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Abstract

We present new conditions for asymptotic stability and exponential stability of a class of stochastic
recurrent neural networks with discrete and distributed time varying delays. Our approach is based on the
method using fixed point theory, which do not resort to any Liapunov function or Liapunov functional.
Our results neither require the boundedness, monotonicity and differentiability of the activation functions
nor differentiability of the time varying delays. In particular, a class of neural networks without stochastic
perturbations is also considered. Examples are given to illustrate our main results.
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1. Introduction and main results

Neural networks have received an increasing interest in various areas [3,5]. The stability of
neural networks is critical for signal processing, especially in image processing and solving some
classes of optimization problems [4,13,32,33]. For the stochastic effects to the dynamical behav-
iors of neural networks, Liao and Mao [11,12] initiated the study of stability and instability of
stochastic neural networks.

Due to the finite switching speed of neurons and amplifiers, time delays which may lead to
instability and bad performance in neural processing and signal transmission are commonly en-
countered in both biological and artificial neural networks. In addition, neural networks usually
have a spatial extent due to the presence of a multitude of parallel pathways with a variety of
axon sizes and lengths [27]. Thus there will be a distribution of conduction velocities along these
pathways and a distribution of propagation delays [34]. In these circumstances the signal prop-
agation is not instantaneous and may not be suitably modeled with discrete delays. Therefore,
a more appropriate way which incorporates continuously distributed delays in neural network
models has been used. Further, due to random fluctuations and probabilistic causes in the net-
work, noises do exist in a neural network. Thus, it is necessary and rewarding to study stability
properties of stochastic delayed neural networks.

Liapunov’s direct method has long been viewed the main classical method of studying stabil-
ity problems in many areas of differential equations. The success of Liapunov’s direct method
depends on finding a suitable Liapunov function or Liapunov functional. However, it may be
difficult to look for a good Liapunov functional for some classes of stochastic delay differential
equations. Therefore, an alternative may be explored to overcome such difficulties.

It was proposed by Burton [2] and his co-workers to use a fixed point method to study the
stability problem for deterministic systems. Luo [16] and Appleby [1] have applied this method
to deal with the stability problems for stochastic delay differential equations, and afterwards,
a great number of classes of stochastic delay differential equations are investigated by using
fixed point methods, see, for example, [3,17,18,21,22]. It turns out that the fixed point method is a
powerful technique in dealing with stability problems for deterministic and stochastic differential
equations with delays. Moreover, it has an advantage that it can yield the existence, uniqueness
and stability criteria of the considered system in one step.

In this paper, we consider a general class of stochastic neural networks with discrete and
distributed varying delays which is described by

t

dxi(t) = |—cixi(t) + > aij f50e;(0) + Y bijg;(xj(t — )+ _Lj / hj(xj(s))ds| dt

j=1 j=1 =

+ D ot xj (), x (0 — T(1) dw; (1), (1)
j=1

or

t
dx(t)=| —-Cx(@)+Af(x(t))+ Bgx(t —t(@®))+ W / h(x(s))ds | dt
t—r(t)

o (t,x(), x(t —t()))dw(t),
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fori =1,2,3,---,n, where x (1) = (x1(t), x2(t), -+ , x,(¢))T € R”" is the state vector associated
with the neurons; C = diag(cy, ¢, - -+, ¢,) > 0 where ¢; > O represents the rate with which the
ith unit will reset its potential to the resting state in isolation when disconnected from the net-
work and the external stochastic perturbations; A = (a;j)nxn, B = (bij)nxn and W = (l;j)nxn
represent the connection weight matrix, delayed connection weight matrix and distributed de-
layed connection weight matrix, respectively; f;, g;, h; are activation functions, f(x(¢)) =
([1x(0), 2(x@), -+, falx@ONT € R, g(x (1) = (g1(x (1)), g2(x(1)), -+, gax (D) € R",
h(x (@) = (h1(x (D)), ha(x (@), -+, hy (x(1)))T € R", where () and r(¢) denote discrete time
varying delay and the bound of a distributed time varying delay, respectively, 7(¢) and r(t)
are nonnegative continuous functions. Moreover, w(t) = (w1 (t), wa(t), - -- , w, (t))T € R" is an
n-dimensional Brownian motion defined on a complete probability space (€2, F, P) with natu-
ral complete filtration {F;},>0 (i.e. F; = completion of o {w(s) : 0 < s <t}) and 0 = (0} )pxn :
RT x R" x R" — R"*" is the diffusion coefficient matrix. Denote & = inf;>o{t — T (¢),t —r(1)}.
The initial condition for the system (1) is given by

x(1)=9¢(), 1 €[9,0], 2

where 7 > ¢(t) = (b1(t), p2(1), -+ - p()T € C ([19, 0, LY (% R”)) with the norm defined
by

l¢ll” = sup {EZI¢i(s)I”},

P <s<0 i=1

where E denotes expectation with respect to the probability measure P and p > 2.

Many interesting articles [6—8,14,24,28] have considered the special cases of (1). Hu et al. [6]
and Wan and Sun [28] studied a class of stochastic neural networks with the delays constant and
discrete. The activation functions appearing in [6] are required to be bounded. Liao and Mao [14]
investigated exponential stability of a class of stochastic delay interval systems via Razumikihin-
type theorems, several exponential stability results were provided. However, the results are not
only difficult to verify but also restrict to the case of the interval matrices A = B = C = 0. Sun
and Cao [24] investigated the pth moment exponential stability of a class of stochastic differential
equations with discrete bounded delays by using the method of variation parameter, inequality
technique and stochastic analysis. This method was firstly used in [28], which does not require
the boundedness, monotonicity and differentiability of the activation functions. However, the
stability criteria in [24] requires that the delay functions are bounded, differentiable and their
derivatives are simultaneously required to be not greater than 1. This may impose a very strict
constraint on model because time delays sometimes vary dramatically with time in real circuits
(see [31]). Huang et al. [7,8] investigated the exponential stability of stochastic differential equa-
tions with discrete time-varying delays with the help of a Liapunov function and Dini derivative.
However, the use of their criteria depends very much on the choice of positive numbers k;; etc.
and a positive diagonal matrix M (see Theorem 3.3 in [7] and Theorem 3.3 in [8]).

The aim of this paper is to study the exponential stability and asymptotic stability of the
stochastic delayed neural networks (1) with initial condition (2) by using a fixed point method.
To obtain our main results, we suppose the following conditions are satisfied:
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(A1) The delays 7(¢), r(t) are continuous functions such that t — t(¢) - coand t — r(t) - o0
ast — o0.

(A2) The mappings f;(-), g;(-) and h;(-) satisfy f(0)=0, g(0)=0, 2(0)=0,0(,0,0)=0
and are globally Lipschitz functions with Lipschitz constants «, 8; and y;, respectively,
where j =1,2,3,---n.

(A3) Foreachi, j=1,2,---,n, there exist nonnegative constants w; and v; such that

(01 (1, x, ) = 03 (1,1, 0))* < 1 (xj = u ) + v (v = v))>.

Denote by x(t, 0, ¢) a solution of the system (1) with the initial condition (2). The local Lipschitz
condition and the linear growth condition on the functions f(-), g(-), () and o (¢, -, -) guarantee
the existence and uniqueness of a global solution for the system (1), we refer to [19] for detailed
information. Clearly, system (1) admits a trivial solution x (¢, 0) = 0.

Definition 1.1. The trivial solution of system (1) is said to be stable in pth (p > 2) moment if
for arbitrary given € > 0, there exists a § > 0 such that ||¢||” < § yields that

Ellx(z,0,9)” <€, =0,

where ¢ € C ([z?, 0], Lp]_-o (2; R")). In particular, when p = 2, the trivial solution is said to be
mean square stable.

Definition 1.2. The trivial solution of system (1) is said to be asymptotically stable in pth (p > 2)
moment if it is stable in pth moment and there exists a scalar § > 0, such that ||¢||” < § implies

lim E||x(t,0,¢)|” =0,
—>0o0

where ¢ € C ([0, 0l L% (2 R")).

Definition 1.3. The trivial solution of system (1) is said to be pth (p > 2) moment exponentially
stable if there exists a pair of constants A, C > 0 such that

Ellx(t,0,9)[” < CE[¢|Pe ™, >0,

holds for ¢ € C ([1?, 01, Li-O(Q; Rn)). Especially, when p = 2, we speak of exponentially stable
in mean square.

Different choices of norms can be considered on spaces of stochastic processes. The norms
we choose should be such that the space under consideration is complete and the equation yields
a contraction mapping with respect to the norm. For the system (1) with initial condition (2), we
consider the following two different complete spaces which are defined by using two types of
norms.



3868 G. Chen et al. / J. Differential Equations 264 (2018) 3864—3898

Define Sy the space of all F;-adapted processes ¢(t, w) : [0}, 00) x & — R”" such that ¢ €
C ([19, 00), LPfO(Q; ]R”)). Moreover, we set ¢(t, -) = ¢ (¢) for t € [, 0] andEZL] lpi (1)|P = 0
as t — oo. If we define a norm by

loll? = sup (EZ |¢i(t>|P) : 3)
1>

i=1

then Sy is a complete space. Using a contraction mapping defined on the space Sy and applying
a contraction mapping principle, we obtain our first result which is proved in Section 2.

Theorem 1.4. Suppose that the assumptions (A1)—(A3) hold. If the following conditions are
satisfied,

(i) the function r(t) is bounded by a constant r (r > 0);
(i) and such that

n " r/q " n r/q
PN e P Y Sla el | 45PNy e T D D Il 1B; 1 €
i=1 j=1 i=1 j=1

rlq

n p n n
r —
+5071Y j(;> oyl | 5T Y (w2 ) <
i=1 ! j=1

i=1

where = max{uy, wa, -, Un}, v =max{vy, v, -, v}, then the solution of (1)—(2) exists
uniquely and is asymptotically stable in pth moment.

Consider the case when both the discrete delay t(¢) and r(¢) in the distributed delay are
bounded by a constant 7 (t > 0). Let ¢ € LP}-O(Q, C([v, 0], R")), define Cy to be the space of
all F;-adapted processes ¢(f,w) : [—7,00) x Q@ — R” such that ¢ € LP (2, C ([, 00), R")).
Moreover, we set ¢(z, ) = ¢ (¢) for t € [9,0], ¢(¢,:) = ¢ () fort € [—7, ¥] (in case —17 < V),
and > 7 Esup, ., |¢;(s)|” — 0 for t — oo. If we define a norm by

n
Ilwllpzsup[ E( sup |(Pi(s)|p>:|a (%)
t>0 i—1 t—T<s<t

then Cy is a complete space. Using a contraction mapping defined on the space Cy and applying
a contraction mapping principle, we obtain our second result which is proved in Section 3.

Theorem 1.5. Suppose that the assumptions (A1)—(A3) hold. If the following conditions are
satisfied,

(i) the discrete delay t(t) and r(t) in the distributed delay are bounded by a constant T (t > 0);
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(i) and such that

) ; r/q " " r/q
st Y | Yol | 5Pt Y | Y by 19181
i=1 \j=I i=1 \j=I
r/q
n n
+5p_lrpe”c_pz leij|q|7/j|q
i=l1 j=1
+5P 7P epet g 1=P/2(20) 7! (M”z + v”/z) <1, (6)
where ¢ =min{ci, c2, -+, ¢p}, = max{ui, ua, -+, wn}, v =max{vy, vz, -+, v}

then the solution of (1)—(2) exists uniquely and is asymptotically stable in pth moment. More than
that, for every € > 0, there exists a & > 0 such that |¢| < & implies

S i Esup, o< 1xi ()| < € and lim;_ o0 {E (sup,_, <<, x(s,0,9)”)} =0.

Remark 1.6. In some papers, see, for example, [15,16,29,30], the norm for the space of stochastic

process is defined by
1/2
||¢||[o,t]=[ﬂz( sup |ga(s,w>|2)} :
s€[0,7]

As in [16], in order to show P(S) C S, we need to estimate ESUPse[o,z] |I5(s)|2, where

S

Is(s) = / e~ M0 du e v (2) + e(2)x(z — 8(2))] dw(2).

0

However, I5(s) is not a local martingale (see Section 8 for its proof). Hence, Burkholder—Davis—
Gundy Inequality can not be applied directly.

Define By the space of all F;-adapted processes ¢(f, ®) : [¢,00) x € — R" such that
@ € C([z?, oo),Lp]_-O(Q; R”)). Moreover, we set ¢(t,-) = ¢() for ¢t € [9,0] and
ME (X7 l9i(1)|?) — 0 as t — oo, where A < min{c|, 2, -, c}. Then By is a complete

space with respect to the norm (3). Using a contraction mapping defined on the space By and ap-
plying a contraction mapping principle, we obtain our third result, which is proved in Section 4.

Theorem 1.7. Suppose that the assumptions (A1)—(A3) hold. If the following conditions are
satisfied,

(i) the discrete delay T (t) and r(t) in the distributed delay are bounded by a constant T (1 > 0);
(i) and such that
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n " r/q " " r/q
—1 —-p -1 —-p
PSP Y Sla el | 5Py e T D D Il 1B; 1 (7)
i=1 j=I i=1 j=1

" r/q

n p n
T —
+5r71y j(;> oyl | 5T PR (o) <1,
i=1 > i=l

j=1
where = max{uy, u2, -+, p}, v=max{vy, vz, ---, v},
then the trivial solution of (1) is exponentially stable in pth moment.

Remark 1.8. Theorem 1.7 can, for example, be applied to establish exponential stability in
pth moment of a two dimensional stochastically perturbed Hopfield neural network with time-
varying delay, the delay is bounded but not differentiable, see Example 7.3 for details.

Remark 1.9. Many articles, see, for example, [23,24] have studied the case and special case of
stochastic neural network (1). However, they impose the following condition on the delays:

(H) the discrete delay t(¢) is differentiable function and r(¢) in the distributed delay is non-
negative and bounded, that is, there exist constants 7y, ¢, rps such that

O<t@®)<tm, T(@)<¢ rt)<rum. ®)

In our results, condition (H) is replaced by other assumptions, which may be satisfied when (H)
is not.

Consider the case when there are no stochastic effects on the system (1), which then comes
down to the following neural network described by

t

= —cixi(t) + Y _aij fj(xj(0) + Y _bijgjCxjt =)+ Y _Lj / hj(xj(s))ds,
j=1

Jj=1 =L
i=1,2,3,---,n, ©

dx;(t)
dt

or

t
d);it) =—Cx(t)+Af(x())+ Bg(x —t(t))+ D / h(x(s))ds, (10)

t—r(t)

where x(-) = (x1(-), x2(-), - - - , x,(-))T is the neuron state vector of the transformed system (9).
The initial condition for the system (9) is

x(t) =), 1 €[9,0], (1)

where ¢ is a continuous function with the norm defined by ||¢|| = supy ;< Yo lgi(s)l.
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Assume that (A1)—(A3) are satisfied, then (9) and (11) admit a trivial solution x = 0. De-
note by x(¢,0, ¢) = (x1(¢,0, ¢1), - - -, x,(¢, 0, ¢,,))T € R” the solution of (9) with initial condi-
tion (11).

Definition 1.10. For the system (9) with initial condition (11), we have that

(i) the trivial solution of (9) is said to be stable if for any € > 0, there exists 6 > 0 such that
l¢|| < & yields that ||x(z, 0, ¢)|| < € for t > 0, where ¢ € C([¥, 0], R");
(ii) the trivial solution of (9) is said to be asymptotically stable if it is stable and there exists a
8 > 0 such that ||¢|| < § implies that lim;_, o ||x (¢, 0, ¢)|| = 0, where ¢ € C([v, 0], R");
(iii) the trivial solution of (9) is said to be globally exponentially stable if there exists a pair
of constants A > 0 and C > 0 such that ||x(z,0,¢)| < Ce ™| ¢| for t > 0, where ¢ €
C([9,0],R").

Define Hy = H1p X Hap X -+ x Hyugp, Where H;y is the space consisting of continuous func-
tions ¢ — ¢;(¢) : Rt — R such that ¢;(0) = ¢;(®) for ¥ <6 <0 and ¢;(t) — 0 as t — o0,
i=1,2,---,n . Forany ¢ = (91,92, - ,0n) € Hy and n = (1, m2, - -+ , nn) € Hg, if we define
the metric as

d(g,n) = sugz i (1) = mi (1), (12)
12V =1

then Hy becomes a complete metric space. Using a contraction mapping defined on the space
Hy and applying a contraction mapping principle, we obtain our fourth result. Its proof is given
by Section 5.

Theorem 1.11. Suppose that the assumptions (A1)—(A3) hold. If the following conditions are
satisfied,

(i) the function r(t) is bounded by a constant r (r > 0);
(i) and such that

n

1
¢ b lijyjl<1; (13
;Ct ]_Ilnzax Ia,,ocjl-i-z ' m2ax | ,],6,|+Z _max |,]y]| < (13)

then the solution of (9)—(11) exists uniquely and is asymptotically stable.

Define Ky = K1y x Kag x -+ x K,yp, Where K4 is the space consisting of continuous func-
tions 7 = ¢; (t) : R™ — R such that ¢; (9) = ¢; (9) for ¥ <0 <0 and e ¢;(t) — 0 as t — o0,
i=1,2---,n,where A <min{cy, cp,---,cy}. Then Ky is a complete metric space with respect
to the metric (12). Using a contraction mapping defined on the space Ky and applying a contrac-
tion mapping principle, we obtain our fifth result, which is proved in Section 6.

Theorem 1.12. Suppose that the assumptions (A1)—(A3) hold. If the following conditions are
satisfied,

(1) the discrete delay t(t) and r(t) in the distributed delay are bounded by a constant T (1 > 0);
(i) and such that
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maf Ia,,otjl-i-z ‘mzax Ib,]ﬂj|+z ‘max |l,-jyj|<1; (14)

then the trivial solution of (9) with initial condition (11) is exponentially stable.

Remark 1.13. Several exponential stability results [10,25,26] were provided for the system (9),
by constructing an appropriate Liapunov functional and employing linear matrix inequality
(LMI) method. However, the delays in those results should satisfy the following condition (H).
From our results, we provide other assumptions. The delays in our results are required to be
bounded. Furthermore, Theorem 1.11 is an extension and improvement of the result in Lai and
Zhang [9].

Remark 1.14. From Theorem 1.11 and Theorem 1.12, we find that the terms with f, g, & in
equation (10) can be viewed as perturbations of the stable equation dx (¢t)/dt = —Cx(t). Condi-
tion (ii) in Theorem 1.11 and condition (ii) in Theorem 1.12 require the perturbation to be small
relative to the stabilizing force of C. Theorem 1.12 can, for example, be applied to establish
exponential stability of a two dimensional cellular neural network with time-varying delay, see
Example 7.1 for details.

The paper is organized as follows. In Section 2, we present a proof of Theorem 1.4. The proof
of Theorem 1.5 is presented in Section 3 and the proof of Theorem 1.7 is given in Section 4.
We present the proofs of Theorem 1.11 and Theorem 1.12 in Section 5 and Section 6, respec-
tively. Examples to illustrate our main results are given in Section 7 and an appendix is given in
Section 8.

2. Proof of Theorem 1.4

In this section, we prove Theorem 1.4. We start with some preparations.

Lemma 2.1. ([28]) If w(t) = (w1 (t), wa(t), --- , wa ()T is a n-dimensional Brownian motion
defined on a complete probability space (2, F,P), then we have the following formula

t t t
fﬁ(S)dwi(S)/fj(S)dwj(S) ZEffi(S)fj(S)d(wi,wi)x,
0 0 0
where (w;, w;)s = §;;s are the cross-variations, §;; is correlation coefficient, f; is adapted and

fi € LA x[0,2]),i,j=1,2,---,n

cit

If we multlply both sides of (1) by e“
i=1,2,3,--

and integrate from O to #, we obtain that for ¢ > 0,

? n
xi () =e ' x;(0) + / e Ci=9) Zaijfj (xj(s))ds
0 j=l
t

+/e_ci(t_s)2bijgj(x]'(s—T(S)))ds (15)

0 j=1
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t N

—i—/efc"(’ﬂ)Zlij / hj(xjw))duds
0 =1 )
? n
—}—/efc"(’fs) Za,'j(s,xj(s),xj(s —7(5))) dw;(s).

0 j=1

Lemma 2.2. Define an operator by (Qo)(t) = ¢(t) for t € [0,0], and for t = 0, i =
1,2,3,---,n,

t

(Q9)i(1) = e g; (0) + / e N 41 £ () ds

0 J=1
! n
n / o—ci(t=5) Zbijgj (@j(s — T(s)))ds (16)
0 =l
t n S
+/efci(t7s)zlij / hi(pj(u))duds
0 = )

! n
# [0 Y 00010156 — TN 0
0 j=1

= J1i (@) + Joi (1) + J3i (1) + J4i (1) + J5:(2).

Suppose that the assumptions (A1)—(A3) hold. If conditions (i) and (ii) in Theorem 1.4 are satis-
fied, then Q : Sy — Sy and Q is a contraction mapping.

Proof. Step 1. From the definition of the metric space Sy, we have that EY "_, |¢; (£)|? < oo,
forallt >0, ¢ € Sy.

Step 2. We prove the continuity in pth moment of Qx on [0, 00) for x € Sy. Let x € Sy, t1 > 0,
and let r € R with |r| sufficiently small and r > 0 if 7; = 0, we have

n n

/ <e—C,'(Il+r—S) _ e—C,‘([]—S)) Zal]fj(x](s)) dS

EY it +r) = ()P =E)

i=1 i=11} j=1
t+r n p
+/e_c"(t'“_s)Zaijfj(xj(s))ds —-0 as r—0.
n j=l1

Similarly, we have that
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n
EY 15t +1) = Jit)l? >0 as r—0,
i=1

n
IEZ|J4i(t1 +r) = Jui ()P =0 as r— 0.
i=1

In the following, we check the continuity of Js; (¢).

n
EY " si(ti+r) = Jsi(t)]”

i=1
n n n
_ EZ / (e—ci(t1+r—s) _ e—c‘i(tl—s)) Zaij(s’ X (8),x;(s — 7(s)))dw;(s)
i=1|p j=1
t+r . P
+ / e 1IN " 0 (5, x(5), X (s — T(5))) dw ()

131 Jj=1

<nP~ lzzE/ —Ct<’1+r ) el “)al,(s Xj(8), % (s — T(5))) dw; (s)

i=1 j=1 0
f4r n P
+ / e TIN5, x(8), xj (s — T(5))) dw;(s)
t Jj=1

p

<(@n)P- IZZE /( ~eilttr—s) _e_c,-m_s)) 0 (5, xj(5), x; (s — T(5))) dw; (s)

i=1 j=1

n o n fitr b
+(2n)p_IZZE / e =6 (5, xj(5), xj (5 — T(5))) dw (s)
i=1j=1 |}
" n H 5 /2
= 'S S IE /(e—0f<’1+f—s) _e_c,-m_s)) 02 (s, %) (), xj (s — T(s)))ds
i=1j=1 0
t+r p/2
+E / TG 3 (5, xj(s), xj (s — T(s))) ds -0 as r—0.

n
Thus, Q is continuous in pth moment on [0, c0).

Step 3. We prove that Q(Sy) € Sp.

EZI(Qcp) (t)v’—EZ ijl(r) <5P” IZEDJN)V’ (17)

i=1|j=1
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Now, we estimate the terms on the right sides of the above inequality.

t pla ¢ p

n n n
BY 1wl =Y B | [ as | [ S aigepo | ds
i=1 i=1 0 0 j=1
= [ S aglalie o)l | ds
i—1 0 =1
n n rla ¢ n
<3 TS a1 1 fe*‘“’*”E D lgie)P [ ds.  (18)
i—1 =1 0 =1

Since ¢(t) € Sy, we have that limt%ooEZ;‘zl lgi (t)| = 0. Thus for any € > 0, there exists
Ty > 0 such that r > Ty implies EY ", |; (t)| < €, combining with (18), we obtain that

r/q T
n n n n
]EZUzi(t)lpfzci_p/q Zlai‘/lqla.,-l’f /e_"i(’_s)E Z|<p(,~(s)|” ds
i=1 i=1 j=1 0 =
n . pla ¢ "
e Y a1 /e_cf(’_s)E > leie)1P | ds
i=1 j=1 T j=1
n . p/q "
< Tert (e — 1) | 3 Jais 11 sup 1E | lgj(s)I?
i— i 0<s<T -_
i=1 j=1 j=1
n n pla
ey e P D laij| eyl

i=1 j=1

Hence, from the fact that ¢; > 0 (i = 1,2,---,n), we obtain that EY "_, [J2()|? — 0
ast — oQ.

With the similar computation as (18), we obtain that

rla ¢

n n n n
EY 150 <Y e Y 1bi111851¢ / e HUTIE Y (s — TP | ds
i=1 i=1 j=1 0 j=1
n n n rla t n K p
Y lwwr <3 [ Y| [ e Y| [ gwadal | ds
i=1 i=1 j=1 0 j=1 s—r(s)
. N rla i . s n
< — L9y 14 —¢il=s E . P duds.
—.Z(c,»> Zm 1yl fe / Zw,(un wds
i=l j=1 0 s—r(s) Jj=1

19)
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Using Lemma 2.1 and Holder inequality, we obtain that

EY 150"

i=1

t 2 P/2
n n
fn”_IZZE /e_c"(t_‘v)laij(S,<Pj(S),€0j(S —7())dw;(s) 0)
i=1j=1 0
_ p/2
n n
i 3SR [ 03 550,165 — e ds
i=1j=1 Lo
~ p/2
n n
SnpflzZE /6720,-(#&') (Mggjz.(s)—irngof-(s —t(S))> ds
i=1 j:l Lo
o , r/2
i=1j=1 0
. p/2
+ /e_zci(t_s)\)j(p?(s —1(s))ds
0
o ; r/2—1 4
<np-12p2-130 Y fefzc,-(tfw ds /efch(t’s)uf/zle(s)lpds
i=1j=1 0 0
o ; p/2=1 4
wr S (femion)  [emoaie - cora
i=1 j=1 0 0

t

n n
S M Y Pt D o 2

i=1 0 J=1

t n

P/ / e 2IE [ g6 — v | ds

0 /=
n ! "
w3 [ g ) ds
i=1 =1
0 J

t

n
+vp/z/e-c,-<z—s>E > lpits —t()I” | ds

0 /=1
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Since EY"7_, l¢i(t)| = 0, 1 — () = oo and ¢ — r(t) — 00 as t — oo, for each € > 0, there
exists 7> > 0 such that 7 > 75 implies EY ", @i (t — t(s))| <€ and EY"[_, |gi (r — r(1))| <.
From (19), we obtain that

T r/q

EY 1@ <) (Z> et / e ds | Y Ibijl 718,17
i=1 i=1 ! j=1

0
n n n P/q
x sup |E|D g =t | | +ed e T D 1bil?1B;1
v<s<D =1 i=1 j=1
n n ’ p/q n p/q
EY 1@ <) re € (;) D11y
i=1 i=1 ! j=1
n T2
x sup |E Z|<pj(u)|p /ec"sds
Y<u<T» j=1
- 0
rlq

“er [P\ [
| — .. 14 .19
+§ o <c> j§_1 |ll]| |Vj|

i=1 !

Further, from (20), we obtain

n n n
_ 1—p/2
EY s <n?~' Y e, PP ur sup [E( Y lgj )17
j=1

i=1 i=l 0=s=T2
n T2
w2 sup [ E [ lgso1 /efc,vfs) ds
V<s<T i—1
/= 0
n /2 p/2
_1 1—py2 | €(uP/= +vP/%)
Far 1Sl [— |
i=1 Ci
Hence, let t — oo, from the fact that ¢; >0 (i = 1,2, --- , n), we obtain that

n n n
EY |Hi@®)F -0, EY |[Ja®)” -0, and EY|J5(t)]" — 0.

i=1 i=1 i=1

Thus, combining with (17), we obtain that EY 7_, [(Q¢)i(1)|” — 0 as EY ", |gi(t)|? — 0.
Therefore, Q : Sy — Sp.

Step 4. We prove that Q is a contraction mapping. For any ¢, ¥ € Sy, from (18)—(20), we obtain
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sup {EZI(Q@ () — (QV)i (S)I”}

s>

pla s

n n
<4r” 1supZ Y laijl9ley1e fe—cl'“—")E Yl =y @)l? | du
Jj=1 0

€>191 1 j=1
n r/q
|
+47” such T 1611851
SEC =1

N

x f e TR [ 3 g — T @) = Y — T@)I? | du

0 j=l
1 n . v/a n rlq s |
+47” SuPZ(‘.) 2N /e_“’“_“)
520 ;27 \Ci =1 0

u n
x f E|Y lpjw) — v | dvdu
u—r(u) j=1

S

n
+4P~ 1P~ sup ch PN el / eTISTOR Y o) —wil” | du

s> d j=1

N

+vP/2 f e IOTIEN Y i —Tw) =y —t@)|” | du

0 j=1

rlq . n rlq

| _
<4r E laij|? o | +) G D D Ib11851
i=1 j=1

i=1

r/q

p n
.
+> (C—) D W1yl
i= j=1

n
_i_npflzci—ﬂ/Z(Mp/Z_i_vp/Z) sup ]EZKO](S) Vi ()|

i=1 sz o

From (4), we obtain that Q : Sy — Sy is a contraction mapping. O

We are now ready to prove Theorem 1.4.



G. Chen et al. / J. Differential Equations 264 (2018) 3864—-3898 3879

Proof. From Lemma 2.2, by the contraction mapping principle, we obtain that Q has a unique
fixed point x (), which is a solution of (1) with x (1) = ¢(r) ast € [9,0]and ED "}, |x; (£)|? — 0
ast — o0.

Now, we prove that the trivial solution of (1) is pth moment stable. Let € > 0 be given and
choose § > 0 (8 < €) such that 57718 < (1 — a)e, where « is the left hand side of (4).

If x(t) = (x1(t), x2(1), - - - x, ()T is a solution of (1) with the initial condition (2) satisfying
IEZ:?:I |p; ()|P < 8, then x(¢) = (Qx)(¢) defined in (16). We claim that E Z;’:l |x; (#)|? < € for
all 1 > 0. Notice that EY "7, [x; (t)|? < € for ¢ € [, 0], we suppose that there exists t* > 0 such
that EY ' |x;(t*)|? =€ and EY "7, |x; (1)|P < € for 9 <t < t*, then it follows from (4), we
obtain that

n n
EY ()P <5P7IEY e P |xi (0))”
i=1 i=1

Plg r*

n n ‘
+5p_1ZC;p/q Z|aij|q|aj|q /e—Ci(z*—S)E Z|Xj(S)|p ds
i=1 j=1 0 /=1
. . rla
5 S
i=l1 Jj=1
t* n
X/e—c,'(t—S)E Z|xj(s—‘f(s)))|p ds
0 /=1
i N r/q r*
i=1 N1 j=1 0
s n
) / (> k@l | duds
s—r(s) J=l
; r* n
S ST VLY Rt DOIVTEI 2
i=1 0 =1
t* n
+VP/2/6_Ci(I_S)E lel(s _T(s))lp ds
0 /=1
rlq rlq

n n n n
-1 -p -1 -p
< |57 T a1 | 5P Y e | D b1
i=1 j=1 i=1 j=1

" rlq

n p
_ r
+5P IE (C_> E |lij|q|yj|q
i=1 !

j=1
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n
45P= 1P~ Zci_p/z (up/z + vp/z) €+5r715
i=1

<(l—a)+oe=¢,

which is a contradiction. Therefore, the trivial solution of (1) is asymptotically stable in pth
moment. [

Corollary 2.3. Suppose that the assumptions (A1)—(A3) hold. If the following conditions are
satisfied,

(i) the function r(t) is bounded by a constant r (r > 0);
(i1) and such that

n n n n 2 n
DI Zaz,, +53 e | i +SZ(§) >l 11y 1
i=1 i=1 j=1 i=1 ! j=1

n
+20n20;1 (nw+v) <1,
i=1

where ., v are defined as in Theorem 1.4, then the trivial solution of (1) is asymptotically stable
in mean square.

Consider the stochastic neural networks without distributed delays

dxi(t) = | —eixi (1) + ) _aij fi(cj(0) + Y bijg;(xj(t — (1) | dt

j=1 j=1
+ 3 ot x (). xj(t — () dw(¢) 1)
j=1

fori=1,2,3,---,n

Corollary 2.4. Suppose that the assumptions (A1)—(A3) hold. The trivial solution of (21) is
asymptotically stable in pth moment if the following inequality holds,

rlq " n rlq

n n
-1 -p —1 -p
4=ty e P D lagl el | 4Py e Y 1181
i=1 j=I1 i=1 j=I1

n
ATl YR (a2 4 or?) < 1, (22)
i=1

where wu, v are defined as in Theorem 1.4.
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Remark 2.5. Condition (A3) can be relaxed. In fact, if p =2, then

n

(A3) Vi, Y (01(t.x.y) =0 (t.u, ) Zu,(x, )’ + vy —v))*  (23)

j=1 j=1

is sufficient, as can be easily observed from the proof of Theorem 1.4. If p > 2, then (A3) can
also be replaced by (A3’), but the factor n” ~1in front of the last term in (4) has to be replaced by
nGP/2=2 This can be seen from the proof of Theorem 1.4 with the aid of a few more applications
of the Holder inequality.

3. Proof of Theorem 1.5
In this section, we prove Theorem 1.5. We start with some preparations.

Lemma 3.1. Define an operator by (P)(t) = ¢ (t) for t € [—1,0], and for t >0, (Pp)(t) is
defined by the right hand side of (10), if the conditions (i) and (ii) in Theorem 1.5 are satisfied,
then P :Cy — Cy is a contraction mapping.

Proof. Observe that all terms at the right hand side of (16) have continuous paths, almost surely.
Now, we prove that P(Cy) C Cy.

ZE[ sup |(Pso>i<s>|l’]:2 sup Zf,l(s)
i=1 i=1

t—T<s<t t—T<s<t|%

5 n
ssp—IZZE[ sup |J,~l-<s)|"]

j=1i=1 —T<s<t

We estimate the terms on the right-hand side of the above inequality. Let ¢ = min{cy, ¢2, ¢3, - - -
cptandletg besuchthat1/p+1/g =1,

n
E su Joi ()P
[gj”;j; 2 (5)] }
n

< 1E]Y sup / —c(s—u) Z|a,]|ozj|(p](u)|

i=1 t—T<s<t s j=1

N

r/q s
n n
<Pl laiil?|e 19 E sup f —c(s—u) lpj@)|? | du
; X_; Y / t—T<s<t Z
= J= 0 -
0 n rla s
<Pl laji|? || EJ{ sup /e_c(s_”)|§0‘(u)|pd“
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r/q s
n n n
=Y Slatia ] 3Ed s | [esn (s i) au
Jj=1 0

. . 1—1<s=<t Uu—T<v=<u
i=1 \j=1

t

; u rla
ge”c_”/"z laij|?lecj | ZE /e_c(t_”)< sup |‘/’j(v)|p) dul. (24
1 Jj=1

i—1 . u—T<v=<u
i= j= 0

Since Z;'.:l Esup, ;<< ¢j(s)|? — 0 as r — oo, then for any € > 0, there exists such that
t > T implies

ZE[ sup |¢,-(s)|p] <e,
j=1

—T<s<t

which yields that

t Ty

E / e“‘"‘”( sup |<o,-<u>|1’) du | = / e_c('_”)]E< sup |§0j(U)|p> du
u—t<v=<u o u—t<v<u

0
t

+/e_c(t_”)E< sup |g0j(v)|”> du

u—t<v<u
T
T,
e(i— €
5/6 ctt “)( sup |<pj(v)|p> du+ —.
Y<v<Ty c

0

Then combining with (24), we obtain that EY /_, sup, -, |2i(s)|” — 0 as t — o0o. Simi-
larly, we obtain that

n
EY " sup |J3()]”
i=1

—_ t—Tt<s<t
; 0 rl/q s n
<l bij 191,17 | E{ su f e TN Y o —T@)I” | du
| e = 2l
i=1 \j=1 0 j=1
; u rla s
<c Pl |bij171851 E{ su /e_%_”)l (=7 (w))|” du
Z Z i 165 Z t—rfl;)ft i
i=1 \j=I Jj=1 Lo
; u rla s
<crl |bij 718517 E{ su /e_c(s_”) sup |, (v)|” du
S (Smer ) S | [, e
i=1 \j=I Jj=1 Lo
n n rl n !
<eTe Py LY bl 71B17 ) D /e_w_u) sup o (v)|P du (25)
U—T=<v=u

i=1 \j=1 =1 Lo
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E [Z sup | <s>|f’]

i—1 t—Tt<s<t
» -
. n r/q s n u
<c Pl 17191yl E{ su /ef“(“”) /<p~(v)dv du
; Z} R tfrsls)sz Z} !
= J= 0 =M lu—r(u) i
» -
n n p/q n K u
Sc_p/qz leijlqujlq ZIE sup /e_c(s_”) / ¢j(v)dv| du
i=1 \j=1 j=1 |'"7T== v )

" " rla s N
Srpc_p/qz leijl"lyj|" ZIE sup /e_c(s_”) sup o (v)|” du
i1\t = t—T<s<t u—t<v<u

0 .
n n rla t
< TPt 11119 E / O sup )P du | (26)
; Z; Y ! Z; u—t<v=<u !
i=l \j= Jj= 0
Let u = max{uy, u2, -, Uy}, v=max{vy, vo, - -+, v, }. Due to the fact that
s p

/e_”"(“‘”)cnj(u, 9j (), 9j(u —T@)) dw;(u)
0

is a submartingale and the supremum of submartingale is also a submartingale, using Doob’s
inequality for positive submartingale, we obtain that

E [Z sup |J5i<s>|f’}

i=1 —T<s<t
n n S P
<nP7IY Y E| sup / e 0y (u, (), 0 (u — T(w))) dw; (u)
; ; t—T<s<t
i=1 j=1 0
n n P
<n?' YN CEL sup | osup ~UT 05, 9 (), @ (0 — T(W))) dwj (1)
i=1 j:l 1—T<s<t | t—T=<r=<t
p
<n’” IZZq sup sup / =01 (u, 0 (), 9 (u — T()) dw; ()
o1 =1 T<s<t t—T<r<t ’ ’ ’
K p
<np”! "”ZZq sup / e 0y (u, (1), @ (u — T())) dw; (u)
—T=<s<t

i=1 j=1 0
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s p/2
1 —2 2
<" e””;;q s | Of 062 (4, 05 (), 9 (4 — () du
s p/2—1
1 2-1 oe(t—
< pP~lepet ;;qup/ - i]ie<t E 0/6 ct=u) gy,

N N

| e n ool dus [T Ry
0 0

<nPelTq cl- p/Z(Mp/2+vp/2)/ —2c(T— M)Z]E[ sup |(pj(v)|[’dui| 27)

u—t<v<u
j=1

Using the similar arguments as for the term (24) and combining with (25), (26) and (27), we
obtain that

ZE[ sup |(P<p)i(s)|p]—>0 as t— oo.

I—T<s=<t
Thus, P(Cy) € Cy.

Finally, we prove that P is a contraction mapping. For any ¢, ¥ € Cy, from (24)—(27), we
obtain that

sup {E [Z sup [(Pg);(s) — (Pl/f)i(s>|f’”

t>0 i=1 —T<s=<t
n P n !
< 4p—1 sup | E Z sup /e—ci(s—u) Zaij (f] (pj) — fi(y; (u))) du
>0 iop TSt 0 i=1

s

/e‘ci(s_“) Zbij (gj (pj(u —t()))
0

j=1

n
44,71 sup {E[Z sup

t>0 i=1 t—1<s<t
pj|

147 sup B[S sup / —ci(s— ”)Zl / (hj((pj(v))—hj(wj(v))>dvdu

>0 i lmTssst

g (¥ (u = 7)) du

p

(=}

s—r(s)

t>0 izl t—T<s<t =1

+47 Tsup { E Z sup /e_ci(s_u)Z[Gij(u,fpj(u),fﬂj(u—T(”)))
0
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p
—oij(u, i), ¥ju —t(u))ldw;j(u)
" " r/q " " r/q
§4p_1{ec,c_,,z > laijllel? | +eTe Py D 1181
i=1 \j=I i=1 \j=1

r/q

n n
+ePe TPy D 1yl
i=1 \j=1

n
+nPelTqPc! P2 (20)7! (m’/2+v1’/2)}supZE[ sup |¢j(s)—wj<s>|P].

>0 j=1 t—T<s<t
From (6), we obtain that P : Cy — Cy is a contraction mapping. O
We are now ready to prove Theorem 1.5.

Proof. From Lemma 3.1, by a contraction mapping principle, we obtain that P has a
unique fixed point x(¢), which is a solution of (1) with x(¢) = ¢(¢) as t € [—7,0] and
S E(sup,_r s 1Xi(5)]7) > O as t — oo.

We prove that the trivial solution of (1) is pth moment stable. Let € > 0 be given, we suppose
that there exists t* > 0 such that

n n
Z]E( sup |x,-(s)|1’> =, Z]E( sup |xl-(s)|p> <€ for 9 <t<t*
i=1 i=1

t*—r<s<t* —T<s<t

choose 0 < § < € satisfying 5P~le=Pet™s < (1 — a)e, where « is the left hand side of (6). If
x(@) = (x1(1), x2(2), - - - x, (1)) is a solution of (1) with the initial condition satisfying ||¢||? < 6,
then x(¢) = (Px)(t) defined in (16). We claim that ||x]||” < € for all ¢ > 0. It follows from (6),
we obtain that

ZE[ sup |x;(s)|”
i=1

t*—T<s<t*

" " p/q n " p/q
<577 e P s 4 5P TP Y Y Cag el | e TP Y D] b 11851
i=1 \j=1 i=1 \j=1
" n r/q
+rpe”c*pz Zij 1]yl +nPePTgPclmP2(20)7! (Mp/2+vp/2> €
i=1 \j=1

<(l—a)e+ae=c¢,

which is a contradiction. Thus, the proof follows. 0O
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4. Proof of Theorem 1.7

In this section, we prove Theorem 1.7. Define an operator (Q¢)(¢) = ¢ (¢) for ¢t € [, 0] and
forz >0, (Qg)(¢) is defined by the right hand side of (16). Following the proof of Theorem 1.4,
we find that to show Theorem 1.7, we only need to prove that e*E Y " [(Q¢); (1)|” — 0 as
t — oo. It follows from (16) that

n n 5 P 5 n
MEY Q@i ()P =eMEY Y i) SSP_IEMZE<Z|in(f)|p>~ (28)
i=1 i=1|j=I j=1  \i=l

Now, we estimate the right-hand terms of (28). First, by using Holder inequality,

n " . pla ¢ "
HMEY 1 <Y e D a1 / mDIMEN Y i) | ds.

i=1 i=1 j=1 0 j=1
(29)

With the similar computation as (29), we obtain that

" rlq

n n
HMEN 101 < e Y [bij191851¢
i=1 i=1 j=1
! n
x/e—“i—M(’—S)e“S—f(S”E Z|(pj(s—r(s)))|p ds.  (30)
0 j=l
n " N rla
At AT —(ci=A)(t—s)
E T (D17 < - |y 14
FEY 10 e Z(C) Mgl | [ e
i=1 i=1 j=1 0
S

x / HME[ D lpi@)” | duds. (31)

s—r(s) j=1

Using Lemma 2.1 and Holder inequality, we obtain that

n
HMEY |50
i=1
n f n
a1 Yol [ @I E 3 g | ds (32)
i=1 0 j=1
n ! n
+ e)»‘fnp—l Zcil*p/z vp/Z/e—(ci—k)(t—s)ek(s—r(s))]E Z |(p](S _ f(S))lp dS
i=1 j=1
0



G. Chen et al. / J. Differential Equations 264 (2018) 3864—-3898 3887

Since ]EZ?:l lpi(t)| > 0,t —t(t) > coand t — r(t) — oo as t — oo. Thus, from (28) to (32),
we obtain that eME Y ", [(Q¢);(1)|? — 0 as e*EY""_, |¢;(t)|” — 0. Hence, combining the
proof of Theorem 1.4, there exists a unique fixed point ¢(-) of Q in By, which is a solution of
the system (1) such that ¢ E Y i 1 lgi(®)|? — 0 as t — oo. This completes the proof.

Corollary 4.1. Suppose that the assumptions (A1)—-(A3) hold. If the following conditions are
satisfied,

(1) the discrete delay tT(t) and r(t) in the distributed delay are bounded by a constant t (1 > 0);
(i) and such that

n n n n n n
-2 2 2 -2 2 n2 2 -2 2.2
SY ity apei+5Yy ¢ty BB ST Y Y 1y
i=1 =1 i=1 =1 i=1 =1
n
+20ani_1(u+v)<l,
i=l1

where |, v are defined as in Theorem 1.4, then the trivial solution of (1) is exponentially stable
in mean square.

Corollary 4.2. Let p > 2. Suppose that the assumptions (A1)—(A3) hold. If the following condi-
tions are satisfied,

(i) the discrete delay T (t) and r(t) in the distributed delay are bounded by a constant T (1 > 0);
(ii) and such that

r/q r/q

n n n n
-1 - -1 -
DR DU BT L Sroas DA
i=1 j=I i=1 j=1

n
4PN P (P ) < 1,

i=1

where [, v are defined as in Theorem 1.4, then the trivial solution of (21) is exponentially stable
in pth moment.

5. Proof of Theorem 1.11

In this section, we prove Theorem 1.11. We start with some preparations. Multiply both sides

of (9) by ¢“' and integrate from O to ¢, we obtain that forr > 0,i=1,2,3,--- ,n,
! n ! n
xi (1) = e~ x;(0) + / e 1N " a; fi(xj(s)) ds + / e 1N "bijgj(xj(s — T(s))) ds
0 j=l 0 j=l
t n s
e / e 1IN / hj(xj(u))duds. (33)

0 j=1 s—r(s)
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Lemma 5.1. Define an operator by (Px)(0) = ¢(0), for 0 <6 <0, and for t >0, i =
1a213s"' , 1,

! n
(Px);(1) =e_c"’xl~(0)+/e_“"(’_”Zaijf./(x/'(S))ds
0 j=1
t

+/efci(lfs) Zbijgj(xj(s —1(s)))ds

0 j=1
t n s
[Ny [y duds i= 00+ 1) + 16 + 150
0 j=1 s—r(s)

(34)

If the conditions (i) and (ii) in Theorem 1.11 are satisfied, then P : Hy — Hy and P is a con-
traction mapping.

Proof. First, we prove that PHy € Hey. In view of (34), we have that, for fixed time #; > 0,
it is easy to check that lim,_,o [(Px);(t; +7) — (Px);(t1))]=0,i=1,2,3,--- ,n. Thus, P is
continuous on [0, co). Note that (Px)(0) = ¢ (0) for ¥ <6 <0, we obtain that P is continuous
on [, 00).

Next, we prove that lim;_, oo (Px); () = 0 for x;(t) € Hip, i =1,2,3,---,n. Since x;(t) €
Hig, we have that lim,_, » x; () = 0. Then for any € > 0, there exists 7; > 0 such that s > T;
implies |x;(s)| < €. Choose T = max;—12,... ,{T;}, combining with condition (A2), we obtain
that

T t

n n
L) < f e TN " ayjkjlxj ()| ds + f e " ayjallx(s)] ds
0 j=l T j=l
n T € n
fe_c"’2|aijaj| sup |xj(s)|/e_cisds+—Zlaijajl. (35)
; 0<s<T (&
Jj=1 == 0 j=1
From the fact that ¢; > 0 (i =1,2,---,n) and the estimate (35), we have that I(r) — 0 as
 — oQ.
Since x; (1) — 0 and t — 7(t) — oo as t — oo, for each € > 0, there exists 7/ > 0 such that
s > T/ implies |x; (s — 7(s))| <€ fori =1,2,---,n. Choose T" = max;_1 2,...,{T/}, we obtain
T’ n ? n
()] < / 1S by Byl (s — Ts)) | ds + / eI Y byl (s = T(5)) | ds
0 j=1 7 j=1

n T/ n
<e™ byl sup |xj<s>|/e”ds+;Zlbz’fﬂf‘~ (30)
= y=s=T 0 L=l
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From the fact that ¢; >0 (i =1,2,---,n) and the estimate (36), we have that I3(t) — 0 as
t — oo.
Since x;(t) — 0 and t — r(t) — 00 as t — oo, for each € > 0, there exists 7;* > 0 such that
s > T;* implies |x;(s —r(s))| < efori=1,2,--- ,n. Choose T* = max;—1 2,..,{T;"}, we obtain
T* n K t n
TAGIE / e 1IN Ny / lxj ()| duds + er / e 1IN Nyl ds
0 j=1 s—r(s) T* j=l
n €r n
<r Y |lijyjl sup |xj(u)|/e*“f<’*s>ds+—Z|l,-,-yj|. (37)
— Y<u<T* Ci
Jj=1 0 J
From the fact that ¢; >0 (i =1,2,---,n) and the estimate (37), we have that I4(t) — 0 as

t — oo. From the above estimate, we conclude that lim;_, oo (Px); (t) =0 for x;(t) € H;p, i =
1,2,3,---,n. Therefore, P: Hy — Hsy.

Now, we prove that P is a contraction mapping. For any x, y € Hy, from (35)-(37), we obtain
that

D IPx)i(1) = (Py)i ()]

i=1

< mzax |al]ot]|/ —eilt= S)ZPC](S)—)’](S)WS

1
t_lj j=1

+Z max |b,,ﬂ,|/ 093 (5 = £(6)) = 3,5 — (5D

j=1
+Z max |zz,y,|/ a0y / ) — 3 )| duds
j= lv r(s)
-y i+ b B+ iyl
— max a; i ; — max D — max iV
- ¢ j=12,--.n e ¢ j=12,-.n oI ci j=1,2,---.,n l]yj

X sup Dx,(s) Yi(s)l.

z9<s<t
From (13), we obtain that P is a contraction mapping. O
We are now ready to prove Theorem 1.11.

Proof. Let P be defined as in Lemma 5.1, by a contraction mapping principle, P has a unique
fixed point x € Hy withx(0) =¢ (@) on ¥ <6 <0and x(¢) — 0 as r — oo.
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To obtain asymptotically stable, we need to prove that the trivial equilibrium x = 0 of (9)
is stable. For any € > 0, choose 0 < § < € satisfying the condition § + €a < €, where « is the
left hand side of the inequality (13). If x(z,0, ¢) = (x1(¢,0, ), x2(¢,0, 9), - - - , x,(¢,0, @)) is
the solution of (9) with the initial condition ||¢| < 8, then we claim that || x (¢, 0, ¢)|| < € for all
t > 0. Indeed, we suppose that there exists * > 0 such that

n n

D Ixi(t*,0.¢) =e, and ) |xi(t,0,¢)| <€ for 0<t<r* (38)

i=1 i=1

From (13) and (33), we obtain

n

n t* n
PEIGRRINEDY [|e‘”f*x,-(0>| + / eI N "y fi(xj ()| ds
0

i=1 i=1 j=1

t* n
_i_/efci(l**s) Z |bijgj(xj(s —t(s))lds
0 i=l
s

r* n
+/e—c,-(z*—s)Z|lij / h](xj(u))|duds:|
0

=N s e

n
1
<5+6<Zc—ij:1]112a?< Iauajl—i-z jmax Ibij B
i=1 -

n
,
+ — max |yl <d+ea<e,
2611—12 |ljyj|
l

which contradicts (38). Therefore, ||x(z, 0, ¢)|| < € for all ¢+ > 0. This completes the proof. O

Letl;;j =0fori, j=1,2,---,n, the system is reduced to

dx; (t)
dt

—cix; (1) + Zal, fiGj@) + Z bijgj(xj(t — (1)), (39)

j=1

which is the description of cellular neural network with time-varying delays. Following the result
of Theorem 1.11, we have the following corollary.

Corollary 5.2. Suppose that the assumptions (A1)—(A3) hold. If the following condition is satis-
fied,

Z— |a--a-|+2n:l max  |b;; Bl <1 (40)
(¥ Rat} — Ci j=1,2,.n yrJj ’

then the trivial solution of (39) is asymptotically stable.
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Remark 5.3. Note that the delay in Corollary 5.2 can be unbounded. Lai and Zhang [9] studied
the asymptotic stability (39) as well. However, the additional condition

1
max | Z|a,,k|+ Z|b,,k| <7 (41)

is needed in Theorem 4.1 of [9]. It is clear that Corollary 5.2 is an improvement of the result
in [9].

6. Proof of Theorem 1.12

Proof. In this section, we prove Theorem 1.12. Define an operator (P¢)(t) = ¢ (¢) for t € [, 0]
and for t > 0, (Py)(¢) is defined by the right hand side of (34). Following the proof of Theo-
rem 1.11, we only need to show that eM(Pgo)i(t) —Qast—o00,i=1,2,---,n. We estimate
the right-hand terms of (34),

t

oM /e_Ci(t_S)Zaijfj(wj(s))ds

0 j=l

< 11112ax Ia,jajlf ~(@=1i=s) MZHOJ(S)WS

J= j=1
t

| [0 Y by oy~ ro ) ds

0 j=1

< max |bil f ST A6 ’“”Dgo,(s—r(smds
j=12,---.n il

t n p
[/e—ci(t—S)Z]ij / hj(pjw))duds
0 j=1 s—r(s)

S

t
n
AT —(ci—=A)(t—s) Au
<e max |l;;y; e e ()| duds.
< A,:l,z,...,n'””'/ f A
0

s—r(s) j=1

From the fact that A < min{cy,c2, -+ ,cn}, ¢i >0 (@G =1,2,---,n) and the above estimate, we
obtain that e* (Pg);(t) > 0ast — co. O

For the cellular neural network (39), we have the following result.

Corollary 6.1. Suppose that the assumptions (A1)—-(A3) hold. If the following conditions are
satisfied,
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(i) the discrete delay t(t) is bounded by a constant t (1 > 0);
(i1) and such that

1
ZC_ max |a,,k|+Z jmax 1bijkjl <1,

then the trivial solution of (39) with initial condition (11) is exponentially stable.
7. Examples
Example 7.1. Consider the following two-dimensional cellular neural network

dx(1)
dt

=—Cx(1) + Ag(x(1)) + Bg(x — (1)),

where
C= Cl 0 _ 30 A= aylr an _ 6/7 3/7
“\0 ) \O 3) “Nay axn ) \-1/7 —-1/7)°
B— byt b\ _(6/7T 2/7
T\ by by ) \3/7 1/7)°

The activation function is described by g;(x) = tanh(x), for i = 1,2. The time-varying delay
7(t) is continuous and |7 (?)| < T, where T is a constant.

It is clear that o; = B; = 1 for i = 1, 2. We check the condition (40) in Corollary 5.2,

ijlm | |+Z a|b,3| <Ly 6+1+6+3 16 _,
— ajjoj —mx = —t+-+-+z)==<L1
=12 3t \1 171 7)1

Hence, by Corollary 5.2, the trivial equilibrium x = 0 of this cellular neural network is asymp-
totically stable. See Fig. 1.
However, the condition (41) becomes

1< 1< 17 1
2?’; ;Z|aijdj|+c—i;|bijﬁj| =ﬁ>ﬁ-

1 ]:1
Hence, Theorem 4.1 of [9] is not applicable.

Example 7.2. Consider the two-dimensional stochastic recurrent neural network with time-
varying delays
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0.5

t

Fig. 1. The solution of Example 7.1.
(6 0\ (xi0) 2 0.4\ {0.2tanh(x; ()
dx(6) = (0 5) (xz(t) ) di+ (0.6 1 ) (0.2tanh(x2(t)) > dt

—-0.8 2 0.2tanh(x (t — 71(1)))
+ < I 2) <0.2tanh(x2(t — () ) a

+<1 2) ( Sy 0-2tanh(x1 (5)) ds ) s

2 1)\ [/, 02tanh(xa(s)) ds)
+o(t,x(@),x( — 1)) dw(?), (42)

where t(¢), r(¢) are continuous functions such that t — t(f) > oo as t — oo and |r(¢)| < 1,
o Rt x R? x R? - R? x R? satisfies

trace [UT(t, x,y)o(t,x, y)] < 0.00S(x% + x% + J’12 + y%).

We suppose p =2, and take u; = v; = 0.003 for i = 1, 2, by simple computation, we have
a; =0.2,fori =1,2, c =min{cy, c2} =35, u =v =0.003. By Corollary 2.3, we have that

2 2 2

2 2 2 2
s [ Laded |45 e | Lot | +5%(5) | it

i=1 j=I i=1 j=l1 i=1 j=1

2
+20%x2x Y ¢ (u+v) <0.256 < 1.

i=1

Then the trivial solution of (42) is mean square asymptotically stable. See Fig. 2.
If 7(¢) is bounded, by Corollary 4.1, we obtain that the trivial solution of (42) is mean square
exponentially stable.
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()

0 L 10 15 20 25 30 35 40
t

Fig. 2. The solution of Example 7.2.

Example 7.3. Consider a two-dimensional stochastically perturbed HNN with time-varying de-
lays,

dx(t) =[-Cx(t) + Af (x(t)) + Bg(x-(t))]1dt + o (t,x(t), x:(t)) dw(t), (43)

where f(x) = %arctanx, gx)= %tanhx = %(e" —e N/ e +e ™), t@t)= % sint + %,

5 0 2 04 —-0.8 2
C:(o 4.5)’ A:<0.6 1) and B:( I 4)'
In this example, let p =3, take a; =0.2, 8; =0.2, j = 1,2, 0 : RT x R? x R? - R? x R?
satisfies

oi1(t,x,y)* <0.01(x] +7) and oia(t,x,y)> <0.01(x3 +y3), i=1,2,
and w(t) is a two dimensional Brownian motion.

Note that the exponential stability of (43) has been studied in Sun and Cao [24] by employing
the method of variation parameter, inequality technique and stochastic analysis.
Now, we check the condition in Corollary 4.2,

rlq rlq

2 n 2 n
qp=1.=0+p/q) Z Z laij|9]oc 1 4 4P~ 1=0U+p/9) Z Z |bij 1718517

i=1 [ j=1 i=1 \j=1
+4P= 1P P2 P2 4 P12y <0.18 < 1.

By Corollary 4.2, the trivial solution of (43) is exponentially stable. See Fig. 3.
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Fig. 3. The solution of Example 7.3.

8. Appendix

In this section, we first show that I5(s) in [16] is not a local martingale and then we present
some examples about Banach spaces.

Definition 8.1. A real valued F;-adapted process M = {M(t) : t > 0} is a martingale if
E|M(t)| < oo forall + >0 and

E[M@)|Fs]= M(s), as. for all 0<s<t<oo.
Lemma 8.2. For continuous function o (t), fot e~ =95 (s) dw(s) is not a martingale.
Proof. In fact, forO <u <t,

t u
E /ef"(tﬂ)a(s)dw(s) | Fu | =E /efc(’fs)a(s)dw(s) | Fu
0 0
t
+E /‘ef“(tfs)a(s) dw(s) | Fu
u

u u

:/efc(tfs)a(s)dw(s)#/efc(”ﬂ)a(s)dw(s). O
0 0
(44)
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Lemma 8.3. ([20]) If M (z) is a local martingale and for every t, Esupsc(o 1 1M (s)| < 00, then
M((t) is a martingale.

Lemma 8.4. For continuous function o (t), fot e~ =9 (s) dw(s) is not a local martingale.

Proof. We suppose that f(; =g (s)dw(s) is a local martingale. For every ¢, we have that

N s

E sup /efc(“”)o(u)dw(u) <E sup /e“‘o(u)dw(u)
s€[0,1] s€[0,7]
0 0
, 1/2
<KiE fezCL’oz(u)du
0
; 12
<K; /ezc"]Eaz(u)du < 00.
0

From Lemma 8.3, we obtain that M is a martingale. However, from Lemma 8.2, we know that
fé e " 9)g(s)dw(s) is not a martingale, which is a contradiction. O

Example 8.5. The space C([a, b]) of continuous, real-valued (or complex-valued) functions on
[a, b] with the sup-normed is a Banach space. More generally, we have the following examples.

(1) If X is a Banach space, the space C([a, b]; X) of continuous, X-valued functions on [a, b]
equipped with the sup-norm is a Banach space.

(i) If X is a Banach space, the space BC([a, b]; X) :={¢ | ¢ € C([a, b]; X), |l¢| < oo} of
bounded continuous, X-valued functions on [a, b] equipped with the sup-norm is a Banach
space.

(iii) If X is a Banach space, the space {¢ | ¢ € C([a, b]; X), lim,_,» ¢(t) = 0} and the space

olpeC(a,bl; X),llell= sup |g(s)|is bounded and tlirn o) = O}
— 00

s€la,b]

are Banach spaces with respect to the sup-norm. Clearly, the space
Colla,bl: LM (2, R") == {¢ | ¢ € C(la. b): L” (. R"), lim Elg()|” =0}
is a Banach space with respect to the norm defined by ||¢||? := sup, [E|(p(s) |P ]
The following lemma presents a Banach space that is used in this paper.
Lemma 8.6. Suppose that F; is complete, that is, contains all null sets. Then the space

D :={p € Co([a,b]; LP(2,R")), ¢(1) is F; — measurable for all }

is a closed subspace of Co([a, b]; LP (2, R™)).



G. Chen et al. / J. Differential Equations 264 (2018) 3864—-3898 3897

Proof. Let ¢, Y € D, then () and v (t) are F;-measurable for all ¢, so ¢(¢) + ¥ (¢) and ag(t)
(a € C) are F;-measurable for all 7.

Suppose that the sequence @1, @2, -+, @, -+ € D, ¢ € Co(la, b]; LP(2,R")) and ¢, — ¢ as
n — oo for all ¢, we claim that ¢(¢) is F;-measurable. In fact, since ¢, — ¢ as n — 00, then

sup [Elga(s) — ¢(5)[P] =0 as n— oo,

seEQ

So, for every ¢, we obtain that E|¢, (t) — ¢(¢)|” — 0 as n — oo, which implies that there exists
a subsequence (¢y, ()« such that ¢,, (f) — ¢(t) a.e. on Q. On the other hand, F; is complete.
Hence, we obtain that ¢(f) is F;-measurable, which implies that D is a closed subspace of the
space Co([a, b]; LP(2,R™)). O
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