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• A weakly informative prior solves issues that are common for this model in a frequentist setting.
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• The model is shown to work well and provide valuable insight for psychological research.

a r t i c l e i n f o

Article history:
Received 16 September 2016
Received in revised form 15 May 2017
Available online 23 August 2017

Keywords:
Circular data
MCMC
Bayes factor
Savage–Dickey density ratio

a b s t r a c t

Motivated by a study from cognitive psychology, we develop a Generalized Linear Model for circular data
within the Bayesian framework, using the von Mises distribution. Although circular data arise in a wide
variety of scientific fields, the number of methods for their analysis is limited. Our model allows inclusion
of both continuous and categorical covariates. In a frequentist setting, this type of model is plagued by
the likelihood surface of its regression coefficients, which is not logarithmically concave. In a Bayesian
context, a weakly informative prior solves this issue, while for other parameters noninformative priors
are available. In addition to anMCMC sampling algorithm, we develop Bayesian hypothesis tests based on
the Bayes factor for both equality and inequality constrained hypotheses. In a simulation study, it can be
seen that our method performs well. The analyses are available in the package CircGLMBayes. Finally, we
apply thismodel to a dataset fromexperimental psychology, and show that it provides valuable insight for
applied researchers. Extensions to dependent observations are within reach bymeans of the multivariate
von Mises distribution.

© 2017 Elsevier Inc. All rights reserved.

1. Introduction

Circular data are measured in angles or directions, and are
frequently encountered in scientific fields as diverse as life sci-
ences (Mardia, 2011), behavioral biology (Bulbert, Page, & Bernal,
2015), cognitive psychology (Kaas & Van Mier, 2006), bioinfor-
matics (Mardia, Hughes, Taylor, & Singh, 2008), political science
(Gill & Hangartner, 2010) and environmental sciences (Arnold &
SenGupta, 2006; Lagona, 2016; Lagona, Picone, Maruotti, & Cosoli,
2015). In psychology, circular data occur often in motor behavior
research (Baayen, Klugkist, & Mechsner, 2012; Mechsner, Kerzel,
Knoblich, & Prinz, 2001; Mechsner, Stenneken, Cole, Aschersleben,
& Prinz, 2007; Postma, Zuidhoek, Noordzij, & Kappers, 2008), as
well as in the application of circumplex models (Gurtman, 2009;
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Gurtman& Pincus, 2003; Leary, 1957). Circular data differ from lin-
ear data in the sense that circular data aremeasured in a periodical
sample space. For example, an angle of 1◦ is quite close to an angle
359◦, although linear intuition suggests otherwise.

Therefore, linear models may not properly describe the process
that has generated the circular data of interest. Circular data anal-
ysis has been developed to deal with this, although attention to
this type of analysis has been limited. Only slightly more than a
handful of in-depth books on circular data analysis have been pub-
lished (Fisher, 1995; Jammalamadaka & Sengupta, 2001; Mardia &
Jupp, 1999; Pewsey, Neuhäuser, & Ruxton, 2013), and in general,
statistical methods for circular data are somewhat limited.

Here, attention is turned to analysis of datasets with a circular
outcome, predicted by covariates that can be continuous (linear) or
categorical. This leads to a structure similar to the Generalized Lin-
earModel (GLM), which has bothmultiple regression and ANCOVA
as special cases.

http://dx.doi.org/10.1016/j.jmp.2017.07.001
0022-2496/© 2017 Elsevier Inc. All rights reserved.
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Three main approaches to circular data analysis might be dis-
tinguished. First, the intrinsic approach employs distributions di-
rectly defined on the circle (Artes, 2008; Fisher & Lee, 1992).
Second, the wrapping approach ‘wraps’ a univariate distribution
around the circle by taking the modulus of data on the real
line (Coles, 1998; Ferrari, unpublished). Third, the embedding ap-
proach projects points from a bivariate distribution to the circle
(Hernandez-Stumpfhauser, Breidt, van der Woerd, et al., 2015;
Maruotti, 2016; Nuñez-Antonio & Gutiérrez-Peña, 2014; Nuñez-
Antonio, Gutiérrez-Peña, & Escarela, 2011;Wang & Gelfand, 2014).
While the wrapping and embedding approach provide promising
avenues of study in their own right, here attention is restricted to
the intrinsic approach, as itmight provide themost natural analysis
of circular data.

Within the intrinsic approach, the circular analogue to the Nor-
mal distribution is the von Mises distribution (Von Mises, 1918).
This symmetric unimodal distribution is given by

M(θ | µ, κ) = [2π I0(κ)]−1 exp (κ cos [θ − µ]) , (1)

where θ ∈ (−π, π ) represents an angular measurement, µ ∈
(−π, π ) represents the mean direction, κ ∈ R+ is a concentration
parameter, and I0(·) represents the modified Bessel function of the
first kind and order zero. Some examples of frequentist methods
that employ the vonMises distribution are a circular ANOVA (Wat-
son &Williams, 1956), circular ANCOVA (Artes, 2008) and circular
regression (Fisher & Lee, 1992). Here, a Bayesian analysis of such
models will be developed.

Early approaches to Markov chain Monte Carlo (MCMC) sam-
pling for the vonMises distribution provide amethod for sampling
µwhen κ is known (Mardia & El-Atoum, 1976) and sampling both
parameters for a single group of data (Damien & Walker, 1999).
Guttorp and Lockhart (1988) present a conjugate prior for the
von Mises model. Recent theoretical work has much improved the
efficiency of the sampling of the concentration parameter of the
von Mises distribution (Forbes & Mardia, 2015).

Somedevelopment has also taken place in the field of semipara-
metric inference for circular datamodels, often usingDirichlet pro-
cess priors (Bhattacharya& Sengupta, 2009;George&Ghosh, 2006;
Ghosh, Jammalamadaka, & Tiwari, 2003; McVinish & Mengersen,
2008). In particular, Ghosh et al. (2003) provide Bayes factors for
the simple hypothesis test of equality of two means. However,
these methods are generally complex, which makes it hard to
extend these models, for example to include covariates. Therefore,
we will focus on parametric models, with residuals following the
von Mises distribution.

A Bayesian circular regression analysis has been developed by
Gill and Hangartner (2010), using starting values from a frequen-
tist iterative reweighted least squares (IRLS) algorithm, which is
similar to that used by Fisher and Lee (1992). Gill and Hangartner
(2010) note that the likelihood function of the regression coeffi-
cients from their model is not globally logarithmically concave,
which might cause the algorithm to converge to a local maxi-
mum. To combat this, Gill and Hangartner (2010) advise careful
inspection of the likelihood surface of the regression coefficients.
Drawbacks of the approach taken by Gill and Hangartner (2010)
are that a prior is not specified, the algorithm is slow, categorical
predictors are not treated separately and for larger models it may
be unclear whether the regression coefficients have converged to
the global maximum.

Recent work has provided a multivariate extension of the von
Mises distribution (Mardia et al., 2008; Mardia & Voss, 2014),
which offers a promising new way of thinking about circular co-
variate models. The multivariate von Mises was applied in this
context by Lagona (2016)within a Generalized LinearModel (GLM)
setting, applying MCMC likelihood approximation as in Geyer and
Thompson (1992) to computemaximum likelihood estimates. This

approach is not Bayesian, but it is a promising approach because
of its flexibility, allowing both the mean and concentration to be
dependent on an arbitrary set of covariates, as well as allowing
observations to be dependent.

There are three main drawbacks of the circular GLM approach
to circular data analysis currently. First, the GLM approach is not
free from the lack of concavity as described in Gill and Hangartner
(2010), although this has not yet been investigated in detail. Sec-
ond, the current approach does not have separate parameters for
differences in group mean direction, which precludes the popular
ANCOVA model to some extent. Third, Bayesian hypothesis tests
for this model are not available, which limits its applicability.

The structure of this paper is as follows. The circular data GLM
model is developed in a fully Bayesian setting in Section 2. The lack
of concavity in the likelihood function will be examined, and sug-
gestions will be formulated on how to deal with this issue. Details
on the MCMC sampler are provided in Section 3. Section 4 outlines
Bayesian hypothesis tests for this model, both for equality and
inequality constrainedhypotheses. Then, a simulation study for the
method is provided in Section 5. Section 6 provides an application
of ourmethod to empirical data from cognitive psychology. Finally,
Section 7 provides a short discussion.

2. Bayesian circular GLM

Consider a dataset {θi, xi, di}, (i = 1, . . . , n), where θi ∈
[−π, π ) is a circular outcome variable, xi ∈ RK is a column vector
of continuous linear covariates which are assumed to be standard-
ized, and di ∈ {0, 1}J is a column vector of dichotomous variables
indicating group membership. Assume that each observed angle θi
is generated independently from a von Mises distribution M(θi |
µi, κ). Then, µi is chosen to be

µi = β0 + δ
Tdi + g(βTxi), (2)

where β0 ∈ [−π, π ) is an offset parameter which serves as a
circular intercept, δ ∈ [−π, π )J is a column vector of circular
group difference parameters, g(·) : R → (−π, π ) is a twice
differentiable link function, and β ∈ RK is a column vector of
regression coefficients. Fisher and Lee (1992) and Jammalamadaka
and Sengupta (2001) discuss the choice of the link function. A com-
mon and natural choice for the link function is g(x) = 2tan−1(x),
which we will focus on here.

This model specification differs from the usual approach to
circular regression models, as these generally set µi = β0 +

g(βTxi) (Fisher & Lee, 1992; Gill &Hangartner, 2010; Lagona, 2016).
However, we view this model as unsatisfactory when including
dichotomous predictors in x, which we will illustrate in Fig. 1.
Consider a single dichotomous predictor d added to a model with
a single continuous predictor x. The dichotomous predictor might
be added into the model as µ = β0 + g(βx + δd). Adding δ in the
link function shifts the location of the prediction line, but also its
shape. Therefore, the shape for d = 0 is fixed, but for d = 1 the
shape is dependent on a free parameter, δ. This makes the shape
of the prediction line (and therefore the analysis) depend on the
arbitrary choice of reference group, which can be seen in Fig. 1a. To
solve this, we advocate setting µ = β0 + δd+ g(βx), the resulting
prediction lines of which are shown in Fig. 1b.

A comparable approach is taken in Artes (2008), where a sep-
arate intercept is estimated for each group. However, having a
separate intercept for each group means that a factorial design
with main effects only cannot be specified. In many applications,
especially in psychology, this is problematic. The approach here is
more flexible in that it allows a researcher to either fit amodelwith
main effects only, to fit a model with specific interactions, or to
compare these models. In addition, Artes (2008) also describes a
non-parallel case where the regression parameters are estimated
separately for each group. This model can be obtained as a special
case of the model provided here by including appropriate interac-
tion terms in the model.
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(a) µi = β0 + g(βxi + δdi).

(b) µi = β0 + δdi + g(βxi).

Fig. 1. Prediction lines from two different models, which were fitted to a dataset
with n = 100, and true parameters δ = 2, β0 = π/2, β = 0.4, κ = 20.
The two models have (a) dichotomous predictors placed in the link function, and
(b) dichotomous predictors treated separately.

2.1. Likelihood

Denote the set of parameters by φ = {β0, κ, δ,β}. The joint
likelihood for the GLM-type model is then given by

f (θ,X, d | φ) =
n∏

i=1

M(θi | µi, κ) (3)

= {2π I0(κ)}−n

× exp

{
κ

n∑
i=1

cos
[
θi −

(
β0 + δ

Tdi + g(βTxi)
)]}

.

(4)

If we let ψi = θi − δ
Tdi − g(βTxi), (i = 1, . . . , n), then we can

recognize the conditional likelihood f (β0, κ | δ,β, θ,X, d) as the
likelihood of the parameters of a vonMises distributionwithmean
direction β0 and concentration κ , as shown in Appendix.

The conditional distribution of β0 is M(ψ̄, Rψκ), where ψ̄ and
Rψ are the mean direction and resultant length of the vector ψ,
given by

ψ̄ = atan2

(
n∑

i=1

sinψi,

n∑
i=1

cosψi

)
,

Rψ =

√( n∑
i=1

cosψi

)2

+

(
n∑

i=1

sinψi

)2

.

Conditionals for κ , β and δ are not of simple form and require
special attention.

2.2. Priors

The next step in themodel specification is setting prior distribu-
tions for the parametersφ. Wewill focus on uninformative, default

priors where possible. The joint prior is factored as

p(φ) ∝ p(β0, κ | δ,β)p(δ)p(β) (5)

so that β and δ are independent. Furthermore,

p(δ) ∝
J∏

j=1

p(δj), p(β) ∝
K∏

k=1

p(βk). (6)

Next, the choice of each of these priors is discussed.

2.2.1. p(δj)
For each δj, the circular uniform distribution is a natural and

uninformative default prior, so that

p(δj) =
1
2π
, ∀j = 1, . . . , J. (7)

This prior indicates that given amean direction for some reference
group, there is no knowledge on the mean direction of group j.

2.2.2. p(β)
For each βk there is no natural uninformative prior. A constant

prior p(βk) ∝ 1 could be employed. However, as noted by Fisher
(1995) and Gill and Hangartner (2010), this leads to a posterior of
irregular form, including local maxima and non-zero asymptotes,
as shown in Fig. 2a.

However, because the linear predictors are standardized, the
interpretation of the size of β is equal across studies. Therefore,
we can determine a priori which values of βk would be probable
in practical research scenarios. In this case, if

∑K
k=1|βk| > 1.5, the

majority of the probability mass of the data is on the semi-circle
opposite of the group intercept (β0 + δ

Td), which is not likely in
practice. This expectation canbe translated to aweakly informative
prior distribution. Here, this was done by setting the prior as

βk ∼ N(0, σ 2), ∀k = 1, . . . , K , (8)

where N(µ, σ 2) denotes the Normal distribution with meanµ and
varianceσ 2. For aNormal priorwith any finiteσ 2, there are nonon-
zero asymptotes in the conditional posterior of β for any values
of β0, κ, δ, because log fN (x | 0, σ 2) → −∞ as |x| → ∞. As
σ 2
→ 0, the prior becomes more informative and the posterior for

βk centers on 0. As σ 2
→ ∞, the prior becomes less informative,

but the posterior becomes more irregular, with large plateaus and
more local maxima. By default, we choose σ 2

= 1 so that the
prior is the standard Normal distribution, which represents the
weakly informative prior mentioned previously, for which values
of |βk| > 1.5 are a priori unlikely.

To illustrate this, the resulting posterior is compared to the
posterior resulting from the constant prior in Fig. 2. The posterior
is based on a synthetic dataset of 7 observations with a single
predictor x = −3, . . . , 3, which is standardized and the outcome
is then computed as θi = 2tan−1(xi)+ εi where εi ∼ N(0, 1/10), so
the true β is 1. In Fig. 2, the conditional posterior of β is displayed
given β0 = 0, κ = 1. Fig. 2a gives a zoomed-out view of the
posterior resulting from the constant prior, where the asymptotes
are clearly visible. Fig. 2b shows a zoomed-in view of the resulting
conditional posterior from a prior with σ 2

= 1/5 (dashed), σ 2
= 1

(dashed),σ 2
= 5 (dotted). It can be seen that theN(0, 5) prior takes

a shape not unlike the one seen in Fig. 2a, although the asymptote is
avoided. The N(0, 1/5) prior can be seen to have a strong influence
on the posterior estimate for this data where the true β = 1. The
N(0, 1) prior represents a balance for which the asymptotes are
solved, but the posterior estimates are very close to the maximum
likelihood estimates. In practical settings generally |β| ≪ 1, so that
the influence of the priorwill often beminimal. For these priors the
posterior is not necessarily logarithmically concave, which might
make optimization difficult, but which MCMC methods handle
well.
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(a) p(βk) ∝ 1.

(b) p(βk) ∝ N(0, 1/5) (dashed), p(βk) ∝ N(0, 1) (solid), p(βk) ∝ N(0, 5)
(dotted).

Fig. 2. Comparison of the conditional log-posterior of βk when using (a) a constant
prior, whichmeans the log-posterior is equal to the log-likelihood, and (b) a Normal
prior with three different values for σ 2 .

2.2.3. p(β0, κ)
For the von Mises part of the model we follow the conjugate

prior provided by Guttorp and Lockhart (1988), given by

p(β0, κ | δ,β) ∝ I0(κ)−c exp [R0κ cos(β0 − µ0)] . (9)

The prior hyperparameters {c, R0, µ0} can be interpreted as the
prior sample size c , prior resultant length R0 and prior mean direc-
tion µ0 respectively of a hypothetical set of anglesψ = θ − δTd −
g
(
βTx

)
. Setting informative prior expectations for the parameters

of the distribution of a random angle ψ might be difficult, because
conditioning on β and δ makes ψ hard to interpret. However, an
uninformative prior is easily obtained by setting c = 0, R0 = 0,
which is the approach taken here. Note that this does induce an
improper (constant) prior on κ .

3. MCMC sampling

In this section, details will be discussed for the MCMC sampling
procedure, given below as Algorithm 1. Usually, the algorithm con-
verges fast and mixes rapidly, at least for smaller models. The fol-
lowing sections provide further details on sampling β0, κ,β and δ.

3.1. Sampling β0

Using the likelihood discussed in Section 2.1 and the uninfor-
mative prior from Section 2.2.3, it can be seen that the conditional

Algorithm 1MCMC algorithm for circular GLM

Set φ(1)
← {β

(1)
0 , κ

(1),β(1), δ(1)}, which are the given starting
values.
for q = 2, . . . , Q do
ψi ← θi − δ

Td i − g(βTxi), ∀ i = 1, . . . , n.

Rψ ←
√(∑n

i=1 cosψi
)2
+
(∑n

i=1 sinψi
)2
.

ψ̄ ← atan2
[∑n

i=1 sinψi,
∑n

i=1 cosψi
]
.

Sample β0 ∼M
(
ψ̄, Rψκ

)
.

ζ ←−n−1Rψ cos
(
β0 − ψ̄

)
.

Sample κ with sampleKappa(n, ζ ) as in Forbes & Mardia
(2015).

for j = 1, . . . J do
Sample a candidate δ∗j ∼M

(
δj, Rψκ

)
.

αδj ← log p
(
δ∗j ,φ(−δj)

⏐⏐⏐ θ,X, d)−
log p

(
δj,φ(−δj)

⏐⏐⏐ θ,X, d) .
Sample u1 ∼ U[0, 1].
if αδj > log u1 then
δj ← δ∗j

end if
end for
for k = 1, . . . K do

Sample u2 ∼ U[−w,w] and u3 ∼ U[0, 1].
β∗k ← (βk + tan(u2π/2)) / (1− βk tan(u2π/2)) .
αβk ← log p

(
β∗k ,φ(−βk)

⏐⏐ θ,X, d)+ log ftc
(
β∗k

⏐⏐ w)−
log p

(
βk,φ(−βk)

⏐⏐ θ,X, d)− log ftc (βk | w) ,

where ftc (x | w) = 1/
(
wπ

[
1+ x2

])
.

if αβk > log u3 then
βk ← β∗k

end if
end for
φ(q)
← φ

end for

posterior distribution of β0 is M(ψ̄, Rψκ). To draw from this dis-
tribution, a new vector ψ is computed in each iteration, using the
current values of {β, δ}. Then, the corresponding values of ψ̄ , and
Rψ are computed. In this case, a Gibbs step can be applied, because
it is straightforward to sample from the vonMises distribution, for
example as in Best and Fisher (1979).

3.2. Sampling κ

Sampling κ is performed by employing a fast rejection sampler
described by Forbes andMardia (2015). This algorithm takes inputs
{m, ζ } and returns a new value from the conditional distribution
of κ . Here, with an uninformative prior on the von Mises model,
m = n and ζ = −Rψ cos(β0 − ψ̄)/n. For further details, see Forbes
and Mardia (2015).

3.3. Sampling β

Sampling β is performed by a Metropolis–Hastings step (Hast-
ings, 1970; Metropolis, Rosenbluth, Rosenbluth, Teller, & Teller,
1953). However, because of the irregular shape of the posterior,
a random walk on βk may cause slow convergence. If the current
value for βk is further from zero, we might prefer to propose
candidates that are further away from the current value.

Therefore, motivated by the circular nature of the parameter
space, candidates are generated by

β∗k =
β

(cur)
k + tan(uπ/2)

1− β (cur)
k tan(uπ/2)

, (10)
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where u is a random variate from the uniform distribution
U(−w,w), withw a tuning parameter. Here, we choosew = 0.05.
This procedure can be shown to be equivalent to drawing a pro-
posal from the truncated Cauchy distribution f

(
β∗k |β

(cur)
k , w

)
=

1/
(
wπ

[
1+ β∗k

2])with bounds[
β

(cur)
k + tan(−πw/2)

1− β (cur)
k tan(−πw/2)

,
β

(cur)
k + tan(πw/2)

1− β (cur)
k tan(πw/2)

]
.

Note that this proposal is not symmetric, although theMetropolis–
Hastings ratio corrects for this lack of symmetry in the usual way.

3.4. Sampling δ

It can be seen that the conditional posterior of each δj is a convo-
lution of two vonMises distributions, which itself is not vonMises.
Mardia and Jupp (1999, p. 44) provide an approximation for such a
convolution. Here, a slightly simpler approach is taking employing
another Metropolis–Hastings step with von Mises proposals such
that

δ∗j ∼M
(
δ
(cur)
j , R(cur)

ψ κ (cur)
)
. (11)

4. Hypothesis tests

In order to make decisions on a researcher’s hypotheses, it
is useful to consider hypothesis testing. A Bayesian approach to
testing two discrete hypotheses against each other is by updating
the prior odds of the hypotheses by multiplying them by the Bayes
factor (Jeffreys, 1961; Kass & Raftery, 1995), in order to produce
the posterior odds of the two hypotheses. From the posterior odds,
we can obtain the posterior model probability of H1 compared to
H0, p(H1 | D), where D represents the data, in this case {θ,X, d}.
This is an intuitive probability of interest, because it represents our
current belief that H1 is true rather than H0, and this probability
might further be used to make decisions.

Two types of hypothesis tests are considered here. First, we
consider traditional equality constrained hypotheses, comparing a
null hypothesis to an alternative. Second, we consider inequality
constrained hypotheses (Hoijtink, 2011; Hoijtink, Klugkist, & Boe-
len, 2008), where we test whether a parameter is larger than some
other parameter, which can be a function of the parameters in the
model or a fixed value.

4.1. Equality constrained hypotheses

Consider two hypotheses about some model parameter γ ,

H0 : γ = γ0, H1 : γ ∈ Ωγ , (12)

where Ωγ is the sample space of γ . The associated Bayes factor is
given by

BF01 =
p(D | H0)
p(D | H1)

. (13)

To obtain the Bayes factor, we must compute the quantity

p(D | Hs) =
∫

p(D,φs | Hs)dφs, (14)

whereφs denotes the set of parameters in themodel for hypothesis
Hs. In general, this integral is not easy to compute, although special
cases admit closed-form solutions. Here we will apply the Savage–
Dickey method (Dickey, Lientz, et al., 1970; O’Hagan & Forster,
2004), followingWagenmakers, Lodewyckx, Kuriyal, and Grasman

(2010). This method is based upon the result that, under some
assumptions,
p(D | H0)
p(D | H1)

=
p(γ = γ0 | D,H1)
p(γ = γ0 | H1)

, (15)

which is a ratio of the posterior and prior probability of γ0 under
model H1. In practice, this means that the probability of γ0 under
H1 must be evaluated, both in the prior and the posterior. Although
trivial in some conjugate situations, for the circular GLM this needs
to be addressed separately for each parameter to whichwewish to
compute the Bayes factor.

In this study, this type of hypothesis test will be applied to both
δ and β . For some βk, the hypotheses under evaluation are

H0 : βk = 0, H1 : βk ∈ R. (16)

Taking a Normal prior on βk as before, p(βk = 0 | H1) = pN (0 |
µ = 0, σ 2

= 1) ≈ 0.399.
For some δj, the hypothesis under evaluation is

H0 : δj = 0, H1 : δj ∈ [−π, π ). (17)

With a uniform prior on δj, p(δj = 0 | H1) = 1/2π ≈ 0.159.
For p(βk = 0 | D,H1) and p(δj = 0 | D,H1), a simple estimate is

obtained by computing the height of the histogram bar that would
contain 10% of the observations and which would have γ0 as its
midpoint. A more sophisticated approach could employ log-spline
distributions on the real line (Stone, Hansen, Kooperberg, Truong,
et al., 1997) and on the circle (Ferreira, Juárez, Steel, et al., 2008).

We note that if γ0 is far from the posterior samples of γ , this
estimate will not be stable. However, Wagenmakers et al. (2010)
note that evidence for H1 is overwhelming by that point, which
means that accuracy is much less important.

Another remark to be made is that this method is only valid
if the nuisance parameters between the two hypotheses serve
the same purpose. For a discussion, see Consonni, Veronese, et al.
(2008).

4.2. Inequality constrained hypotheses

In practice, researchers often have directed (one-sided) hy-
potheses, which may be specified by using inequality constraints.
Bayesian analysis of inequality constrained hypotheses has been
studied by Klugkist, Laudy, and Hoijtink (2005) andWetzels, Gras-
man, and Wagenmakers (2010).

For some model parameter γ , a simple hypothesis to evaluate
could be

H0 : γ > γ0, H1 : γ < γ0.

In order to quantify our belief in these hypotheses, we employ an
encompassing hypothesis Hunc : γ ∈ Ωγ , from which an MCMC
sample γ = {γ (1), . . . , γ (Q )

} is obtained (Klugkist et al., 2005).
Then, assuming the encompassing prior does not favor either hy-
pothesis, it can be shown that the Bayes factor for H0 versus H1 is
given by

BF01 =
p(D | H0)
p(D | H1)

=
p(D | H0)/p(D | Hunc)
p(D | H1)/p(D | Hunc)

=

∑Q
s=1 I

(
γ (s)
∈ Ωγ |H0

)∑Q
s=1 I

(
γ (s) ∈ Ωγ |H1

) , (18)

where I(·) is an indicator function, γ (s) is a sample from the uncon-
strained model Hunc , andΩγ |Hs is the admitted sample space for γ
under hypothesis Hs.

This is a flexible approach, because it allows evaluation of any
combination of inequality constrained hypotheses against each
other. For example, consider a model with three groups, where
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we denote the mean directions by {µ1, µ2, µ3}. Then, a major
advantage of the inequality constrained hypothesis approach is
that it becomes easy to assess the model

µ1 > µ2 > µ3. (19)

5. Simulation study

A simulation study was performed to assess the effectiveness
of the proposed method. The sampler was implemented in Rcpp
(Eddelbuettel & François, 2011), and analyzed in R (R Core Team,
2016). Generally, the method converges fast and mixes well for
each cell in the simulation, so that a burn-in of 1000 and a number
of iterations of 20000 was deemed sufficient, with no thinning.
Three different models are considered. First, a circular regression
scenario with a single linear predictor. Second, a 2 × 2 factorial
ANOVA model with main effects only. Third, an ANCOVA model
with a single grouping variable and four linear covariates. For
all models, the artificial data featured (total) sample sizes n =
{20, 100}, concentrations κ = {2, 10} and circular intercept β0 =

π/2. Additional simulations were performed with n = 50, κ = 5
and β, δ = 0.2, which are not shown here for brevity’s sake, as
they provided similar results to the other scenarios.

For each scenario, 5000 datasets were generated and subse-
quently analyzed. Point estimates obtained from the MCMC sam-
pler are β̂0, the posterior mean direction of β0, κ̂ , the posterior
mode of κ , β̂ , the posterior mean of β , and δ̂, the posterior mean
direction of δ. In addition, credible intervals are obtained from the
posterior samples aswell, by taking the circular quantiles of β0, the
Highest Posterior Density (HPD) interval of κ , the regular quantiles
of β, and the circular quantiles of δ. Circular quantiles of a set of
angles θ are obtained by computing the set of angles (θ + θ̄ − π ),
obtaining the linear quantiles, and finally subtracting (θ̄ −π ) from
the computed lower and upper bound.

In order to assess bias, point estimates were averaged over
the datasets. For β0, and δ, this means computation of the mean
direction, for other values this refers to the regular linear mean. In
addition, a coverage was obtained for each parameter by comput-
ing the proportion of the appropriate credible intervals that con-
tained the true value. Finally, acceptance probabilities refer to the
proportion of proposals for this parameter that were accepted by
theMetropolis–Hastings step, which is applicable only for δ and β .

The three different scenarios for the predictorswill be discussed
separately in the following sections. The section will be concluded
with a discussion of the behavior of the Bayes factors for these
three scenarios.

5.1. Simple regression

For the simple regression data were simulated by first gener-
ating a vector xr independently from the standard normal distri-
bution N(0, 1). This vector is then standardized by x = (xr − x̄r )/
var(xr ). Then, the circular outcome is computed by

θi = π/2+ g (β1xi)+ εi, (20)

where β takes values {0.05, 0.8}, and εi ∼M(0, κ).
Table 1 shows the results of this simulation study. Performance

is quite good, providing unbiased estimates and great coverage,
which shows that the weakly informative prior on β1 does not
strongly harm the frequency properties of our Bayesian estimation
procedure. Acceptance rates decline slightly formore concentrated
data, which could be ameliorated in practice by tuning the propos-
als. The sampler runs quite fast, as the longest time a single analysis
took was 2.44 s.

5.2. Factorial ANOVA

For the factorial ANOVA scenario, data were simulated by first
generating two vectors, d1 and d2, by randomly drawing either
0 or 1 with probability 0.5. This means that we generally create
unbalanced designs, and the number of subjects in each group
differs between the simulated datasets. This reflects a realisti-
cally broad range of possible research designs. The outcome is
computed by

θi = π/2+ δ1d1i + δ2d2i + εi, (21)

where δ1 = δ2 takes values {0.05, 0.8}, and εi ∼M(0, κ).
Table 2 shows the results of the simulation study. Once again,

the sampler performswell in all situations. In contrastwithβ in the
regressionmodel, the acceptance rate of δ does not depend on n, κ ,
or true δ, because its proposal adapts itself to these parameters.

5.3. ANCOVA with four covariates

Here, a single grouping variable was generated as in Section 5.2,
while the linear covariates were generated as in Section 5.1. Then,
the outcome is computed by

θi = π/2+ δ1d1i + g(β1xi1 + β2xi2 + β3xi3 + β4xi4)+ εi, (22)

where we have chosen the true values δ1 = β1 = β2 = β3 = β4 in
all simulations, taking values {0.05, 0.8}, and εi ∼M(0, κ).

Table 3 shows the results of the simulation study. Only the re-
sults for β1 and δ1 are shown, because results the other regression
parameters are almost identical. Formost scenarios, the results are
once again adequate. It can be seen that the scenario with strong
effects (β = δ = 0.8), estimates are often unsatisfactory. It should
be noted that in these scenarios, the data show high variance. In
general, if

∑K
k=1|βk| > 1.5, the data are spread all over the circle,

such that many estimates of β are somewhat plausible, which
results in an irregular posterior. Therefore, the sampler performs
quite badly. Note that this is a property of the GLM approach to
circular regression, rather than this specific model or implemen-
tation. In practice, however, we expect that this kind of dataset
will almost never occur, although it might be advisable to monitor
obtained estimates for this situation.

5.4. Bayes factors and posterior model probabilities

For hypothesis testing, Bayes factors and posterior model prob-
abilities were obtained as detailed in Section 4. Fig. 3 depicts
boxplots of the posterior probability of the correct model for the
inequality and equality hypotheses, for the three different models,
where in each case all true β = δ = 0.05. This means that in all
casesH1 is true, so values close to 1 indicate that in a given scenario
greatly prefers the correct model. The hypotheses given are listed
below.

• Regression

– Test for equality: H0 : β1 = 0 vs. H1 : β1 ̸= 0,
– Test for inequality: H0 : β1 < 0 vs. H1 : β1 > 0,

• ANOVA and ANCOVA

– Test for equality: H0 : δ1 = 0 vs. H1 : δ1 ̸= 0,
– Test for inequality: H0 : δ1 < 0 vs. H1 : δ1 > 0.

Generally, the correct hypothesis becomes favored as the sam-
ple size increases, as expected. In addition, there is less simula-
tion variability when n increases, shown by a smaller range in
the boxplot. Compared to the inequality hypothesis, the equality
hypothesis is more prone to pick up group differences in δ (ANOVA
and ANCOVA model), as well as in the regression model when
κ = 2.
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Table 1
Results of the simulation study for the simple regression scenario. ‘Cov.’ denotes the 95% coverage for a specific param-
eter, while ‘Acc.’ denotes the acceptance probability. MCT denotes the mean computation time in seconds.

True β0 κ β1 MCT

β κ n Bias Cov. κ̂ Cov. β̂1 Cov. Acc.

0.05 2 20 −0.00 0.95 2.09 0.97 0.05 0.94 0.84 0.58
100 −0.00 0.95 1.99 0.98 0.05 0.95 0.66 2.26

20 20 −0.00 0.94 22.70 0.95 0.05 0.94 0.47 0.59
100 −0.00 0.95 20.36 0.95 0.05 0.94 0.23 2.37

0.80 2 20 −0.00 0.94 2.08 0.97 0.81 0.95 0.86 0.58
100 0.00 0.96 2.00 0.98 0.81 0.95 0.72 2.33

20 20 −0.00 0.94 22.37 0.95 0.80 0.95 0.55 0.60
100 0.00 0.95 20.37 0.95 0.80 0.94 0.29 2.44

Table 2
Results of the simulation study for the factorial ANOVA scenario. ‘Cov.’ denotes the 95% coverage for a specific param-
eter, while ‘Acc.’ denotes the acceptance probability. MCT denotes the mean computation time in seconds.

True β0 κ δ1 MCT

δ κ n Bias Cov. κ̂ Cov. δ̂1 Cov. Acc.

0.05 2 20 −0.00 0.95 2.10 0.97 0.06 0.95 0.78 0.70
100 −0.00 0.95 1.99 0.98 0.05 0.95 0.78 2.63

20 20 −0.00 0.93 22.75 0.95 0.05 0.93 0.79 0.71
100 0.00 0.95 20.35 0.95 0.05 0.94 0.78 2.71

0.80 2 20 −0.00 0.95 2.10 0.97 0.80 0.96 0.79 0.69
100 0.00 0.95 2.00 0.98 0.80 0.95 0.78 2.62

20 20 −0.00 0.94 22.65 0.95 0.80 0.93 0.78 0.71
100 −0.00 0.95 20.35 0.95 0.80 0.95 0.78 2.71

Table 3
Results of the simulation study for the ANCOVA scenario. ‘Cov.’ denotes the 95% coverage for a specific parameter, while ‘Acc.’ denotes the acceptance probability. MCT
denotes the mean computation time in seconds.

True β0 κ δ1 β1 MCT

β, δ κ n Bias Cov. κ̂ Cov. δ̂1 Cov. Acc. β̂1 Cov. Acc.

0.05 2 20 0.01 0.95 1.96 0.94 0.04 0.96 0.79 0.01 0.96 0.85 1.24
100 −0.00 0.95 1.99 0.98 0.05 0.95 0.78 0.05 0.95 0.67 4.11

20 20 0.00 0.93 22.88 0.96 0.05 0.94 0.79 0.05 0.94 0.47 1.21
100 0.00 0.95 20.36 0.95 0.05 0.95 0.78 0.05 0.95 0.23 4.11

0.80 2 20 −0.01 0.95 1.95 0.94 0.73 0.96 0.79 0.58 0.95 0.86 1.24
100 0.00 0.87 1.78 0.88 0.79 0.82 0.78 0.60 0.88 0.73 4.32

20 20 0.00 0.93 17.43 0.92 0.80 0.74 0.79 0.69 0.93 0.56 1.25
100 −0.00 0.70 13.18 0.69 0.80 0.82 0.78 0.40 0.70 0.46 4.31

Fig. 3. Boxplot of the posterior model probability assigned to the correct model in 5000 simulations with β = δ = 0.05 for the inequality (top) and equality (bottom)
hypotheses. For the regression scenario, inequality tests β1 > 0 vs. β1 < 0 and equality tests β1 ̸= 0 vs. β1 = 0. For the ANOVA and ANCOVAmodels inequality tests δ1 > 0
vs. δ1 < 0 and equality tests δ1 ̸= 0 vs. δ1 = 0.
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Table 4
Summary statistics of the mean age (years), mean education (years) and mean di-
rection of deviation (degrees).

Age Education Deviation

Mean SD Mean SD

Deaf 41.20 13.48 16.60 1.55 14.73
Interpreter 38.44 8.60 16.88 1.50 25.22
Control 44.75 9.73 17.06 1.44 28.82

6. Example

In this section, our method will be applied to data from
van Dijk, Kappers, and Postma (2013). In this study, an experiment
was conducted to assess whether deafness enhances haptic per-
ception. Haptic perception is assessed here by means of a haptic
parallel setting task, where subjects are required to set two bars
parallel, so that errors are measured in an angular difference to
the reference direction. In this task, errors generally fall in the
counterclockwise direction, which produces a positive score on
the deviation from the target. Therefore, groups that are less apt
at this task are expected to have stronger positive deviations,
counterclockwise from the reference direction.

Three groups are distinguished: deaf subjects, sign language
interpreters and a control group. Table 4 shows some summary
statistics of background variables for the three groups, as well as
the main outcome, deviation. Note that the original study exam-
ines two different conditions in a repeated measures design, an
‘‘immediate’’ and a ‘‘delayed’’ condition, of which we only show
the ‘‘immediate’’ outcome for illustration purposes. Therefore, the
data under consideration are made independent.

The analysis will proceed as follows. First, a basic ANOVAmodel
will be fitted to this dataset. Then, an ANCOVAmodel is examined.
Lastly, informative inequality constrained hypotheses based on
theory are evaluated.

6.1. ANOVA model

The goal in the ANOVA model is to assess whether the three
groups differ. For this and all following models, the control group
will be used as the reference group. The outcome in the ANOVA
model is given by θi ∼M(µi, κ), where µi = β0 + δdf ddf + δindin,
where ddf and din are dummy variables for the deaf and interpreter
group, respectively, and each δ is labeled appropriately. The main
hypothesis is that the deaf group performs better than the control
group, which could manifest itself as δdf < 0. Second, interpreters
might also outperform the control group, which would mean
δin < 0.

A burn-in of 1000 was used, and the MCMC sampler was run
for 100000 iterations. Fig. 4 shows convergence plots for the four
model parameters,where it can be seen that the sampler converges
well.

Results are shown in Table 5. Estimates are given by the pos-
terior mean direction of β0, δdf , δin and the posterior mode of κ .
The credible interval of δdf , the difference between the deaf group
mean direction and the control group mean direction, is given by
(−0.42,−0.08),which can be seen as evidence for a non-zero group
difference, as zero is not in this interval. The credible interval for
the interpreter groupmean direction is (−0.24, 0.11), which can be
seen as evidence against a non-zero group difference.

A more sophisticated approach is to employ the hypothesis
tests that were developed. Employing the equality constrained
hypotheses, a mild amount of support was found in favor of
the hypothesis that deaf participants differ from the controls
(BFµcn ̸=µdf :µcn=µdf = 2.69), while a mild amount of support was
found against the hypothesis that deaf participants differ from sign
language interpreters (BFµin ̸=µdf :µin=µdf = 0.34).

Table 5
Results for the ANOVA model. LB and UB respectively represent lower and upper
bound of the 95% credible interval of the given parameter.

Estimate LB UB

β0 0.51 0.38 0.63
κ 17.77 11.26 26.16
δdf −0.25 −0.42 −0.08
δin −0.07 −0.24 0.11

Table 6
Results for the ANCOVA model.

Estimate LB UB

β0 0.50 0.38 0.62
κ 18.38 11.29 26.88
δdf −0.21 −0.40 −0.04
δin −0.08 −0.25 0.09
βage −0.02 −0.06 0.01
βhand 0.03 −0.01 0.06

This highlights that this method is conservative in supporting
alternative hypotheses such asH1 : µin ̸= µdf . This is a result of the
circular uniform prior on δ, which suggests that more subjective
approach could be less conservative and more likely to pick up on
group differences. For example, a von Mises prior on δ with κ > 0
could be used. This subjective prior represents the knowledge that
mean directions of different groups are usually somewhat close
together. In this case, selection of the κ to be used becomes a core
issue, which represents a trade-off between the amount additional
power for the hypothesis test and the amount of (potentially un-
wanted) prior information included in the analysis.

The inequality hypothesis tests show a large amount of support
for the hypothesis that deaf participants perform better than the
controls (BFµcn>µdf :µcn<µdf = 267.82), and for the hypothesis that
deaf participants perform better than sign language interpreters
(BFµin>µdf :µin<µdf = 52.28).

6.2. ANCOVA model

In order to properly assess the effects found, it is useful to take
into account theoretically relevant covariates. Here,we include age
andhandedness (that is, strength of handpreference) as covariates,
and investigate the effect this has on previous conclusions. Table 6
shows the output of the ANCOVAmodel, with age and handedness
as linear covariates.

From the results, it seems that the covariates do not have an
effect on performance. Under equal prior odds, the Bayes factors
for the predictors indeed indicate 28.6 times more support for
the hypothesis βage = 0 compared to the alternative βage ̸= 0,
and 19.09 times more support for the hypothesis βhand = 0 than
the alternative βhand ̸= 0. While controlling for covariates, the
evidence for a negative δdf is still substantive, indicating superior
performance of deaf individuals over controls (BFµdf<µcn: µdf>µcn =

102.52). As there is little support for the inclusion of covariates,
they are omitted in subsequent analyses.

6.3. Inequality constrained hypothesis

Although van Dijk et al. (2013) do not evaluate inequality con-
strained hypotheses directly, the theories stated by the authors can
be interpreted as such. First, they state:

‘‘On the basis of a greater proneness in visuospatial processing,
we could expect a better developed haptic orientation process-
ing ability in deaf individuals.’’

Then, with regards to sign language interpreters, they state:
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Fig. 4. Convergence plots for the ANOVA model.

‘‘The relative positions of the signer’s hands are used to map
spatial relations in the real world. We may speculate here
that experienced signers can also do the reverse more easily:
interpret the hand positions forced by inspecting the bars in the
parallel setting task in absoluteworld reference frames. If sowe
would expect both deaf and hearing signers to outperform non-
signing hearing controls but not to differ from each other’’.

These expectations can be mapped to hypotheses about the
mean directions of the three groups, which are given by

(Deaf) µdf = β0,

(Interpreter) µin = β0 + δ1,

(Control) µcn = β0 + δ2.

Following for example Baayen and Klugkist (2014) and Rueda,
Fernández, and Peddada (2009), it is important to specify inequal-
ity constraints on circular data as either isotropic, or non-isotropic.
Isotropic orderings are defined on the circle, and denote in which
order the parameters are encountered as we move around the
circle, relative to one another. Non-isotropic orderings are order-
ings relative to a fixed point on the circle. In this case, a type
of non-isotropic orderings are considered where the hypothesis
states that one parameter lies in the semi-circle counterclockwise
of another parameter. In this case, we have chosen to translate the
expectations to the following hypotheses:
H1 : µdf < (µin, µcn) < µdf + π,

H2 : µcn − π < (µdf , µin) < µcn.
(23)

Using the inequality constrained framework as described in Sec-
tion 4.2, the support for either hypothesis can be quantified.

Following this method, we find that H1 is true in 97.9% of the
MCMC iterations, while H2 occurs in 78% of the iterations, so both
hypotheses are likely. From this, we find no conclusive evidence
for either H1 or H2 (BFH1:H2 = 1.25). This means that although the
study provides useful insight in the performance of deaf subjects,
there is not enough evidence yet to decide on these two competing
hypotheses.

7. Discussion

Wedeveloped a Bayesian circular GLM,with appropriate priors,
proper treatment of dichotomous variables, and Bayesian hypoth-
esis tests. Our method forms a middle ground between two veins

of research into Bayesian analysis of circular data. On one hand,
analysis of complex data shapes (Fernández-Durán & Mercedes
Gregorio-Domínguez, 2016; Ferreira et al., 2008; Ghosh et al.,
2003) provides modeling for a broad class of datasets but few pos-
sibilities for prediction and covariate models. On the other hand,
circular regression models (Fisher & Lee, 1992; Gill & Hangartner,
2010; Lagona, 2016) provide prediction and covariates, but en-
counter problems with likelihood shapes and a lack of available
hypothesis tests. The GLM approach is promising because of its
flexibility to allow formanydifferent kinds ofmodels,while also al-
lowing straightforward extensions. Our method brings three main
contributions to the literature.

First, we have shown that the irregular log-likelihood surface of
the regression parameters β in a circular GLM can be dealt with
naturally by employing a weakly informative prior that encap-
sulates our actual belief that extreme values for β are unlikely
in applied research, while we still let the data overpower the
prior. This is analogous to the widely accepted idea that very large
effect sizes, say, Cohen’s d > 1, are improbable in most scientific
disciplines where empirical research is necessary, in particular the
social sciences. If themethodwould indicate support for such large
values of |β|, a researcher would not believe that the model is
correct, and reassess it. Our prior simply represents the lack of
belief in large values of |β|.

Second, we have separated the group difference parameters
from linear covariates, in order to allow modeling of a large array
of ANOVA designs, including factorial and ANCOVA designs. This
provides researchers with a straightforward way to map their
hypotheses to a design. In addition, model comparison can easily
be made possible through the DIC or WAIC (Gelman, Carlin, Stern,
& Rubin, 2003 Ch. 7).

Third, we have developed Bayesian hypothesis tests based on
the Bayes factor for the circular data case. The tests employed here
are based on the Savage–Dickeymethod advocated byWagenmak-
ers et al. (2010) and the inequality constrained approach of Hoi-
jtink (2011). Many Bayesian approaches to circular data analysis
lack any form of hypothesis testing, which we view as limiting
their ability to be applied in practice. In order to create statistical
methods that are employed in practice, we must accommodate
the desire for hypothesis testing, and compute posterior model
probabilities. Therefore, we have taken a step in this direction as
well, showing how Bayesian hypothesis tests can be developed
easily in the circular data context by using MCMC output.
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Although the computational methods employed here are stable
and allow for useful inferences, further consideration of useful
hypotheses and their associated Bayes factorswill be important for
the applicability of the Bayesian paradigm to circular data analysis,
in particular in behavioral research. Here, we have not provided
Bayes factors based on estimation of the marginal likelihood as
in Chib (1995) and subsequent work in this field, although this
approach might be more flexible than the methods applied here.
Another approachmight be to attempt to develop priors that allow
for closed-form Bayes factors in a similar vein as the g-prior in the
linear case (Liang, Paulo, Molina, Clyde, & Berger, 2012; Zellner,
1986). The computational simplicity of such Bayes factors is useful
in many scenarios, although the complexity of the designs for such
Bayes factors are usually limited.

In the broader scope of circular data analysis, our method can
be seen as a Bayesian extension of the approaches of Artes (2008)
and Lagona (2016). Further extensions of thismodelmight ease the
assumption of i.i.d. observations taken here by applying properties
of the multivariate von Mises distribution (Mardia et al., 2008;
Mardia & Voss, 2014), as in Lagona (2016).

In sum, the Bayesian approach provides a promising way to
draw inference from circular data. Usual approaches are based on
large sample or high concentration approximations (Artes, 2008)
or bootstrap approaches for simple models (Baayen & Klugkist,
2014; Baayen et al., 2012). Our approach does not need such
approximations, and provides a new direction for circular data
analysis of GLM-type models.
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Appendix. Conditional distribution of β0

Here, it will be shown that β0 conditionally has the von Mises
distribution, that is

L(β0 | κ, δ,β, θ,X, d) ∝ VM(β0 | ψ̄, Rψκ). (24)

The proof for the conditional distribution of β0 in the GLM closely
follows the derivation for the distribution of the mean direction
µ of the von Mises distribution, which shows that L(µ | κ, θ) ∝
VM(µ | θ̄ , Rθκ).

The conditional likelihood of β0 is given by

L(β0 | κ, δ,β, θ,X, d)

∝ exp

{
κ

n∑
i=1

cos
[
θi − (β0 + δ

Tdi + g(βTxi))
]}

= exp

{
κ

n∑
i=1

cos
[
β0 − (θi − δTdi − g(βTxi))

]}
.

We know that for any angle ψi, i = 1, . . . , n,

Cψ =
n∑

i=1

cos(ψi), Sψ =
n∑

i=1

sin(ψi), Rψ =
√
C2
ψ + S2ψ ,

and
Cψ
Rψ
= cos ψ̄,

Sψ
Rψ
= sin ψ̄, where ψ̄ = atan2(Sψ , Cψ ).

Thus, setting angle ψi = θi − δ
Tdi − g(βTxi),

L(β0 | κ, δ,β, θ,X, d)

∝ exp

{
κ

n∑
i=1

cos(β0 − ψi)

}

= exp

{
κ

[
cosβ0

n∑
i=1

cosψi + sinβ0

n∑
i=1

sinψi

]}

= exp
{
Rψκ

[
cosβ0

Cψ
Rψ
+ sinβ0

Sψ
Rψ

]}
= exp

{
Rψκ

[
cosβ0 cos ψ̄ + sinβ0 sin ψ̄

]}
= exp

{
Rψκ cos

(
β0 − ψ̄

)}
∝ VM(β0 | ψ̄, Rψκ).
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