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It has been argued that the quantum (conformal) trace anomaly could potentially provide us with a

dynamical explanation of the cosmological constant problem. In this paper, however, we show by means

of a semiclassical analysis that the trace anomaly does not affect the cosmological constant. We construct

the effective action of the conformal anomaly for flat Friedmann-Lemaı̂tre-Robertson-Walker spacetimes

consisting of local quadratic geometric curvature invariants. Counterterms are thus expected to influence

the numerical value of the coefficients in the trace anomaly and we must therefore allow these parameters

to vary. We calculate the evolution of the Hubble parameter in quasi-de Sitter spacetime, where we restrict

our Hubble parameter to vary slowly in time, and in Friedmann-Lemaı̂tre-Robertson-Walker spacetimes.

We show dynamically that a universe consisting of matter with a constant equation of state, a

cosmological constant, and the quantum trace anomaly evolves either to the classical de Sitter attractor

or to a quantum trace anomaly driven one. When considering the trace anomaly truncated to quasi-

de Sitter spacetime, we find a region in parameter space where the quantum attractor destabilizes. When

considering the exact expression of the trace anomaly, a stability analysis shows that whenever the trace

anomaly driven attractor is stable, the classical de Sitter attractor is unstable, and vice versa.

Semiclassically, the trace anomaly does not affect the classical late time de Sitter attractor, and hence

it does not solve the cosmological constant problem.
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I. INTRODUCTION

Recent observations have clearly indicated that the ex-
pansion of the Universe is accelerating. According to
Einstein’s general relativity, this can only be realized if
the pressure of the dominant component of the current
Universe is negative. These observations have triggered a
renewed interest in the cosmological constant problem (for
recent reviews, see e.g. [1–3]). What is usually referred to
as the ‘‘old’’ cosmological constant problem can be
phrased as follows: why is the measured (effective) cos-
mological constant extremely close to zero?

One approach dealing with the cosmological constant
problem is concerned with employing the effective field
theory of gravity [4,5]. Lacking a full quantum theory of
gravity, an effective field theory of gravity adopts the
following point of view: in order to describe quantum
phenomena at very large and cosmologically relevant dis-
tances, the precise physics at the shortest distance scales is
irrelevant. In other words, the effective field theory of
gravity is the low energy limit of quantum gravity. It
combines classical general relativity with knowledge of
quantum field theory in curved spacetimes [6].

In order to describe these long distance effects accu-
rately, one supplements the classical Einstein-Hilbert ac-
tion with certain additional contributions. One of these
additions is the trace anomaly or conformal anomaly which
quantum field theories are known to exhibit [6–13]. If the

classical action is invariant under conformal transforma-
tions of the metric, the resulting stress-energy tensor is
traceless. As an explicit example, one can easily verify that
the trace of a massless, conformally coupled scalar field
vanishes. In quantum field theory the stress-tensor is pro-
moted to an operator. A careful renormalization procedure
renders its expectation value hT�

�i finite. However, inevi-
tably, the renormalization procedure results in general in a
nonvanishing trace of the renormalized stress-energy ten-
sor. Classical conformal invariance cannot be preserved at
the quantum level. Ever since its discovery, the trace
anomaly has found many applications in various areas in
physics (see e.g. [14]).
An alternative approach to the backreaction problem of

quantum fluctuations on the background spacetime deals
with quantum fields whose spectrum is nearly flat [15–24].
Consequently, the spectrum in the infrared is not sup-
pressed and is therefore expected to yield a strong back-
reaction on the background spacetime. Examples of such
fields are the minimally coupled massless scalar and the
graviton.

A. The connection between the cosmological constant
and the trace anomaly

Some authors stated that the trace anomaly could have
effects on dark energy and the cosmological constant
problem [25,26], whereas it has been argued by other
authors that the trace anomaly could potentially provide
us with a dynamical explanation of the cosmological con-
stant problem [27–32]. Broadly speaking, the line of rea-
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soning is as follows (for a more in-depth review, we refer to
[32]). The new, conformal degree of freedom is usually
parametrized by

g��ðxÞ ¼ e2�ðxÞ �g��ðxÞ: (1)

According to the authors of e.g. [32], the trace anomaly
cannot be generated from a local finite term in the action,
but rather stems from a nonlocal effective action that
generates the conformal anomaly by variation with respect
to the metric [33]. It is this genuine nonlocality of the trace
anomaly, revealing a large distance effect of quantum
physics, that is at the very foundation of its connection
with the effective field theory of gravity. One then argues
that the new conformal field should dynamically screen the
cosmological constant, thus solving the cosmological con-
stant problem.

B. The semiclassical approach to the cosmological
constant and the trace anomaly

The proposal advocated in [32] is very interesting and
should be investigated further. Before studying the effect of
a new conformal degree of freedom (1), we feel that first a
proper complete analysis of the dynamics resulting from
the effective action of the trace anomaly should be per-
formed. This is what we pursue in this paper.

According to the cosmological principle the Universe is
homogeneous and isotropic on the largest and cosmologi-
cally relevant scales. The CMB measurements [34] con-
strain the inhomogeneities at order 10�4–10�5. Moreover,
the Universe appears to be spatially flat. Let us make the
following observations.

First, the cosmological principle dictates the use of the
conformally flat Friedmann-Lemaı̂tre-Robertson-Walker
(FLRW) metric g�� ¼ a2ð�Þ���. Hence, inhomogeneous

fluctuations of the metric tensor and, in particular, of the
conformal part of the metric tensor (1) are observed and
expected to be small at the largest scales, comparable to the
Hubble radius (also in the early Universe).

Second, we are led to an essentially semiclassical analy-
sis. The vacuum expectation value of the stress-energy
tensor resulting in the trace anomaly has been calculated
semiclassically. In a semiclassical analysis quantum fluc-
tuations backreact on the background spacetime. Phase
transitions aside, quantum fluctuations naturally affect
the homogeneous background homogenously. It is a well-
known fact that quantum fluctuations can break certain
symmetries present in de Sitter [15–18], e.g. time trans-
lation invariance. However, we are not aware of quantum
fluctuations breaking the homogeneity and isotropy of the
background spacetime.

Finally, if quantum fluctuations compensate for or
screen the cosmological constant, we must have T�� /
g��. Let us set: T�� ¼ �ðxÞg��. Stress-energy conserva-

tion and metric compatibility immediately yield:
r��ðxÞ ¼ @��ðxÞ ¼ 0. Hence we conclude that �ðxÞ

must be a constant: �ðxÞ ¼ �0. Only homogeneous vacuum
fluctuations can compensate the cosmological constant.
Moreover, T�� ¼ �0g�� does not break any of the sym-

metries of a maximally symmetric spacetime.1 Hence, this
form cannot be used to study dynamical backreaction.
The arguments above motivate a semiclassical approach

to examining the connection between the cosmological
constant and the trace anomaly. Note that we do not con-
sider a new, conformal degree of freedom (1). Hence, we
do certainly not exclude any possible effect this (inhomo-
geneous) conformal degree of freedom might have on the
cosmological constant. However, it is plausible that in
order to address the link between the cosmological con-
stant and the trace anomaly, a semiclassical analysis
suffices.

C. The modified Starobinsky model

Another application of the conformal anomaly can be
found in what has become known as trace anomaly induced
inflation: in the absence of a cosmological constant, the
trace anomaly could provide us with an effective cosmo-
logical constant. Originally, Starobinsky [35] realized that
quantum one-loop contributions of massless fields can
source a de Sitter stage. Subsequently, the theory of trace
anomaly induced inflation received significant contribu-
tions from [36–39]. If one includes a cosmological con-
stant, the theory of anomaly induced inflation is plagued by
instabilities, which we will also come to address. The
modified Starobinsky model as advocated by [40–42],
takes advantage of these instabilities to account for a
graceful exit from inflation. It is argued that supersymme-
try breaking changes the degrees of freedom such that it
destabilizes the quantum anomaly driven attractor and
simultaneously stabilizes the classical de Sitter attractor.
Improving on e.g. [41,43], we incorporate matter with a

constant equation of state in the Einstein field equations.
We argue that it is simply inconsistent not to include
matter. Consider the following analogy: if we examine an
empty universe with a cosmological constant only, there is
no dynamics and the (00) Einstein equation yields H2 ¼
�=3. Matter drives the dynamics and H2 � �=3 can only
be realized with �M � 0.
In the literature, if one solves the trace of the Einstein

field equations in a universe with a cosmological constant
and trace anomaly, one solves, however, in reality for the
dynamics in a universe filled with radiation. For it is only
radiation with equation of state w ¼ 1=3 that does not
contribute to the trace of the Einstein field equation Trad ¼
0. This point has not been included in other papers. We will
consider matter with constant but otherwise arbitrary equa-
tion of state w>�1, and not just (implicitly) radiation
with w ¼ 1=3.

1Maximally symmetric spacetimes are de Sitter, anti-de Sitter,
and Minkowski spacetime.
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D. Outline

In this paper we show that the cosmological constant
problem cannot be solved by taking account of the trace
anomaly alone. The outline of this paper is as follows. In
Sec. II we recall the basics of the conformal anomaly and
discuss how to study its effect on the evolution of the
Universe by tracing the Einstein field equations.

In Sec. III, we derive the conformal anomaly from an
effective action in flat homogeneous FLRW spacetimes
consisting of local quadratic geometric curvature invari-
ants. Since one usually adds infinite counterterms to cancel
the radiative one loop divergences, we do not see any
reason why we should exclude adding a Gauss-Bonnet
counterterm to cancel the anomaly in flat FLRW space-
times. Even though this term in the effective action is
formally divergent, at the level of the equation of motion
it yields a finite result. Hence, the coefficients multiplying
the curvature invariants in the trace anomaly are not
uniquely specified by the anomaly. The physical coeffi-
cient, i.e.: the parameter that can be measured, receives
contributions both from the trace anomaly and from pos-
sible counterterms canceling divergences from the under-
lying (and yet unknown) fundamental theory. This
motivates varying the coupling parameters multiplying
the curvature invariants in the anomaly. We can thus study
all possible effects of the anomaly on the evolution of our
Universe.

In Sec. IV we study the evolution of a quasi-de Sitter
universe in the presence of matter with constant equation
of state, a cosmological constant and the trace anomaly. In
quasi-de Sitter spacetime we assume, loosely speaking,
that the Hubble parameter is a slowly varying function of
time. Effectively, we truncate the expression of the exact
trace anomaly and discard higher order derivative
contributions.

In Sec. V we generalize our analysis and study the
evolution of a FLRW universe again in the presence of
matter with constant equation of state, a cosmological
constant and the trace anomaly. We examine the exact
trace anomaly and take all higher derivative contributions
into account. As the dimensionality of the phase space
increases, we must carefully perform a stability analysis
of the late time asymptotes.

II. TRACING THE EINSTEIN FIELD EQUATIONS
AND THE TRACE ANOMALY

A. The conformal anomaly in four dimensions in
FLRW spacetimes

The trace anomaly or the conformal anomaly in four
dimensions is in general curved spacetimes given by
[6,7,32]:

TQ � hT�
�i ¼ bFþ b0ðE� 2

3hRÞ þ b00hR; (2)

where:

E� �R����
�R���� ¼ R����R

���� � 4R��R
�� þR2 (3a)

F� C����C
���� ¼ R����R

���� � 2R��R
�� þ 1

3R
2; (3b)

where as usual R���� is the Riemann curvature tensor,
�R���� ¼ "��	
R

	

��=2 its dual, C���� the Weyl tensor

and R�� and R the Ricci tensor and scalar, respectively.

Note that E is the Gauss-Bonnet invariant. The general
expression for the trace anomaly can also contain addi-
tional contributions if the massless conformal field is
coupled to other long range gauge fields (see e.g. [6]).
Finally, the parameters b, b0 and b00 appearing in (2) are
dimensionless quantities multiplied by @ and are given by

b ¼ 1

120ð4�Þ2 ðNS þ 6NF þ 12NVÞ (4a)

b0 ¼ � 1

360ð4�Þ2
�
NS þ 11

2
NF þ 62NV

�
; (4b)

where NS, NF, and NV denote the number of fields of spin
0, 1=2 and 1, respectively, (@ ¼ 1). It is important to note
that b > 0 whereas b0 < 0 in general. It turns out that the
coefficient b00 is regularization dependent and is therefore
not considered to be part of the true conformal anomaly.
We take this into account and study the effect of b00 on the
stability of the solutions we are about to derive. For defi-
niteness, we will assume that these parameters take their
standard model values:NS ¼ 4,NF ¼ 45=2, andNV ¼ 12.
Note if we were to include right-handed neutrinos, NF ¼
24. One could also examine the numerical value of the
coefficients (4) for the late time Universe. Today’s mass-
less particle is just the photon, hence NV ¼ 1, NS ¼ 0 and
NF ¼ 0.
Let us specialize to flat Friedmann-Lemaı̂tre-Robertson-

Walker or FLRW spacetimes in which the metric is given
by g	
 ¼ diagð�1; a2ðtÞ; a2ðtÞ; a2ðtÞÞ where aðtÞ is the

scale factor of the Universe in cosmic time t. Recall that
a conformal transformation leaves the Weyl tensor invari-
ant. Hence, in FLRW spacetimes F ¼ 0. Given the FLRW
metric one can easily verify that

R2 ¼ 36½ _H2 þ 4ð _HH2 þH4Þ� (5a)

R��R
�� ¼ 12½ _H2 þ 3ð _HH2 þH4Þ� (5b)

R����R
���� ¼ 12½ _H2 þ 2ð _HH2 þH4Þ� (5c)

hR ¼ �6½H::: þ 7 €HH þ 4 _H2 þ 12 _HH2�: (5d)

Hence, the exact expression for the trace anomaly in
FLRW spacetimes in four dimensions reads

TQ ¼ 4b0fH::: þ 7 €HH þ 4 _H2 þ 18 _HH2 þ 6H4g
� 6b00fH::: þ 7 €HH þ 4 _H2 þ 12 _HH2g: (6)

To capture the leading order dynamics we work in quasi-
de Sitter spacetime and allow for a mildly time dependent
Hubble parameter:
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� � � _H

H2
¼ constant � 1; (7)

i.e.: we assume that � is both small and time independent.
This would truncate the trace anomaly up to terms linear in
_H yielding:

TQ ¼ 24b0f3 _HH2 þH4g � 72b00 _HH2: (8)

We will examine both the exact form of the trace anomaly
(6) and its truncated form (8).

Truncating the expression for the trace anomaly is mo-
tivated by the following realization. In general back-
grounds we need a nonlocal effective action to generate
the trace anomaly in the equation of motion. The non-
locality at the level of the effective action corresponds to
an expansion in derivatives at the level of the equation of
motion. Generally, higher derivative contributions in an
equation of motion have the tendency to destabilize a
system unless the initial conditions are highly fine-tuned.
Formally, this is known as the theorem of Ostrogradsky and
its relevance to cosmology is outlined, for example, in [44].

Note that when b00 ¼ 2b0=3 the truncated version is
exact. We discuss this further in Sec. IVB. Finally, note
that although we have truncated Eq. (6) to obtain (8),
Eq. (8) is still covariant.

B. The dynamics driven by the trace anomaly

From the Einstein-Hilbert action:

S ¼ SEH þ SM

¼ 1

16�G

Z
d4x

ffiffiffiffiffiffiffi�g
p ðR� 2�Þ þ

Z
d4x

ffiffiffiffiffiffiffi�g
p

LM; (9)

where:

LM ¼ �1
2@	ðxÞ@
ðxÞg	
 � 1

2m
22ðxÞ � VððxÞÞ;

(10)

the Einstein field equations follow as usual as

R�� � 1
2Rg�� þ�g�� ¼ 8�GT��; (11)

of which the trace can easily be verified to be

R� 4� ¼ �8�GT; (12)

where T ¼ T�
�. If one considers an empty universe with a

cosmological constant, the (00) Einstein field equation acts
as a constraint equation for the Hubble parameter and one
simply findsH2 ¼ �=3 as usual. However, for a nonempty
universe, the (00) Einstein field equation becomes a dy-
namical constraint. The Bianchi identity for the left-hand
side of Eq. (11) straightforwardly results in stress-energy
conservation for the right-hand side:

r�T�� ¼ 0: (13)

Because of stress-energy conservation, the (00) and the (ij)

components of the Einstein field equations are not inde-
pendent.2 Therefore, any linear combination of the (00)
and (ij) components of the Einstein field equations com-
bined with stress-energy conservation suffice to describe
the time evolution of the Hubble parameter. In particular,
the trace equation (12) and stress-energy conservation (13)
contain all relevant dynamics for H.
Let us setðxÞ ¼ clðxÞ þ ’ðxÞ for the quantum field in

SM and require that the classical field obeys the equation of
motion. Note that the quantum perturbation ’ðxÞ does not
obey this equation of motion. We expand in terms of the
quantum field and construct the effective action as usual:

exp½i�½cl��¼ exp½iSM½cl��
�
Z
D’exp

�
i

�Z
x

�SM
�clðxÞ’ðxÞ

þ1

2

Z
x;y

�2SM
�clðxÞclðyÞ’ðxÞ’ðyÞþOð’3Þ

��
¼ exp½iSM½cl�þ i�Q½cl��: (14)

The first contribution to the effective action corresponds to
the classical part of the action and �Q½cl� is the contribu-
tion to the effective action taking account of the vacuum
fluctuations. The stress-energy tensor now follows as

T�� ¼ � 2ffiffiffiffiffiffiffi�g
p �

�g�� �½cl�

¼ � 2ffiffiffiffiffiffiffi�g
p �

�g�� ðSM½cl� þ �Q½cl�Þ � TC
�� þ TQ

��:

(15)

Hence, there are both classical and quantum contributions
to the full stress-energy tensor. Classically, from the equa-
tion of motion the scalar field obeys, we have

r�TC
�� ¼ 0: (16)

Hence, from (13) we derive:

r�TQ
�� ¼ 0: (17)

Concluding, due to stress-energy conservation at the clas-
sical level and for the full stress-energy tensor, we have
derived stress-energy conservation for the quantum contri-
butions as well.
Analogously to the classical stress-energy tensor, we can

symbolically write T�
�;Q ¼ ð��Q; pQ; pQ; pQÞ. Com-

bining

TQðtÞ ¼ ��QðtÞ þ 3pQðtÞ (18a)

_�QðtÞ ¼ �3Hf�QðtÞ þ pQðtÞg; (18b)

yields

2For example, stress-energy conservation combined with the
(00) Einstein field equation straightforwardly yield the (ij)
component of the Einstein field equations.
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d

dt
½a4ðtÞ�QðtÞ� ¼ �a4ðtÞHðtÞTQðtÞ: (19)

We thus find (identical to [36])

�QðtÞ ¼ � 1

a4ðtÞ
Z t

d�a4ð�ÞHð�ÞTQð�Þ (20a)

pQðtÞ ¼ 1
3ðTQðtÞ þ �QðtÞÞ: (20b)

Although in general spacetimes it is not possible to per-
form this integral, in cosmologically relevant FLRW
spacetimes we can [45]. If we consider the exact form of
the trace anomaly (6) in flat FLRW spacetimes, we can
easily see that �QðtÞ should be of the following form:

�QðtÞ ¼ b0½c1 €HH þ c2 _H2 þ c3 _HH2 þ c4H
4�

þ b00½c5 €HH þ c6 _H2 þ c7 _HH2�: (21)

Upon inserting this ansatz into Eq. (19) and equating the
contributions at each order, we immediately find

�Q ¼ 2b0½�2 €HH þ _H2 � 6 _HH2 � 3H4�
þ 3b00½2 €HH� _H2 þ 6 _HH2�: (22)

Because �Q can be expressed in a local form, we would

like to point out that this yields a local expression for the
stress-energy tensor too. Although quantum fluctuations of
the conformal field may still act nonlocally on the back-
ground spacetime, at the classical level the trace anomaly
affects the spacetime only locally. Again, when working in
quaside Sitter spacetime where � is both small and time
independent, we can truncate this expression for the quan-
tum density finding

�Q ¼ �6b0½2 _HH2 þH4� þ 18b00 _HH2: (23)

Again, when b00 ¼ 2b0=3, this analysis becomes exact.
In the next sections, we solve the Einstein field equations

in FLRW spacetimes for a universe in the presence of (a) a
nonzero cosmological constant, (b) the trace anomaly as a
contribution to the quantum stress-energy tensor, and
(c) matter with constant equation of state �M ¼ wpM,
where w>�1. We thus consider nontachyonic matter
only, which does not exclude [46,47], where the effect of
a finite period with w<�1 is investigated.

The trace anomaly enters the Einstein field equation
naturally in the trace equation (12). We can thus study
the effect of the trace anomaly on the evolution of a
universe with a cosmological constant and matter. Hence,
the trace equation of the Einstein field equations is given by

R� 4� ¼ �8�GfTQ þ TMg; (24)

where

TM ¼ ��M þ 3pM ¼ �Mð3!� 1Þ: (25)

Now, we can employ the (00) Einstein field equation from
(11) to express �M in terms of �Q yielding

9ð1þ!ÞH2ðtÞ þ 6 _HðtÞ � 3ð1þ!Þ�
¼ �8�G½TQ þ ð1� 3!Þ�Q�: (26)

The above equation governs the dynamics for the Hubble
parameter that we will solve in various interesting cases.
For the anomalous trace we can either take the exact
expression (6) containing higher derivatives of the
Hubble parameter or its truncated version (8). Likewise,
for the quantum density we can either insert the full
expression (22) or the truncated one (23). The reason for
truncating the expression for the quantum trace and density
as outlined above is the realization that higher derivative
contributions in an equation of motion generally have the
tendency to destabilize a system.
In the literature (see e.g. [42]), one only has considered

an empty universe with a cosmological term and trace
anomaly. In reality, one solved for a radiation dominated
universe, for only radiation (! ¼ 1=3) does not contribute
to the trace of the Einstein field equations. We incorporate
matter with constant equation of state parameter !.
Independently on whether one truncates the expressions

for the anomalous trace or quantum density, one can solve
for the asymptotes yielding the late time behavior. Setting
all time derivatives of the Hubble parameter equal to zero,
one can easily solve for the two late time constants:

ðHC;A
0 Þ2 ¼ �1� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 64�Gb0�=3
p
32�Gb0

: (27)

Here, HC
0 turns out to be the classical de Sitter attractor,

whereas HA
0 is a new, quantum anomaly driven attractor.

This result for the late time constants is identical to the case
where matter is absent [41]. We can write the above
expression in a somewhat more convenient form by defin-
ing the dimensionless parameter �:

� ¼ G�

3
; (28)

that sets the scale for the cosmological constant �. In the
current epoch, � is extremely small, which allows us to
expand (27) finding3:

HC
0 ¼

ffiffiffiffi
�

3

s
½1� 8�b0�� (29a)

HA
0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�1

16�Gb0
��

3

s
: (29b)

In the absence of a cosmological constant, the trace anom-

3Note the nomenclature in the literature is somewhat mislead-
ing. Rather than calling (29a) the classical de Sitter attractor, it
would be more natural to denote it with the quantum corrected
classical attractor. Hence, the quantum attractor (29b) should
preferably be denoted by anomaly driven attractor or Planck
scale attractor. We will nevertheless adopt the nomenclature
existing in the literature.
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aly can thus provide us with an inflationary scenario which
has already been appreciated by [35,36,38,39]. Finally,
note these asymptotes are independent of b00.

III. THE EFFECTIVE ACTION GENERATING THE
TRACE ANOMALY

The authors of [32] are correct in saying that the con-
formal anomaly cannot be generated by a finite effective
action built out of local quadratic geometric curvature
invariants only. We show that the trace anomaly can be
generated by an infinite effective action in flat FLRW
spacetimes, that consists only of local quadratic geometric
curvature invariants. Although infinite at the level of the
effective action, we generate a finite on shell contribution.
We first write the trace anomaly in conformal time dt ¼
að�Þd� such that the full conformal anomaly (6) reads

TQ ¼ 24b0
�
a00

a3

�
a0

a2

�
2 �

�
a0

a2

�
4
�
� 6ðb00 � 2b0=3Þ

�
�
a0000

a5
� 4

a000

a4
a0

a2
� 3

�
a00

a3

�
2 þ 6

a00

a3

�
a0

a2

�
2
�
: (30)

Here, dashes denote conformal time derivatives. In general,
the trace of a stress-energy tensor can be written as

T ¼ � 2ffiffiffiffiffiffiffi�g
p g�� �S

�g�� ¼ 4

a3ð�ÞV
�S

�a
: (31)

Here, V is the (spatial) volume. The correct effective action
�an that generates the trace anomaly in spatially flat FLRW
spacetimes is given by

�an ¼
Z

dDx
ffiffiffiffiffiffiffi�g

p f
DE� 12ðb00 � 2b0=3ÞR2g; (32)

where


D ¼ b0
1

ðD� 4Þ þ 
0: (33)

Here D is the dimension of the spacetime and 
0 is an
undetermined finite (and physically irrelevant) constant.
Only after variation we let D ! 4. The numerical factors
in (32) are chosen in accordance with the trace of the
Einstein field equations, i.e.: the trace of the variation:

g�� �

�g�� S ¼ g�� �

�g�� ½SEH þ �an� ¼ 0; (34)

indeed yields

R� 4� ¼ �8�GT: (35)

The effective action (32) merits some clarifying remarks.
First, the variation of R2 straightforwardly yields the hR
term in the conformal anomaly. This term is not unique for
one could have equally well taken R��R�� into account.4

Second, note that the local effective action depends solely
on the scale factor. If one were to rewrite this effective
action covariantly in terms of the full metric, the effective
action would become nonlocal [8,33], also see [48,49]. It is
well known that the effective action of the conformal factor
can be written in a local form [45,50]. However, we have
been able to rewrite this expression in terms of the Gauss-
Bonnet invariant multiplying an infinite constant. Finally,
note that the coefficient (33) diverges in four dimensions.
However, the Gauss-Bonnet invariant in D dimensions
reads

E ¼
�
a0

a2

�
4½ðD� 8ÞðD� 3ÞðD� 2ÞðD� 1Þ�

þ a00

a3

�
a0

a2

�
2½4ðD� 3ÞðD� 2ÞðD� 1Þ�; (36)

which can be determined from the D dimensional general-
izations of Eq. (5). Note

� 2ffiffiffiffiffiffiffi�g
p g�� �

�g��

Z
dDx

ffiffiffiffiffiffiffi�g
p

E ¼ DðD� 4ÞE: (37)

Clearly, only in four dimensions the Gauss-Bonnet term
corresponds to a total derivative that can be neglected.
Hence, we choose the divergent coefficient 
D such that
the factor ðD� 4Þ cancels yielding a nonvanishing and
finite contribution at the level of the equation of motion
when D ! 4. The contribution from 
0 is identically zero
when we let D ! 4. Although divergent in the action, we
have shown that at the level of the equation of motion the
term involving 
D yields a finite contribution. All physical
measurements are performed on shell, hence we cannot
exclude a counterterm of the form 
DE in the effective
action.
This procedure can be debated. In the literature one

usually prefers a finite effective action. We abandon this
assumption and require a finite equation of motion only.
We cannot think of a physical measurement that distin-
guishes the two approaches and therefore we argue that one
should consider and examine all possible effects the coun-
terterms might have on the trace anomaly.
In homogeneous cosmology, R2 and E are the only local

quadratic geometric curvature invariants.5 Divergences up
to one loop in perturbative quantum gravity can be can-
celed only by counterterms of the form R2 and E. The
physical coefficients multiplying R2 and E in the renor-
malized one-loop effective action receive contributions
which one can write as

4We can easily split R��R�� in an R2 contribution and a
Gauss-Bonnet term, that yields a vanishing surface term in
four dimensions.

5Because F ¼ 0, we can express R����R
���� in terms of

R��R
�� and R2. Hence, R2 and E are linearly independent.

Note furthermore that if one investigates inhomogeneities in
the Universe, one measures (statistical) correlation functions.
They are translation invariant as a consequence of the symmetry
of the vacuum state and therefore respect the symmetry of the
background spacetime.
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	physR
2 ¼ ½	anomðmÞ þ 	ct�R2 (38a)


physE ¼ ½
anomðmÞ þ 
ct�E; (38b)

where 	anomðmÞ is the mass dependent finite contribution
from the trace anomaly, where m ¼ fmig denotes the mass
of the particles i. It is in principle uniquely defined by the
requirement that 	anom ! 0 as m ! 1. Similarly,

anomðmÞ is the (infinite) anomalous contribution deter-
mined by the requirement that 
anom ! 0 as m ! 1.
These requirements in principle fix 
anomðmÞ and
	anomðmÞ uniquely. While there is agreement in the litera-
ture on the value of 	anomðmÞ (also used in this paper),
disagreement exists on the value of 
anomðmÞ. Therefore
we leave it unspecified. The contributions 	ct and 
ct

correspond to the parts of the counterterms that remain
when eventual one loop divergences are cancelled.6 It is
however only the sum of these terms, yielding 	phys and


phys, that is physical, i.e. measurable [24]. Since these

parameters have not been measured, we cannot simply
assume that the coefficients in the trace anomaly are just
given by (4). We should allow these coefficients to vary in
order to examine the full effect of the trace anomaly on the
evolution of our FLRWuniverse. This is precisely what we
pursue in the following sections.

IV. THE TRACE ANOMALY IN QUASI DE SITTER
SPACETIME

In this section we work in quasi-de Sitter spacetime,
where we treat � as a small and time independent constant
which allows us to neglect higher order derivative contri-
butions. The reason for discarding higher order derivative
contributions is that they tend to destabilize a dynamical
system, formally known as the theorem of Ostrogradsky
[44].

We have to distinguish two cases separately. In the spirit
of [32], the numerical value of the parameter b00 occurring
in the trace anomaly is not fixed because it is a regulariza-
tion scheme dependent parameter. Generally, however, we
cannot exclude the presence of this term and we therefore
allow it to take different values. First, we allow for an
unrestricted value of b00 and secondly we set b00 ¼ 2b0=3.
This case is particularly interesting as this value of b00 sets
the total coefficient multiplying thehR contribution in the
trace anomaly to zero.

A. Case I: unrestricted value of b00

We thus insert the truncated expression for the trace
anomaly (8) and the quantum density (23) into the
Einstein field equation (26). This yields

9ð1þ!ÞH2ðtÞ þ 6 _HðtÞ � 3ð1þ!Þ�
¼ �8�G½f12b0ð5þ 3!Þ � 54b00ð1þ!Þg _HH2

þ 18b0ð1þ!ÞH4�: (39)

This differential equation can be solved exactly. Separation
of variables yields

t� t0 ¼ 1

ð1þ!Þ
Z HðtÞ

Hðt0Þ
dH

2þ 	H2

�� 3H2 � 48�Gb0H4
;

(40)

where 	 is conveniently defined as

	 ¼ 8�Gf4b0ð5þ 3!Þ � 18b00ð1þ!Þg: (41)

One can perform the integral in terms of logarithms where
one has to take the signs of the occurring parameters
carefully into account. The integral above gives

t� t0 ¼ 1

�48�Gb0ð1þ!ÞfðHA
0 Þ2 � ðHC

0 Þ2g

�
�
� 1þ 1

2	ðHA
0 Þ2

HA
0

�
log

�
HðtÞ þHA

0

HðtÞ �HA
0

�

� log

�
Hðt0Þ þHA

0

Hðt0Þ �HA
0

��
þ 1þ 1

2	ðHC
0 Þ2

HC
0

�
�
log

�
HðtÞ þHC

0

HðtÞ �HC
0

�
� log

�
Hðt0Þ þHC

0

Hðt0Þ �HC
0

���
:

(42)

Note the asymptotes of this analytic solution coincide with
the asymptotes obtained earlier in (29) as expected.
In Fig. 1, we numerically calculate the dynamics of the

Hubble parameter for various initial conditions. The two
asymptotes divide this graph into three distinct regions that
are not connected for finite time evolution. The region
bounded by the two asymptotes contains initial conditions

FIG. 1. Dynamics of the Hubble parameter in quasi-de Sitter
spacetime in the presence of a nonzero cosmological constant,
the trace anomaly, and matter (! ¼ 0). Depending on the initial
conditions, the Hubble parameter evolves to either the classical
de Sitter or the quantum anomaly driven attractor. We have used
� ¼ 1=50, b0 ¼ �0:015 (standard model value) and b00 ¼ 0.

6For a calculation involving anomaly calculations around
Minkowski spacetime, we refer to [51,52]. For the calculation
of the 	anomðmÞ function for a scalar field in de Sitter spacetime,
we refer to [6].
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forHðtÞ such thatHðtÞ grows for late times towardsHA
0 and

initial conditions such that HðtÞ asymptotes to the de Sitter
attractor HC

0 . In Figs. 2 and 3 we examine whether our

approximation that � is both small and a constant is valid
for calculating the dynamics. In Fig. 2 one can clearly see
that � � 1 for late times. If _� ¼ 0, we should have
_�=ðH�Þ � 1, an assumption that is violated as depicted
in Fig. 3. However, already for a classical cosmological
constant dominated universe with matter, a similar viola-
tion occurs.

Furthermore, note the existence of a branching point, an
initial condition for HðtÞ such that for Hð0Þ>HBP the
Hubble parameter asymptotes to the quantum attractor
HA

0 and for Hð0Þ<HBP the Hubble parameter decreases

to the classical de Sitter attractor HC
0 . When rewriting

equation of motion (39) in terms of � and noting that �
should diverge exactly at the branching point, one finds

HBP ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8�Gf9ð1þ!Þb00 � 2ð5þ 3!Þb0gp : (43)

We probe the dependence on scale by changing the nu-
merical value attached to � in Eq. (28). If we decrease �,
then also � decreases which results in a smaller HC

0 . Also,

it turns out that both of the asymptotes are already reached
much faster. This improves the validity of the assumption
� � 1, whereas the assumption _�=ðH�Þ � 1 is still seri-
ously violated at all times.

Let us study the analytical solution (42) more closely. In
particular, it is interesting to derive the high and low energy
limits of this solution. Of course, one naively expects in the
high or low energy limit to flow towards the quantum or
classical attractor, respectively. However, the analysis
turns out to be somewhat more subtle. We will show that
under a certain condition, the quantum anomaly driven
attractor becomes unstable. Although solution (42) looks
complicated at first glance, it simplifies when defining

� ¼ 3ð1þ!Þ½1þ 32�b0�� (44a)

A ¼ 1þ 1
2	ðHA

0 Þ2
HA

0

(44b)

B ¼ 1þ 1
2	ðHC

0 Þ2
HC

0

: (44c)

We define the initial conditions at t0 as

c1 ¼ log

�
Hðt0Þ þHA

0

jHðt0Þ �HA
0 j
�

(44d)

c2 ¼ log

�
Hðt0Þ þHC

0

jHðt0Þ �HC
0 j
�
: (44e)

Note that �> 1, generically. With these definitions,
Eq. (42) reduces to

�ðt� t0Þ ¼ �A

�
log

�
HðtÞ þHA

0

jHðtÞ �HA
0 j
�
� c1

�

þ B

�
log

�
HðtÞ þHC

0

jHðtÞ �HC
0 j
�
� c2

�
; (45)

In the high energy limit, we set

�ðtÞ ¼ HðtÞ �HA
0

HA
0

; (46)

such that �ðtÞ � 1. Equation (45) thus modifies to

�ðt� t0Þ ¼ �A

�
log

�
2þ �ðtÞ
j�ðtÞj

�
� c1

�

þ B

�
log

�
1þ �ðtÞ þHC

0 =H
A
0

j1þ �ðtÞ �HC
0 =H

A
0 j
�
� c2

�
;

(47)

We can expand the second logarithmmaking use of � � 1.
The leading order contribution [in �ðtÞ] is given by the
denominator in the logarithm, because this term diverges
as �ðtÞ approaches zero. We can thus exponentiate the

FIG. 3. Validity of the assumption _� ¼ 0. For the various
initial conditions in Fig. 1, we have calculated _�=ðH�Þ.
Clearly, this condition is violated at all times.

FIG. 2. Validity of the assumption � � 1. For the various
initial conditions in Fig. 1, one can clearly see that this approxi-
mation is well justified.
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equation and solve for the Hubble parameter:

jH>ðtÞ �HA
0 j ¼ 2HA

0 exp

�
�

A
ðt� t0 þ�t>Þ

�
; (48)

where the time shift �t> is given by

��t> ¼ B

�
c2 � 2

HC
0

HA
0

�
� Ac1: (49)

As �> 0, this solution converges whenever A < 0. This
provides a stability condition on b00 in terms of b0 and �.
The quantum anomaly driven attractor is stable, whenever
the following inequality is satisfied:

b00 >
2

9
b0
4þ 3!þ 16��b0ð5þ 3!Þ

ð1þ!Þð1þ 16��b0Þ : (50)

In Fig. 4, we have numerically calculated the evolution of
the Hubble parameter in a radiation dominated universe
when this inequality is not satisfied. We used b00 ¼
7b0=6< 5b0=6. For initial conditions above the attractor,
the Hubble parameter increases to even higher energies,
whereas for initial conditions below the quantum attractor,
the Hubble parameter evolves towards the classical attrac-
tor. Hence even in quasi de Sitter spacetimes, physically
questionable solutions occur. However, note that when
b00 ¼ 2b0=3, the specific case under consideration in
subsection IVB, the above inequality is satisfied.

When the above inequality is satisfied, the Hubble pa-
rameter in the high energy limit decays exponentially
towards the quantum anomaly driven attractor, where
some ’’frequency dependence’’ through �=A and a time
shift �t> can be recognized. The time shift can without
observational consequences be absorbed in the initial time
t0.

The low energy limit reveals less surprising behavior.
Here, we set

~�ðtÞ ¼ HðtÞ �HC
0

HC
0

; (51)

and ~�ðtÞ � 1. Again we use � � 1 in order to capture the
leading order dynamics. This yields

jH<ðtÞ �HC
0 j ¼ 2HC

0 exp

�
��

B
ðt� t0 þ�t<Þ

�
: (52)

Because B> 0, this solution converges. In the low energy
limit the time shift �t< is slightly different as compared to
(49):

��t< ¼ Bc2 � A

�
c1 � 2

HC
0

HA
0

�
: (53)

Finally, we examine the phase space flow in quasi de Sitter
spacetime. In Fig. 5, we show a parametric plot ofH versus
�. The phase space basically consists of two lines. The
phase space flow is towards either the classical or the
quantum anomaly driven attractor as indicated by the
arrows. Note that we have chosen both attractors to be
stable. Furthermore, we also include the branching point
(43) and the classical evolution, that is, the evolution of a
universe with b00 ¼ b0 ¼ 0. As expected, the flow is to-
wards the classical attractor in this case. Although the
analysis performed above is for generic values of b00, we
set it to zero in Fig. 5 and b0 takes its standard model value.

B. Case II: b00 ¼ 2b0=3
As indicated earlier, we must consider the case when

b00 ¼ 2b0=3 separately because in this particular case the
total coefficient in front of thehR contribution to the trace
anomaly vanishes. All higher derivative contributions pre-
cisely cancel and also the _H2 contribution happens to

0.05 0.10 0.15 0.20 0.25
t 3

5

10

15

H 3

FIG. 4. Instability of the quantum anomaly driven attractor in
quasi-de Sitter spacetimes. We have used � ¼ 1=50, ! ¼ 1=3,
b00 ¼ 7b0=6< 5b0=6.

FIG. 5. Phase space flow in quasi-de Sitter spacetime. The
phase space consists of two lines. The flow, indicated by the
arrows, is towards the classical or quantum attractor represented
by two dots. In this regime, both attractors are stable. The
vertical dashed line indicates the branching point and the
dashed-dotted line the classical evolution. We have used ! ¼
0, � ¼ 1=50, b0 ¼ �0:015 (standard model value) and b00 ¼ 0.
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cancel, such that we find ourselves immediately situated in
quasi de Sitter spacetime. Albeit a simple case, we do take
the full trace anomaly into account.

The analytic solution obtained in (42) still applies and
moreover, it becomes exact. The branching point is still
given by Eq. (43) for which we just have to insert b00 ¼
2b0=3. Clearly, in Fig. 6 one can see that qualitatively the
dynamics has not changed compared to Fig. 5. The branch-
ing point has shifted somewhat to the right, and the way in
which the Hubble parameter approaches its two late time
asymptotes differs. However, the important features of
Fig. 5, i.e.: two stable attractors, the occurrence of a
branching point and the shape and dimension of the phase
space, do not change.

V. THE TRACE ANOMALY IN FLRW SPACETIMES

We turn our attention to solving the full trace equa-
tion (26), where we truncate the expression neither for
the anomalous trace (6) nor for the quantum density (22).
Obviously, we cannot solve this equation analytically, for it
contains all higher order derivative contributions, which
forces us to rely on numerical methods.

First, we note that the asymptotes (29) do not change by
including the higher derivative contributions. Keeping
Ostrogradsky’s theorem in mind, we expect to incur all
kinds of issues related to the stability of our system and
asymptotes, in particular. It is therefore essential to per-
form a stability analysis for small perturbations �HðtÞ
around both of the asymptotes. We insert

HðtÞ ¼ HC;A
0 þ �HðtÞ; (54)

in Eq. (26), where HC;A
0 can either denote the classical or

the quantum attractor. For the small perturbations around
these attractors we make the ansatz �HðtÞ ¼ c exp½�t�. We
linearize the trace equation finding the characteristic equa-
tion from which we determine the eigenvalues � of our
system:

2ð�� 3�=2Þ�3 þ 6ð�� 3�=2Þð2þ!ÞHC;A
0 �2

þ ðf6�ð5þ 3!Þ � 27�ð1þ!ÞgðHC;A
0 Þ2 � 3Þ�

þ 9ð4�ðHC;A
0 Þ2 � 1Þð1þ!ÞHC;A

0 ¼ 0; (55)

where � ¼ �8�Gb0 and � ¼ �8�Gb00. Remarkably, the
solutions of this third order equation are simple:

�ð1Þ ¼ �3HC;A
0 ð1þ!Þ (56a)

�ð2Þ ¼ � 3HC;A
0

2
þ

ffiffiffiffi
�

p
(56b)

�ð3Þ ¼ � 3HC;A
0

2
�

ffiffiffiffi
�

p
; (56c)

where

� ¼ � 3

4ð2�� 3�Þ f�4þ ðHC;A
0 Þ2ð10�þ 9�Þg: (57)

Clearly, when Re�ðiÞ < 0 for i ¼ 1, 2, 3, the corresponding
attractor is stable. Since we only consider nontachyonic
matter, eigenvalue (56a) is negative. However, a finite
period in which w<�1 is not excluded (see e.g.:
[46,47]). If one were to consider other equations of state
than the simple linear one �M ¼ !pM, this statement

might no longer hold [53]. Hence only for �ð2Þ when �>
0, we could encounter a potential instability. Surprisingly,
the stability analysis does not depend on the equation of
state ! because ! enters only through Eq. (56a). The
condition for instability thus reads

�>

�
3HC;A

0

2

�
2
: (58)

We can rewrite this equation to find

4þ 8�GðHC;A
0 Þ2ð10b0 þ 9b00Þ

_ 72�Gðb00 � 2b0=3ÞðHC;A
0 Þ2: (59)

In the expression above, we should read the inequality> or
< whenever b00 � 2b0=3> 0 or b00 � 2b0=3< 0, respec-
tively. We can now insert either the classical or quantum
asymptotes previously derived in Eq. (29) and verify which
of the two above inequalities is satisfied. Upon inserting
the expression for the classical attractor, Eq. (59) yields

1þ 32��b0 _ 0; (60)

where � ¼ G�=3 � 1 as before. Only the first inequality
> will be satisfied. Hence we conclude that the classical
attractor is unstable if b00 � 2b0=3> 0. The converse will
be true if b00 � 2b0=3< 0. Likewise, Eq. (59) for the

FIG. 6. Phase space flow in quasi de Sitter spacetime for b00 ¼
2b0=3 such that thehR does not contribute in the trace anomaly.
Qualitatively, the dynamics does not change when compared to
Fig. 5. Again, both attractors are stable. Apart from b00, the value
of the parameters are identical to Fig. 5.
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quantum attractor after some algebra reads

� 1� 32��

3
b0 _ 0; (61)

Concluding, when using � � 1, we unambiguously find

If b00 �2b0=3>0; then

�
Classical attractor unstable

Quantum attractor stable
(62a)

If b00 �2b0=3<0; then

�
Classical attractor stable

Quantum attractor unstable
(62b)

Let us first of all recall that it is precisely the combination
b00 � 2b0=3 that multiplies thehR contribution in the trace
anomaly. This calculation thus proves the statements about
stability made in e.g. [41] using the Routh-Hurwitz
method. Our proof is more general because we include a
constant but otherwise arbitrary equation of state parame-
ter !>�1. Moreover, while the Routh-Hurwitz method
can only guarantee stability of a solution (when certain
determinants are all strictly positive), it does not tell any-
thing about instability [41,54]. Furthermore, appreciate
that the singular point in this analysis, b00 � 2b0=3 ¼ 0,
or equivalently 2�=3� � ¼ 0, immediately directs us to
the quasi-de Sitter spacetime analysis performed in
Sec. IVB, where all higher derivative contributions pre-
cisely cancel, rendering both attractors stable.

Let us compare Figs. 7 and 9. In the former figure, we
used b00 ¼ 0 such that b00 � 2b0=3> 0, yielding an un-
stable classical attractor. However, ifHð0Þ � HC

0 the quan-

tum anomaly driven asymptote is not an attractor and the
Hubble parameter runs away to negative infinity. In the
latter figure, we set b00 ¼ b0 such that b00 � 2b0=3< 0
which gives us a stable classical attractor. Likewise, for
initial conditions Hð0Þ 	 HA

0 the de Sitter solution is not

an attractor and the Hubble parameter rapidly blows up to
positive infinity.

In Fig. 9, we can observe another interesting phenome-
non. In this case, the classical attractor is under-damped,
resulting in decaying oscillations around the de Sitter
attractor. In Fig. 7 these oscillations are not always present.
The eigenvalues (56) develop an imaginary contribution
resulting in oscillatory behavior whenever

�< 0: (63)

We thus find

4þ 8�GðHC;A
0 Þ2ð10b0 þ 9b00Þ + 0: (64)

The inequality < or > holds whenever b00 � 2b0=3> 0 or
b00 � 2b0=3< 0 applies, respectively. Again, we verify
which of the two inequalities is actually satisfied. To study
oscillations around a stable classical attractor, we should
take the > inequality (there are no oscillations around an
unstable attractor). We thus find

1þ 2��ð10b0 þ 9b00Þ> 0: (65)

Clearly, this inequality is always satisfied because � � 1.
We thus conclude that whenever the classical de Sitter
attractor is stable, oscillations occur. Furthermore, we
can insert the quantum anomaly driven attractor in
Eq. (64). Now, we should use the < inequality in order
to study oscillatory behavior around the (stable) quantum
attractor. This yields

� 1� 9

2

b00

b0
� 8��ð10b0 þ 9b00Þ< 0: (66)

Oscillatory behavior around the quantum attractor thus
occurs when

FIG. 7 (color online). Dynamics of the Hubble parameter
taking the full trace anomaly into account. We took b00 ¼ 0
such that b00 � 2b0=3> 0 yielding an unstable classical attractor.
We have used ! ¼ 0, � ¼ 1=50, b0 ¼ �0:015 (standard model
value).

FIG. 8 (color online). Parametric phase space plot for Fig. 7 in
which the classical attractor is unstable. We have indicated the
quantum anomaly driven attractor as a small black sphere.
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b00 <� 2

9
b0
�
1þ 8��b0

1þ 8��

�
: (67)

In Fig. 11 we depicted the parameter space (the b0 versus
b00 plane) resulting in oscillatory behavior around the
quantum anomaly driven attractor. First of all, we should
have b00 � 2b0=3> 0 yielding a stable quantum attractor.
Of course, one cannot have oscillations around an unstable
attractor. Second, note that b0 < 0 because of Eq. (4b).
Finally, when the newly derived inequality (67) is satisfied,
oscillations occur. These considerations divide the phase
space into three regions: a region where oscillatory behav-
ior occurs, another region which results in critically or
over-damped behavior and a part of phase space that is
forbidden, as shown in Fig. 11.

Let us now return to discussing the classical attractor
that shows its oscillatory behavior manifestly. We calculate
the frequency of oscillations around this attractor. Taking
the square root of (57) and extracting an i we find the
(quantum corrected) frequency for oscillations around the
classical attractor:

!C ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2��ð10b0 þ 9b00Þ
8�Gð2b0=3� b00Þ

s
: (68)

Note that this frequency is independent on the equation of
state parameter!. The frequency of oscillations around the
quantum attractor can be found analogously.

Let us analyze the phase space in the case of a stable
quantum and classical attractor subsequently. In Fig. 8, we
visualize the phase space flow for the former case para-
metrically in the HðtÞ, �ðtÞ and _�ðtÞ directions.7 The small

black sphere denotes the quantum anomaly driven attrac-
tor. For the latter case, we include in Fig. 10 the phase
space flow for just two initial conditions for HðtÞ for
clarity. The under-damped oscillatory behavior results in
the twister like structure visible in the HðtÞ, �ðtÞ, and _�ðtÞ
directions.
Finally, we would like to point out that including all

higher derivative contributions, which thus corresponds to
solving the trace equation exactly, modifies the dynamics

FIG. 10 (color online). Parametric phase space plot for Fig. 9
in which the classical attractor is stable. Because of under-
damping, one spirals towards the classical attractor. For clarity,

we have only included the flow for two initial conditions Hð0Þ ¼ffiffiffiffiffiffiffiffiffi
3=�

p
=2 andHð0Þ ¼ 6

ffiffiffiffiffiffiffiffiffi
3=�

p
. The twister like structure is clearly

visible. Qualitatively, the phase space flow resulting from other
initial conditions is identical.

FIG. 9 (color online). Dynamics of the Hubble parameter
taking the full trace anomaly into account. We took b00 ¼ b0
such that b00 � 2b0=3< 0 yielding a stable classical attractor. We
have used ! ¼ 0, � ¼ 1=50, b0 ¼ �0:015 (standard model
value). Clearly, the classical attractor is under-damped, resulting
in various oscillations around HC

0 .

b' > 0

unstable quantum attractor

oscillations

no oscillations

− 1.0 − 0.8 − 0.6 − 0.4 − 0.2 0.2 0.4
b'

− 0.6

− 0.4

− 0.2

0.2

b''

FIG. 11 (color online). Parameter space for oscillations around
the quantum anomaly driven attractor. The gray region (light
shaded) is excluded either because b0 > 0 or because the quan-
tum attractor has become unstable. The red region (dark shaded)
in parameter space shows oscillatory behavior, whereas the white
region is either critically damped or over-damped. We used � ¼
1=50.

7Note we are not able to include the fourth dimension of the
phase space, €�ðtÞ. However, also €�ðtÞ rapidly approaches zero as
time elapses.
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of the Hubble parameter significantly. Attractors that were
stable in the absence of higher derivatives under certain
conditions destabilize. The reason for this, clearly, is at-
tributable to the presence of the hR term in the trace
anomaly, generating these higher derivative contributions.
We do not know whether or not incorporating the higher
derivatives is a sensible thing to do. Usually higher order
derivatives tend to destabilize a system signifying that
some particular solutions are not physical. Therefore, in
the spirit of Ostrogradsky’s theorem, one can question
whether the analysis where higher derivative contributions
are discarded is correct, or the analysis taking the full trace
anomaly into account.

VI. CONCLUSION

The trace of the Einstein field equations in cosmologi-
cally relevant spacetimes together with stress-energy con-
servation completely captures the dynamics of the Hubble
parameter. We have derived the trace anomaly from an
effective action in spatially flat FLRW spacetimes. It con-
sists of the local quadratic geometric curvature invariants
R2 and the Gauss-Bonnet term E. Because of counterterms
that are supposed to cancel divergences of the as yet
unknown underlying fundamental theory, we expect the
coefficients in the trace anomaly to change. The physical
value of each of these coefficients receives contributions
both from the anomalous trace and from these counter-
terms. Because we do not know the physical value these
parameters will take, we must allow them to vary in order
to examine all possibilities.

We have studied the dynamics of the Hubble parameter
both in quasi-de Sitter and in FLRW spacetimes including
matter, a cosmological term and the trace anomaly. In
quasi-de Sitter spacetime, where we restrict the Hubble
parameter to vary slowly in time, we find that for various
initial conditions HðtÞ asymptotes either to the classical de
Sitter attractor, or to a quantum anomaly driven attractor.
We find a region in parameter space where the quantum
attractor destabilizes. Otherwise, both attractors are stable.

In FLRW spacetimes we include all higher derivative
contributions in the trace anomaly. We perform a stability
analysis for small perturbations around the two asymp-

totes. For b00 � 2b0=3> 0, the quantum attractor is stable
and the classical de Sitter attractor is unstable. On the
contrary, for b00 � 2b0=3< 0, the quantum attractor is
unstable and the de Sitter attractor becomes stable. The
singular point in this analysis, b00 � 2b0=3 ¼ 0, immedi-
ately directs us to quasi-de Sitter spacetime in which the
dynamics is much simpler. In this case, both attractors are
stable. The classical de Sitter attractor always shows
under-damped oscillatory behavior and we calculate the
frequency of these oscillations. We analyze the phase space
of the quantum attractor and conclude there is some region
in parameter space for which oscillations occur.
There is no dynamical effect that influences the effective

value of the cosmological constant, i.e.: the classical de
Sitter attractor. Based on our semiclassical analysis we thus
conclude that the trace anomaly does not solve the cosmo-
logical constant problem.
We have studied both the truncated and the exact ex-

pression of the trace anomaly in flat FLRW spacetimes. We
do not know which of the two approaches is correct.
Keeping Ostrogradsky’s theorem in mind, higher deriva-
tive contributions usually have the tendency to destabilize
a dynamical system. Discarding these higher derivatives
and studying the trace anomaly in quasi de Sitter spacetime
would thus seem plausible.
Finally, one could wonder whether the quantum anom-

aly driven attractor is physical. The quantum attractor is of
the order of the Planck mass Mpl, so only when matter in

the early Universe is sufficiently dense, H ’ OðMplÞ. We

then expect to evolve towards the quantum attractor.
However, at these early times we also expect perturbative
general relativity to break down. Hence, this attractor
might even not be there or it may be seriously affected
by quantum fluctuations. Quantum fluctuations present at
that epoch might even induce tunneling towards the regime
where HðtÞ asymptotes to the classical attractor.
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