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1

Introduction

In this chapter we introduce the subject of active matter from the perspective of the dy-
namics of colloidal suspensions. We briefly discuss the early and the recent developments
in the field of soft active matter and introduce the physical model that we study in this
thesis using computer simulations. We discuss some aspects of the out-of-equilibrium na-
ture of such systems and set the background and motivation for the ideas discussed in the
subsequent chapters.
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1.1 Soft active matter
Soft matter or rather soft condensed matter is a branch of condensed matter physics that refers
to the physical systems whose structural properties could be altered by imposing small thermal
or mechanical stresses of the order of their thermal energy. We emphasize the term ‘soft’ here,
as coined by Pierre-Gilles de Gennes [1], to stress on the length and time scales of the systems
discussed in this thesis. The size of the constituent particles are orders of magnitude larger than
microscopic ones such as atoms and molecules that form solids or liquids, but also significantly
smaller than macroscopic bodies such as a pebble or a grain of sand. A large class of materials
encountered by us in our daily lives falls into the category of soft matter. Examples of such
systems are tremendous in number: suspensions/emulsions such as milk, blood, paint; liquid
crystal displays in electronic equipment, gels and lotions, polymers, biological entities such as
bacteria, sperm cells, tissues etc. In this thesis we discuss systems composed of particles of
a size between a few nanometers to a few micrometers (1 µm is about one hundredth of the
thickness of a human hair), also called colloids. The thermal energy of these particles with
a magnitude of kBT ∼ 10−21J at room temperature is sufficient to cause a random motion,
while suspended in a medium such as water or oil, first observed for pollen particles by Robert
Brown in 1827 using a microscope. The phenomenon was later termed as Brownian motion
after his name. The theoretical explanation of this random motion was provided much later by
A. Einstein in 1905, M. Smoluchowski in 1906 and P. Langevin in 1908 amongst others, using
the principles of statistical mechanics, and confirmed experimentally by J. Perrin in 1908.

Active matter is a general term used for entities or agents that convert energy from their
environment into systematic motion [2–5]. Due to a continuous consumption of energy these
systems are intrinsically out of equilibrium. Examples of active matter range from schools of
fish, flocks of birds and human crowd at macroscopic scales [6]; marching locusts and vibrating
granular matter [7, 8] still visible to the human eye, to colonies of microorganisms [9, 10] and
artificial self-propelled particles at a microscopic scale, studied under the umbrella of soft matter
and relevant to the work presented in this thesis. Although a large number of such systems are
biological in nature, their novel properties and technological applications have led to an immense
number of experimental studies dedicated to creating synthetic systems or ‘nanomotors’ capable
of converting energy into movement at the nanoscale [11–38]. These systems are commonly
termed as microswimmers, however, in the next section we highlight some crucial differences in
the terminologies used in the literature.

1.2 Microswimmers/self-propelled particles
A broad classification of active matter can be done on the basis of the external or internal nature
of the driving force for their motion. When an external magnetic, electrical or a similar field
is imposed and the agent moves in response to this gradient then the system can be classified
as driven active matter. Some of the earliest examples are a system of superparamagnetic
nanoparticles attached to a living cell, mimicking a sperm cell [12] and reaching velocities
of 20 µm/s; helical propulsion of partly cobalt-covered silica particle mimicking spiroplasma
cells which could reach a velocity of 40 µm/s [21]; or a magnetic snake formed by Nickel
microparticles at a liquid-air interface energized by an alternating magnetic field [22]. The
other category where the agent creates these gradients locally by itself can be referred to as a
self-propelled or a self-driven system such that the source of energy typically comes from the
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medium surrounding the agent.
The term self-propelled particles is quite recent whereas the study of microswimmers dates

back to the 17th century, when microbes were first observed under a simple microscope most
notably by the Dutch draper Antonie van Leeuwenhoek who referred to them as ‘animalcules’.
When the size of the individual entities are of micron scale, as is the case for colloidal systems,
the Reynolds number, which is a measure of the inertial to viscous forces, is very small (Re ∼
10−3). For these cases the Scallop theorem, discussed by E. Purcell in a talk in 1977 [39],
describes that an irreversibility in the swimming stroke is necessary in order to generate a net
directed motion. A bacterium such as E. coli utilizes the chirality of its helical tail whereas
the algae C. reinhardtii performs a breast stroke using the two flagella at the front. These two
examples are distinct from each other as the organism is either a ‘pusher’ or a ‘puller’ depending
upon the orientation of their force-dipole [40–42]. Another category of these swimmers is
referred to as ‘squirmers’, consisting of species such as Paramecium and Volvox algae, which
perform a wavelike motion of the cilia covering their whole surface to generate a net forward
motion [40, 41]. These organisms convert the energy absorbed from the ingested food into
motion and can be considered to be self-driven.

The other group of synthetic swimmers corresponds to self-phoretic particles whose move-
ment relies on the surface chemistry of the particle or phoresis triggered by catalytic reactions.
The pioneering work in synthesizing such microswimmers was realized by Paxton et al. [11] who
synthesized gold-platinum (Au-Pt) micron-sized rods which propel towards the Pt direction by
catalyzing the decomposition of Hydrogen peroxide (H2O2) on the platinum surface that propels
the particle relative to the fluid at speeds of ∼ 10µm/s [11]. Similarly, spherical particles coated
with a catalyst only on a part of the sphere, known as Janus colloids, are also studied quite
commonly. The early synthesis and analysis was performed by Howse et al. [13] on particles
propelling by the process of self-diffusiophoresis. They used polystyrene spheres of diameter
∼ 1.5 µm and coated them with Platinum on one side which uses the same mechanism as above
and propels the particles towards the non-coated side when put in a solution of sufficiently high
concentration. A number of other Janus particle systems demonstrate their applications in
cleaning pollutants from water [23], cargo transport at micro-scale [24] or enhancing intermix-
ing of liquids [25]. Over the past decade research groups all over the world have utilized a
variety of mechanisms to generate self-propulsion like self-diffusiophoresis [18, 26–28], bubble
propulsion [29,30], thermophoresis [31,32], Marangoni flows [33–36], self-electrophoresis [37] to
name a few. The Leidenfrost effect causing a droplet to self-propel over a patterned substrate
has also been demonstrated [38].

Most of the synthetic active systems mentioned above generate chemical gradients and in-
volve diffusion of solute and/or electrostatic interactions. Such a complex system is hard to
study and to model from a fundamental perspective to explain the collective behaviour observed
on a larger scale. Even if we blindly ignore these gradients, the study of the hydrodynamic
interactions of such microswimmers at low Reynolds number is a vast field in itself and requires
a careful consideration in preparing models dealing with an explicit solvent [40, 42]. In this
thesis we focus only on an active matter picture that accounts for the necessary ingredients of
Brownian motion and the drag from the solvent. We study the collective behaviour considering
an implicit solvent using overdamped Langevin dynamics explained in more detail later in this
chapter. However we cannot ignore the fact that considering hydrodynamic interactions explic-
itly may alter the predictions from a model that considers an implicit solvent only, as already
shown in some of the recent studies [43–45]. Nonetheless, a simple model which accommodates
the essential effects of these complex interactions is useful as a starting point for the questions
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we want to address. Theoreticians have already proposed a variety of models for such collective
behaviour in the past few decades out of which we discuss a few of the relevant ones below.

Vicsek model

One of the earliest models of active matter that demonstrated the behaviour of flocking was
proposed by T. Vicsek in 1995 [46]. The Vicsek model considers the off-lattice dynamics of
each self-propelled agent/particle (called a “bird”) moving with a constant speed, such that at
each discrete time step of motion the direction of the particle’s velocity assumes the average
direction in its neighbourhood of a specified radius r with some random zero-mean noise added
to it. The simulations of this model in dimensions d = 2 report a phase transition between
a disordered phase at large noise amplitude where the mean velocity 1

N
ΣN
i=1vi of the flock is

zero, and an ordered phase where the flock moves with a finite mean velocity in a randomly
and spontaneously chosen direction. This is in striking contradiction with the Mermin-Wagner
theorem stating that continuous symmetries cannot be spontaneously broken at long range in
systems with two or less dimensions and short range interactions at finite temperature [47]. This
long-range ordering in a simple model stems from the non-equilibrium nature of the dynamics
where the momentum of interacting particles is not conserved [46]. A hydrodynamic theory
for this behaviour was presented by Toner and Tu later in 1995 [48], similar to a dynamical
XY spin model, for which they were able to exactly determine the scaling exponents in d = 2
dimensions thereby demonstrating a rotational symmetry breaking in d = 2.

Run and Tumble (RnT) dynamics

Many biological microswimmers such as a variety of bacteria exhibit motion (-taxis) towards
the source of food, phototaxis (e.g. C. reinhardtii), chemotaxis or in response to quorum
sensing [49]. Often their motion is in straight lines for short intervals of time and in between
these straight runs they alter their direction of motion randomly. This kind of motion could be
described as a ‘Run-and-Tumble’ motion where the straight motion at almost a constant speed
is the run phase of the motion and the random reorientation is due to a tumble event [50]. One
of the well-studied examples is the bacterium E. coli which uses a bundle of helical flagella to
propel forward corresponding to the run phase of the RnT motion. Subsequently, a random
change in direction of rotation of any of the flagella causes unbundling of the flagella and
a reorientation of the organism corresponding to a tumble event [10]. The simple dynamics
described here combined with the density dependent slowing down of their run speed gives
rise to a self-trapping mechanism leading to a clustered or phase-separated state which can be
described by a statistical mechanical treatment of the probability density function [50].

Active Brownian Particles (ABPs)

Another minimal model, called the active Brownian particle (ABP) model, has been proposed
by adding a self-propulsion force over the simple Brownian motion exhibited by the colloidal
sized particles. The direction in which this self-propulsion force acts, affixed to the orientation
of the microswimmer, is assumed to perform a free rotational diffusion. ABPs exhibit persistent
motion similar to RnT particles but instead of discrete tumble events, the reorientation takes
place continuously via rotational diffusion. In essence, this simple model captures the persistent
motion and reflects the non-equilibrium characteristic of the system as we will see further in this
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chapter and the rest of the thesis. Before addressing the ABP model in detail we first discuss
the overdamped Langevin dynamics of equilibrium colloidal particles in the next section.

1.2.1 Langevin Dynamics
We first describe the Langevin dynamics for equilibrium systems, named after Paul Langevin
who formulated these equations in 1908. The Brownian motion of a particle with mass m
located at a position r(t), experiencing a position and/or time dependent force F(r, t) and a
Stokes drag −ηṙ(t) from the solvent with friction coefficient η can be described using Newtonian
dynamics by adding a stochastic force ξ(t) as:

mr̈(t) = −ηṙ(t) + F(r, t) + ξ(t), (1.1)

where ṙ(t) is the time-derivative of the position r(t), and each spatial component of the stochas-
tic force ξ(t) is Gaussian distributed with zero-mean and delta-correlated time dependence, as
postulated by Ornstein and Uhlenbeck [51]:

〈ξα(t)〉 = 0, 〈ξα(t)ξβ(t′)〉 = 2ηkBTδ(t− t′)δαβ,

where kBT/η = Dt is the diffusion constant and the Greek subscripts indicate spatial dimen-
sions.

For a typical microswimmer, such as E. coli, which has a size of about 10 µm, a mass of 10−9

kg and moves with a velocity of 1 µm/s in a medium of viscosity η = 10−3 Pa-s, the Reynolds
number Re ∼ 10−3 is very small. Hence, the particle inertia plays no role in its motion and an
instantaneous force balance can be assumed. The same reasoning applies in the overdamped
limit, where friction is large and the inertial effects are negligible so that the left side in Eq. 1.1
drops out and the equation reduces to:

ṙ(t) = η−1F(r, t) +
√

2DtΛ(t). (1.2)

where Λα(t) is sampled from a Gaussian distribution with a zero mean and unit variance. The
overdamped dynamics of Eq. 1.2 can be expressed exactly, for F(r, t) ≡ 0, by a Wiener process
often appearing in stochastic description of many other physical processes following diffusion
dynamics [52, 53]. The evolution of the probability distribution P(x, t) of finding a particle
(moving in one dimension for simplicity) at a location x at time t (provided x = 0 at t = 0
so that P(x, 0) = δ(x)), can be expressed using a Fokker-Planck equation representing the
dynamics of Eq. 1.2 as [53]:

∂

∂t
P(x, t) = 1

2Dt
∂2

∂x2P(x, t) (1.3)

which results in an exact solution for P(x, t) as a Gaussian distribution:

P(x, t) = 1√
4πDtt

e−x
2/4Dtt. (1.4)

with the maximum at the origin and whose variance increases linearly with time t.
The overdamped Langevin dynamics (Eq. 1.2), representing the diffusion process exhibited

by Brownian particles, can also be characterized by a mean squared displacement (MSD) that
grows linearly with time at long time scales:

〈(∆r(t))2〉 = 2dDtt
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in d dimensions, where the diffusion coefficient can be expressed using the Stokes-Einstein-
Sutherland equation as

Dt = kBT

η
= kBT

3πνσ .

where the friction coefficient η = 3πνσ is employed using the Stokes law for a spherical particle
with diameter σ in a medium of dynamic viscosity ν. The above equation is also related
to the fluctuation-dissipation theorem of Brownian motion which describes how the thermal
fluctuations are connected with the energy dissipated due to drag forces into the bath.

1.2.2 Active Brownian dynamics
As mentioned above, one of the simplest ways to introduce activity into an equilibrium colloidal
system is to add a self-propulsion force to the overdamped Langevin dynamics of a particle,
expressed using [54]:

ṙ(t) = η−1F(r, t) + v0u(t) +
√

2DtΛt(t) (1.5)

where v0 is a constant self-propulsion speed along the particle orientation u(t) and F(r, t) is the
net force due to interactions and/or external sources. The particle orientation u(t) undergoes
a free rotational diffusion expressed as:

u̇(t) =
√

2Dr (u(t)×Λr(t)) , (1.6)

where the rotational diffusion constant Dr = kBT/πνσ
3 with σ as the particle diameter. Note

that in all the chapters presented in this thesis we do not consider any aligning interactions or
torques affecting the particle orientations and u(t) always undergoes free rotational diffusion
as described by the above equation. The stochastic quantities Λt

α and Λr
α, representing the

translational and rotational noise respectively, are Gaussian distributed such that:〈
Λt
α(t)

〉
= 0, 〈Λr

α(t)〉 = 0,〈
Λt
α(t)Λt

β(t′)
〉

= δαβδ(t− t′),
〈
Λr
α(t)Λr

β(t′)
〉

= δαβδ(t− t′).

We can define a non-dimensional Péclet number as Pe = v0τ/σ which parameterizes the
persistence length `p = v0τ of the motion of a single particle, which is the distance it moves
‘ballistically’ before its orientation gets completely randomized due to the rotational diffusion
in a persistence time τ = D−1

r such that

〈uα(t)uβ(t′)〉 = exp
(
−|t

′ − t|
τ

)
δαβ.

Note that Pe is also defined in the literature by other expressions such as Pe = v0/σDr or
Pe = v0/

√
DtDr and one should be careful while comparing different studies.

When no external or interaction forces are acting on the particle (i.e. F(r, t) ≡ 0) the mean
squared displacement (MSD) can be derived from the equation of motion (Eq. 1.5) for the ABP
model in 2D [13,54] as:

〈(∆r(t))2〉 = 4Dtt+ 2v2
0

D2
r

[
t

τ
+ e(−

t
τ ) − 1

]
.
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Here we can see that in the limit t� τ the MSD follows:

〈(∆r(t))2〉 = 4
(
Dt + v2

0
2Dr

)
t

= 4Dt,efft (1.7)

which suggests that the long-time dynamics of an individual active particle becomes diffusive
again but with an effective diffusion coefficient (in d-dimensions):

Dt,eff = Dt + v2
0

dDr

.

The second term v2
0/dDr is also referred to as the ‘swim’ diffusivity Dt,swim in some studies [55,

56] expressed as Dt,swim = `2
p/τd.

At this point, we can also write an effective temperature of the active system by invoking
the Stokes-Einstein equation again to obtain:

kBTeff = ηDt,eff = 1 + v2
0

dDtDr

(1.8)

and think of active systems as just ‘hot’ colloids found to be valid in some cases [26, 57]. But
this interpretation is not generally accepted and depends on the details of the model used for
self-propulsion [58], density [54] or in some cases understood as an effective adhesion [59]. The
velocity distribution in the ABP model (Eq. 1.5) does not correspond to equipartition of kinetic
energy at an effective temperature Teff but has instead a Maxwellian velocity distribution peaked
at the self-propulsion speed v0 (see Figure 1.1 and Ref. [60]) and is thus far out-of-equilibrium.

Some other models have also been proposed in literature which treat activity and the
translational and orientational degrees of freedom in a different way by describing the par-
ticle dynamics, for example, as a set of fundamental stochastic processes such as the active
Ornstein-Uhlenbeck process (AOUP) [61], or by substituting the Gaussian white noise with
a colored noise such as the unified colored noise approximation (UCNA) [62–64] or the Fox-
approximation [65], which provide an effective equilibrium mapping for active systems. A
quantitative comparison of these models in a confined system was performed in a recent study
by Das et al. [66].

1.3 Computer simulations of Brownian dynamics
The Langevin equations of motion provide an analytical approach to solve the dynamics and
obtain stationary solutions of a single colloidal particle through the Fokker-Planck equations.
But when a collection of such particles is allowed to collide/interact with each other and is
densely packed, the degrees of freedom for such a physical system explodes. With the invention
and development of computers around 1950s physicists realized its potential in solving such
problems using simple pair potentials and started ‘simulating’ rigid spherical particles to directly
determine the pair-correlation functions and extracting other thermodynamic properties. N.
Metropolis and his co-authors, the Rosenbluths and the Tellers, first demonstrated the use of
Monte-Carlo (MC) methods in their seminal paper in 1953 by calculating equations of state [67]
while few years later in 1957 Alder and Wainwright with the help of M. Mansigh Karlsen
simulated a system of 108 hard spheres using molecular-dynamics methods [68]. With the
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Figure 1.1: Probability distributions of the (a) x-component of the velocity, and (b) speed |v| =√
v2
x + v2

y of a particle following active Brownian dynamics described in Eq. 1.5 in a two-dimensional
geometry with Dtτ = σ2/3, Drτ = 3 and varying self-propulsion speeds v0τ/σ = 0, 3, 6 and 9 (τ and σ
are arbitrary units of time and length respectively). For v0 = 0 we observe a Maxwellian distribution
for the particle speeds whereas for v0 > 0 the distribution peaks at the imposed self-propulsion speed
(vertical dashed lines).
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Figure 1.2: (a) Mean squared displacement (MSD) 〈∆r2(t)〉/σ2 of a single passive and active brow-
nian particle (Pe = 0) at increasing degree of activity (Pe > 0) with ∆r(t) the displacement of a
particle in a time interval t. The passive particle shows a diffusive behaviour where MSD ∝ t with
the proportionality constant equal to 4Dt in two dimensions and Dt the diffusion coefficient given by
Dt = kBT/η. At intermediate time scales the active particles show ballistic behaviour (MSD ∝ t2)
which then becomes diffusive again at long time scales (t/τ � 1) with MSD ∝ t but the proportionality
constant now is roughly equal to 4Dt,eff with Dt,eff = Dt(1+v2

0/2DtDr) where v0 is the self-propulsion
speed and Dr is the rotational diffusion coefficient. (b) The MSD scaled by Dt,eff collapse for t� τ .
The inset in (b) shows the fit of effective diffusion coefficient Dt,eff against v0τ/σ verifying Eq. 1.8 for
Dt,eff .
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improvement in computer hardware and the invention of a plethora of techniques over time it
is now possible to simulate upto a million particles in a system in reasonable time [69,70].

In this thesis, we utilize in particular the technique of Brownian dynamics simulations for
solving the equations of motion of the colloidal particles, which include a stochastic component
representing the interaction with the solvent medium in which the particles are suspended.
Overdamped Langevin dynamics or Brownian Dynamics (BD) are the most natural choice for
simulating such a system of colloidal particles where the Reynolds number of particle motion is
extremely small i.e. Re� 1. This assumption has many consequences, the most important of
them being that the particles do not undergo an accelerated motion. Especially for the active
systems it suggests that the instantaneous work done by the mechanism of self-propulsion is
immediately dissipated into the medium. The equation of motion described for the ABP model
(Eq. 1.5) can be rewritten using a discretization of time to yield:

ri(t+ ∆t) = ri(t) +
η−1

N∑
j=1

Fij(rij) + v0ui(t)
∆t+

√
2Dt∆tΛt(t)

ui(t+ ∆t) = ui(t) +
√

2Dr∆tΛr(t) (1.9)

where we use the Euler-Maruyama scheme [71] to express the stochastic integral using Itô
representation, with a timestep ∆t and where Λt

α(t) and Λr
α(t) are zero-mean unit-variance

Gaussian distributed random variables as described in Eq. 1.5. The position and orientation
of each active particle is updated according to the discretized form in Eq. 1.9 where the total
force F acting on each particle due to interactions or external sources is calculated after every
time step increment ∆t. We typically use a ‘periodic’ simulation box in which if the particle
crosses, say, the upper boundary of the box it reenters the box from the lower boundary. Using
the condition of periodic images, we also need to respect the convention of nearest images of
particles for calculating the interactions. We apply the method of cell lists to speed-up such
calculations of pairwise and short-ranged interactions used in our studies [72].

In Figure 1.2 we show a comparison of the mean squared displacement (MSD) for a passive
as well as an active Brownian particle (ABP) for varying degree of activity calculated using the
above scheme. We see that the passive particle shows the expected diffusive behavior as the
MSD as a function of time is linear with a slope equal to one on a log− log scale corresponding
to a self-diffusion coefficient Dt = kBT/η. As we turn on and increase the activity (Pe) we find
that for t < τ the MSD ∝ t2 indicating a ballistic behaviour in this short-time regime. The
MSD is related to the self-propulsion speed as MSD ∝ v2

0t
2 . The behaviour becomes diffusive

again for t � τ but now with an effectively higher diffusion coefficient Dt,eff . Upon scaling
the MSD by Dt,eff we find a collapse of all the curves for t � τ obtained for 0 ≤ Pe ≤ 90 in
Figure 1.2(b), validating Eq. 1.8.

1.4 Motility-induced phase separation
A remarkable phenomenon observed in active systems is a spontaneous assembly into meso-
scopic clusters as seen in experimental systems of self-propelled particles [19, 73]. In systems
where these particles interact with purely repulsive interactions, dense clusters of particles in a
dilute phase emerge at sufficiently high self-propulsion speeds in numerical simulations and in
theory, a phenomenon termed as motility-induced phase separation (MIPS) [44,50,54,65,74–85].
This phenomenon of phase separation due to the motility of particles is a typical property of
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active systems and has also been found in systems of self-propelled particles interacting with
short-ranged attractive interactions [65, 75, 76, 86–89]. Even in a system of granular gas under
vibration it was shown in experiments and simulations that the steady states resemble phase
coexistence of a dilute gas and a dense liquid phase [7, 8, 90]. This macroscopic segregation of
particles into dilute and dense regions has been observed in a large variety of models of active
systems following different dynamics, particle interactions, external noise etc. and is fairly
general.

With the simple ABP model (Eq. 1.5) discussed earlier, if we consider repulsive interactions
among the spherical particles then a macroscopic phase separation into a dilute and a dense
region is observed in simulations provided that the activity is high enough. We show a typical
configuration of particles simulated in a two-dimensional geometry using the ABP model for a
passive case (v0 = 0) and an active case (v0 � 0) in Figure 1.3. Note that in the absence of
activity the stationary state of such a system is a homogeneous distribution of particles. The
phase separation occurs due to the motility of the particles and is hence termed as MIPS. A
simple and intuitive explanation arises from picturing a crowding or jamming phenomenon.
When two particles ‘bump’ into each other they cannot move until they change their direction
and slide past each other or revert back completely. In the meanwhile, more particles can
collide with them and hence they start crowding. This causes an effective reduction in the
speed of the particles v < v0 with respect to the bare self-propulsion speed v0 of a single
particle leading to further crowding due to a positive feedback resulting ultimately into phase
separation [43, 91]. This can be described in terms of a reorientation time τ = D−1

r which can
lead to a phase separation above a critical value τc for the reorientation time. In the case of
rod-like particles the self-propulsion acting along the long axes enhances the alignment thereby
shifting the isotropic-nematic transition to a lower density [48,60,92].

In thermodynamics, a phase transition between an ordered and a disordered state is identi-
fied in terms of an order parameter. For example, the vapor-liquid phase transitions in simple
systems can be described in terms of a discontinuity in the density of the two phases. Even
for MIPS the coexistence densities are well defined and can be mapped to a binodal as a func-
tion of activity. In equilibrium, the coexisting states are determined by minimizing their free
energy which is equivalent to equal chemical potential and equal pressure of the two states
at a fixed temperature (see Figure 1.4(a) and (c)). A similar representation can be visualized
in the pressure-density equation of state which shows a Maxwell equal-area construction (Fig-
ure 1.4(b)). For non-equilibrium systems such a criterion is not trivial. It was shown recently
that the definition of pressure for active Brownian particles interacting with anisotropic inter-
actions can also depend on the wall-particle interactions and hence a generic equation of state
does not exist [93]. However, for isotropic systems in the absence of any torques, such as the
ones considered in this thesis, it is possible to recover a well defined pressure-density equation
of state [94]. The existence of an equation of state can be used to determine phase coexistence
as it restricts the number of allowed coexisting states by employing the mechanical equilibrium
condition, but another criteria, such as equal chemical potentials at coexistence, is required to
identify the precise phase coexistence.

For example, it has been recently suggested that a modification of the Maxwell equal-area
construction could explain the coexistence densities in vibrated granular matter via minimiza-
tion of mechanical work [8]. A similar method was also proposed for a system of ABPs by
accounting for the interfacial contributions that involves measurements from an explicit coex-
istence [95]. Other attempts in recent years to describe such a phase coexistence have also
advanced our understanding significantly. Takatori and Brady [96] suggested a chemical poten-
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Figure 1.3: Typical configurations of a system of passive (left) and active (right) Brownian particles
in a two-dimensional geometry, interacting with pairwise repulsive interactions. The passive system
shows a homogeneous distribution whereas the active system in the right panel, where the magnitude
of the self-propulsion speed of particles is v0τ/σ = 180, shows the formation of a highly dynamic dense
cluster of particles. The coloring from purple to yellow is according to the increasing local density of
particles as shown in the colorbar.

Figure 1.4: Schematic of conditions showing coexistence in thermodynamic equilibrium in terms of
(a) a common-tangent construction in free-energy density f = −P +ρ(∂f/∂ρ)T , (b) a P −V equation
of state showing Maxwell equal-area construction, (c) equal chemical potential and equal pressure
conditions at the intersection point of the two branches in µ − P representation of the equation of
state.
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tial from micromechanical arguments, of similar form to the one that we derive in Chapter 4
using the Fokker-Planck approach. The authors of Ref. [96] even proceed and calculate spin-
odals and binodals on the basis of either a Gibbs-Duhem-like equation or a free energy for the
(realistic) case of an incompressible solvent. Later, however, it was argued in Ref. [94] and also
confirmed by us in Chapter 4, that a Maxwell construction on the equation of state obtained
from simulations does not yield the simulated coexistence densities for MIPS. A number of
analytical methods have been proposed in the form of continuum theories based on a slowing
down of particles upon crowding, i.e. a decreasing velocity v(ρ) as a function of density and
using a mean-field description to predict the dynamical instability towards a phase separa-
tion [50, 54, 74, 78, 80]. Other attempts use an effective free-energy functional [64, 91, 97, 98],
effective interactions [65], or a classical nucleation theory approach which uses kinetic argu-
ments to determine the lower binodal in MIPS [99]. All of the above suggest the possibility of
mapping equilibrium-like principles to active systems.

On the other hand a negative value of the mechanical interfacial tension, determined by
integrating the anisotropy of the pressure tensor in the direction perpendicular to the inter-
face in stable interface between a dense and dilute phase [83, 100, 101], is a remarkably out-
of-equilibrium feature. The finite entropy production at large activity is a characteristic of
the violation of fluctuation-dissipation theorem and a measure of the deviation from equilib-
rium [61].

1.5 Scope and outline of the thesis
The equilibrium-like phase separation in active systems that are far out of equilibrium as dis-
cussed above is truly fascinating. It is enticing to think whether we can predict the densities of
the coexisting states of active systems from a modified thermodynamic property or its fluctu-
ations. With this particular question in mind, we enquire how the addition of activity changes
the equilibrium states. We choose a simple equilibrium system of Brownian particles interacting
with Lennard-Jones-like interactions as our basis. The reasons to choose these interactions are
(i) due to their computational efficiency and (ii) a good backing from the literature dedicated to
similar systems of molecular origins. Some of the recent literature of active systems addressing
similar questions focuses on phenomenological theories but in this thesis we take a microscopic
approach without making assumptions of an effective free energy.

In order to answer the questions posed above, we consider the Langevin dynamics of colloidal
particles in the overdamped regime representing their Brownian motion which is of particular
interest for our systems and study the emergent non-equilibrium stationary states upon adding
self-propulsion. It is also possible to approach the problem using a Fokker-Planck formulation
which we address in Chapter 4 in this thesis. Our motivation is to look for possible extensions
of equilibrium principles which describe these stationary states in terms of a set of conjugate
variables such as temperature-entropy, pressure-volume, chemical potential-number of particles
etc. in thermodynamic equilibrium. In recent years the mechanical equilibrium has been quite
well understood for the isotropically interacting active Brownian particles and the pressure-
density equations of state were found to be robust. Our quest is to find the additional condition
that determines the states of coexistence.
The contents of this thesis are organized as follows:

In Chapter 2 and Chapter 3 we focus on systems of active Brownian particles interacting with
a Lennard-Jones (LJ) potential at low activity and close to equilibrium in three-dimensional
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geometries. We study the effect of switching on the activity on the density of coexisting states
and their interfacial tension while comparing with the passive system of an LJ fluid which
is fairly well understood from research on equilibrium fluids. First, in Chapter 2 we plot
the pressure-density equations of state and study the change in monotonic behaviour of the
curve with respect to temperature. We then directly simulate the vapor-liquid coexistence
in an elongated simulation box and study the shift in the binodals as we slowly increase the
activity. We investigate the temperature-scaling of the order-parameters describing the densities
of coexisting states and establish exponential dependence of the scaling parameters with respect
to the self-propulsion speed and the rate of rotational diffusion. In Chapter 3, we continue our
investigation of the active LJ systems and express the local form of the pressure tensor with an
additional swim component. We verify mechanical equilibrium in an elongated box exhibiting
vapor-liquid coexistence by studying the profiles of various pressure contributions. We then
measure the interfacial tension from the difference of the normal and tangential components
and study the dependence with respect to activity as we increase the temperature. We also
apply the theory of capillary waves and verify that the surface tension is proportional to the
stiffness but with an effective temperature scale.

In the previous section we discussed the fascinating equilibrium-like phase separation found
in a variety of active matter systems. In Chapter 4 we investigate this phase separation from
a microscopic approach using a Fokker-Planck formulation. We propose a chemical-potential
like expression for active systems, which includes an additional swim contribution due to the
activity of particles in addition to the intrinsic and external potentials. We study mechanical
and diffusive equilibrium in non-interacting as well as interacting systems at low and high
activity to identify the coexisting densities from the conditions of having equal bulk pressure
and bulk µ as found in equilibrium systems. We find that such a Maxwell construction works
well for systems at low activity but the interfacial contributions become important and need
to be considered explicitly for systems at high activity. We continue this investigation and the
importance of interfaces in Chapter 5 where we explicitly perturb the interface by applying a
sawtooth-shaped potential to the interfacial region of active systems. We find that the densities
of the two bulk states, in the regions arbitrarily far away, on either side of the external potential
depend significantly on the parameters of the potential itself.

Chapter 6 focuses on connecting the phase transitions in two-dimensional equilibrium sys-
tems of repulsive disks, for which the melting phenomenon proceeds from the crystalline state
into the fluid state via an intermediate hexatic state with quasi-long ranged orientational and
short-ranged positional order, to the phase separation induced due to the motility of active
systems. We establish the existence of a first order fluid-hexatic transition and a continuous
hexatic-solid transition for the passive systems and find that the scenario persists upto a low
degree of activity beyond which both the transitions become continuous. The fluid-hexatic
transition becomes first-order again at high activity and corresponds precisely to the motility-
induced phase separation of active systems into a dilute and a dense state. We particularly
investigate the hexatic-solid transition further and the role of topological defects on the melting
behaviour of the active crystalline state. We find that the melting transition first proceeds from
the crystalline state into an intermediate hexatic state of high density devoid of any defects,
possessing short-ranged positional order. We also investigate the elastic properties of the solid
and the hexatic states by calculating the various elastic moduli to test the predictions of the
equilibrium KTHNY theory of melting. We specifically study whether or not there is a corre-
spondence between the melting and elastic properties of the system and also the behaviour of
topological defects with respect to both, but large system size effects at high activity render
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our analysis inconclusive at the moment.
By shedding light on the equilibrium-like as well as highly out-of-equilibrium characteristics

of the collective behaviour observed for active systems, we hope that this thesis advances the
study of non-equilibrium thermodynamics of active systems.



2

Vapour-liquid coexistence of an
active Lennard-Jones fluid

In this chapter, we study a three-dimensional system of self-propelled Lennard-Jones par-
ticles using Brownian Dynamics simulations. Using recent theoretical results for active
matter, we calculate the pressure and report equations of state for the system. Addition-
ally, we chart the vapour-liquid coexistence and show that the coexistence densities can be
well described using simple power laws. Lastly, we demonstrate that our out-of-equilibrium
system shows deviations from both the law of rectilinear diameters and the law of corre-
sponding states.
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2.1 Introduction

Recent breakthroughs in synthesis and observation of colloidal swimmers [11–20] have attracted
a great deal of attention towards theoretical studies of self-propelled particles in soft matter
physics. In particular, there has been considerable interest in exploring the applicability of
equilibrium statistical physics concepts, such as pressure and surface tension, to generically
describe active matter and associated phase transitions [62, 65, 81, 93, 96, 100,102–106]. One of
the few systems where a phase transition has been thoroughly explored, even in the context
of critical phenomena, is the Vicsek model together with its modifications [46, 107–110]. In
this chapter, we study a different, yet also highly important model system for active matter,
namely a system of attractive isotropic self-propelled, Brownian particles [3,111]. We investigate
theoretically a vapour-liquid phase transition and present an extensive study of the out-of-
equilibrium phase transition.

One of the most well-studied equilibrium model systems which undergo such a vapour-liquid
phase transition is the Lennard-Jones (LJ) fluid [112,113]. In this chapter, we modify this model
by introducing a self-propulsion force to each particle, and treat the motion using Brownian
dynamics. This model was chosen since the phase behaviour of the equilibrium system is well
characterized and can be readily verified by computer simulations. In particular, since the LJ
particles interact via a short-range attractive potential, the second-order vapour-liquid phase
transition of the system belongs to the Ising universality class [114–116]. Moreover, the LJ
fluid obeys both the law of rectilinear diameters when in phase coexistence, which is obeyed by
a myriad of real substances as well as active matter systems [116–118], and the Noro-Frenkel
law of corresponding states, which maps the thermodynamic properties of different spherically
symmetric attractive potentials onto each other [119,120].

In the case of the active LJ fluid, preliminary studies of the vapour-liquid phase transition
have hinted on the deviation of the transition properties from equilibrium [76, 87, 88]. Most
interestingly, when the direction of the self-propulsion of the particles diffuses in a sufficiently
slow rate, a percolating state was found between the fluid and the vapour-liquid coexistence [88].
Herein we expand on these results by measuring the equation of state for the system and
studying the behaviour of the pressure in the vapour-liquid coexistence regime. Additionally,
we map out the phase diagram for different combinations of the propulsion speed and rotational
diffusion rate. We compare the behaviour of the binodals of the active system with that of the
equilibrium system by exploring whether the laws of rectilinear diameters and corresponding
states hold. Moreover, we examine whether the binodals can be fitted via simple power laws.

In Section 2.2 we introduce the model and the dynamics and also present the method that
we used to calculate the equation of state. Equations of state are presented in Section 2.3.1,
followed by a close study of the phase coexistence in Section 2.3.2. This study includes the power
law and exponential scaling of the order parameter and the critical temperature respectively
in Section 2.3.2, a test of the law of rectilinear diameters and the scaling of the critical density
in Section 2.3.2 and ultimately a test of the law of corresponding states in Section 2.3.2. Our
conclusions are summarized in Section 2.4.
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2.2 Methods

2.2.1 Model and Dynamics
We consider a three-dimensional system consisting of self-propelled spherical particles (colloids)
immersed in a molecular solvent, in a periodic box with dimensions Lx, Ly and Lz. The position
of the center of mass of the ith particle at time t is given by the vector ri(t). With particle i, we
associate a three-dimensional unit vector ui(t) that indicates the direction of the self-propelling
force. The particles interact with each other via a Lennard-Jones potential

U(rij) = 4ε
( σ

rij

)12

−
(
σ

rij

)6
 , (2.1)

truncated and shifted at 2.5σ, where σ is the particle length scale, rij = |rj − ri| and the
parameter ε controls the strength of the interaction.

To describe the translational and rotational motion of the individual colloidal particles inside
the solvent we use the overdamped Langevin equations

dri
dt

= −1
η

∑
j 6=i

∂U(rij)
∂ri

+ υ0ui +
√

2Dtrξ
tr
i , (2.2)

dui
dt

=
√

2Dr (ui × ξri ) . (2.3)

Note that after each iteration of Eq. 2.3 we normalize the unit vectors u in order to prevent
their drift. The translational diffusion coefficient is given by the Einstein-Smoluchowski relation
Dtr = 1/(βsη), with η the damping coefficient and βs the inverse temperature of the surrounding
solvent. Dr denotes the rotational diffusion coefficient and υ0 the propulsion speed. The vectors
ξtri and ξri are unit-variance random vectors, with mean value and variation

〈ξtr,ri (t)〉 = 0, (2.4)
〈ξtr,ri (t)ξtr,rj (t′)〉 = I3 δij δ(t− t′), (2.5)

where I3 is the unit matrix in three dimensions.
We implemented the aforementioned equations of motion (Eqs. 2.2 and 2.3) using an Euler-

Maruyama integration scheme [71]. A maximum time step of dt = 2×10−5σ2/Dtr was used for
the numeric integration of the equations of motion. The number of particles in our simulations
was approximately N = 2500. Even though this system size is small when compared to recent
simulation studies of other active systems, for example Ref. [103], we have verified that the
measurements presented in this chapter are robust. This verification was done by referring to
a limited number of measurements performed for a system of 5000 particles.

Lengths are given in units of σ, time in units of τ = σ2/Dtr, and energy in units of 1/βs.
We also denote T = 1/βsε as the dimensionless temperature of our system. This notation is
adopted as it facilitates direct comparison to a passive LJ system.

2.2.2 Pressure
In order to measure the pressure of our active system we use the results of Winkler et al [121].
Specifically, the pressure P of a system of self-propelled and isotropic particles in a periodic
box is calculated using

P = Pid + Pvir + Pswim. (2.6)
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In this expression, the ideal gas pressure Pid is given by

Pid = ρ/βs, (2.7)

with ρ the number density. Additionally, Pvir is the standard virial pressure given by

Pvir = − 1
3V

〈
N−1∑
i=1

N∑
j=i+1

∂U(rij)
∂ri

· (ri − rj)
〉
, (2.8)

where V is the volume of the system. Finally, Pswim is the “swim pressure”, i.e. the direct
contribution of the self-propulsive forces to the pressure, and is given by

Pswim =ρηυ
2
0

6Dr

− ηυ0

6V Dr

〈
N∑
i=1

N∑
j=1

∂U(rij)
∂ri

· ui
〉
. (2.9)

Note that the brackets in Eqs. 2.8 and 2.9 denote a time average over the steady state. The
steady state of the system was identified following Ref. [88].

2.3 Results

2.3.1 Equations of state
Recent theoretical works have established the existence of an equation of state for isotropic, self-
propelled particles, such as our model [82,93,104,121]. In this section we calculate equations of
state for an active LJ system in a periodic cubic box. Our goal is to examine the behaviour of
the equation of state as the active system transitions from a homogeneous state to vapour-liquid
phase coexistence, and compare it with the behaviour of a passive LJ system.

In Figure 2.1(a) we show characteristic equations of state for the system. As in the passive
system, lowering the temperature causes the equation of state to become non-monotonic, a
behaviour associated with phase separation into a gas and a liquid. From these equations of
state, we observe no qualitative differences from the passive LJ system.

In order to examine the equations of state in more detail, we study the different contributions
to the pressure. In Figure 2.1(b) we plot the swim pressure as a function of the density for
different temperatures. We find that for high temperatures, where no coexistence takes place,
the swim pressure has a roughly parabolic shape. However, once phase separation occurs in
the system, the swim pressure grows linearly with the density in the phase coexistence regime.
This linear growth in the coexistence region is present for all other parameter space points that
we have examined. We find that the swim pressure of both the gas and the liquid phase stays
fixed throughout the coexistence region, hence this linear growth of the total swim pressure
arises due to the lever rule. Note that in our system the swim pressure of the dense phase is
higher than that of the dilute phase in the coexistence region, while the opposite is true in the
case of motility induced phase separation [100].

Subsequently, in Figure 2.1(c) we show the contribution coming from the ideal and the
passive virial part of the pressure. Note that these two contributions alone cannot account for
the observed phase behaviour, as the high temperature curve (colored blue) is non-monotonic
even though the system is in a fluid state for all densities shown.
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Figure 2.1: Equations of state for a system with propulsion speed υ0τ/σ = 20 and rotational
diffusion coefficient Drτ = 20. (a) shows the total pressure of the system as a function of the density,
(b) shows the swim pressure contribution (Eq. 2.9) and (c) shows the sum of the ideal and the virial
contribution (Eqs. 2.7 and 2.8 respectively). Full symbols correspond to state points where the system
is in a homogeneous state while open symbols denote vapour-liquid phase coexistence. Full lines are
simply guides to the eye.
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Figure 2.2: (a) Snapshot of a long box simulation. (b) Average number density ρσ3 as a function
of position. Data points are the time averages obtained from simulations while the red curve is a fit
using Eq. 2.10.

2.3.2 Vapour-Liquid Coexistence
In this section we map out the phase diagram for the LJ fluid. To this end, we conducted
simulations in a long simulation box with dimensions Lz = 6Lx = 6Ly, containing a liquid slab
coexisting with vapour, as shown in Figure 2.2(a). The overall number density of the system
was fixed at ρσ3 = 0.1333. We then measured the density profile ρ(z) by dividing the box
into slabs of width ' 0.3σ along the z direction and taking the time average of the number of
particles in a given slab. Subsequently, we calculated the local number densities of the vapour
phase ρv and the liquid phase ρl by fitting the density profile ρ(z) around each interface to the
function

ρ(z) = 1
2(ρl + ρv)−

1
2(ρl − ρv) tanh

[
2(z − z0)

w

]
, (2.10)

where z0 and w are the location and width of the vapour-liquid interface, and are also deter-
mined from the fit. Figure 2.2(b) shows an example of a measured density profile ρ(z) as well
as the fitted Eq. 2.10. We find that the hyperbolic tangent provides an excellent fit to the
interface and that we can accurately determine the local densities of the vapour and the liquid
phase.

We systematically obtained the coexisting densities for a wide range of parameters following
two different paths that drive the system out of equilibrium. First, we varied the rotational
diffusion coefficient Dr while keeping the self-propulsion speed v0 fixed at a non-zero value.
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Figure 2.3: Binodal lines for systems with (a) constant propulsion speed υ0τ/σ = 8 and varying
rotational diffusion coefficient Dr and (b) constant rotational diffusion coefficient Drτ = 20 and
varying propulsion speed v0. Simulation results are denoted by points. Full lines are fits, obtained by
using the exponential fits for the parameters Tc, β, A, ρc, α and B (Tables 2.5 and 2.7) on Eqs. 2.11
and 2.14. Stars denote the estimated critical points from the fits.
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Second, we varied the propulsion speed v0 while keeping the rotational diffusion rate Dr of
the particles fixed. The measured coexisting densities are summarized in Figure 2.3. Clearly,
both routes produce a series of phase diagrams that are highly consistent with a simple passive
attractive fluid, such as a LJ fluid. Note that these two paths are not equivalent as the Dr →∞
limit does not coincide with the υ0 → 0 limit: the first one corresponds to a passive system with
a higher effective temperature than the second one, which corresponds to the equilibrium LJ
system with temperature T = 1/βsε. Also, we set a rather high rotational diffusion coefficient
when we varied the self-propulsion speed. This choice was made in order to minimize the regime
of the percolating state in the state diagram [88].

In the following subsections, we compare the obtained phase diagrams more closely to the
equilibrium case by exploring the temperature dependence of ∆ρ = ρl − ρv, and examining
whether the law of rectilinear diameters and law of corresponding states still hold.

Temperature dependence of ∆ρ

The order parameter that governs the vapour-liquid phase transition in equilibrium is the
difference between the two coexisting densities ∆ρ = ρl − ρv. In equilibrium, ∆ρ follows a
power law given by

∆ρ = A (Tc − T )β , (2.11)

where Tc is the critical temperature, β is the (critical) exponent and A is a proportionality
constant. Here we examine whether the scaling of ∆ρ with temperature follows the same
behaviour for our active system, and treat Tc, A, and β as free fitting parameters.

In Figs. 2.4(a) and 2.6(a) we show the order parameter ∆ρ, as a function of the scaled
temperature (Eq. 2.11) for different values of rotational diffusion rate and self-propulsion
speed, respectively. Interestingly, the simulation data fall on straight lines, indicating that Eq.
2.11 accurately describes the active system in the examined parameter space.

Next, we examine the scaling of the fitted critical temperature Tc, the exponent β and
the constant A as the system is driven away from equilibrium. The results are plotted in Figs.
2.4(b-c) and 2.6(b-c). Error bars are the standard errors from fitting and in the majority of cases
they are smaller than the plotted markers. As expected, the critical temperature decreases with
decreasing rotational diffusion coefficient/increasing propulsion speed, as stronger attraction is
needed to bring together swimmers with larger persistence lengths. This is in accordance
with the predictions of Farage et al [65]. We also find that the exponent β decreases as our
particles become more active. The parameter A stays quasi-constant as a function of the
rotational diffusion (Figure 2.4(c) inset), but clearly increases with increasing propulsion speed
(Figure 2.6(c) inset).

For the systems where the rotational diffusion coefficient is varied, the scaling of Tc and β
is well captured by simple exponential functions, for instance

Tc(Dr) = a1 + a2e
−a3Drτ , (2.12)

is an excellent fit for the critical temperature, where the values of the dimensionless parameters
a1, a2 and a3 can be found in Table 2.5. We also fit the parameter A with an exponential
function, even though its variation is minimal and the fit is clearly not optimal.

For the systems where the propulsion speed is varied, we similarly find that the scaling

Tc(υ0) = b1 + b2e
−b3σ/(υ0τ), (2.13)
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Figure 2.4: (a) ∆ρ as a function of the scaled temperature for systems of different rotational diffusion
rates and constant propulsion speed υ0τ/σ = 8. Data points correspond to simulation results while
the lines denote the fits (Eq. 2.11). Results for different rotational diffusion rates are offset for clarity.
(b) Critical temperature Tc as a function of the rotational diffusion rate. The continuous line shows
the fit from Table 2.5 . (c) Critical exponent β and constant A (inset) as a function of the rotational
diffusion rate. The continuous line shows the fit from Table 2.5.

Figure 2.5: Fitting parameters of the function a1 + a2e
−a3Drτ to the parameters of Eqs. 2.11 and

2.14 for systems of different rotational diffusion rates and constant propulsion speed υ0τ/σ = 8.

Tc β A ρcσ
3 α B

a1 0.818 0.237 1.118 0.339 1.04 0.252
a2 -0.47 -0.194 -0.081 0.126 1.122 1.336
a3 0.156 0.18 1.004 0.114 0.229 0.79
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Figure 2.6: (a) ∆ρ as a function of the scaled temperature for systems of different propulsion speeds
and constant rotational diffusion Drτ = 20. Data points correspond to simulation results while the
lines denote the fits (Eq. 2.11). Results for different propulsion speeds are offset for clarity. (b)
Critical temperature Tc as a function of the self-propulsion speed. The continuous line shows the fit
from Table 2.7. (c) Critical exponent β and constant A (inset) as a function of the self-propulsion
speed. The continuous line shows the fit from Table 2.7.

Figure 2.7: Fitting parameters of the function b1 + b2e
−b3σ/(υ0τ) to the parameters of Eqs. 2.11 and

2.14 for systems of different propulsion speeds and constant rotational diffusion Drτ = 20.

Tc β A ρcσ
3 α B

b1 1.066 0.291 1.038 0.312 0.971 0.234
b2 -1.184 -0.241 0.297 0.201 2.132 8.082
b3 12.33 12.382 11.384 13.795 33.406 69.521
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describes our data fairly well. The same holds for the exponent β and the constant A. The
numerical coefficients can be found in Table 2.7. Note that the difference between Eqs. 2.13
and 2.12 is simply the replacement of Drτ with σ/(υ0τ). As the Péclet number is simply the
ratio of these two, it might be tempting to ask whether the phase behaviour can be completely
described by the Péclet number Pe = Drσ/υ0. However, this turns out not to be the case as
these two separate paths out of equilibrium cannot be collapsed via the Péclet number.

Law of rectilinear diameters

Next, we investigate whether the law of rectilinear diameters holds for our system. Specifically,
we study the properties of the sum of the coexisting densities which in equilibrium [113, 122]
typically scales as

1
2 (ρv + ρl) = B (Tc − T )α + ρc. (2.14)

with B a proportionality constant, α the exponent and ρc the density at the critical point.
According to the law of rectilinear diameters, the exponent α = 1. Note that in Eq. 2.14 we
have omitted corrections that are needed in order to capture the behaviour near the critical
point, as we are unable to study this regime in the present chapter. Using Tc as calculated in the
previous section, we determine the proportionality constant B, the exponent α and the critical
density ρc by fitting the coexisting densities to this expression. In Figs. 2.8(a) and 2.9(a) we
show that Eq. 2.14 can indeed accurately reproduce the behaviour of our out-of-equilibrium
system as we vary the rotational diffusion rate and self-propulsion speed respectively.

Next, in Figs. 2.8(b-c) and 2.9(b-c) we plot the fitted parameters critical density ρc, ex-
ponent α and constant B. In Figs. 2.8(b) and 2.9(b) one can see that the critical density
increases with decreasing rotational diffusion coefficient/increasing propulsion speed, indicat-
ing that higher densities are necessary in order to have coexistence when particles swim faster.
Interestingly, we also find that the exponent α deviates substantially from unity as we drive
the system away from equilibrium. Thus, sufficiently far from equilibrium the law of rectilinear
diameters is clearly violated. Lastly, the parameter B also increases with decreasing rotational
diffusion coefficient/increasing propulsion speed.

In addition, the three parameters ρc, α and B can be fitted again with a simple exponential
of the form of Eq. 2.12 or 2.13, depending on whether the rotational diffusion or the propulsion
speed is varied. The measured fits can be found in Tables 2.5 and 2.7. The fact that all fitting
parameters Tc, β, ρc, α and B scale in a similar fashion in the active system is remarkable, and
may suggest that a simple, comprehensive description of the phase transition is indeed possible
for our model.

By extrapolating the fits presented in Tables 2.5 and 2.7 to the equilibrium system (Drτ →
∞ and υ0τ/σ → 0 respectively), we find that our estimations for the critical point and exponents
are rough, yet reasonable. For example, we estimate the equilibrium critical point at Tc = 1.066
and ρc = 0.312, while recent finite size scaling studies report Tc = 1.187 and ρc = 0.32 [123,124].
Moreover, we find for the exponent β = 0.291, while literature reads β = 0.3285 [116]. Also,
even though the extrapolated equilibrium exponents α between the two Tables are in reasonable
agreement (α = 1.04 and 0.971 respectively), there is a discrepancy between the values of the
exponent β (β = 0.237 and 0.291). This discrepancy is demonstrative of the limitations of our
study.
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Figure 2.8: Distance of the average of the coexisting densities from the critical density 1
2(ρv+ρl)−ρc

as a function of the scaled temperature for different rates of rotational diffusion and constant self-
propulsion speed υ0τ/σ = 8. Data points correspond to simulation results while the lines denote the
fits of Eq. 2.14. Results for different rotational diffusion rates are offset for clarity. (b) Critical density
ρc as a function of the rotational diffusion coefficient Dr. The continuous line shows the fit from Table
2.5. (c) Critical exponent α and constant B (inset) as a function of the rotational diffusion coefficient
Dr. The continuous line shows the fit from Table 2.5.
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Figure 2.9: Distance of the average of the coexisting densities from the critical density 1
2(ρv+ρl)−ρc

as a function of the scaled temperature for different propulsion speeds and constant rotational diffusion
coefficient Drτ = 20. Data points correspond to simulation results while the lines denote the fits of
Eq. 2.14. Results for different propulsion speeds are offset for clarity. (b) Critical density ρc as a
function of the self-propulsion speed. The continuous line shows the fit from Table 2.7.(c) Critical
exponent α and constant B (inset) as a function of the self-propulsion speed. The continuous line
shows the fit from Table 2.7.
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Binodal lines and law of corresponding states

Finally, one can now combine Eqs. 2.11 and 2.14 in order to express the coexisting densities
ρv and ρl as a function of the parameters Tc, β, A, ρc, α and B. In Figure 2.3 we compare
the binodals of the system from the directly measured coexisting densities to the fits for the
aforementioned parameters (Tables 2.5 and 2.7). We find that the agreement between mea-
surements and fits is excellent. We note that in Ref. [88] a percolating network state separated
the fluid from the vapour-liquid coexistence region when the system was sufficiently far from
equilibrium. Consequently, this extra state may well result in a metastable critical point for
our system. However, we have performed simulations at all the predicted critical temperatures
and observed no signatures of a percolating state within the predicted coexistence regions.

Last but not least, we checked whether our system obeys a simple law of corresponding
states. That is, whether the binodal lines fall on top of each other if one scales the temperature
and the density with the corresponding quantities at the critical point. Such a collapse of the
binodals can be made, for example, for various real substances [122], or for different cutoff radii
of the equilibrium LJ fluid [120]. However, as shown in Figure 2.10, the active LJ fluid obeys no
such law of corresponding states for different values of rotational diffusion and self-propulsion.
Naturally, the fact that the active LJ fluid does not obey this simplified law of corresponding
states does not prove that it does not obey a more general Noro-Frenkel law of corresponding
states, which compares the thermodynamic properties at the same reduced density and second
virial coefficient. However, a more general test is out of the scope of the present chapter.

2.4 Conclusions

We studied a system of self-propelled spheres that interact via the Lennard-Jones potential using
Brownian Dynamics simulations. We calculated equations of state for different temperatures
and verified that, as the system transitions from a homogeneous to a phase separated state
with decreasing temperature, the pressure curve as a function of density shows the expected
transition from monotonic to non-monotonic. Moreover, we observed a linear growth of the
swim pressure in the coexistence region.

Subsequently, we studied the phase coexistence regime using long box simulations. We
showed that the scaling of the coexisting densities with temperature follows classic power laws.
Though it might be tempting to identify the exponents of these power laws with the critical
exponents of the system, we are currently unable to access the region close to the critical point
due to the small system sizes considered here. Hence we cannot be certain that the calculated
power laws still hold in this region, and that the values of the exponents remain unchanged
as one approaches the critical point. As a result, we are also unable to draw any conclusions
concerning the universality class of the phase transition. Nonetheless, the power laws we present
describe the binodal envelope extremely well and should provide guidance for future studies of
the system.

Noticeably, we also showed that all the various parameters of the power laws vary with the
propulsion speed or the rotational diffusion rate in a similar fashion, namely their scaling is well
captured by simple exponential functions. These parameters include the critical temperature
and density as well as the exponents of the power laws. Thus, a unified description of the
binodal lines for both the passive and the active Lennard-Jones system may be within reach.



2

Vapour-liquid coexistence of an active Lennard-Jones fluid 29

�
�

�

�
�

�

�

�

�
�

�

�
�

�

�

�

�

�

�
�

�

�

�

�

�

�

�
�

�

�

�

�

�

�

�
�

�

�

�

�
�

�

�

�
�

�

�

�

�
�

�

�

�

�
�

�

�

�

�

�

�

�

�
�

�

�

�

�

�
�

�

�
�
�
�

�

�

�
�

�

�
�
�
�

�

�

�

�
��
�
�
�
�
��
�
�
��
�

�

�
��
�
�
�
�
��
�
�
��
�

�
�
�
�
����������

�
�
�
�
����������

Dr�
� 20

� 15

� 12

� 9

� 6

� 3

� 1

0.0 0.5 1.0 1.5 2.0 2.5
0.4

0.5

0.6

0.7

0.8

0.9

Reduced density 	/	c

R
ed

u
ce

d
te

m
p
er

a
tu

re
T
/T

c

(a)

�
�

�
�

�
�
�
�
�

�

�
�

�
�

�
�
�
�
�

�

�

�
�

�
�
�
�
�
�
�
�

�

�

�
�

�
�
�
�
�
�
�
�

�

�

�
�

�
�
�
�
�
�

�

�

�
�

�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�
�
�

�

�
�
�
�
�
�
�
�
�
�

�
�
�
�
�

�
�

�
�

�
�
�
�
�

�
�

�
�

��
�
�

�

�
�
�

�

�

��
�
�

�

�
�
�

�

�


0�/�
� 0

� 4

� 8

� 12

� 20

� 28

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.4

0.5

0.6

0.7

0.8

0.9

Reduced density 	/	c

R
ed

u
ce

d
te

m
p
er

a
tu

re
T
/T

c

(b)

Figure 2.10: Reduced binodal lines of the active LJ system (a) for systems of different rotational
diffusion rates and constant propulsion speed υ0τ/σ = 8 and (b) for systems of different propulsion
speeds and constant rotational diffusion coefficient Drτ = 20. Points correspond to directly observed
coexisting densities, scaled by the fitted critical temperatures and densities.
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Non-equilibrium surface tension of
the vapour-liquid interface of active

Lennard-Jones particles

In this chapter we study a three-dimensional system of self-propelled Brownian particles
interacting via the Lennard-Jones potential. Using Brownian Dynamics simulations in an
elongated simulation box, we investigate the steady states of the vapour-liquid phase co-
existence of active Lennard-Jones particles with planar interfaces. We measure the normal
and tangential components of the pressure tensor along the direction perpendicular to the
interface and verify mechanical equilibrium of the two coexisting phases. In addition, we
determine the non-equilibrium interfacial tension by integrating the difference of the nor-
mal and tangential component of the pressure tensor, and show that the surface tension as
a function of the strength of the particle attractions is well-fitted by simple power laws. Fi-
nally, we measure the interfacial stiffness using capillary wave theory and the equipartition
theorem, and find a simple linear relation between surface tension and interfacial stiffness
with a proportionality constant characterized by an effective temperature.
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3.1 Introduction
Many-particle systems that are driven out-of-equilibrium exhibit intriguing collective behaviour
like clustering, laning, swarming, but also phenomena that resemble equilibrium phase behavior
such as crystallization, condensation and phase separation. As a consequence, there has been
considerable interest in exploring the applicability of equilibrium statistical physics concepts,
such as pressure, chemical potential, and surface tension, to describe non-equilibrium steady
states resembling phase coexistence [7, 8, 44, 50, 54, 55, 59, 63, 65, 74–79, 79–83, 94, 96, 100, 102,
104–106,125–127].

One such example is of a granular gas under vibration where it was shown very recently
in experiments and simulations that the steady states resemble phase coexistence of a dilute
gas and a dense liquid phase that follows the lever rule [7, 8]. The coexisting densities in
this case were well-predicted by a Maxwell equal-area construction on the equation of state.
Additionally, it was observed that these granular gases form patterns that resemble spinodal
decomposition with a coarsening dynamics that proceeds via the same spatio-temporal scaling
laws as in equilibrium molecular fluids [7, 8]. In the case of molecular fluids, the coarsening is
driven by a reduction of the interfacial area and thereby a minimization of the interfacial energy.
For granular gases, it was found that the coarsening dynamics can indeed be explained by the
emergence of a positive non-equilibrium surface tension that is predominately determined by
the anisotropy in the kinetic energy part of the stress tensor in contrast to the surface tension
in molecular fluids, which is mainly determined by energetic interactions [126].

Another model system exhibiting a rich non-equilibrium behaviour, and of current interest,
is a system of active Brownian particles suspended in a solvent that incessantly convert energy
from the local environment into directed motion, and are thus inherently out-of-equilibrium.
The self-propulsion can be generated through a variety of mechanisms, for example, by hy-
drodynamic flows around a bacterium [9, 10, 128], self-diffusiophoresis [26], bubble propul-
sion [29, 30], local demixing of a near critical solvent mixture [18, 27], thermophoresis [31],
Marangoni flows [33,34], self-electrophoresis [37], etc. In the simplest model of active Brownian
particles, the particles perform directed motion with a constant self-propulsion speed, whereas
the Brownian motion is described by stochastic translational forces as well as stochastic rota-
tional forces that alter the direction of the persistent motion. In the case where these particles
interact with purely repulsive interactions, dense clusters of particles in a dilute phase were
observed at sufficiently high self-propulsion speeds in numerical simulations and in theory, a
phenomenon termed as motility-induced phase separation (MIPS) [44, 50, 54, 65, 74–83]. Using
large system sizes and an elongated simulation box, a stable phase separation between a dense
and dilute phase separated by planar interfaces was also achieved [100]. Remarkably, the me-
chanical interfacial tension as determined by integrating the anisotropy of the pressure tensor
in these simulations turns out to be negative. In the case of a negative surface tension in equi-
librium fluids, the system can lower its free energy by creating more interface, and hence the
phase separation is unstable. This intuitive interpretation of a negative surface tension is thus
at odds with the observation of a stable motility-induced phase separation, thereby questioning
the mechanical definition of surface tension and its equilibrium-like interpretation.

On the other hand, phase separation has also been observed in systems of self-propelled par-
ticles interacting with attractive interactions [65,75,76,86–89]. Interestingly, a reentrant phase
behavior was found in simulations of active colloidal particles interacting via Lennard-Jones
interactions [75, 76]. Phase-separated states were observed at low as well as high activities,
and homogeneous states were found at intermediate activities [75, 76]. At high activity, the



3

Non-Equilibrium Surface Tension 33

phase separation resembles the motility-induced phase separation as observed for active repul-
sive particles, whereas for low activity the phase separation is caused by the attractive particle
interactions and a kinetically arrested attractive gel phase is observed reminiscent of spinodal
decomposition [75, 76]. However, it is yet unknown whether the coarsening dynamics of the
spinodal structure of active Brownian Lennard-Jones particles bears any similarities with that
of molecular fluids.

We thus conclude that many out-of-equilibrium steady states show behavior reminiscent to
that observed for equilibrium fluids such as condensation, crystallization, and phase separation.
More surprisingly, also the kinetics of the phase separation displays striking similarities with
the equilibrium counterparts. Vibrated granular systems exhibit spinodal decomposition with
a coarsening dynamics that emerges from the presence of a non-equilibrium positive interfa-
cial tension, whereas active repulsive particles show motility-induced phase separation with a
negative surface tension implying that work is released by creating more interface while keep-
ing the volume of the system fixed [100]. In order to gain more insight in the concept of an
interfacial tension in non-equilibrium systems, we investigate the interfacial tension and stiff-
ness of a vapour-liquid interface of active Lennard-Jones systems. Many reasons justify this
choice of system. First of all, the bulk and interfacial behavior as well as the critical behav-
ior of passive Lennard-Jones systems have been extensively studied over the past decades and
we are provided with a wealth of information on the equilibrium passive counterpart of this
model [112, 113, 116, 119, 120]. Secondly, the computational efficiency of the model makes it
very convenient and attractive for computer simulations. Furthermore, and perhaps more im-
portantly, the system undergoes a vapour-liquid phase transition due to particle attractions for
very low but also high activities of the particles, which correspond to both quasi-equilibrium
and fairly out-of-equilibrium regimes. It is thus an ideal system to study systematically the
effect of self-propulsion on the properties of the phase transition and of the interface as one
can slowly switch on the activity of the system and drive the system further out-of-equilibrium,
contrary to the case of motility-induced phase separation.

To this end, we study a stable vapour-liquid phase coexistence of isotropic self-propelled
Brownian particles interacting with a truncated and shifted Lennard-Jones potential using
Brownian dynamics simulations. Here, our investigation builds upon the previous chapter, in
which we determined the vapour-liquid binodals as a function of rotational diffusion rate and
self-propulsion speed of active Lennard-Jones particles [89]. We use the overdamped Langevin
equation to simulate the particle dynamics considering an implicit solvent. In order to stabilize
direct coexistence, we employ an elongated simulation box, in which the planar interfaces align
with the shortest dimensions of the box. We measure the normal and tangential components of
the pressure tensor in the direction perpendicular to the interface by employing a local expres-
sion for the pressure tensor in active systems [94,121,129,130]. The non-equilibrium interfacial
tension is measured by integrating the difference of the normal and tangential component of
this pressure tensor [131]. We calculate the non-equilibrium surface tension for different combi-
nations of self-propulsion speed and rotational diffusion rate, and demonstrate that the trends
of the surface tension can be fitted by simple power laws. In addition, we also apply capillary
wave theory to understand the non-equilibrium relationship of interfacial tension and stiffness
coefficient.

This chapter is organized as follows. In Section 3.2, we describe our model and the dynamics
used in our numerical study. In Section 3.3 we present the method we used to measure the
pressure tensor profiles and surface tension. We then discuss the density and pressure profiles
in Sections 3.4.1 and 3.4.2, respectively. We determine the non-equilibrium interfacial tension
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in Section 3.4.3, and show that the surface tension as a function of the strength of the particle
attractions is well-fitted by a simple power law. Finally, we present our results on the interfacial
stiffness as obtained from the application of capillary wave theory and equipartition theorem
in Section 3.4.4 and discuss its relation to the surface tension measured in Section 3.4.3. We
end with some conclusions in Section 3.5.

3.2 Model and Methods
We consider a three-dimensional system consisting of self-propelled spherical particles sus-
pended in a solvent. The particles interact via a truncated and shifted Lennard-Jones potential
U(rij) given by

U(rij) =
ULJ(rij)− ULJ(rcut) r ≤ rcut

0 r > rcut
(3.1)

with

ULJ(rij) = 4ε
( σ

rij

)12

−
(
σ

rij

)6
 , (3.2)

where rij = |rj − ri| is the center-of-mass distance, ri the position of particle i, σ the particle
length scale, and ε the strength of the particle interaction. We set the cut-off radius rcut = 2.5σ
in all our simulations. In addition, we associate a three-dimensional unit vector ui to particle
i that indicates the direction of the self-propelling force.

To describe the translational and rotational motion of the individual colloidal particles inside
the solvent we use the overdamped Langevin equations

dri
dt

= −1
η

∑
j 6=i

∂U(rij)
∂ri

+ v0ui +
√

2DtΛt
i, (3.3)

dui
dt

=
√

2Dr (ui ×Λr
i ) , (3.4)

where Dt is the translational diffusion coefficient given by the Stokes-Einstein relation Dt =
1/(βsη), η is the damping coefficient due to drag forces from the solvent, βs = 1/kBTs with kB
the Boltzmann constant, and Ts the bath temperature. Dr is the rotational diffusion coefficient
and v0 denotes the self-propulsion speed. The vectors Λt

i and Λr
i are unit-variance Gaussian

distributed random vectors with zero mean and variation〈
Λt,r
i (t)

〉
= 0, (3.5)〈

Λt,r
i (t)Λt,r

j (t′)
〉

= I3δijδ(t− t′) (3.6)

where I3 is the 3×3 identity matrix. The angular brackets 〈· · · 〉 denote an average over different
realizations of the noise. We also normalize the unit vector ui of each particle i, after each
iteration of Eq. 3.4 in order to prevent drifting with time.

We perform Brownian dynamics simulations in an elongated box with dimensions L×L×6L
for all cases except in Section 3.4.4 where we alter the aspect ratio of the box. The elongated
shape of the simulation box stabilizes a phase coexistence with a planar interface between the
two phases in the simulations. We apply periodic boundary conditions in all three directions
and fix our z-coordinate axis along the longest edge of the box. The number of particles in
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our simulations is approximately N = 2500 and the density of the system is kept fixed for all
simulations at ρσ3 = 0.133. We numerically integrate the equations of motion, Eq. (3.3) and
Eq. (3.4), using the Euler-Maruyama scheme [71]. We set σ, 1/βs and τ = σ2/Dt as our units
of length, energy, and time, respectively. We use a time step dt = 2 × 10−5τ for the numeric
integration of the equations of motion. In equilibrium, ε is inversely proportional to kBTs and
either parameter could be varied to control the temperature. Here we keep the temperature of
the bath fixed by keeping βs constant and vary ε to mimic the change in temperature of the
colloidal particles. We employ the dimensionless temperature T = kBTs/ε following Ref. [89].
In addition, we define the Péclet number as Pe = v0/σDr which parameterizes the persistence
length of the active motion. We investigate the interfacial properties of the system in the Péclet
number range of 0−8. To change the Péclet number, we either increase the self-propulsion speed
at fixed rate of rotational diffusion coefficient (Drτ = 20), or we decrease the rotational diffusion
coefficient at fixed self-propulsion speed (υ0τσ

−1 = 8). The choice of parameters studied here
is exactly the same as in Ref. 45 where the vapor-liquid binodals have been mapped out. Note
that in Ref. 44, it was shown that a percolating network state could separate the fluid from
the vapour-liquid coexistence region when the system was sufficiently far from equilibrium.
However, for the parameters studied here, as argued in Ref. 45, there are no signatures of a
percolating state within the coexistence regions.

For each set of simulation parameters, we let the systems reach a steady state by running
the simulations for ≈ 600τ and then collect data for another 1200τ by measuring the quantities
of interest every 100 time steps. We also fix the center of mass of the system at the origin of
the z-axis in order to prevent the drift of the liquid slab that coexists with the gas by regularly
shifting the coordinates of the particles at fixed time intervals.

3.3 Pressure tensor
The concept of a non-equilibrium pressure in active systems has received a lot of attention
in recent years. Various approaches have been followed to derive a microscopic expression for
the bulk pressure of an active-particle system. It has already been shown using a microme-
chanical [82], a virial [83, 105, 106, 121], and a stochastic thermodynamics formulation [106]
that an extra swim pressure contribution arises due to the self-propulsion of the particles in
active systems. Solon and co-workers have argued that in the case of an active system in-
teracting with anisotropic interactions the pressure depends on the wall-particle interactions,
which implies that pressure is not a state function [129]. In the case of isotropic interac-
tions, however, the various approaches yield consistent results for the microscopic expression
of the bulk pressure. Furthermore, a microscopic definition for the local stress tensor has
been derived from the stationary probability distribution function by using the Fokker-Planck
equation [63,94,98,100,104,129,130,132].

In order to simulate direct coexistence between an active vapour and liquid phase, we
employ an elongated simulation box with the long axis along the z-direction and in which
the two coexisting phases are separated by interfaces parallel to the xy-plane. Hence, the
system is only inhomogeneous in the z-direction and consequently, the pressure tensor contains
only two independent components, the normal component along the direction perpendicular to
the interfaces, PN(z) = Pzz(z), and the transverse component, PT (z) = (Pxx(z) + Pyy(z))/2,
which is the average of the xx− and yy−components due to the symmetry of the system in
the xy-plane. The non-diagonal components of the pressure tensor vanish due to hydrostatic
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equilibrium, which we verified in our simulations.
As described in the references [94,130,132], the microscopic local pressure tensor for interact-

ing spherical particles without torques is derived using the steady state probability distribution
function ψ(r,u) = 〈∑N

i=1 δ(r − ri)δ(u − ui)〉, where r = (x, y, z) is the 3-dimensional spatial
coordinate and unit vector u is the analogue for orientation. The diagonal spatial components
of this local pressure tensor, Pαα(z), consist of an ideal gas contribution, a virial contribution,
and a swim pressure contribution

Pαα(z) = P id
αα(z) + P vir

αα (z) + P swim
αα (z). (3.7)

The ideal component of the pressure reads

P id
αα(z) = ρ(z)kBTs, (3.8)

where ρ(z) is the local density. The virial and swim contributions due to the particle interactions
and self-propulsion are given, respectively, by

P vir
αα (z) = 1

L2

∫
dx
∫
dyP vir

αα (r),

P swim
αα (z) = 1

L2

∫
dx
∫
dyP swim

αα (r), (3.9)

with the microscopic virial [133,134]:

P vir
αβ (r)= 1

2

∫
dr′′

∫
dr′ ρ(2)(r′′, r′)∂U(|r′′ − r′|)

∂(r′′α − r′α)

∫
C
dlβδ(r− l) (3.10)

where the delta function δ(r− l) in the last integral samples the positions l ∈ C on the contour
C = (r′′ − r′) for the location of interest r, and ρ(2)(r′, r′′) =

∫
du′

∫
du′′ψ(2)(r′,u′, r′′,u′′) is the

spatial two-body correlation function with the full two-body correlation function

ψ(2)(r′,u′, r′′,u′′) ≡
〈

N∑
i=1

N∑
j 6=i

δ(r′ − ri)δ(u′ − ui)δ(r′′ − rj)δ(u′′ − uj)
〉
.

Here, the angular brackets 〈· · · 〉 denote a time average over steady states. The local swim
pressure contribution is given by:

P swim
αα (r) =kBTsv

2
0

2DtDr

∫
du ψ(r,u)uαuα −

v0

2Dr

∫
du
∫
dr′
∫
du′ψ(2)(r,u, r′,u′)∂U(|r− r′|)

∂(rα − r′α) uα

− kBTsv0

2Dr

∂

∂rα

∫
du ψ(r,u)uα (3.11)

In our simulations, we measure the density profiles ρ(z) and the normal and transverse
components of the pressure tensor profiles, PN(z) and PT (z) by dividing the system into small
slabs of width ∆z = 0.1σ and area L2 and by measuring the local average quantities in each
bin. The local density ρ(zk) in bin k centered around z = zk is measured using

ρ(zk) = 〈n(zk)〉
∆V , (3.12)



3

Non-Equilibrium Surface Tension 37

(a)

0.0

0.2

0.4

0.6

0.8

1.0

ρ
σ
3

(b)

−40 −30 −20 −10 0 10 20 30 40
z/σ

−0.2

−0.1

0.0

0.1

0.2 (c)

uN
uT

Figure 3.1: (a) A typical snapshot of the simulation box showing a steady state of a vapour-liquid
phase coexistence of active Lennard-Jones particles with a self-propulsion speed v0τσ

−1 = 28 at a
temperature kBTs/ε = 0.2, and rotational diffusion rate Drτ = 20. The dense liquid slab is in the
middle of the box and is separated from the vapour phase by two planar interfaces. (b) Local density
profile ρ(z). Data points correspond to simulation measurements and the continuous line is the fit
using Eq (3.15). Dotted lines indicate the location z0 of the interface according to Eq. (3.15) and the
shaded areas denote the interfacial regions (z0−D/2, z0 +D/2). (c) Profiles of the components of the
mean orientation vector u(z) = 〈m(z)〉 / 〈ρ(z)〉 (uN = uz and uT = (ux + uy)/2).
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with 〈n(zk)〉 the average number of particles in bin k, and ∆V = L2∆z the volume of a bin.
Using Ref. [133], we rewrite and measure the virial contribution in bin k as follows

P vir
αα (zk) = − 1

2∆V

〈
N∑
i=1

N∑
j 6=i

rij,α
rij

dU(rij)
drij

∫
Cij∈∆zk

dlα
〉
, (3.13)

with rij = |rij| = |rj − ri| the center-of-mass distance of particle i and j. The variable of
integration lα is along the α component of the integration contour Cij from ri to rj. The
integral denotes that the contribution of particle pair i and j to the virial pressure is due to
the part of Cij that lies inside the respective bin within the coarse-grained Irving-Kirkwood
approximation [133].

Finally, the local swim pressure can be measured in each bin k using

P swim
αα (zk) = kBTsv

2
0

2DtDr∆V

〈n(zk)∑
i=1

u2
i,α

〉
− v0

2Dr∆V

〈n(zk)∑
i=1

N∑
j 6=i

rij,α
rij

dU(rij)
drij

ui,α
〉

− kBTsv0

2Dr∆V
∂

∂rα

〈n(zk)∑
i=1

ui,α
〉

(3.14)

Note that the last term of Eq. (3.14) is a term not present in the case of an isotropic bulk
phase as discussed previously in Refs. [94, 104, 121]. This term is non-zero for systems with
finite polarization, defined as m(zk) = 〈∑n(zk)

i=1 ui〉/∆V , for instance at interfaces or surfaces,
but disappears in the homogeneous bulk phase of the fluid.

3.4 Results
Using Brownian dynamics simulations, we investigate the interfacial properties of vapour-
liquid interfaces in systems of active Lennard-Jones particles for different combinations of
self-propulsion speed and rotational diffusion rate, i.e., for varying Péclet numbers.

3.4.1 Density and Orientation profiles
To start our investigation, we first measure and plot the average density profile ρ(z) to verify
coexistence of vapour and liquid phases in our simulation box. We choose the self-propulsion
speed, density, and temperature such that they correspond to a state point that lies well-
inside the two-phase coexistence region as determined in Chapter 2 and Ref. [89]. A typical
configuration of a steady state exhibiting vapour-liquid phase coexistence of N = 2500 active
Lennard-Jones particles is shown in Figure 3.1(a), and the corresponding density profile is
presented in Figure 3.1(b). We find that the density profiles are similar to passive equilibrium
profiles and can be well fitted to a hyperbolic tangent function

ρ(z) = 1
2 (ρl + ρv)−

1
2 (ρl − ρv) tanh

[
2(z − z0)

D

]
, (3.15)

where ρl and ρv are the corresponding bulk liquid and vapour phase densities, z0 is the location
of the dividing plane satisfying an equal-area under the curve and D represents the thickness of
the interface. We fit the above equation to the right and left half of the box (z > 0 and z < 0)
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separately using z0 and D as fitting parameters and obtain the bulk densities ρl and ρv from
the mean of the two fits. We denote the interfacial regions of width D as shaded grey areas in
Figures 3.1 and 3.2.

In Figure 3.1(c) we plot the local average orientation of particles u(z) = 〈m(z)〉 / 〈ρ(z)〉.
It is evident that the particles tend to orient themselves along the normal direction at the
interfaces, and the peak of the orientation profile does not coincide with the estimated position
of the interface z0 (dotted lines). On average, the particles tend to orient themselves with
the direction of self-propulsion towards the less-dense (vapour) phase. This asymmetry in the
average orientation is easily explained by assuming a zero net velocity at the interface: particles
at the interface that point towards the dense phase have a larger average velocity than particles
that point towards the dilute phase due to the net attractive force towards the liquid. Thus,
more particles need to point outwards in order to balance the asymmetry in velocities. It is also
important to note that this preferential ordering is only along the normal (z) direction. There
is no net orientation along the tangential plane (xy) as the system is isotropic in this plane. We
note that in the case of MIPS, where the activity drives the phase separation, the orientations
tend to be exactly reverse, with the preferred orientation of particles at the interfaces being
towards the denser phase.

We also find that at fixed activity, which for our system translates to fixed self-propulsion
speed and rotational diffusion coefficient, the shape of the orientation profile along the interface
as well as the interfacial width D becomes broader upon increasing T , or equivalently upon
decreasing the strength of attraction between particles. The broadening of the interface as the
system moves towards its “critical point” is completely analogous to what is observed in the
passive LJ system [113]. Also, at fixed temperature T , the interfacial region becomes broader
as the activity increases. This observation is compatible with Chapter 2 and Ref. [89], which
showed that higher attraction strength is needed to induce phase separation upon increasing
activity and is consistent with other older studies [65,86,87].

3.4.2 Pressure profiles
Subsequently, we measure the different contributions to the normal and tangential components
of the pressure tensor using Eqs. (3.12)-(3.14), for our phase-separated systems. Figure 3.2(a-c)
shows typical profiles of the normal and tangential component of the ideal and virial pressure
tensor, the swim pressure tensor, as well as the total pressure tensor, respectively. Below we
discuss the various contributions as well as the total pressure profiles separately.

In passive systems, mechanical equilibrium requires a constant normal component of the
total pressure, which simply consists of an ideal and a virial contribution, in the direction
perpendicular to the interfaces. However, a net imbalance of the interaction forces along the
tangential plane causes the tangential component of the pressure to be smaller on average than
the normal component along the interfacial region. This inequality of the pressure components
at the interface leads to a positive surface tension in the case of equilibrium fluids [135,136]. In
the case of our active LJ system, Figure 3.2(a) shows that the normal component of the sum
of the ideal and the virial pressure is not constant across the system and that the liquid has a
smaller bulk pressure than the vapour phase. Thus, mechanical equilibrium is not established
simply by considering the virial and the ideal components of the pressure. Moreover, the
tangential component is also not equal in the bulk of the two coexisting phases, though it is
reassuringly equal to the normal component in the bulk. It is also smaller on average than the
normal component of the pressure along the interface, similar to the passive case. Note that
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N,T (z) + P vir

N,T (z) + P swim
N,T (z). The normal component of P tot

N (z) is constant for all z indicating
mechanical equilibrium. The tangential component shows distinctive peaks at the two interfaces. The
simulation parameters are the same as in Figure 3.1
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the behavior of the sum of the ideal and the virial components of the pressure is reversed with
respect to their respective profiles in the case of MIPS [100]. In that case the ideal and virial
components are higher in the dense phase than in the dilute phase.

The swim pressure, as we see in Figure 3.2(b), is also not equal in the two phases for
both the normal and tangential components. Its magnitude is larger in the liquid phase than
the vapour phase where it is essentially zero. Also, both components show peaks along the
interfaces. Again, the pressure profile has opposite behavior with respect to the case of MIPS,
where the swim pressure is higher in the dilute phase than in the dense phase [100].

In Figure 3.2(c) we show the total pressure, that is the sum of the ideal, the virial and
the swim pressure. Reassuringly, the normal component now becomes constant throughout the
system, as is required for mechanical equilibrium. We wish to emphasize here that the gradient
term of the form ∂αmα in the swim pressure, Eq. (3.14), needs to be included in the total
pressure to obtain a perfectly flat profile for the normal component of the pressure tensor at
the interface. This term is obviously zero in the bulk of the system but its magnitude along the
interface increases as the activity of the system is increased. The tangential component of the
total pressure is also equal in the two bulks but has negative peaks at the interfaces. This is
again similar to the case of equilibrium systems and leads to a positive surface tension, as we will
discuss in more detail in the next section. In the case of MIPS the total pressure profiles again
recover to equal pressures in the bulks upon including the swim pressure but the tangential
component has different behavior at the interface than the ones shown in Figure 3.2(c) [100].
The tangential component in that case has positive peaks which translate into a negative
vapour-liquid interfacial tension.

3.4.3 Surface Tension
In the case of equilibrium fluids, the surface tension γ of an interface that separates two coex-
isting bulk phases can be defined in various ways [137]. The surface tension can be defined ther-
modynamically as the difference in grand potential between a phase-separated system with an
interface and a homogeneous bulk system, which are both at the same coexisting bulk chemical
potential, divided by the surface area of the interface. Using this definition, the vapour-liquid
interfacial tension can be determined in simulations by measuring the grand canonical proba-
bility distribution function of observing N particles in a volume V at fixed chemical potential
µ and temperature T . This probability distribution function can be measured very accurately
using successive umbrella sampling in grand canonical Monte Carlo simulations [138]. Using the
histogram reweighting technique, one can then determine the chemical potential corresponding
to bulk coexistence using the equal area rule for the vapour and liquid peak [137, 138]. The
interfacial tension can be determined from the difference in the maximum of the peaks and the
minimum [139–141]. Alternatively, one can also determine the surface tension by measuring the
width of the interface, which is determined by an intrinsic width and a broadening due to the
capillary wave fluctuations in a canonical ensemble. Using equipartition theorem, one can relate
the mean-square fluctuations due to capillary waves to the interfacial tension, and hence the in-
terfacial tension can be determined by measuring the capillary wave broadening [137,142–145].
It is important to note that the method to determine the interfacial tension from the probability
distribution is based on grand canonical Monte Carlo simulations, and relies on a knowledge
of the statistical weight corresponding to the grand canonical ensemble. The second method
employs the equipartition theorem, which is derived by assuming a Boltzmann distribution.
Finally, the interfacial tension can be defined as the mechanical work required to enlarge the



3

42 Chapter 3

interface. Using the condition of hydrostatic equilibrium, the surface tension can be defined as
the integral of the difference of the two pressure tensor components

γ = 1
2

∫ L/2

−L/2
[PN(z)− PT (z)] dz, (3.16)

where we assume that the system is only inhomogenous in the z-direction with the two planar
interfaces parallel to the xy-plane. The factor 1

2 comes from the presence of two interfaces in
a simulation with periodic boundary conditions. For equilibrium fluids, all these definitions
for the interfacial tension coincide. In the case of non-equilibrium systems such as the active
LJ system, the statistical weights of the different ensembles are unknown, which precludes
the use of Monte Carlo simulations for determining the interfacial tension from a probability
distribution function. We therefore resort to the mechanical definition of the surface tension
by employing Eq. (3.16). In addition, we measure the interfacial width in Brownian dynamics
simulations, and naively assume the equipartition theorem to hold even though it is based on
a statistical ensemble average. We present and discuss our results below using the mechanical
definition and later in Section 3.4.4 for the application of capillary wave theory.

Following Ref. [100], we determine the surface tension using the mechanical route (Eq.
(3.16)), where we also include the contribution from the swim pressure in the total pressure
in order to satisfy the hydrostatic equilibrium condition. Note that the gradient term of the
form ∂αmα in the swim pressure (Eq. (3.14)), which is essential in order to obtain a flat profile
of the normal pressure component across the interface, does not contribute to the surface
tension. Using Eq. (3.16) and the total pressure profiles as exemplarily shown in Figure 3.2(c)
we determine the surface tension γ for a wide range of parameters of the active system following
two paths that drive the system out of equilibrium. To this end, we either increase the self-
propulsion speed at a fixed rotational diffusion rate (Drτ = 20) or we decrease the rotational
diffusion coefficient at a fixed self-propulsion speed (v0τσ

−1 = 8). For the first path, we
choose a high value for the rotational diffusion coefficient in order to minimize the regime of
percolating states in the state diagram [88]. Note that the equilibrium limits of these two paths
are not equivalent as the Dr → ∞ limit does not coincide with the v0 → 0 limit. The second
limit corresponds to the equilibrium LJ system with temperature kBTs/ε while the first limit
corresponds to a passive system with a higher effective temperature. The systems we examine
have a Péclet number in the range 0− 8, where the Péclet number is defined as Pe = v0/Drσ,
so that we probe the equilibrium limit as well as systems where self-propulsion plays a much
more important role in the dynamics than translational diffusion. However, in all cases we are
well below the onset of MIPS [79], i.e Pe ∼ 50.

We plot the surface tension γσ2/ε as a function of temperature T = kBTs/ε in Figures 3.3(a)
and 3.4(a) for constant rotational diffusion coefficient and constant speed of self-propulsion,
respectively. Note that we always measure a positive surface tension, contrary to the case of
MIPS [100] and the magnitude of the surface tension is in the same range (γσ2/ε ∼ 1) as in
equilibrium systems [113]. We also find that the surface tension decreases upon increasing the
temperature towards the critical temperature Tc as the density difference between the coexisting
phases decreases, which is similar to equilibrium systems for which the surface tension vanishes
at the critical point.

Next, we examine the scaling of the surface tension γ with temperature T as the system
departs from the equilibrium regime by increasing the activity of the Lennard-Jones particles.
In the case of equilibrium systems, γ scales with temperature as

γσ2/ε = A(1− T/Tc)c, (3.17)
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Figure 3.3: Vapour-liquid interfacial tension γσ2/ε as a function of (a) temperature T = kBTs/ε and
(b) scaled temperature, for an active Lennard-Jones system with a rotational diffusion rate Drτ = 20
for varying self-propulsion speeds v0τ/σ as obtained from Eq. (3.16) and corresponding fits using
Eq. (3.17). Results in (b) are offset for clarity. (c) Fit parameters c and A (inset) as a function of
the inverse self-propulsion speed σ/(v0τ) with errorbars in the estimate of these parameters, and the
corresponding fit using Eq. (3.18). (d) The scaling of the estimated Tc as obtained from the scaling
of the surface tension γ (circles) and the values obtained from the scaling of the coexistence densities
from Ref. [89] (triangles) along with the corresponding fits using Eq. (3.18).
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Figure 3.4: Vapour-liquid interfacial tension γσ2/ε as a function of (a) temperature T = kBTs/ε and
(b) scaled temperature, for an active Lennard-Jones system with a self-propulsion speed v0τσ

−1 = 8
and varying rotational diffusion rates Drτ as obtained from Eq. (3.16) and corresponding fits using
Eq. (3.17). Results in (b) are offset for clarity. (c) Fit parameters c and A (inset) as a function of
the rotational diffusion rates Drτ with errorbars, and the corresponding fit using Eq. (3.19). (d) The
scaling of the estimated Tc as obtained from the scaling of the surface tension γ (circles) and the
values obtained from the scaling of the coexistence densities from Ref. [89] (triangles) along with the
corresponding fits using Eq. (3.18).
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Table 3.1: Fitting parameters of Eq. (3.18) for an active Lennard-Jones system with a rotational
diffusion rate Drτ = 20 and varying self-propulsion speeds v0τσ

−1.

A c Tc Tc (Ref. [89])
a1 1.159 -0.410 -1.113 -0.184
a2 70.01 5.257 11.81 12.33
a3 2.035 1.181 1.041 1.066

Table 3.2: Fitting parameters of Eq. (3.19) for an active Lennard-Jones system with a self-propulsion
speed v0τσ

−1 = 8 and varying rotational diffusion rates Drτ .

A c Tc Tc (Ref. [89])
b1 2.840 109.9 -0.478 -0.470
b2 0.993 7.095 0.178 0.156
b3 2.128 1.062 0.834 0.818

where A denotes a dimensionless constant, Tc the critical temperature, and c a critical exponent.
In the case of equilibrium systems, c = 2ν with ν = 0.63 the critical exponent of the bulk
correlation length of the system [116]. Here, we examine whether the surface tension for our
active system follows a scaling with temperature similar to Eq. (3.17) and treat A, Tc and the
exponent c as fit parameters.

In Figures 3.3(b) and 3.4(b), we plot the resulting fits which are offset for clarity. The
same fits are shown as solid lines in Figures 3.3(a) and 3.4(a). We find that they fit well to
the measured data in the examined parameter space. We thus observe that the scaling of the
surface tension with temperature can be captured by Eq. (3.17) even for the active systems
considered here. Note that these fits also give us an estimate for the critical temperature of the
system in the limit γ = 0 for different degrees of activity.

We now examine the scaling of the fit parameters A, c and Tc upon increasing the activity.
The results for the parameters A and c are plotted in Figures 3.3(c) and 3.4(c). We find that
driving the system further away from equilibrium by increasing the self-propulsion speed at fixed
rotational diffusion coefficient, the value of the exponent c decreases, while the parameter A
increases (Figure 3.3(c)). The exponent c moves away from its equilibrium value c = 1.21−1.26
[113, 146] to values less than unity. We find a similar scaling in the case where the system is
driven out of equilibrium by decreasing the rotational diffusion coefficient at fixed self-propulsion
speed, i.e., c decreases, while A increases. However, the exponent c appears to increase again for
very low values of the rotational diffusion coefficient as shown in Figure 3.4(c). Unfortunately,
large errorbars in the fits for this regime prevent us from making any definite conclusions on
the dependence of the exponent c on the activity of the system for high Péclet numbers.

Furthermore, the scaling of the critical temperature with the self-propulsion force is in accor-
dance with the findings of Chapter 2 and Ref. [89] showing that Tc decreases upon increasing
activity. In Figure 3.3(d) and 3.4(d) we plot the cases of varying self-propulsion speed and
varying rotational diffusion coefficient, respectively, both demonstrating this trend. Lastly, we
also compare the critical temperature as determined from the scaling of the order parameter
∆ρ = ρl − ρv from Ref. [89] in Figures 3.3(d) and 3.4(d). We find that the two values of the
critical temperature as evaluated from the two different routes, i.e. via the scaling of the order
parameter and via the scaling of the surface tension with temperature, are very close to each
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other in the case of varying self-propulsion speed but the agreement is not as good in the case
of varying rotational diffusion at constant self-propulsion speed. Nonetheless, the values from
the two routes are still close to one another and follow a similar scaling.

Additionally, we show empirical fits for the dependence of the parameters A, c and Tc on
the self-propulsion speed v0 and the rotational diffusion coefficient Dr, respectively. All three
parameters are fitted by simple exponential scalings, namely

A(v0), c(v0), Tc(v0) = a1e
−a2σ/v0τ + a3 (3.18)

A(Dr), c(Dr), Tc(Dr) = b1e
−b2Drτ + b3, (3.19)

where a1, a2, a3 and b1, b2, b3 are fit parameters. These fits capture the scaling of the exponent c
and the parameter A (Figures 3.3(c) and 3.4(c)) for varying self-propulsion speeds v0 (Eq. 3.18)
and rotational diffusion coefficients Dr (Eq. 3.19). The fit for c obviously fails for varying
rotational diffusion coefficient (Figure 3.4(c)), but we still present it for consistency. The
scaling of the critical temperature Tc is shown in Figure 3.3(d) and 3.4(d) along with the
values from Ref. [89]. The fit parameters a1, a2, a3 and b1, b2, b3 providing the scaling of A and
c, as well as the two values for Tc are listed in Tables 3.1 and 3.2 for varying self-propulsion
speeds and rotational diffusion coefficients, respectively.

Before closing this section, it is important to remark that we use Eq. (3.17) merely as a
fit to our results, and that we do not identify the associated fit parameters with the critical
point and critical exponents of the current system. In fact, we have not yet demonstrated the
existence of a critical point for active LJ systems as we are unable to obtain reliable data on
the vapour-liquid phase coexistence in the critical regime due to the small system sizes that we
used in our simulations. Nonetheless, it is instructive to compare the equilibrium limit of our
measurements to their known equilibrium values, with the equilibrium limit corresponding to
the limits v0τ/σ → 0 and Drτ →∞ for the results presented in Tables 3.1 and 3.2, respectively.
We find that our estimates for the critical point and exponents are rough, yet reasonable.
Specifically, we estimate the equilibrium critical point at Tc = 1.041, while recent finite size
scaling studies report Tc = 1.187 [123]. Furthermore, we find the exponent c = 1.181 and 1.062,
while literature reads c = 1.21− 1.26 [113,146].

3.4.4 Interface fluctuations and Stiffness
In this section we study the scaling of the interfacial width as a function of the area of the
interface, which allows us to measure the stiffness of the interface. Subsequently we attempt
to connect the estimated value for the stiffness to the value of the surface tension obtained in
the previous section.

For equilibrium systems, capillary wave theory provides a connection between the fluctu-
ations of an interface and its stiffness coefficient or interfacial tension [142–145]. Capillary
wave theory [147] describes the broadening of an intrinsic interface of width w0 due to ther-
mal fluctuations. This broadening depends primarily on the interfacial tension and the area
of the interface, and can be calculated by using equipartition theorem and summing over the
mean-square fluctuations of all allowed excitation modes of the interface. We refer the reader
to Refs. [142,143] for more details, and present here only the results. According to the capillary
wave theory [142, 143] the total interfacial width w can be written as the sum of an intrinsic
part w0 and a contribution due to capillary wave fluctuations

w2 = w2
0 + 1

κ
ln
(
L

ξ

)
, (3.20)
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where ξ is the bulk correlation length and κ is the stiffness coefficient, which parametrizes the
energy penalty for deformations of the interface with dimensions L × L. Eq. (3.20) implies
that the width of an interface is determined by an intrinsic contribution w0 that depends only
on intensive variables and a term that explicitly depends on the area of the interface. For
equilibrium systems, the stiffness coefficient κ of an interface that separates two coexisting
fluids is related to the surface tension via the simple relation

γ = kBTsκ. (3.21)

First, we test the applicability of Eq. (3.20) to our out-of-equilibrium system. To this end,
we perform simulations with phase-separated systems of different sizes such that the area of
the planar interface is set at L2, 2L2, 4L2, 9L2 and 16L2, with L = 14.7σ. The smaller area
corresponds to the system of 2500 particles that we studied in Sections 3.4.1-3.4.3, while the
bigger system has approximately 40000 particles. As we increase the system size we find that the
value of the surface tension reassuringly does not change, indicating that the results presented
in the previous Section 3.4.3 are free from large finite size effects. In order to measure the width
of the interface we first measure the density profiles of the various cases. We find that, as the
system size is increased, Eq. (3.15) does not describe our simulation data as accurately as the
error function fit

ρ(z) = 1
2 (ρl + ρv)−

1
2 (ρl − ρv) erf

[√
π(z − z0)
w

]
, (3.22)

where the various parameters have the same interpretation as in Eq. (3.15). This observation
has also been made for passive LJ systems [148]. Thus, in this section we use Eq. (3.22) in order
to fit the density profiles ρ(z) and estimate the width of the interface w for different systems.

We perform simulations for systems of different sizes for various combinations of the self-
propulsion speed v0, the rotational diffusion coefficient Dr and temperature T . Interestingly,
the width of the interface squared indeed scales linearly with the logarithm of the interfacial
area, as Eq. (3.20) prescribes. In Figure 3.5(a) we plot typical results for two sets of simulation
parameters as well as the fit using Eq. (3.20). These fits allow us to extract the stiffness
coefficient κ. Note that an equilibrium-like scaling of the width of the interface as a function
of the interfacial area has previously been observed in the case of MIPS in a two-dimensional
system [100].

Next, we compare the value of the stiffness coefficient κ as extracted from the scaling of
the width of the interface with the area of the interface to the values of the surface tension γ
obtained by integrating the pressure tensor profiles (Eq. (3.16)) of the same system. The values
of the two quantities have been acquired via independent measurements. Remarkably, we find
that the two values can be related for all systems studied via the simple relation

γ =
(
kBTs + ηv2

0
6Dr

)
κ

= kBTeffκ, (3.23)

where we have defined an effective temperature

Teff = Ts + ηv2
0

6kBDr

. (3.24)

Note that this quantity has already been discussed in literature as a means to connect active
systems to their equilibrium counterparts [55,59,106]; ideal passive particles with temperature
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Teff share on average the same translational diffusion rates as active Brownian particles with
temperature Ts, self-propulsion force v0 and rotational diffusion Dr. In Figure 3.5(b) we show
the comparison between the scaled stiffness coefficient kBTeffκ as obtained from the scaling of
the interfacial width and the surface tension γ measured from the pressure tensor profiles for
various system parameters. The figure confirms the applicability of Eq. (3.23) to our system,
which we have further verified for various other system parameters (not shown here) and whose
effective temperature Teff/Ts ranges from 1 up to 100. As a final remark, note that Bialké
et al. argue that a similar relation to Eq. (3.23) holds also in the case of MIPS [100], where
γ = −κηv2

0/Dr in two dimensions. However, an extra minus sign has to be included in this
relation since the stiffness coefficient is positive while the surface tension is negative.

3.5 Conclusions

In conclusion, we performed Brownian dynamics simulations of a three-dimensional system of
self-propelled particles interacting with Lennard-Jones interactions at state points that are well-
inside the vapour-liquid phase coexistence region. We examine systems with a Péclet number
0 ≤ v0/Drσ ≤ 8, so that we probe the equilibrium limit as well as systems that are out-of-
equilibrium. However, in all cases the phase separation is driven by the cohesive energy of the
particles.

We studied the phase coexistence of a vapour and a liquid phase in an elongated simulation
box and investigated the properties of their interface. By employing a local expression of the
pressure tensor for active systems, we measured the normal and tangential components of the
pressure tensor in the direction perpendicular to the interface. We verified mechanical equilib-
rium of the two coexisting phases by measuring a constant normal component of the pressure
tensor in the direction perpendicular to the interface. The tangential component showed neg-
ative peaks at the interface, behaviour reminiscent of equilibrium systems and indicative of
a positive non-equilibrium interfacial tension of the interface as measured by integrating the
difference of the normal and tangential component of the pressure tensor.

We calculated the non-equilibrium surface tension for different combinations of self-propuls-
ion speed and rotational diffusion rate, and demonstrated that the trends of the surface tension
can be fitted by simple power laws similar to equilibrium systems. These scaling laws enabled
us to obtain an estimate for the critical temperature of the system as well. Interestingly, the
resulting critical temperature of the active system was in close agreement with the values of
the critical temperature obtained from the scaling of the order parameter [89]. This agreement
suggests on one hand that the definitions of pressure and surface tension that were used con-
stitute useful tools for the study of the physics of the phase transition and on the other hand
hints to a deeper but not yet understood connection between the physics of the passive and the
active system.

Furthermore, we calculated the stiffness coefficient of the interface and found a simple
equation that relates it to the surface tension. This relation had the same form as in equilibrium
systems, assuming an effective temperature of the interfacial fluctuations. Our results show
many similarities between bulk and interfacial properties of active and passive Lennard-Jones
systems for state points in the vapour-liquid coexistence region. We hope that, by bringing
these similarities into light, we inspire and assist theoretical work in the direction of building a
statistical physics of active matter and its associated phase transitions.
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Chemical potential in active systems:
predicting phase equilibrium from

bulk equations of state?

In this chapter we derive a microscopic expression for a quantity µ that plays the role of
chemical potential of Active Brownian Particles (ABPs) in a steady state in the absence of
vortices. We show that µ consists of (i) an intrinsic chemical potential similar to passive
systems, which depends on density and self-propulsion speed, but not on the external
potential, (ii) the external potential, and (iii) a newly derived one-body swim potential due
to the activity of the particles. Our simulations on active Brownian particles show good
agreement with our Fokker-Planck calculations, and confirm that µ(z) is spatially constant
for several inhomogeneous active fluids in their steady states in a planar geometry. Finally,
we show that phase coexistence of ABPs with a planar interface satisfies not only mechanical
but also diffusive equilibrium. The coexistence can be well-described by equating the bulk
chemical potential and bulk pressure obtained from bulk simulations for systems with low
activity but requires explicit evaluation of the interfacial contributions at high activity.
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4.1 Introduction
The non-equilibrium phase behavior of active Brownian particles (ABPs), which constantly
convert energy into directed motion, has received considerable attention in recent years. The
development of a thermodynamic framework to describe the clustering phenomena, the pro-
nounced accumulation of active particles at walls, and the observed coexistence of dilute and
dense phases of active matter that resemble gas-liquid and gas-solid coexistence in passive sys-
tems has been of particular interest [26,54,63,65,74,77,79,81,82,88,89,91,94,96,129,149–152].
Even the idea of basic thermodynamic variables such as temperature and pressure of these
active systems is being heavily debated. For instance, the effective temperature introduced by
Loi et al. [57] and measured in experiments [26, 152] was shown to depend not only on Péclet
number, but also on the external potential and the particle interactions [54,77,96,150,153–156].
Additionally, it was argued recently that the force per unit area on the wall can depend on
the wall-particle interactions, which would imply that the pressure is not even a state func-
tion [94, 129, 157]. Similarly, a chemical potential has been introduced in the literature using
phenomenological arguments [55, 79, 95, 96, 102], or noise approximations [63] in an approach
towards a thermodynamic framework for active systems. For instance, Takatori and Brady [96]
introduced a non-equilibrium chemical potential using micromechanical arguments, of similar
form to the one that we will derive using the Fokker-Planck approach in this chapter. The
authors of Ref. [96] even proceed and calculate spinodals and binodals on the basis of either a
Gibbs-Duhem-like equation or a free energy for the (realistic) case of an incompressible solvent.
Later, however, it was argued in Ref. [94] that a Maxwell construction on the simulated equa-
tion of state does not yield the simulated coexistence densities. Consequently, a complete and
well-established thermodynamic framework to describe the phase behavior of a model as simple
as ABPs is still lacking. Our Fokker-Planck approach is similar in spirit to that of Ref. [94,95],
but defines an expression for the local chemical potential in terms of the new concept of a
“swim potential”, which is well-defined in planar geometries and curl-free particle fluxes and
which may contribute, in these cases, to formulating a theoretical framework.

In this chapter, we derive a microscopic expression for the local chemical potential µ(z)
of active Brownian particles in a spatially inhomogeneous steady state in a planar geometry,
for simplicity, with z the normal Cartesian direction. We confirm using Brownian Dynamics
simulations that µ(z) is spatially constant for active fluids in contact with a soft planar wall, in
a gravitational field, and in two-phase coexistence with a planar interface. Next, we show that
the coexistence is described by diffusive and mechanical equilibrium with equal bulk pressure
and bulk chemical potential of the coexisting phases, provided the swim potential that we
introduce in this chapter, is properly taken into account. However, we conclude that the swim
potential and hence the chemical potential µ(z) is not a state function of the density for a
macroscopic system.

4.2 Methods and Formulation
We consider a three-dimensional dispersion of N active Brownian particles (ABPs) with po-
sitions ri = (xi, yi, zi) and orientations ui = (sin θi cosφi, sin θi sinφi, cos θi) with polar angle
θi and azimuthal angle φi, interacting via an isotropic pair potential U(|ri − rj|) and subject
to an external field Ve(ri) for i = 1, . . . , N at temperature T . Particle i experiences a con-
stant self-propulsion force along its orientation ui. The motion of particle i is described by the
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overdamped Langevin equations

ṙi = −βDt∇i

Ve(ri) +
∑
j 6=i

U(|ri − rj|)
+ v0ui +

√
2DtΛt

i, (4.1)

u̇i =
√

2Dr(ui ×Λr
i ), (4.2)

where Dt and Dr are the translational and rotational diffusion coefficients, β = 1/kBT with kB
the Boltzmann constant, and v0 is the self-propulsion speed. The collisions with the solvent
are described by a stochastic force and torque characterised by random vectors Λt

i and Λr
i with

〈Λt
i〉 = 〈Λr

i 〉 = 0 and 〈Λt
i,α(t)Λt

j,β(t′)〉 = 〈Λr
i,α(t)Λr

j,β(t′)〉 = δαβδijδ(t− t′) with α, β = x, y, z [74].
Starting from (4.1) and (4.2), we average over the noise to derive the deterministic Fokker-

Planck equation [74,94,129]

∂ψ(r,u, t)
∂t

= −∇ · j(r,u, t)−∇u · ju(r,u, t) (4.3)

for the time evolution of the probability distribution function

ψ(r,u, t) ≡
〈

N∑
i=1

δ(r− ri)δ(u− ui)
〉

with 〈· · · 〉 denoting the averaging over the random noise. Here we defined the translational
and rotational fluxes

j(r,u, t) =− βDt

∫
dr′

∫
du′ψ(2)(r,u, r′,u′, t)∇U(|r− r′|)

+ ψ(r,u, t) (−βDt∇Ve(r) + v0u)−Dt∇ψ(r,u, t); (4.4)
ju(r,u, t) =−Dr∇uψ(r,u, t). (4.5)

We introduced here the instantaneous full two-body correlation function

ψ(2)(r,u, r′,u′, t) ≡
〈

N∑
i=1

N∑
j 6=i

δ(r− ri)δ(u− ui)δ(r′ − rj)δ(u′ − uj)
〉
, (4.6)

which can be formally related to higher n-body correlation functions using a BBGKY-like
hierarchy of Fokker-Planck equations or approximated by applying a closure relation such as
the mean-field approximation ψ(2)(r,u, r′,u′, t) ' ψ(r,u, t)ψ(r′,u′, t). In our formulation we
do not make such an approximation and rather calculate ψ(2)(r,u, r′,u′, t) by simulating the
particle dynamics explicitly for various setups as described in the subsequent sections.

We next define the first few angular moments of the probability distribution function
ψ(r,u, t)

ρ(r, t) =
∫

du ψ(r,u, t)

m(r, t) =
∫

du ψ(r,u, t)u

S(r, t) =
∫

du ψ(r,u, t)(uu− I/d) (4.7)
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which are, respectively, the local particle density ρ(r, t), the local polarization m(r, t) and the
traceless alignment tensor S(r, t). I is the identity matrix and d = 2, 3 denotes the spatial
dimension of interest.

The time evolution of the local particle density ρ(r, t) is described by the continuity equation
obtained from the zeroth moment of Eq. (4.3),

∂ρ(r, t)
∂t

= −∇ · J(r, t), (4.8)

with the particle flux J(r, t) given by

J(r, t) =
∫

du j(r,u, t) (4.9)

which can be expressed using Eq. (4.4) as

J(r, t) = −βDt

∫
dr′ρ(2)(r, r′, t)∇U(|r− r′|)

− βDt ρ(r, t)∇Ve(r) + v0m(r, t)−Dt∇ρ(r, t). (4.10)

Here ρ(2)(r, r′, t) is the spatial two-body correlation function given by

ρ(2)(r, r′, t) =
∫

du
∫

du′ψ(2)(r,u, r′,u′, t).

An equation for the evolution of m(r, t) follows from the first moment of Eq. (4.3) which yields

∂m(r, t)
∂t

= −∇·Jm(r, t)− (d− 1)Drm(r, t), (4.11)

with the two-rank momentum flux tensor

Jm(r, t) =− βDt

∫
du u

∫
dr′

∫
du′ψ(2)(r,u, r′,u′, t)∇U(|r− r′|)

−m(r, t)βDt∇Ve(r) + v0

(
ρ(r, t) I

d
+ S(r, t)

)
−Dt∇m(r, t). (4.12)

We now assume that the system is only inhomogeneous in the z-direction, due to either an
external potential Ve(z) or due to coexistence of two phases separated by an interface parallel
to the xy-plane. Without loss of generality, we consider a large, but finite system by setting
Ve(±∞) = ∞, such that ρ(z → ±∞) = 0. From Eq. (4.10), we find that the particle flux in
the z-direction is given by

Jz(z, t) = − βDt

Ld−1

∫
drd−1

∫
dr′ρ(2)(r, r′, t)∂zU(|r− r′|)

− βDtρ(z, t)∂zVe(z) + v0mz(z, t)−Dt∂zρ(z, t), (4.13)

where we spatially integrated over the direction(s) perpendicular to z-direction and divided by
the surface area Ld−1 in d-dimensions, so that ρ(z, t) = L−d+1 ∫ drd−1ρ(r, t). When divided
by βDt, we interpret Eq. (4.13) as a force balance in a continuum picture rather than at
the microscopic level, which assumes averaging over bins that contain enough colloids for the
continuum picture to hold. In the following sections we ensure this by having bins that are
very elongated in the direction(s) perpendicular to the z-direction.
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The term (βDt)−1v0mz(z, t) has previously been interpreted as a contribution to the diver-
gence of the stress tensor, which has led to a debate on pressure being a state function or not
in active systems [129,158,159]. Here, however, we take another point of view, and regard this
term as an activity-induced body force

− ρ(z, t) ∂
∂z
Vswim(z, t) ≡ v0

βDt

mz(z, t), (4.14)

that is exerted on the active particles by the solvent [132, 158]. This allows us to define the
so-called swim potential

Vswim(z, t) = Vswim(z0, t)−
v0

βDt

z∫
z0

mz(z′, t)
ρ(z′, t) dz′, (4.15)

where Vswim(z0, t) is a suitably chosen reference.
Clearly, for a homogeneous and isotropic bulk phase, for which the polarization m = 0 in

a steady state, Vswim is a spatial constant. Interestingly, however, the value of this constant
is determined by surfaces and interfaces, where m can be non-zero, not unlike the Donnan
potential in inhomogeneous electrolyte solutions [160,161]. This is a reflection of the fact that
the activity-induced body force on the active particles only averages out in the bulk, but not
near interfaces.

We now combine Eqs. (4.13)-(4.15) to construct, in the spirit of the simplest dynamic density
functional theory [162,163] with a density-independent diffusion coefficient Dt, a local chemical
potential-like function µ(z, t) by

− ρ(z, t) ∂
∂z
βµ(z, t) ≡ 1

Dt

Jz(z, t) (4.16)

or more explicitly

ρ(z, t) ∂
∂z
βµ(z, t) = 1

Ld−1

∫
drd−1

∫
dr′ρ(2)(r, r′, t) ∂

∂z
βU(|r− r′|)

+ ρ(z, t) ∂
∂z
βVe(z)− v0

Dt

mz(z, t) + ∂

∂z
ρ(z, t). (4.17)

The quantity µ(z) can then be interpreted as a sum of the swim potential (Vswim(z)) and
the equilibrium-like external (Ve(z)) and intrinsic (µint(z)) contributions such that:

µ(z, t)− µ(z0, t) = µint(z, t)− µint(z0, t)
+ Ve(z)− Ve(z0) + Vswim(z, t)− Vswim(z0, t), (4.18)

where the intrinsic chemical potential µint(z, t) = kBT ln ρ(z, t) + µex(z, t). Here the ‘excess’
contribution µex(z, t) is defined using Eq. (4.13) as

µex(z, t) = µex(z0, t) + 1
Ld−1

∫
drd−1

z∫
z0

dz′′ 1
ρ(z′′, t)

∫
dr′ρ(2)(r′′, r′, t)∂U(|r′′ − r′|)

∂z′′
. (4.19)

Eq. (4.18) reduces to the conventional chemical potential for a passive system, where v0 = 0,
and is constructed such that Jz(z, t) = 0 if µ(z, t) is a spatial constant. The local chemical
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potential µ(z) is therefore a prime candidate to describe diffusive equilibrium of coexisting
phases in stationary states of active systems. Interestingly, all terms in Eq. (4.18) can be
determined in Brownian Dynamics (BD) simulations of ABPs.

The body-force interpretation of the polarization (4.14) can also be used to write the me-
chanical equilibrium condition of a stationary state in terms of a well-defined normal component
of the stress tensor. Since the stationary state satisfies ∂tρ(z, t) = 0, which from Eq. (4.8) is
equivalent to Jz(z) = 0 for a macroscopically large, but finite system, we can rewrite Eq. (4.13)
as

∂PN(z)
∂z

+ ρ(z)∂Vswim(z)
∂z

= −ρ(z)∂Ve(z)
∂z

(4.20)

where the standard equilibrium-like (intrinsic) normal pressure

PN(z) = Pid(z) + Pvir(z)

with the ideal contribution Pid(z) = ρ(z)kBT and the ‘virial’ contribution Pvir(z) given by:

∂Pvir(z)
∂z

= 1
Ld−1

∫
drd−1

∫
dr′ ρ(2)(r, r′)∂U(|r− r′|)

∂z
, (4.21)

where we used Newton’s third law and the symmetry of ρ(2)(r, r′) under particle exchange.
Eq. (4.21) gives us the virial contribution that describes the z-component of the interparticle
forces across a plane at z, which can be measured in a BD simulation [133]. Note that we did
not add a swim pressure [129,158] to the “intrinsic” PN , but instead treated the activity at the
level of a swim potential Vswim in the force balance (4.20), which turns out to be crucial for
interpreting the (osmotic) pressure as a state function [132]. However, in order to connect to
existing literature, and for later reference, we do define

Pswim(z)− Pswim(z0) =
z∫

z0

dz′ρ(z′)∂Vswim(z′)
∂z′

= v0kBT

(d− 1)DtDr

(Jm,zz(z)− Jm,zz(z0)) (4.22)

with the zz-component of Jm given by

Jm,zz(z) = v0

d
ρ(z)−mz(z)βDt

∂

∂z
Ve(z) + v0Szz(z)−Dt

∂

∂z
mz(z)

− βDt

Ld−1

∫
drd−1

∫
du

∫
dr′

∫
du′ψ(2)(r,u, r′,u′, t) ∂

∂z
U(|r− r′|) cos θ, (4.23)

which reduces to the conventional swim pressure [82, 96]

Pswim(zb) = ρ(zb)
v2

0kBT

d(d− 1)DtDr

in an ideal active bulk fluid at z = zb. Note that our local swim pressure (4.22) deviates from
previous expressions [121, 164] due to the gradient term ∂zmz(z), which plays a non-negligible
role in the force balance obtained from Eq. (4.20) when significant spatial variations are present,
e.g. in the interface of a phase coexistence.
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To summarize, we have introduced the concept of a swim potential here using a force balance
for only the colloids. This force balance can be combined with an additional force balance for
the solvent, which provides an alternative interpretation, but identical expression, for the swim
pressure as an excess solvent pressure [132].

With the definition (4.22) one can thus define a total pressure P (z) = PN(z) + Pswim(z),
such that Eq. (4.20) can be written as dP/dz = −ρ(z)∂zVe(z); in the case where Ve(z) = 0
a steady state is then characterized by a spatially constant total pressure P (z). The intrinsic
chemical potential µint(z) and intrinsic normal pressure PN(z), and the swim potential Vswim(z)
and swim pressure Pswim(z) have thus been constructed such that

dPN(z)
dz = ρ(z)dµint(z)

dz , and dPswim(z)
dz = ρ(z)dVswim(z)

dz . (4.24)

If we now invoke a Local Density Approximation (LDA), i.e. assume that the local envi-
ronment behaves as a bulk such that the local pressure and chemical potential are a function
of only the local density ρ(z), then Eq. (4.24) can be written in terms of bulk quantities as:

dPN(ρ)
dρ = ρ

dµint(ρ)
dρ , and dPswim(ρ)

dρ = ρ
dVswim(ρ)

dρ , (4.25)

allowing us to write

dP (ρ)
dρ = ρ

dµ(ρ)
dρ (4.26)

with µ(ρ) = µint(ρ) + Vswim(ρ), in a zero external potential. Here, we shall take care to dis-
tinguish the notation µ(ρ) for the chemical potential obtained via Eq. (4.26), from µ(z) which
denotes the chemical potential calculated from Eq. (4.18). We recognize Eq. (4.26) as a gener-
alization of the Gibbs-Duhem relation for equilibrium systems. Whereas in equilibrium (where
Pswim = Vswim = 0) it holds true in general, we emphasize that in this case we had to make
use of the LDA to derive it. This Gibbs-Duhem relation provides a way to obtain the chemical
potential µ(ρ) from the bulk equation of state P (ρ), whereas to obtain µ(z) from Eq. (4.18) we
require complete spatial profiles. We test the applicability of Eq. (4.26) in simulations and show
that it works well for cases with low anisotropy (e.g. low polarization). However, Eq. (4.26)
does not hold true in general as Vswim(z) 6= V LDA

swim(ρ(z)) for high anisotropy as we discuss later
in Section 4.4.

We note that Eq. (4.26) is akin to the one in Ref. [96], apart from a factor that is equal
to the (incompressible) solvent volume fraction. The equilibrium analogue of Eq. (4.26) fol-
lows naturally if the solvent is treated grand-canonically which we implicitly assume. Both
approaches are also similar in the sense that they both identify the fluxes as being proportional
to the gradient of a (scalar) chemical potential. In the next section we describe some of the
details of the methodology and parameters used for numerical simulations.

4.2.1 Simulation details
We perform Brownian Dynamics (BD) simulations of non-interacting as well as interacting
particles by employing Eqs. (4.1) and (4.2) in three-dimensional and two-dimensional geometries
in Sections 4.3.1-4.3.3 and Section 4.3.4, respectively. Similar to Chapters 2 and 3, we use the
Euler-Maruyama method to integrate the equations of motion (4.1) and (4.2) with a time step
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size dt = 10−5τ where τ = 3Dr−1 is the unit of time. We keep the translational and rotational
diffusion coefficients (Dt and Dr respectively) fixed and vary v0 to change Pe and vary the
interaction strength ε to change the temperature of the colloidal particles. We employ periodic
boundary conditions in only x- and y-direction in Section 4.3.1 and 4.3.2, in all three directions
in Section 4.3.3, and in both y- and z- directions in Section 4.3.4. We simulate system sizes
of about 2500 particles in 3D and about 6500 particles in 2D within an elongated box. We
measure the density profile ρ(z) in the z-direction as ρ(z) = 〈n(z)〉/L2∆z by measuring the
average of the number of particles 〈n(z)〉 in the slabs of volume L2∆z (ρ(z) = 〈n(z)〉/L∆z in
2D) arranged parallel to xy plane (y-direction in 2D), where L is the length of the system in
the x and/or y-direction, and where ∆z = 0.1σ is the width of the slab. In a similar manner
we measure the polarization profile mz(z) by summing the particle orientations in the slab at
location z. The density profiles ρ(z) in the case of a phase coexistence in Sections 4.3.3 and
4.3.4 are fitted to a hyperbolic tangent function:

ρ(z) = 1
2 (ρ(zl) + ρ(zg)) + 1

2 (ρ(zl)− ρ(zg)) tanh
[

2(z − z∗0)
w

]
, (4.27)

where ρ(zl) and ρ(zg) are the corresponding bulk liquid and vapour phase coexisting densities,
z∗0 is the location of the dividing plane and w represents the thickness of the interface.

The swim potential profile Vswim(z) is obtained as

Vswim(z) = Vswim(z0)− v0

βDt

z∫
z0

mz(z′)
ρ(z′) dz′, (4.28)

where we numerically integrate the mean-orientation profile mz(z)/ρ(z) as measured in the BD
simulations and Vswim(z0) is a suitably chosen reference state. In addition, we measure the
normal component PN(z) of the stress tensor using

PN(z) = Pid(z) + Pvir(z) (4.29)

with the ideal gas pressure Pid(z) and the virial pressure Pvir(z) given by:

Pid(z) = ρ(z)kBT (4.30)

Pvir(z) = − 1
2L2∆z

〈
N∑
i=1

N∑
j 6=i

zij
rij

dU(rij)
drij

∫
Cij

dlz
〉
, (4.31)

where rij = |rij| = |rj − ri| denotes the center-of-mass distance between particle i and j,
zij = zj − zi where zi is the z position of particle i, Cij is the intersection of rij and the slab of
width ∆z centered at z. The integral in Eq. (4.31) denotes that the virial contribution to the
pressure of particle pair i and j is due to the part of rij that lies inside the respective slab at z
within the coarse-grained Irving-Kirkwood approximation [133] as described in Chapter 3. We
also calculate the swim pressure using the expression

Pswim(z) = v2
0kBT

d(d− 1)DtDr

ρ(z)− v0mz(z)
(d− 1)Dr

∂zVe(z)

− v0

(d− 1)Dr

1
Ld−1

∫
drd−1

∫
du

∫
dr′du′ψ(2)(r,u, r′,u′)∂U(|r− r′|)

∂z
cos θ

+ v2
0kBT

(d− 1)DtDr

Szz(z)− v0kBT

(d− 1)Dr

∂zmz(z), (4.32)



4

Chemical potential in active systems 59

and the chemical potential profile µ(z) using Eq. (4.18) with the excess chemical potential
µex(z) measured as

µex(z) = µex(z0) +
z∫

z0

dz′
〈

1
n(z′)

n(z′)∑
i=1

N∑
j 6=i

z′ij
r′ij

dU(r′ij)
dr′ij

〉
. (4.33)

Here, the excess chemical potential at z with respect to a reference at z0 is determined by
integrating the averaged force that a particle feels due to the particle interactions with all other
particles in the system over the distance z0 to z.
Alternatively, if Ve(z) = 0, µ(z) can also be obtained using

µ(z) = µ(z0) +
z∫

z0

dz′ 1
ρ(z′)

dP (z′)
dz′ (4.34)

with P (z) = PN(z) + Pswim(z).
In the next Section, we discuss the results obtained by applying the formalism of Eqs. (4.15)-

(4.22) to active fluids and consider four different scenarios. In Section 4.3.1 we study a non-
interacting active fluid in contact with a short-ranged planar soft wall. We compare and
verify that the stationary state is indeed described by constant µ(z) in both the Fokker-Planck
calculations and particle based simulations. Next we present the results of BD simulations of an
active fluid with Lennard-Jones (LJ) interactions subject to a gravitational field in Section 4.3.2.
In Section 4.3.3 we consider an active Lennard-Jones fluid exhibiting gas-liquid coexistence with
a planar interface and confirm mechanical and diffusive equilibrium. We perform a Maxwell
equal-area construction to identify phase coexistence from bulk equations of state. We then
attempt to apply the same formalism to active particles which undergo Motility Induced Phase
Separation (MIPS) at high activity in Section 4.3.4.

4.3 Results

4.3.1 Active Ideal Gas
We first consider a three-dimensional active ideal gas (with U(r) = 0) at Péclet number Pe
= v0/σDr = 0 (passive), 1, 3, 5, in the presence of an external potential

βVe(z) =
(z/σ)2 if z < 0

0 if z ≥ 0

where the unit of length σ =
√

3Dt/Dr is chosen to be the particle diameter so that the Stokes-
Einstein relation for spheres in three dimensions is satisfied. Note that Pe can also be perceived
as the ratio of the persistence length v0/Dr and the particle diameter [82]. For large but finite
z = zb & 3σ, the active fluid reaches a bulk state with bulk density ρb = ρ(zb), and the normal
pressure reduces to the bulk pressure Pb = PN(zb) = ρbkBT . In Figure 4.1(a) and (b) we
show the time-averaged density profiles ρ(z) and orientation profiles mz(z)/ρ(z), respectively
as measured in BD simulations (solid lines) as well as from Fokker-Planck calculations (dashed
lines). We observe that the particles penetrate deeper into the wall at higher Pe resulting into
a more extended ρ(z) within the wall accompanied by a small adsorption (that was found in



4

60 Chapter 4

0.00

0.25

0.50

0.75

1.00

ρ
(z

)/
ρ
b

(a)

Pe= 0
Pe= 1
Pe= 3
Pe= 5

0

10

20

30

β
V

sw
im

(z
)

(c)

βVe(z)

−10 −5 0 5

z/σ

−0.75

−0.50

−0.25

0.00

m
z
(z

)/
ρ
(z

)

(b)

−10 −5 0 5

z/σ

−0.2

0.0

0.2

0.4

0.6

0.8

β
µ

(z
)

(d)

Figure 4.1: (a) Density profile ρ(z), (b) polarization profile mz(z)/ρ(z), (c) swim potential Vswim(z)
and the soft external potential Ve(z) (see text), and (d) local chemical potential µ(z) (with error
bars), all as a function of z for an active ideal gas in contact with a planar soft wall, as obtained
from BD simulations (open circles) and Fokker-Planck calculations (dashed lines), for varying Péclet
numbers as labeled. In (d) the open circles represent βµ(z) obtained by the integration of Jz(z)/ρ(z),
which fluctuates about zero, whereas the square symbols show the resultant from Eq. (4.18). The
errorbars represent the error induced in βµ(z) due to the statistical error in ρ(z). The deviation from
the Fokker-Planck calculations deep into the wall for high Pe is due to the correlation of error upon
numerical integration.

Ref. [127] as well) close to z = 0. In Figure 4.1(b) we see no average polarization outside or
inside the wall for the passive case. At finite Pe, however, Figure 4.1(b) shows that the average
orientation is zero in the bulk where Ve(z) = 0 and negative within the wall, corresponding
to the particles oriented towards the wall. Figure 4.1(c) and (d) show Vswim(z) and µ(z) as
obtained from Eq. (4.15) and (4.18), respectively. We find that Vswim(z) is attractive towards
the wall consistent with the polarization and extended density profile close to the wall. Finally,
we also confirm that µ(z) is indeed constant within our statistical accuracy of ∼ 0.1kBT .
Clearly, for µ(z) to be constant it is crucial that Vswim(z) is included in Eq. (4.18) and ignoring
this contribution of 10− 30kBT would not have yielded a spatially constant chemical potential
in the stationary state. Although µ(z) was constructed to be spatially constant within the
Fokker-Planck formalism, a confirmation from the simulations serves as a useful validation.

Additionally, we verify that the swim pressure (given by Eq. (4.22)) measured in the bulk
reduces to Pswim(zb) = kBTv

2
0ρb/(6DrDt). Vswim can similarly be obtained as Vswim(zb) =

(kBTv2
0/6DrDt) ln ρbσ3. We use this bulk state at zb & 3σ with Vswim(z0 = zb) as the reference

point for the profiles of Vswim(z) and µ(z) in Figure 4.1(c) and (d), respectively.
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Figure 4.2: Height-dependence of (a) density ρ(z), (b) polarization mz(z)/ρ(z), (c) swim potential
Vswim(z), and (d) chemical potential µ(z) (with an offset for clarity), all for an active LJ fluid in an
external gravitational potential Ve(z) = Mgz for various values of βMgσ, and Péclet number Pe=0
(blue), 10 (green), 20 (red) as obtained from BD simulations. The height z is scaled with respect to
l, where l = v0/Dr is the persistence length for Pe=10 and 20, and l = σ is the particle diameter for
Pe=0. The compressibility factor PN (ρ,Pe)/ρ in (e) and the intrinsic chemical potential µint(ρ,Pe)
shown with an offset in (f) show a proper collapse in the dilute limit for different βMgσ but not for
Pe.
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4.3.2 Sedimenting weakly active LJ-particles
We now consider simulations of weakly active Lennard-Jones (LJ) particles with an isotropic
pair potential, ULJ(r) = 4ε((σ/r)12 − (σ/r)6), at kBT/ε = 2.0 in the gravitational potential
Ve(z) = Mgz for z > 0 with a hard ‘bottom’ at z = 0, with M the buoyant particle mass.
These systems are supercritical in the passive case, and therefore even more so in the active
cases since the ‘critical temperature’ decreases with increasing activity [65, 89]. We measure
the density ρ(z)σ3, polarization mz(z)/ρ(z), swim potential βVswim(z), and chemical potential
µ(z) for βMgσ = 0.5 and 1.0 for Pe=0, and βMgσ = 3 and 5 for Pe=10 and 20, all plotted
in Figure 4.2(a)-(d). In order to obtain a comparable length scale l over which variations are
observed in the passive (where we choose l = σ) and in the active cases (where l = v0/Dr ),
we used a smaller buoyant mass (βMgσ) of the particles in the passive case. We observe that
the polarization mz(z) is positive for Pe=10 and 20, and hence the mean swimming direction
is opposite to the gravitational field, consistent with the findings in Ref. [152]. Moreover,
Figure 4.2(b) shows that the polarization profilemz(z)/ρ(z) is surprisingly constant over a large
regime of heights z. As a consequence, the swim potential profile βVswim(z) essentially decreases
linearly with height z for Pe = 10 and 20 and counteracts largely the gravitational field, as shown
in Figure 4.2(c), leading to an enormous increase in sedimentation length (βMg)−1 [26]. The
chemical potential profile µ(z) is calibrated by µ(z0) = 0 at the reference point z0 determined
by the condition ρ(z0)σ3 = 10−3. The chemical potential profile µ(z) is shown in Figure 4.2(d)
and is indeed spatially constant upto ∼ 0.3kBT within our statistical accuracy. It is important
to note here that Vswim(z) decreases by a few hundred kBT and the external gravitational
potential Ve(z) = Mgz increases by a few hundred kBT in the z-range of interest as shown in
Figure 4.2(d).

In addition, we show in Figure 4.2(e) and (f) both PN and µint as a function of ρ, obtained
by eliminating z from PN(z) and ρ(z), and µint(z) and ρ(z), respectively. We observe that the
data collapse at fixed Pe, and it is alluring to interpret that PN(ρ,Pe) and µint(ρ,Pe) are state
functions of the density in this regime.

4.3.3 Active-LJ phase coexistence
We now consider a weakly active LJ fluid without any external potential (Ve(z) = 0), and at
subcritical temperatures such that coexistence of a gas and a liquid phase with bulk densities ρg
and ρl, respectively, is to be expected at overall intermediate densities ρg < ρ < ρl in an elon-
gated simulation box with periodic boundary conditions [65,89]. A temperature kBT/ε = 0.43
and a Péclet number Pe= v0/σDr = 3.0 are used in this case. In Figure 4.3(a), we show a
typical configuration of a liquid slab in the center of the simulation box in coexistence with a
gas phase on either side. In Figure 4.3(b) we plot the corresponding density profile ρ(z) which
can be fitted to a hyperbolic tangent function (Eq. (4.27)), independently for z > 0 and z < 0,
to obtain the coexistence densities ρ(zg) and ρ(zl) of the two bulk phases as fit parameters,
with zg and zl a position in the bulk gas and liquid respectively. In the same figure we also
plot the polarization profile mz(z)/ρ(z), showing that the swimming direction of the particles
at the liquid-gas interface is pointing from the liquid phase towards the gas phase, i.e., against
the attractive interparticle forces from the liquid [89,165].

In Figure 4.3(c) and (d) we plot the profiles of total pressure P (z) and chemical potential
µ(z), respectively, which clearly show that both are spatially constant. We hence conclude that
P (zg) = P (zl) and µ(zg) = µ(zl), demonstrating mechanical and diffusive equilibrium of the
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Figure 4.3: (a) A typical configuration of a three-dimensional gas-liquid coexistence of an active LJ
fluid at Pe=3.0, and temperature kBT/ε = 0.43, along with (b) the corresponding density profile ρ(z)
and polarization profile mz(z)/ρ(z), (c) total pressure P (z) = PN (z) + Pswim(z) and the individual
contributions, and (d) total chemical potential µ(z) obtained from Eq. (4.18), and individual contribu-
tions, along with an inset showing a magnified view of µ(z). Both P (z) and µ(z) are spatially constant
within numerical accuracy, demonstrating mechanical and diffusive equilibrium of the coexisting gas
and liquid phase.
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Figure 4.4: (a) Scaled pressure-density P -ρ, and (b) chemical potential-pressure µ-P relations of an
active LJ fluid at several temperatures kBT/ε and Peclet Pe= v0/σDr = 2.7. The inset shows the
temperature-density gas-liquid binodals as obtained from direct coexistence simulations (�) and from
equating µ and P in the coexisting phases (N) of an active LJ fluid.

coexisting gas and liquid phase. For completeness, in Figure 4.3(c) we also plot the individual
contributions to the total pressure P (z) = PN(z)+Pswim(z), where Pswim(z) is the swim pressure
obtained from Eq. (4.22), and PN(z) = PN,idl(z)+PN,vir(z) is the normal pressure with the ideal
pressure PN,idl(z) and the virial contribution to the normal pressure PN,vir(z) as obtained from
Eq. (4.21). Similarly we plot the contributions to the chemical potential µ(z) = µint(z)+Vswim(z)
in Figure 4.3(d), where the intrinsic chemical potential µint(z) = kBT ln ρ(z)+µex(z) represents
the sum of ideal and excess chemical potential. The swim potential Vswim(z) is calculated from
the measured polarization profiles using Eq. (4.15).

In order to investigate if we can predict phase coexistence solely from bulk quantities, we
perform BD simulations of bulk states of ABPs at several temperatures kBT/ε and Péclet
number Pe=2.7. We measure the bulk pressure P as a function of density ρ in a simulation
box small enough to prevent phase separation and plot the equations of state P (ρ) for several
subcritical temperatures in Figure 4.4(a). Now, within a Local Density Approximation (LDA),
we apply the Gibbs-Duhem relation Eq. (4.26) and obtain µ(P ) by integrating the equation
of state P (ρ) for several T ’s as shown in Figure 4.4(b). We emphasize here that we refer to
µ(ρ) as the µ obtained by applying Eq. (4.26) which is not to be confused with µ(z). The
intersection of the curve µ(P ) gives the coexistence µg = µl and Pg = Pl. In the inset of
Figure 4.4(b) we compare the binodals in the (scaled) temperature-density plane as obtained
from the density profiles from direct coexistence simulations (ρ(zg) and ρ(zl)) and from the
bulk µ(P ) intersections (ρg and ρl). We find good agreement between the two results and thus
conclude that the corresponding coexistence densities ρg and ρl could, in this (low Pe) case at
least, be determined from the bulk equations of state. Note that the activity has a huge effect
on the gas-liquid binodals (shown in the inset of Figure 4.4(b)) as the critical temperature
shifts from kBT/ε ≈ 1.15 in the passive case to kBT/ε ≈ 0.54 in the active case for Pe=2.7 (see
Chapter 2 and Ref. [89] for full comparison).
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Figure 4.5: (a) Density ρ(z)σ2 and polarization mz(z)/ρ(z) profiles of an active fluid with WCA
interactions exhibiting MIPS at Pe = 50, and temperature kBT/ε = 0.1. (b) Pressure βP (ρ)σ2

vs. density ρσ2 curve obtained from bulk simulations of small systems (solid circles) and large sys-
tems (open circles), together with Maxwell equal-area pressure (dashed line) and coexistence pressure
Pcoex = P (z) (dotted line) as measured in (c). The inset shows a comparison of bulk densities from di-
rect coexistence simulations (�) and the Maxwell equal-area construction (N) for various Pe. (c) Total
pressure P (z) = PN (z) + Pswim(z) profile, with the ideal, virial and swim contributions, and (d) total
chemical potential µ(z) profile with individual contributions, for z > 0, corresponding to the system
described in (a). The inset shows the ideal contribution βµid(z) = ln ρ(z)σ2 and that µ(z) is constant
within an accuracy of 3kBT .

4.3.4 Motility Induced Phase Separation
In this section we discuss the swim potential and the chemical potential in a two-dimensional
system of strongly active particles exhibiting motility induced phase separation at high Pe.
We choose our planar geometry in the yz plane and assume homogeneity in the y direction
to be consistent with previous definitions. The particles interact with the WCA potential
given by UWCA(r) = ULJ(r) + ε, with a cut-off beyond r ≥ rc = 21/6σ to make the particles
purely repulsive. The particle orientations can be described in terms of the angle θi as ui =
(cos θi, sin θi). The translational equation of motion in 2D is similar to Eq. (4.1) and the
rotational diffusion follows θ̇i =

√
2DrΛr

i , with Λr
i a zero-mean unit-variance Gaussian random

variable.
As before, we fix rotational and translation diffusion coefficients to correspond to the particle

interaction length scale σ =
√

3Dt/Dr and change the self-propulsion speed v0 to vary Pe. At
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high Pe, we find that the system phase separates into a gas phase and a dense phase, both
of well-defined densities, separated by a planar interface in an elongated simulation box [91].
For Pe=50 the typical density and polarization profiles are shown in Figure 4.5(a). Notably,
the polarization profiles are now reversed with respect to Figure 4.3(b) as the particles at the
interfaces are now pointing towards the dense phase. We measure the normal component of the
total pressure P (z) and the chemical potential µ(z) by summing the individual contributions,
and plot them in Figure 4.5(c) and (d), respectively for z > 0. We clearly observe that both
the quantities P (z) and µ(z) are spatially constant, demonstrating mechanical and diffusive
equilibrium of the coexisting phases. With the polarization profiles reversed, Pswim(z) and
Vswim(z) are now higher in the gas phase as compared to the denser phase.

Further, we perform a Maxwell equal-area construction on the equation of state. The
P − ρ curves shown in Figure 4.5(b) are obtained again using a small system size for which
there is no global phase separation at intermediate densities. We confirm the results of the
homogeneous states with larger system sizes and find that the agreement is satisfactory for our
analysis. Performing a Maxwell construction on P as a function of 1/ρ gives the equal-area
pressure PMaxwell shown as the dashed horizontal line in Figure 4.5(b). In the same figure, we
also show the coexistence pressure Pcoex obtained from the direct coexistence simulation of the
phases coexisting at the corresponding set of parameters. From the two curves it is evident
that the coexistence densities predicted by the Maxwell construction and the direct-coexistence
simulations do not agree. We perform the same procedure on a set of Pe in the range 30− 60
and plot the corresponding coexistence densities and the densities predicted by the Maxwell
construction in the inset of Figure 4.5(b). From the disagreement between the two binodals we
conclude that the Maxwell equal-area construction does not correspond to the coexisting states
as obtained from the direct coexistence simulations, noted previously as well in Ref. [94,95]. We
have checked that using our P (ρ) data with the definition of the chemical potential introduced
in Ref. [96] yields the same binodals as predicted here despite the difference of the factor
concerning the solvent volume fraction.

4.4 Discussion
The results from the previous section show that the Maxwell equal-area construction, and hence
the Gibbs-Duhem equation (4.26), cannot be used in general to predict the coexisting densities
ρg and ρl [94, 95] in systems of ABPs. In other words, even though µ(zg) = µ(zl) in a phase-
separated system (where zg and zl are locations far from interfaces such that the local densities
are ρg and ρl, respectively) , the chemical potentials obtained from the Gibbs-Duhem equation
(4.26) may not be equal, i.e. µ(ρg) 6= µ(ρl). The nonzero difference between µ(ρg) and µ(ρl)
is caused by the failure of the LDA assumed in the derivation of Eq. (4.26), as we will show
below. In particular, the values of Vswim(z) and µex(z) in a bulk state at position z and density
ρb do not only depend on ρb (and other system parameters such as Pe) but also on the interface
between the bulk state and the reference state at z0. This implies that neither Vswim nor µex as
expressed in Eqs. (4.15) and (4.19), respectively, are state functions of the density. Below we
show an example for Vswim(z) which demonstrates this breakdown of the LDA in the case of a
2D active ideal gas (for which µex(z) ≡ 0) in a particular external potential.

The setup consists of a ramp-like external potential βVe(z) = λz/σ in the region 0 < z < 5σ
which separates a bulk region at the left (where βVe(z) = 0 for z < 0) from the bulk on the
right (where βVe(z) = 5λ for z > 5σ). These external potentials are plotted in Figure 4.6(a)
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Figure 4.6: (a) Density profiles ρ(z) and (b) mean-orientation profilesmz(z)/ρ(z) of a non-interacting
active fluid at Pe=1 in a ramp-shaped external potential with slope λ = 0, 0.5, 1, 2 shown as broken lines
in (a). (c) Comparison of Vswim(z) obtained using Eq. (4.15) and βV LDA

swim(ρ(z)) = (v2
0/2DtDr) ln ρ(z)σ2

obtained using LDA.

as dash-dot lines for λ = 0, 0.5, 1, and 2. The probability density ψ(z, θ) is obtained by solving
Eq. (4.3) for U(r) = 0 numerically, at Pe = 1 with a fixed density boundary condition ρσ2 = 1.0
for z0 = −10σ and with a hard wall placed at z = 15σ. The density and polarization profiles
for increasing λ are plotted in Figure 4.6(a) and (b), respectively.

In order to determine Vswim(z) for this non-interacting system (with U(r) ≡ 0,) we substitute
mz(z) from Eq. (4.11) with ∂tmz(z) = 0 into Eq. (4.14) to obtain

Vswim(z)− Vswim(z0) = v2
0

2βDtDr

ln
(
ρ(z)
ρ(z0)

)
(4.35)

+ v0

βDr

z∫
z0

dz′ 1
ρ(z′)

d
dz′

 v0

Dt

Szz(z′)− βmz(z′)
∂Ve(z′)
∂z′

− ∂mz(z′)
∂z′

.
The Vswim(z) profiles, obtained equivalently from Eq. (4.35) or from Eq. (4.15), are plot-



4

68 Chapter 4

ted as solid lines in Figure 4.6(c) where we have taken z0 = −10σ as the reference state
where Vswim(z0) = 0. If we would approximate the vicinity of any point z′ as an isotropic
bulk with density ρ(z′) in evaluating the swim potential Vswim(z′), i.e. assume in Eq. (4.35)
Szz(z′) ≈ mz(z′) ≈ 0 such that the term in square brackets vanishes for every z′, we obtain

βV LDA

swim(ρ(z)) = v2
0

2DtDr

ln ρ(z)σ2 (4.36)

which we refer to as the local density approximation (LDA) of Eq. (4.35). Note that Eq. (4.35)
follows from the Fokker-Planck formalism, and this LDA does not refer to an approximation of
a free-energy functional. This V LDA

swim(ρ(z)), plotted as dotted lines in Figure 4.6(c), is equal to
Vswim(ρ) obtained from the swim component of the Gibbs-Duhem-like relation (4.26). We find
that Vswim(z) and V LDA

swim(ρ(z)) start to deviate at high λ and do not coincide in the right bulk.
Hence, we can conclude that the values for V LDA

swim obtained from the Gibbs-Duhem equation
are not correct in general. This is due to the failure of LDA, i.e. due to the anisotropy in
the interface that renders the integral on the right hand side in Eq. (4.35) non-negligible as
compared to the first term. In Figure 4.6(b) we see that the polarization within the interface
increases with λ, consistent with this idea of increasing anistropy. For an interacting system
the forces between particles would add another contribution to mz(z)/ρ(z), which could also
become a source of failure for the LDA.

In Section 4.3.3 we observed that the Maxwell construction was able to predict the coex-
istence densities for the active LJ case with reasonable accuracy, but was in disagreement at
higher activity in Section 4.3.4 for MIPS. We now assert that the error made in the chemical
potential by assuming the LDA translates into an error in the predicted coexisting densities
that is small for the active LJ particles, but significant for MIPS. We define the error in pre-
dicted coexistence densities of the gas and the dense phase, respectively, as ∆ρerr

g = ρ(zg)− ρg
and ∆ρerr

l = ρ(zl) − ρl, where ρ(zg) and ρ(zl) are the bulk coexistence densities and ρg and
ρl denote the estimates obtained by performing a Maxwell construction. If we define the gas
state as the reference state for the chemical potential, i.e. µ(z0) = µ(ρg) in Eq. (4.18) with
z0 = zg, then the error made in determining the chemical potential of the dense phase by using
the Gibbs-Duhem equation (4.26) is ∆µerr

l = µ(ρl) − µ(zl), where we recall that µ(ρl) is the
chemical potential of the dense phase obtained from the Gibbs-Duhem relation, whereas µ(zl)
is the true chemical potential determined in the coexistence simulation. From ∆µerr

l the relative
error in the predicted density of the dense phase can be estimated as

∆ρerr
l

ρ(zl)
≈ 1
ρ(zl)

∆µerr
l

(dµ/dρ)l
. (4.37)

Similarly, the error in the predicted density of the gas phase can be estimated by using the
dense phase as the reference state (µ(z0) = µ(ρl)). The relative density error estimated in this
manner is less than 5% for the active LJ case, whereas it is of the order of 100% for the MIPS
case, which agrees with our findings in Figure 4.4(b) and Figure 4.5(b), respectively.

We wish to make a note that the anisotropy terms identified here resemble the interfa-
cial contributions discussed in Ref. [95] for pairwise-interacting particles. Although it requires
explicit measurement of these interfacial contributions by performing phase coexistence simu-
lations, Solon et al. were able to suggest a modified Maxwell construction for estimating the
binodals in Ref. [95].

Moreover, our elongated simulation box in Section 4.3.3 and 4.3.4 forces the system to
phase separate with a planar interface. Only for such a geometry Jz(z) = 0, allowing us to
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write explicit expressions for mechanical and diffusive equilibrium. In other geometries the
stationary state condition ∇·J = 0 still allows for swirls that correspond to non-zero ∇×J, for
which our expressions for mechanical and diffusive equilibrium break down and a whole new
framework is needed. Furthermore, the regime of applicability of Eq. (4.18) is limited by the
underlying dynamic DFT relation, where a ρ-independent diffusion coefficient Dt is assumed;
an extension to account for a ρ-dependent diffusion coefficient is left for a future study.

4.5 Conclusions
In conclusion, we have constructed expression (4.17) for the local chemical potential µ(z) for ac-
tive fluids in a planar geometry, which includes the swim potential Vswim(z) defined by Eq. (4.15)
in addition to ideal, excess, and external contributions well-known from equilibrium. Our BD
simulations confirm that µ(z) is spatially constant in steady states of several inhomogeneous
ideal and interacting fluids of active particles, with Vswim(z) an important contribution that
counteracts either the external potential Ve(z) or the excess contribution µex(z). In the low
activity regime studied for active LJ fluid, the chemical potential provides a method to predict
the coexisting densities from bulk simulations. At high activity the anisotropy in the inter-
face causes the Gibbs-Duhem relation to be invalid, which provides support to the conclusions
of Ref. [95] that the details of the interface are necessary to determine the coexisting bulk
densities. Our formalism opens new avenues towards a Fokker-Planck and dynamic density
functional description (of stationary states) of active systems, especially for planar geometries.
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Ratchet-induced variations in bulk
states of active systems

We study the effect of a local sawtooth-shaped external potential, also called a ratchet,
on bulk states of active Brownian particles. We perform Brownian Dynamics simulations
of non-interacting as well as interacting active particles that exhibit different stationary
states on either side of the ratchet in a flux-free setting. We find that these bulk states,
contrary to equilibrium, depend on the parameters of the non-linear external potential such
as the barrier height, width, and asymmetry of the sawtooth shape. In the case of an active
ideal gas we identify power-law dependencies on the system parameters in several limiting
cases [J. Rodenburg, S. Paliwal, M. de Jager, P. G. Bolhuis, M. Dijkstra, and R. van Roij,
J. Chem. Phys. 149, 174910 (2018)]. For particles interacting with pairwise potentials
we characterize deviations from the unperturbed coexistence states in terms of a relative
change in the densities themselves. We discuss these effects with respect to the mechanical
equilibrium condition and the implications of their non-local effect towards the formulation
of a ‘thermodynamic’ framework based on extensive quantities in a simple model of active
systems.
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5.1 Introduction

A system of Brownian particles at thermal equilibrium satisfies detailed balance. Hence, a
local external potential that has a broken spatial symmetry (such as a sawtooth shape) has
no macroscopic effects on the states of the system at equilibrium owing to the second law
of thermodynamics as shown by the ‘ratchet and pawl’ example in the famous lectures by
Feynman [166]. The stationary states of the fluid on either side of a local potential barrier
depend only on the intensive properties of the fluid and not on the potential barrier itself.
The external potential induces local inhomogeneities but the effects only have a finite range of
influence. In order to disturb this stationary state, such as inducing a net current or long-range
spatial inhomogeneities, an external drive influencing either the barrier or the fluid itself is
essential [167,168]. This external forcing breaks the time-reversibility of the dynamics meaning
that upon reversing the time-propagation a particle may not trace the same path back.

Non-equilibrium ‘active’ systems, consisting of entities which exhibit persistent motion by
extracting energy from their environment, have also found their interest in such applications.
These systems do not follow a detailed balance condition and hence the time-reversal symmetry
of motion is naturally broken upon collisions leading to entropy production [169]. A number
of studies have demonstrated non-equilibrium effects such as rectification [170], ratchet-like
currents [171,172], and spontaneous segregation due to this irreversibility in many experimental
as well as numerical setups of active matter. The spontaneous rotation of a micro-gear in
a bacterial bath [173] and directed transport of active particles over a patterned substrate
[171, 172, 174] are some of the notable examples. The studies by Ai et al. [170] and Angelani
et al. [171] focused especially on the drift currents and their reversals in non-interacting and
thermal/athermal systems using a setup similar to the one discussed in this chapter. In a
different setting, long-range interactions were also reported among passive bodies immersed in
a bath of active particles [175–177]. These studies indicate that the interactions of an active
fluid with a boundary could be non-local and is a characteristic non-equilibrium phenomenon.

In equilibrium systems, it is known from statistical thermodynamics that the extensive
Helmholtz free energy F scales with the volume as V ∝ L3 where L is the characteristic
system size in each dimension. Whereas the contribution from interfacial quantities, such as
the interfacial free energy γ, is proportional to the interfacial area A ∝ L2. Hence any effects
from the interfaces become insignificant compared to the bulk (non-surface) contributions when
the system volume is increased while keeping A fixed. The state of an equilibrium system is
then completely specified by the intensive properties of any local region representative of the
larger bulk [178]. As we discussed in Chapter 4 for a system of non-interacting active Brown-
ian particles at high degree of activity a local density approximation for a proposed chemical
potential-like quantity µ(ρ), derived from microscopic dynamics, became invalid due to the
high anisotropy in the interfaces and it was necessary to explicitly include the interfacial con-
tributions. The local measurement of µ(ρ) in this case was affected by the interfaces, and was
not representative of the same in an independent bulk with different boundary conditions. A
similar argument regarding the interfaces was provided in Ref. [95] which captured this interfa-
cial anisotropy into a modified Maxwell construction to identify the correct phase coexistence.
Therefore, in contrast to equilibrium systems, the long-range and non-equilibrium effects men-
tioned above for active systems along with our previous observations in Chapter 4 hint towards
large interfacial contributions and a necessity to include the boundaries and interfaces in com-
pletely specifying the state of a system. But it is yet unclear if the interfaces themselves affect
the bulk states in an active system or whether an entirely new perspective [179] is needed to
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βVmax

zL/l zR/l

Left bulk Right bulk

z=0
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Figure 5.1: Schematic of the two mirroring sawtooth shaped potentials used in a simulation box with
periodic boundary conditions. βVmax is the height of the ratchet, zL and zR the widths of the gentler
(left) and the steeper (right) side of the ratchet and a = (zL − zR)/zR is the asymmetry parameter.

interpret phase coexistence in these systems.
In this chapter we investigate this question and study the direct effect of applying a lo-

cal force at the interface of coexisting states of interacting active systems. We perturb the
interface of the coexisting states of an active fluid by applying a local non-linear external po-
tential and study the stationary states with respect to the unperturbed case. Specifically, we
use a sawtooth-shaped/ratchet potential, described in the next section, which can be tuned
to generate local asymmetry. We study this effect for a non-interacting active fluid first in
Section 5.3 and summarize the results in the form of exponents of a power-law with respect to
the parameters of the external potential. We then focus on systems with short-ranged pairwise
interactions in Section 5.4-5.5 and compare the results against the passive cases establishing the
long-range influence. We evaluate the mechanical equilibrium condition in the presence of the
external constraints mentioned above and find a redistribution of various force contributions.
We conclude that the non-local effect of the external potential is essentially due to the activity
and that we cannot ignore the boundary conditions while describing a stationary state of an
active system in the presence of an external potential.

5.2 Methods and simulation setup
We perform numerical simulations using the Active Brownian Particles (ABP) model of active
systems described in previous chapters. These particles undergo a Brownian motion with
a translational diffusion coefficient Dt and in addition experience a self-propulsion force of
magnitude ηv0 that propels them along their orientation vector given by ui. The orientation ui
undergoes a free rotational diffusion with a diffusion coefficient Dr. For simulations pertaining
to an ideal gas we set the interaction potential U = 0. In the case of non-ideal systems, the
particles i and j either interact via a truncated and shifted Lennard-Jones potential given
by ULJ(rij) = 4ε

[(
σ
rij

)12
−
(
σ
rij

)6
]
, with a cut-off beyond rij ≥ rc = 2.5σ or the repulsive

truncated WCA form UWCA(rij) = ULJ(rij) + ε with a cut-off beyond rij ≥ rc = 21/6σ to
make the particles purely repulsive. Here σ is the particle diameter and ε is the strength of
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interactions which we tune to vary the system temperature T = kBTs/ε.
The external potential V (r) is chosen to be inhomogeneous in only the z-direction for

simplicity. The expression for the external potential applicable to the simulations discussed in
this chapter reads:

V(z) =



0 z < −zL
Vmax( z

zL
+ 1) −zL < z < 0

Vmax(1− z
zR

) 0 < z < zR

0 z > zR

where the positive quantities zL and zR < zL are, respectively, the widths of the gentler (left)
and the steeper (right) parts of the sawtooth shape (also referred as a ‘ratchet’ and shown in
Figure 5.1) with a peak of height βVmax. The degree of asymmetry is given by the parameter
a ≡ (zL − zR)/zR. Such form of the potential creates two ‘bulk’ regions on the left and the
right sides far away from the ratchet potential. We consider a piecewise linear form for V (z)
used in many previous studies as a minimal choice for a non-linear potential. To characterize
the properties of the system we define the following non-dimensional parameters:

Pe ≡ v0

`Dr

or v0

σDr

, Péclet number as a measure for the degree of activity,

βVmax, the barrier height,
zL
`
, the width of the left side of the ratchet,

a ≡ zL − zR
zR

, the asymmetry of the ratchet,

where we use the rotational relaxation time D−1
r , and the diffusive length scale ` ≡

√
Dt/Dr or

the particle diameter σ = `
√

3, as units of time and length, respectively.

5.3 Active ideal gas
We first study a simple non-interacting system of active Brownian particles also called as the
active ideal gas. In equilibrium, the local density of an ideal gas depends only on the local
temperature and the external potential according to the Boltzmann weight. A chunk of ideal
gas far away from any external potential does not experience the potential at all. However, as
we show next, by switching on the activity of the particles the degree of inhomogeneity in the
system is affected by the parameters of an external potential acting arbitrarily far away. We
also investigate if this dependence can be characterized in terms of simple power laws.

In the case of an ideal gas, where the particles are non-interacting (U(r) = 0), we perform
Brownian Dynamics (BD) simulations as well as direct numerical calculations of the Fokker-
Planck equations (as described in Chapter 4) to obtain the density profiles ρ(z). In Figure 5.2(a)
we plot the density profiles ρ(z), normalized by the left bulk density ρL, obtained from BD
simulations for a case of βVmax = 4.0 and increasing v0 while keeping Dt and Dr fixed. In
the simulations we implement hard walls at z/` = −17.5 and z/` = 12.5 to ensure a flux-free
steady state. We can clearly see that the two bulk states on the left and the right sides of
the ratchet have equal densities for a passive case (v0 = 0). However, upon increasing the
activity we obtain different densities in the left and the right bulk states. The difference in
the densities, ∆ρ = ρR − ρL, or the the right bulk density ρR itself, first increases with v0 as
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more particles are able to cross the barrier from the left side to the right (L→ R) due to their
activity but the ones going from right to left (R→ L) still cannot overcome the large potential
gradient. Upon increasing the activity further even R → L transitions become more probable
and the density difference starts to decrease. In the limit v0/

√
DtDr � 1 the particles do not

experience the barrier at all and the two bulk densities become equal again i.e. ρL = ρR. In
addition to a finite ∆ρ for v0 > 0 we also observe an increase in the accumulation, along with
enhanced polarization as shown in Figure 5.2(b), at the ratchet upon increasing the activity.
Due to a finite reorientation time required for the particles to change their direction of motion
and escape the wall, we observe a net polarization mz(z) of the particles facing the ratchet on
either sides. This effect is a well-known characteristic of active particles.

In Ref. [180] we calculate the normalized density difference ∆ρ/ρL for a larger set of param-
eters using multiple methods and find a power-law dependence with respect to Pe = v0/`Dr as
∆ρ/ρL ∝ Pe2 for Pe� 1 and ∆ρ/ρL ∝ Pe−4 for Pe� 1 in the limiting cases. Additionally, we
also found power-law dependence with respect to the height of the ratchet βVmax, the width zL/`
as well as the asymmetry parameter a. All these results are summarized in Table 5.1 [180].
We also achieve the same power-law dependence in the weak activity limit (Pe � 1) by an
analytical solution described in more detail in Ref. [180]. In essence, we expand the density
and polarization fields in powers of Pe and solve them in different regions independently while
respecting the boundary conditions. Our results also indicate that a Boltzmann weight at an
effective temperature kBTeff = kBT (1 + Pe2/3) frequently used in literature, results in a den-
sity profile ρ(z) ∝ exp(−V (z)/kBTeff) that cannot describe the density difference found in our
simulations.

To summarize, we found that upon switching on the activity in a non-interacting gas of
Brownian particles, the densities in the two bulk regions on each side of the ratchet are affected
by a local external potential. This effect is absent in an equilibrium ideal gas and the difference
in densities ∆ρ could be characterized by simple power laws with respect to the parameters of
the ratchet potential. To investigate whether the interfaces of the two coexisting phases of an
active system affect the bulk densities of the two phases we turn on the interactions among the
particles. We first choose the pairwise Lennard-Jones (LJ) type interactions so that the passive
counterpart (v0 = 0) also exhibits a vapour-liquid coexistence in the absence of an external
potential due to the attractive tail of the potential. We then study the effect of introducing

Table 5.1: Power laws ∆ρ ∝ An, for limiting values of the base A. Here the base A denotes either the
activity Pe, the barrier height βVmax, the barrier width zL/`, or the barrier asymmetry a. Exponents
were obtained by numerically solving the Fokker-Planck equations for non-interacting ABPs.

A limit n

Pe Pe � 1 2
Pe � 1 -4

βVmax
βVmax � 1 3
βVmax � 1 0

zL/`
zL/`� 1 2
zL/`� 1 (depends on Pe)*

a
a� 1 1
a� 1 0

*For Pe� 1, this exponent equals −3.
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Figure 5.2: (a) Density profiles ρ(z), and (b) mean-orientation profiles mz(z)/ρ(z) of an active ideal
gas (in 2D) confined between two hard walls (not shown) at z/` = −17.5 and z/` = 12.5 for increasing
activity Pe = v0/

√
DtDr. An asymmetric sawtooth-shaped potential of fixed height βVmax = 4.0 acts

locally in the region −4.0 < z/l < 1.0. The curve for Pe = 0 with equal densities on each side of the
ratchet shows that the ratchet does not affect the two bulks in the passive case. For v0 > 0 the density
difference ∆ρ = ρR− ρL first increases with v0 and then decreases. The inset in (a) is a magnification
of the ratchet region showing an exponential decay of the density profile for Pe = 0 but not for Pe > 0.
The dashed grey line in the background shows the ratchet location and shape. The mean-orientation
profiles in (b) show that the particles on either side next to the ratchet develop a net polarization
facing the ratchet potential.
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the ratchet potential and switching on the activity.

5.4 Active LJ systems at low Pe
In this section we discuss the effect of a ratchet potential on an active Lennard-Jones (LJ)
system at low Pe = v0/σDr and temperatures T above as well as below their critical temperature
Tc ≈ 1.2 [123, 124]. At T > Tc the system is in a homogeneous fluid state and we study the
perturbation of the bulk densities due to the presence of a ratchet potential far away, in passive
as well as active cases. Here we refer to the densities in the left and right regions away from
the ratchet as bulk densities ρL and ρR, respectively. At T < Tc the system separates into a
vapour and a liquid phase due to the attractive tail of the Lennard-Jones interactions [88, 89].
We use an elongated geometry of the box with dimensions Lx×Ly×Lz = 15× 15× 67.5σ3 but
now instead of hard walls we place two mirroring ratchets a distance ∼ 30σ apart from each
other, thereby forming two bulk regions due to the periodic boundaries; one facing the gentler
sides (being called as ‘Left’ bulk) and the other facing the steeper sides (called as ‘Right’ bulk)
of the ratchets as shown schematically in the upper part of Figure 5.1. This setup ensures a
steady state with a net zero particle flux.

We split our results in two parts. First, in Section 5.4.1 we discuss the effect of a ratchet in
an NV T ensemble where the number of particles N in the simulation box, along with the total
volume V and the temperature T is fixed and the particles can only redistribute themselves
among the two bulk regions in the presence of a ratchet. In Section 5.4.2 we switch to an
ensemble where the left bulk system acts as a bulk reservoir of which we keep the density ρrv
fixed to the density of the coexisting vapour phase in the absence of a ratchet potential. In this
case N can fluctuate to accommodate the effect of the finite size of the ratchet potential.

5.4.1 Effect on bulk states - NV T ensemble
In an NV T ensemble the total number of particles in the system (N ≈ 6000), the total volume
V of the simulation box, and the temperature T are fixed. However, introducing a localized
external potential such as the ratchet potential, as discussed in the previous section that has a
small but finite region of influence, does change the ‘available’ volume (say V ′) due to repulsive
excluded-volume interactions, and hence also the overall density (ρ = N/V ′). As long as this
change is small and the system is at the right conditions for coexistence, then the densities
of the two phases in equilibrium remain unaffected. While keeping the width of the ratchet
potential small as compared to the system size, we study such a setup within an NV T ensemble
for passive as well as active LJ systems for both T > Tc and T < Tc.

We first discuss the results for a supercritical temperature T = kBTs/ε = 2.0. The ratchet
width here is zL = σ = `

√
3. In Figure 5.3 we show a section of the density profiles ρ(z) near

the ratchets for Pe = 0 and Pe = 4 in the left and the right panels, respectively, for increasing
height βVmax of the ratchet. For a symmetric ratchet with a = 0 shown in the top row in
Figure 5.3 we find that the density of the left (ρL) and the right bulks (ρR) is the same for
both Pe = 0 and Pe = 4 except for minor accumulation near the ratchet which becomes more
pronounced for Pe = 4. The density profiles are completely symmetric at both sides of the
ratchet and the two bulks are exactly identical in this case. Within the ratchet region itself the
densities decay exponentially with a Boltzmann weight (equal to kBT ) for Pe = 0, as expected,
but not for the active case, as observed also for an active ideal gas in the previous section.
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Figure 5.3: Density profiles ρ(z) in an NV T ensemble of a passive (left column) and active (right
column) LJ system at a supercritical temperature kBTs/ε = 2 (top two rows) and a sub-critical
temperature T < Tc (bottom row) for varying effective height of the ratchet βeffVmax = βVmax/(1 +
v2

0/3DtDr) with zL/σ = 1 and a symmetric (a = 0) as well as an asymmetric (a = 1) ratchet. The
color of the curves as shown in the colorbar corresponds to different values of βeffVmax. In the passive
case (Pe = 0) there is a minute change in the bulk densities where both ρL and ρR increase due to
the finite size of the ratchet and the simulation box. However for Pe = 4 we can clearly see the large
change in the bulk densities where ρL decreases while ρR increases upon increasing the height of the
asymmetric ratchet.
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For an asymmetric ratchet with a = 1 shown in the middle row in Figure 5.3 we still find that
ρL and ρR are equal for Pe = 0. However for Pe = 4, we can clearly identify that the densities
in the right and the left bulk are different, similar to the active ideal gas. The difference in the
densities ∆ρ also increases with increasing βVmax. We summarize these results for T > Tc in
Figure 5.4 for the symmetric (a = 0) as well as asymmetric (a = 1) ratchet for Pe = 0, 3 and 4
with a scaled height of the ratchet as explained below. The dependence of ∆ρ on βVmax (also
βeffVmax) shown in the right panel is significant.

Although we established in Ref. [180] that a so called ‘effective temperature’ scaling fails to
correctly predict the density profiles in the presence of a ratchet, we use kBTeff here as a scaling
factor for the height of the ratchet βVmax. The effective height of the potential then becomes
Vmax/kBTeff = Vmax/kBT (1 + v2

0/3DtDr). This energy scale of kBTeff can also be derived by
measuring the long-time diffusion coefficients in a dilute system and utilizing Einstein’s relation
Deff = kBTeff/γ to get the effective temperature/energy scale. This scaling does not result in
any collapse in properties in the present discussion. Rather, we simply use it as a scaling factor
for the height of the ratchet potential in Figure 5.3-5.4 and later.

Next we discuss the density profiles obtained in the simulations for a sufficiently lower
temperature (T < Tc) that allows vapour-liquid phase separation due to the Lennard-Jones
attractions even in the absence of an external potential. We choose a temperature of kBTs/ε =
0.8 for Pe = 0 and kBTs/ε = 0.4 for Pe = 4 from the binodals obtained in Ref. [89] and
Chapter 2. The density profiles obtained in this case are shown in the bottom row of Figure 5.3.
For Pe = 0 we find that the densities in the bulk are affected minutely even with a large effective
height βeffVmax ∼ 2.0 of the ratchet. We attribute this small increase in the densities in both
the vapour (ρL ≡ ρv) and the liquid phases (ρR ≡ ρl) to the finite size of the ratchet. We
verified that this increase is within a crude estimate made from the reduction in available
volume V ′ in the box due to the introduction of the ratchet. For the active case of Pe = 4 we
see a significantly large change in the bulk densities of both the liquid and the vapour phase.
The vapour phase density (ρL ≡ ρv) reduces and the liquid phase density (ρR ≡ ρl) increases
significantly even for a relatively small potential height βeffVmax ∼ 0.6. In addition, there is a
significant structuring near the ratchet in the liquid due to the increased density. We summarize
the effect of the ratchet potential on the vapour-liquid coexistence densities in Figure 5.5, as
denoted by the open circles, for the unscaled (left column) as well as the scaled (right column)
height of the ratchet potential.

In Figure 5.5 we find that the densities of coexisting phases of the passive systems show
very little change even upto ratchet height of βeffVmax = 2. However for the active systems
with Pe = 3 and 4, we see a significant change in the densities. We find that ρl increases
monotonically with increasing βeffVmax. This is because of the ‘ratchet effect’ (and our choice
of ratchet shape) which promotes the transport of particles towards the steeper side on both
interfaces in our periodic simulation box. Secondly, we observe that ρv first increases and then
decreases. This can be explained as follows. By increasing βeffVmax we make the region of
the simulation box corresponding to the location of the ratchet less accessible to the particles
which means effectively reducing the volume V ′ available to the particles in our simulation box
of fixed volume V . This in turn causes an increase in the density of the vapour phase as well.
However, as the height βeffVmax increases beyond a certain threshold, the decrease in ρv due to
the ‘ratchet effect’ for active systems is much greater than the increase due to the finite size and
we see an overall reduction in the vapour phase density. In the bottom row in Figure 5.5 we
plot the relative change in the order parameter ∆ρ = ρl − ρv with respect to the values ∆ρ0 in
the absence of a ratchet. We used the same order parameter ∆ρ in Chapter 2 in Section 2.3.2 to
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Figure 5.4: Difference ∆ρ = ρR − ρL of the bulk densities of the right bulk (ρR) and the left bulk
(ρL) with respect to the left bulk density ρL, in an NV T ensemble for an active LJ system. We show
the results obtained for Pe = 0, 3 and 4 at T > Tc as a function of increasing height βeffVmax of the
ratchet with parameters zL/σ = 1 and asymmetry a = 0 (left panel) as well as a = 1 (right panel).
The x-axis is the scaled barrier height βeffVmax = βVmax/(1 + v2

0/3DtDr). The lines in the right panel
are guides to the eye using quadratic fits with respect to βeffVmax.

describe the coexistence states. We observe a monotonically increasing ∆ρ/∆ρ0 for increasing
βVmax supporting the argument that ratchets at an interface change the bulk states even in the
case of interacting systems at low Pe.

We note here that for low temperatures (T < Tc) we place the ratchet at approximately the
center of the relatively wide interface (spanning a few particle diameters). The exact location
of the ratchet potential influences somewhat the vapour density in the NV T ensemble due to
the finite size of the simulation box as discussed above while the results for the liquid phase
show the same trend. In order to not influence the bulk states directly it is important that the
external potential is localized in the vicinity of the interface when both the interface and the
ratchet need to be finite sized due to numerical reasons. We eliminate this issue by using the
ρrvV T ensemble as discussed in the next section.

5.4.2 Effect on bulk states - ρrvV T ensemble
Instead of fixing the total number of particles N in the system, in this section we fix the
reservoir density ρrv of the vapour phase and denote this ensemble as the ρrvV T . By using such
an ensemble we eliminate finite-size effects of the simulation box and the ratchets on the bulk
densities. We apply this constraint by inserting or removing particles depending on the reservoir
density of the vapour phase measured over a short time interval. In this way the vapour phase
(left bulk) in our simulation box can be considered to be connected to a large vapour phase
reservoir with a density ρrv with which it can freely exchange particles. We choose to fix ρrv
instead of fixing ρrl because of the lower computational time needed for particle insertions in a
vapour instead of a liquid phase. We expect that fixing the liquid density instead of the vapour
bulk should lead to equivalent results. In addition, we verified that we obtain the same results
by simulating systems with double the length Lz in the z-direction.
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Figure 5.5: Relative change in the bulk densities of the vapour (ρv) and the liquid phases (ρl) with
respect to the densities ρ0

v and ρ0
l at βVmax = 0 for T < Tc. The results for an NV T ensemble (open

circles) as well as a ρrvV T ensemble (open square), for Pe = 0, 3 and 4 are shown as a function of
increasing height βeffVmax of the ratchet with parameters a = 1 and zL/σ = 1. We use kBT/ε = 0.8
for the passive systems and kBT/ε = 0.4 for the active systems. In the left column the x-axis is the
actual barrier height βVmax whereas in the right column we use a scaled barrier height βeffVmax =
βVmax/(1 + v2

0/3DtDr). In the passive case (Pe = 0), we find that the order parameter ∆ρ = ρl − ρv
changes by upto 3% whereas for Pe = 3 and Pe = 4 it changes by upto 10% and 15% respectively, due
to the presence of the external ratchet potential. Lines are simply a guide to the eye and the errorbars
are smaller than the symbol sizes.
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We measure the densities in the left and the right bulk regions after allowing sufficient time
to stabilize N and plot the resulting values in Figure 5.5 along with the results obtained in
the previous section using the NV T ensemble. We again scale all the densities with respect
to ρ0

v,l = ρv,l(βVmax = 0) i.e. the values in the absence of an external potential. We find that
the ratio ρv/ρ0

v of the vapour phase densities stays close to unity confirming that the vapour
phase density is indeed fixed now. The liquid bulk density ratios ρl/ρ0

l on the other hand do
change as observed in the previous section. For Pe = 0 the relative change ρl/ρ0

l is less than 3%
and even slightly smaller than in the NV T case. However for Pe = 3 and Pe = 4, the relative
change increases upon increasing the barrier height by upto 10% and 15%, respectively, as also
observed in the NV T ensemble.

These results strengthen our previous argument since the location of the ratchet is insignif-
icant now. The interface of the coexisting phases of the active fluid adjusts in such a way
that it stays localized at the position of the ratchet thereby satisfying our initial requirement
of creating a local perturbation at the interfaces. With such a setup we make sure that the
external potential is zero in the bulk regions and hence does not directly influence the bulk
states. Our results indicate that the increase in density in the right bulk would persist for an
arbitrarily large system.

To summarize this section, we find that for an active LJ fluid at low Pe, an asymmetric
ratchet potential influences the otherwise homogeneous states at high temperatures (T > Tc),
similar to an active ideal gas. For lower temperature (T < Tc) the ratchet potential influences
the interface of the two coexisting phases locally, which in turn also influence the bulk densities
of the phases for the active fluid. In the next section we proceed to a higher activity regime
where it is possible to observe motility-induced phase separation (MIPS) due to the activity.
We now study the setup of the ratchet potential with particles interacting via a purely repulsive
potential such that the system cannot phase separate in the absence of any external potential
in equilibrium. We switch to a repulsive potential to reduce the unnecessary complexity of
attractive forces being present in the high-activity regime.

5.5 Active WCA systems at high Pe
In this section we discuss the effect of a ratchet potential in a two-dimensional system of active
particles interacting with purely repulsive WCA interactions given by UWCA(rij) = ULJ(rij)+ε,
with a cut-off beyond rij ≥ rc = 21/6σ. We do not repeat the equations of motion here but
follow the same dynamics described in Chapter 4 in Section 4.3.4. We perform the simulations
in an NV T ensemble using kBTs/ε = 0.1 and plot the results in the presence of an asymmetric
ratchet for a passive system (Pe = 0) and for a high activity case at Pe = v0/σDr = 80 in
Figure 5.6.

For the passive WCA system (Pe = 0) we find that increasing the height of the ratchet
does not affect the densities ρL and ρR in the bulk regions, similar to the passive LJ systems
discussed in the previous section. The density profiles ρ(z) for Pe = 0 show no deviations in the
bulk regions for βVmax = 1, 2, and 6 and the densities are equal in the two regions (ρσ2 ≈ 0.7
for the chosen N and V ) as shown in Figure 5.6(a) with overlapping red, purple and brown
lines. For an active WCA fluid (Pe = 80), however, in the absence of a ratchet potential (i.e.
βVmax = 0) we find a phase-separation into a dilute and a dense phase as shown by the black
line in Figure 5.6(a). Upon increasing the ratchet height, we observe an increase in the density
in the right bulk region with respect to βVmax = 0 in contrast to the passive system. In the
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Figure 5.6: (a) Density profiles ρ(z) of a passive (Pe=0) and active WCA fluid (Pe = v0/σDr = 80) in
a two-dimensional geometry in the presence of an asymmetric ratchet potential (a = 1 and zL/σ = 2.0)
of increasing height βVmax as labeled, using the NV T ensemble. The inset shows a continuous increase
in the density ρR of the right bulk with increasing βVmax for Pe = 80. (b) Local density histograms of
the dense phase of the coexisting states averaged over many configurations. The black curve represents
the densities in the absence of any external potential.

inset of Figure 5.6(a) we show the increase in the density ρR of the right bulk region with
an increasing ratchet height βVmax while the vapour phase density (ρL) in the left bulk stays
almost constant. Thus, we find that the presence of a ratchet influences these phase-separated
states also at high activity.

Unfortunately, due to the presence of the external potential, for high Pe we also find conden-
sation on the gentler (left) side of the ratchet and a significant accumulation of the dense phase
in the left bulk otherwise fully occupied by the dilute phase (see Figure 5.6(a)) in the absence
of a ratchet. Consequently, the ratchet potential does not exactly act locally at the interface
of two coexisting phases having each phase on the either side of the ratchet. However, to our
advantage this causes the density of the vapour phase in the left bulk region to stay constant,
since it is now in direct contact with the ‘natural’ dense phase through a free/unperturbed
interface. Nonetheless, we do observe an increase in the bulk density ρR ≡ ρl of the dense
phase in the right bulk region with an increase in the ratchet height βVmax, but there is now a
complex coexistence of three states at the same time.

To better identify these different coexistence states we also plot the high density part of the
local density histograms, measured by performing a Voronoi construction, in Figure 5.6(b) for
Pe = 80. The black curve represents the histogram in the absence of a ratchet (βVmax = 0)
peaking around a value of ρσ2 ≈ 1.24. With a finite potential barrier (βVmax > 0) we find that
this peak with a single maxima splits into two; the higher peak at a larger value representing the
density of the right bulk and the smaller peak representing the density of the condensed phase
on the left side of the ratchet at roughly the same peak location corresponding to βVmax = 0.

Due to the inherent nature of the active particles to adsorb at a wall, it is rather difficult
to get rid of the condensed phase in the left bulk and obtain a two-phase coexistence with
the ratchet only acting locally at the interface. One of the possible methods to eliminate this
condensation is to have the ratchet exert torques on the particles which turn them away from
the wall. However, ratchets that induce torque introduce anisotropic particle-wall interactions
and directly affect the polarization of the particles near the ratchet. This requires additional
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terms in the force balance to obtain the correct mechanical equilibrium which is beyond the
scope of the current chapter. In the next section we discuss some implications of these results
and a possible mechanism of this effect.

5.6 Discussion on mechanical equilibrium
In Chapter 4 we derived the deterministic Fokker-Planck equations for the ABP model in the
setup considered in our simulations discussed in the previous sections. The stationary state
solution of the Fokker-Planck equations for the probability density function ψ(r,u, t) requires
the net particle-flux in the z-direction to be zero in our case i.e. Jz(z) ≡ 0. This results into an
instantaneous force-balance condition given by γJz(z)/ρ(z) = 0 since we employ overdamped
particle dynamics in our model. In order to satisfy the mechanical equilibrium condition the
sum of all the forces acting on the fluid needs to balance at all z locations. In Chapter 4, where
we used a similar setup as the current chapter, we established the steady-state expression for
the z-component of the local force-balance in Eq. 4.20 as:

ρ(z)Fext(z)− ∂zPswim(z)− ∂zPvir(z)− ∂zPid(z) = 0
or, ρ(z)Fext(z)− ∂zP (z) = 0 (5.1)

where Fext(z) = −∂zV (z) is the force due to an external potential and the total pressure P (z) =
PN(z) + Pswim(z) is the sum of the intrinsic and swim components, where the intrinsic part
PN(z) consists of the ideal Pid(z) and the virial Pvir(z) contributions as defined in Chapter 4.
The above equation can be written more explicitly using Eq. 4.13 as:

ρ(z)Fext(z) + γv0mz(z)− 1
LxLy

∫
dx
∫

dy
∫

dr′ρ(2)(r, r′)∂zU(|r− r′|)− kBT∂zρ(z) = 0 (5.2)

where the contribution involving −∂zU(|r−r′|) is due to the particle interactions, a contribution
from the ‘swim’ force γv0m(z) due to the polarization m(z) =

∫
du uψ(u, z) and −kBT∂zρ(z)

arising due to the density gradients. We plot this force balance along the z-direction in Fig-
ure 5.7 for the setups of active LJ systems discussed in Section 5.4.

We first discuss the individual contributions for the case of T > Tc shown in the first and
second row in Figure 5.7 in the presence of a symmetric (a = 0) and an asymmetric ratchet
(a = 1), respectively. For the symmetric ratchet the perturbations in the force balance are
localized in the region near the ratchet for both the passive and the active cases as visible in
the top row of Figure 5.7. The accumulation at the ratchets is enhanced for Pe = 4 as compared
to Pe = 0, along with some structuring as discussed earlier, but is symmetrical on either side
of the ratchet (z < 0 and z > 0) and hence all the force contributions are also symmetric and
balanced. For the asymmetric case (a = 1) shown in the second row of Figure 5.7, however,
the accumulation as well as the polarization is different on either sides of the ratchet due to
a different steepness of the potential. For Pe = 0 the effect of the asymmetric ratchet on the
various force contributions (and the density) is limited up to a few particle diameters but for
Pe = 4 the profiles in the region z > 0 are entirely different from those in the region z < 0.

Although from the current analysis we cannot identify a clear ‘cause-effect’ relationship we
present the following explanation for the observed difference. In the presence of an asymmetric
ratchet potential the excess accumulation of the fluid on the right side causes a net external
force exerted by the ratchet on the fluid. The magnitude of this net force on the right bulk
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Figure 5.7: Mechanical equilibrium in terms of pressure profiles P (z) for the passive and active LJ
systems with Pe = 0, βVmax = 1.2 (left column) and Pe = 4, βVmax = 12.0 (right column), respectively,
for the same cases as discussed in Figure 5.3. The vertical dashed line and the colored background
indicate ratchet position and height respectively. The total pressure P (z) is the sum of the swim
pressure Pswim(z) and the intrinsic pressure PN (z) = Pid(z) + Pvir(z) where Pid(z) is the ideal and
Pvir(z) is the virial component. The blue curve (with crosses) marks the sum of total pressure P (z)
and the external force due to the ratchet (taking z0 = −Lz/2 as reference) and attains equal values
in the left and the right bulk regions indicating mechanical equilibrium.
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is ∆Fext =
∫ zR
−zL dzρ(z)Fext(z) since Fext(z) = 0 for z < −zL and z > zR. In addition to

this, for the active case, there is a finite net polarization as well i.e.
∫ zR
−zL dzmz(z) 6= 0 which

contributes to a net ‘swim’ force on the right bulk. The fluid in the bulk region on the right
then responds to these extra forces coming from the interfaces by enhancing the density in the
bulk region. This change causes an increase in the total pressure P (z) contributed from the
‘internal’ components namely the ideal, virial as well as the swim component which restores
the mechanical equilibrium condition.

In order to observe the change in the pressure contributions across the ratchet more clearly
we plot in Figure 5.8 the difference ∆P (z) = P (z)− P (z0) of the individual pressure contribu-
tions with respect to a reference point z0 in the left bulk for the LJ as well as the WCA case.
We show the results for the parameters (labeled in the plots) where the left and the right bulk
are identical at βVmax = 0 but upon introducing the ratchet we observe a density difference
for the LJ (T = 2.0,Pe = 4 and βVmax = 12) and WCA (T = 0.1,Pe = 10 and βVmax = 140)
systems. We can clearly see that the overall change in the total pressure (blue curve with
crosses), including the external contribution, returns to zero in the right bulk for both the
LJ and the WCA systems indicating mechanical equilibrium. The net external force from the
ratchet acts towards the right in both the cases. The other pressure contributions, however,
behave differently. The intrinsic contribution PN(z) shows an increase in the right bulk for both
the cases. The swim pressure also increases for active LJ fluid but for the WCA system it can
either increase or decrease depending on the height of the potential barrier. For the parameters
used in Figure 5.8 Pswim reduces but for a lower βVmax it can increase. Coincidentally, for the
parameters shown here the difference in the intrinsic component ∆PN(z) and the difference in
the swim component ∆Pswim(z) are very close in the right bulk for the LJ system but they need



5

Ratchet-induced variations in bulk states of active systems 87

not be equal in general.
For lower temperatures (T < Tc) shown in the bottom row of Figure 5.7, from the blue

curve we again find that the left and the right bulk regions are in mechanical equilibrium for
passive as well as active systems. But in comparison to the previous cases at T > Tc, there is
a small but finite net external force also for the passive systems. We attribute this difference
to the significantly large force on the right side (βFR

extσ = 2.4 for 0 < z < zR) added to the
larger attractive forces from the liquid bulk with kBTs/ε = 0.8 as compared to the previous
cases with kBTs/ε = 2.0. These contributions are also present in the active cases (βFR

extσ = 24
for 0 < z < zR and kBTs/ε = 0.4) but due to the contribution from the ‘swim’ force their
combined effect is reduced.

From Figure 5.7 we can conclude that for both passive and active systems the condition of
mechanical equilibrium as described by Eq. 5.1 is satisfied exactly everywhere, in the bulk as well
as in the interfaces. The blue curves are completely flat in the bulks and through the ratchets as
well. Additionally, we confirmed the equivalence of the mechanical equilibrium condition given
by Eq. 5.1 with the diffusive equilibrium condition given by zero particle-flux (Jz(z) ≡ 0), for
the overdamped dynamics used in our simulations, by explicitly measuring the particle fluxes.
This equivalence is shown in Figure 5.9. The measured profiles for the quantities labeled in
the figure are all equivalent and flat, as expected, even in the region directly influenced by
the ratchet. The profiles show small kinks at the discontinuities in the external force due to
the finite size of the bins used for our measurements and using a finite-difference scheme for
calculating the gradients.

In all the cases discussed above we found that the fluid densities and the polarizations adjust
themselves according to the variations of the local ratchet potential shape and height. Keeping
these results in perspective with the previous studies based on phenomenological arguments in-
volving interfacial gradient terms [95,102], our results support the hypothesis that the interfaces
or boundaries are, in general, required to be specified in order to completely describe the state
of even an isotropic active fluid. The presence of any external potential causes perturbations in
the states of an active system in contrast to a passive system where the effect is only localized
to a small region in the vicinity of the applied field.

5.7 Conclusions
To conclude, we studied a setup of a non-interacting as well as an interacting system of Brownian
particles in the presence of a localized external potential that is spatially asymmetric and non-
linear. With an additional ingredient of activity that is known to violate time-reversal symmetry
we studied the effect of the ratchet potential on the bulk states of such a system in a flux-free
setting. We characterized these effects for the non-interacting systems in terms of simple power
laws with respect to the parameters of the external potential. For interacting systems we
measured the differences in the bulk densities upon varying shape and height of the ratchet.
Despite the external potential being localized, these effects extend over the full length of the
bulk regions and are hence termed long-ranged, similar to the interactions observed between
passive bodies immersed in an active fluid in some previous studies [175–177]. Our results
indicate that just by changing the external conditions locally we can change the densities in the
bulk regions arbitrarily far away in an active system. We expect that incorporating such non-
local effects will be a necessary part of a microscopic and a more general statistical mechanical
description of active systems.
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Figure 5.9: A comparison of the mechanical equilibrium condition (Eq. 5.1) measured using different
methods, with the diffusive equilibrium condition of zero net particle-flux (Jz(z) ≡ 0) in the stationary
state for an active LJ fluid in the presence of an asymmetric ratchet of height βVmax = 12.0. The lines
are offset vertically for clarity and the colored background represents the magnitude of the asymmetric
external potential acting in the region −1σ < z < 0.5σ. The green line representing the particle flux
(triangles) is measured from the difference of an explicit time-averaged count of right-moving (L→ R)
and left-moving R → L particles at each z location. The orange line (circles) is a sum of the force
contributions given in Eq. 5.2, experienced by the particles in each bin. The blue line (crosses) is
obtained by measuring the total pressure P (z) = Pid(z) + Pvir(z) + Pswim(z) using the expressions
given in Chapter 4, and adding the external force contributions ρFext(z) to the numerical derivative
∂zP (z). This method shows larger noise due to the first-order derivative but the dashed blue line,
obtained by integrating the same, is again flat.
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The role of topological defects on the
two-stage melting and elastic
behaviour of active Brownian

particles

In this chapter we investigate the phase behaviour and structure of repulsive active Brown-
ian particles in two dimensions. In particular we investigate the role of topological defects
on the melting behaviour of the active crystalline state. We test the applicability of the
well-established Kosterlitz-Thouless-Halperin-Nelson-Young (KTHNY) theory of melting in
two-dimensional equilibrium systems to the active case by analyzing the elastic constants
as well as the behaviour and properties of topological defects. We find that the inter-
mediate hexatic state predicted for two-dimensional systems not only persists but in fact
becomes stable over a wide-density regime upon increasing the activity, in agreement with
recent studies. More importantly, our observations indicate that melting of high activity
crystalline states into hexatic states does not directly correspond to a proliferation of dislo-
cation defects. The transition first proceeds from the crystalline state into an intermediate
hexatic state of high density devoid of any defects and possessing short-ranged positional
order. Upon reducing the density, the dislocation defects proliferate and introduce plastic-
ity in the system maintaining the hexatic state. The subsequent transition to a fluid state
changes from being first order at low activity to continuous at intermediate activities, and
then becomes first order again at much higher activity corresponding to motility-induced
phase separation.



6

90 Chapter 6

6.1 Introduction

The exact nature of the melting transitions in two-dimensional equilibrium systems has re-
mained quite elusive and a topic of great debate in the last few decades accompanied by the
proposal of a number of theories attempting to describe the melting phenomena [181–183]. Due
to advances in computational techniques and hardware it became possible to probe even larger
length and time scales in numerical simulations of two-dimensional particle systems providing
us an arena to test these theories. In a landmark study in 2011 by Bernard and Krauth [69]
(and later validated by others in both simulations [70,184] and experiments [185]) it was found
that a system of hard disks shows a two-step melting scenario in which the solid melts into an
intermediate hexatic state of quasi-long range hexagonal orientational order through a contin-
uous transition, followed by a first-order phase transition into a fluid state. Similar conclusions
have been drawn in a number of other numerical studies for particles interacting with isotropic
potentials such as an inverse power-law [186], Yukawa interactions [187] or the effect of different
particle shapes [188,189] or out-of plane fluctuations [184] in altering this scenario.

On the other hand research on non-equilibrium systems of driven granular media [7,190] and
self-propelled particles have identified a rich phase behavior in these systems. The low activity
and dilute cases resemble a fluid state with a higher effective diffusion coefficient whereas the
denser states at low activities could condense into a liquid, solid or gel-like state depending
on the nature of the particle interactions. The non-equilibrium phase separation of repulsive
self-propelled Brownian colloids at high activity has been a theme of interest especially since
the past couple of years. The phase separation is driven by the additional self-propulsion of the
particles over thermal motion and has been termed in the literature as motility-induced phase
separation (MIPS). Until quite recently the nature of this phase transition and continuity from
the passive equilibrium case had not been investigated thoroughly. In studies by Digregorio et
al. [191] and Klamser et al. [192] it was found that the two-step melting scenario applicable to
the case of two-dimensional equilibrium systems also extends to the active Brownian systems
at low activity. The first-order nature of the liquid-hexatic transition for the equilibrium case
extends upto a small activity after which the transition becomes continuous until MIPS appears
as a coexistence of the fluid and hexatic states [191,192]. The continuous hexatic-solid transition
was found to be unaffected upon adding self-propulsion whereby the transition only shifts to
higher densities due to the softness in the interaction potential.

In this chapter, we explore these high-density phase transitions further, in particular the
hexatic-solid transition. We investigate the role of topological defects in the melting behaviour
of the active crystalline state, which forms the basis for the well-known Kosterlitz-Thouless-
Halperin-Nelson-Young (KTHNY) theory of melting for two-dimensional equilibrium systems.
The theory is based on the linear elastic properties of a solid and the effect of interactions
among topological defects. Upon increasing the temperature (or reducing the density) the
defect pairs no longer stay stable and dissociate into two individual defects which induce a
phase transition. In this way the melting transitions and the defect behaviour/dynamics are
closely related. For the active Brownian systems a similar study on the effect of defects on the
phase transitions has not been performed to the best of our knowledge. In a previous study
the presence of a very small fraction of active particles in a passive polycrystalline solid was
found to anneal the grain boundaries, thereby yielding a single crystal in both two and three
dimensions [151, 193, 194]. But the dynamics in the case of pure active systems is not known
yet. Furthermore, we study the elastic properties of these high-density states and relate the
structural changes at the melting transition with the measured elastic constants. We briefly
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describe the computational model and particle interactions used for the current study in the
next section.

6.2 Model
We consider a two-dimensional system of isotropic Brownian particles that exhibit a self-
propulsion speed v0 which is directed along the orientation vector ui = (cos θi, sin θi) assigned
to particle i. To describe the translational and rotational motion of the individual colloidal
particle i = 1, . . . , N we apply overdamped Langevin dynamics given by:

γṙi = −
∑
j 6=i

∇iU(rij) + γv0ui +
√

2γkBTsΛt
i,

θ̇i =
√

2DrΛr
i , (6.1)

where γ is the damping coefficient due to the drag forces from the implicit solvent, kB is the
Boltzmann constant, and Ts is the bath temperature. Dr is the rotational diffusion coefficient.
The quantities Λt

i and Λr
i are unit-variance Gaussian noise with zero mean:〈

Λt
i(t)

〉
= 0, 〈Λr

i (t)〉 = 0,〈
Λt
i(t)Λt

j(t′)
〉

= I2δijδ(t− t′)
〈
Λr
i (t)Λr

j(t′)
〉

= δijδ(t− t′) (6.2)

where I2 is the 2×2 identity matrix. The angular brackets 〈· · · 〉 denote an average over different
realizations of the noise. The particles interact with a short-range repulsive Weeks-Chandler-
Andersen (WCA) potential given by:

U(r) = 4ε
[(
σ

r

)12
−
(
σ

r

)6
]

+ ε, r ≤ 21/6σ

= 0 r > 21/6σ (6.3)

where r = |rij| is the distance between the centers of particle i and j, σ is the particle di-
ameter pertaining to the length scale in WCA potential, and ε is the strength of the particle
interactions.

We set the system temperature T = kBTs/ε = 1, following Ref. [75], and the damping
coefficient γσ2/ε = 1 fixing the translational diffusion coefficient to correspond to the free
diffusion of particles given by the Stokes-Einstein relation Dt = γ−1kBTs. This sets our time
scale as τ = γσ2/kBTs. The rotational diffusion coefficient is set to Drτ = 3. We study our
system in the range 0 ≤ Pe ≤ 150 of a non-dimensional Péclet number Pe = v0τ/σ defined as
the ratio of the persistence length to the particle diameter. The simulations were performed
with a time step of dt = 10−5τ using the HOOMD-Blue [195, 196] simulation package. The
setup consists of an approximately square 2D simulation box with periodic boundary conditions
applied in both x and y directions. We used N = 72 × 103 particles with the simulation box
dimensions L ≈ 250σ for studying the fluid-hexatic-solid transitions and N = 2.8 × 103 for
calculating the equations of state i.e. pressure vs. density curves and the elastic moduli. We
used a regular hexagonally packed arrangement of particles at the overall system density as our
initial configuration and we collect snapshots for 200τ − 500τ at an interval of τ for analysis
after allowing the systems to achieve a stationary state for about 200τ .



6

92 Chapter 6

In the next section we describe the analysis of our simulations. We first plot the equations of
state to identify first-order transitions from the Mayer-Wood loops [197]. We then plot the pair
correlation functions to identify the effect of activity. In the subsequent sections we study the
orientational and positional correlations in the system to precisely locate the fluid-hexatic and
hexatic-solid transitions. We compare these boundaries with the evolution of topological defects
in the system, particularly at high density and in the high activity regime of the hexatic phase.
We then investigate the elastic properties of the system by measuring the elastic moduli from
the stiffness tensors obtained by explicitly applying homogeneous as well as shearing strain to
the simulation box. Lastly, we compare the transitions in the renormalized Young’s modulus,
as described in the KTHNY theory, against the changes in the concentration of topological
defects.

6.3 Methods and Results

We employ a variety of methods to determine the phase behavior of systems consisting of passive
and active Brownian colloids. In particular, we use the equation of state, the pair correlation
function, the density histograms and the decay of the orientational and the positional correlation
functions to locate the phase boundaries. A summary is presented in the form of a state diagram
in the activity-density (Pe-ρ) representation in Figure 6.1. For Pe = 0 we recover a first-order
liquid-hexatic phase transition with a narrow density regime of a pure hexatic phase followed
by a continuous hexatic-solid transition in agreement with the simulation study of Kapfer and
Krauth [186] for passive particles interacting with a soft repulsive potential of the form 1/rn
with n ≥ 6. As we increase the activity, the first-order liquid-hexatic phase transition shifts to
higher densities and finally becomes continuous at Pe ∼ 4.8. The density regime of a stable
hexatic phase widens upon increasing activity. At high Pe ∼ 71.5 and intermediate densities
we observe a reentrant phase separation (MIPS) into a fluid and a hexatic phase but now
the coexistence region broadens upon increasing activity. The hexatic-solid phase transition
is continuous throughout the whole range of Pe considered in this study. Our results are in
perfect agreement with the phase diagram obtained in Ref. [191], albeit the boundaries are
shifted since we use a much softer interaction potential than in Ref. [191]. In addition, we
also plot the boundary denoted by the dashed line in Figure 6.1 at which the concentration of
topological defects vanishes at higher densities in our simulations. Interestingly, this boundary
lies well inside the stable solid phase at low Pe and crosses over to the hexatic region upon
increasing activity. In sections 6.3.1-6.3.6 we discuss various methods that we use to construct
the phase diagram described above in more detail.

6.3.1 Equations of state

In order to measure the bulk pressure P in our system consisting of N active Brownian particles,
we employ the expressions as introduced by Winkler et al. [121], but modified them to the 2D
case. Specifically, the pressure for isotropic active particles in a periodic box with lateral
dimensions Lx and Ly and volume V = LxLy (‘area’ in 2D) is calculated using:

P = Pid + Pvir + Pswim. (6.4)
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Figure 6.1: State diagram in the Péclet-density (Pe-ρσ2) representation. The Péclet number is
defined as Pe = v0τ/σ. The symbols denote the state points at which we performed the simulations
marked as the fluid (circle), fluid-hexatic phase coexistence (diamonds), pure hexatic (triangle) and
crystal (square). The different colors in the background denote regions of different phases identified.
The black dashed line indicates the densities beyond which the concentration of topological defects
vanishes in simulations of N = 72× 103 particles. The inset is a magnification of the low-Pe regime.
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Figure 6.2: (a) The total pressure βPσ2 and (b) the swim pressure βPswimσ
2 as a function of

density ρσ2 for varying Péclet number Pe = v0τ/σ as labeled. The swim component is finite but small
compared to the virial contribution at the high densities of interest in the current chapter. (c) The
same P − ρ curves for larger Pe values. A Mayer-Wood loop indicating a first-order phase transition
is visible for Pe = 0− 2.4 which then disappears for intermediate Pe and reappears for Pe ≥ 71.5. For
Pe = 2.4, 11.9 and 23.8 the equations of state increase monotonically with density.
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Here Pid is the ideal gas pressure given by Pid = ρkBT with ρ = N/V the number density of
the particles. The virial contribution Pvir is obtained using the standard virial expression

Pvir = − 1
4V

〈
N∑
i

N∑
j 6=i

∇iU(rij) · (ri − rj)
〉
. (6.5)

The swim pressure contribution Pswim due to the self-propulsion is given by:

Pswim = γρv2
0

2Dr

− γv0

4V Dr

〈
N∑
i=1

N∑
j 6=i

∇iU(rij) · ui
〉
. (6.6)

We measure the pressure-density curves for system sizes ofN ∼ 2.8×103 and 4×103 particles
starting from Pe = 0 (passive case) up to Pe = 71.5. The corresponding curves are shown in
Figure 6.2(a). We observe a negative slope in the equation of state for Pe = 0, i.e ∂P/∂ρ < 0,
indicating a first-order phase transition at ρσ2 = 0.90 − 0.92. The low density and the high
density branches are connected via a Mayer-Wood loop, which originates from interfacial tension
effects in finite systems [197], and indicates a two-phase coexistence region. We want to note
here that the swim pressure contribution Pswim is almost negligible as compared to the virial
contribution at such high densities as shown in Figure 6.2(b). Upon increasing Pe, we find
that at Pe ∼ 2.4 the Mayer-Wood loop vanishes in the equation of state, and the pressure-
density curve increases monotonically for all densities. This indicates the absence of a phase
coexistence, which we will verify in the forthcoming sections. Upon increasing Pe further, we
observe motility-induced phase separation (MIPS) for Pe ≥ 71.5, which is abundantly studied
in earlier works on various active Brownian particle models. In Figure 6.2(c) we find that MIPS,
observed for Pe ≥ 71.5 corresponds to a negative slope in the equation of state.

6.3.2 Pair correlation function
The pair correlation function g(r) can be used to quantify the local structure around a particle
and is often sufficient to determine the full thermodynamics of a simple liquid. Here, we study
the g(r) to first characterize the neighborhood of an active Brownian particle in dilute as well
as densely packed states upon increasing the activity. The degree of overlap of the particles
is expected to increase with activity as a higher self-propulsion force acting on the particles
may help to overcome the potential energy barrier. Effectively, this causes the particles to pack
more densely before a freezing transition sets in. This behaviour can be seen from the g(r)
curves as shown in Figure 6.3(a) for various Pe. The first peak of the g(r) obtained for dilute
cases (ρσ2 = 0.05), becomes more pronounced and moves to smaller particle separations upon
increasing Pe.

From the position of the first peak, rpeak, in the g(r) of densely packed systems we can also
identify a first-order phase transition emanating in the form of an inhomogeneous expansion.
From Figure 6.3(b) we observe that in the passive case the most probable nearest-neighbor dis-
tance rpeak reduces by 2% in a small density regime (ρσ2 = 0.90−0.92) even though the system
undergoes an overall expansion upon decreasing the density. A homogeneous expansion of the
system would correspond to a monotonic increase in rpeak, which is not what we observe here.
More specifically, we find that the same value for the most probable nearest-neighbor distance
rpeak may correspond to two different densities, which can only be explained by an inhomoge-
neous volume expansion of the system upon decreasing the overall density. An inhomogeneous
system may indicate a phase separation into a dilute and dense state [198]. Figure 6.3(b) shows
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Figure 6.3: (a) The pair correlation function g(r) for a dilute 2D system (ρσ2 = 0.05) of active Brow-
nian particles. The first peak of the g(r), rpeak as marked for Pe = 71.5, becomes more pronounced
and shifts to smaller nearest-neighbor distances upon increasing Pe. The inset is a comparison of g(r)
for increasing densities 0.05 ≤ ρσ2 ≤ 1.1 at Pe = 7.2 and shows increasing structuring and finally
a g(r) corresponding to a crystalline state at ρσ2 = 1.10. (b) The position of the first peak in the
g(r), rpeak, as a function of density ρσ2 shows a non-monotonic behavior for Pe ≤ 7.2 but decreases
monotonically with increasing density for higher Pe. The inset shows the same curves including higher
Pe values over a larger density range.
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that rpeak decreases non-monotonically with increasing density for Pe ≤ 7.2. This may indicate
that the two-phase coexistence disappears at Pe ∼ 7.2, which differs from our previous value of
Pe ∼ 2.4 as estimated from the equations of state. For Pe ≥ 7.2, rpeak increases monotonically
with decreasing density. In the inset of Figure 6.3(b) we find that for Pe = 71.5 and 143.0, rpeak
is fairly constant over a large density range (0.8 ≤ ρσ2 ≤ 1.4) as it is predominantly determined
by the fixed nearest-neighbor distance in the dense phase of the phase separated states at such
high activity. We note here that this criteria for identifying phase coexistence is based purely on
the microscopic structure without any constraints on the instability in pressure with respect to
density fluctuations which requires the definition of a ‘swim’ pressure. However, we investigate
the local density histograms in the next section to map out the fluid-hexatic coexistence region
in the state diagram for low Pe.

6.3.3 Local density histograms
In order to quantify the density fluctuations in a 2D system of active Brownian particles,
we measure the local density of each particle by counting the average number of particles
within a radial distance of ∼ 10σ around the particle of interest. This coarse-graining smears
the resolution of interfaces but aids in identifying larger inhomogeneities in the case of phase
coexistence. Typical configurations from simulations are shown in the top panels of Figure 6.4
and Figure 6.5 for Pe = 0 and 4.8, respectively. The particles are colored according to their
local density measured using the method described above. For Pe = 0, we clearly observe two
distinct regions with different densities separated by a “planar” interface indicating two-phase
coexistence at ρσ2 = 0.906. However, for Pe = 4.8 we do not observe such distinct regions
of uniform density signifying an absence of phase coexistence. The fluctuations in density in
this case are limited to dynamic domains of small size which do not aggregate over time. This
agrees with our previous observation of the absence of a negative slope in the pressure-density
curves.

Subsequently, we construct the density histograms for different state points at various Pe
by averaging over many configurations. We plot these density histograms for small Pe in
Figure 6.6(a), and for Pe ≥ 47.7 in Figure 6.6(b). For Pe = 0, from the shape of histograms we
can identify presence of two peaks in the histogram for 0.90 ≤ ρσ2 ≤ 0.92. The double-peak
structure in the density histogram again provides evidence for phase coexistence at the same
state points for which a negative slope is observed in the P − ρ curves in Figure 6.2. The
two density peaks indicate that the coexisting densities of the fluid and hexatic phases are
ρFσ

2 ≈ 0.90 and ρHσ
2 ≈ 0.92, respectively. Upon increasing Pe, this double-peak structure

could be identified until Pe = 2.4 at higher density values. The shape of the histograms for
various densities is hardly distinguishable at Pe = 4.8 and for Pe ≥ 7.2 the histograms are all
bell-shaped with a single peak at the overall system density.

For much higher activity around Pe ≥ 71.5 we again observe a double-peak distribution in
the density histograms, as shown in Figure 6.6(b), which is indicative of MIPS. The separation
between the peaks increases upon increasing Pe. For example, for Pe = 71.5 the peaks are
located at ρFσ2 ≈ 0.55 and ρHσ

2 ≈ 1.24, which shift to ρFσ2 ≈ 0.38 and ρHσ
2 ≈ 1.60 for

Pe = 143.0.
In the next two sections 6.3.4 and 6.3.5 we classify these states into fluid, hexatic or crystal

state according to the decay of the orientational and positional order. Specifically, the fluid
state is characterized by the absence of any long-range orientational or positional order whereas
the hexatic state has a quasi-long range orientational but only short-range positional order. The
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Figure 6.4: Typical configurations of a 2D system of active Brownian particles for Pe = 0 at
increasing densities as labeled (left to right). The color of the particles denote the local density (top
row) and the argument of the orientational order ψ6 (bottom row) according to the color scales as
indicated on the right. The density as well as the ψ6 maps indicate fluid-hexatic phase coexistence at
ρσ2 = 0.906. The low-density phase occupies the box almost completely at ρσ2 = 0.890 and shows no
large domains of hexagonal order. At a density of ρσ2 = 0.920 we observe full hexagonal ordering in
the box forming a single domain. The magnified regions, as marked by black squares, are shown in
the last column and are approximately 20σ × 20σ in size.



6

98 Chapter 6

Figure 6.5: Typical configurations of a 2D system of active Brownian particles for Pe = 4.8 at
increasing densities from left to right. The particles are color coded according to their local density
(first row) and the argument of ψ6 (second row) as shown in the color bars on the right. The density
maps as well as hexagonal order maps show no large-scale inhomogeneities and hence no phase sepa-
ration. The 2D structure factors are shown in the bottom row over the range kxσ ∈ [−2π, 2π], where
the red cross indicates the expected peak at k0 = (0, 4π/a

√
3), where a = (2/ρ

√
3)1/2σ is the lattice

spacing, corresponding to a perfect hexagonal lattice at the respective overall density ρ. The actual
and expected peaks agree very well and the same k0 is used further in calculating ψT and gT . The
insets in the 2D structure factor are contour maps of the magnified region kxσ ∈ [−0.05, 0.05] around
the first peak k0.
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Figure 6.6: (a) The density histograms for a system of active Brownian particles at various density
ranges as shown in the legends and for a Péclet number range 0 ≤ Pe ≤ 7.2. At Pe = 0, the shapes
of the histograms indicate a double-peak structure. The separation in peaks becomes smaller upon
increasing Pe and finally disappears completely at Pe = 7.2. The x-axis has the same scale for each
Pe. (b) The sharp double-peaked structure of the histograms for Pe ≥ 71.5 is indicative of motility-
induced phase separation. For 7.2 ≤ Pe ≤ 47.7 the histograms are bell-shaped, which indicate the
absence of phase separation.

5



6

100 Chapter 6

2D crystalline state can possess a long-range orientational order but the positional order decays
algebraically [199,200].

6.3.4 Orientational order
The local 6-fold orientational symmetry around particle i can be measured using the hexatic
order parameter ψ6(ri) given by:

ψ6(ri) = 1
Nb

∑
j∈Nb

exp(ι6θij), (6.7)

where Nb denotes the number of nearest neighbors of particle i and the bond angle θij is
measured as a deviation of the orientation of the vector rij from the reference global system
orientation measured from Ψ6(L) described further in this section. We identify the nearest
neighbors of the particle by using a Voronoi construction. To visualize the orientational order
in the system we mark the particles by the color corresponding to the angle arg(ψ6(ri)) of
the particle’s hexatic order parameter in the complex plane. In the second row of Figure 6.4
and Figure 6.5, we present the same configurations as shown in the first row, but the particles
are now colored according to the angle arg(ψ6(ri)) as shown in the color scale on the right.
For Pe = 0 and ρσ2 = 0.906, we clearly observe the correspondence between a region of high
hexagonal order with high density as shown in the top and second row of Figure 6.4. The
absence of any large-scale inhomogeneities in the density snapshots for Pe = 4.8 in Figure 6.5 is
also apparent in the ψ6 maps where the size of orientationally ordered domains is quite small.
These smaller domains increase in size upon increasing the density and eventually span the
whole system upon reaching a pure hexatic state at ρσ2 = 1.005 for Pe = 4.8.

To investigate the spatial decay of the bond orientational order, we calculate Ψ6(LB) for
varying sub-block sizes LB = L/2k with k = 0, 1 . . . , where L is the length of the smaller side
of the simulation box, using

Ψ6(LB) = 1
NLB

∣∣∣∣∣∣
∑

i∈NLB

ψ6(ri)
∣∣∣∣∣∣, (6.8)

where NLB denotes the number of particles in the current sub-block of size LB. Subsequently,
we analyze the scaling behavior of Ψ6(LB) with block size LB by plotting log2(Ψ6(LB)/Ψ6(L))
versus log2(LB/L) and identifying the slope. According to the KTHNY theory, the liquid
phase is characterized by a bond orientational order that decays exponentially, and thus the
finite-size scaling plot of the bond orientational order is non-linear with a large slope. In the
hexatic phase, the bond orientational order parameter decays algebraically, i.e. Ψ6(LB) ∝ L−η6

B

with an exponent 0 ≤ η6 ≤ 1/4. In Figure 6.7 we plot the sub-block scaling analysis of the
bond orientational order parameter Ψ6(LB) versus LB for varying densities as labeled and
for varying Pe i.e. 0 ≤ Pe ≤ 71.5. For reference, we also plot a grey dashed line with a
slope of −1/4. We identify the densities at which the system transitions to quasi long-range
orientational order with an exponent η6 ≤ 1/4 for each Pe to determine the fluid-hexatic
transition in our state diagram. We also calculate the mean system orientation arg(Ψ6(L))
from the global orientational order parameter Ψ6(L) and use the criteria |Ψ6(L)| > 0.75, in
addition to the local density histogram peaks, to mark the transitions for low Pe showing
fluid-hexatic coexistence [189].
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Alternatively, we can also identify the liquid-hexatic phase transition by studying the decay
of the spatial orientational correlation function g6(r) expressed as:

g6(r) = 〈ψ∗6(r′ + r)ψ6(r′)〉. (6.9)

Again, according to the KTHNY theory, the hexatic phase exhibits quasi long-range orienta-
tional order which decays algebraically as g6(r) ∝ r−η6 with an exponent η6 ≤ 1/4, and the
liquid phase is characterized by an exponential decay of g6(r). Reassuringly, we find the same
transition points using the decay of g6(r)’s within our statistical accuracy as we obtained from
the sub-block analysis (see Figure 6.8).

6.3.5 Positional order
The local positional symmetry of a particle i with respect to an underlying regular lattice can
be measured using the positional order parameter ψT (ri) which can be expressed as:

ψT (ri) = exp(ιk0 · ri), (6.10)

where k0 is the vector in reciprocal space denoting one of the first Bragg peaks in the 2D
structure factor S(k). The magnitude of this vector is equal to that of the reciprocal lattice
vector i.e. k0 = (0, 4π/a

√
3) where a = (2/ρ

√
3)1/2σ is the lattice spacing in a regular hexagonal

packing at a number density ρ in a 2D geometry. The system averaged 2D positional order
parameter ΨT = 1

N

∑
ψT (ri) characterizes the overall positional symmetry in the system and

is used to identify the periodicity in the structure. The spatially averaged order parameter
ΨT (LB) for a sample of size LB is measured as

ΨT (LB) = 1
NLB

∣∣∣∣∣∣
∑

i∈NLB

ψT (ri)
∣∣∣∣∣∣ (6.11)

where the symbols have the same meaning as described for Ψ6(LB). We perform a sub-block
scaling analysis of the positional order parameter ΨT (LB) to determine the hexatic-solid tran-
sition, in a similar way as discussed for Ψ6(LB) in the previous section. We show these plots
in Figure 6.9. However, we find that the errorbars are much larger in this case, which makes it
hard to locate the hexatic-solid transition.

As an alternative method to investigate the decay of the positional order, we measure the
positional correlation function

gT (r) = 〈ψ∗T (r′ + r)ψT (r′)〉. (6.12)

According to the KTHNY theory, the positional order decays algebraically as gT (r) ∝ r−ηT

with an exponent 0 ≤ ηT ≤ 1/3. Upon melting, the decay of the positional correlations
becomes exponential i.e. gT (r) ∝ exp(−r/ξT ) with a correlation length ξT , which decreases
with decreasing density. To identify the nature of the decay and to locate the hexatic-solid
transition, we plot the positional correlation functions gT (r) as a function of r and extract the
correlation lengths ξT in the case of an exponential decay or the exponent ηT in the case of an
algebraic decay. We identify the hexatic-solid transition by locating the density at which the
exponent ηT becomes smaller than 1/3. We plot the gT (r)’s for several densities close to the
melting point for 0 ≤ Pe ≤ 71.5 in Figure 6.10. For Pe = 0, we find that the decay of gT (r)
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Figure 6.7: Sub-block scaling analysis of the hexagonal order parameter ψ6(LB) versus LB for labeled
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between parentheses in the legend. The grey dashed lines indicate algebraic decay with an exponent
η6 = 1/4, for comparison with the KTHNY exponent of the fluid-hexatic transition.
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The decay is exponential for a hexatic state with the correlation length diverging upon increasing
the density and the decay becomes quasi-long range for a crystalline state. The dashed grey lines
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becomes algebraic with ηT ≈ 1/3 at ρσ2 = 0.926, marking the hexatic-solid phase transition.
We locate the transition densities for higher Pe in a similar manner.

However, we find that the identification of the hexatic-solid transition in the case of high Pe
remains difficult. For instance, in the case of the sub-block scaling analysis as shown in Fig. 6.9,
we find that, for the case of Pe = 71.5, the decay for the largest subblocks (LB/L ≥ 2) is close
to the exponent of ηT = 1/3 within our errorbars for a large range of densities from ρσ2 = 1.70
to 1.85. Hence for Pe ≥ 47.7 we mark the hexatic-solid transition as a dashed line in the phase
diagram (Figure 6.1). A possible reason why it is difficult to locate the hexatic-solid transition
might be due to finite size effects, which may become more pronounced at high Pe. We will
investigate the effect of system size in the next section briefly.

System size effects

Continuous phase transitions such as the hexatic-solid phase transition are characterized by a
diverging correlation length of one or more order parameters and, hence, the order-parameter
fluctuations may easily span the whole system. Previous studies on two-dimensional passive
systems of particles with short-ranged interactions [69] have demonstrated that the correlation
length could easily be on the order of 50σ − 100σ near the hexatic-solid transition. These
simulation studies require extremely large system sizes (N ∼ 106), and consequently long
equilibration times to eliminate the finite-size effects. In this chapter, we observe that the
correlation lengths become even more extreme for active systems. For instance, the correlation
length at Pe = 71.5 and ρσ2 = 1.950 is as large as 200σ, and the decay is still exponential. To
check the finite size effects, we simulate a few cases with larger systems using N = 288 × 103

particles, and analyze the positional correlation function gT (r). In Figure 6.11 we compare the
decay of these correlations for two different system sizes at Pe = 2.4, 7.2 and 71.5 and with
densities near the respective hexatic-solid transition as identified in the previous section. We
also compare the exponents ηT,1 and ηT,2 of the algebraic decay for smaller and larger systems,
respectively, at large interparticle separations r. The corresponding values for ηT,1 and ηT,2 are
listed in Figure 6.11. For smaller system sizes, we observe clearly that ηT,1 < 1/3 for all three
Pe values, which corresponds to the solid phase. For N = 288× 103, we find that the exponent
ηT,2 is still close to ηT,1 for Pe = 2.4, but for higher Pe ηT,2 is significantly larger than ηT,1 which
indicates a hexatic state for this larger system size at the same state point. To clearly observe
the transition from exponential to algebraic decay we need even larger systems than the ones
used in the current study.

2D Structure factor

In order to calculate the positional correlation function gT (r) and the positional order parameter
ψT (r) we need to first calculate the 2D structure factor and identify the location k0 of the first
Bragg peak in the hexatic and solid phase. We show typical plots of the 2D structure factor
averaged over 100 configurations spanning a duration of ∼ 100τ for Pe = 4.8 and 71.5 in the
bottom row of Figure 6.5 and 6.12, respectively, along with a contour plot of the marked peak in
the insets. In Figure 6.5 the hexatic phase at ρσ2 = 1.005 and Pe = 4.8 is identifiable from a 6-
fold symmetry in the diffraction pattern with slight broadening of the peaks due to fluctuations
of the local ψ6 symmetry. This can be clearly distinguished from the diffuse ring-like pattern
for the fluid state at ρσ2 = 0.960 shown in Figure 6.5. For the crystalline state at ρσ2 = 1.030
we find that the peaks become narrower and more pronounced. It is important to note here
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Figure 6.11: Comparison of the decay of positional correlations gT (r) on a log− log scale for system
sizes of N = 72 × 103 (blue lines) and N = 288 × 103 (orange lines) for Pe=2.4, 7.2 and 71.5 (left,
middle and right panel) at corresponding densities ρσ2 = 0.98, 1.18 and 1.96 identified as hexatic-solid
transition points. The exponents ηT,1 and ηT,2, for the small and large system respectively, obtained
by fitting gT (r) ∝ r−ηT in the range 40σ− 90σ and 50σ− 150σ are also quoted in the figure. The grey
dotted line indicates an exponential decay with a correlation length ξT = 100σ, and the grey dashed
line indicates a power-law decay with exponent ηT = 1/3.

that the peaks in the hexatic and the solid phase correspond exactly to the reciprocal lattice
vector of an hexagonal packing at the density of interest, i.e. at the location k0 = (0, 4π/a

√
3)

in reciprocal space where a is the particle spacing, as clearly visible in the magnified inset
in the diffraction pattern. An independent calculation of the vector k0 that maximizes the
global ΨT (L) also gives the same magnitude |k0| upto the second decimal place confirming this
observation.

In the 2D structure factors for Pe = 71.5 shown in the bottom row of Figure 6.12 we find
that even the diffraction pattern of the hexatic state at ρσ2 = 1.600 displays Bragg peaks which
are quite sharp for independent snapshots but becomes broader upon averaging over multiple
configurations over time due to fluctuations (compare diffraction pattern for Pe = 71.5 and
ρσ2 = 1.600 in Figure 6.12 and Figure 6.13). This high-density hexatic state is intriguing
because of a complete absence of any topological defects at this density, as we will discuss in
more detail in the next section, but still the positional order is relatively short ranged due to
heterogeneous fluctuations in the particle positions throughout the lattice. The middle row in
Figure 6.12 shows the phase arg(ψT ) of the local translational order parameter which is also
a measure of the displacement of a particle from its ideal lattice position. We can clearly see
the large and heterogeneous variations of arg(ψT ) for ρσ2 = 1.600 and lower densities. These
large fluctuations finally disappear around a density of ρσ2 = 1.950 which we identified as the
hexatic-solid transition point for Pe = 71.5 in the previous section from the algebraic decay
of positional correlations. From the snapshot we can clearly see that the range of variation
of arg(ψT ) is significantly less and that the peak in the 2D structure factor becomes more
pronounced.

In the next section we discuss the nature of the topological defects in the hexatic and
solid phase as well as the correspondence of the changes in the defect concentrations with the
hexatic-solid transitions as discussed in the KTHNY theory for two-dimensional equilibrium
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systems.

6.3.6 Topological Defects
In an ideal triangular lattice the coordination number for each particle is 6. Hence, particles
with a number of neighbors Nb 6= 6 are classified as defects. We identify these defects by
performing a Voronoi construction and calculating Nb for each particle. We classify them
as Nb-fold defects and particularly distinguish 5-fold and 7-fold defects. Subsequently, the
topological configurations of these defects are classified into dislocation pairs (5-7-5-7 quartet),
isolated dislocations (5-7 pair), and free 5-fold and 7-fold disclinations (see upper panel in
Figure 6.14). An isolated dislocation (a pair of 5- and 7-fold defects) has a Burgers vector of
magnitude one and introduces an extra layer of particles on one side thereby destroying the
periodicity of the structure, whereas free disclinations (individual 5- or 7-fold defects) cause
a rotation of the adjacent unit cells. In addition to dislocations and disclinations, there may
be other types of point defects such as interstitials or vacancies which correspond to either
extra or missing particles within the crystal lattice. Although the probability of creating an
interstitial site defect is extremely low in equilibrium systems, vacancies can be found at normal
conditions in crystalline or hexatic phases. The interaction, combination and dissociation of
these defects cause changes in the physical properties which in turn correlate with melting and
phase transitions [198,201].

A number of equilibrium theories of melting are based on changes in the Hamiltonian of
the system due to unbinding of the topological defects. These changes are usually described,
using the linear continuum elastic theory, in terms of the discontinuities in the displacement
field of the particles from their ideal lattice positions caused by the presence of defects. In
particular, the KTHNY theory suggests that the solid to hexatic transition, in the two-step
melting mechanism of a 2D solid into a liquid phase via an intermediate hexatic phase, is
induced by an unbinding of dislocation pairs into isolated dislocations. For example, the solid
phase of passive hard disks contains a finite number of bound dislocation pair defects due
to thermal fluctuations in particle positions [69, 184]. The Burgers vector of such a pair of
dislocations is nullified by each other, and hence a bound dislocation pair does not affect
the positional and orientational order of a triangular lattice. If a dislocation pair unbinds
into an isolated pair of dislocations, the positional order in the system is locally destroyed
and the positional correlations decay exponentially with increasing distance. Subsequently,
the dissociation of dislocations into free disclinations causes a faster-than-algebraic decay of
the orientational correlations thereby inducing the hexatic to liquid transition. Both these
transitions are second order in nature according to the KTHNY theory. Thus, a study of the
change in concentrations of these topological defects can provide a possible indication of the
phase transitions and their underlying mechanism.

Interestingly, the behaviour of defects in dense systems of active particles has not been
investigated and discussed as extensively as compared to the number of studies that are devoted
on motility-induced phase separation. Redner et al. [75] in their early work on the ABP model,
with the same parameters as ours, showed some of the defect structures observed in the dense
phase of a phase-separated system at high activity. In our simulations we explore this in further
detail and find that the topological defects behave very differently in active systems as compared
to the passive case. To be more specific, we observe significant differences in the melting
mechanism of active systems compared to passive systems where the melting is mediated by
the unbinding of dislocations and disclinations. In Figure 6.14 we show typical configurations
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Figure 6.12: Typical particle configurations, with the first row showing a magnification of the
highlighted region shown in the second row by a black square, and corresponding 2D structure factors
(bottom row) for selected densities belonging to a pure hexatic phase (ρσ2 ≤ 1.94) and the solid
phase (ρσ2 ≥ 1.95) for Pe = 71.5. The color coding of the particles in the configurations is according
to arg(ψT ) after subtracting the mean orientation, as shown in the color scale on the right. We
observe topological defects (colored black) in the magnified insets for ρσ2 = 1.42 and 1.55 but not
for ρσ2 = 1.60 and 1.95. The 2D structure factors (averaged over 100 frames) shown for the range
kxσ ∈ [−2π, 2π], are broad and smeared in the hexatic phase but become sharply peaked at ρσ2 = 1.95.
The insets in the structure factors are contour maps of the magnified region kxσ ∈ [−0.05, 0.05] around
the first Bragg peak (marked as a cross).

Figure 6.13: 2D structure factors from a single configuration of hexatic states for Pe = 4.8 (left)
and Pe = 71.5 (right), shown for the range kxσ ∈ [−2π, 2π]. We observe a diffuse peak for the hexatic
state at ρσ2 = 1.005 and Pe = 4.8 whereas for the hexatic state with no defects at ρσ2 = 1.600 and
Pe = 71.5 we find sharp peaks. The insets are contour maps of the magnified region kxσ ∈ [−0.05, 0.05]
around the indicated first Bragg peak k0.
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from our simulations, highlighting these defects in fluid, hexatic and the crystalline states for
Pe = 0, 4.8 and 71.5. The active systems at low Pe show similar defect configurations as in
the passive case. The hexatic states at Pe = 71.5, however, are significantly different. The
low density hexatic states show a high number fraction of isolated dislocations with almost
no dislocation pairs, whereas the high density hexatic state at the same Pe shows a complete
absence of any defects. We further quantify this observation in the next part.

To investigate the role of defects on the melting mechanism of active systems, we measure
the number fractions of the different types of topological defects as discussed above. In Fig-
ure 6.15(a) we plot the number fraction of defects Ndef/N as a function of density for various
Pe. We clearly observe that the overall number fraction of defects Ntotal/N increases upon
decreasing the density for all Pe. At low Pe, i.e. Pe ≤ 2.4, we find that the solid phase contains
mainly bound dislocation pairs, which can move freely in the solid phase without destroying the
positional and orientational order as discussed above. The number fraction of bound dislocation
pairs Nquart/N increases slightly upon approaching the hexatic-solid transition at ρσ2 = 0.926,
whereas the number fraction of isolated dislocations Npair/N increases more rapidly. At the
hexatic-solid transition point, Nquart/N is still higher than Npair/N but at lower density this
scenario is reversed. The high fraction of Npair implies that the quasi-long range positional
order of the system is destroyed and suggests that the solid to hexatic transition is induced
by the unbinding of dislocation pairs into isolated dislocations. Upon reducing the density
further, we find that the fraction Nfree/N of isolated 5- and 7-fold defects also starts to increase
due to the unbinding of isolated dislocations into disclinations and the orientational order in
the system is lost in both the liquid-hexatic coexistence region and the stable liquid phase.
However, we also find that many defect particles are part of other defect clusters which we do
not plot explicitly in Figure 6.15(a). To summarize, we find that the two-step melting scenario
consisting of a solid-hexatic melting transition driven by unbinding of dislocation pairs, and
a hexatic-fluid transition caused by defect clusters as observed for 2D equilibrium solids of
short-range repulsive particles, persists even at low activity.

For higher activity, i.e. Pe ≥ 7.2, the overall number fraction of defects Ntotal/N increases
upon decreasing the density similar to the passive systems as mentioned above. Interestingly,
the behaviour of dislocations is quite different from the passive case as we observed in the
sample configurations in Figure 6.14. For Pe ≥ 7.2 the system always seems to support a
higher fraction of isolated dislocations as compared to dislocation pairs for all densities for
Pe ≥ 7.2. We find from Figure 6.15(a) that Nquart (blue curve) never exceeds Npair (orange
curve) within our measurements. This observation is more clearly visible in Figure 6.15(b)
where we plot the difference between number fractions of different kinds of defects, particularly
(Npair − Nquart)/N and (Npair − Nfree)/N . We find that for Pe ≤ 2.4 for certain densities
(Npair−Nquart)/N (shown by squares) is negative whereas for Pe ≥ 7.2 this difference is always
positive. This suggests that higher activity favors a higher fraction of isolated dislocation pairs
over bound ones, or in other words the dissociation of bound dislocation pairs into isolated
dislocations is favored with increasing activity. This also explains the observed widening of the
hexatic region in the state diagram upon increasing the activity which appears to stabilize the
hexatic phase by destroying the positional order.

In Figure 6.15(b) we also mark the hexatic-solid transition densities (shown as stars) as
identified from the decay of ψT in Figure 6.10. These densities agree closely with the minimum
in (Npair−Nquart)/N which corresponds to a reversal in the trend of defect concentrations and
confirms our previous observation that for Pe ≤ 2.4 the hexatic-solid transition is triggered
by unbinding of bound dislocation pairs. The difference (Npair − Nfree)/N (shown by circles),
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Figure 6.14: Typical section (80σ×80σ) of particle configurations showing clustering of defects with
colored particles indicating 5-fold (blue) and 7-fold (red) defects identified using a Voronoi construc-
tion, for Pe = 0.0, 4.8 and 71.5 at labeled densities. Higher and lower order defects are marked in black
and other particles with Nb = 6 in grey. We can also spot vacancies (e.g. marked by arrows in the
hexatic and solid states of Pe = 0.0 and 4.8) from the absence of particles next to certain defects. For
Pe = 0.0 and 4.8 we show representative snapshots for pure as well as coexistence states as labeled. For
Pe = 71.5 we show a fluid-hexatic coexistence and two state points in the hexatic region of the state
diagram showing a decrease in the number fraction of defects with increasing density with a complete
absence of defects at a density of ρσ2 ≥ 1.560. The positional correlations become quasi-long ranged
around a density ρσ2 = 1.950 for Pe = 71.5 as shown in Figure 6.12. The insets show the same region
of configurations as the main panels but colored according arg(ψ6) to aid in locating the fluid and
hexatic regions.



6

112 Chapter 6

0.90 0.92 0.94

10−5

10−4

10−3

10−2

10−1

N
d
e
fe

c
t
/N

Pe=0.0

F FH H S

ρσ2

(a) Nquart/N Npair/N Nfree/N Nvac/N Ntotal/N

0.92 0.94 0.96 0.98

Pe=2.4

1.05 1.10 1.15

Pe=7.2

1.2 1.4

10−5

10−4

10−3

10−2

10−1

N
d
e
fe

c
t
/N

Pe=23.8

ρσ2 1.4 1.6 1.8

Pe=47.7

1.50 1.75 2.00

Pe=71.5

0.9 1.0 1.1 1.2 1.3

ρσ2

−0.2

−0.1

0.0

0.1

0.2

∆
(N

d
e
f
e
c
t/
N

)

(Npair −Nquart)/N (Npair −Nfree)/N(b)

Pe = v0τ/σ
0.0
2.4
4.8
7.2
11.9
23.8

Figure 6.15: (a) Number fraction of bound dislocation pairs/quartets (blue), isolated dislocations
(orange), 5- and 7-fold disclinations (green), vacancies (red) and overall defects (purple) as a function
of density ρσ2 for various Pe. The colored background marks the regions of fluid (red), fluid-hexatic
coexistence (yellow), pure hexatic (green) and pure solid (purple) states as indicated in the state
diagram in Figure 6.1. Note that the high density hexatic region devoid of any defects (cross-hatched)
becomes wider on increasing Pe as the x-axis has a different scale for each Pe where we also mark
the densities where the defects become completely absent (×) as well as the hexatic-solid transition
densities from the decay of ψT (?) identified in Figure 6.10. (b) The difference in the number fraction
of isolated dislocations and bound dislocation pairs (Npair − Nquart)/N (squares), and the difference
in the number fraction of isloated dislocations and free disclinations (Npair − Nfree)/N (circles) as
a function of density ρσ2 for various Pe as labeled in the legend. The corresponding hexatic-solid
transition densities (?) are also indicated.
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however, is always positive for all densities and show similar trends for all values of Pe con-
sidered and does not provide much information about the unbinding of dislocations into free
disclinations.

In Figure 6.15(a) we also locate the densities above which we find a complete absence of
dislocation pairs in the crystal phase for all values of Pe. As we increase the activity, the point
where the defect concentrations reduce to zero crosses over from the dense crystal phase towards
the less dense hexatic phase. We mark this transition density by a cross on the x-axis and the
density range devoid of any defects by cross-hatching in Figure 6.15(a). For Pe = 23.8, 47.7
and 71.5 we clearly see that a large region in the dense hexatic phase is free from any kinds of
topological defects in contrast to the low activity systems. This dense hexatic region, devoid of
any defects, still has an exponentially decaying positional order as indicated by the background
colors showing the phase boundaries from the phase diagram (Figure 6.1). The activity induced
fluctuations cause the decorrelation of particle positions at long-range and are responsible for
a faster decay of positional order in this density regime. This is a striking non-equilibrium
feature of phase transitions in active systems not commonly observed in equilibrium systems.

Apart from studying the trends in the number fraction of paired and isolated defects indi-
cated above, investigating the structure of larger defect clusters and arrangements can also pro-
vide additional insights into the mechanism of melting and order of transitions. For monolyers
of passive hard spheres, the solid-hexatic transition has been established to be of Kosterlitz-
Thouless (KT) type, accompanied by dissociation of dislocation pairs into two isolated dis-
locations [69, 184] as observed in our current simulations as well. Whereas the hexatic-fluid
transition is weakly first order and is driven via proliferation of grain boundaries [184] which
preempts the second KT-type continuous transition. This was identified in Ref. [184] by the
string-like clustering of dislocations at the boundaries of crystalline grains with uniform orien-
tational and positional order. These grain boundaries were found to proliferate upon reducing
the density accompanied by a rapid increase in the concentration of disclinations resulting into
the formation of fluid phase. However, in the present study we were not able to confirm either
the presence or absence of such a mechanism for active systems. Rather, for high activity
we found an interesting regime of defect-free dense hexatic state with exponentially decaying
positional order.

In the next section, we measure the elastic properties of the active systems as different
equilibrium melting theories suggest that there is a strong correspondence between phase tran-
sitions and the behaviour of defects with the elastic moduli upon increasing the temperature
or reducing the density. We test this correspondence with respect to the predictions of the
KTHNY theory and investigate whether there is any resemblance to equilibrium systems and
a possible mapping in the form of a non-equilibrium melting criteria for finite activity.

6.3.7 Elastic Moduli
In the previous section we identified the trends in the number fraction of defects and compared
them with the fluid-hexatic and the hexatic-solid phase boundaries obtained from the decay
of the orientational and positional correlations, respectively. Particularly for the hexatic-solid
transition, we determined the power law decay of the positional order and classified the state
to be crystalline if the exponent of the algebraic decay ηT ≤ 1/3. This theoretical value for the
exponent is derived in the KTHNY theory for the melting of 2D solids in equilibrium which is
based on the linear elastic properties of a continuum solid. In order to test whether this theory
is still applicable to non-equilibrium active systems, we investigate the elastic behaviour. Al-
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though the equilibrium theory relies on the elastic deformation energies to resolve the transition
to a fluid state with a vanishing shear and renormalized Young’s modulus, we can extend the
notion of mechanical stress, which is well-defined for an isotropic active fluid, to describe the
elastic behaviour in terms of the response to an externally imposed strain. In this section we
measure the elastic moduli in the dense states of active systems and their agreement with the
melting transition identified in the previous sections. In the following part we introduce the
notations and the method used for measuring the elastic constants.

Stiffness tensor and Lamé elastic coefficients

In the linear elastic theory of isotropic solids the elastic moduli relate the stress response of a
system to an applied strain. In equilibrium, the elastic moduli are related to the free energy
change due to such deformations [202]. Instead, for non-equilibrium systems we directly assume
Hooke’s law which linearly relates the mechanical stress Pαβ with the applied strain εγδ through
a symmetric stiffness tensor C given by:

C =


C11 C12 0 0

C22 0 0
0 0

C44

 =


λ+ 2µ λ 0 0

λ+ 2µ 0 0
0 0

µ


where λ and µ are the Lamé coefficients in equilibrium systems [202]. For conciseness, we follow
the Voigt notation above for indexing Cαβγδ with xx=1, yy=2, and xy=4. If a system is under
a uniform isotropic pressure, the stiffness tensor C can be rewritten in terms of an effective
stiffness tensor B as [72,203]:

Bαβγδ = Cαβγδ − P (δαγδβδ + δαδδβγ − δαβδγδ) (6.13)

B11 = C11 − P, B22 = C22 − P
B12 = C12 + P, B44 = C44 − P

where P = (Pxx + Pyy)/2 is the uniform pressure. The bulk modulus E, the shear modulus G
and the Young’s modulus K are related to the Lamé coefficients in 2D as:

E = λ+ µ, G = µ, K = 4µ(λ+ µ)
λ+ 2µ = 4EG

E +G
. (6.14)

Furthermore, from equilibrium statistical thermodynamics the isothermal compressibility κ =
1/E, where E is the bulk modulus, is expressed as:

1
E

= κ = − 1
V

(
∂V

∂P

)
T

= 1
ρ

(
∂ρ

∂P

)
T

, (6.15)

which can also be measured directly from the slope of the P−ρ curves obtained in Section 6.3.1.
Once the uniform pressure of the system and the stiffness tensor (or the effective stiffness tensor
B) are known, we obtain the elastic moduli from λ and µ using Eq. 6.14. There are several
methods discussed in literature to numerically evaluate the stiffness tensor for a system of
interacting particles in simulations. In a constant volume ensemble (NV T ), the method of
measuring the fluctuations in microscopic strain or measuring the resultant stress from an
externally imposed strain were found to be the most effective ones [72,204]. In our simulations
we apply the method of box deformations due to its computational simplicity. In the next
section we briefly describe this method.
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Method of explicit box deformations

In order to measure the stiffness tensor, we apply a strain to the system by deforming the box.
This method is valid only in the elastic regime since it makes use of the generalized Hooke’s law
directly. We extract the four non-zero elements of the stiffness tensor C by performing three
kinds of deformations of the simulation box following Ref. [204]. In the first kind of deformation,
the box is elongated or compressed along the x-direction by a small factor εxx such that the
particle coordinates in the x-direction become x′ = x(1 + εxx) and the box length also becomes
L′x = Lx(1 + εxx). Similarly, the box can be elongated or compressed along the y-direction
corresponding to imposing a small linear strain εyy. Both these deformations correspond to a
change in the overall density of the system but the magnitude is kept small in order to stay in
the linear response regime. The third deformation is of a shearing type in which we change the
shape of the box by keeping the volume constant. The angle between the x and y dimension
box vectors a and b is changed from π/2 to (π/2− tan−1(εxy)). The particle positions are then
transformed as (x, y)→ (x+ yεxy, y).

In our simulations, we start from a perfect hexagonal initial configuration with N = 2.8×103

particles and deform the box corresponding to the applied strain. We then measure the full
stress tensor Pαβ after a sufficiently long equilibration time that allows the system to reach a
steady state. We perform the measurements by applying fixed linear strain εxx ∈ [−0.01, 0.01]
in intervals of 0.004. In principle, for an isotropic solid, only the first two elements C11 and C12
are sufficient to obtain the Lamé coefficients λ and µ, which can be measured just by applying
a longitudinal strain εxx. However, for some cases we also measure the values of µ obtained
by imposing a shearing strain εxy and confirm that the two independent measurements agree.
The effective stiffness tensor B is directly obtained from the slope of a linear fit to the stress
vs. strain curves, as shown for B11, B12 and B44 in Figure 6.16, using

B11 = ∂Pxx
∂εxx

, B22 = ∂Pyy
∂εyy

, B12 = ∂Pyy
∂εxx

, B44 = ∂Pxy
∂εxy

,

where the total stress Pαβ consists of the ideal, virial and swim contributions according to:

Pαβ = P vir
αβ + δαβ(P id

αβ + P swim
αβ ). (6.16)

In Figure 6.17(a) and 6.17(b) we plot the bulk modulus E and the shear modulus G,
respectively, as a function of density for various Pe obtained using the method described above.
For Pe = 0 (magnified in the inset) we find that there is a distinct jump in both E and G, as
indicated in the figure by a blue arrow, at a density of ρσ2 = 0.926. This jump is indicative
of the second order nature of the transition. Upon increasing Pe, we observe a similar jump
appearing in both E and G at higher densities marked by arrows in the figure. The bulk
modulus E shows only a discontinuity for higher Pe but the shear modulus G shows a sharp
drop to very small values at this transition upon reducing the density. Such a small value of
the shear modulus G indicates that the system is not a solid anymore and undergoes plastic
deformation upon shearing. Furthermore, in the same plots we also indicate the densities where
we observe a finite number of defects in the simulations with N = 2.8× 103 particles by a plus
marker (+). These points were determined by analyzing the sampled snapshots within our
simulated time which show a complete absence of defects at densities higher than the marked
points (+). For Pe = 0 the defects disappear at a density of ρσ2 = 0.950 which is much higher
than the point ρσ2 = 0.926 at which we observe the jump in the elastic moduli. For Pe ≥ 7.2
we find that the two transition points agree extremely well. This indicates that for active cases
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Figure 6.16: (a) Diagonal Pxx(◦), Pyy(�) and (b) off-diagonal Pxy(4) components of the full pressure
tensor (Eq. 6.16) obtained by explicitly straining the simulation box with N = 2.8× 103 particles as
a function of linear tensile and shearing strains, εxx and εxy, respectively, for various state points ρσ2

as labeled in the legend for Pe = 7.2. The stress response is nearly linear in this regime of small
magnitude of strain. We obtain the elements of the effective stiffness tensor B from the slope of a
linear fit (solid and dashed lines) to the data points (symbols). The errorbars in the measurements
are smaller than the symbol sizes.

the system becomes plastic as soon as a finite number of defects, mainly dislocations, appear
in the system. On the other hand, the elastic moduli of the active solid states as a function
of density collapse onto a single master curve independent of Pe. A numerical fit of the form
E,G ∝ exp(aρ3 +bρ2 +cρ+d) is shown as a black solid line in both Figure 6.17(a) and (b), and
agrees very well with the measurements. This indicates that at such high density the effect of
activity is negligible and the system simply behaves as an equilibrium solid at that density with
the same physical properties. A similar observation can also be made from the P − ρ curves in
Figure 6.2(c) where the equations of state collapse onto a single master curve at extremely high
densities far above the melting density. This agrees with the fact that the swim contribution
P swim
αα is almost negligible at such high packing.
In Figure 6.18 we plot the Young’s modulus K obtained for the same set of measurements

and compare the transitions against the hexatic-solid transition points obtained in Section 6.3.5.
Similar to the shear modulus G, the Young’s modulus also shows a sharp drop at the same
densities at which the defects disappear for Pe ≥ 7.2. Additionally, in the bottom part of the
figure we mark the densities where the defects disappear for larger systems of N = 72 × 103

particles as a cross (×) as well as the hexatic-solid transition densities observed from the decay
of positional correlations as a star (?) similar to the ones marked in Figure 6.15. We find that
in the passive case the discontinuity in K agrees well with the change in the decay of positional
correlations from exponential to algebraic, indicating the hexatic-solid transition. However,
for Pe ≥ 7.2 the discontinuity agrees well with the disappearance of defects. The positional
correlations are short-ranged even for higher densities where there are no defects and the system
behaves as a high density hexatic as we discussed in Section 6.3.6. The activity by itself has
a larger effect in destroying the positional order in the system and in fact affects the defect
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Figure 6.17: (a) Bulk modulus E and (b) shear modulus G, obtained by explicitly straining the
simulation box with N = 2.8× 103 particles, as a function of density ρσ2 for various Pe as labeled in
the legend. Both the bulk and the shear moduli collapse onto a single master curve indicated by the
black lines which are fits of the form E,G ∝ exp(aρ3 + bρ2 + cρ+ d). Upon lowering the density, the
shear modulus G drops sharply to zero at the critical density where the defects start to appear for
the corresponding activity, and the bulk modulus E shows a transition to a lower stable curve. The
transition points at which the defect concentration becomes zero obtained from visual inspection in a
system of N = 2.8× 103 particles are marked with a plus (+) for later reference.
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Figure 6.18: Young’s modulus K as a function of density ρσ2 collapse onto a single master curve for
the same cases as shown in Figure 6.17. The black line is a fit of the form K ∝ exp(aρ3 +bρ2 +cρ+d).
Upon lowering the density, the Young’s modulus drops sharply at the density where the defects start
to appear for the corresponding activity. These points are also indicated on the main curve and the
bottom panel as a plus (+). In the bottom panel we also show the densities where the defects appear
for a large system-size of N = 72× 103 particles as a cross (×), and the transition densities from the
decay of ψT as star (?), offset vertically for clarity.
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Figure 6.19: Bare Young’s modulus K (open circles) obtained from direct straining of the simulation
box, and the renormalized values KR (triangles) as calculated using the recursion relations Eq. 6.18-
6.19 for Pe = 0.0, 0.8, 1.6 and 2.4. The vertical lines mark the hexatic-solid transitions identified from
the decay of ψT for N = 72 × 103 particles. The thin horizontal line marks the critical value of 16π
identified in the KTHNY theory.
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concentrations themselves.
We discuss this observation further in detail in the next section with respect to the KTHNY

theory which suggests that the hexatic-solid transition in equilibirum 2D systems is marked
by a discontinuity in the renormalized Young’s modulus due to unbinding of bound dislocation
pair defects.

6.4 Discussion on melting mechanism
In equilibrium systems, the KTHNY theory suggests that the melting transition is accompanied
by a lowering of the Young’s modulus βK below a critical value of 16π. To correct for the
interactions of defects present at a finite temperature a renormalization group analysis is applied
to obtain the renormalized value KR of the Young’s modulus which can then be compared
against the numerical value of 16π to identify the melting transition. The theory describes
the dislocation defects in 2D systems in terms of a Coulomb gas of particles with charges of
magnitude equal to their Burgers vector and are associated with a core energy Ec where the
core is an extended region (typically the same size as the lattice constant) of influence around
the defect [181,182]. The probability of finding a bound pair of such dislocation defects is given
by [205,206]:

pd = exp(−2βEc)Z(K)

= exp
(
− 2Ec
kBT

) 2π
√

3
βK/8π − 1I0

(
βK

8π

)
exp

(
βK

8π

)
(6.17)

where Z(K) is the ‘internal partition function’ of a dislocation, and I0 is a modified Bessel
function. The theory suggests a continuous transition from the solid to the hexatic state for large
core energies Ec ≥ 2.8kBT and a weakly to strongly first-order transition as Ec approaches and
becomes lower than a value of 2.8kBT [201]. Typically, for systems with hard-core interactions
the value of Ec near the solid-hexatic transition is ∼ 6kBT as found in Ref. [184] for monolayers
of hard spheres.

The renormalization group recursion relations for the Young’s modulus K are expressed
as [181,182,206]:

∂

∂l

(
8π

βK(l)

)
= 24π2y2 exp

(
βK

8π

)[
0.5I0

(
βK

8π

)
− 0.25I1

(
βK

8π

)]
(6.18)

∂y(l)
∂l

=
(

2− βK

8π

)
y + 2πy2 exp

(
βK

16π

)
I0

(
βK

8π

)
. (6.19)

where the fugacity y of the dislocation-pair fluid is obtained from an estimate of the core energy
Ec as:

y = exp
(
− Ec
kBT

)
. (6.20)

The differential equations 6.18-6.19 can be solved recursively for l = 0 . . .∞ by using the
unrenormalized (‘bare’) values K(0) = K and y(0) = exp(−Ec(K(0))) as the initial guesses for
l = 0 and utilizing a trapezoidal (or higher order scheme) for performing the integration. The
renormalized values are obtained from the renormalization-flow diagram of y-vs-1/K (Fig. 1
in Ref. [206]) for the separatrix and KR = K(∞) when y(∞) = 0. Exactly at the transition,
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the renormalization-flow follows the separatrix and above (T > Tm) and below (T < Tm) the
melting point goes to the end points ∞ and 0, respectively.

Although the aforementioned KTHNY framework based on the elastic properties and the
defect interactions is only valid in an equilibrium case, we suspect the possibility of an effective
temperature/energy scaling of the properties to be able to predict the melting transition from
similar arguments. We first treat the active case in the same manner as an equilibrium case
and apply the renormalization procedure to the elastic constants in the Pe regime where the
high-density hexatic region without defects is still narrow, i.e. Pe ≤ 2.4. We also assume that
the solid phase transforms into a hexatic when the positional correlations decay faster than
algebraic decay with ηT = 1/3.

To evaluate the renormalized quantities we first explicitly measure the probability of disl-
ocation-pairs pd in simulations and calculate the core energy Ec using Eq. 6.17. In equilibrium,
due to thermal fluctuations there is a finite probability for the formation of dislocation pairs
and the dislocation energy Ec near the melting transition is small but finite. As we increase the
activity the concentration of dislocation defects near the melting transition reduces as we found
in Figure 6.9. This observation hints that the energy needed to create a dislocation pair becomes
higher as we increase the activity. Conversely, we can interpret that the unbinding energy
reduces with increasing activity which eases the dissociation of dislocation pairs into isolated
dislocations. We then apply the recursion relations Eq. 6.18-6.19 to obtain the renormalized
Young’s modulusKR, as shown in Figure 6.19 as a function of density for Pe=0, 0.8, 1.6 and 2.4.
In the same plot we also mark the critical value βKR = 16π as a horizontal line. For Pe = 0, we
find that the renormalized KR differs significantly (upto 10% near transition) from the ‘bare’
value. The density at which βKR drops from the critical value of 16π to zero agrees well with
our estimate of the hexatic-solid transition from the decay of the positional correlations (marked
as ?). However, as we increase the activity upto Pe = 2.4, we find that the density where βKR

drops to zero does not agree with the transition density identified from the decay of positional
correlations. Hence, even for a small Pe we can already see that the predictions of KTHNY
theory based on the elastic constants deviate significantly from the transitions observed in the
structure from positional correlations of the particles.

An immediate next step would be to investigate whether an effective energy scaling as
βeffKR with kBTeff = kBT (1+v+02/2DtDr) would correct for these deviations. This procedure
may still work for low Pe but it is difficult to obtain statistically accurate estimates of defect
concentrations for Pe ≥ 7.2 as their probability becomes extremely low with increasing activity.
Additionally, for Pe ≥ 7.2 we also find a complete absence of defects near the estimated hexatic-
solid transition from the decay of positional correlations which raises further questions on the
possibility of such a defect-mediated mechanism based on elastic constants for high activity.
Finally, we summarize our conclusions for this chapter in the next section.

6.5 Conclusions
We have investigated a two-dimensional system of soft repulsive active Brownian colloids at
densities near the melting transitions using overdamped Langevin dynamics. We located the
coexistence densities for the first-order liquid-hexatic coexistence and the continuous hexatic-
solid transition for a passive system. We then slowly increased the activity and confirmed
that the hexatic state persists and that the order of the transition for the fluid-hexatic states
becomes continuous at an intermediate Pe value as found in other recent studies [191,192]. We
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also mapped the densities for the hexatic-solid transition by studying the decay of the positional
order parameter and found that the transition stays continuous upto the highest Pe used in
our simulations. We then further characterized the hexatic-solid transitions with respect to
the topological defects. We found that the melting of high activity crystalline states into the
hexatic state does not directly correspond to the unbinding of dislocation pairs in contrast to the
equilibrium case. Upon reducing the density the transition first proceeds from the crystalline
state into an intermediate hexatic state of high density devoid of any defects and possessing
short-ranged positional order. On decreasing the density further, isolated dislocation defects
start appearing in the system with an absence of any bound pairs, which further dissociate
into individual disclinations at even lower densities causing the transition to a fluid state.
We then investigated the elastic properties of the solid and hexatic states by imposing an
explicit strain on the system and calculated the various elastic moduli. We found that the
abrupt change in the shear modulus (G) and the Young’s modulus (K) that corresponds to
the solid-hexatic transitions in the passive case does not agree with the change in the order
of the decay of positional correlations in the active cases. Rather, this abrupt change in the
elastic constant values agrees more with the densities at which dislocation defects appear in the
system. We also tested the KTHNY theory of melting for 2D equilibrium systems to evaluate if
the melting transition of the solid to the hexatic phase corresponds to the density at which the
renormalized Young’s modulus KR drops below a critical value of 16π. We found, however, that
the deviation is already large for a small activity. Lastly, our analysis is inconclusive about the
validity of melting theory or a possible effective equilibrium scaling due to the huge system size
effects observed at high Pe requiring extremely large system size and long time scales which
are currently inaccessible due to computational costs. We hope that our study sheds light
upon the melting transitions in dense systems of active Brownian particles and paves a way for
understanding the role of defects in such non-equilibrium systems.
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6.7 Supplementary figures
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Figure 6.20: A comparison of the WCA potential used in this work, blue curve (Eq. 6.3), with an
inverse power-law potential U(r) = ε(σ/r)12 (green curve) studied in Ref. [186] and the MIE potential
of the form U(r) = 4ε[(σ/r)64− (σ/r)32] + ε with βε = 20 (orange curve) used in Ref. [191]. The inset
shows the same plots for a larger y−range on log scale.

Figure 6.21: Simulation snapshot color coded according to arg(ψ6) for a phase separated system at
Pe=143.5 and density ρσ2 = 1.000. The fluid phase particles are marked with a grey color. The 5-
and 7-fold defects, occurring predominantly as pairs (or dislocations), are marked in black. The dense
phase is a hexatic phase with a quasi-long ranged orientational order and the defects form string-like
clusters at the boundaries of the grains with nearly uniform orientation.
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Summary

A large number of processes in nature and that happen every moment around us in our daily
lives are out of equilibrium. Objects move, coffee cools down, rain falls and wind blows due to a
driving force that pushes them from a higher to a lower energy state. These phenomena not only
occur at the scales visible to the human eye but also at the microscopic level. For example the
movement of microorganisms within a sample of pond water when viewed under a microscope,
the condensation of a dew drop from water vapor on a cold morning, the flow of electrons in
an electric wire, the dissolution of salt in water are all non-equilibrium processes. However, to
understand the principles governing these non-equilibrium processes we have to first apply the
laws of thermodynamics and utilize the principles of statistical physics of equilibrium systems.
An exact physical modeling of such complex phenomena is extremely hard but physicists,
such as myself, usually start from a simple model using a number of approximations, such as
assuming a cow to be ‘spherical’, and slowly build upon them by relaxing the approximations
one by one moving towards a more realistic cow with a face, four legs and a tail.

In this thesis, we deal with models of colloidal sized particles which are smaller than 10−6m
(one hundredth of the thickness of a human hair), perform Brownian motion when suspended
in a medium such as water, and can be only observed visually under a microscope. Specif-
ically, we study and explore some of the principles which govern the emergent behaviour of
a special class of non-equilibrium colloidal systems referred to as self-propelled particles. Ac-
tive Brownian particles, and active matter in general, is a category of systems in which each
constituent shows a persistent and systematic motion by converting some form of energy from
its environment. A microorganism, such as a bacterium, is a perfect example of microscopic
active matter found in nature. More synthetic examples comprise of Janus (two-faced) parti-
cles which move in a chemical solution when illuminated by light. A large collection of these
constituents (or agents) shows extremely interesting phenomena like clustering, condensation
and phase separation which otherwise are not observable for ‘passive’ systems and are highly
desirable technologically in applications involving drug delivery, cleaning pollutants from water,
oil recovery etc.

We start our investigation in Chapter 2 with a study on a system of self-propelled colloidal
spheres that interact via Lennard-Jones potential using Brownian Dynamics simulations. We
tune the activity by either varying the propulsion speed or the rotational diffusion rate and
compare the results with a passive case at no activity. We calculate equations of state for
different temperatures and verify that, as the system transitions from a homogeneous to a
phase separated state upon reducing the temperature, the pressure as a function of density
shows the expected transition from a monotonic to a non-monotonic behaviour. Moreover,
we observe a linear growth of the ‘swim’ pressure in the coexistence region. Subsequently, we
study the phase coexistence regime using long-box simulations and show that the scaling of
the coexisting densities with temperature follows classic power laws which describe the binodal
envelope extremely well. We also show that all the various parameters of the power laws vary
with the propulsion speed or the rotational diffusion rate in a similar fashion, namely their
scaling is well captured by simple exponential functions. These parameters include the critical
temperature and density as well as the exponents of the power laws.

In Chapter 3, we study the same system with Lennard-Jones interactions in an elongated
simulation box and investigate the properties of the vapor-liquid interface, particularly the
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surface tension. By employing a local expression of the pressure tensor for active systems, we
measure the normal and tangential components of the pressure tensor in the direction perpen-
dicular to the interface. We verify the mechanical equilibrium of the two coexisting phases by
measuring a constant normal component of the pressure tensor in the direction perpendicular
to the interface. The tangential component shows negative peaks at the interface, a behaviour
reminiscent of equilibrium systems and indicative of a positive non-equilibrium interfacial ten-
sion as measured by integrating the difference of the normal and tangential component of the
pressure tensor. We calculate the non-equilibrium surface tension for different combinations
of self-propulsion speed and rotational diffusion rate, and demonstrate that the trends of the
surface tension can be fitted by simple power laws similar to equilibrium systems. These scaling
laws enable us to obtain estimates for the critical temperature of the system, which interest-
ingly are in close agreement with the values obtained from the scaling of the order parameter
described in Chapter 2. Furthermore, we calculate the stiffness coefficient of the interface and
find a simple equation that relates it to the surface tension. This relation has the same form as
in equilibrium systems, assuming an effective temperature of the interfacial fluctuations. Our
results show many similarities between bulk and interfacial properties of active and passive
Lennard-Jones systems for state points in the vapour-liquid coexistence region.

At high enough activity the phase separation into a dilute and a dense phase, termed as
motility-induced phase separation, is readily observed in active Brownian particles interacting
with repulsive interactions. In equilibrium, these coexisting states are determined by minimiz-
ing their free energy which is equivalent to an equal chemical potential and pressure of the
two states, but such a free-energy minimization is not trivial for non-equilibrium systems. In
Chapter 4 we derive a microscopic expression for a quantity µ that plays the role of chemical
potential of active Brownian particles (ABPs) in a steady state in the absence of vortices. We
show that µ consists of (i) an intrinsic chemical potential similar to passive systems, which de-
pends on density and self-propulsion speed, but not on the external potential, (ii) the external
potential, and (iii) a newly derived one-body swim potential due to the activity of the particles.
Our simulations on active Brownian particles show good agreement with our Fokker-Planck cal-
culations, and confirm that µ(z) is spatially constant for several inhomogeneous active fluids
in their steady states in a planar geometry. In the low activity regime studied for an active LJ
fluid, the chemical potential provides a method to predict the coexisting densities from bulk
simulations. At high activity the anisotropy in the interface causes the Gibbs-Duhem relation
to be invalid, which requires the explicit evaluation of the interfacial contributions.

In Chapter 5, we investigate the contributions of the interfaces further and study whether
they affect the bulk states or not. We study a setup of non-interacting as well as an interacting
system of Brownian particles, in a flux-free setting, in the presence of a localized external
potential that is spatially asymmetric and non-linear. We find that these bulk states created
on either sides of a ‘ratchet’ potential, contrary to equilibrium, depend on the parameters of the
nonlinear external potential such as the barrier height, width, and asymmetry of the sawtooth-
shaped potential. In the case of an active ideal gas we identify power-law dependencies on
system parameters in several limiting cases, whereas for particles interacting with pairwise
potentials we characterize the deviation from the unperturbed coexisting states in terms of
a relative change in the densities themselves. Our results indicate that just by changing the
external conditions locally at the interfaces we can change the densities in the bulk regions
arbitrarily far away in an active system. We discuss these effects with respect to the mechanical
equilibrium condition and the implications of the non-local effect of interfacial perturbations
towards the formulation of a ‘thermodynamic’ framework based on extensive quantities in a
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simple model of active systems.
We then switch from a microscopic approach to a more dynamical and structure oriented

approach on how the increase in activity modifies the equilibrium phases. In Chapter 6 we
investigate a two-dimensional system of soft repulsive active Brownian colloids at densities
near the melting transitions. We first locate the coexistence densities for the first-order liquid-
hexatic coexistence and the continuous hexatic-solid transition for a passive system. We then
slowly increase the activity and confirm that the hexatic state persists and that the order
of the fluid-hexatic transition becomes continuous at an intermediate value. We also map the
densities for the hexatic-solid transition by studying the decay of the positional order parameter
and find that the transition stays continuous upto the highest Pe used in our simulations. We
then further characterize the hexatic-solid transitions with respect to the topological defects
and find that the melting of high activity crystalline states into the hexatic state does not
directly correspond to the unbinding of bound dislocation pairs in contrast to the equilibrium
case. Upon reducing the density the transition first proceeds from the crystalline state into an
intermediate hexatic state of high density devoid of any defects and possessing short-ranged
positional order. On moving farther away from this transition, isolated dislocation defects start
to appear without any bound dislocation pairs, which subsequently dissociate into individual
disclinations upon reducing the density further causing the transition to a fluid state. We then
investigate the elastic properties of the solid and the hexatic states by imposing an explicit
strain on the system and calculate the various elastic moduli. We find that the abrupt change
in the shear modulus and the Young’s modulus, corresponding to the solid-hexatic transitions
in the passive case, does not agree with the change in the order of the decay of positional
correlations in the active case. Rather, this transition of elastic constants agrees more with the
points where we find dislocation defects appearing in the system. We also tested the predictions
of the equilibrium KTHNY theory of melting to study whether or not there is a correspondence
between the melting and elastic behaviour but found that the deviation is already large for
a small activity. Lastly, our current analysis is inconclusive about the validity of the melting
theory or a possible effective equilibrium scaling due to huge system size effects that require
extremely large system sizes and long equilibration times which are inaccessible with the present
method due to high computational costs.

In conclusion, the work presented in this thesis provides a systematic comparison of how
activity, driving the system out of equilibrium by acting at the individual particle level, modifies
the global collective behaviour and properties of such systems. We presented our investigations
performed for a generic thermodynamic framework to describe active matter systems using
the tools of statistical mechanics and computer simulations. We hope that, by bringing these
similarities and differences into light, we not only inspire and assist theoretical work in the
direction of building a statistical physics treatment of active matter and its associated phase
transitions but also draw the limits upto which such a framework might be valid for highly
non-equilibrium systems.
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Samenvatting

Een groot aantal processen om ons heen, zowel in de natuur als in ons dagelijks leven, zijn niet
in evenwicht. Objecten bewegen, koffie koelt af, regen valt en wind waait door een drijvende
kracht van een hogere naar een lagere energietoestand. Deze verschijnselen vinden niet alleen
plaats op een schaal die zichtbaar is voor het menselijk oog, maar ook op microscopische schaal.
Voorbeelden hiervan zijn de bewegingen van micro-organismen in vijverwater, de condensatie
van een waterdruppel uit waterdamp op een koude ochtend, de stroming van elektronen in een
elektrische draad en het oplossen van zout in water. Echter, om de achterliggende principes van
deze niet-evenwichtsprocessen te begrijpen, moeten we de wetten van de thermodynamica en de
principes van de statistische fysica van evenwichtssystemen uitbreiden. Het exact modelleren
van dergelijke complexe verschijnselen is extreem moeilijk. Daarom beginnen natuurkundi-
gen, zoals ikzelf, meestal vanuit een eenvoudig model. Dit model is gebaseerd op een aantal
aannames, zoals bijvoorbeeld het benaderen van een koe als een bolvormig object, waarna dit
model vervolgens uitgebouwd wordt door de aannames één voor één verder aan te passen, tot
een steeds realistischere koe met een hoofd, vier poten en een staart.

In dit proefschrift bestuderen we systemen van colloïdale deeltjes wiens grootte kleiner is
dan 10−6m (een honderdste van de dikte van een mensenhaar) en die een Brownse beweging
uitvoeren wanneer ze zijn gesuspendeerd in een medium zoals water. Vanwege hun grootte kun-
nen colloïdale deeltjes visueel worden waargenomen onder een microscoop. We focussen ons op
het bestuderen en verkennen van enkele principes die ten grondslag liggen aan het emergente
gedrag van een speciale groep niet-evenwichts colloïdale systemen, genaamd zelf-voortstuwende
deeltjes. Deze actieve Brownse deeltjes vallen, net als actieve materie in het algemeen, in
een categorie van systemen waarin elk bestanddeel een persistente en systematische beweg-
ing vertoont door energie uit zijn omgeving om te zetten. Micro-organismen zoals bacteriën
zijn perfecte voorbeelden van dergelijke microscopische, actieve materie. Synthetische voor-
beelden van actieve deeltjes zijn Janus (tweezijdige) deeltjes, die in een chemische oplossing
bewegen wanneer ze met licht beschenen worden. Vele van dit soort deeltjes (of organismen)
vertonen zeer interessante verschijnselen, zoals clustering, condensatie en fasescheiding, die niet
zouden voorkomen in ‘passieve’ systemen en die nuttig zouden kunnen zijn voor technologische
toepassingen, zoals voor medicijnafgifte, waterzuivering, oliewinning etcetera.

In hoofdstuk 2 beginnen we ons onderzoek over actieve deeltjes met een studie van een
systeem van zelf-voortstuwende bollen die interageren via een Lennard-Jones potentiaal. We
gebruiken hiervoor Brownian Dynamics simulaties. We stellen de activiteit van de deeltjes in
door de voortstuwingssnelheid of de rotatiediffusiesnelheid te variëren en we vergelijken de re-
sultaten van het actieve systeem met de resultaten van een passief systeem waarin de deeltjes
niet actief zijn. We berekenen de toestandsvergelijkingen voor verschillende temperaturen en
verifiëren dat bij een afnemende temperatuur, wanneer het systeem overgaat van een homo-
gene naar een fase gescheiden toestand, de drukcurve als functie van dichtheid de verwachte
overgang van monotoon naar niet-monotoon gedrag laat zien. Daarnaast zien we een lineaire
toename van de ‘zwemdruk’ in het coëxistentiegebied. Vervolgens bestuderen we het fase-
coëxistentiegebied met behulp van simulaties in een langwerpige simulatiedoos en laten we zien
dat het verband tussen de coëxistentiedichtheden en de temperatuur zich gedraagt volgens de
klassieke schalingswetten die de binodale curve zeer nauwkeurig beschrijven. We laten ook zien
dat de verschillende parameters van de machtswetten op een vergelijkbare manier afhangen van
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de voortstuwingssnelheid en dat dit goed kan worden beschreven met eenvoudige exponentiële
functies. Onder deze parameters vallen zowel de kritieke temperatuur en de kritieke dichtheid,
alsook de exponenten van de machtswetten.

In hoofdstuk 3 bestuderen we dezelfde systemen van actieve deeltjes met een Lennard-Jones
interactiepotentiaal in een langwerpige simulatiedoos en onderzoeken we de eigenschappen van
een gas-vloeistof grensvlak. In het bijzonder bestuderen we de grensvlakspanning. Gebruikmak-
end van een lokale uitdrukking voor de druktensor voor actieve systemen, meten we de normaal-
en tangentiële componenten van de druktensor als functie van de loodrechte afstand tot het
grensvlak. We verifiëren mechanisch evenwicht van de twee coëxisterende fases door een con-
stante normaalcomponent van de druktensor te meten in de richting loodrecht op de interface.
De tangentiële component vertoont negatieve pieken aan het grensvlak, wat doet denken aan het
gedrag dat in evenwichtssystemen voorkomt. Dit is indicatief voor een positieve niet-evenwichts
grensvlakspanning, die gemeten wordt door het verschil van de normaal- en tangentiële com-
ponent van de druktensor te integreren. We berekenen de niet-evenwichts oppervlaktespanning
voor verschillende combinaties van zelfvoortstuwingssnelheid en rotatiediffusiesnelheid, en laten
zien dat de oppervlaktespanning beschreven kan worden met eenvoudige machtsfuncties, net als
in evenwichtssystemen. Dit soort verbanden stellen ons in staat om ook de kritieke temperatuur
van het systeem af te schatten. Die afschattingen zijn, interessant genoeg, in overeenstemming
met de waardes verkregen in hoofdstuk 2 . Verder berekenen we de stijfheidscoëfficiënt van het
grensvlak en vinden we een eenvoudige vergelijking die de stijfheidscoëfficiënt aan de oppervlak-
tespanning relateert. Deze vergelijking heeft dezelfde vorm als in evenwichtssystemen, waarbij
men een effectieve temperatuur voor de grensvlakfluctuaties aanneemt. Onze resultaten laten
dus veel overeenkomsten zien tussen de bulk- en grensvlakeigenschappen van actieve en passieve
Lennard-Jones systemen voor toestandspunten in het gas-vloeistof coëxistentiegebied.

Bij voldoende hoge activiteit vertonen ook actieve Brownse deeltjes met een repulsieve
interactiepotentiaal fasescheiding in een verdunde en een dichte fase. Deze fasescheiding wordt
‘motility-induced phase separation’ genoemd. In evenwicht worden de coëxistentie toestanden
bepaald door het minimaliseren van hun vrije energie, wat leidt tot een gelijke chemische
potentiaal en een gelijke druk van de twee toestanden. Echter, een dergelijke minimalisatie
van de vrije energie is niet triviaal in niet-evenwichtssystemen. In hoofdstuk 4 leiden we een
microscopische uitdrukking af voor een grootheid µ die de rol speelt van chemische potentiaal
van actieve Brownse deeltjes in een stabiele toestand. We laten zien dat µ bestaat uit (i)
een intrinsieke chemische potentiaal, wiens uitdrukking lijkt op die voor passieve systemen en
afhangt van de dichtheid en de zelfvoortstuwingssnelheid, maar niet van de externe potentiaal,
(ii) de externe potentiaal, en (iii) een nieuw afgeleide zwempotentiaal die het gevolgd is van
de activiteit van de deeltjes. Onze simulaties van actieve Brownse deeltjes laten een goede
overeenkomst zien met onze Fokker-Planck berekeningen en bevestigen dat µ(z) ruimtelijk
constant is voor verschillende inhomogene actieve vloeistoffen in hun stabiele toestanden in een
planaire geometrie. In het lage-activiteitsregime dat voor een actieve LJ-vloeistof is bestudeerd,
biedt de chemische potentiaal een methode om coëxisterende dichtheden met bulksimulaties
te voorspellen. In het geval van een hoge activiteit zorgt de anisotropie van het grensvlak
ervoor dat de Gibbs-Duhem relatie niet meer geldig is, wat tot gevolgd heet dat een expliciete
berekening van de grensvlakbijdragen vereist is.

In hoofdstuk 5 onderzoeken we de bijdragen van grensvlakken in meer detail en bestuderen
we of deze een directe invloed hebben op de bulk-toestanden. We bestuderen zowel niet- als
wel interacterende Brownse deeltjes, in fluxvrije toestand, in de aanwezigheid van een lokale,
externe potentiaal die ruimtelijk asymmetrisch en niet lineair is. We vinden dat, anders dan
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in evenwicht, de bulk toestanden aan weerszijden van de ’rachet’ potentiaal afhangen van de
parameters die de ratchet potentiaal karakteriseren, zoals de hoogte, de breedte en de asyme-
trie van de zaagtandvormige potentiaal. Voor een actief ideaal gas kunnen we, in een aantal
limietgevallen, de afhankelijkheid van parameters met machtswetten beschrijven. Voor inter-
acterende deeltjes karaketerisen we de afwijking van de onverstoorde coëxisterende toestanden
als een relatieve verandering in de dichtheden. Onze resultaten laten zien dat wanneer we
de externe condities lokaal op het grensvlak aanpassen we in een actief systeem de dichthe-
den in het bulkgebied veranderen. We bespreken deze effecten in relatie tot de mechanische
evenwichtsconditie en zetten de implicaties van de niet-lokale effecten van verstoringen aan
het grensvlak uiteen voor de zoektocht naar een ’thermodynamisch’ raamwerk, gebaseerd op
extensieve grootheden, voor een simpel model van actieve systemen.

Vervolgens stappen we over van een microscopische naar een meer dynamische en structuurg-
erichte aanpak om de impact van een toename in activiteit op de evenwichtsfasen te beschrijven.
In hoofdstuk 6 bestuderen we een tweedimensionaal systeem bestaande uit zacht-afstotende, ac-
tieve Brownse colloïden bij dichtheden in de buurt van de smeltovergang. We bepalen eerst voor
een passief systeem de coëxistentie dichtheden voor een eerste-orde vloeistof-hexatische coëx-
istentie en bij welke dichtheid de continue overgang naar een kristallijne toestand plaatsvindt.
Daarna verhogen we langzaam de activiteit van de deeltjes en laten we zien dat de hexatische
toestand aanhoudt en de vloeistof-hexatische overgang continu wordt vanaf een bepaalde tussen-
waarde. We brengen ook de overgangsdichtheden voor de hexatische naar vaste toestanden in
kaart door de afname in de positionele ordeparameter te bestuderen en we constateren dat
de faseovergang continu blijft tot aan het hoogste Pecletgetal nummer gebruikt in onze simu-
laties. Vervolgens karakteriseren we de hexatische naar vaste faseovergangen aan de hand van
de topologische defecten. Daarbij vinden we, in tegenstelling tot het evenwichts geval, dat het
smelten van de kristallijne toestanden met een hoge activiteit in de hexatische toestand niet
direct overeenkomt met het verdwijnen van gepaarde dislocatiedefecten. Bij het verlagen van
de dichtheid gaat de overgang eerst van de kristallijne toestand naar een tussenliggende hex-
atische toestand met hoge dichtheid zonder defecten en met een kortedrachts positionele-orde.
Als we de dictheid verder van deze overgang verlagen, verschijnen geïsoleerde dislocatiede-
fecten in het systeem zonder gebonden dislocatieparen, die vervolgens bij lagere dichtheden
verder uiteenvallen in individuele disclinaties, wat voor de overgang naar een vloeibare toes-
tand zorgt. Vervolgens onderzoeken we de elastische eigenschappen van de vaste en hexatische
toestanden door het systeem op te rekken en verschillende elastische moduli te berekenen. We
zien dat de abrupte verandering in de afschuifmodulus (G) en de Young’s modulus (K) van
de solid-hexatische overgangen in een passief systeem niet overeenkomt met de verandering in
het afvallen van de positionele correlaties in actieve systemen. In plaats daarvan komt deze
overgang van elastische constanten beter overeen met de punten waar dislocatiedefecten in het
systeem voorkomen. Verder hebben we de voorspellingen van de evenwichts KTHNY-theorie
voor smelten getest om te kijken of er een koppeling is tussen de overgang van elastische moduli
en het smelten, maar we vonden dat de afwijking al groot is voor een kleine activiteit. Tot
slot is de analyse die beschreven is in dit onderzoek nog niet eenduidig over de validiteit van
de smelttheorie of een mogelijk effectief evenwichtsverband, omdat de vereiste systeemgroottes
en lange equilibratie tijden niet toegankelijk zijn met de huidige simulatiemethode vanwege de
hoge computationele kosten.

Concluderend, dit proefschrift presenteert een systematische studie van hoe de activiteit van
individuele deeltjes de collectieve eigenschappen van het globale systeem wijzigt. We hebben
studies gedaan om een algemeen thermodynamisch raamwerk te vinden om actieve systemen
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te beschrijven, waarbij we gebruik hebben gemaakt van statistische mechanica en computer
simulaties. We hopen dat we, door de overeenkomsten en verschillen tussen actieve en passieve
systemen aan het licht te brengen, we toekomstig theoretisch werk inspireren en ondersteunen
in het ontwikkelen van statistische fysica voor actieve materie en voor de bijbehorende faseover-
gangen, maar ook om een grens te trekken waarbinnen een dergelijk raamwerk geldig is.
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