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1 INTRODUCTION

(Connected) Dominating Set is the problem to determine whether a given graph G has a (con-
nected) dominating set of size at most k . A subsetD ⊆ V (G ) is a dominating set if every vertex inG
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is either contained inD or adjacent to some vertex inD, andD is a connected dominating set ifD is a
dominating set andG[D] (the graph induced byD) is connected. Dominating sets play a prominent
role in both algorithmics and combinatorics (see, e.g., [46, 47]). Since the (Connected) Dominat-
ing Set problem is hard in its decision [41, 54], approximation [34, 43], and parameterized ver-
sions [26], research has focused on finding graph classes for which the problem becomes tractable.

In this article, we focus on the class of claw-free graphs. A graph is claw-free if no vertex has
three pairwise nonadjacent neighbors, i.e., if it does not contain K1,3 as an induced subgraph.
The class of claw-free graphs contains several well-studied graph classes, including line graphs,
unit interval graphs, complements of triangle-free graphs, and graphs of several polyhedra and
polytopes. Throughout the years, this graph class attractedmuch interest, and is by now the subject
of hundreds of mathematical research papers; for an overview, we refer to the survey by Faudree
et al. [33].

In the context of algorithms, most research on claw-free graphs has focussed on the In-
dependent Set problem. Building on Edmond’s classical polynomial-time algorithm [29] for
Independent Set on line graphs (better known asMatching), Sbihi [77] andMinty [67] (the latter
corrected by Nakamura and Tamura [70]) already gave polynomial-time algorithms for Indepen-
dent Set on claw-free graphs over 30 years ago. Recently, significantly faster algorithms have
been discovered that follow a similar approach [31, 72].

In contrast to the Independent Set problem, however, Dominating Set is NP-complete on
claw-free graphs. In fact, Dominating Set is NP-complete even on line graphs [82]. Nevertheless,
Fernau [36] recently showed that Dominating Set on line graphs (also known as Edge Domi-

nating Set) has an f (k ) · nO (1) time algorithm, where k is the size of the solution, meaning that
this problem is fixed-parameter tractable (see, e.g., [19, 27, 28, 38]). Moreover, Fernau [36] showed
that any instance of Dominating Set on line graphs can be reduced in polynomial time to have
O (k2) vertices, which implies that the problem admits a polynomial kernel (see, e.g., [19, 27, 28, 38]).
Both results were recently slightly improved [52, 81]. It has been left an open question, however,
whether such algorithms also exist for Dominating Set on claw-free graphs.

In a wider picture, claw-free graphs are a member of the more general family of graphs that
exclude K1, � as an induced subgraph for � ∈ N , i.e., �-claw-free graphs. These graphs generalize
many important classes of geometric intersection graphs; for example, unit square graphs areK1,5-
free, and unit disk graphs are K1,6-free. Marx showed that Dominating Set is W[1]-hard on unit
square graphs when parameterized by the solution size k , implying it is W[1]-hard on K1,5-free
graphs [66], which makes it unlikely that the problem is fixed-parameter tractable (see, e.g., [19,
27, 28, 38]). However, the problem becomes trivial on K1,2-free graphs, since these graphs are just
disjoint unions of cliques. Hence, the computational and parameterized complexity of Dominating
Set has been left open on K1,3-free (claw-free) and K1,4-free graphs.

In this article, we resolve the question whether Dominating Set is fixed-parameter tractable on
K1,3-free and/or K1,4-free graphs. We answer this same question also for the related Connected
Dominating Set problem. Additionally, we determine the �-claw-free graphs on which these
problems admit a polynomial kernel. These results combined completely settle the parameterized
complexity of both problems on �-claw-free graphs.

Our Results. In the first part of the article, we present our main contribution: an algorithmic
version of a recent, highly nontrivial structural decomposition theorem for claw-free graphs by
Chudnovsky and Seymour. This decomposition shows that every claw-free graph can be built by
applying certain gluing operations to certain atomic structures. The proof that such a decompo-
sition exists is contained in a sequence of seven papers by Chudnovsky and Seymour [10–16];
an accessible summary of the proof can be found in the announcement of their results [9]. The
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original proof of their decomposition theorem, however, does not directly imply an algorithm to
find the decomposition.

To obtain our algorithmic decomposition theorem for claw-free graphs, we first develop
polynomial-time algorithms that undo the aforementioned gluing operations (Section 3). These
algorithms could be of independent interest, as the structures that these algorithms find are not
specific to claw-free graphs. Then, we develop polynomial-time algorithms that recognize sev-
eral of the atomic structures that make up claw-free graphs (Section 4). Finally, we make several
changes to the proof of the original decomposition theorem by Chudnovsky and Seymour that
simplify it and make it easier to algorithmize (Section 5). Finally, we put all these pieces together
to give an algorithmic decomposition theorem for claw-free graphs that runs in O (n2m3/2) time
(Section 6).

The structural result for claw-free graphs that is implied by our algorithmic decomposition
theorem is inspired by a claim of Chudnovsky and Seymour [9, Claim 3.1] in the announcement
of their structural result for claw-free graphs. However, as far as we are aware, this claim is not
explicitly proved in their final work [10–16]. Our algorithmic decomposition theorem can be seen
as a variant or an interpretation of [9, Claim 3.1] with the hindsight of knowing the final work
of Chudnovsky and Seymour, as well as an explicit proof and an algorithm to actually find the
decomposition.

In the second part of the article, we apply our algorithmic decomposition theorem for claw-free
graphs to establish the following:

• Dominating Set on claw-free graphs is fixed-parameter tractable when parameterized by
the solution size. To be precise, we show that we can decide the existence of a dominating
set of size at most k in 9k ·O (n5) time when the graph is claw-free (Section 7).

• Connected Dominating Set on claw-free graphs is fixed-parameter tractable when pa-
rameterized by the solution size. To be precise, we show that we can decide the existence of

a connected dominating set of size at most k in 36k · nO (1) time when the graph is claw-free
(Section 8). This resolves an open question by Misra et al. [68].

• Dominating Set on claw-free graphs has a polynomial kernel when parameterized by the
solution size. To be precise, we show that given a claw-free graph G and an integer k , we
can output a graph G ′ with O (k3) vertices and an integer k ′ such that G has a dominating
set of size k if and only if G ′ has a dominating set of size k ′; the presented algorithm runs
in O (n5) time (Section 9).

In the third part of the article (Section 10), we complement the above results and show that:

• Dominating Set and Connected Dominating Set are W[1]-hard on K1,4-free graphs.
• Connected Dominating Set has no polynomial kernel on claw-free graphs (even on line

graphs), unless the polynomial hierarchy collapses to the third level.
• Dominating Set and Connected Dominating Set on claw-free graphs (even on line

graphs) cannot have an algorithm that runs in 2o (k )nO (1) time, where k is the size of the
solution, unless the Exponential Time Hypothesis fails.

• The weighted variants of Dominating Set and Connected Dominating Set are W[1]-
hard on claw-free graphs (even on cobipartite graphs).

Combined, this sequence of results completely determines the computational and parameterized
complexity of Dominating Set and Connected Dominating Set in K1, �-free graphs for all �.

Further Applications and Outlook. Since the publication of the extended abstract of our article,
several results have appeared that apply our algorithmic decomposition for claw-free graphs to
other problems. Martin et al. [64, 65] showed that the Disconnected Cut problem (find a vertex
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cut that itself induces at least two connected components) is polynomial-time solvable on claw-free
graphs. Golovach et al. [42] showed that the Induced Disjoint Paths problem (find disjoint and
“nonadjacent” paths between each ofk given pairs of terminal vertices) is fixed-parameter tractable
on claw-free graphs. Hermelin et al. [48] showed that a generalization of Independent Set called
Induced H -Matching (find k independent copies of a fixed graph H in a given graph) is fixed-
parameter tractable and has a polynomial kernel on claw-free graphs. Both results rely heavily
on the algorithmic decomposition theorem for claw-free graphs that we develop in this article. In
fact, the latter article presents a stronger version of the algorithmic decomposition theorem than
we present here; that version, however, would not be possible without the structural results and
fundamental algorithms that we develop in Sections 3 and 5 of this article.

The basic idea behind all three application of our technique ((Connected) Dominating Set in
this article, and Induced Disjoint Paths and Induced H -Matching in follow-up work [42, 48])
builds upon the constructs and notions that we develop in this article. However, significant tech-
nical effort is needed to tailor the decomposition theorem and the way we apply it to the problem
at hand. We believe, however, that using the algorithmic techniques developed in this article there
is a strong potential to develop algorithms for many other problems on claw-free graphs.

Related Work. Since the announcement of the Chudnovsky-Seymour decomposition theorem for
claw-free graphs, several results appeared that use it to attack problems on the class of claw-free
graphs, and particularly on a subclass called quasi-line graphs (see, e.g., [7, 17, 39]). However, most
of these results are structural and give no algorithms to find the decomposition.

Recently and independent of our work, two papers appeared that find an algorithmic decom-
position theorem for claw-free graphs. First, the decomposition theorem obtained by King and
Reed [55, 57] is based on the work of Chudnovsky and Seymour and has subtle differences when
compared to ours, but his algorithmic methods are completely different. Intuitively, King and Reed
find the individual parts (strips) of the decomposition by considering the local structure around
five-wheels, while we find the structures (joins) that hold the different parts together and only
then recognize the parts. Since the joins are central to the decomposition by Chudnovsky and
Seymour, we think that our approach is more flexible. Moreover, the approach by King and Reed
is heavily geared toward an application to the coloring problem and therefore does not need to
identify several parts in their full generality.

Second, the decomposition theorem obtained by Faenza et al. [31] is not based on the proof of the
decomposition theorem by Chudnovsky and Seymour, and thus is substantially different compared
to ours. Faenza et al. use their decomposition to obtain a faster polynomial-time algorithm for
Weighted Independent Set on claw-free graphs (recently improved by Nobili and Sassano [72]).
Although their decomposition can potentially be used to show that Dominating Set on claw-
free graphs is fixed-parameter tractable [78], it is not clear whether a polynomial kernel would
follow as well. Conversely, the ideas behind our work can be adapted to give a polynomial-time
algorithm forWeighted Independent Set on claw-free graphs, albeit with a worse run time than
the algorithms by Faenza et al. and Nobili and Sassano.

A recent paper byCygan et al. [20] also proves that Dominating Set is fixed-parameter tractable
on claw-free graphs. Their algorithm does not use the decomposition theorem by Chudnovsky and

Seymour, and runs in time 2O (k2 ) · nO (1) , compared to our 9k · nO (1)-time algorithm. Moreover,
their methods do not extend to a polynomial kernel. Cygan et al. [20] also show that Dominating
Set and Connected Dominating Set are W[2]-complete on K1,4-free graphs, compared to our
(slightly weaker) W[1]-hardness results.

From the perspective of approximation algorithms, it is known that Dominating Set has
a polynomial-time (� − 1)-approximation algorithm on �-claw-free graphs, and Connected
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Dominating Set has a polynomial-time 2(� − 1)-approximation algorithm [63]. These approxi-
mation factors, however, are not known to be tight [6].

Finally, it is important to note that in our article, we exclude K1, � as an induced subgraph, and
not as a subgraph. In the latter case, Dominating Set is already known to be fixed-parameter
tractable [74].

PART I—ALGORITHMIC DECOMPOSITION THEOREM FOR CLAW-FREE GRAPHS

2 DEFINITIONS

The definitions given in this section are the same as those by Chudnovsky and Seymour [14]. Al-
though the reader could find them there, to be self-contained, we repeat those definitions that we
need for our algorithmic structure theorem. Moreover, we sometimes need additional properties
that can be somewhat hidden in Chudnovsky and Seymour [14], and it will be convenient to high-
light them here explicitly. We also highlight the most important definitions for our algorithmic
structure theorem in explicit definitions.

2.1 Trigraphs and Basic Definitions

In this article, we work with a generalization of the notion of a graph, called a trigraph. Roughly
speaking, a trigraph is a graph with a distinguished subset of edges that are called semi-edges and
that form a matching in the graph. Intuitively, semi-edges capture the idea of “fuzzy” edges in the
graph that are both there and not there at the same time. This intuition will become more clear
later, when we consider the notion of a thickening.

Definition 2.1 (Trigraph). A trigraphG has a finite set of verticesV (G ) and an adjacency function
ϕG : V (G ) ×V (G ) → {−1, 0, 1}, such that

• ϕG (v,v ) = 0 for all v ∈ V (G ),
• ϕG (u,v ) = ϕG (v,u) for all u,v ∈ V (G ),
• at most one of ϕG (u,v ),ϕG (u,w ) = 0 for all distinct u,v,w ∈ V (G ).

The pairs u,v ∈ V (G ) with u � v for which ϕG (u,v ) ∈ {1,−1} are the regular edges and
nonedges, respectively, whereas those for which ϕG (u,v ) = 0 constitute the semi-edges. Observe
that, by definition, the set of semi-edges is indeed a matching. We also note that a trigraph without
semi-edges is just a normal graph. Conversely, given a graphG ′, it can be regarded as a trigraphG
by setting V (G ) = V (G ′) and ϕG (u,v ) = 1 if u,v are adjacent in G ′ and ϕG (u,v ) = −1 otherwise.

At first sight, it would appear that trigraphs only form a distraction and complicate our graph-
theoretic framework. However, it turns out that trigraphsmake it much easier to describe claw-free
graphs, and in particular, the decomposition theorems for them.

We now extend some classical notions of graph theory (such as adjacency) to trigraphs. In a
trigraph G with adjacency function ϕG , we say that distinct u,v ∈ V (G ) are strongly adjacent if
ϕG (u,v ) = 1, semiadjacent if ϕG (u,v ) = 0, and strongly antiadjacent if ϕG (u,v ) = −1. We then say
thatu,v are adjacent ifu,v are either strongly adjacent or semiadjacent, andu,v are antiadjacent if
u,v are either strongly antiadjacent or semiadjacent. Moreover, a vertexu is a neighbor of a vertexv
if u,v are adjacent and u,v are strong neighbors if u and v are strongly adjacent. The notions of
antineighbor and strong antineighbor are similarly defined. We denote by N (v ) the set of neighbors
of a vertex v and define N [v] = N (v ) ∪ {v} as the closed neighborhood of v . Similarly, we define
N (X ) = {v | v ∈ N (x ) \ X ,x ∈ X } and N [X ] = N (X ) ∪ X .

Given disjoint setsA,B ⊆ V (G ), we say thatA is complete to B or B-complete if every vertex ofA
is adjacent to every vertex of B. We say that A is strongly complete to B or strongly B-complete if
every vertex of A is strongly adjacent to every vertex of B. If we say that a ∈ V (G ) is (strongly)
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Fig. 1. The left panel shows a trigraph G ′. Here, the dotted line represents a semi-edge, the thick lines rep-

resent edges, and no line between two vertices represents a nonedge. The right panel shows a graph G that

is a thickeningW of G ′. Observe that since b is strongly adjacent to a, all vertices of Wb are adjacent to

all vertices of Wa . Moreover, since b is strongly antiadjacent to d , all vertices of Wb are antiadjacent to all

vertices of Wd . Finally, since b is semiadjacent to c , Wb is neither complete nor anticomplete to Wc . Note

that (Wb ,Wc ) is a W-join in G; in fact, it is a proper W-join. The setsWa ,Wd ,We each form a homogeneous

clique or twin set in G.

complete to B, then we mean that {a} is (strongly) complete to B. The notions of anticomplete and
strongly anticomplete are defined similarly.

A set C ⊆ V (G ) is a clique if every pair of vertices of C is adjacent, and a strong clique if every
pair of vertices of C is strongly adjacent. A vertex v of a trigraph is simplicial if N [v] is a clique,
and strongly simplicial if N [v] is a strong clique.

Definition 2.2 (Stable set, α (G )). A set I ⊆ V (G ) is stable or independent if every pair of vertices
of I is antiadjacent, and strongly stable or strongly independent if every pair of vertices of I is
strongly antiadjacent. Let α (G ) denote the size of a largest subset ofV (G ) that is stable. Sometimes,
α (G ) will be called the stability number or independence number of G.

The following notion of a thickening is crucial to turn semi-edges into “normal edges.” See also
Figure 1.

Definition 2.3 (Thickening). A trigraph G is a thickening of a trigraph G ′ if there is a setW =

{Wv ⊆ V (G ) | v ∈ V (G ′)} such that each setWv is nonempty, such that

• Wu ∩Wv = ∅ for all distinct u,v ∈ V (G ′) and
⋃

v ∈V (G′)Wv = V (G ),
• Wv is a strong clique in G for each v ∈ V (G ′),
• if u,v are strongly adjacent in G ′, thenWu is strongly complete toWv in G,
• if u,v are strongly antiadjacent in G ′, thenWu is strongly anticomplete toWv in G,
• if u,v are semiadjacent in G ′, thenWu is neither strongly complete nor strongly anticom-

plete toWv in G.

We sometimes talk about the thickeningW of G ′ to G.

Note that a trigraph is always a thickening of itself. Also note that if G is a thickening of G ′

and G ′ is a thickening of G ′′, then G is also a thickening of G ′′. Finally, note that if a graph G is a
thickening of trigraph G ′ and u,v are semiadjacent in G ′, then |Wu | + |Wv | ≥ 3.

For anyX ⊆ V (G ),G[X ] is the trigraph induced byX , which is the trigraphwith vertex setX and
adjacency determined by the restriction of ϕG to X × X . We say that H is an induced subtrigraph

ofG ifH is isomorphic toG[X ] for someX ⊆ V (G ). We defineG \ X = G[V (G ) \ X ]. Isomorphism
between trigraphs is defined as expected.
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Definition 2.4 (Claw, Claw-free). A claw is a trigraphwith four vertices a,b, c,d , such that {b, c,d }
is stable and complete toa. Thena is the center of the claw. If no induced subtrigraph of a trigraphG
is isomorphic to a claw, thenG is claw-free.

2.2 Twins and Joins

In this subsection, we describe the basic graph structures used in the decomposition theorem of
claw-free (tri)graphs. Later, in Section 3, we will describe algorithms to actually find these struc-
tures in a graph.

Throughout this section, let G be a trigraph. A strong clique X of G is homogeneous if every
vertex in G \ X is either strongly complete or strongly anticomplete to X . This is equivalent to
requiring that for x ,x ′ ∈ X , x and x ′ have the same closed neighborhoods and all their neighbors
are strong neighbors.

Definition 2.5 (Twins). A homogeneous strong clique is sometimes also called a twin set. ThenG
admits twins if G has a homogeneous strong clique of size 2.

See also Figure 1.
A pair of strong cliques (A,B) is homogeneous if every vertex v ∈ V (G ) \ (A ∪ B) is either

strongly complete or strongly anticomplete to A, and is either strongly complete or strongly an-
ticomplete to B. In other words, the set V (G ) \ (A ∪ B) can be partitioned into four sets: those
vertices strongly adjacent to A and strongly antiadjacent to B, those strongly adjacent to B and
strongly antiadjacent to A, those strongly adjacent to both A and B, and those strongly antiadja-
cent to both A and B. Observe that if G is a graph and V (G ) \ (A ∪ B) = ∅, then G is a cobipartite
graph (i.e., the complement of a bipartite graph).

Definition 2.6 ((Proper) W-join). A homogeneous pair of cliques (A,B) is a W-join if A is neither
strongly complete nor strongly anticomplete to B, andA or B has size at least 2. AW-join is proper if
no member ofA is strongly complete or strongly anticomplete to B and no member of B is strongly
complete or strongly anticomplete to A.

It is important to observe that if a trigraph G is a thickening of a trigraph G ′ with {Wv | v ∈
V (G ′)} and |Wv | > 1 for somev ∈ V (G ′), thenWv is a twin set ifv is not semiadjacent to any vertex
of G ′, and (Wu ,Wv ) is a W-join if v is semiadjacent to a vertex u ∈ V (G ′). The latter observation
follows from the fact that the semi-edges form a matching in G ′. See also Figure 1.

A partition (V1,V2) ofV (G ) is a 0-join ifV1 is strongly anticomplete toV2 andV1,V2 � ∅. IfG does
not admit a 0-join, then G is called connected. Observe that if G is a graph rather than a trigraph,
then this corresponds to the standard notion of connectedness.

A partition (V1,V2) of V (G ) is a 1-join if there are sets A1 ⊆ V1, A2 ⊆ V2 such that

• A1 ∪A2 is a strong clique,
• V1 \A1 is strongly anticomplete to V2, and V2 \A2 is strongly anticomplete to V1,
• Ai ,Vi \Ai � ∅ for i = 1, 2.

A partition (V1,V2) of V (G ) is a pseudo-1-join if there are sets A1 ⊆ V1, A2 ⊆ V2 such that

• A1 ∪A2 is a strong clique,
• V1 \A1 is strongly anticomplete to V2, and V2 \A2 is strongly anticomplete to V1,
• neither V1 nor V2 is a strong stable set.

See the left panel of Figure 2 for an example.
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Fig. 2. The left panel shows a graph that admits a (pseudo-)1-join. The sets A1,A2 that define the (pseudo-)

1-join are highlighted in dark green and dark red, respectively. The sets V1,V2 are green and red, respec-

tively. The middle panel shows a graph that admits a (pseudo-)2-join. The sets A1,A2,B1,B2 that define the

(pseudo-)2-join are highlighted in dark green and dark red, respectively. The sets V1,V2 are green and red,

respectively. The right panel shows a graph that admits a generalized 2-join and a pseudo-2-join. The sets

A1,A2,B1,B2 that define the generalized 2-join and pseudo-2-join are highlighted in dark green and dark

red, respectively. The sets V0,V1,V2 are purple, green, and red, respectively.

A trigraph admitting a 1-join and no 0-join admits a pseudo-1-join. We will denote (pseudo-)
1-joins either by the partition (V1,V2) of the vertices, or the “connecting subsets” (A1,A2). Note
that V1,V2 can be easily determined if we just know A1,A2, and vice versa.

A partition (V0,V1,V2) of V (G ) forms a generalized 2-join if for i = 1, 2 there are disjoint sets
Ai ,Bi ⊆ Vi such that

• V0,V1, andV2 are pairwise strongly anticomplete, except thatV0 ∪A1 ∪A2 andV0 ∪ B1 ∪ B2

form a strong clique,
• Ai ,Bi ,Vi \ (Ai ∪ Bi ) � ∅ for i = 1, 2.

If V0 = ∅, then we call it a 2-join.
A partition (V0,V1,V2) ofV (G ) forms a pseudo-2-join if for i = 1, 2 there are disjoint setsAi ,Bi ⊆

Vi such that

• V0,V1, andV2 are pairwise strongly anticomplete, except thatV0 ∪A1 ∪A2 andV0 ∪ B1 ∪ B2

form a strong clique,
• neither V1 nor V2 is a strong stable set.

See the middle and right panels of Figure 2 for examples.
A graph admitting a (generalized) 2-join and no 0-join admits a pseudo-2-join. We will use

both the notation (V0,V1,V2) or (V1,V2) and the notation (A1,A2,B1,B2) for (generalized/pseudo-)
2-joins.

A three-cliqued trigraph (G;A,B,C ) consists of a trigraph G and three pairwise disjoint strong
cliques A,B,C in G such that V (G ) = A ∪ B ∪C .

A hex-join of two three-cliqued trigraphs (G1;A1,B1,C1) and (G2;A2,B2,C2) is the three-cliqued
trigraph (G;A,B,C ), whereA = A1 ∪A2, B = B1 ∪ B2,C = C1 ∪C2, andG is the trigraph with ver-
tex set V (G ) = V (G1) ∪V (G2) and adjacency as follows:

• G[V (G1)] = G1 and G[V (G2)] = G2,
• A1 is strongly complete to V (G2) \ B2, B1 is strongly complete to V (G2) \C2, and C1 is

strongly complete to V (G2) \A2,
• the pairs (A1,B2), (B1,C2), (C1,A2) are strongly anticomplete.
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A trigraphG admits a hex-join ifG has three strong cliquesA,B,C such that (G;A,B,C ) is a three-
cliqued trigraph expressible as a hex-join.

We often implicitly use the following important observation, which is immediate from the above
definitions.

Proposition 2.7. Let G be a trigraph that is a thickening of a trigraph G ′. If G ′ admits twins,

then a (proper) W-join, a 0-join, a (pseudo-) 1-join, a (generalized/pseudo-) 2-join, or a hex-join, then

G admits twins, a (proper) W-join, a 0-join, a (pseudo-) 1-join, a (generalized/pseudo-) 2-join, or a

hex-join, respectively.

The following definition is crucial to the structure theorem of Chudnovsky and Seymour for
claw-free graphs. A trigraph G is indecomposable if G neither admits twins, nor a W-join, nor a
0-join, nor a 1-join, nor a generalized 2-join, nor a hex-join.

2.3 Strips and Stripes

The notions in this section are of central importance to our algorithmic structure theorem, as well
as to its applications. For a visual explanation of the definitions in this subsection, we refer to
Figure 3.

Definition 2.8 (Strip-graph). A strip-graph H consists of disjoint finite sets V (H ) and E (H ), and
an incidence relation between V (H ) and E (H ) (i.e., a subset of V (H ) × E (H )).

Given a strip-graph H , for any F ∈ E (H ), let F denote the set of h ∈ V (H ) incident with F . Note
that the definition of strip-graphs is close to the definition of hypergraphs, except that we allow
multiple edges and empty edges here.

LetG be a trigraph and let Y ⊆ V (G ). Then a family (X1, . . . ,Xk ) of subsets of Y is a circus in Y
if

• for 1 ≤ i ≤ k and x ∈ Xi , the set of neighbors of x in Y \ Xi is a strong clique,
• for 1 ≤ i < j ≤ k , Xi ∩ X j is strongly anticomplete to Y \ (Xi ∪ X j ),
• for 1 ≤ h < i < j ≤ k , Xh ∩ Xi ∩ X j = ∅.

Definition 2.9 (Strip-structure). A strip-structure (H ,η) of a trigraph G is a strip-graph H with
E (H ) � ∅ and a function η that takes one or two parameters, an F ∈ E (H ) or an F ∈ E (H ) and a

h ∈ F , satisfying:

• η(F ) ⊆ V (G ) and η(F ,h) ⊆ η(F ) for each F ∈ E (H ) and each h ∈ F .
• The sets η(F ) (F ∈ E (H )) are nonempty, pairwise disjoint, and have union V (G ).

• For eachh ∈ V (H ), the union of the sets η(F ,h) for all F ∈ E (H ) withh ∈ F is a strong clique
of G.

• For all distinct F1, F2 ∈ E (H ), ifv1 ∈ η(F1) andv2 ∈ η(F2) are adjacent inG, then there exists

h ∈ F1 ∩ F2 such that v1 ∈ η(F1,h) and v2 ∈ η(F2,h).

• For each F ∈ E (H ), the family η(F ,h) (h ∈ F ) is a circus in η(F ).

To simplify notation, we define η(h) =
⋃

F |h∈F η(F ,h) for all h ∈ V (H ).

Definition 2.10 (Strip). Let (H ,η) be a strip-structure of a trigraph G and let F ∈ E (H ), where

F = {h1, . . . ,hk }. Let z1, . . . , zk be new vertices and let J be the trigraph obtained fromG[η(F )] by
adding z1, . . . , zk , and for each i making zi strongly complete to η(F ,hi ) and strongly anticomplete
to J \ η(F ,hi ). Then (J , {z1, . . . , zk }) is the strip corresponding to F .

Note that Z = {z1, . . . , zk } is a strong stable set in J and that Z ∩V (G ) = ∅.
Observe that ifG is claw-free, stating that the family η(F ,h) (h ∈ F ) is a circus in η(F ) is equiv-

alent to stating that the strip corresponding to F is claw-free.
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Fig. 3. This figure is inspired by [48, Fig. 1]. The left panel shows a claw-free graphG. A strip-structure (H ,η)
has been marked in the panel. The middle panel shows the strip-graph H ; note that E (H ) = {a,b, c,d, e, f }
and that |b | = 1. The colored ellipses in the left panel show η(F ) for each F ∈ E (H ). The darker ellipses show

the sets η(F ,h) for each F ∈ E (H ) and h ∈ F . The right panel shows the two types of strips (J ,Z ): spots

and stripes. The colored ellipses show η(F ) = V (J ) \ Z and the darker ellipses show η(F ,h) for F ∈ E (H ) and

h ∈ F . Note that strips a, b, and e in the left panel are spots; these always look as pictured. Conversely, strips

c , d , and f are stripes and might look different depending on η(F ); the stripe in the right panel corresponds

to f (the stripes corresponding to c and d are not pictured). From the picture, it is clear that the set Z ⊆ V (J )
is not part of G.

Definition 2.11 (Spot, Stripe). A strip (J ,Z ) is a spot if J consists of three vertices v , z1, z2 such
that v is strongly adjacent to z1 and z2, and z1 is strongly antiadjacent to z2, and Z = {z1, z2}.

A strip (J ,Z ) is a stripe if J is a claw-free trigraph and Z ⊆ V (J ) is a set of strongly simplicial
vertices, such that no vertex of V (J ) \ Z is adjacent to more than one vertex of Z .

We say that a stripe (J ,Z ) is a thickening of a stripe (J ′,Z ′) if J is a thickening of J ′ with sets
Wv (v ∈ V (J ′)) such that |Wz | = 1 for each z ∈ Z ′ and Z = ⋃

z∈Z ′Wz .

The nullity of a strip-structure (H ,η) is the number of pairs (F ,h) with F ∈ E (H ), h ∈ F , and
η(F ,h) = ∅.

Given a strip-structure (H ,η) of a trigraph, we say that F ∈ E (H ) is purified if either the sets

η(F ,h) (h ∈ F ) are pairwise disjoint, or F = {h1,h2}, |η(F ) | = 1, and η(F ,h1) = η(F ,h2) = η(F ). A
strip-structure (H ,η) is purified if each F ∈ E (H ) is purified.

Observe that saying that F ∈ E (H ) is purified is equivalent to saying that the strip corresponding
to F is either a stripe or a spot.

2.4 Special Trigraphs

In the definitions below, whenever adjacency between two vertices is not specified, they are
strongly antiadjacent. Moreover, if two vertices are said to be adjacent, they can be either strongly
adjacent or semiadjacent, unless otherwise specified. Similarly, if two vertices are said to be anti-
adjacent, they can be either strongly antiadjacent or semiadjacent, unless otherwise specified.

A line trigraphG of some graphH is a trigraph whereV (G ) = E (H ) and e, f ∈ E (H ) are adjacent
in G if and only if e and f share an endpoint in H . Moreover, e, f are strongly adjacent if e and f
share an endpoint of degree at least three. The class of all line trigraphs is denoted S0. If G is a
graph (i.e.,G has no semi-edges) andG is the line trigraph of some graphH , then we callG the line

graph of H , a classic notion in graph theory. In this case, we call H the pre-image of G. Note that
the line graph of a graph H is unique, while the pre-image of a line graph G might not be unique
(this happens only whenG is a triangle, in which case the pre-image is either a triangle or a claw).
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Fig. 4. A claw-free XX-trigraph with X = {v11,v12,v13} and where v7 and v8 are strongly antiadjacent. A

solid line illustrates strong adjacency and no line indicates strong antiadjacency. Note that there are no

semiadjacencies per Proposition 2.13.

The icosahedron is the (planar) graphG with V (G ) = {v1, . . . ,v12} such that

• for i = 1, . . . , 10, vi is adjacent to vi+1 and vi+2 (indices modulo 10),
• v11 is adjacent to v1,v3,v5,v7,v9,
• v12 is adjacent to v2,v4,v6,v8,v10.

This graph regarded as a trigraph is denoted by G0. Let G1 = G0 \ {v12}. Let G2 be obtained from
G1 \ {v10} by possibly making v1 semiadjacent to v4 or making v6 semiadjacent to v9. The class of
trigraphs denoted by S1 consists precisely of G0, G1, and the four possibilities for G2.

Definition 2.12 (XX-trigraph, S2). Let G be the trigraph with V (G ) = {v1, . . . ,v13} such that

• vi is adjacent tovi+1 for i = 1, . . . , 5 andv6 is adjacent tov1; alsovi is antiadjacent tovj for
each i = 1, . . . , 4 and each i + 2 ≤ j ≤ 6,

• v7 is strongly adjacent to v1 and v2,
• v8 is strongly adjacent to v4, v5, and possibly adjacent to v7,
• v9 is strongly adjacent to v1, v2, v3, and v6,
• v10 is strongly adjacent to v3, v4, v5, and v6, and adjacent to v9,
• v11 is strongly adjacent to v1, v3, v4, v6, v9, and v10,
• v12 is strongly adjacent to v2, v3, v5, v6, v9, and v10,
• v13 is strongly adjacent to v1, v2, v4, v5, v7, and v8.

Then G \ X for any X ⊆ {v7,v11,v12,v13} is an XX-trigraph. The class of all XX-trigraphs is de-
noted S2.

See Figure 4 for an example of a member of S2.

Proposition 2.13. Let G be the trigraph defined above on vertices v1, . . . ,v13 and let X ⊆
{v11,v12,v13}. If G is claw-free, then the (anti)adjacencies between v1, . . . ,v6 are strong.

Proof. First, suppose that:

• v1 is semiadjacent tov3. Thenv3 is strongly antiadjacent tov6 by the definition of a trigraph.
Hence, v1,v3,v6,v7 forms a claw with center v1, a contradiction.

• v1 is semiadjacent to v4. Then v1,v4,v8,v10 forms a claw with center v4, a contradiction.
• v1 is semiadjacent to v5. Then v1,v5,v8,v10 forms a claw with center v5, a contradiction.
• v2 is semiadjacent to v4. Then v2,v4,v8,v10 forms a claw with center v4, a contradiction.
• v2 is semiadjacent to v5. Then v2,v5,v8,v10 forms a claw with center v5, a contradiction.
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• v2 is semiadjacent tov6. Thenv3 is strongly antiadjacent tov6 by the definition of a trigraph.
Hence, v2,v3,v6,v7 is a claw with center v2, a contradiction.

• v3 is semiadjacent tov5. Thenv3 is strongly antiadjacent tov6 by the definition of a trigraph.
Hence, v3,v5,v6,v8 is a claw with center v5, a contradiction.

• v3 is semiadjacent tov6. Thenv6 is strongly antiadjacent tov2 and tov4 by the definition of
a trigraph. Moreover, we already established that v2 is strongly antiadjacent to v4. Hence,
v2,v3,v4,v6 is a claw with center v3, a contradiction.

• v4 is semiadjacent tov6. Thenv3 is strongly antiadjacent tov6 by the definition of a trigraph.
Hence, v3,v5,v6,v8 is a claw with center v4, a contradiction.

Now it remains to remark that Hermelin et al. [48, Proposition 1] already showed thatvi is strongly
adjacent to vi+1 for i = 1, . . . , 5 and v6 is strongly adjacent to v1. �

Consider the sphere S1 and a setI = {I1, . . . , I� } of subsets of S1, such that no distinct Ii , Ij share
an endpoint and no three members of I have union S1. Let P be a finite subset of S1 and let G be
the trigraph with V (G ) = P such that distinct u,v ∈ P are adjacent in G if and only if u,v ∈ Ii for
some i = 1, . . . , �. Moreover, u,v are strongly adjacent if at least one of u,v is in the interior of Ii .
Call such trigraphs circular interval trigraphs and denote the class of all circular interval trigraphs
by S3.

Recall that the intersection graph G of a set F of subsets of some given universe is the graph
where each vertex corresponds to a set in F and there is an edge between two vertices if and only
if the corresponding sets of F intersect. IfG is the intersection graph of F , then we call F a model

for G.

Definition 2.14 ((Proper) circular-arc graph). A graph is a circular-arc graph if it is the intersec-
tion graph of some set of arcs of the sphere S1. A graph is a proper circular-arc graph if it is the
intersection graph of some set of arcs of the sphere S1 such that no arc of the set properly contains
another.

Note that this definition allows arcs to be the same.

Proposition 2.15. Any circular interval trigraph without semi-edges is a proper circular-arc

graph.

Proof. Let G be a circular interval trigraph that has no semiadjacent edges. Then, in fact, G
is a graph. Consider the sphere S1. Let I = {I1, . . . , I� } be subsets of S1 and P be a finite subset
of S1 such that P = V (G ) and distinct u,v ∈ P are adjacent in G if and only if u,v ∈ Ii for some
i = 1, . . . , �. Note that any adjacency must in fact be strong adjacency, by assumption. Define some
orientation on S1 that we call clockwise. For each u ∈ P , let Iu denote the subset of S1 in I that
extends furthest clockwise from u on S1. Let I

′
u denote the subset of Iu that comes clockwise

after u (including u itself). Consider the set I′ = {I ′u | u ∈ P }. It is not hard to see that no arc of I′
contains another (possible after infinitesimal extensions of some arcs, i.e., of I ′v if Iu = Iv and v
comes after u), and thatG is the intersection graph of I′. �

Although one can prove a converse of this proposition if one makes more assumptions on the
arcs of a proper circular-arc graph, this will not be relevant to this article, and we thus omit it.

Let H be a graph with V (H ) = {h1, . . . ,h7} such that

• {h1, . . . ,h5} is a cycle with vertices in this order,
• h6 is adjacent to at least three of h1, . . . ,h5,
• h7 is adjacent to h6 and no other vertices,
• all adjacencies not specified so far can be arbitrary.
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Let G be the graph obtained from the line graph of H by adding a new vertex adjacent to those
edges of E (H ) not incident with h6, and then regarding it as a trigraph. If h4,h5 both have degree
two inH , then possibly make the vertices ofG corresponding to edges h3h4 and h1h5 semiadjacent.
The class of trigraphs containing precisely these trigraphs is denoted by S4.

Let G be a trigraph that is the disjoint union of three n-vertex strong cliques A = {a1, . . . ,an },
B = {b1, . . . ,bn }, and C = {c1, . . . , cn } for n ≥ 2 and five vertices {d1, . . . ,d5} such that for some
X ⊆ A ∪ B ∪C with |X ∩A|, |X ∩ B |, |X ∩C | ≤ 1,

• for 1 ≤ i, j ≤ n, ai and bj are adjacent if and only if i = j, and ci is strongly adjacent to aj if
and only if i � j, and ci is strongly adjacent to bj if and only if i � j,

• ai is semiadjacent to bi for at most one value of i ∈ {1, . . . ,n}, and if so then ci ∈ X ,
• ai is semiadjacent to ci for at most one value of i ∈ {1, . . . ,n}, and if so then bi ∈ X ,
• bi is semiadjacent to ci for at most one value of i ∈ {1, . . . ,n}, and if so then ai ∈ X ,
• no two of A \ X , B \ X , C \ X are strongly complete to each other,
• d1 is strongly complete to A ∪ B ∪C ,
• d2 is strongly complete to A ∪ B and adjacent to d1,
• d3 is strongly complete to A ∪ {d2},
• d4 is strongly complete to B ∪ {d2,d3},
• d5 is strongly adjacent to d3 and d4.

The class of all trigraphs G \ X is denoted by S5.
The following trigraphs are called near-antiprismatic or antihat trigraphs. Let G be a tri-

graph that is the disjoint union of three n-vertex strong cliques A = {a1, . . . ,an }, B = {b1, . . . ,bn },
and C = {c1, . . . , cn } for n ≥ 2 and two vertices a0,b0 such that for some X ⊆ A ∪ B ∪C with
|C \ X | ≥ 2,

• for 1 ≤ i, j ≤ nwith i � j, ai is strongly antiadjacent tobj and ai andbi are strongly adjacent
to c j ,

• for 1 ≤ i ≤ n, ai and bi are adjacent, ci and ai are antiadjacent, ci and bi are antiadjacent.
All such pairs are strongly (anti)adjacent, except possibly
—ai is semiadjacent to bi for at most one value of i ∈ {1, . . . ,n}, and if so then ci ∈ X ,
—ai is semiadjacent to ci for at most one value of i ∈ {1, . . . ,n}, and if so then bi ∈ X ,
—bi is semiadjacent to ci for at most one value of i ∈ {1, . . . ,n}, and if so then ai ∈ X .

• a0 is strongly complete to A,
• b0 is strongly complete to B,
• a0 is antiadjacent to b0.

The class of all trigraphs G \ X is denoted by S6.
A trigraph G is antiprismatic if for every X ⊆ V (G ) with |X | = 4, X is not a claw, and at least

two pairs of vertices in X are strongly adjacent. The class of antiprismatic trigraphs is denoted
by S7.

The following is the main result from the work of Chudnovsky and Seymour on claw-free
graphs. Recall the definition of indecomposable trigraphs from page 9.

Theorem 2.16 (Chudnovsky and Seymour [13, 14]). Every indecomposable trigraph belongs to

S0 ∪ · · · ∪ S7.

2.5 Special Stripes

In the definitions below, whenever adjacency between two vertices is not specified, they are
strongly antiadjacent. Moreover, if two vertices are said to be adjacent, they can be either strongly
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adjacent or semiadjacent, unless otherwise specified. Similarly, if two vertices are said to be anti-
adjacent, then they can be either strongly antiadjacent or semiadjacent, unless otherwise specified.

Consider a trigraph J with vertex set {v1, . . . ,vn } with n ≥ 2 such that for 1 ≤ i < j < k ≤ n,
ifvi andvk are adjacent in J , thenvj is strongly adjacent to bothvi andvk . This is a linear interval

trigraph.

Definition 2.17 (Proper interval graph). A graph is a proper interval graph if it is the intersection
graph of a set of intervals of the real line, such that no interval of the set properly contains another.

The following observation is implied by a result of Looges and Olariu [61, Proposition 1,
Theorem 1] (the “umbrella property”).

Proposition 2.18. Any linear interval trigraph without semi-edges is a proper interval graph.

Let J be a linear trigraph with vertex {v1, . . . ,vn } as per the definition, let v1,vn be strongly
antiadjacent, let no vertex be adjacent to both v1 and vn , and let no vertex be semiadjacent to
either v1 or vn . Let Z = {v1,vn }. The class of all such stripes (J ,Z ) is denoted byZ1.

Let J ∈ S6, let a0,b0 be as in the definition of S6, with a0,b0 strongly antiadjacent, and let Z =
{a0,b0}. The class of all such stripes (J ,Z ) is denoted byZ2.

LetH be a graph, and let h1, . . . ,h5 be a path inH such that h1 and h5 have degree one and every
edge of H is incident with one of h2,h3,h4. Let J be obtained from a line trigraph of H by making
the vertices corresponding to edges h2h3 and h3h4 either semiadjacent or strongly antiadjacent,
and let Z = {h1h2,h4h5}. The class of all such stripes (J ,Z ) is denoted by Z3. See Figure 5 for an
example.

Let J be the trigraph with vertices {a0,a1,a2,b0,b1,b2,b3, c1, c2} such that {a0,a1,a2},
{b0,b1,b2,b3}, {a2, c1, c2}, and {a1,b1, c2} are strong cliques, b2, c1 are strongly adjacent, b2, c2 are
semiadjacent, and b3, c1 are semiadjacent. Let Z = {a0,b0}. The class of all such stripes (J ,Z ) is
denoted byZ4. See Figure 6 for an example.

Definition 2.19 (Z5). Let J ∈ S2, let v1, . . . ,v13,X be as in the definition of S2, let v7,v8 be
strongly antiadjacent in J , and let Z = {v7,v8} \ X . The class of all such stripes (J ,Z ) is denoted
byZ5.

See Figure 7 for an example.
Let J ∈ S3, let I1, . . . , In be as in the definition of S3, let z ∈ V (G ) belong to at most one of

I1, . . . , In and not be an endpoint of one of I1, . . . , In . Then z is a strongly simplicial vertex of J . Let
Z = {z}. The class of all such stripes (J ,Z ) is denoted byZ6.

Let J ∈ S4, letH ,h1, . . . ,h7 be as in the definition ofS4, let e be the edge inH betweenh6 andh7,
and let Z = {e}. The class of all such stripes (J ,Z ) is denoted byZ7.

Let J ∈ S5, let d1, . . . ,d5,A,B,C be as in the definition of S5, and let Z = {d5}. The class of all
such stripes (J ,Z ) is denoted byZ8.

Let J be the trigraph where the vertex set is the union of five sets {z},A,B,C,D with A =
{a1, . . . ,an } and B = {b1, . . . ,bn } for some n ≥ 1, such that

• {z} ∪ D is a strong clique,
• A ∪C and B ∪C are strong cliques,
• for 1 ≤ i ≤ n, ai and bi are antiadjacent and every vertex of D is strongly adjacent to pre-

cisely one of ai ,bi ,
• for 1 ≤ i < j ≤ n, {ai ,bi } is strongly complete to {aj ,bj }, and
• the adjacency between C and D is arbitrary.

Note that J is antiprismatic. Let Z = {z}. The class of all such stripes (J ,Z ) is denoted byZ9.

ACM Transactions on Algorithms, Vol. 15, No. 2, Article 25. Publication date: April 2019.



Domination When the Stars Are Out 25:15

3 ALGORITHMS TO FIND TWINS AND JOINS

If wewant to prove an algorithmic decomposition theorem for claw-free graphs, then Theorem 2.16
suggests thatwe develop algorithms that find twins and the joins defined in Section 2.2 in trigraphs.
Actually, we will see later that we only apply these algorithms to graphs, and so we restrict our
attention to graphs instead of trigraphs. Moreover, we will see later that we do not need an al-
gorithm to find a hex-join in a graph. Therefore, in this section, we propose algorithms to find
twins, proper W-joins, 0-joins, (pseudo-) 1-joins, and (pseudo-/generalized) 2-joins in graphs in
polynomial time.

We observe here that in the literature 1-joins and 2-joins are usually defined in a different
manner than they were defined in this article, and several fast, polynomial-time algorithms are
known to find these alternate 1- and 2-joins (see, e.g., [4, 5, 21, 22]). It is not difficult to show that
on claw-free graphs that do not admit twins and have a stable set of size at least five the alternate
definitions of 1- and 2-joins coincide with those defined in this article. Under these conditions, we
can thus use the fast algorithms available in the literature. However, we emphasize that on general
(claw-free) graphs, the alternate definitions diverge from those in our article, which led us to study
them separately. Our algorithms work on general graphs, and thus may be of independent interest.

Throughout this section, let G be a graph, let n = |V (G ) | and m = |E (G ) |, and let Δ(G ) be the
maximum degree of any vertex in G.

3.1 Finding 0-joins, Proper W-joins, and Twins

The results of this section follow from known results or were known before. First, finding 0-joins
corresponds to standard connectivity testing.

Proposition 3.1. In O (n +m) time, one can find a 0-join in a graph G, or report that G has no

0-join.

King and Reed [56] showed that proper W-joins can be found in O (n2m) time.

Theorem 3.2 [56]. In O (n2m) time, one can find a proper W-join in a graph G, or report that G
does not admit a proper W-join.

Other algorithms for finding (proper) W-joins and applications of such algorithms are consid-
ered in several papers (see, e.g., [8, 32, 56, 73]).

Twins can be found in linear time. The algorithm is actually implicitly given by Habib et al. [45].
We provide it here only for completeness.

Theorem 3.3. In O (n +m) time, one can find twins in a graph G, or report that G does not admit

twins.

Proof. We use a technique called partition refinement (see, e.g., [44]). Given a universe U , a
partition P of U , and a subset S of U , the refinement of P splits each partition class P of P into a
class P ∩ S and a class P \ S . This operation takes O ( |S |) time [44]. Now observe that u,v ∈ V (G )
are twins if and only if for any x ∈ V (G ), either u,v ∈ N [x] or u,v � N [x]. Hence, if we set U =
V (G ), initialize P = {V (G )}, and iteratively refine P with N [x] for each x ∈ V (G ), then any two
vertices in any non-singleton class of the final partition P′ are twins. Moreover, if P′ consists
only of singleton classes, then G does not admit twins. The total run time of this algorithm is
O (

∑
x ∈V (G ) |N [x]|) = O (n +m). �

3.2 Finding 1-joins

In this subsection, we describe how to find a 1-join in polynomial time.We first need some auxiliary
lemmas.
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Lemma 3.4. Let (A1,A2) be a 1-join of a connected graph G. Then G[V1] and G[V2] are connected.

Proof. Suppose thatG[V1] has two connected componentsC andC ′. BecauseG[A1] is a clique,
at most one of C,C ′ contains vertices of A1. Suppose that C contains no vertices of A1. Because
(A1,A2) is a 1-join, C is not connected to V2. This contradicts that G is connected. �

A spanning treeT of a graphG is a BFS-spanning tree if it is obtained from a breadth-first search
on G. The root of a BFS-spanning tree is the vertex that is the origin of the breadth-first search.
Throughout, for a,b ∈ V (G ), we use dist(a,b) to denote the length of a shortest path between a
and b in G, and distT (a,b) to denote the length of a shortest path between a and b in T .

The following lemma is inspired by an observation of Cornuéjols and Cunningham [21].

Lemma 3.5. Let T be a BFS-spanning tree of a connected graph G and let (A1,A2) be a 1-join.

Suppose that the root r of T is in V1. Then there is a vertex v ∈ A1 such that all vertices of A2 are

neighbors of v in T .

Proof. This is immediate from the fact that T is a BFS-spanning tree. �

For a treeT , call a pair of vertices (u,v ) diametral if the length of theu–v-path inT is maximum
among all pairs.

Lemma 3.6. Given a tree T on n vertices, a diametral pair of vertices can be found in O (n) time.

Proof. Letw be an arbitrary leaf ofT and let u be a vertex furthest away inT fromw . Let v be
a vertex furthest away from u in T . Note that all these vertices can be found in O (n) time. If u is
in a diametral pair, then (u,v ) is clearly a diametral pair. Otherwise, let (a,b) be a diametral pair.
For vertices s, t , let Pst denote the unique path between s and t in T . Let x be a vertex of Puv that
is closest to a vertex of Pab . By the choice ofv , dist(x ,v ) ≥ max{dist(x ,a), dist(x ,b)}. Recall that a
subtree ofT is any connected subgraph ofT . Consider the subtreeTx ofT induced by x , the vertices
in the subtree of T \ {x } containing u, and the vertices in the subtree of T \ {x } containing v .
Suppose thatw is in V (T ) \V (Tx ). Since x is contained in both the shortest path fromw to u and
the shortest path fromw tov , the choice ofu implies that dist(x ,u) ≥ dist(x ,v ). Hence, dist(x ,u) ≥
max{dist(x ,a), dist(x ,b)}, implying that

dist(u,v )=dist(u,x )+dist(x ,v ) ≥ 2max{dist(x ,a), dist(x ,b)} ≥ dist(x ,a) + dist(x ,b) = dist(a,b).

Hence, (u,v ) is a diametral pair. Suppose then thatw is inV (Tx ) and lety be the vertex of Puv clos-
est tow . Note that any shortest path fromw tou,v ,a, orbmust containy, and that any shortest path
fromw to a or b must contain x . The choice ofu implies that dist(y,u) ≥ max{dist(y,a), dist(y,b)},
and thus dist(x ,u) ≥ max{dist(x ,a), dist(x ,b)}. As before, this implies that dist(u,v ) ≥ dist(a,b).
Hence, (u,v ) is a diametral pair. �

We require some auxiliary notions on trees. Given any rooted treeT , the nearest common ancestor

of any two verticesa,b ∈ V (T ), denoted by nca(a,b), is the vertex c inT that is an ancestor of botha
and b and no child of c is an ancestor of both a and b. If a is not an ancestor of b and vice versa,
then define the a-nearest almost-common ancestor of a and b, or a-nca(a,b), as the child of nca(a,b)
that is an ancestor of a.

Lemma 3.7. Let T be a BFS-spanning tree of a connected graph G. Then, for any diametral pair

(u,v ) of T , at most one of u,v is in A1 ∪A2 for any 1-join (A1,A2) of G.

Proof. Let T be a BFS-spanning tree of a graph G, let (u,v ) be any diametral pair of T , and let
(A1,A2) be a 1-join of G with a corresponding partition (V1,V2) of G. Suppose that the root r of T
is in V1. We distinguish three cases.
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(1) u,v ∈ A2

Note that u,v must be leafs of T . From Lemma 3.5, there is a vertex w ∈ A1 adjacent in T to all
vertices of A2, and so distT (u,v ) = 2. Since G[V2] is connected by Lemma 3.4, there is a path in
T ∩ (V2 ∪ {w }) fromw to a vertex x ∈ V2 \A2 that is a leaf ofT . But then distT (x ,v ) > distT (u,v ) =
2, contradicting that (u,v ) is a diametral pair.

(2) v ∈ A1, u ∈ A2

Consider the vertexw ∈ A1 adjacent to all vertices of A2. SinceG[V2] is connected, there is a path
from w to a vertex x ∈ V2 \A2 that is a leaf of T . But then distT (x ,v ) > distT (u,v ), contradicting
that (u,v ) is a diametral pair.

(3) u,v ∈ A1

Consider the vertexw ∈ A1 neighboring all vertices in A2. Again there is a vertex x ∈ V2 \A2 that
is a leaf of T with distT (w,x ) ≥ 2 and thus distT (r ,x ) ≥ distT (r ,w ) + 2. Note that w � u,v , as u
and v are leafs. Moreover, w is not adjacent to u or v in T ; otherwise, x has larger distance to u
or v than v or u, respectively, contradicting that (u,v ) is a diametral pair.

Let a = nca(u,v ), b = nca(u,w ) and c = nca(v,w ). Note that distT (u,v ) = distT (r ,u) + distT
(r ,v ) − 2 · distT (r ,a). Also, distT (u,x ) = distT (r ,u) + distT (r ,x ) − 2 · distT (r ,b). Because (v,w ) ∈
E (G ) andT is a BFS-spanning tree, |distT (r ,v ) − distT (r ,w ) | ≤ 1. But then distT (r ,x ) > distT (r ,v ).
Suppose that b and c are equal to a or an ancestor of a. Since distT (r ,a) ≥ distT (r ,b), this implies
that distT (u,x ) > distT (u,v ). This contradicts that (u,v ) forms a diametral pair. Hence b or c is a
descendant of a. Assume, without loss of generality, that c is a descendant of a. Then,

distT (c,x ) = distT (r ,x ) − distT (r , c )
≥ distT (r ,w ) + 2 − distT (r , c )
> distT (r ,v ) − distT (r , c )
= distT (c,v ).

This means that distT (u,x ) > distT (u,v ), contradicting that (u,v ) is diametral. �

A 1-join (A1,A2) is minimal if there is no A ⊂ A1 such that (A1 \A,A2 ∪A) is 1-join as well.

Lemma 3.8. If (A1,A2) is a minimal 1-join, then G[V1] − E (G[A1]) is connected.

Proof. For suppose not and let C be the set of connected components of G[V1] − E (G[A1]).
For anyC ∈ C, observe thatC ∩A1 � ∅, becauseG[V1] is connected. But since the components are
pairwise disjoint, this implies that the components induce a partition ofA1 into nonempty subsets.
As |C| ≥ 2, (A1 \ (A1 ∩C ),A2 ∪ (A1 ∩C )) is a 1-join for any C ∈ C, contradicting the minimality
of (A1,A2). �

Theorem 3.9. In O (n(n +m)) time, one can find a 1-join in a connected graph G, or report that G
does not have such a join.

Proof. Consider any BFS spanning tree ofG and some diametral pair (r , r ′) of this tree. IfG has
a 1-join (A1,A2), then we know from Lemma 3.7 that at most one of r , r ′ is in A1 ∪A2. Assume,
without loss of generality,that r is not in A1 ∪A2 (algorithmically, we will actually try both r
and r ′). Construct a BFS spanning tree T with r as its root.

Let e = (u,v ) be any edge of the spanning tree not incident with r . Assume that u ∈ A1, v ∈ A2,
andv has a childw inT . By Lemmas 3.5 and 3.4, we can assume that such an edge exists. Moreover,
w ∈ V2 \A2. Now find the set of all vertices in N [u] ∩ N [v]. This set forms the candidate set A :=
A1 ∪A2. This can be done in O (Δ(G )) time.
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What remains is to verify that we have indeed found a 1-join. As a first step, we verify that A
is a clique. This can be done in O ( |A|2) or O (m) time. Next, we find the partition V1,V2. To this
end, collect the set R of all vertices reachable from u inG \A, using say a breadth-first search. Let
A′ = N (R). Note that A′ ⊆ A. Then, consider N (A′) \A and continue the breadth-first search in
G \A from those vertices. Iteratively apply this procedure. If the search visits all vertices ofG \A,
then G has no 1-join with (u,v ) as its basis. Otherwise, the set R of visited vertices forms V1 \A1

and the vertices in N (R) ∩A form A1. It is now easy to find A2 and V2. The correctness of this
procedure follows from Lemma 3.8.

The run time for each edge of T is bounded by O (n +m). Since we need to consider at most
n − 2 edges of the spanning tree and at most two possible roots, the total run time of the algorithm
is O (n(n +m)). �

We will now speed-up the part of the algorithm responsible for finding A1 and A2, which is
the most expensive part of the above lemma. We assume a random access machine model with
logarithmic costs. Let α (i, j ) denote the inverse Ackermann function.

Theorem 3.10. In O (m(Δ(G ) + α (m,Δ(G )))) time, one can find a 1-join in a connected graph G,

or report that G does not have such a join.

Proof. Consider again the rooted treeT and edge e = (u,v ) from the previous lemma. As before,
we assume that u ∈ A1, v ∈ A2 for some 1-join (A1,A2). Moreover, we may assume that u is closer
to the root r of T than v . This in turn implies that all vertices of A2 are further from r than u.

Given any rooted tree T and vertex t ∈ V (T ), define Tt as the subtree of T , rooted at t , contain-
ing t and all of its descendants. IfT is a spanning tree of a graphG, then define h(t ) as the nca(a,b)
closest to r for any edge (a,b) ∈ E (G ) for which one of a,b is inV (Tt ) \ {t }. Clearly, h(t ) is either t
or an ancestor of t .

Consider a graph G and a rooted spanning tree T of G. For any vertex p and its set of chil-
dren C , we say that c, c ′ ∈ C are linked if there is an edge (a,b) ∈ E (G ) for which distT (a,b) ≥ 3,
a ∈ V (Tc ), and b ∈ V (Tc ′ ). We then say that c, c ′ ∈ C are sequentially linked if there is a sequence
c = c1, . . . , ci = c

′ of children ofC such that c j is linked to c j+1 for any j = 1, . . . , i − 1. Observe that
if c, c ′ ∈ A1 ∪A2 for some 1-join (A1,A2) and c and c ′ are sequentially linked, then either both c
and c ′ must be in A1 or both must be in A2.

Now think back on the algorithm of Theorem 3.9 and let A be the candidate set for the join. All
vertices for which we have not yet decided whether they should be inA1 or inA2 must be children
of u. We say a child c of u is of type 1 if h(c ) � V (Tu ) or it is incident with an edge e � E (A) for
which nca(e ) � V (Tu ). Here, nca(e ) is a shorthand for the nearest common ancestor of the two
endpoints of e .

Now consider the following observation.

(1) A child c is in A1 for some minimal 1-join (A1,A2) if and only if it is of type 1
or sequentially linked to a child of type 1.

This follows immediately from Lemma 3.8.
Using this observation, we can split A into sets A1 and A2. Note that this choice is only difficult

for children ofu. Other vertices must belong toA1. For children ofu, we use the above observation.
If every child of u is, or is sequentially linked to, a vertex of type 1, then A cannot be split to form
a 1-join.

To use these ideas algorithmically, we should be able to compute nca and h efficiently. By pre-
processingT in linear time, we can compute nca and a-nca in constant time for any pair of vertices
using the algorithms of Lu and Yeh [62] (note that finding the a-nca can be simulated by finding
the nca, then its depth, and then the appropriate level ancestor of a, all in constant time). Define
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x (t ) for any t ∈ V (T ) as the nca(t , t ′) closest to r for any (t , t ′) ∈ E (G ). By preprocessing in linear
time, we know the height of each vertex in the tree. Then, we can compute x (t ) inO (m) time. Now
set h(t ) = t for any leaf ofT , and for any nonleaf t , set h(t ) equal to the highest vertex among x (t ′)
and h(t ′) over all children t ′ of t . This takes O (n) time.

To determine whether two children c, c ′ of a vertex p are sequentially linked, we use preprocess-
ing with a union-find data structure. For each vertex p, associate one such data structure, initially
with each child c ofp in a separate set. Now for any edge (a,b) ∈ E (G ), we determine x = nca(a,b).
If x = a or x = b, then this edge is not relevant. Otherwise, determine y = a-nca(a,b) and z = b-
nca(a,b). If y = a and z = b, then again this edge is not relevant. Otherwise, we perform a union
in the data structure associated with x on y and z. This takesO (m · α (m,Δ(G ))) time in total [79].
Afterwards, we process all structures such that find-operations will take constant time. This takes
O (n) time. Using this data structure, we can answer inO (1) time whether two children are sequen-
tially linked.

This concludes the analysis of all preprocessing. Preprocessing takesO (m · α (m,Δ(G ))) time in
total.

We now analyze the algorithm itself. Finding the candidate set A can be done in O (Δ(G )) time.
Since we do this n − 2 times, this contributes O (n · Δ(G )) to the run time. To determine the con-
tribution of the total time it takes to verify that candidate sets form a clique, we note that we
check a nonedge at most once per candidate set, so this usesO (n) time. An edge is checked only if
both endpoints are in the closed neighborhood of the edge (u,v ) that is the basis of the candidate
set. Hence, an edge is checked O (Δ(G )) times during the course of the algorithm. This gives a
contribution of O (m · Δ(G )) to the run time.

It remains to analyze the run time for splitting the candidate set A into A1 and A2. For this, we
only need to check whether a child c of u is of type 1 or sequentially linked to a child of type 1.
Determining whether h(c ) � V (Tu ) takes O (1) time. Hence, we spend no more than O (n · Δ(G ))
time on this in the course of the algorithm. We determine nca(e ) for an edge at most Δ(G ) times if
one of its endpoints is a child of the current vertex u. Since this happens at most twice, we spend
no more thanO (m · Δ(G )) time on this. If we determine that a vertex is of type 1, then we indicate
in the set of the union-find data structure containing this vertex that it contains a vertex of type 1.
Finally, the algorithm checks for each child whether it is or is sequentially linked to a vertex of
type 1. This takes another O (n · Δ(G )) time over the course of the algorithm.

The conclusion of the analysis is a run time for the algorithm of O (m · Δ(G ) +m · α (m,
Δ(G ))). �

Corollary 3.11. In O (m(Δ(G ) + α (m,Δ(G )))) time, one can find a pseudo-1-join in a connected

graph G, or report that G does not have such a join.

Proof. Let (A1,A2) be a pseudo-1-join. Suppose that V1 \A1 = ∅. Since |A1 | must be at least
two in this case, A1 contains twins. Hence, we should first check whether G has twins whose
neighborhood is a clique. If no such twins exist, then any pseudo-1-join ofG also is a 1-join, which
can be found using Theorem 3.10. Using Theorem 3.3, we can find all twins inO (n +m) time. Using
similar ideas as in the proof of Theorem 3.10, we can test all neighborhoods of twins for being a
clique in O (m · Δ(G )) time in total. �

3.3 Finding 2-joins

We now describe algorithms to find the various 2-joins.

Lemma 3.12. Let (A1,A2,B1,B2) be a (generalized) 2-join of a connected graph G that does not

admit a 1-join. Then, G[V1] and G[V2] are connected.
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Proof. Suppose that G[V1] has at least two connected components. Note that any such con-
nected component must contain a vertex from A1 or B1, or it would be a connected component of
G, contradicting thatG is connected. Hence,G[V1] has a connected componentC such thatA1 ⊆ C
and C ∩ B1 = ∅. But then (A1,A2 ∪V0) is a 1-join, a contradiction. �

Theorem 3.13. In O (nm(Δ(G ) + α (m,Δ(G )))) time, one can find a 2-join in a connected graph G
that does not admit a 1-join, or report that G does not have such a join.

Proof. Observe that if (A1,A2,B1,B2) is a 2-join of G, then one of the connected components
of G \ (A1 ∪A2) admits a 1-join. Furthermore, if T is a spanning tree of G, then there is an edge
e = (u,v ) of T such that u ∈ A1,v ∈ A2 or u ∈ B1,v ∈ B2.

We now proceed as follows. Find a spanning tree of G. For each edge (u,v ) ∈ E (T ), we remove
all edges between vertices in N [u] ∩ N [v] fromG and try to find a 1-join in one of the connected
components of this graph that does not use any vertices of N [u] ∩ N [v]. If no such join exists,
then (u,v ) cannot be a basis for a 2-join. Otherwise, let (B1,B2) be this 1-join. Now remove all
edges between B1 and B2 fromG and try to find a 1-join (A1,A2) in the remaining graph that does
not use any vertices of B1 ∪ B2 and for which neitherV1 \A1 norV2 \A2 equals B1 or B2. If no such
1-join exists, then G does not have a 2-join with (u,v ) as a basis. Otherwise, let (A1,A2) be the
1-join we just found. Then, (A1,A2,B1,B2) is a 2-join.

Using the algorithm of Theorem 3.10 as a subroutine, the algorithm described above takes
O (nm(Δ(G ) + α (m,Δ(G )))) time. �

Theorem 3.14. In O (nm(Δ(G ) + α (m,Δ(G )))) time, one can find a generalized 2-join in a con-

nected graph G that does not admit a 1-join, or report that G does not have such a join.

Proof. We first try to find a 2-join (i.e., a generalized 2-join with V0 = ∅), using Theorem 3.13.
This takesO (nm(Δ(G ) + α (m,Δ(G )))) time. If no 2-join exists, then only a generalized 2-join with
V0 � ∅ might exist. Guess a vertex v ∈ V0. Then, V0 is equal to the set of vertices u ∈ N [v] for
which N [u] = N [v]. Finding V0 takes O (n +m) = O (m) time by Theorem 3.3. Observe that A1 ∪
A2 ∪ B1 ∪ B2 = N (V0). Let a be an arbitrary vertex in N (V0) and without loss of generality assume
that a ∈ A1. Let B

′ be the set of vertices in N (V0) that is antiadjacent to a; it takesO (Δ(G )) time to
find B′. Then, B′ ⊆ B1 ∪ B2 and B2 ⊆ B′ by definition. We now aim to identifyA1 ∪A2 and B1 ∪ B2.
After that, we will test whether these two sets indeed form the basis of a generalized 2-join with
the given set V0. We consider four cases:

Suppose B′ ∩ B1 � ∅. Then, all vertices in N (V0) \ B′ that are complete to B′ are in B1, and all
other vertices in N (V0) \ B′ are in A1 ∪A2. Hence, we have identified A1 ∪A2 and B1 ∪ B2. This
takes O (m) time.

Suppose B′ ∩ B1 = ∅. Then, B′ = B2 and a is complete to A1 ∪A2 ∪ B1. Let b be an arbitrary
vertex in B′. Let A′ be the set of vertices in N (V0) that are antiadjacent to b. Then, A′ ⊆ A1 ∪A2

andA1 ⊆ A′ by definition. IfA′ ∩A2 � ∅, then we can identifyA1 ∪A2 and B1 ∪ B2 as before. This
takes O (m) time. Otherwise, A′ ∩A2 = ∅ and thus, A′ = A1. Then, N (V0) \ (A′ ∪ B′) is precisely
equal to a disjoint union of two cliques by definition; one clique isA2, the other is B1. We consider
both possibilities; in each, we have identified A1 ∪A2 and B1 ∪ B2. This takes O (m) time too.

Now, we have identifiedA1 ∪A2 andB1 ∪ B2 (to be precise, four possible cases). Call two vertices
x ,y ∈ V (G ) \V0 equivalent if there is a path between them in the graph G ′ obtained from G by
removing all edges between vertices inV0 ∪A1 ∪A2 and between vertices inV0 ∪ B1 ∪ B2. Let Q =
{Q1, . . . ,Qk } denote the set of equivalence classes of this relation. We can find these equivalence
classes in O (m) time using a depth-first search. Note that G[V1] and G[V2] are both connected by
Lemma 3.12. Moreover, V1 and V2 are antiadjacent, and any path between them in G uses an edge
of E (G ) \ E (G ′). Hence, there exists a partition of Q into two nonempty sets Q1 and Q2 such that
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for every i = 1, 2, Vi =
⋃

Q ∈Qi
Q and there exists a set in Qi (say Qi ) such that Ai ∩Qi � ∅ and

Bi ∩Qi � ∅.
In fact, for any partition ofQ into two nonempty setsQ′1 andQ′2 such that for every i = 1, 2 there

exists a set inQi (sayQi ) such that (A1 ∪A2) ∩Qi � ∅ and (B1 ∩ B2) ∩Qi � ∅, there exists a gener-
alized 2-join with sets A′i = (A1 ∪A2) ∩⋃

Q ∈Qi
Q , B′i = (B1 ∪ B2) ∩⋃

Q ∈Qi
Q , and V ′i =

⋃
Q ∈Qi

Q
for i = 1, 2. It takesO (m) to identify such a partition, and verify whether the resulting sets indeed
constitute a generalized 2-join.

The running time of this algorithm is O (m) for each vertex v we guess, and thus O (nm) in
total. Combined with the test for a 2-join, this brings the total running time to O (nm(Δ(G ) +
α (m,Δ(G )))), as claimed. �

Theorem 3.15. In O (nm(Δ(G ) + α (m,Δ(G )))) time, one can find a pseudo-2-join in a connected

graph G that does not admit a pseudo-1-join, or report that G does not have such a join.

Proof. We first try to find a generalized 2-join using Theorem 3.14. If one exists, then G
has a pseudo-2-join. Otherwise, suppose that G has a pseudo-2-join (V0,V1,V2) for which V1 \
(A1 ∪ B1) = ∅. Suppose that there is no edge in G between A1 and B1. Then, without loss of
generality, |A1 | ≥ 2. But then (A1,V (G ) \A1) would form a pseudo-1-join of G, a contradic-
tion. Hence, we can just apply the same idea as in the proof of Theorem 3.14, but when using
Theorem 3.13 inside of it, we do not insist that neither V1 \A1 nor V2 \A2 equals B1 or B2. �

From the fact that the maximum degree of a claw-free graph is O (
√
m) [58, Lemma 4], we im-

mediate obtain the following corollary.

Corollary 3.16.

• In O (n +m) time, one can find a 0-join in a graph G, or report that G has no 0-join.

• In O (m3/2) time, one can find a pseudo-1-join in a connected graph G, or report that G does

not have such a join.

• In O (nm3/2) time, one can find a pseudo-2-join in a connected graph G that does not admit a

pseudo-1-join, or report that G does not have such a join.

4 RECOGNIZING THICKENINGS OFZ2,Z3,Z4, ANDZ5

The algorithmic decomposition theorem that we prove later is based on a strip-structure of the
graph where most of its stripes are the special stripes defined in Section 2.5. However, several
classes of stripes defined in Section 2.5 play a more prominent role than others. In particular,
we will need algorithms that recognize stripes that are thickenings of members of Z2, Z3, Z4,
andZ5.

We first make the following observation. It is important to note that J ′ might be a trigraph.

Proposition 4.1. Let (J ,Z ) be a stripe such that J is a graph, let (J ′,Z ′) be a stripe, and letW =

{Wv ′ ⊆ V (J ) | v ′ ∈ V (J ′)}. Then, it can be verified in linear time whether (J ,Z ) is the thickeningW
of (J ′,Z ′).

Proof. We verify that:

• Wv ′ is a nonempty clique for each v ′ ∈ V (J ′);
• ⋃

v ′ ∈V ( J ′)Wv ′ = V (J );
• |Wz′ | = 1 for each z ′ ∈ Z ′;
• ⋃

z′ ∈Z ′Wz′ = Z ;
• for each u ′,v ′ ∈ V (J ′), if the edge between u ′ and v ′ in J ′ is:

—a nonedge, thenWu′ is anticomplete toWv ′ ;
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—a (regular) edge, thenWu′ is complete toWv ′ ;
—a semi-edge, thenWu′ is neither complete nor anticomplete toWv ′ .

The first four items are straightforward to verify in linear time. For the fifth item (and its subitems),
we group the neighbors of each vertex ofWv ′ of eachv

′ ∈ V (J ′) according to whichWu′ it belongs
to. Since v ∈Wv ′ is only supposed to have neighbors that belong toWu′ for which u ′ and v ′ are
adjacent in J ′, the grouping takes linear time using bucket sort. After that, the last three items take
linear time to verify as well by simply counting. �

We now describe linear-time recognition algorithms for thickenings of members Z2, Z3, Z4,
andZ5 in turn.

4.1 Recognizing Thickenings ofZ2

Lemma 4.2. Let (J ,Z ) be a stripe such that J is a connected graph that does not admit twins. Then,

we can decide in linear time whether (J ,Z ) is a thickening of a member ofZ2. If so, then we can find

such a member and its thickening to (J ,Z ) as well in the same time.

Proof. The proof of this lemma consists of two parts. In the first part, we argue about the
structure of (thickenings) of members of Z2 and show that each (thickening of such a) member
has, without loss of generality, a particular structure. In the second part, we give an algorithm to
determine whether (J ,Z ) is a thickening of such a structured member.

Let (J ′,Z ′) be a member ofZ2. Let n, a0, b0, A = {a1, . . . ,an }, B = {b1, . . . ,bn },C = {c1, . . . , cn },
and X be as in the definition of Z2. Without loss of generality, we may assume that a1,b1 are
semiadjacent (and thus c1 ∈ X ), that a2, c2 are semiadjacent (and thus b2 ∈ X ), and that b3, c3 are
semiadjacent (and thus a3 ∈ X ). In particular, this implies that n ≥ 3 and that if J ′ has no semi-
edges, then ai ,bi , ci ∈ X for i ∈ {1, 2, 3}.

Suppose that (J ,Z ) is a thickeningW of (J ′,Z ′). We show that without loss of generality (J ′,Z ′)
andW have specific properties. LetAJ =

⋃
i ∈{1, ...,n } |ai�X Wai

, B J =
⋃

i ∈{1, ...,n } |bi�X Wbi
, andC J =⋃

i ∈{1, ...,n } |ci�X Wci
.

Claim 4.2.1. If a ∈ AJ is complete to C J and anticomplete to B J , then without loss of generality

a ∈Wai
for some i ∈ {4, . . . ,n}.

Proof. Suppose that a ∈Wa1 or a ∈Wa2 (the case a ∈Wa3 is excluded by the previous assump-
tion that a3 ∈ X ). By assumption, this implies that c1 ∈ X , respectively, that b2 ∈ X .

We provide a modifiedmember (J ′′,Z ′′) ofZ2 and a modified thickeningW′′ to (J ,Z ). Initially,
(J ′′,Z ′′) is equal to (J ′,Z ′) andW′′ =W , and in particular n′′,a′′0 ,b

′′
0 ,A

′′,B′′,C ′′,X ′′ are the
same as n,a0,b0,A,B,C,X . Now add 1 to n′′ (effectively adding a (n + 1)-th vertex to A′′,B′′,C ′′),
add bn+1, cn+1 to X ′′, remove a from W ′′

a1
or W ′′

a2
, respectively, and add a to W ′′

an+1
. At present,

(J ′′,Z ′′) is still a member of Z2, and (J ,Z ) is the thickeningW ′′ of (J ′′,Z ′′), unless b1 � X and
W ′′

a1
is complete or anticomplete toW ′′

b1
, respectively, c2 � X andW ′′

a2
is complete or anticomplete

toW ′′
b2
.

Suppose first that a ∈Wa1 and b1 � X . By the definition of a thickening,Wa1 is not anticomplete
toWb1

. Hence,Wa1 \ {a} is not anticomplete toWb1
. Suppose thatWa1 \ {a} is complete toWb1

. Then,
add 1 to n′′ (effectively adding a (n + 2)-th vertex to A′′,B′′,C ′′), add a1,b1, cn+2 to X ′′, blankW ′′

a1

andW ′′
b1
, and setW ′′

an+2
=Wa1 \ {a} andW ′′

bn+2
=Wb1

. Then, (J ′′,Z ′′) is still a member of Z2, and

(J ,Z ) is the thickeningW ′′ of (J ′′,Z ′′).
The case that a ∈Wa2 can be argued similarly as the previous case. 


Similarly, one can argue the following.
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Claim 4.2.2. If b ∈ B J is complete to C J and anticomplete to AJ , then without loss of generality

b ∈Wbi
for some i ∈ {4, . . . ,n}.

Let A1
J denote the set of vertices in AJ that are complete to C J but not anticomplete to B J ; let B

1
J

denote the set of vertices in B J that are complete to C J but not anticomplete to AJ .

Claim 4.2.3. If a1,b1 � X , then without loss of generalityWa1 ⊆ A1
J andWb1

⊆ B1
J .

Proof. Suppose that a1,b1 � X . By assumption, c1 ∈ X . Hence, a1 and b1 are strongly complete
to C \ X in J ′. Therefore,Wa1 andWb1

are strongly complete to C J in J . By Claims 4.2.1 and 4.2.2,
without loss of generality every vertex inWa1 is not anticomplete to B J and every vertex inWb1

is
not anticomplete to AJ . It follows thatWa1 ⊆ A1

J andWb1
⊆ B1

J . 


Claim 4.2.4. If |A1
J |, |B

1
J | ≥ 1 and |A1

J | + |B
1
J | ≥ 3, then without loss of generalitya1,b1 � X ,Wa1 =

A1
J , andWb1

= B1
J . Otherwise, without loss of generality a1,b1 ∈ X .

Proof. Suppose that |A1
J |, |B

1
J | ≥ 1 and |A1

J | + |B
1
J | ≥ 3. Observe first that if a2 � X , thenWa2 ∩

A1
J = ∅, because b2 ∈ X and thus a2 is strongly anticomplete to B \ X in J ′, and therefore every

vertex ofWa2 is anticomplete to B J in J . Next, we observe that ifWai
∩A1

J � ∅ for some i ≥ 4, then

Wai
⊆ A1

J . This is immediate from the fact that J does not admit twins and thus |Wai
| = 1 for i ≥ 4.

Mutatis mutandis, we can argue that if b3 � X , thenWb3
∩ B1

J = ∅, and ifWbi
∩ B1

J � ∅ for some

i ≥ 4, thenWbi
⊆ B1

J .

Let IA = {i ∈ {4, . . . ,n} |Wai
⊆ A1

J } and let IB = {i ∈ {4, . . . ,n} |Wbi
⊆ B1

J }. If i ∈ IA, then ci ∈
X , because each vertex in A1

J is complete to C J , and ai is strongly antiadjacent to ci for i ≥ 4 by

the definition of Z2. Similarly, if i ∈ IB , then ci ∈ X . We claim that IA = IB . If i ∈ IA, then bi � X ,
because each vertex in A1

J has a neighbor in B J and ai is strongly adjacent to bi and strongly

antiadjacent to B \ {bi } in J ′ by the definition of Z2. Therefore, Wbi
is complete to Wai

, and in
particular, not anticomplete toAJ in J . Moreover, ci ∈ X as observed before; therefore,bi is strongly
complete to C \ X in J ′, and thusWbi

is complete to C J in J . Hence, i ∈ IB , and thus IA ⊆ IB . A
similar argument shows that IB ⊆ IA, proving the claim.

Now note that a1,b1 � X or |IA | ≥ 2. Indeed, if a1,b1 ∈ X , then |IA | ≥ 1, since |A1
J | ≥ 1,Wa2 ∩

A1
J = ∅, and a3 ∈ X . If |IA | = 1, then let IA = {i}. Since IB = {i} by the claim in the previous para-

graph, and sinceWa2 ∩A1
J = ∅ andWb3

∩ B1
J = ∅,A

1
J =Wai

and B1
J =Wbi

. But then the assumption

that |A1
J | + |B

1
J | ≥ 3 implies that J admits twins, a contradiction.

If |IA | = 0, then without loss of generality a1,b1 � X , Wa1 = A1
J , and Wb1

= B1
J by Claim 4.2.3.

So suppose otherwise. We provide a modified member (J ′′,Z ′′) of Z2 and a modified thick-
ening W′′ to (J ,Z ). Initially, (J ′′,Z ′′) is equal to (J ′,Z ′) and W′′ =W , and in particular
n′′,a′′0 ,b

′′
0 ,A

′′,B′′,C ′′,X ′′ are the same as n,a0,b0,A,B,C,X . Remove a1,b1 from X ′′ if either is
in X . Now addWai

toW ′′
a1

andWbi
toW ′′

b1
for each i ∈ IA, and reduce n′′ by |IA | (effectively remov-

ingai ,bi , ci fromA′′,B′′,C ′′, respectively, and fromX ′′ for each i ∈ IA). Since ci ∈ X for each i ∈ IA,
|C ′′ \ X ′′ | = |C \ X | ≥ 2, and thus (J ′′,Z ′′) is indeed still a member ofZ2. Now recall that IA = IB ,
and that a1,b1 � X or |IA | ≥ 2 thus implies thatWa1 ∪

⋃
i ∈IA

Wai
is neither complete nor anticom-

plete toWb1
∪⋃

i ∈IA
Wbi

. Therefore,W ′′
a1

is neither complete nor anticomplete toW ′′
b1
. Moreover,

a1,b1 � X or |IA | ≥ 2 implies thatW ′′
a1
,W ′′

b1
� ∅. Hence, (J ,Z ) is the thickeningW′′ of (J ′′,Z ′′).

For the second part of the claim, suppose that |A1
J | = 0, |B1

J | = 0, or |A1
J | + |B

1
J | < 3. If a1,b1 � X ,

then by Claim 4.2.3 without loss of generalityWa1 ⊆ A1
J andWb1

⊆ B1
J . However, since a1 and b1

are semiadjacent, this is not possible by the definition of a thickening. If a1 � X but b1 ∈ X , then
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without loss of generality, we contradict Claim 4.2.1. Similarly, if a1 ∈ X but b1 � X , then without
loss of generality, we contradict Claim 4.2.2. Hence, a1,b1 ∈ X . 


The above claim will be sufficient to localizeWa1 andWb1
in J , as we show later. We now turn

our attention toWa2 andWc2 .

Claim 4.2.5. No vertex in AJ is anticomplete to C J .

Proof. Suppose that a ∈Wai
for some i ∈ {1, . . . ,n} is anticomplete to C J . Observe that ai is

strongly adjacent to c j for each j � i , and thus Wai
(and particularly a) is strongly complete to

Wc j
. Since |C \ X | ≥ 2 by the definition ofZ2, such a j indeed exists. Therefore, a has an edge to a

vertex in C J , a contradiction. 


The remaining claims and particularly their proofs are similar to Claims 4.2.2, 4.2.3, and 4.2.4.
We include them here for sake of completeness.

Claim 4.2.6. If c ∈ C J is complete to AJ and B J , then without loss of generality c ∈Wci
for some

i ∈ {4, . . . ,n}.

Proof. Suppose that c ∈Wc2 or c ∈Wc3 (the case c ∈Wc1 is excluded by the previous assumption
that c1 ∈ X ). By assumption, this implies that b2 ∈ X , respectively, that a3 ∈ X .

We provide a modifiedmember (J ′′,Z ′′) ofZ2 and a modified thickeningW′′ to (J ,Z ). Initially,
(J ′′,Z ′′) is equal to (J ′,Z ′) andW′′ =W , and in particular n′′,a′′0 ,b

′′
0 ,A

′′,B′′,C ′′,X ′′ are the
same as n,a0,b0,A,B,C,X . Now add 1 to n′′ (effectively adding a (n + 1)-th vertex to A′′,B′′,C ′′),
add an+1,bn+1 to X ′′, remove c from W ′′

c2
or W ′′

c3
, respectively, and add c to W ′′

cn+1
. At present,

(J ′′,Z ′′) is still a member of Z2, and (J ,Z ) is the thickeningW ′′ of (J ′′,Z ′′), unless a2 � X and
W ′′

c2
is complete or anticomplete toW ′′

a2
, respectively, b3 � X andW ′′

c3
is complete or anticomplete

toW ′′
b3
.

Suppose first that c ∈Wc2 and a2 � X . By the definition of a thickening,Wc2 is not anticomplete
toWa2 . Hence,Wc2 \ {c} is not anticomplete toWa2 . Suppose thatWc2 \ {c} is complete toWa2 . Then,
add 1 to n′′ (effectively adding a (n + 2)-th vertex to A′′,B′′,C ′′), add a2, c2,bn+2 to X ′′, blankW ′′

a2

andW ′′
c2
, and setW ′′

an+2
=Wa2 andW ′′

cn+2
=Wc2 \ {c}. Then, (J ′′,Z ′′) is still a member of Z2, and

(J ,Z ) is the thickeningW ′′ of (J ′′,Z ′′). 


LetA2
J denote the set of vertices inAJ that are anticomplete to B J but not complete toC J ; letC

2
J

denote the set of vertices in C J that are complete to B J but not complete to AJ .

Claim 4.2.7. If a2, c2 � X , then without loss of generalityWa2 ⊆ A2
J andWc2 ⊆ C2

J .

Proof. Suppose that a2, c2 � X . By assumption, b2 ∈ X . Hence, a2 is strongly anticomplete to
B \ X in J ′ and c2 is strongly complete to B \ X in J ′. Therefore,Wa2 is anticomplete to B J andWc2

is complete to B J in J . By Claim 4.2.1, without loss of generality no vertex ofWa2 is complete to
C J . By Claim 4.2.6, without loss of generality no vertex ofWc2 is complete to AJ . 


Claim 4.2.8. If |A2
J |, |C

2
J | ≥ 1 and |A2

J | + |C
2
J | ≥ 3, then without loss of generality a2, c2 � X ,Wa2 =

A2
J , andWc2 = C

2
J . Otherwise, without loss of generality a2, c2 ∈ X .

Proof. Suppose that |A2
J |, |C

2
J | ≥ 1 and |A2

J | + |C
2
J | ≥ 3. Observe first that if a1 � X , thenWa1 ∩

A2
J = ∅, because c1 ∈ X and thus a1 is strongly complete toC \ X in J ′, and therefore every vertex

ofWa1 is complete toC J in J . Next, we observe that ifWai
∩A1

J � ∅ for some i ≥ 4, thenWai
⊆ A2

J .

This is immediate from the fact that J does not admit twins and thus |Wai
| = 1 for i ≥ 4. If c3 � X ,

thenWc3 ∩C2
J = ∅, because a3 ∈ X and thus c3 is strongly complete to A \ X in J ′, and therefore
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every vertex ofWc3 is complete to AJ in J . IfWci
∩C2

J � ∅ for some i ≥ 4, thenWci
⊆ C2

J , because

J does not admit twins and thus |Wci
| = 1 for i ≥ 4.

Let IA = {i ∈ {4, . . . ,n} |Wai
⊆ A2

J } and let IC = {i ∈ {4, . . . ,n} |Wci
⊆ B1

J }. If i ∈ IA, then bi ∈
X , because each vertex in A2

J is anticomplete to B J , and ai is strongly adjacent to bi for i ≥ 4 by

the definition of Z2. If i ∈ IC , then bi ∈ X , because each vertex in C2
J is complete to B J , and ci is

strongly antiadjacent to bi for i ≥ 4 by the definition of Z2. We claim that IA = IC . If i ∈ IA, then
ci � X , because each vertex inA2

J has a nonneighbor inC J and ai is strongly antiadjacent to ci and

strongly adjacent to C \ {ci } in J ′ by the definition of Z2. Therefore,Wci
is anticomplete toWai

,
and in particular, not complete toAJ . Moreover, bi ∈ X as observed before; therefore, ci is strongly
complete to B \ X in J ′, and thusWci

is complete to B J in J . Hence, i ∈ IC and IA ⊆ IC . A similar
argument argument shows that IC ⊆ IA, proving the claim.

Now note that a2, c2 � X or |IA | ≥ 2. Indeed, if a2, c2 ∈ X , then |IA | ≥ 1, since |A2
J | ≥ 1,Wa1 ∩

A2
J = ∅, and a3 ∈ X . If |IA | = 1, then let IA = {i}. Since IC = {i} by the claim in the previous para-

graph, and sinceWa1 ∩A2
J = ∅ andWc3 ∩C2

J = ∅,A
2
J =Wai

andC2
J =Wci

. But then the assumption

that |A2
J | + |C

2
J | ≥ 3 implies that J admits twins, a contradiction.

If |IA | = 0, then without loss of generality a2, c2 � X , Wa2 = A2
J , and Wc2 = C

2
J by Claim 4.2.7.

So suppose otherwise. We provide a modified member (J ′′,Z ′′) of Z2 and a modified thick-
ening W′′ to (J ,Z ). Initially, (J ′′,Z ′′) is equal to (J ′,Z ′) and W′′ =W , and in particular
n′′,a′′0 ,b

′′
0 ,A

′′,B′′,C ′′,X ′′ are the same as n,a0,b0,A,B,C,X . Remove a2, c2 from X ′′ if either is
inX . Now addWai

toW ′′
a2

andWci
toW ′′

c2
for each i ∈ IA, and reducen′′ by |IA | (effectively removing

ai ,bi , ci from A′′,B′′,C ′′, respectively, and from X ′′ for each i ∈ IA). Since bi ∈ X for each i ∈ IA,
|B′′ \ X ′′ | = |B \ X | ≥ 1, and thus (J ′′,Z ′′) is indeed still a member ofZ2. Now recall that IA = IC ,
and that a2, c2 � X or |IA | ≥ 2 thus implies thatWa2 ∪

⋃
i ∈IA

Wai
is neither complete nor anticom-

plete toWc2 ∪
⋃

i ∈IA
Wci

. Therefore,W ′′
a2

is neither complete nor anticomplete toW ′′
c2
. Moreover,

a2, c2 � X or |IA | ≥ 2 implies thatW ′′
a2
,W ′′

c2
� ∅. Hence, (J ,Z ) is the thickeningW′′ of (J ′′,Z ′′).

For the second part of the claim, suppose that |A2
J | = 0, |C2

J | = 0, or |A2
J | + |C

2
J | < 3. If a2, c2 � X ,

then by Claim 4.2.7 without loss of generalityWa2 ⊆ A2
J andWc2 ⊆ C2

J . However, since a2 and c2
are semiadjacent, this is not possible by the definition of a thickening. If a2 � X but c2 ∈ X , then
without loss of generality, we contradict Claim 4.2.5. Similarly, if a2 ∈ X but c2 � X , then without
loss of generality, we contradict Claim 4.2.6. Hence, a2, c2 ∈ X . 


The above claim will be sufficient to localizeWa2 andWc2 in J , as we show later. We now turn
our attention toWb3

andWc3 .
Let B3

J
denote the set of vertices in B J that are anticomplete toAJ but not complete toAJ ; letC

3
J

denote the set of vertices in C J that are complete to AJ but not complete to B J . Observe that the
definition of Z2 is symmetric with respect to A and B. Hence, similarly as to Claim 4.2.8, we can
prove the following.

Claim 4.2.9. If |B3
J
|, |C3

J
| ≥ 1 and |B3

J
| + |C3

J
| ≥ 3, then without loss of generality b3, c3 � X ,Wb3

=

B3
J
, andWc3 = C

3
J
. Otherwise, without loss of generality b3, c3 ∈ X .

We are now ready to describe the recognition algorithm. Observe that the definition of Z2 is
symmetric for the choice of a0,b0. That is, ifZ = {z1, z2}, thenwe can choose a0 = z1 andb0 = z2, or
vice versa. Initialize a member ofZ2 by setting n = 3 and X = {ai ,bi , ci | i = 1, 2, 3}, and initialize
a thickeningW such thatWa0 = {z1} andWb0

= {z2}.
Now let AJ = N (z1), B J = N (z2), and C J = V (J ) \ (AJ ∪ B J ∪ Z ). We verify that AJ , B J ,

and C J are cliques; if not, then (J ,Z ) is not a thickening of a member of Z2. Find the sets
A1

J ,A
2
J ,B

1
J ,B

3
J
,C2

J ,C
3
J
. This all takes linear time.
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We now deal with the sets A1
J ,A

2
J ,B

1
J ,B

3
J
,C2

J ,C
3
J
as prescribed by Claims 4.2.4, 4.2.8, and 4.2.9.

Observe that these sets are pairwise disjoint by definition. If |A1
J |, |B

1
J | ≥ 1 and |A1

J | + |B
1
J | ≥ 3, then

by Claim 4.2.4, we can set a1,b1 � X (note that c1 ∈ X still),Wa1 = A1
J ,Wb1

= B1
J , we make a1,b1

semiadjacent, and we discard A1
J and B1

J . If |A
2
J |, |C

2
J | ≥ 1 and |A2

J | + |C
2
J | ≥ 3, then by Claim 4.2.8,

we can set a2, c2 � X , (note that b2 ∈ X still),Wa2 = A2
J ,Wc2 = C

2
J , we make a2, c2 semiadjacent, and

we discard A2
J and C2

J . If |B
3
J
|, |C3

J
| ≥ 1 and |B3

J
| + |C3

J
| ≥ 3, then by Claim 4.2.9, we can set b3, c3 �

X , (note that a3 ∈ X still), Wb3
= B3

J
, Wc3 = C

3
J
, we make b3, c3 semiadjacent, and we discard B3

J

and C3
J
.

Following Claims 4.2.4, 4.2.8, and 4.2.9, all vertices not discarded so far should be inWai
,Wbi

,
orWci

for some i ≥ 4. But these are straightforward to recognize using the fact that J does not
admit twins. For each undiscarded vertex a ∈ AJ , increase n by 1, setWan

= {a}, and

• if a is adjacent to a discarded vertex, or a is adjacent to more than one vertex in B J , or a is
antiadjacent to more than one vertex in C J , or a is adjacent to a single vertex b in B J and a
and b are not antiadjacent only to the same vertex c in C J , then answer that (J ,Z ) is not a
thickening of a member ofZ2;

• if a is anticomplete to B J , then add bn to X ;
• if a is complete to C J , then add cn to X ;
• if a is adjacent to a single vertex b ∈ B J , then setWbn

= {b}, make an strongly adjacent to
bn , and discard b;

• if a is antiadjacent to a single vertex c ∈ C J , then setWcn
= {c}, make an strongly antiadja-

cent to cn , and discard c .

Finally, we discard a. The correctness of the first step follows from Claims 4.2.4, 4.2.8, and 4.2.9,
which imply that a ∈Wai

for i ≥ 4, as well as from the fact that J does not admit twins and the
definition of Z2. We can perform similar steps for each undiscarded vertex in B J and C J . At the
end, we verify that |C \ X | ≥ 2; otherwise, answer that (J ,Z ) is not a thickening of a member
ofZ2.

By construction, the resulting stripe (J ′,Z ′) is indeed a member ofZ2, and the resulting setsW
indeed form a thickening of (J ′,Z ′) to (J ,Z ). �

4.2 Recognizing Thickenings ofZ3

Lemma 4.3. Let (J ,Z ) be a stripe such that J is a connected graph that does not admit twins. Then,

we can decide in linear time whether (J ,Z ) is a thickening of a member ofZ3. If so, then we can find

such a member, its underlying graph H , and its thickening to (J ,Z ) as well in the same time.

Proof. Let (J ′,Z ′) be a member of Z3. Let H , h1, . . . ,h5 be as in the definition of Z3, and let
P = {h1, . . . ,h5}. Recall that J ′ is a line trigraph of H , where the vertex corresponding to the edge
h2h3 and the vertex corresponding to the edgeh3h4 aremade strongly antiadjacent or semiadjacent.

Let Z = {z1, z2}. Suppose that (J ,Z ) is a thickeningW of (J ′,Z ′).

Claim 4.3.1. N (z1) is not complete to N (z2). �

Proof. ConsiderWh2h3
andWh3h4

. By the definition of Z3,Wh2h3
⊆ N (z1) andWh3h4

⊆ N (z2)
or vice versa. Recall that the vertex corresponding to the edge h2h3 and the vertex corresponding
to the edge h3h4 are made strongly antiadjacent or semiadjacent in J ′. Hence, by the definition of
a thickening,Wh2h3

is not complete toWh3h4
. Therefore, N (z1) is not complete to N (z2). 
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Fig. 5. Three examples of graphs H with exactly one edge incident to h3 and the stripes they induce when

used in the definition of Z3. Observe that the top two graphs in the right column can each be seen as a

thickening of the bottom one if h2h3 is semiadjacent to h3h4.

Claim 4.3.2. If h3 has degree 3, then without loss of generality H is isomorphic to the graph on the

bottom left of Figure 5 with the possible addition of vertices adjacent to h2 or h4.

Proof. Recall that by the definition of H , every edge of H must be incident on h2, h3, or h4.
Consider the graph H ′ obtained from H by removing any vertices of V (H ) \ P not adjacent to h3.
Then, the three graphs on the left of Figure 5 are the only nonisomorphic possibilities for H ′.
However, the top two graphs on the right of Figure 5 are thickenings of the bottom graph on the
right of Figure 5 if h2h3 is semiadjacent to h3h4. 


We are now ready to describe the recognition algorithm. Suppose thatV (J ) \ N [Z ] = ∅. Then, J
is a disjoint union of two cliques,N [z1] andN [z2].We verify that J is indeed a disjoint union of two
cliques and that N (z1) is not complete toN (z2); otherwise, answer that (J ,Z ) is not a thickening of
a member ofZ3. The correctness of this step follows from Claim 4.3.1. Since J is connected, N (z1)
is not anticomplete to N (z2). Hence, we can set (J ′,Z ′) as a four-vertex path where the middle
edge is a semi-edge. Clearly, (J ′,Z ′) ∈ Z3 and (J ,Z ) is a thickening of (J ′,Z ′).

Suppose thatV (J ) \ N [Z ] � ∅. We verify thatN [z1],N [z2], andV (J ) \ N [Z ] form cliques; other-
wise, answer that (J ,Z ) is not a thickening of a member ofZ3. We now argue about a hypothetical
member ofZ3 with associated graph H , and a thickeningW of it to (J ,Z ). Observe that without
loss of generality:

1. e is incident on h2 in H if and only ifWe ⊆ N [z1];
2. e is incident on h3 in H if and only ifWe ∩ N [Z ] = ∅;
3. e is incident on h4 in H if and only ifWe ⊆ N [z2].

We note that for each e ∈ E (H ), eitherWe ⊆ N [z1],We ⊆ N [z2], orWe ∩ N [Z ] = ∅ by the definition
of a thickening.

We now identifyWh2h3
andWh3h4

. Suppose that |V (J ) \ N [Z ]| = 1 and letv be this single vertex.
By Claim 4.3.2 and the above observations, we can focus onH resembling the graph on the bottom
left of Figure 5. Then, without loss of generalityWh2h3

= N (z1) ∩ N (v ) andWh3h4
= N (z2) ∩ N (v ).
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We verify thatN (z1) ∩ N (v ) andN (z2) ∩ N (v ) are both nonempty and not complete to each other;
otherwise, answer that (J ,Z ) is not a thickening of a member ofZ3. The correctness follows from
the previous discussion.

Suppose that |V (J ) \ N [z]| ≥ 2. Let u,v ∈ V (J ) \ N [Z ]. Then, u and v are fromWe andWf , re-
spectively, where e � f , because J does not admit twins, and e and f are incident on h3 by Obser-
vation 2 above. Then, from the definition ofZ3, it follows without loss of generality thatWh2h3

=

N (z1) ∩ N (u) ∩ N (v ) andWh3h4
= N (z2) ∩ N (u) ∩ N (v ). We verify thatN (z1) ∩ N (u) ∩ N (v ) and

N (z2) ∩ N (u) ∩ N (v ) are both nonempty cliques and that they are not complete to each other; oth-
erwise, answer that (J ,Z ) is not a thickening of a member ofZ3. The correctness follows from the
previous discussion.

The previous paragraphs have identifiedWh2h3
andWh3h4

and that they are not complete to each
other. If they are anticomplete to each other, then the edge between h2h3 and h3h4 is a nonedge;
otherwise, this edge is a semi-edge.

We are now ready to identify the vertices ofV (H ) \ P and their incident edges. Let L2 = N (z1) \
Wh2h3

, let L3 = V (J ) \ N [Z ], and let L4 = N (z2) \Wh3h4
. Note that L2, L3, and L4 correspond to

the yet unidentified vertices of J and must belong toWe for an edge e incident on h2, h3, and h4,
respectively, by Observation 1, 2, and 3 above.

Claim 4.3.3. Letvi ∈ Li for some i ∈ {2, 3, 4} be adjacent to a vertexvj ∈ Lj for each j ∈ {2, 3, 4} \
{i}. Then, these three vertices are pairwise adjacent. Moreover, vertexvk has degree 2 outside Lk ∪ Z ∪
Wh2h3

∪Wh3h4
for each k ∈ {2, 3, 4}.

Proof. Suppose that i = 2. By the above observations,v2,v3, andv4 belong toWe2 ,We3 , andWe4 ,
respectively, where e2, e3, and e4 are edges incident on h2, h3, and h4, respectively. Let x denote the
end of e2 that is noth2. Sincev2 is adjacent tov3, e2 and e3 are both incident onx . Sincev2 is adjacent
to v4, e2 and e4 are incident on x . But then e2, e3, e4 are all incident on x , and {e2, e3, e4} induces
a strong clique in J ′. Hence, v3 and v4 are adjacent. Since J does not admit twins,Wek

= {vk } for
each k ∈ {2, 3, 4}, and thus vk has degree 2 outside Lk ∪ Z ∪Wh2h3

∪Wh3h4
. The cases that i is 3 or

4 follow similarly. 

We first identify the set D of vertices of V (H ) \ P of degree 3. Observe that the three vertices

corresponding to the edges incident to a vertex of D yield a strong clique in any line trigraph ofH .
In particular, the three vertices have no incident semi-edges, because h2, h3, and h4 have degree
at least 3. It follows that every vertex of D creates a triangle of vertices in J with one vertex from
each of L2, L3, and L4; moreover, the three vertices of the triangle are complete to L2, L3, and L4,
respectively. Finally, the vertex of this triangle from L2 is anticomplete to L3 except for the vertex
from L3 of the triangle, and so on. By Claim 4.3.3, the converse is also true, that is, if there is a
triangle in J with one vertex from each of L2, L3, and L4, then this must be due a vertex of D.
Hence, |D | is equal to the number of triangles in J with one vertex from each of L2, L3, and L4.
Using this characterization, we can constructD and the setsW corresponding to its incident edges
in linear time. We first find the vertices in Li with degree 1 to Lj for i � j. These vertices induce
an auxiliary graph where every vertex has degree 2 outside their own Li , and thus it becomes
straightforward to detect the requested triangles in linear time.

We remove vertices identified in the previous step from L2, L3, and L4. By Claim 4.3.3, every
vertex that has not been identified so far is anticomplete to Li for at least one value of i ∈ {2, 3, 4}.
Otherwise, answer that (J ,Z ) is not a thickening of a member ofZ3. We now consider L2. Suppose
that L2 � ∅. Let L2i denote the set of vertices in L2 adjacent to a vertex of Li for i = {3, 4}. By
Claim 4.3.3 and the previous step, L23 ∩ L24 = ∅. Otherwise, answer that (J ,Z ) is not a thickening
of amember ofZ3. For each i ∈ {3, 4}, letN2i denote the set of neighbors of L2i in Li . Verify thatN23

is anticomplete to N24; otherwise, answer that (J ,Z ) is not a thickening of a member of Z3. The
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Fig. 6. The stripe Z4. The thick dashed lines represent semi-edges. The thick lines represent edges, where

the edges of the strong cliques {a0,a1,a2}, {b0,b1,b2,b3}, and {c1, c2} are not drawn. All other pairs of vertices

are strongly antiadjacent.

correctness of this step follows from Claim 4.3.3. Add a single edge e to H incident on h2 and a
new vertex ofV (H ) \ P , setWe = L2 \ (L23 ∪ L24). Suppose that L23 � ∅. Then, N23 � ∅. Add a new
vertex toV (H ) \ P and make it adjacent to h2 by edge e23 and to h3 by edge f23. SetWe23 = L23 and
Wf23 = N23. Since L23 is not anticomplete to N23 by definition,We23 is either complete toWf23 or
neither complete nor anticomplete toWf23 . In the first case, we make e23 strongly adjacent to f23
in J ′; in the second case, we make them semiadjacent. If L24 � ∅, then we apply a similar operation.
Now remove N23 from L3 and N24 from L4. It remains to apply similar operations as above with
respect to L3 and L4.

This completes the description of the recognition algorithm. It is easy to see that it runs in linear
time. �

4.3 Recognizing Thickenings ofZ4

Lemma 4.4. Let (J ,Z ) be a stripe such that J is a connected graph that does not admit twins. Then,

we can decide in linear time whether (J ,Z ) is a thickening of a member ofZ4. If so, then we can find

such a member and its thickening to (J ,Z ) as well in the same time.

Proof. We argue about a hypotheticalmember (J ′,Z ′) ofZ4 and its hypothetical thickeningW
to (J ,Z ). By the definition ofZ4, z1 corresponds to a0 and z2 corresponds to b0 or vice versa. Con-
sider the stripe (J ′,Z ′) of Z4 in Figure 6. Then, |N (a0) | = 2, while |N (b0) | ≥ 3. In a thickening
of (J ′,Z ′) that does not admit twins, these (in)equalities still hold. Hence, we can determine the
correct correspondence of z1 and z2 in linear time by counting. Without loss of generality, z1 cor-
responds to a0 and z2 corresponds to b0. We verify that z1 indeed has precisely two neighbors
and that these are adjacent; otherwise, answer that (J ,Z ) is not a thickening of a member of Z4.
Let u,v denote the neighbors of z1. Then,Wa1 = {u} andWa2 = {v}, or vice versa. We determine
this more precisely later. By definition, we observe that {c2} = (N (a1) ∩ N (a2)) \ {a0} in J ′. Hence,
Wc2 = (N (u) ∩ N (v )) \ {z1} in J . Similarly, note that {b1} = N (b0) ∩ (N (a1) ∪ N (a2)) and {a1} =
N (b1) \ (N [b0] ∪ {c2}). Hence, Wb1

= N (z2) ∩ (N (u) ∪ N (v )) and Wa1 = N (Wb1
) \ (N [z2] ∪Wc2 ).

This enables us to identify whetherWa1 = {u} andWa2 = {v}, or vice versa. Without loss of gen-
erality,Wa1 = {u} andWa2 = {v}.

Now observe that {c1} = N (a2) \ {a0,a1, c2} in J ′. Hence,Wc1 = N (v ) \ ({z1,u} ∪Wc2 ). We have
now identified all sets ofW exceptWb2

andWb3
. LetWb2

be the subset of the remaining vertices
that are complete to Wc1 and put the other vertices in Wb3

. If Wb3
is anticomplete to Wc1 , then
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there must be a vertexv we put intoWb2
that is anticomplete toWc2 . Otherwise, answer that (J ,Z )

is not a thickening of a member of Z4. Add v to the set Wb3
; then Wb3

is neither complete nor
anticomplete toWc1 .

If the sets we identified are not pairwise disjoint, or not all nonempty, or not all cliques, or
do not exhaust V (J ), then answer (J ,Z ) is not a thickening of a member of Z4. Otherwise, by
Proposition 4.1, it can be checked in linear time that (J ,Z ) is the thickening that we identified of
a member ofZ4. �

4.4 Recognizing Thickenings ofZ5

Lemma 4.5. Let (J ,Z ) be a stripe such that J is a connected claw-free graph that does not admit

twins and |Z | = 2. Then, we can decide in linear time whether (J ,Z ) is a thickening of a member

ofZ5. If so, then we can find such a member and its thickening to (J ,Z ) as well in the same time.

Proof. Suppose that (J ,Z ) is indeed a thickening of (J ′,Z ′) ∈ Z5 and letv1, . . . ,v13, X be as in
the definition ofZ5. Note that v13 is (strongly) adjacent to both v7 and v8. Since |Z | = 2 and thus
Z ′ = {v7,v8}, and since no vertex of a stripe can be adjacent to more than one vertex ofZ ′,v13 ∈ X .
There is also quite a bit of symmetry in the labeling ofV (J ′). In fact, we can freely swap the labels
of v7 and v8, or of v11 and v12, by appropriately relabeling the other vertices of J ′ (i.e., relabeling
those vertices with label 1, . . . , 6, 9, 10). See Figure 7. We also recall Proposition 2.13, which states
that the adjacencies along the cyclev1, . . . ,v6 are strong and the chords of this cycle are nonedges.

Let Z = {z1, z2}. We now argue about a hypothetical member ofZ5 and a thickeningW of it to
(J ,Z ). By the aforementioned symmetry, without loss of generalityWv7 = {z1} and thatWv8 = {z2}.
Observe that N (v7) = {v1,v2} and N (v8) = {v4,v5} in J ′, and that v9 is the only vertex adjacent to
bothv1 andv2 in J ′. Hence,Wv9 can be found even though we do not yet know exactly which ver-
tices ofN (v7) correspond toWv1 and which toWv2 . Indeed, since J does not admit twins, z1 has two
neighbors, and the common neighbors of these vertices formWv9 . Similarly, observe that {v10} =
(N (v4) ∩ N (v5)) \ {v8} in J ′. Hence,Wv10 can be found in the sameway asWv9 . Now eitherWv9 and
Wv10 are anticomplete to each other and thus |Wv9 | = |Wv10 | = 1 (because J does not admit twins),
or |Wv9 |, |Wv10 | ≥ 1 andWv9 andWv10 are neither complete nor anticomplete to each other. In the
first case, the edge between v9 and v10 is a nonedge; in the second case, the edge is a semi-edge.

Now observe that v9 and v10 share exactly two neighbors in J ′, namely v3 and v6, i.e., {v3,v6} =
(N (v9) \ {v10}) ∩ (N (v10) \ {v9}). Hence, Wv3 ∪Wv6 = (N (Wv9 ) \Wv10 ) ∩ (N (Wv10 ) \Wv9 ). Con-
sider the set of remaining vertices. These must be split amongWv11 andWv12 . Recall that J does not
admit twins, and since v11 and v12 have no semi-neighbors in J ′, |Wv11 |, |Wv12 | ≤ 1. Hence, there
are three cases. If there are no remaining vertices, thenv11,v12 ∈ X . If there are two remaining ver-
tices, then they must be antiadjacent in J . By the aforementioned symmetry, we can make these
verticesWv11 andWv12 arbitrarily. Finally, if there is one remaining vertex, then by the aforemen-
tioned symmetry, we can make this vertexWv11 and add v12 to X . Using the symmetry and the
structure of J ′ (see Figure 7), it is now straightforward to determineWv1 , . . . ,Wv6 .

If the sets we identified are not pairwise disjoint, or not all nonempty, or not all cliques, or
do not exhaust V (J ), then answer (J ,Z ) is not a thickening of a member of Z5. Otherwise, by
Proposition 4.1, it can be checked in linear time that (J ,Z ) is the thickening that we identified of
a member ofZ5. �

5 TOWARD A MODIFIED DECOMPOSITION THEOREM FOR CLAW-FREE GRAPHS

In this section, we present many supporting lemmas that enable us to slightly modify the de-
composition theorem for claw-free graphs proposed by Chudnovsky and Seymour [14]. Our main
contribution compared to their decomposition theorem is that we completely avoid or sidestep
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Fig. 7. The stripe in Z5 with |Z | = 2 with three possible labelings. The thick dashed edge is a semi-edge or

a nonedge.

certain structures known as bicliques, as well as hex-joins. In particular, we will not need to find
these structures algorithmically later. We also prove several novel structural results that make it
easier for our algorithms to find the decomposition.

The lemmas and theorems in this section draw heavily on the work of Chudnovsky and
Seymour [14], and we explicitly point out these connections. Hence, lemmas and theorems where
we do not mention such a connection are novel and independent of their work.

Throughout the remainder of this section, we only consider trigraphs unless explicitly specified
otherwise.

The following definition of almost-unbreakable stripes (J ,Z ) is crucial to our structural anal-
ysis of claw-free graphs in this section. It is similar to the definition of unbreakable stripes by
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Chudnovsky and Seymour [14], except that we still allow J to contain bicliques (see [14] for their
definition) and that Z does not need to be the set of all simplicial vertices in J .

Definition 5.1. We call a stripe (J ,Z ) almost-unbreakable if

• J neither admits a 0-join, nor a pseudo-1-join, nor a pseudo-2-join,
• there are no twins u,v ∈ V (J ) \ Z ,
• there is noW -join (A,B) in J such that Z ∩A,Z ∩ B = ∅.

5.1 Twins and Proper W-Joins

We prove some lemmas related to twins and proper W-joins. The following lemma is inspired by
and strengthens [14, Theorem 10.1]; in particular, we avoid the assumption that Z contains all
simplicial vertices of J .

Lemma 5.2. Let (J ,Z ) be an almost-unbreakable stripe. Then, either J does not admit twins, or J is

a strong clique with |V (J ) | = 2 and |Z | = 1.

Proof. Suppose that J admits twins u,v . Since by the definition of almost-unbreakable J \ Z
does not admit twins, and since Z is strongly stable, exactly one of u,v is in Z , and thus |Z | ≥ 1.
But then N [u] = N [v] is a strong clique, because each z ∈ Z is strongly simplicial. As (J ,Z ) is an
almost-unbreakable stripe, ({u,v},V (J ) \ {u,v}) is not a pseudo-1-join of J , and thus V (J ) \ {u,v}
must be strongly stable. Since J does not admit a 0-join, each vertex of V (J ) \ {u,v} is strongly
adjacent to u andv . Hence, J is a strong clique, and thus |Z | = 1, as Z is strongly stable. Moreover,
as J \ Z does not admit twins, and therefore, |V (J ) | = 2. �

The following lemma is used implicitly by Chudnovsky and Seymour [14].

Lemma 5.3. Let (J ,Z ) be a thickening of an almost-unbreakable stripe. Then, J admits a proper

W-join if and only if J admits a proper W-join (A,B) such that Z ∩A,Z ∩ B = ∅.

Proof. Suppose that J admits a proper W-join (A,B). Suppose, without loss of generality, that
Z ∩A � ∅. As Z is strongly stable, Z ∩A = {z} for some z ∈ Z . Since (A,B) is a proper W-join,
N [z] ∩ B � ∅. Say b ∈ N [z] ∩ B. As A is a strong clique and z ∈ A, A ⊆ N [z]. Since z is strongly
simplicial, this implies thatb is strongly complete toA, contradicting that (A,B) is a properW-join.
The converse is trivial. �

5.2 Circular and Linear Interval Trigraphs

We show that if a thickening of a circular or linear interval graph has no proper W-join, then it is
a proper circular-arc or proper interval graph, respectively.

Lemma 5.4. Let graphG be a thickening of a circular interval trigraph. Then,G is a proper circular-

arc graph or G contains a proper W-join.

Proof. We follow an idea of Eisenbrand et al. [30, Lemma 2]. Let G ′ be a circular interval tri-
graph with |V (G ′) | maximum such that there is a set X = {Xv | v ∈ V (G ′)} that is a thickening
ofG ′ toG. LetI be a set of subsets of S1 that definesG

′. Suppose thatG does not admit a properW-
join, but that there exist vertices u ′,v ′ ∈ V (G ′) such that u ′,v ′ are semiadjacent. Then, (Xu′,Xv ′ )
is a W-join in G. Since this is not a proper W-join in G, there exists (say) a vertex w ∈ Xu′ that is
strongly complete or strongly anticomplete to Xv ′ in G. Create a new vertex w ′ in G ′ such that
w ′ is strongly adjacent (if w is compete to Xv ′ in G) or strongly antiadjacent (otherwise) to v ′
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and thatw ′ is strongly complete to N [u ′] \ {v ′}. Observe that the resulting graphG ′′ is a circular
interval trigraph (by duplicating and slightly moving the point corresponding to u ′, and possibly
adding another subset of S1 to I). Moreover,G is a thickening ofG ′′ and |V (G ′′) | > |V (G ′) |. This
contradicts the choice of G ′. Hence, G ′ has no semi-edges. Then, it follows from Proposition 2.15
that G ′ is a proper circular-arc graph. As proper circular-arc graphs are closed under inserting
twins, the lemma follows. �

Lemma 5.5. Let graph G be a thickening of a linear interval trigraph. Then, G is a proper interval

graph or G contains a proper W-join.

Proof. We follow the same idea as in the above lemma. LetG ′ be a linear interval trigraph with
|V (G ′) | maximum such that there is a set X = {Xv | v ∈ V (G ′)} that is a thickening of G ′ to G.
Let v1, . . . ,v� be an ordering for the verticesG ′ as prescribed by the definition of a linear interval
trigraph. Suppose thatG does not admit a properW-join, but that there exist verticesvi ,vj ∈ V (G ′)
with i < j such that vi ,vj are semiadjacent. Then, (Xvi

,Xvj
) is a W-join in G. Since this is not a

properW-join inG, there exists (say) a vertexw ∈ Xvi
such thatw is strongly complete or strongly

anticomplete to Xvj
in G. Create a new vertex w ′ in G ′ such that w ′ is strongly adjacent (if w is

compete to Xvj
inG) or strongly antiadjacent (otherwise) tov ′ and thatw ′ is strongly complete to

N [vi ] \ {vj }. Since vi and vj are only semiadjacent, there do not exist vk and vl with k ≤ i , j ≤ l ,
{k, l } � {i, j} such that vk and vl are adjacent. Hence, if we insertw ′ between vi and vi+1 whenw
is strongly complete to Xvj

, or w ′ between vi−1 and vi when w is strongly anticomplete to Xvj
,

then it follows that the resulting graphG ′′ is a linear interval trigraph. Moreover,G is a thickening
ofG ′′ and |V (G ′′) | > |V (G ′) |. This contradicts the choice ofG ′. Hence,G ′ has no semi-edges. Then,
it follows from Proposition 2.18 that G ′ is a proper interval graph. As proper interval graphs are
closed under inserting twins, the lemma follows. �

The following lemma shows that [14, Theorem 12.1] goes through under the weaker assumption
that (J ,Z ) is almost-unbreakable.

Lemma 5.6. Let (J ,Z ) be an almost-unbreakable stripe such that Z � ∅. If J is a thickening of a

circular interval trigraph, then (J ,Z ) ∈ Z1 ∪Z6.

Proof. Let J be a thickening of a circular interval trigraph J ′. By Lemma 5.2, either J does
not admit twins or J is a strong clique with |V (J ) | = 2 and |Z | = 1. In the latter case, (J ,Z ) ∈ Z1

trivially. Hence, we assume that J does not admit twins.
It remains to follow the proof of [14, Theorem 12.1], which relies only on the fact that Z � ∅ and

that J does not admit twins, 0-joins, pseudo-1-joins, nor pseudo-2-joins. This holds by the above
paragraph and by the assumption that (J ,Z ) is almost-unbreakable. �

5.3 The Union of Two Strong Cliques

We aim to understand the structure of almost-unbreakable stripes (J ,Z ) for which J is the union
of two strong cliques.

The following lemma shows that [14, Theorem 10.2] goes through under the weaker assumption
that (J ,Z ) is almost-unbreakable; in particular, we avoid bicliques.

Lemma 5.7. Let (J ,Z ) be an almost-unbreakable stripe with |V (J ) | > 2 such that J is the union of

two strong cliques. Then, |V (J ) | ≤ 4, and (J ,Z ) ∈ Z1 ∪Z6.

Proof. We start with some observations about the structure of (J ,Z ). Since (J ,Z ) is almost-
unbreakable, J \ Z does not admit twins. As |V (J ) | > 2, Lemma 5.2 implies that J does not admit
twins. LetA,B be disjoint strong cliques in J withA ∪ B = V (J ) such thatA is maximal (i.e., no ver-
tex of B is strongly complete toA). Let X denote the set of vertices ofA that are strongly complete
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to B. Since J does not admit twins and |V (J ) | > 2, |X | ≤ 1 and |A \ X |, |B | ≥ 1. As Z is strongly
stable, |Z ∩A|, |Z ∩ B | ≤ 1. Because vertices of Z are strongly simplicial but no member of A \ X
is strongly complete to B and vice versa,X ∩ Z = ∅. For the same reason, each vertex of Z is either
strongly anticomplete toA \ X or strongly anticomplete to B. Since (J ,Z ) is almost-unbreakable,Z
must contain a vertex of any W-join of J . Observe, however, that (A,B) is a homogeneous pair and
one of |A|, |B | > 1. Therefore, Z � ∅.

We now prove that |V (J ) | ≤ 4. Let A′ = A \ X . Since (A′ \ Z ,B \ Z ) is a homogeneous pair that
is not a W-join (as (J ,Z ) is almost-unbreakable) and J does not admit twins, |A′ \ Z |, |B \ Z | ≤ 1.
Hence, |V (J ) | ≤ 5. Suppose that |V (J ) | = 5. Since |A′ \ Z | + |B \ Z | ≤ 2 and |Z | ≤ 2, |A′ | + |B | ≤
4 and thus |X | = 1. As (J ,Z ) is a stripe, no vertex of V (J ) is adjacent to more than one vertex
of Z . As X is strongly complete to A′ and B, |Z | = 1. Recall that |A′ \ Z | + |B \ Z | ≤ 2, and thus
|A′ | + |B | ≤ 3 and |V (J ) | = |A| + |B | ≤ 4, a contradiction. It follows that |V (J ) | ≤ 4.

It remains to prove that (J ,Z ) ∈ Z1 ∪Z6. We consider two cases, depending on |V (J ) |.
Consider first the case that |V (J ) | = 4. Suppose that |A| = 3. As J has no 0-join, a vertex of A is

adjacent to b, where B = {b}. If more than one vertex ofA is strongly adjacent to b, or if more than
one vertex of A is strongly antiadjacent to b, then J admits twins, a contradiction. If all three ver-
tices of A are semiadjacent to b, then Z = ∅, a contradiction. If two vertices of A are semiadjacent
tob, then neither is inZ , and those two vertices ofA together withb form aW-join in J \ Z , contra-
dicting that (J ,Z ) is almost-unbreakable. Hence, there is a vertex ofA that is strongly adjacent tob,
a vertex of A that is semiadjacent to b, and a vertex of A that is strongly antiadjacent to b. Then,
(J ,Z ) ∈ Z6. Suppose that |A| = 1, whereA = {a}. Following the same reasoning as before (mutatis
mutandis), there is a vertex of B that is strongly adjacent to a. This, however, contradicts the maxi-
mality ofA. Therefore, |A| = 2. Suppose that B ∩ Z � ∅ and |X | = 1. Then,A ∩ Z = ∅ and the vertex
in A′ must be semiadjacent to the vertex in B \ Z , as J does not admit twins. Hence, (J ,Z ) ∈ Z6.
Suppose that B ∩ Z � ∅ andX = ∅. AsA is neither strongly complete nor strongly anticomplete to
B \ Z , (A,B \ Z ) is a homogeneous pair, and as (J ,Z ) is almost-unbreakable,A ∩ Z � ∅. But then J
is a four-vertex path and (J ,Z ) ∈ Z1. Suppose that B ∩ Z = ∅. Then, A ∩ Z � ∅. As J does not ad-
mit twins, X = ∅. Since (A \ Z ,B) is a homogeneous pair, A \ Z is neither strongly complete nor
strongly anticomplete to B, and as (J ,Z ) is almost-unbreakable, B ∩ Z � ∅, a contradiction. This
completes the analysis in the case that |V (J ) | = 4.

Finally, consider the case that |V (J ) | = 3. Since Z � ∅ and J does not admit twins, J contains at
least one strongly antiadjacent pair of vertices. But then J must be a three-vertex path, and thus
(J ,Z ) is a member ofZ6. �

Proposition 5.8. Let G be a trigraph that is a thickening of a trigraph G ′. Then, G is the disjoint

union of two strong cliques if and only if G ′ is.

Proof. Suppose thatG ′ is the disjoint union of two strong cliques. Then, by the definition of a
thickening, so is G.

Suppose that G is the disjoint union of two strong cliques A,B. LetW = {Wv ′ | v ′ ∈ V (G ′)}
be a thickening of G to G ′. We use induction on the number of vertices v ′ ∈ V (G ′) for which
Wv ′ ∩A � ∅ andWv ′ ∩ B � ∅. In the base case, for each v ′ ∈ V (G ′) it holds that eitherWv ′ ⊆ A or
Wv ′ ⊆ B. Then,G ′ is the disjoint union of two strong cliques by the definition of a thickening. In the
inductive step, letv ′ ∈ V (G ) be such thatWv ′ ∩A � ∅ andWv ′ ∩ B � ∅. Since all vertices ofA \Wv ′

are strongly complete toWv ′ ∩A and all vertices of B \Wv ′ are strongly complete toWv ′ ∩ B, it
follows that each vertex of G ′ is adjacent to v ′. Moreover, by the definition of a trigraph, at most
one vertex of G ′ is semiadjacent to v ′ and all other vertices of G ′ must be strongly adjacent to v ′.
Let u ′ denote the vertex of G ′ that is semiadjacent to v ′ if it exists, and let u ′ be any other vertex
of V (G ′) \ {v ′} otherwise. Since, G \Wv ′ is the union of two strong cliques A \Wv ′ and B \Wv ′
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and G \Wv ′ is a thickeningW \ {Wv ′ } of G ′ \v ′, it follows inductively that G ′ \v ′ is the disjoint
union of two strong cliquesA′ and B′. We then addv ′ toA′ or B′ whenA′ or B′, respectively, does
not contain u ′. Hence, G ′ is the disjoint union of two strong cliques. �

Corollary 5.9. Let (J ,Z ) be a thickening of an almost-unbreakable stripe (J ′,Z ′) such that J is

the union of two strong cliques and Z � ∅. Then, (J ,Z ) is a thickening of a member ofZ1 ∪Z6.

Proof. Since J is the union of two strong cliques, J ′ also is a union of two strong cliques
by Proposition 5.8. If |V (J ′) | = 2, then J ′ consists of a strongly adjacent pair of vertices. Then,
(J ′,Z ′) ∈ Z6. If |V (J ′) | > 2, then it follows from Lemma 5.7 that (J ′,Z ′) ∈ Z1 ∪Z6. The corollary
follows. �

The following proposition is inspired by and strengthens [14, Claim 2 in Theorem 13.2].

Proposition 5.10. Let G be a trigraph that does not admit a 0-join nor a pseudo-2-join and let

(A,B) be a W-join of G such that no vertex of V (G ) \ (A ∪ B) is strongly complete to both A and B,

that there is a vertex a ∈ A that is strongly simplicial inG \ B, and that there is a vertex b ∈ B that is

strongly simplicial in G \A. Then, G is the union of two strong cliques.

Proof. Let V0 = ∅, V1 = A ∪ B, and V2 = V (G ) \ (A ∪ B). Let A1 = A and B1 = B. Let A2 be the
set of neighbors of a inV2; since a is strongly simplicial inG \ B and everyv ∈ V2 is either strongly
complete or strongly anticomplete toA by the definition of aW-join,A1 ∪A2 is a strong clique. Let
B2 be the set of neighbors of b in V2; using a similar argument as for A1 ∪A2, B1 ∪ B2 is a strong
clique. Note that each vertex of V2 \ (A2 ∪ B2) is strongly anticomplete to V1, because (A,B) is a
W-join and thus each vertex is either strongly complete or strongly anticomplete toA or B, andA2

and B2 thus contain all neighbors of A and B in V2. Moreover, A2 ∩ B2 = ∅, as no vertex of V (G ) \
(A ∪ B) is strongly complete to both A and B. Since G does not admit a pseudo-2-join, (V0,V1,V2)
is not a pseudo-2-join. By the definition of a W-join, V1 is not a strong stable set. Hence, V2 must
be a strong stable set. Since G does not admit a 0-join, every vertex in V2 is strongly complete to
either A or B. Moreover, at most one vertex of V2 is strongly complete to A, because V2 is a strong
stable set and a is strongly simplicial. Similarly, at most one vertex ofV2 is strongly complete to B.
Therefore,G is the union of two strong cliques (A1 ∪A2 and B1 ∪ B2). �

The following lemma is an explicit statement of a result that is implicitly obtained in [14, The-
orem 10.3].

Lemma 5.11. Let G be a thickening of a line trigraph of a graph H such that G admits no 0-join,

pseudo-1-join, or pseudo-2-join. Then, G is a thickening of the line graph of H , or G is the union of

two strong cliques.

Proof. LetG ′ denote a line trigraph of H such thatG is a thickening ofG ′. The first paragraph
of [14, Theorem 10.3] then proves that H has no vertex of degree two, or G is the union of two
strong cliques. IfH has no vertex of degree two, then the definition of a line trigraph implies thatG ′

has no semiadjacent vertices. In particular, G ′ is the line graph of H . �

5.4 The Union of Three Strong Cliques

We aim to understand the structure of (almost-unbreakable) stripes (J ,Z ) for which J is the union
of three strong cliques.

The following lemma is similar to [14, Theorem 13.1]; in particular, we observe that the proof
goes through under the weaker assumption that (J ,Z ) is any stripe. We repeat the proof only to
be more self-contained.
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Lemma 5.12. Let (J ,Z ) be a stripe such that J admits a hex-join. Then, |Z | ≤ 2.

Proof. First, we claim that if a three-cliqued trigraph (G;A,B,C ) is a hex-join of (G1;A1,B1,C1)
and (G2;A2,B2,C2), then any stable set of size three in G is also contained in either G1 or G2.
Suppose that {x ,y, z} is a stable set. By symmetry, we can assume that x ,y ∈ V (G1) and z ∈ V (G2),
and that x ∈ A1 andy ∈ B1. However, inG,A1 is strongly complete toV (G2) \ B2 and B1 is strongly
complete toV (G2) \C2. In particular, one of x ,y is strongly adjacent to z inG, a contradiction. The
claim follows.

To prove the lemma, suppose for sake of contradiction that |Z | ≥ 3, and let z1, z2, z3 be three
distinct vertices from Z . Let J be a hex-join of J1 and J2. Since {z1, z2, z3} is a (strong) stable set, it
follows from the claim that, without loss of generality, {z1, z2, z3} ⊆ V (J1). Consider anyv ∈ V (J2).
Since (J ,Z ) is a stripe,v is (strongly) antiadjacent to at least two of z1, z2, z3. This yields a stable set
of size three. Again, following the claim, the stable set and the two vertices of z1, z2, z3 in particular
are in J2, a contradiction. The lemma follows. �

Lemma 5.13. Let (J ,Z ) be a stripe with |Z | = 2. Then, J is the union of three (nonempty) strong

cliques if and only if V (J ) \ N [Z ] is a (nonempty) strong clique.

Proof. Suppose thatV (J ) \ N [Z ] is a strong clique. Since (J ,Z ) is a stripe, the vertices in Z are
strongly simplicial. It follows that J is the union of three strong cliques.

Let Z = {z1, z2}. Suppose that J is the union of three strong cliques A, B, C . Since z1 and z2 are
strongly antiadjacent, we can assume that z1 ∈ A and z2 ∈ B. But then V (J ) \ N [Z ] ⊆ C . �

The following lemma and its corollary show that [14, Theorem 13.2] goes through under the
weaker assumption that (J ,Z ) is almost-unbreakable. We repeat the proof only to be more self-
contained, and to make the connection to our earlier lemmas explicit.

Lemma 5.14. Let (J ,Z ) be an almost-unbreakable stripe with |Z | = 2, such that J is the union of

three strong cliques. Then, (J ,Z ) is a member ofZ1 ∪Z2 ∪Z3 ∪Z4 or J is a line trigraph.

Proof. LetZ = {z1, z2}. Since (J ,Z ) is a stripe, no vertex is adjacent to both z1 and z2. Moreover,
|V (J ) | > 2.

If J is the union of two strong cliques, then it follows from Lemma 5.7 that (J ,Z ) ∈ Z1 (note
that (J ,Z ) � Z6, as |Z | = 2). Hence, we may assume that J is not the union of two strong cliques.
By Lemma 5.2, this implies that J does not admit twins.

Let J ′ be the trigraph that is obtained from J by making z1, z2 semiadjacent. Note that J ′ is
claw-free, as z1 and z2 are strongly simplicial in J .

We claim that J ′ does not admit a W-join. Suppose otherwise and let (A,B) be a W-join of J ′.
Since (J ,Z ) is almost-unbreakable, at least one of z1, z2 must be inA ∪ B. As z1, z2 are semiadjacent
in J ′, this implies by the definition of aW-join that (without loss of generality) z1 ∈ A and z2 ∈ B. It
follows thatA and B satisfy all the conditions of Proposition 5.10 in J ′ (adding a semi-edge cannot
create a 0-join or pseudo-2-join), and thus Proposition 5.10 implies that J ′ (and thus also J ) is the
union of two strong cliques, a contradiction. This proves the claim.

Using Lemma 5.13, we may observe that J ′ and z1, z2 satisfy all conditions of [13, Theorem 11.1].
Consider the six possible conclusions from applying [13, Theorem 11.1]. In the first case, note
that J ′ does not admit twins as J does not and that J ′ does not admit a W-join by the claim, a
contradiction. In the second case, (J ,Z ) ∈ Z1. In the third case, J ′ is a line trigraph of a graph H
such that z1 and z2 (as edges in H ′) are both incident on the same vertex of degree two in H ′. By
‘splitting’ this vertex, we obtain a graph H where z1 and z2 have no common end and are each
incident on a pendant vertex of H . It follows that J is a line trigraph of H . In the fourth case, it
can be seen that (J ,Z ) ∈ Z3. In the fifth case, either (J ,Z ) ∈ Z4 or J admits a generalized 2-join,
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where the latter contradicts that J does not admit a pseudo-2-join. In the sixth case, (J ,Z ) ∈ Z2.
The lemma follows. �

Corollary 5.15. Let (J ,Z ) be a thickening of an almost-unbreakable stripe with |Z | = 2, such

that J is the union of three strong cliques. Then, (J ,Z ) is a thickening of a member of Z1 ∪Z2 ∪
Z3 ∪Z4 or J is a thickening of a line trigraph.

Proof. Suppose that (J ,Z ) is a thickening of an almost-unbreakable stripe (J ′,Z ′) with |Z | = 2
such that J is the union of three strong cliques. Since each z ′ ∈ Z ′ is strongly simplicial, it follows
that V (J ) \ N [Z ] is a thickening of V (J ′) \ N [Z ′]. As V (J ) \ N [Z ] is empty or a strong clique by
Lemma 5.13, so is V (J ′) \ N [Z ′]. Hence, J ′ is the union of three strong cliques. It follows from
Lemma 5.14 that (J ′,Z ′) is a member ofZ1 ∪Z2 ∪Z3 ∪Z4 or J ′ is a line trigraph. �

Lemma 5.16. Let (J ,Z ) be a stripe such that J admits a hex-join. Then, J is the union of two strong

cliques, or V (J ) \ N [Z ] � ∅ and α (J ) ≤ 3.

Proof. We may assume that J is not the union of two strong cliques. Since the neighborhood
of each z ∈ Z is a strong clique and |Z | ≤ 2 by Lemma 5.12, V (J ) \ N [Z ] � ∅. Moreover, J is the
union of three strong cliques by the definition of a hex-join, and thus α (J ) ≤ 3. �

5.5 Almost-Unbreakable Stripes and Indecomposable Members

We prove strong relations between almost-unbreakability and indecomposability.
The following lemma is similar to [14, Theorem 10.4], and essentially shows that it goes through

under the weaker assumption that (J ,Z ) is almost-unbreakable.

Lemma 5.17. Let (J ,Z ) be a thickening of an almost-unbreakable stripe. Then, either J is a thick-

ening of an indecomposable member of S0, . . . ,S7 or J admits a hex-join.

Proof. Let (J ,Z ) be a thickening of an almost-unbreakable stripe (J ′,Z ′) (where possibly J =
J ′). Since (J ′,Z ′) is almost-unbreakable, J ′ does not admit a 0-join, a pseudo-1-join, nor a pseudo-
2-join. Following the observations near the definitions of pseudo-1-join and pseudo-2-join, this
means that J ′ does not admit a 0-join, a 1-join, nor a generalized 2-join. Then, following [14,
Theorem 10.4], either J ′ is a thickening of an indecomposable member of S0, . . . ,S7 or J ′ admits
a hex-join. The lemma follows using Proposition 2.7. �

We prove the following corollary.

Corollary 5.18. Let (J ,Z ) be a thickening of an almost-unbreakable stripe. Then, either (J ,Z ) is

a thickening of an almost-unbreakable stripe (J ′,Z ′) such that J ′ is an indecomposable member of

one of S0, . . . ,S7, or J is the union of three strong cliques and |Z | ≤ 2.

Proof. Following Lemma 5.17, either J is a thickening of an indecomposable member of
S0, . . . ,S7, or J admits a hex-join. In the latter case, it follows from the definition of a hex-join and
Lemma 5.12 that J is the union of three strong cliques and |Z | ≤ 2. �

A vertex v of a trigraph G is near-simplicial if v is semiadjacent to some vertex and the set of
strong neighbors of v is a strong clique [14].

Lemma 5.19 (Chudnovsky and Seymour [14, Theorem 11.1]). Let J ∈ Si for some i ∈
{1, 2, 4, 5, 6, 7} and suppose that J is indecomposable and not the union of two strong cliques.

(1) If z ∈ V (J ) is a simplicial vertex, then let Z be the set of all simplicial vertices of J . Then,

|Z | ≤ 2 and (J ,Z ) ∈ Zj for some j ∈ {2, 5, 7, 8, 9}.
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(2) If z ∈ V (J ) is a near-simplicial vertex semiadjacent to z ′, then let Z = {z, z ′}. Then, (J ′,Z ) ∈
Z2 ∪Z5, where J ′ is the trigraph obtained from G by making z, z ′ strongly antiadjacent.

The following lemma and its corollary show that [14, Theorem 12.2] goes through under the
weaker assumption that (J ,Z ) is almost-unbreakable. We repeat the proof only to be more self-
contained, and to make the connection to our earlier lemmas explicit.

Lemma 5.20. Let (J ,Z ) be an almost-unbreakable stripe with Z � ∅. If J is a thickening of an

indecomposable member of Si , where i ∈ {1, . . . , 7}, then (J ,Z ) ∈ Zj , where j ∈ {1, 2, 5, 6, 7, 8, 9}.

Proof. Let J ′ be a trigraph such that J ′ is an indecomposable member of Si for some i ∈
{1, . . . , 7} and that there is a set W = {Wv ′ | v ′ ∈ V (G ′)} that is a thickening of J ′ to J . By
Lemma 5.2, either J does not admit twins or J is a strong clique with |V (J ) | = 2 and |Z | = 1. In the
latter case, (J ,Z ) ∈ Z6 trivially. Hence, we may assume that J does not admit twins. If J ′ is the
union of two strong cliques, then so is J by Proposition 5.8. If J is the union of two strong cliques,
then the result follows from Lemma 5.7. If i = 3, then (J ,Z ) ∈ Z1 ∪Z6 by Lemma 5.6. So assume
that neither J ′ nor J is the union of two strong cliques and that i � 3.

We claim that |Wv ′ | = 1 for each v ′ ∈ V (J ′). Suppose otherwise. Since J does not admit twins,
there exist u ′,v ′ ∈ V (J ′) such that u ′,v ′ are semiadjacent and (Wu′,Wv ′ ) is a W-join in J . As (J ,Z )
is almost-unbreakable, without loss of generality,Z ∩Wu′ � ∅. Because each z ∈ Z is strongly sim-
plicial,u ′ is near-simplicial in J ′. This, combinedwith the assumption that J ′ is not the union of two
strong cliques, i � 3, and J ′ is indecomposable, implies by Lemma 5.19:2 that (J ′′,Z ′′), where J ′′ is
obtained from J ′ by making u ′,v ′ strongly antiadjacent and Z ′′ = {u ′,v ′}, is a stripe. Hence, v ′ is
also near-simplicial in J ′ and no vertex of J ′ is adjacent to both u ′ and v ′. It follows that A =Wu′

and B =Wv ′ satisfy all the conditions of Proposition 5.10 in J , and thus Proposition 5.10 implies
that J is the union of two strong cliques, a contradiction. This proves the claim.

Following the claim, J and J ′ are isomorphic. Hence, J ∈ Si . Since Z � ∅, J has a simplicial
vertex. By Lemma 5.19:1, (J ,Z ) ∈ Zj where j ∈ {2, 5, 7, 8, 9}. The lemma follows. �

The following corollary is immediate.

Corollary 5.21. Let (J ,Z ) be an almost-unbreakable stripe such that Z � ∅ and J is a thickening

of an indecomposable member of one of S1, . . . ,S7. Then, |Z | ≤ 2.

5.6 Stability Numbers

We prove bounds on the stability number of certain trigraphs. We start with the following
observation.

Proposition 5.22 (Hermelin et al. [48, Proposition 2]). LetG be a trigraph that is a thickening

of a trigraph G ′. Then, α (G ) = α (G ′).

Lemma 5.23. Let G be a trigraph. If G ∈ S1 ∪ S4 ∪ S5 ∪ S6 ∪ S7, then α (G ) ≤ 3. If G ∈ S2, then

α (G ) ≤ 4.

Proof. The result for the case that G ∈ S2 was shown by Hermelin et al. [48, Proposition 1].
Throughout, let G ′ be the graph obtained from G by removing all semi-edges. Note that delet-

ing (semi-)edges can only increase α , and thus α (G ) ≤ α (G ′). Therefore, we show an upper bound
on α (G ′). Let I be any stable set ofG ′ and suppose that |I | > 3. Consider the various cases depend-
ing on to which class of graphs G belongs:

S1: Consider the definition of S1. Since deleting vertices or adding (semi)edges can only re-
duce α , it suffices to show that α (G ) ≤ 3 ifG = G0. So, let v1, . . . ,v12 be as in the definition
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of G0. If v11,v12 ∈ I , then |I | = 2, a contradiction. Let I ′ = I ∩ {v1, . . . ,v10} and let J denote
the set of indices of the vertices in I ′. If J contains only even or only odd integers, then
|I ′ | ≤ 2 as vi is adjacent to vi+2 (indices modulo 10) for 1 ≤ i ≤ 10. Hence, |I | ≤ 3, a contra-
diction. But then J contains both odd and even integers and thus v11,v12 � I . If j ∈ J , then
j − 2, j − 1, j + 1, j + 2 � J (integers modulo 10). Hence, |I | = |J | ≤ �10/3� = 3, a contradic-
tion. Therefore, α (G ) ≤ α (G ′) ≤ 3.

S4: Let H ,h1, . . . ,h7 be as in the definition of S4. Let E6 denote the set of edges of H incident
with h6 and let x be the vertex added to L(H ) to obtain G. Note that x is strongly adjacent
to the edges and chords of the cycleC = {h1, . . . ,h5}; denote this set of edges and chords by
E (C ). Observe that V (G ′) = E6 ∪ E (C ) ∪ {x }. Since E6 is a strong clique in G ′, |I ∩ E6 | ≤ 1.
Hence, if x ∈ I , then |I | ≤ 2, a contradiction. Otherwise, as G ′[E (C )] is can be covered by
five strong cliques such that each vertex is in at least two of these cliques, |I ∩ E (C ) | ≤ 2
and thus |I | ≤ 3, a contradiction. Therefore, α (G ) ≤ α (G ′) ≤ 3.

S5: Let A,B,C,d1, . . . ,d5,X be as in the definition of S5. Since A,B,C are strong cliques,
|I ∩ (A ∪ B ∪C ) | ≤ 3. Suppose that |I ∩ (A ∪ B ∪C ) | = 3. Then, I has precisely one vertex
from each ofA,B,C , say ai ,bj , ck , respectively. Since ck is strongly adjacent to bj if and only
if j � k , j = k . Similarly, i = k . But then i = j, thus ai and bj are adjacent in G. By the con-
struction ofG ′, ai and bj must be semiadjacent inG and thus ck ∈ X . Hence, ck � V (G ) and
thus ck � V (G ′), a contradiction. Hence, |I ∩ (A ∪ B ∪C ) | ≤ 2. Note that d3,d4,d5 are pair-
wise strongly adjacent, so |I ∩ {d3,d4,d5}| ≤ 1. Therefore, d1 ∈ I or d2 ∈ I . As d1 is strongly
complete to A ∪ B ∪C , d1 ∈ I implies that |I | ≤ 3, a contradiction. Hence, d1 � I and d2 ∈ I .
As d2 is strongly complete to A ∪ B, |I ∩ (A ∪ B ∪C ) | ≤ 1, implying that |I | ≤ 3, a contra-
diction. Therefore, α (G ) ≤ α (G ′) ≤ 3.

S6: Observe thatG is the union of three strong cliques, and thus so isG ′. Therefore, |I | ≤ 3 and
α (G ) ≤ α (G ′) ≤ 3.

S7: Since for anyX ⊆ V (G ) with |X | = 4, at least two pairs of vertices inX are strongly adjacent,
the same holds with respect toG ′. Applying this to any subset of I of size four, we obtain a
contradiction to the assumption that I is stable.

This completes the proof. �

From this lemma and Proposition 5.22, we immediately obtain the following corollary.

Corollary 5.24. LetG be a trigraph that is a thickening of a trigraphG ′. IfG ′ ∈ S1 ∪ S4 ∪ S5 ∪
S6 ∪ S7, then α (G ) ≤ 3. If G ′ ∈ S2, then α (G ) ≤ 4.

5.7 Supporting Lemma

Finally, we present a crucial supporting lemma. Although the lemma is ours, the proof is somewhat
inspired by the proof of [14, Theorem 7.2].

Lemma 5.25. LetG be a connected claw-free graph with α (G ) > 3 such thatG does not admit twins

or proper W-joins. If G is not a line graph nor a proper circular-arc graph, then G is a thickening of a

member of S2, or G admits a pseudo-1-join or a pseudo-2-join.

Proof. Suppose that G does not admit a pseudo-1-join or a pseudo-2-join. Hence, G does not
admit a 1-join or a generalized 2-join. As G is connected, G does not admit a 0-join neither. Since
α (G ) > 3,G is not the union of three strong cliques, and thusG does not admit a hex-join. LetG ′ be
a trigraph with |V (G ′) | minimum among all trigraphs of whichG is a thickening (i.e.,G is a thick-
ening ofG ′). Observe thatG ′ does not admit a 0-join, a 1-join, a generalized 2-join, nor a hex-join,
as G does not. Moreover, G ′ does not admit twins nor W-joins, as |V (G ′) | is minimum. Hence, G ′
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is indecomposable, and thusG ′ ∈ S0 ∪ · · · ∪ S7 following Theorem 2.16. From Corollary 5.24 and
the assumption that α (G ) > 3, it follows that G ′ ∈ S0 ∪ S2 ∪ S3 and thus G is a thickening of a
member of S0 ∪ S2 ∪ S3.

Suppose that G is a thickening of a member of S0. Following Lemma 5.11 and the fact that
α (G ) > 3, G is a thickening of a line graph. As G does not admit twins, G is in fact a line graph, a
contradiction.

Suppose that G is a thickening of a member of S3. Since G does not admit a proper W-join, it
follows from Lemma 5.4 that G is a proper circular-arc graph, a contradiction.

Therefore,G is a thickening of a member of S2, and the lemma follows. �

6 AN ALGORITHMIC DECOMPOSITION FOR CLAW-FREE GRAPHS

In this section, we obtain our algorithmic decomposition theorem for claw-free graphs following
from the decomposition approach for claw-free graphs by Chudnovsky and Seymour [14]. The
main idea is to decompose the graph along 0-joins, pseudo-1-joins, and pseudo-2-joins, so that
we obtain a strip-structure of the graph where each strip is a spot or a thickening of an almost-
unbreakable stripe. Almost-unbreakable stripes that are line graphs are decomposed even further
into trivial line graph strips (spots or two-vertex stripes). We then apply the supporting structural
lemmas of Section 5 to show that the other strips indeed belong to a few basic graph classes, i.e., the
ones described in Section 2.5.

As before, given a graph G, we use n = |V (G ) | andm = |E (G ) |.

6.1 Finding a Strip-Structure

We give an algorithm that finds a strip-structure of a claw-free graph such that the resulting strips
are spots or thickenings of almost-unbreakable stripes (recall Definition 5.1). The proof of this
theorem is a combination of the observation that [14, Theorem 8.1 and Theorem 9.1] go through
if only we need to decompose to spots and almost-unbreakable stripes, and the algorithms to
find twins and joins that we developed in Section 3. We give (most of) the proof only to be self-
contained, and to make the dependence on the algorithms that find twins and joins explicit.

Theorem 6.1. Every claw-free trigraph G admits a purified strip-structure with nullity zero such

that all its strips are either spots or thickenings of almost-unbreakable stripes. If G is a graph, then

such a strip-structure can be found in O (n2m3/2) time.

Proof. Let H be such thatV (H ) = ∅, E (H ) = {F }, and the incidence relation is empty, and let η
be such that η(F ) = V (G ). Then, (H ,η) is a purified strip-structure forG with nullity zero.

We now define five conditions on the strips of H ; when a particular condition is met for a strip
F ∈ E (H ), we apply a transformation to the strip-structure. We call a condition and its transforma-
tion a rule. We iteratively apply the rules: we do not apply rule i until rule i − 1 cannot be applied
to any strip. Moreover, after applying a rule, we check for rule 1 again, and so on, until no more
rules can be applied to any strip. The rules closely follow those proposed by Chudnovsky and
Seymour [14, Theorem 8.1 and Theorem 9.1].

Consider any F ∈ E (H ) and its corresponding strip (J ,Z ). Assume that (J ,Z ) is not a spot. Let

F = {h1, . . . ,hk } and let Z = {z1, . . . , zk }.

(1) F is not purified

If k ≤ 1, then F is purified. So suppose, without loss of generality, that k ≥ 2 and η(F ,h1) ∩
η(F ,h2) � ∅. Let W = η(F ,h1) ∩ η(F ,h2). If k ≥ 3, then W ∩ η(F ,hi ) = ∅ for 3 ≤ i ≤ k by the
definition of a circus. Moreover, again by the definition of a circus, W is strongly anticomplete

ACM Transactions on Algorithms, Vol. 15, No. 2, Article 25. Publication date: April 2019.



Domination When the Stars Are Out 25:41

to η(F ) \ (η(F ,h1) ∪ η(F ,h2)). Finally, by the definition of a strip-structure,W is a strong clique
of G.

Let W = {w1, . . . ,w� }. Create a new edge F ′i for each wi and construct a new strip-structure
(H ′,η′) for G as follows:

• V (H ′) = V (H ) and E (H ′) = E (H ) ∪ {F ′1, . . . , F ′� },
• for each F0 ∈ E (H ) and h ∈ V (H ), F0 is incident with h in H ′ if and only if they are incident

in H ,
• each F ′i is incident only with h1,h2 for all 1 ≤ i ≤ �,
• for each F0 ∈ E (H ) \ {F }, η′(F0) = η(F0) and η′(F0,h) = η(F0,h) for all h ∈ F0,
• η′(F ) = η(F ) \W , η′(F ,h1) = η(F ,h1) \W , η′(F ,h2) = η(F ,h2) \W , and η′(F ,hi ) = η(F ,hi )

for all 3 ≤ i ≤ k ,
• η′(F ′i ) = {wi }, η′(F ′i ,h1) = {wi }, and η′(F ′i ,h2) = {wi } for all 1 ≤ i ≤ �.

If η(F ) =W , then we remove F from H ′. It can be quickly verified that (H ′,η′) is a strip-structure
forG. Furthermore, F ′1, . . . , F

′
�
are all purified. Finally, note that (H ′,η′) can be constructed in linear

time.
Observe that the nullity of (H ′,η′) might be higher than the nullity of (H ,η). This happens only

if η(F ,h1) =W or η(F ,h2) =W . Hence, the nullity of (H ′,η′) is at most two more than the nullity
of (H ,η). Thus, we need a rule to reduce the nullity.

(2) η(F ,hi ) = ∅ for some hi ∈ F

Construct a new strip-structure (H ′,η′) for G as follows.

• V (H ′) = V (H ) and E (H ′) = E (H ),
• for each F0 ∈ E (H ) \ {F } and h ∈ V (H ), F0 is incident with h in H ′ if and only if they are

incident in H ,
• for each h ∈ V (H ) \ {hi }, F is incident with h in H ′ if and only if they are adjacent in H

(note that this implies that F is not incident with hi in H ′),

• for each F0 ∈ E (H ) \ {F }, η′(F0) = η(F0) and η′(F0,h) = η(F0,h) for all h ∈ F0,
• η′(F ) = η(F ) and η′(F ,h) = η(F ,h) for all h ∈ F \ {hi }.

Clearly, (H ′,η′) is a strip-structure for G. Note that (H ′,η′) can be constructed in linear time.
After exhaustively applying Rules (1) and (2), (H ,η) is a purified strip-structure of nullity zero.

In particular, (J ,Z ) is a stripe.

(3) J admits a 0-join (V1,V2)

For j = 1, 2, let Z j = Z ∩Vj and let Pj = {hi | 1 ≤ i ≤ k and zi ∈ Z j }. Clearly, P1 ∩ P2 = ∅ and

P1 ∪ P2 = F . As (H ,η) has nullity zero, each zi has a neighbor in J \ Z . Hence, V1 \ Z1 � ∅ and
V2 \ Z2 � ∅.

Now create two new edges F ′1 and F ′2 and let (H ′,η′) be obtained from (H ,η) as follows.

• V (H ′) = V (H ) and E (H ′) = (E (H ) \ {F }) ∪ {F ′1, F ′2},
• for each F0 ∈ E (H ) \ {F } and h ∈ V (H ), F0 is incident with h in H ′ if and only if they are

incident in H ,
• for j = 1, 2 and h ∈ V (H ), F ′j is incident with h in H ′ if and only if h ∈ Pj ,

• for all F0 ∈ E (H ) \ {F }, η′(F0) = η(F0) and η′(F0,h) = η(F0,h) for all h ∈ F0,
• for j = 1, 2, η′(F ′j ) = Vj \ Z j and η

′(F ′j ,h) = η(F ,h) for all h ∈ Pj .
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Observe that (H ′,η′) is again a strip-structure forG and that it has the same nullity as (H ,η). Note
that (H ′,η′) can be constructed in linear time.

(4) J admits a pseudo-1-join (V1,V2)

As J has no 0-join,Ai � ∅ for i = 1, 2. For j = 1, 2, sinceVj is not strongly stable,Vj \ Z � ∅. For j =
1, 2, let Z j = Vj ∩ Z and let Pj = {hi | 1 ≤ i ≤ k and zi ∈ Z j }. Clearly, P1 ∩ P2 = ∅ and P1 ∪ P2 = F .
Moreover, Vj \ Z j � ∅.

IfZ ∩ (A1 ∪A2) � ∅, then suppose that z1 ∈ A1. Then, sinceA1 ∪A2 is a strong clique and (H ,η)
is purified, Z ∩ (A1 ∪A2) = {z1} and Z \ {z1} is strongly anticomplete to A1 ∪A2. Furthermore, z1
is strongly anticomplete to V (J ) \ (A1 ∪A2), since every vertex in this set has an antineighbor in
A1 ∪A2 and z1 is strongly simplicial.

Now create two new edges F ′1 and F ′2. If Z ∩ (A1 ∪A2) = ∅, then create a new vertex h′ as well;
otherwise, assume that z1 ∈ A1 and let h′ = h1. Let (H ′,η′) be obtained from (H ,η) as follows:

• V (H ′) = V (H ) ∪ {h′}, and E (H ′) = (E (H ) \ {F }) ∪ {F ′1, F ′2},
• for each F0 ∈ E (H ) \ {F } and h ∈ V (H ), F0 is incident with h in H ′ if and only if they are

incident in H ,
• for j = 1, 2 and h ∈ V (H ), F ′j is incident with h in H ′ if and only if h ∈ Pj ,

• F ′1 and F ′2 are incident with h′,

• for all F0 ∈ E (H ) \ {F }, η′(F0) = η(F0) and η′(F0,h) = η(F0,h) for all h ∈ F0,
• for j = 1, 2, η′(F ′j ) = Vj \ Z j and η

′(F ′j ,h) = η(F ,h) for all h ∈ Pj \ {h′},
• for j = 1, 2, η′(F ′j ,h

′) = Aj \ Z j .

Observe that since J does not admit a 0-join, Aj \ Z j � ∅ for j = 1, 2. It can now be readily verified
that (H ′,η′) is a strip-structure of G and that it has the same nullity as (H ,η). Note that (H ′,η′)
can be constructed in linear time.

(5) J admits a pseudo-2-join

We again compute a new strip-structure of G in a manner similar to Rule (4). To be precise, we
apply the procedure as described in Chudnovsky and Seymour [14, Theorem 9.1: Condition (3)].
Note that this procedure takes linear time and does not increase the nullity.

Let (H ,η) be the resulting strip-structure and let (J ,Z ) be any stripe of the strip-decomposition.
Choose (J ′,Z ′) with |V (J ′) | minimum such that (J ,Z ) is a thickening of (J ′,Z ′). Since |V (J ′) | is
minimum, no two vertices in V (J ′) \ Z ′ are twins in J ′ and there is no W-join (A,B) in J ′ with
Z ′ ∩A,Z ′ ∩ B = ∅. Moreover, by Rules (3)–(5), J does not admit a 0-join, a pseudo-1-join, or a
pseudo-2-join, and thus neither does J ′ by Proposition 2.7. This shows that (J ,Z ) is a thickening
of an almost-unbreakable stripe.

Observe that in applying one of Rules (1) and (3)–(5), the number of edges of the strip-structure
increases by at least one. By definition, a strip-structure can have at most |V (G ) | edges, and thus
we need only apply these rules at most |V (G ) | times. Rule (2) only needs to be applied after Rule (1)
has been applied, as all other rules do not increase the nullity. Since Rule (1) can increase the nullity
by at most two, Rule (2) is applied at most twice as often as Rule (1). Furthermore, Rule (1) only
needs to be applied after one of Rules (3)–(5) have been applied. Hence, Rule (1) is applied at most
|V (G ) |/2 times and Rule (2) at most |V (G ) | times.

Note that applying the transformation of a rule takes at most linear time. If G is a graph, then
by Corollary 3.16, it takes O (nm3/2) time to test the condition of a rule. Hence, the total run time
of the algorithm is O (n2m3/2). �
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6.2 Decomposing Line Graphs

We first show that we can find a good strip-structure of line graphs in a fast and easy way, without
using Theorem 6.1. The arguments here resemble those in [48, Theorem 8]. For this, we need the
following definition.

Definition 6.2. Let (J ,Z ) be a strip such that J is a line graph. Then, this is a trivial line graph

strip if (J ,Z ) is a spot or if |V (J ) | = 2 and |Z | = 1. Otherwise, we call (J ,Z ) a nontrivial line graph

strip.

Observe that if (J ,Z ) is a trivial line graph strip, then |V (J ) \ Z | = 1.

Lemma 6.3. LetG be a connected line graph. Then, in linear time, we can find a strip-structure ofG
such that each strip is a trivial line graph strip.

Proof. Recall that a vertex of G is pendant if it has degree 1. Compute the pre-image G ′ of G
(i.e., a graph G ′ such that G is the line graph of G ′); this takes linear time [76]. Then, consider
the following strip-graph H : V (H ) is equal to the set of vertices of G ′ that are not pendant; E (H )
is obtained from E (G ′) be removing a vertex from an edge of E (G ′) if that vertex is pendant. For
each F ∈ E (H ), let η(F ) be the set containing just the vertex of J that corresponds to the edge ofG

that corresponds to F . For each F ∈ E (H ) and each h ∈ F , let η(F ,h) = η(F ). We then output the
strip-structure (H ,η). Observe that (H ,η) is indeed a valid strip-structure, and that each strip is
trivial line graph strip. �

We then show that if we are given a strip-structure of a claw-free graph, then we can decompose
each nontrivial line graph strip into trivial line graph strips using Lemma 6.3.

Lemma 6.4. Let G be a graph and let (H ,η) be a purified strip-structure of nullity zero of G such

that each strip is connected and either a spot or a stripe. Then, in linear time, we can find a purified

strip-structure of nullity zero ofG such that if a strip (J ,Z ) of (H ,η) is not a nontrivial line graph strip,

then (J ,Z ) is a strip of the resulting strip-structure, and all other strips of the resulting strip-structure

are trivial line graph strips.

Proof. Consider each strip (J ,Z ) of (H ,η) in turn. If (J ,Z ) is a trivial line graph strip, then we
proceed to the next strip. Since spots are trivial line graph strips, we may thus assume that (J ,Z )
is a stripe. We then check whether J is a line graph; this takes linear time [76]. If J is indeed a line
graph, then (J ,Z ) is a nontrivial line graph strip. We now aim to ‘shatter’ (J ,Z ) into several trivial
line graph strips.

Suppose that J is the line graph of J ′. Apply Lemma 6.3 to compute a strip-structure (H ′,η′) of J
such that each strip is a trivial line graph strip. We now incorporate (H ′,η′) into (H ,η). For each
z ∈ Z , let Fz denote the edge of H ′ such that η′(Fz ) = {z} and let hz denote the vertex of H that
corresponds to z. Let F denote the edge of H that corresponds to the strip (J ,Z ). Now construct a
new strip-structure (H ′′,η′′) by merging (H ,η) and (H ′,η′) as follows:

• V (H ′′) = V (H ) ∪ (V (H ′) \ (
⋃

z∈Z Fz )) and E (H ′′) = (E (H ′) \ (
⋃

z∈Z {Fz })) ∪ (E (H ) \ {F }),
• for each F0 ∈ E (H ) \ {F } and h ∈ V (H ), F0 is incident with h in H ′′ if and only if they are

incident in H ,
• for each F0 ∈ E (H ′) \ (

⋃
z∈Z {Fz }) and h ∈ V (H ′) \ (

⋃
z∈Z Fz ), F0 is incident with h in H ′′ if

and only if they are incident in H ′,
• for each F0 ∈ E (H ′) \ (

⋃
z∈Z {Fz }), F0 is incident with hz in H ′′ if and only if F0 is incident

with a vertex of Fz in H ′,
• for each F0 ∈ E (H ) \ {F }, η′′(F0) = η(F0) and η′′(F0,h) = η(F0,h) for each h ∈ F0,
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• for each F0 ∈ E (H ′) \ (
⋃

z∈Z {Fz }),η′′(F0) = η′(F0) andη′′(F0,h) = η′(F0,h) for eachh ∈ F0 \
(
⋃

z∈Z Fz ),
• for each z ∈ Z and each F0 ∈ E (H ′) \ (

⋃
z∈Z {Fz }) such that Fz ∩ F0 � ∅, η′′(F0,hz ) =

η′(F0,h
′
z ), where Fz ∩ F0 = {h′z }.

Since (J ,Z ) is a stripe, no vertex of J is adjacent to two or more vertices of Z and Z is strongly
stable. Therefore, (H ′′,η′′) is indeed a valid strip-structure of G. Moreover, it is purified and has
nullity zero. Observe also that each strip that corresponds to an edge of E (H ′) \ (

⋃
z∈Z Fz ) is a

trivial line graph strip of (H ′′,η′′), and that each strip that corresponds to an edge of E (H ) \ {F } is
still a strip of (H ′′,η′′).

Proceeding iteratively, we indeed find a strip-structure ofG such that no strip is a nontrivial line
graph strip. Moreover, it follows from the description of the algorithm that if a strip of (H ,η) was
not a nontrivial line graph strip, it is still a strip of the resulting strip-structure. Since each of the
strips resulting from the “shattering” of a nontrivial line graph strip is a trivial line graph stripe
and the “shattering” procedure takes linear time, the total run time of the algorithm is linear. �

6.3 Auxiliary Algorithm

Let ω denote the matrix-multiplication constant; currently ω < 2.373 [59, 80].

Lemma 6.5. Let (J ,Z ) be a stripe such that J is a graph. We can check in O (nω ) time whether

|Z | = 1, V (J ) \ N [Z ] � ∅, and α (J ) ≤ 3.

Proof. It can be checked in linear time whether |Z | = 1 and V (J ) \ N [Z ] � ∅. Then, there is a
largest stable set of J that contains the lone element z of Z , as z is simplicial. Hence, it remains to
verify that there is no triangle in the complement of J \ N [Z ], which takes O (nω ) time [51]. �

6.4 Main Theorems

We now state our main structural and algorithmic results.

Theorem 6.6. Let G be a connected claw-free graph with α (G ) > 3 such that G does not admit

twins or proper W-joins. Then

• G is a thickening of a member of S2 (i.e., G is a thickening of an XX-trigraph),

• G is a proper circular-arc graph, or

• G admits a strip-structure such that for each strip (J ,Z )
— (J ,Z ) is a trivial line graph strip, or

— (J ,Z ) is a stripe for which J is connected and

∗ |Z | = 1, α (J ) ≤ 3, and V (J ) \ N [Z ] � ∅,
∗ |Z | = 1, J is a proper circular-arc graph, and either J is a strong clique or α (J ) > 3,

∗ |Z | = 2 and J is a proper interval graph, or

∗ (J ,Z ) is a thickening of a member ofZ2 ∪Z3 ∪Z4 ∪Z5.

Moreover, we can distinguish the cases and find the strip-structure in O (n2m3/2) time.

Proof. We first check whetherG is a line graph; this takes linear time [76]. IfG is indeed a line
graph, then we use Lemma 6.3 to compute, in linear time, a strip-structure of G such that each
strip is a trivial line graph strip. Note that such strips are either spots or proper circular-arc graphs
with |Z | = 1. Hence, we can output this strip-structure.

We then check whetherG is a proper circular-arc graph; this takes linear time [24]. If it is, then
we outputG.
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We may thus assume that G is neither a line graph nor a proper circular-arc graph. By
Lemma 5.25, this implies that G is a thickening of a member of S2, or G admits a pseudo-1-join
or a pseudo-2-join. Following Corollary 3.16, we can decide inO (nm3/2) time whetherG admits a
pseudo-1-join or a pseudo-2-join. If not, then we outputG, asG must be a thickening of a member
of S2.

We may thus assume thatG admits a pseudo-1-join or a pseudo-2-join. By Theorem 6.1, we can
find in O (n2m3/2) time a purified strip-structure (H ,η) of nullity zero of G such that all strips are
spots or thickenings of almost-unbreakable stripes. Since G is connected and thus does not admit
a 0-join, by inspecting the proof of Theorem 6.1, it follows that each edge of H is incident on at
least one vertex of H . Hence, each strip of the strip-structure has |Z | ≥ 1.

Now apply the algorithm of Lemma 6.4 in linear time and (by abuse of notation) call the resulting
strip-structure (H ,η) as well. Observe that (H ,η) is purified, has nullity zero, and all its strips are
trivial line graph strips or thickenings of almost-unbreakable stripes. Moreover, still each strip
(J ,Z ) of the strip-structure has |Z | ≥ 1.

Consider each strip (J ,Z ) of the strip-structure in turn. We first check whether (J ,Z ) is a trivial
line graph strip; this takes constant time. If it is, then we can proceed to the next strip. Hence,
we may assume that (J ,Z ) is a thickening of an almost-unbreakable stripe. Since the stripe is
almost-unbreakable, it follows that by the definition of thickenings that J is connected.

We then check whether |Z | = 1, α (J ) ≤ 3, and V (J ) \ N [Z ] � ∅; this takes O ( |V (J ) |ω ) time by
Lemma 6.5. If it is, then we proceed to the next strip.

We then check whether |Z | = 1 and J is a proper circular-arc graph; this takes linear time [24].
If it is, then note that either V (J ) \ N [Z ] = ∅ and thus J is a strong clique, or α (J ) > 3, and we
proceed to the next strip. We then check whether |Z | = 2 and J is a proper interval graph; this
takes linear time [24]. If it is, then we proceed to the next strip.

Claim 6.6.1. At this stage, (J ,Z ) is a thickening of a member ofZ2 ∪Z3 ∪Z4 ∪Z5.

Proof. Observe that (J ,Z ) is a thickening of some almost-unbreakable stripe (J ′,Z ′). Note
that |V (J ) | ≥ 2, as |Z | ≥ 1 and each strip of (J ,Z ) has nullity zero. If |V (J ) | = 2 or |V (J ′) | = 2,
then |Z | = 1 and J is a proper circular-arc graph, a contradiction at this stage. Hence, |V (J ) | > 2
and |V (J ′) | > 2.

Suppose that J contains a proper W-join (A,B) such that Z ∩A,Z ∩ B = ∅. Then, (A,B) is also
a proper W-join in G, a contradiction. Hence, by Lemma 5.3, J does not admit a proper W-join.

Suppose that (J ,Z ) is a thickening of a member of Z1 or of Z6. Hence, by Lemma 5.5, respec-
tively, Lemma 5.4, J is a proper interval graph and |Z | = 2, respectively, J is a proper circular-arc
graph and |Z | = 1. This is a contradiction at this stage, and thus (J ,Z ) is not a thickening of a
member ofZ1 ∪Z6. In particular, (J ′,Z ′) is not a member ofZ1 ∪Z6.

Suppose that J is the union of two strong cliques. By Corollary 5.9, (J ,Z ) is a thickening of a
member of Z1 ∪Z6, a contradiction. Hence, J is not the union of two strong cliques. Therefore,
by Proposition 5.8, J ′ is not the union of two strong cliques.

Suppose that J is a thickening of a line trigraph. Since J is not the union of two strong cliques,
it follows from Lemma 5.11 that J is a thickening of a line graph. As |V (J ) | > 2, it follows from
Lemma 5.2 that J does not admit twins. Hence, J is in fact a line graph, a contradiction (at this
stage, we can have neither trivial nor nontrivial line graph strips). Hence, J is not a thickening of
a line trigraph. In particular, J ′ is not a line trigraph and thus not a line graph. We can then repeat
the same argument to show that J ′ is not even a thickening of a line trigraph.

Suppose that J admits a hex-join. Then, |Z | ≤ 2 by Lemma 5.12. Suppose that |Z | = 1. Since J is
not the union of two strong cliques, it follows from Lemma 5.16 thatV (J ) \ N [Z ] � ∅ and α (J ) ≤ 3,
a contradiction at this stage. Hence, |Z | = 2. Then, using the fact that J is not a thickening of a line
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trigraph and that (J ,Z ) is not a thickening of a member ofZ1, it follows from Corollary 5.15 that
(J ,Z ) is a thickening of a member ofZ2 ∪Z3 ∪Z4 and the claim would follow.

Suppose that J does not admit a hex-join. Then, J ′ does not admit a hex-join either by Proposi-
tion 2.7. Hence, by Lemma 5.17, the fact that (J ′,Z ′) is a (trivial) thickening of itself, and the fact
that J ′ is not a thickening of a line trigraph, J ′ is a thickening of an indecomposable member of
S1, . . . ,S7. It follows from Lemma 5.20 and the fact that (J ′,Z ′) is not a member ofZ1 ∪Z6, that
(J ′,Z ′) is a member ofZi , where i ∈ {2, 5, 7, 8, 9}.

Suppose that (J ′,Z ′) is a member of Zi , where i ∈ {7, 8, 9}. We show that α (J ) ≤ 3 and V (J ) \
N [Z ] � ∅. For suppose that (J ′,Z ′) is a member of

Z7: Since J ′ ∈ S4, α (J ) ≤ 3 by Corollary 5.24. Since the edge h6h7 is not incident with any edges
of the cycle h1 . . .h5, V (J ) \ N [Z ] � ∅.

Z8: Since J ′ ∈ S5, α (J ) ≤ 3 by Corollary 5.24. Since d5 is not incident with the nonempty strong
cliques A,B,C , it follows that V (J ) \ N [Z ] � ∅.

Z9: Since J ′ ∈ S7 (J ′ is antiprismatic), α (J ) ≤ 3 by Corollary 5.24. Moreover, z is strongly anti-
adjacent to the nonempty strong cliques A,B,C , so V (J ) \ N [Z ] � ∅.

In each of these three cases, trivially |Z | = 1. We thus reach a contradiction at this stage. Hence,
(J ′,Z ′) ∈ Z2 ∪Z5, proving the claim. 


Observe that the total run time of the described algorithm is dominated by the run time of the
algorithm of Theorem 6.1, which is O (n2m3/2). This proves the theorem.

By slightly adapting the algorithm and the analysis, we obtain the following results.

Theorem 6.7. Let G be a connected claw-free graph with α (G ) > 3 such that G does not admit

twins or proper W-joins. Then

• G is a thickening of a member of S2 (i.e., G is a thickening of an XX-trigraph),

• G is a proper circular-arc graph, or

• G admits a strip-structure such that for each strip (J ,Z )
— (J ,Z ) is a trivial line graph strip, or

— (J ,Z ) is a stripe for which J is connected and

∗ |Z | = 1, α (J ) ≤ 3, and V (J ) \ N [Z ] � ∅,
∗ |Z | = 1, J is a proper circular-arc graph, and either J is a strong clique or α (J ) > 3,

∗ |Z | = 2 and J is a proper interval graph,

∗ |Z | = 1, α (J ) = 4, and V (J ) \ N [Z ] � ∅, or

∗ |Z | = 2 and (J ,Z ) is a thickeningW of a member (J ′,Z ′) ofZ2 ∪Z3 ∪Z4 ∪Z5. More-

over, we knowW , (J ′,Z ′), and the class that (J ′,Z ′) belongs to.

Moreover, we can distinguish the cases and find the strip-structure in O (n2m3/2) time.

Proof. We apply the same algorithm as in the proof of Theorem 6.6. However, we modify it at
the stage that we consider each (J ,Z ) of a strip-structure ofG. At the end (i.e., at Claim 6.6.1), we
prove that (J ,Z ) is a thickeningW of a member (J ′,Z ′) of Z2 ∪Z3 ∪Z4 ∪Z5. We now extend
the algorithm as follows.

If |Z | = 1, then it follows from the definitions ofZ2,Z3,Z4, andZ5 that (J ,Z ) is a thickening of a
member ofZ5. By Corollary 5.24, this implies that α (J ) ≤ 4. IfV (J ) \ N [Z ] = ∅, then J is a (strong)
clique, and in particular, J is a proper circular-arc graph, a contradiction at this stage. Hence,
V (J ) \ N [Z ] � ∅. Then, α (J ) ≤ 3 would form a contradiction at this stage. Therefore, α (J ) = 4.

If |Z | = 2, then we run the recognition algorithms of Lemmas 4.2, 4.3, 4.4, and 4.5. Then, in linear
time, we knowW , (J ′,Z ′), and the class that (J ′,Z ′) belongs to. �
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Theorem 6.8. Let G be a connected claw-free graph with α (G ) > 3 such that G does not admit

twins or proper W-joins. Then

• G is a thickening of a member of S2 (i.e., G is a thickening of an XX-trigraph),

• G is a proper circular-arc graph, or

• G admits a strip-structure such that for each strip (J ,Z )
— (J ,Z ) is a trivial line graph strip, or

— (J ,Z ) is a stripe for which J is connected and

∗ 1 ≤ |Z | ≤ 2, α (J ) ≤ 3, and V (J ) \ N [Z ] � ∅,
∗ |Z | = 1, J is a proper circular-arc graph, and either J is a strong clique or α (J ) > 3,

∗ |Z | = 2, J is a proper interval graph, and α (J ) > 3, or

∗ (J ,Z ) is a thickening of a member ofZ5.

Moreover, we can distinguish the cases and find the strip-structure in O (n2m3/2) time.

Proof. We apply the same algorithm as in the proof of Theorem 6.6. However, we modify it at
the stage that we consider each (J ,Z ) of a strip-structure ofG. At the stage where we test whether
|Z | = 1, α (J ) ≤ 3 and V (J ) \ N [Z ] � ∅, we additionally test for each strip (J ,Z ) whether |Z | = 2,
α (J ) ≤ 3 and V (J ) \ N [Z ] � ∅. Since there is a largest stable set of J that contains both elements
of Z , it remains to verify that there is no nonedge in J \ N [Z ], which takes linear time. Hence, the
run time of the algorithm remains O (n2m3/2).

We then modify the final part of the analysis, where (J ′,Z ′) has the same properties as in the
final part of the proof of Theorem 6.6. Recall that in that part of the analysis, J is not the union of
two strong cliques, and thus neither is J ′. We show that α (J ) ≤ 3 and V (J ) \ N [Z ] � ∅. Suppose
that (J ′,Z ′) is a member of

Z2: Since J ′ ∈ S6, α (J ) ≤ 3 by Corollary 5.24. As the strong cliqueC in the definition of S6 has
|C \ X | ≥ 2 and botha0 andb0 are strongly antiadjacent toC , it follows thatV (J ) \ N [Z ] � ∅.

Z3: Note that J is the union of three nonempty strong cliques. Hence, α (J ) ≤ 3 and V (J ) \
N [Z ] � ∅.

Z4: Note that J is the union of three nonempty strong cliques. Hence, α (J ) ≤ 3 and V (J ) \
N [Z ] � ∅.

Since |Z | = 2 in all three cases, we would obtain a contradiction at this stage. �

Using Corollary 5.24, the definition of a trivial line graph strip, and Theorem 6.8, we obtain the
following.

Theorem 6.9. Let G be a connected claw-free graph with α (G ) > 4 such that G does not admit

twins or proper W-joins. Then

• G is a proper circular-arc graph, or

• G admits a strip-structure such that for each strip (J ,Z )
— (J ,Z ) is a spot, or

— (J ,Z ) is a stripe for which J is connected and

∗ 1 ≤ |Z | ≤ 2, α (J ) ≤ 4, and V (J ) \ N [Z ] � ∅,
∗ |Z | = 1, J is a proper circular-arc graph, and either J is a strong clique or α (J ) > 3, or

∗ |Z | = 2, J is a proper interval graph, and either J is a strong clique or α (J ) > 3.

Moreover, we can distinguish the cases and find the strip-structure in O (n2m3/2) time.
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PART II—ALGORITHMIC APPLICATIONS ON CLAW-FREE GRAPHS

7 FIXED-PARAMETER ALGORITHM FOR DOMINATING SET

In this section, we show that Dominating Set parameterized by solution size is fixed-parameter
tractable on claw-free graphs. The general idea of how to establish this is as follows. We first
show how to remove twins and proper W-joins from G without changing the size of its smallest
dominating set (see Section 7.1). Moreover, if α (G ) ≤ 3, then we can find a smallest dominating
set of G by exhaustive enumeration. Then, we can apply Theorem 6.8, and G either belongs to
some basic class, or it can be decomposed into strips that each belong to a basic class. IfG belongs
to a basic class, then we can again find a smallest dominating set of G in polynomial time (see
Section 7.2). If G can be decomposed into strips, then we solve Dominating Set separately on
each strip in polynomial time (see Section 7.2), and then we present a fixed-parameter algorithm
to stitch the solutions of the strips together (see Section 7.3).

Throughout the section, we rely on the following notation. LetG be a graph. We let γ (G ) denote
the smallest size of a dominating set ofG. More generally, for each subsetA ⊆ V (G ), we letγ (G | A)
denote the size of a smallest subset of V (G ) dominating all vertices in V (G ) \A. An independent

dominating set is a subset of V (G ) that is both an independent set and a dominating set of G. We
need the following fact proved by Allan and Laskar [1].

Lemma 7.1 (Allan and Laskar [1]). There is a (polynomial-time) algorithm that, given a claw-

free graph G and a dominating set D of G, outputs an independent dominating set of G of size at

most |D |.

As a consequence of this lemma, we can assume throughout that any smallest dominating set
that we consider is also an independent set.

We also need the following folklore fact.

Proposition 7.2. Let G be a graph. Then, γ (G ) ≤ α (G ).

7.1 Removing Twins and W-joins

We first show how to remove twins and (proper)W-joins from a graphG without changing the size
of its smallest dominating set. The reductions are powerful enough to operate on general graphs,
while still maintaining claw-freeness.

Lemma 7.3. Let a,b be twins of a graph G, and let G ′ = G \ a. Then, γ (G ) = γ (G ′). Moreover, if G
is claw-free, then so is G ′.

Proof. Let D be a smallest dominating set of G. Since N [a] = N [b] (in particular, a and b are
adjacent) and D is a smallest dominating set of G, at most one of a,b belongs to D. If a ∈ D, then
replace a by b. Then, the resulting set is still a dominating set ofG of the same size as D, and thus
also a dominating set of G ′ = G \ a.

Let D ′ be a smallest dominating set of G ′. Then, D ′ ∩ N [b] � ∅. Since N [a] = N [b], D ′ is a
dominating set of G as well. �

We remark here that a more general reduction exists that is even more powerful. The reduc-
tion removes vertex a if there is an adjacent vertex b for which N [a] ⊆ N [b]. Note that twins
indeed satisfy the conditions of this reduction. Using this rule, all W-joins in the graph would be
proper, as proven byMartin et al. [64, Lemma 14] (see also [65, Lemma 12]). The absence of general
W-joins would simplify several parts of the structural decomposition theorem presented in this
work. Martin et al. [64, 65] provide a first example of such simplifications. We leave further explo-
rations to future work.
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Lemma 7.4. Let (A,B) be a W-join of a graph G. Construct a graph G ′ from G as follows:

(1) if some a0 ∈ A is complete to B and some b0 ∈ B is complete to A, then remove A \ {a0} and

B \ {b0};
(2) otherwise, if some a0 ∈ A is complete to B and some a1 ∈ A is antiadjacent to some b0 ∈ B,

then remove all vertices of A \ {a0,a1} and all vertices of B \ {b0};
(3) otherwise, if some b0 ∈ B is complete to A and some b1 ∈ B is antiadjacent to some a0 ∈ A,

then remove all vertices of B \ {b0,b1} and all vertices of A \ {a0};
(4) otherwise, let a0 ∈ A be a vertex that is antiadjacent to some b0 ∈ B, and removeA \ {a0} and

B \ {b0}.

Then, γ (G ) = γ (G ′). Moreover, if G is claw-free, then so is G ′.

Proof. Since G ′ is obtained from G by removing vertices, G ′ is claw-free if G is. It remains
to show that γ (G ) = γ (G ′). We do that by showing that, in each of the above four cases, we can
construct from a (smallest) dominating set ofG a dominating set ofG ′ of equal or smaller size, and
vice versa.

Case 1: Some a0 ∈ A is complete to B and some b0 ∈ B is complete to A.
Let D ′ ⊆ V (G ′) be a dominating set of G ′. Consider any vertex a ∈ A \ {a0}. If b0 ∈ D ′ or a0 ∈ D ′,
then D ′ dominates a, since b0 is complete to A by assumption and A is a clique by the definition
of a W-join, respectively. If a0,b0 � D ′, then there is a vertex v that is both in N (a0) ∩ D ′ and
in V (G ′) \ {a0,b0} = V (G ) \ (A ∪ B). Since every vertex of V (G ) \ (A ∪ B) is either A-complete or
A-anticomplete by the definition of a W-join and v ∈ N (a0), it follows that v is A-complete, and
thus D ′ dominates a. By symmetric arguments, D ′ dominates every b ∈ B \ {b0}. Hence, D ′ is also
a dominating set of G.

Let D ⊆ V (G ) be a smallest dominating set ofG. If D ∩A � ∅, then we can assume that D ∩A =
{a0}, because N [a0] ⊇ N [a] for each a ∈ A by the definition of a W-join and by the assumption
that a0 is complete to B. Hence, we may assume that D ∩A ⊆ {a0}. Similarly, we may assume that
D ∩ B ⊆ {b0}. Therefore, D is a dominating set of G ′.

In the remainder, we may thus assume that each vertex of A is not complete to B or that each
vertex of B is not complete to A.

Case 2: Some a0 ∈ A is complete to B and some a1 ∈ A is antiadjacent to some b0 ∈ B.
LetD ′ ⊆ V (G ′) be a dominating set ofG ′. Consider any vertexa ∈ A \ {a0,a1}. Ifa0 ∈ D ′ ora1 ∈ D ′,
then D ′ dominates a, since A is a clique. If a0,a1 � D ′, then because b0 is antiadjacent to a1 (both
inG andG ′), it follows that there is a vertexv that is both inN (a1) ∩ D ′ and inV (G ′) \ {a0,a1,b0} =
V (G ) \ (A ∪ B). Since every vertex of V (G ) \ (A ∪ B) is either A-complete or A-anticomplete by
the definition of a W-join and v ∈ N (a1), it follows that v isA-complete, and thus D ′ dominates a.
Consider any vertex b ∈ B \ {b0}. Observe that NG′[a0] ⊇ NG′[a1]; hence, we may assume that
D ′ ∩ {a0,a1} ⊆ {a0}. Then, we can use similar arguments as in Case 1 to show thatD ′ dominates b.
Therefore, D ′ is also a dominating set ofG.

Let D ⊆ V (G ) be a smallest dominating set ofG. If D ∩A � ∅, then we can assume that D ∩A =
{a0}, because N [a0] ⊇ N [a] for each a ∈ A by the definition of a W-join and by the assumption
that a0 is complete to B. Hence, we may assume that D ∩A ⊆ {a0}. If |D ∩ B | > 1, then we can
replace a vertex of D ∩ B by a0 to obtain another smallest dominating set of G, because A and B
are cliques and N (b) \A = N (b ′) \A for each b,b ′ ∈ B by the definition of a W-join. Hence, we
may assume that |D ∩ B | ≤ 1 and D ∩A ⊆ {a0}. If D ∩ B = {b} for some vertex b, then b is not
complete toA by assumption. Hence, a0 ∈ D or there is a vertexv both in D and inV (G ) \ (A ∪ B)
that is adjacent to a vertex of A that is not adjacent to b. In the second case, v is A-complete by
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the definition of a W-join. Then, each vertex ofA is dominated by a0 orv, respectively. Hence, the
only responsibility of b is to dominate N [b] \A. Since N [b] \A = N [b ′] \A for each b ′ ∈ B by the
definition of a W-join, we may assume that b = b0. Therefore, we may assume that D ∩A ⊆ {a0}
and D ∩ B ⊆ {b0}. Hence, D is a dominating set of G ′.

Case 3: Some b0 ∈ B is complete to A and some b1 ∈ B is antiadjacent to some a0 ∈ A.
This case is symmetric to the previous one.

In the remainder, we may thus assume that each vertex of A is not complete to B and that each
vertex of B is not complete to A.

Case 4: Let a0 ∈ A be a vertex that is antiadjacent to some b0 ∈ B.
Let D ′ ⊆ V (G ′) be a dominating set of G ′. Consider any vertex a ∈ A \ {a0}. If a0 ∈ D ′, then D ′

dominates a, since A is a clique. If a0 � D ′, then because b0 is antiadjacent to a0 (both in G and
in G ′), there is a vertex v that is both in NG′ (a0) ∩ D ′ and in V (G ′) \ {a0,b0} = V (G ) \ (A ∪ B).
Since every vertex of V (G ) \ (A ∪ B) is either A-complete or A-anticomplete by the definition of
a W-join and v ∈ N (a0), it follows that v is A-complete, and thus D ′ dominates a. By symmetric
arguments, D ′ dominates every b ∈ B \ {b0}. Hence, D ′ is also a dominating set ofG.

LetD be a smallest dominating set ofG. If |D ∩A| > 1, then we replace a vertex ofD ∩A byb0 to
obtain another smallest dominating set ofG, becauseA and B are cliques and N [a] \ B = N [a′] \ B
for each a,a′ ∈ A by the definition of aW-join. Hence, we may assume that |D ∩A| ≤ 1. IfD ∩A =
{a} for some vertex a, then a is not complete to B by assumption. Hence, b ∈ D for some b ∈ B
or there is a vertex v both in D and in V (G ) \ (A ∪ B) that is adjacent to a vertex of B that is not
adjacent to a. In the second case,v is B-complete by the definition of aW-join. Then, each vertex of
B is dominated by b or v, respectively. Hence, the only responsibility of a is to dominate N [a] \ B.
Since N [a] \ B = N [a′] \ B for each a′ ∈ A by the definition of a W-join, we may assume that
a = a0. Therefore, we may assume that D ∩A ⊆ {a0} and, similarly, that D ∩ B ⊆ {b0}. Therefore,
D is a dominating set of G ′. �

The final case of the lemma implies that we can remove properW-joins, since in a properW-join
(A,B) each vertex of A is not complete to B and each vertex of B is not complete to A.

Corollary 7.5. Let (A,B) be a proper W-join of a graph G and let a0 ∈ A be a vertex that is

antiadjacent to some b0 ∈ B. Create a graph G ′ from G by removing A \ {a0} and B \ {b0}. Then,

γ (G ) = γ (G ′). Moreover, if G is claw-free, then so is G ′.

7.2 Dominating Set in Basic Classes

LetG be a claw-free graph. Through the reductions of Lemma 7.3 andCorollary 7.5, wemay assume
that G admits no twins and proper W-joins. Consider the following lemma.

Lemma 7.6. Let G be a graph and k an integer. Then, in O (nk+1) time, we can compute γ (G ) or

correctly decide that γ (G ) > k .

Proof. Use exhaustive enumeration to find a smallest set D ⊆ V (G ) with |D | ≤ k such that
|N [D]| = |V (G ) |, or report that no such set exists. This takes O (nk+1) time. �

Corollary 7.7. Let G be a graph such that α (G ) ≤ 3. Then, we can compute γ (G ) in O (n4) time.

Proof. By Proposition 7.2, γ (G ) ≤ α (G ) ≤ 3, and the result follows from Lemma 7.6. �

Intuitively, we may now assume that the claw-free graph G admits no twins, admits no proper
W-joins, and satisfies α (G ) > 3. Therefore, we can use the implications of Theorem 6.8 for G. (A
formal proof of these facts follows later.)
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First, we show that if G is a proper circular-arc graph or a thickening of an XX-trigraph, then
we can compute γ (G ) in polynomial time.

Theorem 7.8 (Hsu and Tsai [49]). LetG be a circular-arc graph. Then, γ (G ) can be computed in

linear time.

Lemma 7.9. Let G be a graph that is a thickening of an XX-trigraph. Then, γ (G ) can be computed

in O (n4) time.

To show this lemma, we need the following auxiliary result.

Lemma 7.10. LetG be a graph that is thickening of a trigraphG ′, and letG ′′ be the graph obtained

from G ′ by removing all semi-edges from G ′. Then, γ (G ) ≤ γ (G ′′).

Proof. LetW be a thickening of G ′ to G, and let D ′ be any dominating set of G ′′. Construct
a set D ⊆ V (G ) as follows: for each v ′ ∈ D ′, pick an arbitrary vertex v ∈Wv ′ . We claim that D is
a dominating set of G. Consider any w ∈ V (G ) \ D and let w ′ ∈ V (G ′) be such that w ∈Ww ′ . If
w ′ ∈ D ′, then becauseWw ′ is a (strong) clique andWw ′ ∩ D � ∅ by construction, w is dominated
by D. Otherwise, there is a u ′ ∈ D ′ ⊆ V (G ′′) such thatw ′ and u ′ are adjacent. By the construction
ofG ′′, this implies thatw ′ andu ′ are strongly adjacent inG ′. By the definition of a thickening, each
vertex ofWu′ is (strongly) complete toWw ′ . By construction,D ∩Wu′ � ∅, and thusw is dominated
by D. The claim follows. Since |D | = |D ′ |, γ (G ) ≤ γ (G ′′). �

It is now straightforward to prove Lemma 7.9.

Proof of Lemma 7.9 Consider an XX-trigraphG ′ such thatG is a thickening ofG ′. Remove all
semi-edges from G ′ and call the resulting graph G ′′. By the definition of XX-trigraphs, it follows
that {v2,v4,v6} is a dominating set ofG ′′. Hence, by Lemma 7.10,γ (G ) ≤ γ (G ′′) ≤ 3, and the result
follows from Lemma 7.6. �

Intuitively, Theorem 7.8 and Lemma 7.9 imply that Theorem 6.8 yields a strip-structure. There-
fore, we turn to the basic classes of strips of Theorem 6.8. For reasons that will become clear later,
we need stronger results for strips (J ,Z ) than just being able to compute a smallest dominating
set. However, intuitively, if we compute γ (J ), then we enforce that any dominating set that attains
this bound contains a vertex of N [Z ]. Sometimes we might want to enforce this, but sometimes we
do not. Similarly, it might be that N (Z ) is already dominated by a vertex from another strip, and
then we do not need to dominate it, but can of course still include a vertex of it in the dominating
set. Therefore, we want to compute γ (J \ (Q ∪ R) | N [R]) for any disjoint Q,R ⊆ Z . We now do
this for each strip type of Theorem 6.8.

Lemma 7.11. Let (J ,Z ) be a stripe such that J is a proper circular-arc graph and either J is a (strong)

clique or α (J ) > 3. For any disjoint Q,R ⊆ Z , γ (J \ (Q ∪ R) | N [R]) can be computed in linear time.

Proof. First, test whether J is a (strong) clique. If so, then γ (J \ (Q ∪ R) | N [R]) is trivial to
compute for any disjoint Q,R ⊆ Z ; this all takes linear time. So assume that J is not a (strong)
clique. Then, find a set of arcs I1, . . . , In of the sphere S1 that forms a representation of J as a
proper circular-arc graph (that is, Ii � Ij for each i � j). Such a set of arcs can be found in linear
time [24].

We now show this representation has the Helly property, that is, any three arcs that pairwise
intersect have a common intersection point. To this end, it suffices to show that no two or three arcs
cover the circle (i.e., their union is equal to S1) [60, Theorem 7]. For sake of contradiction, suppose
that there are three arcs, say I1, I2, I3, that jointly cover the circle (we implicitly allow that I1 and I2
already cover the circle). Let i ∈ {1, 2, 3} and consider any arc Ia that intersects Ii (possibly a = i).
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Since J is a proper circular-arc graph and Ii intersects Ii′ for each i ′ ∈ {1, 2, 3} \ {i}, Ia covers an
endpoint of Ii as well as an endpoint of Ii′ for some i ′ ∈ {1, 2, 3} \ {i}. Hence, Ia covers at least two
endpoints of the arcs I1, I2, I3. Since I1, I2, I3 cover the circle, it follows that any arc corresponding to
a vertex of an independent set ofG must cover at least two endpoints of the arcs I1, I2, I3. Therefore,
α (J ) ≤ 3, a contradiction. Hence, the representation has the Helly property.

From the definition of a stripe, each z ∈ Z is strongly simplicial. Since the representation has
the Helly property, there is a point pz ∈ S1 for each z ∈ Z such that the arcs containing pz are
precisely those corresponding to N [z]. We can assume that pz is contained in the interior of each
of these intervals.

Now consider disjoint sets Q,R ⊆ Z . For each z ∈ R, remove the interval [pz − ϵ,pz + ϵ] from
each arc for some infinitesimally small ϵ > 0. Let I ′1, . . . , I

′
n′ be the resulting set of arcs and J ′ the

intersection graph of these arcs. Note that n′ = n + |N [R]| and that J ′ is a circular-arc graph.
Consider some z ∈ R. Observe that both copies of z in J ′ correspond to either a “leftmost” or

a “rightmost” interval of the representation. For each copy of z, add a new vertex to J ′ that is
adjacent only to this copy of z. Let J ′′ be the graph obtained by adding these new vertices for all
z ∈ R, and removing Q . By the preceding observation, J ′′ is still a circular-arc graph.

The vertices added to J ′ ensure that both copies of z, for each z ∈ R, will belong to some smallest
dominating set of J ′′. In particular, this ensures that there is a smallest dominating set of J ′′ that
dominates N [R]. Hence, γ (J ′′) − 2|R | = γ (J \ (Q ∪ R) | N [R]). As J ′′ is a circular-arc graph, γ (J ′′)
can be computed in linear time following Theorem 7.8. �

Lemma 7.12. Let (J ,Z ) be a thickening of a stripe (J ′,Z ′) ∈ Z5 such that J is a graph. For any

disjoint Q,R ⊆ Z , γ (J \ (Q ∪ R) | N [R]) can be computed in O (n5) time.

Proof. Consider disjoint setsQ,R ⊆ Z . For any z ∈ R, add a new vertex adjacent to z only, and
removeQ ; call the resulting graph H . By construction, there is a smallest dominating set of H that
contains R, and thus γ (H ) − |R | = γ (J \ (Q ∪ R) | N [R]).

It remains to compute γ (H ). Since J is a thickening of J ′, where J ′ is an XX-trigraph, H is a
thickening of a trigraph H ′ that is obtained from J ′ by possibly adding a vertex that is strongly
adjacent to v7, possibly adding a vertex that is strongly adjacent to v8, and possibly removing v7

or v8. Let H
′′ be the graph obtained from H by removing all semi-edges. From the definition of

XX-trigraphs, one of {v4,v6,v7}, {v2,v6,v8}, {v3,v6,v7,v8}, or {v2,v4,v6} is a dominating set ofH ′′.
Hence, using Lemma 7.10, γ (H ) ≤ γ (H ′′) ≤ 4, and the result follows from Lemma 7.6. �

Lemma 7.13. Let (J ,Z ) be a stripe such that J is a graph and 1 ≤ |Z | ≤ 2, α (J ) ≤ 3, and V (J ) \
N [Z ] � ∅. For any disjoint Q,R ⊆ Z , γ (J \ (Q ∪ R) | N [R]) can be computed in O (n4) time.

Proof. Consider disjoint setsQ,R ⊆ Z . For any z ∈ R, add a new vertex adjacent to z only, and
removeQ ; call the resulting graph J ′. By construction, there is a smallest dominating set of J ′ that
contains R, and thus γ (J ′) − |R | = γ (J \ (Q ∪ R) | N [R]).

It remains to compute γ (J ′). Since each z ∈ R is simplicial and R is an independent set (recall
that (J ,Z ) is a stripe), there is a maximum independent set of J that contains R. Hence, using
Proposition 7.2, γ (J ′) ≤ α (J ) ≤ 3. The result then follows from Lemma 7.6. �

Since trivial line graph strips have at most three vertices (recall Definition 6.2), the following
lemma is immediate.

Lemma 7.14. Let (J ,Z ) be a trivial line graph strip such that J is a graph. For any disjointQ,R ⊆ Z ,

γ (J \ (Q ∪ R) | N [R]) can be computed in constant time.

We will also rely on the following observation.
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Proposition 7.15. Let (J ,Z ) be a strip such that J is a graph. For any disjoint Q,R ⊆ Z , there is

a set D ⊆ V (J ) \ Z of size γ (J \ (Q ∪ R) | N [R]) that dominates V (J ) \ (Q ∪ N [R]).

Proof. LetD ⊆ V (J ) \ (Q ∪ R) be a set of sizeγ (J \ (Q ∪ R) | N [R]) that dominatesV (J ) \ (Q ∪
N [R]). Suppose thatD contains some z ∈ Z . By the definition of a strip, z is a simplicial vertex that
is not adjacent to any z ′ ∈ Z \ {z}. Hence, we can replace z by any other vertex of N (z), and the
resulting set still is a subset of V (J ) \ (Q ∪ R) that dominates V (J ) \ (Q ∪ N [R]). �

7.3 Stitching Dominating Sets

We now describe a method to stitch dominating sets for individual strips of a strip-structure to-
gether to form a dominating set of the entire graph. To this end, we need several supporting defi-
nitions and lemmas.

Definition 7.16. LetG be a graph and let (H ,η) be a purified strip-structure of nullity zero forG.

We say h ∈ V (H ) is striped if there is an F ∈ E (H ) such that h ∈ F and the strip corresponding to
F is a stripe. The subset of V (H ) that is striped is denoted P (H ).

We can show the following useful lemma.

Lemma 7.17. Let G be a graph, let (H ,η) be a purified strip-structure of nullity zero for G, let k be

an integer, and let d = maxF ∈E (H ) |F |. If γ (G ) ≤ k , then |P (H ) | ≤ dk .

Proof. Suppose thatγ (G ) ≤ k , but |P (H ) | > dk . LetD be a dominating set ofG of size at mostk .
Define a set M ⊆ V (H ) where h ∈ M if and only if there is an F ∈ E (H ) such that η(F ) ∩ D � ∅
and h ∈ F . Since |D | ≤ k and d = maxF ∈E (H ) |F |, |M ∩ P (H ) | ≤ dk . Let h ∈ P (H ) \M ; as |P (H ) | >
dk , h is properly defined. As h ∈ P (H ), there is an F ∈ E (H ) such that h ∈ F and the strip (J ,Z )
corresponding to F is a stripe. Consider the vertices in η(F ,h). Note that η(F ) ∩ D = ∅, because
h � M . Hence, the vertices inη(F ,h) can only be dominated by a vertex inη(h) ∩ D, sinceη(F ,h′) ∩
η(F ,h) = ∅ for any h′ ∈ F \ {h}, as (J ,Z ) is a stripe. However, because h � M , there is no F ′ ∈ E (H )
such that η(F ′) ∩ D � ∅, and thus η(h) ∩ D � ∅. Because (H ,η) has nullity zero, η(F ,h) � ∅, and
therefore, there is a vertex not dominated by D, a contradiction. �

We now define a set of auxiliary edge-weighted multigraphs (each possibly with parallel edges)
with each an associated integer. The goal will be to show that if γ (G ) ≤ k , then there is at least
one such an auxiliary multigraph with an edge dominating of weight bounded by the associated
integer.

LetG be a graph, let (H ,η) be a purified strip-structure of nullity zero forG such that 1 ≤ |F | ≤ 2
for each F ∈ E (H ), and let P ⊆ P (H ). The idea of the construction is to ensure that h ∈ P if and
only if there is an F ∈ E (H ) that corresponds to a stripe for which the dominating set has a vertex
in η(F ,h). To this end, we define the triple (KP ,wP ,kP ) of a multigraph, an edge-weight function,
and an integer as follows. Initially, KP is empty and kP = 0. For each h ∈ V (H ), add a vertex vh

to KP . If h ∈ P , then also add a vertex v ′
h
to KP as well as an edge between vh and v ′

h
of weight∞.

For each F ∈ E (H ), there are several cases:

Case 1: F = {h} for some h ∈ V (H ).
Let (J ,Z ) be the strip corresponding to F . Note that (J ,Z ) is in fact a stripe. There are several cases:

Case 1a: h ∈ P .
Add a vertex vF and an edge eF between vh and vF of weight γ (J ) − γ (J \ Z | N [Z ]) to KP ; addi-
tionally, increase kP by γ (J \ Z | N [Z ]).

Case 1b: h � P .
Increase kP by γ (J \ Z ).
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Case 2: F = {h,h′} for some h,h′ ∈ V (H ). The strip (J ,Z ) corresponding to F is a stripe.
Let Z = {z, z ′}, where z corresponds to h and z ′ to h′. There are several cases:

Case 2a: h,h′ ∈ P and γ (J \ Z | N [Z ]) = γ (J \ {z ′} | N [z ′]) = γ (J \ {z} | N [z]) = γ (J ) − 1.

Add two vertices v1
F ,v

2
F to KP and three edges eh

F
, eh′

F
, e1F :

• eh
F
connects vh and v1

F , and has weight 1.

• eh′

F
connects vh′ and v

1
F , and has weight 1.

• e1F connects v1
F and v2

F , and has weight∞.

Increase kP by γ (J \ Z | N [Z ]) − 1.

Case 2b: h,h′ ∈ P and not γ (J \ Z | N [Z ]) = γ (J \ {z ′} | N [z ′]) = γ (J \ {z} | N [z]) = γ (J ) − 1.

Add two vertices vh
F
,vh′

F
to KP , and three edges eh

F
, eh′

F
, eh,h′

F
:

• eh,h′

F
connects vh and vh′ , and has weight γ (J ) − γ (J \ Z | N [Z ]).

• eh
F
connects vh

F
and vh , and has weight γ (J \ {z ′} | N [z ′]) − γ (J \ Z | N [Z ]).

• eh′

F
connects vh′

F
and vh′ , and has weight γ (J \ {z} | N [z]) − γ (J \ Z | N [Z ]).

Increase kP by γ (J \ Z | N [Z ]).

Case 2c: h ∈ P and h′ � P .
Add a vertex vF to KP as well as an edge eF of weight γ (J \ {z ′}) − γ (J \ Z | N [z]) between vF

and vh , and increase kP by γ (J \ Z | N [z]).

Case 2d: h′ ∈ P and h � P .
Add a vertex vF to KP as well as an edge eF of weight γ (J \ {z}) − γ (J \ Z | N [z ′]) between vF

and vh′ , and increase kP by γ (J \ Z | N [z ′]).

Case 2e: h,h′ � P .
Increase kP by γ (J \ Z ).

Case 3: F = {h,h′} for some h,h′ ∈ V (H ). The strip (J ,Z ) corresponding to F is a spot.
Add an edge eF between vh and vh′ of weight 1.

Since 1 ≤ |F | ≤ 2 for each F ∈ E (H ) and (H ,η) is purified, the cases are exhaustive.
It is worth observing that kP ≥ 0. Indeed, the only case where possibly a negative number could

be added tokP is Case 2a. However, we can argue that the number added tokP in Case 2a is nonneg-
ative. Leth,h′, F , and (J ,Z ) be as in Case 2a. Since (J ,Z ) is a stripe,N [z] ∩ N [z ′] = ∅, and since the
strip-structure has nullity zero,N [z] � ∅. Hence, any dominating set of J \ {z ′} that does not neces-
sarily dominate N [z ′] has at least one vertex to dominate N [z]. Therefore, γ (J \ {z ′} | N [z ′]) ≥ 1,
and thus γ (J \ Z | N [Z ]) − 1 = γ (J \ {z ′} | N [z ′]) − 1 ≥ 0. Then, the number added to kP in this
case is nonnegative. Hence, kP ≥ 0. Moreover, each edge of KP received a nonnegative weight.

Now recall that an edge dominating set of a graphG is a setD ⊆ E (G ) such that each edge of E (G )
has an endpoint in common with an edge of D.

Lemma 7.18. Let G be a graph, let (H ,η) be a purified strip-structure of nullity zero for G such

that 1 ≤ |F | ≤ 2 for each F ∈ E (H ), and let k be an integer. Then, γ (G ) ≤ k if and only if there is a

P ⊆ P (H ) such that there is an edge dominating set D of KP for which wP (D) ≤ k − kP . Moreover,

such a set D satisfies |D | ≤ k .

Proof. Suppose that there is a P ⊆ P (H ) such that there is an edge dominating set D of KP for
whichwP (D) ≤ k − kP .
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We first slightly modify D without increasing its weight. Consider any F ∈ E (H ) where F =
{h,h′} for which the corresponding strip (J ,Z ) is a stripe. Let Z = {z, z ′}, where z corresponds to
h and z ′ to h′. Suppose additionally that h,h′ ∈ P and not γ (J \ Z | N [Z ]) = γ (J \ {z ′} | N [z ′]) =

γ (J \ {z} | N [z]) = γ (J ) − 1. In short, F corresponds to a stripe in Case 2b. Suppose that eh,h′

F
∈ D

and at least one of eh
F
, eh′

F
is in D. Then, by the construction of KP , we can remove eh

F
and eh′

F
from D, and the resulting set would still be an edge dominating set of KP ; clearly, the weight has

not increased. Suppose that eh,h′

F
� D and eh

F
, eh′

F
∈ D. Then, we claim that we can replace eh

F
and

eh′

F
by just eh,h′

F
. Indeed, by the construction of KP , the resulting set is still an edge dominating set

of KP . Moreover, note that

γ (J ) − 1 ≤ γ (J \ {z ′} | N [z ′]),

γ (J \ {z} | N [z]) ≤ γ (J ),

γ (J \ Z | N [Z ]) ≤ γ (J \ {z ′} | N [z ′]),

γ (J \ {z} | N [z]) ≤ γ (J \ Z | N [Z ]) + 1,

and thus, using the assumption of Case 2b,

γ (J ) − γ (J \ Z | N [Z ]) ≤ (γ (J \ {z ′} | N [z ′]) − γ (J \ Z | N [Z ])) + (γ (J \ {z} | N [z]) − γ (J \ Z | N [Z ])),

and therefore,wP (eh,h′

F
) ≤ wP (eh

F
) +wP (eh′

F
). Hence, the weight of the resulting set is at mostwP (D).

Apply the above modification to D for each F ∈ E (H ) that corresponds a stripe in Case 2b. By
abuse of notation, we call the resulting set D as well. Observe that D is still an edge dominating
set of KP for whichwP (D) ≤ k − kP , but now with the additional property that for each F ∈ E (H )

that is a stripe in Case 2b, at most one of eh
F
, eh′

F
, and eh,h′

F
is in D.

We construct a set D ′ ⊆ V (G ) of size at most k as follows (and later show that it is in fact a
dominating set of G). Initially, D ′ = ∅. For each F ∈ E (H ), we consider the same cases as before:

Case 1: F = {h} for some h ∈ V (H ).
Let (J ,Z ) be the strip corresponding to F . Note that (J ,Z ) is in fact a stripe. There are several cases:

Case 1a: h ∈ P .
There are two cases:

Case 1a-i: eF ∈ D.
Add a smallest subset of V (J ) \ Z to D ′ that dominates all vertices of V (J )—note that the weight
of eF is γ (J ) − γ (J \ Z | N [Z ]) and kP was increased by γ (J \ Z | N [Z ]) in the construction; the
sum is equal to the size of the set added to D ′ (using Proposition 7.15).

Case 1a-ii: eF � D.
Add a smallest subset of V (J ) \ Z to D ′ that dominates all vertices of V (J ) \ N [Z ]—note that kP

was increased by γ (J \ Z | N [Z ]) in the construction, which is equal to the size of the set added
to D ′.

Case 1b: h � P .
Add a smallest subset of V (J ) \ Z to D ′ that dominates all vertices of V (J ) \ Z—note that kP was
increased by γ (J \ Z ) in the construction, which is equal to the size of the set added to D ′.

Case 2: F = {h,h′} for some h,h′ ∈ V (H ). The strip (J ,Z ) corresponding to F is a stripe.
Let Z = {z, z ′}, where z corresponds to h and z ′ to h′. There are several cases:
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Case 2a: h,h′ ∈ P and γ (J \ Z | N [Z ]) = γ (J \ {z ′} | N [z ′]) = γ (J \ {z} | N [z]) = γ (J ) − 1.

Then, at least one of eh
F
and eh′

F
is in D by the construction of KP , because wP (e1F ) = ∞ and thus

e1F � D. This leads to several cases:

Case 2a-i: eh
F
, eh′

F
∈ D.

Add a smallest subset ofV (J ) \ Z to D ′ that dominates all vertices ofV (J )—note that the weight of

eh
F
, eh′

F
combined is 2 = γ (J ) − (γ (J \ Z | N [Z ]) − 1) and kP was increased by γ (J \ Z | N [Z ]) − 1

in the construction; the sum is equal to the size of the set added to D ′ (using Proposition 7.15).

Case 2a-ii: eh
F
∈ D and eh′

F
� D.

Add a smallest subset of V (J ) \ Z to D ′ that dominates all vertices of V (J ) \ N [z ′]—note that the
weight of eh

F
is 1 = γ (J \ {z ′} | N [z ′]) − (γ (J \ Z | N [Z ]) − 1) and kP was increased by γ (J \ Z |

N [Z ]) − 1 in the construction; the sum is equal to the size of the set added to D ′ (using Proposi-
tion 7.15).

Case 2a-iii: eh′

F
∈ D and eh

F
� D.

Add a smallest subset of V (J ) \ Z to D ′ that dominates all vertices of V (J ) \ N [z]—note that the
weight of eh′

F
is 1 = γ (J \ {z} | N [z]) − (γ (J \ Z | N [Z ]) − 1) and kP was increased by γ (J \ Z |

N [Z ]) − 1 in the construction; the sum is equal to the size of the set added to D ′ (using Proposi-
tion 7.15).

Case 2b: h,h′ ∈ P and not γ (J \ Z | N [Z ]) = γ (J \ {z ′} | N [z ′]) = γ (J \ {z} | N [z]) = γ (J ) − 1.

After the above modification of D, we can assume that at most one of eh
F
, eh′

F
, and eh,h′

F
is in D. This

leads to several cases:

Case 2b-i: eh,h′

F
∈ D.

Add a smallest subset of V (J ) \ Z to D ′ that dominates all vertices of V (J )—note that the weight

of eh,h′

F
is γ (J ) − γ (J \ Z | N [Z ]) and kP was increased by γ (J \ Z | N [Z ]); the sum is equal to the

size of the set added to D ′ (using Proposition 7.15).

Case 2b-ii: eh
F
∈ D.

Add a smallest subset of V (J ) \ Z to D ′ that dominates all vertices of V (J ) \ N [z ′] and that does
not contain a vertex ofZ—note that the weight of eh

F
isγ (J \ {z ′} | N [z ′]) − γ (J \ Z | N [Z ]) and kP

was increased by γ (J \ Z | N [Z ]); the sum is equal to the size of the set added to D ′ (using Propo-
sition 7.15).

Case 2b-iii: eh′

F
∈ D.

Add a smallest subset of V (J ) \ Z to D ′ that dominates all vertices of V (J ) \ N [z] and that does
not contain a vertex of Z—note that the weight of eh′

F
is γ (J \ {z} | N [z]) − γ (J \ Z | N [Z ]) and kP

was increased by γ (J \ Z | N [Z ]); the sum is equal to the size of the set added to D ′ (using Propo-
sition 7.15).

Case 2b-iv: none of eh
F
, eh′

F
, and eh,h′

F
is in D.

Add a smallest subset of V (J ) \ Z to D ′ that dominates all vertices of V (J ) \ N [Z ]—note that kP

was increased by γ (J \ Z | N [Z ]) in the construction, which is equal to the size of the set added
to D ′.

Case 2c: h ∈ P and h′ � P .
There are two cases:

Case 2c-i: eF ∈ D.
Add a smallest subset of V (J ) \ Z to D ′ that dominates all vertices of V (J ) \ {z ′}—note that the
weight of eF is γ (J \ {z ′} | N [z ′]) − γ (J \ Z | N [z]) and that kP was increased by γ (J \ Z | N [z])
in the construction; the sum is equal to the size of the set added to D ′ (using Proposition 7.15).
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Case 2c-ii: eF � D.
Add a smallest subset of V (J ) \ Z to D ′ that dominates all vertices of V (J ) \ (Z ∪ N [z])—note
that kP was increased by γ (J \ Z | N [z]) in the construction, which is equal to the size of the set
added to D ′.

Case 2d: h′ ∈ P and h � P .
There are two cases:

Case 2d-i: eF ∈ D.
Add a smallest subset of V (J ) \ Z to D ′ that dominates all vertices of V (J ) \ {z}—note that the
weight of eF is γ (J \ {z}) − γ (J \ Z | N [z ′]) and that kP was increased by γ (J \ Z | N [z ′]) in the
construction; the sum is equal to the size of the set added to D ′ (using Proposition 7.15).

Case 2d-ii: eF � D.
Add a smallest subset of V (J ) \ Z to D ′ that dominates all vertices of V (J ) \ (Z ∪ N [z ′])—note
that kP was increased by γ (J \ Z | N [z ′]) in the construction, which is equal to the size of the set
added to D ′.

Case 2e: h,h′ � P .
Add a smallest subset of V (J ) \ Z to D ′ that dominates all vertices of V (J ) \ Z—note that kP was
increased by γ (J \ Z ) in the construction, which is equal to the size of the set added to D ′.

Case 3: F = {h,h′} for some h,h′ ∈ V (H ). The strip (J ,Z ) corresponding to F is a spot.
If eF ∈ D, then add the vertex of J \ Z to D ′—note that the weight of eF is 1, which is equal to the
size of the set added to D ′. If eF � D, then do nothing.

From the construction of D ′ and the analysis in each of the above cases, it follows that |D ′ | ≤
wP (D) + kP = k .

We now show that D ′ is a dominating set of G. Let v be an arbitrary vertex of G. Since (H ,η)
is a strip-structure for G, by definition there is an F ∈ E (H ) such that v ∈ η(F ). Let (J ,Z ) be the
strip corresponding to F . Then, v ∈ N (Z ) or v ∈ V (J ) \ N [Z ]. If v ∈ V (J ) \ N (Z ), then (J ,Z ) is
not a spot, and regardless of in which of the above subcases of Case 1 and 2 that F falls, v will be
dominated by the dominating set that is added toD ′ for F . So assume thatv ∈ N (z) for some z ∈ Z
and let h ∈ V (H ) correspond to z. If (J ,Z ) is a spot, then we have a choice in z (and thus also in h):
We prefer that h ∈ P if possible.

If h � P and F falls into Case 1 or Case 2, then regardless of in which of the above subcases F
falls (Case 1b, 2c, 2d, or 2e), N (z) and thusv will be dominated by the dominating set that is added
to D ′ for F .

If h � P and F falls into Case 3, then let h′ denote the single element of F \ {h}. Since we pre-
ferredh toh′,h′ � P . By the construction ofKP , there is an edge betweenvh andvh′ corresponding
to F . Moreover, since h,h′ � P and by the construction of KP , every edge incident with vh and vh′

corresponds to an edge introduced for a spot in Case 3. Therefore, since D is an edge dominating
set ofKP , there is an edge inD that is incident withvh orv ′

h
that corresponds to an F ′ ∈ E (H ) (pos-

sibly F = F ′) with h ∈ F ′ or h′ ∈ F ′ such that F ′ corresponds to a spot. By the construction of D ′,

the single vertex of η(F ′) is inD ′, that is, η(F ′) ⊆ D ′. Assumewithout loss of generality thath ∈ F ′.
Then, v is dominated, because η(F ′,h) = η(F ′) ⊆ D ′, and thus η(h) ∩ D ′ � ∅, v ∈ η(F ,h) ⊆ η(h),
and η(h) is a clique.

If h ∈ P , then due to the presence of the edge e between vh and v ′
h
, there is an edge e ′ incident

with vh that is in D. Since e has weight ∞, e ′ � e . Hence, there is an F ′ ∈ E (H ) (possibly F ′ = F )

withh ∈ F ′ such that an edge associated with F ′ in the construction is inD. Then, by inspecting the
above cases (Cases 1a-i, 2a-i, 2b-i, 2b-ii, 2b-iii, 2c-i, 2d-i, and 3) for the strip (J ′,Z ′) corresponding
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to F ′, there is a vertex of D ′ in N (z ′), where z ′ is the vertex of Z ′ that corresponds to h. In other
words, η(F ′,h) ∩ D ′ � ∅, and thus η(h) ∩ D ′ � ∅. Since η(h) is a clique and η(F ′,h) ⊆ η(h), each
vertex in η(h) is dominated, and in particular each vertex in η(F ,h) is dominated. As v ∈ N [z] =
η(F ,h), v is dominated. Hence, D ′ is a dominating set of G of size at most k .

Suppose that γ (G ) ≤ k . Let D ′ be a smallest dominating set ofG; hence, |D ′ | ≤ k . Let P be such

that h ∈ P if and only if h ∈ P (H ) and there is an F ∈ E (H ) with h ∈ F and D ′ ∩ η(F ,h) � ∅.
We construct a set D ⊆ E (KP ) of weight at most k − kP that is an edge dominating set of KP .

Initially, D = ∅. For each F ∈ E (H ), we consider the following cases.

Case 1: F = {h} for some h ∈ V (H ).
Ifh ∈ P andη(F ,h) ∩ D ′ � ∅, then add eF toD—note that theweight of eF isγ (J ) − γ (J \ Z | N [Z ]),
which is at most |D ′ ∩ η(F ) | − γ (J \ Z | N [Z ]).

Case 2: F = {h,h′} for some h,h′ ∈ V (H ). The strip (J ,Z ) corresponding to F is a stripe.
Let Z = {z, z ′}, where z corresponds to h and z ′ to h′. There are several cases:

Case 2a: h,h′ ∈ P and γ (J \ Z | N [Z ]) = γ (J \ {z ′} | N [z ′]) = γ (J \ {z} | N [z]) = γ (J ) − 1.

• If η(F ,h) ∩ D ′ � ∅ and η(F ,h′) ∩ D ′ � ∅, then add eh
F
and eh′

F
to D—note that the weight of

the added edges is 2 = γ (J ) − (γ (J \ Z | N [Z ]) − 1), which is at most |D ′ ∩ η(F ) | − (γ (J \
Z | N [Z ]) − 1).

• If η(F ,h) ∩ D ′ � ∅ and η(F ,h′) ∩ D ′ = ∅, then add eh
F

to D—note that the weight of the
added edges is 1 = γ (J \ {z ′} | N [z ′]) − (γ (J \ Z | N [Z ]) − 1), which is atmost |D ′ ∩ η(F ) | −
(γ (J \ Z | N [Z ]) − 1).

• If η(F ,h′) ∩ D ′ � ∅ and η(F ,h) ∩ D ′ = ∅, then add eh′

F
to D—note that the weight of the

added edges is 1 = γ (J \ {z} | N [z]) − (γ (J \ Z | N [Z ]) − 1), which is at most |D ′ ∩ η(F ) | −
(γ (J \ Z | N [Z ]) − 1).

• Ifη(F ,h) ∩ D ′ = ∅ andη(F ,h′) ∩ D ′ = ∅, then add eh
F
toD—note that the weight of the added

edges is 1 = γ (J \ Z | N [Z ]) − (γ (J \ Z | N [Z ]) − 1), which is at most |D ′ ∩ η(F ) | − (γ (J \
Z | N [Z ]) − 1).

Case 2b: h,h′ ∈ P and not γ (J \ Z | N [Z ]) = γ (J \ {z ′} | N [z ′]) = γ (J \ {z} | N [z]) = γ (J ) − 1.

• If η(F ,h) ∩ D ′ � ∅ and η(F ,h′) ∩ D ′ � ∅, then add eh,h′

F
to D—note that the weight of eh,h′

F
is γ (J ) − γ (J \ Z | N [Z ]), which is at most |D ′ ∩ η(F ) | − γ (J \ Z | N [Z ]).

• If η(F ,h) ∩ D ′ � ∅ and η(F ,h′) ∩ D ′ = ∅, then add eh
F
to D—note that the weight of eh

F
is

γ (J \ {z ′} | N [z ′]) − γ (J \ Z | N [Z ]), which is at most |D ′ ∩ η(F ) | − γ (J \ Z | N [Z ]).
• If η(F ,h′) ∩ D ′ � ∅ and η(F ,h) ∩ D ′ = ∅, then add eh′

F
to D—note that the weight of eh′

F
is

γ (J \ {z} | N [z]) − γ (J \ Z | N [Z ]), which is at most |D ′ ∩ η(F ) | − γ (J \ Z | N [Z ]).
• If η(F ,h) ∩ D ′ = ∅ and η(F ,h′) ∩ D ′ = ∅, then do nothing—note that |D ′ ∩ η(F ) | − γ (J \ Z |

N [Z ]) ≥ 0.

Case 2c: h ∈ P and h′ � P .
If η(F ,h) ∩ D ′ � ∅, then add eF to D—note that the weight of eF is γ (J \ {z ′}) − γ (J \ Z | N [z]),
which is at most |D ′ ∩ η(F ) | − γ (J \ Z )N [z].

Case 2d: h′ ∈ P and h � P .
If η(F ,h′) ∩ D ′ � ∅, then add eF to D—note that the weight of eF is γ (J \ {z}) − γ (J \ Z | N [z ′]),
which is at most |D ′ ∩ η(F ) | − γ (J \ Z | N [z ′]).

Case 2e: h,h′ � P .
Do nothing; note that γ (J \ Z ) ≤ |D ′ ∩ η(F ) |.
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Case 3: F = {h,h′} for some h,h′ ∈ V (H ). The strip (J ,Z ) corresponding to F is a spot.
If the vertex of J \ Z is inD ′, then add eF toD—note that the weight of eF is |D ′ ∩ η(F ) |. Otherwise,
do nothing.

From the construction of D and the analysis in each of the above cases, it follows that wP (D) ≤
k − kP .

To see that |D | ≤ k , observe that when we add an edge to D, we can map it to a unique vertex
of D ′. Indeed, in Case 3, this is clear, because we add eF when the vertex of the corresponding spot
is in D ′. In the other two cases (and their subcases), whenever we add an edge to D, then this edge
is incident on a vertex vh with h ∈ P . Moreover, for the considered F ∈ E (H ), there is a vertex in

η(F ,h) ∩ D ′. As for stripes, the sets η(F ,h′) where h′ ∈ F are pairwise disjoint, and we add at most

one edge per element of F to D, this indeed presents the claimed mapping from the edges added
to D to the vertices of D ′. Therefore, |D | ≤ k , as claimed.

We now show thatD is an edge dominating set ofKP . Let e ∈ E (KP ). If e is incident on a vertexvh

with h ∈ P , then there is an F ∈ E (H ) with h ∈ F such that η(F ,h) ∩ D ′ � ∅. For this F , by going
through the above cases, an edge incident on vh will be added to D and e is dominated. If e is not
incident on any vertex vh for h ∈ V (H ), then e is the edge e1F of the construction of Case 2a. Then,
by the construction of D, e is dominated. We can now assume that e is incident only on vertices
of vh for h ∈ V (H ) \ P . By the construction of KP , this implies that e was added in Case 3 due to
an F ∈ E (H ) that corresponds to a spot. Hence, there is an F ′ ∈ E (H ) (possibly F = F ′) such that

h ∈ F ′ or h′ ∈ F ′, and, respectively, η(F ′,h) ∩ D � ∅ or η(F ′,h′) ∩ D � ∅. Assume it is the former.
Note that F ′ corresponds to a spot; otherwise, h ∈ P , because η(F ′,h) ∩ D � ∅, a contradiction. It
follows that the edge eF ′ is in D, and thus e is dominated. Hence, D is an edge dominating set. �

The previous lemma shows that it suffices to resolve certain instances of the Weighted Edge
Dominating Set problem on multigraphs. Therefore, we would like to use the following result:

Theorem 7.19 (Iwaide and Nagamochi [52]). LetG be a graph,w : E (G ) → N+ a weight func-

tion, and k ∈ N+. Then, we can decide in O∗ (2.2351k ) time whether G has an edge dominating set D
with w (D) ≤ k .

This theorem extends immediately to multigraphs: parallel edges can be replaced by a single
edge with weight equal to the minimum of the weights of the parallel edges, and a self-loop e of
a vertex v can be replaced by adding a pendant vertex v ′ and modifying e so that it is between v
and v ′. Unfortunately, however, our weight functions wP might set the weight of certain edges
of KP to 0. Hence, the above theorem might not be directly applicable, as it assumes positive edge
weights. However, there is a straightforward workaround, inspired by a similar construction by
Fernau [36, Proposition 1] for a different problem.

Lemma 7.20. Let G be a graph, w : E (G ) → Z a weight function, and k ∈ Z. Then, in linear time,

we can construct a graph G ′, a weight function w ′ : E (G ′) → N+ ∪ {∞}, and a k ′ ∈ N+ such that G
has an edge dominating set of weight at most k (underw) if and only ifG ′ has an edge dominating set

of weight at most k ′ (under w ′). In particular, k ′ ≤ max{1, 1 + k −w (N )}, where N ⊆ V (G ) denotes

the set of edges in G of nonpositive weight (under w).

Proof. If k < w (N ), then G has no edge dominating set of weight at most k , so we can return
a trivial “no”-instance (for example, a graph with a single edge of weight 2 and k ′ = 1). So assume
that k ≥ w (N ). If N = ∅, then we returnG ′ = G,w ′ = w , k ′ = k if k > 0, a trivial “yes”-instance if
E (G ) = ∅ and k ≥ 0, and a trivial no-instance otherwise.

We then defineG ′ as follows. Let X denote the set of vertices inG incident on an edge of N . We
identify all vertices of X into a single vertex x , and remove any loops that arise (this includes all
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edges of nonpositive weight). We then add two vertices s, t and edges (x , s ) of weight 1 and (s, t )
of weight∞. Note that this defines a weight functionw ′ on E (G ′) that is the same for all edges of
E (G ′) ∩ E (G ). Finally, set k ′ = 1 + k −w (N ). Since k ≥ w (N ), indeed k ′ ∈ N+.

Suppose that G has an edge dominating set D with w (D) ≤ k . Since the edges of N have non-
positive weight, we can assume that N ⊆ D. Then, we can also assume that D contains no edges of
E (G ) \ N for which both endpoints are in X , which means that no edges of D \ N will be removed
by removing loops that arise in the construction ofG ′. We now claim that D ′ = {(x , s )} ∪ (D \ N )
is an edge dominating set ofG ′ withw ′(D ′) ≤ k ′. Suppose that e ∈ E (G ′) is not dominated by D ′.
Then, e is not incident on x or s by the construction of D ′, so e ∈ E (G ) and e is incident on two
vertices in V (G ) \ X . As D is an edge dominating set of G, there is an edge f ∈ D incident on one
of the endpoints of e . Moreover, f ∈ E (G ′), since the endpoint shared with e is not in X . Hence,
f ∈ D ′ and e is dominated, a contradiction. Therefore, D ′ is an edge dominating set of G ′. To
see that it has weight at most k ′, recall that k ≥ w (N ), N ⊆ D, and that D \ N does not contain
any edges for which both endpoints are in X , and thusw ′(D ′) = 1 +w ′(D \ N ) = 1 +w (D \ N ) ≤
1 + k −W (N ) = k ′.

Suppose that G ′ has an edge dominating set D ′ with w ′(D ′) ≤ k ′. By the construction of G ′

andw ′, the edge (x , s ) is in D ′, but the edge (s, t ) is not. We now claim that D = (D ′ \ {(x , s )}) ∪ N
is an edge dominating set of G withw (D) ≤ k . Indeed,w (D) = w (D ′ \ {(x , s )}) +w (N ) = w ′(D ′ \
{(x , s )}) +w (N ) ≤ k ′ − 1 +w (N ) = k . Suppose that e ∈ E (G ) is not dominated by D. Then, e is
not incident on a vertex of X , so e ∈ E (G ′) and e is incident on two vertices of V (G ′) \ {x , s, t }.
As D ′ is an edge dominating set of G ′, there is an edge f ∈ D ′ incident on one of the endpoints
of e . Moreover, f ∈ E (G ), since the endpoint shared with e is not in {x , s, t }. Hence, f ∈ D and e is
dominated, a contradiction. Therefore, D is an edge dominating set of G. �

Corollary 7.21. LetG be a multigraph,w : E (G ) → Z a weight function, andk ∈ Z. Then, we can

decide in O∗ (2.2351max{1,1+k−w (N ) } ) time whether G has an edge dominating set D with w (D) ≤ k ,

where N ⊆ V (G ) denotes the set of edges in G of nonpositive weight (under w).

We present an alternative algorithm, which gives an explicit bound on the polynomial factor and
(in the exponent) will yield an almost equally fast algorithm as the one through Corollary 7.21.

Lemma 7.22. LetG be a connected graph, let (H ,η) be a purified strip-structure of nullity zero forG

such that 1 ≤ |F | ≤ 2 for each F ∈ E (H ), let k be an integer, and let P ⊆ P (H ). Then, we can decide

in O (22k−|P | |V (KP ) |3) time whether there is an edge dominating set D of KP of smallest weight such

that wP (D) ≤ k − kP and |D | ≤ k .

Proof. We adapt an algorithm of Fernau [36]. He essentially showed that a minimum-weight
edge dominating set of a graph can be found by enumerating all minimal vertex covers C of the
graph, computing a minimum-weight generalized edge cover with respect to eachC , and then take
the generalized edge cover of smallest weight over all C as the solution. Here, a generalized edge

cover with respect to C is a subset of the edges of the graph such that each vertex of C is incident
on an edge of this subset.

To see that this approach is correct, observe the following. Let K be a graph and let w be an
edge-weight function E (K ) → N ∪ {∞}. If D is an edge dominating set of K of minimum weight
(with respect to w), then let C ′ denote the set of endpoints of D. Since D is an edge dominating
set of K , C ′ is a vertex cover of K , and thus there is a minimal vertex cover C ⊆ C ′. Clearly, D is a
generalized edge cover with respect to C . Conversely, if C is a (minimal) vertex cover of K , then
any generalized edge cover with respect to C is an edge dominating set of K .

In our context, we modify Fernau’s approach to limit the number of minimal vertex cov-
ers that need to be enumerated. Again, let K be a graph and let w be an edge-weight function
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E (K ) → N ∪ {∞}. Suppose that K has an edge-dominating set of weight not ∞ and that no two
pendant vertices of K are adjacent. Then, we claim that it suffices to enumerate all minimal vertex
coversC ofK such thatC does not contain a pendant vertex. Indeed, ifD is an edge dominating set
ofK of minimumweight (with respect tow), then letC ′ denote the set of endpoints ofD. SinceD is
an edge dominating set ofK ,C ′ is a vertex cover ofK . Now remove all pendant vertices fromC ′ and
call the resulting setC ′′. As pendant vertices are only present inC ′ if the edge incident on them is
in D and no two pendant vertices are adjacent,C ′′ is still a vertex cover of K . Then, there is a min-
imal vertex cover C ⊆ C ′′ of K that contains all neighbors of all pendant vertices in C ′. Hence, D
is still a generalized edge cover with respect to C . Moreover, by construction, C does not contain
a pendant vertex nor a vertex that is only incident on vertices of weight∞. This proves the claim.

Following the claim and the construction of KP , we can construct a set L of vertices that have to
be in any minimal vertex cover that we enumerate. To be precise, L contains all vertices vh where
h ∈ P (these vertices vh have a pendant neighbor, but are not pendant themselves, because they
are in P ), and all vertices v1

F that are added in Case 2a (note that v2
F is pendant). By the claim, it

suffices to enumerate all minimal vertex covers of KP that contain L.
Suppose that D has an edge dominating set D such that wP (D) ≤ k − kP and |D | ≤ k . Let C be

the minimal vertex cover that corresponds to D following the modified approach above. Then,
|P | of the endpoints of D are of the type vh for h ∈ P , due to the presence of the edge (vh ,v

′
h

). It
follows that |C − L| ≤ 2k − |P |, because no vertices v ′

h
for h ∈ P are in C .

The final algorithm then enumerates all minimal vertex covers ofKP \ L of size at most 2k − |P |.
This takes O ( |E (KP ) | + k222k−|P | ) time using an algorithm of Damaschke [23], and there are at
most 22k−|P | such vertex covers. If no such vertex cover is found, then there is no edge dominat-
ing set D of KP such that wP (D) ≤ k − kP and |D | ≤ k . Otherwise, for each such minimal vertex
coverC found, we compute a minimum-weight generalized edge cover ofKP with respect toC ∪ L,
which takesO ( |V (KP ) |3) time using an algorithm of Fernau [36] (this algorithm straightforwardly
extends to multigraphs). We output the smallest generalized edge cover found. The correctness of
this algorithm was argued above, and the run time is as claimed. �

Using this lemma, we can finally prove the main result of this section.

Theorem 7.23. Let G be a claw-free graph with n vertices and m edges, and let k be an integer.

Then, there is an algorithm that runs in 9k ·O (n5) time and that correctly reports that eitherγ (G ) > k
or returns a smallest dominating set of G.

Proof. We first preprocess the graph. We iteratively apply the following procedure. We check
whether G admits twins; this can be done in O (n +m) time by Theorem 3.3. If so, then following
Lemma 7.3, we can find a claw-free graph G ′ with |V (G ′) | < |V (G ) | such that γ (G ) = γ (G ′) in
linear time, and continue to the next iteration with G = G ′. Otherwise, G does not admit twins,
and we check whetherG admits a proper W-join; this can be done inO (n2m) time by Theorem 3.2.
If so, then following Corollary 7.5, we can find a claw-free graph G ′ with |V (G ′) | < |V (G ) | (note
that proper W-joins of twin-less graphs have at least three vertices by definition, and two vertices
remain after applying the corollary) such that γ (G ) = γ (G ′) in linear time, and continue to the
next iteration with G = G ′. Since the number of vertices decreases in every iteration, there are at
most n iterations, and the run time of the procedure isO (n5). After the procedure finishes, we end
up with a claw-free graph that does not admit twins nor proper W-joins for which the size of its
smallest dominating set is unchanged. By abuse of notation, we call this graphG as well.

Suppose for now that G is connected. We test whether γ (G ) ≤ 3 using the algorithm of
Lemma 7.6 inO (n4) time. If so, then the algorithm actually gives a dominating set of size γ (G ), and
we are done. Now, we may assume that γ (G ) > 3. If α (G ) ≤ 3, then γ (G ) ≤ 3 by Proposition 7.2, a
contradiction. Hence, α (G ) > 3.
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We then apply the algorithm of Theorem 6.8 in O (n2m3/2) time. If it outputs that G is a proper
circular-arc graph, then we can compute γ (G ) in linear time by Theorem 7.8. If it outputs thatG is
a thickening of an XX-trigraph, then we can compute γ (G ) inO (n4) time by Lemma 7.9. It remains
that it outputs thatG admits a strip-structure such that for each strip (J ,Z ):

• (J ,Z ) is a trivial line graph strip, or
• (J ,Z ) is a stripe for which

—1 ≤ |Z | ≤ 2, α (J ) ≤ 3, and V (J ) \ N [Z ] � ∅,
— |Z | = 1, J is a proper circular-arc graph, and either J is a (strong) clique or α (J ) > 3,
— |Z | = 2, J is a proper interval graph, and either J is a (strong) clique or α (J ) > 3, or
— (J ,Z ) is a thickening of a member ofZ5.

We now determine the set P (H ), which takes linear time. Then, for each P ⊆ P (H ), compute the
triple (KP ,wP ,kP ). Using Proposition 7.15 and Lemmas 7.11, 7.12, 7.13, and 7.14, we can compute
a set D ⊆ V (J ) \ Z of size γ (J \ (Q ∪ R) | N [R]) that dominates J \ (Q ∪ N [R]) for any disjoint
Q,R ⊆ Z for the strips (J ,Z ) of the strip-structure. Following these lemmas, we can compute the
triple (KP ,wP ,kP ) in O (n5) time. Note that the number of vertices of KP is in the order of |E (H ) |,
which isO (n), because each strip contains at least one vertex ofG that is unique to it. Now, using
Lemma 7.22, decide inO (22k−|P |n3) time whether there is an edge dominating setD ofKP of small-
est weight such thatwP (D) ≤ k − kP and |D | ≤ k . If so, then by Lemma 7.18, γ (G ) ≤ k . Moreover,
since D is an edge dominating set of KP of smallest weight, the transformation of Lemma 7.18
gives a smallest dominating set ofG. If Lemma 7.22 returns for all P ⊆ P (H ) that there is no edge
dominating set D of KP such thatwP (D) ≤ k − kP and |D | ≤ k , then we can return a “no”-instance
by Lemma 7.18. Since |P (H ) | ≤ 2k by Lemma 7.17, the run time is

O ��
�
|P (H ) |∑

i=0

(
|P (H ) |

i

)
(n5 + 22k−in3)��� = O

�
�n

5
2k∑
i=0

(
2k

i

)
22k−i�

� = 9k ·O (n5).

If G is not connected, then note that the above algorithm computes a smallest dominating set
of an n-vertex connected graph in time 9k ·O (n5) if it has size at most k , or correctly decides that
such a dominating set has size more than k . Therefore, we apply this algorithm to each connected
component of G in turn. If the algorithm answers that every dominating set of the component
has size more than k , then this answer is also true for G. Otherwise, we return the union of the
answers found for each component, which is indeed a smallest dominating set ofG. The total run
time is 9k ·O (n5). �

Corollary 7.24. Let G be a claw-free graph with n vertices, and let k be an integer. Then, we can

decide in 9k ·O (n5) time whether γ (G ) ≤ k .

Instead of relying on Lemma 7.22 in the above theorem, we could also apply the algorithm of
Corollary 7.21. This yields a slight improvement in the exponential factor.

Theorem 7.25. Let G be a claw-free graph with n vertices, and let k be an integer. Then, we can

decide in O∗ (8.9404k ) time whether γ (G ) ≤ k .

Note that the polynomial factor hidden in the O∗ is at least n5.

8 FIXED-PARAMETER ALGORITHM FOR CONNECTED DOMINATING SET

In this section, we prove that ConnectedDominating Set parameterized by solution size is fixed-
parameter tractable on claw-free graphs. The general idea of how to establish this is similar to the
approach for Dominating Set on claw-free graphs.
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Throughout the section, we rely on the following notation. LetG be a graph.We letγc (G ) denote
the size of a smallest connected dominating set of G. Furthermore, for each subset A ⊆ V (G ), let
γc (G † A) denote the size of a smallest subset D of V (G ) dominating V (G ) \A such that each
connected component ofG[D] contains at least one vertex of A. We also need the following well-
known relation between γ (G ) and γc (G ).

Proposition 8.1. For any graph G, γ (G ) ≤ γc (G ) ≤ 3 · γ (G ) − 2.

8.1 Removing Twins and Proper W-joins

We first show how to remove twins and proper W-joins from a graph G without changing the
size of its smallest connected dominating set. The reductions are powerful enough to operate on
general graphs, while maintaining claw-freeness and connectivity.

Lemma 8.2. Let a,b be twins of a connected graphG, and letG ′ = G \ a. Then,G ′ is connected and

γc (G ) = γc (G \ a). Moreover, if G is claw-free, then so is G ′.

Proof. Let D be a smallest connected dominating set of G. Since N [a] = N [b] (in particular, a
and b are adjacent) and D is a smallest connected dominating set ofG, at most one of a,b belongs
to D. If a ∈ D, then replace a by b. Then, the resulting set is still a connected dominating set of G
of the same size as D, and thus also a connected dominating set of G ′ = G \ a.

Let D ′ be a smallest connected dominating set of G ′. Then, D ′ ∩ N [b] � ∅. Since N [a] = N [b],
D ′ is a connected dominating set of G as well. �

While removing twins has a similar effect for smallest connected dominating sets as for smallest
dominating sets, the situation for proper W-joins is somewhat different in the two problems. The
reason is that removing all edges crossing a W-join might disconnect the graph.

Lemma 8.3. Let (A,B) be a proper W-join of a connected graphG, and letG ′ be the graph obtained

from G as follows:

(1) remove A and B,

(2) add vertices a,a′,b,b ′, and

(3) connect a,a′ to N (A) \ B, b,b ′ to N (B) \A, a to a′, b to b ′, and a to b.

Then, G ′ is connected and γc (G ) = γc (G ′). Furthermore, if G is claw-free, then so is G ′.

Proof. Let D be a smallest connected dominating set of G. We first show that we can assume
that |D ∩A| ≤ 1. For suppose that |D ∩A| ≥ 2. Note that N [x] \ B is the same for each x ∈ A and
N [y] \A is the same for eachy ∈ B. However, we cannot remove all but one vertex ofD ∩A fromD,
because this would lead to a smaller connected dominating set and thus a contradiction. Therefore,
the vertices ofD ∩A are the only vertices dominating B. But then we can replace a vertex ofD ∩A
by a vertex of B adjacent to a second vertex ofD ∩A. Such vertices exist, because theW-join (A,B)
is proper. It follows that we can assume |D ∩A| ≤ 1, and similarly, |D ∩ B | ≤ 1.

Now, since the W-join (A,B) is proper, no vertex of A (respectively, B) dominates all of B (re-
spectively, A). Hence, D ∩ (N [A] \ B) � ∅ and D ∩ (N [B] \A) � ∅. Let D ′ be the set containing all
vertices of D that belong toG ′. Additionally, if D ∩A � ∅, then add a to D ′, and if D ∩ B � ∅, then
add b to D ′. By construction, D ′ is a connected dominating set of G ′ and |D ′ | ≤ |D |.

Let D ′ be a smallest connected dominating set ofG ′. From the definition of a W-join, recall that
every vertex of V (G ) \ (A ∪ B) is either A-complete or A-anticomplete, and is either B-complete
or B-anticomplete. Furthermore, A and B are cliques. Let D be the set containing all vertices of D ′

that belong to G, and additionally,
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• ifD ′ ∩ {a,a′} � ∅ andD ′ ∩ {b,b ′} � ∅, then also add any two adjacent vertices, one ofA and
one of B, to D.

• otherwise, if one of a,a′ ∈ D ′, then add any vertex of A to D, and if one of b,b ∈ D ′, then
add any vertex of B to D.

Then, D is a connected dominating set of G and |D | ≤ |D ′ |.
Finally, consider the case thatG is claw-free. For the sake of contradiction, suppose thatG ′ has

a claw {w ;x ,y, z} with center w . If at most one vertex of w,x ,y, z belongs to {a,a′,b,b ′}, then
{w ;x ,y, z} directly corresponds to a claw in G, a contradiction. Because both {a,a′} and {b,b ′}
form a clique, we haveN [a] \ {b} = N [a′] andN [b] \ {a} = N [b ′], and thus at most two ofw,x ,y, z
belong to {a,a′,b,b ′}. Ifw ∈ V (G ) ∩V (G ′), then assume without loss of generality that x = a′ and
y ∈ {b,b ′}. But then we can replace x andy by any antiadjacent pair of vertices ofA and B to obtain
a claw inG, a contradiction. Hence,w ∈ {a,a′,b,b ′}. Then assume, without loss of generality, that
w = a and x = b. But then we can replace w and x by any adjacent pair of vertices of A and B to
obtain a claw in G, a contradiction. Therefore,G ′ is indeed claw-free. �

8.2 Connected Dominating Set in Basic Classes

Let G be a connected claw-free graph. Through the reductions of Lemma 8.2 and Lemma 8.3, we
may essentially assume thatG admits no twins and properW-joins. Consider the following lemma.

Lemma 8.4. Let G be a graph and k an integer. Then, in O (nk+1) time, we can compute

γc (G ) (respectively, γc (G † A) for given A ⊆ V (G )) or correctly decide that γc (G ) > k (respectively,

γc (G † A) > k).

The proof of the above lemma is similar to the proof of Lemma 7.6.

Corollary 8.5. LetG be a graph such that α (G ) ≤ 3. Then, we can compute γc (G ) inO (n8) time.

Proof. By Propositions 7.2 and 8.1, γc (G ) ≤ 3γ (G ) − 2 ≤ 3α (G ) − 2 ≤ 7, and the result follows
from Lemma 8.4. �

Intuitively, we may thus assume that the connected claw-free graph G admits no twins, admits
no proper W-joins, and satisfies α (G ) > 3. Therefore, we can use the implications of Theorem 6.8
for G. (A formal proof of these facts follows later.)

First, we show that if G is a proper circular-arc graph or a thickening of an XX-trigraph, then
we can compute γc (G ) in polynomial time.

Theorem 8.6 (Chang [3]). Let G be a circular-arc graph. Then, γc (G ) can be computed in linear

time.

Lemma 8.7. LetG be a graph that is a thickening of an XX-trigraph. Then, γc (G ) can be computed

in O (n5) time.

To show this lemma, we need the following auxiliary result, which is similar to Lemma 7.10.

Lemma 8.8. Let G be a graph that is thickening of a trigraph G ′, and let G ′′ be the graph obtained

from G ′ by removing all semi-edges from G ′. Then, γc (G ) ≤ γc (G ′′).

Proof. LetW be a thickening of G ′ to G, and let D ′ be any connected dominating set of G ′′.
Construct a set D ⊆ V (G ) as follows: for each v ′ ∈ D ′, pick an arbitrary vertex v ∈Wv ′ . We claim
that D is a dominating set of G. Consider any w ∈ V (G ) \ D and let w ′ ∈ V (G ′) be such that
w ∈Ww ′ . If w

′ ∈ D ′, then because Ww ′ is a (strong) clique and Ww ′ ∩ D � ∅ by construction, w
is dominated by D. Otherwise, there is a u ′ ∈ D ′ ⊆ V (G ′′) such thatw ′ and u ′ are adjacent. By the
construction of G ′′, this implies that w ′ and u ′ are strongly adjacent in G ′. By the definition of a
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thickening, each vertex ofWu′ is (strongly) complete toWw ′ . By construction, D ∩Wu′ � ∅, and
thusw is dominated by D. The claim follows. It remains to show thatG[D] is connected. Observe
that if u ′,v ′ ∈ D ′ are adjacent in G ′′, then u ′ and v ′ are strongly adjacent in G ′, and thus each
vertex ofWu′ is (strongly) complete toWv ′ . Therefore, the vertices u and v chosen in D ∩Wu′ and
D ∩Wv ′ , respectively, are (strongly) adjacent. Hence, G[D] is indeed connected. Since |D | = |D ′ |,
γc (G ) ≤ γc (G ′′). �

It is now straightforward to prove Lemma 8.7.

Proof. Consider an XX-trigraph G ′ such that G is a thickening of G ′. Remove all semi-
edges from G ′ and call the resulting graph G ′′. By the definition of XX-trigraphs, it follows that
{v1,v2,v3,v4} forms a connected dominating set ofG ′′. Hence, by Lemma 8.8,γc (G ) ≤ γc (G ′′) ≤ 4.
The result then follows from Lemma 8.4. �

Intuitively, Theorem 8.6 and Lemma 8.7 imply that Theorem 6.8 yields a strip-structure. There-
fore, we turn to the basic classes of strips of Theorem 6.8. For reasons that will become clear later,
we need stronger results for strips (J ,Z ) than just being able to compute a smallest connected
dominating set. Intuitively, if we compute γc (J ), then we enforce that any connected dominating
set that attains this bound contains a vertex in N (z) for each z ∈ Z . Sometimes we might want to
enforce this, but sometimes we do not. Hence, we should be able to compute γc (J \Q ) for each
Q ⊆ Z . Also, we sometimes do not want to enforce that the dominating set is connected, but in-
stead we want every component of the dominating set to contain a vertex of N (Z ), and therefore,
we need to compute γc (J † N [Z ]). We now do this for each strip type of Theorem 6.8.

Lemma 8.9. Let (J ,Z ) be a stripe such that either J is a proper circular-arc graph and |Z | = 1,

or J is a proper interval graph and |Z | = 2. Then, we can compute γc (J \Q ) for each Q ⊆ Z and

γc (J † N [Z ]) in O (nm) time, where n and m are the number of vertices and edges of J , respectively.

Proof. By Theorem 8.6, we can compute γc (J \Q ) for each Q ⊆ Z in linear time.
Suppose that J is a proper circular-arc graph and |Z | = 1. Then, γc (J † N [Z ]) = γc (J ) if V (J ) �

N [Z ], and γc (J † N [Z ]) = 0 otherwise. Hence, we can compute γc (J † N [Z ]) in linear time by
Theorem 8.6.

Suppose that J is a proper interval graph and |Z | = 2. Let Z = {z, z ′}. First, find a set of intervals
I1, . . . , In of the line that represent J as a proper interval graph; such a representation can be found
in linear time [24]. Suppose that Iz and Iz′ are the intervals representing the vertices z and z ′ of Z .
Since (J ,Z ) is a stripe, N [z] ∩ N [z ′] = ∅. Hence, without loss of generality, the right endpoint pr

of Iz is to the left of the left endpoint pl of Iz′ .
Consider a smallest dominating setD ofV (J ) dominatingV (J ) \ N [Z ] such that each connected

component of J [D] contains at least one vertex of N [Z ], i.e., |D | = γc (J † N [Z ]). Assume that
V (J ) \ N [Z ] � ∅. Moreover, since N [z] and N [z ′] are cliques, D has at most two connected com-
ponents: at most one (denoted C) that contains a vertex of N [z] and at most one (denoted C ′)
that contains a vertex of N [z ′]. If D ∩ N [z] = ∅, then γc (J † N [Z ]) = γc (J \ N [z]). Similarly, if
D ∩ N [z ′] = ∅, then γc (J † N [Z ]) = γc (J \ N [z ′]). It remains the case that D contains a vertex of
both N [z] and N [z ′].

Then, either γc (J † N [Z ]) = γc (J ), or there is a point between pr and pl that is not covered by
any interval of D. In the latter case, C and C ′ exist, C � C ′, and in particular, there is a point p
between pr and pl such that each interval starting to the right of p is dominated by C ′, and each
interval starting to the left of p is dominated by C .

This analysis implies the following algorithm. For each point p between pl and pr , split J into
two induced subgraphs: one induced by the intervals with their left endpoint to the left of p and
one induced by the intervals with their left endpoint to the right of p. Using Theorem 8.6, we can
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compute a smallest connected dominating set of both induced subgraphs in linear time, and sum
their sizes. LetM denote the smallest value over all points p. Since there are onlyO (n) points p for
which the split of J we made yields different induced subgraphs, computing M takesO (nm) time.
Then,γc (J † N [Z ]) is simply theminimum ofM ,γc (J \ N [z]), andγc (J \ N [z ′]) ifV (J ) \ N [Z ] � ∅
and 0 otherwise. Using Theorem 8.6, this implies that γc (J † N [Z ]) can be computed in O (nm)
time. �

Lemma 8.10. Let (J ,Z ) be a thickening of a stripe (J ′,Z ′) ∈ Z5 such that J is a graph. Then, we

can compute γc (J \Q ) for each Q ⊆ Z and γc (J † N [Z ]) in O (n5) time.

Proof. Let J ′′ be the graph obtained from J ′ by removing all semi-edges. By the definition
of XX-trigraphs {v1,v2,v3,v4} forms a connected dominating set of J ′′. Hence, by Lemma 8.8,
γc (J ) ≤ γc (J ′′) ≤ 4. Observe that γc (J † N [Z ]) ≤ γc (J ) by definition. The result then follows by
Lemma 8.4. �

Lemma 8.11. Let (J ,Z ) be a stripe such that J is a graph with 1 ≤ |Z | ≤ 2,α (J ) ≤ 3,V (J ) \ N [Z ] �
∅. Then, we can compute γc (J \Q ) for each Q ⊆ Z and γc (J † N [Z ]) in O (n8) time.

Proof. By Propositions 7.2 and 8.1, γc (J ) ≤ 3γ (J ) − 2 ≤ 3α (J ) − 2 ≤ 7. Observe that
γc (J † N [Z ]) ≤ γc (J ) by definition. The result then follows by Lemma 8.4. �

The following lemma is immediate from the definition of trivial line graph strips (see Defini-
tion 6.2).

Lemma 8.12. Let (J ,Z ) be a trivial line graph strip such that J is a graph. Then, we can compute

γc (J \Q ) for each Q ⊆ Z and γc (J † N [Z ]) in constant time.

We also rely on the following observation.

Proposition 8.13. Let (J ,Z ) be a strip such that J is a graph. There is a connected setD ⊆ V (J ) \ Z
of size γc (J \Q ) for each Q ⊆ Z or γc (J † N [Z ]) that, respectively, dominatesV (J ) \Q or dominates

V (J ) \ N [Z ] while each component contains a vertex of N [Z ].

Proof. Consider any z ∈ Z . By the definition of a strip, z is a simplicial vertex. Therefore, z can
be replaced by any vertex of N (z) without destroying the domination property or connectivity of
a connected set needed to attain γc (J \Q ) for each Q ⊆ Z or γc (J † N [Z ]). �

8.3 Stitching Connected Dominating Sets

We now describe a method to stitch connected dominating sets for individual strips of a strip-
structure together to form a connected dominating set of the entire graph. The main idea is essen-
tially the same as the one we employed for dominating set in the previous section, except that the
connectivity requirement makes the stitching significantly simpler.

Let G be a connected graph that is not a complete graph, let (H ,η) be a purified strip-structure

of nullity zero for G such that 1 ≤ |F | ≤ 2 for each F ∈ E (H ).

Definition 8.14. We say that P ⊆ P (H ) (recall Definition 7.16) is covering if F ∩ P � ∅ for each
F ∈ E (H ) that corresponds to a stripe.

Now let P ⊆ P (H ) be covering. We again define the triple (KP ,wP ,kP ) of a multigraph, an edge-
weight function, and an integer as follows. Initially, KP is empty and kP = 0. For each h ∈ V (H ),
add a vertex vh to KP . If h ∈ P , then also add a vertex v ′

h
to KP as well as an edge between vh

and v ′
h
of weight∞. For each F ∈ E (H ), there are several cases:
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Case 1: F = {h} for some h ∈ V (H ).
Let (J ,Z ) be the strip corresponding to F . Note that (J ,Z ) is in fact a stripe. Since P is covering,
h ∈ P . Add vertices vF ,v

′
F , an edge eF between vh and vF of weight γc (J † N [Z ]), and an edge e ′F

between vF and v ′F of weight∞ to KP .

Case 2: F = {h,h′} for some h,h′ ∈ V (H ). The strip (J ,Z ) corresponding to F is a stripe.
Let Z = {z, z ′}, where z corresponds to h and z ′ to h′. Since P is covering, h ∈ P or h′ ∈ P . There
are several cases:

Case 2a: h,h′ ∈ P .
Add an edge eF between vh and vh′ of weight γc (J ) − γc (J † N [Z ]); additionally, increase kP by
γc (J † N [Z ]).

Case 2b: h ∈ P , h′ � P .
Add verticesvF ,v

′
F , an edge eF betweenvh andvF of weight γc (J \ z ′), and an edge e ′F betweenvF

and v ′F of weight∞ to KP .

Case 2c: h � P , h′ ∈ P .
Add vertices vF ,v

′
F , an edge eF between vh and vF of weight γc (J \ z), and an edge e ′F between vF

and v ′F of weight∞ to KP .

Case 3: F = {h,h′} for some h,h′ ∈ V (H ). The strip (J ,Z ) corresponding to F is a spot.
Add an edge eF between vh and vh′ of weight 1.

Since 1 ≤ |F | ≤ 2 for each F ∈ E (H ) and (H ,η) is purified, the cases are exhaustive. Moreover,
kP ≥ 0 by construction and each edge of KP has received nonnegative weight.

Now recall that a connected edge dominating set of a graphG is an edge dominating setD ⊆ E (G )
such thatG[D] is connected. Here, we useG[D] as a shorthand for the subgraphG ′ ofG withV (G ′)
equal to the set of endpoints of the edges in D and with E (G ′) = D.

Lemma 8.15. LetG be a connected graph that is not a complete graph, let (H ,η) be a purified strip-

structure of nullity zero for G such that 1 ≤ |F | ≤ 2 for each F ∈ E (H ), and let k be an integer. Then,

γc (G ) ≤ k if and only if there is a P ⊆ P (H ) such that P is covering and there is a connected edge

dominating set D of KP such that wP (D) ≤ k − kP . Moreover, such a set D satisfies |D | ≤ k .

Proof. Suppose that there is a P ⊆ P (H ) such that P is covering and there is a connected edge
dominating set D of KP such thatwP (D) ≤ k − kP . We construct a set D ′ ⊆ V (G ) of size at most k
as follows (and later show that it is in fact a connected dominating set of G). Initially, D ′ = ∅. For
each F ∈ E (H ), we consider the same cases as before:

Case 1: F = {h} for some h ∈ V (H ).
Let (J ,Z ) be the strip corresponding to F . By construction, eF ∈ D. Add a smallest set B ⊆ V (J ) \ Z
to D ′ such that B dominates all vertices of V (J ) \ N [Z ] and each component of J [B] contains
a vertex of N [Z ]—note that the weight of eF is equal to the size of the set added to D ′ (using
Proposition 8.13).

Case 2: F = {h,h′} for some h,h′ ∈ V (H ). The strip (J ,Z ) corresponding to F is a stripe.
Let Z = {z, z ′}, where z corresponds to h and z ′ to h′. Since P is covering, h ∈ P or h′ ∈ P . There
are several cases:

Case 2a: h,h′ ∈ P .
If eF ∈ D, then add a smallest connected subset of V (J ) \ Z to D ′ that dominates all vertices of
V (J )—note that the weight of eF is γc (J ) − γc (J † N [Z ]) and kP was increased by γc (J † N [Z ])
in the construction; the sum is equal to the size of the set added to D ′ (using Proposition 8.13). If
eF � D, then add a smallest set B ⊆ V (J ) \ Z toD ′ such that B dominates all vertices ofV (J ) \ N [Z ]
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and each component of J [B] contains a vertex ofN [Z ]—note thatkP was increased byγc (J † N [Z ])
in the construction, which is equal to the size of the set added to D ′ (using Proposition 8.13).

Case 2b: h ∈ P , h′ � P .
By construction, eF ∈ D. Add a smallest connected subset of V (J ) \ Z to D ′ that dominates all
vertices of V (J ) \ z ′—note that the weight of eF is equal to the size of the set added to D ′ (using
Proposition 8.13).

Case 2c: h � P , h′ ∈ P .
By construction, eF ∈ D. Add a smallest connected subset of V (J ) \ Z to D ′ that dominates all
vertices of V (J ) \ z—note that the weight of eF is equal to the size of the set added to D ′ (using
Proposition 8.13).

Case 3: F = {h,h′} for some h,h′ ∈ V (H ). The strip (J ,Z ) corresponding to F is a spot.
If eF ∈ D, then add the vertex of J \ Z to D ′—note that the weight of eF is 1, which is equal to the
size of the set added to D ′. If eF � D, then do nothing.

From the construction of D ′ and the analysis in each of the above cases, it follows that |D ′ | =
wP (D) + kP ≤ k .

We now show that D ′ is a dominating set of G. Let v be an arbitrary vertex of G. Since (H ,η)
is a strip-structure for G, by definition there is an F ∈ E (H ) such that v ∈ η(F ). Let (J ,Z ) be the
strip corresponding to F . Then, v ∈ N (Z ) or v ∈ V (J ) \ N [Z ]. If v ∈ V (J ) \ N (Z ), then (J ,Z ) is
not a spot, and regardless of in which of the above subcases of Case 1 and 2 that F falls, v will be
dominated by the dominating set that is added toD ′ for F . So assume thatv ∈ N (z) for some z ∈ Z
and let h ∈ V (H ) correspond to z. If (J ,Z ) is a spot, then we have a choice in z (and thus also in h):
We prefer that h ∈ P if possible.

If h � P , then F cannot fall into Case 1, since P is covering. If F falls into Case 2, then regardless
of in which of the above subcases of Case 2 F falls, N (z) and thus v will be dominated by the
dominating set that is added to D ′ for F . If F falls into Case 3, then let h′ denote the single element

of F \ {h}. Since we preferredh toh′,h′ � P . By the construction ofKP , there is an edge betweenvh

and vh′ corresponding to F . Moreover, since h,h′ � P and by the construction of KP , every edge
incident withvh andvh′ corresponds to an edge introduced for a spot in Case 3. Therefore, sinceD
is a (connected) edge dominating set of KP , there is an edge in D that is incident withvh orv ′

h
that

corresponds to an F ′ ∈ E (H ) (possibly F = F ′) with h ∈ F ′ or h′ ∈ F ′ such that F ′ corresponds to
a spot. By the construction of D ′, the single vertex of η(F ′) is in D ′, that is, η(F ′) ⊆ D ′. Assume

without loss of generality that h ∈ F ′. Then, v is dominated, because η(F ′,h) = η(F ′) ⊆ D ′ and
thus η(h) ∩ D ′ � ∅, v ∈ η(F ,h) ⊆ η(h), and η(h) is a clique.

If h ∈ P , then due to the presence of the edge e between vh and v ′
h
, there is an edge e ′ incident

with vh that is in D. Since e has weight ∞, e ′ � e . Hence, there is an F ′ ∈ E (H ) (possibly F ′ = F )

with h ∈ F ′ such that an edge associated with F ′ in the construction is in D. In particular, we can

choose F ′ such that |F ′ | = 1 and η(F ′) \ η(F ′,h) � ∅ or |F ′ | = 2, since G is not a complete graph.
Then, by inspecting the above cases (Case 1, 2a, 2b, 2c, 3) for the strip (J ′,Z ′) corresponding to F ′,
there is a vertex of D ′ in N (z ′), where z ′ is the vertex of Z ′ that corresponds to h. In other words,
η(F ′,h) ∩ D ′ � ∅, and thus η(h) ∩ D ′ � ∅. Since η(h) is a clique and η(F ′,h) ⊆ η(h), each vertex in
η(h) is dominated, and in particular each vertex in η(F ,h) is dominated. As v ∈ N (z) = η(F ,h), v
is dominated. Hence, D ′ is a dominating set of G of size at most k .

It remains to prove that G[D ′] is connected. Observe that in the construction of KP , we add
exactly one edge eF to KP for each F ∈ E (H ) (and possibly an edge e ′F of weight ∞). Moreover, if
eF ∈ D for some F ∈ E (H ), then G[D ′ ∩ η(F )] is connected and D ′ contains a vertex of η(F ,h) for

each h ∈ F by the construction of D ′.
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Now let v,v ′ ∈ D ′, where v ∈ η(F ) and v ′ ∈ η(F ′) for F , F ′ ∈ E (H ). If eF , eF ′ ∈ D, then v and v ′

are connected inG[D ′] by the above observation and the fact thatD is a connected edge dominating
set. Suppose that eF ∈ D and eF ′ � D. This only happens if F ′ falls into Case 2a. Moreover, there is
a connected component of the set of vertices added to D ′ for F ′ that contains both v ′ and a vertex

of η(F ′,h) for some h ∈ F ′ by construction. Since D is an edge dominating set and an edge (vh ,v
′
h

)
exists inKP , there is an edge eF ′′ ∈ D for some F ′′ ∈ E (H ). Hence, by the above observation, there is
a vertexw ∈ η(F ′′,h) ∩ D ′. Thus,w andv are in the same connected component ofG[D ′]. But then
v and v ′ are in the same connected component of G[D ′], as η(h) is a clique. It follows that G[D ′]
is connected. Similar arguments can be made if eF ∈ D and eF ′ � D or if eF , eF ′ � D. Hence, D ′ is a
connected dominating set ofG of size at most k .

Suppose that γc (G ) ≤ k . Let D ′ be a smallest connected dominating set of G; hence, |D ′ | ≤ k .

Let P be such that h ∈ P if and only if h ∈ P (H ) and there is an F ∈ E (H ) with h ∈ F and

D ′ ∩ η(F ,h) � ∅. Then, P is covering. Indeed, suppose that F ∩ P � ∅ for some F ∈ E (H ) that cor-

responds to a stripe, then η(h) ∩ D ′ = ∅ for each h ∈ F , and thus there is a vertex of η(F ) that is
not dominated by D ′ or D ′ has at least two connected components.

We construct a set D ⊆ E (KP ) of weight at most k − kP that is a connected edge dominating set
of KP . Initially, D = ∅. For each F ∈ E (H ), we consider the following cases.

Case 1: F = {h} for some h ∈ V (H ).
Let (J ,Z ) be the strip corresponding to F . Add eF to D—note that the weight of eF is γc (J † N [Z ]),
which is at most |D ′ ∩ η(F ) |.
Case 2: F = {h,h′} for some h,h′ ∈ V (H ). The strip (J ,Z ) corresponding to F is a stripe.
Let Z = {z, z ′}, where z corresponds to h and z ′ to h′. Since P is covering, h ∈ P or h′ ∈ P . There
are several cases:

Case 2a: h,h′ ∈ P .
IfG[D ′ ∩ η(F )] is connected, η(F ′,h) ∩ D ′ � ∅, and η(F ′,h′) ∩ D ′ � ∅, then add eF to D—note that
the weight of eF is γc (J ) − γc (J † N [Z ]), which is at most |D ′ ∩ η(F ) | − γc (J † N [Z ]). Otherwise,
do nothing.

Case 2b: h ∈ P , h′ � P .
Add eF to D—note that the weight of eF is γc (J \ z ′), which is at most |D ′ ∩ η(F ) |, since η(h) \
η(F ,h) � ∅ and h′ � P .
Case 2c: h � P , h′ ∈ P .
Add eF to D—note that the weight of eF is γc (J \ z), which is at most |D ′ ∩ η(F ) |, since η(h′) \
η(F ,h′) � ∅ and h � P .
Case 3: F = {h,h′} for some h,h′ ∈ V (H ). The strip (J ,Z ) corresponding to F is a spot.
If the vertex of J \ Z is in D ′, then add eF to D—note that the weight of eF is |D ′ ∩ η(F ) |.
From the construction of D and the analysis in each of the above cases, it follows that wP (D) ≤
|D | − kP ≤ k − kP . To see that |D | ≤ k , observe that when we add an edge eF to D for some F ∈
E (H ), we can map it to a unique vertex of η(F ) ∩ D ′.

We now show thatD is an edge dominating set ofKP . Let e ∈ E (KP ). If e is incident on a vertexvh

with h ∈ P , then there is an F ∈ E (H ) with h ∈ F such that η(F ,h) ∩ D ′ � ∅. Note that it is possible

to choose F such that G[D ′ ∩ η(F )] is connected and η(F ,h′) ∩ D ′ � ∅ for each h′ ∈ F . For this F ,
by going through the above cases, an edge incident on vh will be added to D and e is dominated.
If e is not incident on any vertex vh for h ∈ V (H ), then e is an edge e ′F of the construction of
Case 1 or 2. Then, by the construction of D, e is dominated. We can now assume that e is incident
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only on vertices of vh for h ∈ V (H ) \ P . By the construction of KP , this implies that e was added
in Case 3 due to an F ∈ E (H ) that corresponds to a spot. Hence, there is an F ′ ∈ E (H ) (possibly

F = F ′) such thath ∈ F ′ orh′ ∈ F ′, and, respectively, η(F ′,h) ∩ D � ∅ or η(F ′,h′) ∩ D � ∅. Assume
it is the former. Note that F ′ corresponds to a spot; otherwise, h ∈ P , because η(F ′,h) ∩ D � ∅, a
contradiction. It follows that the edge eF ′ is in D, and thus e is dominated. Hence, D is an edge
dominating set.

It remains to show that KP [D] is connected. Define L ⊆ V (H ) such that h ∈ L if and only if
η(h) ∩ D ′ � ∅. Note that P ⊆ L. By the construction of D, it follows that eF ∈ D for some F ∈ E (H )

if and only if η(F ,h) ∩ D ′ � ∅ for each h ∈ F ∩ L and G[D ′ ∩ η(F )] is connected. Hence, KP [D] is
connected, becauseG[D ′] is connected. �

The previous lemma shows that it suffices to resolve certain instances of the Weighted Con-
nected Edge Dominating Set problem on multigraphs. Fortunately, this problem is fixed-
parameter tractable. We need the following auxiliary result.

Theorem 8.16. Let G be a connected graph on n vertices, w : E (G ) → N+ a weight function, and

k ∈ N+. Then, we can find in O∗ (16kW ) time a connected edge dominating set D of smallest weight

with |D | ≤ k , or correctly decide that no such set D exists, whereW = maxe ∈E (G ) {w (e )}.

Proof. We adapt the algorithm of Lemma 7.22. Recall that, given a graphG and a set S ⊆ V (G ),
a Steiner tree of S is a connected subgraph of G that contains all vertices of S .

Suppose that G has a connected edge dominating set D ⊆ V (G ) with |D | ≤ k . Then, G has a
minimal vertex cover C with |C | ≤ 2k , by taking (a subset of) the endpoints of the edges in D.
Moreover, D forms a Steiner tree of C . Conversely, if C ⊆ V (G ) is a vertex cover of G, then any
Steiner tree of C forms a connected edge dominating set of G.

This suggests the following algorithm. Enumerate all minimal vertex covers of G of size at
most 2k . This takes O ( |E (G ) | + k222k ) time using an algorithm of Damaschke [23], and there are
most 22k such vertex covers. If no such vertex cover is found, then there is no connected edge
dominating set D of G with |D | ≤ k . Otherwise, for each such minimal vertex cover C found, we
compute a minimum-weight Steiner tree of C , which takes O∗ (22kW ) time using an algorithm of
Nederlof [71]. We output the smallest-weight Steiner tree found. The correctness of this algorithm
was argued above, and the run time is as claimed. �

This theorem extends immediately to multigraphs: parallel edges can be replaced by a single
edge with weight equal to the minimum of the weights of the parallel edges, and a self-loop e of
a vertex v can be replaced by adding a pendant vertex v ′ and modifying e so that it is between v
and v ′. Unfortunately, our weight functions wP might set the weight of certain edges of KP to 0.
Hence, the above theorem might not be directly applicable, as it assumes positive edge weights.
However, there is a straightforward workaround.

Lemma 8.17. Let G be a graph, w : E (G ) → Z a weight function, and k ∈ Z. Then, in linear time,

we can construct a graph G ′, a weight function w ′ : E (G ′) → N+ ∪ {∞}, and a k ′ ∈ N+ such that G
has a connected edge dominating set of weight at most k (under w) if and only if G ′ has a connected

edge dominating set of weight at most k ′ (underw ′). In particular, k ′ ≤ max{1, 1 + k −w (N )}, where

N ⊆ V (G ) denotes the set of edges in G of nonpositive weight (under w).

Proof. If k < w (N ), then G has no connected edge dominating set of weight at most k , so
we can return a trivial “no”-instance (for example, a graph with a single edge of weight 2 and
k ′ = 1). So assume that k ≥ w (N ). If N = ∅, then we return G ′ = G, w ′ = w , k ′ = k if k > 0, a
trivial “yes”-instance if E (G ) = ∅ and k ≥ 0, and a trivial “no”-instance otherwise. Now recall that
the contraction of an edge (u,v ) ∈ E (G ) removes u and v , adds a vertex x that is adjacent to all
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neighbors of u and ofv , and removes self-loops (but not parallel edges). We call u andv contracted

vertices and x a fused vertex. Note that connectivity is maintained under contraction.
We now defineG ′ as follows. Starting withG, contract all edges of N , and let X ⊆ V (G ′) denote

the set of fused vertices and Y ⊆ V (G ) the set of contracted vertices. For each x ∈ X , add two
vertices sx , tx and edges (x , sx ) of weight 0 and (sx , tx ) of weight∞. For exactly one x ∈ X , we set
the weight of (x , sx ) to 1. Note that this defines a weight functionw ′ on E (G ′) that is the same for
all edges of E (G ′) ∩ E (G ). Finally, set k ′ = 1 + k −w (N ). Since k ≥ w (N ), indeed k ′ ∈ N+.

Suppose that G has a connected edge dominating set D with w (D) ≤ k . Since the edges of N
have nonpositive weight, we can assume that N ⊆ D. Then, we can also assume thatD contains no
edges of E (G ) \ N for which both endpoints are in the same connected component ofG[N ], which
means that no edges of D will be removed by removing loops that arise in the construction ofG ′.
We now claim that D ′ = {(x , sx ) | x ∈ X } ∪ (D \ N ) is a connected edge dominating set ofG ′ with
w ′(D ′) ≤ k ′. Suppose that e ∈ E (G ′) is not dominated by D ′. Then, e is not incident on x or sx for
any x ∈ X by the construction of D ′, so e ∈ E (G ) and e is incident on two vertices in V (G ) \ Y .
As D is an edge dominating set of G, there is an edge f ∈ D incident on one of the endpoints
of e . Moreover, f ∈ E (G ′), since the endpoint shared with e is not in Y . Hence, f ∈ D ′ and e is
dominated, a contradiction. Therefore,D ′ is an edge dominating set ofG ′. To see that it has weight
at most k ′, recall that k ≥ w (N ), N ⊆ D, and that D \ N does not contain any edges for which
both endpoints are in the same connected component ofG[N ], and thusw ′(D ′) = 1 +w ′(D \ N ) =
1 +w (D \ N ) ≤ 1 + k −W (N ) = k ′. Finally, G ′[D ′] is connected, because N ⊆ D and D ′ can be
obtained from D by contracting all edges of N and by adding edges incident on the fused vertices,
which retains connectivity.

Suppose that G ′ has an edge dominating set D ′ with w ′(D ′) ≤ k ′. By the construction
of G ′ and w ′, the edges (x , sx ) for each x ∈ X are in D ′, but the edges (sx , tx ) are not.
We now claim that D = (D ′ \ {(x , sx ) | x ∈ X }) ∪ N is a connected edge dominating set of G
with w (D) ≤ k . Indeed, w (D) = w (D ′ \ {(x , sx ) | x ∈ X }) +w (N ) = w ′(D ′ \ {(x , sx ) | x ∈ X }) +
w (N ) ≤ k ′ − 1 +w (N ) = k . Suppose that e ∈ E (G ) is not dominated by D. Then, e is not inci-
dent on Y , so e ∈ E (G ′) and e is incident on two vertices of V (G ′) \ {x , sx , tx | x ∈ X }. As D ′ is an
edge dominating set of G ′, there is an edge f ∈ D ′ incident on one of the endpoints of e . More-
over, f ∈ E (G ), since the endpoint shared with e is not in {x , sx , tx | x ∈ X }. Hence, f ∈ D and e
is dominated, a contradiction. Therefore, D is an edge dominating set of G. Finally, G[D] is con-
nected, because N ⊆ D and D is obtained from D ′ by uncontracting all edges of N , which retains
connectivity, since the uncontracted edge is added to D. �

Corollary 8.18. Let G be a multigraph, w : E (G ) → Z a weight function, and k ∈ Z. Then, we

can decide in O∗ (16max{1,1+k−w (N ) }W ) time whether G has a connected edge dominating set D with

w (D) ≤ k , where N ⊆ V (G ) denotes the set of edges in G of nonpositive weight (under w) and W =
maxe ∈E (G ) {w (e )}.

Theorem 8.19. LetG be a connected claw-free graph with n vertices and let k be an integer. Then,

there is an algorithm that runs in O∗ (64k ) time and that either correctly reports that γc (G ) > k or

returns a smallest connected dominating set of G.

Proof. We first preprocess the graph. We iteratively apply the following procedure. We check
whether G admits twins; this can be done in O (n +m) time by Theorem 3.3. If so, then following
Lemma 8.2, we can find a connected claw-free graph G ′ with |V (G ′) | < |V (G ) | such that γc (G ) =
γc (G ′) in linear time, and continue to the next iteration withG = G ′. Otherwise,G does not admit
twins, and we check whether G admits a proper W-join; this can be done in O (n2m) time by
Theorem 3.2. If so, then the following Lemma 8.3, we can find a connected claw-free graph G ′
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with |E (G ′) | < |E (G ) | (note that proper W-joins have at least two edges by definition, and one
remains after applying the lemma) such that γc (G ) = γc (G ′) in linear time, and continue to the
next iteration with G = G ′. Since the number of edges decreases in every iteration, there are at
mostm iterations, and the run time of the procedure isO (n6). After the procedure finishes, we end
up with a connected claw-free graph that does not admit twins nor proper W-joins for which the
size of its smallest dominating set is unchanged. By abuse of notation, we call this graphG as well.

We test whether γc (G ) ≤ 7 using the algorithm of Lemma 8.4 in O (n8) time. If so, then the
algorithm actually gives a connected dominating set of size γc (G ), and we are done. Otherwise, if
α (G ) ≤ 3, then γc (G ) ≤ 7 by Proposition 7.2 and Proposition 8.1, a contradiction. Hence, α (G ) > 3.

We then apply Theorem 6.8 inO (n2m3/2) time. If it outputs thatG is a proper circular-arc graph,
then we can compute γc (G ) in linear time by Theorem 8.6. If it outputs thatG is a thickening of an
XX-trigraph, then we can compute γc (G ) in O (n5) time by Lemma 8.7. It remains that it outputs
that G admits a strip-structure such that for each strip (J ,Z ):

• (J ,Z ) is a trivial line graph strip, or
• (J ,Z ) is a stripe for which

—1 ≤ |Z | ≤ 2, α (J ) ≤ 3, and V (J ) \ N [Z ] � ∅,
— |Z | = 1, J is a proper circular-arc graph, and either J is a (strong) clique or α (J ) > 3,
— |Z | = 2, J is a proper interval graph, and either J is a (strong) clique or α (J ) > 3, or
— (J ,Z ) is a thickening of a member ofZ5.

We now determine the set P (H ), which takes linear time. Then, for each P ⊆ P (H ) such that P
is covering, compute the triple (KP ,wP ,kP ). Using Proposition 8.13 and Lemmas 8.9, 8.10, 8.11,
and 8.12, we can to compute a set D ⊆ V (J ) \ Z of size γc (J \Q ) that dominates J \Q for any
Q ⊆ Z and a set D ⊆ V (J ) \ Z of size γc (J † N [Z ]) that dominates J \ N [Z ] and that has for each
component a vertex of N (Z ) for the strips (J ,Z ) of the strip-structure. Hence, we can compute
the triple (KP ,wP ,kP ) in O (n8) time. Note that the number of vertices of KP is in the order of
|E (H ) |, which is O (n), because each strip contains at least one vertex of G that is unique to it.
Moreover, the weight of each edge of KP under wP is nonnegative and at most k +O (1) = O (n),
or we can answer “no.” Then, using Corollary 8.18, we can decide inO∗ (16k ) time whether KP has
a connected edge dominating set D of smallest weight such that wP (D) ≤ k − kP . If so, then by
Lemma 8.15, γc (G ) ≤ k . Moreover, since D is a connected edge dominating set of KP of smallest
weight, the transformation of Lemma 8.15 gives a smallest dominating set of G. If Corollary 8.18
returns for all P ⊆ P (H ) that are covering that there is no connected edge dominating set D of KP

with |D | ≤ k , then we can answer NO by Lemma 8.15. Since |P (H ) | ≤ 2k by Lemma 7.17, the run
time is O∗ (22k16k ) = O∗ (64k ). �

Note that the polynomial factor hidden in the O∗ is at least n8. Also, observe that the above
algorithm can be modified to take into account that in Corollary 8.18/Theorem 8.16 we are only
interested in minimal vertex covers that contain every vertex vh for h ∈ P . This can be argued in
a manner similar to Lemma 7.22. Hence, we only need to enumerate minimal vertex covers of size
2k − |P | in Theorem 8.16. Then, the run time improves to

2k∑
i=0

(
2k

i

)
22k−i22k = 22k

2k∑
i=0

(
2k

i

)
22k−i = 22k32k .

Corollary 8.20. LetG be a connected claw-free graph and let k be an integer. Then, we can decide

in O∗ (36k ) time whether γc (G ) ≤ k .
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9 POLYNOMIAL KERNEL FOR DOMINATING SET

We show that Dominating Set has a polynomial kernel on claw-free graphs. The basic idea of
our kernel is to replace each stripe of the strip-structure given in Theorem 6.7 by a stripe of size
at most constant or linear in k . We show how to do this in Section 9.1. We then reduce the strip-
structure itself to have polynomial size in Section 9.2. We combine these ideas in Section 9.3 to
give the actual kernel.

9.1 Reducing Stripes

In this subsection, we show how to reduce the stripes of a strip-structure for a claw-free graph to
have small size, and essentially provide a kernel for individual stripes. These kernels preserve the
value ofγ (J \ (Q ∪ R) | N [R]) for any disjointQ,R ⊆ Z , in line with the ideas behind the algorithm
described in Section 7. We show that each “stripe kernel” has linear size, and often even constant
size.

To actually find and use such kernels, we need the following lemmas. The first lemma shows
that we can replace one stripe with another that, when appropriately chosen, yields an equivalent
instance of Dominating Set.

Lemma 9.1. Let G be a graph, let (H ,η) be a purified strip-structure of nullity zero for G, and

let F ∈ E (H ) correspond to a stripe (J ,Z ). Let (J ′,Z ′) be a claw-free stripe and k ′ ≥ 0 be an integer

such that Z = Z ′ and γ (J \ (Q ∪ R) | N [R]) = γ (J ′ \ (Q ∪ R) | N [R]) + k ′ for any disjointQ,R ⊆ Z .

LetG ′ be obtained fromG by replacing the vertices of η(F ) = V (J ) \ Z by those ofV (J ′) \ Z and let k
be an integer. Then, G ′ has a purified strip-structure (H ′,η′) of nullity zero such that G ′ and (H ′,η′)
have the following properties:

• V (H ) = V (H ′), E (H ) = E (H ′), F ′ in H is equal to F ′ in H ′ for each F ′ ∈ E (H ) = E (H ′),
• η′(F ′) = η(F ′) for each F ′ ∈ E (H ) \ {F } and η′(F ) = V (J ′) \ Z ,

• γ (G ) ≤ k if and only if γ (G ′) ≤ k − k ′, and

• if G is claw-free, then so is G ′.

Proof. The statements about the existence of (H ′,η′) are straightforward. Hence, we focus on
proving the final two statements of the lemma.

Let D be a smallest dominating set ofG, and assume |D | ≤ k . We first construct two disjoint sets

Q,R ⊆ Z . Initially, Q = R = ∅. Consider each h ∈ F and let z ∈ Z correspond to h. If D ∩ η(h) = ∅,
then add z to Q . If D ∩ η(h) � ∅ and D ∩ η(F ,h) = ∅, then add z to R.

Observe that the construction of Q,R implies that if a set S ⊆ V (J ) \ Z dominates V (J ) \ (Q ∪
N [R]), then (D \ η(F )) ∪ S is a dominating set of G. Indeed, let h ∈ F with corresponding z ∈ Z .
If D ∩ η(h) = ∅, then S dominates η(F ,h) = N (z). If D ∩ η(h) � ∅ and D ∩ η(F ,h) = ∅, then S does
not necessarily dominate η(F ,h) = N (z), because it is already dominated by a vertex inD ∩ (η(h) \
η(F ,h)) � ∅. Otherwise, the vertex z ensures that N (z) contains a vertex of S . All other vertices are
straightforwardly dominated by D \ η(F ) or S . It is important to note that this observation holds
regardless of the inner structure of (J ,Z ).

Since D is a smallest dominating set ofG, the above observation implies that |D ∩ η(F ) | ≤ γ (J \
(Q ∪ R) | N [R]). A similar argument as in the above observation also implies that if S ′ ⊆ V (J ′) \ Z
dominates V (J ′) \ (Q ∪ N [R]), then (D \ η(F )) ∪ S ′ is a dominating set of G ′. Using this with a
set S ′ that attains γ (J ′ \ (Q ∪ R) | N [R]) implies that

γ (G ′)≤ |(D \ η(F )) ∪ S ′ | ≤γ (G )−γ (J \ (Q∪R) |N [R])+γ (J ′ \ (Q∪R) | N [R])≤γ (G )−k ′ ≤ k−k ′.

For the converse, we apply the same argument. Since η(h) is a clique for each h ∈ V (H ), it follows
immediately from the fact that J ′ is claw-free thatG ′ is claw-free if G is. �
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We also need the following definition to simplify the algorithms that find “stripe kernels.”

Definition 9.2. Let (J ,Z ) be a stripe that is a thickeningW of a stripe (J ′,Z ′) such that J is
a graph. Then, (J ,Z ) is called semi-thickened if Wv ′ ∪Ww ′ does not contain twins in J for any
v ′,w ′ ∈ V (J ′) \ Z ′ (possibly v ′ = w ′) that are not incident on a semi-edge in J ′.

Note that this definition implies in particular thatv ′,w ′ ∈ V (J ′) \ Z ′ are not twins in J ′ ifv ′,w ′

are not incident on a semi-edge.
We now show that we get this property essentially for free for stripes that arise in a graph that

does not admit twins.

Lemma 9.3. Let G be a graph, let (H ,η) be a purified strip-structure of nullity zero for G, and let

F ∈ E (H ) correspond to a stripe (J ,Z ) such that J is a graph and (J ,Z ) is a thickeningW of a stripe

(J ′,Z ′). If G does not admit twins, then (J ,Z ) is semi-thickened.

Proof. Suppose thatG does not admit twins. Let v ′,w ′ ∈ V (J ′) \ Z ′ (possibly v ′ = w ′) that are
not incident on a semi-edge in J ′. Suppose thatWv ′ ∪Ww ′ contains two vertices v,w that form
twins in J . Since v ′,w ′ � Z ′, v,w ∈ V (G ), and the definition of a strip-structure implies that G
admits twins v,w , a contradiction. Hence, (J ,Z ) is semi-thickened. �

We now show a basic operation to reduce the size of certain stripes. This operation preserves
claw-freeness and semi-thickedness.

Lemma 9.4. Let G be a graph, let (H ,η) be a purified strip-structure of nullity zero for G, and let

F ∈ E (H ) correspond to a stripe (J ,Z ) such that J is a graph and (J ,Z ) is a thickeningW of a stripe

(J ′′,Z ′′). Then, in linear time, we can compute a graph G ′ and a purified strip-structure (H ′,η′) of

nullity zero such that:

• V (H ) = V (H ′), E (H ) = E (H ′), F ′ in H is equal to F ′ in H ′ for each F ′ ∈ E (H ) = E (H ′),
• η′(F ′) = η(F ′) for each F ′ ∈ E (H ) \ {F },
• γ (G ) = γ (G ′),
• the stripe (J ′,Z ′) corresponding to F under η′ is a thickeningW′ of (J ′′,Z ′′),
• |W ′

w ′′ | = 1 if w ′′ ∈ V (J ′′) is not incident on a semi-edge in J ′′,
• |W ′

v ′′ | + |W
′

w ′′ | ≤ 3 if v ′′,w ′′ ∈ V (J ′′) are semiadjacent in J ′′,
• if G is claw-free, then so is G ′, and

• if J is semi-thickened, then so is J ′.

It is important to note that this lemma crucially relies on knowing both (J ′′,Z ′′) and the thick-
eningW , and we assume them to be given as input to the algorithm.

Proof. Letw ′′ ∈ V (J ′′) \ Z ′′ and suppose thatw ′′ is not incident on a semi-edge. If |Ww ′′ | ≥ 2,
then any two vertices of Ww ′′ form twins in G. Using Lemma 7.3, we can remove one of these
vertices from G without changing the size of the smallest dominating set and without disturbing
the absence of claws.

Let v ′′,w ′′ ∈ V (J ′′) \ Z ′′ and suppose that v ′′ and w ′′ are semiadjacent. Since J is a graph,
(Wv ′′,Ww ′′ ) is a W-join in G. Using Lemma 7.4, we can remove vertices of this W-join from G
without changing the size of the smallest dominating set and without disturbing the absence of
claws.

By applying this to allw ′′ ∈ V (J ′′) \ Z ′′ that are not incident on a semi-edge, and to allv ′′,w ′′ ∈
V (J ′′) \ Z ′′ that are semiadjacent, we arrive at the requested graph G ′. Using the definition of a
thickening, it is straightforward to see thatG ′ has a purified strip-structure (H ′,η′) of nullity zero
such thatG ′ and (H ′,η′) have the required properties. Moreover, Lemmas 7.3 and 7.4 imply thatG ′
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and (H ′,η′) can be computed in linear time. Since we only delete vertices, ifG is claw-free, then so
is G ′. The construction implies straightforwardly that (J ′,Z ′) is a thickening of (J ′′,Z ′′). Hence,
if J is semi-thickened, then so is J ′. �

This lemma leads to the following definition.

Definition 9.5. Let G be a graph, let (H ,η) be a purified strip-structure of nullity zero for G,
and let F ∈ E (H ) correspond to a stripe (J ,Z ) such that J is a graph and (J ,Z ) is a thickeningW
of a stripe (J ′′,Z ′′). Then, (J ,Z ) is reduced if |Ww ′′ | = 1 when w ′′ ∈ V (J ′′) is not incident on a
semi-edge in J ′′ and |W ′

v ′′ | + |W
′

w ′′ | ≤ 3 when v ′′,w ′′ ∈ V (J ′′) are semiadjacent in J ′′.

We now describe how to find “stripe kernels” and consider stripes (J ,Z ) with |Z | = 1 and |Z | = 2
separately.

9.1.1 |Z | = 1. Stripes (J ,Z ) with |Z | = 1 are reasonable straightforward to reduce to an equiv-
alent stripe (in the sense of Lemma 9.1) of constant size.

Lemma 9.6. Let (J ,Z ) be a stripe such that J is a graph and |Z | = 1. Given the values of γ (J \
(Q ∪ R) | N [R]) for any disjointQ,R ⊆ Z , we can compute in constant time a claw-free stripe (J ′,Z ′)
and an integer k ′ ≥ 0 such that Z = Z ′, |V (J ′) | ≤ 4, and γ (J \ (Q ∪ R) | N [R]) = γ (J ′ \ (Q ∪ R) |
N [R]) + k ′ for any disjoint Q,R ⊆ Z .

Proof. Let Z = {z}. First, we observe that γ (J \ Z | N [Z ]) ≤ γ (J \ Z ) ≤ γ (J ). The first inequal-
ity holds by definition. To see the second inequality, recall that N [Z ] is a (strong) clique. Consider
any dominating set D of J . If z ∈ D, then replace it by any vertex in N (z). The resulting set is still
a dominating set of J , and by construction, also of J \ Z .

Second, observe that 0 ≤ γ (J ) − γ (J \ Z | N [Z ]) ≤ 1, because any dominating set of J \ Z where
N [Z ] does not need to be dominated can be made into a dominating set of J by simply adding z
to it.

From the above observations, there are three cases to consider. First, suppose that γ (J \ Z |
N [Z ]) + 1 = γ (J \ Z ) = γ (J ). Let J ′ be a two-vertex path with z as one of its ends and let Z ′ = {z}.
Let k ′ = γ (J \ Z | N [Z ]). Note that γ (J ′) = γ (J ′ \ Z ′) = 1 and that γ (J ′ \ Z ′ | N [Z ′]) = 0. Hence,
(J ′,Z ′) is as required by the lemma statement.

Suppose that γ (J \ Z | N [Z ]) = γ (J \ Z ) = γ (J ) − 1. Let J ′ be a four-vertex path with z as one
of its ends and let Z ′ = {z}. Let k ′ = γ (J \ Z | N [Z ]) − 1. Note that γ (J ′) = 2 and that γ (J ′ \ Z ′ |
N [Z ′]) = γ (J ′ \ Z ′) = 1. Moreover, k ′ ≥ 0, because γ (J \ Z ) < γ (J ), implying that any smallest
dominating set D for J \ Z satisfies D ∩ N (Z ) = ∅, even though the vertices in the nonempty set
N (Z ) have to be dominated. Therefore, V (J ) \ N [Z ] � ∅, and thus γ (J \ Z | N [Z ]) > 0. Hence,
(J ,Z ′) is as required by the lemma statement.

Finally, suppose that γ (J \ Z | N [Z ]) = γ (J \ Z ) = γ (J ). Let J ′ be a three-vertex path with z
as one of its ends and let Z ′ = {z}. Let k ′ = γ (J ) − 1. Note that γ (J ′ \ Z ′ | N [Z ′]) = γ (J ′ \ Z ′) =
γ (J ′) = 1. Moreover, γ (J ) ≥ 1 as N (z) is nonempty, and thus k ′ ≥ 0. Hence, (J ,Z ′) is as required
by the lemma statement.

Given the values of γ (J \ (Q ∪ R) | N [R]) for any disjoint Q,R ⊆ Z , we can trivially compute
the (J ′,Z ′) prescribed by the three above cases in constant time. �

9.1.2 |Z | = 2. Stripes (J ,Z ) with |Z | = 2 are significantly harder to reduce, because it seems
infeasible to provide the generic construction like we provided for the case |Z | = 1: there would
be too many different cases to deal with. Therefore, we consider the stripes with |Z | = 2 that can
occur in Theorem 6.7, and find an explicit “stripe kernel” for each of them.
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Lemma 9.7. Let (J ,Z ) be a stripe such that J is a proper interval graph and |Z | = 2. Then, we

can compute in linear time a claw-free stripe (J ′,Z ′) such that Z = Z ′, |V (J ′) | ≤ 18γ (J ) + 2, and

γ (J \ (Q ∪ R) | N [R]) = γ (J ′ \ (Q ∪ R) | N [R]) for any disjoint Q,R ⊆ Z .

Proof. We find a proper interval representation of J ; this takes linear time [24]. From now
on, we will not distinguish between the vertices and their corresponding intervals. Number the
intervals in order of their left endpoints:v1, . . . ,vn , where n = |V (J ) |. We make two crucial claims.

Claim 9.7.1. γ (J \ (Q ∪ R) | N [R]) = γ (J \ (Q ∪ N [R])) for any disjoint Q,R ⊆ Z .

Proof. Let D ⊆ V (J ) \ (Q ∪ R) be a smallest set dominatingV (J ) \ (Q ∪ N [R]) that (among all
such smallest dominating sets) has the least number of vertices in N (R). Suppose that D ∩ N (R) �
∅, and letvi ∈ N (R) ∩ D. By the choice of D,vi must have a neighborvj that is not in N [R], nor in
the dominating set, nor dominated by D \ N [R]; otherwise, either D is not smallest or D ∩ N (R)
is not smallest, a contradiction. We will show that we can replace vi by vj . Let vk � vj be any
neighbor of vi that is not in N [R], nor in the dominating set, nor dominated by D \ N [R]. Note
that any such vk is uniquely dominated by vi , and might not be dominated by vj . Since vj ,vk are
not in N (R) and J is a proper interval graph, j,k > i or j,k < i . Assume without loss of generality
that it is the former. Then, i < j < k or i < k < j, and thus the fact that J is a proper interval
graph implies that vj and vk are adjacent. Hence, (D \ {vi }) ∪ {vj } is also a smallest subset of
V (J ) \ (Q ∪ R) dominating V (J ) \ (Q ∪ R), but with a strictly smaller number of vertices in N (R),
contradicting the choice of D. Therefore, D ∩ N (R) = ∅, and the claim follows. 


Claim 9.7.2. The following greedy algorithm finds a smallest dominating set of a proper interval

graph: consider the leftmost still undominated vertex v and add the rightmost neighbor of v to the

dominating set. Moreover, the algorithm runs in linear time.

Proof. Straightforward by induction using that the graph is a proper interval graph. 


We now show the following. Consider arbitrary disjoint Q,R ⊆ Z . Let D denote a smallest
dominating set for J \ (Q ∪ N [R]) as found by the strategy of Claim 9.7.2. Let Du denote the set
of leftmost undominated vertices as considered by the strategy. For any A ⊆ V (J ), consider the
graph (J [A ∪ D ∪ Du ]) \ (Q ∪ N [R]). Observe that the vertices in A are irrelevant to the algo-
rithm of Claim 9.7.2, because the algorithm only uses the vertices in Du to compute D. Therefore,
γ ((J [A ∪ D ∪ Du ]) \ (Q ∪ N [R])) = γ (J \ (Q ∪ N [R])).

We now construct J ′ as follows. For each disjoint Q,R ⊆ Z , it follows from Claim 9.7.1 that
γ (J \ (Q ∪ R) | N [R]) = γ (J \ (Q ∪ N [R])). Using the algorithm of Claim 9.7.2, find a smallest dom-
inating set D for J \ (Q ∪ N [R]). Let Du be as in the above paragraph. Add D and Du to J ′. Also
ensure that the vertices of Z are added to J ′ and set Z ′ = Z . The observation of the previous para-
graph together with Claim 9.7.1 now implies that γ (J \ (Q ∪ R) | N [R]) = γ (J ′ \ (Q ∪ R) | N [R])
for any disjoint Q,R ⊆ Z . Moreover, the neighborhood of each z ∈ Z is nonempty in J ′ by con-
struction. Hence, J ′ is a claw-free stripe. Finally, since there are nine choices for Q,R, it follows
that |V (J ′) | ≤ 18γ (J ) + 2.

Lemma 9.8. Let (J ,Z ) be a reduced stripe such that (J ,Z ) is a thickeningW of a member (J ′′,Z ′′)
ofZ2, J is a graph, and (J ,Z ) is semi-thickened. Then, we can compute in linear time a claw-free stripe

(J ′,Z ′) such that Z = Z ′, |V (J ′) | ≤ 26, and γ (J \ (Q ∪ R) | N [R]) = γ (J ′ \ (Q ∪ R) | N [R]) for any

disjoint Q,R ⊆ Z .

Proof. Let n, a0, b0, A = {a1, . . . ,an }, B = {b1, . . . ,bn }, C = {c1, . . . , cn }, and X be as in the
definition of Z2. As in Lemma 4.2, we may assume without loss of generality that a1,b1 are
semiadjacent (and thus c1 ∈ X ), that a2, c2 are semiadjacent (and thus b2 ∈ X ), and that b3, c3 are
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semiadjacent (and thus a3 ∈ X ). Moreover, the analysis of Lemma 4.2 implies that without loss of
generality |X ∩ {ai ,bi , ci }| ∈ {1, 3} for i = 1, 2, 3.

Throughout the remainder of the proof, let i, i ′ ∈ {1, . . . ,n}. Suppose that ai ,ai′ � X and
bi ,bi′, ci , ci′ ∈ X . Then, i, i ′ ≥ 4 and Wai

∪Wai′ is a homogenous clique, which contradicts that
(J ,Z ) is semi-thickened, because ai and ai′ are not incident on a semi-edge in J ′. Hence, there is
at most one i ≥ 4 such that ai � X , bi , ci ∈ X , andWai

� ∅, and for such a value of i , |Wai
| ≤ 1, be-

cause ai is not incident on a semi-edge and (J ,Z ) is reduced. Similar observations apply if bi � X
and ai , ci ∈ X , or ci � X and ai ,bi ∈ X .

Suppose that ai ,ai′,bi ,bi′ � X and ci , ci′ ∈ X . Observe that any vertex in Wai
combined with

any vertex inWbi′ dominates J , but no single vertex ofWai
,Wai′ ,Wbi

, orWbi′ does. Hence, we can
remove all vertices ofWai′′ andWbi′′ for any i

′′ ≥ 4 with i ′′ � i, i ′, ai′′,bi′′ � X , and ci′′ ∈ X . With-
out loss of generality, i ′ ≥ 4. Since neither ai′ nor bi′ are incident on a semi-edge, |Wai′ |, |Wbi′ | = 1,
because (J ,Z ) is reduced. If i ≥ 4, then we can similarly observe that |Wai

|, |Wbi
| = 1. Otherwise,

i = 1. Since a1 and b1 are semiadjacent, |Wa1 ∪Wb1
| ≤ 3, because (J ,Z ) is reduced. Similar reduc-

tions apply if ai ,ai′, ci , ci′ � X andbi ,bi′ ∈ X , orbi ,bi′, ci , ci′ � X and ai ,ai′ ∈ X . (Note that in these
cases, for example,Wai

combined withWci′ dominates J except one vertex from Z ; however, this
does not influence the correctness of the reduction rule that is applied here.)

Suppose that ai ,ai′,bi ,bi′, ci , ci′ � X . Then, i, i ′ ≥ 4. Again, any vertex in Wai
combined with

any vertex in Wbi′ dominates J , but no single vertex of Wai
, Wai′ , Wbi

, or Wbi′ does. Hence, we
can remove all vertices ofWai′′ andWbi′′ for any i ′′ ≥ 4 with i ′′ � i, i ′ and ai′′,bi′′, ci′′ � X . Since
ai ,ai′,bi ,bi′, ci , ci′ are all not incident on a semi-edge, |Wai

|, |Wai′ |, |Wbi
|, |Wbi′ |, |Wci

|, |Wci′ | = 1,
because (J ,Z ) is reduced.

Let J ′ denote stripe that remains after applying the above reduction operations, and let Z ′ = Z .
From the above reductions, |V (J ′) | ≤ 15 + 9 + 2 = 26. Moreover, it is straightforward to see that
(J ′,Z ′) is still a thickening of a member of Z2. Finally, γ (J \ (Q ∪ R) | N [R]) = γ (J ′ \ (Q ∪ R) |
N [R]) for any disjoint Q,R ⊆ Z by construction. �

Lemma 9.9. Let (J ,Z ) be a reduced stripe such that (J ,Z ) is a thickeningW of a member (J ′′,Z ′′)
ofZ3, J is a graph, and (J ,Z ) is semi-thickened. Then, we can compute in linear time a claw-free stripe

(J ′,Z ′) such that Z = Z ′, |V (J ′) | ≤ 23, and γ (J \ (Q ∪ R) | N [R]) = γ (J ′ \ (Q ∪ R) | N [R]) for any

disjoint Q,R ⊆ Z .

Proof. LetH ,h1, . . . ,h5 be as in the definition ofZ3, and let P = {h1, . . . ,h5}. Recall that J ′′ is a
line trigraph of H , where the vertex corresponding to the edge h2h3 and the vertex corresponding
to the edgeh3h4 are made strongly antiadjacent or semiadjacent. By the assumptions of the lemma,
we know H and P .

Claim 9.9.1. Without loss of generality, no two vertices of P are adjacent to more than one vertex

of V (H ) \ P of degree 2.

Proof. Let T denote the set of vertices in V (H ) \ P that have degree two and that are adjacent
to h2 and h3 (see Figure 8). Suppose that |T | ≥ 2. Let E denote the set of edges in H incident on h2

and a vertex ofT , and let F denote the set of edges in H incident on h3 and a vertex ofT . Note that
|E | = |F | = |T | ≥ 2. Moreover, since h2 and h3 both have degree at least 3, no semi-edge of (J ′′,Z ′′)
is incident on exactly one vertex corresponding to an edge of E or F .

We provide a modified member (J ′′′,Z ′′′) of Z3 and a modified thickeningW′′′ to (J ,Z ). Ini-
tially, (J ′′′,Z ′′′) is equal to (J ′′,Z ′′) andW′′′ =W , and in particular, H ′′′ and H are the same.
Now add a new vertex v to H ′′′ and make it adjacent to h2 and h3. Let e and f denote the corre-
sponding edges. Make e and f semiadjacent in J ′′′. Now setW ′′′

e =
⋃

a∈E Wa andW ′′′
f
=

⋃
a∈F Wa .

Remove E, F , and T from H and blankW ′′′
a for each a ∈ E ∪ F . Since each a ∈ E is adjacent in J ′′
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Fig. 8. On the left: A graph H that follows the constraints of the definition of Z3 with one vertex adjacent

to h2 and h3. On the right: A line trigraph of H . In particular, this is a member ofZ3. The thick dotted edge

is an edge or a semi-edge. The thin dotted edge is a semi-edge or a non-edge.

to exactly one b ∈ E and vice versa, it follows from the assumption that |E | = |F | ≥ 2 thatW ′′′
e is

neither complete nor anticomplete toW ′′′
f

. By construction, (J ′′′,Z ′′′) is a member of Z3 based

on H ′′′, and (J ,Z ) is the thickeningW′′′ of (J ′′′,Z ′′′).
Similar arguments can be made with respect to h2 and h4, and h3 and h4. 


Note that the above modification could possibly destroy the property that (J ,Z ) is reduced.
However, then we simply apply Lemma 9.4. Therefore, we may assume that (J ,Z ) is reduced and
that no two vertices of P are adjacent to more than one vertex of V (H ) \ P of degree 2.

The fact that (J ,Z ) is reduced now implies that vertices ofV (H ) \ P of degree 2 are responsible
for at most 3 · 3 = 9 vertices ofV (J ). Also observe that ifv,v ′ ∈ V (H ) \ P are of degree 1, then any
two vertices fromWe ∪We ′ would imply the existence of twins in J (where e, e ′ are the edges of H
incident on v,v ′, respectively), which contradicts that (J ,Z ) is semi-thickened. Hence, these ver-
tices ofV (H ) \ P are responsible for at most 3 vertices ofV (J ). Also observe that h2h3 and h3h4 are
antiadjacent in J ′′, and therefore, the fact that (J ,Z ) is reduced implies that |Wh2h3

| + |Wh3h4
| ≤ 3.

Now observe that any vertex fromWh2h3
and any vertex fromWh3h4

together dominate J . Hence,
ifT is the set of vertices ofV (H ) \ P of degree 3 and there exists aT ′ ⊆ T of size 2, thenWe can be
removed for any e incident on a vertex ofT \T ′. Indeed, if for some disjointQ,R ⊆ Z a dominating
setD that attains γ (J \ (Q ∪ R) | N [R]) contains a vertexv fromWe where e is incident on a vertex
ofT \T ′, then there is a vertexv ′ fromWe ′ that is not dominated byv where e ′ is an edge incident
on a vertex ofT ′. Hence, |D | ≥ 2, and any vertex fromWh2h3

and any vertex fromWh3h4
combined

would form an equally small dominating set. After applying this reduction, vertices of V (H ) \ P
of degree 3 are responsible for at most 2 · 3 = 6 vertices of V (J ).

Let J ′ denote stripe that remains after applying the above reduction operations, and let Z ′ = Z .
From the above reductions, |V (J ′) | ≤ 23. Moreover, it is straightforward to see that (J ′,Z ′) is still
a thickening of a member of Z2. Finally, γ (J \ (Q ∪ R) | N [R]) = γ (J ′ \ (Q ∪ R) | N [R]) for any
disjoint Q,R ⊆ Z by construction. �

Lemma 9.10. Let (J ,Z ) be a reduced stripe such that (J ,Z ) is a thickeningW of a member (J ′′,Z ′′)
of Z4 and J is a graph. Then, we can compute in constant time a claw-free stripe (J ′,Z ′) such that

Z = Z ′, |V (J ′) | ≤ 11, and γ (J \ (Q ∪ R) | N [R]) = γ (J ′ \ (Q ∪ R) | N [R]) for any disjoint Q,R ⊆ Z .

Proof. It suffices to observe that (J ′,Z ′) has 9 vertices and two semi-edges. Since (J ,Z ) is
reduced, it follows that |V (J ) | ≤ 11. Hence, we simply output J ′ = J and Z ′ = Z . �

Lemma 9.11. Let (J ,Z ) be a reduced stripe such that (J ,Z ) is a thickeningW of a member (J ′′,Z ′′)
of Z5 and J is a graph. Then, we can compute in constant time a claw-free stripe (J ′,Z ′) such that

Z = Z ′, |V (J ′) | ≤ 14, and γ (J \ (Q ∪ R) | N [R]) = γ (J ′ \ (Q ∪ R) | N [R]) for any disjoint Q,R ⊆ Z .

Proof. It suffices to observe that (J ′,Z ′) has at most 13 vertices and one semi-edge. Since (J ,Z )
is reduced, it follows that |V (J ) | ≤ 14. Hence, we simply output J ′ = J and Z ′ = Z . �
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9.2 Reducing the Number of Strips

Throughout this subsection, letG be a connected claw-free graph that has a purified strip-structure

(H ,η) of nullity zero such that 1 ≤ |F | ≤ 2 for each F ∈ E (H ). Let k be an integer.
Observe that the strip-graph H can be seen as a multigraph (with self-loops) with vertex set

V (H ) and edge set E (H ). Indeed, each F ∈ E (H ) with |F | = 2 can be seen as a normal edge, and

each F ∈ E (H ) with |F | = 1 can be seen as a self-loop.

Definition 9.12. Let Ĥ denote the multigraph obtained from H (seen as a multigraph) by adding
a self-loop to each h ∈ P (H ). We call these self-loops force edges.

Recall Definition 7.16 for the definition of P (H ).

Now recall that ρ (Ĥ ) is the size of a smallest edge dominating set of Ĥ . The following lemma
will be very helpful to reduce the number of strips of (H ,η).

Lemma 9.13. If γ (G ) ≤ k , then ρ (Ĥ ) ≤ k .

Proof. Let D be a dominating set of G of size at most k . Let L denote the set of all F ∈ E (H ) ⊆
E (Ĥ ) for whichD ∩ η(F ) � ∅. By construction, |L| ≤ |D |. We claim that L is an edge dominating set

of Ĥ . For sake of contradiction, let F ∈ E (Ĥ ) not share an endpoint with an edge of L. We consider
two cases, and obtain a contradiction in both, proving the claim and thus the lemma.

Suppose that F is a force edge, incident on h ∈ V (H ). By definition, there exists an F ′ ∈ E (H )

such that h ∈ F ′ and F ′ corresponds to a stripe. By assumption, η(h) ∩ D = ∅ and η(F ′) ∩ D = ∅.
However, since F ′ corresponds to a stripe, it follows by the definition of stripes and strip-structures
that every vertex ofG that is adjacent to a vertex of η(F ′,h) is in η(h) ∪ η(F ′). Hence, every vertex
of η(F ′,h) is not dominated by D, a contradiction.

Suppose that F ∈ E (H ). By assumption, η(F ) ∩ D = ∅ and η(h) ∩ D = ∅ for each h ∈ F . How-
ever, it follows by the definition of strip-structures that every vertex of G that is adjacent to
a vertex of η(F ) is in η(F ) ∪⋃

h∈F η(h). Hence, the vertices of η(F ) are not dominated by D, a
contradiction. �

The preceding lemma enables the transfer of ideas from polynomial kernels for Edge Domi-
nating Set [36, 81]. Note that the presence of stripes makes a direct application of these kernels
infeasible. Although it is possible to use the basic ideas from any one of these kernels,1 we will in
fact use a simplification of the ideas in the kernel by Xiao et al. [81]. For this, we need the following

straightforward corollary of Lemma 9.13. Recall that ν (Ĥ ) denotes the size of a largest matching

of Ĥ .

Corollary 9.14. If γ (G ) ≤ k , then ν (Ĥ ) ≤ 2k .

Proof. Let L denote an edge dominating set of Ĥ of size at most k ; L exists by Lemma 9.13.

LetM be a largest matching of Ĥ . If F ∈ M , then at least one of the endpoints must be shared with
an F ′ ∈ L. Hence, |M | ≤ 2|L| ≤ 2k . �

Given a setM ⊆ E (Ĥ ), letM denote the set of endpoints of the edges ofM . Note thatM ⊆ V (H ).

Definition 9.15. Let M = M (Ĥ ) be any largest matching of Ĥ . LetV (H ) be the union of M and

any inclusion-wise minimal set B of vertices of Ĥ such that each v ∈ M has at least min{2k + 1,

|N
Ĥ

(v ) |} neighbors in Ĥ in the setM ∪ B. Let E (H ) denote the set of F ∈ E (Ĥ ) such that F ⊆ V (Ĥ ).

1In the conference version of this article, we relied on the kernel of Fernau [36]. Using the ideas from the kernel by Xiao

et al. [81], we end up with a slightly smaller bound on the size of the kernel, as well as a slightly easier description.
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The strip-graph induced byV (H ) and E (H ) is denotedH . The restriction ofη toE (H ) is denoted ζ .
Let G be the graph obtained from G by removing each vertex of η(F ) for each F ∈ E (H ) \ E (H ).

We make the following observation.

Proposition 9.16. Let M = M (Ĥ ). For any F ∈ E (H ), if |F | = 2, then F ∩M � ∅. If F corresponds

to a stripe, then F ∈ E (H ). Finally, (H , ζ ) is a purified strip-structure of nullity zero for G with

η(F ) = ζ (F ) for any F ∈ E (H ).

Proof. For the first part, sinceM is a largestmatching of Ĥ , there is no F ∈ E (H ) with F ∩M = ∅
and |F | = 2.

For the second part, note that since M is a largest matching of Ĥ , the force edges ensure that

P (H ) ⊆ M . Hence, if F ∈ E (H ) corresponds to a stripe, then F ⊆ P (H ) ⊆ M , and thus F ∈ E (H ).
For the third part, it suffices to observe that for any h ∈ V (H ), there are distinct F , F ′ ∈ E (H )

with h ∈ F ∩ F ′. This is indeed true, because F ′′ ∈ E (H ) \ E (H ) if and only if there is a h ∈ F ′′
such that h � V (H ). Then, we note that for any h ∈ V (H ), there are distinct F , F ′ ∈ E (H ) with

h ∈ F ∩ F ′ by the definition of a strip-structure. �

We now prove two interesting consequences of Definition 9.15.

Lemma 9.17. γ (G ) ≤ k if and only if γ (G) ≤ k .

Proof. Let M = M (Ĥ ). Suppose that γ (G ) ≤ k . Let D denote a dominating set of G of size at
most k . We construct a dominating set D ′ of G of size at most |D |. Consider each v ∈ D in turn.
Suppose that v ∈ η(F ) for some F ∈ E (H ). Then, add v to D ′. Suppose that v ∈ η(F ) for some

F ∈ E (H ) \ E (H ). If F ∩V (H ) = ∅, then |F | = 1; otherwise, by Proposition 9.16, F ∩M � ∅, which

using the fact that M ⊆ V (H ) would contradict the assumption that F ∩V (H ) = ∅. However,

if |F | = 1, then F corresponds to a stripe, and by Proposition 9.16, F ∈ E (H ), a contradiction. It

follows that F ∩V (H ) � ∅. Since F would be in E (H ) if F ⊆ V (H ), |F | = 2. Hence, by Proposi-

tion 9.16, F ∩M � ∅. Let F = {h,h′}, and assume without loss of generality that h ∈ M . Add v ′

to D ′, wherev ′ is any vertex of η(F ′,h) and F ′ satisfies F ′ ∈ E (H ) and h ∈ F ′. Indeed,v only dom-
inates vertices in η(h) ∪ η(h′) ∪ η(F ). However, h′ � V (H ), and thus, by construction, F ′′ � E (H )

for each F ′′ ∈ E (H ) for which h′ ∈ F ′′. Hence, (η(h′) ∪ η(F )) ∩V (G) = ∅. Since η(h) is a clique,v ′

dominates η(h), and thus the resulting setD ′ is indeed a dominating set of G. Therefore,γ (G) ≤ k .
Suppose that γ (G) ≤ k . Let D denote a dominating set of G of size at most k . We claim

that D is also a dominating set of G. To this end, it suffices to prove that any w ∈ η(F ) for any

F ∈ E (H ) \ E (H ) has a neighbor in D. First, observe that the force edges ensure that P (H ) ⊆ M .

Hence, F does not correspond to a stripe; otherwise, since F ⊆ P (H ) ⊆ M ⊆ V (H ), F ∈ E (H ), a
contradiction. It follows that F corresponds to a spot. Second, observe that by Proposition 9.16,

M ∩ F � ∅. Let h ∈ M ∩ F . By assumption, there is an h′ ∈ F \ V (H ). Since h′ � V (H ), it follows

from the construction ofV (H ) that at least 2k + 1 neighbors of h in Ĥ are inV (H ). Let N denote

this set of neighbors of h, and let F denote the set of F ∈ E (H ) with F ⊆ N ∪ {h}. Call h′ ∈ N
marked if D ∩ η(h′) � ∅ or if η(F ′) ∩ D � ∅ for some F ′ ∈ F with h′ ∈ F ′. Since |F ′ | ≤ 2 for each
F ′ ∈ E (H ), at most 2|D | ≤ 2k neighbors in N can be marked, and in particular, there is a h′ ∈ N
that is unmarked. Consider any F ′ ∈ F withh′ ∈ F ′; note that F ′ is indeed well-defined. Sinceh′ is

unmarked,D ∩ η(h′) � ∅ and η(F ′) ∩ D � ∅. Hence, h ∈ F ′ and the vertices of η(F ′) are dominated
by a vertex of η(h); that is, η(h) ∩ D � ∅. Since F corresponds to a spot, η(F ) = η(F ,h) ⊆ η(h). As
η(h) is a clique, η(F ) is dominated by D. Therefore, D is a dominating set of G. �
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Lemma 9.18. Let M = M (Ĥ ). If γ (G ) ≤ k , then |V (H ) | ≤ |V (H ) | ≤ (2k + 2) |M | ≤ 8k (k + 1),

|{F | F ∈ E (H ),h ∈ F }| ≤ |V (H ) | ≤ 8k (k + 1) for any h ∈ M , and |{F | F ∈ E (H )}| ≤ ( |M | + 1)
|V (H ) | ≤ 8k (4k + 1) (k + 1).

Proof. Since γ (G ) ≤ k , it follows from Corollary 9.14 that |M | ≤ 2k , and thus |M | ≤ 4k . For

eachv ∈ M , mark min{2k + 1, |N
Ĥ

(v ) |} neighbors ofv in Ĥ that are inV (H ). Let B denote the set

used in the construction ofV (H ). Then, at most (2k + 1) |M | vertices of B are marked, and since B
is inclusion-wise minimal, |B | ≤ (2k + 1) |M |. Hence, |V (H ) | ≤ (2k + 2) |M | ≤ 8k (k + 1).

The bound on |{F | F ∈ E (H ),h ∈ F }| for each h ∈ M is immediate from the definition of E (H ).
By Proposition 9.16, F ∩M � ∅ for every F ∈ E (H ) with |F | = 2. The bound on |{F | F ∈ E (H )}|

is immediate from the bound on |{F | F ∈ E (H ),h ∈ F }| for each h ∈ M . �

Note that this lemma does not yet bound |E (H ) |; this requires a more careful argument that we
make in the next subsection when we present the final kernel.

9.3 The Kernel

We are now ready to present the kernel.

Theorem 9.19. Let G be a connected claw-free graph with n vertices and m edges, and let k be an

integer. Then, there is an algorithm that runs in O (n5) time and that returns a graph G ′ with O (k3)
vertices and an integer k ′ such that γ (G ) ≤ k if and only if γ (G ′) ≤ k ′.

Proof. We first preprocess the graph as in Theorem 7.23. In O (n5) time, this returns a graph
that has no twins and no proper W-joins, which we call G as well by abusing notation.

We test whether γ (G ) ≤ 3 using the algorithm of Lemma 7.6 inO (n4) time. If so, then the algo-
rithm actually determines γ (G ); hence, we return a graphG ′ that consists of a single vertex and an
integer k ′ that is 1 if γ (G ) ≤ k and that is 0 otherwise. This is clearly correct. Now, we may assume
that γ (G ) > 3. If α (G ) ≤ 3, then γ (G ) ≤ 3 by Proposition 7.2, a contradiction. Hence, α (G ) > 3.

We then apply the algorithm of Theorem 6.7 in O (n2m3/2) time. If it outputs that G is a proper
circular-arc graph, then we can compute γ (G ) in linear time by Theorem 7.8. We return a graphG ′

that consists of a single vertex and an integer k ′ that is 1 if γ (G ) ≤ k and that is 0 otherwise. If
it outputs that G is a thickening of an XX-trigraph, then we can compute γ (G ) in O (n4) time by
Lemma 7.9. Again, we return a graphG ′ that consists of a single vertex and an integer k ′ that is 1
if γ (G ) ≤ k and that is 0 otherwise. It remains that it outputs thatG admits a strip-structure (H ,η)
such that for each strip (J ,Z ) satisfies the condition that:

• (J ,Z ) is a trivial line graph strip, or
• (J ,Z ) is a stripe for which J is connected and

— |Z | = 1, α (J ) ≤ 3, and V (J ) \ N [Z ] � ∅,
— |Z | = 1, J is a proper circular-arc graph, and either J is a strong clique or α (J ) > 3,
— |Z | = 2 and J is a proper interval graph,
— |Z | = 1, α (J ) = 4, and V (J ) \ N [Z ] � ∅, or
— |Z | = 2 and (J ,Z ) is a thickeningW of a member (J ′,Z ′) ofZ2 ∪Z3 ∪Z4 ∪Z5. More-
over, we knowW , (J ′,Z ′), and the class that (J ′,Z ′) belongs to.

We now determine the set P (H ) and the multigraph (with self-loops) Ĥ , which takes linear time.

Then, we can determineM (Ĥ ),V (H ), E (H ), G,H , and ζ . By Proposition 9.16, (H , ζ ) is a purified
strip-structure of nullity zero for G. Moreover, since V (H ) ⊆ V (H ), E (H ) ⊆ E (H ), and ζ is the
restriction of η to E (H ), it is immediate from Proposition 9.16 that each strip of (H , ζ ) still satisfies
the above condition.
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We provide a slight modification ofH . For any F , F ′ ∈ E (H ) with F = F ′ and |F | = |F ′ | = 2 such
that ζ (F ) and ζ (F ′) are a disjoint union of two cliques, remove F ′ from E (H ) and add ζ (F ′) to ζ (F ).
This replacement is indeed correct, because both F and F ′ correspond to a thickening of a stripe
inZ3; this follows immediately from the definition ofZ3. In fact, both stripes are a thickening of
a four-vertex path where the middle edge is a semi-edge (see also the proof of Lemma 4.3). Now

let F = {h,h′}. Observe that ζ (F ,h) ⊆ ζ (h) and ζ (F ′,h) ⊆ ζ (h), and thus ζ (F ,h) is complete to
ζ (F ′,h), because ζ (h) is a clique. The same observation holds mutatis mutandis with respect to h′.
Hence, ζ (F ) ∪ ζ (F ′) is a disjoint union of two cliques, and therefore, the stripe resulting from the
previous replacement is a thickening of a member ofZ3. Moreover, we know this thickening and
the corresponding member ofZ3. We perform the above replacement operation iteratively. Since
it takes linear time to determine which stripes are a disjoint union of two cliques, the replacement
operation can be performed in linear time in total. By abuse of notation, we still use the notation
E (H ) and (H , ζ ) for the resulting set and strip-structure; note that the graph G has remained
unchanged.

To obtain the kernel, we distinguish between stripes (J ,Z ) of (H , ζ ) with |Z | = 1 and those
with |Z | = 2. Let k ′′ = 0. If |Z | = 1, then we only consider those stripes for whichV (J ) \ N [Z ] � ∅.
Then, either α (J ) ≤ 4, or J is a proper circular-arc graph and either J is a strong clique or α (J ) > 3.
Hence, using a straightforward extension of Lemma 7.13 or Lemma 7.11, respectively, we can com-
puteγ (J \ (Q ∪ R) | N [R]) inO (n5) time for any disjointQ,R ⊆ Z . Then, we apply the reduction of
Lemma 9.6 to J , which takes linear time and reduces the size of the stripe to have at most four ver-
tices. Add the value k ′ computed by the algorithm of Lemma 9.6 to k ′′. The fact that this reduction
is safe follows from Lemma 9.1.

If |Z | = 2, then either J is a proper interval graph or (J ,Z ) is a thickeningW of a member
(J ′,Z ′) ofZ2 ∪Z3 ∪Z4 ∪Z5. Suppose that J is a proper interval graph. Then, we compute γ (J )
in linear time using Theorem 7.8. If γ (J ) > k , then we know that γ (G ) > k ; hence, we return a
graphG ′ that consists of a single vertex and an integer k ′ = 0. Otherwise, we apply the reduction
of Lemma 9.7 to J , which takes linear time and reduces the size of the stripe to have at most 18k + 2
vertices. The fact that this reduction is safe follows from Lemma 9.1.

Suppose that (J ,Z ) is a thickeningW of a member (J ′,Z ′) ofZ2 ∪Z3 ∪Z4 ∪Z5. By assump-
tion, we knowW , (J ′,Z ′), and the class that (J ′,Z ′) belongs to. Lemma 9.3 and the fact that G
does not admit twins imply that (J ,Z ) is semi-thickened. We then apply Lemma 9.4 to ensure that
(J ,Z ) is reduced. Note that the algorithm of Lemma 9.4 runs in linear time and preserves that (J ,Z )
is semi-thickened. Depending on the class that (J ′,Z ′) belongs to, we then apply Lemmas 9.8, 9.9,
9.10, or 9.11. This takes linear time and reduces the size of the stripe to have at most 26 vertices.
The fact that these reductions are safe follows from Lemma 9.1.

Let G ′ be the resulting graph. By Lemma 9.1, we know that γ (G ) ≤ k if and only if γ (G ′) ≤
k − k ′′, so let k ′ = k − k ′′. It thus suffices to bound the number of vertices in G ′. To this end, we
distinguish several types of strips (J ,Z ) of (H , ζ ):

Case 1: (J ,Z ) is a stripe with |Z | = 1 and V (J ) \ N [Z ] = ∅.
Suppose that for some h ∈ V (H ) there are F , F ′ ∈ E (H ) with F = F ′ = {h} such that F , F ′ cor-
respond to a stripe of this type. Then, any pair of vertices in ζ (F ) ∪ ζ (F ′) forms twins in G, a
contradiction. Hence, each such stripe has size at most 2 and there at most |V (H ) | = O (k2) such
stripes in total by Lemma 9.18. Hence, O (k2) vertices exist in such stripes.

Case 2: (J ,Z ) is a stripe with |Z | = 2 and V (J ) \ N [Z ] = ∅.
Observe that any such stripe is a disjoint union of two cliques. By the abovemodification of (H , ζ ),

there is at most one F ∈ E (H ) that corresponds to such a stripe with F = {h,h′} for each h,h′ ∈
V (H ). By Lemma 9.18, there are O (k3) such stripes in total. As observed previously, any such
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stripe is a thickening of a member of Z3, and therefore, these stripes are reduced to have size at
most 23 by Lemma 9.9. Hence, O (k3) vertices remain in such stripes.

Case 3: (J ,Z ) is a stripe with V (J ) \ N [Z ] � ∅.
LetD be a dominating set ofG. Then,D contains at least one vertex ofV (J ) \ Z by the definition of
a strip-structure. Hence, if γ (G ) ≤ k , then there can be at most k such stripes. Moreover, after the
above reduction, each such stripe has onlyO (k ) vertices remaining. Hence,O (k2) vertices remain
in such stripes.

Case 4: (J ,Z ) is a spot.

Suppose that for some h,h′ ∈ V (H ) there are F , F ′ ∈ E (H ) with F = F ′ = {h,h′} such that F , F ′

correspond to a spot. Then, the pair of vertices in ζ (F ) ∪ ζ (F ′) forms twins in G, a contradiction.
Hence, there O (k3) spots by Lemma 9.18. Hence, O (k3) vertices exist in spots.

These four cases are exhaustive, and imply that G ′ has O (k3) vertices. �

Corollary 9.20. Dominating Set on claw-free graphs has a kernel with O (k3) vertices.

PART III—HARDNESS RESULTS AND LOWER BOUNDS

10 HARDNESS RESULTS AND LOWER BOUNDS

In this section, we show that various generalizations and improvements of the parameterized and
kernelization algorithms in this article are unlikely to exist. In particular, we show that:

• Dominating Set and Connected Dominating Set are W[1]-hard on K1,4-free graphs;
• Weighted Dominating Set and Weighted Connected Dominating Set are W[2]-hard

on co-bipartite graphs, and thus also on claw-free graphs;
• Connected Dominating Set on line graphs (and thus also on claw-free graphs) has no

polynomial kernel, unless the polynomial hierarchy collapses to the third level, contrasting
the polynomial kernel we saw for Dominating Set;

• Dominating Set and Connected Dominating Set on line graphs (and thus also on claw-
free graphs) have no subexponential-time algorithm, unless the Exponential Time Hypoth-
esis fails.

We prove each of these results in turn.
Recall that to prove the hardness of a parameterized problem P , one can give a parameterized

reduction from a W[·]-hard problem P ′ to P so that every instance I ′ of P ′ with parameter k ′

is mapped to an instance I of P with parameter k ≤ д(k ′) for some computable function д. We

demand that I can be computed in f (k ′) · |I ′ |O (1) time for some computable function f , and that I
is a “yes”-instance if and only if I ′ is a “yes”-instance. If f andд are polynomials, then the reduction
is called a polynomial parameter transformation.

10.1 Hardness on K1,4-free Graphs

We show that Dominating Set is W[1]-hard when restricted to K1,4-free graphs. Our hardness
result is obtained by the so-called Multicolored Clique reduction technique, introduced and ex-
plained in [35]. The problem from which we reduce in this technique is defined as follows:

Multicolored Cliqe
Input: A graph H and a vertex coloring c : V (H ) → {1, 2, . . . ,k } of H .

Parameter: k
Question: Does (H , c ) have a multicolored clique (a set K ⊆ V (H ) such that {u,v} ∈ E (H )

and c (u) � c (v ) for all distinct u,v ∈ K ) of size k?
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Theorem 10.1 [35]. Multicolored Clique is W[1]-complete.

The general idea in the Multicolored Cliqe reduction technique is to organize gadgets into
three categories: vertex selection, edge selection, and validation. The role of the first two is to

encode the selection of k vertices and
(

k
2

)
edges that together form the k-multicolored clique in

the instance of the Multicolored Cliqe problem. The task of the validation gadget is, as its
name suggests, to validate the selection of vertices and edges. In other words, it makes sure that
the edges selected are in fact incident to the selected vertices.

We now use this technique to prove that Dominating Set on K1,4-free graphs is W[1]-hard.

Theorem 10.2. Dominating Set on K1,4-free graphs is W[1]-hard.

Proof. Consider an instance (H , c,k ) of Multicolored Cliqe. We construct an instance
(G,k ′) of Dominating Set as follows: The graph G consists of three big cliques, each one corre-
sponding to a different gadget (i.e., vertex selection, edge selection, and validation), and some addi-
tional dummy vertices. The vertex selection clique is formed by the vertices A := {av : v ∈ V (H )},
the edge selection clique is formed by B := {b {u,v } : {u,v} ∈ E (H )}, and the validation clique by
C := {c (u,v ), c (v,u ) : {u,v} ∈ E (H )}. Note that there are two “directed” validation vertices, c (u,v ) and
c (v,u ) , for each edge {u,v} ∈ E (H ). The dummy vertices will be denoted by X := {xi : 1 ≤ i ≤ k }
and Y := {y {i, j } : 1 ≤ i < j ≤ k }. These are all the vertices of G, i.e., V (G ) := A ∪ B ∪C ∪ X ∪ Y .

We next describe the edges connecting the vertices of G. The first three sets of edges connect
each pair of vertices in the same clique:

• E1 :=
{
{au ,av } : au ,av ∈ A and u � v

}
.

• E2 :=
{
{b {u,v },b {u′,v ′ } } : b {u,v },b {u′,v ′ } ∈ B and {u,v} � {u ′,v ′}

}
.

• E3 :=
{
{c (u,v ), c (u′,v ′) } : c (u,v ), c (u′,v ′) ∈ C and (u,v ) � (u ′,v ′)

}
.

The next two sets of edges connect the dummy vertices to vertices in the selection gadgets. These
edges will ensure that exactly k vertices will be chosen from the vertex selection gadget, one for

each color, and exactly
(
k
2

)
vertices will be chosen from the edge selection gadget, one for each

pair of colors.

• E4 :=
{
{xi ,av } : xi ∈ X ,av ∈ A, and c (v ) = i

}
.

• E5 :=
{
{y {i, j },b {u,v } } : y {i, j } ∈ Y ,b {u,v } ∈ B, and {c (u), c (v )} = {i, j}

}
.

Finally, we add the two sets of edges that connect vertices in the selection gadgets to vertices in
the validation gadget:

• E6 :=
{
{av , c (v,u ) } : av ∈ A and c (v,u ) ∈ C

}
.

• E7 :=
{
{b {u,v }, c (u′,v ′) } : b {u,v } ∈ B, c (u′,v ′) ∈ C, {c (u), c (v )} = {c (u ′), c (v ′)}, and {u,v} �

{u ′,v ′}
}
.

Setting E (G ) :=
⋃

1≤i≤7 Ei , and k
′ := k +

(
k
2

)
, completes the description of our construction. See

Figure 9 below for a illustrative example. Since the size of G is polynomial in the size of H and k
and k ′ is polynomial in k , this reduction is a parameterized reduction. Furthermore, observe thatG
is indeed K1,4-free, since the neighborhood of each vertex can be partitioned into at most three
cliques. Thus, to complete our argument, we show that (H , c ) has a multicolored clique of size k if
and only if G has dominating of size k ′.

Suppose that (H , c ) has a multicolored clique K of size k . Then, for any i ∈ {1, . . . ,k }, there
is some v ∈ K with c (v ) = i , and for any distinct u,v ∈ K , we have {u,v} ∈ E (H ). We argue that
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Fig. 9. A graphical example of the construction used in the reduction. Here, vertices u and v are adjacent

vertices in H from different color classes; i.e., c (u) � c (v ). Note that c (u,v ) and c (v,u ) are not adjacent to

b {u,v } but are adjacent to all other vertices of B.

D := {av : v ∈ K } ∪ {b {u,v } : u,v ∈ K ,u � v} is a dominating set inG. Indeed, all vertices ofA andB
are dominated by some av ∈ D and some b {u,v } ∈ D. For any i ∈ {1, . . . ,k }, the dummy vertex
xi is dominated by av ∈ D, where v ∈ K and c (v ) = i , and for any distinct i, j ∈ {1, . . . ,k }, the
vertex y {i, j } is dominated by a {u,v } ∈ D, where u,v ∈ K and {c (u), c (v )} = {i, j}. Finally, take any
vertex c (u,v ) ∈ C . Ifu ∈ K , then au ∈ D dominates c (u,v ) , and otherwise, the vertexb {u′,v ′ } ∈ D with
{c (u ′), c (v ′)} = {c (u), c (v )} dominates c (u,v ) . Hence, G has a dominating set of size k ′.

Conversely, suppose that G has a dominating set D of size k ′. Then, it is not difficult to see
that due to the dummy vertices, for each i ∈ {1, . . . ,k }, there is exactly one vertex av ∈ D with
c (v ) = i , and for each distinct i, j ∈ {1, . . . ,k }, exactly one vertex b {u,v } ∈ D with {c (u), c (v )} =
{i, j}. Furthermore, there are no other vertices in D. Let K := {u : au ∈ D}. Observe that by the
above arguments, K has exactly one vertex for each color i ∈ {1, . . . ,k }, and so it remains to argue
that K forms a clique in H . For this, it is enough to show that for any pair of distinct vertices
u,v ∈ K , we must have b {u,v } ∈ D. Suppose that this is not the case, and let u and v denote two
vertices in K with b {u,v } � D. Let b {u′,v ′ } be the vertex in D such that {c (u ′), c (v ′)} = {c (u), c (v )}.
Then, {u ′,v ′} � {u,v}, so, without loss of generality, u ′ � u and u ′ � v . But then, by construction,
the validation vertex c (u′,v ′) is not dominated by D. Thus, we get that b {u,v } ∈ D for any pair of
distinct verticesu,v ∈ K , which implies that {u,v} ∈ E (H ) for any pair of distinct verticesu,v ∈ K .
Hence, (H , c ) has a multicolored clique of size k . �

Theorem 10.3. Connected Dominating Set on K1,4-free graphs is W[1]-hard.

Proof. We slightly modify the construction of Theorem 10.2. Consider again an instance
(H , c,k ) of Multicolored Cliqe, and construct the instance (G,k ′) of Dominating Set as in
Theorem 10.2. Recall thatG was K1,4-free, as the neighborhood of each vertex inG is a union of at
most three cliques. Let A,B be as in that construction. Now add two new vertices v and w , make
v complete to A and B, and make w adjacent to v . Call the resulting graph G ′. Observe that the
neighborhood of each vertex inG ′ is still a union of at most three cliques, and thusG ′ is K1,4-free.
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Moreover, any (connected) dominating set of G ′ must contain v . Then, the same arguments as in
Theorem 10.2 can be used to show thatG ′ has a connected dominating set of size k ′ + 1 if and only
if H has a multicolored clique of size k . �

10.2 Hardness of the Weighted Case on Claw-Free Graphs

We define the weighted version of Dominating Set as follows:

Weighted Dominating Set
Input: A graph G ′, a weight functionw ′ : V (G ) → N , an integer k ′, and an integer K ′.
Parameter: k ′ + K ′

Question: Does G ′ have a dominating set D ′ ⊆ V (G ′) of size at most k ′ such that w (D ′) =∑
d ′ ∈D′w (d ′) ≤ K ′?

We can similarly define Weighted Connected Dominating Set, by insisting that G ′[D ′] is
connected.We show that both problems are unlikely to be fixed-parameter tractable on co-bipartite
graphs, and thus also on claw-free graphs.

Theorem 10.4. Weighted Dominating Set and Weighted Connected Dominating Set on co-

bipartite graphs are W[2]-hard.

Proof. We give a polynomial parameter transformation from Dominating Set on general
graphs, which is known to be W[2]-hard [26]. Let (G,k ) be an instance of Dominating Set. Con-
sider two copiesV1 andV2 ofV (G ), and define the graphG ′ with vertex setV1 ∪V2 and edges such
that V1 and V2 each form a clique, and v ∈ V1 is adjacent to u ∈ V2 if and only if u ∈ NG [v]. Ob-
serve thatG ′ is indeed co-bipartite. Define a weight functionw ′ such thatw ′(v ) = 1 for eachv ∈ V1

and w ′(v ) = k + 1 for each v ∈ V2. Finally, define K
′ = k and k ′ = k . This completes the instance

(G ′,w ′,k ′,K ′) of Weighted Dominating Set. It suffices to observe that (G,k ) is a “yes”-instance
if and only if (G ′,w ′,k ′,K ′) is.

Observe that the same reduction also yields the transformation for Weighted Connected
Dominating Set. �

10.3 Polynomial Kernel for Connected Dominating Set on Claw-Free Graphs Unlikely

In contrast to Dominating Set, which has a polynomial kernel on claw-free graphs, Connected
Dominating Set is unlikely to have a polynomial kernel on claw-free graphs. In fact, we show an
even stronger result.

We need to define the following problems:

Connected Vertex Cover
Input: A graph G and an integer k .
Parameter: k
Question: DoesG have a connected vertex cover (a setC ⊆ V (G ) such thatG[C] is connected,

and u ∈ C or v ∈ C for each edge {u,v} ∈ E (G )) of size at most k?

Connected Edge Dominating Set
Input: A graph G and an integer k .
Parameter: k
Question: Does G have a connected edge dominating set (a set D ⊆ E (G ) such that G[D] =

({v | {u,v} ∈ D},D) is connected and D contains an edge incident on u or v for
any edge {u,v} ∈ E (G )) of size at most k?
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Theorem 10.5. Connected Dominating Set on line graphs has no polynomial kernel, unless the

polynomial hierarchy collapses to the third level.

Proof. We provide a polynomial parameter transformation from Connected Vertex Cover,
which is known to not have a polynomial kernel on general graphs unless the polynomial hierarchy
collapses to the third level [25].

As an intermediate problem, consider Connected Edge Dominating Set. To see a polynomial
parameter transformation from Connected Vertex Cover to Connected Edge Dominating
Set, we claim thatG has a connected vertex cover of size at most k if and only ifG has a connected
edge dominating set of size at most k − 1. Indeed, if C is a connected vertex cover of G, then the
edges of any spanning tree of G[C] form a connected edge dominating set of G of size |C | − 1.
Conversely, if D is a connected edge dominating set of G, then V (G[D]) is a connected vertex
cover of G of size at most |D | + 1.

The polynomial parameter transformation from Connected Edge Dominating Set to Con-
nected Dominating Set on line graphs is straightforward, asG has a connected edge dominating
set of size at most k if and only if L(G ) has a connected dominating set of size at most k . �

Note that the same proof also implies that Connected Dominating Set is NP-hard on line
graphs, even on line graphs of planar graphs of maximum degree four, as Connected Ver-
tex Cover is NP-hard already on planar graphs of maximum degree four [40]. We remark here
that NP-hardness of Connected Dominating Set on line graphs was independently proven by
Munaro [69, Lemma 45] and that Connected Vertex Cover is also NP-hard on line graphs [69,
Lemma 36].

10.4 Subexponential-Time Algorithms on Claw-Free Graphs Unlikely

We now show that it will be hard to substantially improve our parameterized algorithms on claw-
free graphs under the so-called Exponential Time Hypothesis [37, 50]. We require it in the following

formulation: no algorithm can decide instances of 3-SAT in 2o (m) time, wherem is the number of
clauses of the instance.

Theorem 10.6. Unless the Exponential Time Hypothesis fails, no algorithm can decide Edge Dom-

inating Set instances (G,k ) in 2o (k )poly( |G |) time, even if G is bipartite.

Proof. It suffices to observe that the NP-hardness reduction for Edge Dominating Set on
bipartite graphs by Yannakakis and Gavril [82, Theorem 2] implies a transformation from an in-
stance of 3-SAT withm clauses to an instance of Edge Dominating Set where G is bipartite and
k = O (m). �

Corollary 10.7. Unless the Exponential Time Hypothesis fails, no algorithm can decide Domi-

nating Set instances (G,k ) in 2o (k )poly( |G |) time, even if G is the line graph of a bipartite graph.

Theorem 10.8. Unless the Exponential Time Hypothesis fails, no algorithm can decide Connected

Edge Dominating Set instances (G,k ) in 2o (k )poly( |G |) time.

Proof. We observe that the NP-hardness reduction for Vertex Cover by Garey and Johnson
[41, Theorem 3.3] implies a transformation from an instance of 3-SATwithm clauses to an instance
(G,k ) of Vertex Cover where k = O (m). Let G ′ be the graph obtained from G by adding a new
vertexv that is adjacent to all vertices ofG, and then adding a new vertex that is only adjacent tov .
Then, (G,k ) is a “yes”-instance of Vertex Cover if and only if (G ′,k + 1) is a “yes”-instance of
Connected Vertex Cover. It remains to observe that the polynomial parameter transformation
from Connected Vertex Cover to Connected Edge Dominating Set of Theorem 10.5 is in fact
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linear. Hence, we obtain a transformation from an instance of 3-SAT withm clauses to an instance
of Connected Edge Dominating Set with k = O (m). �

Corollary 10.9. Unless the Exponential Time Hypothesis fails, no algorithm can decide Con-

nected Dominating Set instances (G,k ) in 2o (k )poly( |G |) time, even if G is a line graph.
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