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Swelling is an important process inmany naturalmaterials and industrial products, such as swelling clays, paper,
and Super Absorbent Polymer (SAP) particles in hygienic products. SAP particles are capable to absorb large
amounts of fluid. Each grain of SAP can absorb water 30 to 1000 times its initial mass, depending on the water
composition.
To gain insight in the swelling behaviour of a bed of SAP particles, we have developed a grain-scale model and
have tested it by comparing it to experiments. The grain-scale model is based on a combination of the Discrete
Element Method (DEM) and the Pore Finite Volume (PFV) method, which we have extended to account for
the swelling of individual SAP particles. Using this model, we can simulate the behaviour of individual parti-
cles inside a water-saturated bed of swelling SAP particles while taking into account the hydro-mechanical
effect arising from the presence of pore water. The model input includes physical parameters such as par-
ticle stiffness and friction angle, which were found in the literature, as well as particle size distribution
and diffusion coefficients, which were measured experimentally. A swelling rate equation was developed
to simulate the swelling of individual particles based on water diffusion into a spherical particle. We per-
formed experiments to measure the rise of the surface of a bed of initially dry SAP particles, which were
put inside a glass beaker that contained sufficient amount of water for the SAP particles to swell and to
remain saturated at all times. We used our model to simulate the swelling of that SAP particle bed as a func-
tion of time. Simulations show that the numerical model is in accordance with the experimental data. We
have also verified the model with Terzaghi's analytical solution for a small swelling event. Finally, a
sensitivity analysis was performed to study the effects of main grain-scale parameters on the larger-scale
behaviour of a bed of particles.
© 2017 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

Swelling of porous media occurs in many natural and industrial ma-
terials e.g. clays, foods, biological tissues, papers, and absorbent poly-
mers in hygienic products [1–5]. Swelling is a complex process that
requires knowledge of the behaviour of both fluid and solid phases
and their physical interactions, as well as the chemical interactions in-
side and around the solid phase [6,7]. The process of swelling is defined
as the expansion of a (porous) solid because of absorption of afluid. A dis-
tinction can be made between swelling solids e.g. cartilages, hydrogels,
Super Absorbent Polymers (SAP), and swelling granular media, such as
partment of Earth Sciences,
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a bed of SAP particles. In this work, we focus on irregularly shaped SAP
particles,whose size ranges from45 to 850 μmand aremostly used as ab-
sorbent agent in hygienic products.

During the design of SAP, the initial chemical composition deter-
mines its stiffness, absorption rate and absorption capacity [8–10]. SAP
consists of long hydrophilic polymer chains (e.g. acrylic acid) which
expand and bind with water during absorption. In order to prevent
these polymers from dissolving into water, other polymers are used to
bind them, which are referred to as cross linkers. A larger cross-linker
concentration increases the stiffness of a SAP particle, but at the same
time reduces the maximum amount of water that it can absorb
e.g. [10]. In hygienic products, the stiffness is essential as it increases
the strength of a particle bed and thus allows the bed to have better
flow properties [9]. However, there is an optimum number of cross-
linkers that can be added as they decrease the absorption capacity.
er the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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Physical properties not only depend on the polymer chemistry of
SAP, but also on the production process which affects the shapes and
sizes of particles. Particle size affects the swelling rate; the smaller the
particle, the larger the surface area to volume ratio, and thus the higher
the initial absorption rate [11]. In lab-controlled experiments, perfect
spherical particles may be generated [12,13], which are useful for re-
search purposes. However, in many production processes SAP particles
are produced by grinding SAP slabs, resulting in angular particles with a
wide range of sizes e.g [9,14,15]. Angular particles thus have two main
features compared to spherical particles: they have a larger surface
area to volume ratio and they are less likely to move to a packing [14].
Particle shapes also significantly affect the porosity and permeability
[16] as well as the mechanical strength [17] of a bed of particles.

Numerous processes occur in a bed of swelling SAP particles. These
include: flow of water into the particle bed, absorption of water by
the particles, and rearrangement of particles due to swelling and defor-
mation. The swelling of a bed of SAP particles is a highly coupled process
involving both fluid and solid phases. This is often referred to as hydro-
mechanical coupling [18]. The hydro-mechanical coupling in a particle
bed is usually studied using macro-scale experiments and simulations
e.g [1]., where permeability and stiffness of a bed are important param-
eters, see for example [19]. However, grain-scale effects such as
particle-particle friction [20], particle stiffness, and grain shape govern
those macro-scale parameters. Experiments that aim to investigate the
effect of grain-scale properties on macro-scale parameters are time
consuming, difficult, and sometimes not feasible. An alternative is to
develop a pore-scale or grain-scale model and use it alongside experi-
mental investigations.

Perhaps the most suitable method for describing the motion of
particles during swelling is the Discrete Element Method (DEM). This
method allows simulations of the movement of individual grains in a
granular porous medium [21] for example in soils [22,23], rocks [24],
and industrial applications such as particle flow in silos [25]. The grains
are considered as discrete elements that can undergo four relative mo-
tions at their contact points: sliding, rolling, spinning, and twisting. DEM
has been mainly used for qualitative studies, but recent advancements
have shown its capability for quantitative simulations within both
the elastic and plastic regimes of deformation [22,26]. Various methods
exist to extend DEM and include saturated and/or unsaturated flow.
For example, DEM has been coupled to pore network models to simu-
late 2-dimensional fluid injection into granular materials under satu-
rated conditions [27] and unsaturated conditions [28], but also to
simulate 3-dimensional drying of granular materials [29], where the
pore structure was assumed to be fixed while the particles in DEM
could move. DEM has also been coupled to Lattice Boltzman [30] and
to a finite difference scheme for fluid flow on a fixed grid [31]. In
those previous works, simplifications were made to enable simulations
of flow in DEM, namely:mono-dispersed packings rather than normally
distributed packings, 2-dimensional rather than 3-dimensional, small
deformations rather than large deformations. Recently, the pore finite
volume (PFV) method was introduced by Chareyre et al. [32] and
Catalano et al. [33] into DEM for simulating hydro mechanical coupling
under saturated conditions. PFV is an efficient scheme for simulating
3-dimensional flow in the pore-space of packings of spheres (having
a particle size distribution) accompanied by large deformations [34].
Tong et al. [35] found that the permeability values, which were pre-
dicted by the DEM-PFV model for packings of spheres, were in good
agreement with experiments.

In those studies, however, absorption of water and swelling of par-
ticles were not included. Therefore, the possibility of large swelling of
particles has been added to DEM in order to enable simulations of
swelling and the corresponding deformation of a packing of particles.
The aim is twofold i) to investigate whether DEM-PFV is capable to re-
produce experiments of a bed of swelling particles, and ii) to study the
effect of mechanical parameters on the swelling behaviour of a bed of
SAP particles.
In this paper, we first describe the Discrete Element Method (DEM)
and the Pore Finite Volume (PFV) model and howwe included swelling
of individual particles. Then, we discuss our experimental procedures
and the model setup. Finally, we use our numerical model to simu-
late and reproduce experimental data. The model is then used for
performing sensitivity analysis on how changes in various particle-
scale properties would affect the macro-scale behaviour of a bed of
particles.

2. Numerical model

In this research, we have extended the open-source software Yade-
DEM to include swelling. Yade-DEM is a 3-dimensional discrete element
code (DEM) [36]. DEM is a particle model that is capable of simulating
deformation of granular materials by considering grain-scale interac-
tions. In this research, DEM is employed to simulate the movement
of 3-dimensional non-cohesive spheres inside a packing. To account
for the presence of pore fluid in between the grains, Chareyre et al.
[32] have coupled DEM with the Pore Finite Volume (PFV) method. In
the following sections, we explain relevant parameters and equations
of an existing DEM code, the extension we apply to include swelling
particles, and the PFV method.

2.1. Discrete element method

DEM simulates the motion of individual particles inside particle
packings during deformation. Each particle is defined by its properties
such as radius (ri), Young's modulus (Ei), density (ρi), Poisson ratio
(νi), shear modulus (Gi), and friction coefficient (φ). At a contact be-
tween two particles the following processes can occur: normal defor-
mation, shear, and sliding.

The contact mechanics are based on the soft sphere approach.
Thus, if particles i and j are pushed towards each other, they may de-
form locally at their contact. This local deformation is assumed to be
linearly elastic and it is measured by the normal displacement δijn [L],
defined by:

δnij ¼
0 if ri þ r j ≤ dij

ri þ r j−dij if ri þ r jNdij

(
ð1Þ

where dij [L] is the distance between the centres of particles i and j.
An elastic force arises at the contact area of particles i and j, which
acts towards reversing the overlap of particles. The elastic force is
calculated using the Hertz-Mindlin theorem (see e.g [37].). In this
theorem, small deformations are assumed to occur at the contact
points between two particles such that δijn≪min(ri, rj). Based on the
Hertz-Mindlin contact mechanics, the following effective parameters
are defined for two particles i and j that are in contact with each

other: the effective Young's modulus: Eij ¼
�
1−νi

2

Ei
þ 1−ν j

2

E j

�−1

,

the harmonic mean of particle radii: rij ¼
rir j
riþr j

, the average shear

modulus: Gij ¼
Gi þ Gj

2
, and the averaged Poisson ratio: νij ¼

νi þ ν j

2
.

Normal displacement causes a normal force at a contact point
fij
n [MLT−2], which is given by [37,38]:

f nij ¼ −knij δnij
� �3=2 ð2Þ

where kij
n [MT−2 L−1/2] is the contact stiffness in the normal direction

and is given by:

knij ¼
4
3
Eij

ffiffiffiffiffi
rij

p ð3Þ
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In addition to normal displacement, shearmay also occur. The elastic
force in the tangential direction at a given time step, ( fijt)t+Δt [MLT−2],
is history dependent and thus depends on its old value, such that:

f tij
� �tþΔt

¼ f tij
� �t

þ ktij
_d
t
ijΔt ð4Þ

here _d
t
ij[LT

−1] is the relative tangential velocity and is defined as: _d
t
ij ¼

ð _xi− _x jÞ þωi � ðxc−xiÞ−ω j � ðxc−x jÞ. It is a combination of the rela-
tive velocity of the twoparticles (_xi− _x j) and their spinning:ωi×(xc−xi)
whereωi [degrees T−1] is the angular velocity vector of particle i and xc
[L] is the position vector of the contact point. The contact stiffness in
tangential direction kij

t [MT2] is given by:

ktij ¼
4 ffiffiffiffiffi

rij
p

Gij

2−νij
δnij
� �0:5

ð5Þ

Sliding at the contact can occur if the tangential force surpasses a
threshold value, which is determined by a friction coefficient φ (which
is the tangent of the particle-scale friction angle):

f tij
��� ��� ≤ φ f nij ð6Þ

All contact forces, gravitational forces, and forces arising from the
presence of pore fluid (see Section 2.3) contribute to a resultant force
vector. The resultant force vector is recast into an acceleration vector
by using Newton's second law. The acceleration is integrated to find
the velocity and location of each particle. The reader is referred to
Šmilauer et al. [36] for more details. We use the implementation of
the contact model by Modenese et al. [39].

2.2. Implementation of swelling particles in DEM

To extend DEM to include swelling of particles, we introduce the
following two processes due to water absorption: 1) growth of par-
ticles and 2) the softening of particles. In the following sections,
we describe how those two processes are implemented in the DEM
model.

2.2.1. Modelling the swelling of a single particle
First, we define an absorption ratio Qi

abs [−] for each individual par-
ticle i, which is based on the mass of absorbed water (Mi

w) and the dry
mass of the particle (Mi

s):

Q abs
i ¼ Mw

i þMs
i

Ms
i

¼ rið Þ3ρw

r0i
� 	3ρs

−
ρw

ρs
þ 1 ð7Þ

in which ri
0 is the initial particle radius, ρs is the density of dry SAP and

ρw is the density of water. Note that the density of the particle itself
varies from ρs to ρw with increasing values of Qi

abs and that we assume
that the water density inside the particle is the same as that of water
outside the particle. The maximum value of Qi

abs, denoted by Qmax,
is assumed to be a known constant, following Diersch et al. [1]
and Buchholz [11]. Qmax is usually measured experimentally and it
depends on the composition of both the fluid and the solid; see
e.g [12,40]. The value of Qmax for SAP materials is around 30 to 40 g/g
for urine (see e.g. [15,19]), about 200 g/g for tap water, and up to
1000 g/g for pure water.

The swelling of a SAP particle is driven by the difference in chemical
potential between the SAP particle and the surrounding fluid [6]. We
assume that the swelling rate is governed by the diffusion of water
molecules into the SAP particle. Based on some simplifications, the
absorption of water at the particle scale can be approximated by the
following equation, derived in Appendix A:

dQabs
i

dt
¼ Κi

Qmax−Qabs
i

Qabs
i

 !
ð8aÞ

Κi ¼
3Dri
r0i
� 	3 ð8bÞ

in which D is a diffusion coefficient for water molecules in SAP [L2 T−1]
and ri

0 is the initial radius of particle i. For spherical particles, we can re-

cast Eqs. (8a), (8b) into
dri
dt

as function of ri:

dri
dt

¼ D
ri

ρs

ρw

Qmax−Qabs
i rið Þ

Qabs
i rið Þ

 !
ð9Þ

At the grain scale, we assume that water undergoes a phase transi-
tion across the solid – fluid interface when it gets absorbed, following
Diersch et al. [1]. Therefore, the absorption of water is implemented
by simply increasing the particle size, thus its radius. We implemented
this in themodel by defining a growth factor (f) such that the discretized
form reads:

f ¼ rtþΔt

rt
¼ 1þ Δt

rt
dr
dt

ð10Þ

where we assume that
dr
dt

¼ rtþΔt−rt

Δt
, with ri

t+Δt being the radius at

time t+Δt and ri
t being the radius at time t. Consider particles i and j

that are in contact with each other.When the radii of particles i and j in-
crease due to water absorption, the normal displacement, δijn, increases,
see Eq. (1). Also the contact stiffness in normal direction (kijn) and tan-
gential direction (kijt ) would change, see Eqs. (3) and (5). In the end,
the elastic contact force in normal direction fij

n and subsequently the
tangential contact force fijt would be affected during swelling of particles
i and j, see Eqs. (2) and (4). Moreover, due to an increase in particle
radius, the mass of a particle at time t, Mi

t increases to Mi
t+Δt at time

t+Δt, following:

MtþΔt
i ¼ Mt

i ∙ f
3 ð11Þ

Also, the rotational inertia of a particle Ii [ML2] is updated, according
to:

ItþΔt
i ¼ Iti ∙ f

5 ð12Þ

Note that in writing Eqs. (11) and (12) the change in density of a
particle is assumed to be negligible, which is a valid assumption because
the density of the particle converges to that of water during early stages
of water absorption. During which, the particle packing is typically very
thin and thus the exact density is not required as gravity and buoyance
forces are still insignificant.

2.2.2. Softening of particles
The stiffness of SAP particles depends on the absorption ratio.Water

absorption causes a decrease of both Young's and shear moduli [10,11].
Following Buchholtz [11], we describe the shear modulus of a particle
Gi [MT−2 L−1] as a function of the absorption ratio (Q i

abs) as follows:

Gi ¼
βffiffiffiffiffiffiffiffiffi
Qabs

i
3
q ð13Þ

where β [MT−2 L−1] is constant for all particles and varies for varying
polymer content in SAP particles. β is determined using a reference
point (Qabs ,G). Eq. (13) only applies to SAP particles that have already
absorbed some water and are in a rubbery state [11]. As the transition



Fig. 1. Illustration of a pore unit with a) four neighbouring spheres forming a tetrahedron, b) a tetrahedron that encloses one pore unit, and c) a 2-dimensional illustration of one pore
throat and its associated volumes, with γIJ indicating the solid area associated with pore throat IJ. Figure adopted from [41].
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from dry to rubbery state occurs at a relatively low absorption ratio,
we do not consider the transition state in thiswork. Assuming linear de-
formation of the particles, the Young's modulus is related to the shear
modulus, by:

Ei ¼ 2Gi 1þ νið Þ ð14Þ

Eqs. (13) and (14) can be implemented into Yade-DEM by simply
adjusting the stiffness coefficients kij

n and kij
n which are given by

Eqs. (3) and (5), respectively.

2.3. Pore-finite volume method

In order to simulate hydro-mechanical coupling, Chareyre et al. [32]
have coupled the mechanical framework of DEM with a Pore-Finite
Volume (PFV) method, for modelling of fluid movement through parti-
cle packings. It also allows for the computation of hydraulic properties
of granular materials [35]. The PFV is briefly described here.

The first step is to apply regular triangulation to the assembly of par-
ticles, using the solid particle centres as vertices for the tetrahedra. That
is, four neighbouring particles form a tetrahedron (see Fig. 1a). Each
tetrahedron contains a pore space, which we refer to as a pore unit
(see Fig. 1b). Complementary to tetrahedra are a set of Voronoi dia-
grams formed by the centres of pore units around a particle. Each pore
unit is connected to four adjacent pore units. Consider two adjacent
pore units I and J. A flat surface, or facet, separates them. This facet is
the narrowest opening between the two pore units, to which we refer
as throat IJ (see Fig. 1c). We assign to throat IJ a resistance to the flow
of water. The resistance is calculated via a hydraulic radius, defined
3.1mm

A

Fig. 2. Example of an SAP particle A) image of an SAP particle that is slig
as: Rh
IJ ¼

ΘIJ

γIJ
. Here, ΘIJ is the void volume that is associated with pore

throat IJ; it is the void volume between three particle centres and
two adjacent pore unit centres (see Fig. 1c), and γIJ is the solid surface
area that is present in ΘIJ. The hydraulic conductivity of pore throat
IJ, gIJ [TL5M−1], is defined following Chareyre et al. [32]:

gIJ ¼ α
AIJR

h
IJ
2

2μ
ð15Þ

where AIJ [L2] is the cross-sectional area of throat IJ, μ is the dynamic vis-
cosity [MT−2 L−1], andα [−] is a conductivity factor that is equal to 1 for
spherical particles and smaller for other shapes. In fact, α can be used as
a calibration factor to match the calculated permeability s to that of
experiments. Each pore unit has a fluid pressure p [MT−2 L−1] and
each pore throat has a volumetric flow rate qIJ [L3 T−1], which is propor-
tional to the pressure difference:

qIJ ¼ gIJ
p J−pI
� �

lIJ
ð16Þ

where lIJ [L] is the distance in between the two pore unit centres.

2.4. Inclusion of swelling in PFV method

To implement swelling in the PFV method, we realize that the
change of volume of each pore unit is a result of the relative movement
of, and water absorption by, the four surrounding particles. We assign a
swelling rate to each particle, which results in a rate ofwater absorption
11.4mm

B

htly swollen B) the same SAP particle in completely swollen state.

Image of Fig. 1
Image of Fig. 2
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in the surrounding pore units. The change of volume of a pore unit is
balanced by the net flux of water into and out of the pore unit and the
rate of absorbed water:

dVI

dt






relmov

þ dVI

dt






abs

¼ ∑4
J¼1qIJ−qabsI ð17Þ

wheredVI
dt




relmov is the change in pore volumeof pore unit I due to relative

movement of its surrounding particles (or deformation), qIabs is the ab-
sorption rate that acts in pore unit i, and dVI

dt




absis the volume change

of pore unit I due to swelling of the four surrounding particles. Note
that the total absorption rate of one particle is the sum of dVI

dt




abs of all

its surrounding pore units. We assume that the density of the water

does not change when it gets absorbed, leading to: dVI
dt




abs ¼ −qabsI . Con-

sequently, we only need to solve for pressure using the following equa-
tion:

dVI

dt






relmov

¼ ∑4
J¼1qIJ ð18Þ

which is the same as for non-swelling media. The discretized form of
Eqs. (16) in (18) yield a set of linear algebraic equations for pressure.
For more information on how to solve for the fluid pressure, the reader
is referred to Catalano et al. [33].

The final step is to compute the forces acting on the particle by its
surrounding fluid. This includes the effects of buoyancy, viscous forces
due to fluid flow, and the difference in fluid pressure surrounding a par-
ticle because of flow. For a comprehensive description of the computa-
tions of the different forces, the reader is referred to Chareyre et al. [32].

3. Experimental methods

To illustrate the application of our model, we simulated an experi-
ment on the swelling of a bed of SAP particles inside a glass beaker,
under fully saturated conditions. For this purpose, we first measured
the swelling rate of individual particles and determined the particle
size distribution of a batch of dry SAP particles. This information was
used as input for our simulations. Finally, we measured and simulated
the swelling rate of a bed of SAP particles using our model.

3.1. Experiments on individual SAP particles

3.1.1. Swelling kinetics of a single particle
To quantify the swelling rate, we used a custom-made imaging sys-

tem. It consisted of a LED light source emitting at 560 nm, mounted on
an objective lens F 3.2/105 mm to get a highly collimated light beam, a
prism (Edmund Optics) with dimensions of 50 mm × 50 mm, a SONY
Fig. 3.A) Swelling kinetics of individual particles under saturated conditions. Each colour repres
and the dashed lines are the fittings using D=4.8×10−4cm2min−1 and Qmax=216 g/g. B) Par
Sonnar F1.8/135 mm objective lens, and a GC-2450 Prosilica camera
with a resolution of 5Mega pixels. This optical setupwas able to acquire
magnified images of the swelling particle at a frame rate of up to 15
frames per second. The experimental procedure was as follows. First,
a single particle was put into a Plexiglas container with dimensions
52 × 32 × 7 mm3. Sufficient water was added such that the particle
was immersed at all times. At a frequency of 1 frame per second,
images were taken at a resolution of 7.8 μm per pixel, for a period of
30min. See Fig. 2 for initial and final state of a particle. The acquired im-
ages were processed with image analysis tools to determine the surface
area of each particle as a function of time. Then, an equivalent circle was
assigned to the surface area. This resulted in obtaining an equivalent
particle radius (ri) as a function of time (see Fig. 3A). This datawasfitted
using Eq. (9), where Qmax and D were unknown parameters. Qmax

was determined by measuring the mass of many particles before and
after swelling. The experimentwas conducted as follows: approximate-
ly 2 g of dry SAP particles were put into a petri dish and subsequently
hydrated. After 30min, themass of the swollen particles wasmeasured.
After repeating this experiment, we found Qmax=216 g/g±15%. Dwas
determined as a fitting coefficient, for a large number of particles;
for each particle, a value of D was fitted to experimental data with
R2 N 0.86. The mean value of D was computed and was found to be
4.8 × 10−4 cm2 ∙min−1 and D varied between 7.0 × 10−4 cm2 ∙min−1

and 3.0 × 10−4 cm2 ∙min−1.

3.1.2. Particle size distribution
Using the same imaging setup as described in Section 3.1.1, wemea-

sured the Particle Size Distribution (PSD) of dry SAP particles. A large
number of particles were placed in a dry Plexiglass container such that
they did not touch each other. We took images of 500 particles and
calculated the equivalent radius of an equivalent circle, which is the
same method to that used by Esteves [13]. Fig. 3B shows the PSD,
which is relatively narrow and has a mean radius of 150 μm ±6%.

3.2. Experiments on a bed of swelling SAP particles

Tomeasure the swelling kinetics of a bed of SAP particles, we placed
100mg of dry SAP particles into a measurement cylinder with a diame-
ter of 2.5 cm and a volume of 100 ml. This resulted in 0.02 g of SAP par-
ticles covering each cm2 of the bottomof the beaker glass. Then, 60ml of
slightly dyed water was poured into the cylinder. The water was dyed
to visualize the pore water, because swollen SAP particles are difficult
to distinguish from water without a dye. The particles were allowed
to swell for 30 min. A high-resolution camera was used to capture
the swelling process. The images from the camera were carefully
interpreted to determine the height of the bed of SAP particles at 30 s'
intervals. The height was also measured manually for cross controlling
the camera data. The height as function of time was used to test our
ents a different particle with a different initial size (ri,0), symbols representmeasurements
ticle size distribution of dry SAP particles.

Image of Fig. 3
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particle model, as we will describe in the following section. We refer to
this experiment as the macro-scale swelling experiment.

4. Model setup

To simulate the swelling of a bed of SAP particles, we have chosen
the values of input parameters as close as possible to those of SAP par-
ticles. In the following subsections, we explain the parameterization
and model setup.

4.1. Parameterization

Table 1 shows values of physical parameters of individual SAP parti-
cles. These parameters were the density of dry SAP particles, shear
modulus, Poisson ratio, and friction coefficient. The density was set to
1.6 kg/m3 [42]. The friction coefficient φ was set to 0.096, which corre-
sponds to themicro-scale friction angle of acrylic acid, namely 5.5° [43].
SAP particles contain complex volume cross-linked and surface cross-
linked structures, and thus the friction coefficient varies for different de-
grees of cross-linking. Due to the complexity of measuring the friction
coefficient [44], it is often determined through fitting data see e.g. [22].
But, we have chosen to set the value of the friction coefficient to
that of acrylic acid. In our sensitivity analysis, we studied the effect of
changing the friction coefficient. The Poisson ratio was set to 0.5,
which corresponds to an incompressible solid. The relation between
shear modulus and absorption ratio was parameterized by setting β to
22.1 kPa, which was based on experiments on individual SAP particles
by [10]. In our sensitivity analysis, we also chose β values of 15.5 kPa
and 31.1 kPa.

4.2. Modelling the experiments

A model scenario was setup to closely mimic our macro-scale
swelling experiment. We considered a modelling domain of 2 × 2
× 20 cm3 to simulate the beaker glass. A cloud of particles was generat-
ed having the particle size distribution of SAP particles, whichwasmea-
sured as explained in Section 3.1.2. We used 0.02 g of SAP particles
for each cm2 of bottom of the modelling domain, which was the
same particle concentration that was used in our macro-scale swelling
experiments. Consequently, 2720 particles were used for simulations.
We performed simulations for varying number of particles in the 2
× 2 × 20 cm3 modelling domain, to determine whether 2720 particles
would bemore than theminimumnumber of particles that are required
for the results to be representative and independent of size. We found
2000 particles or more would be sufficient.

After the particle cloud was generated, we simulated the deposition
of particles due to gravity. This resulted in a one-layer array of particles
at the bottom of the modelling domain, as it was the case in experi-
ments. The same particle array was used as the initial configuration
for all simulations.

The boundary conditionswere set tomimic a stress-free swelling ex-
periment inside a beaker glass. The bottom and sidewalls were assumed
to be rigid and subjected to no-flow boundary conditions. The upper
boundary of the bed of particles, however, was allowed to move freely.
The water pressure of pores along the upper boundary was set equal
to zero. During the simulation, the location of the top boundary was
Table 1
parameters for SAP particles.

Parameter Value Sensitivity analysis Reference

Density 1.6 kg l−1 – [42]
Poisson ratio, ν 0.5 –
Reference shear
modulus, G

7.1 kPa 5 kPa–10 kPa @Qabs=30 g/g
[10]

β 22.1 kPa 15.5 kPa–31.1 kPa
Friction coefficient 0.096 0.017–0.84 [43]
tracked and compared to the height of the SAP particle bed in our
macro-scale swelling experiments.

The time step was allowed to vary between 10−7 and 10−5 s. It was
determined as follows (see Šmilauer et al. [36] for details). For each con-
tact point of two particles, a characteristic time step was determined
based on its eigen frequency. A list of characteristic time stepswas com-
piled and theminimumvaluewas determined. To ensure numerical sta-
bility, the minimum value was divided by safety factor of 10 as the new
time step. However, to speed up the calculations, the change of radii
of particles due to water absorption was applied only once in every
500 time steps. We varied the frequency of this update and we found
no effect on the swelling behaviour. Also, the pore pressure field was
updated only every 500 time steps. Simulations were carried out until
equilibrium was achieved in the packing, which occurred after 10 min.
This was equivalent to a runtime of one-week, using a single core of a
3.2 GHz processor.

5. Verification and application of the particle model

Here, we present the results of the simulation of a bed of swelling
SAP particles. First, we verify the implementation of hydro-mechanical
coupling during a small swelling event. Secondly, we verify the mass
conservation of water in the model during swelling of a bed of SAP par-
ticles. Then, we test the model by simulating the macro-scale swelling
experiment and by comparing it with experimental data. Finally, a sen-
sitivity analysis is done on micro-mechanical parameters.

5.1. Verification of the hydro-mechanical coupling during swelling

We have used Terzaghi's analytical solution [18] for consolidation
of a porous medium to verify the pore water pressure evolution during
a swelling event. Consolidation is the process where the porosity of a
porous medium is decreased due to an increase in confining stress.
This is, however, possible only if the pore fluid flows out of the porous
medium, which is a time dependent process. Similarly, a decrease in
confining stress can cause a subsequent expansion, or swelling, of the
porous medium [18]. Consider a sample of SAP particles that has an ab-
sorption ratio of 10 g/g. The relaxation of excess pore water pressure
after a perturbation is given by the following equations (see [33] for
more detail):

Pw Z; Tvð Þ
Pw;0

¼ ∑∞
m¼0

4
π 2mþ 1ð Þ ∙ sin

π
2

2mþ 1ð ÞZ
� �

∙ e−
π
2 2mþ1ð Þð Þ2Tv ð19aÞ

Tv ¼ t

H2

KhE
ρwg

ð19bÞ

Z ¼ z
H

ð19cÞ

where Pw and Pw
0 [MT−2 L−1] are the excess porewater pressure and the

initial pore water pressure, respectively, H [L] is half of the thickness
of the sample, Z [−] is the normalized thickness,E [MT−2 L−1] is the tan-
gentmodulus of the sample, g [LT−1]is the gravitational constant and Kh

[LT−1] is the hydraulic conductivity of the sample.
To test our model, we have compared it to the analytical solution.

We have simulated a sample of swollen SAP particles by generating
5000 particles in a modelling domain of 0.15 × 0.15 × 0.15 m3. We
used the particle size distribution that we previously measured (see
Section 3.1.2), but it was scaled to a swelling ratio of 10 g/g. To confine
the sample, a confining pressure of 250 Pawas applied on all six bound-
aries. This confining pressure corresponds to the average pressure over
time for an SAP particle that is located in the centre of a bed of particles
that swells from the height of one single layer to the height of a fully
swollen bed of SAP particles, namely 6.76 cm (see Section 5.3.1). The
particle packing was immersed in water, with the top boundary being



Fig. 5. Volume increase of the simulation domain due to the swelling of SAP particles.
The solid line represents the volume increase as found in the model whereas the
symbols shows the solution of Eq. (20), following Diersch et al. [1] and the dashed line
represents the integration of the water flux as found in the PFV model.
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a water reservoir at a constant pressure of zero Pa, while the other
boundaries were subjected to no-flow conditions. After the packing
was generated, virtual consolidation and permeability tests were
used to determine the Young's modulus (1.3 kPa) and the permeability
(7.2 × 10−10 m2) of the material. Next, a swelling step was applied by
increasing all particle radii with a factor, f=1.0001, whichwas a typical
value during simulations of a bed of SAP particles. After the particle radii
were increased, the DEM model was run until the particles were in
equilibrium.

In Fig. 4, the pore pressure profiles are plotted for our simulations
and those by Eqs. (19a), (19b), (19c). It is clear that the analytical solu-
tion and simulations coincide well. Therefore, we concluded that water
pressure is modelled correctly during swelling.

5.2. Verification of mass balance during swelling

Here, we verify the mass balance of water in the model, by compar-
ing the water volume in the model by the integral of the water flux
across the model boundary. In addition, we use a macro-scale mass
balance equation for swelling granular materials by Diersch et al. [1]
to verify our results. The mass balance equation is as follows:

q ¼ 4H0 Jv
ρs 1−ϕ0
� �
ρw Jv

þ ∂ϕ
∂Q

þ ϕ
Jv

∂ Jv
∂Q

2
4

3
5∂Q

∂t
ð20Þ

where q [LT−1] is the water flux into the modelling domain, ϕ [−] is
the porosity, ϕ0 is the initial porosity, H0 [L] is the initial thickness of
the bed of particles, Jv [−] is the dilatation of the modelling domain

such that Jv ¼ V
V

0,V andV
0
[L3] are the volume of the modelling domain
Fig. 4. Terzaghi's solution for consolidation (symbols) and one-step swelling results by
Yade-DEM (solid line). Different colours represent different times. Results are for a
swelling factor (f) 1.0001, absorption ratio Q=10 g/g and a confining stress of 250 Pa.
and its initial volume, respectively.Q [−] is the macro-scale absorption
ratio which is given by:

Q ¼
Vs−V

0
s

� �
V
0
s

ρw

ρs
ð21Þ

where Vs and V
0
s [L

3] are the total solid volume, including the absorbed
water, in the modelling domain and its initial value, respectively.
We have plotted the volume increase of the modelling domain with
respect to its initial volume (V−V

0
). We have plotted in Fig. 5 three

curves of V−V
0
based on: 1) the volume of the modelling domain as

found in DEM indicated by the solid line, 2) integration of the water
flux through the top boundary over time as found in PFV indicated
by the dotted line, and 3) integration of the flux in Eq. (20) over
time indicated by the dots. In Fig. 5 results obtained with Eq. (20) cor-
responds very well to the volume increase of the modelling domain,
Fig. 6. Results on the evolution of the height of a bed of SAP particles during swelling.
Experimental data are shown by symbols while the solid lines represent simulation
results.

Image of Fig. 4
Image of Fig. 5
Image of Fig. 6


Fig. 7. The effect of the diffusion coefficient (D) on the swelling behaviour of a bed of SAP particles, a) height vs. time, and b) height vs. normalized time t� ¼ tD
H2

0
.H0 is the initial height of the

particle bed.
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which indicates that the relation between ϕ, Jv, and Q is modelled
correctly in our model. However, the volume of water that enters via
the top boundary is 2.1% lower than the actual volume increase of
the modelling domain, which is probably because dVI

dt




relmov is approxi-

mated by the change of volume of a tetrahedron rather than the void
volume of a pore unit, such that the computational effort is reduced.
5.3. Simulations of a bed of SAP particles

5.3.1. Simulation of macro-scale swelling experiments
Fig. 6 shows the height of the SAP particle bed as a function of

time for experiments and simulations with our model. Three main
features are important in this Figure. The final height of the SAP par-
ticle bed that was simulated by our model (7.56 cm) was fairly close
to the measured value (7.13 cm). The initial swelling rate in experi-
ments and our model agree well. But, when the bed reached 2 cm,
the swelling rate starts to decrease in experiments causing the simu-
lated swelling rate to overestimate the height of the particle bed.
The decrease of the swelling rate in experiments can be related to
i) limited water availability inside the SAP particle bed due to clogging
inside the bed, which is not present in simulations, ii) the SAP particles
swell heterogeneously during swelling whereas we assume particles
to remain spherical, or iii) the local confining pressure acting on the
SAP particles reduces the swelling rate. In this research, however, it
Fig. 8. Swelling of a bed of particles for different particle friction coefficients, from 0.01
is not possible to identify which process is causing the deviation in
swelling rate.

5.3.2. Effect of the diffusion coefficient
The diffusion coefficient, D, may vary for varying SAP types, to study

its effect on the swelling behaviour of a bed of particles, we have
changed D to 1.0×10−4 and 1.0×10−3 m2 s−1. Results are shown in
Fig. 7. It is clear from Fig. 7a that reducing D slows down the swelling
of the bed of particles. To study whether the arrangement of particles
was affected by a change in diffusion coefficient, other than the change
in swelling kinetics, we plotted in Fig. 7b the height vs. normalized time

(t∗) as: t� ¼ tD

H2
0

, where H0 is the initial thickness of the particle bed. The

three simulations with varying diffusion coefficient show identical evo-
lution of height with t∗. This indicates that the particle rearrangement
during swelling is not affected by changing the diffusion coefficient,
and the time scales linearly with the inverse of D.

5.3.3. Effect of mechanical parameters
Here, we discuss the effect of the friction coefficient (φ) and the ref-

erence shearmodulus (β) on the swelling behaviour of a bed of swelling
SAP particles. The friction coefficient is a lumped parameter, which in-
cludes the friction intrinsic to the particle material and the surface
roughness [44]. Both may vary for different batches of SAP particles
7 to 0.84. a) height vs time b) the porosity after swelling vs the friction coefficient.

Image of Fig. 7
Image of Fig. 8


Fig. 9. The effect of reference shearmodulus (Gf; values shown in kPa) in terms of β on the
swelling of a bed of particles in terms of height vs time. The insert shows the enlargement
of change of height at later times.
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either due to their chemical composition or due to the manufacturing
process. They may also vary because of surface treatments cf. [20]. We
performed a series of simulations with friction coefficients ranging
from 0.017 to 0.84, corresponding to micro-scale friction angles 1° to
40°. The simulation results showed that a larger friction coefficient
yields a larger height of the particle bed after swelling, as seen in
Fig. 8a. In other words, after swelling with a larger friction coefficient,
a larger porosity is achieved, which is evident from Fig. 8b. A larger po-
rosity is a result of particles that cannotmove and rearrange themselves
easily inside a particle bed at a larger friction coefficient, in contrast to a
smaller friction coefficient.

The stiffness of SAP particles, parameterized by β, may vary with
their polymer chemistry [9,10]. An increase in particle stiffness of SAP
particles, due to a change in their chemistry, decreases Qmax and may
also alter the swelling behaviour of a bed of SAP particles. Here, we as-
sume that Qmax remains constant but β changes. Results in Fig. 9 show
that a lower β value results in more compaction of the bed under its
ownweight, and thus a lower height after swelling. However, the effect
of βwas relatively small, as the final height varies between 7.45 cm for
β=15.5 kPa to 7.64 cm for β=31.1 kPa, compared to 7.56 cm as found
for the reference case; β=22.1 kPa.
Fig. 10. a) Normalized depth vs. water pressure profiles at different times forα=1. b) The evo
α=0.01.
5.3.4. Flow of water during swelling
A major issue with swelling granular materials is that blockage of

poresmay slow down the swelling rate of a bed of particles. In principle,
there are two competing processes, namely: swelling of particles and
dissipation of excess water pressure that arises due to the changes in
pore spaces. In Fig. 10a, we show typical profiles of water pressure in-
side a bed of swelling particles at different times. In that Figure, the
height is normalized with respect to the thickness of particle bed
at any given time. As water gets absorbed by particles, the pressure is
negative in the particle bed with the lowest value being at the bottom.
This pressure gradient also corresponds to the fact that water enters
the bed of particles from above and moves down the particle bed to
replenish water absorbed by particles. At the end of the absorption
process, water pressure distribution becomes hydrostatic. In fact, at
time t=0, the water pressure distribution is hydrostatic. But negative
values rapidly develop as water gets absorbed. This is shown in Fig. 10b,
where the water pressure averaged over the whole particle bed is plot-
ted as function of time. Aminimum value is reachedwithin a short time
(around t=0.4 min for α=1) and then it increases slowly. Another
simulation was conducted for a particle bed having a lower permeabil-
ity value, using α=0.01. We found that both curves for height evolving
over time for α=0.01 and α=1 were similar. But, simulations with
α=0.01 did show lower values of pressure because the lower perme-
ability (see Fig. 10b).

6. Conclusion

In this research, a particlemodel has been developed to simulate the
swelling of granular materials. For this purpose, an existing Discrete
Element Method (DEM), coupled with a Pore Finite Volume (PFV)
method, was extended to include the swelling of individual particles.
The model was physically based and its input parameters were derived
from literature and in-house experiments. To describe the swelling rate
of individual particles, an analytical equationwas derived that describes
the swelling rate driven by diffusion of water into SAP particles. We
have performed experiments and simulations of a bed of swelling SAP
particles inside a glass beaker. We find that our model results agree
relatively well with experimental data, except for the swelling rate
after 2min,whichwas slightly faster in simulations. Sensitivity analyses
were done on the friction coefficient, shearmodulus, and diffusion coef-
ficient. Model results indicate that decreasing the friction coefficient or
particle stiffness lowers the porosity, and that changing the diffusion
coefficient only affects the time it takes to obtain equilibrium but not
the particle rearrangement. Moreover, the model indicates that during
swelling, fluid has to be distributed through the particle bed. This is as-
sociated with an increase of water suction inside the particle bed. The
magnitude of the suction pressure is related to the permeability of the
lution of excess water pressure that is averaged over the whole particle bed for α=1 and

Image of Fig. 9
Image of Fig. 10
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sample. The numerical model is a useful model to study the effect of
various parameters on the complex behaviour of swelling SAP particles.

Nomenclature

Subscripts

I Pore unit I
J Pore unit J
IJ Pore throat IJ
i Particle i
j Particle j
ij Contact between particle i and j
c Contact point
s Solid
w Water

Superscript

0 Initial value
t Time t
t+Δt Time t+Δt
n Normal direction
t Tangential direction

Symbols

α Constant to vary the pore throat conductivity
β Constant that controls the particle stiffness [MT−2 L−1]
β Constant that controls the stiffness of the particle packing

[MT−2 L−1]
γ Solid surface area [L2]
δijn Overlap between particle i and j [L]
Θ Void volume [L3]
Κ Kinetic rate constant for swelling of particles [T−1]
μ Viscosity [MT−1 L−1]
ν Poisson ratio [−]
ρ Density [ML−3]
φ Friction coefficient [−]
ϕ Porosity [−]ω Angular velocity vector [degrees T−1]
A Surface area [L2]
c Concentration [ML−3]
D Diffusion coefficient [L2 T−1]
d Distance [L]
dt Tangential displacement vector [LT−1]
E Youngs modulus of the bed of particles [MT−2 L−1]
E Youngs modulus of the particles [MT−2 L−1]
f Contact force [MLT−2]
f Growth factor [−]
g Gravitational constant [LT−2]
G Shear modulus of a particle [MT−2 L−1]
H Thickness of a sample [L]
I Inertia [ML2]
Jv Dilation of the modelling domain [−]
k Conductivity [TL5M−1]
Kh Macro-scale hydraulic conductivity [LT−1]
k Contact stiffness [MT2]
lIJ Distance between two pore units [L]
M Mass [M]
Pw Average pore water pressure [MT−2 L−1]
p Pore water pressure [MT−2 L−1]
q Water Darcy flux over the model boundaries [LT−1]
q Volumetric flux [L3 T−1]
qabs Volumetric absorption flux [L3 T−1]
Q Macro-scale absorption ratio [−]
Qmax Maximum value of Qabs [−]
Qabs Absorption ratio [−]
r Particle radius [L]
r Average particle radius [L]
Rh Hydraulic radius of a pore throat [L]
Tv Dimensionless time [−]
V Void volume of a pore unit [L3]
V Volume of the modelling domain [L3]
x Location vector [L]
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Appendix A. An equation for the swelling rate of an
individual particle

The swelling of a particle is governed by the diffusion of water mol-
ecules into the particle. Consider a spherical particle with initial radius
ri
0 and radius ri(t) at later times. We introduce a local concentration of
water ci

w(r, t) within the SAP grain, which is defined as the mass of
water per unit volume. Similarly, cis(r, t) is the local solid mass concen-
tration. Local volume fractions θw and θs are also defined as the volume
of water and solid, respectively, per unit volume of space, such that:

θw þ θs ¼ 1 ðA1Þ

If themass density of pure water and solid are denoted by ρw and ρs,
respectively, Eq. (A1) can be recast in the following form:

cwi
ρw

þ csi
ρs

¼ 1 ðA2Þ

The particle has a volume Vi(t), water massMi
w(t)= ∫0ri4πr2ciw(r, t)dr,

and solid mass Mi
s= ∫0ri4πr 2cis(r, t)dr, which is a constant. They are

related by:

Vi ¼ Vw
i þ Vs

i ¼
Mw

i

ρw
þMs

i

ρs
ðA3Þ

Assuming radially symmetric diffusion of water into the particle, the
local mass balance equation reads:

∂cwi
∂t

¼ D
r2

∂
∂r

r2
∂cwi
∂r

� �
;0 ≤ r ≤ ri ðA4Þ

where D [L2 T−1], the diffusion coefficient of water into the particle, is
assumed to be constant. The initial condition is ciw(0)=0, and boundary
conditions are:

∂cwi
∂t

¼ 0 at r ¼ 0

cwi ¼ cwi



ri
at r ¼ ri

8><
>: ðA5Þ



Fig. 11. Swelling rates for the swelling of individual particles, using dimensionless
parameters: t� ¼ tD

ðr0
i
Þ2 and r� ¼ ri

r0
i
. Solid lines indicate dr�

dt� and dashed lines indicates

t∗. Orange represents results by Eq. (A12) whereas blue represents results with dQabs
i

dt ¼
π2D
ðr0

i
Þ2 ðQ

max−Qabs
i Þ. (For interpretation of the references to colour in this figure legend,

the reader is referred to the web version of this article.)
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The second boundary condition is based on the assumption of local
equilibrium at the grain surface. We multiply Eq. (A4) by 4πr2 and sub-
sequently integrate over r:

Z ri

0

∂cwi
∂t

4πr2dr ¼
Z ri

0

D
r2

∂
∂r

r2
∂cwi
∂r

� �
4πr2dr ðA6Þ

Weapply Leibniz integral rule to the left-hand side of Eq. (A6) and in-
tegrate the right-hand side and use boundary conditions A5. We obtain:

d
dt

Z ri

0
4πr2cwi r; tð Þdr

� �
−4πri2cwi




ri

dri
dt

¼ 4πri2D
∂cwi
∂r






ri

ðA7Þ

The term inside the curly bracket is equal to the total mass of water

in the grain,Mi
w(t). The term 4πri2

dri
dt

can be replaced by
4π
3

dr3i
dt

¼ dVi

dt
,

which using Eq. (A3) can bewritten as
1
ρw

dMw
i

dt
. Therefore, (A7) is recast

in the following form:

1−
cwi



ri

ρw

 !
dMw

i

dt
¼ 4πri2D

∂cwi
∂r






ri

ðA8Þ

We rewrite the term in brackets on the left-hand side of Eq. (A8) as
csi jri
ρs

, following Eq. (A2). Then, we assume that on the surface of

the particle, the maximum water concentration is reached such that
csi jri
ρs

¼ Ms
i

ρsV
max
i

¼ 4π
3Vmax

i
ðr0i Þ

3
, with Vi

max being the maximum volume

of the particle. Then, Eq. (A8) becomes:

4π r0i
� 	3

3Vmax
i

dMw
i

dt
¼ 4πri2D

∂cwi
∂r






ri

ðA9Þ

We approximate
∂cwi
∂r






ri

by
cwi jri−cwi

αri
where αri is the distance from ri

to a location in the SAP particle atwhich ci
w is equal to the averagewater

concentration cwi ðtÞ. Finally, we note that
Ms

i

ρs
¼ 4π

3
ðr0i Þ

3
. With these

considerations, Eq. (A9) becomes:

1
Vmax
i

dMw
i

dt
¼ 3D

α
ri
r0i
� 	3 Ms

i Qmax−1
� 	
Vmax
i

−
Mw

i

Vi

� �
ðA10Þ

Eq. (A10) is multiplied by Vimax and divided byMi
s, and the definition

of Qi
abs is used such that we obtain:

dQabs
i

dt
¼ 3D

α
ri
r0i
� 	3 Qmax−1−

Mw
i V

max
i

Ms
i Vi

� �
ðA11Þ

We can show that
Vmax
i

Vi
is approximated by

Qmax

Qabs
i

, such that Eq. (A10)

is reduced to:

dQabs
i

dt
¼ Κ i

Qmax−Qabs
i

Qabs
i

 !

Κi ¼
3D
α

ri
r0i
� 	3

ðA12Þ

Eq. (A12) bears similarities with an equation reported previously in

the literature, namely:
dQabs

i

dt
¼ ΚiðQmax−Qabs

i Þ, which is a first-order
kinetic rate for the increase of Qi
abs [11,13]. In Eq. (A12), Κi∝

ri
ðr0i Þ

3 ,

which reduces to Κi∝
1

ðr0i Þ
2 for small-scale swelling, which is indeed

reported in the literature as Κi ¼
π2D

ðr0i Þ
2 [11,13]. We have calculated

the difference between Eq. (A12) and
dQabs

i

dt
¼ ΚiðQmax−Qabs

i ÞwithΚi ¼

π2D

ðr0i Þ
2 as reported in [11], which is shown in Fig. 11. That Figure shows

that the swelling rate
dri
dt

for both definitions of Κi exhibits the same

monotonic decrease of
dri
dt

with ri, albeit that they differ from each other.
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