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CHAPTER 1

Introduction

This thesis explores two intriguing windows into fundamental physics at high ener-
gies: (1) Cosmic inflation, which allows us to explore the physics of scales at around
1013 GeV. (2) The nature of gravity: Is gravity a dynamical theory or is it emergent?

1.1 A big picture of the Universe

What is the origin of the Universe and how does it form? These kinds of puzzles
always trigger human beings to explore the nature of the Universe. In pre-scientific
epochs, one of the ancient legends arises from China, which posits that a mytholog-
ical figure named Pangu created the sky and the Earth at the initial moments of the
Universe. This event is illustrated in Figure 1.1. Albeit this conception is rather crude,
it shows the curiosity of human beings to explore the nature of the Universe. Such that
ideas appear in various civilizations.

In ancient times, people produced their understanding of the Universe mostly
based on their imagination and only vaguely observations. The first quantitative study
of the local Universe is from Kepler’s three laws which tell us the laws of the trajecto-
ries of planet’s motion. By implementing these three laws, Newton was the first who
constructed a viable theory of gravity, in which this revolutionary discovery indicated
that gravity was an universal force, i .e. the same laws apply on Earth as in the Uni-
verse. From that moment on, scientists could reveal the true nature of the Universe
thus equalling ancient God. The development of telescopes enlarged our horizon from
the Solar System to the galaxy and eventually the whole observable Universe. Some
observations cannot be interpreted by Newton’s gravity, e.g . the precession of the or-
bit of Mercury. Until Albert Einstein proposed the General Relativity (GR), it posits
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Figure 1.1: The moment of the Universe creation by the creature named Pangu, who is
a figure from an ancient Chinese mythology. Pangu uses his super powers to separate
the sky and the Earth from a chaotic beginning.

that spacetime is curved by matter. Consequently, the problem for the precession of
the orbit of Mercury was completely solved.

GR and the combined developments of observational technology have revolution-
ized our understanding of the Universe, which is resulting in the golden age of cos-
mology. The first crucial event was Hubble’s discovery, in which the Universe is filled
with galaxies and is expanding. Implementing with this idea, a Big Bang theory of the
Universe was proposed by Georges Lemaı̂tre, according to which the Universe was
created from a singularity. By supplementing with Einstein’s cosmological principle,
which states that there are no preferred directions or places for inertial observers in
the Universe, one can construct a cosmological model based on GR. More details are
specified by observations, especially the essential ingredients of the Universe include
ordinary matter, dark matter and dark energy whose nature remain mysterious until
present. Meanwhile, the cosmic microwave background (CMB) is the electromagnetic
radiation as a relic from the very early Universe. All of the observations of CMB fa-
vor the Big Bang model of the Universe. Another crucial discovery is that the present
Universe undergoes an accelerating expansion most likely driven by dark energy.

In view of these observations, astronomers and cosmologists have constructed a
standard model of cosmology, also known as ΛCDM . Currently, this model is the best
paradigm characterizing the current accelerating expansion of the Universe caused by
the dark energy (DE), cold dark non-baryonic matter (CDM), the origin of large-scale
structure (LSS) and the temperature fluctuations in the cosmic microwave background
(CMB).
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1.2 Why inflation?

ΛCDM is the best model for describing the Universe. However, there are still various
questions that need to be addressed.

Horizon problem: It is characterized by the fact that the Universe is statistically
homogeneous and isotropic according to the cosmological principle. From CMB ob-
servations, we know that there are many causally disconnected regions which can-
not communicate via light signals emitted at a certain time after the Big Bang. From
the perspective of thermodynamics, these regions are not expected to share the same
temperature. Each causally disconnected region should have its own thermalized evo-
lution. Thus, it is natural to be expected that various causally disconnected regions
should have different temperatures.

Flatness problem: Current observations tell us that our Universe is almost spa-
tially flat i .e. |Ωκ| < 0.01 which denotes the percentage of the curvature density with
respect to the critical energy density. On the other hand, during radiation and matter
era, Ωκ grows as a2 and a, respectively, where a denotes the scale factor characteriz-
ing the size of the Universe. In order to match the value of Ωκ, it requires an extremal
fine-tuning, which means that Ωκ was smaller than 10−63 at the very beginning of
Universe. Such that an extremely small number indicates the so-called fine-tuning
problem.

In order to solve these problems, cosmic inflation was proposed in [1, 2, 3, 4],
in which there is a nearly exponentially accelerating expansion period called infla-
tion preceding radiation era. Inflation solves all of the above problems elegantly. For
the first problem, inflation enlarges the particle horizon by an exponential factor, thus
bringing many causally disconnected regions into a causally connected region. Con-
sequently, it also explains how different patches of the CMB share nearly equal tem-
perature. Inflation naturally solves the latter problem since the volume of the Universe
increases almost exponentially by a large factor, such that the curvature during infla-
tion becomes much smaller comparing to the moment approaching the singularity. As
a byproduct, there is a huge amount of energy transformed from the inflaton field to
other fundamental particles (e.g . the Higgs field or the fermionic fields of the Standard
model) via oscillations of the inflaton, in which this process could trigger to heat the
Universe by the so-called parametric resonance of preheating process [5, 6, 7, 8]. Not
only solving these puzzles, the quantum fluctuations of the inflaton but also produce
the primordial curvature perturbations, which are highly relevant for the formation of
large scale structures. In addition, these tiny fluctuations are considered to be the ori-
gin of the temperature fluctuations in the CMB. Prediction from inflation also agrees
with the observations. Up to the present, inflation achieved a great success from the
perspective of phenomenology. However, the nature of inflation, and in particular what
drives it is still unknown. Therefore, it motivates to construct theoretical inflationary
models.
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1.3 Inflationary model building
One can show that even a simple canonical scalar-tensor theory can yield an arbitrary
Hubble parameter H ≡ H(t), in which the Lagrangian consists of the kinetic term
of scalar field i .e. 1

2g
µν∂µφ∂νφ, the Hubble damping term which originates from√

−g = a3 and the potential term V (φ). The potential term V (φ) is an arbitrary
function of φ, thus arbitrary potential leads to a generic Hubble paramter 1. Based on
this observation, some scientists claim that inflation is not a scientific theory [11]. To
make inflation a scientific theory, we need more theoretical input. Such an input can
be obtained from a fundamental theory, or by linking inflation to particle theory, e.t .c.
According to this, there are three possibilities for realizing inflation:

(a) Inflation could come from a more fundamental theory, e.g . string theory such
as axion inflation inspired by the string theory [12] or the modular inflationary models
which emerge from the compactification of superstring theories [13].

(b) Inflaton is not an independent field which could be related to the condensates
of some standard model field, e.g . Higgs inflation [35].

(c) Inflation could be an effective gravitational theory after integrating out the
contribution from matter, e.g . Starobinsky’s inflationary model [1]. This last class is
not an really independent class as we argue below.

As regards the class of models (a), there exists a ”swampland conjecture” [164]
according to which the standard single inflationary models are ruled out if the back-
ground of realistic spacetime is de Sitter space. However, most inflationary models
violate this conjecture by requiring ∆φ � MP , where ∆φ is the variance of infla-
ton field. In order to reconcile observations, Ref. [19] constructs a phenomenological
model for inflation based on some modifications of D brane in the bulk spacetime.
Furthermore, from the perspective of supergravity, one can construct a class of infla-
tionary models based on superconformal symmetry of α-attractors [17]. In this theory,
the kinetic term is non-canonical and subsequently one transforms it into the Einstein
frame whose Lagrangian is of attractor behavior. Consequently, the potential of α-
attractors recovers Starobinsky’s inflationary model in the large field regime. Another
way of realizing local Weyl symmetry in inflation is using the torsion trace of grav-
ity [18], in which inflation occurs when the local Weyl symmetry is spontaneously
broken.

Within inflationary models in class (b), there is more freedom to realize inflation.
It is not necessary to require only one scalar field to trigger inflation and one can
introduce extra scalar fields to realize inflation such as hybrid inflation [15], in which
the variation of inflaton can be smaller than the Planck mass, i .e. ∆φ � MP . From

1This can be proved as follows. From Eq. (2.26) and combining the attractor condition φ̇ = φ̇(φ), we
can rewrite Hubble parameter in terms of H2(φ) =

V (φ)

3M2
P

(1− 1
6

(∂Nφ/MP )2)
where N = ln(a) is the

e-folding number, next Ḣ = H∂Nφ, we obtain that

(∂Nφ)2 = 2ε1(N)M2
P . (1.1)

This tells us how V depends on N . To complete the proof, we need a relation which is the inverse of
φ(N) = MP

∫ √
2ε1(N)dN , this relation shows how N depends on φ. Finally, we can see that there is

a direct relation between the potential and Hubble parameter, provided with 0 < ε1 < 3 and ε1 is positive.
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the perspective of a single field inflationary models, we need a plateau-like potential
(like Starobinsky’s inflationary model) for inflaton. Another mechanism for realizing
the generation of primordial perturbations are called curvaton models [118, 119, 120],
in which the curvaton is an extra scalar field. In the curvaton scenario, the energy
density of curvaton is subdominant during inflation and it becomes dominant after
inflaton decays. In this thesis, we consider how a non-minimal coupling affects the
curvature perturbation in these models.

In the case of models (c), the effective gravitational theory is obtained by integrat-
ing out the degrees of freedom of matter fields. From the work of [16], we know that
the effective action is constructed in the limit when curvature is small in comparison to
the Planck scale. Up to the quadratic order in the curvature invariants, the general form
of the effective action is Γeff [g] = SHE + Γ(2)[g] where SHE is the Hilbert-Einstein
action and Γ(2)[g] contains in the general operators of the form S =

∫ √
−gd4xR ·

O ·R whereO (�, scalars) denotes an operator is of dimensionality zero that depends
on the d’Alembertian operator and scalars, such as the Ricci scalar. In the IR limit and
when matter is massive, the structure of Γ becomes simple. In this case, Γ(2)[g] re-
duces to a local form, i .e., Γ(2)[g] −→

∫
d4√−g(aR2 +bRµνR

µν+cRαβµνRαβµν),
where a, b and c contain a local logarithm dependence on scalar quantities (such as
Ricci curvature scalar R), i .e., a = a(R/µ2), b = b(R/µ2) and c = c(R/µ2) where
µ denotes an energy scale. The last term can be absorbed in the Gauss-Bonnet term,
which does not contribute to the equations of motion for gravity. The RµνRµν term is
problematic since it will violate the unitarity [20, 21]. Furthermore, if demanding that
a(µ) � b(µ), the contribution of this term can be neglected, and only the first term
is left. As for the third order of R, it is reasonable to neglect them since the contribu-
tion of higher order operators is suppressed by powers of MP , e.g . O(R2)/M4

P and
O(R3)/M6

P , etc. Keeping this in mind, it is natural to consider Starobinsky’s infla-
tionary model [1] as an effective theory of inflation at least in the IR limit. Based on
this original model, we essentially study quantum corrections in Starobinsky’s model.
Firstly, we consider a phenomenological Rp inflationary model [22], where p is a
real number. Then a more fundamental model motivated by the form of the quantum
corrections of matter and gravity to Starobinsky’s model is investigated [23]. We em-
phasize that the class (c) of inflationary models is sensitive to model building since
a detailed information on the matter content is integrated at the high energy scales.
For that reason, one should consider f(R) models as effective field theories, which,
at a more fundamental level, may contain the matter degrees of freedom that can be
constrained by particle experiments.

1.4 The nature of gravity

The gravitational force is usually considered as a fundamental force. When coupled
to gravitational matter, gravity becomes non-renormalizable which poses enormous
problems to proponents of quantum gravity, which means that one should introduce
an infinite set of quantum operators to cancel all of the divergences that appear when
calculating loop corrections.
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One way of bypassing the non-renormalizability problem of quantum gravity is
to construct a model in which gravity is emergent. One such possibility arose when
the thermodynamics laws for black holes (BHs) were formulated by Benkenstein and
Hawking [24, 25]. Recently Ted Jacobson [26] conjectured that these thermodynami-
cal laws on any causal diamond of a spacetime manifold have as a consequence grav-
ity. If true, then gravity emerges from a combination of statistical laws and general
covariance (the requirement that all observers will agree on the form of the laws).
Meanwhile, it also illustrates that the statistical laws predate the laws of gravity, i .e.
that gravity is emergent.

While it was fascinating, Jacobson’s conjecture is phenomenological. What we
should really like to have is an example where gravity emerges from a fundamental
theory. One such proposal has been constructed by Eric Verlinde [27]. However, his
theory is not covariant and therefore needs improvements. Verlinde claims that his
emergent gravity can account for dark matter and dark energy, thus removing the need
for further modification of gravity on large scales. If true, this would be fascinating.
I was curious whether Verlinde’s theory passes solar system tests. For that purpose,
I have worked on constructing a relativistic version of Verlinde’s theory, to which I
applied solar system tests. In particular, I considered the perihelion advancement of a
planet and microlensing. Our analysis shows that the next generation of measurements
will be sensitive enough to probe Verlinde’s theory [28].

1.5 Outline of the thesis
This thesis is exploring the possibility of high energy physics via inflation and validity
of emergent gravity. In Chapter 2, we lay out foundations of cosmology and inflation.
In chapter 3, we study inflation induced within the framework of modified gravity. Par-
ticularly, we focus on the schemes of the so-called f(R) gravitational models. f(R)
is the Lagrangian of the gravitational sector and we specify to the case when f(R)
is a polynomial of the Ricci curvature R. Chapter 3 is based on our work [23, 22].
In Chapter 4, we investigate inflationary models in which scalar cosmological pertur-
bations are generated via a curvaton non-minimally coupled to gravity. The principal
advantage of these models is in the possibility to tune the curvaton spectral index via
the non-minimal coupling. In Chapter 5, we propose gravitational microlensing as a
way of testing the emergent gravity theory based on our work [28]. In Chapter 6, the
conclusion and outline are given.



CHAPTER 2

Standard cosmological model

2.1 A brief history of cosmology

ΛCDM supplemented with inflation is the only model that provides a successful de-
scription of the Universe: the abundances of light elements, the current acceleration of
the Universe, the CMB and the LSS. In this chapter, we will review the history of the
Universe.

2.1.1 Evolution of the Universe
The red shift of light from distant galaxy shows that the Universe undergoes an expan-
sion [29]. Due to the dominance of various types of matter, the Universe undergoes
different types of expansion. Figure 2.1 shows the evolution of the Universe in various
stages as well as the corresponding principal events.

Big Bang Singularity and Pre-inflationary epoch
During this period, there were no experimental data. Adjacent to the Big Bang

singularity, the Ricci curvature diverges such that it even becomes larger than the
Planck energy scale. Currently, there is no broadly accepted theory that describes this
period. Furthermore, what kind of mechanisms trigger the inflationary period is still
unknown.

Inflationary epoch
In this period, the Universe will undergo a nearly exponential expansion (a ∝

eHIt) at t ≈ 10−35 sec where HI ∼ 1013GeV represents the Hubble-Lemaı̂tre pa-
rameter (for historical reason, one names it as the Hubble parameter) in inflation. Dur-
ing cosmic inflation the energy density is dominated by matter with negative pressure,
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Scale a(t)

Time (years)
13,7 billion

Redshift

Energy

3 min 380,000

reheating BBN

recombination
dark ages

reionization
galaxy formation

dark energy

Curvature perturbation

Primordial gravitationa wave

21 cm

Cosmic Microwave Background (CMB)

B-mode polarization

LSS

BAO

QSO

Lensing

026251100

Gev 1 MeV 1 eV 1 meV

Figure 2.1: The schematic evolution of universe. We present its main events in differ-
ent stages and how it is related to observations. Acronyms: BBN (Big Bang Nucleosyn-
thesis), LSS (Large-Scale Structure), BAO (Baryon Acoustic Oscillations), QSO (Quasi-Stellar
Objects = Quasars), Lyα (Lyman-alpha), CMB (Cosmic Microwave Background), 21cm (hy-
drogen 21cm-transition).

P < −ρ3 where P , ρ represent the pressure and energy density, respectively. Since
inflation solves the problems of flatness, horizon and dilutes magnetic monopoles, we
believe that inflation is a natural epoch from which the Universe transits into a hot
Big Bang. Meanwhile, its predictions for CMB fluctuations and the origin of LSS
agree with observations. In spite of the fact that its fundamental mechanism is un-
known, it leads to the production of primordial gravitational waves which have not
yet been observed directly. We can characterize its upper bound by using the tensor-
to-scalar ratio, r < 0.07 [30]. After inflation ends, the inflaton can decay into scalars
and fermions perturbatively or nonperturbatively associated with parametric resonant
preheating [5, 6, 7, 8]. It is often the case that the nonperturbative decay mediated by
parametric resonance is more efficient. Although the fundamental theory of inflation
is not known, there are many observations which support the inflationary paradigm.

Radiation domination epoch
In this era, the energy density is dominated by the relativistic matter due to the

(p)reheating process and the Universe is close to thermal equilibrium. At the elec-
troweak scale, t ∼ 10−8 sec and kBT ∼ 100 GeV, the electroweak phase transition
occurs where three weak vector bosons (W±, Z0) acquire mass and one is left mass-
less (the photon). And the other particles of the Standard model (SM) are created by
the preheating process. Then around kBTQCD ' 160 MeV, the phase transition of
QCD happens, at which the strength of the strong interaction increases dramatically,
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then quarks get confined by gluons to form baryon and mesons. After around one
second (kBT ∼ 1 MeV), the first protons and neutrons are bound to form the first
light elements: deuterium, helium and lithium through the Big Bang Nucleosynthesis
(BBN).

Matter domination epoch
As the temperature reduces to around 0.1 eV, in which the effects from the radia-

tion period in the total energy density are suppressed, then the so-called recombination
happens for electrons and protons combined to form hydrogen atoms around 0.1 eV.
Recombination leads to an almost complete decoupling of light from matter. Subse-
quently, the Universe becomes transparent. Then the photons are still travelling until
present. As the size of the Universe becomes larger and larger, galaxies form seeded
by the primordial quantum fluctuation and gravitational attraction.

Dark ages
Once the first stars, galaxies and clusters formed approximately eight billion years

ago, the Universe starts an accelerating expansion and the so-called dark energy epoch
begins. The accelerating expansion is driven by dark energy, a mysterious substance
whose composition is still unknown. According to the newest observation [30], we
roughly estimate the age of the Universe to be 13.8 billion years.

2.2 FLRW Spacetime

Modern cosmology describes the evolution of structures on the largest scales. On very
large scales, the Universe is spatially homogeneous and isotropic, which can be re-
ferred as the cosmological principle originally formulated by Einstein. More precisely,
there is no preferred directions nor is the preferred place in the Universe. The assump-
tions of cosmology are based on the cosmological principle which states that the Uni-
verse is isotropic and homogeneous on large scales. Consequently, this leads to the
Friedmann− Lematre−Robertson−Walker (FLRW) metric for the spacetime
of the Universe at large scales, 1

ds2 = −dt2 + a2(t)

(
dr2

1− κr2
+ r2(dθ2 + sin2(θ)dφ2)

)
, (2.1)

where a(t) characterizes the relative size of spacelike hypersurfaces Σ at different
times. κ is the extrinsic curvature of Σ which is referred to −1 (open universe), 0
(spatially flat and open universe), +1 (closed universe). The metric (2.1) is written in
comoving coordinates where the Universe expands as a(t) increases. For observers,
the angular part is always fixed since observations are always made in a preferred
direction. The corresponding physical distance R is obtained by multiplying the co-
moving distance r with the scale factor, R = a(t)r, and is time-dependent even for
objects with vanishing peculiar velocities, which signifies by local inhomogeneities in
the distribution of matter. Since the Universe is spherically symmetric, one can choose

1On top of this homogeneous background, there are small, nearly Gaussian perturbations, that are per-
fectly modeled by inflation.
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the radial direction to explore the properties of the Universe. As a consequence, the
propagation of light can be described by two-dimensional line elements only including
temporal and radial part of the metric (2.1). Upon introducing conformal time

dτ = adt , (2.2)

the two-dimensional line element can be conveniently rewritten by

ds2 = a(τ)(−dτ2 + dr2) . (2.3)

For the evolution of the Universe, the metric (2.1) is the solution for describing the
homogeneous part of the observed universe. For more details to explore the dynamics
of the Universe, we need to include inhomogeneities whose dynamics is governed by
the Einstein equation.

Einstein Equation

The total action governing the dynamic of spacetime and matter reads,

S =

∫
d4√−g

(
R

16πG
+ Lm

)
, (2.4)

where R is the Ricci curvature scalar, G is the Newton constant, g is the determinant
of gµν and Lm is a matter Lagrangian. Varying action (2.4) with respect to gµν , we
can obtain the Einstein equation,

Gµν = 8πGTµν , (2.5)

where Gµν = Rµν − 1
2gµνR is Einstein tensor, R = gµνRµν and the Ricci tensor

Rµν is defined by

Rµν = Rρµρν = ∂ρΓ
ρ
µν − ∂νΓρµρ + ΓρρλΓλµν − ΓρνλΓλρµ , (2.6)

and Γρµν = 1
2g
ρλ(∂µgλν + ∂νgµλ− ∂λgµν) is the Levi-Civita connection. Finally Tµν

is represented by

Tµν =
−2√
−g

δS

δgµν
. (2.7)

The left-hand side of Eq. (2.5) represents the geometry of spacetime, which is deter-
mined by the mater distribution on the right-hand side of Eq. (2.5). A perfect fluid can
well describe the homogeneous part of matter distribution, whose energy-momentum
tensor is,

Tµν = (P + ρ)uµuν + gµνP , (2.8)

where ρ is the energy density, P is the pressure of the perfect fluid on a local frame and
u is the four-velocity of a comoving observer. Upon inserting the energy-momentum
tensor (2.8) into the Einstein equation (2.5), one can obtain its time-time and i − j
components which are formed as the Friedmann equations,

H2 ≡
(
ȧ

a

)2

=
1

3
ρ− k

a2
, (2.9)
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and
Ḣ +H2 =

ä

a
= −1

6
(ρ+ 3P ) , (2.10)

where a dot denotes a derivative with respect to physical time t. Equations (2.9, 2.10)
are obtained in the fluid rest frame where uµ ≡ (1, 0, 0, 0). These two equations imply
the continuity equation,

dρ

dt
+ 3H(ρ+ P ) = 0 , (2.11)

which can be also conveniently rewritten as

d ln ρ

d ln a
= −3(1 + w) , (2.12)

where we introduce the equation-of-state parameter w ≡ P
ρ . If w = constant,

Eq. (2.12) can be integrated to get

ρ ∝ a−3(1+w) . (2.13)

The dimensionless parameter w is important since the various values for w denote
different stages in the evolution for the Universe. Observations indicate that the present
Universe is dominated by dark energy. Various mechanisms have been proposed as the
explanation for the accelerating expansion, however, the cosmological constant is the
most economical and simple way to deal with this issue. It can be represented by an
ideal fluid (2.8) whose equation of state parameter w = −1. In Table 2.1 we list the
various values that w takes in different epochs of the Universe,

Table 2.1: FLRW solutions for a flat universe dominated by radiation, matter or a
cosmological constant Λ.

w ρ(a) a(t) a(τ)

MD 0 a−3 t2/3 τ2

RD 1
3 a−4 t1/2 τ

Λ −1 a0 eHt −τ−1

Due to the richness of particles, there are significant contributions from them to
the energy density. Therefore we can define a critical value of the energy density,

ρc =
3H2

8πG
, (2.14)

and the dimensionless parameters for density of various components as,

Ωr =
ρr
ρc
, Ωm =

ρm
ρc
, Ωκ = − κ

H2a2
, ΩΛ =

Λ

3H2
, (2.15)
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where Ωr stands for radiation, Ωm stands for matter, Ωκ is for curvature and ΩΛ is
for dark energy, respectively. Armed with these physical quantities, Eq. (2.9) can be
recast by

H2 = H2
0

[
Ωr,0

(
a0

a

)4

+ Ωm,0

(
a0

a

)3

+ Ωκ,0

(
a0

a

)2

+ ΩΛ,0

]
, (2.16)

where index 0 indicates the value evaluated today.
We work in natural units in which c = 1 = ~, but retain the Newton constant G.

2.2.1 Big Bang Puzzles
Despite the great success of the Big Bang theory, it still encounters fatal shortcomings
regarding the fine-tuning problem of the initial conditions. Inflationary process solves
these problems elegantly. In this section, we give a brief introduction to how inflation
solves these issues.

Horizon problem:
This problem can be defined in terms of observations of CMB, which shows the

background of the Universe is statistically homogeneous and isotropic in accordance
with the cosmological principle. It is surprising that the Universe consists of many
causally-disconnected patches, however, these separated-patches have a high accuracy
of an equal temperature. The best way of understanding this problem is in a conformal
spacetime diagram. Firstly, we should define the particle horizon according to metric
(2.3),

d(t1, t2) ≡
∫ t2

t1

dt

a
=

∫ a(t2)

a(t1)

da

a

1

aH
, (2.17)

where the definition of the Hubble parameter is adopted from (2.9) and we use the
Hubble radius (aH)−1 to represent this integra which plays a crucial role in the evo-
lution of the Universe. The particle horizon tells us that the maximal distance of the
light can travel between two constant time slices (t1 < t2). Firstly, we see that, if the
Universe only encounters radiation and matter domination as showed in Table 2.1, the
horizon of the Universe will be much smaller compared with the current constraints
for the particle horizons. The conformal diagram of the Big Bang cosmology in Figure
2.2 clearly shows that there are many causally disconnected regions (roughly estimate
gives ∼ 104), in which the volume of one particle horizon counting from a singu-
larity is much smaller than the volume of the past light cone from the present. Our
understanding is that if regions are causally disconnected, they should have their own
evolution until they reach various equilibrium states at their own temperatures. Obser-
vations show, however, that causally disconnected regions have the same temperature
to an accuracy ∼ 10−5 T . How to account for the coincidences?

During inflation, there is an exponential expansion a ∝ eHt. Then Eq. (2.17)
becomes the horizon for inflation, and all of the regions are causally connected before
inflation occurs which can be translated into

dH > dA ⇒ eN ≥ a∗H∗
a0H0

, (2.18)
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Conformal Time

Big Bang Singunarity

Particle Horizon

Re-combination

Lasting Scattering Surface

Past light-cone

……....

causally disconnected regions

Figure 2.2: The conformal diagram of Big Bang cosmology. The CMB occurs at the
last scattering surface (recombination) in which consisting of 105 causally discon-
nected (particle horizons) regions.

where ∗ denotes the end of inflation. From the perspective of a conformal diagram
of cosmic inflationary cosmology in figure 2.3, it intuitively shows that the particle
horizon extends to a very large scale so as to enlarge the area of causally connected
regions. Therefore, this extending area can automatically incorporate these previous
causally disconnected regions. In order to account for a large number of disconnected
regions observed today, we require that inflation should be long enough. Then condi-
tion (2.18) is satisfied if N ≥ 60 e-folding number. As a byproduct, the inflationary
mechanism also illustrates these regions share the same temperature since they come
from one causally connected region.

The problem of homogeneity and isotropy:
There is no preferred direction for some certain objects in the Universe if it is

isotropic. The Universe appears isotropic for all inertial observers in the CMB rest
frame. According to the cosmological principle, the Universe is also homogeneous.
There is a good physical quantity to describe homogeneity and isotropy, which can be
defined by

δ(ρ) =
δρ

ρb
, (2.19)
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Conformal Time

Big Bang Singunarity

Particle Horizon

Re-combination

Last Scattering Surface

Past Light-Cone

In
fl

at
io

n Re-heating

Causal Contact

Figure 2.3: The conformal diagram of cosmic inflationary cosmology. Inflation ex-
tends the conformal time to very negative values. Due to an exponential expansion
of space, it can lead to a comparable (or even much larger than) causally connected
regions when compared to that of the CMB.

where δ(ρ) denotes the over density of ρ, δρ is the perturbation of energy density
and ρb presents the mean value of energy density. According to this quantity, we can
consider that inhomogeneity is large if δ(ρ) is larger than one. The observed δ(ρ) is
much smaller than one on very large scales which means that space is approximately
homogeneous. Current observations show δ(ρ) ∼ 10−4 at 4200 Mpc, which supports
the cosmological principle.

However, this is hard to reconcile with the standard theory of gravity since gravity
is attractive which clumps matter together. If the Universe consists of many types of
matter including DM, DE and visible matter, they should agglomerate together to form
a very inhomogeneous Universe. There is an important criterion for quantifying inho-
mogeneity namely the Jeans length λJ . If the Hubble radius RH is larger than λJ ,
the inhomogeneity will grow. If RH is smaller than λJ , inhomogeneity will freeze.
In the radiation era, inhomogeneities remain frozen on super-Hubble scales and get
washed out on sub-Hubble scales. In matter era, inhomogeneities grow on all scales
satisfying with RH > λ > λJ , and remain frozen on super-Hubble scales. The ho-
mogeneity problem can be posed as follows: how come to that the temperature of the
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initial Universe was finely tuned to an accuracy of ∼ 10−5 in causally disconnected
regions. This problem can be solved by inflation. Not only inflation washed out any
pre-inflationary inhomogeneity, but also it generated the seeds for the formation for
the large-scale structures (by process of amplification of quantum fluctuations), whose
properties have passed all observational tests so far.

Flatness problem:
In order to better understand this problem, we rearrange time-time component

(2.9) of the Friedmann equation in terms of

ρa2

(
Ω− 1

)
=
−3κ

8πG
, (2.20)

where Ω = ρc
ρ , ρc is defined by Eq. (2.14) and ρ denotes the total contribution from

the matter and radiation part. Notice that the right-hand side of equation (2.20) is
unchanged since the curvature κ is a constant. Thus, the left hand side of Eq. (2.20)
should also be un-changed. We observe that the combination of ρca2 will decrease
during matter and radiation dominant era as showed in Table 2.1. Then (Ω−1) should
increase in time. However, the constraint from Ref. [31] shows that |Ω0 − 1| < 0.01
which denotes the present value. Thus, it needs a fine tuning value of Ω that almost
equals to one at very early times, in which one finds for the Planck era |1−Ω| ≤ 10−62.

If there is a period of inflation before the radiation era, the scale factor grows
almost exponentially as a ∝ eHt. Meanwhile, the energy density is almost a constant.
Then, ρa2 increases approximately as e2N during inflation. Consequently, if inflation
lasted long enough, the value of 1−Ω0 can be of order 0.01 today without any tuning,
which solves the flatness problem.

2.3 Conditions for inflation
We have shown that if we introduce inflation, it can solve the flatness, causality and
homogeneity problems in the paradigm of Big Bang cosmology. In this section, we
will spell out the necessary conditions for the occurrence of inflation.

Condition
Since the expansion of the Universe can be described by the comoving Hubble

radius, we need its evolution in time,

d

dt
(aH)−1 = − ä

ȧ2
. (2.21)

Since during inflation ä > 0, then the comoving Hubble radius will shrink during
inflation. Consequently, we can define the principle slow roll parameter as,

ε ≡ − Ḣ

H2
= 1− äa

ȧ2
< 1 , (2.22)

which during inflation ε will typically be close to zero. de Sitter space during which
a ∼ eHt and ε = 0 is a model space for inflation.
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Inflation cannot end if the background is a perfect de Sitter vacuum. A realistic
version of inflation needs a mechanism to end the inflationary process. For that, we
approximately consider the background of spacetime as quasi De Sitter space. And
this process can be triggered by a scalar field, whose action is governed by

S =

∫
dx4√−g

(
M2
p

2
R− 1

2
gµν∂µφ∂νφ− V (φ)

)
, (2.23)

where φ is called the inflaton field and V (φ) is the potential for inflaton. In a FLRW
background φ only depends on time and its EOM is easily obtained by,

φ̈+ 3Hφ̇+ V ′(φ) = 0 , (2.24)

where V ′(φ) = dV (φ)
dφ . For simplicity, we neglect the coupling of inflation to gravity.

Further the Friedmann equations (2.9,2.10) reduce to

H2 =
1

3M2
P

[
1

2
φ̇2 + V (φ)

]
(2.25)

Ḣ = − φ̇2

2M2
P

, (2.26)

then the slow roll parameters can be represented by

ε1 = ε =
φ̇2

2H2M2
P

, ε2 ≡ η =
ε̇

Hε
. (2.27)

During inflation these two slow-roll parameters are constrained to be less than one.
Then, one easily concludes that the potential dominates when compared with kinetic
term in EOM of inflaton (2.24). By neglecting the contribution from the kinetic term,
then slow-roll parameters can be represented in terms of potential,

εV =
M2
P

2

(
V ′

V

)2

� 1, ηV = M2
P

V ′′

V
� 1 . (2.28)

Thus, we translate the condition from the generic case to the slow-roll case in terms of
inflationary potential. With the help of Eq. (2.26), we find the relation between (ε, η)
and (εV , ηV ),

ε = εV , η = −2ηV + 4εV . (2.29)

These relations hold true in slow roll inflation.

2.4 Quantum fluctuation
We already know that inflation supplies a natural mechanism to solve the horizon
and flatness problems. Another great prediction of inflation is that it can generate
primordial density perturbations.
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The observations of CMB show that there are tiny inhomogeneities of the Universe
implicated by the observational temperature fluctuations. These inhomogeneities are
caused by primordial density perturbations, which also seed for the formation of large-
scale structures. Meanwhile, its statistical properties demonstrate that the CMB tem-
perature fluctuations are almost adiabatic, scale invariant and Gaussian. All of these
properties are nicely predicted by the inflationary theory, in which the scalar perturba-
tions can generate the curvature perturbations.

If a quantum field is approximately homogeneous with respect to a space-like
hypersurface, then it can be decomposed into its condensate (inflaton) and small per-
turbations as follows,

φ̂(x) = φ0(t) + ϕ̂(x) , φ0(t) = 〈φ̂(x)〉 ≡ Tr
[
ρ̂(t)φ̂(x)

]
, (2.30)

where ρ̂(t) denotes the density operator. Similarly, the metric tensor can be written as,

ĝµν(x) = gbµν(t) + δĝµν(x) , gbµν(t) = 〈ĝµν(x)〉 = diag
(
−1, a2(t), a2(t), a2(t)

)
,

(2.31)
and δĝµν(x) = a2(t)ĥµν(x), where a = a(t) is the scale factor and ĥµν(x) is the
(suitably rescaled) graviton perturbation. We work here in the traceless transverse
(Lifshitz) gauge, in which ĥ0µ = 0, ∂iĥij(x) = 0 = ĥii(x).

The dynamics of the inflaton condensate is governed by the equation of motion,

φ̈0(t) + 3Hφ̇0(t) +
dV

dφ0
= 0 , (2.32)

where we have neglected any backreaction from quantum fluctuations. Analogously,
the evolution of the background geometry is governed by the Friedmann (or FLRW)
equations,

H2 ≡
(
ȧ

a

)2

=
1

3M2
P

(
φ̇2

0

2
+ V (φ0)

)
(2.33)

Ḣ = − φ̇2
0

2M2
P

, (2.34)

where H is the Hubble parameter and Ḣ = dH/dt and MP = (8πG)−
1
2 is the

reduced Plank mass.
Let us now consider the scalar and tensor cosmological perturbations. It is conve-

nient to decompose the scalar and graviton perturbations in Fourier modes as,

ϕ̂(t, ~x) =

∫
d3k

(2π)3
eı
~k·~x
[
ϕ(t, k)â(~k) + ϕ∗(t, k)â†(−~k)

]
(2.35)

ĥij(t, ~x) =
∑

α=+,×

∫
d3k

(2π)3
eı
~k·~x
[
εαij(

~k)h(t, k)b̂α(~k) + εαij(−~k)∗h∗(t, k)b̂†α(−~k)
]
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where k = ‖~k ‖, â(~k) and â†(~k) are the annihilation and creation operators for scalar
perturbations, â(~k)|Ω〉 = 0 annihilates the vacuum state |Ω〉, and ϕ(t, k) and ϕ(t, k)∗

are the two linearly independent solutions to the mode function equation, 2

(
d2

dt2
+ 3H

d

dt
+
k2

a2
+
d2V

dφ2
0

)
ϕ(t, k) = 0 . (2.36)

εαij(
~k) in (2.36) are the spin 2 polarization tensors, obeying

∑
α ε

α
ij(
~k)εαkl(−~k)∗ =

(PikPjl − PijPkl)/2, Pij = δij − kikj/k2,
∑
ij ε

β
ij(
~k)εαij(−~k)∗ = δαβ , b̂α(~k) and

b̂†α(~k) are the graviton annihilation and creation operators (b̂α=+,×(~k)|Ω〉 = 0) and
h(t, k) and h∗(t, k) are the graviton mode functions that satisfy,(

d2

dt2
+ 3H

d

dt
+
k2

a2

)
h(t, k) = 0 . (2.37)

In the zero curvature gauge (in which the spatial scalar graviton perturbation vanishes),
the scalar curvature perturbation is given by,

R(x) = −H
φ̇0

ϕ(x) , φ̇2
0 = 2εH2M2

P . (2.38)

Late time observers can measure properties of cosmological perturbations, which are
characterized by the corresponding spectra, which are defined as,

〈R̂(t, ~x)R̂(t, ~x ′)〉 =

∫
dk

k

sin[k‖~x− ~x ′‖]
k‖~x− ~x ′‖

∆2
R(t, k) (2.39)

〈ĥij(t, ~x)ĥij(t, ~x
′)〉 =

∫
dk

k

sin[k‖~x− ~x ′‖]
k‖~x− ~x ′‖

∆2
t (t, k) (2.40)

where during inflation the scalar ∆2
R and tensor spectrum ∆2

t can be calculated in
terms of scalar and graviton mode functions as follows,

∆2
R(t, k) ≡ ∆2

s(t, k) =
k3

8π2εM2
P

|ϕ(t, k)|2

∆2
t (t, k) =

2k3

π2M2
P

|h(t, k)|2 = 16ε∆2
s , (2.41)

where we made use of Eqs. (2.36) and (2.38). When canonically normalized and to the
leading order in slow roll approximation, the mode functions on super-Hubble scales
can be approximated by, |ϕ|2 ' [H2

∗/(2k
3)][k/(aH)∗]

ns−1; an analogous approxi-
mation holds for the graviton mode functions, |h|2 ' [H2

∗/(2k
3)][k/(aH)∗]

nt .

2Eq. (2.36) is approximate and should be used only to calculate the amplitude of scalar perturbations on
sub-Hubble and Hubble scales. On super-Hubble scales, the coupling to gravitational perturbations become
important and must be taken into account.
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Astronomers usually parametrize the observed spectra as follows,

∆2
s(k) = ∆2

s∗

(
k

k∗

)ns(k)−1

∆2
t (k) = ∆2

t∗

(
k

k∗

)nt(k)

, (2.42)

where k∗ is a fiducial comoving momentum usually chosen to be k∗ = 0.05 (Mpc)−1

or k∗ = 0.002 (Mpc)−1, ∆2
s∗ ≡ As and ∆2

t∗ are the amplitude of scalar and tensor
spectra evaluated at k = k∗ and ns and nt are the scalar and tensor spectral indices,
respectively. The COBE normalization [32] constrains

ln(1010As) = 3.045± 0.016 (at k∗ = 0.05 MeV−1) , (2.43)

while from theory of scalar inflationary perturbations we know that (to the leading
order in slow roll approximation),

As '
H2
∗

16π2ε∗M2
P

, (2.44)

whereH∗ and ε∗ are the Hubble parameter and the principal slow roll parameter at the
time when the perturbation with comoving momentum, k = k∗, crosses the Hubble
radius (becomes super-Hubble) during inflation. Furthermore, observations constrain
the scalar spectral index ns and the tensor-to-scalar ratio, defined by

r(k = k∗ = 0.05 Mpc−1) =
∆2
t∗

∆2
s∗
. (2.45)

According to the Planck collaboration [32],

ns = 0.9653± 0.0041 (68% CL, Planck TT + lowP, α = 0) , (2.46)

when the running of the spectral index,

α ≡
[
dns(k)

d ln(k)

]
k=k∗

, (2.47)

is fixed to zero. When the constraint on α is relaxed however, the error bars on ns
decrease somewhat to become,

ns = 0.9640± 0.0043 (1σ error bars) and α = −0.0071± 0.0068 . (2.48)

At this moment there are no measurements of tensor perturbations; instead, the liter-
ature quotes upper bounds. For example, the joint analysis BICEP2/Keck and Planck
data found [30] r0.002 < 0.07 (95%CL) and more recently [32] the BICEP2/Keck
collaboration finds,

r0.002 < 0.064 . (2.49)
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In what follows we consider the scalar power spectral index ns, tensor to scalar
ratio r and its running index α. Most inflationary models exhibit attractor behavior,
which means that the physical parameters (tensor and scalar spectra) can be expressed
in terms of the inflaton amplitude individually, such as φ̇0 is a function of φ0. An
example of attractor slow roll inflection, where φ̇0 φ̈0 are small and we expand in these
parameters. Thus, we shall use slow roll attractor to our model. From the canonical
quantization of scalar and tensor perturbations (2.36), (2.37) and Eq. (2.41), we can
see that ns and nt can be expressed in this attractor regime in terms of geometric slow
roll parameters,

ns = 1− 2ε− η , nt = −2ε , (2.50)

ε = − Ḣ

H2
, η =

ε̇

Hε
. (2.51)

The spectral index ns is a function of k, meanwhile its running α = dns
d ln k can also be

expressed in terms of geometrical slow roll parameters,

α = −η(2ε+ ξ) , ξ ≡ η̇

ηH
. (2.52)

Apparently, α also depends on k. Since current observations only constrain the upper
limits of α, we can denote α by α(k∗) where k∗ denotes some fiducial momentum,
usually it can be chosen as k∗ = 0.05Mpc−1. Based on slow-roll approximation,
one can also express the potential slow-roll parameters in terms of the inflationary
potential,

εV =
M2

P

2

(
V ′

V

)2

,

ηV = M2
P

V ′′

V
,

ξ2
V = M4

P

V ′V ′′′

V 2
, (2.53)

where V ′ = dV
dφ0

. Together with d ln(k) = d ln(Ha) and Friedmann equation (2.26),
Eq. (2.53) implies the relation as showed in Eq. (2.29), and therefore

ns = 1− 6εV + 2ηV , nt = −2εV . (2.54)

Furthermore, one can show that,

r = 16ε = 16εV = −8nt (2.55)
α = 16εV ηV − 24ε2V − 2ξ2

V . (2.56)

Eq. (2.55) is the one field consistency relation which can test the validity of single field
inflation. Notice that ns, r and nt are of the first order in terms of slow roll parameters,
while α is of second order and thus it is tiny. Our later calculation will confirm this
expectation.



CHAPTER 3

Inflation induced by f(R) gravity

In this chapter, we study inflation induced within the framework of modified gravity.
Particularly, we focus on the schemes of the so-called f(R) gravitational models,
where f(R) is the Lagrangian of the gravitational sector and we specify to the case
when f(R) is a polynomial of the Ricci curvature R.

3.1 Analysis of Rp inflationary model as p > 2

We study the Rp inflationary model of [33] for p > 2 using the result of Ref. [34].
After reproducing the observable quantities: the power spectral index ns, its corre-
sponding running α = dns

d ln(k) and the tensor to scalar ration r in terms of e-folding
number N and p, we show that Rp inflationary model is still alive if p lies in the range
2 to 2.02. In this range, our calculation confirms that ns and r agree with observations
and α is of order 10−4, which needs more precise observations. We find that, as the
value of p increases, all ns, r and |α| decrease. The precise interdependence between
these observables is such that this class of models can in principle be tested by the
next generation of dedicated satellite CMB probes.

3.1.1 Introduction
Currently, ΛCDM model is the paradigm providing a consistent explanation for the
accelerating expansion of the Universe, the formation of large-scale structure, cold
dark matter and even for the most mysterious dark energy. However, it still suffers
from the horizon, flatness, homogeneity and so-called magnetic monopole problems.
When supplemented with a scenario of inflation [1, 2, 3], these problems can be solved
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elegantly as explained in Section 2.2.1. In this framework, we need an additional scalar
field called inflaton to trigger the cosmic inflation. In order to relate to the standard
model (SM), there are lots of SM particles which can be produced from the preheating
process [5]. Following Occam’s razor principle, if we embed the inflaton field in the
Higgs sector, one can rule out this model due to its large value of r. However, the
model is still alive if one introduces a non-minimal coupling between the Ricci scalar
and the Higgs field h [35]. Under the framework of f(R) gravity, the first and most
successful model was proposed by Starobinsky [1] whose Lagrangian is L =

M2
P

2 R−
aR2, where MP = 1√

8πG
is the reduced Planck mass and a ∼ 109. Its predictions

still agree very well with the current observations [30].

The high accuracy of R2 inflationary model motivates us to propose various mod-
ified gravity models to mimic the evolution of the Universe within the framework of
f(R) gravity, i.e. by choosing suitable form for f(R) including non-linear terms, the
accelerating expansion without cosmological constant can be reproduced [36, 37, 38].
These f(R) gravity models even can pass Solar system tests [39, 40]. Further, these
models unify inflation and cosmic acceleration [41, 42]. Models such as f(R) =
R + F (R) still suffer from the singularity problem since the scalar mass and Ricci
scalar are divergent in the very beginning of the Universe [43, 44]. This crucial prob-
lem can be solved by inserting the term R2 into f(R) [45]. A similar idea was pro-
posed for solving the finite time singularity [46, 47]. The dynamical part for inflation
is the same, the deviation will appear during the reheating phase dominated by the
kinetic term of scalaron [48]. Meanwhile, it enhances the tensor power spectrum [49].
Inspired by the ultraviolet complete theory of quantum gravity, Ref. [50] considers that
a polynomial f(R) inflationary model where f(R) = R+ R2

6M2 + λn
2n

Rn

(3M2)n−1 , they find
that Rn is exponentially suppressed. Also near the Starobinsky inflationary model,
Ref. [51] generalizes to the class of inflationary scalar potentials V (σ) ∝ exp(nσ), in
which n can be included in F (R) where it is a polynomial of Ricci scalar to present
various models of F (R) gravity. In light of the conformal transformation from Jordan
frame to Einstein frame, one can reconstruct viable inflationary models [52, 53, 54].
Inspired by α attractor models [55, 57, 56], even one can reconstruct the f(R) gravity
from α attractor [58].

Thus, in order to find a most economical theory of R2 inflation without suffering
from the singularity problem, the so-called Rp inflation was proposed in [33, 59].
Rp inflationary model could also give the correction to R2 inflation where p is a real
number [60, 61, 62]. Together with this framework, inflation can also be reproduced in
a higher dimensional theory through compactification [63, 64]. From the perspective
of dark energy, the constraints for Rp inflationary model can also be given [65]. All of
these models give the value of r that is little larger when compared to R2 inflationary
model as requiring p < 2. Here, we consider the case of p > 2 in f(R) = R+RP and
then we study the scalar spectral index ns, the tensor-to-scalar ratio r and the running
of scalar spectral index α = dns

d ln k in order to compare with current observational
constraints.
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3.1.2 Recap of f(R) gravity
Firstly, we start from a most general action,

S =

∫
d4x
√
−g

M2
p

2
f(R) , (3.1)

where MP = (8πG)−1/2 is the reduced Planck mass.
Next, we need to proceed to investigate inflation governed by action (3.1). This

action is on-shell equivalent to

S =

∫
d4x
√
−g

M2
p

2

[
f(Φ) + ω2(R− Φ)

]
, (3.2)

where Φ is a real scalar field (dubbed scalaron in [1]) and ω = ω(x) is a Lagrange
multiplier (constraint) field. Upon varying the acition (3.2) and solving the resulting
equation we obtain,

f ′(Φ)− ω2 = 0 , (3.3)

where

f ′(Φ) =
df

dΦ
≡ F (Φ) , (3.4)

Inserting action (3.3) into action (3.2) which is on-shell equivalent to (3.1), we
obtain:

S =

∫
d4x
√
−g

M2
p

2
[f(Φ) + F (Φ)(R− Φ)] . (3.5)

Note that Φ as a scalar field is non-minimally coupled to gravity via the F (Φ)R. Next
step is to transform the Jordan frame (action (3.5)) into Einstein frame by a conformal
transformation gµν = Ω2(x)gEµν , where Ω = Ω(x) is a some specific local function.
Upon this transformation is executed, action (3.5) becomes

S =

∫
d4x
√
−gE

M2
p

2

[
Ω2F

(
RE − 6gµνE

∇Eµ∇Eν Ω

Ω

)
− Ω4

(
F (Φ)Φ− f

)]
. (3.6)

By choosing an appropriate function for conformal transformation,

Ω2 =
1

F (Φ)
, (3.7)

and then partially integrating the second term in the bracket of action (3.6), and drop-
ping the boundary term, the action becomes,

S =

∫
d4x
√
−gE

[
M2

P

2
RE − 3M2

Pg
µν
E

∇EµΩ∇Eν Ω

Ω2
− 1

2
Ω4(FΦ− f)

]
. (3.8)

The higher gravitational operator has disappeared, but a new dynamical scalar field has
appeared named the scalaron field. Note that the scalaron has non-canonical kinetic



24 3.1. Analysis of Rp inflationary model as p > 2

form, it can be changed into the canonical term by a simple transformation to Einstein
frame,

φE = −MP

2

√
6 ln

(
Ω(Φ)

)
, (3.9)

where the mapping between these two fields is chosen such that φE = 0 as Ω = 1.
The field φE can have the opposite sign since the resulting potential would be of a
mirror symmetry around φE = 0 of the potential from VE(φE). With this in mind,
action (3.8) finally becomes,

S =

∫
d4x
√
−gE

[
M2

P

2
RE −

1

2
gµνE ∂µφE∂νφE − VE(φE)

]
, (3.10)

where VE(φE) denotes the Einstein frame potential,

VE(φE) =
M2
P

2

FΦ− f
F 2

. (3.11)

For the perturbation of inflaton, one can follow the procedure from Section 2.4 to
derive ns, r and α. Their derivational details are given by Appendix 3.3.1.

Results

In this section, we show how ns, r and α vary with the e-folding number NE and
p whose formulas are showed in Eq.(3.28). The range of e-folding number here is
50 6 N(φE) 6 60. Comparing to Ref. [34], we will show that the precise range of p
in this section which is not illustrated in Ref. [34] according to our analysis.

In figure 3.1, we show how the tensor-to-scalar ratio r depends on ns as a function
of N and p. When p approaches 2, it recovers the R2 inflation in which r ' 0.003
as N ' 60. There is a deviation from R2 inflation varying with p which shows r
decreases as P grows. By requiring N ∈ [50, 60], the case of p ≥ 2.02 in Rp inflation
can be ruled out. As for the allowed range for r, its magnitude lies from 0.001 to 0.004
within the reasonable range of N .

In figure 3.2, we impose the identical constraints as showing in figure 3.1. We
show how the scalar spectral index ns as a function of its running α varies with p
and N . As p increases, the absolute value of α will decrease and this trend changes
dramatically as p grows above 2.02. Thus, we can see that the validity of Rp inflation
is quite sensitive to p. On the other hand, when the e-folding number is of valid range
from 50 to 60 adopting the same constraints as in (2.46), the corresponding value of
α is within [−0.0004,−0.0006]. Thus, in order to detect α in our model, the mea-
surement ought to be improved about one order of magnitude with respect to current
observations, which will occur when the next generation of CMB space observatories
will be launched in space (such as COrE). Nevertheless, together with a detection of
r, an observation of α would play an important milestone in testing various models
in a near future. For completeness, we also give the plot of ns − α. Due to lacking
more accurate data of α and r, we only show that the possible observables range as
expected. Another feature of figure 4 is that r enhances as p decreases.
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Figure 3.1: The tensor-to-scalar ratio r as a function of the scalar spectra index ns for
p = 2.06, 2.04, 2.02, 2.0 in blue solid lines. We show three curves for N = 50, 60 in
red dashed lines. The current upper limit on the tensor-to-scalar ratio (2.49), r < 0.067
is outside the plot’s range. The range of ns from Eq. (2.46) is presented in blue shadow
region.

To summarize, we have shown that the observables such as ns, r and α are strongly
sensitive on p in Rp inflationary model when p ≥ 2. The model is ruled out as p >
2.02 because of rather small values of ns as shown in Figure (3.1). Due to its enhanced
absolute value of α, this class of inflationary model can be tested by future dedicated
space CMB missions.

3.1.3 Conclusion

In this section, we analyze the Rp inflationary model [34], where p is slightly larger
than two. The effective potential for scalaron exhibits a local maximum. We show
that there is inflation when scalaron rolls toward to smaller value from the maximum
as shown in Figure 3.10. One can also get inflation when the scalaron rolls towards
the larger values, but it is not viable since it leads to an unstable universe with an
increasing curvature. We perform an analysis of observables in the model and show
that this model is valid as 2 ≤ p ≤ 2.02, which is presented in Figures 3.1, 3.2 and 3.3.
When p ≥ 2.02, in particular, the scalar spectral index ns becomes smaller than what
observations allow which can be seen in Figure 3.1. Generally, as p increases, ns, r
and |α| decrease, hence testing this model by the next generation of CMB observations
may be challenging.
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Figure 3.2: The running of the scalar spectral index α as a function of the scalar spec-
tral index ns for p = 2.06, 2.04, 2.02, 2.0 in blue solid lines. We show three curves for
N = 50, 60 in red dashed lines. The shadow shows the allowed values of ns according
to (2.46). The current Planck Collaboration limits on α ∈ [−0.0112, 0.0022].

p=2.0
p=2.02p=2.04

p=2.06

Nk =60

Nk =50

0.001 0.002 0.003 0.004 0.005 0.006
r

-0.0010

-0.0008

-0.0006

-0.0004

-0.0002

0.0000
Α

Figure 3.3: The running of the scalar spectral index α as a function of the tensor-to-
scalar ratio r for p = 2.06, 2.04, 2.02, 2.0 in blue dashed lines. We show three curves
for N = 50, 60 in red solid lines. The lines N = 50 and N = 60 are shown as dashed
lines. The current upper limit on the tensor-to-scalar ratio (2.49) r < 0.067
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3.2 Inflation in an effective gravitational model and
asymptotic safety

In this section, we consider an inflationary model motivated by quantum effects of
gravitational and matter fields near the Planck scale. Our Lagrangian is a resummed
version of the effective Lagrangian recently obtained by Demmel, Saueressig and
Zanusso [66] in the context of gravity as an asymptotically safe theory. Our effec-
tive Lagrangian density is a refined Starobinsky model, Leff = M2

PR/2 + aR2/[1 +
b ln(R/µ2)], where R is the Ricci scalar, a and b are constants and µ is an energy
scale. By implementing the COBE normalisation and the Planck constraint on the
scalar spectrum, we show that increasing b leads to an increased value of both scalar
spectral index ns and tensor-to-scalar ratio r. Requiring ns to be consistent with the
Planck collaboration upper limit, we find that r can be as large as r ' 0.01, the
value possibly measurable by Stage IV CMB ground experiments and certainly by
future dedicated space missions. The predicted running of the scalar spectral index
α = dns/d ln(k) is still (as in Starobinsky’s model) of the order −5 × 10−4, about
one order of magnitude smaller than the current observational bound.

3.2.1 Introduction

Under the framework of f(R) gravity, Donoghue [67] points out that it is natural to
expect that at energies much below the Planck scale only one of those higher dimen-
sional operators plays a significant role in the Universe’s dynamics. Upon taking an
accounting of the small one loop corrections from Starobinsky’s model [1] into con-
sideration, Ref. [68] shows a more detailed quantitative description, in which it partic-
ularly presents the scalaron decay and creation of all standard matter after the end of
inflation. The latter corrections which are of the type RR ln(RR) at large curvatures,
where RR denotes some scalar quadratic combination built from the Riemann tensor,
follow from perturbative quantum gravity [69, 70, 71], from the effective field the-
ory approach to quantum gravity (conserving the local Lorentz invariance and general
covariance) [72], from the calculation of a renormalized average value of the energy-
momentum tensor of quantum matter fields in external gravitational fields [73], as
well as by modern developments in this area. However, once one-loop corrections
have been taken into account, it is natural to think about higher-loop ones and try to
account for them in some approximation. That is why in this paper we considered
a refined Starobinsky model which is based on some assumption about the form of
re-summed logarithmic multi-loop corrections to the R2 term.

While it is well known that General Relativity theory is non-renormalizable [74,
75, 76], this is not so for the so-called fourth-order gravity which contains terms R2

and WαβγδW
αβγδ , where Wαβγδ is the Weyl tensor, in the Lagrangian density in ad-

dition to the Einstein term R. The fact that coefficients in front of these new terms
are dimensionless (in particular, the a coefficient in front of the R2 term) already sug-
gests that this theory may be renormalizable in some sense, e.g. by power counting.
However, it has a ghost in the tensor sector (though not in the scalar sector). Wein-
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berg has proposed that gravity may be renormalizable in a weaker sense, which goes
under the name of asymptotic safety [77, 78, 80, 79]. If gravity is an asymptotically
safe theory, its ultraviolet completion would possess a finite number of relevant op-
erators, and the corresponding coupling constants could be (in principle) determined
by a finite number of measurements, thereby making it predictable. Initially Weinberg
proposed [78] that one could use renormalization group methods in a small ε expan-
sion around D = 2, i.e. D = 2 + ε, around D = 4, but soon recognized that that is not
a very good expansion near ε ' 2. A modern approach to study the ultraviolet sector
of quantum gravity uses functional renormalization group methods [81] (for a review
see [82]) and the results support the asymptotic safety hypothesis. Recently, by work-
ing within the framework of asymptotic safety, Demmel, Saueressig and Zanusso [66]
have assumed that quantum gravity in the ultraviolet may be represented by a series of
local operators, starting withR,R2, etc. and they have shown that the coefficient ofR2

runs approximately logarithmically withR. This then implies that – after resummation
under some suitable assumptions– at low energies the effective theory Lagrangian can
be represented by

L ' M2
P

2
R+

aR2

2[1 + b ln(R/µ2)]
, (3.12)

where µ is a renormalization scale and a = a(µ)� 1 and b = b(µ) are µ−dependent
constants; i.e. once µ is fixed, the values of a and b are also fixed. Since the Hub-
ble (curvature) scale during the observable part of inflation (last 50− 60 e-foldings) is
much below the Planck scale,HI ∼MP /

√
a ∼ 1014 GeV� EP ' 1.2×1019 GeV,

it is reasonable to expect that the model Lagrangian (3.12) represents reasonably
well the true effective theory of modified gravity at inflationary curvatures. Further-
more, we expect that predictions of the inflationary model driven by the effective La-
grangian (3.12) do not differ by much from the predictions of the Starobinsky model.
The analysis conducted in this work confirms that expectation, moreover, we pro-
vide an accurate answer to the question: in precisely what way predictions of the
model (3.12) differ from those of the Starobinsky model.

It is very important that these quantum-gravitational corrections, though being
small compared to the bare aR2/2 term, can still be important both for dynamics of
inflation and generation of perturbations, thus, they can be observable. The reason
for this is that the pure L = aR2/2 theory admits exact de Sitter solutions with any
curvature. As a result, slow roll of curvature during inflation and the final graceful exit
from it, as well as the slope of the scalar perturbation spectrum ns and the tensor-to-
scalar ratio r, are governed by small corrections to this theory, namely, by the Einstein
term ∝ R in the Starobinsky R + R2 model which is much less than the R2 term
during inflation. Thus, quantum corrections in the model (3.12) have to be compared
to this small term, too.

Of course, there is one more operator of canonical dimension four that can be
added to (3.12), and that is ∆LWW = aWWWαβγδW

αβγδ . However, to avoid prob-
lems with the ghost in the tensor sector [83], in this work, we assume that a in (3.12)
is as anomalously large as required by observations (in fact, by the smallness of
large-scale inhomogeneous perturbations in the Universe). On the other hand, there
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is no theoretical or observational reasons to assume such a large value for aWW , so
aWW � a. As a result, the WW term can be neglected during the observable part
of inflation. (One may think that RµνRµν should also be considered, but that term
is expressible in terms of the Gauss-Bonnet term which does not contribute to the
equations of motion in 4 space-time dimensions, R2 and WαβγδW

αβγδ , and hence
need not be considered separately.) Furthermore, there are higher dimensional oper-
ators of the form anR

n/M
2(n−2)
P (n ≥ 3), etc., but if none of an’s is anomalously

large, their contribution will be unimportant during inflation, and hence can be ne-
glected. Indeed, a rough estimate can be made as follows. During the R + R2 infla-
tion, R/M2

P ≈ 2N/(3a) � 1, where N is the number of e-foldings from the end of
inflation (1 � N . 60), and hence the relative contribution of these terms compared
to the non-leading Einstein term M2

PR/2, as explained above, is∼ an(R/M2
P)n−1 ∼

an(N/a)n−1 � 1 (∀n ≥ 3) as far asNa1/(n−1)
n � a, see also [84] in this connection.

Thus, as the above argument suggests. these models do not suffer from large correc-
tions coming from higher dimensional operators. However, with a suitable amount
of fine tuning, it is possible to do away with lower dimensional operators, such that
one still gets a viable inflationary model driven by higher dimensional operators of
dimension four and higher [85].

We are not the first who consider an effective gravity inspired by asymptotic safety
to drive inflation. Notable initial attempts are due to Bonanno, Reuter and Saueres-
sig [87, 88, 86, 89] and more recently by Falls et al [90]. Except in the most recent
reference [90], these works used a time-dependent cutoff which breaks general co-
variance and therefore require a better justification. More recently, Refs. [91, 92, 93]
have renewed the idea that inflation may be driven within an effective quantum grav-
ity inspired by asymptotic safety, see also the recent review [94]. In contrast to our
model, in these works inflation is driven by a (scale-dependent) cosmological con-
stant, Λ = Λ(µ), and the authors do not explain how inflation ends. While our effec-
tive model takes into account the running of the coupling constants, and in that respect
it is motivated by the recent results on asymptotically safe gravity theories [66], rig-
orously speaking it is not an asymptotically safe gravity model of inflation where
inflation occurs close to the conformal point. Instead, in our model inflation occurs in
the infrared regime rather far from the ultraviolet fixed point. Furthermore, the cos-
mological constant is in our model assumed to be fine tuned to zero and inflation is
driven by the a(µ,R)R2-term, such that graceful exit problem is naturally solved.
A sufficiently long lasting inflation is obtained by assuming an anomalously large
coefficient a, which is consistent with the renormalization group equations, since a
appears as an integration constant [66]. Other notable papers that discuss inflation
in effective theories inspired by quantum gravitational effects which, like us, study
inflationary models inspired by quantum corrections to the Starobinsky model, in-
clude [95, 96, 97, 98, 99, 100]. Similar effective models can also arise from recon-
struction of f(R) gravity from observations [101].
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3.2.2 The model
In a recent paper Demmel, Saueressig and Zanusso [66] have considered quantum
gravitational corrections to Einstein general relativity and they found that at high en-
ergy scales quantum gravitational effects generate a contribution to the effective ac-
tion of the form ∆Seff =

∫
d4xa(µ)R2/2, where a is a parameter that slowly (log-

arithmically) varies with scale. By dimensional transmutation [102] one can argue
that, since a(µ) is dimensionless, it must be a function of a dimensionless quantity
R/µ2, i.e a = a(R/µ2) = a0[1 − b0 ln(R/µ2)], where R is the Ricci scalar. While
a0 = a(R/µ2 = 1) is a free constant (to be fixed by measurements), Ref. [66] found
that,

b0 =
40

55296π2a0 + 95
. (3.13)

In this work we assume that, if a suitable renormalization group (RG) resummation is
made, one gets an improved effective action of the form

S =

∫
d4x
√
−g 1

2

[
M2

PR+
aR2

1 + b ln(R/µ2)
+O(R3)

]
, (3.14)

where MP = (8πG)−1/2 is the reduced Planck mass, a and b are positive constants
and a� 1. For notational simplicity we have dropped the subscript 0 on parameters a
and b in (3.14). While a is a free constant to be fixed by measurements, b receives con-
tributions both from quantum effects of matter and gravitational fields that are calcula-
ble by perturbative methods within a given theory and from threshold effects from the
(unknown) Planck scale physics. In this work we assume that the action (3.14) drives
inflation. According to the COBE normalization of scalar cosmological perturbations,
the Hubble rate H during the observable part of inflation, H ∼ HI ∼ 1014 GeV, is
much smaller than the Planck energy, EP ' 1.2 × 1019 GeV. For that reason we ex-
pect that the higher dimensional operators O(R3) in (3.14) present both a negligible
contribution to evolution of the inflaton and to measurable properties of cosmological
perturbations in our model and, therefore, we neglect these higher order terms in the
remainder of this work. While in pure gravity a and b are related by Eq. (3.13), adding
matter may change that relation [103], and hence we shall relax that condition. On the
other hand, if the action (3.14) is to be used as a model of inflation, then the amplitude
of scalar cosmological perturbations is fixed by the COBE normalization. This fixes
one relation between a and b in (3.14), such that ultimately our inflationary model has
one free parameter. We shall study how observable predictions of our model depend
on that free parameter.

Note that in the limit of small b, the second term in the effective action (3.14)
appears to be equivalent to (a) aR2 − abR2 ln(R/µ2) from Ref. [66] as well as to (b)
aµ4(R/µ2)2−b. Inflation built based on the former form was also studied in [104, 99,
101], while on the latter form – in [97, 105, 34, 106]. One should point out however,
that for any finite b these models are not equivalent to (3.14). Note also the crucial
difference of our model from that considered in [107] where the first (Einstein) term
in the action (3.14) was absent. As explained above, this term, though being small
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compared to the second one during inflation, strongly affects slow roll of R and the
values of ns and r. In addition, it provides a graceful exit from inflation.

Let us now proceed to analyze inflation governed by (3.14). Following the proce-
dure of section (3.1.2), we get the effective action in Einstein frame,

S =

∫
d4x
√
−gE

[
M2

P

2
RE −

1

2
gµνE (∂µφE)(∂νφE)− VE(φE)

]
, (3.15)

where VE(φE) denotes the Einstein frame potential and

F (φE) = M2
P exp

(√
2

3

φE
MP

)
= M2

P +
aΦ[2− b+ 2b ln(Φ/µ2)]

[1 + b ln(Φ/µ2)]2
. (3.16)

This equation defines the frame transformation, φE = φE(Φ). Unfortunately, its in-
verse Φ = Φ(φE) is not a simple function that can be written in a closed form, so
we write VE(φE) as a function of Φ, but we keep in mind that Φ can be expressed in
terms of φE via (3.16). Since the formula of VE(φE) is the same with Eq. 3.11 and in
the light of Eq. (3.16), then the potential in this model is denoted by

VE(φE) =
M4

P

2

aΦ2
(
1 + b ln

[
Φ
µ2

])2(
1 + b ln

[
Φ
eµ2

]){
M2

P

(
1 + b ln

[
Φ
µ2

])2
+ 2aΦ

(
1 + b ln

[
Φ√
eµ2

])}2 (3.17)

where Φ = Φ(φE) is given in Eq. (3.16) and e ≈ 2.81.
Taking the point of view that gravity is an effective field theory [67], the the-

ory (3.15) can be (canonically) quantized. There are two dynamical fields in (3.15):
the inflaton φE and the graviton gµν that ought to be quantized.

3.2.3 Cosmological perturbations in our model

In what follows we relate the observable parameters ns, r and α of scalar and ten-
sor cosmological perturbations to our model in Einstein frame, defined by Eqs.(2.54-
2.56). By direct adopting the potential (3.17) for a later usage, we still need dΦ/dφE ,
which is easily obtained by differentiating (3.16),

∂Φ

∂φE
=

√
2

3

(
1 + b ln

[
Φ
µ2

]) ((
1 + b ln

[
Φ
µ2

])2
M2

P + aΦ
(
2− b+ 2b ln

[
Φ
µ2

]))
aMP

[
(2− 3b+ 2b2) + b ln

[
Φ
µ2

](
4− 3b+ 2b ln

[
Φ
µ2

])] .

(3.18)
Subsequently, we apply the slow roll attractor results to our model (3.15–3.16).

One can express geometric slow roll parameters in terms of the more traditional
slow roll parameters defined in terms of derivatives of the inflaton potential VE via
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Eqs. (2.53). For example, we have

εV =
M2

P

2

(
V ′E
VE

)2

, V ′E ≡
dVE
dφE

=
dΦ

dφE

dVE
dΦ

ηV = M2
P

V ′′E
VE

, V ′′E =

(
dΦ

dφE

)2
d2VE
dΦ2

+
d2Φ

dφ2
E

dVE
dΦ

,

(3.19)

ξ2
V = M4

P

V ′EV
′′′
E

V 2
E

, V ′′′E =

(
dΦ

dφE

)3
d3VE
dΦ3

+ 3
d2Φ

dφ2
E

dΦ

dφE

d2VE
dΦ2

+
d3Φ

dφ3
E

dVE
dΦ

,

where VE(φE) and dΦ/dφE are given in Eqs. (3.17–3.18). Together with d ln(k) =
d ln(aH) (which expresses the fact that the amplitude of perturbations in slow roll get
frozen at super-Hubble scales) and the Friedmann equations (2.26), Eqs. (3.20) imply
the relations between them and their corresponding definitions via Eqs. (2.53,2.54,2.56).

Finally, a useful quantity to define is the number of e-foldings, which in Einstein
frame and in slow roll approximation can be calculated as follows, 1

NE =

∫ te

t

HE(t′)dt′ =
1

MP

∫ φEe

φE(t)

dφ′E√
2εE(φ′E)

=
1

MP

∫ Φe

Φ(t)

dφE(Φ′)/dΦ′√
2εV (Φ′)

dΦ′ ,

(3.20)
where te denotes the time at the end of inflation (at which εE = 1), φEe = φE(te),
Φe = Φ(te) and we considerN ≈ NE in which the reasons can be found in Appendix
3.3.2. Now equation (3.20) tells us how the number of e-foldings depends on Φ (or
equivalently φE), while Eqs. (3.20), (2.54–2.29) relate ns, r and α to Φ (or equiva-
lently φE). When taken together these two sets of (parametric) relations tell us how
ns, r and α depend on N . Unfortunately, the form of the effective potential (3.17) is
rather complicated such that we were unable to perform the integral (3.20). Neverthe-
less, with a help of the symbolic package Mathematica, we were able to plot the
relevant curves.

To summarize, in this section we have shown how to parametrically express mea-
surable quantities ns, r = −8nt and α in terms of the number of e-foldings N . In the
next sub-section we show how to implement the existing observational constraints,
which primarily pose a restriction on the number of e-foldings and the amplitude of
scalar cosmological perturbations.

1The formula (3.20) calculates the number of e-foldings in the Einstein frame in the slow roll ap-
proximation. The more appropriate measure of cosmological time is the number of e-foldings in Jordan
frame, since that is the original (physical) frame in which observations are made. There is a simple rela-
tion between the number of e-foldings in the two frames. From Eq. (3.7) and gµν = Ω2gEµν one sees
that ln(aJ ) = ln(aE) + 1

2
ln
(
M2

P/F (Φ)
)
, such that the number of e-foldings in two frames are related

as, NJ (t) = NE(t) − 1
2

ln
(
F (Φ)/M2

P

)
|Φ(t)
Φe

, where Φe denotes the value of Φ at the end of infla-
tion. Numerical evaluation shows that the difference between NJ and NE is at most a few percent, which
means that results presented in terms of Einstein rather than Jordan frame number of e-foldings will differ
by at most a few percent. Since the uncertainly in the number of e-foldings due to the unknown evolution
of post-inflationary universe is anyway at the level of ten percent, we can use the Einstein frame number
of e-foldings without introducing a significant new error. Nevertheless, the expression for the number of
e-foldings in the Jordan frame NJ is presented in the Appendix.
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3.2.4 Implementing constraints
Apart from the (obvious) constraint on the scalar spectral index, there are two principal
constraints that we ought to impose on our inflationary model:

1. the amplitude of the scalar spectrum, also known as the COBE constraint (2.44);

2. the number of e-foldings N (3.20).

The COBE constraint is given in Eq. (3.21), from which we can infer the value
of the potential at the moment when the fiducial comoving momentum k∗ crosses the
Hubble scale during inflation, k∗ = (aH)∗ as follows,

VE(φE∗)

M4
P

= 48π2εE∗As ' 3× 10−10
( r∗

5× 10−3

)( As
2.2× 10−9

)
. (3.21)

The constraint on the number of e-foldings N is not watertight, as it hangs on
‘reasonable assumptions’ on post-inflationary evolution. Assuming for example (a)
that evolution of the Hubble parameter during inflation is given, (b) that the scale of
inflation is given and (c) that the Universe after inflation quite quickly (within one
expansion time) reaches radiation era scaling, then one can rather accurately estimate
the number of e-foldings at which observable scales cross the Hubble radius during
inflation. However, there are no data that would unambiguously fix the scale of in-
flation, or the precise evolution of the Hubble parameter during or after inflation. To
incorporate this uncertainty, usually one plots physical parameters for several values
of N . In this work we take the reasonable range of N to be N ∈ [50, 65].

In the analysis of our inflationary model presented in section 3.2.3 we enforce the
COBE constraint as shown in (3.21), and we show results for N = 50 and N = 65.
Our model (3.14) contains two free parameters a and b which determine the scale
of inflation HE∗ at N ∈ [50, 65]. Imposing the COBE constraint fixes one relation
between a and b, leaving one free parameter. Our results are shown as a function of
that free parameter, which for definiteness we choose to be b, while a = a(b).

To get an impression on how our potential looks in Einstein frame, in figure 3.4 we
show the potential VE = VE(Φ) defined in Eq. (3.17), where (at scale µ = 10−5 '
HE∗) the values of the couplings are, a = 7×108 and b = 10−2 (top curve), b = 10−3

(central curve) and b = 10−4 (bottom curve). For convenience we shall also use ã
defined by, a = 1010ã. As b decreases and for large values of Φ the potential becomes
flatter and flatter. In the limit when b→ 0 (Starobinsky inflation) and as Φ→∞, the
potential becomes exactly flat.

Figure 3.5 shows the allowed range of parameters ã = 10−10a and b for which
one gets N in the range [50, 65] (the COBE constraint (3.21) is imposed).

Next, in figure 3.6 we show typical values of ã and b for which our model yields
the scalar spectral index ns consistent with observations (the COBE constraint (3.21)
is imposed).

From these results it follows that, when b ≥ 10−3, our inflationary model predic-
tions depend significantly on b. However when b � 10−3, model predictions are to
a large extent independent on b and they can be well approximated by those of the
Starobinsky model.
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Figure 3.4: The Einstein frame potential VE from Eq. (3.17) is shown for b = 10−2 (top blue curve),
b = 10−3 (middle green curve) and b = 10−4 (lower red dashed curve). In this figure a = 7 × 108,
µ = 10−5HE . The upper (lower) black dashed curve shows VE = 6 × 10−10M4

P (VE = 1.2 ×
10−10M4

P) and they represent the upper and lower limits of the effective potential corresponding to the
COBE constraint (3.21) evaluated for r = 10−2 (r = 2× 10−3).

Figure 3.5: The number of e-foldings N as a function of ã = 10−10a and b (brown plane). The upper
blue and lower green planes represent N = 50 and N = 65, respectively.

Figure 3.6: The scalar spectral index ns as a function of parameters ã = 10−10a and b (brown plane).
The allowed range of ns is between the upper blue and lower green planes.
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3.2.5 Results
In this section we present our main results, i.e. we plot the scalar spectral index
ns (2.54), its running α = dns/d ln(k) (2.56) and tensor-to-scalar ratio r (2.55)
evaluated at the fiducial comoving momentum k = k∗ = 0.05 Mpc−1 (the tensor
spectral index nt is in our model given by the consistency relation, nt = −r/8 and
it is therefore not an independent observable). Even though it appears that ns, α and
r are given in terms of the three slow roll parameters εE , ηE and ξE , they are not
all independent. In fact, our model (3.14) is specified by two parameters, a and b
(defined at a fiducial scale µ), and therefore in slow roll approximation and when
the COBE normalization is imposed, one free parameter remains (the number of e-
foldings is fixed by the value of the field, Φ = Φ(φE)). That means that, for any
given N , the prediction of our model can be represented by a two-dimensional plane
on the three dimensional configuration space spanned by (ns, r, α). The constraint
on ns is then the three dimensional region on that configuration space defined by
ns,min ' 0.955 ≤ ns ≤ ns,max ' 0.975, see Eq. (2.48). Rather than showing this
three dimensional space, for the sake of clarity we show in what follows its three cross
sections with the planes (ns, r), (ns, α) and (r, α).

N=50

N=65

0.94 0.95 0.96 0.97 0.98 0.99
ns

0.002

0.004

0.006

0.008

0.010

0.012

0.014

r

Figure 3.7: The tensor-to-scalar ratio r as a function of the scalar spectral index ns
for b in the range from 10−4 to 10−2. We show two curves: N = 50 (upper red
dotted curve) and N = 65 (lower red dotted curve). The shadowed region shows
the allowed values of ns (2.48). The current upper limit on the tensor-to-scalar ratio,
r < 0.067 (2.49) is outside the plot’s range. The COBE constraint (3.21) is imposed
and µ = 10−5HE .

In figure 3.7 we show how the tensor-to-scalar ratio r depends on the scalar spec-
tral index ns. The upper (lower) red dotted curve shows r = r(ns) for N = 50
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(N = 65), b ranges from 10−4 to 10−2, and a is fixed by the COBE constraint. For
very small values of b one recovers the predictions of theR2-model, r ∈ [2, 4]×10−3,
and ns lies in the sweet spot of the allowed ns. When b increases however, both r and
ns increase, such that when r exceeds r ' 10−2, ns becomes too large to be consis-
tent with observations. Notice that even a modest increase in r can have very beneficial
consequences for detectability of tensor modes. Namely, while advanced future satel-
lite CMB probes (such as COrE [108] and LiteBIRD [109]) can detect r ∼ 3× 10−3

with an accuracy of few standard deviations, if r ' 1 × 10−2 these probes can claim
discovery (i.e. more than 5σ detection), and moreover even Stage IV of earth-based
CMB observatories can detect r ' 10−2.

N=50

N=65

0.94 0.95 0.96 0.97 0.98 0.99
ns

-0.0010

-0.0008

-0.0006

-0.0004

-0.0002

α

Figure 3.8: The scalar spectrum index running parameter α as a function of the scalar
spectral index ns for b in the range from 10−4 to 10−2. We show two curves: N = 50
(upper dotted curve) and N = 65 (lower dotted curve). The shadowed region shows
the allowed values of ns in Eq. (2.48). The current Planck Collaboration limits on the
running of scalar spectral index, α ∈ [−0.010, 0.004] lie outside the plot’s range. The
COBE constraint (3.21) is imposed and µ = 10−5HE .

In figure 3.8, in which we impose identical constraints as in figure 3.7, we show
α = α(ns) for N = 65 (upper red dots) and for N = 50 (lower red dots) with
b ∈ [10−4, 10−2]. As in figure 3.7, as b increases, ns increases, eventually leaving
the allowed range for ns when b > 10−2. Note that α does not depend significantly
on b, so the logarithmic dependence ln(R/µ2) in the effective action (3.14) does not
affect detectability of α. In order to detect α in our model, we need an improvement of
about one order of magnitude with respect to current observations, which is possible
only with space based observations (such as COrE), but unlikely with earth-based
measurements. Nevertheless, together with a detection of r, a detection of α would
represent an important milestone in testing the model proposed in this work.
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Figure 3.9: The the running of scalar spectrum index α as a function of the tensor-to-
scalar ratio r for b in the range from 10−4 to 10−2. We show two curves: N = 50
(upper dotted curve) and N = 65 (lower dotted curve). The shadowed region shows
the allowed values of ns in Eq. (2.48). The current upper limit on the tensor-to-scalar
ratio, r < 0.067 (2.49) is outside the plot’s range. The COBE constraint (3.21) is
imposed and µ = 10−5HE .

For completeness, in figure 3.9 we show α = α(r) for N = 65 (upper curve) and
N = 50 (lower curve). As expected, as b increases from 10−4 to 10−2, r increases
(reaching r ∼ 10−2 when b ∼ 10−2) and α does not change much.

3.2.6 Conclusion
We consider an effective gravity model (3.14) motivated by Weinberg’s proposal that
gravity might be renormalizable in a weaker sense, known as asymptotic safety [77,
78, 80, 79]. This model is supported both by perturbative studies of quantum grav-
ity [69, 70, 71, 72, 104] as well as by more recent studies [66] based on functional
renormalization group approach to quantum gravity. More recently, a paper by [111]
found that a trajectory in field space firstly can be reproduce Newton constant G and
cosmological constant Λ at low energies, secondly the Lagrangian includingR2 where
R is Ricci curvature gives Starobinsk’s inflationary model, thirdly runs into the non-
Gaussian fixed point at energy approaches infinity that gravity recovers the conformal
symmetry. Our model can be considered as an improvement of Starobinsky R2 infla-
tion. Our main results can be stated as follows:

• The effective theory of gravity (3.14) represents a viable model of inflation,
provided a and b are appropriately chosen, i.e. a ∼ 108 − 109 (as implied by
the COBE constraint) and b ≤ 10−2 (in order that the scalar spectral index ns
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agrees with observations);

• When b = 0 we recover the predictions of the Starobinsky R2 inflationary
model, which is currently a viable model of inflation and for which the tensor-
to-scalar ratio is about, r ' 3× 10−3;

• As b increases from b = 0 to about b ' 10−2, r increases from about 3× 10−3

to about 1 × 10−2, which is much easier to detect by future CMB polarization
observatories, such as LiteBIRD and COrE. This increase in r represents the
main result of this work. Namely, observing r in the range r ∈ [5, 10] × 10−3

(and significantly larger than the value in the Starobinsky model, r = 3×10−3),
ns ' 0.970− 0.975 (which is about one standard deviation higher than the cur-
rent central value for ns) and α ' −5× 10−4 (and significantly different from
zero) would represent observational evidence that would lend support to gravity
as an asymptotically safe theory and that it exhibits an ultraviolet fixed point on
super-Planckian energy scales. We are not aware of any other observations that
could test gravity on (super-)Planckian scales. Moreover, measuring r ∼ 10−2

would allow future space missions to test the consistency relation, r = −8nt,
which represents an important consistency test of one field inflationary models.
Owing to the smallness of r, the consistency relation will be much harder to test
in the original Starobinsky model.

At first sight our model might seem unnatural, because the required value of a is
very large. However, from the observational point of view it is the observed small-
ness of inhomogeneous perturbations in the Universe that determines this large value
unambiguously. Also, from the theoretical point of view, one should keep in mind
however, that the value of a in Eq. (3.14) is not fixed by quantum loop effects. Indeed,
adding an arbitrary finite coefficient ∆a to a in (3.14) is consistent with quantum loop
effects, i.e. one can fix a = a(µ) arbitrarily (in principle by observations) at some
reference scale µ, and then a(µ,R) will run according to a suitable renormalization
group equation, for more details see [66]. On the other hand, once one fixes a, one
cannot arbitrarily choose b; the value of b depends on the bare Lagrangian, i.e. on the
particle content of the theory, and for pure gravity the relation is given by (3.13), in
which case b ∼ 10−4. It would be of interest to investigate precisely how the rela-
tion between b and a depends on the field content of the theory, and for what type of
theories one gets the values of ns, r and α that are of interest for observational cos-
mologists. We intend to investigate that question in future work. As a final remark, we
note that measuring bwould provide us with some information (albeit very limited) on
the structure of perturbative quantum gravity at the grand unified scale (of inflation)
and (via the threshold effects) even on the physics at and beyond the Planck scale.
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3.3 Appdendix

3.3.1 Appendix A

In this appendix, we will derive the ns, r and α in terms of potential under the frame-
work of Rp inflationary model, in which

f(R) = R+ λRp , (3.22)

where p is a real number and λ is a constant which [λ] = 2 − 2p. Then in light of
Eqs. (3.29), (3.4), (3.7) and (3.9), we can write down the formula for F (φE),

F (φE) = exp

(√
2

3

φE
MP

)
= 1 + (p− 1)λΦp−1 . (3.23)

Here, the observable quantities ns, r and its running index α can be calculated
in Rp inflationary model in Einstein frame, as it is well known that they are frame-
independent [110]. In the light of Eqs. (3.11, 3.23) and definition of f(ΦE), the po-
tential in Einstein frame can be explicitly written as,

V (φE) = V0e
−2
√

2
3

φE
Mp

(
e
√

2
3

φE
Mp − 1

) p
p−1

, (3.24)

where V0 =
M2
P

2 (p−1)pp/(1−p)λ1/(1−p) and it agrees with [34]. This potential recov-

ersR2 inflation as p = 2, for which V (φ) = 3
4M

2M2
P (1−e

√
2
3
φ
Mp )2,M is the energy

scale which can be determined by the amplitude of the observed power spectrum for
primordial perturbations and M ≈ 1013 GeV. In order to illustrate the Einstein frame
potential as p > 2, we also reproduce the plot showed in Ref. [34].
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Figure 3.10: Potential for RP inflationary model with p=2(red thick line), p=1.9(blue
dashed line) and p=2.06(green dashed line).



40 3.3. Appdendix

Figure 3.10 shows three cases of the potential for RP inflation when MP = 1. For
p = 2, this potential recovers the well-known R2 inflation potential. When p 6= 2, the
potential shows a deviation from R2 inflation. As p > 2, there is a maximum value

for φEm = MP

√
3
2 ln[ 2(p−1)

p−2 ]. This scenario is quite different from R2 inflation, there

is a decay process for potential on the right of φEm. However, this process cannot be
physical since Ricci increases as φE increases, as can be seen from Eq. (12). As a
consequence, the scalaron must shrink. Thus, we only need to consider the part that is
left from φEm for physical inflationary period.

Finally, it is useful to define the number of e-foldings N , which in slow-roll ap-
proximation reads,

N ≈ NE =

∫ te

t

HEdtE '
1

M2
P

∫ φeE

φE

VE
VE ,φ

dφE . (3.25)

where te denotes the time at the end of inflation (εE = 1) and VE ,φE = dVE
dφE

. Since
Jordan frame is the physical frame, it is worth in investigating how large is the differ-
ence for the number of e-folding between Einstein frame and Jordan frame. One can
easily obtain the following relation

HJ =
Ω̇

Ω
+HE . (3.26)

where Ω̇ = dΩ
dt , HJ is the Hubble parameter in Jordan frame. Using this result into

Eq. (3.25) and in light of (3.23), we can derive a relation between the e-folding num-
bers,

dNE = dNJ +
dF

2F
. (3.27)

Upon taking account of Eqs. (7) and (9) with (37), we get that the difference for

e-folding numbers in two frames is −
√

2
3
dφE
MP

. Since φ̇E is small in slow roll, we
conclude that to be a good approximation, NJ ≈ NE .

In light of Eqs. (2.53), (3.11), (3.23) and Eq. (3.25), we can reproduce the most
important observable quantities for ns, r and α from Ref. [34],

ns − 1 = −8(2− p)[(2− p)E2
k + p(Ek − 1)]

3[2(p− 1)Ek − p]2
,

r =
64E2

k(2− p)2

3[2(p− 1)Ek − p]2
,

α = −32p(2− p)2Ek(Ek − 1)(2Ek − 3p+ 4)

9[2(p− 1)Ek − p]4
,

(3.28)

where Ek = e4(2−p)N(φE)/(3p). Arming with these three observable quantities in
terms of the e-folding number N and p, we can analyze the results in Section 3.1.2.



Inflation induced by f(R) gravity 41

3.3.2 Appendix B
Here we present the derivation of expressions for the power spectra of scalar and tensor
perturbations generated during inflation in modified f(R) gravity with

S =
1

2

∫
d4x
√
−g f(R) , (3.29)

directly in the physical (Jordan) frame, such that f(R) = M2
PR in GR. It becomes

simple if one uses the fact [112] that slow-roll inflation in this class of models occurs
for the range of R where f(R) is close to R2, more exactly, f(R) = A(R)R2 where
A(R) is a slowly changing function of R :

|A′(R)| � A(R)

R
, |A′′(R)| � A(R)

R2
, (3.30)

where a prime denotes the derivative with respect to R. The conditions (3.30) are
the analogues of the slow-roll conditions for the Einstein frame potential VE(φE)
flatness. They may be satisfied either over some interval of R values, or even in one
point R = R0 only.

Then, from the trace equation of f(R) gravity (written in the presence of matter
with the energy density ρm and the pressure pm for generality),

3

a3

d

dt

(
a3 df

′(R)

dt

)
−Rf ′(R) + 2f(R) = ρm − 3pm , (3.31)

an expression follows for the number of e-folds in Jordan frame during inflation
counted from its end (R = Rend) back in time

N(R) = −3

2

∫ R

Rend

dR̃
A(R̃)

A′(R̃)R̃2
� 1 . (3.32)

Note that the condition A′ < 0 is needed for the correct evolution during inflation and
the graceful exit from it to the region of small curvature.

The power spectrum of tensor perturbations (summed over polarizations) can be
directly obtained from the corresponding expression for inflation in GR by the substi-
tution M2

P →M2
P, eff = df/dR ≈ 2AR:

∆2
t (k) =

1

12A(Rk)π2
, (3.33)

where, as usually, the index k means that the corresponding quantity is estimated
at the moment t = tk when each spatial Fourier mode of perturbations crosses the
Hubble radius during inflation: k = a(tk)H(tk). Note, however, that df/dR has to be
calculated with better accuracy in order to find the correct value of the slope nt of the
tensor spectrum.

Thus, at present N(k) = ln(kend/k) where kend is the comoving wave vector of
perturbations which crossed the Hubble radius at the end of inflation. kend/a0 (where
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a0 is the present value of the scale factor a(t)) is a few orders of magnitude smaller
than the present CMB temperature Tγ . Its exact value depends, in particular, on du-
ration of the epoch of the scalaron decay and creation and heating of matter after
inflation.

The easiest way to find the scalar perturbation spectrum is to use the δN formalism
first introduced in [113] (and even in the fully non-linear regime) according to which
spatial inhomogeneity of total number of e-folds during inflation leads to the following
value of the scalar perturbationR:

R(r) = δNtot(r) =
dN(R)

dR
δR(r) , (3.34)

where δR is estimated at the characteristic time of its Hubble radius crossing during
inflation. This method was applied, in particular, in [114] where the quantitatively
correct expressions for the power spectra of scalar and tensor perturbations in the
Starobinsky model were first obtained, see also [115] and numerous later papers.2

Using (3.32) and the correctly normalized rms value of δR fluctuations, we get

∆2
R(k) =

A(Rk)

64π2A′(Rk)2R2
k

= −
(

96π2 dA(R(N))

dN

)−1

. (3.35)

Thus,

r ≡ ∆2
t (k)

∆2
R(k)

=
16A′(Rk)2R2

k

3A(Rk)2
(3.36)

and it can be checked that r = −8nt. For general inflationary models in f(R) gravity,
the power spectrum of scalar perturbations was derived in [117].

For the Starobinsky model, A(R) = M2
p

(
1
R + 1

6M2

)
where M is the scalaron

mass after the end of inflation (in particular, in flat space-time). The first term in A is
much less than the second one during inflation, so it may be neglected in A itself, but
not in its derivative A′. So,

R(N) = 4NM2, ∆2
R(k) =

M2N2(k)

24π2M2
P

, ns = 1− 2

N(k)
, r =

12

N2(k)
. (3.37)

In our model,

A =
M2
P

R
+

a

1 + b ln(R/µ2)
(3.38)

with a� 1. Using Eq. (3.32), we get with sufficient accuracy:

N(R) =
3a

2

∫ R

Rend

dR̃
1 + b ln R̃

µ2

M2
P [1 + b ln(R̃/µ2)]2 + abR̃

. (3.39)

2The correct estimate of the slope of the scalar power spectrum ns in this model was found even earlier
in [116].
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Let us assume that the logarithmic correction is small, b� 1, b ln(R/µ2)� 1. Then
Eq. (3.39) can be integrated analytically and

1 +
abR

M2
P

= exp

(
2bN

3

)
. (3.40)

If bN � 1, then abR � M2
P and we return to the results (3.37) for the Starobinsky

model with a = M2
P /6M

2. In the opposite limit bN � 1, abR � M2
P (but still

R�M2
P that requires ab� 1),

R =
M2
P

ab
exp

(
2bN

3

)
, ∆2

R(k) =
1

64π2ab2
, ns ≈ 1, r =

16ab2

3
. (3.41)

Thus, it may not be reached for the observable range of perturbation wavelengths due
to too large values of ns and ∆2

Rr ≈ 1/(12π2) which are independent both of k and
of the model parameters a, b. These analytical results help to understand the numerical
results of section III.





CHAPTER 4

Non-minimally coupled curvaton

In this chapter, we investigate inflationary models in which scalar cosmological pertu-
bations are generated via a curvaton non-minimally coupled to gravity. The principal
advantage of these models is in the possibility to tune the curvaton spectral index via
the non-minimal coupling. Our models naturally yield red spectrum of the adiabatic
perturbation demanded by observations. We study how the nonminimal coupling af-
fects the spectrum of the curvature perturbation generated in the curvaton scenario. In
particular we find that for small nonminimal couplings the spectral index gets a con-
tribution that is negative and linear in the non-minimal coupling. Since in this way the
curvature spectrum becomes redder, some of curvaton scenarios can be saved, which
would otherwise be ruled out. In the power law inflation we find that a large non-
minimal coupling is excluded since it gives the principal slow roll parameter that is of
the order of unity. Finally, we point out that the nonminimal coupling opens a new de-
cay channel for the curvaton, which then implies a lower bound on the inflaton decay
rate.

4.1 Background and introduction

In curvaton scenarios, the standard relation for the curvaton spectral index, nχ =

−2ε+ 2m2
χ/(3H

2), where ε = −Ḣ/H2 is the principal slow roll parameter, mχ the
curvaton mass and H the Hubble parameter, yields via its post-inflationary decay a
curvature perturbation with a spectral index given by, ns = 1 + nχ. Here we consider
a simple modified curvaton model in which the curvaton condensate χ̄ = 〈χ̂〉 couples
non-minimally to gravity and observe that the curvaton spectral index acquires an
additional contribution from its non-minimal coupling ξ which can be approximated
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by, δnχ ∝ −|ξχ/MP|, where ξ is the nonminimal coupling and MP = 1/
√

8πGN
is the reduced Planck mass. Since the contribution is always negative and ∝ ξ, it can
be used to tune the spectral index of the curvaton and thus is of crucial importance
for viability of the model. When at a later time the curvaton decays, this property is
inherited by the adiabatic pertubation. This simple observation is the principal result
of this work.

The non-minimal coupling is not only important during inflation but it can also
play an important role for the post-inflationary curvaton decay, which we investigate
as well. In most of curvaton scenarios the curvaton decays predominantly perturba-
tively [121] significantly after the end of inflation. Roughly speaking the decay occurs
when the curvaton decay rate Γχ becomes comparable to the expansion rate of the
UniverseH(t), i.e. when Γχ ∼ H . When the assumption that the curvaton condensate
dominates over its perturbations is relaxed, the decay process can produce large local
non-Gaussianities [122]. Current observations [123] severely constrain these models
however, as (local) non-Gaussianity fNL cannot be too large (|fNL| < 10), thereby
ruling out curvaton models that produce large non-Gaussianities.

There are situations where the inflaton does not decay perturbatively, but instead
non-perturbative decay channels, such as parametric resonant or tachyonic decay chan-
nels [124, 6, 7, 8, 125, 5, 127] are more efficient. The possibility that the curvaton may
decay non-perturbatively has also been envisaged [128]. Furthermore, it is known that
one can produce a significant amount of gravitational waves during preheating [129].
If the curvaton lives longer, it can couple to the Higgs field in which case the mass of
the curvaton can vary significantly [132, 131].

This chapter is organized as follows. In section 4.2 we introduce our inflation-
ary model with two scalers, one being the inflaton and the other the curvaton non-
minimally coupled to gravity. In section 4.3 we calculate the power spectrum of the
curvaton and discuss in detail its dependence on the non-minimal coupling. In addition
we study how the nonminimal coupling affects non-Gaussianities of the scalar cosmo-
logical perturbations. In section 4.4 we briefly study how the nonminimal coupling
influences the postinflationary curvaton decay.

4.2 The model

In this section we consider an inflationary model consisting of two scalar fields, in
which one scalar (φ) is the inflaton and the other (χ) is the curvaton field non-minimally
coupled to gravity. The action in Jordan frame (denoted by subscript J) is,

SJ =

∫
d4x
√
−gJ

(
1

2
F (χJ)RJ −

1

2
gµνJ (∂µφJ)(∂νφJ)

− 1

2
gµνJ (∂µχJ)(∂νχJ)− VJ(φJ , χJ)

)
(4.1)
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where in this work F (χJ) and potential V (φJ , χJ) are given by,

F (χJ) = M2
P − ξχ2

J , (4.2)

VJ(φJ , χJ) = VJ(φJ) + VJ(χJ) , VJ(χJ) =
1

2
m2
χχ

2
J +

λχ
4!
χ4
J , (4.3)

where MP = 1/
√

8πG ' 2.45 × 1018 GeV is the reduced Planck mass, VJ(φJ) is
the inflaton potential, mχ is the curvaton mass, ξ is the curvaton non-minimal cou-
pling and, unless stated otherwise, we take the curvaton self-coupling λχ = 0. Next,
for simplicity we assume no direct coupling between the inflaton and curvaton. That
significantly simplifies our analysis but – unless the mutual coupling is quite strong –
in no essential way affects the main results of this work. Furthermore, in this work we
work with a simple potential for the inflaton,

VJ(φJ) = V0 exp

(
−λ φJ

MP

)
, (4.4)

even though the precise form of the potential is not important for the purposes of
this paper. The exponential potential in (4.4) is particularly useful since the single
field inflationary model in its attractor mode leads to particularly simple slow roll
parameters, ε ≡ εφ = λ2/2, and all other slow roll parameters are exactly zero (in
the attractor mode of the theory), εi = 0 (i = 2, 3, · · · ). Of course, other types of
inflationary potentials can be studied, and we leave that for future work.

It turns out that a particularly useful frame is the one in which gravity is trans-
formed into Einstein frame, while the inflaton and curvaton are kept in Jordan frame,

gµν =
F (χJ)

M2
P

gJµν , (4.5)

φ = φJ , (4.6)

χ = χJ , f(χ) =
F

M2
P

= 1− ξ χ
2

M2
P

. (4.7)

After the above transformations are exacted, the action (4.1) becomes

S[gαβ , χ, φ] =

∫
d4x
√
−g

{
M2

P

2
R− 1

2f(χ)
gµν(∂µφ)(∂νφ)

− 1

2f

[
1 +

3M2
P

2

f ′2

f

]
gµν(∂µχ)(∂νχ)− V (φ, χ)

}
, (4.8)

where the transformed potential equals,

V (φ, χ) =
VJ(φ, χ)

f2(χ)
≡ Vφ(φ)

f2
+
Vχ(χ)

f2
,

Vχ(χ)

f2
=
M2

Pm
2
χ

−2ξ

(
1

f
− 1

f2

)
+
λχM

4
P

24ξ2

(
1− 1

f

)2

. (4.9)
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For small curvaton condensates the curvaton part of the potential in (4.9) can be ex-
panded as,

Vχ(χ)

f2
' 1

2
m2
χχ

2

[
1 + 2ξ

χ2

M2
P

+O(χ4)

] (
|ξχ| �MP

)
. (4.10)

In order to facilitate the analysis, it is convenient to introduce the covariant multifield
formalim [135, 136, 137], in which (4.8) can be recast as,

S[gαβ , χ, φ] =

∫
d4x
√
−g

{
M2

P

2
R− 1

2
GABgµν(∂µφ

A)(∂νφ
B)− V (φA)

}
, (4.11)

where GAB is the configuration (field) space metric in (4.8) which, in the field space
coordinates φA = (φ, f), reads

GAB = diag

(
1

f
,
M2

P

−4ξ

6ξ + (1−6ξ)f

f2(f−1)

)
. (4.12)

Note that the field space metric is diagonal. Since the corresponding configuration
space curvature tensor does not vanish,

RABCD =
R
2

(GACGBD − GADGBC) , R =
−2ξ

M2
P

6ξ+2(1−6ξ)f−(1−6ξ)f2

[6ξ+(1−6ξ)f ]2
,

(4.13)
the kinetic terms in the action (4.11) cannot be brought into the canonical form. It is
in this sense that the Einstein frame for the fields does not exist. The dependence ofR
on ξ and the field f is illustrated in figure 4.1, from which we see that, in the limit of
large and negative ξ, the configuration space curvature asyptotes to a negative constant
−1/(3M2

P).
In the following section we discuss how to calculate the curvature power spectrum

under the assumption that the curvaton contribution dominates. While the small field
expansion (4.10) often suffices for rough estimates, it is in general not enough to
provide accurate answers for the curvaton dynamics and the respective spectrum of its
quantum fluctuations during inflation. For this reason, in what follows we present the
analysis by using the full potential (4.9).

4.3 Power spectrum

We work in spatially flat cosmological space-times whose background metric is of the
form,

gµν(x) = diag
(
−N2(t), a2(t), a2(t), a2(t)

)
, (4.14)

where a = a(t) denotes the scale factor and N = N(t) is the lapse function. The
expansion of the Universe is driven by field condensates, χ(t) = 〈χ̂〉 and φ(t) = 〈φ̂〉,
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Figure 4.1: The configuration space scalar Ricci curvature (4.13) M2
PR as a function

of f = 1− ξχ2/M2
P for negative non-minimal couplings: ξ = −1 (bright yelow

curve asymptoting ≈ −0.28), ξ = −0.1 (light blue curve asymptoting ≈ −0.12),
ξ = −0.01 (solid red curve asymptoting ≈ −0.02) and ξ = −0.001 (solid black
curve asymptoting almost zero). When the coupling is very large and negative, M2

PR
asymptotes −1/3, which is a hyperbolic space H2 of constant curvature.

and it is governed by Friedmann equations,

H2(t) =
1

3M2
P

ρ , ρ =
1

2
GABφ̇Aφ̇B + V (φA) (4.15)

Ḣ = − 1

2M2
P

(ρ+ P) , ρ+ P = GABφ̇Aφ̇B , (4.16)

where H = d ln(a)/(Ndt) is the Hubble rate and Ḣ = dH/(Ndt) and φ̇A =
dφA/(Ndt) denotes the time reparametrization invariant time derivative and φA =
(φ(t), f(t)) are the background fields, which obey [136] 1

D2
tφ

A + 3HDtφ
A + ∂AV (φB) = 0 (4.17)

where Dt = φ̇B∇B is the covariant derivative on the field space. Since the back-
ground fields are coordinates on the configuration space manifold, the covariant deriva-
tive Dt acts simply on the background fields,

Dtφ
A = φ̇A , D2

tφ
A = φ̈A + ΓABC φ̇

Bφ̇C , (4.18)
1One can easily show that Eq. (4.17) is not independent, as it can be derived from covariant conservation

of the background stress-energy tensor, ρ̇+ 3H(ρ+ P) = 0.
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where ΓABC are the Christoffel symbols of the field space. We therefore see that the
background fields obey a geodesic equation (4.17) in presence of a time dependent
(Hubble) friction γ = 3H and an external force FA = −∂AV . 2

In order to obtain the curvature power spectrum, one ought to solve the operator
equation of motion for the curvaton and inflaton, which can be obtained by varying
the action (4.8). When gravitational constraints are solved the linearized equations for
field perturbations QA(x) (in zero curvature gauge) are [136],[

D2
t +3HDt−

∇2

a2

]
Q̂A(x)+∇B∇AV̂ (φI)Q̂B−RAIJBφ̇I φ̇JQ̂B (4.19)

− 1

M2
Pa

3
Dt

(
a3

H
φ̇Aφ̇B

)
Q̂B+O

(
(Q̂C)2

)
= 0 ,

where ∇2 ≡
∑3
i=1 ∂

2
i , RAIJB = GACRCIJB , the Riemann tensor RCIJB is given

in (4.13) and

DtQ̂
A =

˙̂
QA + ΓABC φ̇

BQ̂C (4.20)

D2
t Q̂

A =
¨̂
QA +

(
∂DΓABC + ΓADEΓEBC

)
φ̇Dφ̇BQ̂C + ΓABC φ̈

BQ̂C

+ 2ΓABC φ̇
B ˙̂
QC , (4.21)

such that[
D2
t + 3HDt

]
Q̂A − RAABCDφ̇Bφ̇CQ̂D =

¨̂
QA + 3H

˙̂
QA + 2ΓABC φ̇

B ˙̂
QC

− ΓABC(∂BV )Q̂C + (∂DΓABC)φ̇Bφ̇CQ̂D , (4.22)

where we made use of Eq. (4.17) and of,

RABCD = ∂CΓABD + ΓACEΓEDB − ∂DΓABC − ΓADEΓECB . (4.23)

The nonvanishing Christoffel symbols are,

Γφφf = Γφfφ = − 1

2f

Γfφφ =
−2ξ

M2
P

f−1

6ξ+(1−6ξ)f

Γfff =
1

2

[
1−6ξ

6ξ+(1−6ξ)f
− 2

f
− 1

f−1

]
. (4.24)

The next natural step is canonical quantisation, according to which the fields φA

and their canonical momenta

πA(x) =
δS

δ∂0φA(x)
= a3GAB

∂0φ
B

N(t)
(4.25)

2If one understands Ḣ = dH/[N(t)dt], H(t) = d ln(a)/[N(t)dt] and DtφA as φ̇A =
dφA/[N(t)dt], the background equations (4.15–4.16) and (4.17) become time reparametrization invariant,
and thus can be easily converted to any other definition of time, e.g. conformal time for whichN(t) = a(τ)
and dt = dτ .
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satisfy canonical commutation relations,

[φ̂A(t, ~x), π̂B(τ, ~x′)] = i~δABδ3(~x−~x′) (4.26)

while the fields (and their canonical momenta) mutually commute.
Since the procedure for studying the dynamics of quantized linear curvature per-

turbations is standard [134], here we outline just its main steps, while some useful
technical details are relegated to the Appendix. The quantum fields that exhibit ki-
netic and potential mixing (which are both evident from (4.8–4.9) and (4.19)) can be
decomposed into spatial momentum modes as,

Q̂A(x) =

∫
d3k

(2π)3

∑
α=1,2

(
ei
~k·~xqAα(t, k)âα(~k) + e−i

~k·~x[qAα(t, k)]∗â†α(~k)
)
, (4.27)

where qAα(t, k) are matrix valued mode functions, â†α(~k ) and âα(~k ) (α = 1, 2) are
the creation and annihilation operators in the instantaneously diagonal basis, which
obey,

[âα(~k ), â†α′(
~k′ )] = (2π)3δαα′δ

3(~k − ~k′) , [âα(~k ), âα′(~k
′ )] = 0 ,

[â†α(~k ), â†α′(
~k′ )] = 0 . (4.28)

The spectra of different field components can be then defined as,

PA(t, k) =
k3

2π2

∑
α=1,2

|qAα (t, k)|2 , (4.29)

where the normalization of the modes qAα (t, k) can be determined from the Wronskian,∑
α

[
qAα(t, k)παB(t, k)∗ − qAα(t, k)∗παB(t, k)

]
= ıδAB , (4.30)

where παB(t, k) are the mode functions of the canonical momenta (4.63).
These quantities are, however, not directly observable. In order to reach observable

spectra, it is convenient to define the adiabatic and entropic directions in field space as
follows,

‖φ̇A‖ ≡ σ̇ =

√
GABφ̇Aφ̇B , σ̂A ≡ φ̇A

σ̇
, (4.31)

such that the norm of the entropic vector is unity, ‖σ̂A‖ = 1. In terms of these quanti-
ties the background Friedmann equations (4.15–4.16) simplify to,

H2(t) =
1

3M2
P

(
σ̇2

2
+ V (φA)

)
(4.32)

Ḣ = − σ̇2

2M2
P

. (4.33)
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and the background field equation (4.17) for the adiabatic mode σ becomes identical
to that of one field inflation,

σ̈ + 3Hσ̇ + ∂σV = 0 , (4.34)

where ∂σV = σ̂A∂AV (φB). Note that, just as in the one field case, Eq. (4.34) can
be derived from Eqs. (4.32–4.33) by taking a time derivative of (4.32). Eqs. (4.33)
suggest the following definition of the principal geometric slow roll parameter,

ε = − Ḣ

H2
=

σ̇2

2M2
PH

2
. (4.35)

By projecting Eq. (4.19) onto σI , one can then show that the equation of motion for
Qσ = σAQ

A reads,

Q̈σ + 3HQ̇σ +

[
−∇

2

a2
+Mσσ − ω2 − 1

M2
Pa

3

d

dt

(
a3σ̇2

H

)]
Qσ

= 2

[
∂

∂t
− ∂σV

σ̇
+ εH

]
(ωQs) , (4.36)

where
Mσσ = σ̂Aσ̂B∇A∇BV (φC) (4.37)

is the adiabatic mass term and

ωA = Dtσ̂A =
σ̂Aσ̂B∂BV − ∂AV

σ̇

ω = ‖ωA‖ =
√
GABωAωB =

√
(∂AV )(∂AV )− (σ̂B∂BV )2

σ̇
(4.38)

defines the turning rate, which is by definition orthogonal to σ̂A, ωAσ̂A = 0, and
can be used to define a convenient othognormal base of perturbations. Indeed, we can
define a unit turning vector as,

ω̂A =
ωA

ω
=

σ̂Aσ̂B∂BV − ∂AV√
(∂AV )(∂AV )− (σ̂B∂BV )2

, ‖ω̂A‖ = 1 & σ̂Aω̂A = 0 ,

(4.39)
which can be used to project out the entropy perturbation,

Qs = σ̂BQ
B , (4.40)

Note that since ω̂Aσ̂A = 0 are orthogonal, the adiabatic and entropy (or isocurvature)
perturbations, {Qσ, Qs}, denote the two orthogonal perturbations (since we have only
two fields, this completes the procedure of diagonalization of the perturbations).

The effective mass in the evolution equation (4.36) for the adiabatic perturbations
Qσ does not depend on the configuration space curvature (which drops out due to
a Bianchi identity), but it acquires a negative contribution from the turning rate ω2.
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Note also that the source on the right hand side of (4.36) is entirely due to the entropy
perturbation Qs.

The entropy perturbation obeys, 3

Q̈s + 3HQ̇s +

[
−∇

2

a2
+Mss + 3ω2 − 1

2
σ̇2R

]
Qs = −4M2

P

ω

σ̇

∇2

a2
Ψ , (4.41)

where the mass term and the curvature contributions read,

Mss = ω̂Aω̂B∇A∇BV (φC) , Rsσσs = ω̂Aω̂BRAIJBσ̂I σ̂J =
R
2

(4.42)

and Ψ is the Bardeen’s spatial (gauge invariant) potential. Note that – unlike in the
case of the adiabatic perturbation – the turning rate contributes positively to the mass
term of the entropy mode (see, however, Eq. (4.50) below). Furthermore, while in
the adiabatic mode equation the configuraton space curvature does not contribute, it
does contribute to the mass of the entropy perturbations as, −σ̇2R/2 = −εM2

PH
2R,

which is positive (negative) for a negatively (positively) curved configuration space
manifold.

The equations for the perturbations (4.36) and (4.41) can be closed by making use
of the relation between the bardeen potential and the curvature and entropy perturba-
tions,

∇2

a2
Ψ = εH

[
Ṙc + 2ωS

]
=

√
2εH

2MP

[
Q̇σ −

1

2
ε2HQσ + 2ωQs

]
(4.43)

where, in the last step, we used the following relations between the curvarture pertur-
bationRc and the entropy perturbation S and our variables Qσ and Qs,

Rc =
H

σ̇
Qσ =

1√
2εMP

Qσ (4.44)

S =
H

σ̇
Qs =

1√
2εMP

Qs , (4.45)

and we have introduced the second geometric slow roll parameter,

ε2 =
ε̇

εH
. (4.46)

Next, it is convenient to introduce the directional adiabatic and entropy covariant
derivatives as,

Dσ ≡ σ̂A∇A , Ds ≡ ω̂A∇A (4.47)

Of course, ifDσ andDs act on a scalar quantity φ, they will act as ordinary derivatives,
and we shall denote them to indicate that, i.e. Dσφ = σ̂A∂Aφ ≡ ∂σφ and Dsφ =

3Since we are considering here only the two fields case, our equation for the entropy perturbation (4.41)
is simpler than the more general one presented in [136], which holds for general multifield case.
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ω̂A∂Aφ ≡ ∂sφ. Armed with these, one can show thatMσσ in (4.37) can be rewritten
as,

Mσσ = σ̂A∇Aσ̂B∇BV (φC)− 1

σ̇
(Dtσ̂

B)∇BV (φC) = D2
sV −

ω

σ̇
∂sV = D2

sV +ω2 ,

(4.48)
where we made use of (4.38–4.39) and of ∂sV = −ωσ̇; the last equality follows
from (4.38).

Upon making use of (4.42–4.43) and (4.48) in (4.36) and (4.41) we obtain the
following equations,

Q̈σ+3HQ̇σ+

[
−∇

2

a2
− 1

2
ε2

(
3−ε+ 1

2
ε2+ε3

)
H2

]
Qσ

= 2
[
Dt+

(
3+

ε2
2

)
H
]

(ωQs) , (4.49)

Q̈s + 3HQ̇s +

[
−∇

2

a2
+Mss − ω2 − εH2M2

PR
]
Qs

= −2ω

[
Q̇σ −

1

2
ε2HQσ

]
, (4.50)

where we made use of,

∂σV = −3Hσ̇ − σ̈ = −
√

2ε
(

3− ε+
ε2
2

)
MPH

2 , σ̇ =
√

2εMPH (4.51)

and its directional derivative, Dσ = (1/σ̇)Dt, 4

D2
σV = ∂2

σV =

(
6ε− 3

2
ε2 +

5

2
εε2 − 2ε2 − 1

4
ε22 −

1

2
ε2ε3

)
H2 , ε3 ≡

ε̇2
ε2H

.

and we have converted, when possible, to slow roll parameters. Notice that the form
of the adiabatic equation (4.49) is such that the only difference between the corre-
sponding one field equation and (4.49) is that in the multi-field case, the adiabatic
perturbation is sourced by the entropy perturbation, whose precise form is shown on
the right hand side of (4.49).

In view of (4.44–4.45), equations (4.49–4.50) can be easily converted into equa-
tions forRc and S,

R̈c+(3 + ε2)HṘc−
∇2

a2
Rc = 2

[
Dt+

(
3+ε2

)
H
]

(ωS) (4.52)

S̈+(3+ε2)HṠ+

[
−∇

2

a2
+Mss−ω2+

(
∆ε−εM2

PR
)
H2

]
S =−2ωṘc , (4.53)

where

∆ε =
ε2
2

(
3− ε+

1

2
ε2 + ε3

)
. (4.54)

4Since ∂σV is a scalar quantity, we then have Dσ(∂σV ) = ∂2
σV .
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As one could have expected, the mass term (∝ Rc) has completely disappeared from
the equation for the curvature perturbationRc, which must be so also in the multifield
case. What is also interesting is that the same operator as it acts on Ṙc, acts in the
source on ωS. Upon rewriting (4.52) as,

[Dt + (3 + ε2)H]
(
Ṙc − 2ωS

)
=
∇2

a2
Rc , (4.55)

we see that, on super-Hubble scales, on which ‖∇2‖ � (aH)2, the following quantity
is conserved,

exp

(∫ n (
3 + ε2(n′)

)
dn′
)[
Ṙc(n, ~x)− 2ω(n)S(n, ~x)

]
= const. , (4.56)

where we introduced the number of e-foldings, n = ln(a) (∂t = H∂n). This means
that the (rate of change of the) curvature perturbation on super-Hubble scales is given
by,

Ṙc(n, ~x) =
[
Ṙc(n∗, ~x)− 2ω(n∗)S(n∗, ~x)

]
e−

∫ n
n∗

(
3+ε2(n′)

)
dn′ + 2ω(n)S(n, ~x) ,

(4.57)
where n = n∗ is chosen such that the gradient term on the right hand side of Eq. (4.55)
can be neglected, which is the case when ‖∇2‖/(aH)2 evaluated at n = n∗ is suf-
ficiently small when compared with unity. Hence, in order to calculate the spectrum
of the curvature perturbation, we need to know how the entropy perturbation evolves
in time. Since Eq. (4.53) cannot be solved in general, we shall solve it in slow roll
approximation, which is what we do next.

4.3.1 Slow roll analysis
Equations (4.52–4.53) are easy enough such that they can be analyzed in slow roll
approximation. We shall perform our analysis in two steps. In step 1 we determine the
spectra at a scale close to the Hubble scale. This analysis can be done at the leading
(zeroth) order in slow roll parameters, but the gradient operators must be kept. In
step 2 we shall study the evolution of the curvature perturbation on super-Hubble
scales induced by the entropy perturbation, again to the leading order in slow roll
approximation.

Step 1. Observe firstly that at the zeroth order in slow roll, Eqs. (4.52–4.53) sim-
plify to,

R̈c+3HṘc−
∇2

a2
Rc ≈ 0 (4.58)

S̈+3HṠ− ∇
2

a2
S ≈ 0 , (4.59)

where we made use of the fact that the coupling between the perturbations is sup-
pressed by the turning rate, ω = ηωH , which we assume to be suppressed in slow roll
approximation, i.e. ηω � 1.
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Since the perturbations decouple, it is easy to solve Eqs. (4.60–4.61). When written
in terms of (conformal) time, dτ = (N/a)dt, Eqs. (4.60–4.61) become,

R′′c +2HR′c−∇2Rc ≈ 0 (4.60)
S ′′+2HS ′−∇2S ≈ 0 , (4.61)

where R′c = ∂τRc and H = aH = (d/dτ) ln[a(τ)] is the conformal expansion rate,
which in this approximation is simply, H ≈= −1/τ (τ < 0). In order to obtain the
spectra on sub-Hubble scales, one ought to solve the quantum version of (4.60–4.61),
i.e. one ought to promoteRc and S to operators,Rc → R̂c, S → Ŝ, which satisfy the
following canonical commutation relations (~ = 1),[
R̂c(t, ~x), Π̂Rc(t, ~x

′
]

= iδ3(~x− ~x ′) ,
[
Ŝ(t, ~x), Π̂S(t, ~x ′

]
= iδ3(~x− ~x ′) (4.62)

and all other commutators vanish. Here we have introduced canonical momenta,

Π̂Rc = 2εM2
Pa

2R̂′c , Π̂S = 2εM2
Pa

2Ŝ ′ . (4.63)

Upon transforming into the spatial momentum space (cf. Eq. (4.27)), from (4.61) we
obtained the mode equationsRc(τ, k) and S(τ, k) (k = ‖~k‖),

R′′c−
2

τ
R′c+ k2Rc ≈ 0 , S ′′+ 2

τ
S ′+ k2S ≈ 0 , (4.64)

which can be solved in terms of the Hankel functions of index ν = 3/2. The normal-
ization can be determined (up to Bogolyubov transformations) from the Wronskian
conditions (cf. Eq. (4.30)),

Rc(τ, k)Π∗Rc(τ, k)−R∗c(τ, k)ΠRc(τ, k) = i ,

S(τ, k)Π∗S(τ, k)− S∗(τ, k)ΠS(τ, k) = i . (4.65)

Notice that here the mode functions are ordinary functions, which is to be contrasted
with the general case (4.27), in which they are matrix valued. Here we make the sim-
plest – positive frequency – choice of the vacuum (also known as the Bunch-Davies
or Chernikov-Tagirov vacuum), and we obtain,

Rc(τ, k) =
H2

0

2
√
εk3

(1 + ikτ) eikτ , S(τ, k) =
H2

0

2
√
εk3

(1 + ikτ) eikτ . (4.66)

These short-wavelength solutions can be inserted into the standard formulas for the
spectra,

PR(τ, k) =
k3

2π2
|Rc(τ, k)|2 = PR∗

(
k

k∗

)nR−1

(4.67)

PS(τ, k) =
k3

2π2
|S(τ, k)|2 = PS∗

(
k

k∗

)nS
(4.68)
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which are valid up to mildly super-Hubble scales τ = τ∗ (on which k/a∗ � H∗ with
a∗ ≡ a(τ∗) and H∗ ≡ H(τ∗)). Upon inserting (4.66) into (4.67–4.68) we obtain,

PR∗ =
H2
∗

8π2ε∗M2
P

, PS∗ =
H2
∗

8π2ε∗M2
P

, (4.69)

where we neglected the conformal parts, which come as a multiplicative factor 1 +
k2/(a∗H∗)

2 in (4.69), which is justified on super-Hubble scales. The spectral indices
in (4.67–4.68) are then obtained in a standard manner, by taking a derivative with
respect to ln(k) and setting it to the Hubble crossing scale, k = aH . The result is, to
leading order in slow roll,

[nR − 1]1 = −2ε− ε2 , [nS ]1 = −2ε− ε2 (4.70)

where all quantities are evaluated at the fiducial scale k∗ = a∗H∗. This completes our
analysis of short scales.

Step 2. As we have shown in Eq. (4.57) above, in the two field case the curvature
perturbation is not constant on super-Hubble scales, but it is sourced by the entropy
perturbation, which in turn can modify its spectrum. In order to make progress, in what
follows we shall solve the evolution equations (4.52–4.53) on super-Hubble scales, but
now keeping the linear slow roll corrections.

Indeed, when the entropy field massMss
5 and the turning rate ω are small, i.e.

when,

Mss ≡ ηssH2 , ω ≡ ηωH , with |ηss|, ηω � 1 (4.71)

both satisfied, then the source on the right hand side of (4.53) can be approximated by,
−2ωṘc ' −4ω2S, such that, on super-Hubble scales, Eq. (4.53) simplifies to,

S̈+(3+ε2)HṠ+
(
ηss+3η2

ω+∆ε−εM2
PR
)
H2S ≈ 0 . (4.72)

Since the last term on the left hand side is suppressed by ε, and M2
PR is typically of

the order unity or smaller, all terms contributing to the effective mass of the entropy
perturbation are suppressed (at least linearly) by slow roll parameters. Notice next that
the form (4.72) of the equation for the entropy perturbation follows immediately from
Eq. (4.41), in which the source on the right hand side is suppressed by the Laplacian
of the Bardeen potential, and hence can be neglected on super-Hubble scales. Equa-
tion (4.72) tells us that on super-Hubble scales S approximately decouples from Rc,
implying that one can first solve (4.72) for the entropy perturbation, and then insert
the solution into the equation for the curvature perturbation (4.57) to get the desired
spectrum.

5The opposite limit, whenMss � H2 is rather easy, since in this case one can use adiabatic approx-
imation to solve for the mode functions of the entropy perturbation. Since in this case the effect of the
entropy perturbation on the curvature perturbation is expected to be small on super-Hubble scales, we do
not consider this case any further.
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To the leading order in slow roll parameters and on super-Hubble scales Eq. (4.53)
simplifies to,

∂nS = − 1

3−ε+ε2
[(
ηss+∆ε+3η2

ω−εM2
PR
)
S+∂2

nS
]
≈ 0

≈ −1

3

(
ηss+3η2

ω+
3

2
ε2−εM2

PR
)
S , (4.73)

where ∂n is a derivative with respect to the number of e-foldings n (defined by dn =
HN(t)dt) and we kept only the leading (linear) order terms in slow roll (S ′′ is of
higher (second) order in slow roll). Eq. (4.73) can be easily solved,

S(n, ~x) ≈ S(n∗, ~x) exp

[
−1

3

∫ n

n∗

dñ
(
ηss+3η2

ω+
3

2
ε2−εM2

PR
)]

, (4.74)

which tells us how S(n) evolves on very large scales, where n > n∗. This evolution
results in an additional contribution to the spectral index nS (cf. Eq. (4.70)) 6 of the
form,

[nS ]2 =
2

3
ηss+2η2

ω+ε2−
2

3
εM2

PR , (4.75)

where all parameters in (4.75) are evaluated at n = n∗. In fact, evaluating these quan-
tities at a different time is permitted, since that would lead to a result that differs at
higher order in slow roll, and thus is immaterial for the present analysis.

We are now ready to consider the adiabatic perturbation. Integrating Eq. (4.57) and
neglecting the first term (which amounts to neglecting the decaying mode), we obtain,

Rc(n, ~x) ≈ Rc(n∗, ~x) + 2

∫ n

n∗

ηω(n′)S(n′, ~x)dn′

≈ Rc(n∗, ~x)

[
1 + 2

∫ n

n∗

ηω(n′)TS(n′, ~x;n∗)dn
′
]

(4.76)

where, to get the last result, we made use of Rc(n∗, ~x) ≈ S(n∗, ~x) and we have
introduced the transfer function for the entropy perturbation (see (4.74)) ,

TS(n, ~x;n∗) ≡
S(n, ~x)

S(n∗, ~x)
= exp

[
−1

3

∫ n

n∗

dñ
(
ηss+3η2

ω+
3

2
ε2−εM2

PR
)]

. (4.77)

Now upon taking derivative of the logarithm of (4.76) with respect to ln(aH) ≈ n,
multiplying by 2 and making use of (4.77), we get the following contribution to the
spectral index of the adiabatic perturbation due to its coupling to the entropy pertur-
bation,

[nR(n)− 1]2 = 4ηω(n)
e−

1
3

∫ n
n∗

(
ηss+3η2ω+

3
2 ε2−εM

2
PR
)
dñ

1 + 2 +
∫ n
n∗
ηω(n′)TS(n′, ~x;n∗)dn′

. (4.78)

6One can show that the spectral index of the entropy perturbation nS is twice the derivative with respect
to the Hubble crossing time, ln(aH) = n + ln(H) of the exponent of the solution given in (4.74) which
is, to leading order in slow roll, equal to the derivative with respect to n.
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Several remarks are now in order. Since ηω = ω/H is (by definition) positive, the
contribution of the entropy perturbation to the spectral index is positive. Next, the
entropy perturbation can via Eq. (4.77) contribute to the amplitude of the curvature
perturbation. Since ηω > 0 this contribution is generically positive and it becomes
more significant on larger scales (which is consistent with the observation that it posi-
tively contributes to the spectral index). Next, unless the transfer function is very large,
the contribution in the denominator can be neglected since it is suppressed the slow
roll parameter ηω � 1. Notice further that, even though the exponent of the transfer
function TS in (4.77) is suppressed by slow roll parameters, it is not necessarily small
because of the integral. This integral produces an enhancement factor of ' n − n∗,
which for sufficiently late times can be much larger than one, and thus compensate the
smallness of the slow roll parameters. For that reason it is important to keep that term
in Eq. (4.78) even though naı̂vely one would be tempted to conclude that it is higher
order in slow roll parameters. For that reason, the sign of the exponent in (4.77) mat-
ters. If the sign of the integrand ηss+3η2

ω+ 3
2ε2−εM

2
PR is positive (negative), the

transfer function TS(n, ~x;n∗) decreases (increases) in time, which in turn implies that
the contribution of the entropy perturbation to the spectral index decreases (grows) in
time, rendering the adiabatic spectrum less (more) red.

To conclude, the principal results of this section are the formulas (4.69) and (4.67)
for the spectrum of of the adiabatic and entropy perturbation, with the spectral indices
given in Eqs (4.70), (4.75) and (4.78) which, when summed, yield,

nR = 1− 2ε− ε2 + 4ηω(n)
e−

1
3

∫ n
n∗

(
ηss+3η2ω+

3
2 ε2−εM

2
PR
)
dñ

1 + 2
∫ n
n∗
ηω(n′)TS(n′, ~x;n∗)dn′

(4.79)

nS = −2ε+
2

3
ηss+2η2

ω−
2

3
εM2

PR . (4.80)

Unless either the turning rate or the transfer function TS is rather large, the contri-
bution of the ratio in (4.79) can be approximated by unity. In this case the adiabatic
spectral index simplifies to,

nR ≈ 1− 2ε− ε2 + 4ηω (4.81)

such that the principal contribution of the entropy perturbation to the spectral index
of the curvature perturbation, δSnR ≈ 4ηω = 4ω/H , comes from the turning rate ω
(expressed in units of H). Similarly, while the curvature spectrum gets a correction
from the entropy perturbation through the transfer function TS shown in (4.76), this
correction is typically small and can be neglected, unless either the turning rate ω or
the transfer function TS is quite large. What is also interesting in (4.81) and (4.80) is
that, while the curvature of the configuration space contributes to the spectral index of
the entropy perturbation, it does not contribute to the spectral index of the curvature
perturbation.
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4.3.2 Explicit form for slow roll parameters
In this subsection we give explicit forms for the slow roll parameters. The Hubble pa-
rameter and the principal slow roll parameter are given by (to leading order in deriva-
tives),

H2 ≈ V (φA)

3M2
P

, ε =
σ̇2

2M2
PH

2
≈ M2

P

2

(∂AV )(∂AV )

V 2
. (4.82)

The higher order slow roll parameters are,

ε2 = −M2
P

(
∂A ln(V )

)
∂A
[(
∂B ln(V )

)
(∂B ln(V ))

]
(∂C ln(V )) (∂C ln(V ))

(4.83)

ε3 = M2
P

(
∂A ln(V )

) [∂A {(∂B ln(V )
)
∂B
[(
∂C ln(V )

)
(∂C ln(V ))

]}
(∂I ln(V )) ∂I [(∂J ln(V )) (∂J ln(V ))]

(4.84)

−
∂A
[(
∂B ln(V )

)
(∂B ln(V ))

]
(∂C ln(V )) (∂C ln(V ))

]
,

where the last term in (4.84) equals to ε2 and we have used the ∂n ln(ε) = (∂nφ
A)∂A ln(ε)

and the definition of ε3 = ∂n ln(ε2).

Figure 4.2: The spectral index nR from Eq. (4.81) is shown as a function of the cur-
vaton field f (horizontal axis) and the inflaton condensate φ/MP for negative non-
minimal couplings: ξ = −0.001 (left panel) and ξ = −0.01 (right panel). The values
of the parameters are: mχ = 10−7, λ = 10−1, λχ = 10−12 and V0 = 10−9.

Based on the above expressions in figure (4.2) we plot the spectral index of the
curvature perturbation (red surface) which, in the limit of a small transfer function TS
(i.e. a small turning rate ω/H), can be well approximated by (4.81). The lower and
upper Planck collaboration limits on the scalar spectral index, nR = 0.9649±0.0042,
are also shown (green and blue horizontal planes, respectively). The spectral index
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nR is shown as a function of f (horizontal axis) and φ/MP (the axis pointing into
the paper) and the noniminimal coupling. We see that the values which are consistent
with the observations typically corresponds to f in the range from 1 to 2 and rather
small, negative nonminimal couplings. The value of φ is not very relevant, since for
the exponential inflaton potential we consider in this work (4.4), a shift in φ can be
always compensated by a multiplicative change in V0.

Next we need is the unit vectors σ̂A and ω̂A and the turning rate ω (4.38). From
Eq. (4.31) we know that σ̂A = φ̇A/σ̇, which in slow roll approximation becomes,

σ̂A ≈ − ∂AV

‖∇V ‖
, ‖∇V ‖ =

√
(∂AV )(∂AV ) . (4.85)

To get the turning rate ωA, one inserts the slow roll result (4.85) into the definition
(4.38) to obtain,

ω2 = ‖ωA‖2 ≈ M2
P

3V

{(
∂A‖∇V ‖

)
(∂A‖∇V ‖)−

[(
∂AV

)
(∂A‖∇V ‖)

]2
‖∇V ‖2

}
,

(4.86)
where we made use of ωA = σ̇σ̂B∇Bσ̂A and σ̂A = −(∂AV )/‖∇V ‖. Eq. (4.86) then
immediately implies,

η2
ω =

ω2

H2
≈ 3M2

P

V
ω2 . (4.87)

In figure 4.3 we illustrate how η2
ω = ω2/H2 defined in (4.87) and (4.86) depends

on the curvaton field condensate f = 1 − ξχ2/M2
P and on the nonminimal coupling

ξ < 0. The generic trend is that the turning rate peaks at a rather small field value,
f ' 1 (−ξχ2 � M2

P), and then decays as f increases. Furthermore, the peak value
of η2

ω increases as −ξ increases, which means that the coupling between the curvature
and entropy perturbations becomes stronger, as can be seen from e.g. Eq. (4.52).

The unit turning vector is formally,

ω̂A =
σ̇

ω

∂BV

‖∇V ‖
∇B

∂AV

‖∇V ‖
, (4.88)

where σ̇ ≈ MP‖∇V ‖/
√

3V . While this expression is formally correct and can be
used to construct ω̂A, there is an easier way to proceed, namely to use ‖ω̂A‖ = 1 and
σ̂Aω̂A = 0, which uniquely fix it to,

ω̂A ≈

 ∂2V

‖∇V ‖
√

det[GAB ]

− ∂1V

‖∇V ‖
√

det[GAB ]

 . (4.89)

Even though this expression looks noncovariant, it is in fact covariant, as its covariant
form is given by (4.88). It is nevertheless simple, and thereby convenient to use in
practical calculations.
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Figure 4.3: The dimensionless turning rate η2
ω = ω2/H2 calculated in slow roll ap-

proximation (4.86) as a function of the curvaton field f and for negative non-minimal
couplings: ξ = −0.01 (blue dashed curve on the left panel), ξ = −0.001 (black solid
curve on the left panel), ξ = −0.1 (solid black curve on the right panel), ξ = −1 (blue
dashed curve on the right panel). The scale at the vertical axes is logarithmic, while at
the horizontal axes it is linear.

Next, we need a slow roll expression forMss defined in (4.42), or equivalently the
corresponding slow roll parameter ηss =Mss/H

2. Making use of (4.88) and (4.86),
after some algebra, one gets,

Mss =
[
‖∇V ‖2

(
∂A‖∇V ‖

)
(∂A‖∇V ‖)−

[(
∂AV

)
(∂A‖∇V ‖)

]2]−1

×

{
‖∇V ‖2

(
∂A‖∇V ‖

) (
∂B‖∇V ‖

)
∇A∇BV

− 2‖∇V ‖
(
∂AV

)
(∂A‖∇V ‖)

(
∂B‖∇V ‖

)
(∂B‖∇V ‖)

+

[(
∂AV

)
(∂A‖∇V ‖)

]3
‖∇V ‖

}
, (4.90)

where the denominator comes from multiplying by σ̇2/ω2.
Next, from equation (4.80) we also need contribution from the configuration space

curvature,

−εM2
PR ≈ (−ξ)M2

P

‖∇V ‖2

V 2

−6ξ−2(1−6ξ)f+(1−6ξ)f2

[6ξ+(1−6ξ)f ]2
, (4.91)

where we made use of (4.82) and (4.13). When ξ < 0 (for which f > 1), the curvature
term (4.91) contributes positively to the spectral index of the entropy perturbation.

Figure 4.4 shows four panels illustrating the spectral index nS of the entropy per-
turbation defined in Eq. (4.80) as a function of the curvaton and inflaton condensates.
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Figure 4.4: The spectral index of the entropy perturbation nS defined in Eq. (4.80) as
a function of the fields f and φ/MP. Each of the panels represents one nonminimal
coupling. On the top left panel ξ = −0.001, on the top right panel ξ = −0.01, on the
bottom left panel ξ = −0.1, and finally on the bottom right panel ξ = −1. The general
trend is that nS becomes more and more negative as |ξ| increases, i.e. the spectrum
becomes more red and thus its fluctuations grow on very large scales. The values of
the parameters are: mχ = 10−7, λ = 10−1, λχ = 10−12 and V0 = 10−9.

The four panels illustrate the dependence of the spectral index nS on the nonmini-
mal coupling ξ < 0. The general trend is that the spectral index nS becomes more
negative as ξ becomes more negative, indicating that the spectrum of the entropy per-
turbation grows faster on very large scales, which means that the entropy perturbation
dominates over the curvatre spectrum of the single field adiabatic model. When com-
bined with the observation that also the turning rate! (4.86) grows with increasing −ξ
(see figure 4.3), this suggests that, as ξ becomes more and more negative, the energy
between the entropy and the curvature perturbations gets more efficiently transferred,
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suggesting that the curvaton mechanism is more effective for larger |ξ|’s, however – as
we argue below – |ξ| cannot be much larger than unity. A detailed study of the precise
consequences of these crude observations we leave for future work.

Finally, in order to evaluate the transfer function TS (4.77) (see also (4.78)), we
need to integrate slow roll suppressed terms over the number of e-foldings n. The
number of e-foldings can be expressed in slow roll as,

n(φA) =

∫ t

Hdt ≈ 1

M2
P

∫ σ V

‖∇V ‖
dσ′ , (4.92)

where dσ = σ̇dt = (∇Aσ)dφA is used as the clock during inflation. Inflation ends at
a point when,

ε(φAe ) ≡ εe = 1 . (4.93)

However, these formulas are not useful as long as we do not have an explicit expres-
sion on how the fields depend on the number of e-foldings, φA = φA(n). In what
follows we use the slow roll relation, dφA ≈ −(∂AV )/(3H2)dn, to obtain,

dn2 =
V 2

‖∇V ‖2M4
P

GABdφAdφB =
1

2εM2
P

GABdφAdφB . (4.94)

This expression can be, at least in principle, used to obtain the functional dependence
of how n depends on the fields φA. For completeness, we shall also derive a relation-
ship that allows to express s = s(φA). Starting with ω̂A = σ̇

ω
∂CV
‖∇V ‖∇C

∂AV
‖∇V ‖ and

ds = ω̂Adφ
A, one can quite straightforwardly derive the desired expression,

ds2 =

(
∂A‖∇V ‖ − (∂AV )(∂CV )(∂C‖∇V ‖)

‖∇V ‖2

)(
∂B‖∇V ‖− (∂BV )(∂DV )(∂D‖∇V ‖)

‖∇V ‖2

)
(∂A‖∇V ‖) (∂A‖∇V ‖)− [(∂AV )(∂A‖∇V ‖)]2

‖∇V ‖2

×dφ
AdφB

M2
P

, (4.95)

which is rather complicated. Together with (4.94), this equation allows for construc-
tion of the curvilinear coordinates (n, s) from the original field coordinates (φA). The
advantage of using (n, s) (or equivalently (σ, s)) is that these coordinates have a direct
physical interpretation: the number of e-foldings n can be used to measure time in
inflation and (from ε(ne) = 1) to signal the end of inflation, while s can be used to
measures the distance between neighboring inflaton trajectories. Finally, in the con-
text of δN formalism, n = n(φA) can be used to study the spectrum of cosmological
perturbations.

The expression (4.94) defines the metric along which the fields move with the
number of e-foldings chosen as proper time, i.e. it defines φA = φA(n) in slow roll
approximation. In general, it is hard to integrate (4.94), as ε mixes φ and f ,

ε ≈
λ2V 2

φ

2V 2f3
+ (−8ξ)

f−1

6ξ+(1−6ξ)f

(
1−

m2
χM

2
P

−4ξ

1

V f
− λχM

4
P

24ξ2

f−1

V f

)2

, (4.96)
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where V (φ, χ) is the potential in Einstein frame (4.9) and we made use of

‖∇V ‖2 =
λ2V 2

φ

M2
Pf

3
+
−16ξ

M2
P

f−1

6ξ+(1−6ξ)f

(
V −

m2
χM

2
P

−4ξ

1

f
− λχM

4
P

24ξ2

(f−1)

f

)2

.

(4.97)
To make progress, it is useful to expand (4.96) for small and for large ξ. First recall that
we are interested in the curvaton model, in which Vφ � Vχ, such that upon making
use of,

V ≈ Vφ
f2

[
1 +

Vχ
Vφ

]
, (4.98)

we get the following simplified expression for ε (4.96),

ε ≈ λ2

2
f

[
1− 2

Vχ
Vφ

]
+ (−8ξ)

f−1

6ξ+(1−6ξ)f
. (4.99)

This expression can be further simplified by taking the |ξ| � 1 limit and assuming
f = O(1),

ε ≈ λ2

2
f − 8ξ

f−1

f
. (4.100)

When in addition, 16|ξ| � λ2 is satisfied, ε further simplifies to ε ≈ (λ2/2)f . Insert-
ing (4.100) into (4.94) gives,

dn2 =
1

λ2M2
P

 dφ2

f2 − 16ξ
λ2 (f − 1)

+
M2

P

−4ξ

df2(
f2 − 16ξ

λ2 (f − 1)
)

(f − 1)

 . (4.101)

where we used the expanded configuration space metric (4.12),

GAB ≈ diag

(
1

f
,
M2

P

−4ξ

1

f(f − 1)
+O(ξ0)

)
. (4.102)

One can think of the problem of finding n = n(φA) as being equivalent to a curved
space time with a configuration space metric,

HAB = diag

 1

λ2M2
P

1

f2 − 16ξ
λ2 (f − 1)

,
1

λ2(−4ξ)

1[
f2 − 16ξ

λ2 (f − 1)
]

(f − 1)

 .

(4.103)
We shall refer to HAB as a slow roll metric. Since (4.103) does not depend on φ,
∂φ is a Killing vector, implying a conserved configuration space momentum in the φ
direction, 7

Pφ = (∂φ)A
dφA

dn
=

1

λ2M2
P

1

f2 − 16ξ
λ2 (f − 1)

dφ

dn
. (4.104)

7Notice that the naı̂ve configuration space momentum, Gφφdφ/dn = (dφ/dn)/f is not conserved due
to nonvanishing gradient of the potential ∂AV and configuration space curvature.
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This conserved momentum can be used to convert (4.101) into an ordinary differential
equation for f(n),

df√[
f2 − 16ξ

λ2 (f − 1)
] [

1− λ2M2
PP

2
φ

(
f2 − 16ξ

λ2 (f − 1)
)]

(f−1)

= 2λ
√
−ξdn .

(4.105)
Since this is hard to integrate in general, we shall make additional assumptions, namely
that |ξ| is sufficiently small to satisfy,

−8ξ � λ2

2
≡ εφ , (4.106)

and that the conserved momentum is small, i.e.

P̃φ ≡
√

2εφMPPφ �
1

f
(4.107)

When keeping only the linear quantities in the perturbations, the integral simplifies to,∫
df

f
√
f−1

(
1+

8ξ

λ2

f−1

f2
+
P̃ 2
φ

2
f2

)
=

{
2

(
1+

ξ

λ2

)
Arctan

[√
f−1

]

−2ξ

λ2

2−f
f2

√
f−1 +

P̃ 2
φ

3
(f+2)

√
f−1

}∣∣∣∣∣
f

f∗

≈ 2λ
√
−ξ(n−n∗) , (4.108)

where we neglected the terms that are quadratic and higher order in the perturba-
tions (4.106–4.107). This then implies the following expression for n = n(f),

n(f) ≈ n∗ +
1√
−ξλ

[(
1 +

ξ

λ2

)
Arctan

[√
f − 1

]
− ξ

λ2

2− f
f2

√
f − 1 +

P̃ 2
φ

3
(f + 2)

√
f − 1−N (f∗)

]
, (4.109)

where N (f∗) is the same function of f as given in the curly brackets in (4.109) with
f → f∗.

In what follows, for simplicity we give expressions to the leading (zeroth) order
in the perturbations ξ/λ2 and P̃ 2

φ = λ2M2
PP

2
φ . If needed, one can always go back

to (4.109) to iteratively include the linear (and if desired higher) order corrections in
the perturbations. Eq, (4.109) can be inverted to yield 8

f(n) ≈ 1

cos2
[√
−ξλ(n− n∗) + Arctan

(√
f∗ − 1

)] , (4.111)

8By making use of tan(α + β) = [tan(α) + tan(β)]/[1− tan(α) tan(β)], f∗ can be pulled out of
the tangent in Eq. (4.111) to arrive at,

f(n) = 1 +

{
tan

[√
−ξλ(n− n∗)

]
+
√
f∗ − 1

1−
√
f∗ − 1 tan

[√
−ξλ(n− n∗)

]}2

. (4.110)
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Since 0 ≤ cos2(x) < 1, f > 1, as it should be. From (4.104) we can get φ(n),

φ(n) = φ∗ + λ2PφM
2
P

∫ n

n∗

[
f2(n′)− 16ξ

λ2

(
f(n′)−1

)]
dn′

≈ φ∗+
λM2

PPφ√
−ξ

{
tan

[√
−ξλ(n−n∗)+Arctan

(√
f∗−1

)]
×
[
1+

1

3
tan2

[√
−ξλ(n−n∗)+Arctan

(√
f∗−1

)]
−

√
f∗ − 1

]
− 2 + f∗

3

√
f∗ − 1

}
. (4.112)

Notice that, if Pφ = 0, then φ(n) ≈ φ∗ is constant. It is interesting to observe that
such a trajectory exists. The solutions (4.111) and (4.112) (or their improved versions
that include corrections to some order in the perturbations ξ/λ2 and P̃ 2

φ = λ2M2
PP

2
φ )

can be used in (4.77) and (4.76) to obtain the transfer function for the entropy pertur-
bation as well as evolution of the adiabatic perturbation on super-Hubble scales due
to its coupling to the entropy perturbation. Furthermore, one can obtain the spectral
index for the curvature perturbation (4.78). Since in general such evaluations involve
complicated integrals that cannot be dealt with analytically, we leave these for future
study.

Let us now consider large ξ limit. In this case Eq. (4.99) reduces to,

ε ' 4

3
+
λ2

2
f +O(ξ−1) (4.113)

where we again assumed the inflaton dominance, Vφ � Vχ. Note also that, in this limit
the Ricci curvature scalar of the configuration space (4.13) is negative and constant, 9

R ≈ − 1

3M2
P

+O(ξ−1) . (4.114)

This means that negative configuration space curvature prevents inflation from hap-
pening (it makes the inflaton potential too steep). This can be rigorously shown by
transforming to the frame in which the configuration space metric is of the form,
(dψ̃)2 + sinh2(ψ/

√
6MP)(dχ̃)2 (see Ref. [18] for details). The leading order be-

haviour in the potential for large field values is then ∝ exp(
√

8/3ψ̃/MP), which
corresponds to a coupling λ0 =

√
8/3, and the corresponding ε0 = λ2

0/2 = 4/3. It is

9One can easily show that the configuration space metric in the limit of ξ → ∞ can be reduced to that
of the Poincaré plane,

dS2 =
6M2

P

g2

[
dφ2 + dg2

]
where g = MP

√
6f . The corresponding Ricci scalar is equal to −2/(6M2

P), and thus constant and nega-
tive.
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interesting that the same asymptotically late time ε is reached in inflationary models
in Einstein frame driven by a cosmological constant and studied in [143].

To summarize, we have analysed the nonminimally coupled curvaton model and
found that, a large nonminimal coupling induces a large negative curvature of the
configuration space manifold, such that the principal slow roll parameter ε ' 4/3,
which is too large to be of interest for inflationary model building. On the other hand,
the model is viable when the nonminimal coupling ξ is small. In what follows we
analyze this model in the context of the curvaton scenario for small non-minimal
couplings.

4.3.3 The curvaton mechanism
By using the δN formalism [133, 134, 138, 139], the power spectrum of the curvature
perturbation can be represented by [140, 141]

PR =

(
rdec

∂n

∂χ

H∗
2π

)2

, (4.115)

where n = n(φ, χ) is the number of e-foldings at time n, H∗ = H(n∗) is the Hubble
rate at a near super-Hubble scale at which n = n∗ (cf. section 4.3.1) and rdec is the
contribution of the curvaton to the energy balance of the Universe at the time when it
decays and it is defined by,

rdec =
3ρ̄χ

3ρ̄χ + 4ρ̄rad
=

3Ωχ
3Ωχ + 4Ωrad

, Ωχ =
ρ̄χ

ρ̄χ + ρ̄rad
, Ωrad =

ρ̄rad

ρ̄χ + ρ̄rad
.

(4.116)
where ρ̄rad and ρ̄χ denote the average energy density in radiation and in the curvaton
fluid, respectively (Eq. (4.116) assumes that at the time when the curvaton decays the
principal contributions to the Universe’s energy are that of radiation and the curvaton).

The derivative ∂n/∂χ in (4.115) should be evaluated at the time of the onset of
the curvaton oscillations, defined by,∣∣∣∣ χ̇Hχ

∣∣∣∣ = |∂n ln(χ)| = 1 , (4.117)

which can be also written as,

|∂n ln(f − 1)| = 2 . (4.118)

Rigorously speaking equation (4.117) is not completely correct for a nonminimally
coupled curvaton. However, for the purpose of this work it represents a good enough
approximation. Curvaton oscillations can begin during inflation or after inflation. For
simplicity, in what follows we assume that oscillations begin during inflation. 10 From

10In order to study the case when oscillations begin after inflation during either radiation era (in which
ε = εr = 2) or during matter era (in which ε = εm = 3/2), one firstly ought to integrate Eq. (4.94)
for ε = εr/m = constant. In this case there are no forces acting due to gradient of the potential and
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Eq. (4.111) we easily obtain the following expression (valid to the leading order in ξ
and Pφ, cf. Eq. (4.109)),

dχ

dn
=

MP

2
√
−ξ
√
f−1

df

dn
=

MP√
f−1

λ tan
[√
−ξλ(n−n∗)+Arctan

(√
f∗−1

)]
cos2

[√
−ξλ(n−n∗)+Arctan

(√
f∗−1

)]
= MPλf. (4.122)

This result can be used in Eq. (4.118) to obtain,

fosc − 1

f2
osc

= −ξλ2 . (4.123)

It is most convenient to solve this equation for 1/fosc,

1

fosc
=

1

2

[
1 +

√
1 + 4ξλ2

]
, (4.124)

where we picked the plus sign in front of the square root on physical grounds (if one
assumes that 1 ≤ f ≤ 2, then 1 > 1/f > 1/2, which selects the positive root).

Next step is to insert (4.124) into (4.122), to get,(
dn

dχ

)
n=nosc

≈ 1 +
√

1 + 4ξλ2

2MPλ
. (4.125)

Upon inserting this into (4.115) we finally arrive at the following expression for spec-
trum of the curvature perturbation,

PR ≈ r2
dec

H2
∗

[
1 +

√
1 + 4ξλ2

]2
16π2M2

Pλ
2

. (4.126)

the conserved momentum is proportional to the usual conserved momentum on expanding spaces (which
equals to (dφ/dn)/f ),

Pr/m =
1

2εr/mM
2
Pf

dφ

dn
(4.119)

In general that integral is rather complicated√
−2ξεr/m(n− ne) =

∫ f

fe

df ′

2

√
f ′(f ′ − 1)

(
1− 2εr/mM

2
PP

2
r/m

f ′
) , (4.120)

where (fe, ne) denote f and n at the end of inflation. The integral in (4.120) can be solved in terms of
Elliptic functions of

√
f − 1. However, if one assumes f = 1 + δf and δf � 1, the leading order

expression for δf is rather simple and it is given by,

f ≈ fe +
(

1− 2εr/mM
2
PP

2
φ

)
(−2ξεr/m)(n− ne)2 . (4.121)

Even though including this contribution to the power spectrum is straightforward, for brevity of our analysis
and in order to keep our expressions simple, we shall not include it in this work. Instead, we make the
simplifying assumption that the curvaton begins oscillating during inflation and that assumption turns out
to be justified.
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Let us pause to try to understand this result. By assuming that the term ∝ ξ under
the square root in Eq. (4.124) is small, one can solve for χosc,

χ2
osc

M2
P

≈ λ2 = 2εφ , (4.127)

Next, from Eq. (4.100) we know that ε during inflation can be approximated by,

ε ≈ λ2

2
+

(
λ2

2
− 8ξ

)
(f − 1) = εφ

[
1 +

(
1− 8ξ

εφ

)
(f − 1)

]
, (4.128)

where we introduced εφ ≡ λ2/2 denotes the principal slow roll parameter of the single
field power low inflation driven by the exponential potential (4.4). On the other hand,
the leading order contribution to the power spectrum can be written in the form,

PR ≈ r2
dec

H2
∗ (1 + ξεφ)

8π2εφM2
P

. (4.129)

where we expanded the term in the nominator of (4.126) and made use of the fact that
the term∝ ξ is higher order and thus can be neglected. This is approximately the same
as the single field expression, PR ≈ H2

∗/(8π
2εφM

2
P). suggesting that the assumption

that the curvaton upon decay yields the main contribution to the curvature perturbation
fails. The situation can be improved upon realising we do not need to perform the
integral in (4.108) in order to include the conserved momentum correction. In fact,
when Pφ is included, one gets instead of (4.122)

dn

dχ
≈ 1

MPλf
√

1− λ2M2
PP

2
φf

2
. (4.130)

Now when this factor is included in the calculation of the power spectrum, one gets,

PR ≈ r2
dec

H2
∗ (1 + ξεφ)

8π2εφM2
P

1

1− λ2M2
PP

2
φ

, (4.131)

where we assumed fosc ≈ 1, which follows from (4.124). This can be significantly
larger than the power spectrum from the inflaton, which is the principal assumption of
the curvaton scenario.

Next, let us consider the spectral index nR of the curvature perturbation. The sim-
plest way of getting nR is to go back to the definition of the power spectrum (4.115)
and recall that nR − 1 = ∂ ln(PR)/d ln(k) evaluated near the Hubble crossing,
k ∼ (aH)∗. To leading order in slow roll, this becomes simply nR−1 ≈ ∂ ln(PR)/dn
which implies,

nR − 1 ≡ −2ε+ 2∂n ln

(
∂n

∂f

)
+ ∂n ln (f − 1) . (4.132)

Now making use of (the inverse of) (4.122) we immediately get,

nR − 1 ≈ −2ε− 4
√
−ξλ

√
f − 1 ≈ −2ε−

4|ξχ|
√

2εφ

MP
, (4.133)
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where all quantities are evaluated at n = n∗. From this result we see that the correction
to the spectral index of the curvature perturbation is:

(a) negative,

(b) suppressed linearly by the magnitude of the nonminimal coupling |ξ|, and

(c) suppressed by the square root of the single field slow roll parameter εφ.

From (4.132) we see that, when the curvaton is non-minimally coupled, the contribu-
tion to the spectral index due to the non-minimal coupling is always negative, even
if the coupling constant is small. This is due to the assumed inflaton dominance,
Vφ � Vχ, such in which limit any contribution due to the curvaton spectral index
is suppressed by, Vχ/Vφ, and thus small (we have neglected these corrections in the
above analysis).

The case of intermediate non-minimal couplings (|ξ| ∼ 1) may be of interest,
but requires numerical study and we leave it for future work. Likewise, we leave for
future work the question how non-minimal coupling affects the bispectrum and other
non-Gaussianities.

4.4 Curvaton decay

The principal idea behind the curvaton mechanism can be summed up as follows. The
curvaton, which is subdominant during inflation, scales as matter after it begins to os-
cillate in post-inflationary epoch, eventually could become a dominant component. If
the decay is delayed up to the moment when the curvaton dominates, the decay will
imprint the curvaton spectrum onto the curvature perturbation. Hence for the mecha-
nism to work it is of essential importance that the curvaton does not decay too soon
after inflation, i.e. that both perturbative and non-perturbative channels are slow in
comparison to the Hubble rate at the end of inflation.

Since curvaton decay has been studied extensively in the literature, in what follows
we briefly review perturbative and non-perturbative curvaton decay channels and then
study to some extent how the non-minimal coupling affects curvaton decay.

The perturbative heating of the post-inflationary universe was originally studied in
Refs. [145, 146, 147]. The inflaton may decay into its own fluctuations. If the principal
decay channel is governed by the interaction (4.4), then the inflaton will decay non-
perturbatively via parametric resonance [8] in time, tφ,decay ∼ [1/(2µmφ)] ln[12π2/λφ],
where 2µ ' 0.07 is the resonant growth rate, mφ is the inflaton mass at the end of
inflation (which is significantly smaller than the Hubble rate) and for simplicity we
have neglected the conformal rescaling of the inflaton field caused by the expansion,
φ ∝ 1/a(t). For λφ = 10−13 the above formula gives, tφ,decay ' 500/mφ, repre-
senting an upper estimate on the inflaton decay time. Of course, if the inflaton pos-
sess other decay channels, such as decays into other scalars [8], fermions or gauge
fields [148], which are typically more efficient and can be quite rapid (such that the
decay time is comparable to the Hubble time).



72 4.5. Conclusion

Typically the curvaton condensate will be small at the end of inflation, and thus
Eq. (4.10) applies,

δξ

(
Vχ(χ)

f2

)
'
ξm2

χ

M2
P

χ4 , (4.134)

implying an effective curvaton self-coupling, λχ ≡ 24ξm2
χ/M

2
P, which is negative for

ξ < 0. However, below the inflection point, the field mass term remains positive and
the curvaton decays predominantly via the regular parametric resonance, such that the
following formula applies,

tχ,decay '
1

2µχmχ
ln

(
4π2χ̄2(0)

H2(0)

)
, (4.135)

where χ̄(0) and H(0) are the curvaton amplitude and the Hubble rate at the end of
inflation, respectively. When deriving (4.135) we have assumed that the kinetic and
mass terms dominate the energy density of the curvaton, which is true if at all times,
(|λχ|/4)〈χ̂2〉 � m2

χ, or equivalently, |ξ|χ̄2(0)/M2
P � 1. One can estimate χ̄(0) as

(assuming ξ < 0),

−ξχ̄2(0)

M2
P

' (1− x2
∗)

4 exp

(
−

2m2
χ

3H2(0)
+ (1−6ξ)

)
� 1 , (4.136)

where, upon anticipating the result, we have replaced χJ by χE on the left hand side
of (4.136). Now, it is clear that the right hand side of (4.136) is typically much smaller
than one. To see that note that, when |ξ| � 1 Eq. (4.136) holds true if − ln(1−
x2
∗) + [m2

χ/(6H(0)2)] � 1 and when |ξ| � 1 it is true provided |ξ|{− ln(1−x2
∗) +

[m2
χ/(18H(0)2)]} � 1, which are obviously true as x∗ . 1. The curvaton decay time

in (4.136) ought to be compared with the analogous inflaton decay time,

tφ,decay '
1

2µφmφ
ln

(
4π2φ̄2(0)

H2(0)

)
, (4.137)

which – as explained above – gives an upper bound on the inflaton decay time. Since
typically, µφ ' µχ, φ̄2(0) � χ̄2(0) and mφ < mχ we see that tφ,decay > tχ,decay,
i.e. the curvaton will decay faster than the inflaton via its self-interaction generated by
the non-minimal coupling. That is of course not allowed as it would ruin the curvaton
scenario. Fortunately, there is a rather easy fix to that potential problem. Namely, as
mentioned above, the inflaton can decay much faster if it is coupled to scalar, fermionic
or gauge matter, which is what we ought to assume is the case. A more detailed in-
vestigation of the curvaton decay induced via the non-minimal couping is per se an
interesting question and we leave it for future work.

4.5 Conclusion
In this chapter, we investigate in some detail a simple curvaton scenario in which it is
nonminimally coupled to gravity. This class of models is important, especially when
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one realizes that non-minimally coupled scalars are generic in the sense that – even
if they are not present at the tree level – they will be generated by quantum effects.
The principal finding of this work is the observation that the non-minimal coupling can
help to keep alive a class of curvaton models that otherwise would be ruled out. Indeed,
as can be seen from Eq. (4.133), a small nonminimal coupling makes the spectral index
scalar cosmological perturbations redder, independently on the sign of the nonminimal
coupling. When the nonminimal coupling is large (|ξ| � 1) and the field rolls down
along the inflaton direction, then the principal slow roll parameter ε ' 4/3, which
is not compatible with inflation (in which ε < 1). This result resonates with the late
(postinflationary) behaviour of inflation driven by a cosmological constant studied in
Ref. [143].

Finally, in section 4.4 we briefly discuss the non-perturbative curvaton decay in-
duced by the non-minimal coupling and conclude that the curvaton scenarios are not
significantly altered provided the inflaton decays efficiently.

In this work we present a preliminary analysis of nonminimally coupled curvaton
models. Our analysis is encouraging and it invites for a more thorough investigation
of this class of models. In particular a better understanding is needed of questions
such as in precisely what ways the inflaton and curvaton mix in the curvature and
entropy perturbation. The question of what is the effect of the nonminimal coupling
on non-Guassianities in the curvaton scenario is particularly intriguing, since many
curvaton scenarios produce too large non-Gaussianties to be compatible with observa-
tions. Furthermore, it would be worthwhile investigating how the form of the inflaton
and curvaton potentials, as well as their interactions with matter fields, influence the
results presented in this work.





CHAPTER 5

Gravitational microlensing in Verlinde’s emergent gravity

Recently, Verlinde proposed an emergent gravity model [27], in which gravity is emer-
gent due to the quantum entanglement based onAdS/CFT . We propose gravitational
microlensing as a way of testing the emergent gravity theory. We consider two limiting
cases: the dark mass of maximally anisotropic pressures (Case I) and of isotropic pres-
sures (Case II). Our analysis of the perihelion advancement of a planet shows that only
Case I yields a viable theory. In this case the metric outside a star of mass M∗ can be
modeled by that of a point-like global monopole whose mass isM∗ and a deficit angle
∆ =

√
(2GH0M∗)/(3c3), where H0 is the Hubble rate and G the Newton constant.

This deficit angle can be used to test the theory since light exhibits additional bending
around stars given by, αD ≈ −π∆/2. This angle is independent on the distance from
the star and it affects equally light and massive particles. The effect is too small to be
measurable today, but should be within reach of the next generation of high resolution
telescopes. Finally we note that the advancement of periastron of a planet orbiting
around a star or black hole, which equals π∆ per period, can be also used to test the
theory.

5.1 Introduction

In light of Hawking-Bekenstein entropy [25, 24], Ted Jacobson [26] derived Einstein
equation from the thermodynamics laws of black hole. However, if we assume that the
holographic principle is correct [149, 150], it means that gravity should come from a
quantum theory.

The way of realizing gravity as an emergent theory has been an essential re-
search direction of the past decade. The first realization of holographic principle is the
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AdS/CFT [182, 151, 152], according to which Anti− de Sitter space is equivalent
to a conformal field theory (CFT) in one lower dimension. We can always translate
the dynamics of quantum field theory into a gravitational system. Due to the duality
of string theory, it even applies to such strong correlated system since one can trans-
form it into a gravitational problem which is a weakly coupled system [153, 154].
Another application of AdS/CFT for Kerr Black hole and QCD can be found in
Ref. [155, 156, 157].

Although great successes are achieved by AdS/CFT , however how to get the
generic spacetime from a certain quantum theory is still an un-solved problem. A
breakthrough happened for the calculation of the entanglement entropy based on the
holographic principle [158], according to which the minimal-surface area is equivalent
to the holographical entangled entropy of the CFT. Meanwhile, Ref. [158] points out
that the are law of the black hole is just a leading contribution from quantum states.
By implementing with this idea, one can build spacetimes through quantum entangle-
ment [159]. Consequently, it is natural to use quantum information theory to explore
the nature of emergent gravity. Especially for adopting the quantum error correction to
reconstruct the Ryu-Takayanagi formula [160]. Even the linear Einstein equation can
be derived from quantum entanglement [161]. In order to extract the precise informa-
tion from the perspective of quantum entanglement, one can use the tensor networks
to describe the holographic principle [162, 163].

However, so far no realistic Universe from quantum entanglement has been con-
structed. In spite of some efforts devoted to this goal, the results are still rather crude.
In view of string theory, one cannot get a stable de Sitter space as a consequence
of the swampland conjecture [164], authors even claim that one cannot get the slow
roll inflation. Although one can construct a so-called ”meta-stable De Sitter space”
by uplifting the vacuum from AdS through KKLT mechanism [165]. In light of the
holographic principle and entropic force [166], Verlinde proposed a non-relativistic
version of gravity [27], in which he pointed out that gravity is emergent from a hidden
quantum system. Verlinde derived the correction to the Newton gravity, which agrees
with modified Newtonian dynamics (MOND). Furthermore he claims that the theory
can naturally account for dark matter and dark energy.

The organization of the chapter is as follows. In Section 5.2, we propose the global
monopole metric as the relativistic generalisation of Verlinde’s theory. In Section 5.3,
we present the method to test its validity. In Section 5.4, our main result and discussion
are given. In Appendix 5.4, we give the calculational details of solving the Einstein
equation sourced by dark matter.

5.2 Global monopole metric

In a recent paper Eric Verlinde [27] has proposed a novel emergent gravity theory.
The most important claim of the theory is that dark matter has no particle origin,
but instead it is an emergent manifestation in modified gravity. Assuming spherical
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symmetry Verlinde obtains,∫ r

0

GMD(r′)2

r′2
dr′ =

cH0MB(r)r

6
, (5.1)

where H0 = 2.36 × 10−18 s−1 '
√

Λ/3 is the current Hubble parameter, Λ is the
cosmological constant (whose value is determined by the current dark energy density),
G = 6.674×10−11 m3/(kgs2) is the Newton’s constant, c ≈ 3×108 m/s is the speed
of light, MB(r) (MD(r)) is the baryonic mass (dark mass) inside a sphere of radius r.

Eq. (5.1) implies that for a star of uniform density ρ∗, M∗ = 4π
3 r

3ρ∗, inside the
star,

MD(r) =

√
2cH0M∗r5

3GR3
∗
∝ r5/2 , r < R∗ , (5.2)

where R∗ denotes star’s radius. On the other hand, outside the star, MD ∝ r, and we
have,

MD(r) =

√
cH0M∗

6G
×r , r ≥ R∗ . (5.3)

The main goal of this paper is to construct the metric tensor that consistently in-
corporates (5.1) within the Verlinde’s emergent gravity theory and to investigate how
that metric can be used to test the theory. The fundamental assumption we make is that
the theory admits metric formulation that can be obtained by solving suitably modi-
fied Einstein’s equations (5.23). In the Appendix we perform a detailed analysis of
such a theory. Unfortunately, we do not have all of the information needed to fully
specify the metric. A reasonable assumption is that the modified stress energy tensor
is diagonal, T ν

µ = diag[−ρ, Pr, Pθ, Pϕ], see (5.24). In the weak gravitational field
regime (which is of our principal concern here) that should be justified. This leaves us
with four unknown functions: energy density ρ (which we can determine from (5.1))
and three unknown pressures: Pr, Pθ, Pϕ. For spherically symmetric mass distribution
the two angular pressures must be equal, Pθ = Pϕ ≡ P⊥. The remaining pressures
are unknown, but are nevertheless tightly constrained by the TOV equation (5.41),
however not enough to be completely specifiable. Rather than attempting to extend
Verlinde’s theory to obtain a relationship between the energy density and pressures,
here we consider two simple and plausible Ansätze:

Case I: Field-like dark mass: P⊥ = 0;

Case II: Particle-like dark mass: P⊥ = Pr ≡ P .

In addition, in Case II, we assume that inside a star (where except at very small radii
baryonic contribution dominates) baryonic matter is non-relativistic, and hence PB �
ρB , implying also P � ρ.

The extensive analysis in the Appendix (cf. Eqs. (5.39), (5.50) and (5.68)) shows
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that the metric tensor is of the form,

ds2 = −
(

1−∆− 1−w′

2

H2
0r

2

c2
− 2GM∗

c2r

)(
r

rH

)(1+w′)∆

c2dt2

+
dr2

1−∆−H2
0r

2

c2 −
2GM∗
c2r

+ r2dΩ2
2 . (5.4)

where dΩ2
2 = dθ2 + sin2(θ)dϕ2 is the metric of the two-dimensional unit sphere

(θ ∈ [0, π], ϕ ∈ [0, 2π)), w′ = P/ρ = −1 is the equation of state parameter for Case
I (Pr = P, P⊥ = 0) and w′ = 0 for Case II (Pr = P = P⊥). This then implies
that outside the star for Case I the metric can be written as that of a point-like global
monopole on de Sitter background, 1 and ∆ is the deficit solid angle defined by,

∆ =

√
2GH0M∗

3c3
. (5.5)

That ∆ in (5.5) indeed represents a deficit solid angle that cannot be removed by a
coordinate transformation can be shown as follows. Observe firstly that the volume
(surface area) of a two sphere of radius r is Ω(S2(r)) = 4πr2, which defines the
coordinate r (these coordinates are similar to those used in the Schwarzschild metric).
Now, one can try to remove ∆ by the following coordinate transformations,

r̃ =
r√

1−∆
, t̃ = (1−∆)

1
2 [1+(1+w′)∆] × t , (1−∆)dΩ2

2 = dΩ̃2
2 (5.6)

after which ∆ seems to disappear from the metric (5.4). Indeed, the equivalent metric
is,

ds2 = −

(
1− 1− w′

2

H2
0 r̃

2

c2
− 2GM̃∗

c2r̃

)( r̃

rH

)(1+w′)∆

c2dt̃ 2

+
dr̃2

1− H2
0r

2

c2 −
2GM̃∗
c2r

+ r̃2dΩ̃2
2 , (5.7)

where
M̃∗ =

M∗
(1−∆)3/2

. (5.8)

However, ∆ does not entirely disappear since in the new coordinates,

dΩ̃2
2 = dθ̃2 + sin2

(
θ̃√

1−∆

)
dϕ̃2 (5.9)

1Global monopoles are topological solutions of classical equations of motion of a scalar field theory
with 3 real scalar fields, ~Φ = (Φ1,Φ2,Φ3)T whose Lagrangian is O(3) symmetric and whose potential
exhibits a spontaneous symmetry breaking, V (~Φ) = (λ/4)(~ΦT · ~Φ−Φ2

0)2. One can show that in this case
the solution with topological charge 1 [167] will backreact on the metric such to induce a solid deficit angle,
∆ = 8πGΦ2

0 (c = 1), see e.g. [168, 169]. From the gravitational point of view compact star-like dense
objects (black hole mimickers) built out of topologically charged scalar matter [170] resemble ordinary
stars in Verlinde’s theory.
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and ϕ̃ and θ̃ take values in the intervals,

θ̃ ∈ [0, π
√

1−∆ ] , ϕ̃ ∈ [0, 2π
√

1−∆ ) . (5.10)

It is an easy exercise to calculate the surface area of the two dimensional sphere of
radius r̃ in these new coordinates,

Ω(S2(r̃)) = 4π(1−∆)r̃2 . (5.11)

From this result it is obvious that the sphere contains a solid angle deficit of, δΩ =
−4π∆, completing the proof. In the following section we discuss the physical signif-
icance of this result.

5.3 Gravitational lensing
In this section we consider the lensing in a metric given by (5.4) and (5.7). The usual
weak (linearised) lensing formula for the deflection angle (in radians),

α = − 1

c2

∫
∇⊥
[
φ(~x) + ψ(~x)

]
d` , (5.12)

where ` is the path along the light geodesic (from the source to the observer, see
figure 5.1), ∇⊥ is the gradient operator in the plane orthogonal to the propagation of
light and φ and ψ are the two gravitational potentials (corresponding to the g00 and
grr metric perturbations). Outside the star these potentials can be read off from (5.4),

φ(r) = −GM∗
r
− 1− w′

2

H2
0

2
r2 +

c2(1 + w′)∆

2
ln
( r

rH

)
− c2∆

2
,

ψ(r) = −GM∗
r
− H2

0

2
r2 − c2∆

2
. (5.13)

The lensing formula (5.12) can be used for the first three parts of the potential (the one
induced by the star mass, by the Universe’s expansion and the logarithmic piece), but
it cannot be used for the constant contribution, φD = −c2∆/2, from the dark mass
simply because, ∇⊥φD = 0 (how to calculate light deflection due to φD is discussed
below). For that reason it is better to use the second form of the metric (5.7), in which
case the gravitational potential is,

φ̃ = −GM̃∗
r̃
− 1− w′

2

H2
0

2
r̃2 +

c2(1 + w′)∆

2
ln
( r̃

rH

)
, ψ̃ = −GM̃∗

r̃
− H2

0

2
r̃2

(5.14)
Inserting this into (5.12) gives for the lensing angle,

α1 = − 4GM∗
c2(1−∆)3/2d

+
3− w′

2

H2
0 `d

c2
− π

2
(1 + w′)∆ , (5.15)

where ` = SO is the distance from the source S to the observer O and d is the closest
distance of light from the star center, see figure 5.1. The first integral was evaluated
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by assuming that the source and the observer are infinitely far from the star, which is
for small lensing angles an excellent approximation. It is instructive to compare the
first two contributions in (5.15). Note first that the second part is accurate only when
H0` � c, because otherwise the linear lensing formula (5.12) fails. This means that
the second contribution is � 2H0dc. The two contributions will be approximately
equal when 2GM∗/d ∼ H0d × (H0`) � H0dc, that means when the distance d ex-
pressed in units of the Schwarzschild radius of the starRS becomes comparable to the
distance expressed in units of the Hubble distance dH , i.e. when d '

√
RSdH

√
dH/` .

M

S

0

Α

d

Figure 5.1: Light deflection around a star of massM∗ = M . The closest distance to the
center of the star is d. The deflection angle α can be calculated by integrating (5.12)
along the path of light from the source S to the observer O.

In order to get the lensing generated by the deficit angle ∆, note that it is conve-
nient to assume that the plane shown in figure 5.1 corresponds to the equatorial plane
θ = π/2, or equivalently θ̃ = (π/2)

√
1−∆. In that plane the azimuthal angle takes

values in the interval, φ̃ ∈ [0, 2π
√

1−∆). The geometry is flat and can be represented
by a plane in which the wedge whose angle equals to the deficit angle 2π[1−

√
1−∆]

is cut out, and the opposite sides of the wedge are identified, representing conical ge-
ometry (of a global string or a point mass in two spatial directions), see figure 5.2.
Consider now a ray in this conical geometry propagating from a distant source (on
one side of the central point where the star is located) to a distant observer (on the
other side of the central point). Due to the conical geometry, to a very good approx-
imation that ray will exhibit an angle deflection of one half of the total deficit angle,
i.e.

αD = −π
(
1−
√

1−∆
)
≈ −π

2
∆ . (5.16)

The total deflection angle is then simply the sum of (5.15) and (5.16),

α = α1 +αD = − 4GM∗
c2(1−∆)3/2d

+
3− w′

2

H2
0 `d

c2
− π

2
(1+w′)∆−π

(
1−
√

1−∆
)
.

(5.17)
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2 Α
D

Figure 5.2: The total deficit angle 2αD = 2π(1 −
√

1−∆) in the equatorial plane
θ = π/2 around a star of mass M∗ = M . The two rays emanating from the origin are
identified. Due to the angle deficit, a light ray from a distant star and observed by a
distant observer exhibits a ‘change’ in direction given by αD.

Let us now see whether αD can be large enough to be measurable for typical stars.
Consider first our Sun for which,

M� = 1.989×1030 kg , R� = 6.957×108 m , H0 = 2.36×10−18 s−1 , (5.18)

and therefore from (5.17),

α� =
(
− 1.74

R�
d

+ 2.26× 10−12 3− w′

4

d

R�

`

dH
− 9× 10−7(2 + w′)

)
[arcsec] .

(5.19)
At first sight the second and third contributions look desperately small. Note however
that, while the first contribution to α in (5.19) drops with the distance from the Sun, the
second contribution grows and the third contribution stays constant. Let us now com-
pare these numbers with the sensitivity of modern observational probes. For example,
the ESA’s GAIA mission [171, 172, 173] (whose purpose is to make 3 dimensional
optical image of about one billion stars in the Milky Way by measuring parallaxes
of stars) has a sensitivity of about 20µarcsec for stars of magnitude 15 or larger and
7µarcsec for stars of magnitude 10 or larger, which is about a factor 20 (7) too low to
be able to observe αD induced by the Sun. Analogously, the Event Horizon Telescope
(EHT)[174, 175] – whose goal is to make a radio map (in wavelengths of about 1 mm)
of the neighborhood of the Milky Way black hole located near the galactic center in
Sag A∗ – will have angular resolution of about 10 µarcsec, a factor of 10 above the
resolution required to see αD generated by the Sun. From this analysis we see that the
next generation of even more precise observatories will probably reach the required
precision to be able to see the microlensing induced by the dark potential φD of the
Sun.

Let us now have a closer look at our Milky Way black hole, whose mass is about
MBH = 4.3 × 106 M� and whose Schwarzschild radius is, RS = 2GMBH/c

2 =
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1× 1010 m,

αBH =−2RS

d
[rad] +

(
9.6× 10−18 3−w′

4

d

RS

`

dH
− 1.7× 10−3(2 + w′)

)
[arcsec] .

(5.20)
The result for αD is within the reach of EHT, but it is not clear whether the EHT
mission will be able to measure so small deflection angles in the vicinity of the black
hole.

Note that the angular deflection induced by αD is equal for all objects, indepen-
dently on how fast they move. That means that (massive) objects that move with a
speed v < c will exhibit the same ‘dark’ deflection angle αD as light. This is not
true for the usual gravitational lensing. Indeed, by solving the geodesic equation for
ultra-relativistic particles one obtains, 2

αm =
(

1 +
1

γ2

)(
− 2GM∗
c2(1−∆)3/2d

+
1− w′

2

H2
0 `d

c2
− π

2
(1 + w′)∆

)
− 2GM∗
c2(1−∆)3/2d

+
H2

0 `d

c2
− π

(
1−
√

1−∆
)

(5.21)

where γ = [1 − (v/c)2]−1/2 � 1 and we have neglected the change of velocity
parallel to the motion. In the limit when γ → ∞, Eq. (5.21) reduces to Eq. (5.17), as
it should. By comparing the angle of deflection of light (5.17) with that of relativistic
particles (5.21) (such as cosmic rays which have a large γ factor) one could in principle
isolate the component that is independent on the speed of motion, thereby testing the
Verlinde formula (5.1). The measurement will not be easy, but it is not impossible.

Finally, we point out that – due to the deficit angle – the dark mass MD will cause

2The relevant geodesic equations for the four velocity, uµ = (u0, ~u), ~u = (~u⊥, ~u‖) are,

du⊥
dλ

+
(u0)2

c2
∇⊥φ̃+

(~u)2

c2
∇⊥ψ̃ = 0 ,

d`

dλ
= ‖~u‖ ≡ u , (u0)2 = ~u2 + c2 = γ2c2 .

The deflection angle is then, α ≈ u⊥/u. By solving the geodesic equations for u⊥/u and adding the
deficit angle contribution one arrives at (5.21).
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an addition advancement of perihelion/periastron of a planet, which is per orbit, 3

∆φperiastron = π∆− π(1 + w′)∆
c2L2

2G2M2
∗

(
1− G2M2

∗
c2L2

− 2G4M4
∗

c4L4

)
[per orbit] ,

(5.22)
where L is the angular momentum per unit mass of a planet. Note that the method
used to derive (5.22) reproduces correctly only the linearised part of the exact expres-
sion for the geometric effect, which equals: 2π(1−

√
1−∆). For a planet in the solar

system the first (geometric) term produces a tiny effect. Indeed, for any planet in the
Solar system the perihelion advancement is, ∆φperihelion,1 = π∆ = 1.8µarcsec per
orbital period . This is to be contrasted, for example, with the general relativistic ad-
vancement of perihelion of Mercury, ∆φGR = 0.1 arcsec per period, which is about
50000 times larger. However, the second term in (5.22) is large. For example, for Mer-
cury the classical radius is rc = L2/(GM�) = 5.5 × 1010 m and the Schwarzschild
radius of the Sun is, rs = 2GM�/c

2 ' 2950 m and thus, ∆φperihelion,2 Mercury ≈
−π∆× rc/rs = −34 arcsec per orbital period, which is much larger than the general
relativistic effect (for other planets in the Solar system the effect is even larger). Based
on this observation alone, one concludes that either (1) Verlinde’s emergent gravity is
ruled out, or (2) the dark mass in Verlinde’s theory is field-like and produces a highly
anisotropic pressure (Case I). If latter is true (which is the one we favour) w′ = −1
in Eq. (5.22), and the only effect that survives is the first (geometric) term which pro-
duces a tiny effect that is equal for all planets in the solar system. Next, recall that the
accuracy of current measurements for Mercury is at the level of∼ 1% = 10−2, which
is still far above the sensitivity (∼ 10−5) required to measure the perihelion advance-
ment generated by the geometric term in (5.22) (Case I when w′ = −1). For larger
stars and large black holes however, the advancement of periastron is much larger and
therefore potentially easier to observe.

5.4 Discussion

In this chapter we construct the metric tensor associated with spherically symmetric
distribution of matter in Verlinde’s emergent gravity [27]. We consider two cases.
In Case I (maximally anisotropic pressures) we assume that the angular pressures

3The result (5.22) follows from the conservation equation for motion of a planet,( dx
dϕ

)2
+ (1−∆)

c2L2

G2M2
∗
− 2x+ (1−∆)x2 −

2G2M2
∗

c2L2
x3 =

E2L2

c2G2M2
∗

( x

xH

)(1+w′)∆
,

where x = L2/(GM∗r). Taking a derivative with respect to ϕ and expanding the solution around the
classical one x01 + e cos(ϕ), as x(ϕ) = x0 + x1, where e denotes elipticity, one obtains,

x1 = xGR + ∆
(

1 +
e

2
ϕ sin(ϕ)

)
+

E2L2

2c2G2M2
∗

(
1 +

e2

2
−
e

2
ϕ sin(ϕ)−

e2

6
cos(2ϕ) +O(e3)

)
,

where xGR denotes the general relativistic correction, and E is the energy per unit mass, which for a

circular orbit, E2 = c4
(
1 − G2M2

∗
c2L2 −

2G4M4
∗

c4L4

)
. The advancement of periastron is caused by the term

proportional to ϕ sin(ϕ), and the coefficient of that term yields Eq. (5.22).
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vanish and (outside the star) obtain the metric tensor of a global monopole. In Case
II we assume isotropic pressures. The metric tensor containing both cases is given in
Eq. (5.4), where different cases are expressed through the equation of state parameter,
w′ = P/ρ (in Case I, w′ = −1 and in Case II, w′ = 0). Our analysis of advancement
of perihelion/periastron (5.22) shows that only Case I represents a viable model. In
that case the metric (5.4) exhibits a solid angle deficit (5.5). Here we suggest that this
deficit angle can be used to test the theory via gravitational lensing and periastron
advancement. We consider two cases: the metric of the Sun and that of our Galactic
black hole. Even though the effect is tiny the next generation of observatories are
expected to reach the angular sensitivity needed be able to measure it.

Furthermore, we note that the effect of dark mass (5.1–5.3) can be tested by com-
paring the deflection angle of relativistic particles (5.21) with that of light (5.17)
and by precisely measuring the advancement of periastron (5.22) of planets orbiting
around stars.

The extensive experience acquired in microlensing used for tracking down MA-
CHOs and for discovering new (Earth like) extra-Solar planets might be of use for
detecting dark mass [176, 177, 178].

Since the effect of dark mass is cumulative, a much larger effect is generated by
galaxies and clusters of galaxies, and a preliminary discussion of that effect (that mim-
ics dark matter) can be found in the original reference [27]. Even though galaxies and
clusters are expected to contribute much stronger to the lensing than planets in the
solar system, we are reluctant to make any quantitative claims on how light will be af-
fected by Verlinde’s emergent gravity in these systems. This is because large systems
are not yet virialized and therefore the role of Universe’s expansion can be essential
for obtaining the correct answer for the lensing of light. Presumably, the correct for-
malism is to treat galaxies and clusters as small sized perturbations on top a spatially
homogeneous expanding Universe and we hope to address in more detail that question
in a future publication.

After the first version of this work several references have appeared [179], [180]
and [181] that also discuss how to test Verlinde’s emergent gravity. Ref. [179] uses
a large set of galaxies and clusters to check Verlinde’s theory, and find that it gives
results consistent with observations. Brower et al [179] do point out that they ap-
ply the formula of Verlinde in the region where it is strictly speaking not applicable
(because of a large deviation from spherical symmetry). Milgrom and Sanders [181]
point out that MOND is currently better tested and constrained and that the purpose
of papers like the present is to sharpen the critical assessment of Verlinde’s theory.
Finally, Ref. [180] remarks that Solar system measurements are reaching the accuracy
needed to test Verlinde’s theory. In particular, the measurements of the advancement
of perhelion of Mars are at the level that Verlinde’s theory can be marginally tested.
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Appendix
In this appendix we solve the Einstein equation sourced by the dark mass. We solve
the Einstein equation,

G ν
µ + δ νµ Λ =

8πG

c4
Tµν , (5.23)

where Λ is the (emergent) cosmological constant G ν
µ is the Einstein tensor, δ νµ is the

Kronecker delta, and T ν
µ is the energy-momentum tensor which which we assume

here to be diagonal and of the form,

T ν
µ = diag [−ρB(r)− ρD(r), Pr, P⊥, P⊥] , (5.24)

where ρB(r) is the usual matter contribution, which for a star of constant density
ρ∗ = (3M∗c

2)/(4πR3
∗) and radius R∗,

ρB(r) =

{
3M∗c

2

4πR3
∗

for r ≤ R∗,
0 for r > R∗,

(5.25)

and ρD(r) = [c2/(4πr2)]dMD/dr is the energy density of dark mass (5.2–5.3) given
by,

ρD(r) =


5c2

4π

√
cH0M∗
6GR3

∗r
for r ≤ R∗,

c2

4πr2

√
cH0M∗

6G = c4

8πGr2

√
rS

3rH
for r > R∗,

(5.26)

where rS = 2GM/c2, rH = H0/c. Eq. (5.24) allows for a contribution from the
pressure Pr = Pr(r) and angular pressures, Pθ = Pϕ = P⊥(r) (the two angular
pressures must be equal by the symmetry of the problem and more formally by the
angular component of the covariant conservation for Tµν). How to calculate these
pressures is not clear from Verlinde’s paper [27]. Here we shall consider two simple
cases, namely:

(I) Field-like dark mass: Pr = P (r), P⊥ = 0 and

(II) Particle-like dark mass: Pr = P⊥ = P (r).

Note that in the case of global monopoles [168] and at large distances we have Pr =
−ρ, and P⊥ = 0, which is therefore analogous (not surprisingly) to the field-like case.
Even though we do not know what the pressure in Verlinde’s theory is, we know that
the covariant conservation of the energy-momentum tensor must hold,

∇µTµν = 0 . (5.27)

As we show below this equation contains a very useful information on the problem.
For a spherically symmetric matter distribution we can assume a static, diagonal

metric tensor of the form,

ds2 = gµνdx
µdxν = −e2α(r)dt2 + e2β(r)dr2 + r2dΩ2

2 , dΩ2
2 = dθ2 + sin2(θ)dϕ2 ,

(5.28)
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where gµν denotes the metric tensor. Inserting (5.28) into (5.23) gives the following
three equations,

G t
t = e−2β

(
1

r2
− 2β′

r

)
− 1

r2
= −Λ− 8πG

c4
(ρB(r) + ρD(r)) (5.29)

G r
r = e−2β

(
1

r2
+

2α′

r

)
− 1

r2
= −Λ +

8πG

c4
Pr (5.30)

G θ
θ = G ϕ

ϕ = e−2β

(
α′−β′

r
+α′′+(α′)2−α′β′

)
= −Λ +

8πG

c4
P⊥ (5.31)

where α′ = dα/dr, β′ = dβ/dr, Pr = Pr(r) and P⊥ = P⊥(r). The last equation
does not provide an independent information since it is implied by the contracted
Bianchi identity,∇µGµν = 0.

The relevant information in the conservation law (5.27) is in the ν = r equation
(the ν = θ equation tells us that Pθ = Pϕ = P⊥),

P ′r +
(
α′ +

2

r

)
Pr −

2

r
P⊥ = −α′ρ . (5.32)

This equation and equations (5.29–5.31) represent the set of equations we ought to
solve for the metric functions α(r) and β(r).

The first equation (5.29) can be solved by noting that r2G t
t =

[
re−2β

]′ − 1, and
hence,

e−2β(r) = 1− Λ

3
r2 − 8πG

c4r

∫ r

0

(
ρB(r̃) + ρD(r̃)

)
r̃2dr̃ , (5.33)

where we set an integration constant to zero (this is so because in the absence of
matter metric tensor must reduce to the Minkowski metric). The integral in (5.33) is
to be understood such that, at r = R∗, β is continuous (as it is required by Eq. (5.29)),
i.e. the integral (5.33) is continuous at r = r∗.

By integrating (5.33) we can obtain the solution for β(r) inside the star (r ≤ R∗),

e−2β(r) = 1− 2GM(r)

c2r
− Λ

3
r2 , (5.34)

where

M(r) = MB(r) +MD(r) , MB(r) = M∗

( r

R∗

)3

, MD(r) =

√
2cH0M∗r5

3GR3
∗

.

(5.35)
These quantities are valid within the radius ofR∗. Next let us consider the gravitational
field outside the star, r > R∗. We can split the integral in (5.33) to 0 ≤ r ≤ R∗ and
r > R∗. The first integral yields a constant,

M(R∗) =
4π

c2

∫ R∗

0

(
ρB(r̃)+ρD(r̃)

)
r̃2dr̃ = M∗+

√
2cH0M∗

3G
R∗ = M∗+

c2

2G
∆×R∗ .
(5.36)
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From this we see that ρD inside a star generates a potential that at the surface of the
star generates a solid deficit angle,

∆ ≡
√

2H0GM∗
3c3

. (5.37)

The required continuity of β at r = R∗ implies that the deficit angle is inherited by an
exterior metric, i.e. the interior of a star in Verlinde’s emergent gravity has the same
effect as the core of a global magnetic monopole and generates a boundary condition
(at star’s surface) that corresponds to that of a global monopole. With this in mind the
total integral gives,

M(r) =
4π

c2

∫ r

0

(
ρB(r̃) + ρD(r̃)

)
r̃2dr̃ = M∗ +

c2

2G
∆× r , (r > R∗) . (5.38)

When this is inserted into (5.33) one obtains,

e−2β(r) = 1−∆− Λ

3
r2 − 2GM∗

c2r
, ∆ =

√
2H0GM∗

3c3
=

√
rS

3rH
, (5.39)

where rS = 2GM/c2 and rH = H0/c =
√

Λ/3 denote the Schwarzschild and
Hubble radius, respectively. The main result up to now is that the radial part of the
metric tensor in Verlinde’s emergent gravity is generally of the form form (5.34),
where inside the star M(r) is given by (5.35), while outside the star M(r) is given
in (5.38), such that the exterior metric (5.39) exhibits a solid deficit angle ∆ defined
in (5.37). From the main text we know that ∆ signifies a solid deficit angle. Eqs. (5.34)
and (5.39) are exact solutions for β(r) when a star is of constant energy density.

Next we consider α = α(r) which is determined by Eqs. (5.30) and (5.34),

α′(r) =
1

2

− 2
3Λr + 2GM(r)

c2r2 + 8πG
c4 rPr(r)

1− Λ
3 r

2 − 2GM(r)
c2r

, (5.40)

with M(r) given by Eqs. (5.34)–5.35) inside the star and by Eqs. (5.38–5.39) outside
the star. Since Eq. (5.40) is sourced by pressure, one has to consider Eq. (5.40) to-
gether with the conservation equation (5.32). It is convenient to use Eq. (5.40) to get
rid of α′ in (5.32), resulting in the Tolman-Oppenheimer-Volkoff (TOV) equation for
hydrostatic equilibrium,

P ′r = −Pr + ρ

2
×
− 2

3Λr + 2GM(r)
c2r2 + 8πG

c4 rPr(r)

1− 2GM(r)
c2r − Λ

3 r
2

− 2

r
(Pr − P⊥) , (5.41)

which can be solved for Pr (if one knows P⊥). When the solution of this equation is
inserted into (5.40) one can solve for α(r).

Let us consider more closely the TOV equation (5.41). It is convenient to introduce
dimensionless pressures, pr = [8πG/c4]r2

HPr, p⊥ = [8πG/c4]r2
HP⊥, energy density
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ρ̃ = [8πG/c4]r2
Hρ and distance, x = r/rH (rH = H0/c). The TOV equation can

then be written as a Riccati differential equation,

dp

dx
+

[
2ε

x
+

1

2

−2x+ ∆
x + 3∆2

x2 + xρ̃(x)

A(x)

]
p+

x

2A(x)
p2 = −

−2x+ ∆
x + 3∆2

x2

2A(x)
ρ̃(x) ,

(5.42)
where

A(x) = 1−∆− x2 − 3∆2

x
(x > x∗ = r/R∗)

and where

ε =

{
1 for Case I : pr = p, p⊥ = 0 ,

0 for Case II : pr = p⊥ = p .
(5.43)

We are primarily interested in solving for α(r) outside the star, and hence from (5.26)
we see that,

ρ̃ =
8πGr2

H

c4
ρD =

∆

x2
(r > R∗). (5.44)

Furthermore, since we are interested in the metric at sub-Hubble distances, x =
r/rH � 1, and in the weak field regime, x � rS/rH = 3∆2, one can approxi-
mate A(x) in all cases of interest A(x) ≈ 1 in the TOV equation (5.42). In what
follows we consider separately Cases I and II.

Case I: Field-like dark mass: Pr = P, P⊥ = 0

In Case I and outside the star Eq. (5.42) can be simplified as,

dp

dx
+

[
2

x
− x+

∆

x
+

3

2

∆2

x2

]
p+

x

2
p2 =

(
x− ∆

2x
− 3

2

∆2

x2

)∆

x2
, (5.45)

where ∆ =
√
rS/(3rH). Note that the terms dp/dx + 2p/x dominate the equation

for any x < 1 and therefore they determine the form of the solution,

p =
p0

x2
, (5.46)

where p0 is an integration constant we wish to determine. Since (5.46) solves dp/dx+
2p/x = 0, the remaining terms in (5.42) combine to an algebraic equation that also
must be satisfied. We shall now show that this algebraic equation determines p0,(

−x+
∆

x
+

3

2

∆2

x2

)
p0 +

p2
0

2x
=
(
x− ∆

2x
− 3

2

∆2

x2

)
∆ . (5.47)

At first sight this does not appear as a consistent equation since it contains a baroque x
dependence. A closer look at (5.47) reveals however that it is consistent. To see that let
us split (5.47) into two equations and require that each of them be separately satisfied,

−
(
x− ∆

2x
− 3

2

∆2

x2

)
p0 =

(
x− ∆

2x
− 3

2

∆2

x2

)
∆ ,

∆

2x
p0 +

p2
0

2x
= 0 . (5.48)
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The first equation is solved for p0 = −∆ while the second equation is satisfied when
p0 = 0 or p0 = −∆, implying that both equations are solved when,

p0 = −∆ ⇒ P = −ρ . (5.49)

We emphasize that (5.49) solves (5.45) for all x satisfying, ∆2 � x � 1 (rS �
r � rH ), which is also the range in which the static metric (5.7) is valid. Note that
the solution (5.49) is imposed in different ranges of x by different terms in Eq. (5.45)
or (5.47). Indeed, when 1 � x � ∆1/2 (r � (rSr

3
H)1/4) the first term in (5.47)

enforces the solution (5.49), when ∆1/2 � x � ∆ ((rSr3
H)1/4 � r � (rSrH)1/2)

the third term in (5.47) enforces (5.49), and finally when ∆2 � x � ∆ (rS �
r � (rSrH)1/2) the second term in (5.47) enforces (5.49). It is remarkable that all of
these terms impose the same solution for p0. That is of course no coincidence and the
structure of the dominant solution can be traced back to Eq. (5.41), from which we see
that when Pr = −ρ, Pr solves the simple equation, P ′r = −2Pr/r which is solved by
Pr = P0/r

2.
When (5.49) is inserted into (5.40) one sees that, in the exterior of a star, the nega-

tive pressure contribution cancels the ∆ dependent contribution from 2GM(r)/c2 =
∆× r + 2GM∗/c

2 and one obtains,

e2α(r) = 1−∆− Λ

3
r2 − 2GM∗

c2r
= e−2β(r) , (r > R∗) . (5.50)

This solution is valid everywhere in the exterior of a star in the weak field regime,
rS � r � rH and it is equivalent to the metric of a global monopole in the exterior
of the monopole core. Next we consider Case II, in which dark mass is assumed to be
particle-like.

Case II: Particle-like dark mass: Pr = P = P⊥

In this fully isotropic case the TOV equation (5.42) reduces to a Riccati equation
(|A(x)− 1| � 1),

dp

dx
+

[
−x+

∆

x
+

3

2

∆2

x2

]
p(x) +

x

2
p2 =

(
x− ∆

2x
− 3

2

∆2

x2

)∆

x2
. (5.51)

The simplest way to solve a Riccati equation for p = p(x),

p′ + q1(x)p+ q2(x)p2 = q0(x) (5.52)

is to introduce substitutions,

Q1 = q1−
q′2
q2

=−x−1−∆

x
+

3

2

∆2

x2
, Q0 = −q0q2 = −∆

2
+

∆2

4x2
+

3

4

∆3

x3
, p =

u′

q2u
,

upon which Eq. (5.52) reduces to a second order linear differential equation,

u′′ +Q1u
′ +Q0u = 0 . (5.53)
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A further substitution, v = a(x)u, with a′/a = Q1(x)/2, reduces (5.53) to,

v′′ +

[
− a
′′

a
+Q0

]
v = 0 , (5.54)

which in our case becomes,

v′′ +

[
− x2

4
+

3∆2

4x
− 3−4∆

4x2
+

9∆2

4x3
− 9∆4

16x4

]
v = 0 . (5.55)

Notice that once we know v = v(x), then the pressure can be calculated by,

p =
2

x

[
−Q1

2
+
v′

v

]
= 1 +

1−∆

x2
− 3

2

∆2

x3
+

2

x

v′

v
. (5.56)

Let us solve (5.55) for v(x). A careful look at all terms in (5.55) reveals that it
is the fourth term (∝ 1/x2) inside the square brackets that dominates for the relevant
range of coordinates, ∆2 � x� 1 (rS � r � rH ) However, that does not mean that
one can neglect other terms. It is hard to solve (5.55) in full generality. Nevertheless,
one can find an approximate solution as follows. Let us first rewrite (5.55) as,

v′′ +

(
F2

x2
+
F3

x3
− F4

x4

)
v = 0 , F2(x) = −x

4

4
+

3∆2

4
x− 3−4∆

4

F3 =
9∆2

4
, F4 =

(
3∆2

4

)2

,(5.57)

where F2(x) is an adiabatic function of x on the whole interval, ∆2 � x � 1, in
the sense that, F ′2/F2 � F2 (attempting to include F3/x and/or F4/x

2 into F2 would
break adiabaticity when ∆2 � x� ∆). The following substitutions, v(x)→ v(y(x))
with y = 1/x and w(y) = yv(y) reduce (5.57) to the Whittaker differential equation,

d2w

dy2
+

(
F2

y2
+
F3

y
− F4

)
w(y) = 0 , (5.58)

whose two linearly independent solutions are given by the Whittaker functions,

w(y) ∼M F3
2
√
F4

, 1
2

√
1−4F2

(
2
√
F4y

)
, W F3

2
√
F4

, 1
2

√
1−4F2

(
2
√
F4y

)
. (5.59)

These functions are related to the confluent hypergeometric function by standard rela-
tions,

Mν,µ(z) = e−z/2z
1
2 +µ ×1 F1

(
1

2
+ µ− ν; 1 + 2µ; z

)
Wν,µ(z) = e−z/2z

1
2−µ

Γ(2µ)

Γ( 1
2 + µ− ν)

×1 F1

(
1

2
− µ− ν; 1− 2µ; z

)
+ e−z/2z

1
2 +µ Γ(−2µ)

Γ( 1
2 − µ− ν)

×1 F1

(
1

2
+ µ− ν; 1 + 2µ; z

)
(5.60)
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By making use of (5.60) and (5.59) one gets two lineraly independent solutions for
v(x) = xw(1/x),

v±(x) ∼ e−3∆2/(4x)x
1
2 (1∓δv) ×1F1

(
− 1± δv

2
; 1± δv;

3∆2

2x

)
, (5.61)

(5.62)

where we have defined,

δv ≡
√

1− 4F2 =
√

4(1−∆) + x4 − 3x∆2 ≈ 2
√

1−∆ +
x4

8
√

1−∆
. (5.63)

The physical solution is a linear combination of v+ and v− in (5.61),

v = C
[
v+(x) + cv−(x)

]
, (5.64)

where C, c are unknown (integration) constants. When (5.64) is inserted into (5.56)
one obtains,

p = 1 +
1−∆

x2
− 3∆2

2x3
+

1

1 + cxδv

{[
1− δv
x2

+
3∆2

2x3

3

1 + δv

]
+ cxδv

[
1 + δv
x2

+
3∆2

2x3

3

1− δv

]}
, (5.65)

where we have neglected derivatives of δv(x) (which is justified in the adiabatic ap-
proximation we are using). One way of determining which is the case is to solve for
pressure inside the star and then continuously match at the exterior solution. A de-
tailed analysis 4 shows that v+ dominates, i.e. |c|xδv � 1 and Eq. (5.65) evaluates
to,

p = 1 +
x2

8
+

∆3

2x3
. (5.66)

With this in mind and upon inserting (5.66) into (5.40) one obtains the following
(approximate) equation for the metric outside a star (r > R∗),

dα

dx
=

1

2

d

dx
ln

(
1−∆− x2 − 3∆2

x

)
+

1

2

(
∆

x
+ x+

x3

8
+

∆3

2x2

)
. (5.67)

4The TOV equation can be solved inside the star (x < R∗/rH ). One can show that the approximate
solution for pressure is of the form,

p(x) = −
5

9
ρ̃∗x+ p0 + higher order terms ,

where p0 � ρ̃∗ is the pressure at the center of the star (since the star is assumed to be non-relativistic,
it is reasonable to assume that the pressure at the center of the star is much less than the energy density)
and ρ̃∗ = 3r2

HrS/R
3
∗ = 8φ3

∗/(3∆4) � 1 is the rescaled energy density (5.25) and we introduced
the dimensionless potential at the star surface, φ∗ ≡ rS/(2R∗). For our Sun φ∗ ∼ 10−6 and ∆ ∼
3 × 10−11 � φ∗. To get the pressure at the star surface, we need to compare ∆/x∗ = 2φ∗/(3∆) � 1
with −x∗p(x∗) ' 10φ∗/3 − 4(p0/ρ∗)φ2

∗ � 1 and hence the pressure contribution just outside the
star must be negligible when compared to ∆/x2. This means that the v+ contribution in (5.64–5.65) must
dominate, thus justifying Eq. (5.66).
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Let us focus on the terms in the second parentheses. The second term changes (halfs)
the cosmological constant while the third term is a small corrections that is negligible
except at very large distances and the last (third) term is a small (order ∆) correction to
the Newtonian term. Upon neglecting the last two terms, Eq. (5.67) can be integrated
to obtain,

e2α(r) =

(
1−∆− Λ

6
r2 − 2GM

r

)(
r

rH

)∆

. (5.68)

This result is used in the main text to write the metric tensor (5.4).



CHAPTER 6

Conclusion and Outlook

We still do not have a viable theory of quantum gravity. Cosmic inflation provides us
with a unique window into the energy scale at which the effects of quantum gravity
may be significant. Simplest models of cosmic inflation contain Einstein’s gravity cou-
pled to an effective scalar field whose physical origin is still unknown. These models
can be tested by studying cosmological perturbational theory. These perturbations are
generated at tree level, but they also receive quantum loop corrections. They can be
investigated by constructing the effective action Γeff in the local potential approxima-
tion (LPA), in which one includes quantum loop corrections into the effective potential
Veff . LPA is a viable approximation for the dynamics of deep infrared modes.

In this thesis, we study two such models which are identified as quantum loop
corrections to the Starobinsky inflationary model [1]. The first is a phenomenological
model known as Rp inflationary model in Chapter 3.1. The second one is a funda-
mental model consisting the loop corrections resumed by using renormalization group
(RG) technique [111]. One of the principal goals of this thesis is to investigate whether
these loop corrections can have observable consequences. We find that inRp inflation-
ary model (also studied in [34]), when p > 2, the effective potential in Einstein’s frame
develops a local maximum and inflation occurs on the branch φ < φm as showed in
Figure 4.3, where φm is the local maximum of Veff . In Rp inflation, the observables
such as the power spectral index ns, its running α = dns

d ln k and the tensor-to-scalar
ratio r are consistent with observations if p lies in the range 2 ≤ p ≤ 2.02, as showed
Figure 3.1, 3.2 and 3.3.

A similar analysis was done for the second model in Chapter 3.2, where we found
that 0.003 < r < 0.01, −0.0008 < α < −0.0004 if we require 0.955 ≤ ns ≤ 0.975
which is the range allowed by observations [30]. Our results show that the tensor-to-
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scalar ratio is a bit larger than the prediction from Starobinsky’s inflationary model
which can be easily tested in the near future. Remarkably, a recent paper [111] found
that a trajectory in field space can reproduce the Newton constant G and the cosmo-
logical constant Λ at low energies, the Lagrangian including a parameter a ∼ 108 of
the R2 term during inflation where R is the Ricci curvature, and it thirdly runs into
the non-Gaussian fixed point as energy approaches infinity, at which gravity become
conformal.

There are many more multi-field inflationary models. One interesting class of such
models are curvaton models, in which inflation is driven by inflaton but the curvature
perturbation mainly comes from the quantum effects of a curvaton scalar. We are also
interested in quantum effects in this kind of models. One crucial effect comes from the
non-minimal coupling constant ξ which is created by quantum effects even if it is not
there at the tree level. We investigate how ξ affects observables in curvaton scenarios.
In multi-field inflationary models, the dynamical field could yield the isocurvature
perturbation. In our model, the curvaton field couples to inflaton field in EOM. Then,
we define a turning rate from Eq. (4.38) showing how the adiabatic modes related
to the isocurvature modes. After the slow-roll approximation, we find that ξ affects
the scalar spectral index and it also influences the scaler power spectrum Pζ . Due to
ξ 6= 0, the curvaton field χE (in Einstein frame) tends to decay faster after inflation,
so one has to make sure that the inflaton decays faster comparing to the curvaton.

Gravity is a dynamical theory, for instance, the gravitational waves can be ob-
served directly. Nevertheless, this does not exclude the possibility that gravity is not
a fundamental theory but instead of an emergent force that results from quantum en-
tanglement. These ideas are supported by AdS/CFT conjecture [182] and the work
of Ref. [26] which found that the laws of black hole (BH) thermodynamics imply
General Relativity. However, the question that still has not been answered is what is
the fundamental mechanism behind the process of emergence. One such proposal was
put forward by Eric Verlinde [27] in which he constructed a non-relativistic version
of emergent gravity simply by correcting gravity in the weak field regime. Verlinde’s
theory can reproduce the Newton gravity but also there are corrections in the weak
field limit. Verlinde claims that his theory can account for dark matter (DM) and dark
energy (DE). Whereby others [179, 183, 184] have tested this theory on large scales,
we have proposed solar system tests. Our results show that the current measurements
of the perihelion advancement of a planet are almost sensitive enough to be able to
test Verlinde’s theory. We also study weak lensing of light and find an effect that is
independent on velocity, which makes effects similar to that arising from the deficit
angle of a globe monopole.
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Samenvatting

We hebben nog steeds geen bruikbare theorie van kwantumzwaartekracht. Kosmische
inflatie biedt ons een unieke blik op de energieschaal waarbij de effecten van kwan-
tumzwaartekracht aanzienlijk kunnen zijn. De eenvoudigste modellen van kosmische
inflatie bevatten de zwaartekracht van Einstein gekoppeld aan een effectief scalair
veld waarvan de fysische oorsprong nog onbekend is. Deze modellen kunnen worden
getest door kosmologische perturbatietheorie te bestuderen. Deze verstoringen wor-
den op boom niveau gegenereerd, maar ze ontvangen ook kwantumluscorrecties. Ze
kunnen worden onderzocht door de effectieve actie Γeff te construeren in de lokale
potentiaal approximatie (LPA), waarbij men kwantum loop-correcties in de effectieve
potentiaal Veff opneemt. LPA is een nuttige benadering voor de dynamiek van diep-
infraroodmodi.

In dit proefschrift bestuderen we twee zulke modellen die worden gedentificeerd
als kwantum lus-correcties op het Starobinsky inflatie model [1]. De eerste is een
fenomenologisch model dat bekend staat als Rp inflatie model in Hoofdstuk 3.1. De
tweede is een fundamenteel model dat bestaat uit de herhaling van de luscorrecties met
behulp van de Renormalization Groep (RG)-techniek [111]. Een van de belangrijkste
doelen van dit proefschrift is om te onderzoeken of deze luspcorrecties waarneembare
consequenties kunnen hebben. We vinden dat in het Rp inflatie model, wanneer p >
2, de effectieve potentiaal in Einstein’s stelsel een lokaal maximum ontwikkelt en
inflatie optreedt op de tak φ < φm zoals getoond in Figuur 3.10, waarbij φm het
lokale maximum van Veff is. Bij Rp inflatie, zijn de observablen zoals de spectrale
vermogensindex ns, de lopende α = dns

d ln k en de tensor-naar-scalar ratio r consistent
met waarnemingen als p in het bereik 2 ≤ p ≤ 2.02 ligt, zoals getwnd in Figuur 3.1,
3.2 en 3.3.

Een soortgelijke analyse is uitgevoerd voor het tweede model in hoofdstuk 3.2,
waar we 0.003 < r < 0.01, −0.0008 < α < −0.0004 vinden als we eisen dat
0.955 ≤ ns ≤ 0.975, wat het bereik is, toegestaan door observaties [30]. Onze resul-
taten tonen aan dat de tensor-tot-scalaire verhouding enigszins groter is dan de voor-
spelling uit het inflatie model van Starobinsky, wat in de nabije toekomst gemakke-
lijk getest kan worden. Opmerkelijk genoeg vond een recente paper [111] dat een
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baan in de veldruimte de Newton constante G, de kosmologische constante Λ bij
lage energieën, de Lagrangiaan inclusief een parameter a ∼ 108 van de R2 term
tijdens inflatie kan reproduceren, waarbij R de Ricci-kromming is, en loopt deze ten
derde het niet-Gaussische punt binnen als de energie het oneindige nadert, waarbij de
zwaartekracht conform wordt.

Er zijn veel meer multi-veld inflatie modellen. Een interessante klasse van dergeli-
jke modellen zijn curvaton-modellen, waarbij de inflatie wordt aangedreven door het
inflaton, maar de kromtestoring voornamelijk wordt veroorzaakt door de kwantumef-
fecten van een scalaire curvaton. We zijn ook gëınteresseerd in kwantumeffecten in dit
soort modellen. Een cruciaal effect komt van de niet-minimale koppelingsconstante
ξ die wordt gecreëerd door kwantumeffecten, zelfs als deze er niet is op het boom
niveau. We onderzoeken hoe ξ van invloed is op waarnemingen in curvaton-scenario’s.
In multi-veld inflatie modellen zou het dynamische veld de isocurvatuurverstoring
kunnen opleveren. In ons model koppelt het curvatonveld aan het inflaton-veld in de
bewegingsvergelijking. Vervolgens definiëren we een omloopsnelheid uit Vgl. (4.38)
die laat zien hoe de adiabatische modi betrekking hebben op de isocurvatuurmodi. Na
de langzame-rol-benadering zien we dat ξ de scalaire spectrale index bëınvloedt en
heeft het ook invloed op het scalarvermogensspectrum Pζ . Omdat ξ 6= 0, neigt het
curvatonveld χE (in het Einstein-stelsel) sneller na de inflatie te vervallen, dus moet
men ervoor zorgen dat het inflaton sneller vervalt in vergelijking met het curvaton.

Zwaartekracht is een dynamische theorie, de zwaartekrachtgolven kunnen bijvoor-
beeld worden waargenomen. Dit sluit echter de mogelijkheid niet uit dat zwaartekracht
geen fundamentele theorie is, maar een emergente kracht is als gevolg van kwan-
tumverstrengeling. Deze ideeën worden ondersteund door het AdS/CFT vermoe-
den [182] en het werk van Ref. [26] waaruit bleek dat de wetten van de thermo-
dynamica van zwarte gaten algemene relativiteitstheorie impeoceren. De vraag die
echter nog steeds niet is beantwoord, is wat het fundamentele mechanisme achter het
emergentie is. Een dergelijk voorstel werd door Eric Verlinde [27] gedaan waarin hij
een niet-relativistische versie van de emergente zwaartekracht construeerde, door de
zwaartekracht in het zwakke veldregime te corrigeren. De theorie van Verlinde kan
de Newton-zwaartekracht reproduceren, maar er zijn ook correcties in het zwakke
veld limiet. Verlinde beweert dat zijn theorie donkere materie (DM) en donkere en-
ergie (DE) kan verklaren. Waar anderen [179, 183, 184] deze theorie op grote schaal
hebben getest, hebben wij zonnestelseltests voorgesteld. Onze resultaten laten zien
dat de huidige metingen van de perihelion-vordering van een planeet bijna gevoelig
genoeg zijn om de theorie van Verlinde te kunnen testen.
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