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Abstract. We discuss the optimality of Kahane’s multidimensional Ingham
type theorem and we establish a relationship between the absolute continuity of
Bernoulli convolutions and some results on expansions in non-integer bases.

1. A multidimensional Ingham type theorem

In this section we consider functions of the form

(1.1) x(t) =
∑

k∈K
xke

iωk·t, t ∈ R
N ,

with square summable complex coefficients xk, where (ωk)k∈K is a given
family of vectors in R

N , and ωk · t denotes the usual scalar product in R
N .

For N = 1, K = Z and ωk = k they reduce to the classical trigonometric
series.
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We are interested in the following generalization of Parseval’s theorem.
Given an Euclidean ball BR ⊂ R

N of radius R, we investigate the validity
of the estimates

(1.2) c1
∑

k∈K
|xk|2 ≤

∫

BR

|x(t)|2 dt ≤ c2
∑

k∈K
|xk|2

with suitable (strictly) positive constants c1 and c2, independent of the par-
ticular choice of the coefficients xk.

Such estimates cannot hold unless the family (ωk)k∈K satisfies the fol-
lowing uniform gap condition: there exists a positive number γ such that

(1.3) ‖ωk − ωn‖ ≥ γ for all k �= n.

In the one-dimensional case Ingham proved that under this condition the
estimates (1.2) hold whenever R > π/γ, i.e., for all intervals BR of length
greater than 2π/γ. Adapting his proof to several dimensions, Kahane [12]
proved the following:

Theorem 1.1. If (1.3) is satisfied, then the estimates (1.2) hold for all
balls of radius R > cN/γ where cN is a suitable explicit constant depending
only on N .

Kahane’s constants cN were improved by a different proof in [2], [3] and
[17] as follows:

Theorem 1.2. If (1.3) is satisfied, then the estimates (1.2) hold for all
balls of radius R >

√
μ, where μ denotes the first eigenvalue of −Δ in the

Sobolev space H1
0(Bγ/2).

As usual, the Sobolev space H1(Ω), where Ω is a non-empty bounded
domain of RN , is formed by those functions of the Lebesgue space L2(Ω)
whose first-order partial derivatives also belong to L2(Ω), and H1

0(Ω) denotes
its closed linear subspace spanned by the C∞ functions f : Ω → R vanishing
outside some compact set Kf ⊂ Ω.

In the one-dimensional case this reduces to Ingham’s theorem because
the first eigenfunction of −Δ in H1

0(−γ/2, γ/2) is (up to a multiplicative
constant) the function cos(πx/γ), so that μ = π2/γ2.

In the above references more general results were obtained, by replac-
ing the Euclidean norms in the gap condition by arbitrary Lp norms with
1 ≤ p ≤ ∞. Furthermore, the corresponding conditions R >

√
μp, where μp

denotes the first eigenvalue of −Δ in the Sobolev space H1
0(B

p
γ/2), were

proved to be optimal if p = ∞, and also if p = 1 and N = 2. It is an inter-
esting open question whether this condition is optimal for the other values
of p.
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Let us recall the crucial part of the proof of Theorem 1.2: the left-hand
side inequality of (1.2).

Let us denote by H and μ the first eigenfunction and eigenvalue of −Δ in
H1

0(Bγ/2). We may assume that H > 0 in Bγ/2. Extending by zero outside

this ball, we obtain a continuous function on R
N , still denoted by H . Setting

G := (R2 +Δ)(H ∗H) and introducing their Fourier transforms

h(t) :=

∫

Bγ

H(x)e−ix·t dx and g(t) :=

∫

Bγ

G(x)e−ix·t dx,

we have G ∈ H1
0(Bγ) and

g(t) =
(
R2 − |t|2)|h(t)|2 ≤ 0 if |t| ≥ R.

Hence g is bounded from above in R
N by some constant α. Applying the

identity

∫

RN

g(t)|x(t)|2 dt = (2π)N
∑

k,n∈K
xkxnG(ωk − ωn) = (2π)NG(0)

∑

k∈K
|xk|2

(where in the last step we use the gap condition G(ωk − ωn) = 0 whenever
k �= n), it follows that

(2π)NG(0)
∑

k∈K
|xk|2 =

∫

RN

g(t)|x(t)|2 dt ≤ α

∫

BR

|x(t)|2 dt.

This yields the first inequality of (1.2) with c1 = (2π)NG(0)/α, provided
that G(0) > 0.

This last inequality follows from our assumption R >
√
μ and from the

variational characterization of the first eigenvalue μ of the operator −Δ in
H1

0(Bγ/2):

G(0) =

∫

Bγ/2

R2H2 − |∇H|2 dx = (R2 − μ)

∫

Bγ/2

H2 dx > 0.

2. Bernoulli convolutions and expansions in non-integer bases

Given 1 < q ≤ 2, the Bernoulli convolution νq is defined as the weak-star
limit of the measures

νq,n :=
1

2n

∑

a

δa, n = 0, 1, . . . ,
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where a runs over the numbers

a =
n∑

i=1

ai
qi
, a1 · · · an ∈ {0, 1}n

and δx denotes the Dirac measure at the point x. For example, ν2 is the
Lebesgue measure on [0, 1].

The convolution terminology is explained by an alternative definition,
used, e.g., in [4]. If we introduce the purely discrete measures δi on R by
the formula

δi({0}) = δi
({q−i})= 1

2
,

then

νq,n = δ1 ∗ · · · ∗ δn
for all n, and

νq = lim
n→∞ δ1 ∗ · · · ∗ δn.

Jessen and Wintner [11] proved that for each q, νq is either absolutely
continuous or singular. Erdős [5] proved that νq is singular for all Pisot
numbers 1 < q < 2. In the other direction, he proved in [6] that there exists
a number 0 < ε < 1 such that νq is absolutely continuous for almost every
1 < q < 1 + ε. Solomyak [18] proved that in fact νq is absolutely continuous
for almost every 1 < q < 2. Analyzing the proof in [6], Kahane [13] proved
that the Hausdorff dimension of the exceptional set of q’s in (1, 1+ ε) tends
to zero as ε → 0.

We still do not have an algebraic characterization of the values q for
which νq is absolutely continuous. A bold conjecture is that νq is absolutely
continuous for all non-Pisot numbers 1 < q < 2.

The purpose of this section is to relate this problem to some results on
expansions in non-integer bases. For this we recall in Propositions 2.1–2.3
some recent results of Kempton [14].

We fix base 1 < q < 2 and we introduce the interval Iq := [0, 1
q−1 ]. The

first result is straightforward:

Proposition 2.1. The formula

(Pf)(x) :=
q

2

(
f(qx) + f(qx− 1)

)
, x ∈ R

defines a positive linear operator P : L1(R) → L1(R), satisfying the following
two extra conditions:

• ∫
Pf dx =

∫
f dx for all f ∈ L1(R);

• if f vanishes outside Iq, then Pf also vanishes outside Iq.
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The second result follows from the self-similarity of Bernoulli convolu-
tions:

Proposition 2.2. νq is absolutely continuous if and only if P has a
nonzero, nonnegative fixed point vanishing outside Iq.

Proposition 2.2 implies a practical sufficient condition for the absolute
continuity. Starting with the characteristic function f0 := χIq of the inter-

val Iq, we introduce a sequence (fn) ⊂ L1(R) by the recursive formula

fn := Pfn−1, n = 1, 2, . . . ,

and we set f := lim inf fn for brevity.
By Proposition 2.1 all these functions are nonnegative, vanish outside Iq,

and have the same integrals. Applying the Fatou lemma it follows that
f ∈ L1(R).

Proposition 2.3. If
∫
f dx > 0, then νq is absolutely continuous.

Proof. We have

lim inf fn = lim inf
q

2

(
fn−1(qx) + fn−1(qx− 1)

)

≥ q

2

(
lim inf fn−1(qx) + lim inf fn−1(qx− 1)

)
,

i.e., f ≥ Pf . Since the integral of f − Pf vanishes by Proposition 2.1, we
conclude that Pf = f . Since f �= 0 by assumption, applying the preceding
proposition we conclude that νq is absolutely continuous. �

Based on the theory of non-integer base expansions, we will deduce from
Proposition 2.3 some more explicit sufficient conditions. Following [7], let us
consider the set of numbers {p(q)} where p runs over all Newman polynomi-
als, i.e., polynomials with coefficients 0 and 1, and let us enumerate them
into a non-decreasing sequence (yn). More explicitly, consider the binary
expansion k =

∑
ai2

i of each nonnegative integer k, and set xk :=
∑

aiq
i.

Then xk → ∞, so that the sequence (xk) may be rearranged into a nonde-
creasing sequence (yk).

We have y0 = 0, y1 = 1, y2 = q, yk → ∞, and yk+1 − yk ≤ 1 for all k.
We recall from [8] that if q =

√
2 or if q ∈ (1,

√
2) is transcendental, then

yk+1 − yk → 0. On the other hand, this relation does not hold if q is a Pisot
number.

It was proved in [9] that yk+1 − yk → 0 for each q sufficiently close to 1.
This was improved in [1] as follows:

Theorem 2.4. If 1 < q ≤ 21/3, then yk+1 − yk → 0.
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See [7], [9], [1], [10] for more results on the validity of this convergence rela-
tion.

Learning the results of [9], Kahane indicated in a letter to the second
author that this should be related to the problem of absolute continuity of
Bernoulli convolutions. He did not elaborate further upon his idea. The
following result confirms his intuition on the close relationship between the
two problems:

Proposition 2.5. If the sequence
(
y
logq 2

k+1 − y
logq 2

k

)
is bounded, then νq

is absolutely continuous.

The assumption of the proposition is equivalent to two other useful prop-
erties:

Lemma 2.6. For any fixed real numbers 1 < q < 2 and c > 1 the three
sequences of general terms

yc−1
k (yk+1 − yk), yc−1

k+1(yk+1 − yk) and yck+1 − yck

are bounded or unbounded at the same time.

Proof. We recall from [7] that yk → ∞, and yk+1 − yk ≤ 1 for all k.
Hence yk+1/yk → 1, and the equiboundedness of the first two sequences fol-
lows from the relation

yc−1
k+1(yk+1 − yk)

yc−1
k (yk+1 − yk)

=
(yk+1

yk

)c−1 → 1.

Next, applying the Lagrange mean value formula we obtain the inequal-
ities

cyc−1
k (yk+1 − yk) ≤ yck+1 − yck ≤ cyc−1

k+1(yk+1 − yk).

This shows the equiboundedness of the third sequence. �

Examples. The assumption of Proposition 2.5 is obviously satisfied for

q = 2 because then y
logq 2

k = yk = k for all k.
One of the equivalent properties of Lemma 2.6 is also satisfied for q =√

2.1 Indeed, by [9, Proposition 3.4] there exists a positive constant c such
that if k is sufficiently large and yk = x− c/x, then yk+1 − yk < 2c/x. Then
we have

(yk+1 − yk)y
−1+logq 2

k ≤ 2c

x

(
x− c

x

)
≤ 2c,

so that the condition is satisfied with γ = 2c.

1 It was already proven in Kershner–Wintner [15] that νq is absolutely continuous for every

q = 21/m, m = 2, 3, . . . .
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On the other hand, Proposition 2.5 does not apply for any q ∈ (
1+

√
5

2 ,2
)

because then yk+1−yk = 1 for infinitely many indices k by [7, Theorem 4(b)]
and [8, Page 202, property (b)], and

y
logq 2

k+1 − y
logq 2

k → ∞
for these indices because yk → ∞ and logq 2 > 1.

Proposition 2.5 will be deduced from the following stronger theorem:

Theorem 2.7. Let 1 < q ≤ 2. If there exist two positive constants α
and t0 such that2

(2.1) #
{
k : yk ∈ [t− 1, t]

} ≥ αt(logq 2)−1

for all t ≥ t0, then νq is absolutely continuous.

Remark. Since y0 = 0, yk → ∞, and yk+1 − yk ≤ 1 for all k = 0, 1, . . . ,
we have

#
{
k : yk ∈ [t− 1, t]

} ≥ 1

for all t > 0. Therefore, if the conditions of the proposition are satisfied,
then by choosing a suitable smaller α the inequalities (2.1) will hold for all
t > 0.

Proof. We recall from [14] that

fn(x) =
qn

2n

∑

p

χ[
p(q)

qn
, p(q)

qn
+ 1

qn(q−1)

](x), n = 0, 1 . . . ,

where p runs over the Newman polynomials of degree < n. For each fixed x,
the sum on the right side is equal to the number of Newman polynomials p
of degree < n for which

p(q) ≤ qnx ≤ p(q) +
1

q − 1
.

If x < 1, then the restriction “of degree < n” may be omitted because
qnx < qn and therefore no Newman polynomial of degree ≥ n can satisfy
the first inequality p(q) ≤ qnx. Therefore for x < 1 this sum is equal to the
number of indices k for which

yk ≤ qnx ≤ yk +
1

q − 1
,

2As usual, the symbol #A denotes the number of elements of the set A.
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or equivalently

(2.2) qnx− 1

q − 1
≤ yk ≤ qnx.

Fix β ∈ (0, 1) arbitrarily, and let x ∈ (β, 1). If n is sufficiently large so
that qnβ ≥ t0, then we may apply our hypothesis with t := qnx to conclude
that

fn(x) =
qn

2n
#
{
k : yk ∈ [qnx− 1

q − 1
, qnx]

}

≥ qn

2n
#
{
k : yk ∈ [qnx− 1, qnx]

} ≥ qn

2n
α(qnx)(logq 2)−1 = αx(logq 2)−1.

Hence
∫

f dx ≥
∫ 1

β
αx(logq 2)−1 dx > 0. �

If q satisfies the hypotheses of the preceding theorem, then all roots q1/m,
m = 2, 3, . . . also satisfy them (with different constants α and t0):

Proposition 2.8. If q ∈ (1, 2] and α > 0 satisfy the inequalities (2.1),
then p := q1/m also satisfies the corresponding inequalities with suitable pos-
itive constants αm and t0,m for each m = 2, 3, . . . .

Consequently, the measures νq1/m are also absolutely continuous.

Proof. If we denote by (yk) and (zk) the sequences associated with q
and p := q1/m, respectively, then (zk) is a non-decreasing enumeration of the
sums of the form

yk1
+ yk2

p+ · · ·+ ykm
pm−1,

where k1, . . . , km run independently over the nonnegative integers. There-
fore it suffices to find a positive constant αm such that the inequalities

#
{
(k1, . . . , km) : yk1

+ yk2
p+ · · · + ykm

pm−1 ∈ [t− 1, t]
} ≥ αmt(logp 2)−1

hold for all sufficiently large real numbers t.
Fix a positive real number ε satisfying (3m− 2)ε ≤ 1. Then we have

#
{
(k1, . . . , km) : yk1

+ yk2
p+ · · · + ykm

pm−1 ∈ [t− 1, t]
}

≥
m∏

j=2

#
{
kj : ykj

pj−1 ∈ [εt, 3εt]
}

×#

{
k1 : yk1

∈ [t− 1−
m∑

j=2

ykj
pj−1, t−

m∑

j=2

ykj
pj−1]

}
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=
m∏

j=2

#
{
kj : ykj

∈ [p1−jεt, 3p1−jεt]
}

×#

{
k1 : yk1

∈ [t− 1−
m∑

j=2

ykj
pj−1, t−

m∑

j=2

ykj
pj−1]

}
.

If t ≥ t0 is sufficiently large, then for each j = 2, . . . ,m, p1−jεt ≥ t0, each
interval [p1−jεt, 3p1−jεt] contains more than p1−jεt disjoint unit intervals,
and

t−
m∑

j=2

ykj
pj−1 ≥ t− (m− 1)3εt ≥ εt ≥ t0,

so that

#{(k1, . . . , km) : yk1
+ yk2

p+ · · · + ykm
pm−1 ∈ [t− 1, t]}

≥
( m∏

j=2

(p1−jεt)α(p1−jεt)(logq 2)−1

)
α(εt)(logq 2)−1

= αm

( m∏

j=2

p(1−j) logq 2

)
(εt)m(logq 2)−1

= αm

( m∏

j=2

p(1−j) logq 2

)
(εt)(logp 2)−1 = αmt(logp 2)−1

with

αm := αm

( m∏

j=2

p(1−j) logq 2

)
ε(logp 2)−1 > 0. �

Finally we show that the hypotheses of Proposition 2.5 imply those of
Theorem 2.7:

Lemma 2.9. If the sequence
(
y
logq 2

k+1 − y
logq 2

k

)
is bounded, then there exist

two positive constants α and t0 such that

(2.3) #
{
k : yk ∈ [t− 1, t]

} ≥ αt(logq 2)−1

for all t ≥ t0.

Proof. If q = 2, then (2.3) is satisfied with α = 1 for all t > 0. Hence-
forth we assume that 1 < q < 2.
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By Lemma 2.6 there exists a positive constant c1 such that

yk − yk−1 ≤ c1

y
(logq 2)−1

k
for all k ≥ 1. Hence

yk − yk−1 ≤ c1

(t− 1)(logq 2)−1
=: ε(t)

whenever k ≥ 1 and yk ≥ t− 1.
It follows that

#
{
k : yk ∈ [t− 1, t]

} ≥ 1− ε(t)

ε(t)
=

(t− 1)(logq 2)−1

c1
− 1.

If t is sufficiently large, say t ≥ t0, then

(t− 1)(logq 2)−1

c1
− 1 ≥ (t/2)(logq 2)−1

c1

because (logq 2)− 1 > 0, so that (2.3) is satisfied with

α =
1

2(logq 2)−1c1
. �

We end this paper with some open problems.

(1) Is the assumption R >
√
μ in Theorem 1.2 optimal?

(2) Find more examples of q ∈ (1, 2) for which the sequence

(y
logq 2

k+1 − y
logq 2

k )
is bounded.

(3) More generally, investigate the set
{
(q, c) ∈ (1, 2]× [1,∞) : the sequence (yck+1 − yck) is bounded

}
.

Acknowledgements. We are grateful to the referee and to Sz. Révész
for their useful suggestions and corrections to the first version of this paper.
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à la théorie du contrôle, C. R. Acad. Sci. Paris Sér. I Math., 326 (1998),
453–458.

Analysis Mathematica 44, 2018



NOTES ON KAHANE’S WORKS 217

[3] C. Baiocchi, V. Komornik and P. Loreti, Ingham type theorems and applications to
control theory, Bol. Un. Mat. Ital. B, (8), 2 (1999), 33–63.

[4] K. Dajani and M. de Vries, Measures of maximal entropy for random β-expansions,
J. Eur. Math. Soc., 7 (2005), 51–68.
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[8] P. Erdős, I. Joó and V. Komornik, On the sequence of numbers of the form ε0 + ε1q+
· · ·+ εnq

n, εi ∈ {0, 1}, Acta Arith., 83 (1998), 201–210.
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