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Abstract

We analyse coalition stability in a game with a spatial structure. We consider a set of
agents located along a river who abstract scarce water for their own benefit. Agents
may enter an agreement to mutually acknowledge property rights in river water as a
prerequisite for water trade. We find that the potential benefits of water trade may
not be sufficient to make all agents in the river cooperate and sign an agreement.
Specifically, a complete market for river water may not emerge if there are four or
more agents along the river. This result is driven by the spatial structure of our
game, in which water that is to be delivered to a downstream coalition member via
the territory of an intermediate singleton can be seized.

JEL classifications: C72, D62, Q25.

1. Introduction

We analyse a coalition formation game with a spatial structure to shed light on the stability

of river coalitions, partial or grand coalitions, that facilitate water trade. A prerequisite for

trade is the mutual acknowledgement of property rights. In the absence of well-defined

property rights some agents may seize resources from others. Since Haavelmo (1954), such

settings have been analysed using a variety of approaches (e.g., Bush and Mayer, 1974;

Skaperdas, 1992; Muthoo, 2004; Piccione and Rubinstein, 2007). Here, we focus on trans-

boundary rivers where inefficient resource allocation is commonplace, precisely because of

the lack of well-defined property rights. Water rights are usually contested and the seizing

of river water occurs as a result (Ansink and Weikard, 2009). The inefficiencies associated

with deficient property rights can be overcome by an international agreement signed to de-

fine water rights. We refer to such agreements (and other types of interaction over trans-

boundary water) as river coalitions and examine the conditions for their stability.

The theoretical river sharing literature that emerged after a seminal contribution by

Ambec and Sprumont (2002) has used solution concepts from cooperative game theory and
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has focused on the grand coalition of all countries located along a river. Some recent contri-

butions to this literature are by Ambec and Ehlers (2008), van den Brink et al. (2012),

Ambec et al. (2013), Houba et al. (2015) and Ansink and Weikard (2012, 2015). Béal et al.

(2013) and Ansink and Houba (2015) provide surveys. Our analysis of water conflict

shares its spatial model framework with this literature. Agents are ordered along the river

and abstract water for beneficial use, such as irrigation. However, we deviate from these

approaches by employing non-cooperative game theory. More specifically, we are inter-

ested in specifying the Nash equilibria of a coalition formation game.

Here, a coalition is a subset of agents who mutually acknowledge property rights to river

water. They can do so via a formal treaty or an informal agreement.1 If property rights are mu-

tually acknowledged, water trade can emerge. We argue in this paper that the river structure

may obstruct the formation of coalitions with more than three agents and thus the general ac-

knowledgement of property rights. The key reason is that the unidirectionality of water flow

implies that upstream agents have the opportunity to take any available water from the river.

In the absence of well-defined property rights, they also have the power to do so.2

Our analysis of river water allocation employs the two-stage open-membership cartel

game commonly used in the literature on International Environmental Agreements (IEAs);

cf. the seminal papers by Hoel (1992), Carraro and Siniscalco (1993) and Barrett (1994)

and the recent survey by Benchekroun and Long (2012). At stage 1 of this game, dubbed

the membership game, agents announce whether or not they will join the agreement. Given

these decisions, at stage 2, agents play a resource allocation game which is usually a trans-

boundary pollution game where abatement is a pure public good. In our case, coalition

members and the remaining singletons choose their water use. It is generally assumed that

the resource allocation game has a unique equilibrium and the analysis of the game focuses

on the Nash equilibria of the membership game. These equilibria are referred to as (intern-

ally and externally) stable coalitions since no member wants to leave and no singleton

wants to join the coalition in equilibrium (cf. D’Aspremont et al., 1983).

Two particular features distinguish our model from the standard IEA model. First, our

model has a spatial structure since the agents are ordered along the river. Water cannot be

transported upstream and any water to be delivered to a downstream coalition member via

the territory of an intermediate singleton can be seized. We refer to this as leakage. Second,

different from the cases discussed in most of the IEA literature, water is not a public good.3

Its (consumptive) use is rivalrous. While water is excludable within an agent’s territory, its

trade is hampered as long as property rights are not acknowledged. We will see that the po-

tential benefits of water trade may not be sufficient to make all agents in the river cooperate

and acknowledge property rights as a prerequisite for trade. Instead, partial markets may

emerge where a subset of agents trade river water. This result is driven by leakage.

Spatial structures have been built into transboundary pollution games (e.g., Folmer and

von Mouche, 2000), but their role for the formation and stability of IEAs has not been

1 Giordano et al. (2014) find that 37% of transboundary river treaties cover the issue of water alloca-

tion. Just and Netanyahu (1998) and Espey and Towfique (2004) assess countries’ incentives for ei-

ther formal or informal agreements.

2 We follow much of the river sharing literature by assuming that the principle of Absolute Territorial

Sovereignty applies. This principle stipulates that, in absence of property rights over river water,

every agent has the right to use all river water within its territory.

3 Although water quantity is not a public good in most of its uses, water quality is (Hanemann, 2006).
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explored in the literature. An exception is the study by Gengenbach et al. (2010), who as-

sess the formation and stability of coalitions for water pollution abatement along a river.

The abatement game of that study comprises public goods characteristics, but has a spatial

structure. The remarkable finding is that coalition stability is not impacted by the (linear)

spatial structure when compared with standard IEA games, except for cases with corner so-

lutions. In this paper, we use a similar approach to analyse river sharing, focusing on water

quantity rather than quality. The game we study in this paper is different because water use

is rivalrous whereas abatement of water pollution is not. Note that, like Gengenbach et al.

(2010) and many other papers on river sharing, we only consider the river configuration of

through-border ‘linear’ rivers—representing less than half of all transboundary rivers—

whilst ignoring other possible river configurations such as border-creator rivers

(LeMarquand, 1977; Dinar, 2008). In the concluding section we discuss some challenges

associated with applying a coalition model to river geographies that are more complex than

the simple through-border river.

We have three main results. In Theorem 1 we characterize the equilibria of the river

sharing game and, hence, provide insights into the formation and stability of coalitions for

river sharing and the emergence of trade of river water. In Theorem 2 we show that there is

no leakage in equilibrium. In Theorem 3 we provide a sufficient condition for the (internal)

stability of coalitions and we show that large coalitions are not necessarily stable. The latter

implies partial rather than complete markets for river water. Specifically, our results show

that a coalition with more than three agents may not be stable. As a result, a (complete)

market may fail to emerge and an inefficient allocation of water may result. Our paper con-

tributes to explaining the small number of participants in most treaties on river sharing

(Just and Netanyahu, 1998; Dinar, 2008; Giordano et al., 2014).

The paper proceeds as follows. In Section 2 we introduce the river sharing game. In

Section 3 we present our main results on river coalitions. In Section 4 we provide an ex-

ample of an unstable grand coalition which proves and illustrates that markets for river

water may fail to emerge. In Section 5 we conclude.

2. The river sharing game

2.1 Preliminaries

Consider a set N of n� 2 agents ordered along a river. Agent 1 is the most upstream and n

the most downstream; agent i is upstream of j whenever i< j. Ui � f1; 2; . . . ; i� 1g denotes

the set of i’s upstream predecessors, while Di � fiþ 1; iþ 2; . . . ;ng denotes the set of i’s

downstream followers. On the territory of each agent, the total amount of water in the river

increases by inflow ei� 0, which originates from, e.g., rainfall and tributaries. Each agent i

abstracts xi� 0 units of water from the river. We assume that all abstracted water is used.

The amount of water available to an agent depends on water use by upstream agents. Let

the total available water on the territory of agent i be denoted by

Ei � ei þ
X
j2Ui

ðej � xjÞ: (1)

Water use cannot exceed availability:

xi�Ei; 8i 2 N; (2)

but some amount ui� 0 of available water may be left in the river and so is unused:
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ui � Ei � xi: (3)

Benefits biðxiÞ of water use—benefits net of abstraction costs—are strictly concave. We as-

sume that biðxiÞ is differentiable for all xi� 0. We also assume that 0 < b0ið0Þ�1. That is,

unlike Ambec and Sprumont (2002) for example, we do not assume that the marginal bene-

fits of water use go to infinity as xi tends to zero. Denote by x̂i the satiation point of water

use for agent i such that b0iðx̂iÞ ¼ 0. Without loss of generality (Ambec and Ehlers, 2008,

Remark 2) we assume water scarcity by taking satiation points as weakly larger than inflow

for all agents:

Assumption 1 x̂i� ei 8i 2 N.

Agents maximize their benefits of water use and may increase these benefits by trading

water with others. Water trade implies that water is shared such that the total benefits of

water use of the trading agents increase under the constraint that other agents may take

some of the river water that passes their territory. This type of trade can be institutionalized

in a treaty that defines the property rights to water as well as compensation for water shar-

ing. Since we employ a coalition formation game, such treaty formation forms a natural

interpretation of our model. Yet, our model is more general and covers other types of inter-

actions over water too. One closely related example is an informal agreement where histor-

ical water use was never formalized but is still respected. Yet another example is a

transboundary water market, where the coalition does not consist of members of a formal

treaty, but comprises the buyers and sellers in a market for water who tacitly acknowledge

property rights (cf. Dinar and Nigatu, 2013).

Irrespective of the type of coalition considered, the trading of water within the coalition

implies that transfers are being paid. These transfers can be interpreted as monetary or in-

kind side payments (Dinar, 2006), as the sharing of the benefits of cooperation (Sadoff and

Grey, 2005), or as market prices for water (Wang, 2011). The coalition formation game

that we develop in this section does not require that we are specific about the levels of such

transfers or how the transfers are derived. Instead, in Section 3.1 we will introduce the con-

cept of a sharing rule for the distribution of the coalition payoff. Payoffs are equal to water

use benefits corrected for transfers. Any sharing rule thereby implicitly specifies the levels

of transfers between the agents in the coalition.

Using our preferred interpretation of the coalition as a treaty, we model the emergence

of such agreements as a two-stage open-membership cartel game as is common in the litera-

ture on IEAs. At stage 1, each agent decides whether or not to sign the agreement. We de-

note this choice by ri 2 f0; 1g, where ri ¼ 0 and ri ¼ 1 mean that i is a non-signatory or a

signatory, respectively. The choices of all agents result in a coalition structure r ¼ ðr1;r2;

. . . ; rnÞ which corresponds to a set of signatories S ¼ fijri ¼ 1g. We refer to this set as the

‘coalition’ and to signatories as ‘members’. The incentives to join a coalition or to stay out-

side are examined in Section 3 below. Here we focus on the second stage of the game, the

water use decisions for a given coalition structure. At stage 2, both members and singletons

choose their water use levels xi. Coalition members choose their water use level in order to

maximize coalition payoff and do so by distributing their available water to the down-

stream members with the highest marginal benefits, provided this is possible and profitable.

Singletons choose their water use levels in order to maximize individual payoffs by using all

available water up to their satiation point.
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We will say that a coalition S with coalition structure r is ‘connected’ if for all i; k 2 S

(that is, ri ¼ rk ¼ 1) there does not exist j 62 S (that is, rj ¼ 0) with i< j<k. If a coalition

is not connected, it may be affected by ‘leakage’. Leakage occurs when intermediate singletons

(i.e., i; k 2 S; j 62 S and i< j<k) seize some or all of this passing water, if they are not satiated.

For example, in a river sharing game with six agents and a coalition S ¼ f1;2; 4; 5g agent 3

may use water that 2 passes to 4.

Formally, leakage liðuiÞ consists of member i’s unused water ui that does not reach the

next downstream member k ¼ minðS \DiÞ:

liðuiÞ � min

 
ui;

X
i< j<k

ðx̂j � ejÞ
!
; i; k 2 S; k ¼ minðS \DiÞ: (4)

Obviously, leakage cannot occur in a connected coalition or between neighbouring mem-

bers in an unconnected coalition. The amount of water received by coalition member k

from its nearest upstream member i, is rkðuiÞ � ui � liðuiÞ. That is, the amount of water

passed from i to k equals the amount of water unused by i minus leakage (the water used by

intermediate singletons). We have:

rkðuiÞ ¼

0 for 0� ui�
X

i< j< k

ðx̂j � ejÞ

ui �
X

i< j<k

ðx̂j � ejÞ for ui >
X

i< j<k

ðx̂j � ejÞ:

8>>><
>>>:

(5)

Equation (5) shows that received water rkðuiÞ is a piecewise function of unused upstream

water, with positive amounts only if all intermediate singletons are satiated. Note that for i;

k 2 S with k ¼ minðS \DiÞ, we have: Ek ¼ ek þ rkðuiÞ ¼ xk þ uk.

River sharing is severely constrained by leakage. In Section 3 we will see that leakage

may obstruct the emergence of water trade when gains from trade are insufficient to satisfy

intermediate agents’ demands.

2.2 Equilibrium water use

With these preliminaries we turn to the analysis of the second stage of the game. Coalition

S is given at this stage and agents take their water use decisions. The solution to this

sub-game is a Partial Agreement Nash Equilibrium (Chander and Tulkens, 1995, 1997).

The coalition allocates water efficiently by maximizing the joint welfare of its members.

The singletons are maximizing their own welfare. The water use choice x�i ðS;EiÞ of single-

ton i 62 S solves:

max
xiðS;EiÞ

biðxiðS;EiÞÞ: (6)

That is, each singleton maximizes his individual benefits of water use, subject to water avail-

ability. Note that, by Assumption 1, programme 6 is equivalent to x�i ðS;EiÞ ¼ minfx̂i;Eig.
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Optimal water use by coalition members is slightly more involved. Optimal water use x�i
ðS;EiÞ of coalition members i 2 S solves:

max
xiðS;EiÞ

biðxiðS;EiÞÞ þ
X

j2Di\S

bj x�j S;EjðxiðS;EiÞÞ
� �h i

: (7)

Coalition members will take into account potential benefits of water use by their down-

stream fellow members.

Technically, programme 6 and programme 7 for all singletons and coalition members re-

spectively, can be found using backward induction, analogous to Ambec and Ehlers (2008).

The result yields a unique vector of water use for all agents, denoted x� ¼ ðx�1; ::; x�nÞ. Using

ðe1; ::; enÞ we obtain the equilibrium available water, E�i � ei þ
X

j2Ui
ðej � x�j Þ, and the

equilibrium unused water, u�i ¼ E�i � x�i , for each agent.

2.3 Equilibrium properties

The following lemma presents two causal relations between water passing and the amount

of water received, which we use to prove Theorems 1 and 2, introduced below.

Lemma 1 For i; k 2 S with k ¼ minðS \DiÞ, in equilibrium we have:

ui ¼ 0, rkðuiÞ ¼ 0; or; equivalently;

ui > 0, rkðuiÞ > 0:

Proof By (5) we have both ui ¼ 0) rkðuiÞ ¼ 0 and rkðuiÞ > 0) ui > 0. The reverse im-

plications are derived as follows. By (6) and (7), all agents aim to maximize the benefits of

water use, either individually or as a coalition. By Assumption 1, though, water is scarce.

It follows that all water will be used; it will not be wasted. Using (5), no waste implies both

rkðuiÞ ¼ 0) ui ¼ 0 and ui > 0) rkðuiÞ > 0. h

Lemma 1 simply states that the coalition passes water if this is beneficial to the coalition

and otherwise not. One consequence of the second part of Lemma 1 is that whenever ui> 0,

we know that ui > liðuiÞ and that any intermediate singleton j with i< j< k must be satiated

so that xj ¼ x̂j. Note that leakage does not necessarily prevent coalition formation or desta-

bilize cooperation within the coalition. As long as leakage is sufficiently small there are

gains from water trade by forming a coalition (but see Theorem 2 below). Water passing

has implications for the payoffs of both coalition members and singletons. Suppose

that, given an unconnected coalition S, there exists a singleton j 62 S and members i;k 2 S

with k ¼ minðS \DiÞ such that i< j<k. In case ui¼ 0, member k does not receive any

water from i even though this may have increased the coalition payoff. In this case, the two

subsets of coalition members ði [Ui \ SÞ and ðk [Dk \ SÞ do not increase their payoff be-

yond the sum of what they could achieve independently. In case ui> 0, however, water

passed from i to k increases the coalition payoff. In addition, singleton j benefits from this

water passing, if he was not satiated before.

Lemma 1 suffices to establish the following theorem which is inspired by Kilgour and

Dinar (2001) and generalizes insights by Ambec and Sprumont (2002). The theorem de-

scribes equilibrium properties of the river sharing game, in terms of the marginal benefits of

water use and water passing.
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Theorem 1 Consider any coalition S � N with i; k 2 S such that k ¼ minðS \DiÞ. In

equilibrium, exactly one of the following statements is true:

a. b0iðxiÞ ¼ b0kðxkÞ and rkðuiÞ� 0,

b. b0iðxiÞ < b0kðxkÞ and rkðuiÞ > 0 with xi¼ 0,

c. b0iðxiÞ < b0kðxkÞ and rkðuiÞ ¼ 0 with xi¼Ei,

d. b0iðxiÞ > b0kðxkÞ and rkðuiÞ ¼ 0 with xi¼Ei.

Proof Consider any coalition S � N in the river sharing game with i; k 2 S such that

k ¼ minfl 2 S \Dig. We prove the mutually exclusive statements (a), (b), (c) and (d)

consecutively.

a. Consider an equilibrium water allocation vector x such that b0iðxiÞ ¼ b0kðxkÞ. With

equal marginal benefits, agent i has no incentive to change his water use level xi irre-

spective of rkðuiÞ ¼ 0 or rkðuiÞ > 0. This establishes statement (a).

Suppose that (a) does not hold. There are two possibilities, either b0iðxiÞ < b0kðxkÞ or

b0iðxiÞ > b0kðxkÞ. We analyse both cases, starting with the first.

b. Consider an equilibrium water allocation vector x such that b0iðxiÞ < b0kðxkÞ. There are

two options. If rkðuiÞ > 0, any intermediate singletons are satiated so that agent i con-

tinues passing water until marginal benefits are equated (i.e., statement [a] applies)

or until ui¼Ei (that is, xi¼ 0) but still we have b0iðxiÞ < b0kðxkÞ. This establishes

statement (b).

c. Continuing on the former case, if rkðuiÞ ¼ 0 so that water passing is no option (if not,

statement [a] or [b] would apply), agent i uses any available water himself, up to his sa-

tiation point. Assumption 1 combined with benefit maximization by any singletons and

coalition members upstream of agent i implies that no water is wasted: Ei� x̂i. As a re-

sult, we have xi¼Ei. This establishes statement (c).

d. Consider an equilibrium water allocation vector x such that b0iðxiÞ > b0kðxkÞ. If rkðuiÞ > 0,

then the difference in marginal benefits prescribes that water passing should be reduced

until marginal benefits are equated (i.e., statement [a] applies) or until ui¼0 and therefore

rkðuiÞ ¼ 0. As a result, we have xi¼Ei. This establishes statement (d). h

Theorem 1 outlines the importance of water availability, water passing, and leakage for

the marginal benefits of neighbouring coalition members. In case (a) marginal benefits are

equalized. In this case there may or may not be water passing and leakage. In the next two

cases the downstream member has higher marginal benefits and marginal benefits cannot

be equalized through water passing. In case (b) because of water shortage and in case (c) be-

cause leakage prevents agent i from efficient water passing to j. Case (c) extends the the-

orem by Kilgour and Dinar (2001) by taking into account the impact of leakage in addition

to water shortage as in statement (b). Note that it is not possible to have b0iðxiÞ < b0kðxkÞ
with 0 < xi < Ei and rkðuiÞ > 0 as the latter implies that intermediate singletons are

satiated so that an additional unit of passed water would increase the coalition payoff. Case

ðdÞ holds whenever the upstream partner has higher marginal benefits but cannot increase

his water use due to the water availability constraint (2). The coalition cannot improve pay-

off by passing water.

Observe that marginal benefits do not necessarily decrease (weakly) when moving

downstream. In case (b) of Theorem 1, marginal benefits actually increase due to water

shortage. This is because, unlike Ambec and Sprumont (2002) for example, we do not
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assume that the marginal benefits of water use go to infinity as xi tends to zero. In case (c)

of Theorem 1, marginal benefits may increase due to a sufficiently large leakage threshold.

Such leakage blocks the passing of water that would have increased the coalition payoff.

2.4 Two benchmark situations

Using programmes (6) and (7), we first present two extreme benchmark situations, All

Singletons and the Grand Coalition.

In the All Singletons benchmark, the coalition structure is r ¼ ð0; . . . ;0Þ so that S ¼1
and programme (6) applies to all agents. Each agent only takes into account his individual

benefits in choosing his water use, constrained only by water availability. The equilibrium

of this game is found by applying programme (6) recursively to each agent, starting up-

stream with agent 1 who solves the programme subject to x1�E1 ¼ e1. Water use x1ð1;

E1Þ determines E2 according to (1) and the allocation to agent 2 is found by solving the pro-

gramme subject to x2�E2 ¼ e1 þ e2 � x1ð1;E1Þ, and so on. We call this allocation the All

Singletons allocation.

Remark 1 Assumption 1 states that x̂i� ei 8i 2 N. Therefore application of programme

(6) implies that x̂i�xið1;EiÞ ¼ ei 8i 2 N and therefore Ei ¼ ei 8i 2 N. Hence, by

Assumption 1, in the All Singletons allocation there exists no water passing, and agents are

only satiated in case Assumption 1 holds with equality.

In the Grand Coalition benchmark, the coalition structure is r ¼ ð1; . . . ; 1Þ so that

S¼N and programme (7) applies to all agents. Each agent takes into account his individual

benefits as well as benefits to all downstream agents in choosing his water use. Unlike in

the All Singletons benchmark, here the water use of agent i depends on downstream mar-

ginal benefits. The solution to this game is found by solving the sub-game starting with

agent 1, who takes into account subsequent decisions by downstream agents. We call this

allocation the Grand Coalition allocation.

Clearly, given the difference between the two maximization programmes (6) and (7),

water use levels in the grand coalition are different from those in the All Singletons bench-

mark. In general, water is efficiently allocated in the Grand Coalition because water is passed

from agents with low marginal benefits to agents with higher marginal benefits subject only

to the water availability constraint (2). Only for agents 1 and n we can generally establish dif-

ferences in water use between the All Singletons and Grand Coalition equilibria. Irrespective

of marginal benefits we have x1ðN;E1Þ� x1ð1;E1Þ and xnðN;EnÞ� xnð1;EnÞ. That is,

water use by agent 1 in the Grand Coalition is weakly lower than his water use in the All

Singletons benchmark, while the reverse holds for agent n.

Notice that all agents (weakly) prefer any coalition S over the All Singletons benchmark.

To see why, recall that coalition members maximize the coalition payoff. By (7), the coali-

tion payoff is at least as large as the sum of payoffs if all coalition members behave as

singletons. Assuming an appropriate sharing rule for the coalition payoff it can be guaran-

teed that each coalition member prefers the water use equilibrium under coalition S over

the All Singletons benchmark. We formalize this argument in Condition 1, introduced

below in Section 3.1. A related observation can be made for singletons. In the All

Singletons benchmark, each agent uses xi¼ ei. In the river sharing game, the only difference

for singletons is that there may be water passing between coalition members so that leakage
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may increase their water use to xiðS;EiÞ > ei. Hence, singletons too (weakly) prefer the

equilibrium of the river sharing game over the All Singletons benchmark.

3. River coalitions

A priori there is no reason why either the All Singletons or the Grand Coalition would re-

sult as an equilibrium of the river sharing game. Some agents in the Grand Coalition may

prefer to free-ride (internal instability) while some singletons may prefer cooperation to the

All Singletons benchmark (external instability). Hence, we now turn to the analysis of par-

tial markets for river water using the tools of coalition theory. We analyse coalition stability

by applying the concepts of internal and external stability and we employ the equilibrium

water use levels determined by programmes (6) and (7). This allows us to derive the next re-

sults. Theorem 2 establishes that stable coalitions do not suffer from leakage. Finally,

Theorem 3 shows that every coalition with two or three agents is internally stable, but

larger coalitions may not be internally stable. This implies that partial rather than complete

markets for river water may emerge as equilibria in the river sharing game.

3.1 Stability conditions

In Section 2.2 we established for every coalition structure a unique vector of water use lev-

els x�. Each x� induces a partition function v(S) that establishes the coalition payoff and in-

dividual payoffs to singletons. Singletons’ payoffs equal the benefits of water use and are

denoted by viðSÞ ¼ biðxiðS;EiÞÞ; i 62 S. Coalition payoffs are vSðSÞ ¼
X

i2S
biðxiðS;EiÞÞ and

may be redistributed among coalition members. The partition function in combination

with a sharing rule induces a valuation function that gives a payoff vector ðviðSÞÞi2N for all

S � N. For coalition members, payoffs equal the benefits of water use corrected for trans-

fers within the coalition. We assume that the coalition uses a sharing rule for distributing

the coalition payoff that satisfies a Weak Claim Rights Condition:4

Condition 1 (Weak Claim Rights Condition). Payoffs are shared such that for all S � N

we have viðSÞ� viðS�iÞ for all i 2 S if vSðSÞ�
X

i2S
viðS�iÞ.

Condition 1 says that each coalition member receives at least his outside option payoff

(his ‘claim’) if the coalition payoff is large enough to satisfy all claims.

At stage 1 of the coalition formation game, we are interested in analysing Nash equili-

bria. A Nash equilibrium at the coalition formation stage is found by applying the concepts

of internal and external stability (D’Aspremont et al., 1983). A coalition is internally stable

when no coalition member i 2 S wants to leave the coalition; it is externally stable when no

singleton j 62 S wants to join the coalition:

Condition 2 (Internal stability). viðSÞ� viðS�iÞ 8i 2 S.

Condition 3 (External stability). viðSÞ > viðSþiÞ 8i 62 S.

Our external stability condition is somewhat non-standard as it uses a strict inequality

sign. Implicitly we assume here that agents who are indifferent between joining the coali-

tion and being a singleton would always join. This simplifies the analysis and can be justi-

fied if being a singleton, playing non-cooperatively, is associated with a (small) reputational

4 The condition is a weaker version of the Claim Rights Condition introduced by Weikard (2009).
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loss. It is clear that no coalition member has an incentive to leave the coalition under any

sharing rule that meets Condition 1, provided the coalition payoff exceeds the sum of

claims. Internal stability is therefore guaranteed whenever it can possibly be obtained. Note

that the two stability concepts are linked (Weikard, 2009, Lemma 1):

Lemma 2 Under Condition 1, a coalition S is externally unstable if there exists j 2 NnfSg
such that coalition Sþj is internally stable.

We will invoke Lemma 2 in Section 3.2 since it allows us to focus on internal stability

only.

For the stability analysis that follows below it will also be useful to notice that the river

sharing game is super-additive:

Definition 1 (Super-additivity). A partition function v is super-additive if for all S � N

and all i 2 NnfSg it holds that vSþi
ðSþiÞ � vSðSÞ þ viðSÞ.

Remark 2 The river sharing game is super-additive. If an additional agent joins a coali-

tion, water allocation would improve—in terms of efficiency—or remain unaltered. Hence

the joint payoff of the initial coalition and the additional agent in the enlarged coalition

cannot fall short of their initial payoffs.

3.2 Stable coalitions

We now turn to the stability analysis of coalitions and show how leakage is obstructing the

emergence of water trade since it limits the size of stable coalitions.

First, we show how the river sharing game differs from standard IEA games. A common

assumption in the IEA literature is that agents are homogeneous, which allows analytical so-

lutions (Barrett, 1994). In this paper, this assumption would imply that agents have the same

benefit functions and water inflow, but they obviously differ in their location along the river.

Remark 3 In a river sharing game with homogeneous agents such that ei ¼ e 8i 2 N and

biðxiÞ ¼ bðxiÞ 8i 2 N, there are no possible gains from water trade. Therefore, each agent is

indifferent between joining and not joining the coalition. By Condition (3) the Grand

Coalition forms, but this coalition is not welfare-improving.

Our second main result is established in the next theorem.

Theorem 2 In the river sharing game, there does not exist a stable coalition with leakage.

Proof The proof is by contradiction. Consider a stable coalition S � N and two of its co-

alition members i; k 2 S such that k ¼ minðS \DiÞ, and consider leakage. By Lemma 1 and

using (4), leakage implies that there is a singleton j : i < j < k with parameters ej and x̂j

such that ui > 0 and rkðuiÞ > 0. Agent j is satiated with payoff vjðSÞ ¼ bjðx̂jÞ. Now consider

coalition Sþj. By super-additivity of the game, vSþj
ðSþjÞ� vSðSÞ þ vjðSÞ. By Condition 1, co-

alition Sþj is internally stable and by Lemma 2, this implies that coalition S is externally un-

stable, a contradiction. h

Theorem 2 indicates that leakage will not occur in equilibrium. One option is that

water-seizing singletons will always join the coalition since the forgone benefits due to
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leakage are sufficient to compensate them. In other words, coalitions tend to be connected.

This option is proven for two-agent coalitions in part (ii) of Theorem 3 below.

Alternatively, leakage may prevent a coalition from being stable. Therefore, absence of

leakage in equilibrium does not imply that leakage is an unimportant aspect of the river

sharing game.

For the remaining results it is useful to introduce the following definition of

effectiveness.

Definition 2 (Effectiveness). Coalition S is effective for agent k 2 S if and only if, for

i¼ maxfl 2 S \Ukg we have rkðuiÞ > 0.

Effectiveness refers to member k receiving water from the nearest upstream coalition

member. It allows us to distinguish between two types of claims cj, see Condition 1, as es-

tablished in the following lemma.

Lemma 3 Claim cj by agent j in coalition S � N is either low, cL
j , or high, cH

j . We

have cL
j ¼ bjðejÞ and cH

j ¼ bjðx̂jÞ.

Proof A claim by agent j in coalition S � N is based on his outside option payoff which

he would receive under coalition S�j. Clearly, if agent j is either the most upstream or most

downstream member of S, then by programmes (6) and (7), no water remains unused up-

stream, so that agent j has a low claim cL
j ¼ bjðejÞ.

Next, consider the remaining case where agent j is not the most upstream or down-

stream member of S. Consider coalition members i and k with i< j<k and such that i

¼ maxfl 2 S \Ujg while k ¼ minfl 2 S \Djg. In words, there are no other coalition mem-

bers located between i and j nor between j and k. Consider coalition S�j. There are two

options:

a. If ui¼0, then Ej¼ ej so that agent j has a low claim: cL
j ¼ bjðejÞ.

b. If ui > 0, then by Lemma 1 we have rkðuiÞ > 0 and therefore Ej� x̂j, so that agent j

has a high claim: cH
j ¼ bjðx̂jÞ. h

Lemma 3 implies that agent j has a high claim only when coalition S�j is effective for agent

k, who is the nearest downstream coalition member. Otherwise, agent j has a low claim.

The next theorem shows that coalitions of various types are all internally stable, with the

exception of coalitions of at least four agents.

Theorem 3 The following is true in the river sharing game:

i. Every two-agent coalition is internally stable.

ii. For every two-agent coalition S ¼ fi; kg with i<k and S is effective for k, it holds that

S0 ¼ fi; iþ 1; :::; k� 1;kg is internally stable.

iii. Every three-agent coalition is internally stable.

iv. A coalition S of at least four agents is not necessarily internally stable.

Proof The proof is for each part separately.

Part (i): This follows immediately from super-additivity of the game combined with

Condition 1.

E. ANSINK, M. GENGENBACH AND H.-P.WEIKARD 463

Downloaded from https://academic.oup.com/oep/article-abstract/69/2/453/2966800
by Utrecht University user
on 19 January 2018



Part (ii): By effectiveness of S for k we have rkðuiÞ > 0 and all singletons j such that i< j< k

are satiated. By Part (i) we know that S is internally stable such that claims of agents i and

k are satisfied. We can now add any agent j such that i< j< k and by super-additivity

vSþj
ðSþjÞ� vSðSÞ þ vjðSÞ. Claims in S do not change when j joins. By super-additivity, and

using Condition 1, these claims can be met by Sþj such that the internal stability

Condition 2 holds. The argument can be repeated for all j 2 fiþ 1; :::; k� 1g.

Part (iii): Consider coalitions S ¼ fi; j; kg and S0 ¼ fi; kg with i< j<k. There are two cases.

If S0 is not effective for k, then rkðu0iÞ ¼ 0, which implies that claims are cL
i ; c

L
j ; c

L
k . By

super-additivity, and using Condition 1, these claims can be met by S such that the in-

ternal stability Condition 2 holds. If S0 is effective for k, then rkðu0iÞ > 0, which implies

that claims are cL
i ; c

H
j ; c

L
k . Since vjðS0Þ ¼ cH

j . By super-additivity, and using Condition 1,

these claims can be met by S such that the internal stability Condition 2 holds.

Part (iv): We prove this part by an example of a four-agent coalition that is internally un-

stable even though the sharing rule satisfies Condition 1. The example is provided in

Section 4. h

Combining parts (i) and (iii) of Theorem 3 with Lemma 2, we have that every one-agent

(i.e., All Singletons) and every two-agent coalition is externally unstable (note that this last

result requires n� 3).

The arguments used in the proof of parts (i) to (iii) of Theorem 3 do not generalize to

larger coalitions. The reason is that the sum of claims of the intermediate coalition members

(i.e., those coalition members that are not the most upstream or downstream member of S)

may be too high for the coalition to compensate. By Condition 1, this implies that internal

stability is not satisfied. Specifically, such a situation may arise if: (i) the coalition S consists

of more than three agents; (ii) the claims of the intermediate members are high (Lemma 3);

and (iii) the coalition S0 ¼ fminfSg;maxfSgg, is not effective for maxfSg (part [ii] of

Theorem 3). An example, provided in the next section, illustrates how the determinants of

stability interact and proves our result that internal stability for river sharing games with

more than three agents cannot be guaranteed.

4. Example of an unstable Grand Coalition

In this section, we develop an example that proves part (iv) of Theorem 3. We will show

that a coalition of more than three agents may not be internally stable and, hence, that there

is no guarantee that a river coalition would include all agents in the river. In other words,

water trade may fail to emerge or may not reach efficient levels such that some gains from

trade remain unexploited. Similarities of our example with Example 1 in Ambec and Ehlers

(2008) are discussed at the end of this section.

We construct our example using the three conditions identified at the end of Section 3.2.

That is, we consider a river sharing game with four agents and the Grand Coalition

S ¼ N ¼ f1;2;3; 4g. We choose our parameter values such that both the claims of the inter-

mediate members are high and the coalition {1, 4} is not effective. Clearly, if {1, 4} were ef-

fective, then by part (ii) of Theorem 3, N is stable and the river coalition would cover all

four agents. Given that {1, 4} is ineffective, the condition of high claims for intermediate

members assures that the overall gains from water trade are insufficient to satisfy all

claims.
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We construct our example using the following quadratic benefit function:

biðxiÞ ¼
1

x̂2
i

	 ð2x̂ixi � x2
i Þ: (8)

Recall that x̂i is the satiation level of agent i. To simplify our calculations, we normalize the

satiation benefits such that biðx̂iÞ ¼ 1.

Parameter values for ei and x̂i in our example are provided in Table 1. Column 4 of

Table 1 indicates that there are potential gains from water trade. Water used by agent 1 can

be profitably passed to agents 2–4 in order to increase the total benefits of water use. In the

Grand Coalition, the marginal benefits of water use can be equalized among all agents.

We proceed by comparing coalition {1, 3, 4} and the Grand Coalition which suffices

to prove part (iv) of Theorem 3. Consider coalition f1;3; 4g. For this coalition we ob-

tain the equilibrium water allocation x ¼ ð1:40; 1:00;0:82; 0:82Þ with coalition payoff

vf1;3;4g ¼ 0:72þ 0:97þ 0:97 ¼ 2:65. Singleton agent 2 benefits from leakage and is com-

pletely satiated at x2 ¼ x̂2 ¼ 1. This coalition is effective for agent 3 (but note that part [ii]

of Theorem 3 does not apply here) since vf1g þ vf3;4g ¼ 2:64 < 2:65 ¼ vf1;3;4g. That is, if

the coalition would not deliver water to agent 3, the coalition payoff would be lower.

Therefore, agent 2 has a high claim in the Grand Coalition, which equals cH
2 ¼ b2ðx̂2Þ ¼ 1.

A similar argument can be made for coalition {1, 2, 4}, which establishes that agent 3 has a

high claim in the Grand Coalition, which equals cH
3 ¼ b3ðx̂3Þ ¼ 1. Agents 1 and 4 have low

claims in the Grand Coalition (see proof of Lemma 3). Their claims are cL
1 ¼ b1ðe1Þ ¼ 0:89

and cL
4 ¼ b4ðe4Þ ¼ 0:80. Hence, the sum of claims is 0:89þ 1þ 1þ 0:80 ¼ 3:69.

Next consider the Grand Coalition. The optimal water allocation is achieved when the

cheap water from upstream agent 1 is delivered to agent 4. The resulting water allocation is

x¼ ð1:54; 0:84; 0:84; 0:84Þ and the coalition payoff is vN ¼ 0:76þ 0:97þ 0:97þ 0:97 ¼
3:68. The Grand Coalition payoff (3:68) is insufficient to meet the sum of claims (3.69) and,

hence, the Grand Coalition is not stable. Inflow, passed water, and water use for coalitions

{1, 3, 4} (with and without water passing and leakage) and the Grand Coalition are illustrated

in Fig. 1.

Although our modelling framework is different, the above example is similar to

Example 1 in Ambec and Ehlers (2008) who, using a cooperative game theory model, dem-

onstrate that ‘when there are more than three agents all distributions may violate the co-

operative core lower bounds’. The reason is a similarity between the cooperative core,

usually called d-core, and the internal stability solution concepts. Both consider that after a

deviation, i.e., after a withdrawal from the coalition, the other agents will continue their

membership and behave accordingly. Despite the similarity of the proofs of Theorem 2 of

Ambec and Ehlers (2008) and of part (iv) of our Theorem 3 the scope of the theorems is

Table 1. An example river sharing game with four agents: levels of inflow, satiation points, and

marginal benefits for the All Singletons benchmark.

i ei x̂i b0iðeiÞ

1 2.00 3 0.22

2 0.75 1 0.50

3 0.75 1 0.50

4 0.55 1 0.90
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quite different. Using a cooperative approach, Ambec and Ehlers (2008) are not interested

in settings where partial coalitions emerge. By contrast our result extends to all partial co-

alitions with at least four agents in any river sharing game.

5. Conclusion

Our analysis has shown that the potential benefits of water trade in transboundary rivers

may not be sufficient to make all agents in the river cooperate and acknowledge the prop-

erty rights that are a prerequisite for trade. However, a partial agreement with three agents

will always be stable. Then a partial market emerges, in which a subset of agents trades river

water, while others choose not to join the agreement. One of our main results shows that

leakage—or water seizing—does not occur in equilibrium. In essence, if, in an equilibrium,

an upstream agent sells water to a downstream agent, the cooperation of all agents located

in-between can be ‘bought’. They receive compensation for abstaining from water seizing.

The results of our paper contribute to two different and so far largely unconnected

strands of the literature. First, we contribute to the analysis of IEAs by adding a spatial

structure. In the river setting location is important to determine the outside option payoffs

that are decisive for coalition stability. There are other types of IEAs where location, or the

spatial structure in general, is an important component of the analysis. One example is

IEAs on biodiversity or marine conservation where the location of habitats plays a crucial

role. Another example is IEAs on non-uniformly mixing pollutants like sulphur emissions

or water pollution, where transport and dispersion of pollutants is key. This last topic has

been picked up by the literature on transboundary pollution games (Folmer and von

Mouche, 2000) using a transport matrix whose coefficients reflect the dispersion of pollu-

tion from source to target locations. In the river setting of our paper, this would correspond

to a ‘water balances’ matrix as in Ansink and Houba (2012). Assessing more general matri-

ces in the context of a coalition formation game appears to be challenging, however, since

this would introduce (even more) asymmetry between the agents in the game.

Fig. 1. Inflow, passed water, and water use for S¼N and S ¼ f1; 3; 4g (with and without water passing

and leakage); nodes are agents and arrows indicate water flows. Note that the numbers for water use

provided may not sum to total available water
X

i2N
ei ¼ 4:05 due to rounding.
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Second, in the light of network economics the river structure is a simple (directed) net-

work where in-between agents have a decisive position that can facilitate or block

upstream–downstream cooperation (cf. Currarini et al., 2016). The application of networks

to the analysis of river sharing games is largely restricted to papers that use cooperative

game theory. Non-cooperative game theory has seen fewer applications to the river sharing

game, mostly confined to bargaining analyses in a two-agent setting. With the exception of

Gengenbach et al. (2010), we are not aware of other papers that have applied a coalition

formation game in a river structure.

Given that river water is not a public good, one would expect transboundary trade in

river water to emerge spontaneously. In this paper we show that this is not necessarily true,

mainly due to the constraints imposed by unidirectional river flow. Our results help to ex-

plain the predominance of ‘small’ treaties on water sharing in transboundary rivers and the

difficulties often seen in negotiations on river sharing (cf. Just and Netanyahu, 1998). For

example, Giordano et al. (2014) find that only a quarter of all transboundary river treaties

include all countries in the river basin to which they apply. While the failures of river shar-

ing negotiations have often been explained using arguments based on political feasibility

(LeMarquand, 1977; Dinar, 2000; Zawahri et al., 2016), in this paper we show that ‘large’

treaties may be economically unattractive from (some) individual countries’ perspective. In

addition, our results help to explain the lack of substantial transboundary water trade. An

applied model that confirms this result was recently published by Dinar and Nigatu (2013),

who modelled the possible gains from trade among three countries that share the Blue Nile.

Their results show that such trade-agreements are not core-stable, indicating the fragility of

cooperation in transboundary basins (see also Nigatu and Dinar, 2016). Summarizing, our

results put recent research on river sharing in a broader perspective and demonstrate that

the benefits of cooperative water use may not be reaped easily.
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