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Abstract

We use a way to extend partial combinatory algebras (pcas) by forcing them to represent certain
functions. In the case of Scott’s Graph Model, equality is computable relative to the complement function.
However, the converse is not true. This creates a hierarchy of pcas which relates to similar structures of
extensions on other pcas. We study one such structure on Kleene’s Second Algebra and one on a pca
equivalent but not isomorphic to it. For the recursively enumerable sub-pca of the Graph model, results
differ as we can compute the (partial) complement function using the equality.
© 2017 Royal Dutch Mathematical Society (KWG). Published by Elsevier B.V. All rights reserved.

0. Introduction

In this paper we study extensions of various partial combinatory algebras; mainly partial
combinatory algebra structures on the power set of the natural numbers and the set of all functions
from natural numbers to natural numbers.

Partial combinatory algebras have been useful in the past for devising realizability interpreta-
tions of intuitionistic formal systems. However, there is another side to them: they can be viewed
as paradigms of computation. It is this view that has been put forward in several publications of
the first author, but it has its origin in the seminal thesis [2] of John Longley. Longley defined
a notion of morphism between partial combinatory algebras which, whilst fundamental in the
study of realizability toposes, also has a clear computational meaning: a morphism A — Bis a
way to simulate the computations of A in B.
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In [4], the first author showed how, given a partial combinatory algebra A and an arbitrary
partial endofunction f on .A, one can construct, in a universal way, a partial combinatory algebra
A[ f]in which f is “computable”; the construction is a straightforward generalization of Turing’s
notion of “oracle”. The construction gives a clear meaning to statements like “f is computable
in g relative to the partial combinatory algebra .A”.

This paper is structured as follows. After a section on preliminaries which contains all basic
definitions, in Section 2 we introduce the various extensions we are interested in. We look at
PM)[C], where P(N) is Scott’s Graph Model and C : P(N) — P(N) is the complement
function. We prove that P(N)[C] is decidable. Then we look at related extensions of /C; (Kleene’s
pca on the set of functions N — N) and a pca (called 2*) on the set of functions N — {0, 1}.
We characterize the topologies on these pcas which are of interest (interacting nicely with the
applicative structure). We prove that the pcas K, and 2 are equivalent, but not isomorphic (to
our knowledge, the first example of this phenomenon in the literature).

In Section 3, Independence results, we prove that (conversely to the result in the previous
section), the complement function is not computable, relative to P(N), in a decision function for
equality; and we have the analogous results for the corresponding extensions of X, and 2¢. The
methods used also yield a non-existence result for decidable applicative morphisms into P(N),
ICp and 2%,

In a final section we discuss recursive or r.e. sub-partial combinatory algebras. Also here
we have ‘complement-like’ functions which however, now are strictly partial (as in the RE
submodel of P(N)). The results obtained are different: the partial complement function on RE is
computable in the equality relation.

We believe that our work is a contribution towards the Higher-Order Computability pro-
gramme of Longley and Normann [3].

This paper originates in the second author’s master dissertation [6]. The first author acknowl-
edges with gratitude the hospitality of the mathematics department of the University of Ljubljana,
where he spent a sabbatical stay in the fall of 2016.

1. Preliminaries

A partial applicative structure (pas) is a set A together with a partial application function
A x A — A, which we write a, b — ab. We write ab| to mean that the pair (a, b) is in the
domain of the application function. If we have a more complicated term s, we write s| to mean
that, not only, s denotes but also all subterms of s do.

A partial combinatory algebra (pca) is a pas satisfying the following axiom: there are
elements K and s in A such that for all a, b, ¢ € A:

(ka)b = a (in particular, ka ).
(sa)b{, and, whenever (ac)(bc)l, ((sa)b)c| and ((sa)b)c = (ac)(bc).

From now on, we economize on brackets, and associate to the left: we write, e.g., sabc for
((sa)b)c and aa, ---a, for (---((aay)az) - - - )a,. In a nontrivial pca, the application is never
associative so abc is in general different from a(bc).

A term ¢ composed of elements of A, variables and the application function, represents
a partial function A" — A (where n is the number of variables in ), and again we write
t(ay, ..., a,)| to mean that the tuple (ay, ..., a,) is in the domain of the function.
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Now suppose the term ¢ has variables xi, ..., x,.1. There is an element (x; - - - x,41)¢ with
the following property: for every n + 1-tuple ay, ..., a,+ from A we have

(X1 xpe1)Bay - - - an
If t(ay, ..., apr1)d then ({x1 - - - x,41)8)ay - - - apy1 4, and both have the same value in A.

For example, we might use (xyz)xz(yz) for the element s of .A.
A pca contains Booleans T and F, and a definition by cases operator C € A, satisfying for all
a,be A

CTab = a and CFab = b.
We usually refer to the term Cxab as
If x then a else b
Note that this gives us the Boolean operations ‘and’ and ‘not’:

and ab = If a then (if b then T else F) else F
nota=Ifathen FelseT.

In every pca, one can code pairs and sequences; we shall use the notations [a, b] and
[ao, . .., a,—1] for codings of the pair (a, b) and the sequence (ay, . . ., a,—) respectively.

Let f : A" — A be a partial function. We say that f is representable in A if there is
some ay € A such that for every n-tuple ay, ..., a, in the domain of f, we have ara; ---a, =
flai,...,a).

For apca A and a subset R C A", we call the set R decidable in A if the function which sends
each coded n-tuple [ay, ..., a,] to Tif (a1, ..., a,) € R, and to F otherwise, is representable in
A. The pca A is called decidable if the equality relation is decidable in A.

1.1. Topology

In this paper we shall be interested in pca structures on sets as P(N) or NV, which have several
interesting topologies. We introduce the following terminology for studying the interaction of
these topologies with the pca structure.

A topology on a pca A is repcon if every partial representable function is continuous on
its domain (as subspace of .A); a topology is conrep if every partial continuous function is
representable.

Clearly, the discrete and indiscrete topologies are always repcon. We refer to these topologies
as the trivial topologies.

1.2. Applicative morphisms

Let A and B be pcas and y a total relation from A to 3. That is, y assigns to every a € A a
nonempty subset y (a) of .

A partial function f : A" — A is said to be representable in B with respect to y, if there is
an element b, € B such that for any n-tuple (ay, ..., a,) in the domain of f we have: whenever
by € y(ay),...,b, € y(ay,) then byb, ---b,| and is an element of y(f(ai, ..., a,)). Such a
total relation y is called an applicative morphism from A to B if the application function of A is
representable in B w.r.t. y: so there should be an element r € B (the realizer of the applicative
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morphism ) such that whenever aa’| in A and b € y(a), b’ € y(da’), we have rbb’ € y(ad’).
When we view pcas as models of computation, an applicative morphism can be seen as a way to
simulate .A-computations in .

Given two applicative morphisms y,§ : A — B we say y < 4 if there is some s € B such
that for alla € A and b € y(a), sb| and sb € §(a).

With composition of relations (which preserves the preorder <), and the identity relations, we
have a preorder-enriched category PCA of pcas, applicative morphisms and inequalities.

We single out a subcategory of PCA. An applicative morphism y : A — B is decidable if
there is an element d € B which satisfies the following: if T 4, F 4 denote the Booleans in A,
then for b € y(T 4), ¢ € y(F_4) we have db = T, dc = F (where of course T and Fj are the
Booleans in B).

The theory of applicative morphisms is due to John Longley [2].

1.3. Extensions of pcas by functions
In [4] the following theorem is proved:

Theorem 1.1. For any pca A and partial endofunction f on A, there is a pca A[ f] with the
same underlying set A, and a decidable applicative morphism 1y : A — A[f1, which is the
identity relation on A, such that the function f is representable in Al f] with respect to 1, and
moreover, for any decidable applicative morphism y : A — B such that f is representable in
with respect to y, there is a unique factorization of y as y = yyty, for a decidable morphism

vt Alf1— B.

In this paper we shall need a detail in the construction of A[ f]. The application in A[f],
written a, b > a- ¢b, is defined as follows:

a-¢b = c iff there is a sequence ey, . . ., ¢, of elements of A such that for all i < n,
a[bv f(60)9 ceey f(eifl)] = [F9 ei]
and a[b, f(ep), ..., fle,—)] =T, cl.

2. Variations on Scott’s Graph Model and Kleene’s Second Algebra

Let us agree on the following conventions for the set N of natural numbers: 0 € N; by [+, -] and
[, ..., -] we denote standard pairing and sequence coding functions; we employ the following
coding of finite subsets of N: p = e, (the natural number k codes the finite set p) if k =), p2i
(s0, eg = 0, exn = {n} etc.).

Scott’s Graph Model [5] is the pca structure on P(N) given by the following application:

AoB = {n|3Im([m,n] € A, e, C B)}.

It is well-known that the functions P(N) — P(N) which are representable in the pca P(N) are
precisely the Scott-continuous functions. The Scott topology on P(N) = {0, 1}V is the product
topology on the countable product of copies of {0, 1}, where {0, 1} has the Sierpinski topology
(with open sets @, {1}, {0, 1}). Concretely, a subset X of P(N) is open if for any A € X there is
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a finite subset p of A such that every superset of p is in X. We use the notation
U ={ASN[pc A}

(for finite p) for basis elements in this topology.
In the terminology of Section 1.1, the Scott topology is both conrep and repcon for Scott’s Graph
Model.

We have the following result about minimal repcon topologies on P(N):

Lemma 2.1. Let T be a nontrivial repcon topology for P(N). Then T either contains the
Scott topology, or the Alexandroff topology (which contains precisely the downward closed sets
w.r.t. ).

Proof. Since 7T is non-trivial, it contains an open set U which is neither ¢ nor P(N). We
distinguish two cases:

CASE 1: § ¢ U. Take C € U, and let p = e, be an arbitrary finite subset of N. Let
A = {[n,m]|m € C}. The map A o (—) is continuous for 7, so the set {B|A o B € U} is
in7.Now Ao B = Cif p C B and{ else; because ¥ ¢ U by assumption, the set U, is in 7.
Since p was arbitrary, 7 contains the Scott topology.

CASE2: ) € U. Take C ¢ U;let S C N arbitrary. Let A = {[2",m]|n ¢ S,m € C}. Again,
the map A o (—) is 7 -continuous, so {B|Ao B € U}isin7T.Now Ao B =@ if B C § and
C otherwise; by assumption on C and U we see that {B|Ao B € U} = {B|B C S§}.So T
contains the Alexandroff topology. [

A function which is definitely not Scott-continuous is the complement function C(A) = N — A
on P(N). We shall study P(N)[C], the pca formed as in Section 1.3. According to the theorem
quoted there, we have a decidable applicative morphism (¢ : P(N) — P(N)[C] with the stated
universal property.

We have the following corollary of Lemma 2.1, about repcon topologies for P(N)[C]:

Corollary 2.2. The only repcon topologies for P(N)[C] are the trivial ones.

Proof. Suppose 7 is a non-trivial repcon for P(N)[C]. Since every representable map in P(N)
is also representable in P(N)[C], by Lemma 2.1 7 contains either the Scott topology or the
Alexandroff topology. In both cases, there is a nontrivial open set U with either d € U orN € U.
But the complement function is representable too, so {N — A|A € U} is also open; so we
always have a nontrivial open U with § € U. By the proof of 2.1, for any set S, we have that
{B|B < S} is open. Again applying the continuity of the complement function we find that
{B|(N — B) C (N — 8)}is also open. Hence their intersection is open, but this is {S}; so T is
discrete. We have a contradiction. [

We denote application in P(N)[C] by A, B — A - B. There are elements r and ¢ in P(N) such
that r realizes the applicative morphism ¢¢ and C represents the function C:

r-A-B=AoB
c-A=N-A.

Lemma 2.3. Let T and F be the Booleans in P(N)[C). There is an element n of P(N) satisfying
n-@% =Fandn- {0} =T. Hence, we can take ¢ and {0} for the Booleans in P(N)[C].
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Proof. Let * be the binary operation given by A x B = A o (N — B). Note that in P(N)[C] this
operation is represented by
a=(xy)r-x-(c-y).

Let M be the set {[1, [2, x]]|x € T}U{[O, [1, x]]| x € F}.
Then M o ¥ = {[1, x]|x € F} and

Mo {0} ={[2,x]|x e TFU{[1,x]|x € F}.
Definen = (x)r-(r-M -x)-(c-x) Then
N-A=r-(r-M-A)-(C-A)=r-MoA)-(N—A)
=MoA)o(N—A) = MoA=xA
hence
N-@=Mol)x? ={[1,x]|x eF} %0
={[l,x]|xeF}loN=F

and
n-{0} = (Mo {0})o (N —{0})
= ({[2,x]1x e TYU{[1,x]|x € F}) o (N - {0})
=T. O

Theorem 2.4. The pca P(N)[C] is decidable.

Proof. In view of Lemma 2.3 we need to exhibit an element X of P(N) such that, in P(N)[C],

[0 ifA£B
X-A-B = {{O} otherwise.

Since the pair (4, {0}) is a good pair of Booleans in P(N)[C], we have elements and and not in
P(N) representing the indicated boolean operations for these Booleans. Since in P(N), the set
P ={[2%,[2*,0]] | x € N} has the property that Po Ao B = {0| AN B # (}, we also have such
an element in P(N)[C]: an S such that

g ifANB=0
§-4-B = {{O} otherwise.
Now define in P(N)[C] the element
M = (yx)(not(S - (c-y)-x)and(not(s -y - (c- x)))

where the element C, again, represents the complement function.
Then M - A- B = {0} iff not(S- (N— A)- B) = {0} and not(S - A - (N — B)) = {0}. That is, iff
BN(N—A)=0and (N— B)NA = @;i.e.iff A= B. Moreover. M - A - B = {J otherwise. [J

We also consider the Cantor topology on P(N), the subspace topology of P(N) when
embedded in the real line as the Cantor set; a basis for this topology is given by the sets

Ul = {ACN|pC A ANg=0)

for disjoint, finite p, gq.

Lemma 2.5. The Cantor topology is a conrep topology for P(N)[C].
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Proof. Let F be partial continuous on P(N) for the Cantor topology. Let r and a be as in the
proof of 2.3;s0r-A-B=AoBanda-A-B=Ao(N - B).
For every n € N the set V" = {A € dom(F) |n € F(A)} is open in dom(F) by assumption,
hence equal to the intersection of dom(F’) with a set of the form
q(i,n)
U Up(i,n)
iely
for some choice of sequences of finite sets {g(i, n)}ic;, and {p(i, n)};c;, indexed over some set
I,,. Consider the set

W = {la,[b,k]l|k € N, 3i, j € Li(p(i, k) = eq, (i, k) = ep)}

andlet Z = (x)a-(r- W -x)-x.So0Z-A=(WoA)o(N— A).
We claim that Z represents F in P(N)[C]. Suppose A € dom(F). Now

WoA = {m|3ne, C A, [n,m] e W)}
= {[b,k]|3adi, j € i(ea € A, p(i, k) = e4, q(i, k) = ep)}
= {[b, k113, j € I(pi, k) S A, q(i, k) = ep)}
hence
WoA)o(N—A) ={m|TIn(ANe, =0,[n,m] € Wo A)}
={k|3Fi,je (ANe, =0, p(i,k) C A, q(i,k) =ep)}
= {k|3i,j € L(pl, k) S A, ANq(i, k) =)}
={k|A eV
= FA). O

We wish to compare the pca P(N)[C] to the pca which is often called Kleene’s Second Algebra
ICy: the underlying set is the set N of all functions N — N, where for o, 8 € NV, the application
af is defined if and only if for all n € N there is a k such that «([n, 8(0), ..., B(k — 1)]) > 0,
and if this is the case then

(ap)(n) = a([n, B0), ..., Bk — D]) — 1

for the least such k.

For the envisaged comparison, it is useful to first study the topological aspects of the pcas we
have seen so far.

The pca /C; carries a natural topology, the Baire space topology, which is the product topology
on the countable product of copies of N with the discrete topology; basic open sets are of the form
U, for a finite sequence o = (0y, . .., 0,—1) of natural numbers, where

Uy, = {d e NV a(0) =0p,...,a(n — 1) = 0,_1}.

We state the following fact, which is well-known, without proof.

Proposition 2.6. The Baire space topology is both conrep and repcon for K,.

As observed by Andrej Bauer in [1], there are applicative morphisms between P(N) and /C; in
both directions. We have an applicative morphism ¢ : X, — P(N) (which is actually a single-
valued relation) which sends o € NN to the set of its coded finite initial segments:

va) = {[a(0),...,a(m — D][n = 0}}.
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In the other direction we have an applicative morphism § : P(N) — K5, where for A C N, we
have o € §(A) if and only if

A = {n]3i € Na(i) = n + ).

It is readily calculated (or see [1]) that for the compositions §¢ and ¢§ we have: §¢ is isomorphic to
the identity on K, and (6 < idpqy). So the pair (¢, §) forms an adjunction ¢ - § in the 2-category
PCA, and § is up to isomorphism a retraction on ¢.
We can extend this adjunction to one involving P(N)[C] and a suitable extension of /.
Consider the following function S : IC; — K5:
n+1 ifn+1¢im(x)
0 otherwise.

S(a)(n) = {
Obviously, the map S is not Baire continuous, so ts : X — K,[S] is not an isomorphism.

Another easy observation is that [C;[S] is decidable: given «, 8 € NN, let
Lif a(n) # B(n)

0 otherwise.

F(a, B)(n) = {

Then F is representable in KC,, hence also in /C;[S]; now o = g holds iff 1 ¢ im(F(«, B)), iff
S(F(a, B))0) = 1.

Let us now look at the adjoint pair ¢ 4§ : K; — P(N). We also have (¢ : P(N) - P(N)[C],
and (g : ICp — K,[S].
Lemma 2.7.

(a) The complement function C is representable in KC,[S] with respect to ts o 6.
(b) The function S is representable in P(N)[C] with respect to (¢ o L.

Proof. (a) We have @« € (g o 8(A) if and only if {n|n + 1 € im(a)] = A. So we
need to find a representable map on K;[S] which sends each such o to some B for which
{n|n+1eim(B)} = N — A. But the map S does precisely that, so we are done.

(b) We need to exhibit a representable operation in P(N)[C] which sends the set of initial
segments of « to the set of initial segments of S(«). We use Scott-continuous operations and
the complement function C. Continuously we get from {[«(0), ..., a(n — 1)] | n > 0} the set

A={n+1|n+1¢eim(@)}
and from A, using C and a continuous operation,

B =CAU{0}) = {n+1|n+1¢&im(a)}.
From A and B we get

D = {[0,n+1]|ln+1€ A}U{[l,n+1]|n+1 € B}.
Now if E is the set of all pairs (o, a) satisfying:

e o is a coded sequence [0y, ..., 0,—1] and for all i < n thereisa j with [j,i + 1] € e,, and
whenever [0, i + 1] € ¢, then o; = 0, and otherwise 0; =i + 1

then E o D is the desired set of coded initial segments of S(«). [
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It follows from Lemma 2.7 that we have a commutative diagram

Ky == P(N)

KalS] === POVIC]

where &, is the unique factorization of tg o § through P(N)[C] and ¢, the unique factorization of
tc ot through IC,[S].

It is a general feature of maps of the form ¢y : A — A[f] that post-composition with ¢
reflects the preorder on pca morphisms: if y, § : A[f] — Bsatisfy y o1y < 8oy, theny <3é.
This is because ¢ is the identity relation. Therefore, in the diagram above we can conclude that
Oy O Ly idKz[SI and t, 08, < idP(N)[C]-

Lemma 2.8. The diagram
Ky — > PN)

KalS] ——PM)IC]

is a pullback diagram in PCA.

Proof. Given a pair (y : A — P(N),¢ : A — K;[S]) such that (c oy = ¢, o ¢, we have
oy : A— K>.Wehaveto(Boy) = (tod)oy >~ yandiso(oy) >~ (1god)oy >~ §,0tcoy =
84 o L, 0 £ = {; by inserting some realizers we can obtain actual equality. Uniqueness of the
factorization follows since (g is mono. [

Lemma 2.8 means that the function S is, relative to the adjoint retraction (¢ 4 8 : K, — P(N)),
the restriction to K, of the complement function.

We have also seen that /C,[S] is decidable. So, if for some pca A we define Eq : A — A to
be the function which decides equality:
Tyifa=24
F 4 otherwise

Eq(la, B]) = {

then Eq in C; is representable in /C,[S].
2.1. A variation on binary maps

We can define a pca on 2* to which the Cantor topology on P(N) is both conrep and repcon.
We use the usual bijection between 2 and P(N), where o € 2% is related to A € N if for all
neN:a(n) =14 n e A We will often move from one description to the other. The definition
of the application for 2“ goes in a similar fashion as KC;: for o, 8 € 2¢:

o - Bl < Vrk(a([n, BQO),..., B8k —1D]) =1).
Ifa-Bl,thena - B(n) = a([n, B(O), ..., (k)] for k such that
Vi <k:a(n,B@O),...,806—D])=0



14 J. van Qosten, N. Voorneveld / Indagationes Mathematicae 29 (2018) 5-22

a([n, BQ0),...,Bk—1]) =1.

Just like before, we can define an equality map Eq over 2“. However, simply adding equality is
not always enough to represent the maps we want. An alternative can be countable equality, a
map E ¢ that interprets a set as a countable sequence of sets and checks equality pairwise:

Eqo(A,B) ={n|Vm :[n,m] € A < [n,m] € B}.
Theorem 2.9. The identity map from P(N)[C] to 2°[ Eqso] is an isomorphism.
Lemma 2.10. id : P(N) — 2°[Eq] is a decidable applicative morphism.

Proof. We write the elements of 2 as subsets of N, just like we do for P(N). So we need to
show that application in P(N), defined as o : (A, B) + {m|3n : [n,m] € A,e, C B}, is
representable in 2°[Eqq].

We know that any Cantor continuous map is representable in 2. Let I : 2 — 2¢ be the
map given by I(A) = {[n, m]|e, C A}. This map is Cantor continuous, hence representable.
We let 11 : 2” x 2® — 2% be defined as [I(A, B) = A N I(B), which is also representable
since taking intersection is Cantor continuous. Now let & : 2 — 2“ be the projection
7(A)={m|3In:[n,m] € A}.

VA, B:n(II(A, B) = n({[n,m] € Ale, C B}) = Ao B.

So m o I is the application from P(N). Note that Eq- (¥, A) = C(w(A)), where C is the
complement representable in 2¢. So o is representable. [J

Since C is representable in 2“, we know that id : P(N)[C] — 2“[Eqg.] is a decidable
applicative morphism (by Theorem 1.1). Note that since the Cantor topology is repcon for 2¢, and
conrep for P(N)[C], we immediately know that id : 2 — P(N)[C] is a decidable applicative
morphism.

Lemma 2.11. The map id : 2°[Eqoc] — P(N)[C] is a decidable applicative morphism.

Proof. We show that Eqy, as defined in 2“, can be represented in P(N)[C]. Note that
(AN C(B)) U(C(A) N B) is the set consisting of those elements on which A and B differ.
Taking the projection map 7w(A) = {n|3Im : [n,m] € A}, representable in P(N), we see
that 7((A N C(B)) U (C(A) N B)) consists of those n such that there is an m for which A
and B differ on [n,m]. So n is included if and only if n € Eq.(A, B). Hence Eqo =
Cr((ANC(B)U(CA)NB)). O

Hence we have established the identity map as an applicative morphism between P(N)[C] and
2“°[Egw] in both directions, so they must be isomorphisms and the two pcas represent the same
maps.

We define a map y : P(N) — P(2%) as follows. For A C N and o € 2“ we have;

aey(A)sVneN:ne A< 3dmeN:a(n,m] =1).

Proposition 2.12. The map y is a decidable applicative morphism P(N) — 2¢.
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Proof. Within P(N) we define f : P(N) — P(N) as f([A, B]) = A o B. Taking the pairing
[A, B] to be defined as [A, B] := (2A) U (2B + 1), we have that

F(A)={m|3n:2[n,ml € AAVEk € e, : (2k + 1) € A}.

We prove that f is representable with respect to y. For A C Nandm € N, take A<" := {n €
A|n < m}.Letr € 2“ be such that for o € y, ra([n, m]) = 1ifn € f(A="). Note that such an
r exists, since it only looks at « up to its mth elements and then makes a decision. Now see that
U,, f(A=™) = A and hence for all n:

Am :ra(n,m))=1<3Im:ne f(A~") & n e f(A).

So ra € y(f(A)). Decidability follows from the fact that we can have a d € 2“ such that
do(0) = i if there is an m such that a([i,m]) = 1 and for all j € 2,k € N such that

[j, k] < [i, m] we have a([i, m]) = 0. This will function as a representation of decidability
ofy. U

We look at the relation between K, and 2¢. Let € : K, — 2¢ be the map given by

ifa(n) =m
else.

st mh) = {g

Note that applications of both /C; and 2% look at starting sections of their input to make a
decision on their output. Now, any begin section of « € X, has a maximum of its elements, hence
all the information of that begin section is stored in a begin section of €(«). More specifically:

Proposition 2.13. The map ¢ is a decidable applicative morphism K, — 2°.

Proof. Fora, 8 € Ky,lety € K, be their pairing such that y (2n) := a(n) and y 2n+1) := B(n).
Take f € e(y). We look at application in /Cs:

o-pn)y=m<&

3k, uo, ur, .. up—r 2 (V< ko B(D) = uy Aa([n, ug, uy, ..., u;—11) =0)
Aa(ln,ug, uy, ..., up_1D=m+1<%
Ak, ug, .o up—r (VI <k fI12L4 1, w]) =1 A f(2[n, ug, uy, ..., u;1—1],0)) =1

Af(2[n, ug, uy, ..., up—1],m +1]) = 1.

So to represent a map from f to g € e(« - §) we design r € 2% such that: Vn, m, s, k, ug, uy,
..., up_1 wetake o € 2% the unique code of the sequence of length [2[n, ug, . .., ur—_1], s+1]4+2
such that: 0(0) = [n,m], VI < k : o([2l,u;]) = 1, o([2[n, ug,...,u;—1],0]) = 1 and
o(2[n, ug, ..., u;j—1],s +1]) = 1, thenr(c) = l and foralli : r(oc x[i]) = 1 & s = m.
Take all other values of r to be 0. Then within 2%, rf € . So application of X is representable
with respect to ¢. Decidability is easy to check. [J

Lemma 2.14. The following diagram commutes:

| A

K>
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Proof. For A € P(N):
e(8(A)) = U{S(Ol) lim(e) — {0} = (A + D} =

{B|VnIm, (B([n,m]) =1)NVm(@m € A < In, B([n + 1,m]) = 1)}.

Using transformation #(8)([n, m]) = B([m + 1, n]), we have t(¢(6(A))) = {B|Vm > 0, 3n :
B([n,m]) = 1) AVn(n € A < 3m, B([n, m]) = 1)} which is a non-empty subset of y(A). So
g0d < y,realized by ¢.

Take p : N — N x N the bijective inverse of [, ]. Let # : 2 — 2 be the representable map
such that t(@)([n, m]) = 1 & (x(p(n)) = 1 A po(n) + 1 =m) Vv (a¢(p(n)) = 0). Take o € y(A).
For a natural number n, either «(p(n)) = 1 or «(p(n)) = 0 and there is exactly one m equal to
po(m)+1. So Vnalm, t(x)([n, m]) = 1. Secondly, @ € y(A) means that for any n, n € A is true if
and only if there is an m such that a([n, m]) = 1. a([n, m]) = 1 means t(x)([[n, m], m+1]) =1,
so 3k, t(a)([k,m + 1]) = 1. If on the contrary, for all m: a([rn, m]) = 0 we get that for all
k,t(a)(k,m + 1) = Osince if t(a)(k, m + 1) = 1, po(k) = m and a([m, po(k)]) = a(p(k)) = 1
which is against the assumption. So Vm(m € A < 3n, a([n, m + 1]) = 1). We can conclude that
t(@)eeod.Soy <eo0d. O

A decidable applicative morphism in the other direction can be given by a map ¢ : 2¢ — K,
simply using the inclusion 2 C N.

Proposition 2.15. The applicative morphisms € and ¢ give an equivalence between 2° and K,.

Proof. For o € K, we have ¢(e(a))([n, m]) = 0 & a(n) #m, {(e(@))([n,m]) =1 & an) =
m and ¢ (e(«))([n, m]) < 2. So it is easy to see that the maps @ — ¢(e(«)) and its inverse (which
is a partial map) are continuous in the Baire topology. This topology is conrep in K, hence
ogr~ id)cz.

Since the map ¢ o ¢ has the same properties with respect to the Cantor topology, we can use
the same argument to conclude that ¢ o { ~ idye. [

Proposition 2.16. There cannot be an isomorphism between 2 and IC,.

Proof. Assume such an isomorphism exists. It must be given by applicative morphisms both
ways such that their compositions are equal to the identity. So it must be given by a bijective
map f : 2° — K, such that f and f~! are applicative morphisms. We will prove that this f is
continuous.

Consider the following set, V = K, — {Tx,} and note that it can be written as Uﬂ(GETzcz Uo
and hence it is open in the Baire topology. Take ¢ the single element such that f(z) = T, then
W=y ' (V) = y (K2 — {Tiy) = 22 — 7' (Tiey) = 2 — {1} = U, Uns1—1coy i Open in
the Cantor topology.

Let U, be a standard open in the Baire topology. Take g, : K, — K, to be the map:

ifa e U,

_ [Frs
8o (a)(n) = {Tzcz otherwise.

This function is continuous hence representable in K, and we have g (V) = U,. Because f
gives an isomorphism, f~! must form an applicative morphism, so there must be a representable



J. van Qosten, N. Voorneveld / Indagationes Mathematicae 29 (2018) 5-22 17

(hence continuous) map /4 : 2° — 2“ such that f oh = g, o f. So f~1(U,) = f’l(g;I(V)) =
h’l(f’l(V)) = h~Y(W) which is open since W is open and / is continuous. So the inverse
image through f of any basic open is open, hence f is continuous.

Now the Cantor topology is compact, so by f we must conclude that the Baire topology is
compact, which is not the case. We have a contradiction. So we cannot have an isomorphism. [

We see that 2¢ and K, are an example of two pcas that are equivalent but not isomorphic.

3. Independence results

We have seen that we get decidability as a side-effect of adding the complement function
to P(N). So in terms of the functions they represent, P(N)[C] is at least as powerful as
PN)[Eq]. We can ask ourselves whether the two are different. The following result can be
used to investigate the limits of what P(N)[ Eq] and other similarly defined pcas can represent.

Proposition 3.1. Given a pca A and a partial map F : A — A whose image is countable. Then
for any partial map f : A — A representable in A[F), there is a countable partition {V;};cn of
dom( f) such that for all i: f|y, is representable in A.

Proof. Let the element a € A represent f. So for every b € dom(f), there is a sequence
co, ..., Cn—1 in A such that

alb, F(cp), ..., F(c;)] = [F, ¢l fori <n
alb, F(co), ..., F(ca—1)] = [T, f(D)].

Call the sequence (F(cp), ..., F(c,—1)) a computation sequence for b. Now it is clear that if
V(F(co),.nFe,_y) 18 the set of all b with (F(cp), ..., F(c,—1)) as computation sequence, then
S Wereg.... re,,» 1S Tepresentable in A. Now there are, by assumption on F', only countably many
computation sequences, so the sets V(r(y)....F(,_,) form a countable partition on the domain
of f. O

.....

Since Eq is a function that only gives two values, we can use this result to say something about
the representable maps in A[ E¢] for certain pcas A.

Theorem 3.2.

(a) The set P(N) cannot be written as a countable union | J; en Vi such that the complement
function C is Scott continuous on each V;.

(b) The function C is, relative to P(N), not computable in any function F : P(N) — P(N)
with countable image.

Proof. Suppose there is a partition {V,},en of P(N) such that Cly, is representable in P(N),
hence continuous in the Scott topology.
We will create a sequence of pairs of finite sets {(p;, g;)};en such that for each i:

L ping =Y
2. pi C piv1and g; C git
3. Ut Ny, = 0.

Pi+1

Let py = ¥ = go. Given two finite sets (p;, g;) such that p;Ng; = @. We construct (p;+1, gi+1)
in three cases. Let n = max(p; U ¢;) + 1.
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CASE 1: If U} N'V; = ¥, we just take p;+1 = p; and g; 41 = ;.
CASE2: If Ui NViNU™M # ¢, take A € Ui N'V; N U,. Since Cly, is Scott continuous, there is
a Scott open W such that C~'(U,)NV; = WN V;.Since A ¢ U™ = C~'(U,) and A € V; we
have A € W. So there is a finite set » such that A € U, € W. Since A € U}, rNg; = . We take
pi+1 = pi Ur U {n} and g;11 = ¢;. Then conditions 1 and 2 are satisfied. Take A € U;/'], then
rC Ameans A € Wandn € Ameans A ¢ U™ = C~!(U,), hence A & V;. So Uzl’fi} NV, =0.
CASE3: Ui NV N U™ = (. Take p;11 = p; and ¢i+1 = ¢; U {n}. Then conditions 1 and 2 are
satisfied, and Upif) NV = Ui nUM NV, = 0.

With such a sequence, P := |, p; has the property that for all n, P N g, = @. So for each n:
P e UZ;’L' hence P ¢ V,. So P is not included in the partition of P(N). We have a contradiction
and conclude that C is not continuous over any countable partition of P(N), and by Proposition

3.1, C is not representable in P(N)[ F] for any partial map F with countable image. [

We can conclude that the set of maps representable by P(N)[Eq] is a proper subset of the set of
representable maps over P(N)[C].

We can use a similar argument when talking about K,. The following general result means
that S is never, relative to KC, computable in a function with countable image (such as Eq).

Theorem 3.3.

(a) The set NN cannot be written as a countable union \U;en Vi such that S is Cantor continuous
on each V;.

(b) The function S is, relative to K, not computable in any function F : NN — NN ywith
countable image.

Proof. Suppose (V;);cn is a collection of subsets of NN such that S is continuous on each V;. We
shall construct an o € NY such that o & |, V.

To this end we construct a sequence of pairs (o;, p;);eny With the following properties: o; is a
finite sequence of numbers, p; is a finite set of numbers, and the following hold:

(i) im(o;) N p;i =0
(i1) o; is an initial segment of 0;41; p; € Pi41
s N . . . Pi
(iii) writing U? = {a € N | o is an initial segment of o, im(«) N p = ¥}, we have Ua,.:ll nv;
=0.

Clearly, given such a sequence, there is an o € (), U;', and this o cannot be in any V;.

Now for the construction: let o be the empty sequence; py = @.

Suppose (07, p;) have been constructed. Let m be the first number such that m+1 ¢ im(o;Up;).
We consider the set

Zi = VinUlin{e e N'[m+1¢im()}.

Note that {@ € N |m + 1 ¢ im(a)} = S™'({a € NV |a(m) = m + 1}). Since {a € NV |a(m) =
m + 1} is open in the Baire space topology and S is continuous on V;, we have an open set W
such that

Zi = VinULNW.

We distinguish two cases:
CASE 1: Z; # (. There must be some extension t of o; such that V; N U, N Uf,’l." is a nonempty
subset of Z;. Let 0,41 be T * (m + 1) (m + 1 appended to 7 as last element); let p;+; = p;. Then
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(i) and (ii) are satisfied; and if o € U(Zijll thena € U; N Uff, so, since & ¢ Z;, we must have
o ¢ V;. So (iii) holds as well.

CASE 2: Z; = (. Then for all @« € V; N U(ﬁi we have m + 1 € im(a). Let 0,41 = o;
pi+1 = pi U {m + 1}. Again, (i) and (ii) are satisfied and for @ € U(fiijll we cannot have o € V;.

This finishes the construction of the sequence (o;, p;). There is a common extension of
the o; avoiding the p; in its image. This extension is not included in the partition. Hence by
contradiction, we conclude part (a) of the theorem. Part (b) is a consequence of part (a) and
Proposition 3.1. O

We see that the recursion theory of K, is radically different from the ordinary case: the function
S is, for example, not computable in its own graph seen as a characteristic function of ordered
pairs. A similar conclusion holds for P(N).

Given the equivalence between 2¢ and /C; in 2.15 and Theorem 3.3, the following theorem
does not come as a surprise.

Theorem 3.4.

(a) The set 2° cannot be written as a countable union | J;V: such that Eqs is Cantor
continuous on each V;.

(b) The function Eqs is, relative to 2°, not computable in any function F : 2° — 2% with
countable image.

Proof. We start with some notation. For a sequence ¢ € 2* we write U, = {a €
2¢ | o is an initial segment of o} and U, = {a € 2“ |«a(n) = t}. These are Cantor open sets.
Take P : 2 — 2¢ the projection map where P(«)(n) = 1 < Im : a([n, m]) = 1. Note that
there is a Cantor continuous maps f such that P = Eqg o f. So we will prove the theorem for
P instead of Eqoo.

Assume there is a countable partition {V;};ey of 2 such that for all i, P|y, is Cantor
continuous. We inductively define a sequence of compatible partial maps N — 2, beginning
with the map fj that is nowhere defined. For any partial map f, we define

We={a €2”|Vn: f(n)] = aln) = f(n)}.

So Wy, = 2¢. In each step, from f; we construct an extension f; i such that Vn : fi(n)] =
(fi+1(n) = fi(n)) and W5, N'V; = @. If such a sequence exist, then there is an extension f € 2¢
of all f; such that f ¢ V; for all i, which is impossible, since the V;-s form a partition.

Let p, : 2 — 2% be the nth projection: p,(c)(m) = «([n, m]). During the construction of
the f;-s, we will also prove for each f; that there is a v; with the following property:

Vm > vt pu(Wy) =2°(& VYm > v, Yk e N @ fi([k, m]) 1).

In case of fy we have for allm € N: p,, (W) = p,,(2¥) = 2“. So we can take vy = 0.

Assume we have f; and v; such that Vin > v; : p,,(Wg) =2 If W5 N V; = 0, we just take
fi+1 = fi and v; 1 = v;. Now assume Wy, N'V; # (. Since P|y, is Cantor continuous, there is a
Cantor open O such that P’I(Uv,.,_,l) NV; = 0 N V;. We distinguish two cases.

CASE 1: Wy N O # 0, take some o € Wy N O. Since O is a Cantor open, O = Uchr,- for
certain finite sequences o;. @ € O means there is a j such that o; is an initial segment of o. Let
the partial map g : N — 2 be the extension of both f; and o; (g(m) = o;(m) if m < [h(0;), else
g(m) = fi(m)). Here, [h gives the length of the sequence. So a € W,. Since p,,(Wy,) = 2¢ and
oj is finite, we can find an m such that g([v;, m]) 1. Let fj1 be the extension of g defined on
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[n,m] as 1. So Wi =Wen U(,j N Upy; ,mj—1. For B € Wg,\, we have 8 € O since 8 € U,,_/.
and 8 € P‘I(UVIHO) since B([v;, m]) = 1. So B ¢ V;. Secondly, since o, is finite, there are only
finitely many additions to f;, so there must be an n such that Vm > n : p,,(Wy, ) = 2%. Take
Vi41 such an n.
CASE 2: Wy, N O = . This means that for any @ € Wy, N f;, we have P(a)(v;) = 0, so there
must be an m such that a([v;, m]) = 1. Let f;1; be the extension of f; where f;([v;,m]) =0
for all m, and everywhere else f;+(m) = f;(m) (Note that f; was not yet defined on those
[vi, m] because of the v; condition). So, for each B € Wy, we have P(B)(v;) = 1, hence
Wy, N'V; = 0. Note that we can take v; 11 = v; + 1, since we only extended over the [v;, m]-s.
That finishes the construction of the f;. Since they are compatible, there is an f : N — 2
extending all of them. For this f we have foralli € N: {f} NV, € W NV, =#.So fis
not included in the partition. This is a contradiction. So P is not continuous over a countable
partition of 2%, so neither is E¢q,. Part (b) follows from 3.1. O

We have seen that adding equality to a pca adds only limited computational power. Could it be
that the pca with Eq added, could still be simulated in the old one? For instance in the case of
P(N), I, and 2%?

Proposition 3.5. Let A be a decidable pca with uncountably many elements. Let B be a pca
such that there is a countably based non-trivial topology which is repcon for B. Then there is no
decidable applicative morphism from A to B.

Proof. Let y : A — B be a decidable applicative morphism, and let 7 be a non-trivial
countably based topology which is repcon for B. Let {U;};cn be a countable basis of 7 and
take I' = [, 47 (a).

Let U be a non-trivial open in 7. Take x € U and y € B — U. By definition of the Booleans,
there is a representable map sending T to x and F to y. Since T is repcon for /5 there must be
an open V such that Tz € Vand Fg ¢ V.

Take an element x € A and denote d, : A — A the map d,(a) := Eq(x,a) which is
representable in A because of decidability. Since y is a decidable applicative morphism, we can
construct a partial map r, : B — B such that:

Ts ifa=x

Vae A beyla):rb):= {FB otherwise.

Note that for y € A with y # x we have r.(y(y)) = {Fg} so y(x) N y(y) = @. So {y(3)}yeu
forms a partition of I'.

Now, since 7 is repcon for 53, there must be an open U such that U N dom(ry) = r, L.
We have I' C dom(r,), so U NI = r;l(V) NI.Take v € y(x) # @, then v € I and
re@) =T € V. So rx’l(V) NI # @. Now take b € r;l(V) N I'. Since b € I there is an
a € A such that b € y(a). Since b € r (V) we have r.(b) # Fg, so a = x. We get that
0 #~ rx‘l(V) N I" C y(x). Since T has a countable basis and b € U there must be an i € N such
that b € U; .. We can conclude that ¥ = U; NI’ CUNT =r7' (V)N T C y(x).

So for any x € A thereis ani € Nsuchthat @ # U; N I" C y(x). Since for x # y we have
y(x) Ny (y) = ¥, we must have a distinct i € N for each x € .A. But this is in contradiction with
the fact that A is uncountable. We conclude y cannot exist. [J

Now, since the Scott, Baire and Cantor topologies do have countable bases, we get the following
direct consequence.
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Corollary 3.6. There are no decidable applicative morphisms from P(N)[Eq], K;[Eq] and
2¢[Eq] into P(N), K, and 2°.

4. Recursive aspects

A sub-pca B of a pca A is a pca defined on a subset of A, inheriting the applicative structure
of A and containing some choice of k and S functioning as the appropriate combinators for both
Aand B.

Let RE C P(N) be the recursively enumerable subsets of N. With the application from P(N),
RE forms a sub-pca of P(N) (see [1]). Note that for any A € RE, we have that its complement
C(A) is in RE, precisely if it is recursive. So in RE, C is a partial map defined on the subset
Rec C RE of recursive sets. By the same proof of decidability of P(N)[C] we can see that
Eq|Rec 1s representable in RE[C].

Now consider the following set: Uni = {[n, m] | ¢,(m)| }, containing the pairs n and m such
that the nth Turing machine halts with input m. Since we have a universal Turing machine, this
set is recursively enumerable. It also contains all RE sets, meaning for any A € RE, there is an
n such that Uni, := {m € N|[n, m] € Uni} = A. This allows us to enumerate all RE sets and
search through them.

Lemma 4.1. C is representable in RE[Eq].

Proof. We define Eq as a map on a single argument Eq’, so Eq'([A, B]) = Eq(A, B). For A
and B, we have that B = C(A) if and only if AU B = N and A N B = . To combine the
two into a single check, we can write a function representable in RE defined as Ic(A, B) =
[[AU B, AN B], [N, @]]. Then Eq’'(Ic(A, B)) =T < (B = C(A)). Now we want an algorithm
that checks this for all Uni,, a Z € RE such that for all n and Uy = {0}, ..., U,_; = {0} we
have Z[A, Uy, ..., U,_1] = [F, Ic(A, Uniy)] and Z[A, Uy, ..., U,_1, {1}]1 = [T, Uni,]. Then
Z A = Uni, such that Uni, = C(A) (if it exists). But such a Z € RE can simply be given by

Z = (x)if (lh(x) =0) then Uni, else
if (Istx) then [T, Ic(stx, Unipny)] else [F, Unippl

where fst and Ist respectively give the first and the last element of a sequence, and /A gives the
length of a sequence. [l

Note that this algorithm does not halt if A does not have a complement (is not in Rec), which is
fine since C is not defined there. Secondly, note that we cannot do this trick using Eq|g,., since
by ranging over all RE sets, we also need to check equality for non-Rec sets.

We take R C 2% to be the subset of recursive 0 — 1 sequences. Similarly to the recursive
sub-pca of ', in [1], we can see R as a sub-pca of 2¢. The usual bijection b : 2¢ — P(N) also
gives a bijection in = b|g : R — Rec where Rec C RE. So we have a way to relate R to RE.

Lemma 4.2. The injective function in : R — RE forms a decidable applicative morphism from
R[Eqg]to RE[C]

Proof. Take (=) : RE[C] — RE[C] to be the representable map X — (2X) U (2C(X)). We
want to represent application -g of R C 2” in RE[C], by factoring it through the map (—)'". So
we want to represent a map which for each A and B sends (A’, B’) to A-g..B in RE C P(N).
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We do that by taking Z € P(N) to be the set containing elements of the form [v, [n, m]] such
that Jug, uy, ..., u4:

em = 1{2i lu; = 1}U{2i +1|u; =0}

ey = (2[n, ug, ..., url, 2[n, ug, ..., ug1 1} U 20, wo, ..., up—11 1 < k).

Note that because of the finiteness of the e,, and e, and the computability of the enumeration of
finite sets e(_y, we can computably check whether [v, [n, m]] has this property, hence Z € RE.
Now note that if A-xB|, (A-gB)(n) = 1 precisely when n € ZA’B’. So in that case
ZA'B’ = A-g B. We can conclude that in : R — RE[C] is an applicative morphism realized by
(AB)Z[A, C(A)]IB, C(B)]. Since Eq|ge. is realized in RE[C], we have that the equality Eq
in R is representable with respect to in. So in : R[Eq] — RE[C] is a decidable applicative
morphism. [

We conclude the following.

Corollary 4.3. We have a system of decidable applicative morphisms:

RE[Eq|gec] ~“— RE[C] —%> RE[Eq]

R[Eq]
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