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� A critical-path-analysis model was proposed to estimate relative permeability krw.
� Comparing to simulations showed that krw was accurately estimated under imbibition.
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Modeling morphological and hydraulic properties of thin porous media, such as filter layers and papers is
highly relevant to various industries. In our previous studies, the X-ray tomography and FIB-SEM meth-
ods were applied to capture micro- and nano-scale pores in uncoated paper and coated layer, respec-
tively. Here, the reconstructed pore structures were used to investigate two-phase water imbibition in
these porous media. The obtained pore size distributions showed a log-normal probability density func-
tion. Such a distribution, together with concepts from critical path analysis and percolation theory, was
applied to calculate relative permeability over a wide range of water saturations. Comparison with pore-
scale numerical simulations showed the capability of this method to estimate water relative permeability
for coated and uncoated papers.

� 2018 Published by Elsevier Ltd.
1. Introduction

Several different industries deal with thin porous media in their
production processes. These include coating layers and papers is
the printing industry, food packaging, and production of filters
and membranes. The morphological and hydraulic properties of
such thin layers are often critical in the process performance.
Advanced high-resolution computed tomography provides a
minimally-destructive and direct technique to determine pore
space morphological and physical properties of thin porous media.
Various algorithms have been developed to generate pore struc-
tures (Raoof and Hassanizadeh, 2012) or to analyze three-
dimensional images (e.g., Lindquist et al., 1996; Silin et al., 2003;
Øren and Bakke, 2003) to quantify pore space geometrical and
topological properties. For example, Lindquist et al. (1996) intro-
duced the medial axis as a technique to analyze the acquired geo-
metric structure of pore space in porous media. Delerue et al.
(1999) proposed a method based on skeletization to determine
the void space from 3D images. In another study, Silin et al.
(2003) proposed an algorithm in which the skeleton of the pore
space is captured through maximal balls associated with each
voxel. Those authors used the maximal ball distribution to simu-
late a dimensionless drainage capillary pressure curve and showed
that their method provided realistic estimates of the number and
shapes of pores and throats as well as the pore coordination num-
ber. More recently, Raoof and Hassanizadeh (2012) introduced a
method to numerically generate pore structures with variable
coordination number up to 26 connected neighbors at each pore.

During the printing process, liquid penetration into the paper
(known as imbibition process) depends on several factors and
mechanisms such as geometrical and morphological properties of
pores (e.g., Ghassemzadeh et al., 2001), pore size distribution (Liu
et al., 2017), and pore-solid interface roughness and wetting force
(Liu et al., 2014a, 2014b). For instance, Ghassemzadeh et al. (2001)
developed a new imbibition model of a coating fluid in a fibrous
layer. The three-dimensional pore network of paper was repre-
sented by the interconnection of flow channels between fibers.
Ghassemzadeh et al. (2001) found that the mean coordination
number (i.e., the interconnectivity of the channels) and the average
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pore size of the paper strongly influenced imbibition of the coating
fluid. Using a high-speed camera, Koivula et al. (2012) studied the
influence of coating surface structure and pre-saturation state on
the spreading of liquid. Results showed a high impact of
pigment-based structure on the liquid distribution in both dry
and pre-saturated structures. However, under the pre-saturated
conditions, liquid-liquid interactions were the controlling mecha-
nism. Koivula et al. (2012) showed the effectiveness of nano-size
pores located in a calcium carbonate comprising base layer to
increase capillarity absorption. In another study, Lamminmäki
et al. (2011) investigated a set of critical parameters for print dura-
bility. In coated inkjet papers, the surface is treated based on pore-
network of layer and addition of polymer binders to produce good
ink fastness properties. Based on their study, low permeability of
coating layer and bounding colorant part of ink by charge interac-
tions could produce required print quality.

Pore-scale imaging has become a promising method to study
fluid flow and transport in porous materials (see e.g., Raoof et al.,
2013; Liu and Mostaghimi, 2017). Although there exist some chal-
lenges such as identifying a representative elementary volume
(REV), needed to define macroscopic properties, and the resolution
effect, there has been significant progress in three-dimensional
imaging, especially in thin porous media. For instance, Huang
et al. (2002) proposed a method based on X-ray micro-
tomography imaging and determined porosity, pore size distribu-
tion, and specific surface area for fibers. Their results agreed rea-
sonably well with the measured values using the mercury
intrusion porosimetry method. More recent developments in
pore-scale tomographic imaging of porous media can be found at
Wildenschild and Sheppard (2013).

Pore-network models have also been used to study fluid flow in
thin porous media. For example, Ghassemzadeh and Sahimi
(2004a) carried out extensive computational simulations to inves-
tigate the effect of the microstructure of paper’s pore space on the
effective permeability tensor. They concluded that the distribution
of fibers and consequently coordination number has a strong
impact on fluid flow properties in fibrous layers. In another study,
Ghassemzadeh and Sahimi (2004b) simulated the imbibition pro-
cess of a coating fluid into a paper using a network of intercon-
nected channels. Their results showed that the connectivity of
the channels, the anisotropic structure of the paper’s pore space,
and the dynamic pressure distribution had strong effects on the
imbibition process.

In the literature, various theoretical approaches have been
used to model water relative permeability in porous media. Some
models were developed based on the parallel (e.g., Purcell, 1949;
Burdine, 1953), series-parallel (e.g., Mualem, 1976; Kosugi, 1999),
or tortuous parallel (e.g., Zheng et al., 2013; Zhang et al., 2017)
capillary tubes approach. However, such models are distorted
idealizations (Sahimi, 2011; Hunt et al., 2014), since pores in por-
ous media exist neither in series nor in parallel, but are dis-
tributed throughout an interconnected and complex multi-scale
network.

In addition to the bundle of capillary tubes model, effective-
medium theory has been utilized to estimate the relative perme-
ability kr (see e.g., Petropoulos et al., 1989; Kainourgiakis et al.,
1998; Ghanbarian et al., 2016a). For example, Ghanbarian et al.
(2016a) assumed that the pore size distribution of porous media
followed a power-law form and determined its parameters (includ-
ing pore space fractal dimension) from the capillary pressure
curve. Invoking Kirkpatrick’s effective-medium theory,
Ghanbarian et al. (2016a) estimated the relative permeability for
water, krw, from measured capillary pressure data and found good
agreement with experiments. However, those authors reported krw
underestimations via effective-medium theory in porous media
with broad pore size distribution.
Hunt (2001) was probably the first to apply concepts from crit-
ical path analysis (CPA) to model krw in porous media with broad
hydraulic conductance (or pore size) distribution. Hunt (2001)
combined CPA with the power-law pore size distribution whose
parameters were determined from the capillary pressure curve.
By comparison with experiments, Hunt (2001) showed that CPA
accurately estimated krw, particularly at high water saturations.
Years later, Ghanbarian-Alavijeh and Hunt (2012) combined CPA
with the pore-solid fractal model and proposed a more general
water relative permeability relationship. Results of Ghanbarian-
Alavijeh and Hunt (2012), Ghanbarian et al. (2015a, 2016b), and
Ghanbarian and Hunt (2017) indicated that the proposed general
model estimated krw accurately.

Concepts from CPA and power-law pore size distribution have
been applied to estimate krw from the measured capillary pressure
curve. However, to the best of the authors’ knowledge CPA has
never been combined with the log-normal pore size distribution
to predict krw. Nor has it been used to estimate krw directly from
the pore size distribution and three-dimensional reconstructed
pore structure derived from FIB-SEM imaging. Therefore, the main
objectives of this study are: (1) to develop a theoretical krw model
based on CPA and log-normal pore size distribution, and (2) to
evaluate the proposed approach in the estimation of krw frommea-
sured pore size distribution for thin porous media like paper coat-
ing layers and uncoated papers.
2. Theory

2.1. Pore size distribution and capillary pressure curve

Thin porous media such as fibrous layers consist of solid matrix
and pore space. The latter is formed of void regions of irregular
shapes and various sizes spanning orders of magnitude from sev-
eral nanometers to a few hundred micrometers. Similar to natural
porous media such as rocks and soils, the geometrical definition of
a single pore is ambiguous in fibrous layers and papers. This,
accordingly, makes determination of the actual distribution of pore
sizes difficult. Nonetheless, following Qin and Hassanizadeh (2014)
and Qin et al. (2016), we assume that pore sizes in thin porous
media conform to the following truncated log-normal probability
density function f(r)
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where erf is the error function, r is the pore radius, rmin and rmax are
the smallest and largest pore radii, respectively, representing the
lower and upper bounds of the log-normal distribution, rm is the
geometric mean pore radius, and r is the log-normal standard devi-
ation. The value of rm, rmin, rmax, and r can be determined by
directly fitting Eq. (1) to the pore size distribution derived from,
e.g., tomography images.
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where s is a pore shape factor, hr is residual water content, which is
formed from water existing in some subset of the pores in the range
[rmin, rmax] but may also reflect water in pore spaces existing at
scales less than rmin. Note that when /, rmin, rmax, rm, r, and hr are
known, one can determine the average value of the pore shape fac-
tor s from Eq. (3).

In accordance with Eq. (3), the volumetric water content h is
defined as
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In Eq. (4), it is also assumed that each pore of the porous med-
ium is occupied by either water or air. Integrating over pores
between rmin and r necessarily means that all pores with size r
and greater are accessible to air and, hence, collectively drained.

The relationship between water saturation and pore radius is
derived by combining Eqs. (3) and (4) as follows:
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where the effective water saturation Se = (Sw � Swr)/(Swmax � Swr) in
which Sw is the water saturation (=h=/), Swr is the residual water
saturation, and Swmax is the maximumwater saturation correspond-
ing to fully saturated conditions on the capillary pressure curve.

Combining Eq. (5) with the Young-Laplace equation (P = 2ccos
(x)/r, where P is the capillary pressure, c is the interfacial tension
and x is the contact angle) provides the following mathematical
formula describing the effective saturation in terms of the capillary
pressure for log-normally distributed pore sizes:
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where Pm is the pressure (=2ccos(x)/rm) corresponding to the geo-
metric mean pore radius (rm), and Pmin and Pmax are the minimum
and maximum capillary pressures, respectively (=2ccos(x)/rmax

and 2ccos(x)/rmin).

2.2. Modeling water relative permeability using critical path analysis
and percolation theory

Critical path analysis (CPA) was introduced by Ambegaokar
et al. (1971) and Pollak (1972). It is a promising analytical
approach to estimate permeability in inhomogeneous porous
media with broad pore size distribution (Katz and Thompson,
1986; Hunt, 2001). Based on CPA, transport in an uncorrelated
heterogeneous network of pores is controlled by those with mag-
nitudes that are greater than some critical pore size. The critical
pore radius rc is defined as the smallest pore such that the set of
pores with r > rc forms a conducting sample-spanning cluster
(Katz and Thompson, 1987).

By invoking concepts from CPA and assuming a log-normal pore
size distribution (Eq. (1)), one may define the critical water satura-
tion for water permeability, Swc, under fully saturated conditions as
follows:
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Note that Swc = Swr, if rc(Sw = 1) = rmax. In accordance with Eqs.
(3) and (4), in Eq. (7) we assume that water existing in some subset
of the pores in the range of rmin and rmax as well as water in pore
spaces present at scales smaller than rmin do not effectively con-
tribute to fluid flow and accordingly to water relative permeability.

Under partially saturated conditions we have
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Rewriting Eqs. (7) and (8) gives,
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Within the critical path analysis framework, the water perme-
ability kw is proportional to the critical hydraulic conductance
i.e., kw / gc (Hunt, 2001; Ghanbarian-Alavijeh and Hunt, 2012).
Therefore, the relative water permeability krw can be defined as

krw ¼ kwðSwÞ
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where kw(Sw) and kw(Sw = 1) are water permeabilities under par-
tially and fully saturated conditions, respectively, and a is the expo-
nent in Poiseuille’s law i.e., g / ra whose value is equal to 4. Note
that Eq. (11) describes krw in terms of pore radius r, not water sat-
uration Sw. However, one may relate r to Sw via Eq. (5).

Based on concepts from percolation theory, above but near the
critical water saturation Swc the water relative permeability should
conform to the following universal power law

krw ¼ k0 Sw � Swcð Þt ; Sw > Swc ð12Þ
where k0 is a constant coefficient. The exponent t in Eq. (12) is uni-
versal, and its value only depends on the dimensionality of the sys-
tem; t = 1.3 in two and t = 2 in three dimensions (Stauffer and
Aharony, 1994).

We, accordingly, use CPA (Eq. (11)) for estimating krw at high to
intermediate water saturations, and apply the universal power law
(Eq. (12)) to determine krw at low Sw values near the critical water
saturation Swc. The crossover between the two occurs at some
water saturation Swx (or effective water saturation Sex).
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3. Materials and methods

In this section, we describe images analysis and pore-scale
numerical simulations. Then, we present how one can estimate
the water relative permeability from the pore size distribution
derived from FIB-SEM images and micro-CT tomography. We pre-
sent the imbibition water relative permeability estimates from the
pore size distribution for one paper coating layer and one uncoated
paper. The former is mainly made of calcium carbonate grains,
while the latter is a fibrous layer out of cellulose fibers.

3.1. Paper coating layer

Due to the presence of nano-size pores (often in the range of
10–600 nm) in the coating layer of papers, Aslannejad et al.
(2017) utilized the Focused Ion Beam Scanning Electron Micro-
scopy (FIB-SEM) technique to image the structure of the coating
layer’s pore space at the nano scale. The domain of interest was
about 10 � 10 � 10 lm3, and imaging was carried out with the
very high resolution of 3 nm. The resulting stack of 2D images
was then aligned and segmented to reconstruct a 3D domain (see
Fig. 1). The pore network was then analyzed using Avizo 9.1 in
order to determine the volume of pores, porosity value (see
Fig. 1. Three-dimensional reconstructed domains of the uncoated paper (top) and
the paper coating layer (bottom) studied here. The red colors indicate the binarized
solid phases. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

Table 1
Salient properties of the two porous media studied here.

Porous medium rmin (nm) rmax (nm) rm

Paper coating layer 0 500 10
Uncoated paper 0 80 8.5

rmin: minimum pore radius, rmax: maximum pore radius, rm: geometric mean pore radi
residual water saturation, and Swc: critical water saturation.
Table 1), and pore size distribution of the sample (see Fig. 3). The
solid-liquid contact angle was assumed to be 45� (Järnström
et al., 2010). Based on porosity and permeability simulations for
different domain sizes, Aslannejad et al. (2017) showed that the
representative elementary volume (REV) of the paper coating layer
was around 4 � 4 � 4 lm3, which provides the smallest domain
size for accurate representative values of the layer hydraulic prop-
erties. The determined REV size was then used to calculate capil-
lary pressures corresponding to certain saturation levels using
the pore-morphology method available in the Geo-Dict software
(Math2Market, Kaiserslautern, Germany). Accordingly, the primary
imbibition and drainage curves were simulated. Solving the Stokes
equation for both wetting and non-wetting phases under various
saturation degrees provided permeability and relative permeabil-
ity values.
3.2. Uncoated paper

Compared to coated layers, uncoated papers are typically com-
posed of significantly larger pores in the range of 1–40 mm. There-
fore, Aslannejad and Hassanizadeh (2017) used micro-CT imaging
to study fluid flow through the pore space of an uncoated paper.
Using image analysis methods, the three-dimensional structure
of the paper was reconstructed (see Fig. 1) and further used to
determine its porosity and pore size distribution. Aslannejad and
Hassanizadeh (2017) found that the REV size of the uncoated paper
was 400 � 400 � 150 lm3 by computing porosity and permeabil-
ity values as well as capillary pressure curves at various domain
sizes. This size is significantly greater than the REV size that
Aslannejad et al. (2017) found for the paper coating layer com-
posed of much smaller pores. The porosity of the sample was
determined from image analysis and found to be 0.5. The solid-
liquid contact angle for the uncoated paper was assumed to be
15� (Liukkonen, 1997; Aslannejad and Hassanizadeh, 2017). This
value was experimentally measured in the lab (results not pub-
lished yet). Using the pore-morphology method, Aslannejad and
Hassanizadeh (2017) numerically simulated the imbibition and
drainage capillary pressure curves (see their Figs. 7 and 8) as well
as the imbibition water relative permeability (their Fig. 6) for the
three-dimensional reconstructed uncoated paper.
3.3. Estimating krw from pore size distribution

To estimate the imbibition water relative permeability from the
pore size distribution using Eqs. (11) and (12), one needs to deter-
mine the truncated log-normal probability density function (Eq.
(1)) parameters rmin, rm, rmax, and r as well as /, Swr and Swc. We
directly fit Eq. (1) to the pore size distribution derived from images
for both the paper coating layer and uncoated paper. A value of
residual water saturation equal to zero (Swr = 0) was determined
from the numerically simulated imbibition capillary pressure
curve shown in Fig. 4a for the paper coating layer and Fig. 7a for
the uncoated paper. We also set Swc = 0 for both the paper coating
layer and uncoated paper. This approximation seems reasonable
for the paper coating layer based on the effective porosity calcula-
tion by Aslannejad et al. (2017). Those authors found that 99.7% of
(nm) r / Swr Swc

6.6 0.534 0.34 0 0
0.733 0.50 0 0

us, r: standard deviation of the log-normal pore size distribution, /: porosity, Swr:



Fig. 2. Log-normal pore size distributions (left plots – a and c) and corresponding water relative permeability curves (right plots – b and d) for different values of the
statistical parameters. The blue and red lines represent the results of critical path analysis (Eq. (11)) and universal power-law scaling from percolation theory (Eq. (12)),
respectively.

Fig. 3. The paper coating layer pore size distribution derived from FIB-SEM tomography on (a) natural scale and (b) semilog scale. The gray line represents the log-normal
distribution fitted to the data. We found rmin = 0 nm, rmax = 500 nm, rm = 106.6 nm, r = 0.534 and R2 = 0.98. Circles denote data from Aslannejad et al. (2017).
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pores in the paper coating layer were connected (effective porosity
of 0.339 vs. total porosity of 0.34; see their Table 1). However, tak-
ing Swc = 0 might be less accurate for the uncoated paper, as we
discuss in Section 4.3. The salient properties of both paper coating
layer and uncoated paper are presented in Table 1.

We determined k0 by setting Eqs. (11) and (12) equal at the
crossover water saturation Swx. The value of Swx can be computed
by setting the first derivative of the two equations equal. For the
sake of simplicity, we calculated k0 and the Swx values numerically.
More specifically, using the spline function we interpolated values
of krw from Eq. (11) at various water saturations between Swc and 1.
We then calculated k0 and determined the slope at each water sat-
uration numerically. The crossover point is the water saturation at
which the slope of Eq. (11) is equal to that of Eq. (12). Accordingly,
to estimate krw over the entire range of water saturation, we
applied Eq. (11) for Swx � Sw � 1, and Eq. (12) for Swc � Sw � Swx.
Note that since the REV domain for both paper coating layer and
uncoated paper is three-dimensional, we set t = 2 in Eq. (12).
4. Results

Here, we first present results of the sensitivity of our water rel-
ative permeability model to two input parameters r and rm. We
then compare theoretical estimates of krw with numerical simula-
tions for the paper coating layer and the uncoated paper.
4.1. Sensitivity analysis

To study the sensitivity of the proposed krw model to parame-
ters r and rm, we considered a porous medium with / = 0.35, rmin

= 0 nm, rmax = 100 nm, Swr = 0, and Swc = 0. We then used different
values of standard deviation, r = 0.5 and 0.75, and the geometric
mean pore radius, rm = 10 and 20 nm, to determine krw as a func-
tion of the effective water saturation, Se. Fig. 2 shows the log-
normal pore size distributions together with their corresponding
krw-Se curves where the blue and red lines represent the CPA



Fig. 4. The pore-scale numerically-simulated capillary pressure curve under (a) imbibition and (b) drainage conditions for the paper coating layer. (c) The effective water
saturation Se = (Sw � Swr)/(Swmax � Swr) against the capillary pressure for both imbibition and drainage curves. Circles denote the numerically-simulated data from Aslannejad
et al. (2017).
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estimates (Eq. (11)) and those by the universal power law from
percolation theory (Eq. (12)), respectively. In Fig. 2a, we set
rm = 20 nm but changed r from 0.5 to 0.75. As can be seen, the pore
size distribution with r = 0.75 has slightly a higher number of lar-
ger pores (e.g., 40 < r < 100 nm) than that with r = 0.5, which
caused the former to have a greater relative permeability com-
pared to the latter (see Fig. 2b).

Fig. 2c shows two pore size distributions with the same stan-
dard deviation (r = 0.5) but different geometric mean pore radii
(rm = 10 and 20 nm). Similar to Fig. 2a, the frequency of larger
pores for the pore size distribution with rm = 20 nm is greater than
that for the pore size distribution with rm = 10 nm. Accordingly,
one should expect krw corresponding to rm = 20 nm to be greater
than that corresponding to rm = 10 nm (see Fig. 2d). Unlike the
power-law pore size distribution (see e.g., Fig. 1 of Ghanbarian
et al. (2016b)), the heavy tail of the log-normal pore size distribu-
tion at large pore radius scales causes a sharp reduction in krw at
saturations near 1 and accordingly a sigmoidal shape of krw, as
shown in Fig. 2d. Fig. 2 also indicates that overestimating r or rm
results in the overestimation of krw. Furthermore, the region of
applicability of CPA does not change remarkably as r and rm varied
by 50% and 100%, respectively.

4.2. Krw estimation for the paper coating layer

The pore size distribution of the paper coating layer is pre-
sented in Fig. 3. As shown, the log-normal distribution, Eq. (1), with
rmin = 0 nm, rmax = 500 nm, rm = 106.6 nm and r = 0.534 is well fit-
ted to the data (R2 = 0.98). Fig. 4 presents the simulated capillary
pressure curve under imbibition (Fig. 4a) and drainage (Fig. 4b)
conditions. Results show that Swmax = 0.52 and Swr = 0 for the imbi-
bition curve and Swmax = 1 and Swr = 0.08 for the drainage. Although
the imbibition capillary pressure curve (Fig. 4a) appears different
from the drainage one (Fig. 4b), using the effective water satura-
tion Se the two capillary pressure curves interestingly collapsed
into a single curve (see Fig. 4c). This suggests that the effect of hys-
teresis should be negligible.

The estimated and simulated imbibition water relative perme-
ability krw as a function of effective water saturation Se are pre-
sented in Fig. 5 for the paper coating layer. As can be observed,
the proposed water relative permeability model (Eqs. (11) and
(12)) was able to accurately estimate krw from the measured pore
size distribution over the entire range of effective water saturation.
We found the crossover effective water saturation Sex = 0.38 above
which the CPA accurately characterized krw (shown in blue) and
below which the universal power-law scaling from percolation
theory precisely estimated krw (shown in red).

Aslannejad et al. (2017) applied the van Genuchten-Mualem
model (Mualem, 1976; van Genuchten, 1980) and estimated krw
from the simulated imbibition capillary pressure curve shown in
Fig. 4a. Those authors found that the van Genuchten-Mualem model
overestimated krw somewhat at higher Se values (see their Fig. 9).
Our approach (i.e., Eqs. (11) and (12)) apparently estimated krw
from the pore size distribution more accurately. However, it
slightly underestimated krw at higher Se values (see Fig. 5).

The van Genuchten-Mualem model was developed on the basis
of the series-parallel capillary tubes approach, while our model is
based on randomly distributed pores in a porous medium with a
broad pore size distribution. Another difference between the two
model is that in the van Genuchten-Mualem model the critical
water saturation for water relative permeability is typically
assumed to be equal to the residual water saturation estimated
from the capillary pressure curve, while our model differentiates
between Swc and Swr (see Eqs. (7) and (8)), similar to the model
of Ghanbarian et al. (2017). However, Swc could be equal to Swr,
when rc(Sw = 1) = rmax or rc(Sw) = rmax. In addition, our approach



Fig. 5. (a) Estimated imbibition water relative permeability, krw, and (b) estimated logarithm of krw of the paper coating layer as a function of effective water saturation, Se,
using rmin = 0 nm, rmax = 500 nm, rm = 106.6 nm, r = 0.534, Swr = 0, Swc = 0, and a = 4. The blue and red lines represent the critical path analysis scaling (Eq. (11)) and the
universal scaling from percolation theory (Eq. (12)), respectively, with the crossover effective water saturation Sex = 0.38. Circles denote the numerically-simulated data from
Aslannejad et al. (2017). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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estimates krw directly from pore size distribution, whereas the van
Genuchten-Mualem model predicts krw from the capillary pressure
curve. However, our model requires knowledge of residual water
saturation, which can be determined from capillary pressure curve
or from nuclear magnetic resonance imaging (Coates et al., 1999).

4.3. Krw estimation for the uncoated paper

The pore sizes of the uncoated paper, which are considerably
larger compared to the pore sizes of the coating paper, were
derived using micro-CT scanning (Fig. 6). We found that the log-
normal distribution, provided by Eq. (1), with rmin = 0 lm, rmax =
80 lm, rm = 8.5 lm, r = 0.733 could well represent the pore size
distribution (R2 = 0.93), although the data are somewhat scattered.
Remarkably, the geometric mean pore radius rm = 8.5 lm is very
close to those values reported by Dodson and Sampson (1996)
for diverse types of papers (see their Table 1).

The simulated imbibition and drainage capillary pressure
curves are shown in Fig. 7. The maximum and residual water sat-
urations were 0.8 and 0 for the imbibition and 1 and 0.05 for the
drainage, respectively. Similar to the paper coating layer, the
uncoated paper has greater Swmax and larger Swr values under the
drainage than the imbibition (see Fig. 7). When we plotted the
effective saturation, Se, against the capillary pressure for both drai-
nage and imbibition processes, the two capillary pressure curves
collapsed into one curve (see Fig. 7c). As we stated earlier, this indi-
cates that the hysteretic effect in such a porous medium should be
trivial.

Fig. 8 shows both krw and log(krw) estimated via Eqs. (11) and
(12) as well as those simulated numerically using the real 3D
images along different principal directions versus Se for the
uncoated paper. We found that Eqs. (11) and (12) with rmin = 0
Fig. 6. The uncoated paper pore size distribution derived from 3D X-ray tomography o
distribution fitted to the data. We found rmin = 0 lm, rmax = 80 lm, rm = 8.5 lm, r = 0.73
lm, rmax = 80 lm, rm = 8.5 lm, r = 0.733, Swr = 0, Swc = 0, Sex =
0.22, and a = 4 estimated krw accurately over the whole range of
the effective water saturation (see Fig. 8b). However, our theoret-
ical model slightly underestimated krw at higher water saturations
and somewhat overestimated its value at the lower saturation
degrees under imbibition conditions. The latter might be related
to the rough approximation of Swc. The number of simulated data
points at low water saturations is restricted (see Fig. 8b), and the
simulations correspond to water saturations between 0.11 and 1.
Nonetheless, from Fig. 8b, it can be deduced that the critical water
saturation for the imbibition water relative permeability might be
slightly greater than zero, the value assumed in our analyses (Swc =
0). We discuss the effect of critical water saturation on water rela-
tive permeability in the next section.
5. Discussion

The CPA approach applied here is generally applicable to porous
media characterized by a broad pore size distribution with only
short-range correlations (Katz and Thompson, 1987). Sahimi
(2011) stated that natural porous media are not necessarily ran-
dom and may exhibit some correlation. For example, although
packing of particles may contain only short-range correlations,
heterogeneous field-scale porous media may be long-range corre-
lated. Random and short-range correlation mean that hetero-
geneities in one region are random and uncorrelated with those
in other regions. Furthermore, heterogeneities occur at length
scales much smaller than the linear size of a porous medium. In
contrast, long-range correlation means heterogeneities at various
regions are correlated and correlations are often present at all
the length scales (Sahimi, 2011).
n (a) natural scale and (b) semilog scale. The gray line represents the log-normal
3 and R2 = 0.93. Circles denote data from Aslannejad and Hassanizadeh (2017).



Fig. 7. The pore-scale numerically-simulated capillary pressure curve under (a) imbibition and (b) drainage conditions for the uncoated paper. (c) The effective water
saturation Se = (Sw � Swr)/(Swmax � Swr) against the capillary pressure for both imbibition and drainage curves. Circles denote the numerically-simulated data from Aslannejad
and Hassanizadeh (2017).

Fig. 8. (a) Estimated imbibition water relative permeability, krw, and (b) estimated logarithm of krw of the uncoated paper as a function of effective water saturation, Se, using
rmin = 0 lm, rmax = 80 lm, rm = 8.5 lm, r = 0.733, Swr = 0, Swc = 0, and a = 4. The blue and red lines represent the critical path analysis scaling (Eq. (11)) and the universal
scaling from percolation theory (Eq. (12)), respectively, with the crossover effective water saturation Sex = 0.22. Circles denote the pore-scale numerically-simulated data
along different directions from Aslannejad and Hassanizadeh (2017). (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)
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Critical path analysis should work accurately in random and
uncorrelated porous media. Tsakiroglou and Ioannidis (2008)
investigated flow in spatially pore-to-pore and pore-to-throat size
correlated porous media with very broad range of pore-length
scales. Those authors showed that flow through the most perme-
able sample-spanning cluster of pores occurs, and the application
of the classical CPA approach becomes questionable. Results of
Hunt and Idriss (2009), however, indicated that CPA might provide
reasonably accurate permeability predictions in correlated porous
media. To the authors’ knowledge, there exists no supporting evi-
dence in the literature indicating how the accuracy of CPA might
diminish as long-range correlation increases.

A porous medium may be considered as a network of pore bod-
ies and throats distributed in the medium. It is well known in the
literature that the capillarity is controlled by pore bodies, while the
resistance to flow in response to that capillarity is dominated by
pore throats. This is because in the latter drying requires passage
of interfaces through throat constrictions, whereas in the former
wetting requires pore bodies to be filled (see e.g., Sahimi, 1994;
Hunt et al., 2014). Therefore, the drainage and imbibition processes
carry an important distinction. However, as we showed in Fig. 4c
and 7c, the drainage and imbibition capillary pressure curves col-
lapsed into a single curve after using the effective water saturation
for the capillary pressure curves. This means the effect of hystere-
sis i.e., the discrepancy between the drainage and imbibition
curves is negligible and confirms the importance of resistance to
flow in both cases over long times. Accordingly, we simply used
the term ‘‘pore size distribution” to estimate the imbibition water
relative permeability in this study.

As relative permeability is an integral effect of flow through dif-
ferent pores, its accurate estimation requires precise knowledge of
the critical water saturation, Swc. In our approach, Swc is primarily a
function of critical pore radius rc and residual water saturation, Swr.
Although the latter may be determined from the capillary pressure
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curve, the former is difficult to be measured, particularly for differ-
ent water saturations. The value of the critical water saturation is
not universal and varies from one porous medium to another. It
mainly depends on the connectivity of the porous medium. Within
the percolation theory framework, one should expect the critical
water saturation to decrease as the average coordination number
(Z) increases i.e., Swc / 1

Z (Sahimi, 1993; 2011; Ghanbarian et al.,
2015b). In addition, Swc is affected by the scale or sample size.
Finite-size scaling theory of Fisher (1971) and Levinshtein et al.
(1976) indicated that one should expect a shift in the critical water
saturation for the finite size of a pore network. Wetting properties
of the pore space also affect the critical water saturation and rela-
tive permeability. One should expect the water relative permeabil-
ity to be higher in a hydrophobic medium than it would be if the
medium is hydrophilic (see e.g., Anderson, 1987). Accordingly,
the critical water saturation in a hydrophobic medium should be
less than that in the same medium under hydrophilic conditions.

Moreover, it is well known in the literature that both flow rate
and capillary number influence critical saturation for relative per-
meability. Experimental observations of Larson et al. (1981),
Chatzis and Morrow (1984), Fulcher et al. (1985), among many
others showed that critical saturation for relative permeability is
roughly constant at low capillary numbers. At some capillary num-
ber, however, a knee occurs in the critical saturation-capillary
number curve and critical saturation starts to decrease (see
Fig. 3.17 in Lake (1989)).

We emphasize that estimating the critical water saturation is
complicated, because its value is affected by several factors, such
as the pore connectivity, wettability, capillary number, sample
size. There are also other factors, the quantification and integrated
influence of which within a theoretical framework are challenging
problems. Further investigations are then required to study the
critical saturation in thin porous media, such as paper coating lay-
ers and uncoated papers.

We should also point out that as fibers absorb liquid they may
swell and, accordingly, their geometrical and morphological prop-
erties are subjected to vary. The effect of swelling on fiber diameter
as well as pore structure has been addressed in the literature. For
example, Aslannejad and Hassanizadeh (2017) demonstrated that
the fiber diameter could increase by 23% after 50 s. Although dry-
ing the swelled fiber for 280 s caused reduction in diameter by 15%,
their results indicated that the fiber diameter variation is not
entirely reversible.

In another study, Lamminmäki et al. (2011) investigated the
effect of swelling on ink imbibition in terms of ink penetration
and spreading. They showed that small pores play a key role in
the ink imbibition process during the first two seconds. Their
results indicated that the swelling of fibrous matrix can strongly
increase the structural thickness. Further investigation is required
to address the dynamic effect of swelling on the water relative per-
meability during the imbibition process.
6. Conclusion

We developed a theoretical model for estimating the water rel-
ative permeability from pore size distribution derived from images.
To do so, we combined concepts from critical path analysis (CPA)
and the universal power-law scaling of percolation theory. We
assumed that the pore size distribution conformed to the log-
normal distribution and evaluated our model using two media
including a paper coating layer and an uncoated paper. Comparison
with pore-scale numerical simulations performed on the real 3D
images indicated that CPA provided accurate estimates of water
relative permeability at high water saturations. The universal
power-law scaling from percolation theory, which accounts for
the effect of both the tortuosity and connectivity at low water sat-
urations, provided precise estimates in the region near the critical
water saturation, Swc. We showed that the proposed theoretical
model can be used to accurately determine fluid ink and/or ink
vehicle permeation and spreading inside paper coating layers as
well as uncoated papers.
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