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Abstract

The N-continued fraction expansion is a generalization of the regular continued fraction expansion,
where the digits 1 in the numerators are replaced by the natural number N. Each real number has
uncountably many expansions of this form. In this article we focus on the case N = 2, and we consider
a random algorithm that generates all such expansions. This is done by viewing the random system as
a dynamical system, and then using tools from ergodic theory to analyse these expansions. In particular,
we use a recent Theorem of Inoue (2012) to prove the existence of an invariant measure of product type
whose marginal in the second coordinate is absolutely continuous with respect to Lebesgue measure. Also
some dynamical properties of the system are shown and the asymptotic behaviour of such expansions is
investigated. Furthermore, we show that the theory can be extended to the random 3-continued fraction

expansion.
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1. Introduction

In 2008 Burger et al. introduced in [4] the N-continued fraction expansion. Given an x € R
and an N > 1 they showed that x can be represented in the following way:

N
x=do+ ———x— ey

dy +
N
dy +

where the digits d; € N. Anselm and Weintraub showed in [2] that every x € R has in
fact infinitely many such expansions. Dajani et al. obtained in [7] the N-continued fraction
expansions from transformations of the form

N N N

——{—J+i ifxe(o,, }

X X i+1
N

Sy.i(x)=4{ N N , 2
W) ——{—J ifxe<_ ,N} @
X X i+1
0 ifx=20
where N € Nandi € {0,1,..., N — 1}. Approaching the N-continued fraction expansions as

a dynamical system Dajani et al. showed that the result obtained in [2] is immediate. They also
gave invariant measures for several transformations generating N-expansions.

In this paper we will consider N-continued fraction expansions generated by a random
dynamical system. A random dynamical system consists of a family of transformations on a
state space and a probability distribution on the family of transformations. For each iterate a
transformation of the family is chosen according to the probability distribution. In this paper we
use the family of transformations {Sy ;,i € {0, 1,..., N — 1}} where Sy ; are given by (2). The
main question is whether we can find an invariant measure for this random system. The existence
of invariant measures for random systems has been studied frequently over the past decades. We
will use a recent theorem of Inoue, [9] to ensure the existence of an invariant measure.

Defining the random dynamical system as a skew product allows one to use results from
ergodic theory in order to gain information about the asymptotic behaviour of the expansions.
This is done in [10] for expansions like (1), where N € {—1, 1}. In [8] more invariant measures
for random B-expansions are obtained by constructing an isomorphism between the skew product
for the random S-expansion and the digit sequences it induces. In this paper we will prove the
existence of an invariant measure for the random transformation generating 2-continued fraction
expansions, so expansions of the form (1) where N = 2. We will use the approach of [10] to
show that an accelerated version of our system has an invariant measure of the form m x pu,
where m is a Bernoulli measure and p is equivalent with the Lebesgue measure. Using standard
techniques, we lift the obtained invariant measure for the accelerated system to an invariant
measure p for the original random system. We will write the random dynamical system as a skew
product to obtain asymptotic properties of expansions like (1) using ergodic theoretic methods.
Constructing an isomorphism between the skew product and the digit sequences obtained from
the random dynamical system, allows us to show the existence of invariant measures which are
singular with respect to the measure p mentioned above.

The paper is organized as follows. In Section 2 we define the random N-continued fraction
transformation. In Section 3, we state the existence theorem of invariant measures for random
transformations given by Inoue in [9], and show how we can apply this theorem to an induced
transformation of the random 2-continued fraction transformation. In Section 4 we will define
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Fig. 1. The random 5-continued fraction transformation, violet, blue, green, yellow and orange illustrate the maps
S0, S1, 82, S3, S4 respectively. At each iterate one map is chosen according to some probability distribution.

the random 2-continued fraction transformation as a skew product. Subsequently, we introduce a
skew product for the induced system and show that there exists an invariant product measure
for this skew product which can be lifted to an invariant measure for random 2-continued
fraction transformation. Section 5 shows the ergodicity of the random 2-continued fraction
transformation, and in Section 6 some asymptotic properties are derived as well as the proof
that the random system has finite entropy. In Section 7 we construct an isomorphism with a left
shift to obtain more invariant measures. Finally in Section 8 we show how the theory developed
in this paper can be generalized to the random 3-continued fraction transformation.

2. Random N -continued fraction transformation

Definition 2.1. Let N € N, we define for 0 <i < N — 1 transformations S; : [0, N] — [0, N]

by:
N N N
——{—J—i—i ifxe(O,,—]
X X i+1

Sit0) = E—PJ ifxe(,N ,N], ©
X X i+1

0 ifx =0.

We depicted the case N = 5 in Fig. 1. Note that in the case N = 1 we obtain the regular
continued fraction transformation. The transformation Sy(x) is called the greedy transformation

and the transformation Sy_; the lazy transformation. To each transformation S; we associate
digits d, ;(x) which are defined by

k—1i if x € NN k>i+1
—1i if x — — |, k>
k+1 k

drit¥) =9, ifx e L,ﬁ Ck<i
k+1 &k =

00 ifx =0,
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dni(x) = dy (5! " x).

Using these digits we can write

N
— —dyi(x ifx € (0, N
S; ()C) =175 l,l( ) ( ]
0 ifx =0.
As in the case of regular continued fractions, we can use the transformations S; to obtain an
expansion for x € [0, N]. For ease of notation, when i is fixed we simply write d, = d, ;. Then

LN
dy + SH(x)

In [2] it was noted that the N-continued fraction expansions can be related to the regular

continued fraction expansions in the following way:

1 N

X = - 9

1 N
d, + Nd; + N

dr +

dr +
1 N
Gt ——7 Nds + ———3~
di+ "+ — dy+ .
4+ + a4 4+ kd,
where k = 1 if n is even and k = N if n is odd. Using this equality, it was shown in [2] that
every x has infinitely many expansions of the form

N
x = . 3

N
dy +

d, + -
More precisely if we truncate the expansion at level n the truncations will converge to x as
n — oo. Dajani et al. showed in [7], that if we endow [0, N] with the Borel-o-algebra each
transformation S; has an invariant measure.
We extend these N-continued fraction transformations to a random transformation. Let
{0,1,2,..., N — 1} be the parameter space, and let (po, p1, ..., pnv—1) be a probability vector
on the parameter space, so with probability p; we choose the transformation S;.

Definition 2.2. Let (W, B, v) be a o-finite parameter space and (X, A, u) a state space. Let
X be the interval [0, 1] C R, A the Borel-o-algebra and u the Lebesgue measure. For each
t € WletsS, : [0,1] — [0, 1] be a B measurable and non-singular map, i.e. (S7'(4)) = 0
if u(A) = 0. Let p(¢t,x) : W x [0,1] — [0, co) be a probability density function for each
x €[0,1] so fW p(t, x)dv = 1. Then we define the random transformation S = {S;, p(¢, x)} as
the Markov process with transition probabilities P(x, A) = fw 14(S;(x))v(dt), where 1, is the
indicator function. <

A piecewise monotone random transformation is defined as follows.
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Definition 2.3. Let S = {S;, p(¢, x)} be a random transformation on (W, B, v) x ([0, 1], A, w).
Let A be a countable set of indices and for each t € W, A, C A. For each t € W, {I; }icx,
is a collection of subintervals in [0, 1] such that w ([0, 1]\Uie/1,) = 0and I; N I; = ¥ for all
Jj # i, i,j € A,. For notational reasons we define I;, = @ if i € A\ A, and define ¥} to be
closed and let int(/; ;) denote the interior of /; ,. We assume two conditions for the random map
{8, p(t, %), {L ), t € W}

(1) The restriction of S, to int(/; ;) is C' and monotone for eachi € Aandr € W.
(2) Let S, ; be the restriction of S, to int(/, ;) foreacht € W and i € A. Put

by i(x) = S ifx e S (int(,)
P if x € [0, 11\S, i(int(Z;.))
foreachr € W and i € A. Note that ¢, ;(x) = 0if i € A\A,. We assume that for each

x €[0,1]andi € A, wy ;(t) := ¢;:(x) is a measurable function of ¢.

If {S;, p(t,x),{I;,},t € W]} satisfies the conditions (1) and (2) then we call the system
W ={S;, pt, x), {I; »},t € W} a piecewise monotonic random transformation. ¢

3. Invariant measure in the case N =2

We will use the recent theorem of Inoue [9] to show that there exists an invariant measure for
the case N = 2. An invariant measure for a random transformation is defined as follows.

Definition 3.1. Let S = {S;, p(¢t,x),t € W} be a random system of transformations on
(X, A, ) x (W, B, v) and define

P.u(A) = / / p(t, )14 (S (x))dv(t)d ju(x)
xJw
If P, = w then we call u an invariant measure for the random system S. <

Let Pg : L' — L' be the density of P,(un) with respect to p. Then Pg is the random Perron
Frobenius operator and an invariant density for the transformation S corresponds to a fixed point
of Ps. For random piecewise monotonic transformations we can define the Perron Frobenius
operator explicitly by:

Psf(x) = f Z P, ¢1i () f (@i, ; O, Ginur; ) (X)d . 4)
Wiea
In [9] the existence of invariant measure is shown for piecewise monotonic random trans-
formations satisfying certain conditions (see Theorem 3.2), by showing the existence of a fixed
point of the random Perron Frobenius operator.
Let \/[a’b]f denote the variation of f : [a, b] — R on [a, b], i.e.

\/[a,b] = sup Z I f ) — =) -

a=xp,X1,..., xp=b k=1

The theorem for the existence of invariant measure as stated by Inoue in [9] is the following.
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Theorem 3.2. Let S = {S;, p(t, x), {I; ;}ica : t € W} be a random transformation as defined in
Definition 2.3. Fort € W and x € [0, 1], put

%’ if x € U int(1; ;)

i 5)
0, if x € [0, 1\ | Jint(Z; ).

glt,x) =

Assume the following conditions hold:

(1) sup,cio.1 fw g(t, x)dv(t) < a < 1, i.e. on average the functions S; are expanding.

(2) There exists a constant M such that \/[0,1] g(t, ) < M for almost all t € W, that is, there
exists a v-measurable set Wy C W such that ]W() pt, x)v(dt) = 1 and \/[O,l]g(t, <M
forallt € W,

Then S has an invariant probability measure ., which is absolutely continuous with respect
to the Lebesgue measure. Moreover |1, admits a probability density function h, which is of
bounded variation and satisfies for all A € A:

Mp(A)=// P, x)1a(Si (x)hp(x)dvdA. (6
X Jw

Let us see whether Theorem 3.2 provides the existence of an invariant measure for the
random continued fraction transformation as defined in Section 2. We immediately encounter
two problems. In the first place the random N-continued fraction transformation goes from
[0, N] — [0, N] instead of [0, 1] — [0, 1]. In the second place the N-continued fraction
transformation does not satisfy condition 1 of Theorem 3.2. For example for points x € (v/N, N]
we have

2
/g(t,x)v(dt)=/p(t,x)%v(dt) > 1.

Therefore we need to adjust the random N-continued fraction transformation.
3.1. An invariant measure for the accelerated 2-random continued fraction transformation

We go back to the case N = 2. The random 2-continued fraction transformation is given by
the pair of maps Sy, S; : [0, 2] — [0, 2] defined by

2 |2
L {_J if x € (0,2]
S(): X X
ifx=0
2 2 .
2 (H _ 1) ifx € 0.1] %
X X
12 |2
Si __{_J ifx e (1,2]
X X
0 if x = 0.

We shall refer to Sy as the lower transformation and to S; as the upper transformation. Let
p € (0,1) and let transformation Sy occur with probability p and S; with probability 1 — p,
we then have the random transformation S = {S;, p;,i € {0, 1}} where po = p = 1 — p;.
We start with reducing this transformation to a transformation from [0, 1] — [0, 1]. Note that
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Fig. 2. (a) x after one iteration by S, (b) x after two times applying S.

for x € [0, 1] we have Sy(x) € [0, 1], hence Sy restricted to [0, 1] is already a transformation
from [0, 1] to [0, 1]. On the other hand if x € [0, 1], then S;(x) € (1, 2]. However, on (1, 2]
the transformation Sy and S; coincide, and for x € (1, 2], So(x) = S1(x) € [0, 1]. Therefore,
if we start with the transformation S;, then we can apply the transformation S; once more and
we will always end up in [0, 1]. So modifying the random 2-continued fraction transformation
to a transformation from [0, 1] to [0, 1] comes down to accelerating the transformation when
we choose the upper transformation, see Fig. 2. Therefore we define the accelerated random
2-continued fraction transformation by the pair Ty, 77 : [0, 1] — [0, 1] given by

2 2 )
——{—J ifx € (0, 1]

To(x) =So(x) =y x L~x
0 ifx=0
5 (8)
_— — 1 if x € (0, 1]
Tix) =S 08(x)=SoSix={:—(3]-D o :
0 ifx=0

Let p € (0, 1), then we use transformation T with probability p, so po = p and we use T}
with probability 1 — p, so p; = 1 — p. Endow [0, 1] with the Borel-o-algebra. The existence of
an invariant measure for the random transformation T = {T;, p;, i € {0, 1}} which is absolutely
continuous with the Lebesgue measure follows now by Theorem 3.2.

Proposition 3.3. The random transformation T = {Ty, T1; p, 1 — p} satisfies the conditions
of Theorem 3.2 and therefore has an invariant measure (i, which is absolutely continuous with
respect to the Lebesgue measure.

Proof. We set {lo;} = {l1x} = {(%, 2],k € N}. The derivatives of Ty, T} are given by
"(x) = =2 M) = — 4 2 2 icti

Ty(x) = 5 forx € (0, 1], and T{(x) = =257 forx € (255 7] Therefore, the restriction of

Ty to (k—il, %] is a continuous monotone decreasing function and the restriction of 7} to ( %, %]

is a continuous monotone increasing function, so condition (1) is satisfied. For condition (2)
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note:
g(o,x>=§x2,
(Lx) = =P - 1) forx e (——, 2
)= ——2 —x(k — or x — = .
g 1 k+1 k

Suppose that x = 0, then g(0,0)+g(1,0) =0 < 1. If x € (0, 1] we have g(0, x) < %. Therefore

it is enough to show that g(1, x) < (1 — g) for x € (0, 1]. For x € (k—il, %] we find:

L=r() 24 1)2 Ax)<i=P(r_ 2 ¢ 1)2
—2—- (k- < < - —(k— .
4 k s 4 k+1
Since k > 2 it follows that:

sup (g(0,x)+g(1,x)) <1
x€[0,1]

and condition (1) is satisfied.

Finally, we show that the functions g(i, x) : [0, 1] — R, i € {0, 1} are of bounded variation.
Note \/[Oyl]g(O, Xx) = %. Since g(1, x) is a monotone continuous function on (%, %] for each
k > 2, k € N we find,
4

1—p 16
1x) = -~
Vo =— ;(kﬂ)z e =

[0,1]

Therefore, all conditions of Theorem 3.2 are satisfied. We conclude that there exists a probability
measure (1, on [0, 1] which is absolutely continuous with respect to the Lebesgue measure A,
and has a density function &, that is of bounded variation. Moreover, ), has the property that

1p(A) = pup(Ty ' A) + (1 = p)u,y(T; ' A)
for each Borel measurable set A C [0, 1]. O

In the next Section 4 we will show how we can use the invariant measure of the induced map
to obtain an invariant measure for the original transformation.

4. Dynamical properties of the random 2-continued fraction transformation

We define the 2-continued fraction transformation as a skew product, in this way we de-
randomize the transformation, and therefore obtain the opportunity to apply theorems and
techniques from ergodic theory.

Let So, S; : [0,2] — [0, 2] be as in Eq. (7), o : {0, 1Y — {0, 1}V be the left shift and set
2 = {0, 1}N. We define the transformation R : 2 x [0, 2] — 2 x [0, 2] by

(w, S1(x)) x e (1,2]
R(w, x) = § (0(w), Sy, (x)) x €(0,1]
(0(w), 0) x=0.

Note that for x € (1, 2], Si(x) = So(x). Define the digits of R by
1 x €(1,2]

)
k PR B :0
xe<k+1k] @1

k—1 (22 1
- X PR B w] =
k+1"k !

o0 x=0.

bi(w, x) = &)
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Set b,(w, x) = b1 (R" '(w, x)). Let 7, denote the projection on the second coordinate, then we
can write 7, (R(w, x)) = % — bi(w, x). Denoting b; = b;(w, x), we can write

2 2
I =— = --. =
by + m(R(w, x)) 2
by + 3
by + - >
by m(R (@, X))
Let % = %(a), x) denote the partial fractions obtained by applying the transformation R
n-times, so
" 2
Pn_ . (10)
A
! 2
by + —.. . 5
ty

Using the Moebius transformation in a similar way as for the regular continued fraction

expansions (see [6], chapter 1), we obtain the following recurrence relations:
pP-1 = 1 Po =0 Pn :an—2+bnpn—l» (11)
q-1 = 0 qo = 1 qn = 2%1—2 + ann—]-

Like for the regular continued fraction we can express x with the help of these recurrence
relations,
o = Pt PR, X))
qn + gn-1(T2(R" (@, X)))
We obtain

L & 2n+1

n g%

From the recurrence relations the following proposition holds by induction:

(12)

=

Proposition 4.1. Define g, and p, as above, then g, > 2" and p, > 2""'¥n e N.
Hence using Eq. (12) the following proposition holds.

Proposition 4.2. If x € [0, 1] then lim,_. . ‘x .

= 0. Therefore we can expand x like

by + .
To obtain an invariant measure for R we link this transformation to the accelerated
transformation.
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4.1. The accelerated random 2-continued fraction transformation

Recall the accelerated random 2-continued fraction transformation is the random transforma-
tion {7y, T1, po, p1} where po = p =1 — py, To, T} : [0, 1] — [0, 1] are as given in (8). We
define the skew product K : {2 x [0, 1] — {2 x [0, 1] for the accelerated random 2-continued
fraction transformation by

(o), T,,x)  ifxe(0,1]
K@””‘deﬁf ifx = 0.
Notice that
% | R(w, x) ifw; =0,x €0, 1]
@) =1 R2w.x)  ifw =1.x €0 1]

Let t : 2 x [0, 1] — N denote the first return time defined by

(@, x) =inf{n > 1: R"(w.x) € 2 x [0, 1]}={; EZIT?
1= 1.
Then
K(@,x) = R"“w, x),
2 2

and we see that K is indeed the induced transformation of R. Notice that for x € (m, E]’
k € N, k > 2 we can write Ty(x) = % —k,and T7(x) = 2__ _ 1. Therefore, given (w, x) we

2_(k-1)
have
2 . 2 2
T — ifor=0andx e | ——, —
k + To(x) k+1 k
x = 2 . 2 2 13)
—_——— ifor=1landx e | ——, - |.
k=D + 5w Kbk
We define digits a; by
. 2 2
k ifxe|l——,-|andw; =0
k+1 k
= 2 2
@@ X) =11 ﬂxe(;:az]mszl

00 x=0
ai =ar (K" ' (w,x)).
From Eq. (13) we see that K induces the same expansions as R does. When w; = 0, R and
K generate the same expression, while when @ = 1 the expression generated by K is the same

expression as the one obtained when using R twice. To relate the expansions obtained by K and
R we introduce the variable 7,

n:Nx2x[0,1]—- N

n n—1
. i (14)
i, @, x) =Y Lig=0)(@, X) + 2 Ly —py(@, x) = Y 7(K'(w, x)).
i=1 i=0
Applying K n times gives the same initial block in the expansion as applying R 7 times.
Therefore the partial fractions obtained by applying K n times equals g—?, and hence form a
subsequence of the partial fractions Z—;’ for R.
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A nice property of the transformation K is that with a given block of digits ay, .. ., a,, where
a; € {k,(k—1,1) : k > 2} associated with a point x, corresponds a unique block w; - - - w,
€ {0, 1}" such that for any w € {2 starting with this block, one has d|(w, x) = ay, ..., d,(w, x)

= a,. To be more precise, set

o 0 if a; = k for some k > 2
“=N ifa; = (k—1, 1) for some k > 2,

and denote the cylinder set corresponding to the sequence w; - - - w,, by [w],. Define

Alay, ...,a,) ={x €[0,1]: Vo € [w],, di(w,x) =ay, ..., d,(w,x) = a,}.

it

—=—— where
4i(9rt+q;-1)’

Proposition 4.3. The set A(ay,...,a,) is an interval of length
=30 Lm0y + 2+ Lty = Yo T(K (@, X)) for any o € [o],.

Proof. The proof is similar to the proof for regular continued fractions, see [6]. [

4.2. Invariant measures for R and K

Endow {2 x [0, 1] with the o-algebra o(C x B[O, 1]), where C is the o-algebra generated
by the cylinders on {0, 1Y and B[O, 1] the Borel o -algebra restricted to [0, 1]. Let m,, be the
product measure on C and 1, the invariant measure obtained in Section 3.1 for the accelerated
random 2-continued fraction transformation. We have the following proposition.

Proposition 4.4. The product measure m, x [, is an invariant measure for the map K.

Proof. Let A € o(C x B([0, 1])), such that A = B x [a, b], where
B:{CL)EQI(,()] =i1,...,a)n=in, l'l,...,l'nE{O, 1}}

’%

~s

mpy x wp(K~'A) = pmy(B)u, (T '(la, b)) + (1 — p)m (B, (T, ' ([a, 1))
=m, X up(A).

is a cylinder set. Hence A is in the set of generators of C x B[0, 1]. By Proposition 3.

We conclude m,, x i, is indeed an invariant measure for the map K. [l

Since K is an induced transformation of R we can use standard techniques, see e.g. [12] to
obtain a finite invariant measure p for R defined by,

o0

p(E) = 1 >

fo[o,u Tdmy X jip 0

my X wy({(w,x) € 2 x[0,1]; t(w, x) > n} N R™"(E))

1
- ﬂ[m,, x 1p(2 % [0, 1N E) +m,, x w,y([1] x [0, 11N R™Y(E))].

In the following, we use a similar technique from [10] to show that ., is in fact equivalent with
the Lebesgue measure.
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Proposition 4.5. Let I C [0, 1] be a non-trivial interval. ThenVw € (2, thereisann > 1,n € N
such that (0,1) C (T,,, 0+~ o T, ) I C [0, 1].

Proof. Let J C [0, 1] be a non-trivial open interval, so J = (¢, d), c,d € (0, 1), c < d. First
assume 3k € N such that Z € J. Notice that Ty(2) = 0, so To(J) = (b, 1) U [0, ¢) for some
b, c € (0, 1). Therefore 3k € N such that (%, %] C [0, ¢) and hence (0,1) C T, (Tw1 (J)) C
[0,1]. If w; = 1, then T1(J) = (b, 1] U (0, ¢) for some b, ¢ € (0, 1), since Tl(%) = 1. By the
same reasoning as before (0, 1) C 7,,(7,,(J)) C [0, 1].

Suppose for all £ € N we have % ¢ J.Set Jy =T,,(c,d) = (c1,dy)and J; = T,,(ci—1,di—1)
then it follows by induction that A(J;) > (17(;75))%‘1 —¢) as long as % g Jjforalll < j <i
and k£ € N. Hence the size of the interval grows exponentially and therefore for all J there exists
anneNsuchthat%eJ,, and (0,1)C T, oT, J,. O

W41) U

(n+2)

Recall that if f is a function of bounded variation on 7, then it can be redefined on a countable
set to become a lower semi-continuous function. Moreover if f is lower semicontinuous on
I = [a, b] C R, then it is bounded from below and assumes its minimum value, see [3]. Using
this two statements we can prove the following proposition.

Proposition 4.6. Let h, be the probability density function from Theorem 3.2. Then h, > 0 for
all y € (0, 1).

Proof. Since /1, is a density function of bounded variation we can find an interval / such that
h, > « on I. Using the fact that h, = Prh,, see Section 3, linearity of the Perron Frobenius
operator and P} = Prx, see [9] we can write:

hp(y) = Prnhp(y)
> o Pral;(y)

=a Yy > 1;(x)

(@1 ,...,00)ES XE(Twl o-~oTwn)7l )

Poy " Don
(Tuy0---0T,,) (x)

By Proposition 4.5 we know there exists a n such that 7;,,, o --- o T, (/) = (0, 1) and therefore
there exists an x € [ such that T, o --- o T, (x) = y. We conclude h,(y) > 0 forall y €
O, . O

Using that /1, is of bounded variation the following standard proof shows that /1, is equivalent
with the Lebesgue measure.

Proposition 4.7. The density function h, is bounded from above and away from 0.

Proof. Since [0, 1] is a closed and bounded subset in R and 4, is of bounded variation, &,
is bounded from above. We can redefine /1, on a countable set to get a lower semi-continuous
function. A lower semi-continuous functions attains its minimum on [0,1]. By Proposition 4.6
we see that 1, > 0 on (0, 1). Therefore we are left to show that 4,(1) > 0 and /,(0) > 0. Let
€ > 0 and consider TO_I(I —¢,1). Note that fork > 2,k e N

2 2

L L T -6
1T el -eD
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and

k(( 2 7 2 )): 2e '

1+k 1 —€e+k A+ —-€e+k)

Hence

ﬁ)\((i,#v<x((1—e,1))<(k+1)zk<( 2 , 2 )>.

2 1+k 1—€e+k 2 1+k 1—€e+k
Therefore,

. . 1 !

= ey O

i PPy (=€ D) 4 (L= (T (L — €, 1)
0 AM(1—e, 1)
i Py 7))

0 k+1)? 2 2
- 2 )‘((m’ lfe+k))

 2phy()

o (k+1)2
The case h,(0) > O follows in the same way, choosing (0, €) as starting interval and taking
]imx‘w. O

5. Ergodicity of R and K

To prove that the map K is ergodic we will use the following proposition of Aimino, see [1].

Proposition 5.1 (See [ 1] Proposition 3.1). There exist constants C > 0 and y < 1 such that for
all functions f of bounded variation and all g € L*°(A),
lim

/ Prof - gdp, — fdup/ gdup
=00 1 J0,1] [0,1] [0,1]

Here || fllgy = I Il + \/[O,l]f and ||gllco = Sup,cpo, 17181

=CY"IIf v IIgllco-

Proposition 5.2. The map K is mixing with respect to the measure m, X [ip.

Proof. We define the cylinders as follows:
(@ X Apa = o1, ..., 0n] X Alar, ..., an)a,....5
= {((I),x) W) = ('513 cee, Wy = ajl‘ladl(a)"x) =dai, "'7dn(a)sx) :an}
={@.x) 01 =61, ....0n =0y, x €[ Ty, 00Ty
i=1

1 (15)

2 2
ki+1 ki
Here the k;’s in the last line are the k; associated with q;, i.e. if a; = k; ora; = (k; — 1, 1) we
use in both cases the interval (ﬁ, % . These cylinders form a generating set for the o-algebra
o (C x B[O, 1]). Therefore, to prove that K is mixing it is enough to show that for all cylinders

x (
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Jim (my x 12,)(K ™ (@) X An(@) N [Vl < A(b))

=my, X /J/p([a)]n X An(a))mp X /J/p([v]m X Am(b))

This follows from Proposition 5.1 using the properties of the random and non-random Perron
Frobenius operator which can be found in [3], chapter 4 and [9]. O

Proposition 5.3. The measure p is ergodic with respect to the transformation R.

Proof. Note R™'(£2x [0, 1DUR [0, 1] = £2x [0, 2] so we have p ([ U;oR (2 x [0, 1])) =1
and by standard result of ergodic theory see [3] chapter 3, we conclude that R is ergodic. [l

6. Asymptotic properties

The fact that the measure p is ergodic gives us the possibility to prove some asymptotic
properties of the transformation R. Let g, denote the denominator of the partial fractions as
defined by (10). Then the following proposition holds:

Proposition 6.1. limn_,oo% log g, (w, x) exists p a.e.

Proof. First we show by induction that if % = % denote the partial fractions, then

(@, x) =2q,-1(R(w, x))
for all n € N. By the recursion relations, see Eq. (11), pi(w,x) = 2 and qo(R(w, x)) = 1.
Suppose the result holds true for all n < N then
pr+1(w, x) =2py_1(w, X) + byi1(w, X) prn(w, x)
=4gy2(R(w, x)) + by (R(w, x)) - 2 - gn-1(R(w, X))
= 2gN(R(w, x)).
Using this we can write
I pe@,0) ppi(R@, %) pi(R" (@, %) (1)”"
n(@,x)  gu(®, %) gu1(R(@,x))  q1(R"(w, X))

2

Taking the logarithm and using the ergodicity of R with respect to the measure p, we continue
the proof in the same way as the proof of Paul Levy’s theorem for regular continued fractions.
For example see [6] Chapter 3. [

Let C be the collection of cylinders defined in (15) and let /¢ be the information function with
respect to these cylinders, Ic : X — R, Io = ZAeclA(a), x)log(m, x ,(A)), with respect to
the cylinder C. We write

Ic = log(mp X :up([w]n X An(an)(w9 x))),

where [w], x A,(a,)(w, x) denotes the cylinder set to which (w, x) belongs. Then the following
proposition holds.

Proposition 6.2. limn%oo% log(m, x pp([wl, x Ay(an)(w, x))) exists and is finite m, X up, a.e.
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Proof.
.1 .1
lim —log(m, x uy([wl, x Au(a) (@, x))) = lim —log(m,([w],(w)))
n—oo n n—oo n

1
+ nlinolo ; 10g(ﬂp(Aan)(x))-

Since the left shift is ergodic with respect to m, we can use the Birkhoff ergodic theorem to
calculate the first limit.

n—1
1 1 i i
lim — log(m,([@],(@)) = lim ) "log(p"©1=0" ") 4 log((1 — p)lier=n")
n—-oo n n—-oo n Py

=/Q i, =0y (@) log(p) + 1, =13 (@) log((1 — p))dm,,

=plogp+ (1 — p)log(1 — p).

For the second limit we use cA(Aa,) < w,(Aa,) < Ci(Aay,), and therefore by Proposi-
tion 4.3

.1 .1 .1 2
lim —log(up(Aa,)(x)) = lim —log(A(Aa,)) = lim —log(——— ).
n—o00 n n—o0o 1 n—>oo n qg(qa + Qﬁ—l)

Hence,

li 1 I 2 li ] 1 ( i ) li ] 1 2
im —lo < lim —log{ ——— | < lim —log| —
n—oo n & Zq;% n—0o n & qi(q7 + gi-1) n—oon & Q;%

Note that by the Birkhoff ergodic theorem we get
> (K (@, x))
n

| ) -
lim —log(2") = lim " log(2) = lim log(2) = (2 — p)log?2.
n—oo n n—o00

n—>oo n

We conclude that
1 1
lim —log(up(Aa,)(x)) = (2 — p)log2 — lim ——2log(gi) < oo,
n—-oon n—>o0o n + 1

where in the last step we use Proposition 6.1, and the fact that lim,,_mo% = 2 — p. Therefore,
limn_mo% log(mp x pp([wa] x Ayay)) exists and is finite. [

In order to show that the map R has finite entropy, we will first show with the Shannon—
McMillan-Breiman Theorem, see e.g. [12], that the map K has finite entropy.

Theorem 6.3. For any 0 < p < 1 the transformation K has finite metric entropy under the
measure m, X [Lp.

Proof. Let o = {[w;]1 X Ai(a;), w; € {0, 1}, a; € {k;, (ki — 1, 1) : k; € N}} be the collection of
cylinders of length 1. First we show that cylinders of the form [w]; x A;(a) form a generating
partition. Denoting by k,, the first coordinate of a; we can write

[wigl1 X Ai(aiy) N K (o, 11 x Av(a;) NN K" D([w;, 11 x Ai(a;,))
={(w,x) e 2 x[0,1]:
2 2 2 2

= Wiy, eEl——1 = i»Tw € D
or=ep X G b e = on w0 € Qo

1
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T 2 2]
0 Ty € G )

crpy = a)in,la Twin72

= [a)]n X An(an)-

Since the cylinders of the form [w], x A,(a,) generate o (C x [0, 1]), « is a generating partition.
To apply the Shannon—-McMillan-Breiman theorem we have to check that H(«) < oo:

H(@) = - > my x wy((wl x Ai(@)log(m, x p(lwl x Aya))
[w]] x A} (a),we(0,1},aeN
== Z m ([0l p(A1(a)) log(m ,([w])w,(A1(a)))

[(u]l X Al(a),we{O, l},LlEN

= —plogp — (1 — p)log(l — p) = Y _ up(Aa)log(p,(Aa))
aeN
< OQ.

Were we used in the inequality that by equivalence of the Lebesgue measure we have
ch(Aa)log(ch(Aa)) < p,y(Aa)log u,(Aa) < Cr(Aa)log(Cr(Aa))

and

; Ci(Aa)log(Cr(Aa)) = 2C Z o ])(log(ZC) — log(k) — log(k + 1)) < oo.
We conclude that « has finite entropy and therefore by the Shannon-McMillan—-Breiman
theorem and Proposition 6.2. We conclude that 2(K (w, x)) = B < oo, forsome g € R. [

From the above result it follows directly by Abramov’s formula, see e.g. [12], for the entropy
of an induced function that the entropy of R also exists and is finite. Finally we obtain some
result for the digits of R as defined in Eq. (9).

Proposition 6.4. Let b; be the digits induced by R as defined in (9), then for p — a.e.(w, x) €
2 x [0, 1], we have

1 < lim (by(x, ®), . . ., by(x, @) < 00
n—oo
and
LY b o)
n—o0 n

The proof of the above proposition is the same as for the regular continued fractions and a full
detailed proof is given in [11].

7. More invariant measures

The results obtained for the regular 2-continued fractions are only existence results and
moreover they hold only p almost everywhere. So we do not know anything about the behaviour
of the random 2-continued fraction transformation on the p null-sets. Therefore it is interesting
to look for other invariant measures for the dynamical system ({2 x [0, 1], o(C x B[O, 1]), R).
We do this by constructing a commuting bijection between our space {2 x [0, 2] and NV, the
space where the digits sequences induced by R live. By definition oo is a possible digit, however
this only occurs when the orbit of a point (w, x) is mapped under R to a point whose second
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coordinate is a zero. Although in this case the expansion is finite, but formally the associated
digit sequence ends with a tail of co’s. These points will not be in the support of the measures
that we will construct. To this end, let

McC 2 x][0,2], M ={(w, x) : 1(R"(w, x)) #0Vn € N}.

Define ¥ : M — NN by ¥/(w, x) = (b)(w, x), by(w, x), . ..). We will show that v is indeed an
isomorphism, and that we have the following commuting diagram

M -2 M

ool

Ny 2, NN
where o denotes the left shift. The strategy used in this section uses the same techniques as used
in [8].

Proposition 7.1. Let x € M and let x = with b; € N. Then there exists an w € {2

2
by +

by + .
such that b; = d;(w, x).

To prove the above proposition we will first prove a helpful lemma.

Lemma 7.2. Forall k € N let I, denote the interval (£, 7]. Then,

(1) If x € I we have by = 1.
2) If x € I for k > 2 we have by € {k — 1, k}.

Proof. Since b, € N we have that if x =
by +

then, 0 < x < b—zl <2,s0x € (0,2).

b
For case (1), suppose x € I} = (1,2] and b; > 1, tzhen

_ 2 2 {
X< —mm < — =
— 2 b

2+ 2

by + .
which is a contradiction. We conclude that b; = 1. For case (2), we assume that x € I; and
by < k — 1. Then,
2 2 2
> =-.
2 k=242 &k

X =
k—2+

by + .

So, x & I and hence by > k — 1. Now suppose b; > k, then x < 2

—_— <
— okl —2—

2
=41’ SO X ¢ Ik.

byt -

We conclude b; < k and therefore by € {k — 1,k}. U

We now prove Proposition 7.1.
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Proof. Denote by x,, = ;2 Let [,,(x) be a variable which counts the number of
b, +
buy1 + -
times x; € [0, 1] for I <i < n. We will show by induction that for each x = ; we

by +

by + .
can find w € 2 such that d;(w, x) = b; for all i € N. For the base step, note the following

(1) If x € I; = (1,2] then by Lemma 7.2 we have b; = dj(w,x) = 1 for all € 2. Since
x e(1,2],1(x) =0and [®];, = £2.
(2) If x € I, for k > 2 then we have by Lemma 7.2 that b; € {k — 1, k}.

e If by = k, then we have d|(w, x) = k for all w € [0], so we set w; = 0, [;(x) = 1,
since x € [0, 1] and [w];, = [O].

e If by = k — 1, then for all w € [1] we have d;(w, x) = k — 1 and hence we set w; = 1.
Again [1(x) = 1, since x € [0, 1], and [w];, = [1].

Therefore, we have found a cylinder [w];, such that Yo € [w];, di(w, x) = by, where the
cylinder [w]y = {2. Suppose we have found a cylinder [w];, such that Yo € [w];, we have

(di(w, x), dr(w, x), ...,d,(w, x)) = (b1, by, ...,by,).

Consider x,4; and note that b, 4 is b; for x,+;. If x,41 € [0, 1] we find by the above procedure

a cylinder [@];, ., such that [@];,,, C [w];, and

(di(w, x), dr(w, x), ..., dy(w, x), dpy1(w, X)) = (b1, b2, ..., by, bpy).

n+1

If x,41 € (1,2], then [,y = I, so [w];, = [w];,,, and we do not refine the cylinder. Notice each

time x,, € (1, 2] we know that x,,1 € [0, 1],s0[, > % . Therefore if n — o0, then [, — oo and

[@];,,, C [@];,. Therefore (,[w];, = {w}, for some w € 2. This concludes the lemma. [J

Remark 7.3. The proof of Proposition 7.1 shows that for any continued fraction expansion
(b1, by, . ..) of x there exists a unique w € {2, such that

(di(w, x), dr(w, x),...) = (b1, by, ...). o

Now we are able to show that ¥ : (M, o(2 x[0,2])NM, i, R) — (NN, C, v, ) is indeed an
isomorphism. Recall that o (C x B0, 1]) is the product o -algebra generated by cylinder sets of
the form [w], x Aa,, which were defined in terms of the digits induced by the transformation K.
The same kind of cylinder sets we define for the transformation R. We start with the partition:

P={2x1I,[0] x I, [1] x I}, k € N},

which we call the time-0-partition. Let
P,=PVR'Pv...vRDp

be the time-n-partition, an element of C € P, is then of the form
C=A VR 'Ayv...vR™ !4,

for A; € P. For each (w, x) € C, the value [,(w, x) = Z?;()II(QX[()J])(R[.(G), x)) is the same,
as well as (w;, ws, ..., wy,) and the first n digits in the expansion. The elements of P are the
cylinders of length 1 and the elements of P, are the cylinders of length 7.
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In contrast to the cylinders for the transformation K, we do not work here with the digits b;.
This is because for each digit induced by the function K we know precisely which w is used. For
the function R we do not know this. For example a digit b; = k, k > 2 could be induced by R
if (w, x) € [0] x (%, %] orif (w, x) € [1] x (ﬁ, %]. Clearly the cylinder sets for R generate
o(C x B0, 2]).

Now, let v be any shift invariant measure on the product o-algebra of NV, and define
= v o . We have the following result.

Proposition 7.4. Let M be the subset defined in the begin of this section. The function ¥ : (M, o
(2 x[0,2D) N M, u, R) = (NN, C, v, o) defined by ¥(w, x) = (di(w, x), do(w, x), ...) is an
isomorphism.

Proof. First we show that v is one-to-one and onto. By Proposition 7.1 we have that i is onto.
We show i is injective by constructing its inverse. Given a sequence (b, by, ...) we can write
2

= . Using the Moebius transformation we see thatr, = A;- Ay --- A,(0),

2
b +

. 2
by + '-“ra

0 2
where A; = [1 h,] and therefore r, = g—". Hence
1 n

rn: _—— =

i=1 4n qn—-1 i=1 qnqn—1

"\ Pn o Pa-i i—(—z)"

and lim,_ o1, = Zf’il q—(q—z): exists by the alternating series test and Proposition 4.1. We
ndn—

conclude that for each series (b1, b, . ..) there exists a unique x such that x = lim,_, or,. On
the other hand, we have already proved in Proposition 7.1 that there exists a unique w, such

that x = — We set ¥'(by, by, ...) = (w, x). To show that we have constructed an
by +

.
inverse of 1 we have to show that ¥ o ¥’ = ¥/’ o ¢ = id where id denotes the identity function.
Now,

2
Vo' (b, by, ...) = Y(o, ) =01,
by +

by + .
where the last equation follows just by construction of w and the fact that b; = d;(w, x). On the
other hand,

V' oy(w, x) = ¥'(di(w, x), (o, x),...) = (o, — )
dy +

d+ .
Since w is the unique element in {2 generating the digit sequence (d;(w, x), dy(w, x)--+), we
have ¥’ o ¥ (w, x) = (w, x).
We prove that i is a measurable bijection. First we proof that v : M — NY is measurable.
We distinguish 2 cases.
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e If b; # 1 then
v (b)) = {(@, x) € M : di(o, x) = by}

2 2
= ((m7 b_l] x [0] U(ms m] x [1)NnM,
so v 1([b1]) € o(C x B).

e If by = 1 then
v ([1]) = {(w,x) € M : di(w, x) = 1}

= <<§1i| x [17U (1, 2] x Q)DM,

so v~ 1([1]) € o(C x B).

By induction we show that the function is measurable. So suppose that the result holds for
cylinders of length n. Then we obtain:

Vb1, by, ..o by, by ]
={(w,x) e M :di(w,x) =by,dr(w, x) = by, ...,d(w,x)=b,, dys1(®, x) = by}
={(x,w) e M : dy(w, x) = by, dr(w,x) = b, ...,d,(w,x) =b,}
N{x,w)e M :d(R"(w, x)) = b}
=y b1, b, BN R DI N M.

The last line is measurable since R is a measurable function.
Now we show that #~! = v is a measurable function. To show the measurability of ¥’ it

is enough to check that Im(y([w];, X (%%])) is in the o-algebra generated by the cylinder
sets on N. Define A,; = Sy, 1, ..., 1, and B,; = Sy, L. 1, and
Y, Un_Z[y }’l] Y, Un_Z[y I’l]
2i+1 times 2i times
Cyi=(, 1,1,1,... ). Then
—_——
infinitely many 1’s
Y ol x M) =gl X (——\ =)
w =Y ([w _
I 1 I [
U Biy,i UCiy iftky > 2, o], =[0]
iENO
AJAagiuChn itk =2, [0, =11]
ieN
UBUUC,Q,l ifk = 1.
ieN

Hence 1///’1([60]1] x Aky) € C. Now suppose the result holds for sets of length n so lp”l([a)]gn X
Ak,) € C, we show that '~ ([w]; ., x Ak,41) € C. First define:

n+1
Avi= U Ubbey Lo Lom)
n
(b1, bn)eNT m=2 2i+1 times
Bn,y,i= U U[bla"‘7bnay715”'alam]
(e, bn)EN" m=2 2i times

Coyi= |J Gy, L1 1.,

(©1,.0n) infinitely many 1’s
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So we can write,

v (@l X Akpi1)

r—1 —1 n 2 2
=¥/ (@l X A) N Y (@, 2) 1 R 0) € o, 1% G0 D)
n n+1
2 2
= Imy(f@l;, x Ak) N Imyy (@, 2) : R'(x, ) € 01,411 % G 1)
n n+
FO (| Bukni UCnyn) if ky > 2, [w;,] =1[0]
iENO
Pk 1iUCuy ) ik =2, [0, ]1=11]
ieN
FO(JBuiUCiy) if ky = 1,
ieN

where F € C is the element ¥'~!([w],, x Ak,). We conclude that ¥ is indeed a measurable
function. The fact that ¢ preserves measure is immediately since we defined u = v o ¢. Finally,
we have to show that o o i is the same operation as ¥ o R. Since o is the left shift we have

ooY(w,x)=o0(d(w,x),dr(w, x), d3(w, x), ...) = (dr(w, x), d3(w, X), ...)
On the other hand

Yo R(w, x) = (di(R(w, x)), d2(R(w, x)), ...) = (dr(w, x), d3(w, x), ...)
so indeed o o ¢y = i o R. We conclude that v is indeed an isomorphism. [

Now we can define measures on {2 x [0, 2] with support M as lifts of shift invariant probability
measures on N, Examples of natural shift invariant measures on N are obtained as follows. Let
(p1, p2, - - .) be a probability vector on N, and v the product measure on NN with these weights,
ie.if by, by, ..., b, € N, then

V{1, y2s o) €NV iy = by, oo, v = ba)) = Py, Doy -+ Dby
Examples of probability-measures we can choose on N to construct the product measure v are:

. _ 1
O pi = Gtn’

e

(ii) p; = <>, Poisson distribution,

(iii) p; = r'~'(1 — r), Geometric Distribution.

Since each product measure on the cylinder sets in N is ergodic with respect to the left shift,
the above probability distributions induce an ergodic measure v. Therefore the measure u = voir
on {2 x [0, 2] is also ergodic. However since all the measures v are different it follows that they
are singular with respect to each other. Also the measure p, defined in Section 3 is singular with
respect to these measures, since the mean of the digits with respect to p is infinite and the mean
of the digits with respect to the measures v constructed by the above probability distributions
are all finite. In general we see that a finite arithmetic mean, seems to be a generic behaviour
on p-null sets. Considering the entropy, it is shown in [5] that for measures v which give finite
mean digit sequences, the geometric measure with this mean is the measure of maximal entropy.
Whether the product measure m,, x (, has maximum entropy is not known.
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8. Random 3-continued fraction transformation

The techniques and results for N = 2 can be extended to arbitrary integer N. The calculations
however are very tedious. We illustrate this with the case N = 3. The 3 random continued
fraction are defined as follows, see Section 2:

So, 81, 82 :(0, 3] — (0, 3]

H
Sp:ix—> ——|—
X X
3 3 . 1
——|—-]4+1 1fxe(0,1—i|
X X 2
Siix —> 3 ‘3‘ {
- — | = ifxe(l—,3:|
x  |Lx | 2
3 3
——|—=14+2 if x € (0, 1]
X X
S ix —> 3 -3-
- — | = ifx € (1,3].
x  |Lx |

We will refer to Sy as the lower map, to S; as the middle map and S, as the upper map. Let 2 =
{0, 1, 2} and define the function R as follows:

R: 2 x1[0,3]— 2 x]0,3],

1
(cw, Sy, (x)) ifx e (O, 15
= 1
R, x) =1, S, (X)) ifx e (15,3
(cw, 0) if x =0.

Fig. 3 illustrates the transformation R. Notice R does not shift w if x € (l%, 3]. In the area
(1 1 3] the three maps Sy, S1 and S, coincide and therefore we do not have to choose which map
we use. As before the digits of R are given by:

1 € 11 3
X ~°
2
3 37
k el——:, ~ =0,keN,k>2
* <k+1 3
3 37
bi(w,x) =3k —1 xe|l——,— wr=1,keN, k>2
k+1 k|
3 3]
k—2 el——-:r, - =2, keN, k>3
* <k+1 3
2 ell 1l 2
X , 1= w) =
) 1
and we define b,(w,x) = b (R" (w, x)). Using Moebius transformations we obtain the
following recurrence relations:
p—1=1 po=0 Pn =3pp—2+ bupu-1,

q-1 = 0 qo = 1 qn = 3%1—2 + bn‘]n—l-
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T=2
2

T=2

T=4

T=3

1 \
1
N\,
\
\ AN
\‘ \’.~
\‘ \~
T=1 \ 's\
\ ~
\ ~,
\ .
\‘ ~
~.
\ “~—
0 3333 3 1 3 2 3
876 5 4 2

Fig. 3. Map Tj in green, T; in red and 75 in blue.

Like we did in the case N = 2, we will define the transformation K : {2 x [0, 1] — 2 x [0, 1]
as the induced function R (o.1j(w, x). In order to do this we introduce the return time

7:02x[0,1] - N,
(w,x) > inf{ln e N: R"(w, x) € 2 x [0, 1]}.

If the transformation enters the area {2 x [1, %] it can stay there for an infinitely long time when
(w,x) = ((1,1,1,...), x). Therefore t will take all values in N. Note there are two ways for

the transformation to leave the area 2 x [1, %], namely the occurrence of an w; # 1 or the
transformation S| enters the area [%, 2] after some time i. In this way we obtain an explicit

expression for the return time 7.

T(w, X)

1 ifw; =0, x € [0, 1]

2 ifw; =2, x €0, 1]

n+1 if(wl’a)Za"~7a)n—1’a)n7a)n+1)E{(1’17-"9170)7(151’-"51’2)}

| n times n times
- and x € N_,S;" (1,1§> N[0, 1]

n+1 if (w1, w, ..., 0p_1,0,)=(,1,...,1)

\—,—J

n times

. 1 1
andx € N/Z'S;” <1, 1§> ns™" (15, 2} n[o, 1].
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We write
—i 1 - n—1 g—i 1 —
NS 1) =5 My sy, 1) =5 ',

where 1, = (N'Z)S7"(1, 11)). Notice that when (w, x) is in [(1, I, ..., 1)] x I,, we have that
e e

n times
b; = 1for alli < n. Therefore by the recursion relations we obtain

L (Pt 153902 pui + Puo
! qn—1 + I%thZ 7 gn—1+ qn-o>

if n even and

[ Pn-1 + Pn—2 DPn-1+ lépn—Z

I, = ,
(in + gn—2 qn-1+ 1%‘]n—2 )
if n is odd. Now if

(@,x) € [1,..., 11 x ST L\ g1,
N e’

n+1 times

then Si’“(a), Xx) € (11, 2) and hence t(w, x) = n + 2. Let J, denote the interval J,, = I,\I,41.
Then S;'J, = S; ' (I,\1,+1) and

J, = (pn_l + 1%17,1-2’ Pn-1+ pn—2> \ (pn + Pt Pn + 1%17”_1)
o1+ 13Gqu—2 Gn—1 + Gn +dn-1 gy +15qn-1
when rn is even and
J, = <Pn1 + Pn727 Pn-1+ l%an) \ (Pn + I%an’ Dn + pnl>
Gnt +qn-2 Guot +13g, G+ 1301 G+ qn
when 7 is odd. Now we are ready to define the induced transformation K. Let

T; :[0, 1] — [0, 1]

3 3
To(x) = So(x) = Pl {—J

X
T1(x) = So o $2(x) > 1
10) = 50 052(X) = 37—57"— —
T L3 +2
oS00 s if x € S;'J; fori € NU {0}
Ton() = {Zx otherwise
| Soe St ifx € S, fori e N
Tan() = {Zx otherwise

Note that Sp 0 Sy(x) = Sj 0 S2(x) = S» 0 S»(x), and Sp 0 ST (x) = S 0 I (x) = S, 0 SI!(x)
if x € §;7'J; fori € NU{0} and Sy 0 Si(x) = S, 0 Si(x)if x € S;'I; for i € N. We let 2x occur
in both T, ;) and T(3 ;) with probability 0. So this transformation 2x will in fact never occur, but
it just helpful to satisfy the conditions of Inoue’s theorem. Note that we can write for the last two
transformations:

3
Ton(x) = SiH (x)

2x otherwise

ifxes; '
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3
T3,h(x) = Si(x)
2x otherwise.

ifx e S 'L

Given a probability vector (po, p1, p2) on {0, 1,2} we define a probability vector for the
transformations Ty, T1, 12,1y, 13,1y, 1 € N. We set

P(To) = po

P(T) = p2
P(Tii)(x) = pi* g1, ()
P(Ti3.)(x) = pi(1 = p)lso1, (x)

One can verify that this is indeed a probability vector. For example if x € J;, so x € I for
1 < k < i, then it follows that

L
potpt+pt +A=pDY pl=po+pt+ Pt +p—piT =1
j=1
Hence we see that for each x € [0, 1] we get a well defined probability vector. Now we can give
an explicit expression for the transformation K,

(o(w), To(x)) ifw, =0
K _J(o(w), Ti(x)) ifw, =2
(@, x) = (@ @), Ton(x)  ifw;=1V¥1<j<i+landxe S '(J)
(o"”(a)), T3,i(x)) ifw;=1V1<j<i, w4 €{0,2}andx € Sfll,,.
We can define digits for K in a similar way we did in chapter 2, namely:
3 3
k if o = 0 and — =
1I wq an x€<k+l k:|
3 3
k-=2,1 ifor=2andx € | ——, —
k+1 k
3 3
, —{k—-1,1,...,1,1 ifwell,...,]andx € [ ——, = | NS
di(w,x) = ( ) ifowel /]an X (k+1 k:| 1 n
n times n times
k—1,1,...,1,2) ifoell,...,1,0]U[l,...,1,2]
N — —— ——
n—1 times n times n times
3 ~1
andx € | ——, - | NS I,.
k+1 k

With this transformation we can continue like we have done before with the 2-random
continued fraction transformation. However the computations will be rather tedious. For the
details we refer to the thesis [11].
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