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Theory of the magnon-mediated tunnel magneto-Seebeck effect
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The tunnel magneto-Seebeck effect is the dependence of the thermopower of magnetic tunnel junctions on
the magnetic configuration. It is conventionally interpreted in terms of a thermoelectric generalization of the
tunnel magnetoresistance. Here, we investigate the heat-driven electron transport in these junctions associated
with electron-magnon scattering, using stochastic Landau-Lifshitz phenomenology and quantum kinetic theory.
Our findings challenge the widely accepted single-electron picture of the tunneling thermopower in magnetic
junctions.
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I. INTRODUCTION

The interplay between spin, charge, and heat currents might
provide new functionalities and increase the efficiency of
existing thermoelectric technology [1]. The seminal work of
Johnson and Silsbee [2] on nonequilibrium thermodynamics
of spin-dependent transport foresaw the field that has since
been dubbed spin caloritronics. Only recently, however, the
discovery of the spin Seebeck effect has revived general
interest in the investigation of coupled heat and spin transport
in metallic devices, which has since led to the observation
of a number of striking phenomena. Among these, the
tunneling magneto-Seebeck effect [3–5], i.e., the dependence
of the thermopower of a magnetic tunnel junction (MTJ)
on the relative orientation of the two ferromagnetic layers,
bridges spin caloritronics with conventional thermoelectrics,
and offers possibilities for a thermally-actuated magnetic data
readout [6].

The conventional interpretation of the tunnel magneto-
Seebeck effect [3–5], in terms of single-electron transport,
rests on the assumption that the thermoelectric current is
induced by the electron-hole asymmetry of the tunneling
density of states at the Fermi level [7]. A quantitative modeling
of the experiments [3–5] by first-principles calculations [7] did
not lead to hard conclusions, however. On the experimental
side (which is marred by a strong sample dependence), it
is difficult, for instance, to determine the temperature drop
over an ultrathin tunnel barrier, while calculations find a
strong dependence on unknown details of disorder and alloy
composition.

On another front, new experimental evidence suggests
that the magnon drag in the ferromagnetic bulk is playing
a fundamental role in the thermopower: Watzman et al. [8]
observe a thermopower scaling as T 3/2 (and thus dominating
over the single-electron diffusive contribution ∝T ) over
a broad temperature range in elemental transition metals,
in agreement with the theoretically predicted magnon-drag
contribution associated with the magnonic heat flux [9,10].
These findings call for a reassessment of the mechanism of
the Seebeck effect in MTJs, where the relative importance of

the electronic and magnonic contributions may be expected to
parallel that in the bulk [11].

In this paper, we report a theory of transport through a
metallic ferromagnet (F)|insulator (I)|F junction subject to a
thermal bias and evaluate the magnon-mediated contribution
to the magneto-Seebeck effect in the semiclassical regime of
magnetic fluctuations. In Sec. II, we build upon the results of
Ref. [12] to calculate the magnon-mediated magneto-Seebeck
effect within the Landau-Lifshitz-Gilbert (LLG) stochastic
phenomenology (assuming the adiabatic limit of the induced
nonequilibrium electron transport). A more rigorous treatment
is then developed in Sec. III, based on a quantum kinetic theory,
which allows us to systematically treat the coupled magnetic
and electronic fluctuations (as needed for the determination
of the full thermopower). It can handle diverse junctions and
capture various microscopic mechanisms of the thermopower
on equal footing, leading to the main results of this paper. In
Sec. IV, we offer an interpretation of the results of Secs. II and
III in terms of the Berry phase, which links the semiclassical
treatment based on the coherent ferromagnetic precession
with the quantum approach that is centered on evaluating the
electron-magnon scattering self-energies. The paper is closed
with a discussion and outlook in Sec. V.

II. STOCHASTIC CHARGE PUMPING

The magnonic thermopower model in this section is based
on the charge-pumping concept by coherent magnetic dynam-
ics in magnetic tunnel junctions [12,13]. After a brief review,
we generalize this scheme to model the charge current in
temperature-biased MTJs using the stochastic LLG equation.

A. Phenomenology of magnetic pumping

We consider the simplest case of a structurally mirror-
symmetric junction of two metallic isotropic monodomain
ferromagnets separated by a thin tunneling barrier, as shown
in Fig. 1. At low temperatures, i.e., T � TC,TF (with TC and
TF being the Curie and Fermi temperature, respectively), the
electric current is controlled by the voltage V applied to the
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FIG. 1. An F|I|F junction circuit, subjected to an applied voltage
and coherent microwave dynamics of the monodomain order param-
eters, nL(t) and nR(t). The ensuing time-dependent electric current,
Eq. (1), consists of an Ohmic, ∝G, and adiabatically pumped, ∝η,
contributions.

junction and the (unit-vector) spin-density order parameter
dynamics of the left and right magnetic layer, nL(t) and nR(t)
[14]. Focusing on the adiabatic limit of the magnetic charge
pumping, the electric current can be written in terms of the
instantaneous ni(t) and ∂tni(t) (with i = R,L) as [15]

I = GV + η(nL · nR × ∂tnR − nR · nL × ∂tnL) . (1)

Here, G ≡ G(nL · nR) is the electric conductance of the
junction, that, assuming isotropicity in spin space, depends
solely on nL · nR = cos θ . The parameter η depends on the
spin-dependent electronic structure of the system [12,13], as
discussed below. For simplicity (and as justified below in our
tunneling model), we disregard the possible dependence of η

on θ . In the absence of applied voltage, Eq. (1) gives, for a
steady (left-hand) precession of nL at frequency ω with cone
angle θ around a static nR , the magnetically pumped current

Im = ηω sin2 θ . (2)

B. Tunneling Hamiltonian

Our Hamiltonian for conduction electrons in a symmetric
F|I|F junction reads

H = HL + HR + H′ , (3)

where HL,R are the bulk Hamiltonians for the respective
magnetic leads and H′ is the tunneling Hamiltonian. The
Hamiltonian of the ferromagnetic leads can be written as (with
i = L,R)

Hi =
∑

k,σ=↑,↓
εkc

†
k,σ ck,σ

− �

2

∑
σσ ′

∫
d3r ψ†

σ (r)ni(r,t) · σ̂ σσ ′ψσ ′(r) , (4)

in a mixed momentum-position representation. Here, the dis-
persion εk captures the (nonmagnetic) band structure, σ̂ is the
vector of the Pauli matrices, ckσ and ψσ (r) = ∑

k ck,σ eikr/
√
V

(with V being the volume of both ferromagnets) are the
electron field operators (for the ith side, having omitted
the corresponding label) obeying the fermionic commutation
relations: {ck,σ ,c

†
k′,σ ′ } = δkk′δσσ ′ and {ψσ (r),ψ†

σ ′ (r′)} = δ(r −

r′)δσσ ′ . The interaction between the itinerant electrons and the
spin density order parameter ni is parametrized by a uniform
exchange splitting �. The tunneling of electrons through the
insulating barrier described by the Hamiltonian

H′ =
√

h̄

2π

τ

V
∑

k,k′,σ

c
†
k,σ,Lck′,σ,R + H.c. (5)

is assumed to preserve spin, to not depend on n, and is ideally
diffuse, i.e., the tunneling matrix elements τ do not depend on
spin and momentum indices. While such spin- and momentum-
independent tunneling presents a rather simplistic view on the
problem (see, e.g., Ref. [16] for a more thorough analysis) and,
e.g., does not include the symmetry-based selection rules that
cause large magnetoresistance in epitaxial tunneling barriers
such as MgO, it should capture the essence of the collective
effects that are of interest to us. In particular, it provides us with
a simple model to assess the magnonic contribution relative to
the purely electronic one.

The tunneling Hamiltonian (5) was used in Ref. [12] to cal-
culate (through the rotating-frame approach) the parameter η

in Eq. (2), yielding

η = −eh̄

4
|τ |2(D2

↑ − D2
↓) = −eh̄|τ |2D̄2P . (6)

Here, e is the carrier charge (<0, for electrons) and
Dσ is the spin-σ (along n) density of states (per unit
volume V) in the magnetic leads, D̄ ≡ (D↑ + D↓)/2 and
P ≡ (D↑ − D↓)/(D↑ + D↓). The conductance (neglecting
magnon-assisted terms) is

G = 2e2|τ |2D̄2(1 + P 2 cos θ ) = −η
2e

h̄

1 + P 2 cos θ

P
, (7)

so that the voltage induced by the magnetization dynamics in
an open circuit (i.e., with zero current) is

V |I=0 = − η

G
ω sin2 θ = h̄ω

2e

P sin2 θ

1 + P 2 cos θ
. (8)

In the following, we are interested in analogous voltages
induced by thermally-induced magnetic fluctuations.

C. LLG theory of thermopower

Applying Eq. (1) to a thermally-biased MTJ, as in Fig. 2, the
short-circuit (i.e., zero-voltage) current, due to the magnetic
pumping, is given by

Im = η〈nL · nR × ∂tnR − nR · nL × ∂tnL〉 . (9)

The averaging 〈. . . 〉 is carried out here over the steady-
state stochastic fluctuations of the spin density orientations,
nL,R(r,t). For noise sources that are uncorrelated across the
junction (as is the case for the local magnetization damping),
the averaging in Eq. (9) can be correspondingly factored out:

〈nL · nR × ∂tnR〉 = 〈nL〉 · 〈nR × ∂tnR〉
≈ − cos ϑ z · 〈nR × ∂tnR〉 , (10)

and similarly for the second term in Eq. (9). Here, we are
assuming small-angle fluctuations, which govern the ther-
mopower to the leading order in T/TC . ϑ is the angle between
the equilibrium values of the spin-order parameters 〈nL〉
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FIG. 2. Schematic of a thermally-biased F|I|F junction. Stochas-
tic fluctuations around the equilibrium orientations of the spin-density
order parameters, 〈nR〉 ‖ −z and 〈nL〉 (tilted by an angle ϑ), are
induced by the Langevin fields hR and hL (wiggly lines), whose
intensity is greater in the left lead when its temperature TL > TR .

and 〈nR〉, and we used 〈nR × ∂tnR〉 ∝ 〈nR〉 ∝ z. The problem
now reduces to evaluating f (T ) ≡ z · 〈n × ∂tn〉 in a uniform
bulk magnet at temperature T , with 〈n〉 ‖ −z. The thermally-
pumped current is then given by

Im = 2η cos ϑ[f (TL) − f (TR)] , (11)

where the factor of 2 stems from the Neumann (exchange)
boundary condition for the magnetic fluctuations at the
junction, which doubles the power of thermal noise and the
associated pumping [17,18].

The dynamics of the order parameter n is governed by the
stochastic LLG equation [19]

s(1 + αn×)∂tn + n × (Hz + h) +
∑

i

∂ijs,i = 0 . (12)

where s is the saturation spin density, α the dimensionless
Gilbert damping, js,i ≡ −An × ∂in the magnetic spin-current
density, which is proportional to the exchange stiffness A,
and H denotes a magnetic field oriented along the z axis.
Furthermore, h is the Langevin field conjugated to the Gilbert
damping, with the correlator

〈hi(r,ω)h∗
j (r′,ω′)〉 = 2παsh̄ωδij δ(r − r′)δ(ω − ω′)

tanh h̄ω
2kBT (r)

. (13)

Following the procedure of Ref. [10], we solve Eq. (12) to
leading order in the transverse spin-density fluctuations, and
arrive at (in the limit α � 1)

Im = η
2 cos ϑ

s

∫
d3q

(2π )3
h̄ωq

[
coth

h̄ωq

2kBTL

− coth
h̄ωq

2kBTR

]
,

(14)

where ωq is the magnon dispersion. For a small temperature
bias, δT = TL − TR , and in the regime h̄H/s � kBT , where
ωq ≈ Aq2/s, Eq. (14) boils down to

Im = η
2JkB

π2h̄
cos ϑ

(
T

Tc

)3/2

δT . (15)

Here,

J ≡
∫ ∞

0
dx

√
2x6

sinh2 x2
∼ 1 (16)

is a numerical constant and kBTc ≡ A(h̄/s)1/3 approximates
the Curie temperature. The temperature exponent 3/2 coin-
cides with that of the related bulk magnon-drag thermopower
[8–10]. The magnetic junction-mediated Seebeck coefficient
is thus found to be

Sm = − V

δT

∣∣∣∣
Im=0

= − P cos ϑ

1 + P 2 cos ϑ

JkB

π2e

(
T

Tc

)3/2

, (17)

where the full current (neglecting for now the free-electron
thermopower) is I = GV + Im.

We can gain additional insights by rewriting Eq. (14) as an
integral over the magnon energy ε = h̄ω:

Im = η
4 cos ϑ

s

∫
dεD(ε)ε[nB(βLε) − nB(βRε)] . (18)

Here, nB(x) ≡ (ex − 1)−1 is the Bose-Einstein distribution
function, β ≡ 1/kBT is the inverse temperature, and D(ε) is
the magnon density of states (per unit volume). Equation (18)
shows that the pumped charge current is proportional to the
difference in the magnon energy density in the two magnetic
leads. The contribution associated with a single magnon mode
at energy ε (say, in the left ferromagnet), for ϑ → 0, is thus
Im = 4ηω nB/S, where

S ≡ sV/h̄ (19)

is the dimensionless macrospin. Relating this to the (small)
precession-cone angle θ according to nB = (1 − cos θ )S ≈
θ2S/2 gives Im ≈ 2ηωθ2, which reproduces Eq. (2) (times the
aforementioned factor of two due to the Neumann boundary
condition).

The semiclassical formalism, based on magnetic charge
pumping, is, however, not complete. For example, if the fer-
romagnets are subjected to different magnetic fields HL(R) (on
the left and right, respectively), evaluating Eq. (9) according
to the above procedure leads to

Im = η
4 cos ϑ

s

∫
dεD(ε)[(ε + εL)nB(βL(ε + εL))

− (ε + εR)nB(βR(ε + εR))] , (20)

where εL(R) ≡ h̄HL(R)/s are the magnon gaps, and the energy
integration has been shifted to start at the respective magnon-
band edges. Equation (20) would thus imply that a finite
current I is possible even when TL = TR , if HL �= HR . This
unphysical result stems from disregarding possible additional
contributions to the thermopower, which are rooted in the
electronic spin-current noise. In particular, the transverse
spin-current noise [20] may be rectified by the magnetic
fluctuations that it triggers, analogously to the rectification of
the spin current underlying the spin Seebeck effect [17,21]. In
effect, the stochastic LLG treatment includes thermal noise of
magnetic dynamics but does not consider the electronic noise
sources. To remedy this, we now turn to a more systematic
field-theoretic treatment that captures magnetic and electronic
fluctuations on equal footing, accounting consistently for
quantum as well as thermal fluctuations. In Sec. IV, we will
identify the deficiencies of the stochastic Langevin theory from
the field-theoretic perspective.
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III. QUANTUM-KINETIC THEORY

In this section, we introduce the second-quantized Hamil-
tonian and derive its spectral functions. We deploy the latter
to calculate the tunneling current for parallel and antiparallel
configurations, followed by a generalization to noncollinear
magnetization configurations and the presence of spin-flip
scattering in the junction.

A. Spin-dependent spectral functions

Thermally-induced electron tunneling in magnetic junc-
tions can be treated systematically by a quantum-kinetic
formalism, a general framework to address transport through
weak links. We start by quantizing the magnetic orientation
n = (nx,ny,nz) in Eq. (4) by the Holstein-Primakoff transfor-
mation to leading order in small angle fluctuations [22]:

nx − iny(r) ≈
√

2h̄

s
φ̂†(r), nz(r) = h̄

s
φ̂†(r)φ̂(r) − 1 , (21)

where the magnon field operator φ̂(r) = ∑
k ake

ik·r/
√
V obeys

the bosonic commutation relation [φ̂(r),φ̂†(r)] = δ(r − r′),
and ak (a†

k) is the magnon creation (annihilation) operator,
with [ak,a

†
k′ ] = δkk′ . We first address the parallel alignment of

the magnetizations, ϑ = 0.
Substituting Eqs. (21) into Eq. (4) and adding the free-

magnon energy leads to second-quantized Hamiltonian for a
bulk metallic magnet:

HL(R) =
∑
k,σ

εk,σ c
†
k,σ ck,σ +

∑
q

εqa
†
qaq

− �√
2S

∑
k,q

(c†k+q,↑ck,↓aq + H.c.)

− �

2S

∑
k,q,κ,σ

σ c
†
k+κ,σ ck,σ a

†
q−κaq , (22)

where εk,σ = εk + σ�/2 is the (mean-field) spin-dependent
electron energy, with σ = ±1 corresponding, respectively, to
spin ↑,↓ along the z axis, and εq = h̄ω + Aq2/s is the magnon
dispersion relation. The tunneling Hamiltonian (5) connects
the two magnetic leads, each described by Eq. (22). The
magnon-electron interaction affects the electronic transport
by dressing the electronic states and by allowing for inelastic
scattering processes. Here we focus on the electron interaction
with a single magnon mode, at frequency ω, disregarding
(higher-order) multimagnon processes. The corresponding
(retarded) electron self-energies read as [23]

�k,↓(ε) = �2

2S

nF (βεk,↑) + nB(βh̄ω)

ε + h̄ω − εk,↑ + i0+ ,

�k,↑(ε) = �2

2S

nF (−βεk↓) + nB(βh̄ω)

ε − h̄ω − εk,↓ + i0+ . (23)

Here, on the right-hand sides, we implicitly include
the (forward-scattering) correction −σ�nB (βh̄ω)/2S to
εk,σ , which arises from the last term in Eq. (22).
nF (x) ≡ (ex + 1)−1 is the Fermi-Dirac distribution function
and 0+ is an infinitesimal positive. To linear order in

h̄ω/�,nB/S,nF (βεk,↑)/S,[1 − nF (βεk↓)]/S � 1, the spin-
down spectral function Ak,↓(ε) has two peaks (with, hence-
forth, bare energies εk,σ ) at

ε̃k,σ = εk,σ − h̄ω

[
δσ,+ − σ

nB(βh̄ω)

2S

]

+ σ (� + h̄ω)
nF (βεk,↑)

2S
, (24)

with the respective spectral weights δσ,− + σ [nB(βh̄ω) +
nF (εk,↑)]/2S. Hence,

Ak,↓(ε)

2π
=

[
1 − nB(βh̄ω) + nF (βεk,↑)

2S

]
δ(ε − ε̃k,↓)

+ nB(βh̄ω) + nF (βεk,↑)

2S
δ(ε − ε̃k,↑) . (25)

Similar considerations for the spin-up spectral function Ak,↑(ε)
lead us to

Ak,↑(ε)

2π
=

[
1 − nB(βh̄ω) + nF (−βεk,↓)

2S

]
δ(ε − ε̄k,↑)

+ nB(βh̄ω) + nF (−βεk,↓)

2S
δ(ε − ε̄k,↓) , (26)

with peaks at

ε̄k,σ = εk,σ + h̄ω

[
δσ,− + σ

nB(βh̄ω)

2S

]

− σ (� + h̄ω)
nF (−βεk,↓)

2S
. (27)

The spectral functions reflect the lowest-order electron-
magnon scattering, i.e., a spin-up electron flipping spin by
emitting a magnon and the inverse process, both introduced
by the exchange interaction term in the second line of Eq. (22).

B. Magnon-assisted electron tunneling

The expression for the tunneling current following from the
Hamiltonian (5) reads [24]

I = e|τ |2
2πV2

∑
k,k′,σ

∫ ∞

−∞

dε

2π
[nF (βLε) − nF (βRε)]

×Ak,σ,L(ε)Ak′,σ,R(ε) . (28)

The identities

nF (x1)nF (−x2) ≡ nB(x1 − x2)[nF (x2) − nF (x1)] , (29)

and ∫ ∞

−∞
dx[nF (x) − nF (x + x1)] ≡ x1 , (30)

are useful to decompose the net tunneling current I , Eq. (28),
into the free-electron, If , and the magnon-assisted contribu-
tions. At low temperatures, we can approximate the spin-σ
(along n) density of states Dσ by its value at the Fermi
level, i.e., Dσ (ε) ∼= Dσ , within the thermal window set by
kBT . By this approximation, we omit the (Mott) free-electron
thermoelectric current, If ∝ T/TF , and magnonic corrections
O(T/TF ).
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The leading-order magnonic contribution I (P ) to the cur-
rent, in the parallel (P) configuration, then reads

I (P ) = e|τ |2
S

D↑D↓
∫

dε[nF (−βRε)nF (βL(ε + h̄ω))

− nF (−βLε)nF (βR(ε + h̄ω))] . (31)

For a small temperature bias δT = TL − TR , we can express
Eq. (31) in terms of a dimensionless integral:

I (P ) = P−e|τ |2
2S

D↑D↓kBδT

×
∫

dx x

cosh2 x

[
e−(y+x)

cosh(y + x)
+ e−(y−x)

cosh(y − x)

]
, (32)

where x = βε/2 and y = βh̄ω/2. Making use of the identity
∫

dx x

cosh2 x

e−(y±x)

cosh(y ± x)
≡ ± y2

sinh2 y
, (33)

Eq. (32) vanishes, in agreement with Ref. [25].
For the antiparallel (AP) alignment of the magnetizations,

i.e., ϑ → π , the magnonic contribution to the current becomes
I (AP ) = I ′ + I ′′, with

I ′ = e|τ |2
2S

(D2
↑ + D2

↓)
∫

dε[nF (−βRε)nF (βL(ε + h̄ω))

− nF (−βLε)nF (βR(ε + h̄ω))] , (34)

I ′′ = e|τ |2
2S

(D2
↑ − D2

↓)h̄ω[nB(βLh̄ω) − nB(βRh̄ω)] . (35)

Similarly to Eq. (31), Eq. (34) vanishes in linear response. In
terms of the parameter η (Eq. 6), on the other hand, Eq. (35)
becomes

I ′′ = −η
2

sV h̄ω[nB(βLh̄ω) − nB(βRh̄ω)] . (36)

In order to account for the magnetic Neumann boundary
conditions, which enhance the power of finite-wavelength
magnetic fluctuations at the interface, we should multiply
this result by two [17,18]. Integrating, furthermore, over the
continuum of the magnon modes, we finally get

I = −η
4 sin2 ϑ

2

s

∫
dεD(ε)ε[nB(βLε) − nB(βRε)] . (37)

Here, we restored an arbitrary alignment by interpolating
between the parallel and antiparallel cases (according to the
cos ϑ

2 and sin ϑ
2 spin-dependent tunneling matrix elements,

which enter into the generalization of Eq. (28) to arbitrary ϑ).
While Eqs. (18) and (37) agree regarding the overall strength
of the magnon-assisted current (and coincide exactly in
the antiparallel case), the angular dependence differs. Most
importantly, Eq. (37) vanishes in the P case (i.e., for ϑ → 0),
while Eq. (18) reaches maximum. We will discuss the origin
of this discrepancy in Sec. IV.

Our final expression for the linear-response thermopower
is obtained analogously to Eq. (17):

S = P sin2 ϑ
2

1 + P 2 cos ϑ

JkB

π2e

(
T

Tc

)3/2

. (38)

This is a central result of this paper. For the electronlike carriers
(i.e., e < 0) with ferromagnetic alignment between itinerant
spin density and the order parameter n (i.e., P > 0), the
thermopower is negative, as in a simple metal. Equation (38)
is consistent with the results of Ref. [25] in the collinear limits
(i.e., ϑ = 0 or π ).

C. Electron spin flips

The present formalism can be extended to include the
heretofore disregarded electron spin flips in the tunneling
Hamiltonian. These can be caused by elastic electron-impurity
or inelastic electron-phonon scattering in the presence of
spin-orbit interactions and noncollinear or dynamic magnetic
moments in the barrier. The spin-flip scattering may be
included in the tunneling Hamiltonian (5) as:

H′ =
√

h̄

2π

τ

V
∑

k,k′,σ,σ ′
c
†
k,σ,Lck′,σ ′,R(δσσ ′ + νδσ̄σ ′) + H.c. ,

(39)

where σ̄ ≡ −σ and ν parametrizes a (random) spin-flip
tunneling amplitude. In perturbation theory, the latter term
effectively swaps the spin conserving results for the parallel
and antiparallel configurations, so that

I ∝ sin2 ϑ

2
+ |ν|2 cos2 ϑ

2
, (40)

with the proportionality constant obtained from Eq. (37) for
ν = 0.

IV. BERRY-PHASE-INDUCED PUMPING

The connection between the semiclassical pumping by
magnetization dynamics discussed in Sec. II and the quantum-
kinetic description of Sec. III is revealed by a field-theoretic
tunneling treatment to a classically precessing magnetic
bilayer, as sketched in Fig. 3. The lattice and electronic
structures are assumed to be mirror symmetric as before. When
the spin density order parameter nL precesses steadily with
cone angle θ , the left lead is out of thermodynamic equilibrium
and the theory used previously is not applicable anymore. The
nonequilibrium Keldysh Green function formalism is suited
to handle such a situation. In terms of the lesser and greater
Green functions the tunneling current reads [24,26]

I = e|τ |2
2πV2

∫ ∞

−∞

dε

2π

∑
k,k′,σ

[G>
k,σ,L(ε)G<

k′,σ,R(ε)

−G<
k,σ,L(ε)G>

k′,σ,R(ε)] . (41)

We chose a conventional basis set in which the Dirac string
is oriented along the negative z axis (i.e., through the south
pole). In the adiabatic limit, h̄ω � �, the Green functions
can be evaluated as illustrated in Fig. 3, keeping track of both
the dynamic and geometric (i.e., Berry) phases acquired by
the electrons in the precessing exchange field. The former
are governed by the instantaneous energies of the electronic
states |k,∓ni〉 (with i = R,L), which are given by εk,↑(↓) =
εk ± �/2. The geometric phases correspond to the solid angle
spanned by the spin trajectories [27]. The spin-down greater
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FIG. 3. A F|I|F junction biased by a macrospin precession in
the left lead. The two leads have the same volume V: The size of
the right lead is expanded only for the sake of illustration. In the
left ferromagnet, the order parameter nL precesses with constant
frequency ω around the −z axis with cone angle θ . nR → −z in
the right ferromagnet is fixed. � is the solid angle subtended by
a cycle of precession of nL. On the left, we sketch the process
encoded in the Green function G>

k,↓,L(ε). In the adiabatic limit, a
spin-down electron, injected at time 0 and extracted at time t , is a
linear combination of instantaneous spin eigenstates pointing along
±nL. Both components acquire different phases when following
rigidly the precessing order parameter, leading to probabilities
proportional to cos2 θ

2 (sin2 θ

2 ) and to the number of available states,
1 − nF (βLεk,↓(↑)) ≡ nF (−βLεk,↓(↑)).

Green function then reads

iG>
k,↓,L(ε)

2π
= cos2 θ

2
nF (−βLεk,↓)δ(ε − εk,↓ + γ−)

+ sin2 θ

2
nF (−βLεk,↑)δ(ε − εk,↑ + γ+) , (42)

where γ± = h̄ω(1 ± cos θ )/2 accounts for the Berry-phase
contribution to the electron phase following adiabatically the
precession of the order parameter ∓nL. This phase is, per cycle
of precession, 1/2 (i.e., electron spin) times the enclosed solid
angle. Equation (42) has the geometric interpretation shown
in Fig. 3. Along the same lines, the spin-up greater Green
function reads
iG>

k,↑,L(ε)

2π
= cos2 θ

2
nF (−βLεk,↑)δ(ε − εk,↑ − γ−)

+ sin2 θ

2
nF (−βLεk,↓)δ(ε − εk,↓ − γ+) . (43)

The spin-up and spin-down lesser Green functions of the left
lead are given by similar expressions, with the replacement of
nF (−βε) → nF (βε).

The Green functions of the right lead are recovered by
simply setting θ → 0. Thereby, Eq. (41) reduces to the simple
form

Im = −|τ |2 eh̄ω

4
(D2

↑ − D2
↓) sin2 θ , (44)

which, using Eq. (6), reproduces Eq. (2). The structure of the
above Green functions precisely mimics the rotating-frame
analysis of Ref. [12].

Several observations link the quantum-kinetic and semi-
classical considerations. First of all, we see that the intro-
duction of the Berry phases through the γ± energy shifts in

Eqs. (42) and (43) allows us to identify the first two terms
on the right-hand sides of Eqs. (24) and (27) as the dynamic
and geometric contributions to the spin-σ electron energies,
respectively. Indeed, writing

nB

2S
= 1 − cos θ

2
= sin2 θ

2
, (45)

where nB is now the (average) number of magnons corre-
sponding to the coherent precession with angle θ , we see
that γσ = h̄ω(δσ,+ − σnB/2S). Equation (45), furthermore,
allows us to geometrically interpret the delta-function weights
in spectral functions (25) and (26). Namely,

Ak,↓,L(ε)

2π
= i

2π
[G>

k,↓,L(ε) − G<
k,↓,L(ε)]

=
(

1 − nB

2S

)
δ(ε − εk,↓ + γ−)

+ nB

2S
δ(ε − εk,↑ + γ+) , (46)

by inserting Eq. (45). The semiclassical treatment of this
section, however, requires that nB � 1, hence the fermionic
factors ∝nF � nB are, unfortunately, not captured in this
approximation [28].

We thus conclude that the semiclassical treatment of the
magnonic thermal pumping leading to the results of Sec. II,
particularly Eq. (18), captures only part of the story. Namely,
these results correspond to a hypothetical situation in which the
magnons experience a thermal bias while the electrons are ther-
mally equilibrated. It is more physical to suppose that electrons
and magnons are in a common thermodynamic equilibrium
in each lead (assuming the electron-magnon coupling in the
leads is stronger than the phonon-mediated magnon-magnon
coupling across the barrier). This is accounted for by resorting
to a more thorough quantum-kinetic description of Sec. III,
which captures magnonic and electronic spin fluctuations (and
the associated pumping and torques) on equal footing.

V. DISCUSSION AND OUTLOOK

We analyzed the thermopower in magnetic tunnel junctions,
focusing on the role of collective (transverse) spin fluctuations
and the associated magnon-assisted electron transport. We
developed a semiclassical framework for calculating stochastic
pumping of charge by the magnetic thermal noise as well
as a more complete quantum-kinetic theory that captures
the effects of magnonic and electronic noise. The Berry
phase accumulated by electrons in the presence of magnetic
fluctuations unifies the two approaches.

The electronic contribution to the Seebeck effect, Sf ∼
(kB/e)T/TF , is found to be augmented by a magnon-
assisted tunneling charge current with thermopower S ∼
(kB/e)(T/TC)3/2. Focusing on elemental transition metals and
taking bulk parameters for TF and TC from Refs. [29] and [30],
respectively, the room-temperature magnonic contribution S
to the thermopower of symmetric tunnel junctions is obtained
then to be significant when compared with the free-electron
one. Similar estimates have been made in the context of the
measured bulk thermopower in metallic ferromagnets [8].

We note, however, that the crude ∝T/TF estimate for
the electronic thermopower neglects nontrivial band-structure
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features (that may enhance the electron-hole asymmetry) in
the tunneling density of states, depending on disorder and
alloy scattering [7]. (In this regard, we point out that also
the magnonic band structure may be engineered or tuned to
enhance the magnon-assisted thermopower.) It is worthwhile
noting that the Curie temperature TC of transition metals is
systematically higher than Tc ≡ A(h̄/s)1/3/kB that enters in
our expression for the thermopower (38) (see, e.g., Ref. [31]
for Fe). We may, furthermore, expect for the magnonic contri-
bution to be enhanced in thin magnetic films forming tunnel
junctions, due to larger thermal fluctuations (as manifested by
lower Curie temperatures and suppressed long-range order). In
light of these complexities, we are omitting model-dependent
numerical factors in the estimates for Sf and S (e.g., ∼ π2/3
and π−2, respectively, for parabolic bands and featureless
tunneling matrix elements). We can nevertheless conclude that
the magnonic contribution to the thermopower is generally
important and may even dominate thermoelectric properties,
especially in structures of reduced dimensions.

Whereas the order of magnitude of the observed ther-
mopower [3–5] of magnetic tunnel junctions is in line with the
theoretical estimates, a quantitative and material-dependent
comparison of theory and experiments is difficult also due
to the experimental uncertainties. Further measurements of
the junction thermopower, as a function of temperature
and magnetic field, are called for. Future theoretical work
should address the role of phonons, multimagnon scattering
processes, and the enhanced magnetic fluctuations in the
vicinity of TC . While we focused on the mirror-symmetric

F|I|F junctions at low temperatures, it should be interesting to
study asymmetric junctions as well as effects stemming from
spin relaxation and nonadiabaticity of electron spin dynamics
(which is especially relevant when approaching TC), from both
quantum-kinetic and semiclassical perspectives. Finally, we
recall that the tunneling Hamiltonian (5) is based on simpli-
fied momentum- and spin-independent tunneling amplitudes,
which needs to be generalized for a more quantitative theory.
In particular, this concerns accounting for the magnon-assisted
electron tunneling processes.

In broader terms, the capacity of low-energy collective
modes (here, spin waves) to disrupt the electron particle-
hole symmetry on energy scales much lower than TF open
new strategies for enhancing thermoelectric characteristics.
An interesting open issue concerns the effect of magnons
and other collective modes on the large thermopower pre-
dicted in heterostructures with magnetic and superconducting
orderings [32].
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