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Preface

“De weg naar de top is nooit een rechte. Voor de een is ’ie heel
steil aan ’t begin, voor de ander heel steil op ’t einde.”

– Maarten Ducrot, Wielercommentator NOS

This thesis is the result of four years of research, done at the Institute for
Theoretical Physics under supervision of Prof. dr. René van Roij. Initially
aimed towards active matter in general, we came to study swimming, and
more recently surfing, at the microscale.

Chapter 1 gives an introduction to, and outline of, the main part of the
thesis, while Chapter 2 gives a extensive background in hydrodynamic the-
ory. The results of our research are described in Chapters 3-8. At the end of
the thesis, the reader will find an outlook, a list of our publications, the bib-
liography, a Dutch summary, acknowledgements and a resume of the author.

I wish the reader much joy and inspiration while reading my thesis.

Bram Bet
December 2017, Utrecht
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1 Introduction

We start by introducing the topics that are studied in this thesis. As one
may expect from the title, the thesis is mainly concerned with the effects
of shape, specifically on swimming and surfing. As we will see shortly, the
swimming and surfing that is investigated in this thesis takes place at the
microscale: it is performed by particles that are of micrometer dimensions.
Since both swimming and surfing usually takes place in or on water, what
better topic to start with than the physics of liquids?

1.1 Hydrodynamics: Stokes & Co.

Hydrodynamics is the discipline of physics that studies liquids in motion.
In principle, this scientific field is as old as human existence itself, since
settlements often arose close to shores of seas, rivers and lakes, where humans
could develop the knowledge of liquids (water) necessary for transportation
and food collection. For instance, already more than six thousand years
ago, humans where capable of building boats that supported the expansion
of early civilisation over a large distance from main land Asia to Indonesia
and, subsequently, to Australia and Polynesia [1]. A famous example of early
fluid science is Archimedes’ principle, stating that the upward buoyant force
on an object immersed in a fluid is equal to the weight of the fluid displaced
by the object [2], a law that is nowadays broadly known and underlies the
understanding of the floating principle of boats.

“Contemporary” hydrodynamics started in the 18th century, with the
works of Jean le Rond d’Alembert, Joseph Lagrange and Leonhard Euler,
who developed the mathematical theory to describe fluid motion based on
mechanical principles. Most notably, Euler obtained in 1755 [3] the equa-
tions of motion for a small fluid volume element from Newton’s second law,
relating the acceleration of the fluid element to the forces in terms of exter-
nal forces and pressure gradients acting on it, known as the Euler equations:

1



1 Introduction

ρ

(
∂

∂t
+ u · ∇

)
u = −∇p+ f ,

∂ρ

∂t
+∇ · (ρu) = 0, (1.1)

where ρ,u and p are the mass density, velocity and pressure of the fluid ele-
ment, respectively, and f the external force (density) acting on it. Here, the
first equation expresses the momentum conservation from Newton’s equa-
tion, while the second equation expresses mass conservation of a fluid volume
element (the continuity equation1). Soon after, however, it was realised that
the fluid motion that follows from this equation can be quite different from
the motion observed in fluids. For instance, the total pressure on a symmet-
ric body that is immersed in a steady flow is found to vanish, a result know
as d’Alembert’s paradox [4].

In the years that followed [5], Claude-Louis Navier (1822) [6], and after
him Augustin Cauchy, (1823) [7], Siméon-Denis Poisson (1829) [8], Adhémar
Barré de Saint-Venant (1837) [9] and George Stokes (1845)[10], derived (or
rederived) an extension of the Euler equations that became known as the
Navier-Stokes equations:

ρ

(
∂

∂t
+ u · ∇

)
u = −∇p+ η∇2u+ f , ∇ · u = 0, (1.2)

where the viscous friction in the fluid is characterized by a single material
constant η, known as the viscosity.2 This equation is widely regarded as
the most important equation of fluid dynamics (and engineering), as it ac-
curately describes the motion of a very broad class of fluids, ranging from
the streaming of gases such as air, to the very slow convective flow in the
Earth’s mantle.3

While the Navier-Stokes equations are quite old4 and very broadly appli-
cable, they are also notoriously difficult to solve. In fact, it remains an open

1Many fluids are (to good approximation) considered to be incompressible, i.e., the density
is independent of position and time, such that the continuity equation reduces to
∇ · u = 0.

2A derivation of this equation is found in Chapter 2.
3Fluids that do not obey the Navier-Stokes equations, or rather the constitutive rela-

tion for the viscosity that underlies it, are called non-Newtonian fluids. Corn starch
dissolved in water is an example of such a fluid, which shows shear thickening: the
viscosity increases when the solution is sheared (e.g. stirred).

4Compared to modern physics such as general relativity, quantum mechanics or string
theory.
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1.1 Hydrodynamics: Stokes & Co.

question whether (smooth) solutions of this equation even exist in general,
a problem deemed so fundamentally important that the Clay Mathematics
Institute included this problem in their list of “millennium prize problems”,
offering 1 million US dollars for a proof (or counter example) of the exis-
tence and smoothness of solutions [11]. Apart from this general mathemat-
ical proof, even numerically calculating solutions to specific problems can
be quite a challenge, owing to the fact that the Navier-Stokes equations are
non-linear.

It turns out, however, that in a certain physical regime, things may be
simplified. Different regimes are distinguished by the Reynolds number Re,
named after Osborn Reynolds who introduced it in 18835, which is defined
as

Re =
ρV L

η
, (1.3)

where V and L are typical velocity and length scales, respectively, of the
system we wish to describe (using the Navier-Stokes equations). This dimen-
sionless number compares the magnitude of the inertial forces (∼ ρV 2/L) to
the magnitude of the viscous forces (∼ ηV/L2), such that, when it is very
small, we may neglect the left-hand-side of the Navier-Stokes equations to
obtain the Stokes equations:

−∇p+ η∇2u+ f = 0, ∇ · u = 0 (Re� 1). (1.4)

Thus, when we are describing things that move very slowly (V small), are
very little (L small), or move through a very viscous fluid (η large), the
Reynolds number is small, and Navier must leave the game with the left-
hand-side of his equation. While this simplifies the fluid equations drasti-
cally, i.e, we go from a non-linear to a linear partial differential equation,
still only very few analytical solutions of this equation are known. The most
famous solution is that of the flow around a translating sphere of radius a
that moves with a velocity U through a fluid, which experiences a drag force
F given by the Stokes6 law [13]:

F = −6πηaU . (1.5)

5In actuality, it was named after Reynolds by Arnold Sommerfeld in 1908 [12].
6Indeed, the same Stokes.

3



1 Introduction

But what if we wish to describe an experiment with small or slow mov-
ing particles with a non-spherical shape? In recent years, many experi-
mental systems with anisotropic particles have entered the playground of
soft-condensed-matter science7. The random (Brownian) motion of these
particles is closely related to the hydrodynamic drag they experience when
moving through the solvent; however, how do we calculate this drag if there
are no solutions to the flow field? This is a problem we tackle in Chapter 3,
where we develop a numerical (computer) model to calculate the hydrody-
namic drag on a particle, the bead-shell model, which is both fast and applies
to any possible three-dimensional particle shape. The essence of this model
is in fact very simple: we represent the particle surface by a large collection
of spheres, for which we do have analytic expressions.

1.2 Swimming with Stokes

In early human history, knowing how to swim could mean a higher chance of
survival if one found him/herself in the water unexpectedly, a way to cross
rivers or lakes, or a means of leisure in times where one was less concerned
with immediate survival. For instance, children of early Egyptians where
depicted taking swimming lessons [15]. Competitive swimming arose in the
early 19th century8 in England, while it has been an event in the Olympic
Games since the first edition in 1896 [16]. For aquatic animals such as fish,
swimming is the only way of locomotion, such that searching for food and
escaping from predators puts them in a continuous competitive swimming
event: survival of the fittest. The same holds true for very small organisms,
i.e. micro-organisms, of which some (of the vastly many) species are able to
swim towards, e.g., nutrients (chemotaxis), light (phototaxis) or the direc-
tion gravity (gravitaxis). It turns out, however, that swimming works quite
differently for micro-organisms than it works for humans.

A human (L ∼ 1 m) can swim in water (ρ ∼ 103 kg m−3, η ∼ 10−3 Pa s)
at a velocity9 V ∼ 1 m s−1, such that we swim with a Reynolds number

7Soft condensed matter, a term coined by Pierre-Gilles de Gennes [14], refers to systems
that behave “soft” under a mechanical deformation, e.g. gel, clay, foam etc. In practice,
the building blocks of such a system are often mesoscopic, i.e., of size 10 nm− 1 µm.

8Not long after Stokes wrote down his hydrodynamic laws, coincidence?
9In fact, the Frenchman Florent Manaudou holds the current world record 50 m freestyle

on short course: 20.26 s, i.e., V ≈ 2.47 m s−1.
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1.2 Swimming with Stokes

L ⇠ 1m

V ⇠ 1m s�1

Re ⇠ 106

L ⇠ 1 µm
V ⇠ 10 µms�1 Re ⇠ 10�4

Figure 1.1: A human swimmer has a typical length L ∼ 1 m and swims (in water)
at a velocity V ∼ 1 m s−1, leading to a Reynolds number Re ∼ 104, i.e.,
inertia dominates over viscous friction. On the other hand, a microswim-
mer has a typical size L ∼ 1 µm and swims at a velocity V ∼ 10 µm s−1,
such that Re ∼ 10−4, i.e., inertia is completely negligible.

Re ∼ 106, i.e., inertia dominates over (viscous) friction. In contrast, while
swimming microorganisms come in all sorts and varieties, they are typically
of size L ∼ 1 µm and swim at a velocity V ∼ 10 µm s−1, such that they swim
with a Reynolds number Re ∼ 10−4, i.e., inertia is completely negligible.
This is illustrated in Fig. 1.1.

To get a feeling for the difference between these ‘swimming regimes’, let
us take look at the typical distance it takes for a swimmer to come to a
halt when it suddenly stops swimming [17]. Recall that the inertial and
viscous force density scale as ρV/L and ηV/L2, respectively, which act on
a swimmer of volume L3 and mass ρL3 (assuming the mass density of the
swimmer to be comparable to the fluid mass density). Newton’s law tells
us that these forces lead to typical decelerations V̇ of V 2/L and ηU/(ρL2),
respectively, which lead to stopping distances s = V 2/(2V̇ ) ∼ L for high
Reynolds numbers, but s ∼ L× Re for low Reynolds numbers. Thus, when
we (humans) push ourselves off from the side of the swimming pool, or dive
from the starting platform, we coast onwards for a distance of a few meters.
In contrast, when a bacteria stops swimming, it comes to a halt after a
distance L×Re ∼ 1 Å and a time L/U ×Re ∼ 10 µs! Thus, for all practical
purposes, such a swimmer has no inertia, i.e., it moves exactly according to
the forces that are exerted on it at that moment. Moreover, can you imagine
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1 Introduction

a human swimming under the same conditions, i.e., in a swimming pool that
is filled with such a viscous substance that you come to a halt after 0.1 mm,
when you dive in it from the starting platform?

Now let us take a closer look at what it means to swim at the micro-
scale. Swimming means that you propel yourself forward through a liquid
by performing a swimming stroke: a periodic change of body shape. After
such a stroke-cycle, you have returned to your original shape, but have
displaced a little bit (hopefully) as a result of the stroke. Repeating this
proces will allow you to move forward. For a swimming micro-organism, or
microswimmer, we have seen that the Reynolds number is very small, such
that the motion of the fluid around the swimmer is accurately described by
the Stokes equation, Eq. (1.4). When examining Eq. (1.4), one may notice
that the time, t, has completely disappeared from the picture. As a result,
the displacement of a swimmer per stroke only depends on the stroke pattern,
i.e., the sequence of shapes it takes during the cycle, but is independent of
whether this stroke is performed quickly or slowly. Moreover, if you perform
reciprocal motion, i.e., you change your body into a certain shape, and return
to the original shape via the reverse sequence of shapes, you go back to the
original position and have not moved at all after a complete stroke! In his
famous 1976 lecture “Life at Low Reynolds Number” [18], Edward Purcell
summarized this principle in the so-called Scallop Theorem: a scallop, which
swims by opening slowly and closing quickly, cannot swim at low Reynolds
numbers. This is illustrated in Fig. 1.2. Obviously, opening and closing is
all a scallop can do, since it only has a single hinge. Therefore, if you want to
swim at low Reynolds numbers, you must have at least two internal degrees
of freedom, and perform a stroke that is non-reciprocal.

But why would one be interested in microswimmers at all?10 In re-
cent years, promising advances have been made for medical applications
in medicine, for instance in microsurgery, targeted drug delivery or aided
fertilization. For example, one can imagine that letting a microswimmer
locally deliver a chemical to a tumor can be a much less invasive procedure
than a surgery or a treatment where the drug is spread through the whole
body [19]. Moreover, connecting a magnetic tube to a swimming sperm cell
and guiding it towards the egg cell, or connecting a synthetic microswim-
ming object to a non-motile sperm cell and propelling it towards the egg

10As a physicist I mean.
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1.2 Swimming with Stokes

I II III 

v

v

Figure 1.2: The stroke cycle of a scallop. The scallop moves forward (v > 0) by
closing the shell (shapes I-II-III). When the shells opens, it goes through
the same sequence of shapes backwards (III-II-I). Therefore, the scallop
performs a reciprocal stroke and is unable to swim at the microscale,
where inertia is negligible.

cell, will provide novel ways to aid fertilization [20].

Obviously, to facilitate these developments, a thorough understanding of
microswimming is of paramount importance. As is obvious from an Olympic
swimming contest, the efficiency of a swimmer depends on the stroke that
he/she performs, e.g., breaststroke is faster than backstroke, but also on the
‘shape’ of the swimmer: successful swimmers have long arms, broad shoul-
ders, a long upper body and slender legs. Than surely, certain microswim-
ming shapes and strokes can be more efficient than others. In Chapter 4, we
investigate the problem of microswimming efficiency in detail. There, we first
formulate a general version of the Scallop theorem, that gives a requirement
for any swimming shape and stroke to produce net motion. Subsequently,
we take a look at one of the simplest model swimmers that is able to escape
the Scallop theorem: the three-body swimmer, consisting of three rigid bod-
ies that are connected by two extendible arms. Having two arms of variable
length, this swimmer has two internal degrees of freedom and is therefore
able to perform a non-reciprocal stroke that leads to net motion. Using the
numerical model that we develop in Chapter 3, we calculate the efficiency
for three-body swimmers of different shape and find that while some shapes

7



1 Introduction

will allow the swimmer to push itself efficiently forward against the fluid,
others facilitate more efficient strokes by allowing a smaller minimum arm
length.

Another possibility towards constructing microswimmers is, as has of-
ten been the case in engineering, to borrow inspiration from nature. The
bacterium Escherichia coli is an intensively studied microswimmer, with a
well understood swimming mechanism (compared to the many biological
microswimmers out there). In fact, as its complete DNA sequence and a
large number of mutations are known, E. coli is often dubbed ‘the best un-
derstood organism on the planet’ [21]. E. coli swims by rotating a bundle
helical (corkscrew-like) flagella (long and thin extremities) behind it, using
a complicated rotating motor in the wall of the cell body [22, 23]. In the
second part of Chapter 4, we consider a microswimmer that is modelled after
this E. coli bacterium and investigate how the swimming efficiency depends
on the shape of the cell body and flagellar bundle. Interestingly, while one
may expect that evolution has selected the most efficient shape to be abun-
dantly found in nature, a second efficient swimmer shape comes out of our
analysis, one that has (to our knowledge) not been observed in nature.

There is another reason that microswimmers have caught a lot of scientific
attention: systems of microswimmers are examples of active matter, a very
active field of research in the recents years. Active matter systems consist of
particles that convert (internally stored) energy into motion, such that the
system is constantly driven out of equilibrium. As a result, the usual (equi-
librium) thermodynamics does not apply, and even familiar concepts such as
the (thermodynamic) pressure of an active system becomes non-trivial to de-
fine [24–26]. Moreover, these systems of self-propelled particle can show quite
rich collective behaviour, such as clustering, segregation, laning phases and
large density fluations. [23, 27, 28]. In Chapter 5, we investigate a specific
experimental example of a system of self-propelled particles, namely, chains
of micron-sized spheres that are half-coated with platinum (Pt). When these
spheres come into contact with hydrogen peroxide (H2O2), a chemical reac-
tion on the Pt surface sets these spheres into motion. However, first binding
these spheres into rigid or semiflexible chains before adding the peroxide,
leads to intricate self-propelled motion of the chains, which in some cases
resembles the flagellum motion of biological microswimmers, as is shown by
the experiments described in Chapter 5. Our numerical calculations are able
to qualitatively reproduce this motion and show that it is caused by a com-
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1.3 Surfing with Brinkman

bination of anisotropy in both the chain shape and its internal structure,
i.e., the direction of self-propulsion of each of the building blocks.

1.3 Surfing with Brinkman

As the reader will probably know, surfing is another (human) activity where
one moves in or on water: it means sliding on water while standing on an
elongated board, either down a wave under the influence of gravity or under
influence of wind by using a sail [29]. The nomenclature ‘surfing’ has also
been given to particles that move under the influence of a temperature [30–
32] or concentration gradient [32], or the spreading of bacterial colonies that
is influenced by a gradient in surfactants. The second part of this thesis
concerns particles that are also ‘surfing’, in the sense that they are riding
along with a moving fluid. However, these particles are not sliding down
a wave due to gravity, but are pushed by the fluid through a micro-fluidic
channel under the influence of a pressure gradient.

Micro-fluidic devices are experimental setups or chips in which a (com-
plex) fluid is pumped through a system of small channels of nm or µm di-
mensions. These chips offer many applications in fluid analysis, for instance
in cytometry (cell characterization) [33], DNA sequencing [34], or blood cell
analysis [35].11 In the micro-fluidic devices we will discuss in Chapters 6-
8, particles of typical size ∼ 100 µm can be produced in a shallow (small
height) channel, or Hele-Shaw cell, using a technique called ‘continuous flow
lithography’. There, UV-light pulses are used to cross-link dissolved polymer
chains into a solid object. This particle will be of almost the same height
as the channel, while its in-plane geometry may be of any desired shape by
shining the UV-pulse through an optical mask. Once created, the particle
will move through the fluid at low Reynolds numbers, i.e., without inertia,
but it will be pushed along by the moving fluid. Just as the movement of a
surfboard on a wave may differ depending on its shape, e.g. a shorter board
is more manoeuvrable, the motion of the particles in the channel will depend
on their shape. Ultimately, the goal is to be able to engineer trajectories
of these particles, e.g. create self-steering particles, that move to a specific
desired position in the channel. This has obvious applications in separation

11The fact that there exists a journal called ‘Lab on a chip’ underlines the versatility of
these microfluidic chips for analysis.
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1 Introduction

of mixtures, or cleaning of channels. For instance, if one has particles that
always go to one side of the channel, they may be used to bind dirt or clean
the sidewalls, after which they are easily removed using a junction in the
channel.

In Chapter 6, we formulate a theoretical and numerical framework that
describes the motion of these particles in the channel. One of the key in-
gredients there is that, since the channel height H is much smaller than
its width and length, the system may be effectively described as quasi-two-
dimensional. The hydrodynamic equations that govern this system are ob-
tained by averaging the Stokes equation over the channel height, to obtain
the so-called Brinkman equation,

−∇2Dp̄+ ηH∇2
2D ū−

12η

H
ū = 0, ∇2D · ū = 0, (1.6)

where the two-dimensional vector field ū denotes the height-averaged value
of the original flow field and p̄, the two-dimensional pressure field. A con-
sequence of the particle confinements is that the motion is also effectively
restricted to a two-dimensional plane. By going from three to two dimen-
sions, the hydrodynamic equations are much cheaper to solve numerically,
which we use in Chapter 6 to accurately describe both the fluid and particle
motion in the channel. There, we join forces with an experimental group
at TU Delft and are able to accurately predict the experimentally observed
motion of dumbbell-shaped particles. In Chapter 7, we write down explicitly
and solve analytically the equations of motion for these confined particles.
With the analytical solutions, we show that the particle trajectories may be
characterized using only a few geometry-dependent timescales, which brings
the engineering of these particle trajectories one step closer to reality.

Finally, in Chapter 8 we considers multiple particle at once in the chan-
nel. Since hydrodynamic interactions are long-ranged in three-dimensions,
numerical simulations of systems with hydrodynamic interactions are often
numerically very costly. On the other hand, collections of particles in quasi-
two-dimensional micro-fluidic channels prove to be excellent model systems
to study collective behaviour under the influence of hydrodynamic interac-
tions [36]. In Chapter 8, we generalize the framework of Chapter 6 to col-
lections of particles in micro-fluidic channels. We apply this to the study of
two-body hydrodynamic interactions between pairs of particles, and investi-
gate the dependence of this interaction on the particle shape. Subsequently,

10
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we add more particles, and find that the hydrodynamic interactions are not
pairwise additive, but have a clear many-body nature.

1.4 Outline

While most of the studied material has been introduced in the previous
sections, let us end this Chapter with a short outline of the main body of this
thesis. In Chapter 2, we give an extensive background of the hydrodynamic
theory that is used in this thesis. With the extensiveness of Chapter 2,
we aim to make this thesis as self-contained as possible; readers with a
strong background in Stokesian hydrodynamics may skip Chapter 2 and
proceed to the next Chapters. In Chapter 3, we develop a numerical bead-
shell model to calculate the hydrodynamic friction on colloidal particles,
which we generalize to systems of (hydrodynamically interacting) particles.
This extension is applied in Chapter 4, where we investigate the intricate
dependence of the swimming efficiency on the shape of a microswimmer,
both for simplified models (three-body swimmers) and biologically inspired
swimmers (modelled after E. coli bacteria). In Chapter 5, we collaborate
with an experimental group from the Radboud University (Nijmegen) to
investigate the motion of chemically self-propelled bead chains, where the
motion of these chain is influenced by both the chain shape as well as the
internal chain structure.

In the second part of the thesis, we focus on the shape dependence of
confined particle motion in Hele-Shaw channels. In Chapter 6, we set up
the theoretical and numerical framework to calculate these trajectories, and
compare directly with experimental results obtained by experimental collab-
orators from the TU Delft. In Chapter 7, we solve the particle equations of
motion analytically, and classify the trajectories as far as possible on the ba-
sis of only a few geometry-dependent time scales. Finally, in Chapter 8, we
generalize this framework to collections of particles in Hele-Shaw channels,
and investigate the pairwise and many body-interaction in the channel, as
well as the influence of particle shape on these interactions.

11



1 Introduction

1.5 Supplementary material

Much of the research that this thesis is based on, concerns particles that are
moving, either by swimming or self-propulsion, or by passively moving along
with the fluid in a channel. We have found that visual representations of this
research have benefitted both the researchers and the readers, helping them
get a better understanding of the motion of these particles. Therefore, we
provide also this thesis with the necessary supplementary material. Chapters
4-8 are supported by animations and (microscopic) videos, that, along with
descriptions of these animations, may be found at http://web.science.uu.
nl/itf/brambet.htm. Finally, you can get an idea of the studied particle
motion from the figures on the bottom of the page, by browsing quickly
through the thesis!

12

http://web.science.uu.nl/itf/brambet.htm
http://web.science.uu.nl/itf/brambet.htm


2 Low Reynolds number hydrodynamics

In this Chapter, we borrow inspiration from a few of the classical textbooks
on hydrodynamics [37–43] and try to give a complete and self-contained
overview of the hydrodynamic theory and literature results that are used
throughout this thesis. We warn the reader that the extensive character
of this Chapter may be a bit tough to digest, although we hope that its
completeness is appreciated. Moreover, we try to point out the relation
of the presented results with the following parts of this thesis as much as
possible.

Starting from the general governing equation of a fluid, the Navier-Stokes
equation, or rather its overdamped limit, the Stokes equation (which applies
in the regime of micro-scale hydrodynamics), we derive a number of main
results that will be used in the following Chapters. Most importantly, we
will present, in full generality, linear relations between hydrodynamics forces
on, and velocities of, immersed microscopic particles, both in single-particle
(Section 2.7) and many-particle systems (Section 2.8), a framework which
will enter the discussion in many places throughout this thesis.

Specifically, this framework allows for clear formulation of the pairwise
interactions of a collection of spherical particles, the Rotne-Prager mobility
tensor (Section 2.9.3), which underlies the numerical bead-shell model that
we set up in Chapter 3, and apply in Chapter 4 and 5. Moreover, this
framework will form the basis of the equations of motion of micro-swimmers
in Chapter 4, from which we can extract properties such as the swimming
efficiency; of the equations of motion of self-propelled bead chains in Chapter
5; and of the equations of motion of confined particles in Hele-Shaw cells in
Chapters 6 and 7, and the interactions between these particles in Chapter
8.
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2 Low Reynolds number hydrodynamics

2.1 The governing equations

Let us start by considering a fluid with mass density ρ(r, t), at position r
and time t. Moreover, the velocity of a fluid element at r and t is denoted by
the three-dimensional vector field u(r, t), while the (hydrostatic) pressure
of the fluid is denoted p(r, t). The hydrodynamic theory that we will set
up here, describes the motion u of a fluid volume element, based on two
well-known conservation principles: conservation of mass and conservation
of momentum.

Firstly, the conservation of mass states that mass is not created or de-
stroyed. As a result, the rate of change of the mass inside a (fixed) volume
V must be equal to the mass flux through the boundary of this volume:

d

dt

∫
V
dV ρ = −

∮
∂V
dSρu · n. (2.1)

The minus sign expresses our convention that the normal n of the surface
∂V is pointing outwards. Applying the divergence theorem, we rewrite Eq.
(2.1) as ∫

V
dV

(
∂ρ

∂t
+∇ · (ρu)

)
= 0, (2.2)

and, since this must be true for any arbitrary volume V , we find the conti-
nuity equation:

∂ρ

∂t
+∇ · (ρu) = 0. (2.3)

We call a fluid incompressible if the mass density is constant in space and
time, in which case the continuity equation reads

∇ · u = 0. (2.4)

Next to the mass conservation expressed by the continuity equation, there
is also an equation that governs the momentum conservation. This equation
plays the role of Newton’s equation for the motion of the fluid flow. First,
the momentum density of the fluid is given by ρu. The momentum of a fixed
volume V can change in serveral possible ways: either due to momentum
flux ρuu · ndS through an infinitesimal element dS of the boundary ∂V ;
or due to surface forces σ · ndS acting on an infinitesimal surface element
dS, and body forces fdV acting on an infinitesimal volume element dV .
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2.1 The governing equations

The latter are expressed via a hydrodynamic stress tensor σ, and body force
density f (e.g. gravity), respectively. Taking these contributions together,
the momentum conservation is written as

d

dt

∫
V
dV ρu = −

∮
∂V
dSρu(u · n) +

∮
∂V
dSσ · n+

∫
V
dV f (2.5)

We apply the divergence theorem again to find

∂ρu

∂t
+∇ · (ρuu) = ∇ · σ + f . (2.6)

To close this set of equations, we should propose a relation between the
stress σ in the fluid and the fluid state. First of all, even when the fluid is
stationary, the pressure p acts on the fluid normal to an infinitesimal surface
element: σ ·n = −pn, giving a contribution σij = −pδij . If the fluid is flows,
we can expect that gradients in the flow field will give rise to frictional forces:
a fluid element that moves faster than its neighbour will tend to slow down,
and vice versa. Hence, we see that gradients in the flow field will generate
shear-forces that do not act along the surface normal but along the surface
element. These contributions can be formally expanded in a power series in
gradients of u. When the gradients are small, we can write this contribution
to lowest order as linear combinations of ∂iuj and ∂iui. If we also assume
that the fluid is isotropic, we find that the shear stress must be proportional
to the rate-of-strain tensor

eij = eji =
1

2
(∂iuj + ∂jui)−

1

3
δij∂kuk, (2.7)

where the latter term is zero for incompressible fluids, and hence we find
that the stress tensor for incompressible fluids is written as

σij = −pδij + η(∂iuj + ∂jui), (2.8)

where the material constant η is called the viscosity, which has units of
Pa s = kg m−1 s−1. Fluids that satisfy relation (2.8) are called Newtonian
fluids. Putting Eqs. (2.6) and (2.8) together, we obtain the Navier-Stokes
equations for incompressible fluids:

ρ(
∂

∂t
+ u · ∇)u = −∇p+ η∇2u+ f , ∇ · u = 0, (2.9)
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2 Low Reynolds number hydrodynamics

which constitute equations for the fluid flow field u and pressure p for a
given body force f .

Obviously, these partial differential equations should be accompanied by a
set of boundary conditions, specifying the state of the fluid at the boundary
of the fluid domain under investigation. A very common boundary condition,
in the case that the domain boundary is a hard surface, is the so-called no-
slip boundary condition, which forces the fluid velocity at a point on the
surface to be equal to the surface velocity at that point. At the surface Sp
of an immersed rigid particle, this boundary condition takes the form

u
∣∣
r∈Sp = Up + ωp × (r − rp), (2.10)

where rp, Up and ωp denote the position, velocity and angular velocity of
the particle, respectively. In the case of a unbounded fluid domain, common
boundary conditions are a vanishing flow field and a constant pressure at
infinity. The important point to take away here, is that the influence on
the fluid of the (possibly moving) particle surface, is not captured in the
Navier-Stokes equations (2.9) but enters through the boundary conditions
that are imposed.

2.2 The Reynolds number and the Stokes equation

The Navier-Stokes equations (2.9) are a set of non-linear partial differential
equations, and therefore generally impossible to solve analytically. The non-
linear terms will only vanish in a few specific cases, such as in the case of a
flow between two infinite parallel plates or in an infinite circular tube, which
are both called Poiseuille flows, allowing for an analytical solution.

To make progress, we can estimate the importance of the various terms
in Eq. (2.9) by rescaling the quantities by typical system parameters. If
we scale length, velocity and time by characteristic scales L, V and T , we
obtain

St
∂u′

∂t′
+ Re(u′ · ∇′)u′ = −∇′p′ +∇′2u′ + f ′, (2.11)

where the prime denotes dimensionless quantities. Two dimensionless num-
bers appear in Eq. (2.11). First, the Reynolds number, which expresses the
importance of the nonlinear advection term compared to the viscous term:

Re =
ρV L

η
=
ρV 2/L

ηV/L2
∼ |ρ(u · ∇)u|

|η∇2u| . (2.12)
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2.2 The Reynolds number and the Stokes equation

The second dimensionless number is the Stokes number (sometimes also
called the oscillatory Reynolds number), which expresses the importance
of the linear unsteady term to the viscous term:

St =
ρL2

ηT
=
ρL/T 2

η/LT
∼ |ρ∂u/∂t||η∇2u| . (2.13)

An example of a typical system time-scale is the self-advection time of a
particle T = L/V , where L and V denote the particle size and velocity,
respectively, in which case we have St = Re.

Now let us consider a few typical numbers for systems that we will en-
counter in this thesis. For instance, suppose we are interested in the flow
around a colloidal particle. A typical fluid density, e.g., water, has a den-
sity ρ ∼ 103 kg/m3 and a viscosity η ∼ 10−3 Pa s. Also, colloidal particles
have a typical size L ∼ µm and (thermal) velocity V ∼ µm s−1, leading to
Re = St ∼ 10−6. Alternatively, we may be interested in the hydrodynam-
ics of a microswimmer, e.g., an E. coli bacterium. This bacterium, of size
L ∼ 10 µm, swims at a typical velocity V ∼ 50 µm s−1 by rotating a bundle of
helically shaped flagella at a frequency (defining a timescale) T−1 ∼ 150 Hz,
leading to Re ∼ 10−3 and St ∼ 10−2.

These examples illustrate that, when describing the hydrodynamics of
microscopic systems, both the Reynolds and the Stokes number are very
small, allowing us to neglect the left-hand-side of the Navier-Stokes equations
(2.9), from which we obtain the Stokes equation1

−∇p+ η∇2u+ f = 0, ∇ · u = 0 (2.14)

Physically, this limiting case implies that friction forces dominate to such an
extent that fluid velocities are small and set in instantaneously.

Although the low-Reynolds number limit simplifies the governing fluid
equations greatly, there are still only a very limited number of geometries or
systems for which an analytical solution exists. A well-known and canonical
example is that of a rigid sphere (of radius a) translating through a quiescent
fluid, for which one can derive a relation between the frictional force F on
and the velocity U of the sphere, which is known as the Stokes law [13]:

F = −6πηaU . (2.15)

1Unless explicitly stated otherwise, below we will use the name Stokes equation for the
homogeneous equation without an external body force: f = 0.
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2 Low Reynolds number hydrodynamics

Although there exist many different derivations of the Stokes law and the
flow field that comes with it, we will not show these here. Rather, we will
establish a few general results for the flow fields around rigid particles, from
which the flow field of the sphere will eventually follow in an elegant manner.

2.2.1 Properties of the Stokes equation

There are a few properties of the Stokes equation (2.14) that are worth
mentioning. First of all, the low Reynolds number limit neglects the non-
linear advective term and reduces the non-linear Navier-Stokes equations
to the linear Stokes equations: the pressure field p and flow field u only
appear in Eq. (2.14) to linear order. As a result, the solutions u and p
will be linear in the driving force f , or in the boundary conditions that are
imposed. Hence, suppose we are looking for a solution u of Eq. (2.14) with
a set of boundary conditions at boundaries Si (possibly at infinity, in which
case a limit should be understood),

u
∣∣
Si

= Ui. (2.16)

Then, we can construct the solution as a superposition of solutions uj of Eq.
(2.14), where each solution satisfies its own set of boundary conditions under
the constraint that the sum of the boundary conditions equals the original
boundary condition:

uj
∣∣
Si

= Ui,j ,
∑
j

Ui,j = Ui. (2.17)

Note that this includes the special case Ui,j 6=i = 0. Then, obviously,

u =
∑
i

ui (2.18)

satisfies the original set of boundary conditions, hence Eq. (2.18) is then
the solution we are looking for. A specific example that we will encounter
several times later in this thesis, is that of the flow field around a moving
rigid particle, with no-slip boundary condition (2.10). The linearity of the
Stokes equation ensures that we can consider the translational and rotational
motion separately: we write the solution u as a superposition u = ut + ur,
where both ut and ur are solutions of Eq. (2.14) with boundary conditions

ut
∣∣
Sp

= Up, ur = ωp × (r − rp). (2.19)
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2.2 The Reynolds number and the Stokes equation

The linearity of the Stokes equation also implies that it is reversible in the
body force or imposed boundary conditions: should a particle move with
a velocity −Up instead of Up, then the resulting flow field is given by −u
instead of the original solution u.

Secondly, we note that time has completely disappeared from the gov-
erning equations. As a result, any perturbation by the driving force or the
imposed boundary conditions is reflected instantaneously throughout the
complete fluid domain. Obviously, propagation of information at an infinite
speed is unphysical, but we should keep in mind that it is only valid in the
regime of St � 1, i.e., at timescales T � ρL2/η. For example, for a col-
loidal particle (L ∼ 10−6 m) in water (ρ ∼ 103 kg m−3, η ∼ 10−3 Pa s), this
timescale is of order T ∼ 10−6 s = µs.

Finally, we point out that there are similarities between the Stokes equa-
tion and the governing equations of electrostatics. In a way, the Stokes
equation can be viewed as a Poisson equation for the flow field u, with a
source term that is equal to the gradient of the pressure, while this pres-
sure itself satisfies the Laplace equation. Thus, the hydrodynamic flow field
obeys very similar equations as the electrostatic potential, but is a vector
rather than a scalar.

2.2.2 Lorentz reciprocal theorem

Another property of the Stokes equation (2.14) that deserves attention is
the Lorentz reciprocal theorem, which establishes a relation between different
solutions of the Stokes equation (without external forces) in the same fluid
domain. Suppose two velocity fields u, ũ with corresponding stress tensors
σ, σ̃, are both solutions to the Stokes equation ∇ · σ = 0, with different
boundary conditions. Let us consider

ũi(∂jσij) = ∂j(ũiσij)− σij∂j ũi (2.20)

= ∂j(ũiσij)− (−pδij + η(∂iuj + ∂jui))∂j ũi (2.21)

= ∂j(ũiσij)− η(∂iuj + ∂jui)∂j ũi, (2.22)

where the pressure term drops out due to the incompressibility relation
δij∂j ũi = ∇ · ũ = 0. Interchanging u and ũ and substracting leads to

ũi(∂jσij)− ui(∂j σ̃ij) = ∂j(ũiσij)− ∂j(uiσ̃ij) = ∂j(ũiσij − uiσ̃ij). (2.23)
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2 Low Reynolds number hydrodynamics

But since σ, σ̃ solve the Stokes equation, the left hand side must vanish, and
we find the reciprocal identity :

∇ · (uσ̃ − ũσ) = 0. (2.24)

Using the divergence theorem, we find that for a closed region of fluid V
with boundary ∂V , ∮

∂V
dS u · σ̃ · n =

∮
∂V
dS ũ · σ · n, (2.25)

where, as before, the normal n points out of the fluid region. Note that if
we drop the assumption ∇ · σ = ∇ · σ̃ = 0, we have∮

∂V
dS u · σ̃ ·n−

∫
V
dV u · ∇ · σ̃ =

∮
∂V
dS ũ · σ ·n−

∫
V
dV ũ · ∇ · σ (2.26)

In the coming sections, this identity will prove to be very useful. We will
use it to derive the boundary integral formulation in Section 2.4 and Faxén
laws in Section 2.6, and derive symmetry properties of the rigid particle
resistance tensor and many-particle resistance tensor in Sections 2.7 and
2.8, respectively.

2.3 Fundamental solution of the Stokes equation: the
Stokeslet

We start our analysis by looking for a fundamental solution for the Stokes
equation, i.e., we solve the Stokes equation with an external point force
[39, 43],

∇ · σ = −∇p+ η∇2u = −F δ(r), ∇ · u = 0, (2.27)

and impose that the solutions u and p vanish at infinity. We take the
divergence of this equation and use the incompressibility relation, ∇·u = 0,
to find that p satisfies

∇2p = F∇δ(r), (2.28)

i.e., p is an harmonic function for r 6= 0, that decays to zero as |r| → ∞.
To find a solution, we may notice that the simplest, spherical symmetric
harmonic solution φ(r) must satisfy

∇2φ =
1

r2
∂r(r

2∂rφ) = 0, (2.29)
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2.3 Fundamental solution of the Stokes equation: the Stokeslet

from which we find that φ ∼ 1/r is a solution that decays to zero at infinity.
Furthermore, since we can interchange the order of differentiation, gradients
of 1/r to any order will be solutions as well, giving a series of solutions

1

r
,
ri
r3
,
δij
r3
− 3

rirj
r5

, ... (2.30)

As described in the previous section, the Stokes equation (2.27) is linear,
and therefore the solution for p must be a scalar linear in F . The only scalar
harmonic function that we construct from (2.30) and is linear in F is of the
form

p(r) = λ0
riFi
r3

, (2.31)

where λ0 is a constant to be determined.
To proceed, we write fundamental solution u of Eq. (2.27) as the super-

position u = uP + uH of a particular solution uP of the inhomogeneous
Eq. (2.27) and a general solution to the homogeneous (harmonic) equation
∇2uH = 0. A particular solution is given by

uP (r) =
1

2η
rp. (2.32)

To find the harmonic solution, we resort again to (2.30) and find that the
only possible vector harmonic that is linear in F must be of the form

uHi (r) =

[
λ1
δij
r

+ λ2

(
δij
r3
− 3

rirj
r5

)]
Fj . (2.33)

To find the constants, we first invoke the incompressibility constraint∇ · u = 0.
Note that

∂ip = λ0

(
δij
r3
− 3

rirj
r5

)
Fj , (2.34)

ri∂ip = λ0ri

(
δij
r3
− 3

rirj
r5

)
Fj = −2λ0

riFi
r3

= −2p, (2.35)

∂i
δij
r
Fj = −riFi

r3
= − p

λ0
, (2.36)

∂i(
δij
r3
− 3

rirj
r5

)Fj =

[
−3

rj
r5
− 3

(
4rj
r5
− 5

rjrkrk
r7

)]
Fj = 0. (2.37)
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2 Low Reynolds number hydrodynamics

Then, using these results, we find

0 = ∂iui = ∂i(u
P
i + uHi ) (2.38)

=
1

2η
(∂iri)p+

1

2η
ri(∂ip) + ∂iu

H
i =

3

2η
p− 2

2η
p+

λ1

λ0
p (2.39)

such that λ1 = λ0/(2η). Hence the solution for the flow field becomes

ui(r) =
1

2η

[
λ0

(
δij
r

+
rirj
r3

)
+ λ̃2

(
δij
r3
− 3

rirj
r5

)]
Fj , (2.40)

where we rescaled λ̃2/η = λ2.
So far, we could have taken the same steps to find the solution of the

flow field around a translating sphere. This solution would be obtained by
imposing the no-slip boundary conditions on the surface of the sphere, which
will result in solutions for the two unknown constants. However, in the case
of the point force, the second term vanishes. To see this, we must note
that the constant λ0 is dimensionless, while λ̃2 has dimensions of (length)2.
However, our infinite system with a single point force does not have any
characteristic length scale, so we must have λ̃2 = 0.

To determine the remaining constant λ0, we first determine the stress
tensor σij :

∂iuj =
λ0

2η

(−Fjri
r3

+
Fkrkδij + Fkδkirj

r3
− 3

Fkrkrjri
r5

)
(2.41)

η(∂iuj + ∂jui) = λ0

(
Fkrkδij
r3

− 3
Fkrkrirj

r5

)
(2.42)

σij = −pδij + η(∂iuj + ∂jui) = −3λ0
rirjrk
r5

Fk. (2.43)

Next, we integrate equation (2.27) on both sides over the unit ball B1 cen-
tered at the origin:

−Fi = −
∫
B1

dV Fiδ(r) =

∫
B1

dV ∂jσij (2.44)

=

∫
S1

dS σijnj =

∫
S1

dS σijrj/r (2.45)

= −3λ0Fk

∫
S1

dSrkrirjrj = −3λ0Fk

∫
S1

dSrkri = (2.46)

= −3λ0Fk
4π

3
δki = −4πλ0Fi, (2.47)
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2.4 Boundary integral formulation

where we used the divergence theorem in the second step, and
∫
S1 dSrarb =

4π/3δab in the sixth step. Hence, we find that λ0 = 1/4π.

Concluding, we have the following solutions for a point force F at the
origin:

p(r) =
P(r)

8πη
· F , Pi = 2η

ri
r3

+ P∞i (2.48)

u(r) =
G(r)

8πη
· F , Gij(r) =

δij
r

+
rirj
r3

, (2.49)

σ(r) = Σ(r) · F , 8πηΣijk(r) = −6η
rirjrk
r5

. (2.50)

The Green’s function G is called Oseen-Burgers tensor or Stokeslet, while
the latter term is also frequently used for the flow field u that arises from
it. This flow field is illustrated in Figure 2.1. Finally, we can factor the
force vector F from equation (2.27), and put the singularity to an arbitrary
position r′ to find the following tensor equations

8πη∂kΣijk(r − r′) = −∂iPj(r − r′) + η∂2
kGij(r − r′) (2.51)

= −8πηδijδ(r − r′), (2.52)

∂iGij(r − r′) = 0. (2.53)

2.4 Boundary integral formulation

It is possible to formulate the Stokes equation (2.14) in terms of an inte-
gral equation, that relates the (unknown) flow field u to an integral over
the boundary of the fluid domain, of an expression containing this same
unknown. To derive this boundary integral formulation, we use the Lorentz
reciprocal theorem for the unknown flow field u and the unknown stress
tensor σ, while replacing the other flow field, ũ, by the general Stokeslet
solution, G(r′ − r), with corresponding stress tensor Σ(r′ − r) (which are
one tensor rank higher, but the reciprocal identity remains valid, as one can
always contract with an arbitrary force vector F ). Recalling Eq. (2.51), we
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2 Low Reynolds number hydrodynamics

Figure 2.1: Flow field u(r) (blue arrows) due to point force at the origin, indicated
by the black arrow.

find∮
∂V
dS′Gil(r′ − r)σik(r

′)nk(r
′) = 8πη

∮
∂V
dS′ui(r

′)Σilk(r
′ − r)nk(r

′)

+ 8πη

∫
V
dV ′ui(r

′)δilδ(r
′ − r), (2.54)

where V is the fluid region of interest, with boundary ∂V , and dS′ and
dV ′ denote surface and volume integrals over r′, respectively. As mentioned
before, the normal n points out of the fluid region V . Evaluating the volume
integral on the right-hand-side, we find that the Dirac delta leads to either
u(r) or 0, depending on whether r lies inside V or not. Hence, we find

if r ∈ V o, u(r)

if r /∈ V̄ , 0

}
=−

∮
∂V
dS′(σ(r′) · n̂) · G(r − r′)

8πη

−
∮
∂V
dS′u(r′) · Σ(r − r′) · n̂, (2.55)

where V̄ and V o denote the closure and interior of V , respectively. Moreover,
we used that G(r′− r) = G(r− r′) and Σ(r′− r) = −Σ(r− r′), and defined
n̂ = −n as the surface normal pointing into of the fluid region V . Note
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2.4 Boundary integral formulation

that this derivation does not tell us anything yet about the flow field at the
boundary ∂V = V̄ \ V o.

2.4.1 Boundary integral for the flow field outside a rigid particle

So far, we have translated the Stokes equation (2.14) into an integral equa-
tion (2.55), but the boundary conditions did not enter the picture yet. In
fact, as the region V is just an arbitrary domain that is possibly just part
of a larger fluid region, it may fail to give the correct results outside of
V (where Eq. (2.55) evaluates to 0). However, as we will see here, the
boundary integral formulation attains a particularly convenient form when
we consider the flow around a rigid particle, embedded in an ambient flow
field u∞ (possibly stationary) in an unbounded domain, with no-slip bound-
ary conditions on the particle. The boundary conditions for this situation
are u = uRBM = Up + ωp × (r − rp) on the surface Sp of the particle,
and u = u∞ far away from the particle. Here, Up and ωp denote the ve-
locity and angular velocity of the rigid body motion (RBM) of the particle,
with position rp (e.g. center of mass). Let us define the disturbance flow
uD = u − u∞ (with stress tensor σD), and consider the boundary integral
for a fluid region Vf that is bounded by the particle surface Sp and a surface
S∞ enclosing the particle and far away from the particle (e.g. a sphere of
radius R� Rp, Rp being the size of the particle):

if r ∈ Vf , uD(r)

if r ∈ Vp, 0

}
= − 1

8πη

∮
Sp

dS′(σD · n̂) · G(r − r′) (2.56)

−
∮
Sp

dS′(uRBM − u∞) · Σ(r − r′) · n̂ (2.57)

− 1

8πη

∮
S∞

dS′(σD · n̂) · G(r − r′) (2.58)

−
∮
S∞

dS′uD · Σ(r − r′) · n̂, (2.59)

where Vp denotes the region inside the particle and we have already used the
boundary condition for uD on Sp. The next step is to take the limit R→∞,
which requires carefully checking that the integrals over S∞ vanish. First,
note that for R � |r|, G(r − r′) ∼ R−1,Σ(r − r′) ∼ R−2 and dS′ ∼ R2.
Also, since σD ∼ ∇uD ∼ uD/R and uD → 0 for R→∞, we must have that
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2 Low Reynolds number hydrodynamics

RσD → 0. Concluding, we see that the integrals over S∞ indeed vanish when
R → ∞. The next step is to apply the boundary integral representation to
the (fictitious) flow field uRBM − u∞:

if r ∈ Vf , 0

if r ∈ Vp, uRBM − u∞

}
= − 1

8πη

∮
Sp

dS′((σRBM − σ∞) · n)(r′) · G(r − r′)

−
∮
Sp

dS′(uRBM − u∞)(r′) · Σ(r − r′) · n.

(2.60)

The normal vector is in this case pointing into Vp, such that we denote it by
n. Next, note that the integral of σRBM ·n · G(r − r′) completely vanishes,
since ∂iu

RBM
j +∂ju

RBM
i = 0 and the integral of the (constant) pressure term

vanishes due to the incompressibility constraint,
∮
Sp
dSn·G =

∫
Vp
dV (∇·G) =

0. Then finally, we simply add the two integral representations for uD and
uRBM−u∞, keeping in mind that n̂ = −n, σ∞+σD = σ and uD = u−u∞,
to find

u(r) = u∞(r)− 1

8πη

∮
Sp

dS′ (σ(r′) · n̂) · G(r − r′) (2.61)

We now see that the disturbance flow field of a rigid particle in an ambient
flow may be represented as a superposition of flow fields arising from a
continuous collection of point forces σ · n̂ at the particle surface.

We point out that the integral formulation (2.61) is very similar to the
integral form of the Poisson equation in electrostatics [44]. There, a contin-
uous charge distribution plays the role of the collection of point forces, while
the Green’s function is given by the scalar Coulomb potential |r − r′|−1.

2.5 The Multipole Expansion

At distances far away compared to the particle size, i.e., |r| � |r′|, we may
consider a Taylor expansion of the Greens function G(r− r′) around r′ = 0:

Gij(r − r′) =
∞∑
n=0

(−1)n

n!
r′k1 ...r

′
kn∂k1 ...∂knGij(r), (2.62)

where the Einstein convention is used, as usual. Plugging this back into
expression (2.61), we find (assuming the origin r′ = 0 to lie within the

26



2.5 The Multipole Expansion

particle)

ui(r)− u∞i (r) = − 1

8πη

∞∑
n=0

(−1)n

n!

(∮
Sp

dS′ (σ(r′) · n̂)jr
′
k1 ...r

′
kn

)
∂k1 ...∂knGij(r)

(2.63)

= − Fj
8πη
Gij(r) +

Djk

8πη
∂kGij(r) + ..., (2.64)

where we specified the first terms that are the zeroth and first moment of
the traction forces:

Fj =

∮
Sp

dS(σ · n̂)j , (2.65)

Djk =

∮
Sp

dS(σ · n̂)jrk. (2.66)

The zeroth moment is recognised as the force exerted by the fluid on the
particle (or minus the force exerted by the particle on the fluid). Thus, when
we are far away from the particle, the disturbance field is to leading order
characterised by a monopole of strength F that decays as r−1, independent
of the specific shape of the particle.

The next to leading order term will be a force dipole field, of strength D,
that decays as r−2. Let us investigate Djk a bit closer. Firstly, the trace Dii

does not contain any physical information, since it multiplies the divergence
∂iGij = 0, which vanishes due to the incompressibility constraint. Hence, we
subtract the trace without loss of generality, and split Djk into its (traceless)
symmetric and anti-symmetric parts: Djk − 1

3Diiδjk = Sjk + Tjk, with

Sjk =
1

2

∮
Sp

dS [(σ · n̂)jrk + (σ · n̂)krj ]−
1

3
δjk

∮
Sp

dS(σ · n̂)iri (2.67)

Tjk =
1

2

∮
Sp

dS [(σ · n̂)jrk − (σ · n̂)krj ] . (2.68)

The anti-symmetric part is related to the hydrodynamic torque T exerted
by the particle on the fluid, via

−εijkTjk =
2

2

∮
S
dSεijk(σ · n̂)jrk ≡ Ti ⇐⇒ Tjk = −1

2
εjklTl, (2.69)
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2 Low Reynolds number hydrodynamics

The corresponding term in the multipole expansion can be written as

Tjk∂kGij = −1

2
εjklTl∂kGij =

1

2
(T ×∇)jGij =

1

2
T · (∇× G) (2.70)

In the low-Reynolds number limit, the motion of a particle is over-damped,
such that the total force and torque on the particle vanish (for timescales
T � ρL2/η, see Section 2.2). Thus, when no external force and torque
act on the particle, the hydrodynamic force (2.65) and torque (2.69) must
vanish, and the particle will perform a motion in the ambient flow field u∞

that complies with this constraint. The multipole expansion (2.64) shows
that, even though no net force and torque is transmitted to the fluid, still a
dipolar disturbance flow field is created by the presence of the particle, with
dipole strength S given by Eq. (2.67), called the Stresslet. Equivalently, an
internally driven micro-swimmer, that swims through the surrounding fluid
without any external force acting on it, will create a disturbance flow field
that is (to leading order) of dipolar character [23].

2.6 Singularity solutions and Faxén laws

As we have seen in Eq. (2.63), the flow field around a rigid particle can
be written as a sum of multipole terms of increasing order. For particles of
general shape, this multipole expansion requires an infinite number of terms,
of which only the first few terms are relevant in the far field. In the near
field, however, all terms become of comparable order. It turns out that for
some particle shapes, such as a sphere, the multipole expansion contains
only a finite number of terms. Hence, we can represent these solutions by a
finite collection of singularities (force multipole terms), given by derivatives
of the Oseen tensor (2.49), which are therefore called singularity systems
[37]. A similar construction is known in electrostatics, where we know, for
instance, that the field of a point charge is equal to that of a charged spherical
conductor (outside the conductor).

2.6.1 The flow field around a sphere

We are now ready to derive the flow field around a translating sphere. Let
a be the radius of this sphere, which is translating with velocity U through
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2.6 Singularity solutions and Faxén laws

a quiescent fluid, u∞ = 0. First, we observe from Eq. (2.49) that

∂kGij =
1

r3
(−δijrk + δjkri + δikrj)−

3

r5
rirjrk, (2.71)

∂2
kGij =

2

r3
δij −

6

r5
rirj , (2.72)

such that

(1 +
a2

6
∂2
k)Gij(r)

∣∣∣∣
r=a

=
4

3a
δij . (2.73)

Comparing with the multipole expansion (2.63) and imposing the boundary
condition u(r)|r=a = U , we find that

u(r) = 6πηaU(1 +
a2

6
∇2)
G(r)

8πη
(2.74)

is precisely the solution we are looking for. Thus, the flow field around a
sphere is the superposition of a monopole and a quadrupole, such that the
multipole expansion contains only a finite number of terms indeed. This flow
field is illustrated in Figure 2.2a. Moreover, by considering the strength of
the monopole term, we immediately obtain that the force on the sphere is
given by

F = −6πηaU . (2.75)

Thus, we have derived the famous Stokes law! The beauty of this deriva-
tion lies in the fact that no explicit calculation of the stress tensor σ and
integration σ over Sp of this tensor was involved!

We can derive a similar construction for a rotating sphere, with angular
velocity ω in a quiescent fluid, with no-slip boundary conditions boundary
conditions u(r = a) = ω × r, to find

u(r) = 4πηa3ω · ∇ × G(r)

8πη
=

a3

r3
ω × r, (2.76)

which is illustrated in Fig. 2.2b. The details of this derivation are given in
Appendix 2.A. Furthermore, from comparing with the multipole expansion
(2.64) and equation (2.70), we find that the torque on a rotating sphere is
given by

T = −8πηa3ω, (2.77)

which is the rotational counterpart of the Stokes law.
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2 Low Reynolds number hydrodynamics

Figure 2.2: Flow field u(r) corresponding to a translating sphere (a), and a rotating
sphere (b).

2.6.2 Faxén laws

In the previous section, we have seen that for particles of spherical shape,
the multipole expansion takes a simple form with a finite number of mo-
ments. In general, however, this is not the case. Thus, when we are given
an ambient flow u∞(r) and a particle with velocity Up and angular veloc-
ity ωp, we need a way to calculate the moments F ,T and S that appear
in the multipole expansion (2.63) of the flow field u(r). We will face this
problem, for instance, when we consider more than a single particle, and we
are interested in calculating the force on one particle due to the disturbance
flow field of the other particle, and vice versa. One method to calculate the
moments F ,T and S is provided by the Faxén laws , which can be derived
from the reciprocal theorem as follows [37–39].

First, let u be the solution for the particle translating with velocity U at
position rp = 0 in a quiescent fluid, and let us suppose that it is written as
a singularity solution, as one obtains from the multipole expansion (2.63).
Let us consider the reciprocal theorem, Eq., (2.63), for u and the ambient
flow field u∞, both solutions to the (homogeneous) Stokes equation:∮

Sp

dS u · (σ∞ · n̂) =

∮
Sp

dS u∞ · (σ · n̂), (2.78)

where σ and σ∞ are the stress tensors corresponding to u and u∞, respec-
tively. Note that, to arrive at Eq. (2.78), we have considered the fluid region
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2.6 Singularity solutions and Faxén laws

to be bounded by Sp and a surface S∞, which we take to infinity such that
the surface integrals over S∞ vanish and we are left with integrals over Sp
in Eq. (2.78), which we have written in terms of the normal n̂ that points
into the fluid (see Section 2.4.1).

Using the no-slip boundary condition of u on the particle surface Sp, the
left-hand-side of Eq. (2.78) reads U · F , where

F =

∮
Sp

dS(σ∞ · n̂) (2.79)

is the (to be determined) force on the stationary particle in the ambient
flow field u∞. On the right-hand-side of Eq. (2.78), let us perform a Taylor
expansion of the flow field u(r) around the particle position r = 0, such
that Eq. (2.78) reads

UiFi =
∞∑
n=0

1

n!

(∮
Sp

dSrk1 ...rkn(σ · n̂)i

)
∂k1 ...∂knu

∞
i (0), (2.80)

where we recognise the integral in the n-th term to correspond precisely to
the n-th moment in the multipole expansion of u. Using the linearity of
the Stokes equation, we may factor the velocity U from this expansion, i.e.
write it as U ·F{u∞(0)}, where F is a linear functional, i.e., a differential
operator with coefficients given (after contracting with U) by the multipole
moments of the flow field u. Since the velocity U is completely arbitrary,
we find that the force on the particle that is stationary at position rp in the
ambient flow u∞, is given by

F = F{u∞(r)}
∣∣
r=rp

. (2.81)

Recall (from Section 2.6.1) that for a translating sphere of radius a, the

multipole expansion gives F = 6πηa(1 + a2

6 ∇2). Superposing this result
with that of a sphere moving through a quiescent fluid, we find from Eq.
(2.81) that the force on a sphere moving in an ambient flow equals

F = 6πηa(1 +
a2

6
∇2)u∞(r)

∣∣
r=rp

− 6πηaU . (2.82)

Similar results can be obtained for the torque and a stresslet of a stationary
particle:

T = T {u∞(r)}
∣∣
r=rp

, S = S {u∞(r)}
∣∣
r=rp

, (2.83)
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2 Low Reynolds number hydrodynamics

where T ,S are the linear functionals of G(r− rp)/8πη corresponding to the
singularity solutions of the flow field of a rotating sphere in a quiescent fluid
and a fixed sphere in a straining flow, respectively. For a sphere, these sin-
gularity solutions are presented in Appendix 2.A and given by Eqs. (2.167)
and (2.175). From these, we find that the torque on a sphere in an ambient
flow field is given by

Tl = −4πηa3εjkl∂ku
∞
j (r)

∣∣
r=0

= 8πηa3ω∞l (r)
∣∣
r=rp

, (2.84)

where ω∞l = 1
2εljk∂ju

∞
k . Similarly, the stresslet on a fixed sphere is given by

Sjk =
20

3
πηa3(1 +

a2

10
∇2)E∞jk (r)

∣∣
r=rp

, (2.85)

where E∞jk = 1
2(∂ju

∞
k + ∂ku

∞
j ). Note that the results for a moving particle

are obtained by superposing the solution for the particle moving through a
quiescent fluid to the current result for a stationary particle.

As was already mentioned, these Faxén laws will become particularly of
interest when we consider hydrodynamic interactions between multiple par-
ticles, for instance when we want to calculate the force on a particle due to
the disturbance flow field created by another particle. Specifically, the Faxén
laws (2.82), (2.84) and (2.85) are used in the derivation of the hydrodynamic
interactions between a pair of spheres in Section 2.9.3.

2.7 Single particle resistance and mobility tensor

In the analysis of this chapter, we already have encountered multiple times
the fact that the force and torque on a particle in Stokes flow scale linearly
with the particle velocity and angular velocity. In this section, we investi-
gate this relation more closely. For the moment, let us focus on a single
particle, of arbitrary shape, performing a motion specified by velocity Up
and angular velocity ωp at position rp = 0 in a quiescent flow, experienc-
ing a force F and torque T . If needed below, a linear2 ambient flow field
u∞(r) = U∞ + ω∞ × r + E∞ · r and terms concerning the stresslet S of

2When variations in the ambient flow field u∞ are small, we may expand u∞ around the
particle position rp = 0 to linear order as u∞(r) = U∞ +∇u∞(0) · r + ..., which can
be written as u∞(r) = U∞+ω∞× r +E∞ · r, with the definitions of E∞ij and ω∞i as
below Eqs. (2.84) and (2.85), respectively.
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2.7 Single particle resistance and mobility tensor

the particle can be included in a straightforward manner. Also, let us make
a distinction between two related, but distinct problems. The case that the
velocity and angular velocity of the particle are imposed and we are inter-
ested in calculating the force and torque, is called the resistance problem.
Oppositely, if the force and torque are prescribed and we are looking for the
velocity and angular velocity, this is called the mobility problem.

2.7.1 Resistance problem

First we consider the resistance problem [38, 45–47]. Thus, the problem
at hand amounts to the solving the Stokes equation (2.14), with boundary
conditions

u
∣∣
r∈Sp = Up + ωp × r, u→ 0 as |r| → ∞. (2.86)

As already mentioned in Section 2.2.1, we can write the solution (u, p) as the
superposition of two solutions, (u′, p′) and (u′′, p′′), which are both solutions
to the Stokes equation, with boundary conditions:

u′
∣∣
r∈Sp = Up, u′′

∣∣
r∈Sp = ωp × r, u′,u′′ → 0 as |r| → ∞. (2.87)

The stress tensor follows the same superposition, σ = σ′+ σ′′, which is then
also true for all its moments on the particle surface, e.g. the force and torque.

Translation

First, we consider the solution concerning translation. As mentioned be-
fore, the linearity of the Stokes equation allows us to factor the boundary
condition Up from the solutions (u′, p′):

u′ = U ′ ·Up, p′ = ηP ′ ·Up. (2.88)

The tensor fields (U ′,P ′) obey the equations

− ∂iP ′j + ∂2
kU ′ij = 0, ∂iU ′ij = 0, (2.89)

U ′ij
∣∣
Sp

= δij , U ′ij → 0 as |r| → 0, (2.90)

which lead to the original Stokes equation for (u′, p′) by contracting with
Up. Similarly, we find that the fields (U ′,P ′) define a tensor

Σ′ijk = −δijP ′k + ∂iU ′jk + ∂jU ′ik, (2.91)
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such that the stress tensor reads σ′ij = ηΣ′ijk(Up)k. Now let us define the
tensors

Kik = −
∮
Sp

dS(Σ′ijknj), (2.92)

C ′ik = −
∮
Sp

dSεijlrj(Σ
′
ljknj), (2.93)

such that the original force and torque are found as

F ′ = −ηK ·Up, (2.94)

T ′ = −ηC ′ ·Up. (2.95)

We stress that the tensors K and C ′only depend on the geometry of the
particle (and the choice of origin in general). For instance, in the case of a
sphere of radius a, we have seen that the tensor K follows from the Stokes
law,

F = −6πηaUp, (2.96)

such that Kij = 6πaδij , while the coupling tensor vanishes, C ′ = 0.
We can prove that the tensor K is symmetric, using the Lorentz reciprocal

theorem of section 2.2.2 as follows. Consider the two problems of a particle
translating with velocity either U or Ũ , with corresponding flow field so-
lutions u and ũ satisfying no-slip boundary conditions on the particle and
vanishing at infinity as usual. The corresponding stress tensors are denoted
σ and σ̃, respectively. As before, consider the fluid region bounded by the
particle surface Sp and a surface S∞ at a large distance R � Rp from the
particle, Rp being the size of the particle. As was shown in section 2.4.1, the
integrals over S∞ vanish when R→∞. Thus, the reciprocal theorem takes
the form ∮

Sp

dSũ · σ · n =

∮
Sp

dSu · σ̃ · n, (2.97)

which, using the no-slip boundary condition and the definition of the hydro-
dynamic force on the particle, translates into

Ũ · F = U · F̃ (2.98)

Using relation (2.94), we write this as:

ŨiKijUj = UiKijŨj = ŨiKjiUj (2.99)
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Now, since U and Ũ are completely arbitrary, we conclude that K is sym-
metric: Kij = Kji.

Rotation

Performing a similar construction for the rotational problem, we write

u′′ = U ′′ · ωp, p′′ = ηP ′′ · ωp, (2.100)

where the tensor fields (U ′′,P ′′) obey

− ∂iP ′′j + ∂2
kU ′′ij = 0, ∂iU ′′ij = 0, (2.101)

U ′ij
∣∣
Sp

= εijkrk, U ′′ij → 0 as |r| → 0, (2.102)

and define a tensor Σ′′ijk similar to (2.91). Note that the tensor fields U ′′,P ′′
and Σ′′ have dimension of length to one power higher than their single-
primed counterparts U ′,P ′ and Σ′. Similar as was done before in defining
Eqs. (2.92) and (2.93), we define tensors

C ′′ik = −
∮
Sp

dS(Σ′′ijknj), (2.103)

Ωik = −
∮
Sp

dSεijlrj(Σ
′′
ljknj), (2.104)

such that

F ′′ = −ηC ′′ · ω (2.105)

T ′′ = −ηΩ · ω. (2.106)

The tensors C ′′ and Ω only depend on the geometry of a particle (and the
choice of origin), as was the case for K and C. For a sphere, we have seen
that Ωij = 8πa3δij , while C ′′ij = 0. As before, we can prove certain symmetry
properties of these tensors using the reciprocal theorem. Let us consider the
reciprocal theorem for the flow field u′ and u′′ defined above, which gives us∮

Sp

dSu′ · σ′′ · n =

∮
Sp

dSu′′ · σ′ · n (2.107)
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where we already took into account that the integrals over the surface S∞
vanish at infinity. Using the boundary conditions (2.87), we find∮

Sp

dSUp · σ′′ · n =

∮
Sp

dS(ω × r) · σ · n =

∮
Sp

dSω · (r × (σ · n)), (2.108)

such that

Up · F ′′ = ωp · T ′, (2.109)

which, using the definitions (2.95) and (2.105), we write as

Up,iC
′′
ijωp,j = ωp,iCijUp,j = Up,iCjiωp,j . (2.110)

Hence, we can conclude that C ′′ij = C ′ji, such that we may remove the prime

from the notation: C ′ = C and C ′′ = CT . Finally, using exactly the same
construction, we can prove that the tensor Ω is symmetric.

Translation and Rotation

Returning to the original problem of a particle performing rigid body trans-
lation Up and rotation ωp, we can conclude that

F = −ηK ·Up − ηCT · ωp (2.111)

T = −ηC ·Up − ηΩ · ωp, (2.112)

which we may write as

F = −η
(
K CT

C Ω

)(
Up
ωp

)
= −ηRẊ , (2.113)

where the six-vector F = (F ,T ) denotes the force and torque and X =
(R,Θ) denotes the particle position and orientation with respect to a cho-
sen reference frame. Thus, for a general rigid particle, we find that the forces
and torques are related to the velocities and angular velocities by the sym-
metric 6× 6 resistance tensor, which we denote by R. Note that the tensor
elements of K, C and Ω have dimensions of length, (length)2 and (length)3

respectively.

In principle, this analysis is generalised in a straightforward manner to
include a linear ambient flow field u∞ = U∞+ω∞×r+E∞ ·r and particle
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2.8 Hydrodynamic interactions: many-body resistance tensor

stresslet S, by performing a similar construction of superpositions as was
done in this section. To do so, one replaces the boundary conditions (2.87)
on the particle surface by Up → Up − U∞, ωp → ωp − ω∞ and include
another field flow field solution u′′′ with boundary conditions

u′′′
∣∣
r∈Sp = −E∞ · r (2.114)

and vanishing at infinity. Following the same constructions as above, we
can define tensors that give the extra contributions to F and T linear in
E∞, as arising from the u′′′ solution. Similarly, the symmetric part of the
first stress tensor moment defines tensor that relate Up,ωp and E∞ to the
particle stresslet S. For the purpose of this thesis, we do not need explicit
derivations of these results.

2.7.2 Mobility problem

Now let us consider the opposite case, in which the (external) force and
torque on the particle are known and we are interested in calculating its
velocity and angular velocity. Invoking the same linearity of the Stokes
equations as before, we can derive a linear relation of the form

Ẋ =MF , (2.115)

where the 6 × 6 tensor M is called the mobility tensor. In fact, from com-
parison with equation (2.113), we observe that

M = −1

η
R−1. (2.116)

Similar to the resistance problem, this mobility problem is straightforwardly
generalised to include a linear ambient flow field and a particle stresslet.

2.8 Hydrodynamic interactions: many-body resistance
tensor

So far, we have considered solutions for the flow field around a single rigid
particle, and presented results for the stress tensor moments, i.e. force and
torque, that arise from it [37–39]. In this section, we will consider multiple
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2 Low Reynolds number hydrodynamics

particles, for which we will present results for the forces and torques that
bear a similar structure as the single particle results. In fact, we will see
that this is again related to the linearity of the Stokes equation with respect
to fields and boundary conditions [48].

Let us consider a collection α = 1, ..., N rigid particles at positions rα
suspended in a quiescent fluid, each undergoing rigid body motion with
velocity Uα and angular velocity ωα. As was mentioned earlier, including a
linear ambient flow is straightforwardly done. The resulting flow field u(r)
will be a solution to the Stokes equation (2.14), with boundary conditions,

u
∣∣
r∈Sα = Uα + ωα × (r − rα), for all 1 ≤ α ≤ N, (2.117)

while u vanishes at infinity, i.e. far away from the collection of particles.
We use the linearity of the stokes equations to write the solution u as a
superposition of solutions (uα, pα),

u =
N∑
α=1

uα, p =
N∑
α=1

pα, (2.118)

where (uα, pα) is a solution to the Stokes equation with boundary conditions

uα
∣∣
r∈Sβ

=
(
Uα + ωα × (r − rα)

)
δαβ (no summation), (2.119)

i.e. uα satisfies no-slip boundary conditions on the surface of particle α
(denoted Sα), while it vanishes on the surfaces Sβ of the other particles
(α 6= β). As usual, we require al fields to vanish at infinity. Naturally,
the stress tensor admits a similar superposition, such that the force and
torque on a particle in the original problem will be written as the sum of
the contributions from each sub-solution uβ.

The next step is to consider each solution (uα, pα) to be a superposition
of solutions uα = u′α + u′′α, p = p′α + p′′α, with boundary conditions

u′α
∣∣
r∈Sα = Uα, u′′α

∣∣
r∈Sα = ωα × (r − rα), (2.120)

u′α
∣∣
r∈Sβ

= u′′α
∣∣
r∈Sβ

= 0 (β 6= α). (2.121)

Following the steps of Section 2.7, we may factor these boundary conditions
from the Stokes equations, defining the fields Uα and Pα and the intrinsic
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2.8 Hydrodynamic interactions: many-body resistance tensor

stress field Σ′α and Σ′′α. This in turn allows us to define the tensors

Kαβ = −
∮
Sα

dSΣ′β · n, (2.122)

C ′αβ = −
∮
Sα

dS(r − rα)× (Σ′β · n), (2.123)

C ′′αβ = −
∮
Sα

dSΣ′′β · n, (2.124)

Ωαβ = −
∮
Sα

dS(r − rα)× (Σ′′β · n), (2.125)

such that the force and torque on particle α are given by

Fα = −η
N∑
β=1

(
Kαβ ·Uβ + C ′′αβ · ωβ

)
, (2.126)

Tα = −η
N∑
β=1

(
C ′αβ ·Uβ + Ωαβ · ωβ

)
. (2.127)

Along the same lines as in Section 2.7, we can invoke the reciprocal theo-
rem to show that the tensors Kαβ and Ωαβ are symmetric and that C ′′αβ =

(C ′βα)T .
Hence, we have found that for a collection of particles, the 6N forces and

torques on the particles, Fα = (Fα,Tα) are related to the 6N velocities and
angular velocities Ẋα = (Uα,ωα) by a 6N × 6N resistance tensor, which we
also denote by R:

Fα = −ηRαβẊβ = −η
(
Kαβ CTβα
Cαβ Ωαβ

)
Ẋβ. (2.128)

Note that, as before, it is possible to extend these definitions to include a
linear ambient flow u∞ and particle stresslets Sα, but we will not go into
these details here.

Many-body mobility tensor

Alternatively, we may consider the opposite case, where external forces and
torques on the particles are prescribed and we want to calculate the velocities
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2 Low Reynolds number hydrodynamics

and angular velocities. Similar to the single particle case, we may write

Ẋα =MαβFβ, Mαβ = −1

η
(R−1)αβ, (2.129)

where we call the 6N × 6N tensor the mobility tensor.

2.9 Method of reflections

We have seen in the previous section that the forces and torques on a col-
lection of particles are related to the velocities and angular velocities by the
resistance and mobility tensors, and derived expression for the components
of these tensors. However, direct calculation of these tensors still requires
the full solution u that obeys the no-slip boundary condition on each parti-
cle surface, and the stress tensor that derives from it, while these solutions
are analytically out of reach in general for arbitrary particle shapes. In fact,
even for the simplest situation of a pair of spheres, no such analytically exact
result exists.

We have seen that far away from a particle, its disturbance flow field is
described by the lowest order terms in the multipole expansion, allowing us
to asymptotically neglect the higher order terms. Similarly, when distances
between different particles become large (relative to their size), simplification
is possible. Here, we describe such a method, where the hydrodynamic
interaction between particle are calculated using a perturbation scheme in
a/R, where a is the particle size, and R is the distance between a pair of
particles. This method is called the method of reflections [37–39].

The basic idea of this scheme is that the ambient field around a particle
consist of the original ambient field u∞, plus the disturbance field created
by the other particles. A correction of the ambient field around a given
particle generates a new disturbance field, which in turn has an effect on
the ambient field around the other particles. Incorporating the effect of an
ambient field with a new disturbance field is called a reflection, the ambient
field used in the reflection is the ambient field and the new disturbance field
is the reflected field.

In the case of a two particles, this scheme can be summarised as follows.
In the zeroth-order approximation, the flow field is formed by superposition
of the flow fields produced by the isolated particles, which we denote by
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2.9 Method of reflections

u1,u2 and we denote the positions of the particles by r1, r2. At the particle
surfaces Sα, we have the usual no-slip boundary condtions. Therefore, if we
take the solution u = u∞ + u1 + u2, the error in the boundary conditions
on the particle surface is u1(r) on S2 and u2(r) on S1. This error will be of
order a/R, since the leading order term in ui is at most a monopole field.
The next step is to define reflection fields, which we denote u12 and u21, as
the solutions to the Stokes equation with boundary conditions

u12

∣∣
S2

= −u1, u12 → 0 as |r| → ∞ (2.130)

u21

∣∣
S1

= −u2, u21 → 0 as |r| → ∞. (2.131)

Now, the errors in the boundary conditions scale as u12(r) for r ∈ S1 and
vice versa. In this way, the error in the boundary conditions (i.e. the value
of u12 on S1 and vice versa) is reduced, since the far-field values of the re-
flected fields are of order O(a/R) smaller than their near-field values, which
are comparable to the far field values of the original field uα by construction.
The higher order reflections are obtained by iterating this procedure, reduc-
ing the error in the boundary conditions with each iteration. We can write
the reflected field in terms of their multipole expansion, where we deter-
mine the moments in this expansion by applying the Faxén laws (see section
2.6.2).

2.9.1 Resistance problems

In resistance problems, the particle motions and the ambient field are pre-
scribed and we want to calculate the force, torque and higher moments of
the surface traction, as was described in section 2.8. In the method of re-
flections, the zeroth order fields produce exactly the particle motions. In
the subsequent iterations, the reflection fields satisfy no-slip boundary con-
ditions, such that the leading order term in the multipole expansion of the
reflected fields will be a monopole field. The magnitude of this term, i.e.
the zeroth moment of the stress on the particle surface, is proportional to
the difference between the ambient flow field and the particle velocity. For
the higher-order reflections, this correction to the particle velocity is zero,
such that the magnitude of the reflection monopole term will be equal to
the incident flow field, which is the far field value of the previous reflection
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field. Therefore, we find that in resistance problems, we have

F (n+1)
α ∼ O

( a
R

)
F

(n)
β , (2.132)

i.e., the contribution of the (n + 1)-th reflection to the force on particle α
will be O(a/R) smaller than the n-th contribution on particle β. For higher
moments such as the torque and stresslet, we obtain similar scalings by
applying the Faxén laws.

2.9.2 Mobility problems

Alternatively, we have seen in section 2.8 that in mobility problems, the
forces and torques on particles in an ambient field are prescribed and the
particle motions are to be determined. In this case, the zeroth-order fields u1

and u2 are such that they precisely produce the imposed forces and torques
on the particles. As a result, the particle motions that arise in subsection
reflections must be force- and toque-free, such that the leading order term of
the reflected fields will be that of a stresslet. The strength of this stresslet is
proportional to the gradient of the gradient of the ambient field, such that

U
(n+1)
i ∼ O

( a
R

)3
U

(n)
j . (2.133)

As a result, we see that, given the same stress tensor moments from the Faxén
laws, and after an equal number of iterations, the results for the mobility
tensor will be accurate to higher order in a/R than that for the resistance
tensor. So, when confronted with a resistance problem, one should first solve
the collection of mobility problems and then invert to find the resistance
tensor [37].
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2.9 Method of reflections

2.9.3 Mobility tensor for a pair of spheres: Rotne-Prager tensor

Using the method of reflections, we can derive the mobility tensor of a col-
lection of spherical particles of radius a, which is given by:

(Mtt
αα)ij =

1

6πηa
δij +O((a/Rαβ)4), (2.134)

(Mtt
αβ)ij =

1

8πηRαβ

([
1 +

2a2

3R2
αβ

]
δij +

[
1− 2a2

R2
αβ

]
dαβ,idαβ,j

)
(2.135)

+O((a/R)4), (α 6= β) (2.136)

(Mrr
αα)ij =

1

8πηa3
δij +O(a/Rαβ)6), (2.137)

(Mrr
αβ)ij = − 1

16πηR3
αβ

(δij − 3dαβ,idαβ,j) +O((a/Rαβ)6), (α 6= β)

(2.138)

(Mtr
αα)ij = 0 +O((a/Rαβ)7), (2.139)

(Mtr
αβ)ij =

1

8πηR2
αβ

εijkdαβ,k +O((a/Rαβ)5), (2.140)

where we have denoted Rαβ = |rα − rβ| and dαβ = (rα − rβ)/Rαβ, with
rα denoting the position of particle α. Here, the Greek indices denotes the
different particles, while the Latin indices denote the Cartesian coordinates.
Moreover, the superscripts denote the coupling between the translation and
force (tt), translation and torque (tr), or rotation and torque (rr). Details of
the derivation of Eq. (2.134) - (2.140) are given in Appendix 2.B. This set of
mobility tensors is called the Rotne-Prager mobility tensors [49, 50], which
encode the pairwise interactions of a collection of immersed spheres. These
tensors will form the basis of the numerical model, the bead-shell model, that
we will set up in Chapter 3, and which we will apply in Chapter 4 and 5.
Finally, it is important to keep in mind that these results are derived via
the method of reflections and are therefore only accurate in the far field, i.e.,
when a/Rαβ is small.
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2.10 Numerical boundary integral method

While analytical calculation of the boundary integral (2.61) is in general not
possible, this expression does form the basis for a numerical approach to
calculate the flow around a particle by a discretisation procedure, called the
boundary integral method [43, 51]. In this approach, the particle surface Sp
is discretised into a number of small elements δSα, α = 1, ..., N , and the
surface traction σ · n is taken to be approximately constant on each small
surface δSα. The boundary integral equation (2.61) is then written as,

u(r)− u∞(r) ≈ − 1

8πη

N∑
α=1

∫
δSα

dS′G(r − r′) · (σ · n̂)(r′) (2.141)

≈ − 1

8πη

N∑
α=1

G(r − rα) · (σ · n̂)(rα)δAα (2.142)

where rα denotes the position of surface element δSα and

δAα =

∫
∂Sα

dS (2.143)

denotes the area of the small surface δSα, and G denotes the Oseen tensor
(2.49) as usual. To construct a solvable problem, we evaluate this expression
at the position rα of surface element δSα:

u(rα)− u∞(rα) = − 1

8πη

N∑
β=1

G(rα − rβ) · (σ · n̂)(rβ)δAβ. (2.144)

where the value of the flow field at element δSi is determined by the no-slip
boundary conditions on the particle surface:

u(rα) = Up + ωp × (rα − rp), (2.145)

where, as usual, Up and ωp denote the velocity and angular velocity, re-
spectively. Thus, (2.144) becomes a linear equation, relating u(rα) to the
surface tractions (σ · n̂)(rβ) through the (known) 3N × 3N tensor Gαβ with
components (Gαβ)ij ≡ Gij(rα − rβ).

If we are dealing with a resistance problem, the rigid body motion Up and
ωp are known, such that the surface tractions (σ · n̂)(rα) may be solved from
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equation (2.144) by 3N × 3N matrix inversion of Gαβ. Subsequently, the
force and torque on the particle are calculated as

F =

N∑
α=1

(σ · n̂)(rα)δAα, T =

N∑
α=1

(rα − rp)× (σ · n̂)(rα)δAα. (2.146)

On the other hand, if we are dealing with a mobility problem, only F and T
are known, while both u(rα) and (σ·n̂)(rα) are unknown, such that equation
(2.144) contains 6N unknowns. However, the no-slip boundary conditions
(2.145) introduce 3N constraints with 6 unknowns, allowing this system to
be solved for the particle velocity Up and angular velocity ωp.

2.11 Quasi-two-dimensional hydrodynamics

In general, we have seen that it is impossible to analytically solve the Stokes
equations for a given fluid domain and geometry, let alone solve the Navier-
Stokes in case the Reynolds number is not small. In fact, the only complete
analytical solutions we have encountered so far concerned a single sphere in
an unbounded fluid. It turns out, however, that there are certain systems in
which we can simplify the equations based on symmetry considerations, such
that they become effectively two-dimensional problems. We will discuss one
such a system here: that of a fluid bounded by two infinite plates [39].

The solutions we obtain in this Section will be used in Chapters 6, 7 and
8, where we consider the motion of particles in a micro-fluidic channel that
is very shallow, in the sense that the height H is much smaller than the
length L and the width W , and comparable to the particle height, such
that the particles are highly confined and their motion is approximately
two-dimensional.

2.11.1 Hele-Shaw and Couette flow

Let us consider a fluid region that is bounded in the z-direction by two
parallel infinite plates, positioned at z = ±H/2. Between these plates, the
fluid is driven by a constant pressure gradient ∇p, which we choose to point
in the x-direction for simplicity. In reality, one may think of this situation as
a fluid cell that is bounded by two finite plates of length L� H and width
W � H, where a constant pressure difference between two sides of the cell
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is maintained: −∇p = (p(x = −L/2) − p(x = L/2))/L. Moreover, let us
assume that the top plate has a constant velocity U = (U, 0, 0) relative to
the stationary bottom plate, which we assume to be parallel to the pressure
gradient. Finally, we impose no-slip boundary conditions on both plates,
such that

u
∣∣
z=−H/2 = 0, u

∣∣
z=H/2

= U . (2.147)

To solve this problem, a few simplifications can be made to the Navier-
Stokes equations (2.9). Firstly, due to translational symmetry in the x and y
plane, the resulting flow field can only depend on z, u = u(z). Furthermore,
the flow field cannot have a non-zero y-component, since the geometry is
mirror-symmetric in any plane y = c. Thus, we have simplified the flow field
to the form

u(z) = (ux(z), 0, uz(z)). (2.148)

Application of the incompressible continuity equation of (2.9) will then give
us ∂zuz = 0, such that the no-slip boundary conditions imply uz = 0. Hence,
we have in fact simplified the flow field to

u(z) = (u(z), 0, 0), (2.149)

where we omit the subscript from now on: u(z) = ux(z). With the the
flow field written in this form, we immediately observe that (u · ∇)u = 0,
such that the non-linear advective term in the Navier-Stokes equations (2.9)
vanishes identically! The remaining equation and boundary conditions are
written as

d2u

dz2
=
∇p
η
, u(−H/2) = 0, u(H/2) = U. (2.150)

The solution is easily seen to be parabolic:

u(z) = −H
2∇p
8η

(
1− 4z2

H2

)
+
U

2

(
1 +

2z

H

)
. (2.151)

This flow field is illustrated in Fig. 2.3a. Two limiting cases of this solution,
which we will now discuss in more detail, are of special interest as they will
be discussed and applied in Chapters 6 and 7.
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Figure 2.3: Flow profile u(z) between two parallel plates (a), due to a constant pres-
sure gradient ∇p and translating top plate (at z = H/2) with velocity
U , as given by Eq. (2.151). Two limiting cases where ∇p = 0 (b) and
U = 0 (c).

Simple shear flow

First, let us consider the case where the external pressure gradient vanishes:
∇p = 0, such that the flow field is written

u(z) =
U

2

(
1 +

2z

H

)
, (2.152)

which is illustrated in Fig. 2.3(b). This type of flow is called simple shear
flow or Couette flow. Interestingly, the stress tensor σij = −pδij + η(∂iuj +
∂jui) for this flow field takes a very simple spatially constant form, with the
only non-vanishing off-diagonal elements

σxz = σzx = η
U

H
. (2.153)

Note that the diagonal terms −pδij only contribute a constant pressure,
which does not contain any dynamic information. Thus, the shear stress is
constant throughout the whole fluid. In particular, the force per unit area
on the top or bottom plate due to the imposed shearing motion is precisely
ηU/H.

Poiseuille flow

The other limit that is of interest to us concerns a flow driven by ∇p, while
both plates are stationary, i.e. U = 0, such that

u(z) = −H
2∇p
8η

(
1− 4z2

H2

)
, (2.154)
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which is illustrated in Fig. 2.3(c). This type of flow profile is called two-
dimensional Poiseuille flow or Hele-Shaw flow. Note that the velocity is
maximal in the middle of the slit when z = 0, while the z-averaged velocity
is given by

ū =

∫ H/2

−H/2
dzu(z) = −H

2∇p
12η

=
2

3
u(0). (2.155)

Thus, we may write the flow field as

u(z) =
3

2
ū

(
1− 4z2

H2

)
, (2.156)

with ū = −H2∇p
12η .

2.11.2 Brinkman equation

Let us consider again the situation where we have a fluid in a confined
geometry, e.g., a microfluidic channel, where the height H is much smaller
than the width W or length L: H � W,L. In this case, we may assume
that, far enough from the boundaries of our geometry, the flow field is locally
that of Hele-Shaw type:

u(x, y, z) =
3

2
ū(x, y)

(
1− 4z2

H2

)
, (2.157)

where two-dimensional vector field ū = (ūx, ūy) denotes the z-average value
of the true three-dimensional flow field u. The pressure may be approx-
imated to be constant in z, p = p(x, y) (such that ∇p is parallel to the
plates as before). With these assumptions, we can derive an effective differ-
ential equation for the effective flow field ū from the Stokes equation (2.14).
We insert expression (2.157) into the Stokes equation, to find (for the x, y
components)

−∇2Dp+ η∇2

[
3

2
ū(x, y)

(
1− 4z2

H2

)]
(2.158)

= −∇2Dp+
3

2
η(∇2

2D ū)

(
1− 4z2

H2

)
+

3

2
ηū(−8/H2) (2.159)

= −∇2Dp+
3

2
η∇2

2D ū

(
1− 4z2

H2

)
− 12η

H2
ū = 0 (2.160)
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and
3

2
(∇2D · ū)

(
1− 4z2

H2

)
= 0. (2.161)

We can take the z-average over the channel height of these equations, and
define a two-dimensional pressure field p̄ = pH, to find the two-dimensional
Brinkman equation [52, 53]:

−∇2Dp̄+ ηH∇2
2D ū−

12η

H
ū = 0, ∇2D · ū = 0. (2.162)

This equation governs the quasi-two-dimensional flow field u. It is similar
to the Stokes equation (2.14), but augmented with an extra term linear in
ū which described the friction from the top and bottom walls. Note that
this term breaks Galilean invariance, which is obvious if one recalls that the
original three-dimensional system already lacked this invariance: a uniform
flow field ū = c corresponds to a Poiseuille flow in the original system, which
is not related to ū = 0 by a Galilean transformation.

2.12 Summary

In summary, we have discussed in this chapter the hydrodynamic theory
and literature results that serve as a theoretical background for this thesis.
Specifically, we have seen that in microscopic systems, the low Reynolds
number allows us to describe the hydrodynamics by the Stokes equation.
The linearity of this equation, in both the fields (u, p) and the corresponding
boundary conditions, allows us to prove that in general forces and torques
are related in a linear fashion to particle velocities and angular velocities.
This central result, which is proven to hold for both single particle motion
as well as for many-body hydrodynamic interactions between a collection of
particles, will form a theoretical backbone of this thesis, as it will serve as
an essential ingredient or tool for most of the research described here.

2.A Singularity systems of a rotating sphere and a
fixed sphere in a straining flow

In this appendix, we present the derivations of two more flow fields around
a sphere, which can be constructed as a singularity system, i.e. a finite
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superposition of multipole terms: a rotating sphere and a sphere that is
fixed in an ambient shear flow. These results will be used in the derivation
of the Rotne-Prager mobility tensor in Section 2.B.

2.A.1 Rotating sphere

Let us consider a rotating sphere (with angular velocity ω in a quiescent
fluid, with no-slip boundary conditions as before:

u
∣∣
r=a

= ω × r. (2.163)

First, we use Eqs. (2.71) and (2.72) to observe that

1

2
(∂kGij − ∂jGik)

∣∣∣∣
r=a

=
1

a3
(δikrj − δijrk), (2.164)

such that

εljk∂kGij =
2

a3
εiljrj . (2.165)

With this, we find that

4πηa3ωlεljk∂k
Gij
8πη

∣∣∣∣
r=a

= εiljωlrj . (2.166)

Hence, the solution for a rotating sphere with angular velocity ω and bound-
ary conditions u(r = a) = ω × r is given by

u(r) = 4πηa3ω · ∇ × G(r)

8πη
=

a3

r3
ω × r. (2.167)

This flow field is illustrated in Figure 2.2. Moreover, as was already men-
tioned in Section 2.6.1, we can compare with the multipole expansion (2.64)
and equation (2.70) to find that the torque on a rotating sphere is given by
T = −8πηa3ω.

2.A.2 Fixed Sphere in a straining flow

Finally, we can also calculate the stresslet S of a sphere that is held fixed at
rp = 0 in an ambient straining flow field u∞(r) = E∞ · r, characterised by
the constant traceless symmetric rate-of-strain tensor E∞ij . The trace E∞ii
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2.A Singularity systems of a rotating sphere and a fixed sphere in a
straining flow

Figure 2.4: A fixed sphere in a straining ambient flow field u∞(r) = E∞ ·r, defined
by a symmetric and traceless rate-of-strain tensor E∞.

vanishes due to the incompressibility constraint: 0 = ∂iE
∞
ij rj = E∞ii . The

flow field u∞(r) is illustrated in Fig. 2.4.

As is apparent from Fig. 2.4, the symmetry of the system implies that
fixing the sphere does not require the exertion of any force or torque on
it. However, since the particle is rigid and therefore unable to deform, a
disturbance field will be created, which is characterised to leading order by
the stresslet S. Thus, the flow vanishes on the surface of the stationary
sphere surface, while it agrees with the ambient flow u∞ far away from the
sphere, such that the boundary conditions are

(u− u∞)
∣∣
r=a

= −E∞ · r, (2.168)

(u− u∞)→ 0 for |r| → ∞. (2.169)

To calculate this disturbance field, first note that

∂2
l ∂kGij = − 6

r5
(δijrk + δjkri + δikrj) +

30

r7
rirjrk (2.170)

such that

(1 +
a2

10
∇2)(∂kGij + ∂jGik)

∣∣∣∣
r=a

= − 6

5a3
(δikrj + δijrk −

2

3
δjkri). (2.171)
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From this we obtain

(E∞jk∂k)(1 +
a2

10
∇2)Gij

∣∣∣∣
r=a

=
1

2
E∞jk (1 +

a2

10
∇2)(∂kGij + ∂jGik)

∣∣∣∣
r=a

(2.172)

= −1

2
E∞jk

6

5a3
(δikrj + δijrk −

2

3
δjkri) (2.173)

= − 6

5a3
E∞ij rj +

2

5a3
E∞kk︸︷︷︸
=0

ri. (2.174)

By comparing with the multipole expansion (2.63) we see that

u(r)−E∞ · r =
20

3
πηa3(E∞ · ∇) · (1 +

a2

10
∇2)
G(r)

8πη
(2.175)

satisfies both boundary conditions (2.168) and (2.169) and therefore de-
scribes the disturbance field for a fixed sphere in a straining flow E∞ · r,
which we observe to be given by the superposition of a dipole and octupole
term. The stresslet in this case is given, on the basis of Eq. (2.64), by

S =
20

3
πηa3E∞. (2.176)

2.B Mobility tensor for a pair of spheres

Here, we will use the method of reflections to derive the mobility tensor for a
pair of spheres (of radius a) in a quiescent fluid. First, we consider the case
of external forces F e

α acting on the spheres. Let us denote R = |r1− r2| and
the unit vector d = (r1 − r2)/R, where rα are the positions of the spheres.
As stated before, the zeroth order solution in the mobility problem is the
solution of the Stokes equation for two isolated translating spheres:

uα(r) = F e
α ·
{

1 +
a2

6
∇2

} G(r − ri)
8πη

, (2.177)

with F e
α = −Fα = 6πηaU

(0)
α and T

(0)
α = 0. As the reflected fields should not

contribute to the imposed (known) forces and torques on the spheres, their
leading order term is that of a streslet, such that we expand the reflection
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2.B Mobility tensor for a pair of spheres

fields as

u21(r) = (S
(1)
1 · ∇) · G(r − r1)

8πη
+ ... , (2.178)

u12(r) = (S
(1)
2 · ∇) · G(r − r2)

8πη
+ ... . (2.179)

The particle motions and stresslet are obtained by applying the Faxén laws
to the original fields:

U
(1)
1 =

(
1 +

a2

6
∇2

)
u2

∣∣∣∣
r=r1

(2.180)

= U
(0)
2 ·

[(
3

2

a

R
−
( a
R

)3
)
dd+

(
3

4

a

R
− 1

2

( a
R

)3
)

(δ − dd)

]
,

(2.181)

ω
(1)
1 =

1

2
∇× u2

∣∣∣∣
r=r1

= −3

4

a

R2
U

(0)
2 × d, (2.182)

S
(1)
1 =

20

3
πηa3

(
1 +

a2

10
∇2

)
e2

∣∣∣∣
r=r1

(2.183)

=

(
−5

2

a3

R2
+ 4

a5

R4

)
(dd− 1

3
δ)d · F2 −

4

3

a5

R4
(F2d+ dF2 − 2ddd · F2),

(2.184)

while the expressions for U
(1)
2 ,ω

(1)
2 and S

(1)
2 are obtained by switching the

indices 1↔ 2. At the next step, the reflected fields are expanded as

u121(r) = (S
(2)
1 · ∇) · G(r − r1)

8πη
+ ... , (2.185)

u212(r) = (S
(2)
2 · ∇) · G(r − r2)

8πη
+ ... , (2.186)
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2 Low Reynolds number hydrodynamics

where the particle motions and stresslets are again found by applying the
Faxén theorems to the previous reflection fields:

U
(2)
1 =

(
1 +

a2

6
∇2

)
u12

∣∣∣∣
r=r1

(2.187)

= U
(0)
1 ·

[(
−15

3

( a
R

)4
)
dd+O

(
(a/R)6

)
(δ − dd)

]
, (2.188)

ω
(2)
1 =

1

2
∇× u12

∣∣∣∣
r=r1

= O((a/R)7), (2.189)

S
(2)
1 =

20

3
πηa3

(
1 +

a2

10
∇2

)
e12

∣∣∣∣
r=r1

(2.190)

=
25

2

a6

R5
(dd− 1

3
δ)d · F1. (2.191)

The motion and stresslet of particle 2 can be found by switching the indices
1↔ 2. The contribution to the angular velocity is of order O((a/R)7), since
the leading order term of the reflection is a dipolar (stresslet) field, which is
irrotational, such that the first non-vanishing contribution comes from the
next-to-leading term. As the next reflection wil give results of the order
O((a/R)7), we stop here. The complete expressions for the particle motions
are given by summing the contributions from each reflection:

6πηaU1 = −F1 ·
[(

1− 15

4

( a
R

)4
)
dd+

(
1 +O((a/R)6)

)
(δ − dd)

]
− F2 ·

[(
3

2

a

R
−
( a
R

)3
)
dd+

(
3

4

a

R
+

1

2

( a
R

)3
)

(δ − dd)

]
,

(2.192)

6πηa2ω1 = F1 × d
[
O(R−7)

]
+ F2 × d

[
3

4

( a
R

)2
]
, (2.193)

where the results for the other sphere are found by switching the indices
1↔ 2 as usual. Thus, we find that the motion of a sphere under an external
force Fα has effects on both the translational (with strength a/R) and the
rotational (with strength (a/R)3) motion of the other sphere.

To proceed, we find similar results when we consider a pair of spheres that
are under the influence of external torque T eα, while F e

α = 0. Summing up
these two results, we find the complete mobility tensor for a pair of spheres
given by Eqs. (2.134) - (2.140).
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3 The bead-shell model

We set up a numerical model to calculate the rigid body resistance tensor of
colloidal particles of any possible shape. This method relies on a coverage
of the particle surface by a larger number of small beads. The forces on the
individual beads due to pairwise hydrodynamic interactions are calculated
numerically from the Rotne-Prager tensor, from which the total force and
torque on the particle, and subsequently the resistance tensor, are calculated.
The method is presented here in full detail, where we show that this method
is both very flexible and computationally cheap. Finally, extensions of the
model are presented that allow for calculations of the flow field around rigid
particles, of the resistance tensor for a particle close to a boundary and of
the hydrodynamic interaction between a collection of particles.

3.1 Introduction

In the previous chapter, we have seen that the hydrodynamic friction force
on a colloidal particle is linear in the velocity: F ∝ Up. However, even
when the particle is at rest, we can imagine that the particle experiences
random kicks from the fluid molecules due to thermal noise. These two
force contributions are combined in the well-known Langevin equation [40],
which is the momentum conservation, or Newton’s second law, for a colloidal
sphere (of radius R and mass m):

mU̇p = −6πηRUp + ζ(t). (3.1)

We recognise the first term on the right-hand-side as the Stokes law derived
in Chapter 2, while the second term, ζ(t), denotes the force due to the
random collisions with the fluid molecules. This force is random in the
sense that its statistical average over every microstate of the fluid vanishes:
〈ζ(t)〉 = 0. From this description, one can obtain the particle diffusion
coefficient

D =
kBT

6πηR
, (3.2)
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3 The bead-shell model

as was first realised by Einstein [54] (such that (3.2) is called the Stokes-
Einstein relation), and which is in fact a realisation of the fluctuation-
dissipation theorem [55, 56]. Here, the random forces are assumed to have
a white noise character, such that the time correlations are given by

〈ζi(t)ζj(t′)〉 = 2kBT (6πηR)δijδ(t− t′). (3.3)

We point out that there exist a similar description for the rotational motion
of the sphere, with (rotational) diffusion coefficient given by

Dr =
kBT

8πηR3
, (3.4)

where we recognise the rotational Stokes law, Eq. (2.77), in the dominator.
As we have seen in the previous chapter, the resistance tensor of a sphere
is diagonal, such that translational and rotational motion are completely
decoupled. In general, however, this is not the case, such that the Langevin
equation (3.1) should be altered.

In recents years, advances in colloidal synthesis techniques paved the
way towards experimental realisation of complex and anisotropic micro-
scopic particles [57–59]. Examples include composite particles constructed
from colloidal spheres [60–63] such as molecule-like structures [64] or colloid
strings [65]; rodlike particles [66]; and polyhedron-like particles [67] such as
cubes [68] or related superball shapes [69]. In parallel, many simulations
studies of colloidal systems of complex or anisotropic particles were devel-
oped, focussing on these model systems such as composite-sphere particles
[62, 65, 70], rod-like [71, 72] particles, polyhedra [68, 73–75] and superball
particles [69, 76].

In general, the translational and rotational Brownian motion of these
anisotropic or complex shapes are coupled, such that the Langevin equa-
tion of motion has been generalised to a set of coupled equations for all
particle degrees of freedom Ẋ = (Up,ωp) [47, 77–79], which is used in Brow-
nian dynamics simulations of anisotropic particles [80–82]. Specifically, the
Stokes-Einstein now relates the 6 × 6 diffusion tensor D to the particle re-
sistance tensor R defined in Eq. (2.113):

D =
kBT

η
R−1, (3.5)
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3.2 Model

while the random noise term ζi, now a six-dimensional vector containing
three forces and three torques, satisfies

〈ζi(t)ζj(t′)〉 = 2kBTηRijδ(t− t′), (3.6)

which determines the strength of the random forces at every timestep of a
Brownian dynamics simulation.

Hence, to perform a Brownian dynamics simulation, one must know the
resistance tensor R of the particles under consideration. In experimental
systems, it is possible to measure this tensor [61]. In this Chapter, we set
up a numerical model that allows us to calculate the resistance tensor R for
particles of any given shape. This model is the so-called bead-shell model,
and is based on the work of Garćıa de la Torre et al. [83–86]. First, we set
up the equations underlying this model. Subsequently, we present our own
implementation of this model, which is extensively tested against analytical
results of resistance coefficients of spheres and ellipsoidal particles. Finally,
we present a few extensions of the traditional bead-shell model. Specifically,
we show that this model can be used to calculate the many-body resistance
tensor Rαβ of a collection of (arbitrary-shaped) particles.

3.2 Model

The essence of the bead-shell model is the approximation of a particle by
a rigid cluster of small spheres (or beads), as illustrated in Fig. 3.1d. Mo-
tivated by the fact that the fluid-particle interaction only takes places on
the particle surface, the surface (shell) of the particle is covered by a large
number N � 1 of spheres of radius a � R, where R is the typical size of
the particle. As we have seen in Chapter 2, the hydrodynamic interactions
of such a many-body system are encoded in the mobility tensor M,

Ẋα =MαβFβ, (3.7)

where, in the notation of the previous Chapter, Fα = (Fα,Tα) denotes
the 6N forces and torques on the small spheres, and Ẋα = (Uα,ωα) their
velocities and angular velocities. When the particle, and hence the cluster
that approximates it, performs a rigid body motion with velocity Up and
angular velocity ωp (with respect to a reference particle position rp, e.g.
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3 The bead-shell model

center of mass), we may write this as

Uα = Up + ωp × (rα − rp) =
N∑
β=1

(Mtt
αβFβ +Mtr

αβTβ), (3.8)

ωα = ωp =

N∑
β=1

(Mrt
αβFβ +Mrr

αβTβ), (3.9)

where, provided that the spheres are not too close to each other, the mobility
tensor is described accurately (to order O((a/Rαβ)4)) by the Rotne-Prager
tensors [49, 50], that we presented already in Chapter 2:

(Mtt
αα)ij =

1

6πηa
δij +O((a/Rαβ)4), (3.10)

(Mtt
αβ)ij =

1

8πηRαβ

([
1 +

2a2

3R2
αβ

]
δij +

[
1− 2a2

R2
αβ

]
dαβ,idαβ,j

)
+O((a/R)4), (α 6= β) (3.11)

(Mrr
αα)ij =

1

8πηa3
δij +O(a/Rαβ)6), (3.12)

(Mrr
αβ)ij = − 1

16πηR3
αβ

(δij − 3dαβ,idαβ,j) +O((a/Rαβ)6), (α 6= β) (3.13)

(Mtr
αα)ij = 0 +O((a/Rαβ)7), (3.14)

(Mtr
αβ)ij =

1

8πηR2
αβ

εijkdαβ,k +O((a/Rαβ)5) = (Mrt
βα)ji, (3.15)

where Rαβ = |rα − rβ| and dαβ = (rα − rβ)/Rαβ. Here, the Greek indices
denote the different particles, while the Latin indices denote the Cartesian
coordinates. Moreover, the superscripts denote the coupling between the
translation and force (tt), translation and torque (tr), or rotation and torque
(rr).

Given the rigid body velocities Up and ωp and the positions of the spheres,
the linear equations (3.8) and (3.9) may be solved by 6N × 6N matrix
inversion, to find the individual forces Fα and torques Tα on the spheres.
Subsequently, the force and torque on the total sphere cluster are given by
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the sum of the individual sphere contributions:

F =

N∑
α=1

Fα, T =

N∑
α=1

(
Tα + (rα − rp)× Fα

)
. (3.16)

By iterating this procedure over the rigid body degrees of freedom, i.e. cal-
culating the force and for a single non-zero component of (Up,ωp), we re-
construct the complete 6 × 6 rigid body resistance tensor Rb(a,N) of the
bead cluster that approximates the particle resistance tensor R and which
depends on the bead size a and number N in principle.

Obviously, the accuracy of this approximating procedure increases with
the number of spheres used. In this work, we use a typical number of spheres
in a range of 1000 − 3000, implying that we are dealing with matrices that
have 107 − 108 components. Since matrix inversion with pen and paper
becomes quite cumbersome for matrices of these dimensions, we developed
our own numerical code to performs these calculations. Here, the linear
equations (3.8) and (3.9) are solved using an LU factorization routine that
is part of the (open source) LAPACK package [87].

As we have seen in Chapter 2, the resistance tensor of a sphere of radius
R is known analytically:

ηR = (6πηR)13 ⊕ (8πηR3)13, (3.17)

where 13 is the 3× 3 identity matrix. Below, we will compare the resistance
tensor Rb(N), obtained from the bead-shell approximation for a sphere,
which we define as

ηRb = (6πηRξt)13 ⊕ (8πηR3ξ3
r )13, (3.18)

with dimensionless friction coefficients ξt and ξr for translation and rotation,
respectively. Thus, for the results that are shown below, the bead-shell
model is proven to be accurate when both ξt ≈ 1 and ξr ≈ 1 to some desired
accuracy.

3.2.1 Homogeneous surface distributions

It is safe to assume that a particle is only represented accurately by a rigid
cluster of spheres if these sphere are distributed evenly over the particle
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3 The bead-shell model

surface. Moreover, since the Rotne-Prager tensor (3.10) - (3.15) only de-
scribes the pairwise hydrodynamic interactions accurately in the far field,
the spheres should be separated by at least some distance. Therefore, the
bead-shell method introduced in the previous section relies on a (quasi-
)homogeneous distribution of spheres on the particle surface. In this work,
we use a simulated annealing method, based on the Metropolis algorithm
[88], to achieve this homogeneous distribution.

Initially, the spheres are placed randomly on the particle surface. Inspired
by the repulsive Coulomb interaction between equal point charges, we pro-
vide the spheres with a repulsive interaction of the form

φ(rα, rγ) ∝ |rα − rγ |−s, s > 0, (3.19)

where the power s may be varied to optimize the procedure (as we will see
below). The total potential energy of a configuration equals the sum of the
pairwise interaction energies. Note that, although the geodesic distance be-
tween the beads may differ from the Cartesian distance due to the curvature
of the particle surface, the interaction energy is dominated by interactions
between neighbouring beads via Eq. (3.19), for which this difference is neg-
ligible.

Subsequently, the spheres are moved stochastically on the particle surface
following the Metropolis algorithm. In this algorithm, a randomly chosen
sphere α ∈ {1, ..., N} is displaced by a randomly chosen step (on the particle
surface). Then, this new configuration (r1, ...r

′
α, ...rN ) is accepted if the

total potential energy is lower than in the original configuration, while it is
accepted with probability pacceptance ∼ exp(−β∆Φ) is the potential energy
is higher, where

∆Φ ∝
∑
γ 6=α
|rγ − r′α|−s −

∑
γ 6=α
|rγ − rα|−s (3.20)

is the difference in potential energy between the two configurations. Here,
β is an arbitrary parameter that governs the acceptance probability, play-
ing the role of the inverse temperature β = (kBT )−1 that appears in the
Boltzmann factors of a real thermodynamic system. Evolving the system as
dictated by these rules, we expect to gradually converge to configurations
where no two spheres are very close to each other. To reach the energetically
favoured ‘ground state’ of this system, we gradually increase β (thus effec-
tively lower the ‘temperature’ of the system). At the same time, depending
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3.2 Model

on the acceptance rate of the random displacement attempts, we increase
or decrease the size of these random displacements. Specifically, defining
a Monte Carlo cycle as performing N trial moves, we increase the temper-
ature and adjust the displacement magnitude every 10 cycles. We repeat
these steps until the the energy converges (within a predefined margin) to a
minimum. In most cases, we find that convergence is reached after n = 500
Monte Carlo cycles, when the relative change in potential energy between
two cycles is less than 10−3.

The evolution of this algorithm is illustrated in Fig. 3.1 for a spherical
particle. In Fig. 3.1(a), we show the initial random distribution of N = 1000
spheres on the surface. Subsequently, we show the configuration after n = 10
(b), n = 100 (c) and n = 1000 (d) cycles, where we clearly see a trend towards
homogeneous and quasi-regular distribution on the surface. Here, the radius
of the small spheres is chosen a = R

√
1/N ≈ 0.03R (for reasons that will be

clear from the next section).
The structure of the final distribution is reflected in the radial distribution

function, as shown in Fig. 3.2. There, we show the radial distribution
function g(r) as a function of the inter-particle distance r (in units of 2a),
for the random initial configuration (a), and after n = 10 (b), n = 100 (c)
and n = 1000 (d) Monte Carlo cycles. We clearly observe that the system
converges from a random state to a configuration in which the particles
are distributed in a regular pattern. To accurately represent the distances
further away from the particle, the inter-particle distances in Fig. 3.2 are
given by the geodesic distance along the surface of the sphere:

r = d(rα, rβ) = R arccos
(rα · rβ

R2

)
. (3.21)

The final g(r) (in Fig. 3.2(d)) is strongly peaked at r = 4a = 4R
√

1/N ,
which corresponds to the average closest inter-particle distance, as one es-
timates from the fact that the average area per particle is 4πR2/N , such

that the distance between them is 2(4πR2/N
π )1/2 = 4R

√
1/N . Moreover, we

observe from Fig. 3.2 that the differences in the evolution and final state
of the system for different repulsive powers s is negligible. Therefore, we
choose to set s = 2, since the implementation of this specific potential does
not require the use of the (numerically very costly) square root and power
operations, which we find to speed up the algorithm by a factor of two.

Concluding, this algorithm provides a way to achieve a quasi-homogeneous
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3 The bead-shell model

(a) n = 0 (b) n = 10

(c) n = 100 (d) n = 1000

Figure 3.1: Illustrations of the distributions of N = 103 small spheres of radius
R/
√
N ≈ 0.03R on the surface of a sphere of radius R, for the random

initial configuration (a), and after n = 10 (b), n = 100 (c) and n = 1000
Monte Carlo cycles. The power of the repulsive pair interaction of Eq.
(3.19) is s = 2.
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Figure 3.2: Radial distribution function g(r) as a function of inter-particle distance
r (in units of the small sphere diameter 2a), for the random initial
configuration (a), and after n = 10 (b), n = 100 (c) and n = 1000
Monte Carlo cycles. Shown are the results for different power s in the
repulsive interaction potential, i.e., s = 1 (red), s = 2 (blue), s = 3
(green) and s = 10 (black).
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3 The bead-shell model

distribution on the particle surface and is applicable to any particle of which
the surface admits a parametrization (or a union of surfaces, such as the
faces of a polyhedron).

3.2.2 Limit procedure and validation

As mentioned before, the quality of the bead-shell approximation increases
with increasing number of small spheres of decreasing size. Therefore, we
extrapolate the results to an infinite number of spheres, while keeping the
total bead surface area constant:

4πa2N

A
= c, (3.22)

where A denotes the surface area of the particle, i.e. A = 4πR2 for a sphere
of radius R. This constant c should be small enough that the small spheres
are not touching, which, as we can infer from Fig. 3.2, implies c < 2.
However, keeping in mind that the Rotne-Prager tensors are only valid in
the far field, we set c = 1, such that a = R

√
1/N for a spherical particle

(this will be discussed in more detail below). To take the simultaneous limit
a→ 0, N →∞, we calculate the resistance tensor Rb(a,N) = Rb(a(N)) for
an increasing number of spheres of radius a obeying (3.22). Subsequently,
we fit a quadratic function in a/R to the data points, after which we set
a/R = 0 to find the limiting resistance tensor R:

R = lim
a→0
N→∞

Rb(a,N). (3.23)

In Fig. 3.3 we show results for a spherical particle, where we calculate ξt and
ξr for N = 1500, ..., 3000. We clearly observe that the friction coefficients
are close to unity, with deviations that are of order 10−2. The quadratic fits
are shown by the solid lines, while the specific fit coefficients are indicated in
the legend, from which we obtain the extrapolated results to be ξt = 0.99993
and ξr = 0.99998. We conclude that this method enables us to obtain results
accurate to order 10−4.

Let us investigate the limit a→ 0, N →∞ a bit more closely, by examining
how the force and torque on an individual bead behave under this limit. In
Fig. 3.4, we show the magnitude of the force |Fα| (Fig. 3.4a) and torque
|Tα| (Fig. 3.4b) on a (randomly chosen) bead (with label α) on the surface
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Figure 3.3: The friction coefficients ξt (red points) and ξr (blue points) for bead
clusters that approximate a spherical particle, as a function of bead
size a/R (or equivalently the number of spheres N). Here, we used
a = R

√
1/N , where R is the radius of the spherical particle. The solid

lines show the quadratic fits, while the fit coefficients are indicated in
the plot legend.
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of a spherical particle translating with velocity U x̂, as a function of N or
a(N) complying with Eq. (3.22) for values of the surface coverage c = 0.5
(red), c = 1.0 (blue) and c = 1.5 (green). In Fig. 3.4c and Fig. 3.4d, |Fα|
and |Tα| are shown for a bead that is very close to the south pole at z = −R,
while the spherical particle is rotating with angular velocity ωx̂. We clearly
observe in Figs. 3.4a and 3.4c that the force magnitude |Fα| is linear in
N−1, but independent of c. In fact, we observe that

|Fα| ≈
6πηRU

N
=

3η

2R

4πR2

N
(3.24)

for the bead on the translating spherical particle, while

|Fα| ≈
12πηR2ω

N
= 3ηω

4πR2

N
(3.25)

for the bead on the south pole of the rotating spherical particle, as indicated
by the black lines in Figs. 3.4a and 3.4c. Note that for a spherical particle
translating with velocity U , one can derive from the flow field solution Eq.
(2.74) that σ · n = − 3η

2RU on the particle surface. Equivalently, one can
derive from Eq. (2.76) that σ · n = −3ηω × n for a rotating sphere. Thus
in general, for a bead placed on a particle surface, we may write

Fα ≈ (σ · n)(rα)δS, (3.26)

with δS = A/N the average particle surface around bead α, where σ is the
stress tensor corresponding to the (unknown) flow field solution around the
particle. On the other hand, we observe in Figs. 3.4b and 3.4d that the
torque magnitude |Tα| is linear in a3 in both cases, as indicated by the black
(fitted) lines. Since a3 ∼ N−3/2, this implies that the total contribution of
the N individual torques Tα vanishes in the limit a→ 0, N →∞.

Finally, observe from Eq. (3.11) that

lim
a→0

(Mtt
αβ)ij =

1

8πη

(
δij
Rαβ

+
rαβ,irαβ,j
R3
αβ

)
=
Gij(rα − rβ)

8πη
, (3.27)

where G is the Oseen tensor that was introduced in Section 2.3. Moreover,
note that both (Mtr

αβ)ij and (Mrr
αβ)ij do not depend on a and are thus

unchanged under the limit a→ 0. Now let us denote the (unknown) flow field
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3.2 Model

Figure 3.4: Magnitude of the force |Fα| (a) and torque |Tα| (b) on a randomly chosen
bead on the surface of a spherical particle of radius R, translating with
velocity U = U x̂. Panels (c) and (d) show |Fα| and |Tα|, respectively,
for the bead that is closest to z = −R, where the spherical particle
rotates with angular velocity ω = ωx̂. Results are shown for three values
of surface coverage c, defined in Eq. (3.22). The black lines in panel (a)
and (c) show linear functions with derivative determined by the surface
tractions σ ·n = −3U/2R and σ ·n = −3ω×n, respectively. The black
lines in panels (b) and (d) are fits to indicate the linear dependence on
a3.
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3 The bead-shell model

u (with corresponding stress tensor σ), that, given the rigid body motion
(Up,ωp), solves the Stokes equation and describes the flow field around the
particle. Then, keeping in mind the no-slip boundary conditions on the
particle surface, we have u(rα) = Uα, where rα and Uα denote the position
and velocity of the α-th sphere, respectively. Hence, we find that for N � 1,

u(rα) = Uα =

N∑
β=1

Mtt
αβFβ +

N∑
β=1

Mtr
αβTβ (3.28)

≈
N∑
β=1

Mtt
αβ · (σ · n)(rβ)δS +O(N−1/2) (3.29)

a→0−−−−→
N→∞

∮
Sp

dS
G(r − rα)

8πη
(σ · n)(r), (3.30)

where the total contribution of the N torques scales as N ×N−3/2 = N−1/2.
Thus, we find that in the simultaneous limit, the bead-shell model becomes
equivalent to the boundary integral formulation of the Stokes equation that
was introduced in Chapter 2 [37, 43, 51]. The force on the particle is then
given by

F = lim
a→0
N→∞

N∑
α=1

Fα = lim
a→0
N→∞

N∑
α=1

(σ · n)(rα)δS =

∮
Sp

dS(σ · n). (3.31)

Moreover, we have seen that the contributions from the torques on the in-
dividual spheres vanish in the limit a → 0, such that we may neglect these
contributions when calculating the torque on the particle:

T = lim
a→0
N→∞

N∑
α=1

(
Tα + (r − rp)× Fα

)
1 = lim

a→0
N→∞

N∑
α=1

(r − rp)× Fα (3.32)

= lim
a→0
N→∞

N∑
α=1

(r − rp)× (σ · n)(rα)δS =

∮
Sp

dS(r − rp)× (σ · n). (3.33)

In Fig. 3.5, we show the resulting rotational friction coefficient ξr of a
sphere, defined in Eq. (3.18), calculated while either taking into account
or neglegting the individual torques Tα. Clearly, we observe that includ-
ing the individual torques in the calculation will result in higher values for
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3.2 Model

Figure 3.5: Comparison of the rotational friction coefficient ξr, defined in Eq. (3.18),
excluding (dots) or including (circles) the individual bead torques, for
a spherical particle of radius R composed of N spheres of radius a sat-
isfying 4πa2N = 4πR2. The solid and dashed lines show the quadratic
fit for the results of excluding and including these torques, respectively,
showing that the limit a→ 0 gives ξr = 1± 10−4.

the intermediate steps, i.e., for the finite N bead clusters. However, when
performing the limit a → 0, N → ∞, this difference is negligible, as can be
seen from the extrapolated fit, which shows that ξr = 1 ± 10−4. Therefore,
we conclude that we may ignore the rotational degrees of freedom of the
individual bead, and only work with the 3N × 3N translational part of the
Rotne-Prager tensor, which reduces the computational time significantly!

Finally, we investigate what the role is of the surface coverage paramater
c that was introduced in Eq. (3.22). In Fig. 3.6, we show the results
for the a-dependence of the translation coefficient ξt, for different values of
0.5 ≤ c ≤ 1.5. Clearly, we observe that the results for intermediate bead
clusters depends on c, but that the limiting value (from the quadratic fits)
is very close to unity for every c: the largest deviation in ξt from 1 was
found to be approximately 3 × 10−4 for c = 1.5. Concluding that the final
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3 The bead-shell model

Figure 3.6: The translational friction coefficient ξt as a function of a, for a spher-
ical particle of radius R composed of N spheres of radius a satisfying
4πa2N = 4πR2c, for different values of the area coverage parameter
c. The solid lines show the quadratic fits, which all extrapolate to
ξt = 1± 3× 10−4.

results are independent of c, we have set c = 1 for the rest of this thesis.
On the basis of Fig. 3.6, however, one could argue that c ≈ 0.8 would give
the weakest a-dependence, with intermediate (finite a) results already close
to unity. This could allow for calculations with fewer iterations or a smaller
number of beads, thus potentially speeding up the algorithm. We have not
pursued this here.

3.2.3 Major advantages

As we have seen so far, the bead-shell model is a method to calculate the
rigid body resistance tensor, which is very widely applicable and delivers
accurate results in relatively short time on a desktop machine. Specifically,
the combination with the simulated annealing algorithm allows us to apply
the bead-shell model to any shape that allows a (collection of) parameter-
isations of its surface. Moreover, the accuracy of these calculations is of
order 10−4 with N ≈ 103 − 104, as was shown above. In Figs. 3.3, 3.5 and
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3.6, a relatively large number of iterations (15) with 1500 ≤ N ≤ 3000 was
shown for demonstration purposes, but in practice one may safely reduce
this number of iterations while maintaining the same level of accuracy (as
is implied by the high quality of the quadratic fits). Then, a single calcula-
tion of the full resistance tensor R of an arbitrary particle takes only a few
minutes on a desktop computer. In contrast, a finite element calculation of
the flow field solution u, and subsequent calculation of the force or torque
on the particle, will take considerably longer, especially when the particle
shape lacks symmetries that would allow for a dimensional reduction of the
calculation. Additionally, the bead-shell model benefits from the fact that
for each surface coverage by a collection of beads, the Rotne-Prager tensor
needs to be LU-factorized only once, after which each component of the bead
cluster resistance tensor is solved by imposing a single nonzero component
of (Up,ωp). Subsequently, the results for each component of R are extrap-
olated to a → 0 simultaneously. For a finite element calculation, however,
determining each column of R amounts to a full calculation of u from the
Stokes equations, with a different boundary condition on the particle surface,
which is therefore computational much more costly.

3.3 Ellipsoids

Many colloidal studies, both experiments [66] and simulations [71], concern
particles of a rodlike or platelike shape. These shapes can, to some extent,
be approximated by ellipsoids of revolutions, i.e. shapes whose surface can
be parameterised by

(2x/D)2 + (2y/D)2 + (2z/L)2 = 1, L,D > 0, (3.34)

for some chosen coordinate system, where the z-axis coincides with the axis
of revolution, and where L and D denote the length and diameter of these
ellipsoids, respectively. The resistance tensor R for these shapes is diagonal,
which we may write as

ηR = 6πηR

 ξt,x 0 0
0 ξt,y 0
0 0 ξt,z

⊕ 8πηR3

 ξ3
r,x 0 0

0 ξ3
r,y 0

0 0 ξ3
r,z

 , (3.35)

where the R = (3V/4π)1/3 is the effective radius in terms of the ellipsoid
volume V = πD2L/6, and where ξt,x = ξt,y and ξr,x = ξr,y. For the friction
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3 The bead-shell model

coefficients, the following analytical solutions were derived by Perrin [89, 90]:

1

3

∑
i

ξt,i =
2(L/D)2/3

S
, (3.36)

ξ3
r,x = ξ3

r,y =
4

3

α2

2− S/(L/D)2
, (3.37)

ξ3
r,z =

4

3

(D/L)2 − (L/D)2

2− 2(S − 1/(L/D)2)
, (3.38)

where

S =

{
2 arctanhα

α , for L > D,

2 arctanα
α , for L < D,

(3.39)

α =

√
|(L/D)2 − 1|

(L/D)
. (3.40)

In Fig. 3.7, we compare the friction coefficients obtained by our bead-shell
model with these analytical expressions. We observe excellent agreement
between our results and the analytical results for a large range of aspect
ratios, varying between L/D = 0.01 (very thin platelike particles) to L/D =
100 (very elongated rodlike particles). Note that in many experiments, the
particles are not exactly ellipsoidal but rather of sphero-cylindrical shape, for
which the friction coefficients are also easily calculated using our bead-shell
model.

3.4 Extensions of the bead-shell model

As we have seen so far, the bead-shell model provides a flexible, accurate and
fast method to calculate single particle resistance tensors. In this section,
we take a look at a few possible extensions of this model, some of which are
used later in this thesis, and we show some preliminary results.

3.4.1 Flow fields

In section 3.2.2, we have shown that, in the simultaneous limit a→ 0, N →
∞, the bead-shell calculations become equivalent to the boundary integral
formulation of the Stokes equation. With this result, we may extend Eq.
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Figure 3.7: Friction coefficients for ellipsoids, as a function of ellipsoid aspect ratio
L/D. The points show results for the averaged translational coefficient
(red), rotation around the x- or y-axis (blue), or rotation around the
z-axis, while the solid lines show the corresponding analytical results.

(3.30) by evaluating this equation at an arbitrary point outside the particle:

ub(r) =

N∑
α=1

G(r − rα)

8πη
Fα

a→0−−−−→
N→∞

∮
Sp

dS
G(r − rα)

8πη
(σ ·n)(r) = u(r), (3.41)

where the subscript ‘b’ of ub denotes that it is the flow field at a point
outside the bead cluster (analogous to the bead cluster resistance tensor in
Eq. (3.18)). Note that the flow field around a sphere contains an extra
quadrupole term according to Eq. (2.74), but since we have seen that the
higher order terms vanish when a → 0, we only need to take into account
the Oseen tensor in Eq. (3.41).

Hence, we calculate the flow field around a particle as follows. We impose
the rigid body velocity (Up,ωp) and solve the individual bead forces Fα
from Eq. (3.8), after which the left hand side of Eq. (3.41) gives the flow
field ub(r) at a point outside the bead cluster. Subsequently, we iterate this
calculation with an increasing number of beads of decreasing size, to take
the limit in Eq. (3.41), which results in the true flow field u.
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3 The bead-shell model

In Fig. 3.8, we show results for the flow field around a translating spherical
particle, where we compare the results from the bead-shell model (points),
with the analytical solution from Section 2.6.1. The results are shown along
a line parallel (red) and perpendicular (blue) to the direction of translation.
Note that, due to symmetry, the flow field on these lines points parallel to the
direction of motion. We observe excellent agreement between the numerical
and analytical results, both far away and close to the particle. While we
expect that this accuracy breaks down at length scales comparable to the
size of the beads, we point out that this bead size (and hence number) can be
tuned to the desired accuracy at the cost of computational speed, if needed.

3.4.2 Particles near a planar wall

In many experiments, immersed particles are not suspended in an infinite
fluid, but may be close to a boundary such as the walls of the fluid container.
The presence of such a boundary, and the no-slip boundary conditions on
it, has an effect on the particle resistance and mobility tensors. In the
literature, corrections to the single-sphere resistance coefficients are known
as expansions in terms of the distance h of the particle to a planar wall
[37, 38, 91],

ξt,‖ =

[
1− 9

16

(
R

h

)
+

1

8

(
R

h

)3

− 1

16

(
R

h

)5
]−1

, (3.42)

ξt,⊥ =

[
1− 9

8

(
R

h

)
+

1

2

(
R

h

)3

− 1

8

(
R

h

)5
]−1

, (3.43)

where the subscripts ‖ and ⊥ denote the directions parallel and perpendic-
ular to the wall, respectively, as illustrated in Fig. 3.9.

Although it is not further used in this thesis, we demonstrate that it is
possible to include a planar boundary in our bead-shell model. One way to
go about this is to modify the Rotne-Prager tensors (3.10) and (3.11) to the
presence of a no-slip wall. Results for these modifications are known [92]
in the literature. As before, note that we do not take the individual bead
torques into account, as they vanish in the limit a → 0. Alternatively, we
may use the original bead-shell model and model the planar wall itself by a
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3.4 Extensions of the bead-shell model

Figure 3.8: Parallel (to the sphere velocity) component u‖ of the flow field around
a translating sphere with velocity Up, as a function of distance to the
center of the sphere r. Results are shown along a line, parallel (red)
or perpendicular (blue) to the direction of translation, where the points
denote the data obtained from the bead-shell model, while the solid lines
show the analytical solutions of Eq. (2.74). The inset shows the data
close to the sphere. Here, the results inside the sphere are identically
set to Up.
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3 The bead-shell model

Figure 3.9: Illustration of a spherical particle of radius R at distance h above a
planar wall. The component of the velocity parallel to the wall is de-
noted with the subscript ‖ while the component perpendicular to the
wall is denoted with the subscript ⊥. The resulting friction coefficients
are labeled with the same subscripts accordingly.

collection of beads. In both cases, we extrapolate to an infinite number of
beads.

Results of both procedures are shown in Fig. 3.10, where we compare
the h-dependent friction coefficients as obtained by the bead-shell model,
with the theoretical results (3.42) and (3.43), for motion parallel (red) and
perpendicular (blue) to the wall. The points show the data obtained with
a modified Rotne-Prager tensor, while the circles show the data from an
explicit model of the planar wall by a collection of beads. For both methods,
we observe good agreement between the data and the theoretical results,
especially further (h/R > 10) from the planar wall. In fact, the explicit wall
model agrees perfectly even for close proximity to the wall. This is also the
case for the parallel coefficients as obtained from the modified tensor model.
However, for the perpendicular coefficient this model produces inaccurate
results (and even nonsensical, negative results for 3 ≤ h/R ≤ 5). Further
research is needed here, but is beyond the scope of this thesis.

3.4.3 Hydrodynamic interactions

Finally, we can extend our bead-shell model to calculations of the many-
body resistance tensor Rαβ, introduced in Section 2.8, for a collection of N
(arbitrary shaped) particles. To this end, we cover the surface of each particle
with a large number M � 1 of beads. The no-slip boundary condition on
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Figure 3.10: Translational friction coefficients for a sphere of radius R close to a
planar wall, as a function of distance to the wall h, for motion parallel
(red) and perpendicular (blue) to the wall. The points denote the data
as obtained from the bead-shell model using a modified version of the
many-sphere mobility tensor, while the circles denote the data obtained
by explicitly modelling a planar surface using our original bead-shell
model. The solid lines denote the theoretical results of Eqs. (3.42) and
(3.43).

77
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the surface of particle α, performing rigid-body motion (Uα,ωα) at position
rα, imposes the bead velocities:

Uγα = Uα + ωα × (rγα − rα), (3.44)

where the subscript γα denotes that the bead is placed on the surface of
particle α, at position rγα . Then, we write down the pairwise sphere bead
interactions as given by the Rotne-Prager tensor:

Uγα =
N∑
β=1

 M∑
δβ=1

(Mtt
δαγβ

Fδβ )

 , (3.45)

whereMtt
δαγβ

is the translation-translation part of the Rotne-Prager tensor,

given in Eq. (3.10) and (3.11), of the collection of MN beads. As before, the
torque contributions vanish in the limit a→ 0, therefore we have already ex-
cluded these in Eq. (3.45). Now, we can solve Eq. (3.45) for the bead forces
Fγα using MN×MN matrix inversion as was done earlier. Subsequently, we
extrapolate these results to the simultaneous limit a → 0,M → ∞. Then,
the force and torque on particle α are given by

Fα = lim
a→0
M→∞

M∑
γα=1

Fγβ =

∮
Sα

dS(σ · n) (3.46)

Tα = lim
a→0
M→∞

M∑
γα=1

(rγα − rα)× Fδβ =

∮
Sα

dS(rγα − rα)× (σ · n). (3.47)

Given this result, we can reconstruct the many-body resistance tensor Rαβ,
iterating this procedure by imposing a single non-zero component of the
velocities Ẋα, similar to the sub-solutions with one moving particle (and the
other particles stationary) that were used in Section 2.8.

To illustrate the possibilities of this model, in Fig. 3.11 we show results
for (a few of the) components of the two-sphere resistance tensor, which is
the inverse of the two-sphere Rotne-Prager tensor (3.10) - (3.15). In these
plots, we keep sphere 1 fixed, while sphere 2 is translating, and plot the
relevant components as a function of distance r12 = |r12|, r12 = r1 − r2.
When sphere 2 is translating parallel to r12, the forces on both spheres are
parallel to r12 as well, and are given by Rtt12,‖ for sphere 1 and Rtt22,‖ for
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sphere 2, which are shown in Figs. 3.11a and 3.11b, respectively. There,
the points show the data obtained from the bead-shell model, while the lines
show the theoretical curves determined by the inverse of Eqs. (3.10) - (3.15).
Furthermore, when sphere 2 translates perpendicular to r12, there are force
acting on the spheres that point perpendicular to r12, given by Rtt12,⊥ and

Rtt22,⊥, which are shown in Fig. 3.11c and 3.11d, respectively. Moreover,

the spheres experience a torque, given by Rrt12 and Rrt22, which are shown in
Figs. 3.11e and 3.11f, respectively. Note that the torques on both spheres
are directed along r12 × U2. For each component in Fig. 3.11, we observe
excellent agreement between the bead-shell-model results and the theory.

3.5 Summary and Outlook

In this Chapter, we have established the bead-shell model, that relies on
approximating a rigid particle by a collections of small spheres (beads) that
are placed on the particle surface (shell). With this method, we are able to
calculate the resistance tensor of a particle of any shape, both accurately
and at low computational cost. We have validated this model extensively
against the known analytical results for spheres and ellipsoids of revolutions,
for which we found excellent agreement. Moreover, we have shown that this
bead-shell model can be extended to perform calculations of the flow field
around rigid particles, or to calculate the resistance tensor for a particle
in the vicinity of a planar no-slip wall. Both these extension were tested
successfully against known theoretical results.

Most importantly, we have shown that this bead-shell model can be gener-
alised to many-particle system to calculate the many-body resistance tensor
Rαβ. In the next Chapter, we will use this extended bead-shell model to
calculate the hydrodynamic interactions between the components of a micro-
scopic swimmer, which consists of a collection of rigid parts that are able to
perform a motion relative to each other, i.e. the swimmer changes its shape.
Once this swimmer resistance tensor Rαβ is known for a representative set
of shapes that the swimmer takes during a cycle, we are able to calculate
quantities such as the swimming velocity, power, and efficiency. We will see
that these quantities depend on Rαβ, which in turn only depends on the
swimmer geometry, albeit in a complicated manner.
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Figure 3.11: Results for 6 particular components of the two-sphere resistance tensor,
relevant when sphere 1 is fixed while sphere 2 translates, as a function
of distance between the spheres r12 = |r12| = |r1 − r2|. In Figures (a)
and (b) we show components for the force on sphere 1 (a) and 2 (b),
for the velocity U2 parallel to r12. Due to symmetry, there is no force
component perpendicular to r12 and no torque. In Figures (c) - (f) we
show components relevant for a translation of sphere 2 perpendicular
to r12, i.e., the force and torque on sphere 1 ((c) and (e), resp.), and on
sphere 2 ((d) and (f), resp.). Note that the torques are directed along
r12×U2. The points show the data obtained from the bead-shell model,
while the solid lines show the theoretical resistance components. No
fitting parameter is involved here.
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4 Efficient shapes for microswimming: from
three-body swimmers to helical flagella

We combine a general formulation of microswimmmer equations of motion
with a numerical bead-shell model to calculate the hydrodynamic interac-
tions with the fluid, from which the swimming speed, power and efficiency
are extracted. From this framework, a generalized Scallop Theorem emerges.
The applicability to arbitrary shapes allows for the optimization of the ef-
ficiency with respect to the swimmer geometry. We apply this scheme to
‘three-body swimmers’ of various shapes and find that the efficiency is char-
acterized by the single-body friction coefficient in the long-arm regime, while
in the short-arm regime the minimal approachable distance becomes the de-
termining factor. Next, we apply this scheme to a biologically inspired set
of swimmers that propel using a rotating helical flagellum. Interestingly,
we find two distinct optimal shapes, one of which is fundamentally different
from the shapes observed in nature (e.g. bacteria).

4.1 Introduction

For many organisms, motility is of vital importance to survive, since it en-
ables them to search for food or escape from predators. Motility of mi-
croorganisms in a fluid takes the form of swimming, where they can often
orient themselves toward sources of nutrition, light or the direction of grav-
ity [17, 23]. Nature displays a large variety of ways in which microorganisms
achieve locomotion. Some organisms propel using rotating helical shaped
flagella, such as Escherichia coli [93–95], use flexible flagella that beat in
wave-like patterns such as sperm cells [96, 97], or utilize a large number of
cooperatively beating cilia on their surface to propel [23]. Also, locomotion
of synthetic swimmers or robots is a well-studied subject, with possible ap-
plications in efficient drug delivery in the body [98, 99]. Theoretically, many
designs were proposed. Purcell [18] proved that a swimmer with a single
internal degree of freedom cannot achieve a net propulsion and proposed the
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helical flagella

next-simplest design: the ‘three-link swimmer’ [100], which has also been ex-
perimentally realized [101]. Golestanian et al. [102, 103] proposed another
simple swimmer with two degrees of freedom: the ‘three-bead swimmer’,
which was studied and generalized extensively [104–109]. Another strategy
towards synthetic microswimmers is to imitate biological swimmers, where
examples include swimmers with flagella that perform beating or rotating
strokes [110–114], or make use of helical structures for propulsion [115–121].

In many designs of artificial swimmers, the propulsion is driven by an
internally stored, and therefore limited, fuel supply. Therefore, when op-
timizing the swimmer design, one should take into account the swimming
efficiency rather than the swimming velocity. The efficiency is defined as the
ratio between the propulsion power and the total dissipated power, such that
higher efficiencies are associated to swimmers that move faster at the same
fuel consumption. In this article, we combine a general formulation of low-
Reynolds number swimmer equations of motion with a numerical method
based on a bead-shell model [86, 122] to numerically determine the grand
resistance tensor of many-component swimmers, from which we extract the
swimming velocity, power and efficiency. The advantage of this method is
that it is applicable to any collection of connected rigid objects, while it
is also computationally relatively cheap and allows for calculation of the
shape-dependent power and efficiency.
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1 Introduction
For many organisms, motility is of vital importance to survive,
since it enables them to search for food or escape from preda-
tors. Motility of microorganisms in a fluid takes the form of swim-
ming, where they can often orient themselves toward sources of
nutrition, light or the direction of gravity1,2. Nature displays a
large variety of ways in which microorganisms achieve locomo-
tion. Some organisms propel using rotating helical shaped flag-
ella, such as Escherichia coli3–5, use flexible flagella that beat
in wave-like patterns such as sperm cells6,7, or utilize a large
number of cooperatively beating cilia on their surface to pro-
pel1. Also, locomotion of synthetic swimmers or robots is a well-
studied subject, with possible applications in efficient drug deliv-
ery in the body8,9. Theoretically, many designs were proposed.
Purcell10 proved that a swimmer with a single internal degree
of freedom cannot achieve a net propulsion and proposed the
next-most-simple design: the ‘three-link swimmer’11, which has
also been experimentally realized12. Golestanian et al.13,14 pro-
posed another simple swimmer with two degrees of freedom: the
‘three-bead swimmer’, which was studied and generalized exten-
sively15–20. Another strategy towards synthetic microswimmers
is to imitate biological swimmers, where examples include swim-
mers with flagella that perform beating or rotating strokes21–25,
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ena, Utrecht University, Leuvenlaan 4, 3584 CE Utrecht, The Netherlands; E-mail:
b.p.bet@uu.nl
b Debye Institute for Nanomaterials Science, Utrecht University, Princetonplein 5, 3584
CC Utrecht ,The Netherlands
† Electronic Supplementary Information (ESI) available: [details of any supplemen-
tary information available should be included here]. See DOI: 10.1039/b000000x/

or make use of helical structures for propulsion26–32.
In many designs of artificial swimmers, the propulsion is driven

by an internally stored, and therefore limited, fuel supply. There-
fore, when optimizing the swimmer design, one should take into
account the swimming efficiency rather than the swimming veloc-
ity. The efficiency is defined as the ratio between the propulsion
power and the total dissipated power, such that higher efficien-
cies are associated to swimmers that move faster at the same fuel
consumption. In this Letter, we combine a general formulation
of low-Reynolds number swimmer equations of motion with a
numerical method based on a bead-shell model34,35 to numeri-
cally determine the grand resistance tensor of many-component
swimmers, from which we extract the swimming velocity, power
and efficiency. The advantage of this method is that it is appli-
cable to any collection of connected rigid objects, while it is also
computationally relatively cheap and allows for calculation of the
shape-dependent power and efficiency, quantities that are often
not considered in earlier works.

`

L

D 2r2r

p = 2pa/k

(a)

(b)

(c)

(d)

(e)

Fig. 1 (color online) E. coli-inspired swimmers (a)-(e) with a cell body of
length L and diameter D connected to a rigid flagellum of length ` and
radius r of helical shape with radius r and pitch p. More details below.

1

1–6 | 1

Figure 4.1: E. coli-inspired swimmers (a)-(e) with a cell body of length L and diam-
eter D connected to a rigid flagellum of length ` and radius ρ of helical
shape with radius r and pitch p.
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4.2 Model & method

4.2.1 Equations of motion

We consider a swimmer consisting of N parts of a fixed shape, immersed in
a quiescent incompressible Newtonian bulk fluid of viscosity η, without any
external body force. For instance, swimmers composed of a rigid head and
a rigid tail, such as shown in Fig. 4.1, are described by N = 2. We let X
denote the 6N -vector with components Xα = (Rα,Θα) denoting the posi-
tionsRα and orientation angles Θα with respect to a fixed reference frame of
component α = 1, ..., N , and Ẋ the corresponding (angular) velocities. The
swimmer components are connected by mechanical actuators or motors that
impose their relative coordinates xα ≡ Xα−XN and velocities ẋα, where we
choose the N -th part as a reference. This motion induces a fluid flow u and
pressure field p that give rise to a viscous (friction) force field on the surface
of the swimmer, that in turn gives rise to a net displacement of the swimmer.
In the low Reynolds number regime, the hydrodynamics is described by the
Stokes equation [23]

−∇p+ η∇2u = 0, ∇ · u = 0 , (4.1)

supplemented with no-slip boundary conditions on the surface of each swim-
mer part, and vanishing u at infinity. Due to the linearity of the Stokes
equation, one derives that Fα = (Fα,Tα), with the forces Fα and torques
Tα acting on the α-th swimmer part, relates linearly to the particle (angular)
velocities [46, 48],

Fα(X , Ẋ ) = −η Rαβ(x) Ẋβ , (4.2)

where repeated indices imply summation over the swimmer parts and the
6N×6N tensorR denotes the grand resistance tensor (see Chapter 2), which
we will calculate below. Due to translational and rotational invariance, this
tensor depends only on the relative coordinates x, and furthermore on the
shape of the different swimmer parts. In absence of external forces (such
as gravity or externally applied magnetic fields), the total force

∑N
α=1 Fα

and torque
∑N

α=1 Tα + rα×Fα on this swimmer must vanish. Once R(x) is
known, the 6 constraints of the force-free condition, together with the 6N−6
constraints ẋα imposed by the motors, provide enough constraints to solve
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Eq. (4.2) for Ẋβ, which for the cases of interest below gives1

ẊN = −

 N∑
γ,δ=1

Rγδ

−1(
N∑
α=1

Rαβẋβ
)
≡ Vβ(x) · ẋβ , (4.3)

from which F follows from inserting this expression into Eq. (4.2). The
6N−vector field V expresses the linear coupling of the motor-imposed veloc-
ities ẋβ to the motion of our arbitrarily chosen reference part. To calculate
the displacement ∆ per stroke, it is sufficient to consider the displacement∫ T

0 dt ẊN of component N , since the internal coordinates x vary cyclically
during a stroke of period T . Hence,

∆ =

∫ T

0
dt ẋα · Vα(x(t)) =

∮
∂Σ
dxα · Vα =

∫
Σ
d(dxα · Vα), (4.4)

where ∂Σ is a closed path enclosing an area Σ in the (6N − 6)-dimensional
internal coordinate space that describes the swimming stroke. Note that
Σ can not be defined if there is only a single degree of freedom that is ro-
tational and describes a 2π rotation; in this case the displacement should
be calculated by the contour integral. In the second equality we used that
ẋαdt = dxα and in the last equality we used the (generalized) Stokes The-
orem, where the operator d on the right hand side denotes the so-called
exterior derivative: d(dxα · Vα) = ∂βVα dxβ ∧ dxα [123]. Eq. (4.4) is a
general formulation of Purcell’s Scallop theorem [18]: a reciprocal stroke is
one that does not enclose any area, such that the displacement vanishes. We
define the average swimming velocity

〈U〉 = ∆/T, (4.5)

and a generalized swimming or Lighthill efficiency [103, 124, 125] as

ηL =
〈Ẋα〉〈Rαβ〉〈Ẋβ〉
〈ẊαRαβẊβ〉

=
〈U〉 · η〈R〉 · 〈U〉

〈P 〉 , (4.6)

1We find rα ‖ Fα for the three-body swimmers and rα = 0 for the helical flagellum
swimmers, such that rα × Fα = 0 and hence

∑N
α=1 Fα = 0, from which Eq. (4.3)

follows. In general, the linear relation ẊN = Vj · ẋj stays valid, but the expression for
V is more involved.
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where 〈·〉 denotes the time average over one period, and

〈P 〉 =
−1

T

∫ T

0
dt Fα · Ẋα, (4.7)

〈R〉 ≡ 1

T

∫ T

0
dt

N∑
α,β=1

Rαβ, (4.8)

denote the time-averaged dissipated power and the effective 6×6 rigid body
resistance tensor, respectively.

4.2.2 Numerical methods

For a swimmer of a certain geometry, we determine the grand resistance
tensor R(x) using a bead-shell model [86], introduced in Chapter 3. In the
conventional implementation of this model, the surface of a rigid particle
(N = 1) is covered by M � 1 spheres (beads), whose radius a is small
compared to the size R of the particle. The forces on the beads arising from
the pairwise hydrodynamic interactions between these beads is calculated
via the Rotne-Prager mobility tensor [49, 50], from which the total force
on the particle, and subsequently the resistance tensor R, are calculated.
Details of this method are given in Chapter 3.

We extend this bead-shell model to allow for non-rigid objects with inter-
nal degrees of freedom (N > 1), as described in Section 3.4.3. The swimmer
surface is again covered with a large number of spheres M , distributed over
the N different components. Next, we impose a non-zero relative velocity
between the components and solve for the hydrodynamic force on each of the
components, constructing the full tensor Rαβ in this way. In principle, one
needs to do this calculation for a (large) number of internal configurations
x along the path ∂Σ in the 6N − 6 dimensional configuration space in order
to evaluate Eq. (4.4) numerically.

4.3 Results

4.3.1 Rigid bodies: platonic solids

For N = 1, R is the resistance tensor of a single rigid body. As a proof
of concept, we use the bead-shell model to calculate R for each of the five
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nf 4 6 8 12 20 −
ξt 1.214 1.086 1.072 1.027 1.019 1.000
ξr 1.278 1.102 1.089 1.030 1.022 1.000√
A/4πR2 1.221 1.114 1.087 1.048 1.032 1.000

Table 4.1: Number of faces nf and relative translation and rotation friction coef-
ficients, ξt and ξr respectively, of the five platonic solids (tetrahedron,
cube, octahedron, dodecahedron and icosahedron) and the sphere. In
the bottom row the ratio between the surface-area-defined length scale√
A/4π and the volume-defined unit of length R = (3V/4π)1/3 is shown.

platonic solids, which possess sufficient symmetry for the resistance tensor
to be isotropic, characterized by the two dimensionless friction coefficients
ξt and ξr for translation and rotation, defined by

ηR = (6πηRξt)13 ⊕ (8πηR3ξ3
r )13. (4.9)

Here, 13 is the three-dimensional unit matrix and R = (3V/4π)1/3 is the
effective radius in terms of the particle volume V , such that ξt = ξr = 1 for
a sphere. In Table 4.1 we list ξt and ξr and observe that ξr > ξt > 1 for all
five platonic solids, the more so for bodies with fewer faces, with enhanced
friction compared to the sphere of equal volume exceeding 20% for the tetra-
hedron. Since ξr > ξt, it is impossible to assign a single hydrodynamic radius
to any of the platonic solids, the translational radius ξtR is always smaller
than the rotational radius ξrR.

Interestingly, it turns out that the friction coefficients can qualitatively,
and to some extent quantitatively, be estimated by another length scale that
is defined by

√
A/4π, where A is the surface area of the solid body of interest.

Specifically, we consider this length scale in units of the volume-defined unit
length R = (3V/4π)1/3 in the bottom row of Table 4.1 and observe that it
agrees approximately with the calculated friction coefficients:

ξi ≈
√

A

4πR2
=

A1/2

61/3π1/6V 1/3
≈ 0.455 A1/2/V 1/3, (4.10)

where ξi denotes either ξt or ξr. Alternatively, one can formulate this es-
timate in terms of the hydrodynamic radius as Rh = ξtR ≈

√
A/4π. Ob-
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viously, this relation is not exact and does not distinguish between trans-
lational and rotational friction, but it may serve as an estimate for exper-
imental purposes where both the volume and surface area of a particle are
known. One should also note that this estimate breaks down for particles
with resistance tensors that are strongly anisotropic. For example prolate
ellipsoids of large aspect ratio, where the rotational friction factors in dif-
ferent directions differ over orders of magnitude and can therefore not be
accurately estimated by Eq. 4.10, which is easily checked with the known
exact friction coefficients [126].

4.3.2 Three-body swimmers

One of the simplest swimmers that can be described by our new method is
composed of N = 3 rigid bodies connected by two arms of time-dependent
lengths xi(t) driven by a motor. Earlier works on this three-body swim-
mer mainly consider a three-sphere set-up, with hydrodynamics modeled
by the Oseen tensor that is only accurate in the regime of long arms and
small spheres. In this work, by making use of a bead-shell model to de-
termine the resistance tensor, we do not suffer from these restrictions. In
Fig. 4.2a, the swimmer design and stroke cycle I-II-III-IV-I are illustrated
for a swimmer consisting of three tetrahedra. The stroke is performed by
periodically and non-reciprocally changing xi(t) between a maximum D and
a minimum D − ε, causing the swimmer to go back and forth, resulting in
a displacement ∆ after one period. The positions Xi(t) of the individual
parts and the instantaneous power P (t) during the stroke are illustrated in
Fig. 4.2b. In Fig. 4.2c we show a stroke represented as a closed path ∂Σ
in the two-dimensional internal coordinate space (x1, x2), where the den-
sity plot represents d(Vjdxj) = (∂1V2 − ∂2V1)dx1dx2 (see Eq. (4.4)). This
function is strictly positive and decreases with x1 and x2, implying that the
displacement per stroke decreases with D (for fixed ε) and increases with ε.
As the platonic solids do not posses the full spherical geometry, there are
obviously many possible (relative) orientations of the three bodies. To avoid
ambiguity, we only show results for three-body swimmers with one and the
same fixed orientation of all three components with respect to the axes that
connects the three bodies, as indicated by the legend in Fig. 4.3. We point
out that the results do not differ significantly for other cases. Animations
of three-body swimmers can be found in the supplementary material (see
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Appendix 4.A).

In Fig. 4.3 we show the displacement (a) and efficiency (b) of three-
body swimmers consisting of each of the platonic solids as a function of
the maximum arm length D for fixed small amplitude ε = R, compared to a
three-sphere swimmer performing the identical stroke. We observe from Fig.
4.3a that in the regime of long arms, the displacement ratio ∆/∆sphere tends
to the friction coefficient ξt, indicated by the horizontal dashed lines. This
result is consistent with that of Earl et al. [104], who showed for three-sphere
swimmers that ∆ ∝ Rh for the Oseen interaction in the long arm regime,
if we take ξtR ≡ Rh as the hydrodynamic radius. In Ref. [104] it is also
shown that the instantaneous velocity of sphere-swimmers is independent of
R for large D, which for general swimmers also holds true as can be deduced
from Eq. (4.3). Furthermore, to leading order in R/D the individual forces
Fi and the average rigid body friction tensor 〈R〉 are both proportional to

3

⇠t 1.214 1.086 1.072 1.027 1.019 1
⇠r 1.278 1.102 1.089 1.030 1.022 1

TABLE I. The relative translation and rotational friction co-
e�cients, ⇠t and ⇠r respectively, for the five platonic solids
(tetrahedron, cube, octahedron, dodecahedron and icosahe-
dron) and the sphere.

connected by two arms of time-dependent lengths xi(t)
driven by a motor. Earlier works on this three-body
swimmer mainly consider a three-sphere set-up, with hy-
drodynamics modeled by the Oseen tensor that is only
accurate in the regime of long arms and small spheres.
In this work, by making use of a bead-shell model to de-
termine the resistance tensor, we do not su↵er from these
restrictions. In Fig. 2(a), the swimmer design and stroke
cycle are illustrated for a swimmer consisting of three
tetrahedra. The stroke is performed by periodically and
non-reciprocally changing xi(t) between a maximum D
and a minimum D � ✏, causing the swimmer to go back
and forth such that a displacement � is gained after one
period. The positions Xi(t) of the individual parts and
the instantaneous power P (t) during the stroke are illus-
trated in Fig. 2(b). In Fig. 2(c) we show a stroke cycle
represented as a path @⌃ in the two-dimensional internal
coordinate space (x1, x2), where the density plot repre-
sents d(Vidxi) = (@1V2�@2V1)dx1dx2 (see Eq. (4)). This
function is strictly positive and decreases as a function
of both xi, implying that the displacement per stroke is
increasing with increasing D and decreasing ✏.

In Fig. 3 we show the displacement (a) and e�ciency
(b) of three-body swimmers consisting of each of the pla-
tonic solids as a function of the maximum arm length D

X3 = 0 X2 = D

I

II

III

IV

D � ✏

(b)

(c)

x1 x2

�
I

X1 = �D

(a)

FIG. 2. (color online) The fourfold stroke cycle of a three
tetrahedron-swimmer (a). The positions Xi(t) of the individ-
ual parts and the instantaneous power P (t) during a stroke
(b). The stroke path @⌃ represented in x-space, with a den-
sity plot of d(Vidxi) (c).

for fixed amplitude ✏ = R, compared to a three-sphere
swimmer performing the identical stroke. We observe
that in the regime of long arms, the displacement ratio
tends to the friction coe�cient ⇠t, indicated by the hor-
izontal dashed lines. This result is consistent with that
of Earl et al. [14], who showed that � / R for the Oseen
interaction in the long arm regime, if we take Rh = ⇠tR
as the hydrodynamic radius. In Ref. [14] it is also shown
that the instantaneous velocity U is independent of R to
leading order in R/D for large D. Furthermore, to lead-
ing order h⇠i and Fi are proportional to Rh, such that
P / Rh, and hence we find that ⌘L / ⇠2

t for large D,
which is precisely what is observed in Fig. 3(b). Further-
more, the black dashed lines in Fig. 3(a) and 3(b) show
a comparison with the Oseen interaction model, where
we observe an agreement in the long-arm regime, but a
qualitatively erroneous trend in the short-arm regime.

As ⌘L increases with increasing ✏, we explore the max-
imum e�ciency by considering strokes from close contact
to a maximum separation D in Fig. 3(c). The nearest
distance depends on the shape, as for instance two cubes
can approach each other more closely (when oriented
with the faces adjacent) than two tetrahedra. Indeed,
we observe that for this maximum-amplitude stroke, the
three-cube swimmer, which can attain the smallest sep-
aration without overlap, is the most e�cient one.

From the color map of Fig. 2(c), we observe that the
upper triangle I-II-IV contributes less to the displace-
ment than the lower triangle II-III-IV, while we observe
from Fig. 2(b) that the (average) power in all four steps is
comparable. Therefore, we propose the new stroke cycle
II-III-IV-II, where both motors operate at the same time
while crossing the diagonal IV-II. The D-dependence of
the e�ciency of such a stroke, with D�✏ close to contact,
is shown by the dashed lines in Fig. 3(c). We see that for
small D/R, the square stroke is still more favorable, while
for larger D the triangular stroke becomes much more ef-
ficient, with a crossover regime around D/R ⇡ 20. Also
for this stroke, the di↵erences in e�ciency for di↵erent
shapes are determined by the smallest approachable dis-
tance (where the Oseen interactions break down), as can
be seen in the inset in Fig. 3(c).

Our numerical method is not limited to relatively sim-
ple designs such as the three-body swimmer. We now
turn the discussion to a swimmer that propels itself by a
rotating helical flagellum, not unlike E. coli bacteria [3–
5]. In Fig. 1, we show this swimmer and its relevant de-
sign parameters [44]. The relative rotation rate ✓̇ between
the cell body and the flagellum is imposed by a motor,
whereas the other 6 degrees of freedom of this swimmer
are those of a rigid body. Analytical studies of such heli-
cal flagella swimmers usually ignore the rotational asym-
metry of the helix around the long axis, and hence the
transverse translation and rotation, such that the number
of degrees of freedom reduces to three. Moreover, the hy-
drodynamic interactions between the cell body and the

Figure 4.2: Fourfold stroke of a three tetrahedron-swimmer (a). Positions Xi(t) of
the individual parts and instantaneous power P (t) during a stroke (b).
Stroke path ∂Σ represented in x-space, with a density plot of d(Vidxi)
(c).
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Rh, such that P ∝ Rh and hence we find that ηL ∝ ξ2
t for large D, which

is precisely what is observed in Fig. 4.3b. Concluding, we observe that
particles with larger friction constitute more efficient swimmers, which is
interesting given the fact that the opposite holds for externally driven (e.g.
sedimenting) particles, where particles that experience more friction move
slower. The black dashed lines in Fig. 4.3a and 4.3b show a comparison
with the Oseen interaction model used by Najafi and Golestanian [102, 103],
where we observe an agreement in the long-arm regime, but a qualitatively
erroneous trend in the short-arm regime. This discrepancy is explained by
the breakdown of the Oseen approximation at small distances, while the
bead-shell model extrapolates to infinitesimal bead size, such that it holds
up to distances comparable to the used bead sizes, which are two orders of
magnitude smaller than the rigid bodies under consideration.

We explore the maximum efficiency by considering strokes from D − ε
close to contact to a maximum separation D in Fig. 4.3c. Here, we define
the minimum gap as being 20% of the center-to-center distance at which
the bodies start to overlap. This nearest distance depends on the shape
and orientation, as for instance two cubes oriented with the faces adjacent
can approach each other more closely than two tetrahedra in this particular
orientation. This minimal separation is illustrated in the legend of Fig.
4.3c. Indeed, for this maximum-amplitude stroke we observe that the most
efficient swimmer is the three-cube swimmer, which can attain the smallest
contact distance.

Note that in this analysis, we focussed on the effect of the body shape
on the efficiency for a given prescribed stroke, rather than optimizing the
stroke itself as is done for instance in Ref. [127], where the instantaneous
power is kept constant during the stroke. We find that our results for a
reparametrization of the stroke that fixes the power rather than the internal
velocity differ negligibly from the results presented in Fig. 4.3. Since the
resistance tensor depends on the internal configuration of the swimmer, even
when keeping the internal velocities constant in time, the forces and therefore
the instantaneous power will vary with time. On the other hand, demanding
that the power is constant in time will require adjusting the internal velocities
in a nonlinear fashion in time. We also point out that a representation of
the displacement and efficiency in terms of the amplitude ε rather than the
maximum arm length D (in both cases keeping the minimum arm length
D − ε fixed to near contact) gives rise to qualitatively identical results.
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Figure 4.3: Ratio of displacement (a) and efficiency (b) of the three-platonic solid
swimmer compared to the three-sphere swimmer as a function of max-
imum arm length D, for amplitude ε/R = 1. The horizontal dashed
lines indicate ξt (a) and ξ2t (b). Efficiency ηL of a stroke with D − ε
close to contact, as a function of D, for a square stroke I-II-III-IV-I (full
lines) and a triangular stroke II-III-IV-II (dashed lines) (c). The inset
shows a zoom for small D/R. The legend of (c) illustrates the relative
orientations of the three bodies and the fixed minimal separation.

From the color map of Fig. 4.2c, we observe that the upper triangle I-II-
IV-I contributes less to the displacement than the lower triangle II-III-IV-II,
while we observe from Fig. 4.2b that the (average) power in all four steps is
comparable. Therefore, we propose the new stroke II-III-IV-II, where both
motors operate at the same time while crossing the diagonal IV-II. The D-
dependence of the efficiency of such a stroke, with D − ε close to contact,
is shown by the dashed lines in Fig. 4.3c. We see that the square stroke is
yet favorable for small amplitudes, while for larger D the triangular stroke
becomes much more efficient by a factor ∼ 2, with a crossover regime around
D/R ≈ 20. Also for this triangular stroke, the differences in efficiency for
the various shapes are determined by the smallest contact distance, as can
be seen in the inset of Fig. 4.2c.
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4.3.3 Helical flagellum swimmers

Our numerical method is not limited to relatively simple designs such as
the three-body swimmer. We turn the discussion to a swimmer that propels
itself by a rotating helical flagellum, not unlike E. coli bacteria [93–95].

We assume this swimmer to consist of two parts, an axially symmetric
cell body and a helical flagellum, that can rotate with respect to each other.
The helical flagellum is attached to the surface of the cell body in such a way
that the center of this attachment lies in the origin of the defined coordinate
system {x̂, ŷ, ẑ}. The centerline of the helical shape of contour length ` is
parametrized for s ∈ (0, `) by

h(s) = rf(s) (cos(ks) x̂+ sin(ks) ŷ) + αs ẑ, (4.11)

with α2 + r2k2 = 1, for pitch parameter α, radius r and wave number
k. Here, the function f(s) = s2/(s2 + (c`)2) ensures the perpendicular
attachment to the surface of the cell body for c > 0 and asymptotes rapidly
to unity for small enough c. We find our results to be fairly independent
of c in a range of 0.02 < c < 0.1 and therefore we have fixed c = 0.05. In
this parameterization, the helical pitch is expressed as p = 2πα/k. Given
the centerline parametrization (4.11), the surface of the helical flagellum is
parametrized as

H(s, φ) = h(s) + ρ (cos(φ)n(s) + sin(φ)m(s)), (4.12)

where n(s),m(s) are mutually orthogonal unit vectors that are also or-
thogonal to dh(s)/ds. The volume V of the axially symmetric cell body is
kept constant for every aspect ratio L/D, a fixed unit length is defined by
R = (3V/4π)1/3 as before. The swimmer and its relevant shape parameters
are shown in Fig. 4.1, animations of the motion of this type of swimmer
can be found in the supplementary material (see Appendix 4.A). The rela-
tive rotation rate θ̇ between the cell body and the flagellum is imposed by a
motor, whereas the other 6 degrees of freedom of this swimmer are those of
a rigid body.

Analytical2 studies of such helical flagella swimmers usually ignore the
rotational asymmetry of the helix around the long axis, and hence its trans-
verse translation and rotation, such that the number of degrees of freedom

2There are also hydrodynamic simulation studies that capture the dynamics of the E.
coli bacterium accurately. [128–130]
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of the swimmer reduces to three. Moreover, the hydrodynamic interactions
between the cell body and the flagellum (the off-diagonal blocks Rα 6=β) are
usually ignored [17, 23, 131, 132]. In this study, we do not ignore these fea-
tures, which turn out to play an important role in certain shape regimes. We
do assume the flagellum to be rigid and to retain its shape during the swim-
ming motion, a safe assumption for artificial swimmers which also seems
to hold for several biological flagellum swimmers such as E. coli [93–95].
Note that this implies that we neglect any effects of elasticity of the helical
filament.

In order to compare velocities and rotation rates of real E. Coli with those
predicted by our model, we insert typical shape parameters as reported in
[93], D = 0.88 µm, L = 2.25 µm, r = 0.20 µm, p = 2.2 µm, ` = 7.1 µm and
ρ = 0.035 µm, corresponding to the swimmer shown in Fig. 4.1(a). Note
that E. coli typically have around 10 flagella [17, 93] that bundle and syn-
chronize during swimming, which we effectively describe as a single flagellum
of approximately three times the filament radius, which is 0.012 µm ≈ ρ/3.
Also, the reported motor rotation rate equals θ̇/2π = 154 Hz.

We find a swimming speed of v = 17 µm s−1 and body and flagellum rota-
tion rates of 23 Hz and 131 Hz, respectively, which should be compared to the
observed values v = 29± 6 µm s−1, 23± 8 Hz and 131± 31 Hz [93]. Hence,
our method produces fairly accurate results for the complex swimming mo-
tion of E. coli. Note that, since the flagellum is not completely rotationally
symmetric, the swimming gait shows a periodic transversal ‘wobble’ motion,
as can be seen in the animations (see Appendix 4.A). However, this ‘wobble’
is smaller than that reported by Ref. [93], which might be explained by the
fact that we consider a single flagellum at the polar end of the cell body,
rather than several ones attached at several positions.

The numerical values of (some of the) resistance tensor components of
this swimmer can be compared to the measurements of Chattopadhyay et
al. [132], where the components of a three-dimensional resistance tensor
were measured for a population of E. coli. We calculated the coefficients for
translation of the flagellum along, and rotation around the cell body sym-
metry axis to be 0.78× 10−8 N s m−1 and 0.99× 10−21 N s m, respectively,
while for the cell body these are 1.0× 10−8 N s m−1 and 5.5× 10−21 N s m.
The off-diagonal component that describes the rotation-translation coupling
of the flagellum (again, around the symmetry axis) is 3.6× 10−16 N s. We
find these values to agree qualitatively with the results in Ref. [132], but
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quantitatively different by 30% to a factor of 2. These discrepancies can
be related to the fact that the measurements in Ref. [132] are done for
a population of E. coli with a spread in shape parameters, as for instance
the reported cell body length L varies between 2 and 5 µm. Indeed, the
fact that the measured cell body translational resistance coefficient is higher
while the rotational coefficient is lower, indicates that the average cell body
aspect ratio of this population was higher than in our calculation [126].

The calculated Lighthill efficiency of this swimmer is ηL = 0.0064. A
calculation of the efficiency is also done in Ref. [132], although a different
definition is used where only the cell body translation resistance appears in
the numerator of Eq. (4.6). When we correct for this, we find our efficiency
to be fourfold lower, which can be traced back directly to the difference
in the resistance tensor. Lastly, the power consumed by our swimmer is
7.8× 10−16 W, which also agrees qualitatively with Ref. [132] (where it is
4.3× 10−16 W), but one should keep in mind that this quantity also depends
on the motor frequency.

An interesting question, which is of direct relevance for constructing arti-
ficial swimmers, is how the efficiency depends on the geometry. One could
argue that evolution has selected the most efficient shapes, but also that the
efficiency is good enough for the survival of E. coli and that other shapes
could be (much) more efficient. Of course, as bacteria use only a fraction of
their available energy for swimming [133], other factors than the swimming
efficiency could determine the evolutionary fitness. Also, as E. coli perform
a run-and-tumble motion [93], the ability to tumble efficiently could also be
important. Yet, from the perspective of constructing swimmers with lim-
ited internal fuel supply, the geometry-dependent efficiency is an important
design feature.

In Fig. 4.4 we show the dependence of ηL on the flagellum radius r and the
pitch parameter α, for three different cell body aspect ratios L/D = 2.5 (a),
1 (b) and 0.5 (c). The flagellum length and radius are fixed at `/R = 11 and
ρ/R = 0.051, corresponding to the values for E. coli.3 For an E. coli-like cell
body with L/D = 2.5, we find in Fig. 4.4a a single maximum ηL = 0.0089
at r/R = 0.68 and α = 0.80. This shape is shown in Fig. 4.1b. Surprisingly,

3We find that the efficiency increases monotonically with decreasing ρ, while as a function
of ` it shows a broad maximum around `/R = 11. Therefore, we choose to fix ρ and `
at the values for E. coli and show the optimization with respect to r and α.
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for smaller L/D a second maximum develops, as can be seen for a spherical
body with L/D = 1 in Fig. 4.4b, with a local optimum of ηL = 0.0085 for a
‘wagging tail’-like shape at r/R = 3.1 and α = 0.75 (Fig. 4.1d), next to the
global optimum of ηL = 0.0089 for r/R = 0.68, α = 0.75 (Fig. 4.1c). In Fig.
4.4d, we show ηL for L/D = 1, but now calculated with a simplified 3 × 3
resistance tensor, where the off-diagonal hydrodynamic interactions between
cell body and flagellum are ignored. We observe (from comparison with Fig.
4.4b) that although this approximation produces fairly accurate results in
the small-r regime, it is unable to reproduce the second local maximum of
the ‘wagging tail’-type swimmer at larger r. This is in agreement with the
observation from the animations (see Appendix 4.A) that this shape shows
a large transversal motion (or ‘wobble’), indicating that these transversal
degrees of freedom are not negligible. To calculate the efficiency of even
smaller L/D, we consider a cell body of an oblate ellipsoid of L/D = 0.5.
In Fig. 4.4c, we observe that the ‘wagging tail’ local maximum becomes a
global maximum, with ηL = 0.0084 for r/R = 2.7 and α = 0.68 as shown in
Fig. 4.1e. Not shown here are results for L/D > 2.5, which we find to be
qualitatively similar to the L/D = 2.5 case.

We find the globally optimal radius and pitch parameter of Fig.4.4a and
b to be in agreement with the results of earlier optimization studies on sim-
ilarly (not identically) shaped swimmers using resistive force theory [134]
or boundary element methods [135, 136]. However, none of these studies
report the second optimal ‘wagging tail’-type flagellum, while it does resem-
ble the optimal (externally driven) swimmer calculated in Ref. [118], which
also exhibits only a single maximum. Interestingly, this type of flagellated
swimmer is (to our knowledge) not observed in nature.

4.4 Summary & Outlook

In summary, in this work we have set up a method that combines a theo-
retical framework for the equations of motion of an N -component swimmer,
with numerical bead-shell model calculations. This method allows for the
calculation of the displacement and efficiency of any general-shaped swim-
mer, with relatively short computation time. First we employed this method
to calculate the friction coefficients for the platonic solids and found that the
hydrodynamic radius may be estimated by

√
A/4π.
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Figure 4.4: Efficiency ηL as a function of helical radius r and pitch parameter α
(see Fig. 4.1 and text) for body aspect ratio L/D = 2.5 (a), L/D = 1.0
(b), and L/D = 0.5 (c). Panel (d) shows the effiency for L/D = 1
calculated with the simplified 3 × 3 resistance tensor, featuring only a
single local maximum. The swimmers shown in the four corners of each
panel further illustrate the shapes covered in the r-α plane.

When applied to the class of three-body swimmers, we found that for
long arms the displacement and efficiency are determined by the single-
body friction coefficient, while maximally efficient strokes are performed
when the bodies can approach as closely as possible. Next, we have applied
this scheme to a swimmer with a helical flagellum, modelled after an E. Coli
bacterium. The calculated swimming velocity and body/flagellum rotation
rates are in fairly good agreement with the measured values for E. Coli.
Also, the swimming efficiency shows an intricate dependency on the swimmer
geometry. Within this class of swimmers, we distinguish two types of efficient
swimming flagella: a helical flagellum that resembles the flagellum of the
E. Coli bacterium and a stretched ‘wagging tail’-type flagellum, where this
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second optimal shape is not reported in earlier optimization studies.
Our theoretical description can straightforwardly be extended to a sin-

gle swimmer close to a wall by exploiting analogies to image charge effects
[92, 137]. This is a natural next step given the fact that many experiments
are conducted in a quasi two-dimensional geometry. Hydrodynamic pair in-
teractions, and perhaps even many-body interactions, can also be accounted
for, albeit at the expense of numerical effort.

4.A Supplementary material: animations

In the animations found at http://web.science.uu.nl/itf/brambet.htm,
we depict some of the swimmers considered in this Chapter. For each of these
swimmers, the resistance tensor R is calculated with our numerical model
and subsequently the power and the velocities of each swimmer part are
calculated. We adjusted the internal velocities of the swimmer such that in
every animation, all of the swimmers are swimming at equal average power.
Therefore, the fastest swimmer in each animation corresponds to the one
with the highest swimming efficiency.
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5 Self-propelled colloidal bead chains: from
rotators to flagella

A new type of self-propelled colloids is introduced, namely self-propelled col-
loidal bead chains with tunable flexibility between the beads, created from
single self-propelled spherical Janus (half-side Pt-coated) particles. Exper-
iments1 reveal that permanent rigid chains of these Janus spheres perform
only active rotational or spinning motion, while semi-flexible chains perform
both translational and rotational motion resembling flagella like-motion, in
the presence of fuel (H2O2). We are able to qualitatively reproduce these ex-
perimental results by means of numerical calculations with a minimal model
based on an effective description of propulsion forces. Using this numerical
model, the influence of the chain shape and orientation of Pt-coated sides
on the swimming motion is investigated.

5.1 Introduction

Active or self-propelled colloidal-particle systems are currently a subject
of great interest in soft condensed matter science, owing to their ability to
mimic the collective behaviour of complex living systems, but also to serve as
model systems to study intrinsically out-of-equilibrium systems [23, 27, 138–
141]. Self-propelled particles can exhibit rich collective behaviour, such as
clustering, segregation, and anomalous density fluctuations, by consuming
internal energy or extracting energy from their local environment in order
to generate their own motion [23, 138–142].

While many experimental examples of self-propelled particle systems (see
Section 5.2) have been realized in recent years, most of these experiments
consider particles that convert energy directly into translation. In contrast,
in this Chapter we consider particles that convert energy in rotational mo-

1The experiments were performed by dr. Rao Vutukuri, at the Institute for Molecules
and Materials, Radboud University, Nijmegen, The Netherlands.
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tion. Here, we will investigate the self-propelled motion performed by sys-
tems of artificial swimmers that are newly developed by Vutukuri et al.,
namely (semi)flexible bead chains composed of Janus spheres that are (half-
)coated with Platinum. Using an effective description on the basis of effec-
tive propulsion forces that act on the (assumed) rigid chain, the rotational
motion of the rigid linear chains, as well as the (apparent) flagellum-like
motion of the semiflexible chains, is reproduced qualitatively. Using this nu-
merical model, the influence of the chain shape and orientation of Pt-coated
sides on the swimming motion is investigated. The shape influence comes
in through the geometry-dependent resistance tensor R (Chapter 2), which
we calculate using the numerical bead-shell model introduced in Chapter
3. We find that small anisotropies in the shape (in the form of a slightly
distorted chain of moderately helical shape) combined with a heterogeneous
distribution of self-propulsion on the chain will lead to an active axial rota-
tion or spiralling motion of the chain, which leads to translational motion
due to the translation-rotation coupling of the non-trivial chain shape. This
‘swimming’ mechanism is similar to the self-propulsion of a helical flagellum
that several microorganisms employ [23].

5.2 Experimental system

In recent years, several experimental self-propelled particle systems have
been developed, for instance Janus spherical particles [138, 143–146], Janus
rods [147], bimetallic rods[148], granular rods [149], gear-shaped particles
[150, 151], hetero-dimers, [152] and L-shaped particles [153], based on dif-
ferent self-propulsion mechanisms. Most of the experimental studies have
been reported on Janus spherical [154] and rod-like particle systems [147].
As mentioned, the majority of these synthetic self-propelled particles move
actively by converting the input energy directly into translational motion on
a single particle level, whereas in this Chapter we are interested in convert-
ing the input energy into rotational motion. Some biological systems natu-
rally display such a kind of active rotation, e.g., certain bacteria confined to
two dimensions [155] and so-called dancing algae [156]. To the best of our
knowledge, only a few synthetic systems show active rotation, e.g. granular
gear-shaped particles in an active bacterial bath [150, 151], multi-layered
bimetallic rods [157, 158], L-shaped particles [153], and random clusters of
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active Janus particles [159, 160]. However, the swimming behaviour of these
systems cannot be tuned by controlling the internal structure.

In the experiments under consideration here, a new type of internally
driven colloidal-particle system is introduced, namely self-propelled colloidal
bead chains with tunable stiffness. For these chains, it is shown that in-
troducing (semi-)flexibility between the beads, thus changing the internal
structure of the chain, is sufficient to break the time-reversibility constraint
to realize flagellum-like or helical motion. Similar flagellum-like motion has
been reported in systems of helix-shaped particles [161–164] and DNA-linked
assemblies of magnetic particles tethered to a red blood cell [110] that are
driven by external magnetic fields. However, these systems are not suitable
for collective behaviour studies because the long-ranged magnetic interac-
tions between individual units are difficult to minimize. Moreover, these ex-
ternally driven particles are not force- and torque-free, which is an essential
condition to study internally powered colloidal systems [162]. While several
simulations and theoretical studies have predicted that particle shape and
swimming direction can affect the macroscopic behaviour of self-propelled
particle systems [23, 27, 138, 165], experimental realization of the shape
anisotropy in combination with the propulsion direction, as shown by these
experiments, is novel.

Several synthesis routes have been reported for synthesizing ‘passive’ col-
loidal molecules, complex-shaped particles [67, 166–168], chains of particles
using different starting building blocks, e.g., isotropic spherical particles us-
ing various linking mechanisms [65, 67, 169–171], Janus particles,[172] and
flattened particles [173]. However, making these model systems with self-
propelling capabilities remains a challenge. Here, inspiration is taken from
the design principles of synthesizing passive colloidal molecules, where the
colloidal spherical particles are treated as atoms and the interactions be-
tween them are tuned such that they self-assemble into well-defined complex
clusters [65, 166–168].

5.2.1 Synthesis of self-propelled bead chains

Let us briefly describe the experimental system under consideration. The
starting point is a suspension of negatively charged polystyrene spheres of
diameter σ = 1.4 µm, of which one hemisphere is coated with a thin plat-
inum (Pt) layer. From these Janus particles, the bead chains are fabricated
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in a two-step process, as illustrated in Fig. 5.1a. First, the Janus spheres
are aligned using a high frequency external AC electric field. The difference
in the polarizability of both sides (half-dielectric and half-metallic) of the
Janus particles causes the particles to align into staggered or ‘zig-zag’ linear
chains in the direction of the applied field. However, these linear structures
rely on the presence of external electric fields, i.e., the chains disassemble
when the field is switched off [172, 174]. To circumvent this, a combination
of a strong electric field and a heating step is used. At high field strengths
(∼ 0.05 V m−1), the induced dipolar attractions between the particles are
strong enough to push the particles together into distances where the van
der Waals attractions take over and bind the particles irreversibly. In partic-
ular, the van der Waals attractions between metallic halves of the particles
are strong in comparison to those between the polymeric halves of the parti-
cles [175]. Due to some irregularities in the Pt coating, a small fraction of the
polymeric side of a particle can also touch the polymeric side of neighbouring
particles. These polymer-polymer connections are the key to making perma-
nent bonds between neighbouring Janus spheres through a heating step that
was developed in an earlier study by Vutukuri et al. [65, 167]. In the heating
step, the sample cell is heated for about 2− 3 minutes [65, 167, 176]. After
this period, the field is slowly switched off and the particles are permanently
attached to each other in a zig-zag fashion and act as a single rigid body.

This procedure can also be carried out with sterically stabilized polystyrene
spheres. In this case, the spheres are first coated with polymer chains
(polyvinylpyrrolidone) [177], to prevent aggregation due to van der Waals at-
traction. Starting with these sterically stabilized particles as building blocks
and repeating the same protocol as described for the fabrication of active
rigid chains, the particles will assemble into chains with a semiflexible char-
acter [167], where the stabilizing polymer chains act as links between the
beads. The flexibility of the resulting chains is estimated in terms of the
persistence length `p, yielding `p ≈ 20σ [167].

5.2.2 Dynamics of self-propelled bead chains

After creating the permanent structures, their dynamic behaviour in the
presence of H2O2 is studied. In the case of individual half Pt-coated Janus
spheres, the platinum-catalyzed decomposition reaction of H2O2 induces a
self-propulsion in the direction of the non-coated surface [143–145, 178].
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Figure 5.1: Schematic diagram illustrating the steps involved in the preparation of
active bead chains (a). The dark side represents the Pt-coated side
of the particles. Time evolution of an active rigid bead chain or self-
propelled rotator in 1.0 vol% H2O2 solution, showing counterclockwise
rotation of the chain as indicated by the arrow, as obtained from op-
tical microscopy images. The scale bar is 2.0 µm. The inset shows the
direction of the effective propulsion forces along the chain. (Figures by
dr. Rao Vutukuri)
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Although the underlying mechanism responsible for the propulsion is still
under debate [179], the dominant propulsion mechanism is probably a com-
bination of self-diffusiophoresis and self-electrophoresis [143–145, 178] (see
Section 5.3.1).

When the permanent staggered chains are transferred into a 1.0 vol%
H2O2 solution, the bead chains with an even number of beads show au-
tonomous sustained rotating behaviour on the surface of the bottom wall,
as shown in Fig. 5.1b. This rotating movement can be attributed to the
fact that the self-propulsion of each Janus particle is acting in opposite di-
rections in alternative fashion along the length of the chain (see the inset
of Fig. 5.1b), resulting in constant active rotation of the chain. The move-
ment of the chains is analysed using a particle tracking algorithm [180], from
which the rotational velocity is obtained. In Fig. 5.4, the observed angular
velocity ω, which is of the order of 1 rad s−1, is shown for bead chains of
consisting of 2, 4 and 6 beads.

For the chains in which (semi)flexibility between the beads is introduced,
the resulting motion is completely different. The chains are observed to
perform simultaneous translational and rotational motion, which strongly
resembles flagellum-like or helical motion, as is shown in Fig. 5.2a (and in
the movie obtained from these experiments, see Appendix 5.A). The time-
lapsed bright field images show the sequential (apparent) shape change, as
well as the orientation change, which is indicated by the change in intensity of
beads in the chain as shown in the xy-projection in Fig. 5.2a. This is further
confirmed by measuring the intensity profile of the third bead in the chain,
which shows oscillatory behavior with time, as shown in Fig. 5.2c. We point
out that the bright parts of the beads in the chain indicate the uncoated
side of the bead in the focal plane, while the dark ones indicate beads that
are either above or below the focal plane. Furthermore, a projection of the
motion in the xz-plane is shown in Fig. 5.2b, which reveals a spiralling
motion of the bead chain. Thus, these observations clearly imply that the
chain has a non-trivial three-dimensional structure (rather than a structure
parallel to the xy-plane), while the activity is driving a rotation around the
chain axis. In Fig. 5.2d, a typical trajectory is shown of the center of mass
of the active semiflexible bead chain during a time interval of 20 s, which
clearly shows an average persistent translational motion of the chain. From
the oscillating light intensity of the center of mass, the rotational velocity
of the six-bead semiflexible chain (around its axis) is estimated 3.5 rad s−1,
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Figure 5.2: Dynamics of a self-propelled semiflexible six-bead chain in a 1.0 vol%
H2O2 solution. (a) Time-lapse optical microscopy images (top view)
of the self-propelled six-bead chain. The bright parts of the beads in
the chain represent uncoated sides of the beads in the focal plane while
the dark parts represent beads either above or below the focal plane.
Scale bar is 5.0 µm. (b) Orthogonal xz view of the same chain over 100
seconds, scale bar is 2.0 µm. (c) Intensity profile of the center of mass
of the chain. (d) Trajectory of the centre of mass of the six-bead chain
over a time interval of 20 seconds. (All figures by dr. Rao Vutukuri)

while the translational velocity is estimated from the center-of-mass motion
to be 0.9 µm s−1.

Concluding, we find that introducing semiflexibility in the bead chains
leads to a specific type of motion where the activity drives a rotation of
the chain around its axes which, in combination with a non-trivial chain
shape, is performed in a non-reciprocal way such that a net translation is
achieved [18, 162]. The motion shows clear resemblance to flagellar motion
of swimming microorganisms [23]. To better understand this behavior, we
describe the motion in the next section using a minimal model in terms of
effective propulsion forces on each of the Janus spheres. There, we will focus
on translation of the bead-chain due to the non-reciprocal rotation cycle that
arises from anisotropy in the chain shape.
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5.3 Model

5.3.1 Self-diffusiophoretic swimmers

Although the precise mechanism of the self-propulsion is still under debate
[179], the propulsion or ‘swimming behavior’ is often attributed to self-
diffusiophoresis [181]: the particle motion arises as a result of variations
of a solute concentration driven by the particle itself. Here, the platinum
(Pt) coated surface catalyses the decomposition of peroxide (H2O2) into wa-
ter (H2O) and oxygen (O2). The resulting gradients in solute concentrations
couple to the solvent flow, leading to net motion of the particle [145, 182]. If
the interaction between solute and the particle surface is very short ranged
(as is usually assumed for these reactions), the effect on the resulting flow
field may be captured in terms of a non-zero slip velocity us(r) on the coated
surface [183–185]. Thus, instead of the familiar no-slip boundary conditions
(Chapter 2), the boundary conditions for the flow field u(r) on the particle
surface Sp read

u(r)
∣∣
r∈Sp = Up + ωp × (r − rp) + us(r), (5.1)

where Up,ωp and rp denote the velocity, angular velocity and position of
the particle, respectively. If there are no external forces or torques acting
on the particle, the total hydrodynamic force and torque vanish:

F =

∮
Sp

dSσ · n = 0, T =

∮
Sp

dS(r − rp)× (σ · n) = 0, (5.2)

where σij = −pδij +η(∂iuj +∂jui) is the hydrodynamic stress tensor defined
by the flow field u, with η the viscosity of the fluid. In general, the problem
described here is very difficult to solve, as it requires solving the Stokes
equation (2.14) with a priori unknown boundary conditions (5.1) (since the
particle velocities (Up,ωp) are unknown), which should then be adjusted to
satisfy the constraints (5.2).

However, it turns out that it is possible to solve the particle velocities Up
and ωp without solving the full problem for the flow field u [106, 186, 187].
This is done by application of the Lorentz reciprocal theorem (Chapter 2,
[37, 38]), which establishes a relation between the flow field u around the
self-propelled particle with slip velocity on the surface, and the flow field
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(denoted ũ) around a passive particle (no-slip surface) that performs rigid
body motion (Ũ , ω̃) due to an external driving force F ext and torque T ext.

Now let us apply the Lorentz reciprocal theorem to the two conjugate flow
field solutions u and ũ,∮

Sp

dSu · σ̃ · n =

∮
Sp

dSũ · σ · n. (5.3)

Recalling the no-slip boundary condition for ũ, the right hand-side may be
written as

Ũ ·
∮
Sp

dSσ · n+ ω̃ ·
∮
Sp

dS(r − rp)× σ · n = 0, (5.4)

where we have rewritten ω̃× (r− rp) · σ ·n = ω̃ · (r− rp)× σ ·n. Eq. (5.4)
vanishes since the particle is force- and torque-free in the self-propelled case.
Next, we use the slip boundary condition Eq. (5.1) to rewrite Eq. (5.3) as

0 =

∮
Sp

dS

[
(Up + ωp × (r − rp) + us) · σ̃ · n

]
(5.5)

= Up ·
∮
Sp

dSσ̃ · n+ ωp ·
∮
Sp

dS(r − rp)× σ̃ · n+

(∮
Sp

dSus · σ̃ · n
)
,

(5.6)

such that

Up · F ext + ωp · T ext = −
(∮

Sp

dSus · σ̃ · n
)
. (5.7)

Although Eq. (5.7) is a scalar equation, it allows one to reconstruct each
component of the self-propulsion velocity Up and angular velocity ωp by
suitable (i.e. linear independent) choices of the external force F ext and
torque T ext in the conjugate problem.

As an example, let us consider a spherical swimmer. The force on a
translating sphere (of radius R) is given by the Stokes law, F̃ = −6πηRŨ =
−F ext, while the surface stress reads σ̃n = − 3η

2RŨ (as is calculated from the
flow field solution Eq. (2.74)). Then, Eq. (5.7) gives

Up = − 1

4πR2

∮
Sp

dSus. (5.8)
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Thus, in order to produce net motion, the surface slip velocity must break
the (front-back) symmetry of the spherical particle, which is for instance the
case for the half-coated Janus spheres. Similarly, for a rotating sphere we
have T̃ = −8πηR3ω̃ = −T ext and σ̃n = −3ηω̃ × n, such that

ωp = − 3

8πR3

∮
Sp

dSn× us. (5.9)

Concluding, Eqs. (5.8) and (5.9), and more generally Eq. (5.7), relate the
self-propulsion velocity Up and ωp to the slip velocity us on the particle
surface in the active problem, and the surface traction σ̃ · n in the passive
problem.

5.3.2 Effective forces and bead chains

As we have seen, Eq. (5.7) defines a duality between a particle that self-
propells due to a slip velocity, and an externally driven passive particle
of identical shape. Although the resulting flow fields in the two problems
may be different, the motion of the self-propelled particle is identical to the
motion of the passive particle that is driven by an effective force and torque
given by [106]

F eff =

∮
Sp

dSσ̃ · n, T eff =

∮
Sp

dS(r − rp)× σ̃ · n, (5.10)

where σ̃ is the stress tensor of the passive problem for the special case that
(Ũ , ω̃) = (Up,ωp). Due to the linearity of low-Reynolds hydrodynamics
(see Chapter 2), these effective force and torque are related to the particle
velocity and angular velocity as(

F eff

T eff

)
= ηR

(
Up
ωp

)
, (5.11)

where R is the 6 × 6 resistance tensor of the particle, which depends only
on the particle geometry.

We apply this description in terms of an effective force and torque to
the system of self-propelling bead chains. Here, rather than calculating the
effective force and torque from the slip-velocity us on the bead surface and
flow field solutions ũ of the passive problem, we adopt the opposite strategy
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by determining the effective force and torque from Eq. (5.11) for the rigid
rotating bead chains. For these chains, both the motion and the geometry
are accurately known from the experiment. With the geometry of the rigid
chains obtained from the experimental images, we calculate the resistance
tensor R with the bead-shell model introduced in Chapter 3, such that the
right-hand-side of Eq. (5.11) is completely determined.

To proceed, we decompose the effective force and torque into effective
forces acting on each of the individual Janus spheres that constitute the
chain, as

F eff =
∑
i

F eff
i , T eff =

∑
i

(ri − rp)× F eff
i , (5.12)

where we assume that the norm |F eff
i | is equal for all i, while the the direc-

tion is determined by the orientation of the catalytic hemispheres: pointing
along the axis that connects the ‘south’ pole on the passive hemisphere to
the ‘north pole’ of the active hemisphere, as is illustrated in Fig. 5.3. This
assumes that the (chemical) interaction between catalytic surfaces is small,
such that the F eff

i are of equal magnitude, and that the symmetry of the
active hemisphere is preserved such that (effective) contributions of individ-
ual torques on each Janus sphere may be neglected, as would be the case of
a single Janus sphere. For the rigid bead chains, we observe an alternating
or ‘zig-zag’ arrangement of the active hemispheres, as is shown in Fig. 5.3.
Since these hemispheres define the direction of the effective propulsion force,
the magnitude |F eff

i | is the only unknown and may be solved by inserting
Eq. (5.12) into Eq. (5.11) for the rigid rotating chains.

In the next section, we will validate the assumption of Eq. (5.12) by
comparing the experimentally observed angular velocity ω with the angular
velocity that we calculate from Eq. (5.11) for chains of different length,
where we use the average value of |F eff

i | that is obtained from the chains of
different lengths. Subsequently, we will apply the obtained value of |F eff

i | to
self-propelling bead chains with different shapes and orientations of catalytic
hemispheres, in order to describe the motion of the semiflexible chains. For
each of these chains, the bead chain resistance tensor R is calculated using
the bead-shell model (Chapter 3), from which the equations of motion Eq.
(5.11) are solved numerically.
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5 Self-propelled colloidal bead chains: from rotators to flagella

(a) (b)

Figure 5.3: (a) Snapshot of a rigid bead chain composed of 6 Janus spheres. From
the different colors, a ’zig-zag’ arrangement can be clearly observed. (b)
Illustration of a similar bead chain. The arrows indicate the direction
of the effective propulsion force.

5.4 Results

5.4.1 Rotating rigid bead chains

First, we consider the rigid bead chains, for which a rotating motion in the
xy-plane is observed. We start by determining the rigid body resistance
tensor R for the bead chain shape with an even number of beads. In each
case, we mimic the ‘zig-zag’ shape of the chain that is observed in the ex-
perimental images, from which we estimate the angle between the vectors
connecting the centers of adjacent Janus spheres to be approximately 27◦,
i.e. 0.15π rad. Moreover, the distribution of the active hemisphere, and thus
of the effective propulsion forces, is arranged in an alternating zig-zag fash-
ion. A comparison between the experimentally observed six-bead chain and
the model shape used in the numerical calculations, is shown in Fig. 5.3.
Having calculated R for the bead chains with 2, 4 and 6 beads, we use the
experimentally observed rotational velocities ω to solve Eq. (5.11) for the
magnitude |F ext

i | of the effective propulsion force. Subsequently, we take the
average of the obtained values, 〈|F ext

i |〉 = 10.6ησ2s−1, and feed this value
back into Eqs. (5.11) and (5.12) to calculate the angular velocity. In Fig.
5.4, we compare these calculated angular velocities with the experimentally
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5.4 Results

Figure 5.4: A comparison between the experimentally observed angular velocity and
the angular velocity as calculated from the average effective propulsion
force using the resistance tensor, for chains composed of 2, 4 and 6 beads.

observed values. There, we find good agreement between the calculated
and observed values, thus validating our assumption of Eq. (5.12). More-
over, we may apply the effective propulsion force 〈|F ext

i |〉 = 10.6ησ2s−1 to
a single Janus sphere using the Stokes law (see Chapter 2). This gives a
velocity U = 10.6/(3π)σs−1 = 1.57 µm s−1, which precisely agrees with the
observed self-propulsion velocity of single Janus spheres in the experiment,
1.58 µm s−1 (not shown here), a final confirmation that our effective model
assumptions are valid.

5.4.2 Semiflexible bead chains

With the magnitude |F ext
i | determined from the rigid chains and the con-

sistency of our assumptions checked, we apply this model to the motion of
the semiflexible bead chains. Due to the over-damped nature of the dynam-
ics at low Reynolds numbers, we expect that the semiflexible bead chains
will (very quickly) attain equilibrium configurations different from the rigid
chains, rather than oscillating around these configurations as a driven oscil-
lator with inertia. Thus, while the motion in the experimental videos (Fig
5.2) resembles that of an oscillating flexible chain, it may be that we actually
observe the two-dimensional projection of a rigid but anisotropic shape that
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5 Self-propelled colloidal bead chains: from rotators to flagella

rotates around its axis. This hypothesis is supported by the fact that the
intensity of the middle bead varies in time, thus showing the coated and non-
coated hemisphere to the microscope in an alternating fashion. Therefore,
we choose to model the semiflexible chains as being rigid, but with small
anisotropies in both the shape and the arrangement of effective propulsion
forces induced by the semiflexibility. As we will see below, a combination of
these anisotropies can lead to a translational motion of the chain, even when
the net effective propulsive force on the chain vanishes; the particle activity
only drives a rotation while the translation arises from the shape that gives
rise to a translation-rotation coupling.

First, we consider small anisotropies in shape. As seen experimentally, a
bead chain of perfectly aligned spheres does not exhibit translational motion.
To probe a range of shape anisotropy, we consider bead chains with the
centers of the Janus spheres lying on a helical centerline, as parametrized
by a helical radius r and helical pitch p, considered below in units of bead
diameter σ (1.4 µm). Note that the aligned chain (p→∞) and the c-shaped
chain (p = 0) are special cases of this parameterization. The effect of these
shape variations is reflected in variations in the resistance tensorR appearing
in Eq. (5.11).

Moreover, we consider an effective propulsion force distribution along the
bead chain that is arranged in such a way that the chain will rotate around
the axis connecting the two ends, if the chain does not coincide completely
with this axis. The effective propulsion forces on each bead are all taken
perpendicular to the axis that connects the end points of the bead chain,
and differ by a rotation of π/2 around this axis (except the middle two
spheres). Below, we denote the angular velocity around this axis by ω‖, while
we represent the projected (2-dimensional) velocity in the xy-plane by v2D.
Note that, as in the case of the rotating rigid bead chains, the net effective
propulsion force on the chain vanishes. Therefore, any translational motion
is entirely caused by a (shape-dependent) translation-rotation coupling in
the resistance tensor R, and is in fact independent of the magnitude of the
effective propulsion forces (that we have obtained from the rigid case). In
Fig. 5.5, we illustrate the described model swimmer, with moderate helical
shape anisotropy and a rotated arrangement of effective propulsion forces.

We summarize our numerical predictions in terms of ‘swimming’ behavior
for the active helical bead chains with varying shape and propulsion force
distributions in the Table 5.1. We clearly find that a shape anisotropy in the
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5.4 Results

Figure 5.5: A (constructed) configuration of effective propulsion forces that gives
rise to a rotation of the bead chain. The forces are all perpendicular to
the axis that connects the end beads, and differ by a rotation around
this axes, such that the resulting rotation is predominantly around this
axis, which is lying in the horizontal plane in the experiment. The shape
parameters are a radius r = 0.88σ and pitch p = 6.2σ, where σ denotes
the bead diameter.

form of a C-shaped or (moderately) helically shaped bead chain, combined
with a heterogeneous distribution of propulsion forces, leads to a ‘swimming’
motion. A planar zig-zag does not lead to any translation. This motion
qualitatively reproduces the experimentally observed propulsion behavior
(Fig. 5.2), as can be clearly seen in the animations (see Appendix 5.A).

Let us investigate the influence of the chain shape on the bead chain
motion a bit more closely. In Fig. 5.6a we show the velocity of helical
bead chains as function of helical radius r/σ and pitch p/σ. Every bead
chain is endowed with the arrangement of effective propulsion force that was
described above (and illustrated in Fig. 5.5). We observe that over a large
range of shapes, the velocity is around v2D ≈ 0.2σ/s. In the experiment, the
the observed translational velocity of the active semiflexible chain is v2D =
0.9 µm s−1 = 0.64σs−1. In Fig. 5.6b, we show the rotational velocity ω‖ as a
function of r/σ and p/σ. There, we observe a wide range of shapes that show
an angular velocity ω‖ ≈ 3.0 s−1, which compares well to the value of 3.5 s−1

in the experiments. Although the obtained velocities do not agree perfectly
with the experiment, the deviation up to a factor 3 is deemed acceptable

111



5 Self-propelled colloidal bead chains: from rotators to flagella

‘Zig-zag’ force distribution
Example heterogeneous

force distribution

‘Zig-zag’ shape No (anim. 5.1) No (anim. 5.4)

C shape No (anim. 5.2) Yes (anim. 5.5)

Helical Shape No (anim. 5.3) Yes (anim. 5.6)

Table 5.1: Summary of whether or not translational motion is predicted theoret-
ically, as indicated by Yes and No, for active helical bead chains with
varying shapes and force distributions. We distinguish three different
shapes (the ‘zig-zag’ linear bead chain, the C-shaped chain, and different
types of helically shaped bead chains) and two different arrangements of
the effective propulsion forces (an alternating ‘zig-zag’ force distribution
as observed for the rigid bead chains and a typical heterogeneous force
distribution). Animations of the motion of these different bead chains,
referred to in parentheses, are described in Appendix 5.A.

given the simplicity of the model. This discrepancy may be related to the
possibility that the total effective propulsion force does not vanish completely
for the chains in the experiment, such that the activity directly drives a
translational motion besides the active axial rotation, possibly leading to a
higher translational velocity. More information about the internal structure
of the bead chains could provide more insight into this matter.

Finally, let us consider the ratio between the rotation and translation,
which (as mentioned before) is purely an effect of the shape of the bead
chain and is independent of the magnitude of the effective propulsion force.
In Fig. 5.7 we show this ratio as a function of helical shape, and observe
that this ratio is around 0.07− 0.08σ for a range of helical shapes, whereas
the experimentally measured ratio is 0.18σ. Hence, shape anisotropy in the
form of a (moderately) helically shaped bead chain, combined with this spe-
cific arrangement of propulsion forces, will lead to ‘swimming’ motion that
qualitatively reproduces the experiment (up to a factor 2). Moreover, as was
hypothesised before, the spiralling motion of the helical chain in Animation
6 (see Appendix 5.A) resembles the experimentally observed flagella-like
motion well if one takes into account that the experimental movies show a
projection of the motion onto the (horizontal) focal plane of the microscope
(see experimental movie, Appendix 5.A), and which is further confirmed
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5.4 Results

Figure 5.6: Magnitude v2D of the in-plane (projected) velocity in units of Janus
particle diameter σ per second (a) and angular velocity ω‖ around the
body axis (connecting the end beads)(b), as a function of helical radius
r/σ and pitch p/σ, for the considered example of a heterogeneous force
distribution.

113



5 Self-propelled colloidal bead chains: from rotators to flagella

by the spiralling motion observed in Fig. 5.2b. A better understanding
of experimental uncertainties or a more detailed hydrodynamic model may
improve these predictions.

Figure 5.7: Ratio between the in-plane velocity v2D and the angular velocity around
the bead chain axis, for a range of helically shaped bead chains charac-
terized by the helical radius r/σ and pitch p/σ. The miniatures illustrate
the bead chain shapes corresponding to the parameters at each corner
of the considered rp-plane.

The distribution of effective propulsion forces we have considered so far
is very specific, and chosen in such a way that the catalytic activity drives
a rotation of the bead chain (which leads to a translation due to the shape
dependent translation-rotation coupling) rather than directly driving trans-
lation due to the activity, since the total effective propulsion vanishes. Such
an arrangement is not likely to arise from random orientations of the Janus
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5.5 Summary and Outlook

spheres in the chain. To illustrate this point, we compare in Fig. 5.8 the
velocity v2D and angular velocity ω‖ for a set of 100 randomly chosen con-
figurations of propulsion forces for a fixed helically shaped bead chain, to
the (angular) velocity for the range of different helical bead chains and the
experimentally observed values. We considered here configurations with 6
randomly chosen orientations (blue), for which the total effective propulsion
force (almost) never vanishes. Also, we considered zig-zag configurations
with a single randomly chosen orientation (purple), as well as configura-
tions with three randomly chosen directions of propulsion forces, augmented
with the three opposite vectors. The total effective propulsion force indeed
vanishes in the latter two categories. From Fig 5.8, we can observe that
these random configurations do not produce translational motion that qual-
itatively agrees with the observed motion. Therefore, we conclude that the
arrangement of the propulsion forces requires a certain coordination between
the beads, which may be offered by the semiflexible bonds between the Janus
particles.

5.5 Summary and Outlook

In this chapter, we have investigated the motion of chains of Janus spheres
that self-propel by means of a chemical reaction, which takes place on plat-
inum coated surface parts. To capture this motion, we have applied a min-
imal model, in which we describe the self-propulsion in terms of effective
propulsion forces of equal magnitude that act on each of the Janus spheres.
We have assumed that the chain are rigid, such that the particle motion un-
der the imposed effective forces is determined by the rigid body resistance
tensor, which we have calculated using the bead-shell model of Chapter 3.
We have applied this framework to the rotating linear bead chains, for which
we have validated our effective model. Subsequently, we have applied this
to the semiflexible bead chains, for which we have found that a combination
of anisotropy in both chain shape and arrangement of effective propulsion
forces can lead to bead chain motion that qualitatively reproduces the ex-
perimentally motion. This is confirmed by comparing the animations with
the experimental movies.

Although our minimal model shows qualitative agreement with the exper-
iment, further research is needed. We expect that more detailed models of
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Figure 5.8: Comparison of the (magnitude of the) two-dimensional velocity v2D and
angular velocity ω‖ for different distributions of the propulsion forces.
In blue, 100 realizations are shown where the direction of the effective
propulsion force is chosen at random for each individual Janus particle.
Realizations with vanishing total effective propulsion force consisting
of a ‘zig-zag’ distribution with forces aligned anti-parallel in a random
direction, and where the direction of chosen at random for three of the
Janus particles with the three others being their opposite, are shown
in purple and pink, respectively. These numbers were calculated for a
specific choice of helical bead chain shape, illustrated in Fig. 5.5. In
green, the (angular) velocity is plotted for the illustrated heterogeneous
force distribution (Fig. 5.5), but for a range of different helically shaped
bead chains of varying radius and pitch, while the red square indicates
the values that are observed in the experiment.
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5.A Supplementary material: movie and animations

the self-propulsion and the hydrodynamics involved, as well as a better un-
derstanding of the internal structure and shape of bead chain and the role of
the semiflexible bonds in the experiment, will lead to a better understanding
of this system.

5.A Supplementary material: movie and animations

A movie (obtained from microscopic images) from the experimental system
and animations that support this Chapter, as well as descriptions of these an-
imations, can be found at http://web.science.uu.nl/itf/brambet.htm.
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6 Calculating confined particle motion in
Hele-Shaw channels

We formulate a combined theoretical and numerical framework to accurately
predict the motion of anisotropic particles in shallow micro-fluidic channels,
in which they are strongly confined in the vertical direction. Using three-
dimensional finite-element calculations, we are able to resolve the particle
velocity for any particle geometry and orientation, hereby including the full
hydrodynamics of the problem at hand. Moreover, we formulate an effec-
tive quasi-two-dimensional description via the Brinkman equation, which is
solved using two-dimensional finite elements, a calculation that is two orders
of magnitude faster than the three-dimensional calculations. This calcula-
tional speedup enables us to integrate the complete motion of the parti-
cle in time, calculating the full trajectories in this way. Our calculations
are validated by comparing between theoretical and three- and quasi-two-
dimensional numerical results. We apply this scheme to a system in which
dumbbell-shaped particles are produced in a micro-fluidic channel using ‘con-
tinuous flow lithography’. Contrary to what was found in earlier work (Uspal
et al., 2013)[188], we find that the reorientation time of a dumbbell particle
in the flow shows a clear minimum as a function of the disk size ratio. This
is in turn confirmed by new experiments1 performed on this system, which
show excellent agreement with our numerical results.

6.1 Introduction

Micro-fluidic devices offer many applications, such as flow cytometry [33,
189, 190], separation of cells [191], DNA sequencing [34] or blood cell anal-
ysis [35]. In many applications, it is of paramount importance to control
the position of the immersed particles. Often, focusing of particles in the

1These experiments were performed by Rumen Georgiev in the group of dr. Burak Eral
at the Process and Energy Department, Delft University of Technology.

119



6 Calculating confined particle motion in Hele-Shaw channels

channel is achieved by external forces or a specific channel geometry [192],
while also particle separation or sorting can be realised by tuning electric
fields [190, 193] or geometry [191, 194–197]. Moreover, the shape of the
particle itself offers a completely different route to manoeuvring the parti-
cles in the channel [198]. Hydrodynamics in these highly confined systems
has been extensively studied, for instance the particle motion in systems of
droplets [199, 200], (connected) disks [188, 201], or fibers [202]. However,
tuneability increases with the complexity of the shapes, and theoretical ar-
guments on the basis of simplified geometries might fall short to accurately
describe particle motion. Moreover, with versatile particle synthesis tech-
niques such as continuous-flow lithography [203], an infinite variety of quasi-
two-dimensional shapes becomes experimentally accessible.

Inspired by these advances, we develop in this work a method to calculate
the two-dimensional motion of confined particles in micro-fluidic channels
that can handle particles of any given quasi-two-dimensional shape. Here,
we use finite-element software to solve the full hydrodynamic equations at
hand, either in full detail in the three-dimensional geometry or in an effective
two-dimensional description. Our method is validated by comparison of the
three- and two-dimensional results with analytical calculations. Next, it is
applied to a system of dumbbell-shaped particles, for which we reproduce
previous [188] and new experimental results accurately.

6.2 Theory & Numerical Methods

6.2.1 Hydrodynamic equations and equations of motion

Let us consider a rigid particle, of any given shape, which is immersed at
position rp = (xp, yp, zp) in a fluid that is driven through a micro-fluidic
channel by pressure at the channel inlet, as is illustrated in Fig. 6.1. In
this Chapter (and the following two Chapters), we will treat the motion of
particles that are strongly confined in the z-direction, i.e. the particle is
separated from the top and bottom wall by a small gap of height h that is
much smaller than the channel height H. Such a particle may for instance
be produced using ‘continuous flow lithography’ [203], where the fluid in
the channel is a (pre-)polymer solution in which particles are ‘printed’ by
cross-linking of the oligomers, which is induced by shining pulses of UV
light through an optical mask. In this way, three-dimensional particles are
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6.2 Theory & Numerical Methods

(a) Top view.

(b) Side view.

Figure 6.1: Top view (a) and side view (b) of the geometry and the Cartesian frame.
An external flow U0 with parabolic profile is imposed through a channel
of length L, width W and height H, containing a dumbell particle with
radii R1 and R2 at a center-to-center distance s, with height H−2h, such
that the height of the gaps between the particle and the top and bottom
walls is given by h. In these gaps, the flow profile is approximately that
of a simple shear flow. The orientation of the long axes of the dumbell
with respect to the external flow U0 is denoted by θ.
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6 Calculating confined particle motion in Hele-Shaw channels

produced with a height that is comparable to the channel height (the gap
is much smaller than the channel height h � H), while the shape in the
horizontal direction is identical to the shape of the mask, and can thus be
designed to take any desired shape.

The specific micro-fluidic channel under consideration has a height H =
30 µm and a much larger width W = 500 µm, while the length L of the
channel is in the order of a few centimeters, which can be considered infinite
for our analysis. The fluid is driven through the channel at a velocity U0

of the order of 50 µm s−1. We use the hydraulic diameter 2HW/(H + W )
as length scale such that, depending on the fluid viscosity, the Reynolds
number in this case is Re = 10−4 − 10−5 (the oligomer solution in the
experiment described below has a viscosity η = 55× 10−3 Pa s, leading to
Re = 6× 10−5).

Therefore, as we have seen in Chapter 2, the flow is well described by the
Stokes equation: [37–40, 43]

−∇p+ η∇2u = 0, ∇ · u = 0, (6.1)

where u(r) and p(r) describe the fluid velocity and pressure at position r,
respectively, and η denotes the fluid viscosity. We supplement the Stokes
equation with no-slip boundary conditions on the (stationary) channel walls
and the (moving) particle surface Sp,

u
∣∣
walls

= 0, u
∣∣
r∈Sp = Up + ωp × (r − rp), (6.2)

where Up and ωp denote the particle velocity and angular velocity, respec-
tively. At the inlet of the channel, we impose a uniform incoming Hele-Shaw
flow

u
∣∣
inlet

= U0(r) =
3

2

(
1− 4z2

H2

)
(U0, 0, 0), (6.3)

which is the analytic solution for the flow in between two infinite parallel
plates driven by a constant pressure difference between in- and outlet, as
was derived in Section 2.11. Here, z ∈ [−H/2, H/2] and U0 is the average
velocity in the x-direction. Finally, we impose a zero pressure boundary
condition at the outlet (relative to an arbitrary reference pressure), such
that the pressure difference between inlet and outlet is precisely driving the
flow field given by Eq. (6.3), i.e. U0 = −H2∇p/(12η) (see Section 2.11).
The Stokes equation (6.1), together with these boundary conditions, form a
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closed set of equations that may be solve numerically by a finite elements
scheme (see Section 6.2.3).

The fluid in the channel surrounding the particle exerts a hydrodynamic
force F and torque T on the particle, which is calculated by integrating the
hydrodynamic stress tensor, σij = −pδij + η(∂iuj + ∂jui), over the particle
surface:

F =

∫
Sp

dS σ · n, T =

∫
Sp

dS (r − rp)× (σ · n). (6.4)

Due to the linearity of the Stokes equation (6.1), we can write the solution
(p,u) of Eq. (6.1) with boundary conditions (6.2) and (6.3) as a superposi-
tion of two solutions [38]: u = u0 + u′ and p = p0 + p′, where (p0,u0) and
(p′,u′) are solutions to the Stokes equation (6.1) with boundary conditions

u0

∣∣
walls

= 0, u0

∣∣
inlet

= U0(r), u0

∣∣
r∈Sp = 0; (6.5)

u′
∣∣
walls

= 0, u′
∣∣
inlet

= 0, u′
∣∣
r∈Sp = Up + ωp × (r − rp). (6.6)

The stress tensor also splits accordingly, σ = σ0 + σ′, such that we find that
the forces and torque on the particle are written as F = F0+F ′, T = T0+T ′,
where these forces and torques are calculated from Eq. (6.4) by replacing σ
by σ0 or σ′. To proceed, we can go through the formalism of Section 2.7 to
derive that the force F ′ and torque T ′ depend linearly on each component of
the particle (angular) velocity via a 6× 6 resistance tensor R as [38, 45, 46](

F ′

T ′

)
= −ηR

(
Up
ωp

)
. (6.7)

Due to the over-damped nature of the system, the (hydrodynamic) force and
torque on the particle vanish in the absence of external forces on the particle.
Therefore, after summing up the force contributions from the solutions u0

and u′, we find that the particle must obey the equation of motion(
F
T

)
= −ηR

(
Up
ωp

)
+

(
F0

T0

)
=

(
0
0

)
, (6.8)

with 0 = (0, 0, 0). Thus, once R,F0 and T0 are determined (numerically),
the equations of motion (6.8) can be solved for the particle velocity and
angular velocity as (

Up
ωp

)
=

1

η
R−1

(
F0

T0

)
. (6.9)
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Note that R,F0 and T0 depend on the position and orientation of the parti-
cle, such that Eq. (6.10) only determines the force- and torque-free (angular)
velocity for that specific particle position and velocity.

Here, due to the strong confinement in the vertical direction as well as the
mirror symmetry in the z = 0 plane of the problem at hand, the movement
of the particle is restricted to the two-dimensional mid-plane of the channel
at z = 0, thereby reducing the number of degrees of freedom to three: Up =
(Up,x, Up,y, 0) and ωp = (0, 0, ωp), and similarly F = (Fx, Fy, 0) and T =
(0, 0, T ).2 Moreover, the particle position is determined by the coordinates
(xp, yp), while its orientation is described by a single angle θ, as illustrated
in Fig. 6.1. Thus, Eq. (6.10) may be reduced to the 3-dimensional equation(

Up
ωp

)
=

1

η
R−1

(
F0

T0

)
, (6.10)

where, with some abuse of notation, R denotes the 3 × 3 resistance tensor
obtained from the relevant components of the original 6×6 resistance tensor
(thus bearing the same symmetry properties). In some cases, symmetry
arguments may be invoked to reduce the number of degrees of freedom even
further, e.g. mirror symmetric particles that are aligned with the imposed
external flow (as we will see below and in the next Chapter).

As mentioned already, using a finite elements method we can numerically
solve the flow field u for any imposed velocity and angular velocity, and from
these solutions obtain the resistance tensor R and force F0 and torque T0,
to subsequently obtain the force- and torque-free velocities from Eq. (6.10).
By repeating this at the new particle position in the next time step, it is in
principle possible to integrate the complete particle motion.

6.2.2 Brinkman equation

As mentioned in the previous section, a three-dimensional finite elements
method is able to explicitly solve the Stokes equations in the microchannel
geometry. However, due to a separation of length scales, i.e. h � W ,
the finite element mesh needs to be chosen very fine, causing the flow field
calculations to be computationally very costly, even more so if one aims to
do this at every time step to resolve the particle motion. To circumvent

2For the rest of this chapter, F and Up denote two-dimensional force and particle velocity,
respectively.
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this problem, we resort to an effective 2D-description of the system via the
Brinkman equation [52, 53].

Far enough from the side walls and the particle, the flow field is well
described by Hele-Shaw flow, already introduced in Section 2.11:

u(x, y, z) =
3

2
ū(x, y)

(
1− 4z2

H2

)
, (6.11)

the pressure being independent of z to a good approximation: p = p(x, y).
As described in Section 2.11.2, we may substitute this ansatz in the Stokes
equation (6.1) and average over the channel height to find the Brinkman
equation [52, 53]

−∇2Dp̄+ ηH∇2
2D ū−

12η

H
ū = 0, ∇2D · ū = 0, (6.12)

where the two-dimensional vector field ū = (ūx, ūy) denotes the z-averaged
(over the channel height) value of the three-dimensional flow field u, and
p̄ = pH denotes the two-dimensional pressure field.3 The boundary condi-
tions that supplement Eq. (6.12) are inherited accordingly from the three-
dimensional description by this averaging procedure:

ū
∣∣
walls

= 0, ū
∣∣
inlet

= U0x̂, ū
∣∣
(x,y)∈∂S̄p = Up +ωp(−(y− yp), x− xp), (6.13)

where r = (x, y) and ∂S̄p denotes the (one-dimensional) particle boundary
of the (two-dimensional) projected particle surface S̄p. Note that the walls
in this situation are the projections of the sidewalls at y = ±W/2. As before,
Up = (Up,x, Up,y) and ωp denote the particle velocity and angular velocity,
respectively. Similar to the Stokes equation, the Brinkman equation and
the boundary conditions (6.12) form a closed set of equations that can be
numerically solved using finite elements software.

The solution (p̄, ū) of the Brinkman equation (6.12) defines a stress tensor

σ̄ij = −δij p̄+ ηH(∂iūj + ∂j ūi), (6.14)

3Throughout this chapter, we will denote the (height-averaged) fields that obey the
Brinkman equation, and any fields that derive from these, with a bar (e.g. ū), to
distinguish from their three-dimensional counterparts.
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which is integrated over the particle surface to find the hydrodynamic force
and torque on the particle:

Ff =

∫
∂S̄p

ds σ̄ · n, (6.15)

Tf =

∫
∂S̄p

ds

(
(x− xp)(σ̄ · n)y − (y − yp)(σ̄ · n)x

)
. (6.16)

Here, the subscript ‘f ’ indicates that this is the force and torque due to the
surrounding (two-dimensional) fluid (not the total force and torque, as will
become clear in a moment).

Note that, similar to the Stokes equation (6.1), the Brinkman equation
(6.12) is linear in the fields p̄ and ū. Using a similar decomposition as used in
the previous Section, we prove explicitly in Appendix 6.B that the force Ff
and torque Tf admit a similar relation to the particle velocity and angular
velocity in terms of a 3× 3 resistance tensor Rf :(

F
T

)
f

= −ηRf
(
Up
ωp

)
+

(
F0

T0

)
. (6.17)

Moreover, using a version of the Lorentz reciprocal theorem for solutions of
the Brinkman equation, that we prove in Appendix 6.A, we show in Ap-
pendix 6.B that Rf is symmetric.

This is, however, not the complete story. The contribution to the force
and torque that stems from the friction with the top and bottom wall at
z = ±H/2 is missing here, since the fluid-filled gaps between the particle
and the walls are not described by the Brinkman equation. To obtain this
contribution, we assume a local simple shear flow (Couette flow, see Section
2.11) in the narrow gaps (of height h) between the particle and the confining
walls. As a result, an area element dS (in the gap region) on the particle
that moves with a velocity vS = Up+ωp× (r−rp) with respect to the wall,
will experience a friction force fS = −(η/h)vSdS. The total force Fw on the
particle due to the wall friction is then found by integrating over particle-gap
surface,

Fw = −2η

h

∫
S̄p

dS (Up + ωp × (r − rp)) . (6.18)

Note the factor 2 that is due to the fact that there are 2 gaps: below and
above the particle. The area element dS also generates a torque r × fS ,
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which can be integrated to find the frictional torque on the particle due to
the walls:

Tw = −2η

h

∫
S̄p

dS

(
(r − rp)× (Up + ωp × (r − rp))

)
. (6.19)

As before, recalling that the motion is restricted to the xy-plane, such that
Up = (Up,x, Up,y, 0) and ωp = (0, 0, ωp), and noting the linear dependence
of (6.18) and (6.19) in the particle velocities, we can write down the wall
contribution as (

F
T

)
w

= −ηRw
(
Up
ωp

)
, (6.20)

where the components of the 3× 3 wall resistance tensor Rf are calculated
from (6.18) and (6.19) to be

Rw,11 = Rw,22 =
2

h

∫
S
dS; (6.21)

Rw,12 = Rw,21 = 0; (6.22)

Rw,13 = Rw,31 =
2

h

∫
S
dS (−y); (6.23)

Rw,23 = Rw,32 =
2

h

∫
S
dS x; (6.24)

Rw,33 =
2

h

∫
S
dS (x2 + y2). (6.25)

We point out that the off-diagonal components of Rw are explicit manifesta-
tions of hydrodynamic rotation-translation coupling for anisotropic particles.
For particles with enough symmetry, e.g. disks as considered in [188], these
terms vanish and simplified expressions are obtained. Moreover, note that
the tensor Rw is symmetric.

Now, taking Equations (6.63) and (6.20) together, we find the same force
balance that was obtained above, but with an explicit specification of the
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wall and fluid contributions:(
F
T

)
=

(
F
T

)
f

+

(
F
T

)
w

(6.26)

= −ηRf
(
Up
ωp

)
+

(
F0

T0

)
− ηRw

(
Up
ωp

)
(6.27)

= −η(Rf +Rw)

(
Up
ωp

)
+

(
F0

T0

)
(6.28)

= −ηR
(
Up
ωp

)
+

(
F0

T0

)
=

(
0
0

)
, (6.29)

with R = Rf +Rw the symmetric 3× 3 resistance tensor. Note again that
Eq. (6.29) vanishes due to the overdamped nature of the system and the fact
that there are no external force and torque acting on the particle. Thus, the
important point we want to stress here is that the particle obeys Eq. (6.10),
irrespective of the specific hydrodynamic model one chooses to describe the
hydrodynamic fluid-particle interaction, i.e., either the three-dimensional
Stokes or the quasi-two-dimensional Brinkman description.

6.2.3 Numerical methods

As mentioned before, both the Stokes equation (6.1) and Brinkman equation
(6.12) can be solved for a particle of any shape in the channel using finite
elements techniques. In this Chapter, we use the COMSOL Multiphysics
software (COMSOL, Inc., Burlington, MA, USA) to solve the flow fields u
or ū. Specifically, we employ our own developed numerical method that uses
the MATLAB interface to COMSOL to integrate the motion.

At a given particle position (xp, yp) and orientation θ, each column of the
resistance tensor R is determined by imposing a single non-zero component
of the particle velocities (Up, ωp), without external flow. The force and
torque that determine the column of R are either found by numerically
solving the Stokes equation (6.1) and integrate the obtained stress tensor
via Eq. (6.4), or by numerically solving the Brinkman equation (6.12) and
integrate Eqs. (6.15), (6.16) and Eqs. (6.21) - (6.25) numerically. Similarly,
F0 and T0 are found by fixing the particle in the external flow, in either
formalism.
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6.2 Theory & Numerical Methods

With R,F0 and T0 determined from the finite elements solutions, the
force- and torque-free velocity Up(x, y, θ) and angular velocity ωp(x, y, θ)
are calculated from Eq. (6.10). Then, the particle position and orientation
are integrated as

x(t+ ∆t) = x(t) + Up,x(x(t), y(t), θ(t)) ∆t (6.30)

y(t+ ∆t) = y(t) + Up,y(x(t), y(t), θ(t)) ∆t (6.31)

θ(t+ ∆t) = θ(t) + ωp(x(t), y(t), θ(t)) ∆t, (6.32)

for some appropriately small time step ∆t. We mention again that the fluid
equations are solved using the finite-elements method, while the inversion of
R and calculation of Eq. (6.10), and the numerical integration (6.30) - (6.32)
are done in MATLAB to obtain the position and orientation at the next time
step (which are subsequently fed back into the finite-elements calculations).

6.2.4 Validity of the Brinkman equation

In order to test the validity of the Brinkman formalism described above,
we compare with results obtained from three-dimensional analytical or nu-
merical solutions of the Stokes equation. Here, we do this by considering
the terminal velocity of a disk that is moving with the fluid between two
infinite parallel plates (corresponding to the experimental setup but with
L/H,W/H � 1), for which an analytical result by Halpern and Secomb
exists [204]. This analysis concerns a cylindrical disk with rounded edges
with a radius of curvature that is precisely half the height of the cylinder
rc = (H − 2h)/2. Moreover, in Ref. [204] a particular value for the cylinder
radius is chosen as a function of the gap height: R/H = 2.29(1 − 2h/H).
In. Fig. 6.2 we plot the particle velocity Up (in units of the external flow
velocity U0) as a function of the gap height h (in units of the channel height
H), and we compare this analytical solution to the results obtained from
the solutions of the Stokes equation and of the Brinkman equation. We
observe good agreement between the three methods, especially for smaller
gaps. Deviation at larger gaps can be expected, as the assumption of simple
shear flow and the quasi-2D character ceases to hold there. To test this, we
plot in the inset of Fig. 6.2 the magnitude of the flow field in the thin gap
between the bottom wall at z = −H/2, where we have |u| = 0, and the disk
surface at z = −H/2 + h, where |u| = Up. We find that, for h/H = 0.02,

129



6 Calculating confined particle motion in Hele-Shaw channels

Figure 6.2: Terminal velocity of a rounded cylinder between two (infinite) confining
plates. The radius of the cylinder is R/H = 1.79(1− 2h/H) + rc, with
radius of curvature rc = (H − 2h)/2 for the rounded edges, where H
and h are the channel and gap height, respectively. The inset shows the
z-dependence of the flow field magnitude |u(z)| relative to the particle
velocity Up, in the thin gap between the bottom wall (at z = −H/2) and
the particle disk surface (at z = −H/2 + h), for different gap heights h.

the dependence of the flow field on the height z is linear, perfectly corre-
sponding to simple Couette flow. On the other hand, for h/H = 0.2, we
see a deviation from this linear dependence, indicating that the shear flow
assumption ceases to hold. We point out that h/H = 0.06 corresponds to
the experimental situation described below. For this value, we observe from
Fig. 6.2 that the shear flow assumption is perfectly valid, and hence we
expect good agreement for the particle velocity.

We point out that the rounded cylinder edges are not taken into account
in the quasi-2D calculations. However, this does not seem to influence
the results strongly, since the results agree with the analytical and three-
dimensional numerical results where the rounded edges are taken into ac-
count. An attempt to incorporate the rounded edges, by making the gap
height position-dependent, did not improve the results significantly yet did
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increase the computational time by a factor 2 and was therefore not contin-
ued.

6.3 Results

With our numerical scheme at hand, we turn our attention to the the ex-
perimental situation described by Uspal et al. [188]. Here, dumbbell-shaped
particles are produced in the channel using ‘continuous flow lithography’.
The dumbbell particles consist of two circular disks of radius R1 and R2,
respectively, and height H − 2h. In the experiments, the smaller disk has a
fixed radius R2 = 18.75 µm, while the larger disk radius R1 is varied. The
disks are connected, at a fixed center-to-center distance s = 62.5 µm, by a
cuboid of width 13.7 µm, which has the same height as the two disks. In the
experiments, the dumbbell edges are not completely sharp but are rounded,
with a rounding radius rc/H = 0.15, as estimated from experimental images
in the supplemental materials of Ref. [188]. As noted before, this is incorpo-
rated in the three-dimensional calculations, but not in the two-dimensional
calculations. The complete geometry is shown in Fig. 6.1.

In this work, we focus on reproducing the aligning motion observed in these
experiments. Specifically, it is observed that asymmetric dumbbells (with
R1 > R2) orient in the flow with the larger disk behind. The orientation θ
between the long axis of the dumbell and the flow direction (see Fig. 6.1)
was shown [188] to follow the equation

θ̇ = −1

τ
sin θ, (6.33)

where the characteristic timescale τ is dependent on the particle geometry.
Specifically, we investigate the dependence of τ on the ratio of the disk radii
R1/R2. From Eq. (6.33), we see that τ can be obtained from a calculated
trajectory by considering the angular velocity at perpendicular orientation:

τ = − 1

θ̇(θ = π/2)
. (6.34)

Hence, for a particular dumbbell with size ratio R1/R2, we use the 3D and
quasi-2D methods described above to find the (angular) velocity. Subse-
quently, relation (6.34) gives us the τ corresponding to the particular geom-
etry.
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6 Calculating confined particle motion in Hele-Shaw channels

Figure 6.3: The characteristic reorientation time τ for dumbbell particles, as ob-
tained from 3D finite-elements method in the Stokes formalism (red)
and 2D finite-elements in the Brinkman formalism (blue), and exper-
imental data from the previous experiments of Ref. [188] (green) and
new experiments (black), as a function of R1/R2.

The results of this are shown in Fig. 6.3, where we plot the dependence of
τ on the size ratio R1/R2. In green we show the experimental data of [188];
the red circles show the numerical data from the three-dimensional calcula-
tions while the blue line shows the results from the quasi-two-dimensional
calculations. Firstly, we observe excellent agreement between the numerical
results, which serves as another confirmation of the validity of our quasi-two-
dimensional calculations. Secondly, we see that the results agree with the
experimental data, with the exception of the data point of the most asym-
metric size ratio R1/R2 = 2.5. Our calculations clearly show a minimum in
τ around R1/R2 ≈ 1.9 with τ increasing for larger R1/R2.

The experiments on the other hand show a strictly decreasing dependence
of τ on R1/R2. Moreover, the theoretical curve that is derived in [188] for
the idealised situation of a pair of disks (not shown here) and is fitted to
the experimental data also shows a strictly decreasing relation. However, we
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strongly believe that the minimum we predict here for τ is correct, for the
following reason. In our calculations, as well as in the experiments, R1/R2

is varied by varying R1, while keeping R2 and the center-to-center distance
s constant. As a result, when R1 > R2 + s, the shape is effectively just a
single disk, which will not rotate at all (τ →∞) due to symmetry (provided
it is still in the center of the channel). Therefore, as R1/R2 →∞, we should
have τ →∞ and hence a minimum in τ . Note that (to our knowledge) the
overlapping of the two disks is not incorporated in the theoretical results of
Ref. [188].

To clear up this discrepancy, new experiments were performed by Ru-
men Georgiev in the group of dr. Burak Eral at the TU Delft. There,
an experimental setup identical to the setup in Ref. [188] has been built
where particles are produced in a Hele-Shaw channel using continuous flow
lithography and whose motion is tracked using microscopic images. This ex-
perimental setup is used to perform new measurements of the reorientation
motion of the dumbbell particles. These new results are shown in black in
Fig. 6.3, where we observe excellent agreement with our numerical results
and confirmation that there is indeed a minimum in the reorientation time
τ as a function of R1/R2. We stress that our numerical method does not
rely on any fit parameter, and uses only the experimental geometry and
parameters as input.

Finally, we have calculated the complete angular trajectory of the cylin-
drical dumbbell particles. After having determined τ for each R1/R2, we
set ∆t/τ = 0.2 and integrate the position and orientation as described in
Eqs. (6.30) - (6.32), starting from an initial orientation θ(t = 0) = 5π/6.
Indeed, we observe for each shape that the dumbbells will align with the
flow with the larger disk behind (θ = 0). This is illustrated in Fig. 6.4,
where we show both experimental (top) and numerical (bottom) snapshots
of the reorienting particle at times t/τ = 1 (a), t/τ = 2 (b), t/τ = 3 (c),
t/τ = 4 (d). Note that we do not distinguish here between the τ obtained
from experiment or numerical calculations, since the two results are found to
agree very well, as observed in Fig. 6.3. Around the particle in the numerical
snapshots we show isobars of the disturbance pressure field p(x, y) − p0(x)
created by the particle, which is obtained by solving the Brinkman equation
(6.12) with the force- and torque-free (angular) velocity imposed. Here, p0

denotes the pressure field corresponding to an undisturbed external flow U0

in the channel. Moreover, a clear impression of the particle motion may be
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Figure 6.4: Experimental (top) and numerical (bottom) snapshots of the reorienting
motion of a dumbbell with R1/R2 = 2 in the micro-fluidic channel, at
t/τ = 1 (a), t/τ = 2 (b), t/τ = 3 (c), t/τ = 4 (d), where the initial
orientation of the dumbbell is θ(0) = 5π/6. We clearly observe that
the dumbbell reorients with the larger disk behind (θ = 0). Around the
dumbbell we show isobars of the disturbance pressure field created by
the particle, as obtained from Eq. (6.12).

obtained from the microscopic movie and animations (see Appendix 6.C).

The results for the complete angular trajectories are shown in Fig. 6.5.
There, we observe very clearly that the data collapses (as time is rescaled
by τ) on the analytical solution of Eq. (6.33), which is shown by the solid
red line. This perfect collaps of data is a strong confirmation that the ori-
entation is indeed correctly described by equation Eq. (6.33). Also, for
R1/R2 = 2.0, we have calculated a complete trajectory using the three-
dimensional method. The results, shown by the large blue circles in Fig.
6.5, perfectly agree with the quasi-two-dimensional results, a final confirma-
tion of the accuracy of our quasi-two-dimensional method. Finally, we show
an experimentally obtained trajectory by the black dots, and find again good
agreement with our numerical results.
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Figure 6.5: The orientation angle θ as a function of rescaled time t/τ , with θ(t =
0) = 5π/6, for dumbbells of varying R1/R2. The large blue circles show
the trajectory obtained using the three-dimensional method, while the
black dots show one particular trajectory obtained from the experi-
ments, both for a dumbbell particle with R1/R2 = 2. The solid red line
shows the analytical solution of equation (6.33).

135



6 Calculating confined particle motion in Hele-Shaw channels

6.4 Summary and Outlook

In summary, we have set up a combined theoretical and numerical frame-
work that uses numerical solutions of either three-dimensional (Stokes) or
quasi-two-dimensional (Brinkman) hydrodynamical equations, to calculate
strongly confined particle motion in shallow micro-fluidic channels. Here,
the numerical flow field solutions are determined by finite-elements software.
Therefore, our method is not restricted to simplified shapes such as disks,
but is able to handle any shape. The method is validated by comparing
between analytical and three- and quasi-two-dimensional numerical results,
which shows excellent agreement. Moreover, the computational speed that
the quasi-two-dimensional description offers (two orders of magnitude faster
than the three-dimensional method), enables us to fully resolve the particle
trajectories in time.

Our method is applied to dumbbell particles, for which we have calculated
the characteristic rotation time τ as a function of R1/R2, and found that,
contrary to earlier findings, this dependence shows a minimum at R1/R2 '
1.9. This is confirmed by newly performed experiments. Moreover, we have
calculated the angular motion as a function of time, and shown that it agrees
with the equation of motion derived earlier, and with the trajectories that
are obtained from the new experiments.

In future work, it will be very interesting to exploit these methods to
further investigate the relation between the geometry and the trajectories of
different particles, with the goal to possibly steer particles to different areas
in the channel. Moreover, our method is easily generalised to systems of
multiple particles, which can offer a controlled setup to study hydrodynamic
interaction between confined particles in micro-fluidic channels. Research is
already pursued in these directions at the moment.

6.A Lorentz reciprocal theorem for Brinkman flow

Here, we derive a version of the Lorentz reciprocal theorem for flow fields
that are solutions of the Brinkman equation. Let ū and ū′ be solutions to
the Brinkman equation in a two-dimensional fluid domain A with boundary
∂A. These flow fields have corresponding stress tensors σ̄, σ̄′, defined as

σ̄ij = −p̄δij + ηH(∂iūj + ∂j ūi), (6.35)
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and similar for σ̄′. With this definition, we may write the Brinkman equation
(6.12) as

∇2D · σ̄ =
12η

H
ū, ∇2D · ū = 0. (6.36)

Let us follow the same steps as in the derivation of the original Lorentz
reciprocal theorem in Section 2.2.2. First, consider

ū′i(∂j σ̄ij) = ∂j(ū
′
iσ̄ij)− σ̄ij∂j ū′i (6.37)

= ∂j(ū
′
iσ̄ij)− (−pδij + η(∂iūj + ∂j ūi))∂j ū

′
i (6.38)

= ∂j(ū
′
iσ̄ij)− η(∂iūj + ∂j ūi)∂j ū

′
i, (6.39)

where the term involving p̄ drops out due to the incompressibility constraint
∂iū
′
i = 0. Interchanging ū and ū′ and sustracting gives us

ū′i(∂j σ̄ij)− ūi(∂j σ̄′ij) = ∂j(ū
′
iσ̄ij)− ∂j(ūiσ̄′ij) = ∂j(ū

′
iσ̄ij − ūiσ̄′ij). (6.40)

For solutions of the Stokes flow, both terms of the left-hand-side vanish
identically and the Lorentz reciprocal theorem is obtained. Here, as both
ū, ū′ are solutions to the Brinkman equation (6.36), the left-hand-side reads

ū′i
12η

H
ūi − ūi

12η

H
ū′i = 0, (6.41)

such that we obtain

∇2D · (ū′ · σ̄ − ū · σ̄′) = 0. (6.42)

Thus, using the two-dimensional divergence theorem, we obtain a version of
the Lorentz reciprocal theorem for Brinkman flow:∮

∂A
dsū · σ̄′ · n =

∮
∂A
dsū′ · σ̄ · n, (6.43)

where ∂A denotes the one-dimensional boundary of the two-dimensional
fluid domain A where ū and ū′ are defined and solve the Brinkman equa-
tion. Using this relation, symmetry properties of the resistance tensor Rf
of particles in Hele-Shaw cells may be proven along the same lines as in the
derivations in Sections 2.7 and 2.8, as is shown in Appendix 6.B.
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6.B Fluid resistance tensor from the Brinkman
equation

In this appendix, we show explicitly that the force Ff and torque Tf exterted
on the particle by the (quasi-)two-dimensional Brinkman fluid are related
to the particle velocity and angular velocity in terms of a 3 × 3 resistance
tensor Rf . Inspired by the decompositions into sub-solutions of Section 2.7
and Section 6.2.1, we exploit the linearity of the Brinkman equation to write
the solutions as the superpositions ū = ū0 + ū′ + ū′′ and p̄ = p̄0 + p̄′ + p̄′′,
where (p̄0, ū0), (p̄′, ū′) and (p̄′′, ū′′) are solutions to the Brinkman equation
(6.12) with boundary conditions

ū0

∣∣
walls

= 0, ū0

∣∣
inlet

= U0x̂, ū0

∣∣
r∈∂S̄p = 0; (6.44)

ū′
∣∣
walls

= 0, ū′
∣∣
inlet

= 0, ū′
∣∣
r∈∂S̄p = Up; (6.45)

ū′′
∣∣
walls

= 0, ū′′
∣∣
inlet

= 0, ū′′
∣∣
r∈∂S̄p = ωp(−(y − yp), x− xp). (6.46)

The stress tensor (6.14), being linear in the fields ū and p̄, admits a similar
decomposition σ̄ = σ̄0 + σ̄′ + σ̄′′, which is then inherited by the force Ff
and torque Tf via Eqs. (6.15) and (6.16). While the force and torque on
the stationary particle (corresponding to the ū0 solution) follow directly
from Eqs. (6.15) and (6.16) by substituting σ̄0 for σ̄, let us consider the
contributions from σ̄′ and σ̄′′ in more detail.

Translation

The linearity of the Brinkman equation allows for a factorization

ū′i = Ū ′ijUp,j , p̄′ = ηP̄ ′ijUp,j , (6.47)

where the tensor fields (Ū ′, P̄ ′) obey

− ∂iP̄ ′j + ∂2
kŪ ′ij −

12

H
Ū ′ij = 0, ∂iU ′ij = 0, (6.48)

Ū ′ij
∣∣
walls

= Ū ′ij
∣∣
inlet

= 0, Ū ′ij
∣∣
r∈∂S̄p = δij , (6.49)

which lead to the original Brinkman equation for (ū′, p̄′) by contracting with
Up. In turn, the fields (Ū ′, P̄ ′) define a tensor

Σ̄′ijk = −δijP̄ ′k + ∂iŪ ′jk + ∂jŪ ′ik, (6.50)
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which is related to the stress tensor by σ̄′ij = ηΣ̄′ijk(Up)k. Next, we define

K̄ik = −
∮
∂S̄p

dS(Σ̄′ijknj), (6.51)

C̄ ′k = −
∮
∂S̄p

dS

(
(x− xp)(Σ̄′yjknj)− (y − yp)(Σ̄′xjknj)

)
, (6.52)

such that the hydrodynamic force and torque that the two-dimensional fluid
exerts on the translating particle are expressed as

F ′f,i = −ηK̄ijUp,j , T ′f = −ηC̄ ′jUp,j . (6.53)

Similar to the the derivation for the three-dimensional resistance tensor,
we can prove that the 2 × 2 tensor K is symmetric, using a version of the
Lorentz reciprocal theorem that is proven in Appendix 6.A. Consider the
two problems where the particle is either translating with velocity U or Ũ
through the channel without external flow, with corresponding flow fields ū
and ˜̄u that are solutions to the Brinkman equation with boundary conditions
(6.45). Applying the Brinkman version of the reciprocal theorem, we find∮

∂S̄p

dsū · ˜̄σ ·n+

∮
w,i,o

dsū · ˜̄σ ·n =

∮
∂S̄p

ds ˜̄u · σ̄ ·n+

∮
w,i,o

ds ˜̄u · σ̄ ·n, (6.54)

where the integration over ‘w,i,o’ is carried out over the (projected) side-
walls, the inlet and the outlet. However, since both flow fields vanish there
according to Eq. (6.45), these integrals vanish identically. Using the no-slip
boundary condition on the particle boundary ∂S̄p and definitions (6.15) and
(6.16), we find

Ũ · Ff = U · F̃f , (6.55)

which using Eq. (6.53) may be written as

ŨiK̄ijUj = UiK̄ijŨj = ŨiK̄jiUj . (6.56)

Now, since U and Ũ are completely arbitrary, we conclude that K̄ is sym-
metric: K̄ij = K̄ji.
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Rotation

Similarly, we factorize the angular velocity ωp from the solution ū′′:

ū′′i = Ū ′′i ωp, p̄ = ηP̄ ′′ωp, (6.57)

with (tensor-)fields that obey

− ∂iP̄ ′′ + ∂2
kŪ ′′i −

12

H
Ū ′′i = 0, ∂iU ′′i = 0, (6.58)

Ū ′′i
∣∣
walls

= Ū ′′i
∣∣
inlet

= 0, Ū ′′i
∣∣
(x,y)∈∂S̄p = −yδix + xδiy, (6.59)

which, as usual, lead to the original Brinkman equation for ū′′ with boundary
conditions (6.46) by multiplying with ωp. Moreover, we define the tensor Σ̄′′ij ,

similar to Eq. (6.50), which has the property σ̄′′ij = Σ̄′′ijωp. Note that the

fields Ū ′′, P̄ ′′ and Σ̄′′ have dimensions of length to one power higher than
their single primed counterparts U ′,P ′ and Σ′, while they are of one tensor
rank lower, the latter following from the fact that we have only one rotational
degree of freedom in two dimensions. To proceed, we define

C̄ ′′i = −
∮
∂S̄p

dS(Σ̄′′ijnj), (6.60)

Ω̄ = −
∮
∂S̄p

dS(x− xp)(Σ̄′′yjnj)− (y − yp)(Σ̄′′xjnj), (6.61)

such that
F ′′f,i = −ηC̄ ′′i ωp, T ′′f = −ηΩ̄ωp. (6.62)

Similar to proving that K̄ is symmetric, we can use the Lorentz reciprocal
theorem of Appendix 6.A to prove that in fact C ′i = C ′′i (and we drop the
primes on both from now on), but we leave this proof to the reader.

Complete particle motion

Taking together the contributions from the sub-solutions ū0, ū
′ and ū′′, we

find that the force and torque on the moving particle exerted by the two-
dimensional fluid can be written als(

F
T

)
f

= −ηRf
(
Up
ωp

)
+

(
F0

T0

)
, (6.63)
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6.C Supplementary material: movie and animations

where the components of the 3× 3 resistance tensor Rf are given by

Rf =

 K̄11 K̄12 C̄1

K̄12 K̄22 C̄2

C̄1 C̄2 Ω̄

 . (6.64)

6.C Supplementary material: movie and animations

Animations that support this Chapter, as well as descriptions of these ani-
mations, can be found at http://web.science.uu.nl/itf/brambet.htm.
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7 Analytic solutions of particle trajectories in
Hele-Shaw cells

We derive general equations of motions for highly-confined particles that per-
form quasi-two-dimensional motion in Hele-Shaw channels, which we solve
analytically. Based on symmetry properties of the particle, the equations
of motion can be simplified, retrieving the earlier known equation of mo-
tion for the orientation of dimer particles. Subsequently, these solutions are
compared with particle trajectories that are obtained numerically using the
methods of Chapter 6. For mirror-symmetric particles, excellent agreement
between the analytical and numerical solutions is found. For particles lack-
ing mirror symmetry, the analytic solutions provide means to classify the
motion based on particle geometry, while we find that taking the side-wall
interactions into account is important to accurately describe the trajectories.

7.1 Introduction

As we have seen in the previous Chapter, micro-fluidic devices offer a vast
variety of applications [33–35, 189–191], where in many cases control over
the position of immersed particles is offered via the channel geometry [191,
192, 194–197] or via external fields [190, 193]. Alternatively, however, the
position of the immersed particles can be controlled via the particle shape;
the work described in Chapter 6 being one of many examples of this principle
[188, 198, 201, 202]. There, we have introduced the system of particles that
are confined in a Hele-Shaw cell and considered their motion in the channel.
We have developed the numerical machinery to resolve the trajectories of
these particles, which may be of arbitrary quasi-2D shape, by solving the
hydrodynamic equations in full detail or via an effective quasi-2D description
offered by the Brinkman equation. The goal was to gain insight in the shape-
dependence of the particle motion, in order to ‘engineer’ the trajectories, i.e.
to create particles that are able to self-steer in the channel.
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In this Chapter, we gain further insight by analytically solving the equa-
tions of motion that govern the quasi-2D motion of the confined particles
in Hele-Shaw channels [205, 206]. These solutions are novel and serve as a
means of classification of the possible trajectories based on a few geometry-
dependent parameters. Moreover, based on symmetry arguments, we red-
erive the angular equation of motion of a dumbbell-shaped particle that was
given in Eq. (6.33) in the previous Chapter, but now in a general fashion by
showing that it holds true for any mirror-symmetric particle.

From the analytical solutions that we construct, we find that every particle
shape admits a stable orientation in the external background flow. Indepen-
dent of the initial orientation, the particle will eventually align asymptoti-
cally with the stable orientation; as a result, periodic rotation cannot occur
in this system unless it is due to interactions with the side walls. For the
mirror symmetric case, the equations of motion simplify, allowing us to solve
the transversal trajectory of the particle analytically as well.

Subsequently, we compare our analytic results with the trajectories that
are obtained numerically using the methods of Chapter 6. We do this for
a large variety of mirror-symmetric particles such as dimers (dumbbells1)
consisting of various shapes, and symmetric trimers (trumbbells), and show
that the motion, and its dependence on e.g. the initial orientation, is accu-
rately captured by the analytical solution. Subsequently, we deviate from
the mirror-symmetric shapes in a controlled fashion by considering asym-
metric trimers. There, we find that the stable orientation can be tuned by
varying the size ratio of the two legs of the tripod. Moreover, this will also
steer the particle to one of the sides of the channel. We find that the ana-
lytical solutions are accurate when the particle is far enough from the side
walls, but that they fail to describe the motion accurately when the particle
approaches the side wall, as is the case for the asymmetric trimers.

7.2 General equations of motion and solutions

We start by considering a solid particle of any given shape, at a position
denoted by the reference point rp = (xp, yp, zp) (e.g. the center of mass), in

1In this Chapter, we use the term ‘dumbbell’ only for the case of a particle consisting of
two disks, to stick with the terminology of Ref. [188]. For all other particles, we use
the terminology dimer, trimer, etc.
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a Hele-Shaw cell, similar to the setup described in Chapter 6 (see Fig. 6.1
and Fig. 7.1). This particle may for instance be produced using ‘continuous
flow lithography’ [203]. As we have seen in Chapter 6, the symmetry and
strong confinement in the z-direction restrict the motion of the particle to
the xy-plane (i.e. zp = 0). Moreover, we have seen that the small height
H of the microfluidic device, H ≈ 30 µm, combined with the typical fluid
flow velocity and viscosity, implies that the Reynolds number is of the order
10−4 [188]. As a result, the fluid flow may be described by either the Stokes
equation [37–40, 43] or the Brinkman equation [52, 53], both of which are
supplemented with no-slip boundary conditions on the (moving) particle
surface and (stationary) sidewalls, while the flow at the in- and outlet (far
away from the particle) must comply with the externally imposed Hele-Shaw
flow U0.

Due to the linearity of the Stokes and Brinkman equations, and the over-
damped nature of the particle motion and the absence of external forces, we
have shown in Chapter 6 that the particle velocity Up and angular velocity
ωp obey the equations of motion

(
F
T

)
= −ηR

(
Up
ωp

)
+

(
F0

T0

)
=

(
0
0

)
, (7.1)

where F and T denote the total hydrodynamic force and torque on the
particle, F0 and T0 denote the force and torque on the particle when it
is held fixed subject to the externally imposed flow, and R is a symmetric
3×3 resistance tensor. As we have shown in Chapter 6, these quantities, and
from them the force- and torque-free velocity and angular velocity, may be
determined numerically either from the Stokes or the Brinkman formalism.
However, the structure of the equation of motion (7.1) is identical for both
formalisms, and so are the results, as we have shown in Chapter 6. Let us
investigate these equations a bit closer.

7.2.1 The force and torque on a stationary particle

Recall that the second term of Eq. (7.1) describes the force and torque on
the particle when it is held stationary in the channel, subject to the external
flow U0. Invoking the argument of linearity, we see that this term must be
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linear in the external flow U0: F0,x

F0,y

T0

 = ηR0

(
U0,x

U0,y

)
, (7.2)

where R0 must now be a 3 × 2 tensor. Note that in the channel frame,
we only consider a uniform external flow U0 = (U0, 0), but in the analysis
below we also wish to use the particle coordinate frame, which is related to
the channel frame by a rotation, such that the external flow may have both
components non-zero. With this definition of R0, the diagonal elements of
R0 are positive, while the sign of the off-diagonal may depend on the particle
geometry and choice of particle coordinate frame.

The tensor R0 can be determined in the following way. We orient the
particle such that the chosen particle coordinate frame coincides with the
channel frame, and calculate the force and torque on the particle when it is
held stationary in the external flow (now oriented along the x-axis), which
are obtained from the solution u0 to the Stokes equation (6.1) using Eq.
(6.4), or from the solution ū0 to the Brinkman (6.12) equation using Eqs.
(6.15) and (6.16). This force and torque determine the first column of R0.
As explained in Chapter 6, the solutions u0 and ū0 are calculated using
finite elements software.

The second column is found by imposing an external flow in the y-direction.
Since this is not allowed in the channel geometry, we orient the particle at
an angle π/2 with respect to the channel frame, and calculate the force and
torque subsequently to determine the second column of R0. Note that this
procedure neglects the influence from the sidewalls, which is small as long
as the particle is in the center of the channel and W is large enough (as we
will see in Section 7.5).

7.2.2 Explicit equations of motion and solutions

From the framework set up in the previous section and Chapter 6, we ex-
plicitly write out the general equations of motion for a particle moving in
the channel, Eq. (7.1). First, let us assume that we have (numerically)
determined the (components of the) resistance tensors R(= Rf +Rw) and
R0 described above, in some fixed coordinate system x′, y′ relative to the
particle, either from the 3D or the quasi-2D description. Furthermore, let
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7.2 General equations of motion and solutions

Figure 7.1: Geometry of a particle in a Hele-Shaw channel (top view). The lab or
channel frame coordinates are denoted x, y, such that the external flow
is given by U0 = U0x̂. The particle frame is oriented at an angle θ with
respect to the channel frame and has coordinates x′, y′.

us assume that the particle is oriented with an angle θ with respect to the
external background flow U0x̂, i.e. the coordinates x′, y′ differ from the lab
coordinates x, y by a rotation over angle θ, as illustrated in Fig. 7.1. Lastly,
we assume that the particle is in the center of the channel (y = 0), such
that we can ignore effects from the side walls for the moment. Then, we can
explicitly write out the equations of motion (7.1) as 0

0
0

 = −

 R11 R12 R13

R12 R22 R23

R13 R23 R33

 U ′p,x
U ′p,y
ωp


+

 R0,11 R0,12

R0,21 R0,22

R0,31 R0,32

( U ′0,x
U ′0,y

)
(7.3)

= −

 R11 R12 R13

R12 R22 R23

R13 R23 R33

 Up,x cos θ + Up,y sin θ
−Up,x sin θ + Up,y cos θ

ωp


+

 R0,11 R0,12

R0,21 R0,22

R0,31 R0,32

( U0 cos θ
−U0 sin θ

)
(7.4)

where the primed and unprimed velocities are with respect to the particle
and channel frame coordinates, respectively. We solve this linear equation
to obtain the velocities Up,x, Up,y and ωp. The equation for θ, with ωp ≡ θ̇,
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has the form

θ̇ =
1

τ1
sin θ +

1

τ2
cos θ, (7.5)

where the timescales τ1, τ2 are determined completely in terms of the com-
ponents of R and R0 in Appendix 7.A. Note that these τi may be negative
(alternatively, one can say that the absolute value of τi defines a timescale).
To make progress, we can write the linear combination of sine and cosine in
Eq. (7.5) as a single sine with a phase shift, as

θ̇ =

√
τ−2

1 + τ−2
2 sin(θ + ∆), (7.6)

where the phase shift ∆ is given by

∆ = arg(1/τ1 + i/τ2). (7.7)

Eq. (7.6) has solution

θ(t) = −∆ + 2 arctan

[
tan

(
θ0 + ∆

2

)
exp(t

√
τ−2

1 + τ−2
2 )

]
, (7.8)

where θ0 = θ(0) is the initial orientation. The derivation of (7.8) is given
below in Appendix 7.A. From this solution we find the asymptotic solution
by taking the limit t→∞. Recalling that limx→±∞ arctan = ±π/2, we find
that

lim
t→∞

θ(t) = −∆± π, (7.9)

where the two solutions (±) represent the same physical stationary orienta-
tion. Moreover, from Eq. (7.6) we see that θ = −∆ is another stationary
solution, which corresponds, however, to an unstable state.

To proceed, we solve Eq. (7.4) for the transversal velocity Up,y ≡ ẏ, which
is written as

ẏ

H
=

1

τy,1
sin2 θ +

1

τy,2
sin θ cos θ +

1

τy,3
cos2 θ, (7.10)

where explicit expressions for the timescales in terms of the components of
R and R0 are again given in the appendix. Given the solution (7.8), we
can integrate Eq. (7.10) to find y(t). Although this procedure does lead
to a closed expression for the solution y(t), this solution is too lengthy in
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general to provide us further insight at this point. However, we do observe
from the asymptotic long-time limit of the solution (7.8) that we may find
an asymptotic velocity limt→∞ Up,y(t) = U∞p,y 6= 0 in general, such that the
particle persists in moving at an angle with respect to the external flow.
It will therefore always enter a regime where side-wall effects (y ∼ ±W/2)
begin to play a role.

The main conclusion we can draw from this analysis is that any particle
for which τ−1

1 and τ−1
2 are not both zero, will orient asymptotically towards a

stable orientation determined by the two timescales. Below, we will consider
situations where we take the limit of one or both τi →∞.

7.3 Mirror symmetric particles

The dumbbell particles described in Chapter 6 possess an additional sym-
metry apart from the xy-symmetry, namely, the plane spanned by the axis
connecting the centers of the two disks and the z-axis. The existence of this
symmetry plane forces certain elements of the resistance tensor to be zero
[38]:

R12 = R21 = R13 = R31 = 0. (7.11)

This is understood as follows. Let us assume that a nonzero particle velocity
Ux in the x-direction would generate a non-zero frictional force Fy in the y-
direction. This system is invariant under a reflection in the x-axis, however,
Fy → −Fy under this reflection, as illustrated in Fig. 7.2. Hence, this force
Fy = 0 and we must conclude that Rf,12 = R12 = 0.

Note that this symmetry argument assumes that the fluid around the
particle is unbounded, which is only accurate if the particle is far enough
from the side walls, as is for instance the case for the ‘flipping’ motion that is
described in Chapter 6 and Section 7.5. Finally, we can repeat this symmetry
argument to find that

R0,12 = R0,21 = R0,31 = 0. (7.12)

To proceed, we assume as before that the particle, has an orientation θ
with respect to the external background flow, as illustrated for the symmetric
trimer particle in Fig. 7.3. Then, we choose an orthogonal coordinate system
x′, y′ such that the x′ axis coincides with the symmetry line of the particle.
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7 Analytic solutions of particle trajectories in Hele-Shaw cells

Figure 7.2: The system of a mirror-symmetric particle (dumbbell) translating in
the x-direction. This system is invariant under reflection in the x-axis,
while a non-zero force Fy in the y-direction is mapped to −Fy under
this reflection. Hence Fy = 0.

It is insightful to again write down the equations of motion explicitly in
this coordinate system with the symmetry requirements. We find: 0

0
0

 = −

 R11 0 0
0 R22 R23

0 R23 R33

 Up,x cos θ + Up,y sin θ
−Up,x sin θ + Up,y cos θ

ωp

 (7.13)

+

 R0,11 0
0 R0,22

0 R0,32

( U0 cos θ
−U0 sin θ

)
, (7.14)

where again Up,x, Up,y denote the particle velocities with respect to the lab
coordinates x, y. We solve this linear equation to obtain the particle veloci-
ties. For the angular equation, again with ωp ≡ θ̇, we find

θ̇ =
1

τ
sin θ, with (7.15)

τ−1 = U0
R0,22R23 −R0,23R22

R22R33 −R2
23

(7.16)

Alternatively, one may obtain this equation directly from (7.5) by setting
the appropriate components of R(= Rf +Rw) and R0 to zero, which in turn
sets 1/τ2 = 0. In that case, Eq. (7.7) implies ∆ = 0 ∨ ∆ = π, depending
on the sign of τ . Interestingly, Eq. (7.15) is exactly the same equation of
motion for the orientation of a dumbbell as derived in [188] based on the
simplification that considers only the two disks. Here, it is derived in full
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7.3 Mirror symmetric particles

Figure 7.3: Geometry of a mirror symmetric particle, here a trimer or trumbbell, in
a Hele-Shaw channel. As before, the lab or channel frame coordinates
are denoted x, y, such that the external flow is given by U0 = U0x̂.
The particle frame is oriented at an angle θ with respect to the channel
frame and has coordinates x′, y′.

generality and is shown to hold for any mirror symmetric particle in the
channel!

We should point out that the sign of τ depends on the choice of coordinates
and origin. For instance, for the dumbbell particles described in the previous
Chapter (and below), the origin was chosen in the center of the larger disk,
and the equation of motion showed a negative τ (in fact, it was redefined as
−|τ |). Should we have chosen to set the origin in the center of the smaller
disk for instance, then the off-diagonal terms in R and R0 will change sign,
such that τ becomes positive, leading to an asymptotic orientation θ = π,
which now corresponds to the larger disk behind, as one would expect.

Eq. (7.15) can be solved to give

θ(t) = 2 arctan
[
tan(θ0/2)et/τ

]
, (7.17)

which can be obtained from Eq. (7.8) by setting ∆ = 0 or ∆ = π, depending
on the sign of τ . As before, θ0 = θ(0) denotes the initial orientation at time
t = 0. Furthermore, we can solve Eq. (7.13) for the velocity in the y-
direction:

Up,y = U0 cos θ sin θ

× R0,23R11R23 −R0,22R11R33 +R0,11(R22R33 −R2
23)

R11(R22R33 −R2
23)

, (7.18)
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which we may write, with Up,y = ẏ, as

ẏ

H
=
Up,y
H

=
1

τy
sin 2θ. (7.19)

Note the extra factor 1/2 which is included in the definition of τy. Given
the solution (7.17), we can integrate Eq. (7.19) to find

y(t)

H
=

2τ sin θ0

τy

(
1

cosh(t/τ) + sinh(t/τ) cos θ0
− 1

)
, (7.20)

where we assumed the initial position to be y(0) = 0. Details are given in
Appendix 7.A.

7.3.1 Asymptotic behaviour, zeros and critical points

From (7.17) we can investigate the asymptotic orientation of the particle by
taking the limit t→∞. Depending on the sign of τ (which depends on the
particle geometry), we find

lim
t→∞

θ(t) = 0 ∨ π, (7.21)

which is in agreement with setting θ̇ = 0 in (7.15). The asymptotic y-
position is easily seen to be y/H = −2τ sin θ0/τy. Also, by finding the roots
of the solution (7.20), we can determine where the particle crosses the x-axis,
which occurs at time t/τ = 0 (since we set y(0) = 0 as mentioned below
solution (7.20)), or at tc/τ = log 1−cos θ0

1+cos θ0
, if |θ0| > π/2. Furthermore, for

|θ0| > π/2, we can derive that the particle reaches the maximum transversal
amplitude y(tm/τ) = 2τ

τy
(1− sin θ0) at time tm = tc/2. Note that this

precisely corresponds to θ(tm) = π/2, which is easily seen from Eq. (7.19)
as the right-hand-side changes sign for θ = π/2. Details of these derivations
are given in Appendix 7.A.

These results show that the motion of the mirror symmetric particles is
completely characterised by the initial orientation θ0 and the time scales τ
and τy, which in turn are determined by the particle geometry. The analyt-
ical solutions provide us a recipe to directly tune the particle trajectories by
varying these geometric parameters or initial conditions.
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7.4 Particles with two symmetry axes

7.4 Particles with two symmetry axes

Finally, we consider the case that the particle has yet another axis of mirror
symmetry which is perpendicular to the symmetry axis described above. For
convenience, we take this axis to be the y′ axis in the particle frame, and
choose the origin in the intersection of these two axes. Using the same argu-
ments based on mirror symmetry as before [38], we find that R is diagonal
in this case. Similar arguments then give us that R0,32 = 0. Writing down
Eq. (7.1) explicitly again, we have 0

0
0

 = −

 R11 0 0
0 R22 0
0 0 R33

 Up,x cos θ + Up,y sin θ
−Up,x sin θ + Up,y cos θ

ωp

 (7.22)

+

 R0,11 0
0 R0,22

0 0

( U0 cos θ
−U0 sin θ

)
. (7.23)

We see now that the rotational motion completely decouples from the trans-
lation, as we find θ̇ = ωp = 0. Alternatively, one can obtain this from (7.15)
by setting the appropriate components of R to zero, to find 1/τ = 0. Hence,
the particle will not rotate at all and every orientation is stable. Interest-
ingly, the particle will still move in the transversal direction, as this velocity
is solved by

ẏ = Up,y = U0
R0,11R22 −R0,22R11

R11R22
cos θ sin θ (7.24)

Hence, for θ 6= kπ/2 with integer k, we find that the particle moves trans-
versely. Examples of shapes with two axes of symmetries are rods or the
symmetric dumbbells considered by Uspal et al. [188]. They observed in-
deed that the symmetric dumbbells move transversely in the channel without
rotating. This motion is continued until the dumbbells are reflected by the
side walls (that are not incorporated in this analysis).

Note that if the particle has fourfold symmetry, i.e. the shape is invariant
under a rotation by π/2, then this will force R11 = R22 and R0,11 = R0,22,
setting Up,y = 0. In other words, the transversal motion in (7.24) is directly
related to the mismatch in resistance coefficients: R11 6= R22, a remark
often made in the literature, in the context of slender-body theory and in
the description of for instance sedimentation of rod-like particles [40].
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7.5 Comparison with numerical results

After having established the analytical results of Sections 7.2 and 7.3, we
now compare these to numerical and experimental data. The agreement or
disagreement of our analytical results with the numerically obtained trajec-
tories will provide us information about the assumptions we made in the
derivations above, such as ignoring the influence from the side walls.

Below, we will stick to the experimental dimensions of Ref. [188] as much
as possible. Specifically, the channel height H = 30 µm is taken as a unit
of length; the experimental channel width W = 500 µm is therefore set at
W/H = 16.67, unless specifically mentioned otherwise. The particle height
corresponds to a gap h/H = 0.06 between the particle and top and bottom
wall (see Chapter 6). Moreover, we consider composite particle consisting of
disks or other shapes, of typical size Ri (usually disk radius), connected by
cuboid parts of length s/H = 2.09 and width w/H = 0.456. The size ratios
Ri/Rj will be varied below, while the smallest size is fixed at Ri/H = 0.625
(the choice of i depends on the specific particle geometry, as will become
clear below).

7.5.1 Mirror symmetric particles

We have considered, in consultation (and collaboration at the moment of
writing) with the group of Eral et al. at TU Delft, a large variety of mirror
symmetric shapes that can be fabricated with continuous flow lithography.
Specially, next to the earlier considered dumbbells of disks with different
radii, we have investigated the behavior of dimers consisting of triangles and
squares, of different aspect ratios R1/R2, where these radii refer to the radii
of circumscribed disks. Also, we have investigated trimer (or trumbbell)
particles, consisting of three connected disks of similar dimensions as the
earlier considered dumbbells, where the middle disk has a larger radius
R2 > R1 = R3, as illustrated in Fig. 7.3. The angle between the two
legs is denoted by φ, as shown in Fig. 7.8. At the moment of writing of this
thesis, experiments are conducted with a large number of the shapes con-
sidered here, such that a comparison between the theoretical, numerical and
experimental results will be possible in the near future. For the moment, we
will compare only theoretical with numerical results.

The mirror symmetric shapes described here all have in common that one

154



7.5 Comparison with numerical results

of the parts of the dimer, or the middle disk of the trimer, is larger than the
other part. Choosing the origin of the particle frame in the center of the
larger part (as we have done before in the case of the disk dimers), it is easy
to see that the nonzero off-diagonal elements of R must be negative: transla-
tion in the positive y-direction will generate a positive torque (corresponding
to a counterclockwise rotation) and vice versa. Similarly, an external flow in
the y-direction (in the particle frame) will generate a negative torque (hence
clockwise rotation). Taking this together, we conclude that all these shapes
obey Eq. (7.15) with a negative sign, such that they orient in the external
flow with the larger part behind. Hence, all these shapes will show a quali-
tatively identical trajectory, fully characterized by the geometry-dependent
timescale τ that is to be determined numerically. In Fig. 7.4, we illustrate
this point by showing snapshots of the reorienting motion of different shapes
with different size ratios at different times t/τ . We show:

(a) a square dimer with edges aligned (which we define as type I) and
R1/R2 = 1.25 at t/τ = 0,

(b) a square dimer with diagonals aligned (def. type II) and R1/R2 = 1.5)
at t/τ = 1,

(c) a triangle dimer with edges aligned (def. type I) and R1/R2 = 1.75 at
t/τ = 2,

(d) a triangle dimer with triangles pointing towards each other (def. type
II) and R1/R2 = 2.0 at t/τ = 3,

(e) a disk trimer with R1/R2 = R3/R2 = 1.5 and φ = 50◦ at t/τ = 4, and

(f) a disk dimer with R1/R2 = 3.0 at t/τ = 5.

Around the particles, we show in Fig. 7.4 isobars of the disturbance pressure
field p−p0(x) created by the particle, with p0 the pressure field corresponding
to an undisturbed external flow U0 in the channel, i.e., p0(x) = ∇p(x −
L/2), −L/2 < x < L/2, with L the length of the channel, such that U0 =
−H2∇p/(12η) (see Section 2.11).

In Fig. 7.5, we plot the orientation θ as a function of rescaled time t/τ ,
for the different shapes illustrated in Fig. 7.4. Indeed, we clearly observe
that the angular motion is perfectly described by the solution (7.17), as all
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Figure 7.4: Snapshots of isobars of the disturbance pressure field around different
mirror symmetric particles in the micro-fluidic channel, all performing
a qualitatively similar reorienting motion. Shown are a dimer consisting
of: two squares with one edge parallel and R1/R2 = 1.25 at t/τ = 0 (a),
two squares with diagonals parallel and R1/R2 = 1.5 at t/τ = 1 (b),
two triangles with one edge parallel and R1/R2 = 1.75 at t/τ = 2 (c),
two triangles pointing towards each other with R1/R2 = 2.0 at t/τ = 3
(d). Here, the radii correspond to the radius of a circumscribed disk.
Moreover, we show a trimer with R1/R2 = R3/R2 = 1.5 and opening
angle φ = 50◦ at t/τ = 4 (e) and a dumbbell with R1/R2 = 3.0 at
t/τ = 5 (f).
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Figure 7.5: Orientation θ as a function of rescaled time t/τ , for the different shapes
illustrated in Fig. 7.4, all starting with θ(0) = 5π/6.

the data collapse on the analytical curve once time is rescaled by τ (which
differs for each shape). Moreover, we compare our analytical results for
the motion in the y-direction with the numerically obtained trajectories in
Fig. 7.6, where we rescaled the position by a factor τy/τ , and find that
the data collapses on the analytical solution. In particular, this confirms
that our analytical results for the time and height of the maximum and the
time for which y = 0 are correct. We observe that initially, the particles
move in the direction opposite to their final position: ẏ(t < tm) > 0, while
ẏ(t > tm) < 0, as was already noted in Section 7.3.1. We can compare this
qualitatively to the sedimenting rod example of Section 7.4, which moves
upwards when π/2 < θ < π, and downwards when 0 < θ < π/2. As an
example, an animation of the motion of a triangle trimer can be found in
the supplementary material (Appendix 7.B).

At a later stage of the trajectory (t > 5τ), we see a deviation from the
analytical curve that is caused by hydrodynamic interactions with the side-
wall of the channel. This effect is more pronounced for R1/R2 = 1.25, since
this shape moves further from the channel center and closer to the sidewall,
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7 Analytic solutions of particle trajectories in Hele-Shaw cells

Figure 7.6: The transversal trajectories y(t), rescaled by the two geometry-
dependent timescales τ/τy, that appear in the Eq. (7.15) and Eq. (7.19),

for disk dimers of varying R̃ = R1/R2. In the inset we show another
scaling of the y-position in units of the channel width W , as a function
of time.
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7.5 Comparison with numerical results

Figure 7.7: The orientation θ (a) and y-coordinate (b) as a function of time t/τ , for
a disk dimer particle with R1/R2 = 2.0, for different initial angles θ0.
The points show the numerically integrated trajectories, while the solid
lines show the analytical solutions. In all cases, y(0) = 0.

as can be see in the inset of Fig. 7.6, where we show the position y relative
to the channel width W , as a function of time.

Next, we investigate the dependence of the solutions (7.17) and (7.20) on
the initial angle θ0. The results are shown in Fig. 7.7, where we show the
orientation θ (Fig. 7.7(a)) and the y-position (Fig. 7.7(b)) as a function of
time, for a disk dimer with R1/R2 = 2.0. The data points are obtained by
numerical integration of Eq. (7.1), while the analytic solutions are shown by
the solid lines. We observe perfect agreement between the two results. Only
for later times, we observe again that the interaction with the side walls will
push the particle slowly towards the center of the channel (y = 0).

Interestingly, we can influence the direction and magnitude of the y-motion
by varying the particle shape. Specifically, for the symmetric trimers, we find
that the timescale τy can change sign when the angle φ between the legs is
varied. In Fig. 7.8, we show the timescales τ en τy as a function of φ, for
a trimer particle consisting of three disks with ratios R2/R3 = R2/R1 =
1.5, R2 being the ratio of the larger middle disk. There, we see that τy is
discontinuous and changes sign around φ = 60◦. This can also be seen in
Fig. 7.9, where the position y a function of time t is shown, for trimers with
different opening angles φ. We observe that for φ < 60◦, the particles first
move in the positive y-direction to a maximum y(tm)/H = 2τ

τy
(1− sin θ0) >

0 at tm/τ = 1
2 log 1−cos θ0

1+cos θ0
, as determined above, then subsequently cross
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7 Analytic solutions of particle trajectories in Hele-Shaw cells

Figure 7.8: The timescales τy (blue) and τ (red) as a function of the angle φ between
the legs of the trimer, with R2/R1 = R2/R3 = 1.5.

y = 0 to an asymptotic position y = −τ/τy < 0. For φ > 60 degrees, this
motion is precisely reversed: a maximum y(tm) < 0 and asymptotic position
y/H = τ/τy > 0. For φ = 60◦, we observe almost no transversal motion,
consistent with τ−1

y ≈ 0. In the inset of Fig. 7.9, we show the position
y rescaled by τ/τy, for the trimers with different opening angles (φ = 60◦

excluded), and observe that the data collapse on the analytical solution
(7.20). Finally, we point out again that we observe that interactions with
the side walls will push the particles towards the center of the channel.

7.5.2 Deviations from mirror symmetry

All the particles we have considered so far possess a mirror symmetry, which
forces them to a stable orientation of θ = 0 or θ = π and a terminal velocity
that is parallel with the external flow, albeit with a slow motion in the
direction of the center of the channel due to the interaction with the side
walls. This means that if we are interested in steering the particles away
from the center, we should consider particles that lack this mirror-symmetry.
In this section, we break the mirror symmetry in a controlled fashion by
considering asymmetric trimer particles, in which the disk at one of the legs
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Figure 7.9: The transversal position y (in units of the channel width W ), as a func-
tion of time t/τ , for trimers of varying opening angle φ, starting at
y(0) = 0 and θ(0) = 5π/6. In the inset we show y(t) (φ = 60◦ excluded)
but rescaled by Hτ/τy.
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7 Analytic solutions of particle trajectories in Hele-Shaw cells

is larger than the other. To be specific, we fix R2/R3 = 2.0 and φ = 50◦

and vary R1/R3. With R2 > R1, R3, we still expect the particle to orient
with the larger disk behind, but since R1 > R3 we will have 1/τ2 6= 0, which
implies (as is seen from Eq. (7.8)) that θ(→ ∞) 6= 0. We point out that
for shapes with R1/R3 > 1.8, a small area (of fluid) is enclosed between
the three disks of the dimer, which leads to instabilities in our numerical
calculations. Therefore, we will consider shapes with 1 < R1/R3 ≤ 1.8 for
now.

In order to compare with our analytical solutions, we first consider the case
without side wall interactions, i.e., we make the channel very large compared
to the particle by setting W/H = 200. In Fig. 7.10, we show the orientation
θ as a function of time, for the different trimer shapes. The data points
indicate the numerically solved trajectories from Eq. (7.1), and the solid
lines show the analytical solution, with the timescales τ1 and τ2 obtained
numerically from Eq. (7.5). We observe perfect agreement between the
two results. Moreover, we clearly observe that for increasing R1/R3, the
asymptotic orientation θ(t → ∞) increases and deviates from 0, as is also
shown in the inset of Fig. 7.10.

In turn, the non-zero angle in the long-time limit has an effect on the
transversal motion, which is shown in Fig. 7.11 for the trimer particles. Ini-
tially, the particles show motion qualitatively similar to the mirror-symmetric
case, with a positive peak ym > 0 and crossing y = 0 at some later time.
However, rather than a constant asymptotic position, the particles attain a
negative asymptotic velocity such that y(t → ∞) = −∞ in the case where
W → ∞. Even without knowing all three τy,i in Eq. (7.10), we can al-
ready gain some insight by comparing with the mirror-symmetric case. The
fact that we have a maximum y(tm) > 0 implies that τy,2 < 0 and either
τy,1, τy,3 < 0 or |τy,1|, |τy,3| < |τy,2|. Then, as θ(t → ∞) > 0, we find that
Up,y(t→∞) < 0.

These results change when the side wall interactions are taken into ac-
count. In Fig. 7.12, we show the orientation of trimer particles with differ-
ent R1/R3, with the original channel dimensions (W/H = 16.7). Let us first
discuss the shapes with 1 ≤ R1/R3 ≤ 1.6. For these shapes we find that,
initially, the reorientation is correctly described by the analytical solutions,
although a deviation occurs due to sidewall effects. Specifically, we observe
that the long-time limit of the orientation is negative for each particle (ex-
cept for the symmetric particle with R1/R3 = 1.0), whereas we expect a
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7.5 Comparison with numerical results

Figure 7.10: The orientation θ as a function of time t, for trimer particles with
R2/R3 = 2.0, φ = 50 degrees and varying R1/R3. The initial ori-
entation is θ0 = 5π/6. The points show the numerically obtained
trajectories and the solid lines show the analytical solutions. Here, the
channel side walls are placed at y = ±W/2 = ±100H. The inset shows
the long-time limit orientation θ∞ = θ(t→∞).
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7 Analytic solutions of particle trajectories in Hele-Shaw cells

Figure 7.11: The transversal position y as a function of time t, for trimer particles
with R2/R3 = 2.0, φ = 50 degrees and varying R1/R3. The initial
orientation is θ0 = 5π/6 and the initial position is y(0) = 0. Here, the
channel side walls are placed at y = ±W/2 = ±100H.
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positive asymptotic orientation from the analytical solutions. Recall that
the fluid moves slower close to the no-slip side-walls, leading to a clockwise
rotation when the particle is close to the lower side wall at y = −W/2.
Thus, we observe that a competition between the shape-determined asymp-
totic orientation (which is positive) and the side-wall effects (rotating the
particle clockwise), leads to a stable orientation, which is negative.

For R1/R3 ≥ 1.65, the interactions with the side walls lead to very differ-
ent (and complicated) trajectories. Initially, we see that the particles reorient
according to the analytical solution, as is also observed in the inset of Fig.
7.12, where we show an enlarged plot of the θ(t) data for 0 < tU0/H < 400.
However, at a later time (tU0/H ≈ 300), the particle moves very close to
the upper side wall at y = W/2 (see also Fig. 7.13), causing the particle
to reverse its rotation. The no-slip boundary condition on the side wall,
u(y = W/2) = 0, forces the fluid velocity to be low near this side wall,
while the fluid velocity away from the side wall is much larger, naturally
leading to a rapid counterclockwise rotation of the particle near this side
wall. Subsequently, for the shapes with 1.65 ≤ R1/R3 ≤ 1.75 we observe a
slower reorientation determined by a complicated interplay of their shape-
determined reorientation and the side-wall interactions. In the long-time
limit, these shapes reach a negative stationary stable orientation, similar to
the shapes R1/R3 ≤ 1.6. The trajectory of R1/R3 = 1.8 is even more compli-
cated, as another rapid reorientation (clockwise) is observed at tU0/H ≈ 800.
Subsequently, the particle qualitatively performs the reorienting motion as
dictated by its shape, after which another encounter with the side wall at
y = −W/2 at tU0/H ≈ 2000 rotates the particle clockwise (see also Fig.
7.13).

In Fig. 7.13, we show the transversal position y as a function of t for the
different trimer particles, again for W/H = 16.7. For 1.2 ≤ R1/R3 ≤ 1.6,
we clearly observe that the particles move to the lower half of the channel
(y < 0) at later times (t > tc, in the notation of Section 7.3.1). This is
consistent with our findings without the effects from the side walls, as shown
in Fig. 7.11. However, in the long-time limit, the particles move parallel
to the side wall. Clearly, a competition between the effects of a negative
transversal velocity once the stable orientation is attained, and the repulsive
hydrodynamic interaction with the sidewalls, forces the particles to move at
a fixed distance from the side walls. This is also true for the particles with
1.65 ≤ R1/R3 ≤ 1.75, for which we observe a stable position in the long-
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7 Analytic solutions of particle trajectories in Hele-Shaw cells

Figure 7.12: The orientation θ as a function of time t, for trimer particles of vary-
ing size ratio R1/R3, with R2/R3 = 2.0 and φ = 50◦, for a channel
width W/H = 16.7 (that matches the experiments of Ref [188]). Here,
θ(0) = 5π/6 and y(0) = 0. The points show the numerically obtained
particle trajectories, the solid lines show the analytical solutions. In
the inset, the numerical and analytical curves of θ(t) are enlarged for
0 < tU0/H < 400, for the trimers with R1/R3 ≥ 1.6.
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7.5 Comparison with numerical results

time limit, after a period of oscillating motion due to the interplay between
the shape-determined motion and side-wall effects. For R1/R3 = 1.8, we
observe even more oscillations, as the particle moves very close to the side
walls at times tU0/H ≈ 300, 800 and 2000, where a rapid counterclockwise
reorienting motion takes place as we observed in Fig. 7.12. Due to this
reorientation, the particle acquires a large transversal velocity, such that it
moves to the other side wall where another reorientation takes place. This
motion is in fact very similar to the oscillating motion of the symmetric
dumbbell particles discussed in Ref. [188], which do not rotate due to shape,
but do acquire a transversal velocity (see Section 7.4). However, after a long
time tU0/H ≈ 6000 (not shown) also this shape attains a stable orientation
and y-position. This is shown more clearly in Fig. 7.14, where we show the
particle trajectory in the (θ, y) phase space, where time is running along the
curves as indicated by the arrows. There, we clearly see that all shapes with
R1/R3 > 1 will move to a stable position y ≈ −0.3W at a slightly negative
angle in the long-time limit, while the symmetric trimer (R1 = R3) attains
a limit orientation θ ≈ 0 and a y-position close to the center at y = 0.
Animations of the motion of a few of these trimer particles can be found in
the supplementary material (see Appendix 7.B).

Thus, we have observed that the presence of side walls strongly affects the
motion for these asymmetric particles. However, our analytical solutions
can still provide a qualitatively prediction of the motion: the particles with
1 < R1/R3 ≤ 1.8 will all move to the lower half of the channel (y < 0),
consistent with the analysis without side walls. In fact, when we consider
particles with R3 > R1, the analysis of this chapter immediately gives us
that the trajectories will be the mirror image of Fig. 7.13: these particles will
move towards y > 0, in which case the side wall interaction will lead them to
move parallel and close to the upper side wall (at y = W/2). We summarize
these conclusions in a ‘state diagram’ in Fig. 7.15, which, with the goal of
engineering trajectories in mind, can be read a set of preliminary ‘design
rules’. There, the black lines indicate symmetric particles with R1 = R2

(symmetric dimers), R1 = 0 or R3 = 0 (symmetric dimers) that move to
the center of the channel, while the red and blue areas indicate shapes with
a long-time y-position that is close to the lower (y = −W/2) and upper
(y = W/2) boundary, respectively. More research is needed to complete this
diagram in the future.
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Figure 7.13: The transversal position y as a function of time t, for trimer particles of
varying size ratio R1/R3, with R2/R3 = 2.0 and φ = 50◦ and channel
width of W/H = 16.7. The data is obtained from numerically solving
the particle trajectories. As before, θ(0) = 5π/6 and y(0) = 0.
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7.5 Comparison with numerical results

Figure 7.14: Particle trajectories in the (θ, y) phase space, where the direction of
time is indicated by the arrows, for trimer particles with R2 = 2R3 =
2H and varying 1 ≤ R1/R3 ≤ 1.8. Initially, θ(0) = 5π/6 and y(0) = 0
for every trimer particle.
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Figure 7.15: State diagram of the long-time y-position of trimer particles, consisting
of three disks with radii Ri (R2 corresponding to the middle disk) .
The black lines indicate symmetric particles with R1 = R2 (symmetric
trimers) and R1 = 0 or R3 = 0 (dimers), which move to the center
of the channel. The red triangle indicates shapes that have a long-
time y-position close to the lower boundary at y = −W/2, the blue
triangle indicates shapes with a long-time y-position close to the upper
boundary at y = W/2.
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7.6 Summary and Outlook

In this chapter, we derived analytical solutions to the equation of motion of
general particles that undergo strongly confined quasi-2D motion in Hele-
Shaw cells. Making use of symmetry arguments, these equations were sim-
plified and the angular differential equation from Chapter 6 is recovered,
not only for dimers of disks but in fact even for any particle with a mir-
ror symmetry. Our analytical solutions were compared extensively with the
numerically obtained trajectories, and excellent agreement between these re-
sults was found. With these analytical results, we are able to fully predict
the particle trajectories of any mirror-symmetric shaped particle, by only
determining the two geometry-dependent time-scales τ and τy. For non-
symmetric shapes, we also found excellent agreement, where we found that
asymmetric trimers will assume a terminal velocity at an angle with respect
to the external flow. For these particles, the interactions with the side walls
become important, as this forces the particles (for certain disk size ratios
R1/R3) to move parallel to the sidewalls at an orientation that differs from
the analytically predicted value.

These results provide a further step towards engineering the particle mo-
tion in confined geometries. Our analytical results allow to determine the
particle trajectories by only calculating a few geometry-dependent quan-
tities. This in turn opens the door towards further tailoring the particle
trajectories to any given demand or design by making use of optimisation
schemes, e.g., genetic optimization algorithms [207].

In future research, it will be very interesting to further investigate the
interaction with the sidewalls. Specifically, we could further investigate the
dependence of the (strength of) the side wall interaction on the particle
geometry, and for which particle geometries this is possible (completing the
state diagram in Fig. 7.15). In this way, we hope to discover a mechanism
to engineer the asymptotic y-position of the particles in the channel, by
further tuning the particle geometry, and thus making a step forward in
designing self-steering particles. Moreover, our collaboration with the group
from TU Delft will enable a comparison between the theoretical, numerical
and experimental results in the near future.
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7.A Appendix: Detailed derivations

In this appendix, we give the explicit solutions and calculations that were
omitted above in order to improve reading.

7.A.1 Explicit expressions for the timescales.

The timescales τ1 and τ2, appearing in Eq. (7.5) above, are given by

τ−1
1 = U0

(
−R0,32R

2
12 +R0,22R12R13 +R0,32R11R22

−R0,12R13R22 −R0,22R11R23 +R0,12R12R23

)
×(

R2
13R22 − 2R12R13R23 +R2

12R33 +R11(R2
23 −R22R33)

)−1

, (7.25)

τ−1
2 = U0

(
−R0,21R12R13 +R0,11R13R22 +R0,31R

2
12

−R0,31R11R22 +R0,21R11R23 −R0,11R12R23(
R2

13R22 − 2R12R13R23 +R2
12R33 +R11(R2

23 −R22R33)

)−1

. (7.26)

The timescales appearing in Eq. (7.10) are given by

τy,1 = U0C
−1

{
−R0,32R13R22 +R0,32R12R23 +R0,22R13R23

−R0,12R
2
23 −R0,22R12R33 +R0,12R22R33

}
, (7.27)

τy,2 = U0C
−1

{
R0,32R12R13 −R0,22R

2
13 +R0,31R13R22

−R0,32R11R23 −R0,31R12R23 +R0,12R13R23

−R0,21R13R23 +R0,11R
2
23 +R0,22R11R33

−R0,12R12R33 +R0,21R12R33 −R0,11R22R33

}
, (7.28)
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τy,3 = U0C
−1

{
−R0,31R12R13 +R0,21R

2
13 +R0,31R11R23

−R0,11R13R23 −R0,21R11R33 +R0,11R12R33

}
, (7.29)

C =

(
R2

13R22 − 2R12R13R23 +R2
12R33 +R11(R2

23 −R22R33)

)
. (7.30)

7.A.2 Analytic solution of the angular equation

In this section, we derive the analytical solution (7.8) of Eq. (7.6). We can
separate the variables to find

√(
1

τ1

)2

+

(
1

τ2

)2 ∫ t

0
dt′ =

√(
1

τ1

)2

+

(
1

τ2

)2

t (7.31)

=

∫ θ

θ0

dθ′

sin(θ′ + ∆)
=

∫ θ+∆

θ0+∆

dθ′′

sin θ′′
(7.32)

Next, we use the famous tangent half-angle substitution, x = tan(θ/2), which
allows us to write the Jacobian and the trigonometric functions as

dθ =
2dx

1 + x2
, sin θ =

2x

1 + x2
, cos θ =

1− x2

1 + x2
. (7.33)

Plugging this in, we find

√(
1

τ1

)2

+

(
1

τ2

)2

t =

∫ x

x0

dx′

x
= log x− log x0 (7.34)

= log tan
θ + ∆

2
− log tan

θ0 + ∆

2
. (7.35)

We invert this relation to find

θ(t) = −∆ + 2 arctan

[
tan

(
θ0 + ∆

2

)
exp

(
t

√
τ−2

1 + τ−2
2

)]
. (7.36)
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7.A.3 Integration and further analysis of the transversal motion
in the mirror symmetric case

Knowing the solution for θ, we can proceed to solve Eq. (7.19) for the
transversal motion:

ẏ/H =
−1

τy
sin

(
4 arctan

[
tan

θ0

2
e−t/τ

])
, y(0)/H = 0. (7.37)

To integrate, we use double angle formulas for the sine and consine and that

sin(arctan(x)) =
x√

1 + x2
, cos(arctanx) =

1√
1 + x2

. (7.38)

Applying the double angle formulas twice, we obtain

sin(4 arctan z) = 4 sin(arctan z) cos(arctan z)

×
(

cos2(arctan z)− sin2(arctan z)
)

(7.39)

= 4
z√

1 + z2

1√
1 + z2

( 1

1 + z2
− z2

1 + z2

)
=

4z(1− z2)

(1 + z2)2
(7.40)

Next, abbreviating tan(θ0/2) = α and leaving the integration boundaries for
a moment, we can integrate:

∫
dtUy(t) =

−τ
τy

∫
dt′ sin

(
4 arctan

[
α e−t

′
])

(7.41)

=
−4τ

τy

∫
dt′
αe−t

′
(1− α2e−2t′)

(1 + α2e−2t′)2
(7.42)

=
4τ

τy

∫
dq

1− q2

(1 + q2)2
(q = αe−t, dq = −αe−tdt) (7.43)

=
4τ

τy

q

1 + q2
=

4τ

τy

αe−t/τ

1 + α2e−2t/τ
=

4τ

τy

αet/τ

α2 + e2t/τ
. (7.44)
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Now, we reenter α = tan(θ0/2) = sin θ0/(1 + cos θ0):∫
dtUy(t) =

4τ

τy

tan θ0/2e
t/τ

tan2 θ0/2 + e2t/τ
=

4τ

τy

sin θ0e
t/τ

sin2 θ0
1+cos θ0

+ (1 + cos θ0)e2t/τ
(7.45)

=
4τ

τy

sin θ0e
t/τ

(1− cos θ0) + (1 + cos θ0)e2t/τ
(7.46)

=
4τ

τy

sin θ0e
t/τ

(1 + e2t/τ ) + (e2t/τ − 1) cos θ0
(7.47)

=
2τ

τy

sin θ0

cosh(t/τ) + sinh(t/τ) cos θ0
. (7.48)

Requiring that y(t = 0) = 0, we find:

y(t)/H =
2τ sin θ0

τy

(
1

cosh(t/τ) + sinh(t/τ) cos θ0
− 1

)
. (7.49)

Note that although we have derived this solution for the case of a minus sign
in Eq. (7.15), the solution corresponding to the opposite sign can, as before,
be obtained by simply substituting τ → −τ .

To determine whether the time at crossing y = 0 agrees between the
analytical solution and the numerically calculated trajectories, we calculate
the time tc at which y = 0: setting y(tc) = 0 leads to

cosh(t/τ) + sinh(t/τ) cos θ0 = 1 (7.50)

→ et/τ + e−t/τ + (et/τ − e−t/τ ) cos θ0 = 2 (7.51)

→ x+ x−1 + (x− x−1) cos θ0 − 2 = 0 (x = et/τ ) (7.52)

→ (1 + cos θ0)x2 − 2x+ (1− cos θ0) = 0 (7.53)

→ x =
2±

√
4− 4(1 + cos θ0)(1− cos θ0)

2(1 + cos θ0)
=

1± | cos θ0|
1 + cos θ0

(7.54)

→ t/τ = log
1± cos θ0

1 + cos θ0
(sign compensated by the ±) (7.55)

→ t/τ = 0 ∨ t/τ = log
1− cos θ0

1 + cos θ0
. (7.56)

We can also find the position of the maximum, by setting the velocity to
zero:

0 = sin

(
4 arctan

[
tan

θ0

2
e−t/τ

])
→ tan

θ0

2
e−t/τ = tan

kπ

4
, k ∈ Z. (7.57)
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Since the lefthand side is positive for 0 < θ0 < π, we see that the k = 4l, l ∈ Z
solutions correspond to the asymptote t→∞, while the other solution gives
us the maximum

tm/τ = log

(
tan

θ0

2

)
= log

(
sin θ0

1 + cos θ0

)
=

1

2
log

(
sin2 θ0

(1 + cos θ0)2

)
(7.58)

=
1

2
log

(
1− cos θ0

1 + cos θ0

)
=
tc/τ

2
, (7.59)

Note that this actually requires π/2 < θ0 < π. For 0 < θ0 < π/2, there is
no maximum. For π/2 < θ0 < π, the height of the peak is given by

y(tm)/H = (7.60)

2τ sin θ0

τy

(
1

cosh(tm/τ) + sinh(tm/τ) cos θ0
− 1

)
(7.61)

=
2τ sin θ0

τy

 2(√
1−cos θ0
1+cos θ0

+
√

1+cos θ0
1−cos θ0

)
+ cos θ0

(√
1−cos θ0
1+cos θ0

−
√

1+cos θ0
1−cos θ0

) − 1


(7.62)

=
2τ sin θ0

τy

(
2
√

1 + cos θ0

√
1− cos θ0

(1− cos θ0) + (1 + cos θ0) + cos θ0(1− cos θ0)− (1 + cos θ0)

)
(7.63)

=
2τ sin θ0

τy

(
2 sin θ

2− 2 cos2 θ0
− 1

)
=

2τ

τy
(1− sin θ0) (7.64)

Finally, we observe that θ(tm) = π/2, which follows directly from the fact
that the right-hand-side of (7.19) changes sign for θ = π/2. Alternatively,
setting θ = π/2 in Eq. 7.17 and solving for t, will result in an equation
identical to Eq. (7.57).

7.B Supplementary material: animations

Animations that support this Chapter, as well as descriptions of these ani-
mations, can be found at http://web.science.uu.nl/itf/brambet.htm.
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8 Pairwise and many-body hydrodynamic
interactions in Hele-Shaw cells

The framework introduced in Chapter 6 is generalized both theoretically
and numerically to systems of multiple particles, which are confined in Hele-
Shaw channels to perform quasi-two-dimensional motion and interact hy-
drodynamically via the disturbance flows that are created by these motions.
This is applied to pairs of dimer and trimer particles. Preliminary results
for systems with more than two particles are shown, which indicate that
many-body effects are manifestly important in these systems.

8.1 Introduction

In three dimensions, hydrodynamic interactions between particles are long
ranged, i.e., these interactions decay to leading order with the inverse dis-
tance between two particles, as we have seen in Chapter 2. Therefore, taking
these interaction into account in numerical simulations of large suspensions,
going by the name of Stokesian dynamics [208, 209], is computationally very
costly, since one needs to consider the interaction between every pair of par-
ticles, rather only between nearby particles. Moreover, one can show that
three-body effects in the hydrodynamic interactions can scale as the inverse
squared distance [37], such that they may not be ignored when the suspension
of particles are note dilute. In the language of Chapter 2, every component of
the 6N×6N many-body resistance tensor Rαβ should be taken into account,
and may contain contributions other than just the two-body terms that one
can obtain from a method of reflections. In numerical Brownian dynam-
ics studies [80], in which the system is in equilibrium, these hydrodynamic
interactions can often be ignored when one studies collective behaviour of
a suspension of particles. In contrast, in systems of self-propelled particles
or swimmers, which are out-of-equilibrium, hydrodynamic interactions can
have important effects on the collective behaviour [23, 27, 28, 210].
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8 Pairwise and many-body hydrodynamic interactions in Hele-Shaw cells

The driven quasi-two-dimensional Hele-Shaw systems have proven to be
excellent model systems to study out-of-equilibrium collective behaviour[36],
most notably in experiments with water droplets in oil-filled micro-fluidic
channels [199]. In these systems, hydrodynamic interactions are shown
to play a major role in collective behaviour such as self-organisation into
one-dimensional crystals, propagation of phonon-like perturbation through
such crystals [211], phases with long-ranged order [212] and cluster for-
mation [200, 213]. Moreover, numerical studies of more complex shaped
(hydrodynamically interacting) particles in Hele-Shaw channels predict self-
organisation into ‘micro-fluidic’ crystals [53]. Here, we built on this work by
investigating in detail the role of the particle shape on the hydrodynamic
interactions between particles in a Hele-Shaw channel. The two-dimensional
nature of these systems brings numerical calculations of the full hydrodynam-
ics within reach, including higher-order interactions, i.e.,many-body effects,
beyond approximating schemes such as the method of reflections.

In Chapter 6, we set up a theoretical and numerical framework to calculate
the motion of particles of general shape in confining micro-fluidic channels.
In this Chapter, we generalize the framework to systems of multiple particles
in such channels. First, we derive equations of motions for the velocity
and angular velocity corresponding to overdamped (force- and torque-free)
particle motion, from solutions to either the Stokes equation or the Brinkman
equation. To this end, we exploit the linearity of these differential equations
and give explicit decompositions of the flow field solutions and expressions
for the resulting resistance tensors. We briefly describe how the particle
equations of motions are solved numerically from the flow field solutions
obtained by finite element techniques.

Subsequently, we apply this framework to pairs of dimer and trimer par-
ticles in the channel, which are aligned with the flow and in the center of
the channel. We find dimer particles to have a repulsive interaction, while
trimers particles have an attractive interaction (with the exception of one
choice of shape parameters). We find the interactions to be short ranged,
while the specific form of decay of the interaction depends on the channel
width. Moreover, we show that depending on the initial separation, the pairs
arrange either alongside or behind each other. Finally, we show preliminary
results for systems with multiple particle. There, we explicitly show that the
hydrodynamic interactions are not pairwise additive but have a many-body
character.
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Figure 8.1: Illustration of the channel geometry, with multiple (trimer) particles at
position (xα, yα) and orientation θα, that are confined to move in the
xy-plane. An external uniform flow U0x̂ is imposed in the channel, that
has width W and height H.

8.2 Theory and Model

Let us consider a micro-fluidic channel that is very shallow in the sense that
the channel height H is much smaller than the channel width W and length
L, as already introduced in Chapters 6 and 7, commonly referred to as a Hele-
Shaw cell. In this channel, we consider a collection of particles, of general
shape, at positions (xα, yα) and orientation θα of a particle-determined axis
with respect to the channel coordinate frame. We denote the particle velocity
Uα and angular velocity ωα. Moreover, an external flow is imposed by a
constant pressure difference between in- and outlet of the channel, leading
to a parabolic flow profile U0(r) with average velocity U0 far away from
the particles (see Section 2.11). This channel geometry is illustrated in Fig.
8.1, where we show the channel containing three trimer particles (as an
example). Similar to Chapters 6 and 7, the particles are highly confined
in the z-direction, i.e., there is is only a small gap h above and below the
particles, which restricts the particle motions to the two-dimensional xy-
plane.

The typical experimental channel parameters, i.e., W = 500 µm, H =
30 µm, with fluid velocity U0 = 50 µm s−1 and viscosity η = 55× 10−3 Pa s,
lead to a Reynolds number Re = 6× 10−5 (see Chapter 6). As a result, the
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fluid flow is governed by the Stokes equations

−∇p+ η∇2u = 0, ∇ · u = 0, (8.1)

where u(r) and p(r) describe the fluid velocity and pressure at position
r, respectively, and η denotes the fluid viscosity. Equivalently, as we have
seen in Chapter 6, the fluid flow in this system may be described by the
two-dimensional Brinkman equation

−∇2Dp̄+ ηH∇2
2D ū−

12η

H
ū = 0, ∇2D · ū = 0, (8.2)

where the two-dimensional vector field ū = (ūx, ūy) denotes the z-averaged
(over the channel height) value of the three-dimensional flow field u, and
p̄ = pH denotes the two-dimensional pressure field.

The motion of the particles is overdamped, i.e., the total force and torque
on each particle vanishes on experimentally observable time-scales. More-
over, if there are no external forces or torques (such as gravity) acting on the
particles, the particles will move in such a manner that the total hydrody-
namic force and torque vanish. However, these motions create disturbance
flow fields, via which the particles interact with each other. As we have seen
in Chapter 2, the force and torque on each particle are related in a linear
fashion to the particle velocities and angular velocities, due to the linear
nature of the Stokes equation. Next, let us treat this problem in more detail
and show briefly how the equations of motion for a collection of particles are
derived in either the Stokes or Brinkman description.

8.2.1 Stokes formulation

We consider a collection α = 1, ..., N particles at positions rα in the channel,
with particle surfaces Sα. The flow field u in the channel is a solution to the
Stokes equation, with no-slip boundary conditions on each particle surface
and channel wall,

u
∣∣
r∈Sα = Uα + ωα × (r − rα), u

∣∣
walls

= 0, u
∣∣
inlet

= U0, (8.3)

where Ui = (Uα,x, Uα,y, 0) and ωα = (0, 0, ωα), since the particle motion is
restricted to the xy-plane. Inspired by the decompositions of Sections 2.8

180
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and 6.2.1, we exploit the linearity of the Stokes equation to write the full
solution (u, p) as a superposition

u = u0 +

N∑
α=1

(u′α + u′′α), p = p0 +
N∑
α=1

(p′α + p′′α). (8.4)

The fields (u0, p0),(u′α, p
′
α) and (u′′α, p

′′
α) are solutions of the Stokes equation,

with boundary conditions

u0

∣∣
walls

= 0, u0

∣∣
inlet

= U0(r), u0

∣∣
r∈Sα = 0,∀α (8.5)

for (u0, p0), i.e. the situation in which all particles are held stationary subject
to the external flow, and

u′α
∣∣
walls

= u′′α
∣∣
walls

= u′α
∣∣
inlet

= u′′α
∣∣
inlet

= 0, (8.6)

u′α
∣∣
r∈Sβ

= Uαδαβ (no summation), (8.7)

u′′α
∣∣
r∈Sβ

= ωα × (r − rα)δαβ (no summation) (8.8)

for (u′α, p
′
α) and (u′′α, p

′′
α), i.e. the situation in which particle α is translat-

ing (single primed) or rotating (double primed) while the other particles are
fixed in a quiescent fluid. The stress tensor σ, being linear in u and p admits
a similar decomposition σ = σ0 +

∑N
α=1(σ′α + σ′′α), such that the force and

torque on each particle will also decompose accordingly. Following the defi-
nitions of Eqs. (2.88),(2.100) and (2.91), the solutions (u′α, p

′
α) and (u′′α, p

′′
α)

define intrinsic stress fields Σ′α and Σ′′α (which are rank three tensors), which
relate to the original stress fields via σ′α = Σ′α ·Uα and σ′′α = Σ′′α · ωα.

Taking all contributions together, we find that the force and torque on the
α-th particle are written as

(
Fα
Tα

)
= −η

(
Kαβ CTβα
Cαβ Ωαβ

)(
Uβ
ωβ

)
+

(
Fα,0
Tα,0

)
(8.9)

= −ηRαβ
(
Uβ
ωβ

)
+

(
Fα,0
Tα,0

)
, (8.10)
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where we define Rαβ to be the 6N × 6N resistance tensor with ‘blocks’

Kαβ = −
∮
Sα

dSΣ′β · n, (8.11)

Cαβ = −
∮
Sα

dS(r − rα)× (Σ′β · n), (8.12)

Ωαβ = −
∮
Sα

dS(r − rα)× (Σ′′β · n), (8.13)

and where

Fα,0 =

∮
Sα

dSσ0 · n, Tα,0 =

∮
Sα

dS(r − rα)× σ0 · n. (8.14)

Note that we have implicitly assumed that the resistance tensor is symmetric,
which is easily proven using the Lorentz reciprocal theorem, along the lines
of the proof in Section 2.7.

Thus, for a specific configuration of particles, i.e., a set of positions (xα, yα)
and orientation θα, the resistance tensor can be calculated from the sub-
solutions (u′α, p

′
α) and (u′′α, p

′′
α), while Fα,0 and Tα,0 are calculated from the

solution (u0, p0). Recall that in the absence of external forces, the motion of
the particles must comply with the constraint that the hydrodynamic force
and torque on each individual particle vanish, such that the left-hand-side of
Eq. (8.9) is set to zero. Moreover, as mentioned above, due to the up-down
symmetry and strong confinement in the z-direction, the motion is restricted
to the xy-plane such that each particle has only 3 degrees of freedom and Eq.
(8.9) is reduced to a 3N × 3N equation, from which the particle velocities
and angular velocities are calculated as(

Uα
ωα

)
=

1

η
(R−1)αβ

(
Fβ,0
Tβ,0

)
, (8.15)

where from now on, we let Rαβ denote the 3N × 3N tensor containing the
relevant components of the original 6N × 6N tensor.

8.2.2 Brinkman formulation

Next, let us derive how the description via the Brinkman equation admits a
similar structure of equations of motion. The full flow field solution ū can
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written as a superposition

ū = ū0 +
N∑
α=1

(ū′α + ū′′α), p̄ = p̄0 +
N∑
α=1

(p̄′α + p̄′′α), (8.16)

where the fields (ū0, p̄0), (ū′α, p̄
′
α) and (ū′′α, p̄

′′
α) are solutions to the Brinkman

equation with boundary conditions that are the z-averaged versions of bound-
ary of Eqs. (8.5)-(8.8). Following the factorizations of Eq. (6.47) and (6.57),
we use Eq. (6.50) to define intrinsic stress fields Σ̄′α and Σ̄′′α, which lead back
to the original stress tensors σ̄′α and σ̄′′α by contracting with Uα and multi-
plying with ωα, respectively. In turn, these define the tensors

(K̄αβ)ik = −
∮
∂S̄α

dS
(
(Σ̄′β)ijknj

)
, (8.17)

(C̄αβ)′k = −
∮
∂S̄α

dS

(
(x− xp)(Σ̄′β)yjknj − (y − yp)(Σ̄β)′xjknj

)
, (8.18)

Ω̄αβ = −
∮
∂S̄p

dS

(
(x− xp)(Σ̄β)′′yjnj − (y − yp)(Σ̄β)′′xjnj

)
, (8.19)

similar to the definitions in Eq. (6.51), (6.52) and (6.61) for a single particle.
Taking all contributions together, we find that the force Ff,α and torque Tf,α
on particle α is written as(

Ff,α
Tf,α

)
= −ηRf,αβ

(
Uβ
ωβ

)
+

(
Fα,0
Tα,0

)
, (8.20)

where the subscript ’f ’ on the resistance tensor denotes that this gives only
the contribution from the quasi-two-dimensional Brinkman fluid, and where
the ‘fluid’ resistance tensor is given by

Rf,αβ =

 (K̄αβ)11 (K̄αβ)12 (C̄αβ)1

(K̄αβ)12 (K̄αβ)22 (C̄αβ)2

(C̄αβ)1 (C̄αβ)2 Ω̄αβ

 . (8.21)

Also here, we have already taken the resistance tensor to be symmetric,
which is straightforwardly proven following the proof of the symmetry of the
single particle resistance tensor in Appendix 6.B, which uses a version of
the Lorentz reciprocal theorem for solutions of the Brinkman equation (see
Appendix 6.A).
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8 Pairwise and many-body hydrodynamic interactions in Hele-Shaw cells

As described in Chapter 6, the force and torque on a particle obtain an
extra contribution from the shear friction that arises in the narrow fluid-
filled gaps between the particle and the top and bottom walls. This extra
contribution is formulated in terms of a ‘wall’ resistance tensor Rw defined
in Eqs. (6.21)-(6.25). In turn, this defines a contribution

(Rw,αβ)ij = (Rw)ijδαβ (8.22)

to the multi-particle resistance tensor. Hence, we conclude that the force-
and torque-free particle velocities and angular velocities satisfy Eq. (8.15)
with Rαβ = Rf,αβ + Rw,αβ, where Rf,αβ and Rw,αβ are defined by Eqs.
(8.21) and (8.22), respectively.

8.2.3 Numerical methods

Numerically, we calculate solutions to the Stokes and Brinkman equations
using the COMSOL Multiphysics software (COMSOL, Inc., Burlington, MA,
USA), based on a finite-elements scheme. To determine the resistance tensor
Rαβ for a specific configuration of particles in the channel, the Stokes or
Brinkman equation is solved for each subproblem where a single particle has
a single non-zero component for the velocity or angular velocity. The force
and torque on each particle is then calculated by numerical integration of
the stress tensor of each particle boundary, which together with the wall
contribution defined in Eq. (8.22) determines a column of the resistance
tensor R. Finally, we determine the force Fα,0 and torque Tα,0 by solving
the sub-solution (ū0, p̄0) numerically.

Subsequently, the velocities are calculated numerically from Eq. (8.15)
using MATLAB. Having determined the particle velocities and angular ve-
locities, we can integrate the motion as

xα(t+ ∆t) = xα(t) + Uα,x(xβ(t), yβ(t), θβ(t)) ∆t (8.23)

yα(t+ ∆t) = yα(t) + Uα,y(xβ(t), yβ(t), θβ(t)) ∆t (8.24)

θα(t+ ∆t) = θα(t) + ωα(xβ(t), yβ(t), θβ(t)) ∆t, (8.25)

for some appropriately small time step ∆t. In this work, we developed
a custom calculational scheme in which Rα,β,Fα,0 and Tα,0 are calculated
from the flow field solutions obtained numerically from the finite-elements
calculations, after which the velocities are obtained from Eq. (8.15)) and
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integrated using Eqs. (8.23) -(8.25) with MATLAB, to find the positions at
the next time step that are fed back into the finite-elements calculations.

In principle, both the three-dimensional description in terms of the Stokes
equation and the two-dimensional description in terms of the Brinkman
equation may be employed to resolve the particle motions for a collection of
particles. In practice, however, the number of finite elements calculations
per time step grows linearly with the number of particles, making the three-
dimensional calculations very costly in terms of computer time. Therefore,
and since we have seen very good agreement between the two methods, we
will focus in this Chapter only on results from the two-dimensional scheme.

8.3 Results

We will consider the interactions between the dimer and trimer particles that
were introduced in the previous Chapters, as illustrated in Figs. 6.1 and 8.1.
Unless specifically mentioned otherwise, we stay as closely as possible to the
experimental parameters of Chapter 6 and Ref. [188]. The channel has width
W = 500 µm and height H = 30 µm. The particles in the channel are dimers
or trimers consisting of disks of radii Ri, connected at a center-to-center
distance s = 62.5 µm by cuboids of width 13.7 µm, the smallest disk always
having a radius R = 18.75 µm. The particles are of height H−2h = 26.4 µm,
such that the gap height is h/H = 0.06. Moreover, the angle between the
legs of the trimers is denoted by φ (as illustrated in Fig. 7.8). Finally, the
flow velocity of the externally imposed flow is U0 = 50 µm s−1, which serves
here only as the velocity scale of our system.

8.3.1 Dimer and trimer pair interactions

As we have seen in the previous Chapter, dimers and symmetric trimers
align in the flow with the larger disk behind and focus to the center of
the channel. Therefore, let us consider the interactions between (already)
aligned particles that are behind each other in the center of the channel. In
Fig. 8.2, we show the relative velocity ∆Ux = U2,x − U1,x as a function of
their separation ∆x = x2−x1, with particle 2 being ahead of particle 1 in the
channel, for pairs of identically shaped dimers of various size ratio R1/R2.
Clearly, since the relative velocity is positive (they move away from each
other), we observe that the dimer particles have a repulsive interaction. To

185



8 Pairwise and many-body hydrodynamic interactions in Hele-Shaw cells

get an idea of the strength of this interaction, we show the relative velocity
as a function of separation in a log-log representation in Fig 8.2. There, we
find that the interaction decays as (∆x)−8, as indicated by the black line.
Since the force at low Reynolds number is linear in the velocity, we may
define an effective interaction potential V (∆x), such that [53]

∆Ux(∆x) = − 1

ηH

dV (∆x)

d(∆x)
. (8.26)

It should be kept in mind that this is only an effective description, since
the total force on each individual particle vanishes. We show this effective
interaction potential in Fig. 8.2c, where we observe that the interaction
potential falls off with one power lower than the velocity, as follows from Eq.
(8.26). Note that, while the interaction energies are small (< 10−2) in terms
of the energy scale ηU0H

2 that is defined in terms of the system parameters,
this energy scale is still large compared to the thermal energy, ηU0H

2 ≈
105kBT . Thus, the interaction energies are of the order 10−103kBT , causing
the particle motion to be completely deterministic. The repulsive interaction
between dimer particles is consistent with the findings of Ref [53].

Interestingly, the character of the repulsive interactions depends on the
channel width W . In Figure 8.3, we show the relative velocity between two
dimer particles with R1/R2 = 2.0 in the center of the channel, in a log-
log representation (a) and linear-log representation (b), for varying chan-
nel widths W in units of the diameter of the larger disk 2R1. For large
channel width, we observe the (∆x)−8 decay that we observed in Fig. 8.2 al-
ready. However, for channel widths that are comparable to the disk size, i.e.,
W = 4R1 or W = 6R1, we observe that the interaction decays exponentially,
as is indicated by the black lines in Fig. 8.3b, with screening length that we
find to depend linearly on the channel width, cW [36] (with a constant of
proportionality c ≈ 0.07 estimated from these two calculations). This expo-
nential decay is related to the fact that the particles become confined in the
y-direction such that the system approaches a quasi-one-dimensional system
[36]. These preliminary results call for more research to better understand
the nature of these interactions and the transition to a quasi-one-dimensional
system.

Next, we consider the interaction between trimer particles in the center of
the channel, where again, the particles are oriented with the larger (middle)
disk behind and separated by a distance ∆x between the center of the large
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Figure 8.2: (a) Relative velocity of two identical dimer particles, aligned with the
larger disk behind, in the center of the channel (y = 0), as a function
of separation ∆x = x2 − x1, for various values of size ratio R1/R2. (b)
Log-log plot of the relative velocity. The black line is shown to indicate
that the relative velocity decays as (∆x)−8. (c) Effective interaction
potential between the two dimer particles as a function of ∆x, which
decays as (∆x)−7.

Figure 8.3: Relative velocity between to dimer particles with R1/R2 = 2.0 in the
center of the channel, as a function of separation ∆x for varying channel
width W . Panel (a) shows a log-log plot, from which a (∆x)−8 decay is
observed for 5 ≤W/2R1, as indicated by the black line. Panel (b) shows
the same data on a log-lin scale, from which we observe that the relative
velocity for narrow channels (W/2R1 = 2, 3) decays exponentially with
screening length ≈ 0.07W , as indicated by the black lines.
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Figure 8.4: (a) The (negative) relative velocity of two trimer particles in the center
of the channel, with opening angle φ = 50◦, as a function of separation
∆x for varying R2/R1 = R2/R1. The black line indicates a (∆x)−8

decay. Panel (b) shows the relative velocity for two trimer particles
with R2/R1 = 3, which have a positive relative velocity (no minus sign
in the axis), which (at larger distances) decays as (∆x)−5 as indicated
by the black line.

disk of both particles. In Fig. 8.4a, we show the relative velocity ∆Ux as a
function of separation, for a variety of size ratios R2/R1. We observe that the
trimer particles have an attractive interaction (we plot −∆Ux to facilitate
the plotting on a logarithmic scale) for 1.25 ≤ R2/R1 ≤ 2.75, which decays
as (∆x)−8 as indicated by the black line, similar to the repulsion between
dimers. For R2/R1 = 3, however, we observe that the trimer particles
attract, with strength (at larger distances) (∆x)−5. We point out that the
repulsion between dimers, and the attraction between trimers, has been
explained qualitatively in Ref. [53] by considering the signs of the multipole
moment of the disturbance flow fields. However, contrary to their findings,
we do not find a fixed point for these size ratios, i.e., a separation value
at which the relative velocity vanishes, whereas a fixed point was reported
in Ref. [53] at ∆x/H ≈ 4.6. This discrepancy might be explained by the
fact that only lower order multipole terms were taken into account in Ref.
[53], whereas our calculations solve the complete flow field (thus taking into
account all orders).

Finally, we show in Fig. 8.5 the dependence of the interaction between a
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Figure 8.5: (a) Relative velocity of trimer particles with R2/R1 = 1.5 in the center
of the channel, as a function of separation ∆x for varying opening angle
φ. (b) Log-log plot of the (negative) relative velocity shown in panel (a),
where the black line indicates the (∆x)−8 decay at larger separation.

pair of aligned and centered trimer particles with R2/R1 = 1.5 for varying
opening angles φ. Panel (a) shows the relative velocity as a function of sep-
aration ∆x, while panel (b) shows the same data in a log-log representation.
We clearly observe that the interaction is attractive, and decays at least for
the smaller opening angles φ ≤ 80◦ as (∆x)−8. We observe that the attrac-
tive behaviour is only weakly dependent on φ, while the strongest attraction
is exhibited by the φ = 60◦ trimers.

8.3.2 Pairwise interactions away from the center

We have seen in the previous Chapters that symmetric particles are focussed
to the center of the channel due to hydrodynamic interactions with the side
walls, while they show (weak) repulsive or attractive interactions when they
are behind each other (in the center of the channel). On the other hand, we
can deduct from symmetry considerations tha two mirror-symmetric parti-
cles exactly next to each other in the channel form a stationary configuration.
To investigate the stability of this fixed point, we show in Fig. 8.6 trajecto-
ries of dimer particles with R1/R2 = 2 where we vary the initial x-separation,
while the initial y separation is fixed by y1(0) = −3H, y2(0) = 3H. These
trajectories are shown as curves in a xi − xc versus yi representation, while
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time is running along the curves as indicated by the arrows. This represen-
tation is a projection of the trajectories in the full 6-dimensional phase space
(three degrees of freedom for each particle). In Fig. 8.6, we clearly observe
that the configuration of the particles next to each other, i.e. x1 = x2, with
y2 = −y1 ≈W/4 is a stable fixed point. When the particle are close enough,
i.e., initial separation 0 ≤ x2(0)− x1(0) ≤ 4H, the pair will attain this fixed
configuration. For initial separation x2(0) − x1(0) ≥ 6H, the particles will
move behind each other in the center of the channel due to the side wall
interactions. Once in the center, they repel each other (weakly) as we have
seen in the previous section, which is indicated by the dotted black line. The
transition between these two regimes is at x2(0) − x1(0) = 5H, for which
the particles come too close together to be accurately resolved by our cal-
culations. The motion of a pair of dimers for different initial positions are
shown in the animations (see Appendix 8.A).

Similar behaviour is observed for trimer particles, as shown in Fig. 8.7.
For initial separations, 0 ≤ x2(0)−x1(0) ≤ 4H, the particles attain the stable
configuration x1 = x2 and y2 = −y1 ≈ W/4. For x2(0) − x1(0) ≥ 7H, the
particles move quickly behind each other in the center, after which they will
(weakly) attract each other, as indicated by the dotted black lines. Finally,
the transition happens at 5H ≤ x2(0) − x1(0) ≤ 6H, where the particles
first approach each other closely and perform a complicated and apparent
chaotic motion, to finally arrive in the center of the channel behind each
other. The motion of a pair of trimers with x2(0) − x1(0) = 6H is also
shown in the animations (see Appendix 8.A). Also here, more research is
needed to understand the nature of these interactions and the transition
between the two attractors.

8.3.3 More than two particles

Finally, let us consider the interaction between more than two particles.
We have seen in Fig. 8.4 that a pair of trimer particles in the center of
the channel attract each other. If these hydrodynamic interaction are pair-
wise additive, a third trimer particle would be attracted to the pair as well.
However, we find this not to be the case, as we can observe from an ex-
ample trajectory shown in Fig. 8.8a. There, we find that a trimer initially
approaches a pair of trimers in front of it. However, when it comes close
enough, the furthest trimer is repelled while the middle trimer now forms a
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0 1 2 3 4 5 6 7 8 9

Figure 8.6: Projected phase space trajectories of pairs of dimers with R1/R2 = 2,
with varying initial positions. The initial separation x2(0) − x1(0) is
indicated by the color coding of the lines, while the initial y-position
is given by y1(0) = −3H = −0.18W, y2(0) = 0.18W . The direction of
time along the curves is indicated by the arrows. The black dotted lines
indicate that aligned dimer particles in the center of the channel repel
each other, as observed from Fig. 8.2.
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0 1 2 3 4 5 6 7 8 9

Figure 8.7: Projected phase space trajectories of pairs of trimer particles with
R2/R1 = 1.5 and φ = 50◦, with varying initial positions. The initial
separation x2(0) − x1(0) is indicated by the color coding of the lines,
while the initial y-position is given by y1(0) = −3H = −0.18W, y2(0) =
0.18W . The direction of time along the curves is indicated by the ar-
rows. The black dotted lines indicate that aligned trimer particles in
the center of the channel attract each other, as observed from Fig. 8.4.
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Figure 8.8: Example trajectories for a system of three (a), four (b) and six (c)
trimer particles in the center of the channel. The different lines show
the distance of each particle to the common center of mass of the N
particles. Here, R2/R1 = 1.5 and φ = 50◦.

pair with the first trimer, resembling the so-called ‘Newton’s cradle’.1

This behaviour is also observed for systems with even more particles, as is
shown in Fig. 8.8b for four particles and in Fig.8.8c for six particles. In both
cases, we see pair formation and breakup upon approaching of another par-
ticle. Moreover, this collective motion of pair formation and breakup is seen
in the animations for 3 and 6 particles (Appendix 8.A).While more research
is need to understand the precise mechanism behind this pair formation and
breakup, we point out that similar behaviour is observed in systems of water
droplets confined in oil-filled channels [36, 199].

Finally, let us mention that our calculational framework may be applied
to systems with an even larger number of particles, albeit at the expense of
more calculation time. However, note that while the number of components
of the resistance tensorRαβ grows quadratically with the number of particles
N , the limiting factor at each time step is the finite elements calculation of
the flow field solution, of which N (for each column of R) are required at
each time stap. Therefore, the calculation time scales linear in N , which is
rather special for many-particle simulations.2

1Recall that since these systems are over-damped, there is no momentum transfer between
the particles, making the resemblance only a visual one.

2This does not take into account the fact that introducing more particles also introduces
more regions where the finite-elements mesh should be chosen finer, thus leading to
more mesh elements and a longer computation time.
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8.4 Summary and Outlook

In summary, we have generalized the combined theoretical and numerical
framework of Chapter 6 to systems of multiple particles confined in Hele-
Shaw channels that perform quasi-two-dimensional motion and interact hy-
drodynamically. With this framework at hand, we have considered a few
cases of many-particle systems and shown preliminary results.

Specifically, we have applied this method to study the pair interaction
of aligned and centered dimer and trimer particles. We found a pair of
dimers to have a repulsive interaction, where this interaction scales as the
inverse eighth power of the separation for large channel widths, while it is
exponentially suppressed for channel widths comparable to the particle size.
Moreover, we find pairs of trimer particles to have an attractive interaction.
When extended to more than two particles, we observed that the hydrody-
namic interactions are not pairwise additive, since the interaction between
two trimers switches sign depending on the position of a third, a clear man-
ifestation of the many-body character of hydrodynamic interactions.

This method is very general and opens the door to future studies of many-
particle systems in Hele-Shaw channels, which prove to be an excellent model
system to study many-body hydrodynamic effects and collective particle
behaviour under the influence of hydrodynamic interactions.

8.A Supplementary material: animations

Animations that support this Chapter, as well as descriptions of these ani-
mations, can be found at http://web.science.uu.nl/itf/brambet.htm.
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Outlook

Four years seem like an eternity when you start as a PhD candidate, which
is frightening but comforting at the same time, because there is plenty of
time to really get to the bottom of the topics under investigation. Four years
later, however, you finish with a thesis full of results, but many more open
questions that follow from these results. Let us discuss here very briefly what
directions of research could be pursued on the basis of this thesis. In fact, a
significant part of the research described in this thesis is concerned with the
development of methodology, both theoretical and numerical, which gives
rise to a number of direct applications in future studies.

In Chapter 3, we have developed a numerical model to calculate the rigid
body resistance tensor R of colloidal particles of any shape, both accu-
rately and at low computational cost. As already mentioned in Chapter 3,
knowledge of this tensor is essential when performing Brownian dynamics
simulations, as it determines both the strength of the random Brownian
forces and the (angular) velocity response to these random forces. Systems
of anisotropic colloidal particles may exhibit rich phase behaviour (see for
example Ref. [76]), while the connection between the microscopic shape of
the building blocks and the emergent macroscopic of different phases is well-
studied but not yet fully understood [57, 73]. Moreover, one could approach
such systems using dynamical density functional theory, where knowledge
of the resistance tensor is required [214, 215]. Finally, we have seen in
Chapter 5 that chemically self-propelled particles may be investigated via a
description of effective propulsion forces, where the shape-dependent resis-
tance tensor R determines the self-propulsion (angular) velocity as a result
of these effective forces. Moreover, in simulation studies of large collections
of self-propelled particles, the equations of motion for each particle (based
on a Langevin equation) are often augmented with a constant self-propulsion
force [27]. In the case of an anisotropic self-propelled particle, the response
of the (angular) velocity to the self-propulsion force is determined by the
(inverse) resistance tensor. Our research described in Chapter 3 may con-
tribute to future research in any of these directions, as the results of Chapter
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5 exemplify.
At the end of Chapter 3, we have extended our bead-shell model to in-

corporate the hydrodynamic interactions between a collection of particles,
which is combined in Chapter 4 with general equations of motion for a gen-
eral rigid-compnent microswimmer. From this framework, quantities such as
the swimming velocity, power, and efficiency are extracted. While we have
applied this in Chapter 4 to two examples, namely the very simple three-
body swimmer and a more complicated E. coli-inspired swimmer, our gen-
eral framework may be applied to microswimmers of any shape. Moreover,
the computational speed of the numerical method allows for a combination
with optimization schemes such as genetic algorithms, where the swimming
efficiency serves as the fitness function [207].

In the second part of the thesis, we have studied the motion of anisotropic
particles in Hele-Shaw channels, using a combined theoretical and numerical
framework that we have developed in Chapter 6 and generalized to multi-
ple particles in Chapter 8. For isolated particles, the motion is understood
from an interplay between the imposed external flow and friction from the
confining walls, while the possible trajectories may be classified using the
symmetry considerations and analytic solutions of Chapter 7. However, as
we have already seen in Chapter 7, side-wall interactions may drastically
complicate the motion, such that more elaborate theoretical arguments are
needed to describe this motion. This holds even more true for systems of mul-
tiple particles, for which we have presented (preliminary) results in Chapter
8. While we are able to calculate the particle motions and characterize the
interactions, a deeper physical understanding of the origin of these (many-
body) interactions remains to be developed, especially if one wishes to study
the collective behaviour of a larger number of these particles [36]. However,
one may expect this to be within reach, as details of all the hydrodynamic
fields, i.e., pressure and flow field, are at our disposal from the numerical
solutions. Moreover, since the preliminary experimental results of Chapter
6 show excellent agreement with our calculations, a better understanding of
the system is expected to be developed in the near future.

Finally, this thesis bundles a fair amount of knowledge about low-Reynolds
number hydrodynamics, from old and standard hydrodynamic literature to
newly formulated formalisms and results. This may inspire or benefit other
researchers in their work, quite possibly in directions not yet foreseen in this
outlook.
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G. Volpe, H. Löwen, and C. Bechinger, Physical Review Letters 110,
198302 (2013).

[154] W. Wang, W. Duan, S. Ahmed, A. Sen, and T. E. Mallouk, Accounts
of chemical research 48, 1938 (2015).

[155] E. Lauga, W. R. DiLuzio, G. M. Whitesides, and H. A. Stone, Bio-
physical journal 90, 400 (2006).

[156] K. Drescher, K. C. Leptos, I. Tuval, T. Ishikawa, T. J. Pedley, and
R. E. Goldstein, Physical Review Letters 102, 168101 (2009).

[157] L. Qin, M. J. Banholzer, X. Xu, L. Huang, and C. A. Mirkin, Journal
of the American Chemical Society 129, 14870 (2007).

[158] Y. Wang, S.-t. Fei, Y.-M. Byun, P. E. Lammert, V. H. Crespi, A. Sen,
and T. E. Mallouk, Journal of the American Chemical Society 131,
9926 (2009).

[159] S. Ebbens, R. A. Jones, A. J. Ryan, R. Golestanian, and J. R. Howse,
Physical Review E 82, 015304 (2010).

[160] A. Boymelgreen, G. Yossifon, S. Park, and T. Miloh, Physical Review
E 89, 011003 (2014).

[161] L. Zhang, J. J. Abbott, L. Dong, B. E. Kratochvil, D. Bell, and B. J.
Nelson, Applied Physics Letters 94, 064107 (2009).

209

http://dx.doi.org/ http://dx.doi.org/10.1063/1.3079655


Bibliography

[162] O. S. Pak, W. Gao, J. Wang, and E. Lauga, Soft Matter 7, 8169
(2011).

[163] W. Gao, S. Sattayasamitsathit, K. M. Manesh, D. Weihs, and
J. Wang, Journal of the American Chemical Society 132, 14403 (2010).

[164] W. Gao, X. Feng, A. Pei, C. R. Kane, R. Tam, C. Hennessy, and
J. Wang, Nano letters 14, 305 (2013).

[165] R. Soto and R. Golestanian, Physical Review E 91, 052304 (2015).

[166] F. Li, D. P. Josephson, and A. Stein, Angewandte Chemie Interna-
tional Edition 50, 360 (2011).

[167] H. R. Vutukuri, A. F. Demirörs, B. Peng, P. D. van Oostrum, A. Imhof,
and A. van Blaaderen, Angewandte Chemie 124, 11411 (2012).

[168] E. Duguet, A. Désert, A. Perro, and S. Ravaine, Chemical Society
Reviews 40, 941 (2011).

[169] B. Peng, H. R. Vutukuri, A. van Blaaderen, and A. Imhof, Journal of
Materials Chemistry 22, 21893 (2012).

[170] S. L. Biswal and A. P. Gast, Physical Review E 68, 021402 (2003).

[171] J. Byrom, P. Han, M. Savory, and S. L. Biswal, Langmuir 30, 9045
(2014).

[172] S. Gangwal, O. J. Cayre, and O. D. Velev, Langmuir 24, 13312 (2008).

[173] L. M. Ramı́rez, C. A. Michaelis, J. E. Rosado, E. K. Pabón, R. H.
Colby, and D. Velegol, Langmuir 29, 10340 (2013).

[174] A. Yethiraj, Soft Matter 3, 1099 (2007).

[175] R. J. Hunter, Foundations of colloid science (Oxford University Press,
2001).

[176] H. R. Vutukuri, J. Stiefelhagen, T. Vissers, A. Imhof, and A. van
Blaaderen, Advanced Materials 24, 412 (2012).

[177] J.-S. Song, F. Tronc, and M. A. Winnik, Journal of the American
Chemical Society 126, 6562 (2004).

210



Bibliography

[178] S. Ebbens, D. Gregory, G. Dunderdale, J. Howse, Y. Ibrahim, T. Liv-
erpool, and R. Golestanian, EPL (Europhysics Letters) 106, 58003
(2014).

[179] A. Brown and W. Poon, Soft matter 10, 4016 (2014).

[180] S. S. Rogers, T. A. Waigh, X. Zhao, and J. R. Lu, Physical Biology
4, 220 (2007).

[181] J. L. Anderson, Annual review of fluid mechanics 21, 61 (1989).

[182] S. Ebbens, M.-H. Tu, J. R. Howse, and R. Golestanian, Physical
Review E 85, 020401 (2012).

[183] R. Golestanian, T. B. Liverpool, and A. Ajdari, Physical review letters
94, 220801 (2005).

[184] R. Golestanian, T. Liverpool, and A. Ajdari, New Journal of Physics
9, 126 (2007).

[185] M. N. Popescu, S. Dietrich, M. Tasinkevych, and J. Ralston, The
European Physical Journal E: Soft Matter and Biological Physics 31,
351 (2010).

[186] H. A. Stone and A. D. Samuel, Physical Review Letters 77, 4102
(1996).

[187] D. Papavassiliou and G. P. Alexander, EPL (Europhysics Letters) 110,
44001 (2015).

[188] W. E. Uspal, H. B. Eral, and P. S. Doyle, Nature communications 4
(2013).

[189] J. Oakey, R. W. Applegate Jr, E. Arellano, D. D. Carlo, S. W. Graves,
and M. Toner, Analytical chemistry 82, 3862 (2010).

[190] L. Wang, L. A. Flanagan, N. L. Jeon, E. Monuki, and A. P. Lee, Lab
on a Chip 7, 1114 (2007).

[191] D. R. Gossett, W. M. Weaver, A. J. Mach, S. C. Hur, H. T. K. Tse,
W. Lee, H. Amini, and D. Di Carlo, Analytical and bioanalytical
chemistry 397, 3249 (2010).

211



Bibliography

[192] X. Xuan, J. Zhu, and C. Church, Microfluidics and nanofluidics 9, 1
(2010).

[193] H. Jeon, Y. Kim, and G. Lim, Scientific reports 6 (2016).

[194] P. Sajeesh and A. K. Sen, Microfluidics and nanofluidics 17, 1 (2014).

[195] N. Pamme, Lab on a Chip 7, 1644 (2007).

[196] K. K. Zeming, S. Ranjan, and Y. Zhang, Nature communications 4,
1625 (2013).

[197] W. Li, S. Yan, R. Sluyter, N.-T. Nguyen, J. Zhang, and G. Alici,
Scientific Reports (2014).

[198] M. Masaeli, E. Sollier, H. Amini, W. Mao, K. Camacho, N. Doshi,
S. Mitragotri, A. Alexeev, and D. Di Carlo, Physical Review X 2,
031017 (2012).

[199] T. Beatus, R. H. Bar-Ziv, and T. Tlusty, Physics reports 516, 103
(2012).

[200] B. Shen, M. Leman, M. Reyssat, and P. Tabeling, Experiments in
Fluids 55, 1728 (2014).

[201] W. E. Uspal and P. S. Doyle, Physical Review E 85, 016325 (2012).

[202] H. Berthet, M. Fermigier, and A. Lindner, Physics of Fluids 25,
103601 (2013).

[203] D. Dendukuri, D. C. Pregibon, J. Collins, T. A. Hatton, and P. S.
Doyle, Nature materials 5, 365 (2006).

[204] D. Halpern and T. W. Secomb, Journal of Fluid Mechanics 231, 545
(1991).

[205] M. E. Staben, A. Z. Zinchenko, and R. H. Davis, physics of fluids 15,
1711 (2003).

[206] C. Pozrikidis, Journal of Fluid Mechanics 261, 199 (1994).

[207] P. Charbonneau, NCAR Technical Note , 74 (2002).

212



Bibliography

[208] J. F. Brady and G. Bossis, Annual review of fluid mechanics 20, 111
(1988).

[209] A. J. Banchio and J. F. Brady, The Journal of chemical physics 118,
10323 (2003).
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Samenvatting

Dit proefschrift gaat, zoals de oplettende lezer waarschijnlijk al had opge-
merkt aan de hand van de titel, over zwemmen en surfen. Hoewel beide
activiteiten vrij gebruikelijk zijn bij een doorsnee strandvakantie, vindt het
zwemmen en surfen in deze thesis plaats op de microschaal: het wordt uit-
gevoerd door deeltjes die ongeveer een micrometer1 groot zijn, de afmeting
van een bacterie. Het blijkt dat zwemmen en surfen op die kleine schaal
nogal anders werkt dan op mensenschaal!

Hydrodynamica en het Reynolds-getal

Zoals iedereen weet, gebeurt zwemmen (en surfen) altijd in een vloeistof2,
meestal water. De tak van natuurkunde die vloeistoffen in beweging bestu-
deert, heet hydrodynamica, en draait eigenlijk om één enkele vergelijking: de
Navier-Stokes-vergelijking, vernoemd naar twee heren die deze vergelijking
in de 19e eeuw (los van elkaar) hebben bedacht. Met deze vergelijking zijn
bijna alle vloeistofstromen te beschrijven, van het water in het zwembad tot
de stroop op je pannenkoek. Aan de andere kant is het ook een hele moeilijke
vergelijking, zelfs zo moeilijk dat het Clay Mathematics Institute in het jaar
2000 een beloning van een miljoen dollar heeft uitgeloofd voor degene die
wiskundig bewijst dat er altijd een oplossing bestaat voor deze vergelijking.

Toch kan deze vergelijking in sommige gevallen worden versimpeld. In
essentie is de Navier-Stokes-vergelijking een balans tussen twee eigenschap-
pen van de vloeistof: traagheid en wrijving. Traagheid ervaren we in het
dagelijks leven als we van achter naar voren door de bus vliegen wanneer de
buschauffeur abrupt remt. Ook zorgt de traagheid ervoor dat de koffie in een
kopje nog even doordraait nadat we stoppen met roeren. Wrijving ervaren
we zelf ook in het zwembad: probeer maar eens rechtop over de bodem van
het zwembad te lopen! Welke van deze twee effecten belangrijk is, hangt

1Een micrometer is een duizendste van een millimeter.
2Tenzij je Dagobert Duck heet.
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af van het systeem dat we beschrijven, en wordt gekarakteriseerd door het
Reynolds-getal. Dit getal is grofweg de verhouding tussen de grootte van het
systeem en de stroperigheid van de vloeistof. Het is zoiets als de BMI3 van
onze vloeistof: zoals mensen met een hoog BMI gemiddeld misschien wat
trager lopen, is het effect van traagheid belangrijk in een systeem met een
hoog Reynolds-getal. Maar waneer is dit Reynolds-getal klein? De BMI is
klein wanneer iemand een laag gewicht heeft of een grote lengte. Vergelijk-
baar geldt ook dat het Reynolds-getal klein is wanneer het systeem klein is,
of de vloeistof stroperig.

Wanneer het Reynolds-getal heel erg klein is, dan kunnen we het effect
van de traagheid zelfs verwaarlozen ten opzichte van het effect van wrijving.
We strepen dan een aantal termen weg uit de Navier-Stokes-vergelijking
en houden de zogenaamde Stokes-vergelijking4 over. Hoewel deze Stokes-
vergelijking een stuk eenvoudiger is dan zijn voorganger5, zijn zelfs van deze
vergelijking maar weinig exacte oplossingen bekend: enkel de vloeistofstro-
men om een bolvormig object en de wrijving op de bol die daaruit volgt,
zijn met pen en papier te berekenen. Maar wat als we de wrijving op een
ander object willen uitrekenen? De afgelopen jaren is er veel vooruitgang
geboekt op het gebied van de synthese van niet-bolvormige deeltjes op mi-
crometerschaal, die allerlei interessante eigenschappen vertonen wanneer je
er veel van bij elkaar in een buisje stopt.6 Om de beweging van deze deel-
tjes goed te kunnen beschrijven is kennis nodig van de vloeistofwrijving op
deze kleine deeltjes, maar zoals gezegd zijn hier geen oplossingen voor. Dit
probleem pakken we aan in hoofdstuk 3, waar we een computermodel ont-
wikkelen om deze wrijving uit te rekenen voor deeltjes van elke denkbare
(drie-dimensionale) vorm.7

3De BMI, oftewel Body Mass Index, is de verhouding tussen het lichaamsgewicht en het
kwadraat van de lichaamslengte.

4Blijkbaar mag Navier niet meer meedoen als we traagheid verwaarlozen.
5Het blijkt dat de termen die traagheid beschrijven in de Navier-Stokes vergelijking vooral

voor moeilijkheden zorgen.
6Ze kunnen bijvoorbeeld allerlei verschillende kristalstructuren aannemen, afhankelijk

van de vorm van deze kleine bouwstenen.
7Hoofdstuk 1 en 2 vormen de introductie van deze thesis en bevatten geen resultaten die

in deze samenvatting ter sprake komen.
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Zwemmen met Stokes

De meesten van ons leren al zwemmen wanneer we nog klein zijn. Maar we-
ten we ook hoe zwemmen werkt wanneer je echt klein bent, zo klein als een
bacterie? Zoals al aangekondigd, werkt dit nogal anders dan het zwemmen
op mensenschaal. Maar waarom zijn we eigenlijk gëınteresseerd in zwem-
men op microschaal? Recentelijk is er veel interesse ontstaan in het ge-
bruik van microzwemmers voor medische toepassingen. Stel je bijvoorbeeld
voor dat er ergens in je lichaam een tumor aanwezig is. Een behandeling
waarbij het geneesmiddel precies op de juiste plek wordt afgeleverd door
een microzwemmer (een kleine robot), is vanzelfsprekend veel minder belas-
tend en verwoestend voor een patient dan een operatie of een behandeling
waarbij het geneesmiddel overal in het lichaam terechtkomt. Ook zouden
microzwemmers kunnen helpen bij de bevruchting, door deze bijvoorbeeld
te koppelen aan niet-zwemmende spermacellen en hen te begeleiden in de
zwemtocht naar de eicel. Maar voor we zover zijn hebben we meer kennis
nodig van zwemmen op micrometerschaal en in het bijzonder hoe dit efficient
kan gebeuren. Het zou natuurlijk jammer zijn als deze zwemmer halverwege
zonder brandstof tot stilstand zou komen!

Zoals we hierboven gezien hebben, geldt dat de vloeistofstromen rondom
zo’n kleine zwemmer gekarakteriseerd worden door een heel klein Reynolds-
getal. Als gevolg daarvan is de traagheid voor kleine zwemmers compleet
te verwaarlozen en domineert de wrijving. Ter vergelijking: wanneer wij
zouden zwemmen in een vloeistof met het zelfde Reynolds-getal als bij een
bacterie die door water zwemt, dan zouden we het zwembad moeten vullen
met een vloeistof die zo stroperig is dat we na 0.1 millimeter tot stilstand
komen als we erin zouden duiken!

Om erachter te komen wat een klein Reynolds-getal voor gevolgen heeft
voor een willekeurige zwemmer op kleine schaal, kijken we eerst naar het
effect hiervan op het zwemmen van een schelp van micrometer grootte. Een
normale schelp kan zwemmen door langzaam open te gaan en snel dicht te
klappen. Echter, onze microschelp is zo klein dat hij geen traagheid heeft.
Hij kan vooruitgaan door dicht te klappen, maar staat meteen stil zodra hij
dicht is. Bij het open klappen gaat de schelp weer even ver terug als hij
zo-even heen ging. Deze microschelp heeft dus pech: hij komt niet vooruit.
Dit geeft ons de gouden regel van het microzwemmen, ook wel het schelp
theorema genoemd: als je wilt zwemmen op microschaal, moet je minder
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simpel zijn dan een schelp.

Hier doen we onderzoek naar in hoofdstuk 4, waar we onder meer onder-
zoeken wat voor invloed de vorm van een zwemmer (en zijn staart) heeft op
de zwem-efficiëntie. We gebruiken hiervoor het computermodel wat we in
hoofdstuk 3 hebben ontwikkeld. Hiermee onderzoeken we enerzijds simpele
zwem-modellen die net complex genoeg zijn om de schelp-stelling te omzeilen
en anderzijds complexere modellen waarvoor we inspiratie hebben opgedaan
bij al bestaande microzwemmers: bacteriën. Tussen al deze zwemmers zoe-
ken we de meeste efficiënte vorm om te zwemmen, waarbij we dus in wezen
zwemwedstrijden op micrometerschaal in de computer organiseren: de ‘50
micrometer vrije slag’.

In hoofdstuk 5 onderzoeken we een ander type microzwemmer: niet één
die een zwemslag uitvoert, maar eentje die wordt voortgestuwd doormiddel
van een chemische reactie op zijn oppervlak. Deze zwemmende deeltjes zijn
een soort kralenkettingen van bolletjes van micrometer grootte, waarbij de
helft van ieder bolletje bedekt is met een dun laagje platinum.8 Wanneer
dit platinum in contact komt met waterstofperoxide, vindt er een chemische
reactie plaats, met als gevolg dat er vloeistof stromen gecreëerd worden die
het deeltje in beweging brengen. Wanneer de kralenketting flexibel wordt
gemaakt, maakt dit deeltje een beweging die sterkt lijkt op de zwembeweging
van de flagel (een soort staart) van bepaalde bacteriën. In hoofdstuk 5
onderzoeken we de beweging van deze zwemmers, en met name de invloed
van de vorm van de ‘kralenketting’ op deze beweging, en kunnen daarmee
de observaties in het experiment tot op zekere hoogte verklaren.

Surfen met Brinkman

Het tweede deel van deze thesis gaat over surfen. De meeste van ons zul-
len surfen kennen als het glijden over water, staande op een plank, van een
golf naar beneden of geduwd door de wind. Het surfen dat wordt onder-
zocht in deze thesis wordt uitgevoerd door kleine deeltjes van micrometer
grootte, en vindt plaats doordat deze deeltjes mee worden gevoerd door een
stroming in kleine kanaaltjes. Afhankelijk van de vorm van deze deeltjes
maken ze verschillende banen of komen ze op verschillende plekken in het

8De experimenten aan deze kralenketting-deeltjes zijn gedaan aan de Radboud Universi-
teit Nijmegen
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kanaal terecht. Chips met zulke kleine kanaaltjes worden veel gebruikt voor
analysedoeleinden, bijvoorbeeld voor DNA onderzoek of het karakteriseren
van cellen in een vloeistof. Wanneer we goede controle hebben over waar
deeltjes in het kanaal terecht komen, door middel van het variëren van hun
vorm, kan dit bijvoorbeeld gebruikt worden bij het scheiden van vloeistoffen
of het schoonmaken van de wanden van het kanaal.

In hoofdstuk 6 ontwikkelen en combineren we een theoretisch en numeriek
raamwerk (computermodel), dat de beweging van deeltjes in zo’n kanaal kan
berekenen. Omdat dit kanaal en de deeltjes erin van micrometer grootte zijn,
wordt de vloeistofstroom in het kanaal beschreven door de Stokes vergelij-
king, die we hierboven al zijn tegengekomen. Het speciale van deze situatie is
dat de kanaaltjes heel ‘ondiep’ zijn: de deeltjes in het kanaal zijn bijna net zo
groot als de hoogte van het kanaal; zulke kanaaltjes heten Hele-Shaw kanalen.
Hierdoor kunnen we net doen alsof het kanaal eigenlijk twee-dimensionaal
is, met als gevolg dat de vloeistofstroom niet meer door de Stokes verge-
lijking, maar door de zogenaamde Brinkman vergelijking wordt beschreven.
Het oplossen (met de computer) van de twee-dimensionale vloeistofstromen
gaat veel sneller dan het oplossen van drie-dimensionale vloeistofstromen: 10
seconden voor 2D tegenover 20 minuten voor 3D. Deze snelheid gebruiken
we om de volledige beweging van het deeltje in de tijd te kunnen oplossen.
In hoofdstuk 6 passen we dit toe op halter-vormige deeltjes, die bestaan uit
een grote en een kleine schijf, en die zichzelf oriënteren in de stroom met
de grote schijf achter. Vervolgens werken we in hoofdstuk 6 samen met een
experimentele groep van de TU Delft, die deze deeltjes kunnen synthetise-
ren in het laboratorium. De beweging die zij meten blijkt perfect overeen te
komen met de resultaten van onze berekeningen.

In hoofdstuk 7 bouwen we voort op hoofdstuk 6, door analytische oplos-
singen te vinden voor de beweging van de deeltjes in Hele-Shaw kanalen. Op
basis van symmetrie-eigenschappen van een deeltje leiden we verschillende
oplossingen af, die we gebruiken om de mogelijke banen in het kanaal te
classificeren. Aan de hand hiervan geven we een aantal ‘ontwerp-richtlijnen’
voor de deeltjes, afhankelijk van de beoogde eind-positie in het kanaal.

Tenslotte beschouwen we in hoofdstuk 8 meerdere deeltjes tegelijk in een
Hele-Shaw kanaal. Eerst breiden we ons theoretische en numerieke raam-
werk uit om de banen van meerdere deeltjes tegelijk te kunnen berekenen.
Dit passen we vervolgens toe op paren van identieke deeltjes, waarbij we de
invloed van de vorm van de deeltjes op de paarsgewijze interactie onderzoe-
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ken. Tenslotte voegen we meer deeltjes toe, waarbij we complex collectief
gedrag observeren wat nog nader onderzocht dient te worden.

Vooruitblik

Een groot deel van het onderzoek dat in deze thesis beschreven wordt, is
gericht op het ontwikkelen van methodiek, zowel theoretische als computer-
modellen. Alhoewel we dit in de verschillende hoofdstukken al toepassen op
allerlei voorbeelden, kunnen onze methoden in de toekomst gebruikt worden
voor verder onderzoek. Zo zou onze methode van hoofdstuk 4 bijvoorbeeld
gebruikt kunnen worden om de meest efficiënte zwemmer voor bepaalde
medische doeleinden te ontwikkelen, of kan een Hele-Shaw kanaal volledig
schoongemaakt worden door een perfecte controle van de baan van deeltjes
in dit kanaal. Welke kant het onderzoek ook op gaat, we hopen dat de re-
sultaten van deze thesis, zowel de ontwikkelde methoden als de verkregen
inzichten, een wezenlijke bijdrage zullen leveren aan toekomstig onderzoek.

Animaties en filmpjes

Het onderzoek dat in deze thesis beschreven wordt, gaat met name over
deeltjes die, zwemmend of surfend, complexe bewegingen vertonen. In de
afgelopen jaren zijn we ervan overtuigd geraakt dat visuele representatie van
dit onderzoek een voordeel oplevert voor zowel de onderzoekers als de lezers.
Daarom zijn er bij deze thesis een aantal video’s en animaties beschikbaar
gemaakt, die de lezer helpen een voorstelling te maken van het onderzoek
dat beschreven is in hoofdstuk 4-8. Dit materiaal kan gevonden worden op
de pagina http://web.science.uu.nl/itf/brambet.htm. Tenslotte kun
je ook een idee krijgen van de beweging van deze deeltjes door snel door de
thesis te bladeren en goed op de figuurtjes bij de paginanummers te letten!
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