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1. Introduction

A fundamental object of interest in the study of the arithmetic of Fano varieties is
the density of rational points on it. This is usually measured by the counting function
that determines the number of rational points of bounded anticanonical height on the
underlying variety. More precisely, if X is a Fano variety and H(x) some anticanonical
height function, then one studies the counting function

Ny (P) = #{x € U(Q) : H(x) < P}, (1.1)

where U C X is some Zariski-open subset. In [4] Manin conjectured that there is some
open subset U such that

Ny (P) ~ ¢P(log P)rank(Fic X)—1 (1.2)

where rank(Pic X) is the rank of the Picard group of X and ¢ some constant which has
received an interpretation by Peyre [10]. In the case of smooth complete intersections in
projective space of sufficiently large dimension it turns out that the asymptotic formula
already holds for U = X, due to work of Birch [1]. Hence one would like to obtain at least
in this setting even more precise information on the density of rational points measured
by Ny (P). One goal of this paper is to answer this question via giving a higher order
expansion for Nx(P) in Theorem 1.2 assuming that the dimension of X is sufficiently
large, similar to [1].

The problem of studying Nx (P) is closely related to counting integral points on the
affine cone of X via the circle method. Our main tool is a refinement of the major arc
analysis, which has been essentially unchanged since Birch’s seminal work [1] in 1962. In
this paper we present a much more precise and refined analysis of the major arcs which
enables us to derive higher order expansions instead of only obtaining a main term.

We now come to the case where X C P*~! is a hypersurface of degree d, given by
a homogeneous form F(z1,...,xs) € Z[z1,...,x;s] of degree d. For convenience we use
in the following the vector notation x for (z1,...,25). In order to find an asymptotic
formula for Nx(P) one needs to count the number of integer solutions to the equation
F(x) = 0 in some bounded domain. Technically this is no more difficult than counting
integer solutions to F'(x) = n for some integer n. Since this is an interesting question
on its own right we consider this slightly more general problem. Let us introduce the
counting function Rg(P,n), which counts the number of solutions z; € Z for 1 <1i < s
to the equation

F(xy,...,25) = n,

with (x1,...,25) € PB for some box B C R™ with sides parallel to the coordinate axes
and a large real number P. When the box B is clear from the context we also use the
notation R(P,n) for Rg(P,n). In the situation where the form F(x) is not too singular
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and the number of variables s is large compared to the degree d, the Hardy—Littlewood
circle method provides an asymptotics for the counting function Rp(P,n), as in [1]. If
dim V* denotes the affine dimension of the singular locus of the form F(x) = 0, then
Birch proves an asymptotic for Rg(P,n) as soon as

s —dimV* > (d —1)24. (1.3)

There have been many refinements of the method since then, most of them developed
for the homogeneous problem with n = 0 or a weighted version of the counting function
R(P,n). These results include for example improvements in the cubic case due to Heath-
Brown [7,5], a new version of the circle method by Heath-Brown in [6], improvements
in the quartic case by Browning and Heath-Brown [2] and improvements on the bound
(1.3) by Browning and Prendiville [3].

All of these have in common that they produce an asymptotic formula for R(P,n) (or
a weighted version of this counting function) of the form

R(P,n) = &(n)J (P~ n)P*~? + O(Ps—479), (1.4)

for some positive § > 0. The value of § stays unspecified in most applications of the
circle method mentioned above. Here &(n) is the singular series and J(n) the singular
integral. It is a natural question to ask to what extent one might be able to improve the
error term in the asymptotic expansion (1.4). An inspection of the arguments in Birch’s
work [1] shows that the minor arc contribution can be forced to be arbitrarily small when
the number of variables s is sufficiently large. However, in the classical major arc analysis
there seems to be a natural barrier which prevents one from obtaining any better error
term than P*~9~1%7 for some small i > 0. More rigorously, in [9] Loh has studied the
error term in Waring’s problem. If R¢(n) denotes the number of representations of some
natural number n as the sum of s kth powers of positive integers, then provided that s
is sufficiently large, the circle method delivers an asymptotic formula of the form

[(1+1/k) s/h—1
Rs(n) T(s/k) Ss(n)n .
Loh shows that for s > k + 2 and k£ > 3, the error term in this expansion is bounded
below by
D(1+1/k)° . e
) [ S s — O (ns—D/k-1y

In their recent work [13] Vaughan and Wooley were able to explain this behaviour in
establishing second and higher order terms in the asymptotic expansion of Rs(n).

Their arguments are very specific for the situation of Waring’s problem, which means
in our language a diagonal hypersurface of the form
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F(x)=ak 4. .+

It is not clear from their work how to generalise this to more general forms F'(x), since
they heavily use the additive structure and separation of variables in their proof. Taking
a different approach, we establish in this paper an asymptotic expansion for R(P,n) with
an arbitrary number of higher order terms given that the form F is not too singular and
the number of variables s is sufficiently large.

Suppose we aim to count integer points on the variety F(x) = n in a dilate of a box
B = [1;_,(a;,b;]. For example, if we have n = 0 and F(x) is of degree d we expect to
see a main term of the form cP*~?. If we restricted F to one of the faces of the box,
for example in setting x; = a; or x; = b; for some 1 < i < s, then we expect that this
face contributes a term of order of magnitude P*~¢~!. In the standard formulations and
applications of the circle method this term is not visible since it is typically contained
in the error term. We are going to make these terms visible in our main Theorem 1.1
below. The coeflicients of these lower order terms, which to some extent correspond to
lower dimensional faces of the box B, are again given by products of generalised singular
series and singular integrals. We next describe their shape.

Let K > 1. In order to label the different lower order contributions, we introduce the
index set Z(K), which is defined as follows. Let Z(K) be the set of all tuples (11, Iz, T),
where I; and I are disjoint subsets of {1,...,s} and 7 € Z% satisfies 7;, = 0 if ¢ ¢
I, U I, and for which the condition |I;| + |I5| + |7| < K holds. Furthermore we let
Z = Ug>1Z(K) be the union over all these sets. Given a tuple (I1,I2,7) € T we will
always set I3 = {1,...,s}\ (/1 U I2) and Iy = 0.

In a more general situation, if {1,...,s} = Ugl:lli is a partition into four arbitrary
disjoint index sets, and a,b € R®, then we define the s-dimensional vector o, p(X)
componentwise by

b, ifiely
Ua,b(x)i =94 a; ifie I

Z; ifi € 13 U 14.
For a tuple (I1, I, 7) € Z we now introduce the integral
J(Il,lz,r) (’Y) = / a;e(PYF(X)”x:aa,b(X) dxp,.
Hi€I3 [@i,bs]
The generalised singular integral J(1, 1, -)(n) is then given by

Titstamy(n) = / iyt (V)e(—ym) d,
R

in case this is convergent.
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For any [ > 0 let B;(z) be the Ith Bernoulli polynomial and set §;(z) = B;({z}). In
order to introduce the generalised singular series, we need to introduce some versions of
the usual exponential sums occurring in the circle method. For 1 < r < g we define

1 ()

i€l

(I (7))

The singular series &y, 1, »)(P,n) is then given by

Sunm(Pira) = 3 ¢(Lr@) (

0<z<q q

© g
_ r
6([1,[2,T) (P? n) = Z Z q |13‘+|T|S(11,IQ,T)(P; 7', Q)e <__n> I
g=1 r=1 q

(rq)=1
in case the series is convergent.

Recall that V* denotes the singular locus of the form F(x) = 0, which is given in
affine s-space as the zero set of

S (X)) =0, 1<i<s.

‘We can now state our main theorem.
Theorem 1.1. Let d > 2 and K > 1, and assume that
s —dimV* > (d—1)2971(2K? + 2K — 2). (1.5)

Let B be given by B = [[;_, (ai, b;] where a; < b; are real numbers for 1 < i < s. Then
we have the asymptotic expansion

Rp(P,n) = Z S (1.1 (Pyn) T 1y 1y 7y (P~ Pl 2l =l =d
(I1,I2,7)ET(K)

L0 (Ps—d—(K—U—a) ’

for some 6 > 0. Furthermore, all the singular series & 1, 1, +)(P,n) and singular integrals
T, I, (P~%n) occurring in the summation are absolutely convergent.

Note that the main term for I; = I = ) and 7 = 0 is exactly the same as the main
term in the asymptotic expansion (1.4), and &g, 9,0)(P,n) = &(n) and J(g,9,0)(n) = J(n)
reduce to the classical singular series and singular integral as they appear in (1.4).
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The main new ingredient in the proof of Theorem 1.1 is several applications of Euler—
MacLaurin’s summation formula in the analysis of the major arcs. These replace the
rather crude estimates in the traditional treatment as in [1], Lemma 5.1, and are the key
to understanding the major arc contribution in more depth.

As pointed out in [13], already in the study of the higher order asymptotic expansion
in Waring’s problem the singular series occurring in the higher order terms do in general
not have an interpretation as an Euler product due to the presence of the Bernoulli
polynomials. Hence they are difficult to understand. In section 10 we use the multi-
plication theorem for Bernoulli polynomials to give some interpretation to the singular
series &y, 1,,+)(P,n), see Lemma 10.2 and Lemma 10.3. In particular, we expect that
Lemma 10.3 turns out to be useful in proving that some of the singular series &y, 1, r)
do not vanish.

In section 9 we rewrite the singular integrals J(y, IQ’T)(P_dn) in a different way such
that we can give a satisfactory interpretation to them. In particular, the singular integral
J(1,,1,,7)(n) can be viewed as some partial multiple derivative of the function in the
variables xz;,7 € I; U Iy describing the volume of the bounded piece of the hypersurface
F(x) = n inside the box [];c;,

For s sufficiently large and the special case where F(x) = > ;_, z¢, we note that the

[a;, b;], at the point x;, = by, and x;, = ay,.

conclusion of Theorem 1.1 reduces to the conclusions of Theorem 1.1 and Theorem 1.2
n [13], and generalises Theorem 1.2 in [13] for the case of odd degree d to an arbitrary
number of lower order terms.

Alternatively, to study the counting function R(P,n) one could introduce a weighted
version of it. If w(x) is a smooth and compactly supported weight function and S, (a) =
> ezs W(PTx)e(aF (x)), then this would be given by

1
“)Pn:/Sw an) da.
0

Slight modifications of our proof of Theorem 1.1 show that these techniques establish an
asymptotic formula of the form

R(W) (P, ’I’L) — G(H)j(P*dn)Psfd +0 (Pfsfdf(K71)76) ’

under the assumption that (1.5) holds. Hence all the lower order terms for R(“)(P,n)
vanish identically due to the smooth cut-off function w(x).

Finally, we apply Theorem 1.1 to give higher order expansions for Nx (P), as defined in
equation (1.1). In the notation above set n = 0 and let F'(x) be as before a homogeneous
polynomial of degree d. Then F'(x) = 0 defines a hypersurface X C P*~! of degree d. For
a rational point x € X(Q) given by a representative x € Z*® with coprime coordinates
ged(xy,...,z5) = 1, we define its naive height as

H(x) = max |z;].
1<i<s
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Let B = [—1,1]°. Via a Mébius inversion one can express the counting function Nx (P)
as

Nx(P) = 5 3" u(e) (Ru(e™*P.0) ~1).

Note here that the sum is in fact finite since Rg(e~1P,0) = 1 for e > P. In comparison to
the usual applications of Mdbius inversion in this setting, we observe that our generalised
singular series still depend on P. Hence we introduce for (I, I, 7) € Z the modified
versions

1 T _
(5(11112#)(13):52#(6)6 (s=|11]=|I2|=|7| d)G(th)(e 1p,0),
e=1

which are absolutely convergent by Lemma 6.1. As a consequence of Theorem 1.1 we
then obtain the following result.

Theorem 1.2. Let d > 2 and K > 1, and assume that (1.5) holds. Then one has

Nx(P)= 3 & nm(P)i.nm (0P IR
(Il,Ig,T)GI(K)

L0 (Psfdf(K71)76> ’
for some 6 > 0.

It is interesting to view Theorem 1.2 in the light of Manin’s conjecture (1.2). On
the other hand, a conjecture of Sir P. Swinnerton-Dyer [12] predicts that the asymptotic
expansion Ny (P) for smooth cubic surfaces consists of a main term of the form PQ(log P)
with a polynomial @ in log P and a square-root error term. Our result shows that the
situation is very different for smooth hypersurfaces (and complete intersections) of large
dimension. So far very little is known about the lower order terms. Theorem 1.2 gives
some first evidence for what to expect for sufficiently large dimensional hypersurfaces in
projective space.

We remark that in the case n = 0, which in some sense corresponds to Theorem 1.2,
the generalised singular series and singular integrals satisfy some symmetry properties.
If (I, I, 7) € T and (I1, I}, 7') is the dual index tuple given by I{ = Iy and I} = I; and
7' = 7, then one has

J1;,15,7(0) = (_1)‘1-"-7(11,12,7')(0)7

and in the case where P is irrational (or 7; > 0 for all ¢ € I; U I5) one has

S(1y.15.-1(P,0) = (-1)"'& 1, 1, (P, 0).
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Hence the corresponding terms in the expansions in Theorem 1.2 give exactly the same
contribution for (I, I, 7) and (Is, I, T).

The structure of this paper is as follows. After introducing some notation in the
next section, we formulate a multi-dimensional version of Euler—-MacLaurin’s summation
formula in section 3 which is an immediate consequence of the one-dimensional version.
After a treatment of the minor arcs in the following section, we give a refined major
arc analysis in section 5 based on the use of Euler—-MacLaurin’s summation formula. In
section 6 and section 7 respectively, we show that the singular integrals and singular series
which we introduced, are absolutely convergent. Together with the previous sections we
then deduce the two main Theorems 1.1 and 1.2 in section 8. Section 9 and section 10
contain some finer analysis of the singular integrals and singular series, including some
interpretations to all of these objects.

2. Notation and preliminaries

As usual, we write ||a|| = mingez |a — a| for the minimal distance from a real number
a to the next integer. For € R we let || be the greatest integer which is not larger
than z, and set {x} = = — |x]. If a and b are real-valued s-dimensional vectors than we
write a <b (or a < b) if a; <b; (or a; < b;) forall 1 <i<s.

If I = {i1,...,4;} is a finite index set, then we write dx; for dz;, dz;, ... dz;, and |I|
for the cardinality of I.

We will often need mixed partial derivatives of functions in several variables. For a

multi-index kK = (K1, ..., Ks) of non-negative integers we hence introduce the notation
K1 K s
A
* T oa T dah

for this differential operator. Furthermore, we write || = Y.7_, ; for the weight of the
multi-index K.

In Vinogradov’s notation all implicit constants may depend in a,b and F, and as
usual we write e(z) for >,

Lemma 2.1. Let F(x) be a homogeneous polynomial of degree d and k € Z° a tuple of
non-negative integers such that k; > 1 for at least one index 1 < j < s. Then one has

||

Oge(yF(x) = Y 7"h (x)e(vF (x)),

where ht(f) are homogeneous polynomials in x, which are identically zero or of degree
ad — |k|.

Proof. We prove the lemma by induction on |k|. First assume that x; = 1 for one
1<j<sand k; =0 for i # j. Then we can directly compute
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Oe(yF(x)) = 2minds, F(x)e(7F (x)).

This coincides with the assertion of the lemma since 0., F'(x) is a homogeneous polyno-
mial of degree d — 1 or is identically zero.

Next suppose we are given the statement of the lemma for some k. Choose one index
1 <5 < s and set n;- = K; + 1 and K] = k; for i # j. We now aim to prove the lemma
for k’. For this we note that

0% e(VF(x)) = 0x, (07 F (x)).
By assumption this expression equals

|=|

Oa; | > "B (x)e(vF(x))

|| ||

= 2770 (1 )+ 31" 60n, (1 ()
[k |

=Y 740, WD) (X)e(YF (%)) + Y 2miy T R (x) (0, F) (x)e(VF (x)).
a=1 a=1

We note that the degree of the polynomial (9, hS) (x) is deg B —1 = da— (325, ki) —
1 = da — Y ;_, K}, if it is non-zero. We next consider the second term in the above
expression. We rewrite it as

le]+1

Zv x)(0z, F) (x)e(vF(x)).
For some 2 < a < |Kk/| we again note that the degree of the homogeneous polynomial

R (x)(9,, F)(x)

is equal to d(a —1) = >°7_ k; +d — 1 =da—Y.._, k}. This completes the proof of the
lemma. O

3. Euler—MacLaurin summation formula

We recall the definition of Bernoulli polynomials. The sequence of Bernoulli numbers
By for k > 0 can be defined by setting By = 1 and

2 ()

M
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for kK > 1. Then the Bernoulli polynomials B (z) are given for £ > 0 by the formula

B =3 (5)Bose

=0

In the following we use the periodic Bernoulli polynomials which are defined as S, (x) =
B, ({z}) for k > 0.

In our major arc analysis we need a higher dimensional version of the Euler-MacLaurin
summation formula which we obtain in successively applying the one-dimensional ver-
sion, which can for example be found in Lemma 4.1 in [13].

In the work of Vaughan and Wooley [13] it is sufficient to use this version of Euler—
MacLaurin’s summation formula since the diagonal structure of the form underlying
Waring’s problem ensures that the exponential sum on the major arcs factorises into
one-dimensional sums. We next state a version of Euler-MacLaurin’s summation for-
mula which applies to higher dimensional functions. Since we are only going to apply the
Lemma to rather easy and well-behaved functions we do not aim for the greatest general-
ity in the assumptions under which this higher dimensional version of Euler-MacLaurin’s
summation formula holds.

Lemma 3.1. Assume that s > 1 and a; < b; are real numbers for 1 < i < s and let
K; be positive integers for 1 < i < s. Assume that g(x) has continuous mized partial
derivatives of total order up to > | K; on the cube []_,|a;, bi]. Then

(—1Ft
Z g(x) = Z (H K') (H Bk, (l‘z')>
s} v

a<x<b v L={1,..., i€ly i€ly

Hi613UI4 [ai,b:]

The summation over Ui_ I; is over all possible partitions of {1,...,s} into four disjoint
index sets I;, 1 < i < 4.

4. Minor arc estimates

In this section we assume that F'(x) is a polynomial in x of degree d, not necessarily
homogeneous. We define the exponential sum



342 D. Schindler / Journal of Number Theory 173 (2017) 332-370

S(a)= > e(aF(x)).

xePB

By orthogonality we can express the counting function Rp(P,n) as

1
Rp(P,n) :/S(a)e(fom) da.
0

In order to apply the circle method to this counting function we need to dissect the unit
interval [0, 1] into major and minor arcs. This is done in a traditional way following for
example the work of Birch [1].

Let 0 < n < 1/2 be some small parameter to be chosen later. For coprime integers
r,q we define the major arc

9:)/t/r,q(’rl) = {Oé S [O, 1) : ‘qa — T| < qP—d—',-n}’

and the major arcs 9'(n) as the union

wm=J U wm,m. (4.1)

1<g<P" 1<r<gq
(r,q)=1

Similarly, we define slightly smaller major arcs by
M, (n) = {a € [0,1) : Jga—r| < P77},

for coprime integers r, g and

mm = J U Ma).

1<q<Pn 1<r<q
(r,g)=1

If the parameter 7 is clear from the context we sometimes use the shorter notation 9, ,
for M. (1) and for the major arcs M, ; similarly.

Furthermore, we define the minor arcs as the complement of the smaller version of
the major arcs, i.e. m(n) = [0,1) \ M(n).

We recall Lemma 4.1 from Birch’s paper [1] which asserts that the major arcs 2t(n)
are disjoint in case that 7 is sufficiently small. For convenience we state it here for the
slightly larger major arcs 9t (n) since we need it for them in the later analysis of the
major arcs. We do not give the proof since it is standard and identical to Lemma 4.1
in [1].

Lemma 4.1. Assume that 3n < d. Then the union defining the major arcs M'(n) as in
(4.1) is disjoint for P sufficiently large.
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It is convenient to introduce more generally for any function w : R®* — R of compact
support the exponential sum

So(@,P) =Y w (%) e(aF(x)).

XELS

Hence if we take w to be the indicator function of the box B, then we recover S(«a). For
a certain class of weight functions w we need a form of Weyl’s inequality for S(«a). For
this we use a slight modification of recent work of Browning and Prendiville [3].

We first recall some conventions from [3]. We say that a pair & € R/Z and ¢ € N
is primitive, if there is some r € Z with (r,q) = 1 and |qa| = |go — r|. For some
positive constants ¢, C' and a positive integer m we introduce the class of smooth weight
functions S(c, C, m) as the set of smooth compactly supported functions w : R® — [0, 00)
such that supp(w) C [—¢,]® and [|0fw(X)]|ec < C for all multi-indices k € (NU {0})®
with |k| < m.

If F(x) is a polynomial in x, then we write F[4(x) for its homogeneous part of
degree d. Furthermore, we write Sing(F [d]) for the singular locus of the affine variety
given by Fl4 (x) = 0, which is the zero locus of the system of equations

Fld
88 (x)=0, 1<i<s.
T

Lemma 4.2. Assume that o and q are primitive. Let w € S(c,C,m) and x the indicator
function of some box in R®, which is contained in [—c,c|®. Assume that m > s. Then

one has
Sun(a, P[> ] =
WX ™ s 1-d —d . -1
— Le,0;m (log P (P + |lga|| + ¢P~% 4+ min {q T }) ,
Sl . (log P) o P

where o = dim Sing(F¥) is the dimension of the singular locus of the affine variety
given by Fld(x) = 0.

This is a consequence of Lemma 3.3 in [3]. Note that we do not need an explicit
dependence on the bound for S, (a, P) depending on the coefficients of F'(x) which can
be found in the formulation of Lemma 3.3 in [3].

Proof. The proof is identical to the proof of Lemma 3.3 in [3], with the function
¢(x) = e(aFn,, . n, ,(x)) in the notation of [3] replaced by the product ¢(x) =
X(hy,...ha_1)/P(X/P)e(aFh, ... n,_,(x)). For this we note that xm, ..  n, ,)/p(x/P) is
again the indicator function of a box, since the intersection of two boxes in R® is again
a box. O
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As a first application of Weyl’s Lemma 4.2 we provide an upper bound for the minor
arc contribution to Rg(P,n). In the following we assume that F'(x) is homogeneous and
set 0 = dim Sing(F) as in Lemma 4.2.

Lemma 4.3. Let 0 < 0 < (1/2)d and assume that s — o > (d — 1)2¢. Then one has

Sta)lda = 0 (P00l ),

agM(6o)

for any 6 > 0.

Proof. Let @ > 1. Assume that o € m(#) for some 0 < 6§ < (1/2)d. Then there is some
¢ < @ such that «,q is primitive and ||ag|| < @~'. Furthermore one has ¢ > P? or
lag|| > P~%*% since otherwise o would be contained in the major arcs M(). We now
apply the Weyl bound in Lemma 4.2 to the exponential sum S(«), where we set x the
characteristic function of the box B and w a smooth function such that w = 1 on the
box B. Then Lemma 4.2 delivers the bound

S(e) o ( 1-d4 , 1 —d . { -1 1 =i
L (logP)’ P4+ =4+QP “+mingq ", ——— .
F s ) Q fqalP"
Note that min {q’l, W} < P~% and set Q = P?. Then we obtain
S(e) 2 s (pl—d -0 0—d\ a=1
s < (logP)* (P'=4+ P04 pV=d)o,

Note that our restriction 0 < 6 < (1/2)d implies that the second term in that bound
dominates the expression, i.e.
24~

—o

< (log P)*(P~%)a T, (4.2)

‘S(a)
P

Now we define a sequence
9T>9T,1>...>91>90>0,

such that 67 = (1/2)d and |41 — 6] < 6 for all 1 < ¢t < T. We can do this with
at most T <4 0~ ! points. Note that by Dirichlet’s approximation theorem we have
M(6r) = [0,1). We now estimate the contribution of

|5 (e)| day, (4.3)

Q€M (0e41)\IN(0¢)



D. Schindler / Journal of Number Theory 173 (2017) 332-370 345

for all 0 < ¢ < T'. By the Weyl bound (4.2) we obtain

s—o

|S(a)| da < meas (M(01)) PHP~2 0T

aEDJT(GHl)\Em(Ot)

Note that the major arcs 9(0;11) might not be disjoint, but we can still bound their
measure above by

q
meas (M(0;41)) < Z Zq_lp_d+9t+1 < p2eri—d.

qSP9t+1 r=1

Hence we may bound the contribution of (4.3) by

& P —dtst6-0,27"Gmg o ps—dt36-6,(27 =g -2)

Hence we can bound the complete minor arc contribution by

T-1
/ S(a)ldar < ) / |S()] dor < Ps=H40-00 (27175 —2),

t=0

agM(0y) Q€M (0r41)\IN(0¢)

which completes the proof of the lemma. O
5. Major arc analysis

The main goal of this section is to replace the usual major arc approximation as in
[1, Lemma 5.1] by a much finer approximation using the higher dimensional version
of Euler-MacLaurin’s summation formula in Lemma 3.1. For this recall the notation
of the singular series and singular integrals as in the introduction as well as the inte-
grals Jiz, 1,,7)(7) and the exponential sums Sy, 1, »)(P;7,q). In addition, we define the
function f(~,x) by

[, x) = e(vF(x)),
and write £ (y,x) := 9% f(,x).
We are now in a position to state our first major arc approximation to the exponential

sum S(a).

Lemma 5.1. Assume that a € zm;ﬂ,q for some ¢ < P", and write o = g + v with some
|y| < P=44". Let K > 1 be an integer. Then we have
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S(a)e(—an)
_ r _
= Z q |I3|+|T|S(I1,Iz,‘l’)(P; T, Q)e <n> P‘IS‘ ‘Tl‘](IlJz,‘r')(Pd’Y)e(*'yn)
(I1,I2,7)EL(K) e
+ O(PS_K+2K77).
Note that the term for I; = I, = () and 7 = 0 corresponds to the usual approximation

on the major arcs as in [1, Lemma 5.1]. All the other terms will contribute to lower order
terms.

Proof. We start by writing the exponential sum S(«a) as

S =Y e(fF<z>) Y e(rF(z 4+ ay)). (5.1)

0<z<q z+qy€ePB

and consider the inner sum for a fixed vector z. Let a;, Bi for 1 <i < s be defined by

f[(di,gi] _ ﬁ (Pai —2:2‘7 Pbi —Zi:| '

i=1 i=1 4 4

Let g(y) = f(v,z + qy) and note that

% g(y) = q*1f*"™ v,z + qy), (5.2)

for every multi-index k € Z%,,.

Now choose some fixed K € N and let f(K) be the set of tuples (I3, I, Iy, T) with
the following properties. For ¢ = 1,2,4 one has I, C {1,...,s} and the index sets I;
are pairwise disjoint. Furthermore 7 € Z%, satisfies 7; = 0 if ¢ ¢ I; U Iy U Iy, and

0< 7 <K-1fori e I;UI, and 7; = K for i € I;. Similarly as before we set
Is ={1,...,s}\ ({1 U2 U1y) for such a tuple in Z(K'). Now we apply Lemma 3.1 to the
sum

S(z)= Y, e(vF(z+qy)), (5.3)

z+qyE€PB

with the parameters K; = K for all 1 <14 < s and to the box [];_, (a;, IN),] We obtain

E(Z) = Z E(Z;117]2al477-)7 (54)
(I,I5,14,7)eI(K)

with
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_1\K+1 _1\Ti+1 _
S(z; 11, I, Iy, T) = (H %) (H ((T:)ngTﬁl(bi))

i€y iel

—1 i 5
X (ZIE_II2 7(; +)1)!5n+1(ai)>

X / (H 6K($2)> 8;g<x)‘x:c7§£(x) dXI3 dXI4'

-7 i€y
Hi613U14 @s,bs]

First we estimate the contribution of ¥(z; Iy, I, I, 7) in the case |I1| + |I2| + |7| > K.
We apply Lemma 2.1 and obtain

7|

FD %) = Y47 (x)e(vF(x)), (5.5)
=1

with hl(T) (x) some homogeneous polynomials in x which are either zero or of degree
ld — |7|. Hence we have

[l

o\ g(y) = ¢ S AhT (@ + qy)e(vF(z + qy)).
=1

For a point y lying in the box y € [[_, [a, b;] we can now estimate

7| 7|

00 g(y)] < ¢T3 [P < gy gt Pl
=1 =1

Note that all the periodic Bernoulli polynomials 8, (x) are bounded. Hence we can now
estimate 3(z; I, I, I4,T) by

7|

Xz 1, Lo, I T) < / g™ Z y[F P dxp, dx,

I =1
icryur, [@i:bi]

2|

[T5|+|14] .
) we obtain the upper

Since the volume of [[;c;.z, @i, b;] is bounded by (
bound

[T5|+14] |7
Yz, o, Iy 1) < (;) g™y Pl
=1

< PMal Ll gl7l=1Ls |~ |1l plrin—|=|.

We estimate this further as
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S(zy 1y, Lo, Ins ) < g S PsTEH2IE (5.6)

using n < 1/2.
We combine this information with equations (5.1), (5.3), (5.4), (5.6), and see that

S(a) = > d e (fF(z)> S(z; Ih, I, 0, 7) + O(Ps~ K+, (5.7)
(Il,Ig,T)EI(K) O§z<q q
Note for this that |[r| > K as soon as I # ().
Next we consider for a fixed tuple (I1, Iz, 7) € Z(K) the integral
J' = / 9 ly=0, s (¥) dy1,-
ey [@,bs]
We recall the relation (5.2) and perform the variable substitution x; = qy; + z; for i € Is.

This leads us to

J' = g sl / f(T)(fy, o pa,pb(X)) dxp,.

HiGIg [PCLI,PbL]

Note that J’ is now independent of z. We further rewrite J’ via substituting Pz, = z;
for ¢ € I3, and obtain

J' = ¢ sl+ITI plis| / FT(y,0pa,pb(Px)) dxp,.
HieIg [ai,bs]

We recall equation (5.5) and observe that

7|

FT (3, Px) = " AT (Px)e(yF(Px))
=1

= p7ITlf™(piy x).
Hence we can again reformulate J' as
J =g IS [ Py oy (0) i,

Hi€I3 lai,bi]

— q*|13|+‘T|P|13‘*‘T|J(II,I%T) (Pd’)/)

We conclude that
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_1)mit+1 - _1\7i
(z; 11, I, 0, 7) = (H ((Til)Tl)!»Bnﬂ(bi)) (H %57#1(&1’)) J!

i€l icl,
-1 mitl ~ —1)7 ~
= <16_}[ ((TZ)TI)'BTHrl(b’L)) <16_I[ ﬁﬁq—le(G/l))

X q_|13‘+|TIP‘IB|_|TIJ(IlJQﬂ')(Pd'y).
The Lemma now follows from inserting this into equation (5.7). O

We now use this Lemma to evaluate the major arc contribution to the counting func-
tion R(P,n). For a measurable subset C C [0, 1] we write

R(P,n;C) = /S(a)e(—an) da.
C

Hence our next goal is to further analyse R(P,n;9). For a tuple (I1,1s,7) € Z, we
introduce the truncated singular series

q
—|I- r
6(117[277)(P,H;Q) = Z Z q lld|+|T|S(11,I2,T)(P;T> (I)e <_6n> .

4<Q  r=1

(rig)=1

We write
S(1,10m)(Pn) = Qli_{noog(h,zz,r)(ﬂﬂ; Q),

if the limit exists. Similarly, for any real number @ > 1 and (11, I, 7) € Z, we introduce
the truncated singular integral

Titvtarmy(1:Q) = / it tamy(V)e(—m) o,

[vI<@Q

and we write
J1, 1,7y (0) = ngnoo T 1) (1 Q),
in case the integral converges.

Lemma 5.2. Let K > 1 be some integer and n < (1/3)d. Then one has

RPm) = Y Syt (P PNy 1p,m) (P~ PP
(Il,IQ,T)GI(K)

L0 <P57K7d+(2K+3)n) .
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Proof. By definition of the major arcs we have

R(Pm; M) = Y Z / (—an) dov.

1<q<Pn r=1
(ra)=1"q

We use Lemma 5.1 to approximate S(«) on 9., and obtain

7,9

R(P,n; M) = > Sum(Pn; PP
(I1,I2,7)EL(K)
(5.8)
X / J(II,IQ,T)(Pd’Y)e(*’Y”) dy + Ey,

[y|<P—dtn

with some error term F;. By Lemma 5.1 we can bound the resulting error E; by

F < Z Zmeas PS K+2Kn
1<q<Pn r=1

< P2np—d+77Ps—K+2K77 < Ps—K—d+(2K+3)?7'

Furthermore we note that the variable substitution 4/ = P%y leads in the integral part
to

Iy, 1,7 (Py)e(=n) dy = P74 / Tty (V)e(—y P~ n) dy
I P-d+n 1<Pn

= P_d‘7(1171277’)(P_dn’Pn)'

Together with equation (5.8) and the estimate for the error term Ej this completes the
proof of the lemma. O

6. Singular series

The first goal of this section is to study convergence properties of the truncated
singular series &z, 7, (P, n; Q).

Lemma 6.1. Let (I1, Iz, 7) € Z(K), for some K > 1. Assume that

9= d+12_1 > K+ 1.

Then &y, 1,7 (P, n; Q) is absolutely convergent and satisfies

_g—d+tls—o
G(Il,IQ,T)(P7 n;Q) - G(Il,lz,T)(P7 n) <<‘l' QK+1 2 d_1+67
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for any € > 0, and the implicit constant depends on T but not on P.

Proof. The main ingredient of the proof is a suitable upper bound for the exponential
sum Sz, 1,,7)(P;7,q) which we deduce from Lemma 4.2. Recall that

r
6([1,[2,7’ P n Q Z Z |I3|+‘T|S(11,IQ,T)(P;T7 q)e <_an) )

=9 o

with exponential sums of the form
r
Syt (Pirea) = 3 ¢ (L)) hGafa)
ASYAS

where the weight function h(z) is given by

_p)m Pb;
h(z) = id 1) (2) <H ((Ti)_’_l)!ﬁn+l <q - Zz))

i€l

(e (5 -+)

i€ly

Note that each of the 8,41 (Pq L
on 7;. Hence one can divide the interval [0, 1) into at most 1+ deg 3., 11 subintervals, on

) is a polynomial of bounded degree depending only

each of which 3,41 does not change sign. We do this for each ¢ € I; U I3 and obtain a
finite set of boxes on each of which h(z) has bounded derivatives up total order at least
s. Hence we can write

= x(@wi(z)
=1

where L < 1 and x; is the indicator function of a box contained in [0,1)* and w;(z) €
S(c,C, s) for some positive constants ¢ and C. Note that both ¢ and C' do not depend
on P, and ¢,C <, 1. Hence we can rewrite

Sty.iar)(Pi7.0) = zle() (q)e@ﬂz)).

=1 z€Zs

We now apply Lemma 4.2 to each of the inner exponential sums. Note that if (r,q) = 1,
then the tuple r/q, ¢ is primitive. Hence we obtain
d—1

> (Z) wi <Z> e <2F(z)>| <7 (logq)* (¢ +min{q*1,oo})% .

VASYAS q
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This implies that

0 (3o (- (2r) e

zELS

and hence the same bound holds for Sy, 1, (P57, q).
We recall that |I1]+ |I2| + |I3] = s for any tuple (I, Iz, 7) € Z. We bound a truncated
version of the singular series &y, 1, (P, n; Q) by

_ - r
Z Z s S 1 oy (P, q)e <_En)‘

Q1<q<Q2 a q:)=1

< ¥ gl el 1e =274 5=

Note that |I1| + |I2| + |7| < K for (I1, I, 7) € Z(K), and hence we can bound the last
expression by

K+1-2"t1s=2 ¢
<< Ql 9

forany e > 0. O
7. Singular integral

In this section we study the singular integrals J(z, 1, +)(n; Q) for (11, Iz, T) € Z. Under
suitable conditions on F' and the box B we show that these are absolutely convergent
and we give some rate of convergence as () — co. The analysis is inspired by the classical
statement in [1].

Assume as before that F(x) is a homogeneous form of degree d. Fix a partition of
{1,...,s} into three index sets I;, 1 < i < 3 and set Iy = . Then F(oab(x)) is a
polynomial in the variables x;, i € I3 of degree d’ < d. We assume that d’ = d, and
write as before Fl¥(0,1,(x)) for the homogeneous part of F in x;, of degree d. The
affine singular locus Sing(F!% (g4 (x))) of FI¥ (0,1, (x)) in affine |I3]-space is given by
the system of equations

0
al’i

Fll(gap(x) =0, i€l

Let p(1,,1,) be the dimension of this affine variety, and note that it is independent of a
and b.

Lemma 7.1. Let Q > 1 and (1, I, 7) € Z. Assume that F(0ab(x)) is of degree d in xy,,
and
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s = L] = B2 = py 1y > (7] + 1)(d = 1)2¢7 (7.1)

Then J(1,.1,,+)(n; Q) is absolutely convergent and we have

a1 sl 2l=pr) 1)
|Z11,12,T)(n; Q) _ ~7(11,12,r) (n)| <Q 2 a1 F1t|7l+e

Proof. We recall that

Tnrnr Q) = [ T m(@)e(=m) do, (7.2)
[v<Q
and
Ji 1Y) = / F (v, 0ap(x)) dxi,.
HieIS[aivbi]

It is clear that |J(7, 7, +)| <anp 1 for all v and hence we assume in the following that
|v] > 1. Furthermore we first treat the case where |7| > 1. We start the proof in rewriting
the integral J7, 7, ~)(7) in the following way. By Lemma 2.1 one has

7|

FO (7, 0ap(x Zv 7T (0ab(x))e(VF (0a (%)),

with homogeneous polynomials hl(T) which are either identically zero of degree Id — |7|.
Hence we have

7|

Tnn® = [ A Gan)e0F (un(x) dx,
Micy,laibi] 1=
[T
= S (P 0T (0 pa,pb(Px)) P17

=1
Hie]s [ai,bi]

X E(P_d’yF(O'Pa7Pb(PX))) dxp,.

A change of variables in the integral leads to
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l

J(Il’IQ’T)(ry) — plri-I1s] / Z(P_d’y)lhl(T)(UPa,Pb(X))

Pllicr,laibil =1
X e(P~YYF(0pa,rb(x))) dx/,
= plTi-IEl / FT(P~ %y, 0pa,pp(x)) dxp,.

PHz‘EIS [ai,bi]

Next we approximate the last integral by a sum over integer tuples x € ZIsl n
Pllicp,lai, bi]. For this we could us a form of Euler-MacLaurin summation formula,
but for our purposes a much simpler argument is sufficient here. Note that if |x —y| < 1,
then

P, 0papb(x)) = F(P Y, 0pa b (¥))|

< max f(TH—e" (P_d% opa,rb(§)),
JEI3

for |€ — x| < 1, where e; is the jth unit vector. If |x| < P, then the decomposition for
I(P~%y,0pa.Pb as in Lemma 2.1 implies that

flr)tei(p—d b€ in L 2.1 implies th
£ = (P, 00, () (P, 0 pa, p(¥))|

< Z |P—d,y|lpld—\‘r|—1 < Z h/|lP—|‘r\—1 < |7||T|+1P—‘T|—1.
1<i<|r|+1 1<I<|r|+1

Hence we can rewrite Ji7, 7, -)(7) as

Ty 1,my(7) = PITI=1E] > FO (P4, 0pa,pb(x)) + E1 + Ea,
x13€PHi613[ai’bi]

with an error term F; from the boundary of the box

B, < plrl=ls] plis|—1 su}yB f(T)(P7d77gPa,Pb(x>)7
PSS

and an error term Fs from approximating the sum by the integral in the interior of the
box

By < PITI=IIs| plis] ‘,y|\1'|+1p—|‘f'\—1.

Using again the decomposition of f(7) from Lemma 2.1 we can bound the first error
term by

E, < P71  max Pl pla=ITl « p=iy|i7l,

Il



D. Schindler / Journal of Number Theory 173 (2017) 332-370 355

Recalling that we have assumed |y| > 1, we obtain

Tapmy () = PPIEIEL ST i (P gpy py(x)) + 0 (P71

xr, €P Hiel3 [ai,bi]

Again, we use the decomposition of f(7)(v,x) as in Lemma 2.1 to decompose the main
term as

[l

T (1) = 3 8+0 (PRl (7.3)
with sums S; of the form

S, = PITI=1Is] Z (VP_d)lhz(T) (0Pa,Pb(X))e (W’P_dF(UPa,Pb(X))) :
xlgepnielg[a’i’bi]

Using the homogeneity of the polynomials hl(T) (x), we rewrite S; as

S, = plEl 3 P (Gan(x/P))e (YPF (0 pa pb(x))) -
XTI eP Hielg [a’i’bi]

We now apply Weyl’s lemma in the form 4.2 to the exponential sum S;. We will choose
P later and large enough such that |y| < (1/2)P%. We apply Lemma 4.2 to the primitive
tuple 1,7P~%. Note that our choice of P implies that |[yP~%| = ||yP~¢||. Furthermore, the
quantity o occurring in the exponent in Lemma 4.2 is in our case exactly the dimension
of the singular locus of Fl9 (o, (x)), which we denoted by p(1,,1,)- The polynomial
hl(‘r)(aa’b (x)) is a sum of monomials in x;, with coefficients depending polynomially on
a and b. We consider each monomial separately. The product of each of these with the
indicator function idl_hezB [a:,6:](X) can be decomposed into ) Xmwm as in the proof of
Lemma 6.1, with some indicator functions x,, and w,, € S(c¢,C,s) for ¢ and C' some
positive constants only depending on 7, |al, |b| and F. Hence we obtain

ST < e (log P) TS

1131=r(1y,19)
1 d—1
1—d —d —d .
Now we choose P sufficiently large depending on || such that

lsl- P(Il I3)

— d—1 —
ISP < v

Again choosing P sufficiently large (a suitable power of |y|) we see from equation (7.3)
that
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7|

_g—at113l7Pay 1g)
J(IlJzﬂ')('Y) < E v 2 a1 -H7
1=1

and hence

I3|—p
at+1 181=P 1y, 15)
-1 |T“

Jr, 1 () < VT2

The assumption in (7.1) now shows that the integral defining Ji;, 1,,-) in equation (7.2)
is absolutely convergent. Similarly the second part of the lemma immediately follows. For
7 = 0 the same arguments (in a simplified form) reduce to the classical way of bounding
the singular integral and hence the proof of the lemma follows also in this case. O

8. Proof of the main theorems

In this section we collect together the information about the major and minor arcs
and give a proof of Theorem 1.1, followed by a deduction of Theorem 1.2. Before, we
shortly give an easy upper bound for the size of the singular loci p(z, 1,y in terms of the
singular locus o.

Lemma 8.1. For any I, and I one has
Py, 12) SO+ 1|+ |L2].
If s — o > 2(|I1| +|I2|), then the homogeneous part Fl9 (04 1,(x)) is not identically zero.

Proof. Recall that F(x) is a homogeneous form of degree d, and note that the homoge-
neous part Fl¥ (o, 1,(x)) if independent of a and b. We write

F(x) = Fi¥(oap(x) + Y xiHi(x),
1€l1 Ul

with H;(x) homogeneous polynomials of degree d—1 in all of the variables z;, 1 <i < s.
Let Y be the affine variety given by the system of equations

9 .
8xiF[d] (Cap(x) =0, i€l (8.1)
T, = Hl(x) =0, 1€ UlI. (82)

Then we have Y C Sing(F(x)), and hence dimY < o. On the other hand we may
consider the affine variety Y’ C A® given by the system of equations (8.1) only. By
definition of p(y, 1,y we have

dimY”" = p(1,.1,) + [I1] + | 2. (8.3)
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Since all the polynomials defining Y and Y’ are homogeneous, we have
dimY >dimY’ — 2(|1] + |I2]).
Together with equation (8.3) this implies
P11y < 0+ || + [I2].
In particular we have Fl9(0,1,(x)) # 0 as soon as
o+ I+ | < s—= (1] + |I2])- O
We now come to the proof of our main Theorem 1.1.

Proof of Theorem 1.1. Let 0 < 1 < (1/3)d to be chosen later, and K > 1 as in Theo-
rem 1.1. We decompose the counting function R(P,n) as

R(P,n) = R(P,n; M (n)) + O / |S(c)]de | . (8.4)

m(n)

By Lemma 4.3 the contribution of the minor arcs is bounded by

s —dte— —d+ls—og
/ 15(0)| da <, PPHen(3 T 2) (8.5)

m(n)
for any € > 0. The major arc contribution is by Lemma 5.2 given by

R(P7naml> = Z 6([1,12,1')(P,n;Pn)\ﬂjl,jg’r)(P_dn;Pn)Pll:s'_'T‘_d
(11712,7')61(]() (8_6)

+0 (PS—K—d+(2K+3)n) )

We next complete the singular series and singular integral in each term appearing in
the sum over (Iy,I3,7) € Z(K). Note that the number of terms in the summation is
bounded by |Z(K)| <k 1. By Lemma 6.1 we have

_9g—d+ls—o e
G(Il,Ig,T)(P7 n; Pn) - G(Il,IQ,T)(P? n) << Pn<K+1 ? d71)+ )

for any € > 0, as soon as

2*‘”1% > K+1.
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In particular the proof of Lemma 6.1 shows that both &, 7, )(P,n; P") and
&(1,,1,,7)(P,n) are bounded by < 1. For the singular integrals we use Lemma 7.1 and
observe that

s=|I1|=|I2]—p
g—d+1 1 d2—1 (11’12)717|‘r|>+€

-7
\T 1y, 12,0) (15 PT) = Ty 1) (0)| < P ( ;

as soon as equation (7.1) holds. We replace in equation (8.6) the truncated singular
integral J(1,,1,,+)(n; P") by J(1,,1,,7)(n) and &y, 1, 7 (P, n; P") by &y, 1, 7)(P,n). We
obtain

R(P,n;M’) = Z Sty 1oy (Po) T 1y 1y 7y (P~ ) P11
(I1,I2,7)ET(K) (87)

10 (P57K7d+(2K+3)n) B + By,

with error terms of the form

B < P?7(K+1—2*d+1 %)P|13|—|r\—d+a

(I I2,m) EZ(K)
« ¥ pllal=lrl—d—n(27"" =g — K1) 4 (8.8)
(Iy,I2,7)EZ(K)
—d—n(2 9= K1)+
< (T )+,

and

_ [I3]—p
_ d+1 (I3,12) _q_
By < E plsl=Itl—d+e p 77<2 a1 ! ‘Tl)

(11,12, 7)EL(K)

(8.9)

We now compare the different error terms. First we note that the bound for F; in (8.8)
is weaker than the bound for the minor arc contribution in (8.5). Furthermore, we can
estimate an individual term in the bound for F5 in (8.9) by

_ [I3]—p
_ d+1 (I3,12) _q_
plsl=Itl-dte p 77(2 d—1 ! ‘T|>

—d41 3l=pPay,
S*d‘i’&*l[l|7|I2|7(1777)|‘r‘*77<2 R df(llli)fl>
<P

Assume that n < 1 and s — o > 2(|I1| + |I2]). Together with Lemma 8.1 we obtain
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d—1

_ — 0o —2(|11] + |12]) s
> L]+ |I 9—d+15 79 —1 9g-d+127% ).
_|1|+|2|+77( i—1 >n i—1

Ia| —
L] + 122l + 7 <2d+1 ) 1)

Hence we see that

—d+1s—o
e )

)

Eg < Ps—d-i—a—n(

which is a better bound than what we obtained for F; in equation (8.8). From equation
(8.4) and equation (8.7) and the bounds in (8.5) and (8.8) we conclude that

R(P’ Tl) = Z 6([1,12,T)(P7 n)t7(11,12,-r) (Pidn)PuB‘i‘Tlfd
(I1,I2,7)EI(K)

(8.10)
+O<Ps K—d+(2K+3)n )+O< s d+e—?7(2*d+1%_K—l)

We choose 7 such that

K+ 2K +3)p=—1 (Q_d“fl_—(; K- 1) :

which is equivalent to

K=n(2 "% y k19
Ui ( i-1 + +
Note that the assumption 274T15=% > K 4 1 ensures that

K <1<1d
2K+3 "2 37

n <

and hence our assumption above on 1 < 1 is justified, as well as the major arcs are
disjoint as required in Lemma 5.2. Furthermore, the assumption

9~ d“z > 9K2 49K — 2
in the theorem ensures that

n< KQ2K?*+3K) = (2K +3)"!

Hence we obtain
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R(Pn) = Z S (1,17 (Pon) T 1y, 15,0y (P~ ) P =TI =d
(I1,12,7)€L(K) (8_11)

L0 (Ps—d—(K—l)—6> ’
for this choice of  and some § > 0. O
Finally we deduce Theorem 1.2 from Theorem 1.1

Proof of Theorem 1.2. Recall that

1 — B
Nx(P) = 3 ;M(e) (Rs(e™'P,0) —1)
(P (8.12)
1 _
=3 p(e) (Rp(e™'P,0) —1).
e=1
By Theorem 1.1 we have for any e < P
Re(e'P0)=1= 3 Sunm(e PO\, pm(0)(e Py I

(Il,Ig,T)GI(K)

+0 ((ef1p)sfd7(K71)75> _

By Lemma 6.1 we observe that

[P]
1
Sn.17)(P) = 3 Z u(e>e—(s—\h\—|12|—|T|—d)6(117[277_)(€—1P7 0)
e=1
+ O(p—(s—lhI—IIzI—\TI—d)-H)_

Putting the higher order asymptotic expansions for Rg(e™!P,0) — 1 into equation (8.12)
finally leads to

Nx(P)= 30 & s (P)Tia, 1y, (0PIl
(Il,IQ,T)EI(K)

L0 (Psfdf(K71)76> . 0

9. Singular integral I1

In this section we come back to the study of the singular integrals Js, 1,,-)(n). We
shortly recall the definitions
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Ttz () = /‘ £y, 0 (x)) dxcry,

H17€13 las,bi]

and
@Mﬂw:/ﬁmwmﬂﬂmw

which is absolutely convergent under condition (7.1) by Lemma 7.1. Recall that we have
set

f(T)(%Ua,b(X» = 8)7(—6<7F(X)>|x:¢7'a,b(x)'

Let x7, and xy, be vectors defined in an analogous way as xp,, i.e. x5, = (x;);er, and
X1, = (%i)icr,- As a generalisation of J(z, 1, 7)(7), it is convenient to define

J(I17127T)(7; XIUXI2) = / f(T)(PYﬂX) dXI37
Hi€13 (@i,bs]
and
o0
Ty 1) (M5 X1,,X1,) = / Jiry 10,0 (Vi X1, X1, )e(—yn) dy.
—o0

This integral is absolutely convergent for x7, € [[;¢;, [ai, bi] and x5, € [[;¢;, [ai, bi], as
soon as (7.1) holds. Note that we have

1Y) = Ji1y, 1) (v b1y, an,),

and

T 1,0 (M) = I, 10,7 (03 b1y, ar,).

Furthermore, we write J(y,.1,)(n; X1,,X1,) for J1, 1,,0)(n; X1, X1,).

In order to give a different description of J(1, 1, +)(7;X1,,X1,), we proceed in a similar
way as Schmidt in his work [11]. However, in contrast to his treatment we need to
introduce some different kernel with sufficient decay. We choose to use the smooth and
compactly supported weight function

coe= =" for |z| < 1
w(r) =
0 for |z| > 1,

where ¢y is a normalisation constant such that [, w(z)dz = 1. Let
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aly) = [ wnetm) dn,
R

be the Fourier transform of w. Then we have @(0) = 1 and @(z) = &(0) + O(|z|). We
now define the modified singular integrals as

oo

L7(7111,12,‘1')(,’7’;Xhaxfz): /‘:}(T_l’}/)‘](h,[z,‘r')(’wX117X12)e(_’7n)d’Y'

—00

Next we observe that ‘7(7;1 Io7) (n;xy,,x1,) is a good model for the original singular
integral as T gets large.

Lemma 9.1. Assume that (7.1) holds. Then one has
*7(7111,12,7)(71; X117X12) - ‘7([1’12’-,-)(’/1; X117X12)7 Jor T'— oo,
and the convergence is uniform in X1, € [[;c; [ai, bi] and x1, € [[;cp, lai, bil.
Proof. We bound the difference in the lemma by
‘7(11,12,7') (’fl; X XIQ) - *7(€1,Iz,f) (Tl; Xl XIz) < A+ B,
with
A= / 1= ST DN r, ) (i X1, X1,) | d,
lvI<T
and
B= / 11— & N ery, 1) (3 %10, %5,) | dy
v>T

< / |J([1,[2’-,-)(’Y;X[1,X[2)|d’y.
[>T

We recall by the proof of Lemma 7.1 that for any € > 0 we have

27d+1 REL 7(I1,12)
d_ll 2 |7
’

J(Il,fzﬂ') (7; X sz) < |r7|6_

uniformly in x7, € [[;c;, [ai,bi] and x1, € [];cp,[ai, bi]. Hence we can bound the first
term by
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_ [I3]—
A< / YT~ | min (1,|’Y|62 et dp(€1’12)+T|> dy
lyI<T

— “3|*P( ,Io)
< / 71 d’y+ / |7T*1||7|5_2 d+1 d_111 12) 47| d’)/<<T76,

[vI<1 1<y|IET

for some ¢ > 0 as soon as
s = p(1,,1) > (|7 +1)(d — 1241

The same argument shows that B < T~° under condition (7.1) and hence the lemma
follows. O

Next we aim to find some interpretation for the integral j(j;l 12)(71; X1,,X1,). By Fu-
bini’s theorem we have

TE o (ixr,,xn,) = / /w@*wd%F&%ﬂmdwkg

Mierglaibil B

—r [ [eer(Fe) - m)dyax,
HiEIS [aibi] R
=T / w(T(F(x) —n))dxy,.

Hi613 lai,bi]

If we set wr(y) = Tw(Ty), then we can rewrite the last equation as

._7(7;1712)(71;)(11,)(12) = / wr(F(x) —n)dxy,. (9.1)

Hig13 [ai>bi]

For T — oo, the integral ‘751 12)(n;x117x12) hence converges to the volume of the
bounded piece of the hypersurface F(x) = n inside the box [];c; [ai, bi], where xp,
and xj, are considered fixed. By Lemma 9.1 this limit equals the singular integral
\7(11,12)(’”‘;)([1’)([2)'

The following lemma relates the singular integrals J(;, 1, -)(n) for non-zero T to the
function J(y, 1,)(n;xr1,,X1,) and hence gives a natural interpretation for these kinds of
singular integrals.

Lemma 9.2. Assume that (7.1) holds. Then one has

J(11,10,7) (1) = O T(1,,.1) (0 X1, X1, | x =0 1 () -
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In particular, the singular integral J 1, 1, +(n) is the partial derivative OF of the function
in xy, and xz, describing the volume of the bounded piece of the hypersurface F(x) =n

inside the box [[,.;. [ai,bi], at the point x;, = b and x5, = a.

i€l3 [
Proof. Recall that

Tor iy ) = [em) [ P o) dxs, o
R HieI3 [ai,bi]

The proof of Lemma 7.1 shows that J(y, 1,)(n;X1,,X7,) as an integral with respect to the
integration variable 7, is uniformly convergent with respect to xr, € [[;c;, [ai —1,b; +1]
and xr, € [[;c7,lai —1,b; + 1]. The same holds for the integral

k7(11712,7')(77’; X11’X12) = /6(—7’/1)6; / 6(’}/F(X)) dXIs dry

R Hiez3 [as,bi]
- / e(—n) / 0T e(vF(x)) dxi, d.
R HiEI3 [ai,b:]

Hence we see that by Leibniz’ rule we have

T 1om) (1) = 03X T1, 1) (1 X1 X1y) Ix= 0 (x) 5

which proves the lemma. O
10. Singular series II

In this section we give some interpretation of the singular series &y, 1, +)(P,n). If
I, = I = () (and hence 7 = 0), then this series reduces to the classical singular series.
The function S(g,9,0y(P;r,q) is multiplicative in ¢ in a sense that

S0,0.0)(P;7m,0)S0.0,0) (P57, 4") = S,0,0)(P;7d +1'q,9q")

for coprime moduli (g,q’) = 1. This leads to an expression of &g ¢,0)(P,n) as a product
of local densities. However, if not both of I; and I5 are empty we do not expect the same
multiplicative behaviour of Sy, 1, 7)(P;r,q) because of the presence of the Bernoulli
polynomials 5., 41 <% . Hence we cannot expect to factorise &z, 1, (P, n) in the
traditional way. In order to get some interpretation for these terms, we take the follow-
ing approach. We truncate the series &z, 1, (P, n) at some height ¢ < @ and interpret
the truncated singular series up to a small error as a weighted number of local solu-

tions modulo @!. For this we need to lift the denominators in the exponential sums
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S( I, ]2,7.)(P; 7,q) all to the same denominator. In the case of the classical singular series
one clearly has

S@,0,0)(P;dr,dq) = d*S0,0)(P;7,q).

In the case of generalised exponential sums S(;, 7, ) (P;7, q), which may contain products
of Bernoulli polynomials, this is less obvious. In this case the analogous observation is
a consequence of the multiplication theorem for Bernoulli numbers. This states that for
any d > 1 one has

B, (dz) = d" ! dz_l B, (x + S) , (10.1)
k=0
see for example [8] for a reference.
Lemma 10.1. Assume that d > 1. Then one has
S(1 15,7 (P5dr,dg) = duglilTls(Il,Ig,T)(P; ,q).
Proof. For simplicity of notation we write

(~1)rt

o I
Oy, Iz,7) *= (_l)l . H (i + 1)

i€l Ul

Then we can write the exponential sum of interest as

., Pb; — 2,
Sy, 10,7) (P3dr,dq) = o1, 15,7 Z e &F(Z ) H Bri+1 Tq

z’ mod dq icly

Pa; — 2
Mo (%)

i€lqy

Next we rewrite the variables 2/ in the summation as z; = z; + ¢h; with 0 < h; < d and
z; running through an interval of length ¢, such that the following holds. If i € I; one
has

< —
- d

0
dq <

for all choices of 0 < h; < d. Similarly for 7 € Iy or i not contained in Iy U I5. If for
example ¢ € I, then one has
Pbz — Z;

-1<—<0.
q
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For ¢ € I} we need to compute the sum

Pbi—Zi—qhi Pbi—zi h,
Z Bri+1 (d—q> = Z By, 41 (1 + “dg E)

0<h;<d 0<h;<d

Z B 1+Pbi—2i+d—1—hi
T\ d dg d
0<h;<d

o Z B _+Pbi_2i+@
- Tt \a dg d)

0<h;<d

—_

We apply the multiplication theorem for Bernoulli numbers (10.1) and obtain

Pb; — z; — qh; o Pb; — z;
g Bri+1 (d—q) =d " Br 1 (1 + 7)
q q

0<h;<d
o Pb; — z;
= (TR,
q

Similarly the same computation holds for i € I with b; replaced by a;. Hence we obtain

S(Il,[z,‘l’) (P7 d’l", dQ) = Q(Il,lz,-r)d‘IS‘_lfl Z ( ) H BTIJrl ( l)

z mod d i€l
Pai — Z;
<L
i€ly q

= d"IS g gy (P ).
This completes the proof of the lemma. O

Next we consider a truncated piece of the singular series &y, 1,,)(P,n) in the case
where it is absolutely convergent. Under the assumptions of Lemma 6.1 we have

6(11712,7') Pn Z Z q ‘ISH_lT‘S(Il Is,T) (Prq) <__n>+O(Q_5)~

! 1
q|Q! (Tq) 1

For some g appearing in the summation we let d be defined by qd = Q!. Using Lemma 10.1
we rewrite the sum on the right hand side as
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rd
Stntam(Por) = Y Y (ad) IS 1y (Pird e (Q' >+O(Q %)

a1et ot

/

Q!
=Y (@) EHTIS gy (P31, Qe (—@n) +0(Q7).
r’'=1

367

(10.2)

Note that by orthogonality one has

Q| . —
r e if F(z) —n =0 mod Q!
> (G ) = {O |

otherwise.

Let

ﬁT(Z’Q!) = 0(1,,I>,7) H 6‘/’1“‘1’1 < ) H /BTLJrl (PCLZ T i> .

i€l i€ly

If we use the definition of S(;, 1, 7)(P;7’, Q!) in the last sum in (10.2), we see that

6(11,[2,7‘) (Pa n) = (Q!)_|I3|+‘T|+1 Z 1{F(z)£n mod Q!}/BT(Z7Q!) + O(Q_(S)

0<z<Q!

We state our observations in the following lemma.

Lemma 10.2. Let (I1, Iz, 7) € Z(K), and assume that

2d“2 1>K+1

Let QQ > 1. Then there is some 6 > 0 such that

6(11,[2,7‘) (Pa n) = (Q!)_|I3|+‘T|+1 Z 1{F(z)£n mod Q!}BT(Z7 Q') + O(Q_é)

0<z<Q!

One can interpret the expression for &, 1, 7)(P,n) in Lemma 10.2 as a weighted

version of the counting function F(z) = n modulo Q!. We use Lemma 10.2 to further

understand the singular series &y, 1, )(P,n), which occur in the terms of largest order

directly after the main term in the expansion in Theorem 1.1. They correspond to situ-

ations where I} U Iy = {ip} for a single element 1 < ip < s and |r| = 0. We assume in
the following that Q!|Pb;, or Q!|Pa;, depending on whether ig € I; or ig € Is. Under
some symmetry assumptions on the form F'(x) we can rewrite &z, 1, (P, n) as a local

density, up to a small error, and in particular determine its sign.
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Lemma 10.3. In addition to the assumptions in Lemma 10.2, let Iy U Iy = {ip}, |7| =0
and Q| Pa;, if io € Iy or QU Pb;, if ig € I,. Furthermore assume that the counting
function

r(zi,, Ql,n) = t{zr, mod Q! : F(zr,,z;,) =n mod Q!}
satisfies r(zi,, Ql,n) = r(—24, QL,n) for all z;, modulo Q!. Then one has
1
S 11.1o.m) (Prm) = S (=)IHHQ) T 20(0, Q1 m) + O(Q7),
for some 6 > 0.

Proof. By Lemma 10.2 we can express a truncated version of the singular series
G(Il,Iz,T)(P7 n) as

S (Pon) = (D)@Y 37 o (‘5;’0) r(zi,, QL) + 0(Q).
0<z2i, <Q!

Recall that the first Bernoulli polynomial Bi(x) is defined as By (z) = x — 5. We hence
rewrite the last expression as

S(1,1,,m)(P,n) = (=1)HQ) = +26,(0)r(0,Q!, n)

1 Zig

+ ¥ (G-m)reeamroee. U

Q!

By assumption we have r(z;,, Q!,n) = r(Q! — z;,,Q!,n) and we observe that

Hence the second sum in (10.3) vanishes and we obtain

S (1, 1o (Pn) = (=)@ T F2B1(0)r(0,Q, n) + 0(Q ),
as desired. O

We remark that Lemma 10.2 is useful in determining the sign of 6(11,12,.,.)(P7 n)
and showing that these singular series are non-zero under certain conditions. The
counting function 7(z,,Q!,n) is always non-negative, and furthermore, the term
(Q"~**2r(0,Q!,n) can be shown to be positive under the assumption of the existence
of non-singular local solutions for all finite primes. As an example, we compare this to
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Theorem 1.4 in [13] for the special case of F(x) = Y7, 2¢. As we shall see in the next
section one has

Sp.1,0(Pn) =6, 1, (n),

where the singular series on the right hand side is defined as in Theorem 1.4 in [13]. In the
case where |Iz| = 1 and Q!|n, the symmetry assumption on 7(z;,, @!,n) in Lemma 10.3
is satisfied and this shows that

S 1 (1) = ~5(Q)Fr(0,QLm) + 0(Q ).

Observe that (Q!)~**1r(0,Q!,n) converges to &,_1(n) for Q — oo (by applying the
Chinese remainder theorem) and hence we recover, up to a less precise error term, the
result of Theorem 1.4 in [13]. We note that our assumptions on s are of course much
stronger than those in [13], since we applied a result for a very general form F(x) to
the sum of s dth powers. However, we could feed our method on the minor arcs with
mean value estimates for sums of dth powers instead, and recover results of comparable
strength in s.
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