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One-graviton-loop corrections to the vacuum polarization on a de Sitter background show two
interesting infrared effects: a secular enhancement of the photon electric field strength and a long-range
running of the Coulomb potential. We show that the first effect derives solely from the “tail” term of the
graviton propagator, but that the second effect does not. Our result agrees with the earlier observation that
the secular enhancement of massless fermion mode functions derives solely from the tail term. We discuss
the implications this has for the important project of generalizing to quantum gravity the Starobinsky
technique for summing the series of leading infrared effects from inflationary quantum field theory.
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I. INTRODUCTION

correction of ;=% is just the de Sitter descendant of

It has long been clear that there is something peculiar  the flat-space effect which has long been known [12,13].

about long-wavelength gravitons on cosmological back-
grounds [1]. Unlike photons, which are precluded by
conformal invariance from locally perceiving the expansion
of the Universe, inflationary expansion leads to the pro-
duction of gravitons [2,3]. This process is the source of the
tensor power spectrum predicted by primordial inflation [4].

Long-wavelength gravitons also make a peculiar con-
tribution to the retarded propagator, which DeWitt and
Brehme famously denoted as the “tail term” [5]. Unlike the
usual delta function on the past light cone, the tail
contribution is nonzero inside the past light cone [6].
This fact has great relevance to computations of gravita-
tional radiation reaction in binary mergers [7-9]. It is also
responsible for the curious infrared “running” of the
Newtonian potential induced by the one-loop gravitational
vacuum polarization of conformal matter on a de Sitter
background [10,11],
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Here H is the Hubble constant, « = ¢’ is the de Sitter scale
factor and r is the comoving position. The fractional
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The new term proportional to GH? is specific to a nonzero
Hubble constant and causes perturbation theory to break
down, both for large r and at late times. Even though
conformal matter induces almost the same vacuum polari-
zation, in de Sitter conformal coordinates, as in flat space,
the gravitational response to that source is very different on
account of the strong de Sitter tail term.

Analytic continuation carries the tail term of the retarded
propagator into the tail part of the Feynman propagator
which can mediate quantum graviton effects to other
particles [14,15]. An important example is the one-graviton
contribution to the electromagnetic vacuum polarization
[16]. This induces an infrared running of the Coulomb
potential similar to Eq. (1) [17],

0o 2 {102,

+
drzr watr

2GHZ1 (aHr)+0(G2)}. (2)

As with the Newtonian potential (1), the fractional correc-
tion 3 2 — is just the de Sitter analogue of what happens in

flat space [18], while the new term proportional to GH?
causes perturbation theory to break down at large r and at
late times. The gravitational vacuum polarization on a de
Sitter background also causes a secular enhancement of the
electric field of a plane-wave photon [19],

2GH2
11 ee
FOIOOP ln(a) X ng . (3)
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Like Eq. (2), this result signals a late-time breakdown of
perturbation theory.

A common feature in all three results (1)—(3) is the
breakdown of perturbation theory when In(a) ~ ﬁ
Uncovering what happens after this time requires going
beyond perturbation theory. For the very similar infrared
logarithms of scalar potential models Starobinsky has
developed a stochastic formalism [20] which exactly
reproduces the leading infrared logarithms at each loop
order [21,22], and can be summed to elucidate the non-
perturbative regime [23]. The same technique can be
applied to a Yukawa-coupled scalar [24], and to scalar
quantum electrodynamics [25]. However, it has not yet
been generalized to quantum gravity.

The obstacle to applying Starobinsky’s formalism
has been the derivative interactions of quantum gravity.
These frustrate the proof [21,22] that works for scalar
potential models. Derivative interactions also mean that the
lowest-order renormalization counterterms contribute at
leading-logarithm order, which means that dimensional
regularization must be retained until a fully renormalized
result is obtained [26]. The problem remains, despite
notable progress in understanding the simpler derivative
interactions of nonlinear sigma models [27,28].

A notable advance was the discovery [26] that only the
tail part of the graviton propagator is responsible for the
secular enhancement of massless fermions on a de Sitter
background [29,30]. The purpose of this paper is to see if
the tail term alone also explains the secular enhancement of
dynamical photons (3) and the logarithmic running of the
Coulomb potential (2). In Sec. II we review the relevant
Feynman rules and identify precisely those parts of the
vacuum polarization which are responsible for the two
effects. In Sec. III we compute the tail contribution to the
vacuum polarization. Our results are discussed in Sec. IV.

II. NOTATION

The purpose of this section is to review notation. We
begin with the Feynman rules which were used to compute
the vacuum polarization [16]. This is where we define the
“tail” part of the graviton propagator which plays a central
role in this study. We also describe how the tensor structure
of the vacuum polarization is represented using two
structure functions, and we give the order-GH? contribu-
tions to these structure functions which are responsible for
the enhancement of dynamical photons (3) and the loga-
rithmic running of the Coulomb potential (2).

A. Feynman rules

The Lagrangian relevant to our study is,

[R—(D-2)(D-1)H]\/=g
162G

1
- ZF/wF/mgW)gyﬂv -9+ AL+ EGF' (4)

E:

Here D is the spacetime dimension, H is the de Sitter
Hubble constant and G is Newton’s constant. The two
counterterms we require are,

AL = CH?F,F ), ¢°/—g + ACH?F;;F1,g™* ¢/ \/=g.
()

The noninvariant term (roman indices are purely spatial)

proportional to AC is required because of de Sitter breaking

in the graviton sector [16,31]. Our electromagnetic and
gravitational gauge-fixing terms are [14,15],

1
Lor = —EaD_4 (1A, — (D —4)HaA,)?
1
- EaD_Zn’”’F”FD, (6)

_ L
Hn

time #) and the gravitational term is,

where a = is the de Sitter scale factor (at conformal

1
v~ Eh’w’” + (D - 2)HahW)606 . (7

F,=nh,

Here and henceforth 4, is the conformally transformed

graviton field whose indices are raised and lowered with the
(spacelike) Minkowski metric,

G = azf}w = az[nm, + xhy,]. K> =162G. (8)

Our gauge breaks de Sitter invariance but it does provide

the simplest possible expressions for the photon and

graviton propagators. They each take the form of a sum
of constant tensor factors times scalar propagators,

i, A, )(x;x') =7, x ad'iAp(x;x')

- 8°,8°, x ading(x; x'), 9)

i[uvA,m] (x; ') =

Z [ﬂl/T/I;g] x iA(x;x'),  (10)

1=A,B.C

where 7, =1, +6°8°, is the spatial part of the
Minkowski metric. The gravitational tensor factors are,

o 2
[HI/ng] = 2’7;4(/)’70’)1/ - ﬁ’]uv”ﬂm (1 1)
[ﬂIJng] = _450(;477111)(/7500')’ (12)
[ T] :;[(D—ﬂg) &y + 7]
wloel =D -2)(D=3) WO
X [(D - 3)50[1606 + ﬁpa]' (13)

Here and henceforth parenthesized indices are symmetrized.
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It is useful to expand the three scalar propagators in
progressively less and less singular terms,

A
A (x; X)) = l(ac(zxi)l)x)—’— i6A;(x; x) + iAs; (x;X7),
I=AB.C. (14)

Here the massless scalar propagator in flat space is

re-1
477 AxP2’
AP (X)) = (X =¥|° = (In—n'|—ie)*.  (15)

IA(x;x') =

Note that iA(x;x") has the leading, 1/AxP~2 singularity.

The three 1/AxP~* terms are,

(a /)- 15AA(X’ x')

C B TE+1) 1 meo()r(D - 1)
“ 32\ 2D —4) AP ar(D)

" ad' HH\ 32 N I(D-1) (ad H? %—21 (ad)
n
4 ar(2) 4 aaly

(16)

(ad") 2505 (x; x)

[ Do (Y,

(ad')T2isAc(x; x')
2 D_ D_ — ad HY\ -2
(e )

(18)

The i5A;(x;x") determine the coincidence limits in
dimensional regularization, but only i§A,(x;x") produ-
ces a nonzero tail term when D =4. The three
iAs;(x;x") terms are each infinite series of less singular
powers, which vanish for D = 4. They play no role in
our analysis, but their expansions are given in
Appendix A for completeness.

We can now identify the “tail” part of the graviton
propagator,

A
Ty

il A (x;x') = ] X i6A 4 (x;X'). (19)

l
The purpose of this paper is to check whether or not
replacing the full graviton propagator by Eq. (19) gives
those parts of the vacuum polarization which are
responsible for the secular enhancement of dynamical
photons (3) and the logarithmic running of the Coulomb
potential (2).

B. Representing vacuum polarization

The one-graviton-loop contribution to the vacuum
polarization can be expressed in terms of expectation
values of variations of the action,

Q>

N

The subscripts hA and hh indicate that the operator in
square brackets is to be expanded to that order in the weak
fields h,, and A,. Equation (20) is ideal for our study
because each of these two expectation values is separately
transverse, and for any graviton field.

The tensor structure of the de Sitter background
vacuum polarization can be represented using two structure
functions [32-34],

i) (o x') =

(*nP® = o) 0,0, F (x; x')
+ ([ = i) 9,0,G (% x'). (21)

Each of the two terms on the right-hand side of Eq. (21)
is transverse so we can work out contributions to F(x;x’)
and G(x;x') separately, from each of the two expectation
values in Eq. (20), and from any part of the graviton
propagator such as Eq. (19). Given a transverse contribu-
tion to i[“I1*](x;x'), the corresponding contributions to
the structure functions can be inferred from selected
components [34],

-

i’I°) (x; &) = =V - V'F(x;x'), (22)
N X [ T](x;x") = (D = 1)0 - 'F(x; ')
+(D-2)V-VGxx). (23)

The same considerations imply that the two relevant
counterterms (5) make the following contributions [16]:

AF(x;x'
AG(x; x'

) = 4CH?aP~#isP (x — x'),
) = 4ACH?aP~4isP (x — x'). (24)

The full one-loop vacuum polarization [16] contains
some parts which are de Sitter-ized versions of the flat-
space result [18]. However, the secular enhancement of
dynamical photons (3) and the logarithmic running of the
Coulomb potential (2) originate in the intrinsically de Sitter
portions of the structure functions,
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2H2
(2n)*
+182 In(} H>Ax?)
4 Ax?

| o [MGHAR) +2
0 sz ’

Fds(X;X') =

{2712 In(a)is*(x — x')

(25)

K2 H? 8 .
Gys(x;x') = 2 {—§ﬂ2 In(a)is*(x — x')

- %32 Fn(‘l*f%] } (26)

The enhancement of dynamical photons actually derives
entirely from just the In(a) part of Fys(x;x") [19]. In
contrast, all terms in the first and second lines of Egs. (25)-
(26) contribute to the logarithmic running of the Coulomb
potential [17]. The terms in the third line of Eq. (25) do not
contribute to either the enhancement of photons or the
running of the Coulomb potential.

III. VACUUM POLARIZATION
FROM THE TAIL

This section presents the key computation of the tail
contribution to the two structure functions of the vacuum
polarization. Because each of the terms in the operator
expression (20) is separately transverse, as is the contri-
bution from the counteraction, we derive separate results
for each of the three diagrams in Fig. 1. Because the
counterterms contribute at leading-logarithm order it is
necessary to retain dimensional regularization until the end.
(The same thing was found in deriving the tail contribution
to the fermion wave function [26].) However, extensive
simplifications result from anticipating terms which must
vanish in the renormalized, unregulated limit. We begin
with the simple four-point contribution, then proceed to the
more complicated contribution from two three-point ver-
tices, and finally add the appropriate counterterms.

A. The four-point contribution

The primitive four-point contribution is the middle
diagram of Fig. 1 and has the operator representation,

oo TR & SO

x T
FIG. 1. Feynman diagrams relevant to the one-loop vacuum
polarization from gravitons. Wavy lines are photons, curly lines
are gravitons and the cross represents counterterms.

iPT1,) (') = 0,06(Qla”~*\/=g(# 9" - 7 7°)

X i6P (x — X)) - (27)
This expression is exact. Because the tail contribution
comes from the purely spatial components of the graviton

field we can use Eq. (22) to write a simple relation for the
tail part of the structure function F(x;x’),

—V - V'Fy(x:x') = 0,0,(QlaP~/=5 8" (x = ¥')|Q) -

(28)
Isotropy implies,
1
Fy(xx') = —ﬁ<Q|GD_4 —gg*i6" (x = x) Q) i1
(29)
1
:ZLD(D =5)k2aP~*isA, (x;x)isP (x—x').  (30)

Equation (30) agrees with the result (66) reported
in Ref. [16].
Equation (23) determines the structure function G(x; x’),

(D=1)0-Fy+ (D—-2)V-V'Gy
= 990y (Q]aP~*\/=gg*i8" (x = x)|Q)
+ 00, (QaP /=57 — (1 + )
x i6” (x = x')|Q) i (31)
Using Eq. (29) and exploiting isotropy implies,

G4t_< (a—\/—_g

=(Q (D_1)(D_2>(gkf§kf+§kk[(D_2)

~F s (x=x)|@) . (32)
=— [D— <%>] K2aP=4isA 4 (x;x)isP (x—x'). (33)

Equation (33) agrees with the result (67) reported
in Ref. [16].

B. The three-point contribution

The primitive three-point contribution is the left-hand
diagram of Fig. 1. From the first term of the operator
expression (20) we can infer a simpler operator expression
for it,

i, () = =8,0,{{Q[V/=37“ 7]
X [/=77 P)0) 1)
x 4(ad")P~10,0i[;A ) (x; x')},  (34)

where square-bracketed indices are antisymmetrized. If we
specialize to just the tail contribution then the expectation
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value in the first two lines of Eq. (34) goes like 1/Ax"~*. 4(ad')P~10,0}i[,A ] (x;x') — 4(ad)F2n50,0,iA(x; X).
Hence the entire curly-bracketed term is at most logarithmi-

cally divergent, and that only when both of the derivatives (35)
in the third line of Eq. (34) act on the most singular part of Substituting Eq. (35) into Eq. (34), and exploiting
the photon propagator (9). Because the less singular parts  Eq. (22), gives an operator expression for the tail contri-
vanish for D = 4 we can make the simplification, bution to the F(x;x’) structure function,

|
—V-V'Fy,(x:x') = =00 { QU =57 () X [V =55 In() | RDuai (a0 )[4, 000 = 01D Jis (x:4') ), (36)

— 129, a’{<sz] 255 — hlkhaff halkhff+hlkhff]§z> (ad' )3 [5kfaoag—aka;]m(x;x’)}. (37)

tail

Substituting the tail part of the propagator (19) and performing the simple contractions implies,
Fay(x:x') = 2i6A 4 (x; X') (aa'32[(D = 10040 — V - V)i (x; ). (38)

The final step is to extract the derivatives from inside the square brackets of Eq. (38), which is done generically in
Appendix B. From Eq. (B7) we infer,

Fu(ex) ==

K*H?0-0' {ln(%Hzsz) —4} K*H?0,0, {ln(insz) + 2] K*HP2(D-1)I'(5+41)isP (x—x') (39)

647" Ax? 167" Ax? (47)3(D—=3)(D—4)

Both the divergence and the ln(% Hzsz) terms agree with the results reported in Egs. (129) and (130) of Ref. [16].
Equations (22)—(23) provide an operator expression for the G(x;x’) structure function,

(D=1)0-0F(x;xX) + (D =2)V -V G(x;x) = V- VF(x;x') + i[ T (x; x'). (40)
Specializing Eq. (40) to the three-point tail contribution gives,
(D =2)V-VGy(x:x') = =(D = 2)V - V'3 (x:x') + (D = )03 Fa(x:%') = 8,0, Q[ =4@ 7" = 75
X V=@ 5" = 57 n) | Dain (@) 05040, 1A (x5 2') ). (41)

The p = o = 0 component of the contraction in Eq. (41) cancels the factor of (D — 1)09,0,F3,(x;x"). Expanding out the
remaining terms gives,

(D=2)V -V Gy (x:5) = =(D=2)V -V Fyy(x;x') + 8o { (QU/=F5 X /=355 = §* 57)| Q) (ac') 28, A (x:27) }
+0,0,{(Q\/—9(g7 7" - ”’pgfk X /=G5 |Q) it (ad’) D —29.; i0hiA(x;x')}

- 0,0, {(QIN=3(@" T 5 T™) x /=93 F — 7T Qin(ad) 20,018 (x:x)}, (42)
—— 6{( a3 2i5A ,(x; x') {2(D21_)5_’é+5)6'6/+(D—2)(D—l)ﬁoag]iA(x;x’)}

(D = 2)2k200{ (aa') 772604 (x; x') Do DiA (x; x') }
(D —2)2k29,0y{ (ad')T2i6A 4 (x; ') 0;0piA (x; x') }
- (D-4)(D - 1)Kzaia;{(aa’)%_ziéAA(x;x’)@,»@j-iA(x;x’)}, (43)

where some of the terms from the first line of Eq. (43) derive from the operator expressions in the last line of Eq. (42) and

spatial translation invariance has been exploited. It remains to extract the inner derivatives using Eq. (B7) and solve for
Gy (x; '),

Gy (x;x') =

21129 . 9/ 12 2
k*H>0 - O {ln(4H Ax)+2]' (44)

327 Ax?
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This result agrees with the In(} H?Ax?) term reported in
Eq. (132) of Ref. [16]. However, it has neither the ultraviolet
divergence reported in Eq. (131) of that paper, nor the
associated factor of In(u>Ax?) reported in Eq. (132). These
terms come from the non-tail part of the graviton propagator.

C. Tail renormalization

The right-hand diagram of Fig. 1 stands for renormaliza-
tion counterterms. Their contributions to the two structure
functions were given in Eq. (24). We must bear in mind the
fact that the coefficients C and AC are not those appropriate
to the full vacuum polarization [16] but rather just the parts
needed to cancel the divergences in our tail results (30) and
(39) for F(x;x') and (33) and (44) for G(x; x).

Based on Egs. (30) and (39) the best choice for the C
counterterm is,

- K2HP™* (D(D —5)[(D — 1)z cot(2)
e\ 16r(®)

(D-1)TE+1)

XD -3)(D -4 1}‘ (45)

After combining with the primitive results (30) and (39)
and taking the unregulated limit we obtain,

Ftail(x; x/)
K>H? , 1, [In(t H?Ax?)
= 2n) {27[2 In(a)is*(x —x') + 182 [37}
In(L H2Ax?) 42
2 4
+ 03 { NE } } (46)

Equation (46) agrees exactly with the intrinsically de Sitter
part of the full F(x;x’) structure function (25), including
even the parts in the third line which play no role in either
the secular enhancement of dynamical photons [19] or the
logarithmic running of the Coulomb potential [17].

Based on Egs. (33) and (44) the best choice for the
noncovariant AC counterterm is,

_KHP [ (D*=4D+1)[(D~1)mcot(%P)
=" | ot

(47)

The unregulated limit of the renormalized tail contribution
to G(x;x') is,

K'2H2
(2m)*

_ %az [71“71‘ Hzsz)} } (48)

Gu(x;x') = {—47[2 In(a)is*(x — x')
Ax?

Equation (48) does not agree with Eq. (26) because the
primitive three-point tail contribution (44) lacks both the

divergence and the associated y-dependent logarithm of the
full three-point result [16].

IV. DISCUSSION

Our aim has been to see how much of the intrinsically de
Sitter part (25)—(26) of the vacuum polarization arises from
replacing the full graviton propagator (10) with just its tail
part (19). Our result is that the tail reproduces all of Eq. (25)
but not all of Eq. (26). This means that the graviton tail is
responsible for the secular enhancement of dynamical
photons (3), but not for all of the logarithmic running of
the Coulomb potential (2). The remaining parts of Eq. (26)
come from using the most singular part of the graviton
propagator in the three-point contribution. Although these
terms have no factor of H?, they do contain -1, = H?nry'.
When the inner derivatives are passed through this term
they can act on the 5’ and leave the required factor of H>.

Our result means that the tail term is not responsible for
all the interesting secular effects mediated by the one-loop
vacuum polarization. This may not be the setback it would
seem for the crucial task of extending Starobinsky’s
stochastic technique [20,23] to quantum gravity. The large
logarithms of interest derive from three sources:

(1) Explicit factors of In(ad’) and In(H?>Ax?) in the tail

part of the graviton propagator (19).

(2) Factors of (ad')?2/(D —4) and (Ax)P~*/(D —4)
which arise either in primitive ultraviolet divergen-
ces or in the counterterms which remove them.

(3) The integration of interaction vertices which one
must do in higher-loop diagrams.

The one-loop tail contributions (46) and (48) that we have
computed come from the first two sources. The reason
Eq. (48) does not give all the interesting parts of the
G(x;x") structure function, as shown in [Eq. (20)], is that
we have missed some ultraviolet divergences in the most
singular part of the propagator. These sorts of terms are easy to
recover using renormalization group techniques. The “hard”
contributions—the ones for which one-loop divergences do
not predict higher-loop results—are those from the other two
sources. So perhaps the key to dealing with the large
logarithms is to combine Starobinsky’s technique with the
renormalization group.
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APPENDIX A: iAy;(x;x") EXPANSIONS

The infinite-series expansions for the scalar propagators (14) are

iAsy(x;x)

fi< /HZszy{rian«li_%)l) <n—r(—n:;<+ 1+)1><;A>} -
e SEC P i)

iAzc(.X'; x/) =

(477'-)% n=1 4 F(I’l + %)

APPENDIX B: EXTRACTING DERIVATIVES

Evaluating the three-point contributions requires that we
pass derivatives of the photon propagator to the left of

(aa')t2

i5A4(x; x') in expressions of the form,

(aa’)%_zi(sAA(x;x’)aﬂa,’,iA(x;x’). (B1)

The propagator iA(x x') goes like 1/AxP~2. From Eq. (16)
we see that (aa’)2~2i5A , (x; x') contains three distinct sorts
of coordinate dependence. The result of passing derivatives
through each of these terms is,

(ad)5720,0, 5= = {8,4— <§—2>Ha50ﬂ]
« |, - (9 - 2) Ha’éo,,}
i 2
x %} (B3)
In(aa")0,0, AxlD‘z
- o[ et)] o, [T ~or 20wy

The first terms on the right-hand sides of Egs. (B2)— (B4)

give the derivatives acting on the product (aa’)?~2 x
i6A,(x; X' )iA(x;x"). That product is integrable for

HP-2 i’: (aa'H2Ax2>n{(n +Dr(n+D=-3)

|
D = 4 so we can take its unregulated limit. The secondary
terms of Eqs. (B3)—(B4) cancel in D = 4 dimensions, so it
only remains to consider the second term on the right-hand
side of Eq. (B2),

[1] E. Lifshitz, J. Phys. (USSR) 10, 116 (1946); Gen. Relativ.
Gravit. 49, 18 (2017).

[2] L. P. Grishchuk, Zh. Eksp. Teor. Fiz. 67, 825 (1974) [Sov.
Phys. JETP 40, 409 (1975)].

’ 1 , 1 MD_4
9.0 Ax2D-6 — 9.0 Ax2D=6 " A D2

4 2 D 4;5D

T /’l Dl (x X ) , (BS)
(-1
_ D -4 9.9 ln(,uzAzxz)
2 Ax
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