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1. Introduction. Let 1 < B < 2. Given any = € [0,(8 — 1)7!], a
sequence (ay) € {0,1}Y is called a S-expansion of x if

)
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Sidorov [20] proved that for any 1 < 3 < 2, almost every point in [0, (3—1)~!]
has uncountably many expansions. If (a, ) is the only S-expansion of z, then
we call z a univoque point with unique expansion (a,). Denote by Us the
set of univoque points in base 5. There are many results concerning unique
expansions: see [9, [12] and references therein.

Let (ay,) be a S-expansion of x. If for any k£ > 1 and any (by---b) €
{0, 1}* there exists some kg such that

Ak +10ko+2 * * - Qko+k = b1+ - by,

then we call (a,) a universal -expansion of x.

The dynamical approach is a good way to generate (-expansions effec-
tively. Define Ty(z) = Sz and Ti(z) = fx — 1 (see Figure 1).

Let € [0,(8 — 1)7!] with an expansion (a,)%%;, and set Ty,..q, =
To, 0Ty, 00Ty . We call {Ty,...q,(x)}02, an orbit of z in base (. For
simplicity, we set T,,(x) = x. Clearly, for different expansions, = has distinct
orbits. Evidently, for any n > 1, we have

a1 as an  Tyya, (T)
T= T e g AR
B B2 s pm
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Fig. 1. The dynamical system for {7y, 71}

The digits (a,) are chosen in the following way: if Ty, ..q;_, () € [0,871),
then a; = 0, and if Ty, .a,_,(z) € (B —1)7'871 (8 —1)71], then a; = 1.
However, if Ty,...q,_,(z) € [371,(8 — 1)7'#7!], then we may choose a; to
be 0 or 1. Due to this observation, we call [371, (8 — 1)7!371] the switch
region. All possible [S-expansions can be generated using this idea [8] [3]. If
x has exactly k different expansions, then we say x has multiple expansions
[22, 6], 7].

There exists a criterion that characterizes unique expansions [9} [12]. How-
ever, few papers have considered universal expansions and multiple expan-
sions. In this paper, we shall use the dynamical approach to study universal
expansions.

Universal expansions have a close connection with the discrete spectra

D = {;azﬂ’ ca; € {0,1}, n > O}.

Let D={yo=0<y; <y2 <---}. Define
L'(B) = lim sup(yx41 — yk)-
k—o0

Erdés and Komornik [10] proved that if L'(3) = 0, then all the points of
(0, (8 — 1)71) have universal expansions. They also proved that if 1 < 3 <
V2 & 1.19, then L'(B) = 0. In particular, they proved that L'(1/2) = 0.
Sidorov and Solomyak [23] also considered some algebraic numbers for which
LY(B) = 0, and their result has been improved by Akiyama and Komornik [I]
who proved that if 1 < f < /2 ~ 1.26, then L'(3) = 0. Feng [15] used
the result of [I] and some ideas in fractal geometry to show that for any
non-Pisot 3 € (1,/2], if % is not a Pisot number, then L'(3) = 0.
Concerning generic results, Sidorov [21] showed that for any 1 < 5 < 2,
almost every point in [0, (8—1)~!] has at least one universal expansion. Dajani
and de Vries [4] used a dynamical approach to show that for any 5 > 1, almost
every point of [0, (8 — 1)~!] has uncountably many universal expansions.
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The results of Sidorov [20] and of Dajani and de Vries [4] imply that the
set of points without universal expansions has zero Lebesgue measure. In
other words, the Lebesgue measure of V3 is zero, where

Vs ={x €0,(8—1)""]: 2 does not have a universal expansion}.

A natural question is to study the Hausdorff dimension of V3. Our main
result is Theorem where we show that if § is the n-bonacci number
then the Hausdorff dimension of V3 equals 1. For 1 < 8 < (1 ++/5)/2, the
Hausdorff dimension of Vg has a close connection with an old conjecture of
Erdés and Komornik [10]:

CONJECTURE 1.2. For any non-Pisot f € (1,1 + \/5/2), Ll(ﬁ) =0.

This conjecture is true if 3 € (1,/2] and 82 is not a Pisot number [15].
We briefly discuss the connection between the dimension of V3 and this con-
jecture. If we were able to find some non-Pisot number 1 < 8 < (14 +/5)/2
such that the Hausdorff dimension of Vj is positive, then L'(3) > 0. The
reason is that L' () = 0 implies that all the points of (0, (3—1)"!) have uni-
versal expansions. In other words, we would disprove the Erdés—Komornik
conjecture. Therefore, considering the Hausdorff dimension of V3 is mean-
ingful to this conjecture.

The dimension of Vjz has a strong relation to open dynamical systems.
Roughly speaking, V3 is a union of countable survivor sets generated by
some open dynamical systems. These open dynamical systems are smaller
than the usual open systems as we consider all the possible orbits, i.e. all
the possible orbits should avoid some holes. In this paper, we shall make use
of this tool to study the dimension of Vj.

The paper is arranged as follows. In Section 2, we start with some nec-
essary definitions and notation, and then we state the main results of the
paper. In Section 3 we give the proofs, and in Section 4 we make some final
remarks.

2. Preliminaries and main results. In this section, we give some
notation and definitions. Let 2 = {0,1}N, E = [0, (8 — 1)7}], and let & be
the left shift. The random B-transformation K is defined in the following
way [g].

DEFINITION 2.1. K : 2 x E — {2 x FE is defined by
(w, Bz), z€0,871),
K(w,z) =1 (0(w),fz —w1), z€[p~1 871 (B-1)7"],
(w, Bz — 1), ze (BB (B-)7

We call [371, 371(8 —1)71] the switch region since in this region we can
choose the digit to be used and change from 0 to 1 or vica versa.
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When the orbits of points hit or enter the switch region, and we always
choose the digit 1, then we call this algorithm the greedy algorithm. More
precisely, the greedy map G : E — FE is defined by

) E O) _1 b
Bz—1, ze€[p, (-1
Let (w,x) € 2 x E. For any n > 1, we denote by K"(w,z) = K(K" Y (w, ))
the nth iteration of K, and let 7(w,z) = x be the projection on the second
coordinate. We can study S-expansions via the following iterated function

system:

fj(m)zf”;j, je{0.1}.

The self-similar set [I4] for this IFS is the interval [0, (3 — 1)~!]. This tool
is useful in the proof of Lemma [3.12]

Before we state our main results, we define some sets. Given 1 < 8 < 2
and any N > 3, define

Egny = {x €[0,(3—1)""] : no orbit of = hits [0, 37 (8 —1)"!]},
Fgn ={x €[0,(8—1)""]: the greedy orbit of z
does not hit [0, 37V (3 —1)71]}.

We can give a simple symbolic explanation of Eg n: no S-expansion (ay) of
any point in Eg n contains the block (00---0) (/N zeros). Let

O = {r(K"(w, 1)) Un(K"(w,(-1)"1=1):n>0,we N}

be the union of all possible orbits of 1 and of (8 —1)~! — 1. An algebraic
number 8 > 1 is called a Pisot number if all of its conjugates lie inside the
unit circle.

Now we state our main results.

THEOREM 2.2. For anyn > 2, let 8, be the n-bonacci number satisfying
Br=p""14 BT+ B+ 1
Then dimpy (V3,) = 1.
The following result gives a sufficient condition under which the Haus-

dorff dimension of Fjg ; can be calculated.

COROLLARY 2.3. Let (1 ++/5)/2 < 8 < 2. If all the possible orbits of 1
hit only finitely many points, then for any N > 3, dimg(Fs n) can be cal-
culated explicitly. In particular, for any Pisot number in (1,2), dimg(Fp )
can be calculated.

This result is indeed a corollary of [5, Theorem 4.2]. Generally, calculat-
ing the Hausdorff dimension of Eg y is not an easy problem. By definition,
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Eg N C Fg n for any N > 3. Hence, Eg y is a smaller survivor set, and it is
difficult to calculate its dimension. However, for the sequence (f,,), we have
the following asymptotic result.

THEOREM 2.4. For any n > 2 and N > 3, let 8, be the n-bonacci num-
ber. Then dimpy (Fp, n—1) < dimg(Eg, ) < dimy(Fp, n). Consequently,

Jim dimp (B, v) = lim dimp (Fp, ) = 1.

Moreover, for any N > 2n + 4, dimg(Fg, v \ Eg, n) > 0. Furthermore, we
can find some set of positive Hausdorff dimension such that every point in
this set has uncountably many expansions, but none of them is a universal
exTpansion.

The last statement strengthens one result of [21, Counterexample].
The following result is about the topological structure of Eg .

THEOREM 2.5. Given any N > 3, for almost every B € (1,2), Eg n is a
graph-directed self-similar set.

3. Proof of main theorems. In this section, we give a proof of Theo-
rem To begin, we recall some classical results and notation. An expan-
sion (ay,) is called the quasi-greedy expansion if it is the largest infinite expan-
sion, in the sense of lexicographical ordering. Denote o((an)22 ) = (an)il,

and 0¥ ((a,)%2,) = (an)plpt1- Let (ay) be the quasi-greedy expansion of 1.

The following classical result was proved by Parry [18].
THEOREM 3.1. Let (a,)2%, be an expansion of x € [0, (8 — 1)7]. Then
(an)22, is the greedy expansion if and only if

o*((an)221) < (an)S,  whenever aj, = 0.

LEMMA 3.2. For any n > 2, let B, be the n-bonacci number. Then for
any N > 3,

Fﬂn,N—l C Eﬁn,N‘

Proof. Since f3,, is the Pisot number satisfying g% = "1 + "2 4... +
B + 1, it follows that the quasi-greedy expansion of 1 is (1"710)>. Hence
the block 1"~! can appear in the greedy expansions. In other words, any
expansion in base 3, can be changed into the greedy expansion using the
rule 10™ ~ 017, i.e. the block 10™ can be replaced by 01" without changing
the value of the corresponding number.

Given any point « ¢ Eg, n, there exists an expansion of « such that its
coding, say (ay), contains a block (0---0) of length N, i.e. there exists some
ko such that ag,y1---agy+n =0---0.

If (an) is the greedy expansion of z, then clearly « ¢ Fpg, n_1. As-
sume (ay) is not the greedy expansion. We can transform (a,) into the
greedy expansion of z by using the rule 10” ~ 01™. Denote by (b,) that
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greedy expansion. Notice that the transformation used shrinks a block of
zeros in the sequence (a,) by at most one term. To be more precise, if
Ako+1 " ** Qhg+N O+ N+10kg+ N+n = 0---01™ (N zeros), then the correspond-
ing block is

brot1 Okt NOkg+ N+1bko+ N4 = 0+ - 010™.
N-1
Thus, T ¢ F,Bn,N—l- ]
Next, we want to prove that
lim di F =1.
i dingr(F, )

This result can be obtained by applying perturbation theory; it was essen-
tially proved by Ferguson and Pollicott [I1, Theorem 1.2].

LEMMA 3.3. For any 1 < <2, imy_o dimy(Fg ) = 1.
Here we give a detailed proof of our desired limit.

LEMMA 3.4.
lim dimg(F =1.
Nl dim g ( Bn,N)

For simplicity, we assume n = 2; for n > 3 the proof is similar but the
calculation is more complicated. We give an outline of the proof. First, we
give a Markov partition for [0, (8 — 1)7!] using the orbit of 1. Hence, we
can define an adjacency matrix S and construct an associated subshift X
of finite type. Equivalently, we transform the original space {0, 1} into a
subshift of finite type. Next, we define a submatrix S’ of S, and construct a
graph-directed self-similar set with the open set condition [17]. Finally, we
identify Fp, y with a graph-directed self-similar set, and prove the desired
result.

Now we transform the symbolic space as follows.

LEMMA 3.5. Let 8= (14++/5)/2 and z € [0, (8 —1)"]. Then the greedy
expansion of x has a coding coming from some subshift of finite type.

Proof. We start by giving a Markov partition for the interval [0, (5—1)7!]
as follows. Let N > 3, and set

ay =0, a=pN2E-_1"! 2<i<N-1,
ay=B"1=82B-1)"" anyy1=1, anp2=(B-1)""
Define
Ay =[0,87NpB-1)7",
A== (B 1), 2<i <N,
Ay =[L(B-17"
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It is easy to check that
To(Al) :A1UA2, TO(AZ') :Ai—i-l, 2<1< N—l,
and that T (An) = UZ]\L_ll A; and Th(An+1) = Ay U An1. Hence, we have
the following adjacency matrix S = (5i)(n41)x(N+1):
1, 1=1,7=1,2,
1, 2<i<N-1,j=i+]1,
1, i=N,j=1,...,N -1,
1, i=N+1,j=N,N+1,
0, else.

Sij =

Using S, we can construct a subshift Y of finite type. For any
(a;) € {1,..., N+ 1},

we call {Aq, }°, an admissible path if there is some T}, k = 0 or 1, such
that
Tk(Aai) DA

for any ¢ > 1. In terms of this definition, we have
Y ={(ai)Z; o €{1,...,N +1}, {Aq,}2, is an admissible path}.

REMARK 3.6. Usually, we take the elements A; of a Markov partition
closed on the left and open on the right, i.e. A; = [a;, a;+1). Under our algo-
rithm, one has a choice at the endpoints. For example, the point 37! is the
right endpoint of Ax_3 and the left endpoint of Anx_s. For this point, we can
implement Ty on Ay, = [ag, 371 or Ty on [B71, ag2]. This adjustment is due
to the proof of Lemma|[3.8] When we construct a graph-directed self-similar
set, we need a closed interval—see the graph-directed construction in [I7].
This is the reason why we need some compromise here. Although our Markov
partition is a little different from the usual definition, this adjustment does
not affect our result.

Q41

By definition of Ejg p, for any point x € Eg y, all possible orbits of x
avoid the hole A; = [0,37N(B — 1)~!], which is the first element of the
Markov partition. By Lemma z also has a coding in the new symbolic
space X. For simplicity, we denote by {a;, }5°; this coding of z in X. Since
x € Eg n, the symbol 1 cannot appear in {oy, }02 ;.

Motivated by this observation, we construct a new matrix as follows.
We delete the first row and first column of S, denote the resulting matrix
by S/, and let X’ be the associated subshift generated by S’. Then S’ can
be represented by a directed graph (V, E). The vertex set consists of the
underlying partition {A;}*_,. For any two vertices, if one vertex is one of the
components of the image of another vertex, then we can find a similitude,
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which is the inverse of an expanding map, between these two vertices. For

instance, for the vertices Ay and As, if Tp(A2) = As, then we can label a

directed edge, from Ay to Az, by a similitude f(z) = Ty *(z) = /8. We

denote by E all admissible labels between pairs of vertices. Then by Mauldin

and Williams’ result [I7], we can construct a graph-directed self-similar set

K satisfying the open set condition; for the detailed construction, see [17,5].
Now we have the following lemma.

LEMMA 3.7. Let B = (1++/5)/2. Then Fgny = K up to a countable
set, i.e. there exists a countable set Cy such that Fgy C Ky C C1 U Fp §.

Proof. Evidently, Fgn C K}. Take z € K. Then by the definition of
K, the greedy orbit of x does not hit [0, 37V (8 —1)71). If the greedy orbit
of z does not hit the closed interval [0, 37N (8 — 1)}, then = € Fjg . If
there exists some (i1 - - - ip,) such that

Ti1~~-in0 (z) = /BiN(/B - 1)717
then
ze U  faaBNE-1D,
n=1 (i1-i,)€{0,1}"
where fo(z) = 7!z and fi(x) = B~ ta + B~L. Therefore,

Ky cEsnu U faaBB-17")
n=1 (i1-iy)€{0,1}"
LEMMA 3.8. Let 8= (1++/5)/2. Then
log /\N
log B’
where Ay is the largest positive Toot of the equation

dimH(FgﬁN) =

Moreover,

-
3

5

i =252 =

Proof. By Lemma dimpy (Fg ) = dimpy (K ). Since Ky is a graph-
directed self-similar set with the open set condition, we can explicitly cal-
culate its Hausdorff dimension: dimpy (Fp n) = log An/log 3, where Ay is
the spectral radius of S” (for the detailed method, see [17]). The second
statement is a simple exercise.

This finishes the proof of Lemma for the case n = 2. For n > 3, the
proof is similar. =
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A similar result is available for the doubling map with hole [I3]. Let
D(xz) = 22 mod 1 be the doubling map defined on [0, 1). Given any € > 0,
set

D.={z€0,1): D"(x) ¢ [0,¢] for any n > 0}.

Clearly, lim._,o dimg (D,) exists. Hence, to find this limit it suffices to con-
sider the set

Dy~ ={z €[0,1): D"(x) ¢ [0,27"] for any n > 0}.
We have the following result.

ExaMPLE 3.9.
log N
log2 ’

dimH(DZ—N) ==

where vy is the N-bonacci number satisfying the equation
A R e R I
It is easy to see that limy_o 7nv = 2. Therefore,
1i_1)1[1) dimg (D) = J\;gnoo dimpg(Dy-n~) = 1.

Proof of Theorem[2.3. Let 8, be an n-bonacci number. By Lemmas
and we have

Eg, N C Fg, v C Ky C Fs, yUCh.
By Lemma [3.4]
lim_dimp (Fp, v) = 1.
Therefore,
dimpg (Fp, n) = dimg(Eg, v) < dimg(Vg,) < 1,
which implies that dimg(V3,) =1. =

It is easy to show that when § is a Pisot number, then all the possible
orbits of z € Q([3])N[0, (8—1)~1] hit finitely many points only. The following
lemma is standard. However for the sake of convenience, we give a detailed
proof.

LEMMA 3.10. Suppose 3 is a Pisot number and x € Q([3])N[0, (8—1)71].
Then the set

{mr(K"(w,z)) :n>0,w e 2}
is a finite set.

Proof. Let p(X) = X¢— ¢ X9 1 —...— g4 be the minimal polynomial of
B with ¢; € Z, 1 < i < d. Since Q(3) is generated by {871,..., 7%}, there
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exist ai,...,aq € Z and b € N such that

d
z=0b"" Zazﬂ_i.
i=1

We assume that b is smallest possible to ensure uniqueness. Let 51 = £,
let Ba,...,8q be the Galois conjugates of 3, and set B = (bij)i1<ij<d =
(ﬁ;fl)lgm‘gd- Define, for n > 0 and w € {2,

D) = 57— 3 bl a)57),
k=1

d n
r)(w) = B3 (b‘l Z azﬂj_i — Z by (w, x)ﬂj_k> for j=2,...,d.
i=1 k=1

Consider the vector R, (w) = (rfnbl)(w), e i (w)). We first show that the
set {R,(w) :n >0, w € 2} is uniformly bounded (in n and w). First note

that rﬁll)(w) = m(K™(w,x)), hence rg)(w) < 1/(f—1) for all n and all w.
Let n = maxo<j<q |f;|. Then n < 1. For j =2,....d,

d n
)= 57 3 ey = S e )
i=1 k=1

b_l maxj<i<d |CLZ’ +1
1—n '

d n
<O a4 br(w, )R <
=1 k=1

Let

{ 1 b1 maxi<i<d \al] +1 }
C = max .

B—1 1—n

Then 7"7(3) <Cforall<j<d n>0andw € 2. Thus the set {R,(w) :
n >0, w € 2} is uniformly bounded.

Next we show that for each w € £2 and n > 0, there exists Z, (w) € Z% such
that R, (w) = b~1Z,(w)B. If 3 is a root of some polynomial p'(X) € Z[X],

then the elements [, ..., B4 are also roots of p/(X). Hence it is sufficient to
show that
d
(1) r) =071y AP (W)
k=1

for some 2" (w) € Z. The proof is by induction. Let n = 1 and note that

l=qf '+ +qpB % Now
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d d
r(w) = o~ bi(w,2) = o1 @B — ba(w2) Y g

k=1 k=1

=0! (Z(al% — b1 (w, 2)bgk + ax11) 87" + (a1 — bi(w, ﬂﬁ)b)Qdﬂ*d)

with
k)(w) _ (a1 — by(w, 2)b)q + apyr1 if k #d,
(a1 = b1(w, )b)qa if k = d.

k)

Suppose now that rl(l) =b! Zzzl zi(k) (w)B7F for zl( € Z. Since rg) =

(K™ (w,z)) for all n > 0, we have

rz(i)l = ﬂr( ) bit1(w,z) = b ? Zz —biy1(w,x) quﬂ_k
k=1
d— 1
< 1 gk — bit1(w, x)bgr, + z(kH))B*k
k=1
+ (Zi(l)(w) —biy1(w, fﬂ)b)QdB*d)
d
=07 w @t
k=1
with
0 gy = [E @) = b oblge+ 5 w) itk d
“i (2D (W) = b1 (@, 2)b)ga if k = d.
Thus, zZ(Jr)l( ) € Z. Setting Z, (w) = (z,gl), . zgd)) we have Z,(w) € Z¢ and

Ry (w)=b"1Z,(w)B.
Since B is invertible, and R, (w) is uniformly bounded in n and w, we
see that Z,(w) is uniformly bounded, and hence takes only finitely many

values. It follows that (R, (w)) and thus i) takes only finitely many values.
Therefore, the set {m(K"™(w,x)):n >0, w € 2} is finite. m

COROLLARY 3.11. Let 3 € (1,2) be a Pisot number. For any a;, - - - a;, €

{0,1}", the orbits of the endpoints of the interval fo, ...q,, ([0, (8 — 1)71)) hit
only finitely many points.
Proof. By symmetry, we only need to prove that for the left endpoint

E?:l aijﬂ*j , all of its orbits hit finitely many points. This is a direct con-
sequence of Lemma [3.10| m
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Proof of Corollary[2.3 and Theorem[2.J} By Lemma[3.10, Corollary [3.1]]

and the main result of Mauldin and Williams [I7], we can calculate the
Hausdorff dimension of dimpy (Fs n). By Lemma and Corollary we
have the asymptotic result of Theorem
For the “moreover” statement of Theorem [2.4] we define
D ={10"10210% ... :n4+1<i, <N —1
and there are infinitely many i, = N — 1}.

By Theorem [3.1] all the codings in D are greedy in base (3. Clearly, D has
uncountably many elements. Moreover,

p(D) = {i ajﬁ_j : (aj) € D} C Fg, n.

j=1
Now we want to show that p(D) N Eg, y = 0 and dimg (Fs, n \ Eg, n) > 0.
By the definition of D, for any 107110%210% --. there are infinitely many
i, = N — 1. Without loss of generality, we assume that i1 = N — 1, i.e. let
(ar) = 10V "110%210% - . .
Using the rule 10™ ~ 01", we have
z = (10N7110%210% ... )5 = (10V1"027"10% - - )5 ¢ Eg.n,
where (b)s = > 5, b3, Hence, p(D) N Eg, n = 0.

In order to prove dimpy(Fgn \ Egn) > 0, it suffices to show that
dimg(p(D)) > 0. Here, the set (D, o) is indeed a subset of some S-gap
shift [16] D C D', where

D' ={10"10210% ---:n+1 < i, < N —1}.
The entropy of D’ can be calculated: h(D') = log A, where A is the largest
positive root of the equation

1= Z z kL
ke{n+1,..,N—1}

Now we construct a subset of p(D) as follows: Let J be the self-similar set

with the IFS
1

oz o 1

91(1?)—@4'5792(93)—BTV+B )

ie.
J=g1(J) U ga(J).
By the definitions of p(D) and J, we have J C p(D). Let
= (V8N - 1) g - )Y,

It is easy to check that ¢g1(F) N g2(E) = 0 and g;(E) C E. In other words,
the IF'S satisfies the open set condition [I4]. Hence, dimg(J) = s > 0, where
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s is the unique solution of the equation S(="=2s 4 =Ns — 1. Consequently,
0 < dimp(J) = s < dimpy(p(D)).
For the last statement of Theorem [2.4] it suffices to consider the set
p(D). =
Now we prove Theorem We partition the proof into several lemmas.

The following result is essentially proved in [2]. For convenience, we give a
detailed proof.

LEMMA 3.12. Let1 < <2 and N > 3. If there exists some (01 ---1np) €
{0,137 such that Tp,...,, (BN (B —1)71) € (0,87 (B —1)71), then Eg  is
a graph-directed self-similar set.

Proof. By assumption and the continuity of the T}’s, there exists 6 > 0
such that
Tm.‘.np (ﬂ_N(ﬁ - 1)_17/8_N(/8 - 1)_1 + 5) - (075_N(ﬁ - 1)_1)'
Set H = [0, 37N(8 — 1)~ + §]. We partition [0, (8 — 1)7!] in terms of the
iterated function system
r+]

filz) = 7 j € {0,1}.

For any L we have
0.6-17= U fueefull0, (-1
(i1,siL)E{L,..om}E
We assume without loss of generality that L is so large that
|fi1 0---0 fiL([()? (6 - 1)_1])‘ <4
for all (i1,...,iz) € {0,1}". Correspondingly, we partition the symbolic
space {0, 1} into cylinders of length L. For every (i1, ...,ir) € {0,1}* let
Ciy.ip, = {(SUn) € {0, 1}N t Xy, =1, for 1 <n < L}.

Then {Cy, ip }( {0,132 is a partition of {0, 1Y) and

i1,050L)
fil ©---0 fiL([O? (ﬁ - 1)_1]) = W(Cilm’iL)'

Let

F={(i1,...,ir) € {1,...,m}":

fivoro fi((0,(B=1)7NN[0,87(B-1)7"] #0}

and
F= |J #Ci.i)
(il,...;iL)EF

By our assumptions on the size of the cylinders, we have
0,67N(B-1)" CF C H.
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Using these inclusions we can show that « ¢ Ejg y if and only if there exists
(01,...,0n,) € {1,...,m}™ such that Ty, s, (z) € F'. If 2 ¢ Egy, then
by the above observation there exists (01,...,6,,) € {1,...,m}™ such that
Ty, .0, (7) € F’. Therefore, x has a coding containing a block from F. Con-
versely, if there exists (61,...,0,,) € {1,...,m}" such that Tp, », (z) € F,
then the condition

Ty, (BN B =177 (B -1 +68) C(0.57M(B-1)7
yields ¢ Egy. Taking F to be the set of forbidden words defining a
subshift of finite type, we see that Eg y is a graph-directed self-similar set
(see [5,17]). m

Schmeling [19] proved the following result.

LEMMA 3.13. For almost every 8 € (1,2), the greedy orbits of 1 and the
lazy orbit of 1 = (8 — 1)~ — 1 are dense.

Proof of Theorem [2.5. Theorem follows immediately from Lemmas
3.12 and [3.13] =

4. Final remarks. Similar results are available if we consider S-expan-
sions with more than two digits. For some Pisot numbers, we may implement
similar ideas which are utilized in Lemmas and Finally, we pose a
problem.

PROBLEM 4.1. Does there exist § > 0 such that dimg (V) = 1 for any
Be(2-19,2)7
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