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In this article, we analyze the topological response of a fermionic model defined on the Lieb lattice in the
presence of an electromagnetic field. The tight-binding model is built in terms of three species of spinless
fermions and supports a topological Varma phase due to the spontaneous breaking of time-reversal symmetry. In
the low-energy regime, the emergent effective Hamiltonian coincides with the so-called Duffin-Kemmer-Petiau
(DKP) Hamiltonian, which describes relativistic pseudospin-0 quasiparticles. By considering a minimal coupling
between the DKP quasiparticles and an external Abelian gauge field, we first find the Landau-level spectrum by
fixing the Landau gauge; then we compute the emergent Chern-Simons theory for a weak-electromagnetic-field
regime. The corresponding Hall conductivity reveals an atypical quantum Hall effect, which can be simulated in
an artificial Lieb lattice.
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I. INTRODUCTION

In 1928, Dirac proposed a theory for the description of
relativistic spin-1/2 particles. Since then, his model has found
several theoretical applications, which have extrapolated the
boundaries between high- and low-energy physics. Nowadays,
the Dirac theory plays a fundamental role in condensed-matter
physics on the description of materials such as graphene [1],
topological insulators [2], and topological superconductors
[3], due to their relativisticlike bulk-edge band dispersion.
These so-called Dirac materials have unique properties, like
the bulk-edge correspondence [4], which allow for innovative
applications in future quantum technologies [5,6]. Differently
from the fundamental fermions in the original model [7], the
effective low-energy theory in these materials describes either
Dirac or Weyl quasiparticles that emerge in their bulk and/or
edge. For instance, in three dimensions, massless Dirac and
Weyl quasiparticles appear in the bulk of Dirac [8] and Weyl
semimetals [9], respectively. Moreover, there exists a deep con-
nection between the Dirac theory and topology via the Clifford
bundles, K theory, and index theorem [10], which has allowed
one to classify, in a mathematical way, topological insulators,
topological superconductors, and topological semimetals in
any dimension [11–14].

Dirac materials, however, represent only a particular class
of quantum systems with relativistic band dispersion. Several
models described by quasirelativistic non-Dirac Hamiltonians
have been recently proposed both in condensed-matter and
cold-atom systems [15–28]. In these works, quasiparticles
carrying pseudospin-1 [29] emerge in the bulk of the material
and are associated with the presence of flat bands on the Lieb
lattice. This lattice has been recently implemented in artificial
electronic [30,31] and photonic [32–34] systems, opening
the way to experimentally investigating novel quantum phe-
nomena related to the presence of quasiparticles with integer
pseudospin.

Furthermore, unlike the previously mentioned works, a
novel topological system on the Lieb lattice supportingxbrk

relativistic pseudospin-0 quasiparticles has been theoretically
proposed in Ref. [35]. These quasiparticles are described by
a two-dimensional Duffin-Kemmer-Petiau (DKP) theory [36],
which represents an extension of the Dirac theory for integer-
spin particles. This model gives rise to a Chern-semimetallic
phase, where the chiral edge modes are topologically protected
by a nonzero Chern number in the bulk.

From a more concrete perspective, the Lieb lattice is
relevant in the study of high-Tc cuprates, where the Varma
phases [37,38] were shown to be important in the description
of the pseudogap regime. Within this picture, the copper (Cu)
sites are characterized by dx2−y2 orbitals and the planar oxygen
(O) by px (py) orbitals. Due to interaction, orbital current
loops emerge, spontaneously breaking time-reversal symme-
try, but preserving the translational symmetry of the lattice (see
Fig. 1).

The aim of this work is to study the topological response
of the Varma phase introduced in Ref. [39] to an applied
electromagnetic field. We first show that the low-energy theory
coincides with the two-dimensional DKP theory by unveiling
the pseudospin-0 character of quasiparticles emerging in the
Varma phase. In this regime, we calculate the Landau levels
(LLs) in the presence of a constant magnetic field and em-
phasize the main differences with the LLs that appear in
quasirelativistic systems on the Lieb lattice [20,21]. We then
determine the emergent Chern-Simons theory [40] in the bulk
induced by a weak external electromagnetic field, and derive
the Hall conductivity. Surprisingly, an atypical quantum Hall
effect is found for the DKP quasiparticles, which emerges from
the relativistic nature of the low-energy theory.

To our knowledge, our work provides the first derivation
of a Chern-Simons theory from a microscopic model that
is described by a relativistic non-Dirac Hamiltonian. This
opens the way to a full quantum-field-theory characterization
of topological phases on the Lieb lattice. We propose an
implementation of this model in an artificial electronic system,
where LL spectroscopy can be employed to reveal the effective
electric charge of DKP quasiparticles.
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II. DKP THEORY AND LLS ON THE LIEB LATTICE

We start by considering a tight-binding model on the Lieb
lattice with three different species of fermions, as proposed in
Ref. [39]. The fermions are represented by the operators a, b,
and c in Fig. 1, where a and c represent p orbitals, while b is a
d orbital. The momentum-space Hamiltonian of the model is
divided in a free and an interacting part, i.e., H = H0 + Hint,
with

H0 = 2iK b
†
k(sxak + syck) − tsxsya

†
kck + H.c.. (1)

Here, K and t are real, sx = sin(kx/2), sy = sin(ky/2), and

Hint = V
∑

nanc + H.c., (2)

which represents the interaction between p orbitals in the a

and c sites, with n denoting the number operator and V the
interaction strength. By employing a mean-field approximation
for the interaction term in Eq. (2) in the particle-hole channel
[39], a new complex hopping term is induced between NNN,

H MF
int = im cos(kx/2) cos(ky/2)a†

kck + H.c., (3)

where M(kx,ky) = im cos(kx/2) cos(ky/2) = V 〈c†a〉 is the
order parameter that behaves like a mass term. For m = 0,
the system exhibits a single Dirac-like cone at the � point in
the first Brillouin zone and a zero-energy flat band. For m �= 0,
the time-reversal symmetry is broken and the system displays
an anomalous quantum Hall phase characterized by a nonzero
Chern number for the lower band [39].

For t smaller than K , in the low-energy limit, the corre-
sponding effective Hamiltonian HDKP is fully relativistic and
reads

HDKP = K[β1,β0] kx + K[β2,β0] ky + mβ0, (4)

FIG. 1. Lieb lattice with three species of spinless fermions labeled
by a, b, and c, which are associated with px, dx2−y2 , and py orbitals,
respectively. The tunneling K is induced by the overlap between
dx2−y2 and px (py) orbitals in the x(y) direction. The diagonal
lines correspond to the next-nearest-neighbor (NNN) loop currents
between px and py orbitals, that arise from a mean-field description,
with m the amplitude of the complex hopping.
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FIG. 2. Plot of LLs with respect to the magnetic field B for n =
0,1,2,3 at fixed mass m and charge q.

where the 3 × 3 matrices βμ with μ = 0,1,2 are given by

β0 =

⎛
⎜⎝

0 0 0

0 0 i

0 −i 0

⎞
⎟⎠, β1 =

⎛
⎜⎝

0 0 −1

0 0 0

1 0 0

⎞
⎟⎠,

β2 =

⎛
⎜⎝

0 1 0

−1 0 0

0 0 0

⎞
⎟⎠.

These matrices satisfy the relation,

βμβνβσ + βσβνβμ = βμηνσ + βσηνμ, (5)

where ημν is the Minkowski metric, such that diag ημν =
(1,−1,−1). The above conditions identify the DKP algebra
[36], which is the core of the DKP theory and describes rela-
tivistic pseudospin-0 quasiparticles in two spatial dimensions.

By implementing a Legendre transformation on Eq. (4), the
DKP action may be written in terms of a first-order Lagrangian
[36], i.e.,

SDKP[ψ̄,ψ] =
∫

d3x ψ̄(ih̄βμ∂μ − m)ψ, (6)

where d3x = dtd2x,ψ = (a,b,c)T , the adjoint spinor ψ̄ =
ξ 0ψ , with ξ 0 = 2(β0)2 − η00, and K has been fixed to the
unit for simplicity. Similarly to other relativistic field theories,
the spinor field ψ satisfies the Klein-Gordon equation at the
semiclassical level, i.e., (� + m2)ψ = 0.

Now, we proceed by investigating the effect of an external
perpendicular magnetic field on the Lieb lattice. As for the
Dirac theory, we introduce an electromagnetic field in the DKP
theory by minimally coupling the gauge field Aμ and vector
DKP current jμ = ψ̄βμψ , i.e., ∂μ → Dμ = ∂μ − i(q/h̄)Aμ,
where q is the electric charge. We choose the Landau gauge,
and determine the LLs in our 2+1-dimensional system, in
analogy to Ref. [41], where the 3+1-dimensional case is
treated. We then find

ELL(B) = ±
√

m2 + (2n + 1)h̄ qB, (7)

with n = 0,1,2 . . . (see Fig. 2). For m = 0, the LLs coincide
with those ones derived in Ref. [20], when the (nondispersing)
flat band appears at zero energy. However, for m �= 0, the LLs
found here for a fully relativistic theory are different from those
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of the gapped phase on the Lieb lattice calculated in Ref. [20]
for a quasirelativistic theory.

Importantly, Eq. (7) is equivalent to the LLs of a two-
dimensional scalar field coupled to an external magnetic field
[42]. This unveils the bosonic nature of the DKP field.

III. CHERN-SIMONS THEORY AND HALL
CONDUCTIVITY

So far, in the Landau gauge, we have shown that the LL
spectrum of the DKP quasiparticles is different from the Dirac
case. Now, we investigate, in the weak-field approximation
[4], the topological response of the system to an external
electromagnetic field Aμ = Aμ(x,t), which contains both the
scalar and the vector potentials. In this way, the gauge field acts
like a flux in the Haldane model [43] and yields an anomalous
Hall response. Hence, the action (6) becomes

SDKP[ψ̄,ψ,Aμ] =
∫

d3x ψ̄(ih̄βμ∂μ + qβμAμ − m)ψ. (8)

The topological behavior is encoded in the effective topo-
logical field theory (ETFT) ST

eff [Aμ] that can be derived from
the above action by integrating out the spinor fields in the
corresponding partition function. We have

e
i
h̄
Seff [Aμ] =

∫
Dψ̄Dψ e

i
h̄
SDKP[ψ̄,ψ,Aμ], (9)

where the effective action Seff [Aμ] splits into a sum of a
topological (T) and a nontopological (NT) contribution,

Seff [Aμ] = −ih̄ log det(ih̄βμ∂μ + qβμAμ − m)

= ST
eff + SNT

eff . (10)

Like in the two-dimensional massive Dirac theory [40,44–46],
the ETFT in our case is determined by the calculation of
the photon one-loop self-energy diagram and is given by an
Abelian Chern-Simons theory,

ST
eff [Aμ] = 1

2

∫
d3p

(2π )3
Aμ(−p)�μν(p)Aν(p), (11)

where the polarization tensor �μν is obtained via

i�μν = −q2

h̄

∫
d3k

(2π )3
Tr[βμGψ (k)βνGψ (k − p)], (12)

and Gψ is the DKP quasiparticle propagator,

Gψ (k) = i
βγ kγ + m

k2 − m2
. (13)

Next, we substitute the expression for the propagator above
into Eq. (12), and perform the calculations focusing on the
antisymmetric (AS) part of the tensor �μν , which leads to the
Chern-Simons term,

i�
μν
AS = q2

8πh̄
εμναpαsgn(m). (14)

Notice that the Levi-Civita tensor εμνα arises due to the trace
properties of DKP matrices βμ, i.e., Tr[βμβνβα] = iεμνα .
With the result (14), by using Kubo’s formula, we obtain the

Hall conductivity (for i,j = 1,2),

σ ij = lim
p0→0

i�
ij

AS

p0
= sgn(m)

q2

4h
. (15)

As it stands, Eq. (15) predicts a quarter-integer quantum
Hall effect for charge q = e fermions. This result is astonishing
because we started from the single-particle Hamiltonian (4),
and as such, one should expect to obtain an integer QHE, even
because the Chern number for this model is the integer [35,39].
We explain below the reasons behind this unexpected finding.

The knowledge and understanding of the quantum Hall
effect in Dirac materials relies on the behavior of Dirac quasi-
particles, which are described by the relativistic spin-1/2 Dirac
theory. Within this category, we can distinguish three main ex-
amples in two spatial dimensions: the Haldane model [43], the
Bernevig-Hughes-Zhang (BHZ) model [47], and the gapped
boundary of three-dimensional topological insulators [48].

In the first case, there appear two Dirac cones in the bulk
due to the Nielsen-Ninomiya theorem (namely, the fermion
doubling problem; see Ref. [49]). Each massive Dirac fermion
in the bulk with a constant Dirac mass contributes 1/2 to the
total Chern number, such that the bulk Chern number is always
an integer. Indeed, the Haldane model supports an anomalous
integer quantum Hall effect.

In the BHZ model, there appears a single Dirac cone in the
bulk, and in the gapped phase, the Dirac mass is not constant
but momentum dependent. This is a sort of regularization,
where one can avoid the Nielsen-Ninomiya theorem for the
Dirac fermion, which induces directly an integer value for the
topological invariant in the bulk of the system.

In the case of three-dimensional topological insulators,
each gapped surface state supports a two-dimensional massive
Dirac fermion leading to a half-integer Chern number, and
a half-integer quantum Hall effect [48]. Here, the Nielsen-
Ninomiya theorem is avoided because the two-dimensional
system lives on the boundary of a higher-dimensional bulk.
The Chern number per surface is 1/2 and the Hall conductivity
is given in units of e2/2h even if there is no topological
ground-state degeneracy on the gapped boundary. Moreover,
the corresponding effective field theory is given by an Abelian
Chern-Simons theory with the half-integer level.

The result of Eq. (15) challenges this understanding in two
ways: First, the Chern number in the lower band of the DKP
model is ±1 as shown in Refs. [35,39]. This implies that the
noninteger value of the Hall conductivity in Eq. (15) cannot
come from a noninteger value of the Chern number, like in
the case of a single massive Dirac fermion mentioned above.
On the other hand, the Nilsen-Ninomiya theorem is avoided in
our model because of the presence of a flat band [50]. In other
words, there is a single valley and at the same time the DKP
mass is also constant in the low-energy limit. Second, the trace
of the three β matrices is half of the value of the trace of three
Pauli matrices. This trace is related to the antisymmetric part
of the polarization tensor that gives rise to the Chern-Simons
action. These are the two formal reasons behind the fractional
coefficient in Eq. (15).

This original result could nevertheless be reconciled with
the integer-valued Hall conductivity if the charge q = 2e. This
picture is consistent with the bosonic nature of our low-energy
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DKP quasiparticles, which behave effectively like bosons, as
revealed by analyzing the properties of their wave functions
[51]. Hidden charge 2e bosons have been already proposed to
appear in the pseudogap regime of high-Tc cuprates, where
they emerge from a low-energy theory of a doped Mott
insulator [52,53]. However, there is no interaction in our
Hamiltonian (4) that could lead to pairing within a conventional
picture of superconductivity.

IV. EDGE MODES

The existence of topologically protected chiral edge modes
on the Lieb lattice has been shown in Ref. [35] by employing
the entanglement spectrum. Here, we provide an analytic
derivation of the Dirac edge modes from the DKP Hamiltonian
by following a domain-wall argument. In particular, we employ
the Jackiw-Rebbi approach [54], as already done in Dirac
systems.

The boundary of the system corresponds to a nodal interface
at x = 0, where the mass m(x) runs from negative to positive
(or vice versa). Let us consider the DKP Hamiltonian in
Eq. (4) with a spatially varying mass term, and for simplic-
ity we set K = 1 and h̄ = 1. Importantly, we assume that
m(x)x→±∞ = ±m0. Notice that due to the periodicity in the y

direction, ky is still a good quantum number. Therefore, we can
replace ∂y → iky in the Hamiltonian, such that the eigenvalue
problem HDKP� = E� can be solved by solutions �(x,y) =
(u(x),v(x),w(x))ᵀeikyy with energy E(ky) = ky . We then ob-
tain the following first-order differential equations:

−kyu + ∂xv + iky w = 0,

−∂xu − kyv + im w = 0, (16)

−iky u − im v − kyw = 0.

The last equality leads to u = i(kyw + im v)/ky , which may
be substituted into the first equation to yield a first-order
differential equation for v(x),

∂xv(x) = −m(x)v(x). (17)

The solution of Eq. (17) reads v(x) = c1 e− ∫
dx m(x), with c1 a

suitable real constant. In the simplest case, in which the domain
wall is described by a Heaviside step function, i.e., m(x) =
m0[2θ (x) − 1], we obtain

v(x) = c1e
−m0[2θ(x)−1]x = c1e

−m0|x|, (18)

which represents a localized edge state at x = 0 when m(x)
goes from positive to negative, i.e., m0 is positive and Eq. (18)
is a normalizable wave function. From Eq. (16), we also obtain

∂xu(x) − m(x)u(x) =
(

m2
0 − k2

y

ky

)
v(x), (19)

where the equality holds because θ (x)2 = θ (x). Thus, the
solution of Eq. (19) is given by

u(x) =
(

m2
0 − k2

y

ky

)
e
∫

dx m(x)
∫

dx e−2
∫

dx m(x), (20)

which does not describe any localized edge mode at x = 0. It
can be easily shown that u(x)x→0 = 0 and u(x)x→±∞ = ±∞.
At the same time, w(x) does not describe any edge mode

either. However, when m(x) goes from negative to positive,
m0 is negative and Eq. (18) does not correspond any physical
solution because it yields a nonrenormalizable solution. In this
case, c1 is zero, such that v(x) = 0. By plugging this solution
into Eq. (16), we get different solutions for u(x) and w(x). In
this case, we find that u(x) = c2 e

∫
dx m(x) (with c2 a suitable

real constant), which identifies a localized edge mode because
m0 < 0. On the other hand, we get also w(x) = −iu(x), which
does not correspond to any localized mode in the real plane.

Thus, in both cases, i.e., m0 > 0 and m0 < 0, we can
show that there is always a single propagating edge mode
along the domain wall at x = 0. This single Dirac edge mode
propagating on the boundary of the system may be represented
by a scalar field in 1+1 dimensions. Therefore, in this system,
the DKP theory exists only in 2+1 dimensions, and is absent
at the edge.

V. EXPERIMENTAL REALIZATION

Here, we propose an electronic quantum simulation of the
Cu-O model analyzed in this paper. By following Ref. [30],
we consider an electronic Lieb lattice built by confining the
electrons on the surface state of Cu(111) by an array of CO
molecules positioned with a scanning tunneling microscope
(STM), as shown in Fig. 3. The CO molecules are represented
by black circles, which act as a repulsive potential and confine
the electrons to the Lieb-lattice geometry. To simulate, respec-
tively, the d and p orbitals at the corner and side sites, we
propose to use an anisotropic configuration, in which the four
COs are further away from the corner, and closer to the side
sites, as depicted in Fig. 3. This leads to weaker confinement
at the corner, and hence to higher orbital wave functions.

By investigating the behavior of the system at low tem-
peratures, under ultraclean conditions, we expect to reach
the interacting regime, where the mean-field Varma phase
with loop currents in each plaquette should emerge. Similar
systems have been emulated with ultracold bosons in optical
lattices [55,56]. Finally, an external magnetic field will be

FIG. 3. Patterning of an electronic Lieb lattice using CO
adsorbates.
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added perpendicularly to the Lieb lattice, to induce LLs and
the quantum Hall state in the system.

In this electronic quantum simulator, the value of the
quasiparticle charge may be determined by spectroscopic
measurements of the LLs. This procedure may provide a direct
observation of the charge q in the Varma phase, and resolve
the puzzling result obtained for the Hall conductivity.

VI. CONCLUSIONS

In this letter, we investigate the electromagnetic response of
pseudospin-0 DKP quasiparticles on the Lieb lattice. First, we
derive the LLs induced by a constant magnetic field orthogonal
to the system. Then, we analyze the topological response of

the model in the presence of a U(1) gauge potential in terms of
an Abelian Chern-Simons theory, from which we obtained an
atypical Hall conductivity. The experimental realization of this
setup will reveal the real effective value of the electric charge
of DKP quasiparticles. In any case, the relativistic description
of non-Dirac systems holds promises to reveal a much richer
physics than in conventional Dirac materials.
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