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Abstract Large perturbative corrections, which appear in perturbative expressions for many QCD observables,
either at small QT or at partonic threshold, can be organized by way of all order resummation. Joint resummation
allows simultaneous resummation of threshold and recoil effects and its impact has been assessed upto leading
log, next-to-leading log (NLL) and in some cases up to NNLL accuracy. We discuss another class of terms,

called soft-collinear effects, which give rise to corrections of the form ln j N
N and their impact on the joint

resummed calculations of prompt photon production cross section.

1 Introduction

Particle Physics research at high energy colliders depends on our ability to calculate cross sections with ever
increasing theoretical accuracy, which is achieved by incorporating higher and higher order corrections in
perturbative expansion of the observable of interest. Factorization theorems of perturbative QCD play a key
role in calculating these corrections and allow expressing cross section for the process AB → FX to be
factorized into convolutions

σ = Σa,b

∫
dxa fa/A(xa, μF )

∫
dxb fb/B(xb, μF )σ̂ab→FX (1)
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where fa/A(N , μF ) and fb/B(N , μF ) are the standard parton distribution functions. To calculate hadronic
cross sections, we need to calculate the partonic cross section σ̂ as accurately as possible, which can be
achieved order by order in perturbation theory using Feynman diagrams. The perturbation series in powers of
αs can be calculated up to Lowest order (LO), Next-to-leading order (NLO) and so on. Ideally, asymptotic
series converges rapidly and a LO or NLO calculation is sufficient. However, sometimes the series contains
powers of some numerically large logarithm L and can then take a form containing single logs or double logs.
Resummation methods organize these logs in perturbative expansions [1,2]

σ̂ = σ̂0 exp

[
Lg1(αs L) + g2(αs L) + αsg3(αs L) + · · ·

]
C(αs) (2)

in terms of an effective expansion parameter αs L or α2
s L , where, g1, g2, . . . are computable functions giving

results up to leading log (LL), next-to-leading-log( NLL)…accuracy.

Threshold logs of the kind L2 = ln2(1 − Q2

s ) appear near the threshold and are resummed in Mellin
Space or N -space using techniques of threshold resummation [3–5], while logs arising due to recoil effects are
resummed in impact parameter or b-space using recoil resummation formalism [6]. Joint resummation [7–10]
combines the threshold and recoil resummations and reproduces the threshold resummed and recoil resummed
cross sections in the limits N >> p+b and p+b >> N respectively, where p+ is the longitudinal momentum
of the hadron [6].

Here, we discuss another class of sub leading contributions to threshold and joint resummed cross section of

prompt photon production,which are termed soft-collinear effects and lead to terms of the form ln j N
N [11–14].

In the following sections, we illustrate, in case of prompt photon production, how the soft-collinear effects
are included in the resummation formalism. We review earlier work where the impact of these terms was
assessed for E706 and Tevatron kinematics and also present some preliminary results on the impact of these
soft-collinear terms for LHC kinematics.

2 Threshold Resummation

The pT distribution of prompt photons in hadronic process

hA(pA) + hB(pB) → γ (pc) + X , (3)

can be written as

p3
T dσ AB→γ+X

dpT
= p3

T dσ
(direct)
AB→γ+X

dpT
+ p3

T dσ
(frag)

AB→γ+X

dpT
(4)

where
p3
T dσ

(direct)
AB→γ+X
dpT

is the direct part and
p3
T dσ

(frag)

AB→γ+X
dpT

is the fragmentation part in which the photon in the
final state results due to fragmentation of an outgoing quark in QCD hard scattering. The lowest order QCD
processes producing the prompt photon at partonic cm energy

√
s

q(pa) + q̄(pb) → γ (pc) + g(pd)

g(pa) + q(pb) → γ (pc) + q(pd)

contribute to the direct part, while the fragmentation part gets contributions from 2 → 2 hard scattering
processes in which one of the final state partons fragments into photon.

The fragmentation component, which is also of O(ααs) is expected to contribute to the cross section
substantially [15]. Near partonic threshold, soft gluon radiation leads to corrections to dσ̂

dpT
as large asαk

s ln2k(1−
x̂2
T )σ̂ Born at order αk

s in perturbation theory, where xT = 2pT√
S

. Threshold resummation organizes these logs
to all orders in perturbation theory and is performed by going over to Mellin-transform space or N-space

σγ,N (ET ) =
1∫

0

dx2
T (x2

T )N−1
p3
T dσ

(resum)
AB→γ+X

dpT
(5)
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Convolutions in factorized cross section become ordinary products in Mellin space leading to simple factorised
form [4]

σγ, N (ET ) =
∑
a,b

fa/A, N+1(μ
2
F ) fb/B, N+1(μ

2
F )

×
{

σ̂ab→γ, N (αs(μ
2); E2

T , μ2, μ2
F , μ2

f )

+
∑
c

σ̂ab→c, N (αs(μ
2); E2

T , μ2, μ2
F , μ2

f ) dc/γ, 2N+3(μ
2
f )

}
(6)

in terms of the moments of each of the functions, where μF , μ f and μ are the the factorziation scale , the
fragmentation scale and the renormalization scale respectively. Mellin moments of plus distributions in the
cross section give rise to powers of ln N in the Mellin space expressions. Soft gluon correction terms of the
form ∼ αk

s ln2k N are termed leading log (LL), terms of the form αk
s ln2k−1 N are called next-to-leading log

(NLL) and so on. Threshold resummation exponentiates these logarithmic corrections leading to all order
resummed expressions [4,5]. For example,

σ̂
(res)
qq̄→γ, N (αs(μ

2); E2
T , μ2, μ2

F , μ2
f ) = α αs(μ

2) σ̂
(0)
qq̄→gγ, N

Cqq̄→γ (αs(μ
2), Q2/μ2; Q2/μ2

F )

�
qq̄→gγ
N+1 (αs(μ

2), Q2/μ2; Q2/μ2
F ) (8)

where Cab→γ are N independent hard coefficients and �
qq̄→gγ
N+1 are radiative factors containing the ln N

dependence. The expressions for these up to NLL can be found in Ref. [5].

3 Joint Resummation

In joint resummation, the direct component of the cross section is given by [11]

p3
T dσ

(direct)
AB→γ+X

dpT
=

∑
ab

p4
T

8π S2

∫

C

dN

2π i
fa/A(N , μF ) fb/B(N , μF )

×
1∫

0

dx̃2
T

(
x̃2
T

)N |Mab(x̃2
T )|2√

1 − x̃2
T

C (ab→γ d)((μ, x̃2
T )

×
∫

d2QT

(2π)2 Θ (μ̄ − QT )

(
S

4p′
T

2

)N+1

×
∫

d2b eib·QT Σ
(resum)
ab→γ d (N , b, μ, μF , Q) (9)

while the fragmentation component is [7,16]

p3
T dσ

(frag)

AB→γ+X

dpT
=

∑
abc

p4
T

8π S2

∫

C

dN

2π i
fa/A(N + 1, μF ) fb/B(N + 1, μF )Dγ /c(2N + 3, μ2

F )

×
∫

d2QT

(2π)2 Θ (μ̄ − QT )

(
S

4p′
T

2

)N+1

×
∫

d2b eib·QT Σ
(resum)
ab→cd (N , b, μ, μF , Q) . (10)

where Dγ /c(2N + 3, μ2
F ) is the fragmentation function and μ f = μF .
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The resummed exponents for the partonic process ab → γ d and the process ab → cd in combined
Mellin-impact parameter space are given by

Σ
(resum)
ab→γ d (N , b) = exp

[
EPT
a (N , b, Q, μ, μF ) + EPT

b (N , b, Q, μ, μF ) + Fd(N , Q, μ)

]
(11)

and

Σ
(resum)
ab→cd (N , b) = exp

[
EPT
a (N , b, Q, μ, μF ) + EPT

b (N , b, Q, μ, μF )

+EPT
c (N , b, Q, μ, μF ) + Fd(N , Q, μ)

]

×
[∑

GI
ab→cd exp

(
Γ

(int)ab→cd
I N

)]
σ

(Born)
ab→cd (N − 1, b) (12)

Here, EPT
a (N , b, Q, μ, μF ), EPT

b (N , b, Q, μ, μF ) and EPT
c (N , b, Q, μ, μF ) represent the effects of soft gluon

radiation collinear to initial partons a and b and the observed final state parton c respectively. Fd(N , Q, μ)
represents the collinear, soft or hard, emission by the non observed parton d. The last brackett is associated
with wide angle soft radiation. The sum runs over all possible color configurations I with GI

ab→cd representing
a weight for each color configuration such that

∑
GI

ab→cd = 1. The expressions for resummed exponents and

NLL expansion of anomalous dimension matrix Γ
(int)ab→cd
I N are given in Refs. [11,16].

4 Soft-Collinear Effects

Another important class of potentially large terms are of the form

αi
s

2i−1∑
j

di j
ln j N

N
. (13)

which have soft-collinear origin. We consider such terms arising from two sources

1. The singular plus distributions [ln2 j−1(1− z)/(1− z)]+, which can be included by keeping the subleading
terms in Mellin transform of plus distributions. For example

1∫

0

dzzN
[

ln(1 − z)

1 − z

]
+

= 1

2
ln2 N − 1

2
(ln N + 1)

1

N
+ · · ·

2. The singular but integrable ln2 j−1(1−z), which have purely collinear origin and which can be incorporated
by including the regular part of Altarelli–Parisi splitting function [18]. Their effect can be incorporated in
threshold resummation by the replacement

zN−1 − 1

1 − z
A(1)
i →

[
zN−1 − 1

1 − z
− zN−1

]
A(1)
i + O(

1

N 2 ) , (14)

in each of the radiative factors. Here, A(1) is the leading order term in anomalous dimension and is equal to
CF andCA in case of quarks and gluons respectively. This replacement is equivalent to exchanging at order
j one soft collinear gluon (corresponding to one factor αs ln2 N ) for a hard-collinear one (corresponding
to a factor αs ln N/N

αk
s ln2k N → αk

s
ln2k−1 N

N
.
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The extra term can be cast in a convenient form [17] adding terms of the form

f ′
q = A(1)

q

2πb0
exp

(
− λ

αsb0

)
[ln(1 − 2λ) − ln(1 − λ)] (15)

f ′
g = 3A(1)

g

2πb0
exp

(
− λ

αsb0

)
[ln(1 − 2λ) − ln(1 − λ)] (16)

to the resummed exponents. The initial state αk
s ln2k−1 N/N terms can also be generated in the context of joint

resummation by extending evolution of parton densities to a soft scale [11].
To include the off diagonal ln N/N effects, we can replace the combination

fi/A(μF , N ) f j/B(μF , N ) exp
[
EPT
i (N , b, Q, μ, μF ) + EPT

j (N , b, Q, μ, μF )
]

by

Ci/A(Q, b, N ) C j/B(Q, b, N ) exp
[
EPT
i (N , b, μ, Q) + EPT

j (N , b, μ, Q)
]

where

Ci/H (Q, b, N ) =
∑
k

Eik (N , Q/χ, μF ) fk/H (N , μF ) .

with the matrix E being the evolution matrix which implements evolution from scale μF to scale Q/χ . We
will call this method of including ln N/N effects the evolution method in the next section, while the method
of Ref. [17] will be referred to as exponential method.

5 Numerical Results

We study numerically the impact of including the ln N/N terms in the resummed cross section of prompt
photon production for three kinematic conditions: p p̄ collisions at the Tevatron at

√
S = 1.96 TeV [19,20],

pN collisions in the E706 fixed target experiment with Ebeam = 530 GeV [21], corresponding to
√
S = 31.5

GeV and at pp collisions at LHC at
√
S = 14 TeV. In Fig. 1, we show the effect of ln N/N terms on joint as

well as threshold resummed cross section, including both the direct as well as fragmentation contributions, for
E706 and Tevatron kinematics. We find the contribution to be small for joint resummation (JR) but substantial
for threshold resummation as was also observed in case of only direct contribution [11]. A detailed analysis
can be found in Ref. [16]. We present peliminary results using both the exponentiation method as well as
the evolution method of incorporating the leading soft-collinear effects for LHC kinematics at four scales

0.1

1
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3.5 4 4.5 5 5.5 6

pT [GeV]

a
b
c

0.1

1

10

20 40 60 80 100 120 140 160 180
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b
c

Fig. 1 Comparison of JR without lnN/N with JR with lnN/N (a), Threshold without lnN/N (b) and Threshold with lnN/N (c):
left panel—E706 kinematics, right panel—Tevatron kinematics [16]
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Fig. 2 Comparison of exponentiation and evolution methods for initial state exponents in direct + fragmentation contribution to
pT distribution in JR with lnN/N at NLL when exponentiation method is used for final state: LHC kinematics

Fig. 3 Comparison of exponentiation and evolution methods for initial state exponents in direct + fragmentation contribution to
pT distribution in JR with lnN/N at NLL when evolution method is used for final state: LHC kinematics

μR = μF = pT
2 , pT , 2pT and 2.5pT . In all cases, the effect of these terms is found to be appreciable at LL

but smaller at NLL. In general, the difference between the LL and NLL result is found to reduce substantially
when the ln N/N effects are included (Fig. 2).

6 Summary

We have discussed improvements possible in joint as well as threshold resummation through summing purely
collinear enhancements arising from terms of the form lni N/N . The effect of including the leading ln N/N
term in resummed cross section for prompt photon production is found to be non-negligible when both direct
and fragmentation processes are taken into account. The effect is found to be appreciable in threshold resummed
cross section at E7076 and Tevatron kinematics but smaller in case of JR as the corrections due to recoil effects
overshadow soft-collinear effects. For LHC kinematics, we find the difference between results obtained using
exponentiation and evolution methods to be small but non-negligible. A detailed study comparing the two
methods will be presented in future. Our results indicate that it may be worthwhile to include sub leading
terms of the kind lni N/N and assess their impact (Fig. 3).
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References

1. G.F. Sterman, Nucl. Phys. B 281, 310 (1987). https://doi.org/10.1016/0550-3213(87)90258-6
2. S. Catani, L. Trentadue, Nucl. Phys. B 327, 323 (1989). https://doi.org/10.1016/0550-3213(89)90273-3
3. E. Laenen, G. Oderda, G.F. Sterman, Phys. Lett. B 438, 173 (1998). https://doi.org/10.1016/S0370-2693(98)00960-5.

[arXiv:hep-ph/9806467]
4. S. Catani, M.L. Mangano, P. Nason, JHEP 9807, 024 (1998). https://doi.org/10.1088/1126-6708/1998/07/024.

[arXiv:hep-ph/9806484]
5. S. Catani, M.L. Mangano, P. Nason, C. Oleari, W. Vogelsang, JHEP 9903, 025 (1999). https://doi.org/10.1088/1126-6708/

1999/03/025. [arXiv:hep-ph/9903436]

https://doi.org/10.1016/0550-3213(87)90258-6
https://doi.org/10.1016/0550-3213(89)90273-3
https://doi.org/10.1016/S0370-2693(98)00960-5
http://arxiv.org/abs/hep-ph/9806467
https://doi.org/10.1088/1126-6708/1998/07/024
http://arxiv.org/abs/hep-ph/9806484
https://doi.org/10.1088/1126-6708/1999/03/025
https://doi.org/10.1088/1126-6708/1999/03/025
http://arxiv.org/abs/hep-ph/9903436


Soft-Collinear Effects in Threshold and Joint Resummation Page 7 of 7 99

6. H.n Li, Phys. Lett. B 454, 328 (1999). https://doi.org/10.1016/S0370-2693(99)00350-0. [arXiv:hep-ph/9812363]
7. E. Laenen, G.F. Sterman, W. Vogelsang, Phys. Rev. Lett. 84, 4296 (2000). https://doi.org/10.1103/PhysRevLett.84.4296.

[arXiv:hep-ph/0002078]
8. E. Laenen, G.F. Sterman, W. Vogelsang, Phys. Rev. D 63, 114018 (2001). https://doi.org/10.1103/PhysRevD.63.114018.

[arXiv:hep-ph/0010080]
9. G.F. Sterman, W. Vogelsang, Phys. Rev. D 71, 014013 (2005). https://doi.org/10.1103/PhysRevD.71.014013.

[arXiv:hep-ph/0409234]
10. G.F. Sterman, W. Vogelsang, JHEP 0102, 016 (2001). https://doi.org/10.1088/1126-6708/2001/02/016.

[arXiv:hep-ph/0011289]
11. R. Basu, E. Laenen, A. Misra, P. Motylinski, Phys. Rev. D 76, 014010 (2007). https://doi.org/10.1103/PhysRevD.76.014010.

arXiv:0704.3180 [hep-ph]
12. E. Laenen, L. Magnea, G. Stavenga, Phys. Lett. B 669, 173 (2008). https://doi.org/10.1016/j.physletb.2008.09.037.

arXiv:0807.4412 [hep-ph]
13. E. Laenen, G. Stavenga, C.D. White, JHEP 0903, 054 (2009). https://doi.org/10.1088/1126-6708/2009/03/054.

arXiv:0811.2067 [hep-ph]
14. E. Laenen, L. Magnea, G. Stavenga, C.D. White, JHEP 1101, 141 (2011). https://doi.org/10.1007/JHEP01(2011)141.

arXiv:1010.1860 [hep-ph]
15. D. de Florian, W. Vogelsang, Phys. Rev. D 71, 114004 (2005). https://doi.org/10.1103/PhysRevD.71.114004.

[arXiv:hep-ph/0501258]
16. R. Basu, E. Laenen, A. Misra, P. Motylinski, arXiv:1204.2503 [hep-ph]
17. P. Mathews, R. Basu, D. Indumathi, E. Laenen, S. Majhi, A. Misra, A. Mukherjee, W. Vogelsang, Pramana 63, 1367 (2004).

https://doi.org/10.1007/BF02704902
18. M. Kramer, E. Laenen, M. Spira, Nucl. Phys. B 511, 523 (1998). https://doi.org/10.1016/S0550-3213(97)00679-2.

[arXiv:hep-ph/9611272]
19. V. M. Abazov et al. [D0 Collaboration], Phys. Lett. B 639, 151 (2006). Erratum: [Phys. Lett. B 658, 285 (2008)]. https://doi.

org/10.1016/j.physletb.2007.06.047, https://doi.org/10.1016/j.physletb.2006.04.048. [arXiv:hep-ex/0511054]
20. D. Acosta et al., CDF Collaboration. Phys. Rev. D 70, 074008 (2004). https://doi.org/10.1103/PhysRevD.70.074008.

[arXiv:hep-ex/0404022]
21. L. Apanasevich et al., Fermilab E706 Collaboration. Phys. Rev. D 70, 092009 (2004). https://doi.org/10.1103/PhysRevD.

70.092009. [arXiv:hep-ex/0407011]

https://doi.org/10.1016/S0370-2693(99)00350-0
http://arxiv.org/abs/hep-ph/9812363
https://doi.org/10.1103/PhysRevLett.84.4296
http://arxiv.org/abs/hep-ph/0002078
https://doi.org/10.1103/PhysRevD.63.114018
http://arxiv.org/abs/hep-ph/0010080
https://doi.org/10.1103/PhysRevD.71.014013
http://arxiv.org/abs/hep-ph/0409234
https://doi.org/10.1088/1126-6708/2001/02/016
http://arxiv.org/abs/hep-ph/0011289
https://doi.org/10.1103/PhysRevD.76.014010
http://arxiv.org/abs/0704.3180
https://doi.org/10.1016/j.physletb.2008.09.037
http://arxiv.org/abs/0807.4412
https://doi.org/10.1088/1126-6708/2009/03/054
http://arxiv.org/abs/0811.2067
https://doi.org/10.1007/JHEP01(2011)141
http://arxiv.org/abs/1010.1860
https://doi.org/10.1103/PhysRevD.71.114004
http://arxiv.org/abs/hep-ph/0501258
http://arxiv.org/abs/1204.2503
https://doi.org/10.1007/BF02704902
https://doi.org/10.1016/S0550-3213(97)00679-2
http://arxiv.org/abs/hep-ph/9611272
https://doi.org/10.1016/j.physletb.2007.06.047,
https://doi.org/10.1016/j.physletb.2007.06.047,
https://doi.org/10.1016/j.physletb.2006.04.048
http://arxiv.org/abs/hep-ex/0511054
https://doi.org/10.1103/PhysRevD.70.074008
http://arxiv.org/abs/hep-ex/0404022
https://doi.org/10.1103/PhysRevD.70.092009
https://doi.org/10.1103/PhysRevD.70.092009
http://arxiv.org/abs/hep-ex/0407011

	Soft-Collinear Effects in Threshold and Joint Resummation
	Abstract
	1 Introduction
	2 Threshold Resummation
	3 Joint Resummation
	4 Soft-Collinear Effects
	5 Numerical Results
	6 Summary
	Acknowledgements
	References




