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Homotopy-Based Methods for Fractional
Differential Equations

Op homotopie gebaseerde methoden voor
fractionele differentiaalvergelijkingen

(met een samenvatting in het Nederlands)

Proefschrift

ter verkrijging van de graad van doctor aan de Universiteit Utrecht op gezag van de
rector magnificus, prof.dr. G.J. van der Zwaan, ingevolge het besluit van het college voor
promoties in het openbaar te verdedigen op woensdag 30 augustus 2017 des middags te 2.30 uur

door
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Chapter 1

Introduction

1.1 Motivation of the work

The intention of this thesis is two-fold. The first aim is to describe and apply, series-based,
numerical methods to fractional differential equation models. For this, it is needed to distinguish
between space-fractional and time-fractional derivatives. The set-up of the work is done in three
chapters with increasing numerical complexity and effectiveness. The second goal of this thesis
is to give a clear and fair numerical analysis to show that these methods, mainly based on so-
called homotopy principles, may, in certain cases, provide accurate results for nonlinear models.
However, it will also be stressed that, in contrast with many articles on this topic, there may be
many disadvantages when applying such methods in general. Tuning of numerical parameters
still plays an important role to obtain convergent series solutions. Therefore, the main focus of
this work is the numerical performance of series-based methods for space- and time-fractional
differential equations.

1.2 A brief history of fractional derivatives

Most authors on this topic cite a particular date as the birthday of so called "Fractional Calculus"
[84, 111]. In a letter dated September 30th 1695, L’Hôpital wrote to Leibniz asking him about
a particular notation he had used in his publications for the nth-derivative of the linear function
f(x) = x : Dnx

Dxn . L’Hôpital posed the following question to Leibniz: "what would the result
be if n = 1/2?". Leibniz’s response was: "An apparent paradox, from which one day useful
consequences will be drawn." These words were, in fact, the origin of fractional calculus. Fol-
lowing L’Hôpital’s and Leibniz’s first notion, fractional calculus was primarily a study reserved
for the brightest minds in mathematics. Fourier [114], Euler [88] and Laplace [71] are among
the many who got interested in fractional calculus and its mathematical consequences.

Many mathematicians found, using their own notation and methodology, definitions that fit
the concept of a non-integer order integral or derivative. Well-known definitions of fractional
derivatives, perhaps not yet completely accepted in the calculus community, are the Riemann-
Liouville [101, 109, 97], Caputo [22] and Grünwald-Letnikov [101, 109, 97] definitions.

In 1819, the first serious approach to mathematically understand a derivative of an arbitrary
order was made by the French mathematician S. F. Lacroix [107]. In his publication, he devoted
a few pages to this subject among the total of more than 700 pages. Lacroix started with the
monomial y = xn, where n is a positive integer, and worked out the mth derivative for this
function:

dmy

dxm
=

n!

(n−m)!
xn−m. (1.1)

3



4 Chapter 1. Introduction

Then, he found, realizing the connection between the factorial "!" and the Gamma-function, for
the function y = xa with a ∈ R+:

d1/2y

dx1/2
=

Γ(a+ 1)

Γ(a+ 1/2)
xa−1/2. (1.2)

Note that the function denoted by Γ will be defined in section 1.3.1. Lacroix expressed the
arbitrary order derivative of the function xa with a ∈ R. The special case a = 1 reads then:

d1/2

dx1/2
x =

2
√
x√
π
, (1.3)

since Γ(3/2) = 1
2Γ(1/2) = 1

2

√
π and Γ(2) = 1 (see also section 1.3.1).

The concept of fractional derivative has taken almost three hundred years to be formally
proposed in a text, since L’Hôpital [111] first described it. The first application in the literature
was given by Niels Henrik Abel [12] in 1823. He applied fractional calculus in the solution
of an integral equation related with the tautochrone problem [46]. Abel worked out an elegant
solution to this problem. It took the attention of Liouville who first gave the formal definition of
a fractional derivative. He published a number of memoirs between 1832 and 1855. His starting
point was the equality:

Dmeλx = λmeλx. (1.4)

After some algebraic calculations, he finally defined the fractional integral as follows:

D−αx f(x) =
1

Γ(α)

∫ x

a
f(u)(x− u)α−1 du, a ∈ (−∞, 0). (1.5)

Liouville succeeded to apply his definitions in potential theory. But some of his colleagues
believed that these definitions were too narrow.

During the period from 1835 until 1850, there was some controversy between Lacroix’s gen-
eralization, favored by George Peacock [107], and Liouville’s definition. Augustus De Morgan
claimed that these two definitions could provide a more general definition. In 1850, William
Center [107] found a discrepancy between Lacroix and Liouville. While Lacroix claimed that a
fractional derivative of a constant must be unequal to zero, Liouville stated that it is zero because
of the property Γ(0) =∞.

In 1847, when Riemann was still a student, he published a paper on fractional integrals. He
followed Liouville’s idea and defined:

Iαf(x) =
1

Γ(α)

∫ x

a
f(u)(x− u)α−1 du+ Ψ(x), (1.6)

where he added a complementary function Ψ(x) (see also [106]).
Most of the mathematical studies regarding fractional calculus were developed prior to the

turn of the 20th century. For example, Caputo [101, 109, 97] reformulated the more ’classic’
definition of the Riemann-Liouville fractional derivative in order to use integer order initial
conditions to solve his fractional order differential equations. Erdélyi and Kober [41] introduced
the properties of a generalization of the Riemann-Liouville and Weyl definitions. The topic of
fractional calculus wasn’t deeply surveyed between the early 1940s and the 1960s of the last
century. From that moment, a number of papers were published by Erdélyi, Mikolás [91],
Higgins [63], Al-Bassam [4] and others in the 1960’s and 1970’s. Recently, in the mid 1990’s,
Kolowankar, as mentioned in [84, 111], again reformulated the Riemann-Liouville fractional
derivative in order to differentiate non-differentiable fractal functions.

It is interesting to note that most applications in engineering and sciences have been
developed in the past hundred years. Especially, in the last twenty years, numerous applications
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and physical interpretations of fractional calculus have been described in literature. Among
others, we find nowadays fractional derivatives in hydrology (non-Fickian laws), finance
(Lévy-flights and non-Markovian models), non-Brownian motions, super- and sub-diffusion
(anomalous transport), visco-elasticity, rheology, and electro-physiology of the heart. A few of
those will be discussed in section 1.6.

1.3 Special functions in fractional calculus

In this section we discuss two important special functions, that are widely used in fractional
calculus.

1.3.1 The Gamma function

The Gamma function Γ(z) (see [101, 109, 97]), sometimes denoted by the Euler-Gamma func-
tion, plays an important role not only in ordinary calculus and physics, but also in fractional
calculus, which allows us to generalize the factorial n! to non-integer values. The Gamma func-
tion is often used in probability, statistics and combinatorics. It is defined as follows:

Γ(z) =

∫ ∞
0
e−ttz−1 dt, (1.7)

or, alternatively, by∫ 1

0
[− ln(t)]z−1dt,

which is known to converge in the complex plane for <(z) > 0 (see [101]).

FIGURE 1.1: The Gamma function on the real axis.
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An important and widely-used property of the Gamma function is given by the functional equa-
tion:

Γ(z + 1) = z Γ(z), (1.8)

which can be easily checked as follows:

Γ(z + 1) =

∫ ∞
0
e−ttz dt = [−e−ttz]t=∞t=0 + z

∫ ∞
0
e−ttz−1 dt = z Γ(z). (1.9)

It is obvious that Γ(1) = 1. We can conclude from (1.8):
Γ(2) = 1! = 1,
Γ(3) = 2! = 2,
Γ(4) = 3! = 6,
...
Γ(n+ 1) = n Γ(n) = n (n− 1)! = n!.

(1.10)

The Gamma function has simple poles at the points z = −n for n = 0, 1, 2, .... Another
interesting formula in which the Gamma function appears is the following limit representation:

Γ(z) = lim
n→∞

n!nz

z(z + 1) · · · (z + n)
, <(z) > 0. (1.11)

Further, it can also be shown that Γ(z) defines an analytical function on z ∈ C : <(z) > 0 (see
[101]). There exist also several alternative definitions for the Gamma function:

Γ(z) =
1

z

∞∏
n=1

(1 + 1
n)z

1 + z
n

, (1.12)

Γ(z) =
e−γz

z

∞∏
n=1

(1 +
z

n
)−1e

z
n , (1.13)

where γ is the Euler-Mascheroni constant, approximately equal to 0.577216.... Another useful
property of the Gamma function is the one given by Euler’s reflection formula:

Γ(1− z)Γ(z) =
π

sin(πz)
, z /∈ Z. (1.14)

From this follows, for example, easily that Γ(1
2) =

√
π. This property helps us to calculate

fractional order derivatives and integrals more easily. Some other Gamma function values are
[101]:

Γ(−2) =∞
Γ(−3

2) = 4
3

√
π ≈ 2.363271

Γ(−1) =∞
Γ(3

2) = 1
2

√
π ≈ 0.886226

Γ(5
2) = 3

4

√
π ≈ 1.329340

Γ(7
2) = 15

8

√
π ≈ 3.323350, etcetera.

(1.15)

The Gamma function is also strongly related to the so-called Beta function:

B(x, y) =
Γ(x)Γ(y)

Γ(x+ y)
. (1.16)
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Note that the function Γ(x) is not a unique solution of (1.8) (for positive values of x = <(z)).
Other solutions of this functional equation are, e.g.:

cos(2mπx)Γ(x), m ∈ N,
or
1

Γ(1−x)
d
dx ln(

Γ( 1
2
− 1

2
x)

Γ(1− 1
2
x)

).

With an extra condition on the function that must satisfy (1.8), Bohr and Mollerup in 1922 [20],
proved that the Gamma function Γ(x) is the unique solution of the functional equation. They
added the extra constraint on f(x), that it must be logarithmically convex. Their theorem is
known as the Bohr-Mollerup theorem.

1.3.2 The Mittag-Leffler function

Another important formula in fractional calculus is the Mittag-Leffler (ML) function [93]. The
Mittag-Leffler function shows its importantance in physics, biology, engineering and applied
sciences. The Mittag-Leffler function is a fundamental solution of fractional differential equa-
tions and fractional order integral equations. The most noticeable general property of the Mittag-
Leffler function is dealing with the Laplace transform and asymptotic expansions of these func-
tions. The Mittag-Leffler function has two definitions in the literature:

Eα(z) =
∞∑
k=0

zk

Γ(αk + 1)
, α ∈ C, <(α) > 0, (1.17)

and

Eα,β(z) =

∞∑
k=0

zk

Γ(αk + β)
, α, β ∈ C, <(α) > 0, <(β) > 0. (1.18)

−1 −0.5 0 0.5 1 1.5 2 2.5 3
0

5

10

15

20

25

E
α

,β
(z

)

z

 

 

E
1,1

E
1,2

E
1,3

E
2,1

FIGURE 1.2: The Mittag-Leffler function (1.18) for different α and β values.
The exponential function can be recognized, if we choose α = 1 and β = 1:

E1,1 = ex.

Its graph is displayed in Figure 1.2 for different α and β values. Definition (1.17), which can
be seen as a generalization of the exponential function, was studied by Mittag-Leffler in 1903.
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This formula gives the Taylor series of the exponential function in the case α = 1. The ML-
function can be found in the exact solution of the following time-fractional fractional differential
equation:

Dα
t u(t) = −λu(t), u(0) = u0. (1.19)

Its solution reads (using elements from section 1.4):

u(t) = Eα(−λtα). (1.20)

In Figure 1.3 these solutions are displayed for several values of the parameter α. Definition

FIGURE 1.3: The solution (1.3) of the fractional differential equation (1.19) for
several α values, λ = 1 and u0 = 1. We see again, that for α = 1, we obtain

the solution u(t) = e−t

(1.18) is another, more general, version of (1.17). It was studied by Wiman [124] in 1905 and
Agarwal [3] in 1953.

Here, we mention only a few basic properties of the Mittag-Leffler functions:
Eα,β(z) = zEα,β+α(z) + 1

Γ(β) ,

Eα,β(z) = βEα,β+1(z) + αz d
dzEα,β+1(z),

dm

dzm

[
zβ−1Eα,β(zα)

]
= zβ−m−1Eα,β−m(zα), <(β −m) > 0, m = 0, 1, ...

d
dzEα,β(z) =

Eα,β−1(z)−(β−1)Eα,β(z)
αz .

More details and properties concerning these functions can be found in [56].

1.4 Definitions of fractional derivatives

In fractional calculus, many definitions of fractional derivatives exist, depending on the starting
point of the theory, on the underlying function space and on the type of application, respectively.
A complete overview will not be given (for this we refer to [101, 109, 12, 35]), but we would
like to mention the four most relevant definitions connected to the underlying thesis.

We start with a well-known, seemingly, contradictory example that can be explained later
on with two different points of view in defining fractional derivatives. We call it a "mysterious
contradiction" and it can be worked out easily by applying, in a straightforward way, the Taylor
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series of the exponential function in two ways. For this, consider the monomial y(x) = xk

and calculate its nth derivative. Following the rule that connects the factorial and the Gamma-
function from section 1.3.1, we recognize immediately:

dny

dxn
=

k!

(k − n)!
xk−n =

Γ(k + 1)

Γ(k − n+ 1)
xk−n , k ≥ n. (1.21)

There seems to be no objection to replace the integer n by the real number α > 0:

dαy

dxα
=

Γ(k + 1)

Γ(k − α+ 1)
xk−α , k ≥ α ∈ R+. (1.22)

Furthermore, working out the Taylor series of the exponential function, we find:

y(x) = ex ⇒ dny

dxn
= ex, (1.23)

which suggests that we can take:

dαy

dxα
= ex =

∞∑
k=0

xk

k!
=

∞∑
k=0

xk

Γ(k + 1)
, α ∈ R+. (1.24)

On the other hand, using similar properties and calculations, we obtain the following:

y(x) = ex =

∞∑
k=0

xk

k!
(1.25)

⇒ dny

dxn
=
∞∑
k=0

1

k!

k!

(k − n)!
xk−n =

∞∑
k=0

xk−n

(k − n)!
=
∞∑
k=0

xk−n

Γ(k − n+ 1)
. (1.26)

From this would directly follow:

dαy

dxα
=
∞∑
k=0

xk−α

Γ(k − α+ 1)
. (1.27)

Comparing equations (1.24) and (1.27), we might conclude that defining a fractional derivative
would not be possible in a consistent way. In the following sections we will see that it is possible
to explain the confusing difference in these two expressions. For this, we first need to define
how we can calculate a fractional integral.

1.4.1 Fractional order integrals

Fractional order integrals can be defined using the well-known concept of repeated integration.
This is done by using Cauchy’s iterated integral formula. Next, we define the half-Schwartz
space1

S̃(R) := {f ∈ C∞(R−) : ||f ||k,l <∞, ∀ k, l ∈ Z+}, (1.28)

where

||f ||k,l = supx∈R− |xk
dlf

dxl
|.

1This means, in fact, that functions f must satisfy the following property: P (x) d
lf

dxl
→ 0, for x → −∞ for all

polynomials P (x) and all integer lth order derivatives.
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For functions in S̃(R), we define the sequence of integral operators J 0,J 1,J 2, ... in the fol-
lowing way:

J 0f(x) = f(x),

J 1f(x) =
∫ x
−∞ f(s) ds,

J 2f(x) =
∫ x
−∞ J

1f(s) ds,

.......

J nf(x) =
∫ x
−∞ J

n−1f(s) ds.

(1.29)

When applying Cauchy’s iterated integral formula to a function f on the interval (−∞, x], we
obtain the nth order integral:

Inf(x) :=
1

(n− 1)!

∫ x

−∞
(x− s)n−1f(s) ds. (1.30)

Note that, it can be checked easily, that J nf = Inf, n ∈ N. With this result, it is straightfor-
ward to define the fractional integral of order α ∈ R−, making use of the fact that n! = Γ(n+1)
for n ∈ N:

J αf(x) :=
1

Γ(α)

∫ x

−∞

f(s)

(x− s)1−α ds. (1.31)

An important property of this integral is related to a basic property in semi-group theory:

{ J
αJ β = J βJ α = J α+β, ∀α, β ≥ 0
J 0 = I . (1.32)

This result states that one can interchange the order of fractional integration arbitrarily. The
property does not hold, however, in general, for fractional derivatives (see the next sections).

1.4.2 The Riesz derivative

Using formula (1.31) for the fractional integral, we are now able to define, for functions f ∈
S̃(R), the so-called Riesz fractional derivative:

DαRf(x) := Jm−α(
dm

dxm
f(x)), m = dαe, f ∈ S̃(R).

This derivative can be written as a convolution with a weakly singular kernel:

Jm−αf(x) = 1
Γ(m−α)

∫ x
−∞

f(s)
(x−s)1+α−m ds, m = dαe, f ∈ S̃(R)

= χm−α+ ∗ f(x), where χm−α+ (x) := 1
Γ(m−α)x

m−α−1H(x).

(1.33)



Chapter 1. Introduction 11

It can be checked that the Riesz derivative is consistent with the non-fractional (ordinary) deriva-
tive. For this, we can use the following basic steps:

DkRf = Jm−k( dm

dxm f), m > k

= χm−k+ ∗ ( dm

dxm f)

= dk

dxk
[( dm−k

dxm−k
χm−k+ ) ∗ f ]

= dk

dxk
[δ ∗ f ]

= dk

dxk
f.

(1.34)

Here, δ, χ and H are the Dirac-delta function, the indicator function and the Heaviside step
function, respectively.

1.4.3 The Riemann-Liouville and Caputo derivative

Two other related types of fractional derivatives, named Caputo and Riemann-Liouville deriva-
tive, respectively, are defined by:

DαCf(x) := Jm−α0 (
dm

dxm
f(x)), x > 0, m = dαe, (1.35)

DαRLf(x) :=
dm

dxm
(Jm−α0 (f(x))), x > 0, m = dαe. (1.36)

Note that we changed the lower limit in the fractional order integral (1.31) from −∞ to 0. The
underlying integral operator now reads:

J α0 f(x) :=
1

Γ(α)

∫ x

0

f(s)

(x− s)1−α ds, x > 0. (1.37)

An interesting difference between the two derivatives (1.35) and (1.36) can be directly observed
by applying them to a constant function:

DαC(constant) = 0, (1.38)

whereas

DαRL(constant) ∼ x−α 6= 0. (1.39)

It is obvious then that the fractional derivative of a function depends on which definition is being
used. However, there exist also correspondences between the Caputo and Riemann-Liouville
derivatives. An important result connecting these two derivatives is given by the following
result:
Theorem [101]
Let f ∈ L1([0,∞)) ∩ Cm([0,∞)) and m− 1 < α ≤ m for given m ∈ N. Then:

DαRLf(x) = DαCf(x) +
m−1∑
k=0

f (k)(0+)

Γ(1 + k − α)
xk−α , x > 0, (1.40)

where the notation f (k)(0+) = limx↓0 f
(k)(x) is being used.

As a corollary to this theorem we find then:

if f (k)(0+) = 0, k = 0, 1, ...,m− 1, then DαRL = DαC , (1.41)

which connects the Caputo and Riemann-Liouville derivative, for special types of functions.
The consistency of Caputo’s definition will be discussed in Chapter 2.
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1.4.4 The Grünwald-Letnikov derivative

The Grünwald-Letnikov definition of a fractional derivative can be viewed as a derivative which
finds its roots in the definition of a first derivative in terms of a limit:

f ′(x) = lim
h1→0

f(x)− f(x− h1)

h1
≈ f(x)− f(x− h1)

h1
, if 0 < h1 � 1. (1.42)

In a similar way, we can define the second derivative of a function:

f ′′(x) = lim
h2→0

limh1→0
f(x)−f(x−h1)

h1
− limh1→0

f(x−h2)−f(x−h1−h2)
h1

h2
. (1.43)

It is clear that one can extend this derivation to third, fourth and higher integer derivatives as
well. These formulas in ordinary calculus may be used in the construction of approximations,
i.e., numerical discretizations of derivatives in terms of finite differences. If we take h = h1 =
h2 in (1.43), we see that we obtain for the ordinary second derivative:

f ′′(x) = lim
h→0

f(x)− 2f(x− h) + f(x− 2h)

h2
≈ f(x)− 2f(x− h) + f(x− 2h)

h2
,(1.44)

if 0 < h� 1. Using the principle of mathematical induction one can extend this idea to the nth
derivative in the following way:

f (n)(x) = lim
h→0

1

hn

n∑
m=0

(−1)m
(
n
m

)
f(x−mh), n ∈ N, (1.45)

where
(
n
m

)
= n!

m!(n−m)! . We have set the upper limit of the sum to n in (1.45), but there

is no harm in setting it to ∞, because the binomial coefficients will be zero for m larger than
n. Next, replacing the "!"-terms with values in terms of the Gamma function, we define the
Grünwald-Letnikov fractional derivative:

DαGLf(x) := lim
h→0

1

hα

∞∑
m=0

(−1)m
Γ(α+ 1)

m!Γ(α−m+ 1)
f(x−mh). (1.46)

Note that the derivative of integer order n is obtained if α = n and the n-fold integral if α = −n.
This observation naturally leads to the idea of a generalization of the notions of differentiation
and integration by allowing α to be an arbitrary real of even complex number. We have encoun-
tered four different definitions of fractional derivatives. An important result from [101] connects
these definitions and states that they are equivalent for a special class of functions. This result
is summarized as follows:

For f ∈ Cm+1
0− (R≥0) := {f ∈ Cm+1([0,∞)) & f(x) = 0 for x ≤ 0}, (1.47)

the Riesz (section 1.4.2), Riemann-Liouville, Caputo (both in section 1.4.3) and Grünwald-
Letnikov fractional derivatives are equivalent:

DαRLf(x) = DαCf(x) = DαRf(x) = DαGLf(x). (1.48)

It is interesting to note that the mentioned "mysterious contradiction" at the beginning of this
section can now be explained. In fact, the difference between equations (1.24) and (1.27) is due
to the fact that in the calculations, almost unnoticeably, two different definitions have been used,
which do not coincide for the exponential function. This difference is similar to the fact that the
Caputo derivative of a constant function is zero, while it is a non-zero function in terms of the
Riemann-Liouville sense. In the next section some other properties of fractional derivatives are
given to show differences with ordinary calculus.
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1.4.5 Properties of fractional derivatives

In this section, some additional properties of fractional derivatives are discussed (see also [74]).

Basic properties:

1. For α > 0 and any n ∈ Z+: dn

dxn [Dα
RLf(x)] = Dn+α

RL f(x)

and: dn

dxn [D−αRLf(x)] = Dn−α
RL f(x).

2. For α, β > 0: Dα
RL[D−βRLf(x)] = Dα−β

RL f(x).

3. Dα
C [D−βC f(x)] = Dα−β

C f(x) does not hold for all α, β > 0.

4. D−αRL[Dα
RLf(x)] = f(x)−

∑n
k=1

(
xα−k

[Dα−kRL f(x)]x=0

Γ(α−k+1)

)
, where α ∈ (n− 1, n), n ∈ Z+.

5. D−nRL[Dn
RLf(x)] = f(x)−

∑n−1
k=0

xk

k! f
(k)(0).

6. Dn
RLc = x−αc

Γ(1−α) , where α > 0 and c is an arbitrary constant.

7. Dα
Cf(x) = Dα

RLf(x)−
∑n−1

k=0
xk

k! f
(k)(0), where α ∈ (n− 1, n), n ∈ Z+.

Linearity of the operator:
As for integer-order differentiation, fractional differentiation defines a linear operator as well:

Dα

(
λf(x) + µg(x)

)
= λDαf(x) + µDαg(x), (1.49)

where Dα denotes the fractional operator.

This can easily be checked. For example, for the Grünwald-Letnikov fractional operator
while nh = x:

Dα
GL

(
λf(x) + µg(x)

)
= lim

h→0
h−α

n∑
r=0

(−1)r
(
α

r

)(
λf(x− rh) + µg(x− rh)

)
,

= λ lim
h→0

h−α
n∑
r=0

(−1)r
(
α

r

)
f(x− rh)+

+µ lim
h→0

h−α
n∑
r=0

(−1)r
(
α

r

)
g(x− rh)

= λDα
GLf(x) + µDα

G:g(x).

Note that we have used the fractional version of the binomial coefficient:(
α
r

)
:=

Γ(α+ 1)

r! Γ(α+ 1− r)
. (1.50)

Similarly, we can show the linearity property for the Riemann-Liouville fractional derivative of
order α (1 ≤ α < m):

Dα
RL

(
λf(x) + µg(x)

)
=

1

Γ(m− α)

dm

dxm

∫ x

0
(x− τ)m−α−1

(
λf(τ) + µg(τ)

)
dτ,
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=
λ

Γ(m− α)

dm

dxm

∫ x

0
(x− τ)m−α−1f(τ)dτ

+
µ

Γ(m− α)

dm

dxm

∫ x

0
(x− τ)m−α−1g(τ)dτ

= λDα
RLf(x) + µDα

RLg(x).

It may be obvious that one can show this property for the Caputo and Riesz derivative as well.

The Leibniz rule:
For two functions, ϕ(x) and ψ(x), the Leibniz rule for the n-th order derivative of the product
ϕ(x)ψ(x) reads:

dn

dxn
(
ϕ(x)ψ(x)

)
=

n∑
k=0

(
n

k

)
ϕ(k)(x)ψ(n−k)(x). (1.51)

Replacing the integer n in (1.51) by the real-valued parameter α, means that the integer or-
der derivative ψ(n−k)(x) in the formula is replaced by, for example, the Grünwald-Letnikov
fractional order derivative Dα−k

GL ψ(x). Then equation (1.51) becomes:

Dα
GL

(
ϕ(x)ψ(x)

)
=

dαe∑
k=0

(
α

k

)
ϕ(k)(x)Dα−k

GL ψ(x), (1.52)

where formula (1.50) has been used.

The chain rule:
Unfortunately, the chain rule, [f ◦ g(x)]′ = f ′(g(x))g′(x) for ordinary derivatives, can not be
applied to fractional derivatives. In general,

Dα[f ◦ g(x)] 6= f ′(g(x))Dαg(x) 6= Dαf(g(x))g′(x) 6= Dαf(g(x))Dαg(x). (1.53)

Counter examples can be found in references [101, 109, 97].

To conclude this section: one way of understanding fractional derivatives is to see them as a
nonlinear interpolation of ordinary derivatives in terms of a convolution with a weakly-singular
kernel. For more detailed information about other properties of fractional derivatives, we refer
to [69].

1.5 Why fractional derivatives?

We can also pose this question as "why don’t we use the classical derivative?". Actually, this
question is a modern counterpart of similar fundamental questions throughout the history of
mathematics. For example, nowadays, nobody would ask: why do we need rational numbers
or even real numbers, let alone, complex numbers? Or: why can’t we work merely with the
integers? Moreover, taking "1/2" powers (square roots) of numbers is no point of discussion
anymore at all. During the last centuries, the use of the "fractional" versions of numbers and
powers of numbers was understood, justified and clarified. Such a justification could also be
made for fractional integrals and fractional derivatives. For example, fractional space derivatives
and fractional Laplacian operators may be used to describe so-called Lévy processes of particles,
whereas Brownian motions can be connected to the traditional Laplace operator. These aspects
are illustrated in Figures 1.4, 1.5 and 1.6 and are also explained in much more detail in [30,
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105, 67, 24] (for fractional derivatives and Lévy flights)) and in [130, 45, 96, 95] (for fractional
Laplacians).

In Lévy flight processes the particles may, now and then, jump irregularly to other positions
(see Figure 1.4). The effect of changing the order of the fractional space derivative, from values
between one and two up to the traditional value of two, is depicted in Figure 1.5. Furthermore,
Lévy flights (Figure 1.6, bottom) are of interest in epidemic modeling. They could model the
diffusion process extended with an extra feature for the sudden travel of individuals by real
flights from one city to another. The spreading of diseases in ancient times (Figure 1.6, top)
does not need fractional derivatives: a traditional reaction-diffusion model suffices for such
cases. To clarify the situation a little bit more: in Figure 1.7 the picture in the left panel shows
solutions of the heat equation (normal diffusion) compared to those of a fractional heat equation,
based on Caputo’s definition (see previous sections), in the right panel. The differences in the
decaying behavior of the solution are obvious from the figures, but, note that they may also
depend on the particular choice of fractional derivative.

The use of fractional operators in the time direction (fractional time and time-fractional
derivatives), is, due to the fundamental differences between space and time, high-lighted from
an even more theoretical perspective in physics: what does ‘time’ mean and could time be even
fractional? This fundamental question is still unsolved, and has been discussed in literature ex-
tensively (see, e.g., [66, 64, 65, 14, 51]). It must be remarked that the integer order derivative is
a local operator which is, with regard to the above discussion, inappropriate for many interesting
applications. In such cases, the effect of a larger neighborhood or larger time span can not be
modeled easily without fractional order derivatives. In the next section, a series of interesting
applications will be given to illustrate this.

FIGURE 1.4: Brownian motions (left panel) vs Lévy flights (right panel).

1.6 Application areas

In this section, several applications of fractional calculus and fractional differential equations
will be discussed. We will do this in a kaleidoscopic way: neither in chronological order,
nor in order of increasing importance or impact. It shows the richdom of application areas of
fractional order models, which mainly have been developed in the last three decennia.

The Tautochrone problem
The Tautochrone problem [46] was studied first by Abel in 1823. This problem is also

important from a historical point of view, because it was one of the first applications of fractional
calculus to a ‘real-life’ model. The question here is to find the curve for which the time taken
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FIGURE 1.5: The variation of the fractional order α to illustrate the effect on the
motion of particles: fractional diffusion with α = 1.5 (left), α = 1.75 (middle)

and regular diffusion with α = 2 (right).

FIGURE 1.6: Diffusion processes in ancient epidemic modeling based on Brow-
nian motions (top) versus Lévy flight processes in modern epidemics (bottom).
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FIGURE 1.7: Solutions of the heat equation at t = 0, 0.1, 0.2, ..., 1.0 (left panel)
versus the fractional heat equation of order 3

2 (right panel).

by an object sliding without friction in uniform gravity to its lowest point is independent of its
starting point. One can derive that this curve must be a cycloid, and the time is depending on the
square root of the radius and the acceleration of gravity. The problem that describes this feature
can be modeled by an integral equation of the form:

1

Γ(α)

∫ x

0

y(s)

(x− s)1−α ds = h(x), 0 < α < 1.

Abel solved this integral equation in an elegant way to obtain:

y(x) =
1

Γ(1− α)

d

dx

∫ x

0

h(s)

(x− s)α
ds = DαRLh(x).

Indeed, we recognize the Riemann-Liouville fractional derivative as the solution for this model.

Tensile and flexural strength of disorder materials
A relatively new application of fractional differential equations in mechanics is the size

effect of some building material which aggregates like concrete [84]. This kind of material does
not follow the classical rules of solid mechanics and fractional calculus is a significant tool to
model this problem.

Fractional advection-dispersion equation
The fractional order form of the advection-dispersion equation [16] models particles which

encounter very large transitions. These models play a role in transport in inhomogenous
materials.

Bloch equations in MRI
In [102] the authors describe time-fractional Bloch equations and its application in mag-

netic resonance imaging (MRI). Adding the time-fractional term provides more flexibility in
modeling the relaxation process.

Liquid containing gas bubbles
Time-fractional derivatives have been utilized in [52] to model nonlinear wave processes in

a liquid containing gas bubbles. Solitary wave solutions are found that follow fractional order
rules in the model.

Nonlinear optics
In [128] fractional calculus is entering the field of nonlinear optics to describe uncon-

ventional regimes, like disorder biological media and soft-matter. To model this behaviour, a
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fractional Schrödinger equation is analyzed which also connects the traditional model to Lévy
processes.

Long-distance optical communications
Fractional differentiation is of importance to model long-distance optical communications

[126]. Caputo fractional derivatives are used in the modeling of optical pulse propagation in
nonlinear fibers.

Neurodynamics
A fractional cable equation simulates the electrodiffusion of ions in neurodynamics.

Researchers [129] have found that in nerve cells molecular diffusion can be replaced by
anomalous subdiffusion.

Acoustics
The study of a fractional Burgers’ equation in nonlinear acoustics is presented in [81]. The

motivation to use fractional derivatives here comes from an elementary model of shock waves
in brass wind instruments, that proves to be useful in musical acoustics.

Econometrics
Long-memory processes and fractional integration in econometrics provide new insights

in the analysis of population characteristics [10]. In economics and finance the long-memory
volatility is important to describe this behaviour.

Dielectric media
In [115] electromagnetic fields in dielectric media follow a fractional power-law depen-

dence in a wide frequency range. This is modeled by differential equations with time derivatives
of non-integer order.

Mechanics of solids
Applications of fractional calculus to nonlinear problems in hereditary mechanics of

solids can be found in [108]. Fractional viscoelastic equations are used for modeling damped
vibrations in elastic bodies.

Crime modeling
An interesting application arises in the modeling of crime with Lévy flights in [29].

Here, the movement of crime agents is related to a biased Brownian motion with a fractional
Laplacian operator. Fractional derivatives are applied to model the formation of hotspots of
criminal activity.

Fractional-order epidemic models
In [53] a system of fractional order reaction-diffusion equations is proposed to model

the superdiffusive spread of modern epidemics due to Lévy flights. Theoretical analysis and
numerical simulations show the potential of fractional derivatives to represent epidemic fronts.

This list of applications is just a brief overview of the recent emergence of fractional models
in many different areas. For more applications, we would like to refer to [103, 33, 106, 103].
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1.7 Numerical methods for fractional differential equations

Just as for ordinary differential equation models, analytical solutions can be constructed of frac-
tional order differential equations only for special cases. Therefore, numerical methods to obtain
approximate solutions need to be developed. Since fractional models in applications have only
become of interest in the last half century, their numerical analysis has started up relatively
recently. In the last couple of years, several articles and books have appeared which treat ap-
proximation techniques for this kind of models. Most of these are based on finite difference
types of discretizations that approximate the integro-differential operators with weakly singular
kernels. To illustrate this, we give a straightforward, first order, discretization of the Caputo
derivative DαC (1 < α < 2) of a function u(x) at the grid point xi:

DαCu|x=xi

= 1
Γ(2−α)

∫ xi
0

u′′(s)
(xi−s)α−1ds

≈ 1
Γ(3−α)

∑i−1
j=1{x

2−α
j+1 − x

2−α
j }ui−j+1−2ui−j+ui−j−1

h2

= 1
Γ(3−α)

∑i−1
j=1{

j2−α−(j−1)2−α

hα−2 }{ui−j+1−2ui−j+ui−j−1

h2
}

= 1
Γ(3−α)hα

∑i−1
j=1{j2−α − (j − 1)2−α}{ui−j+1 − 2ui−j + ui−j−1}.

(1.54)

In formula (1.54) we see that the resulting finite-difference matrix does not have a tridiagonal
form anymore, which would be the case for a three-point approximation of the second derivative
in the normal heat equation (see also (1.43)). This is typical for numerical approximations of
fractional order equations. An overview of numerical methods can be found, for instance, in
[12, 35, 35] and references therein. Here, we would like to mention just a few important articles
on this subject. For instance, in [85, 86] the authors realized that fractional derivative models
are strongly related to Abel-Volterra equations. They developed a framework for a discretized
fractional calculus and convolution quadrature formulas in terms of fractional linear multistep
methods. Meerschaert and co-authors extended the principle of finite difference techniques to
many different fractional partial differential equations (see [15, 80, 110, 90]). Another important
class of numerical methods was investigated and applied in [87, 23, 25, 25, 24].

This thesis is making use of approximating series solutions, instead of numerical solutions
based on finite differences. Traditionally, basic methods like Taylor series or power series are
included in this category. For special cases, one could apply extensions of these ideas, such
as perturbation methods or methods with special parameters. Recently, Adomian decomposing
methods and methods based on variational iterations came into play. For more details and an
overview on this topic, one could consult [61, 59, 68, 122, 7, 78, 77]. A major drawback of
such methods is their applicability and lack of convergence for linear and nonlinear differential
equation models. One of the aims of this thesis is to numerically investigate recently developed
series methods based on homotopy principles. The goal is, therefore, to numerically analyze
their convergence properties and compare the experimental results with analytical solutions,
that are available only in certain cases.

As an illustration of this idea and to show its relation with a traditional numerical method,
we work this out for a homotopy based method and show its connection with Newton’s method
for solving nonlinear equations. The series methods in this thesis make us of step-wise approx-
imations. In each next step, the approximating solution will be extended and, the aim is, to
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improve its accuracy in this way. A typical example of such a series method can be described
by sequences of approximations for the nonlinear equation f(x) = 0:

step 0 : x ≈ x0,

step 1 : x ≈ x0 + x1 = x0 − f(x0)
f ′(x0) ,

step 2 : x ≈ x0 + x1 + x2 = x0 − f(x0)
f ′(x0) −

f2(x0)f ′′(x0)
2[f ′(x0)]3

,

step 3 : x ≈ x0 + x1 + x2 + x3 = x0 − f(x0)
f ′(x0) −

f2(x0)f ′′(x0)
2[f ′(x0)]3

+ ....,

step 4 : etcetera.

(1.55)

Step 0 is an initial approximation. We recognize in step 1 the, well-known, quadratically conver-
gent Newton’s method for solving the nonlinear equation. Step 2 can be viewed as the cubically
convergent method developed by Olver [98], and so on. As we see, formulas become more
complicated on the one hand and more accurate on the other hand. To obtain efficient numerical
solutions, it is, of course, of importance to find a golden mean. Similar ideas are used for the
treatment of nonlinear fractional differential equations in the remaining part of the thesis.

1.8 Outline of the thesis

The new contribution of this work consists of combining the ideas mentioned in the current
chapter and applying them to time- and space-fractional differential equation models. To be
more precise: a Homotopy Perturbation Method (HPM) is used for the numerical calculation of
space-fractional (stationary) reaction-diffusion-advection models in chapter 2. Further, chapter
3 approximates a time-fractional partial differential equation model with an extension of this
idea: the Homotopy Analysis Method (HAM). Finally, in chapter 4, HAM is further extended
and its convergence is accelerated, by adding the concept of Padé approximations. Both station-
ary (non-fractional) and time-dependent (fractional) differential equations are treated. It must
be stressed that investigating the numerical performance of these methods is the main goal of
the research. Especially, we would like to discuss their dependence, not only on the numerical
parameters, but also on the parameters in the model itself.







Chapter 2

A homotopy perturbation method for
fractional-order
advection-diffusion-reaction
boundary-value problems1

Abstract
In this chapter we describe the application of the homotopy perturbation method (HPM) to

two-point boundary-value problems with fractional-order derivatives of Caputo-type. We show
that HPM is equivalent to the semi-analytical Adomian decomposition method when applied
to a class of nonlinear fractional advection-diffusion-reaction models. A general expression is
derived for the coefficients in the HPM series solution. Numerical experiments are given to
demonstrate several properties of HPM, such as its dependence on the fractional order and the
parameters in the model. In the case of more than one solution, HPM has difficulties to find the
second solution in the model. Another example is given for which HPM seems to converge to a
spurious numerical solution. However, the bifurcation theory connected to this model [11, 73]
proves that there does not exist a solution at all for this situation.

2.1 Introduction

This chapter is devoted to the numerical study of a semi-analytical technique known as the ho-
motopy perturbation method (HPM). The method was introduced by He [61, 59, 60, 62], For
general nonlinear boundary-value models, it is almost impossible to derive exact solutions. Even
if they are available, the calculations to obtain numerical values may be cumbersome, or it may
be difficult to interpret the behavior of the solution. Recently, several new approximation meth-
ods in terms of infinite series have been proposed. These methods include the Adomian decom-
position method [68], the variational iteration method [94], the Exp-function method [100] and
HPM. Here, we analyze the application of HPM to a certain class of fractional-order boundary-
value problems.

2.2 A fractional-order advection-diffusion-reaction model

We consider the following fractional-order BV-model of Bratu-type with damping and source
term [59, 68, 109]:{

ε DαCu+ γ u′ + f(u) = S(x), x ∈ (0, 1),
u(0) = uL, u(1) = uR,

(2.1)

1This is joint work with P. A. Zegeling (Utrecht University). It has been published in the journal Applied Mathe-
matical Modelling, Vol. 47, pages 425-441, 2017; http://dx.doi.org/10.1016/j.apm.2017.03.006.
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boundary-value problems

with parameters 1 < α ≤ 2, 0 < ε ≤ 1, and γ ∈ R. The nonlinear source term f : [0,∞) →
[0,∞) is assumed to be continuous. The function S(x) represents a spatially dependent source
term. The solution u is a function u : [0, 1] → [0,∞). Applications stem, among others,
from astrophysics and combustion theory. With DαC , we denote a fractional derivative defined
in the Caputo sense (see Definition 4 below). The left three terms in differential equation (2.1)
may be identified as fractional diffusion (corresponding to Lévy-flight processes), advection
(with velocity γ) and a chemical reaction term represented by f . For simplicity, the boundary
conditions are taken to be of Dirichlet type. To define the fractional derivative we need first to
set up the function space of possible solutions and to derive some useful properties (see also
[109]):

Definition 1. A real function g(x), x > 0, lies in the function space Cγ , γ ∈ R, if there exists
a real number p > γ such that g can be written as g(x) = xpg1(x) with g1(x) ∈ C[0,∞). It is
clear that the property Cγ1 ⊂ Cγ2 for γ2 ≤ γ1 holds.

Definition 2. A function g(x), x > 0, lies in the function spaceCmγ , m ∈ N∪{0}, if g(m) ∈ Cγ .

Definition 3. The left-sided Riemann-Liouville fractional integral J α of order α ≥ 0 of a
function g ∈ Cγ , γ ≥ −1 is defined as{

J αg(x) = 1
Γ(α)

∫ x
0

g(t)
(x−t)1−αdt, α > 0, x > 0,

J 0g(x) = g(x),
(2.2)

where Γ denotes the Euler-gamma function that interpolates the factorial in integer values (with
a shift of one unit): Γ(m+ 1) = m!, m ∈ N.

Definition 4. Let g ∈ Cm−1, m ∈ N∪{0}. Then the left-sided Caputo fractional derivativeDαCg
is defined as:

DαCg(x) = Jm−αg(m)(x), m− 1 < α ≤ m, m ∈ N. (2.3)

The following properties for J α and DαC can be derived [109]:

J αJ νg(x) = J νJ αg(x) = J α+νg(x), α, ν ≥ 0, g ∈ Cγ , γ ≥ −1,

J αxδ = Γ(δ+1)
Γ(δ+α+1)x

δ+α, α > 0, δ > −1, x > 0,

DαCJ αg(x) = g(x),

J αDαCg(x) = g(x)−
∑m−1

k=0 g
(k)(0+)x

k

k! , m− 1 < α ≤ m,x > 0,

DαCxδ = Γ(δ+1)
Γ(δ−α+1)x

δ−α, α > 0, δ > −1, x > 0,

(2.4)

where g(k)(0+) := limx↓0 g
(k)(x). The first result shows the so-called semi-group property of

fractional integrals. The second formula is a generalization of the integer counter-part: Jmxk =
k!

(m+k)!x
k+m. The third and fourth properties indicate that J α and DαC are not each other’s

inverses, unless a remainder term is zero. This can be forced, however, by further restricting
the function space Cmγ . The fifth property is the derivative counterpart of the second one. The
consistency of the fractional derivative with respect to the traditional integer derivative can be
expressed by the following result:

Theorem 1. The Caputo fractional derivative DαC with m − 1 < α ≤ m is consistent with the
integer-order derivative dm

dxm for m ∈ N.

Proof. For g ∈ Cm+1([0,∞]), we write:

DαCg(x) = 1
Γ(m−α)

∫ x
0

g(m)(s)

(x−s)1−(m−α)ds

= 1
Γ(m−α) [− (x−s)m−α

m−α g(m)(s)|s=xs=0 +
∫ x

0
(x−s)m−α
m−α g(m+1)(s)ds]

= 1
Γ(m−α+1) [0 + xm−αg(m)(0) +

∫ x
0 (x− s)m−αg(m+1)(s)ds]
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and taking the limit: α ∈ R→ m ∈ N with m− 1 ≤ α ≤ m yields:

= 1
Γ(1) [g(m)(0) +

∫ x
0 g

(m+1)(s)ds]

= g(m)(0) + g(m)(x)− g(m)(0) = dmg
dxm (x).

Note that the solution of boundary-value model (2.1) does not necessarily need to have a
unique solution. It is known, for example, that for exponential-type functions g there may be
zero, one or two solutions, depending on a parameter in the model (see [11, 73]).

2.3 The Homotopy Perturbation Method (HPM)

In this section we describe a semi-analytical technique to approximate solutions of model (2.1).
To explain the underlying concept of approximating solutions of the BV-problems (2.1), we first
define a more general nonlinear differential equation by

D(u) = h(x), x ∈ Ω ⊂ R (2.5)

with boundary conditions

B(u,
∂u

∂x
) = 0, x ∈ ∂Ω. (2.6)

Here, D describes a general differential operator, B a boundary operator, h a given analytic
function and ∂Ω the boundary of the spatial domain Ω, respectively. It is useful to divide the
operator D into two parts which we denote by L andN , where L is a linear operator andN the
remaining nonlinear part of the operator. Equation (2.5) may then be written as

L(u) +N (u) = h(x). (2.7)

We construct a homotopy u(x; p) : Ω× [0, 1]→ R which satisfies

H(u; p) := (1− p)[L(u)− L(v0)] + p[D(u)− h(x)] = 0.

This is equivalent to

H(u; p) = L(u)− L(v0) + pL(v0) + p[N (u)− h(x)] = 0. (2.8)

In equation (2.8), p ∈ [0, 1] represents a so-called embedding parameter, and v0 can be viewed
as an ‘initial’ approximation of the original model (2.5) which satisfies boundary condition (2.6).
Obviously, from (2.7) and (2.8) it follows that{

H(u; 0) = L(u)− L(v0) = 0
H(u; 1) = D(u)− h(x) = 0.

(2.9)

The process of deforming p from zero to unity in (2.8) is just the deformation of u(x; p) from
the chosen function u(x; 0) = v0(x) to the solution u(x; 1) = u(x) of differential equation
(2.5). The term deformation stems from topology and the relation between the expressions
L(u)−L(v0) and D(u)− h(x) is called a homotopy. According to the homotopy perturbation
method, the assumption is made that the solution of equation (2.8) can be written as a formal
power series in the embedding parameter p:

u(x; p) = v0(x) + v1(x)p+ v2(x)p2 + ... =
∞∑
k=0

vk(x)pk. (2.10)
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Finally, on setting p = 1, this results in the formal solution

u(x) = lim
p→1

u(x; p) =
∞∑
k=1

vk(x). (2.11)

Approximations to u(x) are obtained by truncating the infinite series to:

u(x) ≈ VN (x) :=

N∑
k=1

vk(x). (2.12)

The described approximation technique is called the homotopy perturbation method (HPM).
This method has the potential advantage that it may overcome some limitations of traditional
perturbation methods. The convergence of series (2.10) certainly depends on the nonlinear
differential operator D. In general, one finds that the second derivative with respect to u of the
nonlinear part N in the splitting (2.7) must be sufficiently small, since the parameter p may
be relatively large, in fact we take p → 1. Furthermore, to ensure convergence of the series
the following estimate [61] must hold: ||L−1 ∂N

∂v || < 1. For more details on the convergence
of HPM we refer to [117, 61]. It may be clear from the construction above that the choice of
the homotopy is not unique and therefore, the convergence (or divergence) also depends on that
choice. Unfortunately, there exists no general theory yet to deal with this problem and each case
has to be analyzed separately.
Next, we work out the described concept of HPM for boundary-value problem (2.1). For this
model we take the homotopy defined by:{

εDαCu+ p[γu′ + f(u)− S(x)] = 0, 1 < α ≤ 2,
u(0; p) = uL, u(1; p) = uR, p ∈ [0, 1].

(2.13)

To obtain subsequent approximations for v0, v1, ..., we use series (2.10), the linearity of the
operator DαC and a Taylor expansion of the function f around u = 0:

f(u) = f(0) + f ′(0)u+ f ′′(0)u
2

2! + ...

= f(0) + f ′(0)v0 + f ′′(0)
2 v2

0 + f ′′′(0)
6 v3

0 + ...
+p[f ′(0)v1 + v0v1f

′′(0) + 5
12v

2
0v1f

′′′(0) + ...]

+p2[f ′(0)v2 + (2v0v2 + v2
1)f

′′(0)
2 + (5

2v
2
0v2 + 3v0v

2
1)f

′′′(0)
6 + ...]

+p3[f ′(0)v3 + (v0v3 + v1v2)f ′′(0) + (5
2v

2
0v3 + 6v0v1v2 + v3

1)f
′′′(0)
6 + ...]

+O(p4).

(2.14)

Note that this expansion can also be derived by applying the theory of Schur polynomials as
described in [70]. Substituting (2.14) and (2.10) into (2.13) and collecting terms of equal power
in the homotopy parameter p, we obtain:{

p0 : εDαCv0 = 0,
v0(0) = uL, v0(1) = uR ⇒ v0(x) = uL + (uR − uL)x

(2.15)

{
p1 : εDαCv1 + γv′0 + v0f

′(0) + 1
2v

2
0f
′′(0) + 1

6v
3
0f
′′′(0) + ...− S(x) = 0,

v1(0) = 0, v1(1) = 0 ⇒ v1(x) = ...
(2.16)

{
p2 : εDαCv2 + γv′1 + v1f

′(0) + v0v1f
′′(0) + 5

12v
2
0v1f

′′′(0) + ... = 0,
v2(0) = 0, v2(1) = 0 ⇒ v2(x) = ...

(2.17)


p3 : εDαCv3 + γv′2 + v2f

′(0) + 1
2(2v0v2 + v2

1)f ′′(0)
+1

6(5
2v

2
0v2 + 3v0v

2
1)f ′′′(0) + ... = 0,

v3(0) = 0, v3(1) = 0 ⇒ v3(x) = ...
(2.18)
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p4 : εDαCv4 + γv′3 + v3f

′(0) + (v0v3 + v1v2)f ′′(0)
+1

6(5
2v

2
0v3 + 6v0v1v2 + v3

1)f ′′′(0) + ... = 0,
v4(0) = 0, v4(1) = 0 ⇒ v4(x) = ..., etcetera.

(2.19)

In each step, we apply a fractional integral (see equations (2.2) and (2.4)) to obtain the inter-
mediate solutions V0(x), V1(x), ..., VN (x). The first nonlinear term in (2.14) is u2 and yields:

u2 =

(∑∞
n=0 vnp

n

)(∑∞
k=0 vkp

k

)
,

=
∑∞

n=0

[∑n
i=0 vip

ivn−ip
n−i
]
,

=
∑∞

n=0

[∑n
i=0 vivn−ip

n

]
=
∑∞

n=0

[∑n
i=0 vivn−i

]
pn :=

∑∞
n=0w

(2)
n pn.

(2.20)

where w(2)
n is a weight-function depending on products of the coefficients vn. For the term with

u3 in (2.14) we set:

u3 =
∑∞

n=0

[∑n
i=0 vivn−ip

n

](∑∞
k=0 vkp

k

)
,

=
∑∞

n=0

[∑n
i=0

(∑i
j=0 vjvi−j

)
pivn−ip

n−i
]
,

=
∑∞

n=0

[∑n
i=0

(∑i
j=0 vjvi−j

)
vn−i

]
pn :=

∑∞
n=0w

(3)
n pn,

(2.21)

and following similar steps for higher powers of u we can write:

un =
∞∑
r=0

w(r)
n pr, (2.22)

where

w(r)
n =

n∑
i=0

[ i∑
j1=0

( j1∑
j2=0

...

( jr−1∑
jr−2=0

vjr−1vjr−1−jr−2

)
...

)]
vn−i.

Next, we substitute these expressions into equation (2.14):

f(u) = f(0) + f ′(0)
∑∞

n=0 vnp
n + f ′′(0)

∑∞
n=0 w

(2)
n pn

2! + f ′′′(0)
∑∞
n=0 w

(3)
n pn

3! + ...

=
∑∞

m=0[f
(m)(0)
m!

∑∞
n=0w

(m)
n pn].

(2.23)

Equation (2.23) is a general formula which enables us to calculate the step solutions vk in HPM.
To our knowledge, this the first time such a general expression for the HPM solutions vk is
explicitly written out.

2.4 Theoretical results

2.4.1 A comparison between HPM and the Adomian Decomposition Method

In this section, we will compare HPM with another semi-analytical method: the Adomian De-
composition Method (ADM) (see [68, 122, 9, 2]). Although ADM provides us a series solution
from a different perspective, it has a strong relation with the final HPM series. This is stated in
the following lemma:
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Theorem 2. For boundary-value models of type (2.5) the series methods HPM and ADM yield
equivalent expansions.

Proof. We consider again the nonlinear BV-model (2.5). According to ADM, we write u(x) =
v0(x) +

∑∞
n=1 vn(x). Here u0(x) = L−1[h(x)] and un(x) = −L−1[An−1(x)], in which L−1

is the inverse operator of L and An(x) are the so-called Adomian polynomials:

An(x) =
1

n!

[
∂n

∂pn
N
(
v0(x) +

∞∑
n=1

vn(x)pn
)]
|p=0. (2.24)

On the other hand, the general HPM formula is as follows:

(1− p)L[u(x; p)− v0(x)] = −pN [u(x; p)− h(x)], (2.25)

where u(x; p) is a unknown dependent variable. It clearly holds that u(x; 0) = v0(x) and
u(x; 1) = u(x). Then we expand u(x; p) in a power series of p:

u(x; p) = v0(x) +
∞∑
n=1

vn(x)pn, and Vn(x) =
1

n!

∂nu(x; p)

∂pn
|p=0. (2.26)

Note that we have great freedom to choose the initial approximation in HPM. First, we substitute
p = 1 in (2.10):

u(x) = v0(x) +
∞∑
n=1

vn(x), (2.27)

which becomes the same in ADM. Then, we differentiate (2.25) n times with respect to p, divide
by n! and finally set p = 0:

L[v1(x)] = −N [v0(x)]− h(x) when n = 1, and (2.28)

L[vn(x)− vn−1(x)] = − 1

(n− 1)!

∂nN [u(x; p)]

∂pn
|p=0, when n ≥ 1. (2.29)

As we have mentioned before, we have great freedom to choose the auxiliary linear operator
and the initial guess. Then we can choose:

L = L0, v0(x) = L−1
0 [g(x)]. (2.30)

We reorganize (2.28) and (2.29) to obtain:

L0[v1(x)] = h(x)− L0[v0(x)]−N0[v0(x)], (2.31)

and

L0[vn(x)] = L0[vn−1(x)]− 1
(n−1)!

∂nL0[u(x;p)]
∂pn |p=0

− 1
(n−1)!

∂nN0[u(x;p)]
∂pn |p=0.

(2.32)

We recognize that

h(x)− L0[v0(x)] = 0, (2.33)

from which it follows that

L0[v1(x)] = −A0(x), (2.34)
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according to the definition of Adomian polynomials. Making use of (2.26), it holds

L0[vn−1(x)]− 1
(n−1)!

∂nL0[u(x;p)]
∂pn |p=0

= L0[vn−1(x)]− L0

[
1

(n−1)!
∂n[u(x;p)]

∂pn |p=0

]
= L0[vn−1(x)]− L0[vn−1(x)]
= 0.

(2.35)

Thus, equation (2.32) becomes

L0[vn(x)] = − 1

(n− 1)!

∂nN0[u(x; p)]

∂pn
|p=0. (2.36)

We substitute (2.26) into the above expression, so that it becomes according to the definition of
Adomian polynomials

L0[vn(x)]

= − 1
(n−1)!

[
∂n

∂pnN0

(
v0(x) +

∑∞
n=1 vn(x)pn

)
|p=0

]
= −An−1(x),

(2.37)

which proves that ADM is equivalent with HPM.

2.4.2 Convergence of HPM

Analyzing the convergence of series (2.11) in HPM is not trivial. It highly depends on the
parameters in the underlying model. In some cases it even diverges. In the case of a convergent
series, it can be shown to converge very fast to the exact solution of the nonlinear model. We
will give an example to show the potentially fast convergence of HPM:{

u′′ + u = g(x), x ∈ (0, 1)
u(0) = u(1) = 0.

(2.38)

The exact solution reads for a given g(x):

u∗(x) =
∞∑
n=1

bn sin(nπx) with bn = 2

∫ 1

0
u∗(x) sin(nπx) dx (2.39)

and we take

g(x) =

∞∑
n=1

(1− n2π2)bn sin(nπx). (2.40)

Suppose that the exact solution u∗ is bounded: ‖u∗‖2 = M <∞. Then it follows that:

|bn|≤ 2

∫ 1

0
|u∗(x)||sin(nπx)| dx = 2

∫ 1

0
|u∗(x)|dx (2.41)

≤ 2 ‖u∗‖2 ‖1‖2 = 2 ‖u∗‖ = 2M. (2.42)

The HPM solution is obtained in the way as described in section 2.3. First, we write the homo-
topy: {

u′′ + p(u− g(x)) = 0,
u(0) = u(1) = 0.

(2.43)
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Then we select the equations for equal powers of p:

p0 :

{
(v0)′′ = 0,
v0(0) = 0, v0(1) = 0 ⇒ v0(x) = 0.

(2.44)

p1 :

{
(v1)′′ + v0 = h(x),
v1(0) = 0, v1(1) = 0

⇒ v1(x) =
∑∞

n=1(1− 1
n2π2 )bn sin(nπx). (2.45)

p2 :

{
(v2)′′ + v1 = 0,
v2(0) = 0, v2(1) = 0

⇒ v2(x) =
∑∞

n=1( 1
n2π2 − 1

n4π4 )bn sin(nπx). (2.46)

p3 :

{
(v3)′′ + v2 = 0,
v3(0) = 0, v3(1) = 0

⇒ v3(x) =

∞∑
n=1

(
1

n4π4
− 1

n6π6
)bn sin(nπx). (2.47)

The HPM solution becomes: u(x) =
∑∞

k=1 vk(x) = limN→∞ VN (x)

= lim
N→∞

∞∑
n=1

(
1− 1

(nπ)2N

)
bn sin(nπx).

We can now easily find an estimate for the error as a function of N :

eN (x) := u∗(x)− VN (x),

=

∞∑
n=1

1

(nπ)2N
bn sin(nπx),

which gives

‖eN‖2 =

∥∥∥∥∑∞n=1

(
1

(nπ)2N

)
bn sin(nπx)

∥∥∥∥
2

,

≤
∑∞

n=1
|bn|

(nπ)2N
‖sin(nπx)‖2 ,

≤
∑∞

n=1
|bn|

(nπ)2N
,

≤
∑∞

n=1
2M

(nπ)2N
,

= 2M
π2N

∑∞
n=1

1
n2N ,

= 2M
π2N

[
1

12N
+ 1

22N
+ 1

32N
+ ...

]
,

≤ 2M
π2N

[
1
12

+ 1
22

+ 1
32

+ ...

]
,

= 2M
π2N

π2

6 ,

= M
3π2N−2 .

(2.48)

This example shows, at least for this specific example, ‘spectral’ convergence of the HPM ap-
proximations. In general, this is not necessarily the case, of course. The HPM series solution
can converge (slowly, fast) or even diverge, depending on the situation. For this, we refer to
[117, 19] in which more general convergence results for HPM are discussed.

2.5 Numerical examples

In this section, we present numerical experiments to show the different aspects of HPM when
applied to models of type (2.1). The fractional differentiation computations are made by Maple
using the command "fracdiff ", which is based on the fractional integral formula connected to
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the Riemann-Liouville definition [32]. For this purpose, Maple makes use, among others, of the
Laplace transform (see [82]). Maple also enables us to make a symbolic calculation rather than
computing only the numerical approximation.

2.5.1 Example 1: a linear fractional BV-model with a source term

First, we consider:{
DαCu+ u = xq + Γ(q+1)

Γ(q−α+1)x
q−α, q > α,

u(0) = 0, u(1) = 1,
(2.49)

with the exact solution given by u(x) = xq. We show the numerical HPM solutions for the
cases q = 10 (α = 1.1 and α = 1.7) and q = 20 (α = 1.1 and α = 1.7) in Table 2.1. This
table shows the effects of α and q values on the HPM solution. It can be observed that the
lower α values and higher q values give higher maximum absolute errors. This example also
demonstrates the fast convergence of HPM for linear fractional differential equations. In Figure
2.1, we present the effect of different α values on the HPM solution. It is clear that the quality of
HPM approximation is directly related to the fractional order α and the power q in the solution.
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(a) (b)

(c)

FIGURE 2.1: Panels (a) and (b) show HPM solutions as a function of the index
N for different values of the fractional order α and the power q in model (2.49).
Panel (a) presents the HPM solutions for α = 1.7 and q = 20 and panel (b)
shows the HPM solutions for α = 1.1 and q = 10. In panel (c), the fast

convergence of HPM for the two cases is displayed.

2.5.2 Example 2: an explicit HPM-solution

In this example, we study a linear fractional boundary-value model:{
DαCu+ 1 + u = 0, 1 < α ≤ 2,
u(0) = 0, u(1) = 1.

(2.50)

For α = 2 the exact solution reads u(x) = 1−cos 1
sin 1 sinx + cosx − 1. The lower plot in Figure

2.2 depicts the error for N = 30 of the HPM solution for α = 2. The upper plots in Figure 2.2
illustrate the HPM solution for N = 30 (left plot) and the difference between two succeeding
HPM solutions (right plot). For this model, we can derive an explicit formula for the series
solution. Following the HPM steps in section 3, we separate the fractional derivative part and
then multiply the remaining part with the parameter p:

Dαc u = −p(1 + u) (2.51)
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Then we substitute assumption (2.10) into equation (2.51):

Dαc (v0 + pv1 + p2v2 + p3v3 + ...) = −p(1 + v0 + pv1 + p2v2 + ...). (2.52)

Collecting the equations for increasing powers of the parameter p, i.e. for p0, p1, p2, p3, ...; we
find:

p0 : Dαc v0 = 0⇒


v0(x)− v′0(0)x = c0 v′0(0) = β0

v0(x) = β0x+ c0

v0(0) = v0(1) = 0 ⇒ β0 = 0, c0 = 0
v0(x) = 0.

(2.53)

p1 : Dαc v1 = −1− v0 ⇒


v1(x)− v′1(0)︸ ︷︷ ︸

β1

x = Γ(1)
Γ(α+1)x

α,

v1(x) = − Γ(1)
Γ(α+1)x

α + β1x,

v1(1) = 0 ⇒ β1 = Γ(1)
Γ(α+1) .

(2.54)

p2 : Dαc v2 = −v1 =
Γ(1)

Γ(α+ 1)
xα−β1x⇒


v2(x)− v′2(0)︸ ︷︷ ︸

β2

x = J αc
[

Γ(1)
Γ(α+1)x

α − β1x
]
,

v2(x) = Γ(1)
Γ(2α+1)x

2α − β1
Γ(2)

Γ(α+2)x
α+1 + β2x,

v2(1) = 0 ⇒ β2 = Γ(1)
Γ(2α+1) − β1

Γ(2)
Γ(α+2) .

(2.55)

p3 : Dαc v3 = −v2 = − Γ(1)

Γ(2α+ 1)
x2α + β1

Γ(2)

Γ(α+ 2)
xα+1 − β2x, (2.56)

⇒


v3(x)− v′3(0)︸ ︷︷ ︸

β3

x = J αc
[
− Γ(1)

Γ(2α+1)x
2α + β1

Γ(2)
Γ(α+2)x

α+1 − β2x
]
,

v3(x) = − Γ(1)
Γ(3α+1)x

3α + β1
Γ(2)

Γ(α+2)
Γ(α+2)
Γ(2α+2)x

2α+1 − β2
Γ(2)

Γ(α+2)x
α+1 + β3,

v3(1) = 0 ⇒ β3 = Γ(1)
Γ(3α+1) − β1

Γ(2)
Γ(α+2)

Γ(α+2)
Γ(2α+2) + β2

Γ(2)
Γ(α+2) .

(2.57)

With induction we can generate the formula:

vn(x) = (−1)n
Γ(1)

Γ(1 + nα)
xnα +

[
n−1∑
k=1

(−1)k+1βk

(
n−k∏
i=1

Γ(2 + α(i− 1))

Γ(2 + iα)

)
xα(n−k)+1

]
+ βnx,

βn = (−1)n+1 Γ(1)

Γ(1 + nα)
+

[
n−1∑
k=1

(−1)kβk

(
n−k∏
i=1

Γ(2 + α(i− 1))

Γ(2 + iα)

)]
.

(2.58)

and finally we set u(x) = u(x; 1) =
∑∞

n=1 vn(x).
This generated formula could provide us with higher-order HPM solutions. However, from a
practical point of view, the use of formula (2.58) is not very efficient. Instead, it could serve for
theoretical considerations.
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(a) (b)

(c)

FIGURE 2.2: HPM solutions of model 2.50 for α = 1.5 (upper two plots) and
the error for N = 30 and α = 2 (lower plot).

2.5.3 Example 3: a fractional Gelfand-Bratu model

The following example is the fractional Gelfand-Bratu model with parameter µ:{
DαCu+ µeu = 0, µ > 0, 1 < α ≤ 2,
u(0) = u(1) = 0.

(2.59)

In this model, we expand the nonlinear term eu into a Taylor series around 0 until the u2 term
to apply the fractional integral formulas in equations (2.15)...(2.19) more efficiently. Note that
for α = 2, there may be zero, one or two solutions for this model, depending on the value of
µ [113]. We use here the initial HPM approximation u(x) = A x(1 − x) with A ∈ R, which
satisfies the boundary conditions. The effect of changing µ and A values on the HPM solution
is presented in Tables 2.2, 2.3 and 2.4. These tables show us that for higher µ and A values we
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need more steps to get a reasonable accuracy for α = 2. We also included a ‘ratio test’ between
differences of successive HPM approximations. These confirm clearly the convergence of HPM
and its possible divergence in Table 2.4. In Table 2.5, we consider the case with α = 1.5 for
µ = 1 and A = 1. If we compare the results in Tables 2.2 and 2.5, we conclude that HPM
needs more steps for the fractional case than the ordinary case to reach a similar accuracy.

N α = 1.1 α = 1.7

1 0.08582180 0.07493868
2 0.00486217 0.00851444
3 0.00158691 0.00089426
4 0.00013589 0.00009150
5 0.00002649 0.00000935

N α = 1.1 α = 1.7

1 0.10386288 0.08023764
2 0.00696762 0.00930574
3 0.00171177 0.00098390
4 0.00017720 0.00010091
5 0.00002596 0.00001031

TABLE 2.1: Maximum HPM error for q = 10 (top) and for q = 20 (bottom).

TABLE 2.2: Errors in example 3 for A = 1, µ = 1 and α = 2

N Maximum Error Ratio Test
1 0.09609375 0.384375
2 0.01230238 0.128025
3 0.00109586 0.089077
4 0.00002895 0.026416
5 0.00001244 0.429618
6 0.00000295 0.237384
... ... ...
10 1.51651970.10−9 0.236744
11 1.72137047.10−10 0.113508
12 4.68366748.10−13 0.001146
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TABLE 2.3: Errors in example 3 for A = 5, µ = 1 and α = 2

N Maximum Error Ratio Test
1 0.92317708 0.477083
2 0.20311499 0.445347
3 0.00370464 0.298901
4 0.01602912 0.061214
5 0.00548413 2.595368
6 0.00009242 0.753362
... ... ...
23 1.72124479.10−10 0.077870
24 1.64598188.10−10 3.667836
25 9.76579753.10−11 0.894541

TABLE 2.4: Errors in example 3 for A = 5, µ = 5 and α = 2

N Maximum Error Ratio Test
1 0.38411458 0.307292
2 0.39087528 1.017601
3 0.44169314 1.130010
4 0.52929314 1.198328
5 0.66284949 1.252330
6 0.85925246 1.296301
... ... ...
23 500.269910 1.519908
24 762.342906 1.523863
25 1164.49295 1.527519

TABLE 2.5: Errors in example 3 for A = 1, µ = 1 and α = 1.5

N Maximum Error Ratio Test
1 0.02809378 0.133318
2 0.00582333 0.214116
3 0.00136224 0.241065
4 0.00034055 1.627578
5 0.00008814 1.220158
6 0.00002348 0.737494
7 0.00000632 0.649958
8 0.00000171 0.654176
9 4.62559720.10−7 0.744348
10 1.25587544.10−7 1.113443

The HPM solutions for different values of α are also given in Figure 2.3. Figure 2.3(c) shows
that HPM may converge to a non-existing solution, here for the values λ = 4 and α = 2. Figure
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2.3(d) displays a bifurcation diagram for this model. It remains unclear what would happen with
the second solution for 1 < α < 2. In Figure 2.4 the effect of changing the parameter A on the
convergence in the initial approximation of HPM is displayed.
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FIGURE 2.3: Numerical results for the Gelfand-Bratu model defined by equa-
tion (2.59). In panel (c), we can see that the HPM solution is converging for

λ = 4 and α = 2.
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(a) (b)

(c) (d)

FIGURE 2.4: Influence on the convergence of HPM depending on the parame-
ters µ and A in model (2.59). Panel (a) shows the HPM solution solutions for
A = 1 and λ = 1, panel (b) shows for A = 20 and λ = 1, panel (c) shows for
A = 5 and λ = 2 and finally panel (d) shows the results for A = 1 and λ = 4.

2.5.4 Example 4: a fractional Gelfand-Bratu model with damping

Similar to the description in [11], we consider the following nonlinear equation:{
εDαCu+ 2u′ + 1 + u+ 1

2u
2 = 0, 0 < ε ≤ 1,

u(0) = u(1) = 0.
(2.60)

This example includes a damping term and a quadratic approximation to the exponential
compared to the previous example. Note that for α = 2, there are two solutions for this model,
but HPM can only produce one of them. Figures 2.5, 2.6 and 2.7 show different scenarios of the
model. These are explained in the captions of the figures. The non-uniqueness of the solution
is displayed for ε = 0.35 and α = 2: panels 2.6(a) and 2.6(b) were produced using a shooting
method with Matlab. The right plot shows the two curves (in red and blue) in the phase plane
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(u, du/dx). It can also be clearly observed that the performance of HPM is very sensitive to the
choice of the parameter ε in the model. Smaller values of ε slow down the convergence rate of
the method dramatically (see panel 2.5(d)).

(a) (b)

(c) (d)

FIGURE 2.5: Numerical results for the fractional Gelfand-Bratu model with
damping (2.60): HPM solutions for ε = 1.0 (a), ε = 0.5 (b), ε = 0.35 (c), and
the error in the maximum norm as a function of the number of terms N in the

approximation, respectively.
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(a) (b)

FIGURE 2.6: Two different solutions in the fractional Gelfand-Bratu model with
damping (2.60) for ε = 0.35: in panel (a) these are displayed as a function of x
and in panel (b) in the phase plane (u, du/dx). These solutions were obtained
by a shooting method and the existence is confirmed by analysis in [11]. Only

the lower solution 1, shown in blue, can be detected by HPM.
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(a) (b)

(c)

FIGURE 2.7: Panel (a) displays the convergence of HPM for the fractional
Gelfand-Bratu model with damping (2.60) with ε = 1 for the case α = 1.6
as a function of N , panel (b) shows the dependence of the convergence rate on
the fractional derivative α in the model, and panel (c) indicates the differences

in solution behavior for three values of α for ε = 1.

2.5.5 Example 5: a fractional boundary layer model

Our next example is a fractional boundary layer model:

εDαCu+ γu′ = 0, 0 < ε ≤ 1, γ > 0,
u(0) = 0, u(1) = 1.

(2.61)

For α = 2 and γ = −1, it has an exact solution:

u(x) =
e
x
ε − 1

e
1
ε − 1

. (2.62)

In Figure 2.8, we present the effect of ε on the convergence of the HPM method for α = 2. It
can be clearly seen that it depends on the small parameter ε: for smaller values of ε it converges
slower or even diverges. This can be seen in panel 2.8(a) where we display the dependence of
the value N (denoted by N∗) to obtain a similar accuracy equal to 0.01. Figure 2.9 shows HPM
solutions for the fractional cases α = 1.7 and α = 1.5 with ε = 1.0. Lower values of α tend to
make the solution steeper for a fixed ε, but also let HPM converge slower.
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FIGURE 2.8: Panel (a) shows the convergence of HPM depending on the pa-
rameter ε in the fractional boundary layer model (2.61). Panel (b)-(d) show

convergent and divergent solutions according to the value of ε.
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(a) (b)

FIGURE 2.9: The effect of varying the fractional order in the fractional bound-
ary layer model (2.61) is depicted for a fixed value of ε = 0.45. The right plot
shows the fast convergence of HPM for α = 1.5 The left plot displays the dif-
ference in solution behavior between the non-fractional α = 2 and fractional

α = 1.5 case.

2.6 Summary

In this chapter we analyzed the Homotopy Perturbation Method (HPM) for fractional advection-
dfiffusion-reaction equations. We showed the equivalence between HPM and ADM. A general
expression for the coefficients in the series was derived in the case of a nonlinear source term.
We applied HPM to a test set of models, both linear and nonlinear. Numerical experiments
demonstrated the capability of HPM to find solutions up to high accuracy. However, in some
cases the method converged slowly or even diverged. In the situation of non-existing or mul-
tiple solutions, HPM may converge to a non-existing one or has difficulties to find the second
solution. Finally, the performance of HPM highly depends on the model parameters in the
advection-diffusion-reaction equation.





Chapter 3

Traveling waves in time-fractional
partial differential equations using the
homotopy analysis method1

Abstract
This chapter is devoted to the numerical study of ordinary and fractional order Fisher equations.
The homotopy analysis method (HAM) is used to produce approximate traveling wave solutions
for time-fractional partial differential equations. An optimal value of the convergence parameter
in HAM is determined by minimizing the square residual. Numerical experiments show that
HAM could be an efficient way to find numerical approximations to solutions for both the
ordinary and the fractional case.

3.1 Introduction

In the previous chapter, we presented the homotopy perturbation method (HPM) to solve
fractional-order advection-diffusion-reaction boundary-value problems. HPM could be an effi-
cient semi analytical series method in certain cases, but it has difficulties converging in some
nonlinear cases. To overcome this challenge, we will use the homotopy analysis method in this
chapter.

Liao proposed a semi-analytical method for nonlinear problems named the Homotopy
Analysis Method [75, 77, 78] in 1992, which was mainly based on the idea of homotopy from
topology. He and his co-authors claimed that, contrary to other series methods, HAM is in-
dependent of a small parameter. Furthermore, this property would enable HAM to overcome
the restrictions and limitations of other methods. With this chapter, we would like to stress
that this claim is widely exaggerated, in general. It has been shown, however, that there exist
special nonlinear problems where the traditional methods fail, while HAM succeeded to give
a reasonable semi-analytical solution [75]. Under certain circumstances, HAM may provide a
faster converging solution with a higher accuracy and also a fewer number of calculations. For
this reason, HAM has been applied to several nonlinear problems in science and engineering,
such as wave equations, KdV-type equations, control problems [104, 112, 131, 125], etc.

The method HAM makes use of a convergence control parameter ~ in order to determine
a convergent series solution. Via HAM, we can achieve explicit semi-analytic solutions of
nonlinear problems. In this chapter, we apply HAM to Fisher- and Burger-Fisher type equations

1This is joint work with P. A. Zegeling (Utrecht University). It has been submitted to the Journal of Applied
Mathematics and Computing (2017).
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[104, 131] to obtain traveling wave approximations. We examine both ordinary and fractional
order versions of these equations.

3.2 Time-fractional partial differential equations

We consider the following time fractional partial differential equation [5, 6, 13]:{
Dαt u+ (f(u))x = duxx + S(u) + τuxxt,
u(x, 0) = u0(x)

(3.1)

with parameters 0 < α ≤ 1, d > 0. Here, S is a nonlinear source term and f(u) is representing
nonlinear convection. An example of the use of including the term τuxxt is considered in [75]
and applications of this term in geo-hydrology can be found in [55, 31, 38, 36] (see also [37,
127]). With Dαt we denote a fractional derivative defined in the Caputo sense in section 1.4.3.
We also use the properties of the fractional derivative as already presented in section 2.2.

3.3 The Homotopy Analysis Method (HAM)

A general nonlinear differential equation is considered to describe the main steps in the homo-
topy analysis method (HAM):

N [u(x, t)] = 0, (3.2)

whereN denotes the nonlinear operator, x and t denote the independent variables and u(x, t) is
the solution. This method was first proposed by Liao [77], where he first constructs the zeroth-
order deformation equation as follows:

(1− p)L[φ(x, t; p)− u0(x, t)] = p~N [φ(x, t; p)], (3.3)

where p ∈ [0,1] is the embedding parameter, ~ 6= 0 is an auxiliary parameter, L is an auxiliary
linear operator, φ(x, t; p) is an unknown function and u0(x, t) is an initial approximation of
φ(x, t; p), respectively. It should be mentioned that HAM allows us to choose both the auxiliary
parameter and auxiliary linear operator. Further, we set:

φ(x, t; 0) = u0(x, t), φ(x, t; 1) = u(x, t).

This means that while the parameter p increases from 0 to 1, the solution φ(x, t; p) changes from
the initial guess u0(x, t) to the solution u(x, t). The unknown function φ(x, t; p) is defined by
expanding it into a Taylor series with respect to the embedding parameter p where N denotes
how many steps we have calculated:

φ(x, t; p) = u0(x, t) +
∞∑
m=1

um(x, t)pm, (3.4)

where

um(x, t) =
1

m!

∂mφ(x, t; p)

∂pm
|p=0 and u(x, t) = φ(x, t; 1) ≈

N∑
m=0

um(x, t), (3.5)

which therefore approximates the solution of the original model. By using equation (3.5), the
governing function can be derived from the zeroth-order deformation equation (3.3). Differ-
entiating equation (3.3) m times with respect to the embedding parameter p , then substituting
p = 0 and finally dividing by m!, we obtain the so-called mth order deformation equation:

L[um(x, t)− χmum−1(x, t)] = ~Rm(um−1), (3.6)
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where

Rm(um−1) =
1

(m− 1)!

∂m−1N [φ(x, t; p)]

∂pm−1
|p=0, (3.7)

χm =

{
0, m ≤ 1

1, m > 1.
(3.8)

It should be noted that if we substitute ~ = −1 into equation (3.3), it reduces to:

(1− p)L[φ(x, t; p)− u0(x, t)] + pN [φ(x, t; p)] = 0, (3.9)

and it turns into the Homotopy Perturbation Method [60, 75]. However, choosing ~ = −1 does
not always yield a convergent solution, as we will see later on.

3.4 Analysis of HAM

In this section we discuss some convergence properties of the method and its dependence on the
parameter ~ in equation (3.3).

3.4.1 Convergence of HAM

We show a convergence property of HAM for model (3.1), which is stated as follows:

Convergence result (see also [77]): As long as the series u(x, t) = u0(x, t) +∑∞
m=1 um(x, t) converges, where the functions um(x, t) are calculated from (3.5)-(3.8), it

must be the exact solution of the PDE model (3.1) .

Sketch of a proof : If the series
∑∞

m=0 um(x, t) converges, we can write
u(x, t) =

∑∞
m=0 um(x, t) and we know that limm→+∞ um(x, t) = 0. Then

∑n
m=1[um(x, t)− χmum−1(x, t)]

= u1 + (u2 − u1) + (u3 − u2) + . . .+ (un − un−1) = un(x, t).

and this gives

∞∑
m=1

[um(x, t)− χmum−1(x, t)] = lim
m→+∞

um(x, t) = 0. (3.10)

Using the linear operator L in (3.3), which represents the linear operator ∂
∂t , we obtain

∞∑
m=1

[um(x, t)− χmum−1(x, t)] = ~
∞∑
m=1

Rm(um−1(x, t)) = 0, (3.11)

which gives, since ~ 6= 0

∞∑
m=1

Rm(um−1(x, t)) = 0. (3.12)
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The χm terms disappear and therefore we find,

Rm(um−1(x, t)) = Dαt um−1,t(x, t) + (f(um−1(x, t))x − dum−1,xx(x, t)
−S(um−1(x, t))− τum−1,xxt(x, t)

Taking the infinite sum in all terms, we see that∑∞
m=1Rm(um−1(x, t)) =

∑∞
m=1[Dαt um−1,t(x, t) + (f(um−1(x, t))x − dum−1,xx(x, t)

−S(um−1(x, t))− τum−1,xxt(x, t)
=
∑∞

m=1Dαt um−1,t(x, t) +
∑∞

m=1(f(um−1(x, t))x −
∑∞

m=1 dum−1,xx(x, t)
−
∑∞

m=1 S(um−1(x, t))−
∑∞

m=1 τum−1,xxt(x, t)
=
∑∞

m=0Dαt um,t(x, t) +
∑∞

m=0(f(um(x, t))x −
∑∞

m=0 dum,xx(x, t)
−
∑∞

m=0 S(um(x, t))−
∑∞

m=0 τum,xxt(x, t)
= Dαt u+ (f(u))x − duxx − S(u)− τuxxt.

Using equation (3.12) it follows now that:

Dαt u+ (f(u))x = duxx + S(u) + τuxxt. (3.13)

From this, we conclude that u(x, t) from HAM equals the exact solution of model (3.1).

3.4.2 Remarks on the ~-curve

The Homotopy Analysis Method is based on a homotopy concept from topology [1]. We in-
troduced the auxiliary parameter ~ with the so-called zeroth-order deformation equation. Thus,
the auxiliary parameter ~ provides us with a family of solution expressions which contain ~.
Note that the convergence region strongly depends on this auxiliary parameter and it allows us
to control the convergence region in some way. While the Homotopy Perturbation Method [60,
75] can give solutions only when ~ = −1, HAM can provide convergent approximations for
different ~ values. These ~ values should be in the so-called flat interval. In this interval, the
HAM-solution is represented as a function of ~ for given N , which denotes how many steps
we compute, and for carefully chosen x and t values. Let δ(~x, t) denote the residual error of
the N th order HAM approximation and ∆ =

∫ ∫
δ2(x, t)dV dt denote the integral of residual

error. If we plot the ∆ ∼ ~-curve, then it is clear that it is useful to find an interval of ~-values
for which ∆ decreases to zero as the HAM approximation becomes more accurate (for more
information see [76]). This ~-curve is produced by plotting the HAM approximation for chosen
index N , evaluated at a specific x and t value.

3.4.3 An optimal ~ value

The goal of an optimal ~ value is to construct a convergent homotopy-series solution [76]. This
aim is satisfied by minimizing the squared residual of the mth order homotopy approximation

Em(~) =

∫ T

0
[N (

m∑
n=0

un(x0, t; ~))]2dt. (3.14)

This expression tends to zero as m → +∞ where x0 is a selected value of x. The optimal
homotopy approximation is given by the minimum of the squared residual Em, and the optimal
convergence parameter is determined by ∂Em

∂~ = 0.
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An alternative way to determine the optimal ~ value is by examining the solution curve
of uN as a function of ~. When we calculate the final HAM approximation uN (x, t; ~), we can
choose x = 0 and an arbitrary t0 value in [0, T ]. Then our function uN (0, t0; ~) becomes a
function of ~. We take the first derivative of this function ∂uN (0,t0;~)

∂~ = 0, in order to find the
extremum points and finally to find the optimal ~ value. The idea of the optimal ~ value is to
accelerate the convergence of the HAM solutions.

3.5 Numerical examples

In this section, we present both ordinary and fractional order models to show the applications of
HAM.

3.5.1 Example 1: a non-fractional higher order PDE model

In this example we consider :{
ut + ux = 2uxxt,
u(x, 0) = e−x,

(3.15)

which has the exact solution e−x−t. This example was also considered by Liang and Jeffrey
[75]. We illustrate the use of the ~-curve from the previous section and the approximations
depending on the index N and time t. HAM gives us a convergent ~-interval on the ~-axis and
this enables us to choose different ~ values. The plots indicate that HAM may produce fast
converging approximations for this model. As an example, we give the HAM solutions for this
model, see also [75]:

u0(x, t) = e−x,
u1(x, t) = −~e−xt,
u2(x, t) = ~e−xt

2 (~t+ 2~− 2),

u3(x, t) = −~e−xt
6 (~2t2 − 6~t+ 6~2t+ 6~2 − 12~ + 6),

etc.

We compare HAM with the Homotopy Perturbation Method (HPM) (see [60, 75]) which gives
the same solution as HAM when ~ = −1. The ~-curve in Figure 3.1 (a) shows that ~ = −1
is outside of the convergence region which is indicated by the flat part. Indeed HPM gives a
divergent solution for model (3.15). In Figure 3.1 (b), we also illustrate the convergence of
HAM for model (3.15). Even in the second approximation, HAM can already give a reasonable
solution. In Figure 3.2 (a), we depict the HAM solution for different time values. In Figure 3.2
(b) a comparison between the exact solution and HAM approximation is given.
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(a) (b)

FIGURE 3.1: The ~-curve in panel (a) and HAM approximations for different
N values in panel (b) are shown for the non-fractional higher order PDE model

(3.15).

(a) (b)

FIGURE 3.2: Panel (a) illustrates HAM solutions of the non-fractional higher
order PDE model (3.15) for different time values. The comparison between the

exact solution and HAM solution is shown in panel (b).

3.5.2 Example 2: a fractional higher order PDE model

This example is an extended time-fractional version of model (3.15):{
Dαt u+ ux = 2uxxt, 0 < α ≤ 1
u(x, 0) = e−x,

(3.16)
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In Figure 3.3, 3.4 and 3.5, we present HAM approximations for different fractional orders
α. The ~-curve, the optimal ~opt and HAM approximations for a chosen indexN are presented.
We conclude that if the fractional order α decreases, the ~-curve provides wider intervals. It can
clearly be seen that the fractional order case gives flatter solutions than the ordinary case. In
the ordinary case, we find a wider ~-interval whereas, for the fractional case, we can only use a
restricted interval of ~ values.

First, we construct the zeroth-order deformation equation as follows:

(1− p)L[φ(x, t; p)− u0(x, t)] = p~N [φ(x, t; p)], (3.17)

where L[φ(x, t; p)− u0(x, t)] = Dαt (u0(x, t) +
∑∞

m=1 um(x, t)pm)− u0(x, t) and
N [φ(x, t; p)] = Dαt (φ(x, t; p)) + (φ(x, t; p))x − 2(φ(x, t; p))xxt.
And the mth order deformation equation becomes:

L[um(x, t)− χmum−1(x, t)] = ~Rm(um−1), (3.18)

where

Rm(um−1) =
1

(m− 1)!

∂m−1(Dαt (φ(x, t; p)) + (φ(x, t; p))x − 2(φ(x, t; p))xxt)

∂pm−1
|p=0.(3.19)

Here, we start with the initial condition as a first approximation u0(x, t) = e−x. It can be
observed that the fractional case (3.16) is rather different than the ordinary case (3.15). If we
compare the ~-curves of both cases (see Figure 3.1 and 3.3), the ordinary case has a wider
~-interval.

(a) (b)

FIGURE 3.3: ~-curves of HAM for the fractional higher order PDE model
(3.16) for different N values are shown.
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(a) (b)

FIGURE 3.4: HAM solutions for both different N values and time values are
illustrated for the fractional higher order PDE model (3.16).

FIGURE 3.5: A divergent solution for ~ = 0.4 is illustrated to show the effect
of ~-value on HAM solution for the fractional higher order PDE model (3.16).

We illustrate the final HAM solution for different N and time values for α = 0.8 in Figure
3.4 (a) and (b). HAM can produce an accurate approximation even for small N values. We also
show a divergent HAM solution for ~ = 0.4 in Figure 3.5, which is outside of the convergence
interval. This emphasizes the role of the ~-value.
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(a) (b)

FIGURE 3.6: Panel (a) shows the ~-curve of the fractional higher order PDE
model (3.16) for α = 0.8 and t = 0.3. Panel (b) shows the HAM approxima-

tions for optimal ~ = 0.167245.

In Figure 3.6, we illustrate the HAM approximations with optimal ~opt = 0.16724. Figure
3.6 (a) shows the ~-curve for t = 0.3. For this time value there is no clear ~-value we can choose
from the interval. We calculated the optimal ~-value by formula (3.14): ~opt = 0.16724 and
show the HAM solutions with this optimal value in Figure 3.6 (b).

3.5.3 Example 3: a Fisher equation

Here we apply HAM to the Fisher equation [8, 5, 6, 13]:{
ut = uxx + 6u(1− u), 0 < α ≤ 1
u(x, 0) = 1

(1+ex)2
.

(3.20)

First, we suppose that our HAM solution is of the form of equation (3.4). Then we substitute
equation (3.4) into the equation (3.6) and collect terms of equal powers in the embedded param-
eter p. We start with the initial condition u0(x, t) = 1

(1+ex)2
as an initial guess. The following

approximations are obtained in this way:

u0 =
1

(1 + ex)2
, (3.21)

u1 = − 10~ext
(1 + ex)3

, (3.22)

u2 =
5~ext(−2~ex − 2ex + 10~ext− 2− 5~t− 2~)

(1 + ex)4
, (3.23)

... (3.24)
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The ~ value should be selected from the convergence interval derived by the so-called ~-
curve. For example, ~ = −1 (in this case HAM coincides with HPM) gives the solution:

u(x, t) =
1

(1 + ex)2
+

10ext

(1 + ex)3
+

25ext2(−1 + 2ex)

(1 + ex)4
+ . . . , (3.25)

which is the Taylor expansion of the exact solution u(x, t) = 1
(1+ex−5t)2

.
In this example, HAM gives fast convergent traveling wave approximations already in a few

steps. It shows the potential efficiency of the method.

(a) (b)

FIGURE 3.7: ~-curve and traveling wave HAM solutions for different N values
of the Fisher equation (3.20).

FIGURE 3.8: The time range of the Fisher equation (3.20).

In Figure 3.7 we show the ~-curve and the final HAM approximations. These approxima-
tions depict a fast convergent solution. In Figure 3.8 we illustrate HAM solutions for different
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time values. The approximations are convergent until t = 0.1, when they start to become diver-
gent.

3.5.4 Example 4: a time-fractional Fisher equation

Finally, HAM is applied to the time-fractional Fisher equation:{
Dαt u = uxx + u(1− u), 0 < α ≤ 1
u(x, 0) = 1

2 + 1
2 tanh(x4 ).

(3.26)

Here we start with the initial guess u0(x, t) = 1
2 + 1

2 tanh(x4 ) and the following approximation
is as follows:

u1(x, t) =
1

8

~
√
t(−4 cosh (x4 ) + sinh (x4 ))
√
π cosh (x4 )3

(3.27)

etc...

In this model, we also want to show the role of the factor "6" in model (3.20). Even if we have
a small interval of time in model (3.20), now we can consider a much wider one.

(a) (b)

FIGURE 3.9: The left panel shows the ~-curve and the right panel shows nu-
merical results of the time-fractional Fisher model (3.26) for α = 1

2 , t = 0.6
and N = 12.
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FIGURE 3.10: Traveling wave HAM approximations for different time values
for the time-fractional Fisher model (3.26) with α = 0.5. It shows the effect of

the time value on the final approximation.

In Figure 3.9 and 3.10, we present the traveling wave approximations for α = 1
2 . As you

can see in panel (a) in the ~-curve, we have a wide flat area to choose the ~ value. Panel (b)
shows that even in lower steps HAM can give a convergent solution. And it is also illustrated
that our final approximation moves to the left with higher time values.

3.6 Summary

In this chapter we analyzed approximate solutions of ordinary and fractional order partial differ-
ential equations using the Homotopy Analysis Method (HAM). HAM is employed to determine
a convergent solution which is provided by an optimal convergence parameter derived via min-
imizing the square residual. The results confirm that the Homotopy Analysis Method has the
potential to be an efficient technique for this kind of models. The calculations are made by
Maple. It can be observed that if we choose the value ~ = −1 in the HAM solution, the approx-
imations match exactly with the ones given by the Homotopy Perturbation Method (HPM) in
chapter 2. It is also shown that the choice ~ = −1 as in HPM may not always give a convergent
solution. We need the parameter ~ in HAM to improve the convergence properties.







Chapter 4

Padé approximations in semi-analytic
methods1

4.1 Introduction

Padé approximations [21, 83, 26, 27, 50, 116] are rational approximations of a function. This
technique was developed by Henri Padé [99], but in fact F. Georg Frobenius [47] already de-
scribed this concept by featuring the rational approximations of power series. The Padé approx-
imant gives, in general, more accurate approximations than for example using the Taylor series
and it can still converge even if the Taylor series does not.

We introduce the Padé approximant of a function f(x) over a portion of its domain. Let’s
suppose, as an example, that f(x) = cos x, and we approximate it on the interval [0, π/2].

A rational approximation of the function f(x) on [a, b], which contains the value 0, consists
of two polynomials named PN (x) andQM (x) with degreesN andM . Their quotient is defined
by:

RN,M (x) =
PN (x)

QM (x)
, for a ≤ x ≤ b. (4.1)

The primary requirement for a Padé approximation is that f(x) and its derivative f ′(x)
should be continuous at x = 0, which lies in the interval [a, b]. The reason behind the choice
x = 0 is that it can be controlled easier. The polynomials defined in (4.1) are as follows:

PN (x) = p0 + p1x+ p2x
2 + ...+ pNx

N , (4.2)

and

QM (x) = 1 + q1x+ q2x
2 + ...+ qMx

M . (4.3)

The polynomials in (4.2) and (4.3) are defined such that f(x), RN,M (x) and their derivatives
agree at x = 0. For Q0(x) = 1, the approximation turns into just the Maclaurin expansion for
f(x). It can be also observed that for a fixed value of N +M , the error becomes smaller when
PN (x) and QM (x) have the same degree or PN (x) has one degree higher.

We impose q0 = 1, but there is no restriction to use q0 = 1 in QN (x). The important point
in QN (x) is that the constant term should be nonzero. In (4.1), we have totally N + M + 1
unknown coefficients. Suppose that f(x) is analytic and the Maclaurin expansion of f(x) is
valid. Then,

f(x) = a0 + a1x+ a2x
2 + ...+ akx

k + ... ,

1Sections 4.2, 4.3 and 4.4 are based on a paper published in International Journal of Computational Methods with
joint authors H. Vazquez-Leal and H. Koçak, Vol. 13(6), 14 pages, 2016; DOI: 10.1142/S0219876216500390.
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and we establish the difference f(x)QM (x)− PN (x) = Z(x):( ∞∑
j=0

ajx
j

)( M∑
j=0

qjx
j

)
−

N∑
j=0

pjx
j =

∞∑
j=N+M+1

cjx
j . (4.4)

The first N + M derivatives of f(x) and RN,M agree at x = 0. Because of this we choose the
starting index j = N +M + 1 in (4.4) at the right side.

We first multiply out the left hand side of (4.4) and then equalize the powers of xj to zero.
It results in a system consisting of N +M + 1 linear equations:

a0 − p0 = 0

a1 − p1 + q1a0 = 0

a2 − p2 + q1a1 + q2a0 = 0

a3 − p3 + q1a2 + q2a1 + q3a0 = 0

aN − pN + ...+ qM−1aN−M+1 + qMaN−M = 0

and the second part

qMaN−M+1 + qM−1aN−M+2 + · · ·+ q1aN + aN+1 = 0

qMaN−M+2 + qM−1aN−M+3 + · · ·+ q1aN+1 + aN+2 = 0

...
...

qMaN + qM−1aN+1 + · · ·+ q1aN+M−1 + aN+M = 0.

We first consider the M equations in the second part to solve for q1, q2, ..., qM , then find
p0, p1, ..., pN and produce the Padé approximation.

Let’s establish the Padé approximation of cos x on the interval [−5, 5] for R4,4(x). As we
mentioned before, we will haveM+N+1 equations withM+N+1 unknowns if we start with
the Maclaurin expansion of cos x. It means that we have nine equations and nine unknowns. We
can simplify these computations by starting f(x) = cos(x1/2) because both cos x and R4,4(x)
are even functions and involve powers of x2. The Maclaurin expansion of f(x) = cos(x1/2) is:

f(x) = 1− 1

2
x+

1

24
x2 − 1

720
x3 +

1

40, 320
x4 − ... (4.5)

and substituting (4.5) into (4.4) yields:(
1− 1

2
x+

1

24
x2 − 1

720
x3 +

1

40, 320
x4 − ...

)(
1 + q1x+ q2x

2
)
− p0 − p1x− p2x

2

= 0 + 0x+ 0x2 + 0x3 + 0x4 + c5x
5 + c6x

6 + ...

We gather the coefficients according to the powers of x:

1− p0 = 0,

−1

2
+ q1 − p1 = 0,
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1

24
− 1

2
q1 + q2 − p2 = 0,

− 1

720
+

1

24
q1 −

1

2
q2 = 0,

1

40, 320
− 1

720
q1 +

1

24
q2 = 0.

We first solve the last two equations above to find q1 and q2 and they become q2 = 13
15,120 and

q1 = 11
252 . It is obvious that p0 = 1. Then we calculate p1 = −115

252 and p2 = 313
15,120 .

According to the Padé formula, we can write the approximation of f(x) = cos(x1/2) as
follows:

f(x) ≈
1− 115

252x+ 313
15,120x

2

1 + 11
252x+ 13

15,120x
2
. (4.6)

If we substitute x2 into (4.6), we can produce the R4,4(x) Padé expansion of cos x:

cos x ≈ R4,4(x) =
15, 120− 6900x2 + 313x4

15, 120 + 660x2 + 13x4
.

FIGURE 4.1: The difference between the function cos x and its Padé approxi-
mation

The accuracy of the Padé approximation is shown in Figure 4.1 by comparing the analytic
function cos x and its Padé approximation.
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4.2 Rational approximations for heat radiation and Troesch’s
equations

In this section, the rational homotopy perturbation method (RHPM) for the solution of nonlin-
ear differential equations is presented. It may deliver a higher precision representation of the
nonlinear differential equation using a few linear algebraic terms. In order to assess the bene-
fits of this tool, three nonlinear problems are solved and compared against other semi-analytic
methods or numerical methods. Furthermore, in order to deal with boundary-value problems
(BVP), we propose a modification of the RHPM method. The obtained results show that RHPM
is a powerful tool capable of generating highly accurate rational solutions.

Recently, homotopy based methods [19, 118, 58, 39, 120] have been extended with the
introduction of an additional rational approximation, resulting in the, so-called, Rational Ho-
motopy Perturbation Method (RHPM) [118, 121]. In RHPM, we assume that the approximate
solution of a differential equation can be represented by the quotient of two power series in the
homotopy parameter p. This quotient of power series transforms the nonlinear differential equa-
tion into a series of linear differential equations. In literature, one can find different applications
of RHPM, like the Zakharov-Kuznetsov [18] equations, nonlinear systems of mixed Volterra-
Fredholm [17] integral equations and stiff systems of ODEs, for example. We propose the
application of this method to solve three nonlinear problems: one differential equation model,
the so-called Troesch model and two other problems connected with heat radiation. Moreover,
in order to deal with BVPs, we propose a modification of the original RHPM method which is
based on the use of extra adjustment parameters from the RHPM divisor to fulfill the boundary
conditions. To assess the potential of the proposed methodology, we compare the results to other
approximated solutions reported in literature.

This section is organized as follows. In Section 4.2.1, we introduce the basic concept of
the RHPM method. Section 4.3 shows the solution of three nonlinear differential equations of
different kinds. Numerical simulations and a discussion about the results are provided in Section
4.4. Finally, a brief conclusion is given in Section 4.4.1.

4.2.1 The basic concept of the RHPM method

We can consider a nonlinear differential equation expressed as

L(u) +N (u)− f(r) = 0, where r ∈ Ω, (4.7)

having as boundary condition

B(u,
∂u

∂η
) = 0, where r ∈ Γ, (4.8)

and where L and N are a linear and a non-linear operator, respectively; f(r) is a known ana-
lytic function, B is a boundary operator, Γ is the boundary of domain Ω, and ∂u/∂η denotes
differentiation along the normal drawn outwards from Ω [120].
Now, a possible homotopy formulation is

H(v, p) = (1− p)[L(v)− L(u0)] + p(L(v) +N (v)− f(r)) = 0, p ∈ [0, 1], (4.9)

where u0 is the initial approximation for (4.7) which satisfies the boundary conditions and p is
known as the perturbation homotopy parameter. Analyzing (4.9), it can be concluded that

H(v, 0) = L(v)− L(u0) = 0, (4.10)
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and

H(v, 1) = L(v) +N (v)− f(r) = 0. (4.11)

Until this point, RHPM uses the same concept and the same notation used in HPM in section
2.3. Now, we assume that the solution for (4.9) can be written as power series quotient [118,
121] of p

v =
p0v0 + p1v1 + p2v2 + · · ·
1 + p1w1 + p2w2 + · · ·

, (4.12)

where v1, v2, . . . are unknown functions to be determined by the RHPM method and w1, w2, . . .
are known (arbitrary) analytic functions of the independent variable, which are going to be
represented by wi = kix

i.
From (4.12), we calculated the limit when p→ 1 to obtain the solution for (4.7)

u = lim
p→1

v =
v0 + v1 + v2 + · · ·
1 + w1 + w2 + · · ·

. (4.13)

A convergence study of the method can be found in [118, 121].

4.3 Case studies

In this section, we will present three case studies to show the usefulness of the RHPM method
to solve nonlinear differential equations.

4.3.1 Example 1: an unsteady nonlinear convective-radiative equation

The governing equation for heat transfer in a lumped system of combined convective-radiative
heat transfers [48] is the following initial value problem, where we use the notation θ = θ(τ)
instead of u:

θ′ + θ + ε1θθ
′ + ε2θ

4 = 0, θ(0) = 1, (4.14)

where prime denotes differentiation with respect to τ and ε1, ε2 are parameters of the equation.
From (4.14) we establish the following homotopy equations

(1− p)
(
v′ + v

)
+ p

(
v′ + v + ε1vv

′ + ε2v
4
)

= 0, (4.15)

From (4.12) we assume that the solution for (4.15) has the following quotient form (the number
of terms in the denominator and the numerator are chosen such that an efficient computation can
be made)

v =
v0 + v1p+ v2p

2

1 + k1xp1 + k2x2p2 + k3x3p3
. (4.16)

Substituting (4.16) into (4.15), regrouping and rearranging the terms of the same order of p, we
obtain

p0 : v′0 + v0 = 0, v0(0) = 1,

p1 : v′1 + v1 − v0k1 + 3v0k1x+ ε2v
4
0 + v0ε1(v′0) + 3(v′0)k1x = 0, v1(0) = 0,

p2 : v′2 + v2 − v1k1 − ε1v2
0k1 + 2v0ε1(v′0)k1x+ 3v0k

2
1x

2 − 2v0k
2
1x

+3(v′0)k2
1x

2 + 4ε2v
3
0v1 + 3(v′1)k1x+ 3v1k1x− 2v0k2x+ 3v0k2x

2

+3(v′0)k2x
2 + v0ε1(v′1) + v1ε1(v′0) = 0, v2(0) = 0.

(4.17)
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Then, solving (4.17), results in

v0 = exp(−τ),

v1 =
1

3

(
3k1τ + ε2 exp(−3τ)− 3ε1 exp(−τ)− ε2 + 3ε1

)
exp(−τ),

v2 =
3

2
ε21 exp(−3τ)− 17

12
ε1ε2 exp(−5τ)− exp(−2τ)ε1k1τ

+
1

3
ε2 exp(−4τ)k1τ + exp(−τ)k2τ

2 − 1

3
k1τ exp(−τ)ε2

+ε1k1τ exp(−τ) +
2

9
ε22 exp(−7τ) +

4

3
ε2 exp(−4τ)ε1

+
2

3
ε1 exp(−2τ)ε2 −

4

9
ε22 exp(−4τ)− 2ε21 exp(−2τ) +

1

2
ε21 exp(−τ)

− 7

12
ε1ε2 exp(−τ) +

2

9
exp(−τ)ε22.

(4.18)

Substituting (4.18) into (4.16) and calculating the limit when p→ 1, we obtain the second-
order approximation

θ(τ) = lim
p→1

v =
v0 + v1 + v2

1 + k1τ + k2τ2 + k3τ3
, (4.19)

with the parameters of k1, k2 and k3.
If we use ε1 = 0.05 and ε2 = 0.7 as reported in [48], then the adjustment parameters are
determined as follows: k1 = 1.4863852932, k2 = 0.5165065093, and k3 = 0.01581897788.
Here, the parameters are calculated using the NonlinearFit [118, 121, 119, 120] command from
Maple Release 15 (given a total of k-samples from the exact model, the NonlinearFit command
enables us to find values of the approximate model parameters such that the sum of the squared
k-residuals is minimized).

4.3.2 Example 2: a nonlinear convective-radiative conduction equation

The governing equation of the one dimensional heat transfer in a straight fin [48], where one fin
surface transfers heat through both convection and radiation, is the following boundary value
problem with θ = θ(x)

θ′′ − N2θ + ε1(θ′)2 + ε1θθ
′′ − ε2θ4 = 0, θ′(0) = 0, θ(1) = 1 (4.20)

where N denotes the fin parameter, prime denotes differentiation with respect to X and ε1, ε2
are parameters of the equation.

From (4.14) we establish the following homotopy equation

(1− p)
(
v′′ − N2v

)
+ p

(
v′′ − N2v + ε1(v′)2 + ε1vv

′′ − ε2v4
)

= 0, (4.21)

From (4.12), we assume that the solution for (4.15) has the following form

v =
v0 + v1p

1 + k1Xp+ k2X2p2
, (4.22)
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Substituting (4.22) into (4.21), regrouping and rearranging the terms having same order of
p, we obtain

p0 : v′′0 − N2v0 = 0, v′0(0) = 0, v0(1) = 1,

p1 : v′′1 + ε1v0v
′′
0 − 3N2v0k1X − ε2v4

0 − N2v1 + ε1(v′0)2

+3v′′0k1X − 2v′0k1 = 0, v′1(0) = 0, v1(1) = 0,

(4.23)

Then, we solve (4.23), resulting in

v0 = (exp(NX) + exp(−NX))/l,

v1 =
1

30

{
−

[
20

(
(ε1N2l2 − 2ε2) exp(2NX)− 3

2
Nk1(NX + 1/2)l3 exp(3NX)

−3

2
Nk1(NX − 1/2)l3 exp(5NX) + (ε1N2l2 − 2ε2) exp(6NX)

+
[
9
(

exp(4NX)− 1

90
− 1

90
exp(8NX)

)]
ε2

)]
l exp(−4NX)

+

[(
(20ε1N2l2 − 40ε2) exp(2N)− 30Nk1(N + 1/2)l3 exp(3N)

−30Nk1(N− 1/2)l3 exp(5N) + (20ε1N2l2 − 40ε2) exp(6N)

+
[
180
(

exp(4N)− 1

90
− 1

90
exp(8N)

)]
ε2

)
exp(−4N) + 30Nk1l

3 exp(N)

]
exp(−NX)

+

[
20

({
(ε1N2l2 − 2ε2) exp(2N)− 3

2
Nk1(N + 1/2)l3 exp(3N)

−3

2
Nk1(N− 1/2)l3 exp(5N) + (ε1N2l2 − 2ε2) exp(6N) +

[
9
(

exp(4N)− 1

90

− 1

90
exp(8N)

)]
ε2

}
exp(−4N)− 3

2
Nl3k1 exp(−N)

)]
exp(NX)

}
/(N2l5),

(4.24)

where l = exp(N) + exp(−N). These formulas have been calculated by Maple.
Substituting (4.24) into (4.22) and calculating the limit when p → 1, we obtain the first-

order approximation

θ(X) = lim
p→1

v =
v0 + v1

1 + k1X + k2X2
, (4.25)

If we use N = 1, ε1 = 0.2, and ε2 = 0.2 as reported in [48]; the adjustment parameters are
chosen as: k1 = 0.0098534568628, k2 = −0.0098534568628. In fact, k2 was set to k2 = −k1

to satisfy the boundary condition θ(1) = 1 and k1 was calculated using the numerical procedure
given for the first case study.
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4.3.3 Example 3: Troesch’s problem

Troesch’s equation is a boundary value problem that arises in the investigation of confinement
of a plasma column by a radiation pressure [123] and also in the theory of gas porous electrodes
[49, 89].

The problem is expressed as

y′′ = n sinh(ny), y(0) = 0, y(1) = 1, (4.26)

where prime denotes differentiation with respect to x and n is known as Troesch’s parameter.
Straightforward application of RHPM to solve (4.26) is not possible due to the hyperbolic

sine term of the dependent variable. Nevertheless, the polynomial type nonlinearities are easier
to handle by the RHPM method. Therefore, in order to apply RHPM successfully, we convert
the hyperbolic-type nonlinearity in Troesch’s problem into a polynomial type nonlinearity using
the variable transformation reported in [28, 120]

u(x) = tanh
(n

4
y(x)

)
. (4.27)

After using (4.27), we obtain the following transformed problem(
1− u2

)
u′′ + 2u(u′)2 − n2u(1 + u2) = 0, (4.28)

where the boundary conditions are obtained by using variable transformation (4.27).

Substituting the original boundary conditions y(0) = 0 and y(1) = 1 into (4.27), results in

u(0) = 0, and u(1) = tanh
(n

4

)
. (4.29)

From (4.9) and (4.28), we can formulate the following homotopy [61, 58, 57]

H(v, p) = (1− p)v′′ + p
((

1− v2
)
v′′ + 2v(v′)2 − n2v(1 + v2)

)
, (4.30)

where p is the homotopy parameter.
From (4.12), we assume that the solution for (4.30) has the following form

v =
v0 + v1p+ v2p

2 + v3p
3

1 + k1xp1 + k2x2p2 + k3x3p3
, (4.31)

where k1, k2 and k3 are coefficients.
Substituting (4.31) into (4.30) and equating identical powers of p terms, we obtain

p0 : v′′0 = 0, v0(0) = 0, v0(1) = γ,
p1 : v′′1 + 2v0(v′0)2 − v2

0v
′′
0 − 2(v′0)k1 − n2v0 − n2v3

0 + 3v′′0k1x = 0, v1(0) = 0, v1(1) = 0,
p2 : v′′2 − 2v2

0(v′0)k1 − 3n2v2
0v1 + 2v1(v′0)2 − 4(v′0)k2x− 2(v′1)k1 − 2v0k2

−n2v3
0k1x+ 3v′′1k1x− 3n2v0k1x− 2v0v1v

′′
0 + 3v′′0k

2
1x

2 − n2v1

+2v0(v′0)2k1x− v2
0v
′′
0k1x+ 2v0k

2
1 + 3v′′0k2x

2

+4v0(v′1)(v′0)− v2
0v
′′
1 − 4(v′0)k2

1x = 0, v2(0) = 0, v2(1) = 0.
p3 : · · ·

(4.32)

where γ = tanh
(n

4

)
.
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We solve (4.32) by using Maple, resulting in

v0 = γx,

v1 =
1

20
(x− 1)

((
x2n2 − 20

3 + n2
)

(x+ 1) γ2 + 20k1 + 10/3n2x+
10

3
n2

)
γx,

...

(4.33)

Substituting (4.33) into (4.31) and calculating the limit when p → 1, we obtain the third-
order approximated solution for (4.28)

u3(x) = lim
p→1

v =
v0 + v1 + v2 + v3

1 + k1x+ k2x2 + k3x3
. (4.34)

Finally, from (4.27) and (4.34), the proposed solution for Troesch’s problem is

y(x) =
4

n
tanh−1(u3(x)), 0 ≤ x ≤ 1, (4.35)

Considering n = 0.5 and n = 1, we choose the adjustment parameters [k1, k2, k3]
as: [0.0008714504846,-0.0008670617014,-0.0000043887833] and [0.01265746050997,-
0.0121666681719,-0.000490792338] respectively, by using the procedure explained for the first
case study. In fact, for both cases, k2 was set to k2 = −k1 − k3 to fulfil the boundary condition
of (4.26) at x = 1.

4.4 Numerical simulations and discussion

For all case studies, we employed built-in numerical routines from Maple 13 for comparison
purposes. For the boundary-value problem, it utilized the scheme based on the trapezoidal rule
combined with Richardson extrapolation. For the initial value problems, it used the Fehlberg
fourth-fifth order Runge-Kutta method with degree four interpolant (RKF45) [40, 43]. For both
types of algorithms, an absolute error (A.E.) tolerance of 10−12 was selected.

For the first case study, we solve the heat radiation problem (4.14) obtaining a highly accu-
rate solution as shown in Figure 4.2 and Figure 4.3. In those figures, we can observe a compar-
ison between the proposed solution, HPM [48] and PM [48]; showing higher precision for the
proposed solution. For the second case study, we solved with high accuracy another heat radi-
ation equation (4.20) as depicted in Figure 4.4 and Figure 4.5. Again, in those figures, we can
observe a comparison with HPM [48], showing higher precision for the RHPM solution. This
higher precision of the RHPM method is due to its ability to produce rich rational expressions
that can potentially fit a wider scope of non-linearities. For instance, it is well known that Padé
approximants [116], being rational expressions, can represent with more efficiency approximate
solutions than simple series solutions.

The Troesch’s BVP is a benchmark equation for numerical [42, 79] and semi-analytical
methods [28, 120, 34, 44, 54, 72, 92] which has been solved by RHPM to obtain the approx-
imated solution (4.35). Tables 4.1 and 4.2 show a comparison between the results obtained
and other semi-analytical methods like: homotopy perturbation method (HPM)[92, 44, 120],
decomposition method approximation (DMA)[34, 44], homotopy analysis method (HAM)[54],
and Laplace transform decomposition method (LTDM)[72]. The comparison shows that the av-
erage absolute relative error (A.A.R.E.) for (4.35) is lower than the reported results for n = 0.5
and n = 1. In addition, these results show that RHPM can produce rapidly convergent approx-
imations, even when few steps are employed, while the other finite difference scheme based
methods [42] need more than ten steps.
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Finally, in order to deal with BVPs, we proposed a modification of the RHPM method that
is based on the use of the adjustment parameters (k1, k2, · · · ) of the RHPM divisor to fulfil the
boundary conditions. This modification was efficient as seen in the results for case studies two
and three. Therefore, further research is required in order to exploit the proposed modification
to solve more challenging BVPs.

FIGURE 4.2: RKF45 solution for (4.14) (diagonal cross) and its approximations
obtained by using: RHPM (4.19) (solid line), HPM [48] (circles), and PM [48]

(dots).

FIGURE 4.3: Absolute error (A.E.) of approximations RHPM (4.19) (solid
line), HPM [48] (dash-dot), and PM [48] (dash) with respect to RKF45 solu-
tion for (4.14). The PM starts with a higher absolute error because of its initial
approximation. Note the rapid convergence of RHPM compared with the other

methods.
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FIGURE 4.4: Numerical solution for (4.20) (diagonal cross) and its approxima-
tions obtained by using: RHPM (4.25) (solid line) and HPM [48] (circles).

FIGURE 4.5: Absolute error (A.E.) of approximations RHPM (4.25) (solid line)
and HPM [48] (dash-dot) with respect to RKF45 solution for (4.20). It shows
that RHPM can give a better approximation than HPM for the same step value

N = 20.
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4.4.1 Summary

This work presented the Rational Homotopy Perturbation Method (RHPM) as a novel tool with
potential to solve nonlinear differential equations. We were able to obtain highly accurate ratio-
nal numerical solutions for different types of problems: two nonlinear boundary value problems
(BVPs) and a highly nonlinear initial value problem. The high precision of RHPM solutions is
due to the generated rational expressions that can, potentially, fit a wider scope of non-linearities.
We proposed a modification for the RHPM method to solve nonlinear BVPs by using extra ad-
justment parameters and, thus, fulfill the boundary conditions. A comparison of RHPM with
other semi-analytic methods exhibited the flexibility of the new method to generate higher ac-
curate numerical solutions.

4.5 Semi-analytical solutions of the time-fractional Fisher equation
by using a Padé approximation

4.5.1 Introduction

The Homotopy Analysis Method (HAM), as described and applied in Chapter 3, may
provide us with explicit semi-analytic solutions of nonlinear problems in certain cases. In this
section, we apply HAM to the time-fractional Fisher equation [5, 6, 13, 37, 127] and examine
both the ordinary and fractional order versions. Further, we apply a Padé approximation (see
previous sections) to improve the accuracy of the numerical solution compared to the basic
method HAM.

4.5.2 The time-fractional Fisher equation

We consider the following time fractional Fisher type equation:{
Dαt u(x, t) = uxx(x, t) + 6u(1− u), 0 < α ≤ 1,
u(x, 0) = 1

(1+ex)2
,

(4.36)

which has the exact solution 1
(1+ex−5t)2

for α = 1.
In this example, we will use HAM and then apply a Padé approximation to find a good approxi-
mate solution. As it was mentioned in section 4.1, we consider (3.3) to construct the homotopy.
Then it follows from the theory of HAM that we can obtain the step solutions (3.4) by using
formula (3.6). We suppose that the initial condition u(x, 0) = 1

(1+ex)2
is our initial guess u0 for

HAM. The rest of the process can be calculated by Maple, and it gives the following first two
step solutions:

u1 = −1.07367 ~tαex(7 ex + 5)

1 + 3 ex + 3 e2x + e3x
,

u2 =
t2α(34.27473 e3x + 0.69948 e2x − 34.27473 ex − 17.48711) ex

(1 + ex)2(1 + 3 ex + 3 e2x + e3x)
.

Then, the final HAM solution is obtained by the summation U(x, t) = u0(x, t) +∑∞
m=1 um(x, t)pm. We first consider the case α = 1. For this case, the ~-curve (see section

3.4.2) and the HAM solutions for the time values t = 0.1, 0.2, 0.3, 0.4 and 0.5 are presented in
Figure 4.6:
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(a) (b)

FIGURE 4.6: Panel (a) shows the ~-curve. Panel (b) illustrates the HAM solu-
tions for different time values for α = 1.

In Figure 4.6 (a), we see clearly a flat interval for choosing an appropriate ~ value for the
HAM solution (see section 3.4.2). HAM can produce accurate approximations even for N = 8
and ~ = −1. But it is clear from Figure 4.6 that the HAM solution becomes divergent for
t = 0.5 (the black curve). Here, we apply the Padé[5,5] approximation to smooth the solution.

(a) (b)

FIGURE 4.7: HAM solution with Padé[5,5] approximation for α = 1 (left) and
the exact solution of (4.36) (right).

In Figure 4.7, the HAM solution is clearly improved by applying the Padé[5,5] approximation
and we can produce accurate approximations even for higher time values.
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Let’s consider the fractional case and take α = 0.8. In this case, we decided to stop the loop
in the 4th step, because we could manage to obtain accurate approximations.

(a) (b)

FIGURE 4.8: In the fractional case α = 0.8, the different ~-curves for different
N values are shown in Panel (a) and the traveling wave solutions for N = 4 are

presented in Panel (b).

We can observe in Figure 4.8 (a) that ~ = −0.9 is the intersection point for different N values
(see section 3.4.3) and it gives smooth traveling waves solutions for different time values (see
Figure 4.8 (b)).



Chapter 4. Padé approximations in semi-analytic methods 75

(a) (b)

(c)

FIGURE 4.9: The HAM solutions for N = 2, 3 and 4 for different time values
are displayed.

In Figure 4.9, we present the HAM solutions for steps 2, 3 and 4 when α = 0.8 and ~ =
−0.9 without using the Padé approximation. We can observe from the red curves (for t = 0.2),
from the brown curves (t = 0.3) and also from the green curves (t=0.4) in Figure 4.9 (a), (b),
(c) that HAM needs more steps to smooth the solution. Then, we apply the Padé approximation
to improve the solution.
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FIGURE 4.10: HAM solution with Padé[1,2] approximation for α = 0.8.

In Figure 4.10 it is depicted that the Padé[1,2] approximation helps to produce better ap-
proximations for higher time values. There, we apply different types of Padé approximations
for different N values. While we are using Padé[1,2] for N = 2 and N = 4, we use Padé[2,2]
forN = 3. As it was mentioned in section 4.1, we construct the Padé approximations as follows:

R1,2(x) =
P1(x)

Q2(x)
=

p0 + p1x

1 + q1x+ q2x2
: Padé[1,2]

and

R2,2(x) =
P2(x)

Q2(x)
=
a0 + a1x+ a2x

2

1 + b1x+ b2x2
: Padé[2,2].

Before we apply the Padé approximation, we use a variable transformation in the HAM solution
to change the fractional order xα into an integer order:

xα = z, x2α = z2, x3α = z3, etc.

After that, we establish the difference (4.4) and then the powers of xj are equalized to determine
the unknown coefficients of R1,2(x) and R2,2(x). Finally, we apply the inverse transformation:

z = xα, z2 = x2α, z3 = x3α, etc.

and obtain the fractional HAM Padé solution.
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(a) (b)

(c)

FIGURE 4.11: The HAM Padé solutions for different N values are shown. We
see that the Padé approximation gives a faster convergence for t = 0.05 and
t = 0.1. For t = 0.2 in frame (c), HAM with Padé seems to converge, but there

we would need higher N-values.

We can observe in Figure 4.11(a) and in Figure 4.11(b) that the Padé approximation helps us
to find a fast convergent solution for t = 0.05 and t = 0.1 even in two steps. But, if we explore
the solutions for higher time values like t = 0.2 presented in Figure 4.11(c), we should compute
more steps to find a convergent solution. We also compare the solutions between HAM with
Padé and HAM without Padé.
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(a) (b)

FIGURE 4.12: The impact of the Padé approximation on HAM for t = 0.2 is
shown in the left plot and for t = 0.25 in the right plot when α = 0.8.

The effect of the Padé approximation is presented in Figure 4.12 for different time values and
these plots show how the Padé approximation can help to improve the convergence properties
of HAM. In Figure 4.12, HAM can not produce convergent solutions and creates oscillations.
To overcome this problem, we applied Padé approximations. The Padé approximation enables
us to smooth the solutions. Also, it is clear that in Figure 4.12 (a), if we evaluate the HAM for
higher step values, we can obtain an even better Padé approximation.

4.5.3 Summary

In the previous chapter we have used the concept of Padé approximations to improve the numer-
ical performance of the Homotopy Analysis Method (HAM). We managed to obtain a higher
accuracy in the non-fractional case, when applied to traveling wave solutions of the Fisher equa-
tion. It may be obvious, however, that more research is needed to develop efficient Padé approxi-
mations, especially, for time-fractional (partial) differential equations. The Padé technique could
be an efficient tool to improve the approximation, but, unfortunately, we can not generalize this
idea for all fractional models. The major disadvantage of the Padé approximation is the high
computation time. For nonlinear models, it is, in general, hard to estimate the needed computa-
tion time. Future research would be required to optimize the application of Padé approximation
for fractional differential equations.
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Summary

This thesis discusses numerical methods for models with fractional order derivatives.
These methods make use of infinite series, which are based on the notion of homotopy with an
additional method parameter to accelerate the convergence properties.

In Chapter 1, we start with a brief motivation and history of fractional calculus. Next, we
introduce the Gamma function and the Mittag-Leffler function, which play an important role in
the theory of fractional derivatives. There exist many definitions of fractional order derivatives.
Among the most important ones, we present four definitions: the Riesz, the Riemann-Liouville,
the Caputo, and the Grünwald-Letnikov derivative. Properties, relations and differences between
these are mentioned to show the different aspects and consequences. Furthermore, the impor-
tance of fractional calculus is emphasized and the background for using fractional differential
equations is briefly described. The widespread application of fractional order derivatives is dis-
cussed and a series of fractional order models from many different application areas is given.
At the end of chapter 1, an outline of the new contribution to this area is shortly indicated.

In Chapter 2, we focus on a fractional order advection-diffusion-reaction model. We intro-
duce the homotopy perturbation method to solve the model. First, we analyze the convergence
of the method and compare it with the Adomian decomposition method to understand its ef-
fectivity for different models. Some theoretical results are given and are explained in terms
of convergence tables and graphics. Numerical experiments illustrate the performance of this
method, when applied to a test set of boundary-value problems. Both convergent and divergent
numerical solutions are presented.

In Chapter 3, we deal with traveling wave solutions in time-fractional partial differential
equations. This is done by using the homotopy analysis method which is an extension of the
homotopy perturbation method. Primarily, we explain the importance of the convergence pa-
rameter ~ in the so-called ~-curve. This curve enables us, somehow, to control the convergence
region of the method. Especially, for this curve, the role of an optimal ~ value is emphasized.
Numerical results for a special partial differential equation are given: the time-fractional Fisher
equation. The effect of changing the fractional order on the solution behavior is shown.

In Chapter 4, we study Padé approximations to improve the numerical solutions which were
obtained by the homotopy analysis method in the previous chapter. A Padé approximation has
the potential to produce more accurate numerical solutions not only for higher time values in the
differential equation, but also speeds up the computation time of the series. First, we introduce
the rational homotopy perturbation method which makes use of a Padé approximation for sta-
tionary problems. For example, it is applied to a convective-radiative equation and to Troesch’s
model. Finally, we apply a Padé approximation with the homotopy analysis method to a time-
fractional Fisher partial differential equation and show its usefulness in several experiments.





Samenvatting

Dit proefschrift behandelt numerieke methoden voor modellen met fractionele (gebro-
ken) afgeleiden. Deze methoden, die gebruik maken van oneindige reeksen, zijn gebaseerd op
het begrip homotopie met een methode parameter die de convergentie tracht te versnellen.

In hoofdstuk 1 beginnen we met een motivatie en een korte geschiedenis van fractionele
calculus. Vervolgens introduceren we de Gamma-functie en de Mittag-Leffler functie, die een
belangrijke rol spelen in de theorie van fractionele (gebroken) afgeleiden. Er bestaan vele defini-
ties van fractionele orde afgeleiden. De vier belangrijkste worden hier gepresenteerd: de Riesz,
de Riemann-Liouville, de Caputo, en de Grünwald-Letnikov afgeleide. Enkele eigenschap-
pen, overeenkomsten en verschillen worden uitgewerkt om de diversiteit van dit onderwerp te
laten zien. Verder wordt het nut van fractionele calculus benadrukt en de achtergronden bij de
toepassing van fractionele differentiaalvergelijkingen beschreven. De wijdverbreide toepassing
van modellen met fractionele orde afgeleiden wordt genoemd en verschillende toepassingsge-
bieden hiervan worden behandeld. Aan het einde van dit hoofdstuk staat een overzicht van de
nieuwe bijdragen op dit gebied in het kort vermeld.

In hoofdstuk 2 richten we ons op een fractioneel advectie-diffusie-reactie-model. We intro-
duceren de homotopie verstorings methode om het model op te lossen. Eerst analyseren we de
convergentie van de methode en vergelijken we deze met een andere methode: de Adomian de-
compositie methode. Enkele theoretische resultaten worden bevestigd in termen van numerieke
convergentie tabellen en grafieken. Numerieke experimenten illustreren de eigenschappen van
deze methode, wanneer deze worden toegepast op een testset van randwaarde problemen. Zowel
convergente als divergente numerieke oplossingen worden gepresenteerd.

In hoofdstuk 3 behandelen we lopende golfoplossingen voor tijds-fractionele partiële dif-
ferentiaalvergelijkingen. Dit wordt uitgevoerd met de homotopie analyse methode, die een uit-
breiding is van de homotopie verstorings methode uit hoofdstuk 2. In de eerste plaats leggen
we het belang uit van de convergentie parameter ~ in de zogenaamde ~-kromme. Deze kromme
stelt ons, in zekere zin, in staat om het convergentiegebied van de methode te controleren. Nu-
merieke resultaten voor enkele partiële differentiaalvergelijkingen worden gegeven, o.a. voor
de tijds-fractionele Fisher vergelijking. Het effect van het veranderen van de fractionele order
op het gedrag van de oplossing wordt getoond.

In hoofdstuk 4 bestuderen we Padé benaderingen om de numerieke oplossingen te ver-
beteren, die werden verkregen met de homotopie analyse methode in hoofdstuk 3. Een Padé
benadering heeft de mogelijkheid om nauwkeurigere numerieke oplossingen te verkrijgen voor
latere tijdstippen in de tijdafhankelijke differentiaalvergelijking. Bovendien kan dit ook de
rekentijd van de reeksoplossing versnellen. Als eerste toepassing introduceren we de rationele
homotopie verstorings methode die gebruik maakt van een Padé benadering voor stationaire
problemen. Deze wordt toegepast op een convectie-radiatieve vergelijking en het model van
Troesch. Tot slot passen we een Padé benadering, in combinatie met de homotopie analyse
methode, toe op de tijds-fractionele Fisher partiële differentiaalvergelijking. Het nut hiervan
wordt duidelijk gemaakt door middel van verschillende numerieke experimenten.
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