
limit of the tI taken in the Kähler cone. The simplest situation is to consider only a
specific tI taken to i∞ for some chosen index I. Let us relabel the coordinates such
that this is the direction t1 . Then one has to associate the matrix N1 to this limit.
However, if one takes the limit in two directions, which we choose after relabeling
to be t1 → i∞ and t2 → i∞, then one associates the matrix N1 + N2 , or any other
positive linear combination of N1 , N2 , to this limit. In general, if one takes the limit
of n coordinates labeled by t1 , . . . , tn , one thus associates
t1 , . . . , tn → i∞

−→

N(n) = N1 + . . . + Nn ,

(6.26)
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where N(n) is the relevant log-monodromy matrix in this limit. For future reference,
we give here its explicit form in terms of the intersection numbers



N(n) = 


0
Pn
− i δiI
Pn
− 12 i KiiI
P
n
1
i Kiii
6

0
0
Pn
− i KiIJ
P
n
1
i KiJJ
2

−

0
0
0
Pn
i

δiJ

0
0
0
0




.


(6.27)

Note that in order to extract the crucial properties of the limit one can also replace
the above N(n) with any other linear combination of all N1 , . . . , Nn with positive
coefficients. The crucial point about this map is the fact that one now has a handle on
classifying infinite distances by analyzing the associated log-monodromy matrix [77, 76]
In fact, since the allowed log-monodromy matrices can be classified [180] one also finds
a classification of limits in the Kähler cone and of infinite distances.
Let us briefly introduce the general classification of log-monodromy matrices for
Calabi-Yau threefolds. In general these do not have to arise from the large volume
regime, even though we will immediately return to this specific situation after this
brief general interlude. More precisely, they can arise at any limit in an m-dimensional
complex structure moduli space, of which the large volume regime is just a single
patch identified via mirror symmetry. Let us denote a log-monodromy matrix by N
and the inner product by ϑ. The allowed pairs (N, ϑ) can be classified into 4m types
denoted by
Ia ,

a = 0, . . . , m ,

IIb ,

b = 0, . . . , m − 1 ,

IIIc ,

c = 0, . . . , m − 2 ,

IVd ,

d = 1, . . . , m .

(6.28)

In fact, these types classify singularities that can arise at the boundaries of the moduli
space. Near such a boundary one can introduce local coordinates tI , and the limits are
taken as above in (6.26). The singularity types are distinguished [77] by the relations
displayed in Table 6.1, where we included the extra condition allowing us to distinguish
the cases Ia and IIb by using only ϑ and N .
Let us stress that the N appearing in Table 6.1 does not have to be the logmonodromy matrix arising from sending a single coordinate into a limit. Rather, it can
be extracted when sending any number of coordinates tI to i∞ as in (6.26). Hence, we
can also study what happens if we send step-wise one after the other coordinate to i∞.
At the jth step we can determine the singularity type by associating the appropriate
N(j) using (6.26), i.e. we consider
t1 , . . . , tj → i∞

−→

N(j) = N1 + . . . + Nj ,

j = 1, . . . , n ,

(6.29)
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Type

N

rank of
N2 N3

a
2+b
4+c
2+d

Ia
IIb
IIIc
IVd

0
0
2
2

0
0
0
1
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eigenvalues of ϑN
a negative
2 positive, b negative
not needed
not needed

Table 6.1: Classification of the arising limits and singularities occurring in the complex
moduli space of Calabi-Yau threefolds.

and then determine the type using Table 6.1. As a place-holder for the possible
types (6.28) we will write Type A(j) for the singularity type occurring at the jth step.
We then find an enhancement chain of the form
t1 →i∞

t2 →i∞

t3 →i∞

tn →i∞

−−−−−−→ Type A(1) −−−−−−→ Type A(2) −−−−−−→ . . . −−−−−−→ Type A(n) .
(6.30)
In fact, one can show that the type only can increase or stay the same, i.e. a general
chain of singularity enhancements takes the form
Ia1 → . . . → Iak → IIb1 → . . . → IIbl →
→ IIIc1 → . . . → IIIcp → IVd1 → . . . → IVdq .

(6.31)

The precise rules of which enhancements can occur in principle have been worked out
in [180] and a concise summary can be found in [77], Table 3.3.
This general classification can immediately be applied to the large volume logmonodromies determined in (6.24) in the limit tA → i∞ for a single coordinate tA . In
this case it is not hard to show by using (6.24) and (6.25) together with the fact that
KIJK ≥ 0 for a simplicial Kähler cone, that the case Ia actually does not arise in the
large volume regime Im tI  1. This matches the fact that the Type Ia corresponds
to having a finite distance in moduli space. It arises, for example, at the conifold point
in complex structure moduli space, but not at the large volume regime where all limits
are expected to be at infinite distance. For the remaining three cases, the singularity
type of the individual limits tA → i∞ is evaluated by considering NA given in (6.24),
an first computing its square and cube


0
0



NA2 = 
 KAAI
0

0
0
0
KAAJ


0 0
0 0 

,
0 0 
0 0




NA3 = 


0
0
0
−KAAA


0 0 0
0 0 0 

.
0 0 0 
0 0 0

(6.32)

Then, one can evaluate the ranks of NA , NA2 and NA3 and use table 6.1 in order to
determine the singularity types. The results are summarized in Table 6.2.
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Type

rk(KAAA )

rk(KAAI )

0
0
1

0
1
1

IIb
IIIc
IVd

rk(KAIJ )
b
c+2
d

Table 6.2: We list the singularity types arising in the large volume regime, when
sending a single coordinate tA → i∞. Note that the ranks rk(KAAA ) and rk(KAAI )
are either 0 or 1 depending on whether KAAA and KAAI are vanishing or not.

These results can be straightforwardly generalized to the case of sending multiple
t to i∞ in Kähler moduli space. As before we relabel the coordinates such that the
limit of interest sends the first n coordinates to i∞. The relevant log-monodromy
matrix associated to this limit is N(n) , introduced in (6.27). Introducing the notation
I

(n)

KIJ ≡

n
X

KiIJ ,

(n)

KI

i=1

≡

n
X

KijI

and

K(n) ≡

i,j=1

n
X

Kijk ,

(6.33)

i,j,k=1

we find



2
N(n)
=


0
0
(n)
KI
0

0
0
0
(n)
KJ

0 0
0 0
0 0
0 0




,





3
N(n)
=


0
0
0
−K(n)

0 0 0
0 0 0
0 0 0
0 0 0




.


(6.34)

2
3
Evaluating the ranks of N(n) , N(n)
and N(n)
and using again Table 6.1, one finds
the singularity type. This yields a generalization of Table 6.2, which is presented in
Table 6.3.

Type
IIb
IIIc
IVd

rk K(n)
0
0
1

(n)

rk KI
0
1
1

(n)

rk KIJ

b
c+2
d

Table 6.3: We list the singularity types arising in the large volume regime, when
sending multiple coordinates t1 , . . . , tn → i∞. Note that the ranks rk(number) and
rk(vector) are either 0 or 1 depending on whether the number and vector are vanishing
or not.

6.2.2

Infinite distances in Kähler moduli space

Having classified the limits in Kähler moduli space we next study the distances along
paths as measured by the Kähler metric KI J¯ = ∂tI ∂t̄J K. Recall that the length of a
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path connecting two points Q, P in moduli space is determined by
Z q
dγ (Q, P ) =

2 KI J¯ ṫI t̄˙J ds ,

(6.35)

γ

where the path γ is parameterized in local coordinates by tI (s) and we abbreviated
I
ṫI = ∂t
∂s . In the following we will show that each path approaching a point P that is
located at t1 , . . . , tn → i∞, for some n, is infinitely long.
To begin with, we determine the Kähler potential using (6.20) and inserting the
mirror periods Π given in (6.22) and the intersection form ϑ given in (6.25). This
yields the well-known expression
1
ζ(3)χ 
≡ −log Vq .
K = −log KIJK v I v J v K +
6
32π 3

(6.36)

Clearly, if we consider simplicial Kähler cones, we can use KIJK ≥ 0 to infer that Vq
diverges and hence K approaches negative infinity for any limit v 1 , . . . , v n → ∞. If
we want to work more generally and also want to infer the growth of Vq , we can apply
a result determined in [77] based on the growth theorem of [176]. More precisely, one
shows that the leading growth of Vq is
Vq ∼ c v 1

d1

v2

d2 −d1

· · · (v n )dn −dn−1 ,

(6.37)

if one considers the limit v 1 , . . . , v n → ∞ in the growth sector


v n−1
v1
> λ,...,
> λ , vn > λ
2
v
vn


,

(6.38)

for some positive λ. Here c is a positive constant and the symbol ∼ indicates that we
only focus on the leading term. The integers di are simply the types occurring in the
corresponding enhancement chain (6.30), i.e. we identify
Type A(i)

IIb

di

1

IIIc
2

IVd

(6.39)

3

With this identification it is now clear that maximally three v i can appear in (6.37)
as expected from (6.36). It is crucial to point out that the growth of Vq depends on
the sector (6.38) into which that path γ towards P falls. This is not a very restrictive
constraint on the considered paths, since one can reorder the v 1 , . . . , v n to satisfy the
inequalities in (6.38). Accordingly one then has to also consider an appropriately
reordered enhancement chain (6.30) and adjust the di .
Having determined the growth of the Kähler potential, let us now determine the
growth of the length of the path. In the following we will establish a lower bound on
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this growth. To do that, let us first assume
¯

2KI K I J KJ¯ ≤ f −2 ,

(6.40)

where f is some constant that might depend on the choice of the path γ. We will show
below that this condition is indeed satisfied for the Kähler potential (6.36). In order
to find a lower bound on the length of a cure we use (6.40) and the Cauchy-Schwarz
inequality4 to derive
(2KI J¯ṫI t̄˙J )1/2 ≥ f (2KI J¯ṫI t̄˙J )1/2 (2KI K I J KJ¯)1/2 ≥ f |KI ṫI + KJ¯t̄˙J | = f |K̇| (6.41)
¯

Using this estimate in (6.35) we find
Z
dγ (Q, P ) ≥ f

Z
|K̇|ds ≥ f

γ

dK .

(6.42)

γ

We can integrate the last integral to evaluate
dγ (Q, P ) ≥ f |K(P ) − K(Q)| ,

(6.43)

where K(P ), K(Q) is the Kähler potential evaluated at the two endpoints P , Q. This
implies that for a point P with t1 , . . . , tn → i∞ we see that the growth of dγ (Q, P ) is
dominated by the divergent contribution near P . Hence, we find that the growth of
the length is dominated by
dγ (Q, P ) & f log Vq ∼ f

n
X

(di − di−1 ) log v i ,

(6.44)

i=1

with d0 = 0, and di , i = 1, . . . , n defined in (6.39). Here we have used the expression (6.37) for the growth of Vq in a growth sector (6.38). Clearly, this implies that
the length is infinite as soon as we take v 1 , . . . , v n → ∞. Note, however, that this
does not necessarily imply that every path has a length growing logarithmically in v i ,
since we only presented a lower bound.
It remains to show that (6.40) is actually satisfied for the Kähler potential (6.36).
By a straightforward computation one determines
2KI K

I J¯

KJ¯ = 6 + 6

∞ 
X
n=1

ζ(3)χ
16π 3 KIJK v I v J v K

n
.

(6.45)

Since the non-constant terms are increasingly suppressed in approaching the point P ,
this implies that one can easily find a constant f such that (6.40) is satisfied.
4 The

Cauchy-Schwarz
inequality reads ||v|| · ||u|| ≥ |hv, ui|, where the norm is related to the inner
p
¯
product by ||v|| =
hv, vi. In the case at hand one uses v ∼
= (ṫI , t̄˙J ), u ∼
= (K I L̄ KL̄ , K JL KL ), with
an inner product determined by the Kähler metric.
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We thus conclude that all limits in the large volume regime are at infinite distance.
While this result is not unexpected, it is satisfying to see that it can be explicitly
derived. It implies that one cannot find finite length paths towards t1 , . . . , tn → i∞
by using seemingly appearing cancellations in the volume Vq due to a choice of basis
or a consideration of non-simplicial Kähler cones. It also gives further evidence that
limits are at infinite distance if and only if the arising singularity types are II, III, or
IV. These are precisely the types that arise in the large volume regime, as discussed in
subsection 6.2.1. Note that only the direction that infinite distance implies type II, III,
IV singularities has been proved generally in a multi-dimensional moduli space [181].

6.2.3

Infinite charge orbits of states

Having determined the possible infinite distance singularities arising in the large
volume regime, we next want to identify an infinite set of states that become massless
when approaching such limits. It was suggested in [76] that these states are generated
by acting with the monodromy matrix on a single seed charge q0 to generate an infinite
tower. In higher-dimensional field spaces this can be captured by what was called a
charge orbit denoted by Q(q0 |m1 , . . . , mk ) in [77]. There are two basic requirements
on the charge orbit Q(q0 |m1 , . . . , mk ) for it to generate the states necessary in the
SDC. Firstly, the states have to become massless when approaching an infinite distance
point. Secondly, there has to be infinitely many states with this feature. It was
suggested in [76] that such states are actually BPS states with mass determined by
the central charge M (Q) = |Z(Q)|. The tricky part of this study is to evaluate the
behavior of M (Q) along every path approaching the infinite distance point. This can
be done by splitting the moduli space near the infinite distance points into growth
sectors as we discuss in the following.
To begin with we have to determine the growth sector in which a given path γ
towards a point P with t1 , . . . , tn → i∞ lies. A general path can be parameterized by
local coordinates tI (s), where s labels the position on γ. To check the growth sector
into which tI (s) falls, we first introduce it for a specific ordering t1 , . . . , tn . In this
simplest situation it takes the form

R1...n ≡

i

i

i

t = b + iv :

v1
v n−1
>
λ
,
.
.
.
,
> λ , vn > λ ,
v2
vn

i



|b | < δ ,

(6.46)

for some positive λ, δ. It might be the case that this condition cannot be satisfied
for tI (s) even if we start with very large v i . Then we have to reorder the ti by also
exchanging the v i in (6.46). Once we have determined an appropriate ordering, we
get an order (ti1 , . . . , tin ) for performing the limit t1 , . . . , tn → i∞. For this ordering
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one then has to determine the singularity chain
ti1 →i∞

ti2 →i∞

ti3 →i∞

tin →i∞

−−−−−−→ Type A(1) −−−−−−→ Type A(2) −−−−−−→ . . . −−−−−−→ Type A(n) .
(6.47)
i
Clearly, we can always relabel the coordinates t to make the singularity chain look
like (6.30) and the growth sector takes the form (6.46). In the following we will assume
that such a reordering and relabeling has been performed if necessary.
Having identified a growth sector and an associated enhancement chain we next
want to determine the charge orbits relevant in the large volume regime. Later on
we will apply this construction to elliptic fibrations. Let us first note that there are
h1,1 (Y3 ) log-monodromy matrices NI arising in the large volume regime. Each is
associated to a coordinate tI as discussed above. Hence, we expect the general charge
orbit to be of the form [77]
 P 1,1


h (Y3 )
Q q0 |m1 , . . . , mh1,1 (Y3 ) = exp
mI NI q0 ,
I=1

(6.48)

where we take the mI ’s to be non-negative integers. Note that this expression
simply states that we apply mI times the monodromy transformations TI discussed
before (6.23) to a suitable seed charge q0 . The challenge is now two-fold: (1) one
needs to construct a suitable q0 , which ensures that q0 and Q are massless at P ; (2)
one needs to identify situations when Q describes an infinite set of states. Both of
these issues have been clarified in [77]. However, it should be stressed that the explicit
constructions of [77] uses a significant amount of mathematical technology related to
the construction of a special set of matrices NI− that are parts of commuting sl(2)
algebras. While in this picture the existence and properties of q0 and Q can be more
easily abstractly analyzed, it is technically involved to construct these special NI− . We
will therefore follow a different route here. We will use the conditions found in [77]
translated to the NI basis and construct the q0 satisfying them. Let us stress that
the construction of q0 is not generally expected to be unique and there can be various
different charge orbits labeling the relevant states for the SDC.
In reference [77] it was shown that there are three singularity patterns for which
generally an infinite charge orbit exists that becomes massless at the considered
point P . The first possibility is that P lies on a Type IV locus. In other words,
Type A(n) = IV in the enhancement chain (6.30). The second possibility is that P
lies at a Type II locus, i.e. that Type A(n) = II in (6.30) and along this locus occurs
an enhancement II → III or II → IV in the considered region of field space. Finally,
the third possibility is that P lies at a Type III locus, i.e. Type A(n) = III and this
singularity enhances as III → IV in the considered region of field space. In the large
volume regime one of these three possibilities is satisfied for every infinite distance
point P [77]. This can be deduced from the fact that the highest singularity type
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in the large volume regime is IVh1,1 (Y3 ) . Hence, either one is directly at a type IV
singularity or one inherits the orbit from the large volume point with IVh1,1 (Y3 ) . This
implies that at each infinite distance point in the large volume regime there exists
an infinite charge orbit. Notice that, if these intersections of the singular divisors
allowing the enhancement of the type of singularity had not be present, there would
not be possible to identify an infinite charge orbit at type II and III singularities. This
exemplifies how the Swampland Distance Conjecture is realized in a highly non-trivial
and intricate way in Calabi-Yau compactifications. The conjecture does not constrain
only the local structure of the Calabi-Yau but also the global network of enhanced
singularities allowed in the moduli space.
Masslessness conditions To construct a charge orbit relevant in the large volume
regime let us recall that, since [77]
m(Q) = |Z(Q)| ≤ kQk ∼ kq0 k ,

(6.49)

a sufficient condition to ensure the masslessness of Q is that q0 has vanishing norm. In
order to achieve this for the enhancement chain (6.30) within the growth sector (6.46),
we first require that for every i = 1, . . . , n there exists some vectors ui , vi and xi
2
3
satisfying N(i)
vi = 0 and N(i)
xi = 0 such that the seed vector takes the form [77]
q0 = vi

if

Type A(i) = II ,

(6.50a)

q0 = vi + N(i) ui

if

Type A(i) = III ,

(6.50b)

q0 = vi + N(i) xi

if

Type A(i) = IV .

(6.50c)

These conditions might not be strong enough to generally ensure masslessness, since
in some cases kq0 k might tend to a finite value at the infinite distance point. To
make sure that this does not happen, we need to additionally require that for the
last singularity in the chain (6.30) that ther exists some vectors un and wn satisfying
2
N(n)
wn = 0 such that
q0 = N(n) un

if

Type A(n) = II ,

(6.51a)

q0 = N(n) wn

if

Type A(n) = III ,

(6.51b)

2
q0 = N(n) wn + N(n)
un

if

Type A(n) = IV .

(6.51c)

Roughly speaking the conditions (6.51) ensure the necessary suppression of kq0 k by
at least one coordinate v n that grows to infinity at the infinite distance point.5
5 This can be shown by using the results of section 4.3 of reference [77]. A sufficient condition for
−
q0 to be masslessness at the infinite distance point was given in eq. (4.29). Replacing N(i)
→ N(i)
the condition (4.29) of [77] is satisfied when imposing (6.50) and (6.51).
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Infiniteness conditions In order to assure that an orbit is generated, we need to
demand that the action of the exponential in (6.48) on q0 is non-trivial, i.e. we need
that
N(J ∗ ) q0 6= 0

J ∗ = 1, . . . , h1,1 (Y3 ) .

for some

(6.52)

Notice that it is enough if this is satisfied for at least one NJ ∗ , J ∗ = 1, . . . , h1,1 (Y3 ).
In light of the masslessness conditions (6.50), a simple way how to realize this might
be to demand that it is satisfied for a Type IV singularity. As mentioned above, the
large volume point is a Type IV singularity, so we are ensured that an infinite orbit
can be generated, even if Type A(n) =
6 IV. However, let us remark that stricto sensu
one does not need to have a Type IV singularity in order to generate an orbit. Indeed
what can happen is that in a sufficiently small neighborhood E close to the point of
interest P , there is another Type II or III singularity, associated to a coordinate tJ
which is not taken to i∞, i.e. J > n. We do not need to impose (6.50a) for N(J) ,
such that we can have N(J) q0 =
6 0, generating an orbit. Notice that the sum in (6.48)
should really be only over the NI ’s present in E.
Constructing the orbit We now construct explicitly such a seed vector q0 . We
first split this 2h1,1 (Y3 ) + 2-dimensional vector into four parts
(4)

(2)

q0 = q (6) , qI , qI , q (0)

T

,

I = 1, . . . , h1,1 (Y3 ) ,

(6.53)

where we indicated with the superscript that q (p) will later be interpreted as inducing
Dp-brane charges. Now we enforce the conditions (6.50) and (6.51) by using the explicit
forms of the log-monodromies N(i) given in (6.27). The details of the computations
can be found in appendix 6.A. One immediately finds that one needs to demand
q (6) = 0

for all

Type A(n)

(6.54)

and
(4)

qI

=0

for Type A(n) = III or IV .

(6.55)

This last condition can also be set for a type II singularity while still satisfying the
infiniteness condition (6.52). Similarly q (0) is not constrained by the masslessness
conditions (6.50) and (6.51) but since it plays no role in (6.52) it can safely be set to
zero. That is, we can choose
(4)

=0

for Type A(n) = II

(0)

=0

for all

qI
q

Type A(n)

(6.56)
(6.57)
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(2)

So we see that the non-trivial sector of these conditions is for qI , already hinting that the infinite orbit will correspond to D2-brane states. The masslessness
conditions (6.50) and (6.51) are then satisfied, for all singularity types, if
(2)

qI

(n)

= KIJ ω J

(6.58)

for some integer vector ω I such that
(2)

qi

=0

for

i < nIII ,

(6.59)

where nIII labels the first type III singularity, and
n
X

(n)

qa(2) = KI ω I = 0

if

Type A(n) = III .

(6.60)

a=1

This last condition is always satisfied if we extend (6.59) to
(2)

qi

=0

for

i < nIV .

(6.61)

which we will take for simplicity. Notice that this latter condition is not necessary
unlike (6.59) and (6.60). However, we will see in the appendix that it is possible
to find an infinite charge orbit satisfying (6.61). It would be interesting, though, to
investigate what changes if it is relaxed; we leave this task for future work.
On the other hand, the condition (6.52) for the orbit to be generated requires that
(2)

qJ ∗ 6= 0

for some

J ∗.

(6.62)

We outline in appendix 6.A a concrete approach to find some ω I such that eqs. (6.59)
to (6.62) are satisfied, ensuring that there always exists a massless infinite charge orbit.
It is expected that this can be always achieved, since the existence of an orbit was
already shown in [77] in a more abstract way. Having determined q0 we can derive
the charge orbit by acting with the log-monodromies NI as in (6.48). This yields

T
P
(2)
(2)
,
Q = 0, 0, . . . , 0, qI , − I mI qI
(2)

(6.63)

where qI meets the above requirements.
In Type II compactifications, this orbit of states has a specific microscopic interpretation in terms of BPS wrapping D-brane states. For concreteness, in a Type IIB
compactification on a Calabi-Yau threefold Ỹ3 , q would correspond to the charge of
a D3-brane wrapped on the three-cycles γ I and whose mass M = |Z(q)| would be
given by the central charge
Z
Kcs
ΠT ϑ q
2
Z(q) = e
H ∧Ω=
.
(6.64)
iΠ̄T ϑΠ)1/2
Y3
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Here, H is the three-form with coefficients q in the integral basis γI and the periods
Π and the Kähler potential Kcs in the complex structure moduli space are defined
in (6.20) and (6.21). The masslessness conditions (6.50) and (6.51) are obtained from
requiring that Z(Q) = 0 at the infinite distance singularity.
By using the mirror map, it is also possible to translate these results to the Kähler
moduli space of Type IIA Calabi-Yau compactifications. The D3-branes will map to
different bound states of Dp-branes with even p. More precisely, notice that we have
conveniently chosen a basis for the mirror period vector in (6.22), which is identified
with the following Type IIA K-theory basis of branes,
(OY3 , ODI , C J , Op ),

(6.65)

1/2 
where p are points, DJ are h1,1 (Y3 ) divisors and C J := ι! OC J KC J where C I are the
dual h1,1 (Y3 ) curves, so C J · DI = δIJ (see [182], section 2.3 for their precise definition).
Recall that the divisors DI are Poincaré-dual to the two forms ωI in (6.16) and span
the Kähler cone. In practice, this implies that the different components of the charge
vector q correspond to the charge of a D6-,D4-,D2- and D0-brane wrapping the whole
threefold Y3 , a 4-cycle, a 2-cycle or a point respectively. Therefore, the massless infinite
charge orbit at large volume consists of D2-D0 bound states.
It might seem surprising that we are identifying the massless tower predicted by
the Swampland Distance Conjecture at the large volume limit of Type IIA with a
massless charge orbit of BPS states consisting of bound states of D-branes instead
of Kaluza-Klein states. Clearly, there can be more than an infinite tower becoming
massless at infinite distance as we will also get a KK tower in this limit. However, it
is this charge orbit of BPS states the one that will be later identified as responsible
for emergence of the infinite distance and restoration of a global symmetry. Let us
also remark that these BPS states only become massless with respect to the Planck
scale Mpl , since the central charge gives the value of the mass in Planck units. Since
the Planck mass is also going to infinity in the large volume limit, the states become
indeed infinitely heavy but their mass diverges exponentially slower than Mpl . The
massless requirement of the Swampland Distance Conjecture only makes sense then in
the Einstein frame, where Mpl is kept finite.

6.2.4

Infinite distances and charge orbits in elliptic fibrations

In this section we will determine the singularity types and charge orbits arising in
elliptic fibrations with a single section. This analysis will be very useful in the context
of the M/F-theory duality in section 6.3. In order to do that one first needs to
determine the Kähler cone basis for these geometries. This was done, for example, in
ref. [183]. We will assume that B2 admits a simplicial Kähler cone basis, which we
then pull to two-forms ωα on Y3 via π ∗ . The basis (4.10) is not a Kaähler cone basis.
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In order to obtain a Kähler cone generator in the ω̌0 direction one has to perform the
shift
ω̌0 = ω0 − K α ωα ,

(6.66)

This implies that intersection numbers in the Kähler cone basis ω̌I = {ω̌0 , ωα } are
given by
Ǩ000 = ηαβ K α K β ,

Ǩ00α = −ηαβ K β ,

Ǩ0αβ = ηαβ ,

Ǩαβγ = 0 .

(6.67)

We note that all these intersection numbers are positive, as required in the Kähler
R
cone, for h1,1 (B2 ) ≤ 10, since also B2 ωα ∧ c1 (B2 ) = −ηαβ K β ≥ 0. The Kähler form
can be also expanded in this basis
J = v̌ I ω̌I = v̌ α ωα + v 0 ω̌0 ,

(6.68)

which defines the cone v 0 , v̌ α > 0. Since from now on we will only work in this basis,
we will remove the checks from the intersection numbers (6.67) and from the Kähler
cone generator v̌ α → v α , in order not to overload the notation.
Using these intersection numbers and the rules in Tables 6.2 and 6.3 we can read
off the singularity types if some or all of the h1,1 (Y3 ) coordinates are taken into a limit.
Since Kαβγ = 0, the only way to obtain a Type IV singularity is to send v 0 → ∞.
Considering first that situation, we find that there are only two cases, depending
on whether v 0 is the only coordinate taken to infinity or not. In the first case, the
singularity is of Type IVh1,1 (B2 ) , while in the second case we find a singularity of Type
IVh1,1 (Y3 ) , which is the maximal singularity type, already when a single coordinate is
added to the limit. That is, we have
v0 → ∞ :
0

n

1

v ,v ,...,v → ∞ :

Type IVh1,1 (B2 ) ,

(6.69a)

Type IVh1,1 (Y3 ) ,

(6.69b)

where in the second limit, the number n of coordinates v α is non-zero but otherwise arbitrary. The second situation is when v 0 stays finite, i.e. we take the limit
v 1 , . . . , v n → ∞ with n arbitrary.6 Here again we find two cases, depending on whether
all the ηij vanish or not:
(
1

n

v ,...,v → ∞ :

ηij = 0 ∀ i, j = 1, . . . , n

Type II2

if

Type III0

otherwise

(6.70a)
(6.70b)

6 Recall that the ordering of the coordinates is also arbitrary, meaning that we do not impose any
restriction on which of the v α we choose.
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With this at hand, we find that there are only 3 possible enhancement chains (of
course sub-chains of the last one are also possible)
v α →∞

v 0 →∞

−−−−→ IVh1,1 (B2 ) −−−−→ IVh1,1 (Y3 ) ,
v α →∞

v 0 →∞

v α →∞

v β →∞

−−−−→ II2 −−−−→ IVh1,1 (Y3 ) ,

(6.71)

v 0 →∞

−−−−→ II2 −−−−→ III0 −−−−→ IVh1,1 (Y3 ) ,
where the conditions on the v α ’s for these to happen can easily be read off (6.69)
and (6.70).
Having determined the arising singularity types we can use the results of the
previous section to obtain the charge orbit. As described there, this first requires to
determine the growth sector (6.46) in which the considered path tI (s) towards a point
P at a limiting point t1 , . . . , tn → i∞. This might require to reorder the coordinates,
in the sense that (6.46) is only satisfied along a path if we permute the coordinates
in (6.46). In elliptic fibrations the crucial information required to determine the orbit
is the growth of v 0 compared to the v α ’s. Let us first assume that we have picked an
ordering of the v α ’s such that the path is in the corresponding growth sector. We then

1,1
relabel these v α ’s, such that the ordering is simply v 1 , . . . , v h (B2 ) , where we are
free to pick any ordering for the coordinates that are not sent into a limit. We next
ask in between which two elements v n̂−1 and v n̂ the v 0 lies, i.e. for which n̂ one has
v n̂−1
>λ,
v0

v0
>λ.
v n̂

(6.72)

The integer n̂ determines at which point in the enhancement chain a Type IV singularity
(2)
(2)
occurs, as explained above. It follows from eq. (6.61) that all q1 , . . . , qn̂−1 are
(2)
vanishing, while q0 is the first possibly non-vanishing charge, if we order the charges
according to the order of the coordinates appearing in the growth sector. However, for
(2)
later convenience, we will adopt a different ordering, namely that q0 is always the
(2)
last of the qI ’s, even though v 0 grows faster than the v i ’s with i ≥ n̂, as indicated
above. This ordering will be useful when discussing the interpretation of the charge
orbit in F-theory. Using (6.63) with (6.61), we find

T
Ph1,1 (B )
(2)
(2)
(2)
(2)
(2)
Q = 0, . . . , 0, qn̂ , . . . , qh1,1 (B2 ) , q0 , −m0 q0 − i=n̂ 2 mi qi
,

(6.73)

(2)

where at least one of the qI has to be non-vanishing, as required by eq. (6.62).
Actually we show in appendix 6.A that it is always possible to choose the wI
(2)
in (6.51) such that only q0 is non-vanishing. That is to say, for any path towards
the large volume point, one can find the following massless infinite orbit

T
(2)
(2)
Q = 0, . . . , 0, q0 , −m0 q0
.

(6.74)
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Furthermore, the presence of this orbit is independent of the intersection numbers, so
it is valid for any Calabi-Yau threefold. This is one of the central results of this section
and will be especially important in section 6.3.2 when studying the F-theory limit.
Let us close this section by briefly discussing the sector dependence of these results.
Crucially, as stated in (6.72), the form of the charge orbit (6.73) in general depends on
the growth of v 0 relative to the v α ’s. However, it is also immediate from the occurring
singularities listed (6.69) and (6.70) that the relative growth of the v α , α ≤ n̂ − 1 and
v α , α ≥ n̂ is irrelevant to the form of Q. Hence, we find that for elliptic fibrations the
large volume charge orbit (6.73) exhibits a much milder path-dependence than what
generally arises due to the presence of growth sectors. In particular, the special choice
of orbit (6.74) is completely independent of the path.
6.2.5

Transferring the orbit to small volumes

In the previous subsections we have discussed the charge orbits arising in the large
volume regime. In particular, we have generally constructed an infinite orbit Q in (6.63)
that becomes massless at a point P in the large volume regime. We might now ask if
we can carry this orbit to other points in moduli space away from large volume. In
general, this is an extremely hard question, since it requires information about the
global properties of the moduli space and the D-brane states existent at various other
points. For elliptic fibrations, however, there is much literature [184–188, 183] on how
to leave the large volume point using the map v 0 → 1/v 0 , where we recall that v 0 is
the volume of the elliptic fiber. In the following, we will use these results to present a
charge orbit for the limit
1
v0 ≡ 0 → 0 .
(6.75)
ṽ
Note that this corresponds to considering a completely different region in moduli
space as indicated in Figure 6.1. As a byproduct we thus find an example that there
can be infinite massless orbits at singularities in moduli space that do not satisfy the
conditions outlined in subsection 6.2.3. It was shown in [189] that the monodromy
transformation associated to the small fiber divisor can be of finite order if the number
of sections of the mirror dual is not high enough. In these cases, the divisor v 0 → 0
is of type I (finite distance) and the intersection point with large base volume will
be at most type III0 . Hence, there does not exist any local monodromy operator
that can generate a massless infinite charge orbit at the regime of small fiber, but
still there should be an infinite massless tower of states since the intersection point
with large base volume is always at infinite distance. Interestingly, it turns out that
we can still identify an infinite charge orbit which is transferred from points that
satisfy the conditions of subsection 6.2.3 as suggested in [77]. In particular, the orbit
is transferred from the large volume point as we explain in the following.
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v0 → 0
v0 → ∞
v0 →

1
v0

large base volume
and small fiber
large volume
regime

α

{v } → ∞

Figure 6.1: The large volume regime is related to the small fiber regime by a double
T-duality along the elliptic fiber. This duality is implemented by a Fourier-Mukai
transform.
Considering first Type IIA string theory on a two-torus of volume v 0 , it is wellknown that the map v 0 → 1/v 0 arises from applying T-duality along both torus
circles. The basic idea is to apply this to elliptic fibrations by performing the double
T-duality along the fiber. To implement this transformation one performs a so-called
Fourier-Mukai transformation. This transformation acts as a non-trivial linear map S
acting on the K-theory basis of D-branes
(OY3 , OD0 , ODα , C α , C 0 , Opt ) ,

(6.76)

which is the specialization of (6.65) to elliptic fibrations. The form of the matrix S
can be explicitly calculated following [190, 191, 183]. The resulting expression acting
on the basis (6.76) takes the form (the details of the computation can be found in the
second appendix of [192])





S=





0
−1
Kα
−Kα
0
0

1
0
0
−Kα
0
1 γ
K
(η
γγ − Kγ )
2

0
0
0
−ηαβ
0
1
(η
ββ − Kβ )
2

0
0

1
2

η αβ
0

β
K − η βγ ηγγ
0

0
0
0
0
0
−1

0
0
0
0
1
0






 ,





(6.77)
where Kα = ηαβ K . One checks that this transformation preserves the symplectic
inner product ϑ given in (6.25), i.e. that S T ϑS = ϑ. Note that S contains, as indicated
with the boxes, the standard S-duality matrix. As we will see momentarily this is in
accord with the fact that the double T-duality along the fiber maps t0 → −1/t0 , which
is the non-linear S-duality transformation of the complex parameter t0 . Furthermore,
β

6.2

Infinite distances and charge orbits at large volume in Type IIA

165

we also stress that S transforms the D-brane states supported in the elliptically fibered
geometry. Recalling it corresponds to a double T-duality on the elliptic fiber we find,
in particular that
!
!
D2f
D0
S
−
→
,
(6.78)
D0
D2f
where D2f are the D2-branes wrapped on the elliptic fiber.
This duality operation also relates the periods Π valid at the large v 0 regime to
the small v 0 regime. In particular, it relates the large volume central charges as
h 
i


1
1
Z SΠ(tα , t0 ) = Z Π tα + k α , − 0
,

(6.79)

t

2

where S is the matrix given in (6.77). This expression means that one can equate the
central charges (6.79) when either replacing the periods Π → SΠ or evaluating the
periods at a different coordinate location. Note that if the left-hand side are the large
volume periods valid at v 0 = Im t0  1 and v α = Im tα  1 the right-hand side is
now valid in the regime Im t̃0 = 1/v 0  1 and v α  1. It is non-trivial to show (6.79),
since it equates central charges at different points in moduli space. However, it was
argued in [184–188, 183] that the transformation S effectively maps
t0 7→ −

1
t0

t̃α 7→ t̃α +

,

1
2

kα ,

(6.80)

when explicitly evaluating the power series expansions of the periods. An arising
overall complex rescaling of Π can be absorbed by a transformation of the Kähler
potential appearing in the central charge Z leading to (6.79).
In the previous section we gave in (6.73) the massless infinite charge orbit at the
large volume point for an elliptic fibration. In particular, this orbit is at large fiber
volume, v 0 → ∞. In order to obtain the orbit at small fiber volume we note that (6.79)
implies that if QLV is the large volume orbit massless at t0 , t1 , . . . , tn → i∞, the orbit
QF = S QLV

(6.81)

will be massless at v 0 → 0. Using the explicit expressions (6.77) and (6.73) we find
T

P
(2)
(2)
(2)
(2)
(2)
, (6.82)
QF = 0, 0, η αi qi , 0, −m0 q0 − i mi qi + 21 (K i − η iα Kαα0 )qi , q0
where we recall that i ≥ n̂ designates the v α that grow slower than v 0 when taking
the limit, see (6.72). In order to read the actual charge, we need to further contract
with ϑ
QF · ϑ =



(2)

− K i qi

(2)

(2)

+ q0 , −m0 q0 −

(2)

(2)

αi
i mi qi , 0, η qi , 0, 0

P

T

.

(6.83)
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Hence, the infinite tower of states becoming massless at small volume of the fiber
consists of D2-D0 bound states which differ by the D2-brane charge along the elliptic
fiber. The orbit can also admit a D4-charge although, as remarked in the previous
section, is always possible to choose an infinite orbit in which this D4-charge vanishes.
The transfer of the orbit from the large volume regime to small fiber is highly nontrivial and highlights the intricate global structure which is required to satisfy the
Swampland Distance Conjecture at any infinite distance point of the moduli space.

6.3

On infinite distances and charge orbits in M- and F-theory

In this section we will consider M-theory compactified on an elliptically fibered CalabiYau threefold Y3 and the duality of this setting to F-theory on the same threefold Y3
times an additional circle S 1 . These reductions were performed in chapter 4, and since
we restrict here to the case with a single section, the relevant sections are 4.2.1, 4.3.2
and 4.4.1. We will study infinite distances and charge orbits arising near the large
volume point of such an elliptically fibered geometry in M-theory. Subsequently we
generalize the discussion to include the F-theory limit which requires sending the
volume of the elliptic fiber to zero. In the F-theory dual picture this limit corresponds
to sending the radius of the additional S 1 to infinity. The resulting effective action
then describes F-theory compactified on the elliptically fibered Y3 . This leads us to a
dual geometric realization of the infinite tower of Kaluza-Klein states associated to
S 1 in terms of an infinite charge orbit by using the discrete symmetries associated
to the large volume regime in M-theory. These discrete symmetries are captured by
monodromy transformations when considering the complexified Kähler moduli space.
6.3.1

Large volume limits in M-theory

Infinite distance limits in Kähler moduli space of an elliptically fibered Calabi-Yau
threefold were studied in section 6.2.4. The same classification obtained at large
volume applies here for a Calabi-Yau threefold compactification of M-theory. However,
the microscopic interpretation of the infinite charge orbits in terms of wrapping branes
changes. In this section, we will discuss the M/F-theory interpretation of the infinite
massless charge orbits obtained at the different large volume limits.
Even if the monodromy transformation has a more obscure meaning in M-theory
(since the 5d moduli space is not complex), it is still a very useful tool to classify
the infinite distance limits and the tower of states becoming massless. When further
compactifying on a circle, we can complexify the moduli space and connect with the
Type IIA interpretation in which the monodromy transformation corresponds to a
discrete shift of the axion partners of the Kähler deformations v I . These axions arise
from dimensionally reducing the 5d vector bosons AI along the extra circle. Therefore,
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in the 5d M-theory compactification, the monodromy transformations capture the
change on the geometry under large gauge transformations of these vectors AI . At
infinite distance, the axionic discrete shift-symmetries in Type IIA enhance to a
continuous global symmetry. Analogously, in M-theory the discrete shifts of the gauge
bosons also become continuous and we restore a one-form global symmetry at infinite
distance. The tower of states of the SDC can, therefore, again be understood as a
quantum gravity obstruction to restore this generalized global symmetry.
For the scope of this section, it is enough to recall that we can borrow the results for
the classification on infinite distance singularities and charge orbits of section 6.2.4. The
only difference is that the infinite charge orbit becoming massless at infinite distance
will now consist of M2-brane states wrapping certain 2-cycles of the compactification
manifold. Recall that even if their masses generically diverge, they become massless
with respect to the Planck scale (which diverges exponentially faster). Notice also that
the charge orbits obtained in (6.73) imply that the tower consists only of particles
coming from wrapping M2-branes and not strings coming from M5-branes, since the
M5-brane has to vanish in an orbit that satisfies the masslessness conditions (6.50)
and (6.51).
In the following, we will translate these limits and orbits to the F-theory setup. We
recall that the real scalar fields j α in the 6d tensor multiplets together with the circle
radius r form the coordinates that are identified with the Kähler cone coordinates
v 0 , v α through the identification M I = LI where the M I are given in (4.43) and the
LI in (4.8), recalling that the split (4.15) was performed in the basis (4.13). One finds
v0
= r−4/3 ,
V 1/3

v α − 12 K α v 0
= r2/3 j α .
V 1/3

(6.84)

In addition, we have to consider the volume V of the Calabi-Yau threefold defined
in (6.17), which is part of a 5d hypermultiplet. In terms of the Kähler cone coordinates
it reads
V = 21 K0αβ v 0 v α v β + 12 K00α v 0 v 0 v α + 16 K000 v 0 v 0 v 0 .

(6.85)

As mentioned in (4.59) this volume has to be identified with the volume Vb in the 6d
hypermultiplet. To recall the charge orbits we stress that the matching with F-theory
should be done in the basis of two-forms ω̃I = {ω̃0 , ωα }, as explained in section 4.2.1.
This basis is related to the Kähler cone basis {ω̌0 , ωα } via
1
2

ω̃0 = ω̌0 + K α ωα .

(6.86)

The charge of the states in the orbit under the 5d vector bosons AI , I = {0, α}, is
R
given by qI = Y3 H ∧ ω̃I , where A0 corresponds to the Kaluza-Klein vector of the
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circle reduction and Aα arise from dimensionally reducing the 6d tensor gauge fields
B̂ α , α = 1, . . . , nT + 1.
We begin our analysis of the limits in F-theory moduli space with the large volume
limits, in which one or several v I → ∞. Notice that they always imply V → ∞
and thus always require to take the limit Vb → ∞ in F-theory. This limit in the
hypermultiplet sector can be seen to lie at infinite distance. Therefore, these limits
are in general at infinite distance both in the tensor and hypermultiplet sectors. In
section 6.2.4 we analyzed such limits for elliptic fibrations and we found that only
four possible types of singularities were possible, listed in equations (6.69) and (6.70).
Here we will study what these limits correspond to in the F-theory moduli space
by determining the associated behavior of r and j α . For simplicity, we will consider
the case where all v αi that are taken to a limit grow at the same rate, but note
that the generalization to specific growth sectors is straightforward. The results are
summarized in Table 6.4.
growth of
0

v

αi

Singularity

v

v

(6.69a)

λ

-

-

(6.69b)

κ

κα

-

growth of
αp

ηαi αj

Type

r

j αi

j αp

-

IVh1,1 (B2 )

-

-

-

λ1/4

λ1/2

λ−1/2

λ1/2

-

λ−1

=0
6= 0

IVh1,1 (Y3 )

(6.70a)

-

λ

-

=0

II2

λ1/4

λ1/2

λ−1/2

(6.70b)

-

λ

-

6= 0

III0

λ1/2

-

λ−1

Table 6.4: Large volume singularities in terms of the F-theory coordinates r and j’s.
We collectively denoted v αi , i = 1, . . . , n the coordinates that are taken in the limit
and v αp , p = n + 1, . . . , h1,1 (B2 ) those that are not. In the second line, we defined
λ = κα /κ and assumed λ → ∞. If λ → 0, the result is the same as the one of the first
line.

We stress that the first limit v 0 → ∞ in Table 6.4 is special, since it lies at finite
distance in the tensor moduli space. However, as discussed above, it will be still at
infinite distance in the hypermultiplet sector, since Vb → ∞. All the other limits in
Table 6.4 correspond to large radius limits r → ∞. In terms of the volumes of the
base, for each volume v αi → ∞ there is also a volume of a two-cycle of the base that
grows to infinity.
Finally, let us briefly comment on the F-theory interpretation of the charge orbits
arising in the large volume limits in the M-theory. Recall that for Type IIA compactifications we have determined the infinite charge orbits that become massless at the
singularities in (6.73). Considering either of the two situations displayed in the last
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three lines of Table 6.4, the corresponding Type IIA charge orbit reads

T
X
(2)
(2)
Q = 0, . . . , 0, qα(2)
, q0 , −m0 q0 −
mαp qα(2)
,
p
p
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αp

where we recall that the αp ’s label the directions in the base that are not taken to a
limit. To lift this result to M-theory we note that D2-D0 bound-states correspond to
M2-branes with a certain KK-charge around the circle Ŝ 1 connecting Type IIA and
M-theory. Since the last entry of (6.87) corresponds to the D0 charge, we realize that
this orbit simply represents the KK-tower of an M2-brane state wrapped on the curve
(2)
(2)
qαp C αp + q0 C 0 in Y3 with all possible KK-charges along Ŝ 1 . Further following the
duality to F-theory the M2-brane states encoded by (6.87) map to particles arising
(2)
from 6d strings wrapping the F-theory circle S 1 to 5d, since for q0 =
6 0 and some
(2)
0
qαp 6= 0 one finds a charge both under the Kaluza-Klein gauge vector A and the gauge
bosons Aαp associated to the base. These strings arise from D3-branes in Type IIB
(2)
wrapping the non-trivial two cycles qαp C αp in the base whose volume is not sent to
(2)
infinity. Let us remark that each tower of particles (one per each qI 6= 0) lifts to a
single 6d string. Since the volume of the base goes to infinity, all such strings become
exponentially light compared to the Planck scale. This is somewhat analogous to the
analysis in [60] in which a 6d string becomes tensionless in the infinite distance limit
of sending the gauge coupling of an open string U(1) to zero. Note, however, that the
latter limit does not correspond to a decompactification limit of the internal space and,
in particular, keeps Vb finite. To implement such a limit one has to send some subset
of coordinates to infinity, while sending others to zero. We will discuss an example of
such a mixed limit next.
6.3.2

F-theory limit and geometric realization of the Kaluza-Klein tower

In this final subsection we now turn to the discussion of the F-theory limit of sending
the fiber volume v 0 to zero. Our aim is to show how the infinite charge orbit obtained
in section 6.2.4 corresponds to the Kaluza-Klein tower associated to the circle reduction
in the F-theory side. Note that the F-theory limit corresponds to decompactifying the
circle r → ∞ while keeping Vb finite. In this limit we recover the 6d effective theory
of F-theory compactified on a Calabi-Yau threefold with all 6d fields not taken to any
limit in stark contrast to the limits discussed in subsection 6.3.1.
To begin with we discuss the F-theory limit in more detail and the map to the
M-theory side. This limit corresponds to sending r → ∞ while keeping all j α and
Vb fixed. For convenience, let us assume that the radius diverges as r ∼ λ → ∞.
From (6.84) and (6.85) we find that it is implemented in the 5d M-theory moduli
space spanned by the coordinates v 0 , v α as
v α ∼ λ2/3 → ∞,

v 0 ∼ λ−4/3 → 0 .

(6.88)
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In other words, all v α become large while v 0 vanishes at a rate v α /v 0 ∼ λ2 → ∞.
This also implies that the overall volume V in Planck units stays finite and so does
the volume of the base Vb in string units on the F-theory side. From the definition
of j α in (4.39), one then finds that vbα scales as
vbα ∼

√

v0 v α

(6.89)

in the r → ∞ limit. This is perfectly consistent with (4.59).
Our next task is to compute the infinite charge orbit in the limit (6.88) of the
M-theory geometry. Note that the limit (6.88) is just a special case of the limits
studied in subsection 6.2.5. In fact, we can use the Fourier-Mukai transform introduced
in (6.77) and (6.80) to transfer the orbits at v 0 → ∞ to v 0 → 0 by sending v 0 → 1/v 0 .
Furthermore, since we know the precise growth of v α and v 0 , we can infer which large
volume limit we need to consider. To avoid confusion, let us call the large volume
variable ṽ 0 = 1/v 0 . Then (6.88) corresponds to the large volume limit
v α ∼ λ2/3 → ∞,

ṽ 0 ∼ λ4/3 → ∞ .

(6.90)

In other words, the fiber volume grows faster than all coordinates v α . This determines
the relevant charge orbit at large volume as discussed in subsection 6.2.4. Furthermore,
we can employ the transformation (6.81) to transfer the orbit to small fiber volume
yielding

T
P
(2)
(2)
(2)
(2)
QF = 0, 0, η αβ qα(2) , 0, −m0 q0 − α mα qα + 12 (K α − η αβ Kββ0 )qα , q0
,
(6.91)
which is a special case of the orbit given in (6.82). It was a central result of subsec(2)
tion 6.2.4 that one is allowed to set qα = 0, for all α = 1, . . . , h1,1 (B2 ) and take
(2)
q0 6= 0 to generate an infinite orbit becoming massless in the limit (6.90) and valid
for any Calabi-Yau. Making this choice in (6.91) one finds

T
(2)
(2)
QF = 0, 0, 0, 0, −m0 q0 , q0
.

(6.92)

Before turning to the interpretation of this orbit, let us stress that it does not satisfy
the conditions outlined in subsection 6.2.3 in the small fiber volume regime, since in
certain cases there is no monodromy operator that can generate an infinite massless
orbit in this regime. The orbit is rather transferred from the large volume regime and
involves an Sl(2, Z) rotation of the charges (recall figure 6.1 in which the F-theory
limit corresponds indeed to small fiber and large base volume).
Finally, let us interpret the orbits (6.91) and (6.92). To begin with, we note that,
as in the previous subsection, the orbits are actually Type IIA orbits and hence their
entries correspond to charges of Dp-branes. Connecting the M-theory setting of this
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section with the Type IIA orbit, we compactify on a further Ŝ 1 . The last entry of
the orbits corresponds to D0-brane charge in Type IIA and lifts to KK-momentum of
an M2-brane state in M-theory. In fact, the orbits also admit non-trivial M2-brane
(2)
charge as soon as qI 6= 0 and thus describe M2-branes on the specified curves. The
very special orbit (6.92) has in addition to D0-charge only D2-charge corresponding
(2)
to a brane wrapped on the curve −m0 q0 C 0 . In M-theory one thus finds an M2-brane
tower wrapping multiple times the elliptic fiber and having a certain KK-momentum
around Ŝ 1 . Clearly, we can also proceed for more general orbits in (6.91) that admit
(2)
D4-brane charge. This indicates that M5-branes wrapped on Dα η αβ qβ and Ŝ 1 will
be relevant in the limit.
In the next step one has to dualize the M-theory states to F-theory. Following the
standard M/F-duality an M2-brane state on the elliptic fiber dualizes to a fundamental
Type IIB string with KK-momentum along the circle S 1 connecting the 5d M-theory
setting with the 6d F-theory setting. This implies that the orbit (6.92) labels the
KK-tower of the 6d fields. To see this explicitly we need to change into the basis
of two-forms as discussed around (6.86). The Kaluza-Klein vector associated to the
S 1 circle reduction comes from expanding C3 as C3 = AKK ∧ ω̃0 . The charge of the
infinite orbit under the KK vector AKK is then given by
Z

HF ∧ ω̃0 = QIF ϑIJ



1
(2)
δ1J + K α δαJ = −m0 q0 ,
2

(6.93)

where HF is an even form with coefficients QIF . Analogously, it is not hard to check that
the charge under any of the other 5d gauge boson Aα is zero since (QF · ϑ)J δαJ = 0.
Therefore, the tower of states only differ by their charge under the KK photon
associated to the circle compactification of the 6d F-theory effective action to five
dimensions. More generally, for the orbit (6.91) one has to also follow M5-branes
through the M/F-duality. Since these M5-branes wrap the elliptic fiber they dualize
to D3-branes wrapping a curve in B2 . These D3-branes yield string states in the 6d
effective theory which couple to the tensor fields. This matches with the fact that in
5d they are charged under Aα , i.e. the vector arising from the 6d tensor fields B̂α .
We leave a more detailed analysis of these strings for the future. At the moment, we
conclude this section by remarking the identification of the Kaluza-Klein tower of
the F-theory circle with the universal infinite massless charge orbit in the M-theory
geometry.

Conclusions
In this chapter we have investigated the Swampland Distance Conjecture, and the
associated notion of emergence of infinite field distances, in the context of Kähler
moduli spaces of Calabi-Yau manifolds. For the conjecture to hold there should exist
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an infinite tower of states near every infinite distance locus of the moduli space whose
mass decreases exponentially fast in terms of the proper geodesic field distance to this
locus. The proposal of [76] is to identify this tower with an infinite orbit of states
charged under the discrete infinite symmetries which are part of the duality group of
the string compactification. More concretely, this discrete symmetry corresponds to the
monodromy transformation that the mirror period vector undergoes when circling the
infinite distance locus. As these monodromies enhance to a continuous transformation
at infinite distance, the infinite tower can then be understood as a quantum gravity
obstruction to restore a global symmetry. We have also further elucidated the more
speculative proposal of [76] that quantum corrections from integrating out the SDC
tower are responsible for generating the infinite field distance itself.
It was explained in reference [77] that powerful mathematical orbit theorems and
the theory of limiting mixed Hodge structures allows one to classify the infinite distance
loci and construct the massless infinite charge orbits in the complex structure moduli
space of Calabi-Yau threefolds in complete generality. While this gives a general
proof of the existence of an orbit under the stated assumptions, the constructions
presented in [77] are technically involved and hard to apply to explicit examples. In
this chapter, we have shown that the same mathematical technology can be used to
state the masslessness and infiniteness conditions as vector equations that then can be
solved for concrete examples. In particular, our approach allowed us to construct the
infinite charge orbits at the infinite distance loci of Kähler moduli spaces. In the large
volume regime, the generic form of the log-monodromies and symplectic form is fully
determined by the topological data of Calabi-Yau manifold, namely its intersection
numbers and Chern classes. We have argued that one can thus classify the possible
singularity types and possible singularity enhancement chains corresponding to partial
decompactification limits entirely using the intersection numbers. With these at hand,
we then identified the infinite charge orbits that are massless when approaching any
infinite distance point in the large volume regime. We provided the general form of
the orbit, in terms of the singularity type, valid for any Calabi-Yau threefold and
identified the corresponding D-brane states. This provides yet another strong piece of
evidence for the SDC in the context of String Theory.
Having discussed the general charge orbit in the large volume regime, we then
further focused our study to the cases in which the Calabi-Yau manifold is elliptically
fibered. The special intersection pattern of these geometries allowed us to give a
detailed account of the arising large volume charge orbits. In particular, we were able
to identify a universal orbit that is generically massless if the volume of the elliptic
fiber is send to infinity. We then further exploited the geometry of elliptic fibrations,
to ague that the orbits from the large volume regime can be transferred to regime of
small fiber and large base volumes. This is done by applying two T-dualities along
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the elliptic fiber and a so-called Fourier-Mukai transformation on the D-brane charges.
In this manner, we were able to obtain infinite charge orbits becoming massless at
the small-fiber regime. We stress that this is the first construction that goes beyond
analyzing the SDC in a local region of the moduli space (see also [75] for a recent
analysis of the SDC beyond perturbative level also using modular symmetries). It
explicitly realizes the transfer of a charge orbit from a region in moduli space which
allows for a local construction to a different region of the moduli space where no such
local construction is possible.
It is important to stress that, as our above constructions show, the infinite charge
orbit does not always have the interpretation of a Kaluza-Klein tower, even if this is
the naive candidate for an infinite tower becoming massless at large volume. In fact,
depending on the particular string theory setup, it can also correspond to particles
or strings coming from wrapping branes. If we consider Type IIA compactified in a
Calabi-Yau threefold, the charge orbit at large volume consists of particles arising
from bound states of D0-D2 branes wrapping certain two-cycles, which lift to M2brane states in M-theory. Even if they get heavy at the large volume limit, they are
exponentially light compared to the Planck scale and hence become massless if we
force the Planck mass to remain finite. There are, therefore, two equivalent ways to
avoid the restoration of the global symmetry, either gravity decouples (Mpl → ∞) or
the infinite tower of states becomes massless leading to an exponential drop-off of the
quantum gravity cut-off. For the case of Type IIA, this global symmetry corresponds
to an axionic continuous shift-symmetry that is lifted to a one-form global symmetry
in M-theory.
We further analysed the F-theory interpretation of the infinite massless charge
orbit at the different infinite distance loci. For the large volume limits each charge
orbit corresponds to a 6d string wrapping the F-theory circle to five dimensions. Each
such 6d string in turn arises from a D3-brane in Type IIB, which is wrapping a
non-trivial two-cycles in the base of the elliptic fibration whose volume is not sent
to infinity. The identification of this string with an infinite orbit in M-theory makes
manifest the fact that the string should count as infinitely many different particles.
This suggests a potential application of these infinite charge orbits beyond the SDC,
as a promising tool to count the number of different massless excitations of extended
objects in F-theory. We then investigated the interpretation of the infinite massless
charge orbits at the small fiber regime, which maps to decompactifying the additional
circle of the F-theory compactification. We found that the infinite massless charge
orbits at the F-theory limit always differ by their charge under the KK photon of
the F-theory circle, hinting the existence of the extra dimension. In particular, we
showed that there always exists a universal infinite orbit regardless of the specific
intersection numbers of the Calabi-Yau, that maps to the Kaluza-Klein tower of the
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6d fields in F-theory. This provides a geometric realization of the KK tower in terms
of an infinite massless charge orbit in M-theory. We also got that there could be other
infinite towers identified with 6d strings coming from M5-branes, whose analysis is left
for future work.
Last but not least, we payed special attention to whether the infinite field distance
can emerge from integrating out the infinite tower of states. First, we presented a
general field theory computation to show that, as long as the tower gets compressed
as we move in the moduli space, quantum corrections from integrating out the tower
up to its species bound will generate the infinite field distance. Remarkably, they will
generate a logarithmic divergence of the field distance as a function of the mass of
the tower, regardless of the specific form of the mass, and yielding the exponential
mass behavior required by the SDC. We find that the condition for these quantum
corrections to dominate over the classical piece in the IR matches with the constraint
on the mass spectrum imposed by the Scalar Weak Gravity Conjecture [63]. If we
apply this reasoning to a Kaluza-Klein circle reduction in field theory, the species
bound associated to the KK tower turns out to be the Planck mass of the higher
dimensional theory. However, quantum corrections from the KK tower can only
account at most for part of the infinite field distance as the radius goes to infinity.
The situation changes when considering similar setups in string theory. As mentioned,
the infinite tower of states becoming massless at large volume of Type IIA Calabi-Yau
compactifications consists of D0-D2 branes which could in fact completely generate
the infinite field distance. Notice that this means that the field metric in the Kähler
moduli space, and consequently the intersection numbers and topological discrete data
of the Calabi-Yau, would be emergent from integrating out these D0-D2 bound states.
Finally, the emergence of the classical quantities in the M-theory reduction from
integrating out states has also a clear interpretation in the context of the M/F-theory
duality. As we saw in chapters 4 and 5, some of the Chern-Simon terms arising in
the M-theory dimensional reduction at classical level can only be recovered in the
F-theory side upon taking into account quantum corrections from integrating out the
KK tower associated to the F-theory circle. These Chern-Simons terms are related to
the field metric by supersymmetry, so at least part of the metric yielding the infinite
field distance in the F-theory limit arises form integrating out the KK tower. While
this nicely supports the idea of emergence in this context, it is only a first step to show
that the infinite distance entirely emerges from integrating out these infinite towers.
To confirm the emergence proposal (see page 35) one likely needs to keep track of any
possible tower of states becoming massless in this limit as they might all contribute to
generate the full divergence of the distance.
There are also a few further points that are interesting to address in the future.
First, we have assumed that the Kähler cone is simplicial, so the natural next step is
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to remove this assumption and generalize the classification of singularities and charge
orbits to non-simplicial cones. Secondly, while we have focused on identifying explicit
universal charge orbits that are present for any Calabi-Yau manifold at the different
types of infinite distance singularities, the structure of all possible existing massless
charge orbits is more complicated and can depend on the topological discrete data
of the manifold. It would be interesting to perform a detailed study of all existing
orbits and their microscopic interpretation in string theory, as well as their possible
role in the emergence of the infinite distance. Lastly, we have not shown yet if the
charge orbits are populated by physical states as we approach the singular point.
The monodromy transformation guarantees the presence of an infinite number of
states at the singularity as long as a single charge of the orbit is populated. However,
the question remains how the stability of the states changes when approaching the
singularity. It would then be important to realize an analysis of possible walls of
marginal stability, as performed in [76], to check that the number of physical states
populating the tower indeed increases exponentially as we approach the singularity, as
the species bound and the idea of emergence suggest.
Finally, we have focused here on the Swampland Distance Conjecture, but recent
works are pointing to an interesting emerging network of relations between the different
Swampland Conjectures, as already suggested in picture 1.8. In particular, the above
infinite distance limits can also correspond to weak coupling limits for the gauge
bosons completing the N = 2 vector multiplets. In that case, the infinite charge orbit
would also correspond to the states satisfying the Weak Gravity Conjecture [59], as
discussed in [76, 60, 64]. We leave for future work a more detailed analysis of their
charge to mass ratio, which can help to properly define the WGC in the presence of
both scalar and gauge fields.

6.A
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In this appendix, we derive the masslessness conditions (6.50) and (6.51) presented in
the main text, and explicitly construct orbits satisfying them, as well as the infiniteness
condition (6.52).
As explained in the main text, since
m(Q) = |Z(Q)| ≤ kQk ∼ kq0 k ,

(6.94)

having kq0 k → 0 is sufficient to ensure masslessness of the BPS states with charge
vector Q. Note that since m(q0 ) = |Z(q0 )| ≤ kq0 k, the state corresponding to q0 is
also massless. In [77] it was established that for a singularity ti → ∞, i = 1, . . . , ∞ a
−
−
−
q0 ∈ Wl1 (N(1)
) ∩ Wl2 (N(2)
) ∩ . . . ∩ Wln (N(n)
), where the li ’s are the smallest values
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for which this is true, has a vanishing norm if the following condition is satisfied
ln < 3

l1 , . . . , ln−1 ≤ 3 .

and

(6.95)

L
The conditions for a vector to belong to certain Wl = p+q≤l I p,q depend on the I p,q
of the considered singularity. The I p,q naturally split into primitive parts P p,q and
non-primitive parts, of the form N k P p,q . This decomposition is given explicitly for
the different singularity types in Table 6.5, from which one can read off the conditions
for q0 to belong to W2 or W3 , namely

Sing. type

q0 ∈ W3

q0 ∈ W2

I and II
III
IV

q0 = v
q0 = v + N u
q0 = v + N x

q0 = N u
q0 = N w
q0 = N w + N 2 u

Masslessness conditions Applying these conditions to (6.95), we find that the
conditions for the seed vector q0 to be massless are those stated in the main text,
namely (6.50) and (6.51), which we recall here again for convenience
Type A(i)

q0

Type A(n)

q0

II
III
IV

vi
vi + N(i) ui
vi + N(i) xi

II
III
IV

N(n) un
N(n) wn
2
N(n) wn + N(n)
un

(6.96)

3
2
where N(i) vi = 0, N(i)
xi = 0 and N(n)
wn = 0.

Infiniteness conditions
to be generated

In addition, we recall the condition (6.52) for the orbit

N(J ∗ ) q0 6= 0

for some J ∗ = 1, . . . , h1,1 (Y3 )

(6.97)

We now proceed to satisfy those conditions, that is, to explicitly give the vectors
vi , ui , xi , un and wn such that eqs. (6.96)-(6.97) hold. Before specializing to the
different singularity types, let us recall here the explicit form of the matrix N(i) and
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I p,q decomposition

Sing. type

0
0
P 3,0

I

0
P 2,2

0
P 2,1

NP

0

0
P 1,2

2,2

P 0,3
0

0

0
0
0

0
P 3,1
P

0

II

0
P 2,2

2,1

N P 3,1

P 1,3
P

1,2

N P 2,2
0

0
N P 1,3

0
0
0

P 3,2

P 2,3
P

0
III

2,2

P 2,1 ⊕ N P 3,2

0

0
P 1,2 ⊕ N P 2,3

N P 2,2

0
N 2 P 3,2

0
0

N 2 P 2,3
0
P 3,3

0
IV

0
P 2,2 ⊕ N P 3,3

0
P 2,1

0

0
P 1,2

N P 2,2 ⊕ N 2 P 3,3

0
0

0
0

0
N 3 P 3,3

Table 6.5: We present for each singularity type the explicit splittings of the I p,q in
term of the primitive subspaces P p,q , namely I p,q = ⊕i≥0 N i P p+i,q+i .

its powers (given in eqs. (6.27) and (6.34) for i = n)


0
0
0
0
 − Pi δ
0
0
0


a aI
N(i) = 
,
(i)
 − 12 KI[i] −KIJ
0
0
Pi
1 [i]
1 (i)
a δaJ 0
6K
2 KJJ −



0
0 00
0 0 0
 0

 0 0 0
0
0
0



2
3
N(i)
=  (i)
=
 , N(i)
 KI
 0 0 0
0 0 0
(i)
−K(i) 0 0
0 KJ 0 0


0
0

.
0
0

(6.98)
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Pi
Pi
[i]
where we defined KI = a=1 KaaI and K[i] = a=1 Kaaa . With these at hand, we
find their action on a generic vector q = (q6 , qI4 , qI2 , q0 )T — a convention will also
adopt for the vectors u, v, w and x throughout this appendix — to be


0
Pi

− a δaI q6

N(i) q = 
[i]
(i)
1

− 2 KI q6 − KIJ q4,J
Pi
1 (i) 4,J
1 [i] 6
− a
6 K q + 2 KJJ q



0



0



2
3
N(i)
q =  (i) 6  , N(i)
q=
 KI q 

(i)




,

q2,a
0
0
0



(6.99)



.


−K(i) q6

KI q4,I

This will allow us to translate the conditions in (6.96) into conditions on the components
of the vectors. The analysis depends on the type of the last singularity in the considered
chain, i.e. Type A(n) in (6.30). We now specialize to the different possible singularity
types.
Type A(n) = II
The first and simplest situation is when Type A(n) = II, where the masslessness
conditions are, as can be read from (6.96),
q0II = vi

where N(i) vi = 0

for i ≤ n ,

q0II = N(n) un .

(6.100a)
(6.100b)

Eq. (6.100b) implies

0
Pn


− a δaI un6


II
q0 = 
.
[n] 6
(n) 4,J
1


− 2 KI un − KIJ un
P
n 2,a
1 [n] 6
1 (n) 4,J
un + 2 KJJ un − a un
6K


(6.101)

Acting on this q0II with N(i) we find



0




0
.
P
N(i) q0II = 
(n) 6
i


a KaI un


Pi 1 [n] 6
1 Pi (n) 6
(n) 4,I
−
K
u
−
(−
K
u
−
K
u
)
aa
a
n
n
n
aI
a
a
2

(6.102)

2

(n)

Since Type A(n) = II, one has K(n) = KI

(n)

= 0 which implies

(n)
Kaa
= Ka[n] = KaI = 0

for a, b ≤ n ,

(6.103)
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such that the condition (6.100a) is automatically satisfied. This means that q0II
in (6.101) is the generic form of a massless seed vector. On the other hand, the
infiniteness condition (6.97) gives



0




0
II
 6= 0 .

∗
PJ (n) 6
N(J ∗ ) q0 = 

K
u
aI n
a


PJ ∗ 1 [n] 6
1 PJ ∗ (n) 6
(n) 4,I
K
u
−
(−
K
−
u
−
K
u
)
aa n
n
n
aI
a
a
2 a

(6.104)

2

(n)

(n)

Since rk KIJ =
6 0, there are some I ∗ and J ∗ such that KI ∗ J ∗ > 0, eq. (6.104) can be
PJ ∗ (n)
satisfied, both if un6 =
6 0 or a KaI un4,I 6= 0, in particular one can have a solution
with un6 = 0.7 As mentioned in the main text, the last entry of q0 plays no role and
Pn
(n)
can safely be set to zero, here by choosing a un2 = 12 KJJ un4,J . Making those choices
and renaming ω I = −un4,I , we find

T
(n)
q0II = 0, 0, KIJ ω J , 0 .
6.A.1

(6.105)

Type A(n) = III

The next situation is Type A(n) = II, where the masslessness conditions are, as can be
read from (6.96),
q0III = vi

where N(i) vi = 0

q0III = vj + N(j) uj
q0III

= N(n) wn

where

2
N(n)
wn

i < nIII ,

(6.106a)

nIII ≤ j < n ,

(6.106b)

= 0,

(6.106c)

where nIII is the first place where a type III singularity occurs. Equations (6.106) lead
to


q0III

7 For

 
0
v 4  
 I 
=  i2  = 
vi I  

0
Pj




vj4 I − a δaI uj6


[j]
(j)
4,J
1

vj2 I − 2 KI uj6 − KIJ uj
P
j
0
1 [j] 6
1 (j) 4,J
0
2
vi
vj + 6 K uj + 2 KJJ uj − a uj a


0


0


=
,
(n)


−KIJ wn4,J
Pn 2,a
1 (n) 4,J
a wn
2 KJJ wn −

(6.107)

instance choosing u4,I
n = 1 for all I a possible solution, but it is of course not the only one.
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where i < nIII and nIII ≤ j < n, and the components of wn and vi satisfy, for all
i < n,
(n)

KI wn4,J = 0

(6.108)

(i)

KIJ vi4,J = 0
(i)

KII vi4,I = 2

(6.109)
i
X

vi2 a

(6.110)

a=1

From (6.107) we must impose q0III,4 = 0, such that
vi4,I = 0
vi4,I =

i
X

δaI ui6

for i < nIII

(6.111a)

for nIII ≤ i < n

(6.111b)

a

Condition (6.109) then implies
(i)

ui6 KI = 0,

nIII ≤ i < n ,

(6.112)
(n)

which leads to ui6 = 0 for nIII ≤ i < n, since for a type III singularity KI 6= 0. Eq.
(6.111) then implies that vi4,I = 0 for all i’s. Condition (6.110) then becomes for
nIII ≤ i < n
i
X
(n)
(i)
KaI wn4,I = KI ui4,I ,
(6.113)
a
(n)

which can always be satisfied since ui4 is arbitrary and KI is non-vanishing. So it
does not constrain wn4 . As before we choose q (0) to vanish by an appropriate choice of
vi0 , ui2 and wn2 and rename ω I = −wn4,I such that

T
(n)
q0III = 0, 0, KIJ ω J , 0 ,

(6.114)

together with the conditions (6.110) for i < nIII and (6.108) that now read
(n)

KiJ ω I = 0
n
X

i < nIII ,

(6.115)

(n)

KaI ω I = 0 ,

(6.116)

a=1

while the condition (6.97) for the orbit to be generated
∗

J
X
a=1

(n)

KaI ω I 6= 0

for some

J∗ .

(6.117)

6.A

Constructing the massless infinite charge orbits

181

An easy way to satisfy these equations is to choose

1
ωI =
0

I≤n

,

(6.118)

I>n

(n)

which leads to q (2) = KI ; this is non-vanishing for a type III singularity, meaning
that indeed (6.117) is satisfied, and since in addition K(n) = 0 for a type III, one has
(n)
KiI = 0 for all i ≤ n, such that (6.115) and (6.116) are also satisfied.

6.A.2

Type A(n) = IV

Finally, when Type A(n) = IV, the masslessness conditions are, as can be read
from (6.96),

q0IV = vi

where N(i) vi = 0

q0IV = vi + N(i) ui
q0IV

= vi + N(i) xi

where

2
q0IV = N(n) wn + N(n)
un

3
N(i)
xi

=0

i < nIII

(6.119a)

nIII ≤ i < nIV

(6.119b)

nIV ≤ i < n

(6.119c)

2
where N(n)
wn = 0 ,

(6.119d)

where nIV is the first place where a type IV singularity occurs. Equations (6.119) lead
to


q0IV


 
0
0
Pj

v4  
vj4 I − a δaI uj6

 i I 
= 2 =

[j]
(j)
4,J
1
6
2

vi I  
vj I − 2 KI uj − KIJ uj
P
j
0
1 [j] 6
1 (j) 4,J
0
2
vi
vj + 6 K uj + 2 KJJ uj − a uj a


0


vk4 I


=

(k)


vk2 I − KIJ xk4,J
Pk 2
1 [k] 6
1 (k) 4,J
0
vk + 6 K xk + 2 KJJ xk − a uk a


0


0


=
,
(n) 4,J
(n) 6


−KIJ wn + KI un
P
(n) 4,I
n
1 (n) 4,J
2,a
a wn + KI un
2 KJJ wn −

(6.120)
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where i < nIII , nIII ≤ j < nIV , and nIV ≤ k < n and as in the previous case the
components of wn and vi satisfy, for all i < n,
(n)

KI wn4,J = 0 ,
(i)
KIJ vi4,J

(6.121)

= 0,

(i)

KII vi4,I = 2

(6.122)

i
X

vi2 a .

(6.123)

a=1

From (6.120) we must impose q0III,4 = 0 such that
vi4,I = 0
vi4,I =

and nIV ≤ i < n ,

for i < nIII

i
X

δaI ui6

(6.124a)

for nIII ≤ i < nIV .

(6.124b)

a

Condition (6.122) then implies
(i)

ui6 KI = 0,

nIII ≤ i < n ,

(6.125)
(n)

which leads to ui6 = 0 for nIII ≤ i < nIV , since for a type III singularity KI 6= 0. Eq.
(6.124) then implies that vi4,I = 0 for all i’s. Relabeling xi4 = ui4 when nIV ≤ n < n,
condition (6.110) then becomes for nIII ≤ i < n
i
X

(n)

(i)

KaI wn4,I − Ka(n) un6 = KI ui4,I ,

(6.126)

a
(n)

which can always be satisfied since ui4 is arbitrary and KI is non-vanishing. So it
does not constrain wn4 or un6 . As before we choose q (0) to vanish by an appropriate
choice of vi0 , ui2 and wn2 . And defining
ω I = wn4,I
we find


u6
n
−
0

i≤n

,

(6.127)


T
(n)
q0IV = 0, 0, KIJ ω J , 0 ,

(6.128)

i>n

together with the conditions (6.123) for i < nIII and (6.121) that now read
(n)

KiI ω I = 0
n
X
a=1

(n)

KaI ω I = −un6 K(n) .

i < nIII ,

(6.129)
(6.130)
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Since K(n) is non vanishing for a type IV singularity and un6 is arbitrary, (6.130)
can always be satisfied by an appropriate choice of un6 and does not put any further
constrain on ω I . So the only non-trivial masslessness constraint is (6.129), to be
satisfied together with the condition (6.97) for the orbit to be generated, that is, one
needs to find a solution to
(n)

i < nIII ,

(n)

for some

KiI ω I = 0
J∗
X

KaI ω I 6= 0

(6.131a)
J∗ .

(6.131b)

a=1

Of course if Type A1 = III, i.e. nIII = 1, there is no condition (6.131a) and the state
corresponding to the seed vector (6.128) is automatically massless. We thus need to
show that it is possible to solve the system (6.131) when Type A1 = II. We will show
this explicitly in the case where have only two moduli, and in the case of an elliptic
fibration. We leave the general case for a future analysis, but point out that, the more
Pj
(n)
moduli we have, the bigger becomes the orthogonal space to i=1 KiI , such that it
increases the room for solving the system (6.131).
Two moduli We first consider a case with two moduli, v 1 and v 2 , and the associated
enhancement chain
Type A1 + Type A2 −→ Type A(2) .
(6.132)
As mentioned above, we need Type A1 = II and, of course, Type A(2) = IV, that
is we have, from Table 6.3, K(1) = K111 = 0 and K(2) = K222 + 3 K122 > 0. The
system (6.131) then becomes
(2)

(2)

(2)

(2)

q1 = K1J ω J = K122 ω 2 = 0 ,
q2 = K2J ω J = K122 ω 1 + (K122 + K222 ) ω 2 6= 0 .

(6.133)

It is always possible to find a solution to this system of equations. Indeed, there are
two possibilities
◦ K122 = 0, in which case K222 6= 0 and the system is satisfied with ω 2 6= 0,
◦ K122 6= 0, in which case the system is satisfied with ω 2 = 0 and ω 1 6= 0.
Elliptic fibrations We now turn to the case of an elliptic fibration, which is the
most relevant for our analysis, in particular for sections 6.2.4 – 6.2.5 and 6.3.1 – 6.3.2.
We refer to section 6.2.4 for the notations and the possible enhancement chains. Recall
that we have the moduli v 0 , v α ’s, with corresponding singularities types Type A0 = IV
and Type Aα 6= IV. We show that we can always choose
(2)

q0 6= 0 and qα(2) = 0,

(6.134)
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which is actually stronger than eqs. (6.131). Using the intersection numbers (6.67),
we find for the charges in (6.128)
(n)

(6.135a)

(n)

(6.135b)

qα(2) = KαJ wJ = ηαβ wβ − (Kα − ηα )w0 ,
(2)

q0 = K0J wJ = (Kα − ηα )(K α w0 − wα ),

P
where we defined ηα = β ηαβ and Kα = ηαβ K β . Since ηαβ can be inverted (and we
denote the inverse by η αβ ), we can choose wα = η αβ (Kβ − ηβ ) w0 , which yields
(2)

q0 =

P

α (Kα

− ηα ) w0 ,

qα(2) = 0.

(6.136a)
(6.136b)

(2)

since Kα ≤ 0 and ηα > 0, we have q0 6= 0 and equation (6.134) holds, and therefore
(6.131) as well.
Finally, let us remark that we could also choose wα = K α w0 , leading to
(2)

q0 = 0,
qα(2)

(6.137a)
0

= ηα w .

(6.137b)

However, this choice would only be compatible with (6.131) if there are no type II
in the chain, i.e. if the first singularity is associated to either a coordinate v α with
ηαα 6= 0, or to v 0 .

Summary

In this thesis we investigated general properties of four- and six-dimensional effective
actions with minimal supersymmetry obtained from F-theory by compactification on
Calabi-Yau manifolds. More specifically, we analyzed the 4d N = 1 gauge coupling
functions and their one-loop corrections, we showed the cancellation of chiral anomalies
in four and six dimensions when the F/M-theory duality can be utilized and finally we
provided yet another strong piece of evidence for the Swampland Distance Conjecture
in the context of string theory, by testing it in the Kähler moduli spaces of Calabi-Yau
threefolds. Along the way, we performed the reduction of M-theory on a CalabiYau fourfold in full generality, studied in great detail the behaviour of anomalies
under circle compactifications, settled the F-theory lift to six-dimension and provided
further evidence for the relationships between the Swampland Distance Conjecture,
the emergence proposal and the absence of global symmetry.
In chapters 2 and 4, we detailed the different steps required to obtain four- and
six-dimensional F-theory effective actions. In chapter 2, we performed the first
general dimensional reduction of eleven-dimensional supergravity on a Calabi-Yau
(CY) fourfold and the three-dimensional dualization to the F-theory frame. This
dualization is required in order to compare the resulting effective action with the circle
reduction of a four-dimensional N = 1 supergravity theory. In chapter 4, we matched
the reduction of M-theory on a CY threefold and the circle reduction of a generic 6d
N = (1, 0) theory, but we saw that some terms were left unmatched.
We investigated in chapter 3 the field dependence of the gauge coupling functions
of four-dimensional Type IIB orientifold compactifications with space-time filling
seven-branes. In particular, we analyzed the constraints imposed by holomorphicity
and covariance under shift-symmetries of the bulk and brane axions. This requires
introducing quantum corrections that necessarily contain Riemann theta functions on
the complex torus spanned by the D7-brane Wilson line moduli. We then generalized
to F-theory, where the geometry elegantly unifies bulk and brane degrees of freedom,
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allowing us to infer non-trivial results about holomorphicity and shift-symmetries. For
instance, we gained new insight into kinetic mixing of bulk and brane gauge fields.
In chapter 5, we studied in detail how four- and six-dimensional local anomalies
manifest themselves when the theory is compactified on a circle. By integrating
out the Kaluza-Klein modes in a way that preserves the Lorentz symmetry of the
UV theory, we showed that the three- and five-dimensional theory contain fielddependent Chern-Simons (CS) terms that appear at one-loop. We extended this
analysis to situations where anomalies are canceled through a (generalized) GreenSchwarz mechanism (which is required in six dimensions). Altogether we showed that
the three- and five-dimensional CS terms are gauge invariant if and only if the fourand six-dimensional anomalies are canceled, such that the anomaly is not lost upon
compactification. We then use these results to show automatic cancellation of local
anomalies in F-theory compactifications that can be obtained as a limit of M-theory
on a smooth Calabi-Yau threefold or fourfold with background flux. As a by-product,
we explained how previously unmatched CS terms in F-theory lift to six dimensions
are now understood as canceling the field-dependent CS terms, present only if the
aforementioned regularization is used.
Finally, we investigated in chapter 6 the Swampland Distance conjecture in the
Kähler moduli spaces of Calabi-Yau threefold compactifications. This conjecture states
that an infinite tower of modes becomes exponentially light when approaching a point
at infinite proper distance in field space. In the large volume regime the infinite tower
of states is generated by the action of the local monodromy matrices and encoded
by an orbit of D-brane charges. Expressing these monodromy matrices in terms of
the triple intersection numbers enabled us to classify the infinite distance points and
construct the associated infinite charge orbits that become massless. We also studied
in detail the charge orbits in elliptically fibered Calabi-Yau threefolds. We argued that
for these geometries the modular symmetry in the moduli space can be used to transfer
the large volume orbits to the small elliptic fiber regime. The resulting orbits can
be used in compactifications of M-theory that are dual to F-theory compactifications
including an additional circle. In particular, we showed that there are always charge
orbits satisfying the distance conjecture that correspond to Kaluza-Klein towers along
that circle. Integrating out the KK towers yields an infinite distance in the moduli
space, thereby supporting the emergence proposal in that context. More generally, we
also provided a new computation that shows how the exponential mass behavior and
the infinite field distance are automatic consequences of integrating out any tower of
states up to the species scale, as long as the tower gets compressed as we move in the
moduli space.

Samenvatting

In dit proefschrift hebben we algemene eigenschappen onderzocht van vier- en zesdimensionele effectieve acties met minimale supersymmetrie verkregen uit F-theorie
door compactificatie op Calabi-Yau variëteiten. Meer specifiek, we analyseerden de
4d N = 1 ijkskoppelingsfuncties en hun een-lus correcties, we toonden de annulering
van chirale anomalieën in vier en zes dimensies aan wanneer de F/M-theorie dualiteit
kan worden gebruikt en uiteindelijk hebben we ander sterk bewijsmateriaal voor het
Zwamplandafstandsvermoeden in de context van snaartheorie, door het te testen in de
Kähler moduliruimten van complex-3-dimensionele Calabi-Yau variëteiten. Onderweg
voerden we de reductie van de M-theorie op een Calabi-Yau van dimensie vier uit
in volledige algemeenheid, bestudeerden we gedetailleerd het gedrag van anomalieën
onder cirkelcompactificaties, regelden we de F-theorie optilling naar zes dimensies en
verstrekten verder bewijs voor de relaties tussen het Zwamplandafstandsvermoeden,
het emergentievoorstel en de afwezigheid van globale symmetrie.
In de hoofdstukken 2 en 4 hebben we de verschillende stappen beschreven die nodig
zijn om vier- en zesdimensionele effectieve acties uit F-theorie te verkrijgen. In hoofdstuk 2 voerden we de eerste algemene dimensionele reductie uit van elf-dimensionele
superzwaartekracht op een Calabi-Yau (CY) viervoud8 en de driedimensionele dualisatie naar het F-theoretisch beeld. Deze dualisatie is vereist om de resulterende
effectieve actie te vergelijken met de cirkelreductie van een vierdimensionele N = 1
superzwaartekrachttheorie. In hoofdstuk 4 hebben we de reductie van de M-theorie
op een CY drievoud vergeleken met de cirkelreductie van een generieke 6d N = (1, 0)
theorie, maar we zagen dat sommige termen overbleven.
We onderzochten in hoofdstuk 3 de veldafhankelijkheid van de ijkskoppelingfuncties van vierdimensionele Type IIB-orienteervouw-compactificaties met ruimtetijdvullende zeven-branen. In het bijzonder hebben we de restricties geanalyseerd die zijn
8 Hier

en later moeten de diemensies van de CY variëten als complex worden beschouwd.
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opgelegd door holomorficiteit en covariantie onder schuif-symmetrieën van de volume
en braan axionen. Dit vereist het introduceren van kwantumcorrecties, die noodzakelijk Riemann-theta-functies bevatten, op de complexe torus die wordt opgespannen
door de D7-braan Wilson-lijnmoduli. Vervolgens hebben we gegeneraliseerd naar
F-theorie, waar geometrie op elegante wijze volume en braan vrijheidsgraden verenigt,
waardoor we niet-triviale resultaten over holomorficiteit en schuif-symmetrieën kunnen
afleiden. We hebben bijvoorbeeld nieuw inzicht gekregen in de kinetische vermenging
van volume- en braan-ijksvelden.
In hoofdstuk 5 hebben we in detail onderzocht hoe vier- en zesdimensionele lokale
anomalieën zich manifesteren wanneer de theorie op een cirkel wordt gereduceerd. Door
de Kaluza-Klein-toestand zodanig weg te integreren dat de Lorentz-symmetrie van de
UV-theorie behouden blijft, hebben we aangetoond dat de drie- en vijfdimensionele
theories veldafhankelijke Chern-Simons (CS)-termen bevatten die op een-lus niveau
zichtbaar worden. We hebben deze analyse uitgebreid tot situaties waarbij anomalieën
worden geannuleerd via een (gegeneraliseerd) Green-Schwarz-mechanisme (wat in zes
dimensies eigenlijk vereist is). In algemeen hebben we aangetoond dat de drie- en
vijfdimensionele CS-termen ijkinvariant zijn als en alleen als de vier- en zesdimensionele
anomalieën worden geannuleerd, zodat de anomalie niet verloren gaat bij dimensionele
reductie. Vervolgens gebruiken we deze resultaten om automatische annulering van
lokale anomalieën te tonen, in F-theorie compactificaties die kunnen worden verkregen
als een limiet van M-theorie op een gladde Calabi-Yau variëteit van dimensie drie of
vier met achtergrond flux. Als bijproduct hebben we uitgelegd hoe eerder overgebleven
CS-termen in F-theorie optilling tot zes dimensies nu worden opgeheven door de
veldafhankelijke CS-termen, die alleen aanwezig zijn als de bovengenoemde regularisatie
wordt gebruikt.
Ten slotte onderzochten we in hoofdstuk 6 het Zwamplandafstandsvermoeden in
de Kähler moduliruimten van Calabi-Yau variëteiten compactificaties. Dit vermoeden
stelt dat een oneindige toren van toestanden exponentieel licht wordt wanneer een punt
op een oneindige propere afstand in de veldruimte wordt benaderd. In het grote volume
regime wordt de oneindige toren van toestanden gegenereerd door de actie van de lokale
monodromiematrices en gecodeerd door een baan van D-braan-ladingen. Door deze
monodromiematrices uit te drukken in termen van de drievoudige intersectieaantallen
van de variëteit konden we de oneindige afstandspunten classificeren en de bijbehorende
oneindige ladingsbanen construeren die massaloos worden. We onderzochten ook in
detail de ladingsbanen in elliptisch gevezelde driedimensionele Calabi-Yau variëteiten.
We voerden aan dat voor deze geometrieën de modulaire symmetrie in de moduliruimte
kan worden gebruikt om de banen in het groot volume regime over te brengen naar
het kleine elliptische vezelregime. De resulterende banen kunnen worden gebruikt in
compactificaties van de M-theorie, die duaal zijn van F-theorie-compactificaties met
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een extra cirkel. In het bijzonder hebben we laten zien dat er altijd ladingsbanen
zijn die voldoen aan het afstandsvermoeden dat overeenkomt met Kaluza-Klein-torens
langs dit cirkel. Wegintegratie van de KK-torens levert een oneindige afstand in de
moduliruimte op, en ondersteunt daarmee het emergentievoorstel in die context. Meer
in het algemeen hebben we ook een nieuwe berekening gedaan die laat zien hoe het
exponentiële massagedrag en de oneindige veldafstand automatische gevolgen zijn van
het wegintegreren van een willekeurige toren van toestanden tot de soortschaal, zolang
de toren samengedrukt wordt als we in de moduliruimte bewegen.
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