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Preface
We choose to merge the introduction with a synopsis in Chapter 1. In this
way Chapter 1 is tailored towards giving a nontechnical overview of the
topics of this dissertation, while also giving away parts of the conclusions
and results of the research presented in this dissertation.
Chapters 2 and 4 present technical background support and details. Obtained results, based on papers, are included in Chapter 3 and Chapters 5
through 7. Finally, apart from an appendix, there is an outlook, a summary
in Dutch, and an acknowledgement at the end.
We use ~ = c = GN = kB = ` = 1 (which stand for the reduced Planck
constant, speed of light, Newton’s constant, Boltzmann constant, Anti-de
Sitter or Lifshitz radius, respectively), unless emphasize is needed. We reserve d for the amount of spatial dimensions in a field theory and use the
mostly plus metric sign convention (− + + ... +). Finally, by z we denote
the dynamical critical exponent.
I wish the reader an educational, but above all, joyful read,
Watse Sybesma
May 16, 2017,
Utrecht
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1 Introduction and synopsis
“Ever since the dawn of civilization, people have not been content
to see events as unconnected and inexplicable. They have craved
an understanding of the underlying order in the world. Today we
still yearn to know why we are here and where we came from. Humanity’s deepest desire for knowledge is justification enough for our
continuing quest. And our goal is nothing less than a complete description of the universe we live in.”
– Steven Hawking, A brief history of time [4]
About twenty years ago, a striking result from string theory [5] initiated
the idea that seemingly unrelated fields of physics were, in fact, related. This
result from string theory is called holography and, once extrapolated [6, 7],
it has the potential to relate quantities in general relativity to quantities
in, for instance, condensed matter, hydrodynamics, and collider physics. A
remarkable fact is that, using holography, it can be possible to access the
strongly coupled regime, something which is in general not possible using
more conventional techniques. However, outside of this direct scope, holography has functioned as a catalyst for new developments in nonrelativistic
theories [8], notions about the emergence of gravity [9], and hydrodynamics
[10, 11], to name a few examples.
The main topic of this dissertation revolves around a certain type of nonrelativistic symmetry and its manifestation in holography and hydrodynamics. Hydrodynamics describes fluids, in the analogous way that the laws
of Newton describe classical mechanics [12]. Hydrodynamics circumvents
the particle picture of a fluid, which is convenient when the particle picture breaks down, e.g. due to strong coupling. Examples of systems where
the usual particle picture breaks down are quark-gluon plasma and certain
quantum critical systems. Some of these systems have the characteristics of
a Lifshitz fluid. Here, Lifshitz refers to a system with at least an anisotropic
scale invariance between space and time and the absence of boost symme-
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tries. When hydrodynamics is applied to such Lifshitz systems, one can for
example derive expressions for the speed of sound, transport coefficients, and
study the relaxation behavior of pressure anisotropies.
The values of these hydrodynamic quantities are typically determined by
details of the system. These details can be of the form of an equation of state,
for instance resulting from the ideal gas law that holds for certain weakly
coupled systems. When we turn to the regime of strongly coupled systems,
we can use holography to provide details, such as the equation of state, in
order to determine the values of the hydrodynamic quantities. Holography
is a theoretical tool, borrowed from string theory, which can give a handle
on strongly coupled phenomena, where conventional physics fails to deliver
a description. The results covered in this dissertation are a contribution to
the application of holography to Lifshitz systems, on the one hand, and the
comprehension of ideal fluids without boost symmetries, on the other hand.
In this chapter, we start by summarizing some of the basic results of the
holography framework on which this dissertation builds. From Section 1.4
onwards, we continue by incorporating results, of this dissertation, into the
sections. An outlook is given in Section 1.8.

1.1 Quantum criticality and Lifshitz symmetries
Among the systems where conventional physics is inadequate, are certain
semi-conductors as well as heavy1 fermion systems [14, 13, 15]. To illustrate
the breakdown of conventional physics, we consider the phase diagram of a
specific type of systems, see Figure 1.1. This diagram, plotted as a function
of temperature T and coupling strength g, contains three regions. First, in
the regions I and II the system is well described by Fermi-liquid theory. In
these regions, the equilibration time τeq , which is the typical time it takes the
system to reach an equilibrium after an initial perturbation, is much greater
than the inverse temperature, τeq  1/T [15, 16]. This type of equilibration
is caused by the typically long-lived, weakly interacting quasiparticles from
Fermi-liquid theory, see e.g. Reference [17].
Next to these two regions is a strongly coupled quantum critical phase,
which is illustrated as the wedge and denoted by region III in Figure 1.1. At
1

2

The quasiparticles in heavy fermion systems appear much more massive than ordinarily
expected quasiparticles [13].

1.1 Quantum criticality and Lifshitz symmetries
the bottom of this wedge, as we approach T = 0, lies the so-called quantum
critical point. It turns out that the behavior in this quantum critical phase is
governed by this quantum critical point. Contrary to the two weakly coupled
Fermi-liquid phases, the quantum critical phase is characterized by an equilibration time, which is of the order of inverse temperature, τeq ∼ 1/T [7, 9].
Hence, the equilibration time in a strongly coupled quantum critical phase
cannot be reconciled with Fermi-liquid theory. Our regular computational
paradigm breaks down in this regime, so we need an alternative approach.

T
Quantum critical phase
τeq ∼
I
τeq 

1
T

III
1
T

II
τeq 

1
T

•
gc

g

Figure 1.1: At a specific value of system parameter g = gc and temperature T = 0
there is a quantum critical point. The dashed lines are not phase
transitions, but smooth crossovers. The breakdown of the quantum
critical phase at some high enough temperature is not illustrated in
this figure.

A system at the quantum critical point is scale invariant and as such,
the behavior is not dictated by the microscopic details of the theory, but
determined by critical exponents, see e.g. [13]. The system, although scale
invariant, does not require time and space to scale on the same footing. This
anisotropy in dilatations allows for the following relations
Under dilatation:

t → λz t ,

~x → λ~x ,

⇒

ω ∼ |~k|z ,

(1.1)
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where energy ω and momentum ~k are the respective Fourier conjugates of
time t and space ~x. Here, λ is dimensionless and z represents the so-called
dynamical critical exponent. Only z = 1 is compatible with Lorentz invariance. In other words, aiming at the description of quantum critical systems
for which z > 1, calls for the need of understanding nonrelativistic physics
at strong coupling and finite temperature.
An example which falls into the category of the nonrelativistic type of
quantum critical system is the heavy fermion compound YbRh2 Si2 , with
spatial dimensions d = 3 and z = 4 [18]. In this system antiferromagnetic
fluctuations interact strongly with the quasiparticles. Another such heavy
fermion system is CeCu5.9 Au0.1 (d = 2, z = 8/3) [19]. Finally, there is
the material pyrochlore iridate Pr2 Ir2 O7 , a semi-conductor in d = 3 with
z = 2 at the band-touching point, which is found to have a strong spin-orbit
coupling [15, 20].
In this dissertation we focus on bosonic operators of such quantum critical
systems. System order parameters and collective modes such as pressure
waves are examples of bosonic operators. A simple bosonic (quantum) field
theory model which abides to the d = 2 and z = 2 symmetry of (1.1), is the
quantum Lifshitz (QL) model [21], whose Lagrangian density reads
LQL =


1
−(∂t φ)2 + κ2 (∇2 φ)2 .
2

(1.2)

~ runs only over spatial dimensions and κ is a
Here φ is a scalar field, ∇
dimensionful constant. Notice the similarities with the Lagrangian of a regular massless scalar field, with the key difference that the quantum Lifshitz
model has twice as many spatial derivatives. The quantum Lifshitz model
borrows its name from the fact that it has the symmetries of a so-called
Lifshitz critical point [22]. A system is said to have Lifshitz symmetry when
it is translationally invariant, spatially isotropic, and invariant under (1.1)
for some value of d and z.
In order to compute expectation values of operators for field theories, like
(1.2), we need to compute the generating functional Z(J). This functional
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is formally defined as
Z(J) ≡

Z

≡he

DφeiS[φ]+i
i

R

R

dd+1 xJj (x)Oj (x)

(1.3)

dd+1 xJj (x)Oj (x)

iQF T .

Here, the field φ denotes some arbitrary field. The sources Ji couple to the
operators Oi . Given Z(J), one can compute any expectation value for O via
the following identity,
n

hO1 (x1 )O2 (x2 ) ... On (xn )iQF T = (−i)

n
Y

j=1

δ
log Z(J)
δJj (xj )

. (1.4)
J=0

In principle, equilibration times can be computed from these expectation
values. However, for most theories at strong coupling it is impossible to
compute Z(J) using conventional field theory techniques, severely hindering
the usefulness of (1.4). In order to remedy this problem we turn to a technique that offers a way of computing the generating functional of strongly
coupled theories with Lifshitz symmetries at finite temperature, although it
comes with caveats.

1.2 The holographic duality conjecture
A construction in which one can perform computations in strongly coupled
field theories is called the holographic duality conjecture. The seminal example of a holographic duality in string theory [5] led Gubser, Klebanov,
Polyakov, [6] and Witten [7] to conjecture a recipe in which a generating
functional Z(J), as used in (1.4), can be obtained for a strongly coupled
field theory. This duality conjecture states that the generating functional
Z(J) of certain types of strongly coupled field theories can be computed
using an on-shell action obtained from specific geometries in general relativity. Once the generating functional Z(J) is obtained, expectation values of
operators in the field theory can easily be computed using (1.4). In order to
identify theories on respective sides of the duality, one uses rules from the
so-called holographic dictionary, as laid out in Table 1.1.
A geometrical requirement is that the d+1 dimensional field theory sits at
the boundary of the gravitational bulk, see Figure 1.2. Hence, with respect
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Table 1.1: Summary of the here relevant entries of the holographic dictionary.
Gravitational bulk
local symmetries
boundary value field φ
field mass m
boundary term of on-shell action
black hole temperature T
metric fluctuations hµν

Boundary field theory
global symmetries
source of operator O
operator scaling dimension ∆
generating functional
thermal equilibrium temperature T
source of operator T µν

to the field theory, the gravitational theory has an extra spatial dimension,
which we refer to as the radial coordinate. The radial coordinate is bounded
in the sense that a light-like signal can always travel from any position in
the interior of the gravitational bulk to the boundary and back in finite
proper time. A spacetime which fulfills this requirement is the anti-de Sitter
(AdS) geometry in d + 2 dimensions, which is often denoted by AdSd+2 . The
AdS geometry is the solution of the Einstein field equations2 supplemented
with a negative cosmological constant. A result of the construction is that
isometries of the AdS metric give rise to global symmetries in the field theory
on the boundary. Thus, the fact that AdSd+2 has the isometry group SO(d+
1, 2) coincides with the fact that a conformal group for a d + 1 field theory
is SO(d + 1, 2). In the next section, we extend this setup to the case with
Lifshitz symmetries.
The source J, to which a field theory operator O with scaling dimension
2

As an aid to the memory of the reader we recall the Einstein field equations,
Rµν −

1
Rgµν + Λgµν = 8πGN Tµν .
2

(1.5)

Here R is the Ricci scalar, Rµν is the Ricci tensor, Λ is the cosmological constant, GN is
Newton’s constant, gµν is the metric tensor, and Tµν is the energy-momentum tensor.
These equations arise as equations of motion for the metric from the Einstein-Hilbert
action, occasionally supplemented with matter Lmatter coupled to it,
Z
√
1
S=
dd+2 x −g [R − 2Λ + Lmatter ] .
(1.6)
16πGN
The energy-momentum tensor is sourced by Lmatter .
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t ~x

on
oriz

General Relativity
bulk

FT

Q

h

ϕ(r, ~x, t)

O(~x, t)
r

ry
nda
u
o
b

bulk

y

dar

n
bou

Figure 1.2: The purpose of the figure on the left is to give an idea for the geometric setup of applied holography. On the boundary of a gravitational
bulk there sits a field theory describing, for instance, a quantum critical phase. The figure on the right shows bulk field ϕ, which sources
the boundary operator O. The bulk has, in addition to the spatial
coordinates ~x and temporal coordinate t, the extra radial coordinate,
denoted by r. At some value of the radial coordinate one can place a
black hole horizon, which emits Hawking radiation at temperature T .

∆ couples, emerges in this setup via a field in the interior, say the field φ
with mass m. The on-shell solution of the field φ in the bulk has a leading
and a subleading component in terms of the radial coordinate, when taken
from the interior towards the boundary. The leading term is identified as
J. One can show that O is in fact proportional to the subleading part of
the on-shell solution and that scaling dimension ∆ is related to the mass m
of the bulk field φ. This connection is illustrated in Figure 1.2 and more
details can be found in Chapter 4. Finally, the generating functional Z(J)
can be found by the on-shell evaluation of the Einstein-Hilbert action with
a negative cosmological constant and a massive field coupled to it.3
An important caveat is that these boundary systems, obtained via this
approach, are in the large N -limit, where N refers to the degrees of freedom
3

Notice that for now we ignore the effect that φ has on the metric. In principle one has to
reevaluate the Einstein field equations and the AdS geometry might be effected since φ
sources the energy-momentum tensor. However, we assume φ to be in the probe limit
(this is a simplification to which we come back later in Section 1.6) such that it does
not appear in the energy-momentum tensor and thus does not change the AdS metric.
Moreover, one has to add counter terms in order to render the generating functional
finite. In this context this procedure is called holographic renormalization [23].

7

1 Introduction and synopsis
of theory. The systems that we typically want to consider are at small N ,
so it is not obvious why holography should apply to these systems. What
we hope for is that at strong coupling universal features are not too heavily
influenced at large N . Up to now, in the cases where one can check the
predictions of the duality from the boundary, that hope has worked out
[13, 24]. Excellent reviews on the topic of applied holography can be found
in References [14, 25, 13, 15].

1.3 Lifshitz and finite temperature holography
The first interest of the application of holography to nonrelativistic systems
was in the context of ultracold atoms at unitarity, a system that has the
symmetries of the free Schrödinger equation. It can be interpreted as a
z = 2 Lifshitz system, with in addition symmetries that impose particle
number conservation and Galilean boosts [26, 27]. A related nonrelativistic
application of holography was initiated for z = 2 Lifshitz systems by [28],
motivated from the quantum Lifshitz model in (1.2). In what follows, we
generalize this last proposal to any d, z, and finite temperature.
Before firing up temperature, we want to have full Lifshitz symmetry
on the boundary. Conveniently, there exists a generalization of the AdS
geometry satisfying this condition, which we denote by Lif zd+2 [28, 29]. The
corresponding Lifshitz line element takes the form
ds2Lifshitz = −

1 2
1
1
dt + 2 dr2 + 2 d~x2d .
r2z
r
r

(1.7)

Here radial coordinate r → λr under dilatations as in (1.1) and the boundary
is located at r = 0. The Lifshitz geometry satisfies Lif z=1
d+2 = AdSd+2 . One
is forced to do a bit more work to obtain Lif zd+2 from the Einstein-Hilbert
action than for AdSd+2 . It turns out that on top of a negative cosmological
constant, one has to add a non-vanishing energy-momentum tensor to the
Einstein field equations to make Lif zd+2 a solution. This can be done by
adding fine-tuned matter to the Einstein-Hilbert action. Different configurations do the trick, for example, one can add a massive vector field or a
Maxwell field coupled to a dilaton [29].
Now that we have Lifshitz symmetries on the boundary, we want to be
able to turn on temperature. This can be done by adding a black hole
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to the interior of the geometry. A black hole emits Hawking radiation at
temperature T [30]. The bulk theory, and therefore also the boundary theory,
is in thermal equilibrium at this temperature.4 See Figure 1.2 for a sketch
of the envisioned setup. It turns out [29] however that, depending on the
fine-tuned matter that was needed to source the energy-momentum tensor,
we obtain black holes with different thermodynamical behavior.
For Lifshitz black holes there is no equivalent of the Birkhoff theorem [32],
which in flat space guarantees that the Schwarzschild solution is the only
solution in flat space with spherical symmetry. Moreover, technical problems
arise: most black hole solutions can only be obtained using numerics or do
not extend to any values of d and z [33]. Conveniently, there is one matter
configuration that allows for analytic solutions to all relevant values of d and
z. This is the model with the Maxwell field coupled to the dilaton and this
is the background that we adopt in the dissertation.
Using holography we can now in principle apply (1.4), in order to compute
correlators in some strongly coupled field theories at finite temperature.
However, we stress that it is not necessarily easy to perform computations
with holography, even if the black hole solutions are known analytically.

1.4 Autocorrelation functions and the geodesic
approximation
Generically, it is hard to analytically compute a thermal correlator from
field theory, even if the theory is free. If we consider the quantum Lifshitz
model (1.2), corresponding to z = 2 and d = 2, we can compute the free
thermal autocorrelator directly from a field theory [34] for operators O with
scaling dimension ∆. An autocorrelator is a correlator evaluated at zero
spatial seperation and it can help to study out-of-equilibrium behavior [35].
If we generalize the quantum Lifshitz model to hold for any d and z, are
there any other values for d and z where we are able to compute thermal
autocorrelators?
In Chapter 7, we generalize the quantum Lifshitz model (1.2) to any value
4

In this dissertation we always consider large black holes, which can be seen as though
they have a planar geometry and are thus also called black branes. Large black holes
ensure that we are in a thermally stable state, since small black holes can undergo
Hawking-Page transitions [31].
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of z ≥ 1 and d ≥ 1 by introducing more spatial derivatives to the quantum
Lifshitz model. One then finds that exactly for z = d one can compute
the thermal autocorrelators analytically. So what is special about this case?
It turns out that the thermal autocorrelators are given by a d-dimensional
higher derivative conformal field theory exactly for z = d,5
hO(~x, τ1 )O(~x, τ2 )iQF T =



πT
d sin(πT |τ1 − τ2 |)

2∆/d

.

(1.8)

Here τ1 and τ2 denote different times. This is a generalization from what was
already known for the z = d = 2 case [21]. To summarize: we are looking at
a free field theory for which, in a certain regime, thermal correlators coincide
with thermal correlators of a d-dimensional conformal field theory.
We now turn to our holographic model, which by construction already
extends to any z ≥ 1 and d ≥ 1. We want to compute the corresponding thermal autocorrelators and compare it to the field theory result. The
holographic method we introduced in the previous section can compute correlators operates in momentum space. Once a momentum space solution
has been obtained, one can of course always apply a Fourier transformation
to go to real space. This approach does not work here, since analytically we
can only obtain the solution with spatial momentum equal to zero. Hence,
performing the Fourier transform is intractable. The other way around, performing the Fourier transform on (1.8) in order to obtain a full momentum
space expression does not work either, since we do not have information
about the spatial domain.
The so-called geodesic approximation [36, 37] can be used as a trick that
surpasses this problem, since it is formulated in real space, geared towards
computing correlation functions. It hinges on the fact that, for large masses,
a scalar field is well described by a massive point-particle. In this pointparticle picture, a propagator G(x1 , x2 ) between two-points (~x, τ1 ) and (~x, τ2 )
in the bulk is given by a partition function of the lengths of all possible paths,
see e.g. [38]. This partition function simplifies for large masses, in which
case it is dominated by the length of the geodesic, i.e.
G(x1 , x2 ) ≈ e−mL(~x,τ1 ;~x,τ2 ) .
5

For technical reasons we work with Wick rotated imaginary time τ = it.
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(1.9)

1.5 Good vibrations and dissipations
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Figure 1.3: In the large mass limit, a scalar field can be approximated by a pointparticle. The dashed line, connecting the operators at (~x1 , t1 ) and
(~x2 , t2 ), denotes the geodesic of a point-particle.

By L(~x, τ1 ; ~x, τ2 ) we refer to the length of the geodesic between the points
(~x, τ1 ) and (~x, τ2 ), see Figure 1.3 for a geometric idea. Here, G(x1 , x2 ) is
the two-point function, which is dominated by the length of the geodesic.
Therefore,
(1.10)
hO(~x, τ1 )O(~x, τ2 )i ≈ e−mL(~x,τ1 ;~x,τ2 ) .
It turns out that the large mass constraint translates into a large ∆ requirement, i.e. ∆ ≈ m  1. By computing the length of L(~x, τ1 ; ~x, τ2 ) in the
Lifshitz black hole spacetime, we obtain an expression for the thermal autocorrelator. Up to an arbitrary overall constant, the result turns out to be
exactly the same as (1.8). One can push this approach even further to higher
point functions. For three-point functions the results are found to match as
well, as we see in Chapter 7.
In the next section, we study how we can obtain the relaxation time from
holography in the momentum space formulation.

1.5 Good vibrations and dissipations
One can perturb a thermal state in the Lifshitz field theory and compute
the time it takes to reach equilibrium, after a small perturbation. The char-
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acteristic time scale τrelax , associated to this process, is called the relaxation
time.6 If the boundary theory is perturbed by shortly turning on a source of
operator O(t) (we ignore the spatial part for the discussion), then the relaxation time of this process is encoded in the poles of the two-point function,
or energy spectrum, of O(t). In such a process, the poles typically have an
imaginary component, see the left panel of Figure 1.4. Using these poles, we
can decompose the operator as
X
O(t) =
cn e−iωn t ,
(1.11)
n

where cn is a number and n labels the poles or energies ωn . The imaginary part of the poles encode a decay. The eigenfunctions are referred to
as quasinormal modes and the poles ωn are called quasinormal frequencies.
Quasinormal modes have a rich history and were, for instance, already considered in general relativity in the context of studying gravitational waves
in a Schwarzschild background [39].
The quasinormal mode with the smallest imaginary part gives the value
of the relaxation time associated to O(t). Assuming that ω0 has the smallest
imaginary part implies
O(t) ∼ e−iRe[ω0 ]t eIm[ω0 ]t
∼e

t
relax

−τ

(1.12)

,

where τrelax ≡ −1/Im[ω0 ] > 0. For reviews on this topic we recommend
References [40, 41, 42].
The poles of the two-point function of an operator O are obtained by
computing the quasinormal modes of the dual bulk field φ dissipating into
the black hole horizon [43, 44]. Computing these modes via holography gives
us the relaxation time τrelax of a thermal state of a Lifshitz field theory. In
general, this value can only be computed using numerics. These relaxation
times turn out to be in accordance with what one would expect from a
strongly coupled phase, τrelax ∼ 1/T , as shown in Figure 1.1. As a result:
6

We employ the convention that relaxation time corresponds to a weak perturbation.
Equilibration also occurs after large perturbations. In Chapter 6 we discuss how to
compare relaxation times τrelax and equilibration times τeq . In the introduction it
suffices to use these two time scales interchangeably.
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1.6 The curious case of quasinormal modes versus back-reaction
dissipation in black holes corresponds to relaxation in the dual field theory.
This is the main theme of Chapter 5.
●
●

Re(ωn )

●

Re(ωn )
●

●

●
●

●

●
●

●

●
●

●

Im(ωn )

●

Im(ωn )

Figure 1.4: We present two possible results for quasinormal modes. The dots represent the locations of quasinormal frequencies in the complex energy
plane, which corresponds to the zeros in the Green’s function of the
operator dual to the bulk field φ. On the left we see an underdamped
spectrum. On the right we see an overdamped spectrum.

From the previous section, one is led to wonder whether something special
is occurring at z = d for the computation of quasinormal modes. Surprisingly, at zero spatial momentum, we can analytically solve the quasinormal
mode equations if and only if z = d, which results in


∆
z 1
ωn = −i2πT 2n +
, ⇒ τ=
.
(1.13)
z
2π∆ T
Let us analyze this result. The real part vanishes and the system becomes
overdamped. In the AdS geometry that only happens for d = 1. A numerical
analysis unravels that this happens for z ≥ d, with spatial momentum equal
to zero. In Chapter 5 and 7 we dig deeper into these results. In the next
section, we discuss the validity of the relaxation time for large perturbations.

1.6 The curious case of quasinormal modes versus
back-reaction
Up to now we required the bulk field φ to be in the probe limit, i.e. we
ignored its contribution to the energy-momentum tensor. In principle, how-
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ever, the field φ does contribute to the energy-momentum tensor. This would
cause the Lifshitz black hole, the Maxwell field, and the dilaton to change
their on-shell values to compensate the changes in the Einstein field equations. Meanwhile, the equations of motion of the separate fields also change.
The fact that the scalar φ influences the background fields and metric is
called back-reaction. Taken into account that this problem is dynamical,
since the bulk field φ gradually dissipates into the black hole, does not make
matters easier.
In Reference [45] the back-reaction for an AdS black hole with a massless
scalar and zero spatial momentum was computed using numerical methods,
which is not too surprising knowing that the Einstein field equations are a
complicated set of coupled nonlinear differential equations. The used approach hinges on the fact that the AdS metric can be written in a specific
set of coordinates where the Einstein field equations can be put into a nested
structure of linear ordinary differential equations (ODEs), on a fixed time
slice. This system of ODEs can then be solved one by one as function of
discrete time steps. This approach has been devised originally for studying
gravitational waves in the 1960s [46, 47]. In the context of holography, it
was reformulated in terms of AdS spacetimes [48].
A comparison of the fully back-reacted equilibration timescales, with the
relaxation times obtained via the quasinormal modes provides the conclusion
that quasinormal modes give an astonishingly spot-on prediction. We can
now wonder how well the quasinormal modes perform for Lifshitz black holes
with z > 1 and whether z = d remains special. We might suspect that the
extra fields needed to support this geometry kick up extra dust and spoil the
otherwise good prediction of the quasinormal modes. This we investigate in
Chapter 6.

1.7 Nonrelativistic hydrodynamics
Hydrodynamics governs the evolution of fluids [12]. Moreover, it can be
viewed as a translational invariant theory that describes long-wavelength
deviations away from thermal equilibrium, at length scales greater than any
microscopic scale of the theory. The equations of motion arising from the relativistic ideal fluid energy-momentum tensor reproduce the non-viscous, or
ideal, relativistic version of the Navier-Stokes equations [49]. Corrections to
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the ideal energy-momentum tensor can be introduced via a gradient expansion. These corrections include transport coefficients such as shear viscosity
and bulk viscosity.
As an example of a result from computing transport coefficients using
holography, we consider the relativistic case. This was the first setup for
which hydrodynamics coefficients beyond ideal order were computed using
holography [50]. Using holography it is concluded that the shear viscosity
η, divided by the entropy density s, is given by η/s = 1/4π, for a strongly
coupled large N conformal field theory. This result seems to match with the
value known for a quark-gluon plasma, which is a strongly coupled system
[51]. In the same fashion the speed of sound is computed to be c2s = 1/d.
In Chapter 3, we go beyond the relativistic fluid and obtain an ideal
fluid energy-momentum tensor for fluids without boost symmetries, which
includes the Lifshitz case. From this energy-momentum tensor follows the
formula for the speed of sound for systems without boost symmetry. We
compute the speed of sound using the input of, amongst other cases, an
ideal Boltzmann Lifshitz gas, which has particles obeying the dispersion
relation
ω = λ|~k|z .
(1.14)
Here, λ is a dimensionful system constant, e.g. for z = 1 we have λ = c. A
key result of Chapter 3 is a formula for the speed of sound in a Boltzmann
gas of Lifshitz particles


2Γ d +2
z
z
 (βλ)2/z β −2 ,
c2s =
(1.15)
d Γ d+2
z

where β is the inverse temperature and by Γ we denote a gamma function.
For z = 1 this reproduces the earlier mentioned c2s = 1/d and provides novel
predictions for z > 2.

1.8 Outline
We continue this story in Chapter 2, where we expand on the realizations
of different nonrelativistic symmetry groups. There, we construct nonrelativistic toy-model Lagrangians and compute their two-point functions and
energy-momentum tensors in order to get acquainted with features of nonrel-
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ativistic symmetries. In Chapter 3 we put our knowledge of nonrelativistic
symmetries to work and we start from symmetry and thermodynamic principles, without the need to assume boosts. We derive a generic form of the
ideal fluid energy-momentum tensor, which covers e.g. the Lifshitz case. As
a proof of principle, we compute the speed of sound of various nonrelativistic
setups and match the literature results where known.
The remainder of this dissertation revolves around the application of
holography. In Chapter 4, we work out the technicalities involved with
Lifshitz black branes and computations that use holography. We also go
deeper into the details and technical issues of the geodesic approximation.
In Chapter 5, we obtain relaxation times for field theories with Lifshitz
scaling via the holographicaly dual Einstein-Maxwell-Dilaton gravity theories. This is done by computing quasinormal modes of a bulk scalar field in
the presence of Lifshitz black branes.
Afterwards, in Chapter 6, we study far-from-equilibrium physics of strongly
interacting plasmas at criticality and zero charge density for a wide range
of dynamical scaling exponents z in d dimensions using holographic methods. In particular, we consider homogeneous isotropization of asymptotically
Lifshitz black branes with full back-reaction.
Then in Chapter 7, we show that the quantum Lifshitz model can be
generalized to a class of higher dimensional free field theories that exhibit
Lifshitz scaling. We show that, when z = d, the generalized quantum Lifshitz
model correlators exhibit connections to conformal field theories, in cases
where either the spatial or temporal separation vanishes. The connection
is made with autocorrelators obtained via holography using the geodesic
approximation. Furthermore, we investigate quasinormal modes at large and
small momentum using numerical methods and analytic approximations.
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2 Nonrelativistic symmetries and field
theories

2.1 Introduction

Symmetries of a system can be seen as transformations, which leave the
system invariant. Requiring specific symmetries pins down particular types
of systems. A good example, e.g., is whether you require the rules of special
relativity to apply to a system, or rather the rules of classical mechanics.
Within the context of field theory one can make statements about symmetries more precise. We consider a generator Y which acts on Lagrangian
L as
Y :

xµ → x0µ ,

φ(x) → φ0 (x0 ) ,

L[φ(x)] → L0 [φ0 (x0 )] .

(2.1)

Naturally xµ denotes spacetime coordinates and φ is a scalar field. We focus
on the case that the field φ is a scalar field, but generalizations to non-zero
spin fields are straightforward. The Lagrangian L, in principle, depends on
derivatives of φ as well, which we have not written down for simplicity. A
generator Y of a continuous global symmetry of L satisfies
Z
Z
Z
d+1
d+1 0 0 0 0
Y : S[φ] = d xL[φ(x)] −→ d x L [φ (x )] = dd+1 xL[φ(x)] .

(2.2)
We can also formulate this as that the variation under symmetry Y vanishes,
i.e. δY S[φ] = 0. The Noether theorem states that every generator of a
continuous symmetry is associated to a conserved current. Such a current
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J µ is computed via
Z
δY S[φ] = dd+1 xδY L[φ(x)]
Z
Z
d+1
= d x(equation of motion)δY φ + dd+1 x∂µ [J µ (δY φ)] (2.3)
=0 .

From this procedure we can compute, e.g., the energy-momentum tensor and
its symmetries, although, as we cover in Section 2.4, one has to be careful
with improvement terms. The Lifshitz scaling in (1.1) turns out, using the
Noether theorem as can be seen in (2.19), to imply the following identity for
the energy-momentum tensor
zT 00 + T ii = 0 ,

(2.4)

which we refer to as z-deformed trace condition. Using field theory language, we are able to construct models involving different groups of symmetries, which imply this type of nonrelativistic scaling and we can start to
probe those models for qualitative differences. We present an overview of
these symmetry groups in Section 2.2. After having considered particular
symmetry groups, we treat some field theoretical toy-models that are realizations of nonrelativistic symmetries, in Section 2.3, and study what sets
them apart. Finally, in Section 2.4 we study the implications of the symmetries on energy-momentum tensors of the models covered in Section 2.3.
This naturally introduces a discussion on the need for non-Riemannian geometry, as can be represented by Newton-Cartan geometry, see for instance
Reference [52].
The concepts covered in this chapter function as a guiding principle for
hydrodynamics, as is discussed in Chapter 3.

2.2 Symmetries and algebras
The goal of this section is to cover symmetry groups in which the Lifshitz
scaling (1.1) can be incorporated. We assume that we work with improved
energy-momentum tensors, a topic which we discuss in Section 2.4. References [8] and [14] were especially helpful for getting the overview needed to
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compile this section.

2.2.1 Translation, rotations, and boosts
We study theories, in which there is temporal and spatial translational invariance. The generators of temporal and spatial translations respectively
are
H :
t → t0 = t + a ,
(2.5)
Pi :
xi → x0i = xi + ai .
The a denotes some real number or vector. After the double colon we summarized the associated transformation for clarity. An additional symmetry,
which we incorporate, is that we pick no spatial direction to be special
compared to others. In other words: we require a spatially isotropic and
homogeneous theory. We can therefore freely rotate spatial directions into
oneanother. Rotations are generated by
Jij :

xi → x0i = Λi j xj .

(2.6)

The spatial rotations are elements of the group SO(d), i.e. Λ ∈ SO(d). The
translation and spatial rotations together, {H, Pi , Jij }, generate a group
which is referred to as Absolute space and time [53]. These symmetries
impose a chosen frame, with respect to which all physics is defined. In this
manner one defines absolute rest or absolute movement of an object.
In order to claim that some symmetries together form a group, one has to
show that combinations of symmetries do not generate new symmetries. To
show that a group is closed, in the just mentioned sense, one can work out the
commutation relations of the generators. This is checked and summarized
for all mentioned groups in this section in Table 2.1.
Via the Noether theorem (2.3), one can relate symmetries to conserved
quantities. The temporal and spatial translations together imply the existence of an energy-momentum tensor T µν for which
H, Pi :

∂µ T µν = 0 .

(2.7)

Here, for suitable coordinates, T 00 is the energy density, T 0j the momentum
density, T i0 the energy density flux and T ij is the stress tensor.1 From
1

These identifications are motivated from the fact that canonical momentum Pν =
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the rotational invariance in (2.6), using the Noether theorem, one finds the
corresponding conserved currents which imply the following condition on the
energy-momentum tensor
h
i
∂µ J µij = ∂µ xi T µj − xj T µi
⇒

(2.8)

≡ 0,

T ij = T ji .

If we want to be able to relate inertial frames in a relativistic system via
a boost, one has to include transformations such that
Jµν :

xµ → x0µ = Λµν xν .

(2.9)

These are Lorentz transformations, which naturally include Lorentz boosts.
Lorentz transformations form the Lorentz group and are elements of the
group SO(d, 1). Together with temporal and spatial translations, the Lorentz
transformations generate the familiar Poincaré group, {Pµ , Jµν }. A theory
which at least has these symmetries is called relativistic. As a result of the
Lorentz group and the Noether theorem we find


∂ρ J ρµν = ∂ρ xµ T ρν − xν T ρµ
⇒

≡ 0,

T 0i

(2.10)

= −T

i

0

and T

i

j

=

T ji .

The minus sign in the last line arises due to explicit use of the metric, which,
contrary to the nonrelativistic setup, is allowed in the Lorentzian case.
One can also consider relating inertial observers, using only the intuition
of classical mechanics, namely via Galilean boosts
Gi :

xi → x0i = xi − v i t ,

(2.11)

where v i is some boost velocity. The Galilean group is generated by
{H, Pi , Jij , Gi }. The Galilean group can be considered as a contraction of
the Poincaré group where the speed of light c → ∞, which naturally is the
limit in which one expects to recover classical mechanics, see e.g. [38, 55].
R
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dd ~xT 0ν and ∂t Pν = −

R

dd ~
x∂i T i ν [54].

2.2 Symmetries and algebras
In the Galilean group the boosts and spatial translations commute,
[Gi , Pj ] = 0 .

(2.12)

A different contraction of the Poincaré group can be performed, where instead we take the ultra-relativstic limit [55, 56], c → 0, which replaces
Lorentz boosts with Carroll boosts
Ci :

t → t0 = t − v̂ i xi ,

(2.13)

where v̂ has the dimensions of inverse velocity. This strange type of boost reminded Lévy [57] of the stories of Lewis Carroll [58] and hence {H, Pi , Jij , Ci }
generates what is known as the Carrollian group. The Carroll boost puts,
via the associated current, the following symmetry condition on the energymomentum tensor
∂µ J µi = ∂µ [xi T µ0 ]
≡ 0,

(2.14)

⇒ T i0 = 0 .
We now turn to an extension of the Galilean group.

2.2.2 Particle number conservation and Lifshitz
The Galilean group allows for a central extension of the algebra, where one
replaces the commutator
[Gi , Pj ] = 0

by

[Gi , Pj ] = δij M ,

(2.15)

where M commutes with all other elements of the algebra. One can think of
M as being related to the total mass in the system or the particle number.
The resulting generators, {H, Pi , Jij , Gi , M }, generate the Bargmann group
or Extended Galilean group, which can be interpreted as a contraction of
the Poincaré group with an extra U (1) symmetry [59]. We demonstrate this
contraction by taking the nonrelativistic limit from a relativistic action in
Section 2.3. A mass current T µ is generated by the U (1) symmetry
M :

∂µ T µ = 0 .

(2.16)
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The conserved currents of the Galilean boost imply


∂µ J µi = ∂µ x0 T µi − xi T µ
⇒

≡ 0,

T 0i

(2.17)

i

=T .

Here T i is the spatial component of the U (1) symmetry as given in (2.16).
In order to require Lifshitz scaling as described in (1.1), we introduce the
generator of dilatations as
Dz :

t → t0 = λz t ,

xi → x0i = λxi .

(2.18)

The subscript z denotes the critical dynamical exponent. The conservation
of the corresponding current J µ implies the z-deformed trace condition


∂µ J µ = ∂µ zx0 T µ0 + xi T µi
⇒

≡ 0,

zT 00

(2.19)

+T

i

i

= 0.

Adding the generator of dilations to the Absolute space and time generators,
{H, Pi , Jij , Dz }, results into the generators of the Lifshitz group. This group
owes its name from being a generalization of the symmetries of the quantum
Lifshitz model in (1.2).

2.2.3 Schrödinger and the conformal group
The dilatation symmetry as given in (2.18) can only be added to the Poincaré
group if we restrict to z = 1. Having added the Dz=1 scaling operator to the
Poincaré group we are only missing the special conformal transformations,
Kµ :

xµ → x0µ =

xµ − aµ x2
,
1 + 2aν xν + a2 x2

(2.20)

in order to obtain the generators of the Conformal group, {Pµ , Jµν , Dz=1 , Kµ }.
The conformal group of a d + 1 dimensional field theory is SO(d + 1, 2). Here
aµ is some real vector.
Adding the dilatation operator to the Bargmann group, for any value of
z, we obtain the Schrödinger group. This group earns its name from the fact
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that for z = 2 it exactly is the symmetry group of the Schrödinger equation
describing a free particle. In some literature, the name Schrödinger group
refers exclusively to the z = 2 case. The generators of the group consist
of {H, Pi , Jij , Gi , M, Dz }. The Schrödinger group in d + 1 dimensions is a
subgroup of the conformal group in d + 3 dimensions [60, 27, 26]. For the
special case of z = 2, the Schrödinger group can include a single special
conformal transformation K to the generators of the group, which acts as
xµ → x0µ =

K :

xµ
.
1 + at

(2.21)

Here a is some real number.

2.3 Nonrelativistic field theoretical realizations
In the previous section, we encountered various symmetry groups. Although
we focus on manifestations of the Lifshitz group throughout this dissertation, we illustrate differences between the Lifshitz group and the Schrödinger
group, by constructing toy-model Lagrangians which allow those symmetries.
Having toy-model Lagrangians for the different symmetry groups gives us
an intuition for how distinct the resulting physics can be, when examining
the correlators of the different theories. The results act as a guide of what to
expect, when working with these symmetries in the context of holography.

2.3.1 Galilean Lagrangian from the nonrelativistic limit
The first nonrelativistic Lagrangian, which we consider, is derived via the
nonrelativistic limit of a massive complex relativistic scalar field Lagrangian,
L=


1
∂µ φ∗ ∂ µ φ − m 2 φ∗ φ .
2

(2.22)

The star denotes complex conjugation and m represents the mass of the
field. A U (1) current is associated to this complex scalar action
Jµ =

i ∗
(ϕ ∂µ ϕ − ∂µ ϕ∗ ϕ) .
2

(2.23)
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Table 2.1: Here we tabulate different symmetry groups by name and include nonzero generators, commutators and references.

Group name
(alt. name) [refs]
Poincaré

Absolute space and time
[53]
Galilean
[61]
Bargmann
(Extended Galilean) [59]
Ultra relativistic
(Carrollian) [55, 56]
Lifshitz
[14]
Carroll+Lifshitz scaling
[56]
Galilean+Lifshitz scaling
Conformal

Schrödinger
[28]
Schrödinger z = 2
[26, 62]

generators

non-zero commutators

Pµ , Jµν

[Jµν , Pρ ] = ηµρ Pν − ηνρ Pµ ,
[Jµν ,Jρσ ] = ηµρ Jνσ −ηµσ Jνρ
+ηνσ Jµρ −ηνρ Jµσ

H, Pi , Jij
H, Pi ,
Jij , Gi
H, Pi , Jij ,
Gi , M
H, Pi ,
Jij , Ci
H, Pi ,
Jij , Dz
H, Pi , Jij ,
Ci , D z
H, Pi , Jij ,
Gi , D z
Pµ , Jµν
Dz=1 , Kµ
H, Pi , Jij , M
Gi , Dz
H, Pi , Jij , M
Gi , Dz=2 (, K)

[Jij , Gk ] = δik Gj − δjk Gi ,
[Gi , H] = Pi , [Gi , Pj ] = 0
[Gi , Pj ] = −M δij
[Jij , Ck ] = δik Cj − δjk Ci ,
[Pi , Cj ] = δij H
[Dz , H] = −zH,
[Dz , Pi ] = −Pi
[Dz , Pi ] = −Pi ,
[Dz , Ci ] = (1 − z)Ci
[Dz , Gi ] = (z − 1)Gi ,
[K µ , P ν ] = 2(J µν + η µν Dz=1 ),
[Dz=1 , K µ ] = K µ ,
[J µν , K λ ] = −η µλ K ν + η νλ K µ
[Dz , M ] = (z − 2)M
[Dz=2 , K] = 2K,
[H, K] = Dz=2

The symmetries of this theory are Poincaré in addition to a U (1) symmetry.
We consider the dispersion relation in momentum space
(ω)2 = (mc2 )2 + (~kc)2 ,
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(2.24)

2.3 Nonrelativistic field theoretical realizations
where we reinserted the speed of light c on purpose. The following approach
is refered to as the nonrelativistic limit: by keeping ~k fixed and taking c → ∞
(or choosing m → ∞) the massive term dominates the kinetic energy in
(2.24). The total energy becomes ω ≈ mc2 + , where   mc2 . It thus
makes sense to study a plane wave Ansatz of the form [38]
1
φ(~x, t) = √ e−imt ϕ(~x, t) ,
m

(2.25)

where the field ϕ osscilates much slower in time than e−imt . The prefactor
√
1/ m is a convenient choice. Inserting this Ansatz into the Lagrangian and
taking the nonrelativistic limit yields
i
L = ϕ∗ ∂ t ϕ −
2
i
≈ ϕ∗ ∂ t ϕ −
2
≡ LG .

i
∂t ϕ∗ ϕ −
2
i
∂t ϕ∗ ϕ −
2

1
∂t ϕ∗ ∂t ϕ
∂i ϕ∗ ∂i ϕ −
2m
2
1
∂i ϕ∗ ∂i ϕ
2m

(2.26)

The subscript G stands for Galilean, as this action turns out to be invariant
under Galilean transformations, which we show next. Notice that the U (1)
current has become of the form
J 0 = ϕ∗ ϕ ,

Ji =

i
(ϕ∗ ∂i ϕ − ∂i ϕ∗ ϕ) .
2m

(2.27)

This current is related to the particle number N and the total mass M via
Z
Z
M = m dd xJ0 = m dd xϕ∗ ϕ = mN .
(2.28)
We now explicitly check that the corresponding action is invariant under
Galilean boosts, by first recalling that

∂xµ ∂
∂
∂

 0i =
=
,
0i
µ
∂x
∂x ∂x
∂xi
Gi : xµ → x0µ = xµ − δiµ v i t , ⇒
µ

 ∂ = ∂x ∂ = ∂ + v i ∂ .
∂t0
∂t0 ∂xµ
∂t
∂xi
(2.29)

25

2 Nonrelativistic symmetries and field theories
If we now look at an infinitesimal v i we see that
δGi LG = 0 + O(v 2 ) ,

(2.30)

where we required that under Galilean boosts the field ϕ transforms as
Gi :

ϕ(x) → ϕ0 (x0 ) = e−imx

0i v i

ϕ(x) .

(2.31)

Since the variation of the Lagrangian vanishes under the Galilean boost,
we conclude that the Lagrangian LG is invariant under Galilean boosts.
Recalling the discussion in the previous section about the Galilean group
being the nonrelativistic limit of the Poincaré group, this was to be expected.
We started from a Poincaré symmetric system with a U (1) symmetry and we
ended up with Bargmann symmetry, as can be found in Table 2.1 [61, 63].
Notice, that the dispersion relation of the Galilean Lagrangian in (2.26)
has become manifestly nonrelativistic, since energy and momentum do not
scale on the same footing:
1 2
ω=
k .
(2.32)
2m
We can make the Galilean Lagrangian scale invariant, if we require the following weight for the field ϕ under Lifshitz scaling
Dz=2 :

d

ϕ(x) → ϕ0 (x0 ) = λ− 2 ϕ(x) .

(2.33)

Notice that for all d ≥ 1 the exponent of λ is negative. This turns out to be
different for the quantum Lifshitz model, which we discuss next.

2.3.2 Quantum Lifshitz Lagrangian and its propagators
We now turn to a different manifestation of a nonrelativistic Lagrangian.
This time we do not expect this Lagrangian to be any reduction from a
relativistic Lagrangian. The quantum Lifshitz model (1.2) was presented in
the introduction as
LQL =


1
−(∂t φ)2 + κ2 (∇2 φ)2 ,
2

(2.34)

where κ has dimensions mz /s. This model has z = 2 Lifshitz symmetry.
In this section, we let the amount of spatial dimensions d, for the quantum
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Lifshitz model, be arbitrary, instead of fixed to d = 2. We conclude that
this model has z = 2 symmetry, if the field φ, under a dilatation symmetry,
transforms as
d−2
Dz=2 : φ(x) → φ0 (x0 ) = λ− 2 φ(x) .
(2.35)
Notice that for some d, the exponent of λ can become positive, in contrast
to (2.33) for the Galilean model. This gives away that for the two-point
function we might expect logarithmic corrections for d = 2. Finally, the
dispersion relation of the quantum Lifshitz model is given by
ω =κ k 2 .

(2.36)

Although both models (2.26) and (2.34) yield a z = 2 scale invariance,
there are some differences that are worth pointing out. The first one is obviously the difference in symmetries. The Galilean Lagrangian distinctively
has particle number conservation and boost symmetry, whereas such symmetries are absent in the quantum Lifshitz model. A second difference can be
observed from Green’s functions. We consider both models for d = 2, 3. Performing a Wick rotation to Euclidean time, τ = it, we start with computing
Green’s functions for the quantum Lifshitz model. The vacuum Euclidean
Green’s function for the quantum Lifshitz model is given by
GQL (x, τ ) =

Z

~

dωdd k e−iωτ −ik·~x
,
(2π)d+1 ω 2 + κ2 k 4

(2.37)

where x = |~x|. We carry on by evaluating the ω integral. Picking up a single
residue we find
Z d
π
d k −i~k·~x −κk2 τ
e
e
GQL (x, τ ) =
d+1
kz
κ(2π)
d−1 Z
Z ∞
2
π
2π 2
π
e−ikx cos θ e−κk τ
d−2

.
=
dθ(sin
θ)
dk
κ(2π)d+1 Γ d−1
k 3−d
0
0
2
(2.38)
Note that since we are considering nonrelativistic scaling between time and
space, we explicitly separate the ω and k integrals. The k integral is wellbehaved for large values of k, due to the smoothing effect of the exponents.
The infrared k = 0 behavior is sensitive to the value of d. For d = 3 this
integral is safe from any divergences. However, for d = 2 we encounter a
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divergence, in which case we regulate these using a purely spatial cutoff. In
particular, we define the regulated Green’s function
d=2
d=2
Gd=2
QLreg (a, x, τ ) = GQL (x, τ ) − GQL (a, τ ),

(2.39)

where a = |~a| can be considered a lattice cutoff. Note that, as a spatial cutoff, the scale |~a| acts as a regulator for k = 0 and we only consider x ≥ |~a|.
The quantum Lifshitz model two-point function for d = 3 becomes


x
1 1
d=3
Erf √
,
GQL (x, τ ) = 2
4π κ |~x|
4κτ
where the Erf(y) is the error-function, which is defined by
Z y
2
2
e−s ds.
Erf(y) = √
π 0

(2.40)

(2.41)

This function is finite as one sets x = 0 or τ = 0, so the free field correlator
behaves as
 1 1

for
τ = 0,
 2
4π κ x
d=3
GQL (x, τ ) =
(2.42)
1
1


√
for
x
=
0
.
4π 5/2 κ3/2 τ
We now turn to d = 2 for the quantum Lifshitz model. Computing the
regulated Green’s function, we find2



1
x2
x2
d=2
GQL reg (a, x, τ ) = −
log 2 + Γ 0,
.
(2.43)
8πκ
|~a|
4κτ

2

More details on regularization we cover in Chapter 7.
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This has the asymptotic behaviors
 

1
x


− 4πκ log |~a|


Gd=2
QL reg (a, x, τ ) =

1
4κτ

−
log
8πκ
|~a|2 eγ

for

τ = 0, x  |~a| .

for

x = |~a|, τ  |~a|2 .
(2.44)

Something like this could be expected from (2.35), where for d = 2 the field
φ and thus also GQL = hφφi have no scaling under dilatations. Rather than
looking at the Green’s function of the field φ we have a look at the Green’s
function of a different operator. In order to lose the logarithms, such that
we can study scaling behavior, we define operators of the form
n2

Onreg = |~a|− 8πκ einφ .

(2.45)

We can compute the On†reg Onreg correlation function
n2

2 Gd=2
QL reg (a,x,τ )

hOn†reg (x, τ )Onreg (0, 0)id=2
a|− 4πκ en
QL =|~
=|~x|

n2
− 4πκ




n2
x2
exp −
Γ 0,
,
8πκ
4κτ

which has the asymptotic behavior
( −2∆
|~x|
†reg
reg
d=2
hOn (x, τ )On (0, 0)iQL =
eγ∆ (4κτ )−∆

for

τ = 0,

for

x = 0.

(2.46)

(2.47)

2

n
The γ denotes the Euler constant and we defined ∆ = 8πκ
as the dimension
of these operators. We see that we obtain correct relative behavior, with an
eye on Lifshitz scaling symmetry, in the factor of two difference in the power
of τ and |~x|. Notice now that the cases with d = 2 and d = 3 exhibit clear
power-law fall-off, for τ = 0 and |~x| = 0. This is contrasted in the Galilean
case which is considered next.
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2.3.3 Galilean propagators
We turn to the Galilean Lagrangian (2.26). The Euclidean Green’s function
is given by
Z
~
dωdd k e−iωτ −ik·~x
GG (x, τ ) =
,
(2.48)
i 2
(2π)d+1 ω + 2m
k
which performing the ω integral becomes
Z
dd k − k2 τ −i~k·~x
e 2m
.
GG (x, τ ) =
(2π)d

(2.49)

We immediately see that this has different properties compared with the
quantum Lifshitz Green’s function in (2.38). In particular, the absence of an
additional pole at ω = −ik z (as occurs in the quantum Lifshitz propagator)
yields better infrared behavior of the Green’s function (2.49) in the Galilean
theory. Further evaluating the Green’s function we have
d−1

1
2π 2

GG (x, τ ) =
d
(2π) Γ d−1
2

Z

π

dθ(sin θ)

d−2

Z

∞

k2 τ

dkk d−1 e−ikx cos θ e− 2m .

0

0

(2.50)
Notice that the integrand is manifestly finite at k = 0 for any d ≥ 1. Thus,
contrasting the quantum Lifshitz case, at d = 2 there is no need for regularization. For d = 3 we obtain (as expected [64])
Gd=3
G



3
m 1 2 − m x2
= √
e 2 τ
πτ


0
=  m 1  23

 √
πτ

(2.51)
for

τ = 0,

for

x = 0.

(2.52)

In the same vain we express the Euclidean propagator for d = 2 as
m 1 − m x2
e 2 τ
4π
τ
0
= m1

4π τ

Gd=2
=
G
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(2.53)
for

τ = 0,

for

x = 0.

(2.54)

2.4 Energy-momentum tensors and a nod to Newton-Cartan
The scaling of both Galilean propagators agrees with what could be expected
from scaling arguments (2.33).
Let us pause for a moment and absorb what we have seen. First of all,
there is no need for a regulator in the Galilean case, in contrary to the
quantum Lifshitz case. Moreover, we find that for τ → 0 the propagators
in the Galilean case are exponentially suppressed, instead of being simple
power laws like in the quantum Lifshitz model. This so-called ultra-local
behavior is forbidden in relativistic theories by Lorentz invariance.
We conclude that on a free level both theories already express a very
different behavior, although both are examples of z = 2 theories. We return
to studying propagators of the quantum Lifshitz model in Chapter 7, where
we extend the quantum Lifshitz model to arbitrary z.

2.4 Energy-momentum tensors and a nod to
Newton-Cartan
We compute the energy-momentum tensors of Lagrangians (2.26) and (2.34),
in order to check whether those theories fulfill the symmetry identities of the
energy-momentum tensor as implied by the Lifshitz group
∂µ T µν = 0 ,

T ij = T ji ,

zT tt + T ii = 0 .

(2.55)

These symmetries are especially important to keep in mind when considering
hydrodynamics, as we see in Chapter 3. We compute the energy-momentum
tensors via the Noether theorem (2.3). Therefore the first symmetry requirement in (2.55) holds by construction. It turns out that we need to
add improvement terms, total derivatives and curvature invariants, to the
Lagrangian of (2.26) in order to make the remaining identities, in (2.55),
hold.

2.4.1 The scale invariant relativistic scalar example
We start by considering what happens with a relativistic scale invariant
massless scalar in d dimensions. We require that the scaling weight of the
scalar field under the dilatation operator is
Dz=1 :

Φ(x) → Φ0 (x0 ) = λ−

d−1
2

Φ(x) .

(2.56)
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We see that the relativistic massless scalar action is scale invariant for the
Lagrangian
1
(2.57)
LΦ = − η µν ∂µ Φ∂ν Φ .
2
Here η µν explicitly refers to flat Minkowski space. We compute the energymomentum tensor and see that it is symmetric. However, traceless condition
does not seem to hold
(TΦ )µν =

δLΦ
∂ν Φ − δνµ LΦ
δ∂µ Φ
µ

= − ∂ Φ∂ν Φ −

(2.58)

δνµ LΦ .

In the first equality we invoke the Noether theorem. Taking the trace of the
energy-momentum tensor we find
(TΦ )µµ = (1 − d)LΦ .

(2.59)

Only for d = 1 the trace of the energy-momentum tensor seems to be zero,
although since for any d the action is scale invariant, it should be traceless
for all values of d. We can remedy this by coupling the Lagrangian to curved
spacetime g µν and adding a term to the Lagrangian, such that we obtain
the improved Lagrangian


1√
d−1
imp
2
µν
LΦ = −
RΦ ,
(2.60)
−g g ∂µ Φ∂ν Φ +
2
12
which also goes by the name of conformal scalar [65]. Here R is the Ricci
scalar and g is the determinant of the metric. It is clear that for on flat
space, g µν = η µν , one recovers (2.57). Now, using the following method one
can compute the energy-momentum tensor, defined via curved spacetime
1 δL
Tµν = 2 √
.
−g δg µν

(2.61)

Notice, that one has to apply integration by parts twice when applying
(2.61), which precisely yields the extra term needed to cancel the right-hand
side in (2.59) and make the trace vanish for any value of d. It should be
mentioned that one is allowed to make use of the equations of motion. This
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type of term cannot be mimicked using non-gravitational building blocks,
as any other contribution enters Tµν differently in terms of tensor structure.
An improvement should not spoil equations of motion, but can be in conflict
with symmetries. In this case the symmetry Φ → Φ + c is lost.

2.4.2 Improved Galilean energy-momentum tensor
Using the Noether theorem (2.3) we compute the energy-momentum tensor
for the Galilean Lagrangian (2.26), which gives the energy-momentum tensor
δLG
δLG
∂ν φ∗ +
∂ν φ − δνµ LG
∗
δ∂µ φ
δ∂µ φ


i ∗
i
1
µ
∗
= δ0
ϕ ∂ν ϕ − ϕ∂ν ϕ − δiµ
(∂i φ∗ ∂ν φ + ∂i φ∂ν φ∗ ) − δνµ LG .
2
2
2m
(2.62)
We require this energy-momentum tensor to fulfill the identities as given in
(2.55). By construction, the vanishing divergence holds and the energymomentum tensor is also symmetric in its spatial components. The zdeformed trace does not vanish, but equals a total derivative
(TG )µν =

2(TG )t t + (TG )i i =

d 2 ∗
∇ (φ φ) .
4m

(2.63)

In order to get rid of the term on the right-hand side of the z-deformed trace,
we improve the Lagrangian LG by adding a term such that we end up with
Limp
G = LG +

d
∇2 (φ∗ φ) .
4m(d + 1)

(2.64)

One can try to construct this term by adding all possible total derivative
terms, which do not violate symmetries of the theory, and then determine the
respective coefficients by requiring the symmetry identities (2.55) to hold.
From the discussion with the scale invariant scalar Φ, in (2.60), it should
be clear that this is not guaranteed to work, since one might need curved
spacetime to write down all possible improvement terms. If we compute the
improved energy-momentum tensor via the Noether theorem we obtain
(TGimp )µν = (TG )µν +

 µ

d
δi ∂i ∂ν − δνµ ∇2 (φ∗ φ) ,
4m(d + 1)

(2.65)
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which does not spoil the first two identities in (2.55) and yields the desired
z-deformed trace condition
2(TGimp )t t + (TGimp )i i =2(TG )t t + (TG )i i −

d 2 ∗
∇ (φ φ)
4m

(2.66)

=0 .
Finally we see, supplied with (2.27), that
(TGimp )0 i = (TG )0 i = T i ,

(2.67)

as required from (2.16).
We do not need curved space to improve the energy-momentum tensor for
LG . It is, however, a valid point to wonder how one couples this nonrelativistic theory to curved spacetime. We postpone this discussion and first
compute the energy-momentum tensor for the quantum Lifshitz model in
(2.34).

2.4.3 Lifshitz energy-momentum tensor improved using
Newton-Cartan
We have to be careful using the Noether theorem around higher order derivatives. Due to the higher order derivatives we obtain more terms than usual
in the expression for the energy-momentum tensor. Letting Y be some symmetry of the theory we derive
Z


dd+1 xδY LQL = ∂t2 φ + κ2 ∇4 φ δY φ
Z


+ dd+1 x −∂t φδY φ + κ2 ∂i ∇2 ∂i φδY φ − ∇2 φ∂i δY φ
= 0.

(2.68)
Here, the first part on the right-hand side vanishes due to the equations of
motion. The second part vanishes if and only if Y is a symmetry of the
theory. Let Y be the translation symmetry. We conclude that the energymomentum tensor has to be given by

(TQL )µν = −δ µt ∂t φ∂ν φ + δiµ κ2 ∇2 φ∂i ∂ν φ − ∇2 ∂i φ∂ν φ − δνµ LQL . (2.69)
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Checking the identities (2.55) we see that only the first identity, ∂µ T µν = 0,
holds. It is obvious that the spatial part of the energy-momentum tensor is
not symmetric now, since
(TQL )i j − (TQL )j i = κ2 ∂k (∂k ∂j φ∂i φ − ∂k ∂i φ∂j φ) .

(2.70)

As for the z-deformed trace we find
2(TQL )t t + (TQL )i i




d−2
d−2 µ
µ 2
2
2
2
δ ∂t φφ + δi κ −
∇ φ∂i φ − ∇ ∂i φφ − ∇ φ∂i φ
.
=∂µ
2 t
2
(2.71)
It is not too hard to add terms to the energy-momentum tensor such that
all identities in (2.55) hold, see e.g. [66]. It is much harder though, if not
impossible, without using curved spacetime to find the right improvement
term for the Lagrangian. Now we arrive at a problem, because how do we
couple a nonrelativistic theory covariantly to gravity? We could continue
using the Riemannian metric and treat gtt , gti , git and gij as separate parts
of spacetime, but that would be relativistic chauvinism. For historical reasons the metric, or Riemannian geometry, formulation of general relativity
is especially geared towards relativistic symmetries. It is therefore that this
formulation might not be the most suitable approach for nonrelativistic setups.
Instead, using Vielbeins, within the scope of Newton-Cartan geometry, one
can covariantize the quantum Lifshitz action. Newton-Cartan all boils down
to the decomposition, originally used for generalizing Newtonian gravity in
the formulation of general relativity, of the metric into components which
by construction fall into the here considered nonrelativistic symmetries, see
for instance References [67, 68, 69, 70]. The resulting flat space energymomentum tensor3 is given by

imp µ
(TQL
) ν = − ∂t φδtµ ∂ν φ + δiµ κ2 ∇2 φ∂i ∂ν φ − ∇2 ∂i φ∂ν φ − δνµ Limp
QL
(2.72)
 i a

µ
2 2
i a
+ δi ∂a κ ∇ φ∂b φ δν δb − δb δν ,

which satisfies all identities in (2.55). The details of this computation go
beyond the point of the discussion. It needs to be highlighted that one
3

We thank Jelle Hartong for this result.
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might need Newton-Cartan-like descriptions, even if one is not interested in
curved spacetime, like in our case with the energy-momentum tensor of the
quantum Lifshitz model, when one is interested in nonrelativistic theories.
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3.1 Introduction
In Chapter 1, we discussed that hydrodynamics governs the time evolution
of fluids [12]. Moreover, hydrodynamics can be viewed as a translational
invariant theory that describes long-wavelength deviations away from thermal equilibrium, at length scales greater than any microscopic scale of the
theory. Hydrodynamic fluctuations satisfy
ω(|~k|) → 0

as

|~k| → 0 ,

(3.1)

see for instance [49]. Here, ω and ~k are the respective Fourier conjugates of
time t and space ~x. The relativistic ideal fluid energy-momentum tensor can
be written as
T µν = (E + P ) uµ uν + P δ µν .
(3.2)
Here, E is the energy density of the system, uµ is the normalized fluid velocity, and P is the pressure of the system. The equations of motion, arising
from the ideal energy-momentum tensor, reproduce the non-viscous, or ideal,
relativistic version of the Navier-Stokes equations [49].
The minimal symmetries that are assumed in this section are translational
invariance and spatial isotropy, which is the Absolute space and time group,
as can be checked in Table 2.1. In contrary to the usual approach, when
considering ideal fluids, we do not necessarily assume a boost symmetry. We
consider two frames. The co-moving frame, which is the boostless version of
the rest frame, and the laboratory frame.
We first write down the thermodynamics and the tensorial form of the
ideal fluid energy-momentum tensor, without making use of boosts, in Section 3.2. Moreover, we reproduce known results of various ideal fluid energymomentum tensors and we derive the speed of sound formula for ideal Lifshitz fluids. In Section 3.3, as a point of principle, we study and compute
the speed of sound of a gas of Lifshitz particles with statistics given by the
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Boltzmann distribution, the Bose-Einstein distribution, and the Fermi-Dirac
distribution.

3.2 Ideal fluids without boost symmetries
We focus on fluids in flat spacetimes and start from studying the thermodynamics of such a system. Finally, we use symmetries and thermodynamics
to construct the tensorial form of the ideal fluid energy-momentum tensor,
without making use of boosts. As a check we reproduce known results, by
reinstating boost symmetries.

3.2.1 Thermodynamics
Without assuming boost symmetry, we cannot without any loss of generality
put fluid velocity ~v to zero. This is why we treat the fluid velocity in the same
manner as how a chemical potential is treated, from a thermodynamic point
of view. The thermodynamical conjugate of fluid velocity is the momentum
Pi . We work with the grand potential Ω, defined as
Ω = −T log Z(T, V, µ, ~v ) ,

(3.3)

where Z is the grand partition function in a grand canonical ensemble at
temperature T , volume V , and (regular) chemical potential µ. The differential of the grand potential reads
dΩ = −SdT − P dV − Pi dv i − N dµ ,

(3.4)

where N is particle number, S is entropy, and P is pressure. For the energy
density E we have the thermodynamic relation
E = T s − P + v i Pi + µn .

(3.5)

Here, n = N/V denotes particle number density, Pi = Pi /V denotes momentum density, and s = S/V denotes entropy density. The first law, accordingly, is given by
dE = T ds + v i dPi + µdn .
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(3.6)

3.2 Ideal fluids without boost symmetries
It is convenient to introduce Ẽ ≡ E − v i Pi . The thermodynamic relations
for Ẽ hence are given by
Ẽ

dẼ

= T s − P + µn ,
i

= T ds − Pi dv + µdn .

(3.7)
(3.8)

We next derive the tensorial form of energy-momentum tensor.

3.2.2 Ideal fluid energy-momentum tensor
In order to compute the speed of sound for the case without necessarily
utilizing boosts, it is instructive to revisit the logic of the relativistic approach for computing the speed of sound. The laboratory frame of the
energy-momentum tensor, which we denote by T µν , of an ideal fluid in the
relativistic case is given by (see for instance [54])
T 00 = (E + P )u0 u0 + P ,
T

i

0
T 0j
T ij
0

J

J

i

(3.9)

i

(3.10)

0

= (E + P )u uj ,

(3.11)

= (E + P )ui uj + P δ i j ,

(3.12)

= (E + P )u u0 ,

0

(3.13)

i

(3.14)

= nu ,
= nu .

Here uµ is the normalized fluid velocity. For generality we included a U (1)
current J µ , where n denotes a conserved quantity such as, e.g., particle
number. In the co-moving frame of the ideal fluid, where uµ = (1, ~0), the
energy-momentum tensor and current (which we denote using a tilde) take
the form
T̃ 00 = −E ,

T̃

i

0
T̃ 0j
T̃ ij
˜0

(3.15)

= 0,

(3.16)

= 0,

(3.17)

= P δi j ,

(3.18)

J = n,
J˜i = 0 .

(3.19)
(3.20)
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The laboratory frame is the frame in which we compute the speed of sound,
by solving the linearized form of ∂µ T µν = 0.
Without assuming boost symmetry, we first argue what the form of the
ideal fluid in the co-moving energy-momentum tensor T̃ µν is. Next, we
use this co-moving energy-momentum tensor T̃ µν to construct the laboratory frame energy-momentum tensor T µν , using a coordinate transformation, which one is allowed to perform. From T µν we can compute the speed
of sound. This ideal fluid tensor accommodates not only fluids including
boosts, when supplied with a relevant equation of state, but also fluids without boosts.
We start with only assuming the symmetries of the Absolute space and
time group of Table 2.1. We therefore know that there exists a conserved
energy-momentum tensor with symmetric spatial indices. For later convenience we also add a U (1) symmetry to the system. For a sufficiently small
neighborhood of a fluid element there exist coordinates xi and t, such that
we can write T̃ µν and J˜µ in the co-moving frame as
T̃ 00 = −Ẽ ,

T̃

i

0
T̃ 0j
T̃ ij
˜0

(3.21)

= 0,

(3.22)

= Pj ,

(3.23)

= P δi j ,

J = n,
J˜i = 0 .

(3.24)
(3.25)
(3.26)

Here T̃ 00 = −Ẽ since it expresses the internal energy. Invoking Lorentz boost
symmetry, would imply Pj = 0. Without invoking this symmetry, however,
one does not necessarily have the freedom to put Pj = 0. The momentum
density Pj is therefore not necessarily vanishing. We next perform a coordinate transformation to the laboratory frame. We make use of the coordinate
transformation rules
x̃µ → xµ (x̃) ,
∂xµ ∂ x̃β α
T µν =
T̃ ,
∂ x̃α ∂xν β
∂xµ ˜α
Jµ =
J .
∂ x̃α
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(3.27)
(3.28)
(3.29)

3.2 Ideal fluids without boost symmetries
We require that in the laboratory frame
T 0j
T 00
0
J

= Pj ,

(3.30)
i

= −(Ẽ + Pi v ) ,

= n.

(3.31)
(3.32)

Since we do not want to use any boost transformation at this stage, the
momentum density has to remain the same in this frame. The introduced
velocity v i is constant. The choice of the U (1) current is for computational
convenience and can be undone since n is still an arbitrary function. This
choice pins down the coordinate transformations to be
x̃µ

xµ = x̃µ − δiµ v i t̃ .

→

(3.33)

The coordinate transformation that we ended up with is a Galilean boost.
This is not because we expect Galilean boost invariance, we could have
performed other coordinate transformations. We show in the next subsection
that the resulting ideal fluid energy-momentum tensor encompasses, among
others, the cases where there is a boost of the type: Lorentz, Bargmann,
Galilean, and Carrollian, see Table 2.1. These different cases can all be
obtained by choosing a particular value for the, up to now left unspecified,
function Pi . The coordinate transformation (3.33) results into the following
laboratory frame ideal fluid energy-momentum tensor


T 0 0 = − Ẽ + ρv 2 ,
(3.34)


T i 0 = − Ẽ + P + ρv 2 v i ,
(3.35)
T 0j
T

i

J

j
0

J

i

= ρv j ,
=

P δji

(3.36)

i

+ ρv vj ,

= n,

(3.37)
(3.38)

i

= nv .

(3.39)

Using the fact that ~v is the only vector that we have introduced, we choose
a mass density ρ that is defined as
Pi ≡ ρv i .

(3.40)
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We now turn to the role of ρ.

3.2.3 Boost invariant equations of state for mass density ρ
We so far have d + 4 variables Ẽ, P , ρ, n, and ~v and only d + 2 conservation
equations, ∂µ J µ = 0 and ∂µ Tνµ = 0. In order to have a solvable system
we need to impose symmetries. One can add information such as a trace
condition and boost symmetry. We show that ρ, supplied with a boost symmetry, is eliminated from the system in order to reproduce known ideal fluid
energy-momentum tensors. We check the cases with a Lorentzian boost,
Bargmannian boost, Galilean boost, and Carrollian boost respectively. Recall that we treated the symmetries arising from these types of boosts in the
previous chapter in Section 2.2.
For the Lorentzian boost (2.8), we obtain the extra symmetry constraint
T 0i = −T i0 ,

⇒

ρ=


1 
Ẽ
+
P
.
1 − v2

(3.41)

This brings the laboratory frame energy-momentum tensor (3.34) into the
form


1
0
T 0 = − (Ẽ + P )
−P ,
(3.42)
1 − v2
vi
T i0 = −(Ẽ + P )
,
(3.43)
1 − v2
vi
T 0j = (Ẽ + P )
,
(3.44)
1 − v2
v i vj
+ P δi j ,
(3.45)
T ij = (Ẽ + P )
1 − v2
J0 = n ,
(3.46)
J i = nv i .

(3.47)

This reproduces the Lorentz invariant energy-momentum tensor from (3.9),
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if we require
(1, ~v )
√
,
1 − v2
n
n → √
,
1 − v2
Ẽ → E .

uµ

=

(3.48)
(3.49)
(3.50)

These transformations are essentially relabeling functions, so we can identify
with the Lorentz invariant case (3.9).

For Galilean boosts in the Bargmann case (2.10) we have
T 0i = J i ,

⇒

ρ = mn ,

(3.51)

where we rescaled the U (1) current in order to make ρ a mass density. We
thus obtain the following form for the Bargmann ideal fluid tensor


(3.52)
T 0 0 = − Ẽ + nv 2 ,


(3.53)
T i 0 = − Ẽ + P + nv 2 v i ,
T 0j
T

i

J

j
0

J

i

= nv j ,
=

P δji

(3.54)

i

+ nv vj ,

= n,

(3.55)
(3.56)

i

= nv .

(3.57)

This agrees with [71]. The Galilean ideal fluid tensor is a subclass of the
Bargmann ideal fluid tensor. The absence of the U (1) current in the Galilean
case implies n = 0.

Lastly we turn to the Carrollian energy-momentum tensor. The Carrollian
boost (2.14) implies
T i0 = 0 , ⇒ ρ = 0 .
(3.58)
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We find that the ideal Carrollian fluid tensor is given by
T 00 = P ,
T

i

0

T 0j
T ij
J0
J

i

(3.59)

= 0,

(3.60)


 vj

,
= − Ẽ + P
v2

 vivj
= P δji − Ẽ + P
,
v2
= n,

(3.61)
(3.62)
(3.63)

i

= nv .
(3.64)
√
Here we have to require n → n/ v 2 in order to obtain a Carrollian invariant
ideal fluid tensor.

3.2.4 Formula for speed of sound
We obtained the form of the ideal fluid tensor, which does not necessarily
include boosts, in (3.34). This can be viewed as the most important results in
this chapter. From this ideal fluid tensor we obtain the ideal fluid equations,
from ∂µ T µν = 0 and ∂µ J µ = 0, which read
 i
i
h
h
0 = ∂t Ẽ + ρv 2 + ∂i Ẽ + P + ρv 2 v i ,



(3.65)
0 = ∂t ρv i + ∂j P δij + ρv i v j ,

0 = ∂t n + ∂i nv i .
Since we focus on Lifshitz systems, we are mostly interested in scale invariant systems, in which case the equation of state for P follows from the
z-deformed trace condition,


(3.66)
∂0 ztT 0 0 + xj T 0 j + ∂i xj T i j + ztT i 0 = zT 0 0 + T i i = 0 ,

implying that

z Ẽ = dP + (1 − z)ρv 2 ,

(3.67)

where this d denotes the number of spatial dimensions.
Let us now compute the speed of sound by taking the equations from
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(3.65) and fluctuating around a constant background, denoted by subscript
zero, with zero backgound velocity, i.e. by taking
ρ = ρ0 + δρ ,

Ẽ = Ẽ0 + δ Ẽ ,

P = P0 + δP ,

v i = δv i .

(3.68)

The linearized equations together form the following wave equation
∂t2 δ Ẽ −

Ẽ0 + P0
∂i ∂i δP = 0 .
ρ0

(3.69)

Using that the equation of state (3.67) implies that zδ Ẽ = dδP , we obtain
the wave equation
∂t2 δ Ẽ − c2s ∂i ∂i δ Ẽ = 0 ,
(3.70)
where the speed of sound is given by
c2s =

z Ẽ0 + P0
.
d ρ0

(3.71)

This formula, another important result of this chapter, gives the speed of
sound for a general Lifshitz system.

3.3 Ideal gases of Lifshitz particles
In this section, we consider a Boltzmann, Bose, and Fermi gas of identical
Lifshitz particles moving in d spatial dimensions. The one-particle Hamiltonian has the form
 z
2
H1 = λ ~k 2
,
(3.72)

where λ has the dimensions of (kg)1−z (m/s)2−z . We assume that z ≥ 1. For
z = 1 the Hamiltonian (3.72) describes massless relativistic particles (with
λ = c). A massive relativistic particle would be described by H1 = (~k 2 +
m2 )1/2 (setting c = 1). Another special case is when z = 2 and λ = 1/(2m),
in which case the system also includes Galilean boost symmetry. For those
two cases we can check the resulting speed of sound with the literature. For
arbitrary z, there is no boost symmetry, so it provides a concrete example
illustrating the main ideas of this chapter. Instead of boost symmetry, there
is Lifshitz symmetry, manifested by the anisotropic (between time and space)
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scaling relations t → αz t, ~x → α~x. The dimensionful parameter λ has no
scaling weight, such that the expression for the Hamiltonian (3.72) obeys
Lifshitz scaling H → α−z H.
The Lifshitz scale symmetry strongly constrains the thermodynamics and
hydrodynamics, for instance the expression for the speed of sound. Sound
modes arise in the linear dispersion relation of the energy density fluctuations. Fourier transforming (3.70) we get, with k ≡ |~k|,
ω = cs k .

(3.73)

This can be contrasted with the dispersion relation of a particle with Lifshitz
scaling, i.e. ω = cz k z , for some constant cz that has no scaling weight. The
speed of sound cs does have a scaling weight: as ω → α−z ω and k → α−1 k,
we must have cs → α1−z cs . Such a scaling behavior can only arise if cs has
the right dependence on the temperature T , and on λ in order to restore the
correct units for the speed of sound. For instance, if there are no other scales
in the problem, than λ and T (e.g. in the absence of a chemical potential),
we must have
z−1
1
cs = # (T ) z λ z ,
(3.74)
with a dimensionless constant denoted by #. We compute this constant
explicitly below for a Boltzmann, Bose, and Fermi gas of Lifshitz particles
at finite density, by using (3.71).

3.3.1 Boltzmann gas
The canonical partition function for a gas of N non-interacting identical
particles is given by
Z(N, T, V, ~v ) =

1
[Z1 (T, V, ~v )]N ,
N!

where Z1 (T, V, ~v ) is the single-particle partition function
Z
V
~
Z1 (T, V, ~v ) = d dd~k e−βH1 −β~v·k .
h

(3.75)

(3.76)

Here β = 1/T is the inverse temperature, h is the Planck constant and
we introduced a velocity vector as a chemical potential, as discussed in the
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previous section. The volume is V and the number of spatial dimensions is
d. The result (3.75) is only valid when all particles occupy different states,
so no two or more particles occupy the same energy level. This happens
when the number of particles is much less than the number of thermally
accessible energy levels in the system, which can be formulated as N  Z1 .
This happens for sufficient low concentration and high temperature, where
the gas behaves as a classical system. For a discussion, see e.g. [72].
At zero velocity ~v = 0, we can explicitly evaluate
2V
Z1 (T, V, ~v = 0) =
z

 √ d  d    d
Γ z
π
T z
d
.
h
λ
Γ 2

(3.77)

Notice that this partition function is scale invariant under T → α−z T combined with V → αd V , which are the correct Lifhsitz scaling laws. The
condition on low concentration can now be translated in terms of a thermal
wavelength λth as follows. The average interparticle spacing in the gas is set
by the length scale (V /N )1/d . Requiring N  Z1 is then equivalent to [73]
λth 



V
N

1

d

,

λ−d
th

Z1
2
≡
=
V
z

 √ d  d    d
Γ z
T z
π
d
.
h
λ
Γ 2

(3.78)

When the thermal wavelength becomes of the same order as the interparticle
distance, the gas can no longer be treated classically and one resorts to the
Bose-description and Fermi-description of the quantum Lifshitz gas, which
we do in the next subsection.
The energy of the system follows from
U0 ≡ hẼ0 i = −

∂ ln Z
d
= NT .
∂β
z

(3.79)

This is the equipartition theorem for Lifshitz particles, saying that the average kinetic energy is (d/z)T per particle. The subscript denotes that we
are at zero velocity, ~v = 0. We extend this to non-zero velocities below. The
dimensionless heat capacity formula then follows from


CV
d
∂U
ĈV ≡
= ,
CV =
,
(3.80)
N
z
∂T V
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independent of the temperature. For d = 3, z = 2 this leads to the famous
factor of 3/2 in the heat capacity of nonrelativistic mono-atomic ideal gases.
The generalization to arbitrary dimension just follows from counting degrees
of freedom, and here we add also the extension to other values of z, which
is a consequence of the simple scaling law in (3.77).
By taking differentials of the partition functions, we can derive all the thermodynamic quantities and rediscover the ideal gas law and energy densities
Ẽ0 = U0 /V = hẼ0 i/V
PV = NT ,

Ẽ0 =

d
P .
z

(3.81)

The last relation is in fact the z-trace Ward identity for the stress tensor. The
Lifshitz weight for the pressure is then −z−d, i.e. it scales like P → α−z−d P .
The entropy of the Lifshitz gas can be easily computed from S = βU +ln Z
and from this and the ideal gas law, we can compute the dimensionless heat
capacity at constant pressure


CP
d
∂S
ĈP ≡
= +1 ,
CP = T
,
(3.82)
N
z
∂T P
leading to the adiabatic index
γ≡

CP
z
=1+ .
CV
d

(3.83)

The adiabatic index appears in the relation
P V γ = constant ,

(3.84)

which holds during the adiabatic expansion of the gas. This equation is
consistent with Lifshitz scaling, as P V γ has zero scaling weight.
For non-zero velocities ~v , the evaluation of the partition function in the
canonical ensemble is less easy. For z = 2 and arbitrary d, one can still
integrate (3.77) by a simple boost-shift in ~k and find (with λ = 1/2m for
z = 2)
z=2:
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d
 √ d 
π
2m 2 β mv2
e 2 .
Z1 (T, V, ~v ) = V
h
β

(3.85)
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The reason we could integrate is because for z = 2 there is Galilean boostsymmetry. It is easy to derive from this the velocity dependence of the
thermodynamic quantities. Heat capacitiy, pressure and ideal gas law do
not change, but the relation between energy denisty and pressure changes.
One finds for the single particle average energy
hẼi1 ≡

R

~
dd~k (H1 + ~v · ~k) e−βH1 −β~v·k
mv 2
d
T
−
.
=
R
2
2
dd~k e−βH1 +β~v·~k

(3.86)

Multiplying with the number of particles and dividing by the volume, one
then finds the equation of state
2Ẽ + ρv 2 = dP ,

(3.87)

where ρ = mn = mN/V and Ẽ = N hẼi1 /V . This is the z-deformed trace
condition applied to the case z = 2.
The partition function for the case z = 1 can also be done easily for
arbitrary velocity, and the result is (with λ = c, the speed of light for z = 1)
z=1:

 √ d
π
Γ [d]
(cβ)−d
 d  q
Z1 (T, V, ~v ) = 2V
d+1 ,
h
Γ 2
v2
1 − c2

(3.88)

which reduces to (3.77) for v = 0, z = 1. For higher values of z, one can still
integrate term by term in the power expansion of v ≡ |~v |, and the result is1

2n


βv
 √ d
∞
−
X
2n
Γ d+2n
d
2
π
2V
−z
z
 d+2n  (λβ)− z
(λβ)
Z1 (T, V, ~v ) =
z
h
n!
Γ 2
n=0
!
 d+2  
2
1 Γ z
vβ
 
= Z1 (T, V, ~v = 0) 1 +
+· · · . (3.89)
2d Γ dz
(λβ)1/z

This series correctly reproduces (3.88) and (3.85) for z = 1 and z = 2
respectively, as one can easily check.

1

We used the formula Γ(n + 12 ) =

(2n)! √
π.
4n n!
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The grand-canonical partition function is given by
∞
N
X
1  βµ
Z(µ, T, V, ~v ) =
e Z1 (T, V, ~v )
,
e
Z(N, T, V, ~v ) =
N!
N =0
N =0
(3.90)
where µ is the chemical potential. It follows that
∞
X

βµN

log Z(µ, T, V, ~v ) = eβµ Z1 (T, V, ~v ) .

(3.91)

The grand potential Ω is then defined as
Ω(µ, T, V, ~v ) = −T log Z .

(3.92)

For zero velocity v = 0, it can be computed explicitly, and the result is
d
 √ d
d
2V
π
− dz Γ z
 d  β −1− z eβµ .
λ
Ω0 = −
(3.93)
z
h
Γ 2

For non-zero velocities, one can again write the grand potential in terms of
a power series, using (3.91) and (3.89). Taking derivatives then gives all
thermodynamic quantities in the grand-canonical ensemble, for instance the
mass density is computed from Pi = −(∂Ω/∂v i )T,V,µ = ρV vi , which at zero
velocity is
 √ d  d+2 
Γ z
d+2
2
π
 d  β(λβ)−( z ) eβµ .
(3.94)
ρ0 = −
zd
h
Γ 2

For this result, we explicitly needed the ~v -dependence of the partition function to lowest order in equation (3.89). Similarly we can compute the pressure from Ω = −P V , and energy from (3.81). Using the formula for the
speed of sound derived in (3.71) we then find
 
Γ dz
z−1
2
2
cBoltzmann = (d + z)  d+2  (T )2( z ) λ z ,
(3.95)
Γ z

which is consistent with (3.74). Notice that the chemical potential dropped
out of this expression. For z = 1 and z = 2 this formula reproduces the well
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known results
z=1:

c2s =

c2
,
d

z=2:

c2s =

d+2 T
.
d m

(3.96)

The particle number density is different from the mass density and given by
(at zero velocity)
2
N0
= eβµ
n0 ≡
V
z

 √ d  d    d
Γ z
π
T z
d
= eβµ λ−d
th .
h
λ
Γ 2

(3.97)

For z = 2, the boost symmetry ensures the standard relation between the
mass density and particle density
z=2:

ρ0 = m n0 .

(3.98)

For z = 1 there is no mass parameter in the problem, and the equation of
state is given by the relation
z=1:

ρ0 = (d + 1)(T /c2 ) n0 =

Ẽ0 + P0
,
c2

(3.99)

in accordance with the general theory for relativistic perfect fluids, see (3.42)
for v = 0. For other values of z, this generalizes to the equation of state for
the mass density
d+z T
z Ẽ0 + P0
ρ0 =
n0 =
.
(3.100)
2
d cs
d c2s
The second equality is of course a rewriting of (3.71). Finally, we mention,
as a consistency check, that we have verified the z-deformed trace condition
on the stress tensor, for any value of the velocity.

3.3.2 Quantum gases
The previously discussed ideal gas is at low density. For higher densities,
spin statistics influences the allowed occupation of states. For a given state,
labelled by momentum ~k, the grand canonical partition function is given by
X
~
(3.101)
Z~k =
e−n~k β (H1 (k)−µ) .
n~k
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Here n~k denotes the occupation number. For bosons this number spans
n~k = {0, 1, 2, ..}, whereas for fermions this is restricted to n~k = {0, 1}. We
can work out that the grand canonical partition function in this particular
state ~k is given by

∓1
~
ZB/F,~k = 1 ∓ e−β(H1 (k)−µ)
,

(3.102)

ZB/F = Π~k Z 2s+1~ ,

(3.103)

where bosons (fermions) correspond to the upper (lower) sign. Assuming
that the just performed sum converges, we obtain the restriction µ < 0, for
bosons. In general for bosons we find 0 < eβµ < 1, whereas for fermions we
find 0 < eβµ < ∞.2 The grand partition function for all states is given by
B/F,k

where s denotes the spin multiplicity and Π~k is a product function over all
momenta. The grand potential is then obtained by

1
log ZB/F
β


1X
~
~
log 1 ∓ e−(βH1 (k)+β~v·k−βµ)
= ± (2s + 1)
β
~k
Z


1V
−(βH1 (~k)+β~v ·~k−βµ)
d~
≈ ± (2s + 1)
,
k
log
1
∓
e
d
β hd

ΩB/F ≡ −

(3.104)

where in the second line we used a density of states to rewrite the sum as
an integral. We are allowed to approximate the integral in this way, as long
as λth  L ≡ V 1/d . This requirement will fail for low temperatures, since

2

The non-conservation of photons implies that the chemical potential is always zero. See
e.g. the notes on statistical physics, which can be found on the website of David Tong.
This implies that free photons cannot form a condensate.
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λdth ∼ T −d/z . Evaluating the integral in (3.104) we obtain
d
−d Γ 2 1
ΩB/F = ∓ (2s + 1)V λth  d 
Γ z β


∞
i
h
X (βv)2n (2n − 1)!! Γ d+2n
− 2n
βµ
z
z Li d+2n


(λβ)
×
±e
+1−2n
z
(2n)!
2n
Γ d2 + n
n=0

=ΩB/F (T, V, µ, ~v = 0)




!2


Li d+2 −1 ±eβµ
Γ d+2
1
βv
z
z
× 1 +
+ ··· ,
1
2d Γ dz
[±eβµ ]
Li
d
z
(λβ)
+1
z

(3.105)

where Lin (z) denotes a polylogarithm and where

1
βµ
ΩB/F (T, V, µ, ~v = 0) = ∓ (2s + 1)V λ−d
th β Li dz +1 [±e ] .

(3.106)

For eβµ  1, the result in (3.105) coincides,3 as can be seen from (3.104),
with the result from the Boltzmann gas from (3.89), up to an overall factor of
(2s + 1). The particle number and pressure (from which the internal energy
density can be obtained by using the z-deformed trace condition) can be
computed using thermodynamic identities related to the grand potential,
for which we for simplicity consider ~v = 0,
βµ
NB/F = ±(2s + 1)V λ−d
th Li d [±e ] ,
z

PB/F V =NB/F kB T

Li d +1 [±eβµ ]
z

Li d [±eβµ ]

.

(3.107)

(3.108)

z

Notice that the last line can be regarded as a deformation of the ideal gas
law.
B/F

We shall now compute ĈV

3

B/F

and ĈP

B/F

. The ĈV

becomes, defined by

Using that Lin (x) ≈ x for x  1.
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(3.80),
B/F

ĈV

d
=
z

"

d
1+
z



Lid/z+1 (±eβµ ) d Lid/z (±eβµ )
−
z Lid/z−1 (±eβµ )
Lid/z (±eβµ )

#

,

(3.109)

where we used (3.107) to compute ∂T µ at fixed N and V . This last step is
needed in order to find a closed expression. We motivate the finite N by
having switched to a canonical setup. In the thermodynamic limit of large
N the canonical and grand ensembles however coincide.
In combination with equations (3.107) and (3.108) we compute, using
definition (3.82),
B/F
ĈP



βµ
βµ
d Li dz +1 (±e )Li dz −1 (±e )
= 1+
h
i2
z
Li d (±eβµ )
z
"
#

d Lid/z+1 (±eβµ ) d Lid/z (±eβµ )
.
×
1+
−
z
z Lid/z−1 (±eβµ )
Lid/z (±eβµ )

(3.110)

The results for d = 3 and z = 2 for ĈP and ĈV agree with the findings of
[74].
The resulting adiabatic index is given by
βµ
βµ
z  Li dz +1 (±e )Li dz −1 (±e )
γ = 1+
.
h
i2
d
Li d (±eβµ )



(3.111)

z

It is well known for the Bose gas that there exists the possibility to form
a Bose-Einstein condensate, in which the ground state becomes a highly
occupied state. We can see this by considering (3.107). As we keep N and
V constant and lower T towards zero, the value of the polylog should increase
d/z . For z < d,
in order to compensate for the decreasing value of λ−d
th ∼ T
however, the polylog is bounded from above,
Lin (1) = ζ(n) ,

(3.112)

for n > 1. For n ≤ 1 the function diverges. Thus, as we arrive at some
T = Tc > 0 the polylog attains its maximal value. The value of Tc is related
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to

"

N 1

Tc =
V ζ dz

, √ 
    d #z/d
d
Γ dz
kB z
2
π
d
.
z
h
λ
Γ 2

(3.113)

By approximating the sum of discrete momenta with an integral, we fail
to take into account contributions of the ground state properly for T ≤ Tc .
From [75], it is known that no Bose-Einstein condensation takes place for
z ≥ d.
We can remedy failing to take into account the ground state by explicitly
taking
1
log (ZB )
β


1X
~
~
log 1 − e−(βH1 (k)+β~v·k−βµ)
=(2s + 1)
β

ΩT ≤Tc = −

~k6=0



1
~
~
log 1 − e−(βH1 (k)+β~v·k−βµ)
~k=0
β
Z


1V
d~
−(βH1 (~k)+β~v ·~k−βµ)
≈(2s + 1)
d k log 1 − e
β hd


1
βµ
.
+ (2s + 1) log 1 − e
β
+ (2s + 1)

(3.114)

If we now compute N for T ≤ Tc , this results in
βµ
N = (2s + 1)V λ−d
th Li d [e ] + (2s + 1)
z

eβµ
.
1 − eβµ

(3.115)

For large N as T ≤ Tc we find that eβµ ≈ 1 − (2s + 1)/N in order for
equation (3.115) to be self-consistent at leading order. If we define N0 ≡
(2s + 1)eβµ /(1 − eβµ ) as the particles in the groundstate we can derive using
the formula above
 
N0
V −d
d
=1 − (2s + 1) λth ζ
+ O(1/N 2 )
N
N
z
(3.116)
 d/z
T
,
=1 −
Tc
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where in the first line we used Tc as defined in (3.113).
Using that eβµ ≈ 1 − (2s + 1)/N for T ≤ Tc we can simplify ΩT ≤Tc to


d
−d 1
T ≤Tc
= − (2s + 1)V λth ζ
Ω
+1
β
z


(3.117)
2s + 1
1
+ O(1/N ) .
+ (2s + 1) log
β
N
We can now compute pressure from
P

T ≤Tc

ζ d +1
N
= kB T z d 
V
ζ z



T
Tc

d/z

,

(3.118)

where in the second line we used (3.116). Applying the z-trace identity (at
~v = 0) we obtain the internal energy
Ẽ

T ≤Tc

ζ d +1
N
= kB T z d 
V
ζ z



T
Tc

d/z

.

(3.119)

We can now compute the ĈV to be
ĈVT ≤Tc

d
=
z

  d/z


d ζ dz + 1
T

1+
.
d
z
Tc
ζ z

(3.120)

These results agree with [76], in which it is also noted that when comparing
(3.120) and (3.109) near T = Tc is only continuous when z < d ≤ 2z. The
first inequality follows from the requirement of having a Tc in the first place,
the second follows from (3.112). When d > 2z then CV is discontinuous
around Tc . This is to be expected from the kinks in the internal energy
density Ẽ.
Isobaric heat capacity ĈPT ≤Tc becomes undefined since fixing pressure and
deriving with respect to temperature is inconsistent, as can be seen from
writing out P T ≤Tc . However, ĈP above Tc , as approaching Tc , diverges if
d ≤ 2z. Beyond that point, for d > 2z, ĈP obtains some finite value.
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3.3 Ideal gases of Lifshitz particles
In order to compute the speed of sound, we need ρB/F . The result is
ρ0B/F



ΩB/F (T, V, µ, ~v = 0) 1 Γ d+2
z
 
= −
V
d Γ dz

β

!2



Li d+2 −1 ±eβµ

z
,
[±eβµ ]
Li
d
(λβ)
+1
z
(3.121)
using the same formula as described above (3.71), supplied with (3.105).
The superscript zero denotes that v = 0. Using the formula for speed of
sound (3.71), we end up with


Li d +1 ±eβµ
(3.122)
c2B/F = c2Boltzmann z
.
Li d+2 −1 [±eβµ ]
1
z

z

In contrary to the speed of sound of the Boltzmann gas (3.95), the dependence on the chemical potential does not drop out of the expression. It
is clear that for z = 1, we find c2B/F = c2Boltzmann . When eβµ  1, we find
c2B/F = c2Boltzmann , as expected. Comparing the results for the speed of sound
in the Boltzmann gas to the quantum gas we furthermore notice that
0 ≤ c2B ≤ c2Boltzmann ≤ c2F .

(3.123)

In contrary to CV and CP , the definition of ρ does not involve derivatives
of the grand potential with respect to temperature. Since ΩB is smooth in
~v we can therefore take the T > Tc expression and simply replace, eβµ ≈
1 − (2s + 1)/N with large N , without the risk of glossing over terms like
in the case of a discontinuity. This leads to the following expression for the
speed of sound for the gas particles (the contributions of the particles in the
condensate are suppressed by large N )



2
ζ dz + 1
T ≤Tc
2
,
cB
= cBoltzmann  d+2
(3.124)
ζ z −1
with the requirement that d > 2(z − 1). For z < d ≤ 2(z − 1) we find that
the speed of sound goes to zero below Tc . For d = 3 and z = 2 we reproduce
the known result from for instance [76]. We illustrate the behavior of the
speed of sound in Figures 3.1 and 3.2.

When restricting to d ≤ 3 above Tc , we find new results for z > 2. In the
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3 Fluids without boosts
d
7
6
5
4
3

8

)
-1
(z
2
d=
cB = 0

7

6

speed of sound as in (3.124)

5

4

3

2

2

1

1

z

d=
1

1

no critical temperature
speed of sound as in (3.122)
2

2

3

3

4

4

5

z

Figure 3.1: We give a representation of the speed of sound in the gas cloud
for T ≤ Tc . There are three distinct regions: speed of sound as
in (3.124) (white), speed of sound is zero cB = 0 (purple), and
no critical temperature and thus speed of sound as in (3.122)
(blue).
case of T ≤ Tc we are restricted to d > z, so when considering in addition
to d ≤ 3 we are forced to z < 3. This means that for integer values of z we
do not find priorly unknown results for z > 2 under Tc . In other words, for
d ≤ 3 we only have novel (i.e. z > 2) predictions above Tc .

3.4 Discussion
We have derived an ideal fluid energy-momentum tensor (3.34), without the
use of boost symmetry. We computed the speed of sound for a Boltzmann gas
of Lifshitz particles (3.95) and a quantum gas of Lifshitz particles (3.121).
This gave a demonstration of the more general formula for the speed of
sound, as found in (3.71). A direct avenue of research for the future, is to
extend the findings, for e.g. the speed of sound and the adiabatic index, for
the gases to finite values of ~v .
Another extension of the presented set-up is analyzing higher orders in
the hydrodynamic expansion. Are there additional transport coefficients,
as compared to the relativistic case? And do the results comply with the
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3.4 Discussion
c2s d = 5, z = 3

c2s d = 5, z = 4
c2Bose

c2Boltzmann

c2Bose

c2Boltzmann
1
1

T /Tc

1
1

T /Tc

Figure 3.2: We present two different situations for the speed of sound. On
the left we have d = 5 and z = 3, on the right we have d = 5
and z = 4. In the right picture the speed of sound goes to zero
as T ≤ Tc . The speed of sound in the Boltzmann gas is plotted
as a comparison (dashed red).
results of References [66, 77], in which a different approach is used?
For a better understanding of holography, and what it describes on the
boundary, it is instructive to use these hydrodynamic findings to compute
boundary theory quantities and interpret them.
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4 Lifshitz holography
4.1 Introduction
We treat holography from the perspective that it provides us with a generating functional for a strongly coupled field theory, by making use of general
relativity. Excellent reviews on this topic are for instance found in References [15, 14, 24, 25, 78, 79]. The purpose of this chapter is to concretize
what was explained in words in Chapter 1, such that we can utilize holography in the remaining chapters. For our purposes holography boils down to
an identity proposed and conjectured in [6, 7], which can be represented in
terms of formulas as
E
D R d+1
∗
∗
.
(4.1)
eiSGR (gµν ,φ →φ̂) = ei d xφ̂(x)O(x)
QF T

Let us slowly dissect this expression. The SGR , where GR refers to General
Relativity, denotes some Einstein-Hilbert-like action, coupled to a matter
∗ we mean that the action is evaluated at the metric
field φ. By gµν = gµν
∗ in this
which satisfies the Einstein field equations. The geometry of gµν
dissertation is asymptotically Lifshitz (we come back to the details soon). It
∗ , together with other local symmetries in
is expected that isometries of gµν
the bulk, coincide with global symmetries in the field theory.
The action SGR in (4.1) is evaluated at the on-shell solution φ = φ∗ , which
is the solution to the equation of motion of this field in the bulk. By φ∗ → φ̂
∗ takes the value of φ̂,
we denote that φ∗ on the boundary of the space gµν
which acts as the source of operator O in the field theory. By the brackets
on the right-hand side we denote a functional integral as in (1.3).
The upshot of this identity, in the light of (1.4), is that rather than taking
functional derivatives of the right-hand side of (4.1), which is tough since it is
a strongly coupled field theory, one can let those same functional derivatives
work on the exponent of SGR . This approach might yield simpler expressions
for expectation values of operators, than the former expression.
Using the holographic conjecture we can in principle compute two-point
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functions of some operator O and obtain its poles by using (1.4). In the
remainder of this chapter, we discuss the holographic conjecture on an operational level.
The purpose of Section 4.2 is covering how to geometrize the Lifshitz
symmetries. In Section 4.3 we choose and present a setup in which we can
describe a thermal field theory with Lifshitz symmetries. Finally, in Section
4.4 the geodesic approximation is introduced as a method to compute real
space correlators.

4.2 Vacuum Lifshitz spacetime
Let us focus on the application of the holographic conjecture (4.1). It provides us with a holographic dictionary, as in Table 1.1, which gives us a way
in which we can identify bulk fields with boundary operators. It also states
that the isometries and other local symmetries in the bulk become the global
symmetries on the boundary. Let us treat how the duality works for the AdS
geometry and generalize it to Lifshitz spacetimes.

4.2.1 Anti-de Sitter geometry
The AdS geometry in d + 2 dimensions can be viewed as an embedding in
d + 3 dimensional Minkowski space. Let X 0 , .., X d+2 denote the coordinates
of this Minkowski space. The AdS geometry is obtained when we add the
following hyperboloid constraint to the Minkowski space
− X0

2

+

d+1
X
i=1

Xi

2


2
− X d+2 = `2 ,

(4.2)

where we call `, a real number, the AdS radius. The AdS geometry in d + 2
dimensions thus has isometries SO(d + 1, 2). Recall from Section 2.2 that
this symmetry group also corresponds to the conformal group of a d + 1
dimensional theory on the boundary. We thus see that the isometries of the
AdS geometry matches the symmetry group of a conformal field theory.
One can express the AdS metric in the following coordinates


1
1
1
ds2 =`2 − 2 dt2 + 2 dr2 + 2 d~x2d .
(4.3)
r
r
r
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4.2 Vacuum Lifshitz spacetime
This metric is also denoted by AdSd+2 . Here, at r = 0 we have the boundary
and as r increases, one goes further into the interior of the bulk. In the
Chapters 5 and 6 we use r ≡ `2 /r. Henceforth, we put ` to unity.
Although elementary, for the benefit of the discussion, in the remainder of
this chapter it is insightful to remind ourselves how the metric (4.3) fits into
general relativity. We present the Einstein-Hilbert action with a negative
cosmological constant
Z
√
1
(d + 1)d
SEH =
.
(4.4)
dd+2 x −g [R − 2Λ] , Λ = −
16πGN
2
Here, GN denotes Newton’s constant. The Einstein field equations coming
from this action are
1
Rµν − Rgµν + Λgµν = 8πGN Tµν .
2

(4.5)

Here, Rµν is the Ricci tensor and R is the Ricci scalar. The energy-momentum
tensor Tµν arises from matter added to the Einstein-Hilbert action. In the
particular case of pure Einstein-Hilbert, as in (4.4), the energy-momentum
tensor vanishes and the Einstein field equations (4.5) are simply solved by
plugging in the AdS geometry (4.3). This procedure gets less obvious when
we consider the Lifshitz metric, since we then need a non-vanishing energymomentum tensor in order to satisfy the Einstein field equations, as we will
see.

4.2.2 Lifshitz geometry
We focus our attention towards the Lifshitz symmetry group on the boundary. The appropriate metric dual is [28]
ds2 = −

1 2
1
1
dt + 2 dr2 + 2 d~x2d .
2z
r
r
r

(4.6)

It is clear that the spatial rotations and translations are isometries. In order
for the scaling symmetry to hold, we are required to specify in addition to
(2.18) that
Dz :

r → r0 = λr ,

t → t0 = λz t ,

xi → x0i = λxi .

(4.7)
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Observe that indeed for z = 1, we recover the AdS spacetime (4.3). Measuring components of the Riemann tensor in a parallelly propagated orthonormal frame, which is a basis as measured by an observer traveling along a
geodesic, yields components of the Riemann tensor blowing up as r → ∞
when z > 1. These are refered to as tidal divergences [80, 81]. In the next
section, it is shown that we can cloak these divergences behind the black
brane horizon. One has to restrict to z ≥ 1 [82] in order to satisfy the
null-energy condition
Tµν ξ µ ξ ν ≥ 0 ,
(4.8)
where ξ µ are arbitrary null-vectors.

4.2.3 Different matter, same Lifshitz geometry
In contrast to the AdS geometry, just a well chosen cosmological constant
cannot make the Lifshitz metric (4.6) satisfy the vacuum Einstein field equations (4.5). In order to engineer (4.6) as a solution one needs a non-vanishing
energy-momentum tensor, i.e. one needs to add matter to the EinsteinHilbert action. At the expense of introducing matter fields, one also introduces more equations of motion for those matter fields, which have to be
solved simultaneously. Many different possibilities, for matter that satisfies
our goal, exist, see e.g. References [28, 29, 83]. We treat two of the most
popular choices, also with an eye on extending these solutions in order to
support black brane solutions. We start with the massive vector coupled to
gravity solution, the Einstein-Proca theory [29]:


Z
m2A
1
1
d+2 √
µν
µ
SP roca =
d x −g R − 2Λ − Fµν F −
Aµ A , (4.9)
16πGN
4
2
(d + 1)(d + z − 1) + (z − 1)2
, m2A = zd ,
(4.10)
2
r
2(z − 1) −z
and Fµν = ∂µ Aν − ∂ν Aµ , At =
r , Ai = Ar = 0 . (4.11)
z
This configuration satisfies the Einstein field equations, Proca equations of
motion, and yields the desired Lifshitz metric. From the reality condition
on At one sees that z ≥ 1 has to hold. We can smoothly take the z → 1
limit, in which the Proca field vanishes completely.
where
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Λ=−

4.3 Lifshitz black branes and thermal field theories
Next, we turn to a slightly more elaborate background in which a Maxwell
and dilaton field supply the needed support for a Lifshitz background. The
Einstein-Maxwell-dilaton (EMD) setup is given by [29]:


Z
1
1
1 αφ
d+2 √
µ
µν
d x −g R − 2Λ − ∂µ φ∂ φ − e Fµν F
,
SEM D =
16πGN
2
4
(4.12)
s
where

and eαφ

(d + z)(d + z − 1)
2d
, α=−
,
2
(z − 1)
 2d
p
r
=
, Frt = − 2(z − 1)(d + z)r0d r−d−z−1 ,
r0
Fri = Fit = 0 .
Λ=−

(4.13)

(4.14)

Here r0 is an integration constant with the dimension of length. The logarithmic dependence on r0 induces a running constant which spoils the zdeformed trace condition. Theories like the Einstein-Maxwell-dilaton setup
have generalized Lifshitz structure rather than Lifshitz invariance [8]. In the
action (4.12) we see that we have to restrict to z > 1, since for z → 1 the
dilaton coupling in front of the gauge field diverges. Nevertheless, we find a
theory with Lifshitz symmetries on the boundary.

4.3 Lifshitz black branes and thermal field theories
We want to study thermal field theories. Introducing a temperature scale
in the field theory breaks scale invariance. The metric solution (4.6) that
we discussed in the previous section does not admit thermal duals. From
the holographic conjecture, see e.g. Table 1.1, we know that the Hawking
temperature of a black hole is dual to the temperature in the boundary
theory. The introduction of a horizon breaks scale invariance in the bulk.
We see that the probe field decays into the black hole, over time. We return
to this process in Chapter 5.

4.3.1 Lifshitz black branes
We now construct asymptotically Lifshitz black branes. In flat spacetime
one has the Birkhoff theorem [32], which states that the Schwarzschild met-
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ric is the unique vacuum solution with spherical symmetry and asymptotical
flatness. One does not have this type of theorem in asymptotically Lifshitz
spacetimes, see the different realizations of Lifshitz black branes in for instance References [84, 85, 86, 87, 88, 89, 90, 91, 92, 93, 94]. An Ansatz for
a black brane in Lifshitz spacetimes is given by the metric
ds2 = −

1
1
1
f (r)dt2 + 2
dr2 + 2 d~x2d .
2z
r
r f (r)
r

(4.15)

The function f (r) is called the warp factor. From the warp factor, one
can compute the horizon rh , which is defined as the largest real zero of
the function, so f (rh ) = 0. Throughout this dissertation we consider nondegenerate horizons, i.e. non-extremal black branes, and thus f 0 (rh ) 6= 0.
Requiring asymptotically Lifshitz for (4.15) translates into
lim f (r) = 1 .

(4.16)

r→0

Moreover, we want that as we shrink the black brane to zero, that we recover
pure Lifshitz spacetime (4.6). This translates into the requirement that
f (r) → 1 as rh → ∞. The warp factor encodes the Hawking temperature,
which is inversely equal to the period of the imaginary time, i.e. τ ∼ τ +1/T .
Performing a Wick rotation τ = it and considering (4.15) near the horizon
we obtain
!2
1
1
ds2E = R z+1 f 0 (rh ) dτ 2 + dR2 + 2 d~x2d
rh
2rh
(4.17)
1
=R2 dθ2 + dR2 + 2 d~x2d ,
rh
where R and θ are some convenient choice of coordinates. In order to avoid
a conical singularity, θ has to be periodic with a factor of 2π, i.e. θ ∼
θ + 2π. This translates into a period for τ and subsequently the Hawking
temperature T can be identified as [30]
f 0 (rh )
T =
4π



1
rh

z+1

.

(4.18)

It turns out that the choice of what matter to add to the action, influences the particular form of the warp factor f (r). This yields different black
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branes, which however exhibit the same asymptotic behavior. We illustrate
this with a couple of examples.
Recall the Einstein-Maxwell-dilaton model in (4.12). Putting Ansatz (4.6)
into the Einstein field equations, together with the field values as given in
(4.14), yields the black brane warp factor
f (r) = 1 −



r
rh

d+z

.

(4.19)

Here, rh denotes the radial value of the horizon. Notice that this warp
factor explicitly breaks the scale invariance, as expected from the boundary,
due to the corresponding temperature length scale. Because r ≤ rh , we
successfully cloak the r = ∞ tidal forces from the bulk interior. The resulting
temperature reads
 z
1
4πT = (d + z)
.
(4.20)
rh
Now we would like to do the same for the Proca model in (4.9), but as it
turns out there are no analytic solutions for f (r) 6= 1.1 One has to resort to
numerics in this case, e.g. [96, 97].
Having analytic control for all values of d and z is the pragmatic reason
behind why we continue to use the Einstein-Maxwell-dilaton model from now
on. More models are mentioned in Chapter 5. One should be careful with
distinguishing model independent and model dependent treats. The model
with the Proca field and the Maxwell field coupled to the dilaton model were
found to show a sharp distinction at low temperatures for the specific heat
[97].

4.3.2 holographic conjecture applied
We perform a computation with the holographic conjecture using (4.1).
Here, and throughout this dissertation, we are interested in scalar operators on the boundary. Such operators are sourced in the bulk by scalar
fields. From (4.1), we know that we have to solve the equation of motion in
the appropriate background, which is asymptotically Lifshitz. We add the
scalar action to the Einstein-Hilbert action in (4.4) and consider it in the
1

There exist, however, approximate analytic solutions, see e.g. Reference [95].
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probe limit, such that it does not source an energy-momentum tensor and
thus does not alter the background geometry solution of the Einstein field
equations (4.5). The action for the probe scalar reads
Z

√ 
1
Sφ = −
(4.21)
dd+2 x −g ∂µ φ∂ µ φ − m2 φ2 .
2
The resulting equation of motion, can be written in momentum space as the
following ordinary differential equation
 2
r f (r)∂r2 − (d + z − 1)rf (r)∂r + (d + z)

+ ω 2 r2z f (r) − k 2 r2 − m2 φ(r, ω, k) = 0 .



r
rh

d+z
r∂r

(4.22)

Here k = |~k| and ω are spatial momentum and energy, respectively. These
come about due to a plane wave Ansatz. The f (r) denotes the EinsteinMaxwell-dilaton background warp factor as given in (4.19).
Near the boundary, r → 0, we can solve the differential equation as
φ ∗ ∼ φ + r ∆+ + φ − r ∆− ,

(4.23)

where
d+z
∆± =
±
2

s

d+z
2

2

+

m2 ,

2

m ≥−



d+z
2

2

.

(4.24)

Here the lower bound for the mass m2 arises from the reality condition of
∆± . This is called the Breitenlohner-Freedman bound [98]. The dominating
term, near the boundary in solution (4.23), is φ− . Notice that in (4.23),
we used the notation φ∗ , in agreement with (4.1), to refer to this as the
solution of the equation of motion of the scalar. The value on the boundary,
the source φ̂, is therefore identified with φ̂ ∼ φ− . Moreover, we know that
since φ is invariant under the scaling transformation, that φ− → λ−∆− φ− =
λ∆+ −d−z φ− . Recalling from (4.1) that boundary operator O couples to the
source φ̂ ∼ φ− we conclude that, in order for their product to be invariant
under scaling, that
O → λ−∆+ O .
(4.25)
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We hence define ∆ ≡ ∆+ to be the dimension of the boundary operator O.
We investigate what φ+ is related to, by computing
hOi =

δ
δ D i R dd+1 xφ̂O E
−i
∗
=
e
SGR (gµν
, φ∗ → φ̂) . (4.26)
ZQF T (J = 0) δ φ̂
QF T
δ φ̂

Here the partition function ZQF T (J = 0) is defined via (1.3). Filling in
the on-shell solutions has to be done with care. Because of divergences
at the boundary, one has to regulate with a cutoff boundary r = . The
computation continues as
hOi = −

1 δ
2 δφ−

Z

r=

Z

 d+z−1
1
φ̂∂r φ̂

 d+z−1
dd+1 k
1
(2π)d+1 
dd+1 k
(2π)d+1

1 δ
2 δφ− r=
i
h
× ∆− φ− 2d+2z−1−2∆ + (d + z)φ− φ+ d+z−1 .

(4.27)

hOi(ω, k) ∼ φ+ (ω, k) .

(4.28)

=−

In the first line we wrote down the resulting action on the boundary. We
took the r =  cut-off. In the second line, the first term is divergent and has
to be removed with a counter term. This procedure is called holographic
renormalization [99, 23]. We do not continue this process here, but address
this in Chapter 6, when we need it for a specific case. The second term in
δφ+
+
the second line of (4.27) is finite, and using that δφ
= φφ−
, since φ satisfies
−
a linear equation of motion, we conclude that

The exact proportionality factor has to follow from performing the correct
holographic renormalization. We can nevertheless see that we can, up to an
overall factor, identify φ+ as the boundary operator. The two-point function
of O can be computed in the same vain and reads
hOOi(ω, k) ∼

φ+ (ω, k)
.
φ− (ω, k)

(4.29)

The upshot of holography is that one now has expressions for (4.28) and
(4.29) in some strongly coupled field theory at finite temperature, just from

69

4 Lifshitz holography
obtaining φ+ and φ− from solving a scalar field equation in a curved background.

4.4 The geodesic approximation
This section is a modification of an Appendix of [3] (Chapter 7). Fully
computing the two-point function (4.29) requires solving complicated ordinary differential equations such as (4.22). In this section, we introduce an
alternative method for computing correlators.

4.4.1 Geodesic approximation applied
In the introductory Chapter 1, we saw that in the large mass limit, in which
coincidentally ∆ ≈ m  1, we can approximate
Z
hO(~x1 , τ1 )O(~x2 , τ2 )i ≈
DPe−mL[P(~x1 ,τ1 ;~x2 ,τ2 )]
(4.30)
−∆L(~
x1 ,τ1 ;~
x2 ,τ2 )
.
≈e
Here P parametrizes all possible paths between (~x1 , τ1 ) and (~x2 , τ2 ). The
L[P] gives the length of a path. We obtain a saddle point approximation
where L(~x, t; 0, 0) is determined by the geodesic of the massive particle. This
is called the geodesic approximation [36, 37].
We perform an explicit computation in pure Lifshitz spacetime, so we can
get familiar with this approach, as warming up for Chapter 7. Starting from
(4.6), we compute
ṙi
pi = 2 ,
r
τ̇
(4.31)
E = 2z ,
r
ṙ2
=1 − r2 p2 − r2z E 2 .
r2
The first two lines are conservation equations where the conserved quantities
E and p are energy and momentum per unit mass, respectively, associated to
a particle traveling the geodesic. The last equation we call the geodesic equation, from which we can derive the geodesic. The dots denote derivatives,
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with respect to some affine parameter λ. The length L is given by
L = λ2 − λ1 .

(4.32)

Here λ2 and λ1 are values of the affine parameter of the geodesic, at its
endpoints on the boundary. We fix λ such that λ1 = −λ2 , by requiring
the turning point of r to be at λ = 0. Be aware, however, that we have to
take a cutoff for r =  near the boundary. This setup is sketched in Figure
4.1. Using the geodesic equation in (4.31), we can derive the geodesic and
O(~x, τ1 )
•

boundary

O(~x, τ2 )
•

radial coordinate
Figure 4.1: The connected line (red) is the geodesic. The dashed lines (blue) portray some non-geodesic paths.

express r in terms of λ. From that expression we can compute pi and E in
terms of xi and τ , respectively. From that same expression of r, in terms of
λ, we can also compute the endpoints at the cutoff, i.e. r(λ = λ1,2 ) = . We
restrict to z = d = 2 for this computation, since we can then still proceed
using analytic tools. Solving the geodesic equation, we obtain
Z
dr
1
p
+ constant
λ=
r
1 − p2 r 2 − E 2 r 4
(4.33)


p
1
1
2 2
2
2
2
2
4
= log(r ) − log 2 − p r + 2 1 − p r − E r + constant .
2
2
The constant arises from taking the primitive, rather than integrating with
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specified boundaries. Inverting this equation we obtain
1

2eλ+ 4 log(p

4 +4E 2 )

,
r = ±q
1
4
2
1 + 2e2λ+ 2 log(p +4E ) p2 + eλ+log(p4 +4E 2 ) (p4 + 4E 2 )

(4.34)

where we used the integration constant to fix ṙ(λ = 0) = 0. At the endpoints
of the regularized geodesic, where r = , the affine parameter takes the values


 1
λ1,2 = ∓ log + log(p4 + 4E 2 ) + O(2 ) ,
(4.35)
2 4
and the regularized length is given by
LR = −2 log

 1
− log(p4 + 4E 2 ) + O(2 ) .
2 2

(4.36)

Plugging the regularized length LR into (4.30) and introducing regularized
operators in the fashion of (2.47), leads to a simple expression for the vacuum
two-point function of scaling operators in terms of p and E,
R

R

hO (~x1 , τ1 )O (~x2 , τ2 )i =

 
p 4
2

+

 E 2 ∆/2

Integrating the conservation laws from (4.31) gives


1
η
|τ12 | =
1−
,
E
tan η
2 η
,
|~x12 | =
p tan η

2

.

(4.37)

(4.38)
(4.39)

where the scaling variable η is defined via

or equivalently

2E
= tan η ,
p2

(4.40)

|~x12 |2
2η 2
=
.
|τ12 |
tan η − η

(4.41)

This can in principle be inverted to obtain η as a function of |~x12 |2 /|τ12 |.
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4.4.2 Comparing correlators
The vacuum two-point correlation function (4.37) can be expressed in terms
of the scaling variables in two equivalent ways,
hOR (~x1 , τ1 )OR (~x2 , τ2 )i =

F̃ (η)∆
F (η)∆
=
,
|~x12 |2∆
|2τ12 |∆

(4.42)

with
F (η) =

η 2 cos η
sin2 η

and

F̃ (η) =

1 
η cos η 
1−
.
sin η
sin η

(4.43)

We can obtain series expansions for the two-point function in different asymptotic limits by using the relation (4.41). The limit |~x12 |2  |τ12 | corresponds
to η → 0 and


|τ12 |2
1
R
R
1 − 6∆
+ ... ,
(4.44)
hO (~x1 , τ1 )O (~x2 , τ2 )i =
|~x12 |2∆
|~x12 |4
which reduces to the equal time result when |τ12 | → 0. On the other hand,
|τ12 |  |~x12 |2 amounts to η → π/2 and


1
∆ |~x12 |2
R
R
hO (~x1 , τ1 )O (~x2 , τ2 )i =
1−
+ ... ,
(4.45)
|2τ12 |∆
π |τ12 |
which in turn reduces to the autocorrelator for z = d = 2 when |~x12 | → 0.
The corresponding two-point function can be straightforwardly calculated
in the original quantum Lifshitz model (see e.g. equation (2.46) or [21]). In
the limit |~x|2  κ|τ12 | one finds


|~
x12 |2
1
4∆κ|τ12 | − 4κ|τ
R
R
|
12
+ . . . , (4.46)
hO (~x1 , τ1 )O (~x2 , τ2 )iQL =
1−
e
|~x12 |2∆
|~x12 |2
while the leading behavior for |~x12 |2  κ|τ12 | is
R

R

hO (~x1 , τ1 )O (~x2 , τ2 )iQL

∆ 

eγ∆ /2
∆ |~x12 |2
=
1−
+ ... .
|2κτ12 |∆
4 κ|τ12 |

(4.47)

The extra factor involving the γ is some regularization scheme dependent
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overall constant. The holographic two-point function and the one found in
the quantum Lifshitz model agree in the special cases when either |τ12 | = 0
or |~x12 | = 0 and they both depend on |~x12 |2 /|τ12 | at generic separation, but
the scaling functions differ in the two theories. In particular, the approach
to the equal time result is exponentially fast in the quantum Lifshitz model
but power law in the holographic model. The scaling functions are compared
in Figure 4.2, where we compare (4.43) and (2.46) when plotted against
α ≡ |~x12 |2 /|τ12 |.
F
1.0
0.8
0.6
0.4
0.2
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Α

Figure 4.2: The blue (solid) curve shows the scaling function that appears in the
holographic two-point function, while the red (dashed) curve shows
the corresponding scaling function found for two-point functions of
monopole operators in the quantum Lifshitz model. Both are plotted
as functions of the scaling variable α = |~x12 |2 /|τ12 |.

In Chapter 7 we continue to compare autocorrelators, but in a thermal
setting and generalized to z ≥ 1. We also obtain higher point correlators by
including interactions using Witten diagrams.
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5 Lifshitz quasinormal modes and relaxation
form holography
5.1 Introduction
1 Much

effort has been invested into the understanding of the application of
holography since its seminal papers [5, 7, 6]. Motivated by the fact that
real world systems often exhibit nonrelativistic scale invariance at critical
points, rather than relativistic invariance, it is of interest to extend the
holographic dictionary into nonrelativistic context [14, 28, 33, 26, 29]. As
a model of nonrelativistic scaling at a critical point on the boundary we
require invariance under
t → λz t ,

~x → λ~x ,

(5.1)

where t denotes time, ~x denotes spatial coordinates on the holographic
boundary and z is called the dynamical exponent. For z = 1 the theory
is Lorentz invariant. When z > 1 the system obtains anisotropic scaling
between space and time, often called Lifshitz scaling, which violates Lorentz
boost invariance.
The main goal of this chapter is to determine the relaxation time of the
d + 1-dimensional boundary theory with dynamical exponent z at some temperature T . Relaxation occurs after having perturbed the system by an
operator at the boundary. We consider operators with scaling dimension ∆
and a spin-zero field as holographic dual in the bulk. We obtain the relaxation time by computing quasinormal modes in the bulk and investigate the
dependence on d , z and ∆ .
To obtain Lifshitz scaling and temperature on the boundary, we consider a
black brane solution of an Einstein-Maxwell-Dilaton (EMD) action [29, 100].
A black brane in the bulk drives field excitation into dissipation. We then
solve the (complexified) Klein-Gordon equation of the spin-zero field in the
1

This chapter is based on [1].
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probe limit. The resulting complex eigenvalues are called the quasinormal
frequencies corresponding to quasinormal modes. The smallest imaginary
part of these eigenvalues is inversely proportional to the relaxation time τ
of the boundary system.
The quasinormal modes for z = 1 with d = 2 , 3 , 5 were studied numerically for the first time in [43]. An analytic solution for d = 1 , z = 1 was
obtained in [101]. In the current chapter we find a generalization of this
analytic solution for z = d for vanishing momenta. It reads


∆
d
ωn = −i2πT 2n +
, ⇒ τ=
,
(5.2)
d
2πT ∆
where T denotes temperature and n = 0 gives the lowest lying quasinormal
mode. For d = 2, z = 2 this equation coincides with the one found in [102].
For reviews on this topic we recommend [40, 41, 42].
A summary of previously obtained analytic and numerical solutions of
quasinormal modes of spin-zero fields, making usage of various bulk actions,
entails: d = 1 , z = 3 in New Massive Gravity (NMG) [103], d ≥ 3 , z = 2 in
a R2 gravity setting [104] and d ≥ 1 , z = 2 in a R3 gravity setting [105]. The
case for d = 2 , z = 2 has been studied in the Einstein-Proca-Scalar (EPS)
background [106, 33], in the EMD setup [102] and in a topological black
hole in a Einstein-Maxwell-Proca (EMP) background [107, 108, 109]. All
these quasinormal mode solutions were found to be purely imaginary. This
signals that the corresponding system is overdamped. In the papers [102,
104] it was therefore conjectured that for (most) Lifshitz black branes the
quasinormal modes are purely imaginary. Our conclusions will be different.
In our numerical analysis we find that for z < d the quasinormal modes
have a real component. However, for the case of z ≥ d one continues to find
overdamped solutions.
A brief outline of this chapter is the following. In the next section, we
introduce notations and derive the Schrödinger-like equation for quasinormal
modes of a spin-zero field. In Section 3 we obtain the new analytic solution
for quasinormal modes and analyze the remaining cases using numerics. Here
we chart the (non-)overdamped region. Next, in Section 4 we present the
relaxation times and their behavior versus z , d and ∆. Finally, in Section
5 we present an outlook for possible future work.
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5.2 Schrödinger problems for Lifshitz geometries
The objective is to obtain relaxation times for a boundary field theory probed
by an operator dual to a spin-zero field in the bulk. In order to pursue
this goal we need to compute quasinormal modes of a spin-zero field in an
asymptotically Lifshitz black brane background. This requires solving the
equation of motion of a massive scalar field in the EMD background, in the
probe limit and subjected to appropriate boundary conditions.

5.2.1 Lifshitz brane
The metric line element of a black brane exhibiting Lifshitz scaling (5.1) on
the boundary can be expressed as
ds2 =

r

1

2f 2(

r)

d r2 − f ( r) r2z dt2 +

r2 d~x2d ,

(5.3)

where r is the radial bulk coordinate, which under Lifshitz symmetry scales
as r → λ r . The limit r → ∞ corresponds to the boundary. The Lifshitz
radius, a generalization of the Anti-de Sitter radius, is put to unity in this
chapter. The blackening factor in the EMD setup2 is [29]
f ( r) = 1 −
where
by

rh denotes the horizon.

 r d+z
h

r

,

(5.5)

The temperature of the black brane is given

4πT = (d + z) rzh .

(5.6)

To find the quasinormal modes we need to compute the tortoise coordinate
r∗ , which characterizes the radial null-curves obeying t = ± r∗ + constant.
We consequently demand
d r∗ =
2

1

rz+1 f ( r)

dr .

(5.7)

For different bulk fields, such as e.g. the EPS setup in d = 2 and z = 2, one has [106, 33]
fEPS ( r ) = 1 −

r 2h .
r2

(5.4)
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The general solution, for d + z > 0 , is


r−z
z
z  rh d+z
r∗ = −
,
;1 +
;
2 F1 1,
r
z
d+z
d+z

(5.8)

in terms of the hypergeometric function of the second kind. Without any
loss of generality we fix the integration constant to be zero. For the special
case of z = d it becomes
"
rz #
1 + rhz
1
r∗ |z=d = − z log
(5.9)
rz .
2z rh
1 − hz

r

Next we define Eddington-Finkelstein coordinates v and u as
v =t+

r∗ ,

u=t−

r∗ ,

(5.10)

and we require infalling boundary conditions, for a field φ near the horizon
to be
φ( r → rh ) ∼ e−iωv = e−iωt−iω r∗ .
(5.11)
This condition causes dissipation and complexifies the field φ .

5.2.2 Quasinormal modes of a scalar probe
We consider the equation of motion of a massive scalar field φ on the background of (5.3)
φ = m2 φ .
(5.12)
Assuming the probe limit we ignore back-reaction on the metric. We require
boundary conditions such that at the horizon the field φ has to be falling
into the black brane and that at radial infinity the field goes to zero, φ( r →
∞) = 0 . This system has a dissipative nature since over time more and
more field excitations will fall into the black brane while the excitations at
radial infinity are reflected. There is no incoming flux from the horizon nor
from the boundary. Quasinormal modes are the discrete values of energy ω
for which the equation of motion of φ is satisfied, taking into account these
boundary conditions. Making a plane wave Ansatz and a radial rescaling
φ=
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r 2 φ̃( r)e−iωt+i~k·~x ,
d

(5.13)

5.2 Schrödinger problems for Lifshitz geometries
where ~k denotes momentum, the Klein-Gordon equation in (5.12) can be
written as a one-dimensional time independent Schrödinger-like equation

 2
∂∗ = rz+1 f ( r)∂ r .
(5.14)
∂∗ + ω 2 − V( r) φ̃ = 0 ,

The corresponding potential is
 2

k
d(d + 2z) d2  rh d+z
2z
2
+
V( r) = r f ( r)
+m +
.
r2
r
4
4

(5.15)

Asymptotically, near the boundary, the solution to the Schrödinger-like
equation is given by
s

d
+
z
d+z 2
−∆−
−∆+
φ( r) ∼ A r
+ Br
, ∆± =
±
+ m2 ,
(5.16)
2
2
where A and B are independent of r . Applying the regular recipe for holography [7, 6], we consider the term containing ∆ ≡ ∆+ to be the normalizable
mode and hence the scaling dimension of the operator O∆ dual to φ is ∆.
Considering the Klein-Gordon inner product we find that for this mode to
be normalizable we have to constrain the scalar mass [110]
Z

∞

rh

d rr

d−z−1

|B r

−∆ 2

2

| < ∞, ⇒ m > −



d+z
2

2

≡ m2BF ,

(5.17)

where the contribution rd−z−1 is due to a volume factor resulting from taking
a space-like slice as integration area. The m2BF is the minimal value above
which m2 has to remain. This is the Breitenlohner-Freedman (BF) bound.
We require
A(ω, k, ∆, d, z, T ) = 0 ,
(5.18)
in order to have no incoming or outgoing flux at radial infinity.
The BF bound (5.17) translates into the following bound on the scaling
dimension
s

d+z 2
d+z
d+z
+
+ m2 >
.
(5.19)
∆=
2
2
2
Marginal operators in a theory with Lifshitz scaling have ∆marginal = d + z ,

79

5 Lifshitz quasinormal modes and relaxation form holography
so we summarize
d+z
< ∆relevant < ∆marginal = d + z < ∆irrelevant ,
2

(5.20)

which can be visualized as in Figure 5.1. A quasinormal mode is defined

z

z=
z=

−d
+

−d
+

2∆

violates BF

∆

relevant
irrelevant
0

d

Figure 5.1: Visualization of (5.20). Exactly at the z = −d + ∆ line the operator
is marginal. On and above the line z = −d + 2∆ the BF bound is
violated.

by solving the Schrödinger-like equation (5.14) supplemented with boundary condition (5.11) at the horizon and boundary condition (5.18) at radial
infinity. Quasinormal modes ωn are then obtained from
A(ω, k, ∆, d, z, T ) = 0 , ⇒ ωn = ωRe (n, k, ∆, d, z, T )−iωIm (n, k, ∆, d, z, T ) ,
(5.21)
where integer n labels the overtone number of the quasinormal mode. By
definition the n = 0 gives the imaginary component closest to zero.
When ωIm is positive (in our conventions) it implies stability of the gravitational background under scalar perturbations. We can verify that ωIm
is always positive due to the fact that the potential is real, positive and
strictly increasing. This conclusion follows from a reasoning similar to the
one given in [43], but adapted to Lifshitz scaling. One starts by introducing
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φ̃ = e−iω r∗ φ̂( r) to (5.14) in order to obtain




rz+1 f ( r)∂ 2r + ∂ r rz+1 f ( r) − 2iω ∂ r −


V( r)
φ̂ = 0 .
rz+1 f ( r)

(5.22)

Multiplying this equation by φ̂∗ and integrating over r from rh to ∞ , after
integration by parts, yields

Z ∞ 
V( r)
z+1
2
2
∗
d r r f ( r)|∂ r φ̂| + 2iω φ̂ ∂ r φ̂ + z+1
|φ̂| = 0 .
(5.23)
r f ( r)
rh
Taking the imaginary part of (5.23), applying integration by parts and inserting the result back into (5.23) results in
Z

∞

rh

dr



r

z+1


V( r)
|ω|2 |φ̂( rh )|2
2
f ( r)|∂ r φ̂| + z+1
|φ̂| = −
,
r f ( r)
Imω
2

(5.24)

where the left-hand side is ensured to remain positive with the potential
under consideration in this Chapter. This guarantees a negative imaginary
value of ω.
The connection between relaxation time and quasinormal modes follows
from
|e−iωn t | = |e−iωRe t e−ωIm t | = e−ωIm t = e−t/τ ,
(5.25)
which violates unitarity due to dissipation. The relaxation time τ is defined
as
τ ≡ 1/ωIm .
(5.26)
Notice that the real part of the quasinormal mode is referred to as the
dispersion relation. For purely imaginary quasinormal modes we thus speak
of the corresponding system being overdamped.

5.3 Obtaining quasinormal modes
Finding the quasinormal modes by solving the Schrödinger-like equation
(5.14) supplemented with boundary condition (5.11) at the horizon boundary
condition (5.21) at radial infinity is mostly done numerically in this Chapter.
The case z = d, however, can be treated analytically for vanishing momenta,
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so we can consider this case separately.

5.3.1 Analytic solutions, z = d
For the EMD background, an analytical solution of quasinormal modes is
known d = 2, z = 2 with k = 0 [102]. We now determine additional
analytical solutions for the general case of z = d with k = 0 .
Why this case is special from an analytic point of view can be understood
from observing two simplifications which occur to (5.14) in this case. Firstly,
the potential only depends on terms containing r2d . This simplifies the rdependence of the potential V tremendously. Secondly, r∗ depends only on
rz and can be analytically inverted to rd ( r∗ ) , which enables one to directly
express the potential V in terms of r∗ . In other cases one is unable to
accomplish this or it simply yields a much more complex expression.
However, in order to compute this analytic expression it is convenient to
switch back from φ̃ to φ , require z = d , and write (5.14) in the form


k2
d
2d
2
2
2d
− r f ( r)m + ω − r f ( r) 2 φ + ∂∗2 φ + rd+1 f ( r) ∂∗ φ = 0 . (5.27)

r

r

We make use of the substitution
y=

 r 2
h

r

,

(5.28)

in order to obtain
 2 2

m rh + k 2 y (1 − y d )
ω 2 y d − r2d−2
(d − 1) + y d 0
h
φ
−
4
φ + 4yφ00 = 0 ,
d
d )2 y
1
−
y
r2d
(1
−
y
h
(5.29)
which, when assuming k = 0 , is solved by


β
∆− 
∆−
∆−
∆− d
d
2
φ = c1 y
1−y
+ β,
+ β;
;y
2 F1
2d
2d
d


(5.30)
β
∆+ 
∆+
∆+
∆+ d
+ c2 y 2 1 − y d
F
+
β,
+
β;
;
y
.
2 1
2d
2d
d
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In the last expression c1 , c2 are some constants and
β=

iω
.
4πT

(5.31)

The deltas are the same as given in (5.16). We continue by requiring both
boundary conditions. We start with the boundary condition at r → ∞ ,
which corresponds to y → 0 . We want Dirichlet boundary conditions to
hold here. Taking the limit one obtains
φ(y → 0) ∼ c1 y

∆−
2

+ c2 y

∆+
2

∼ c1 r−∆− + c2 r−∆+ ,

(5.32)

thus we put c1 = 0 in order to match the required boundary behavior from
(5.18). When taking the limit we made use of the identity
2 F1 [a, b; c; 0]

= 1 for all a, b, and c non-zero,

(5.33)

which can be found in e.g. [111]. Next we apply the boundary condition at
the horizon r = rh , which corresponds to y = 1 . We can relate the behavior
at y = 1 to the behavior at y = 0 using
Γ(c)Γ(c − 2a)
2 F1 [a, a; 2a − c + 1; 1 − d]
Γ(c − a)2
Γ(c)Γ(2a − c)
+ (1 − d)c−2a
2 F1 [c−a, c−a; c−2a+1; 1−d] ,
Γ(a)2
(5.34)
where Γ denotes the gamma function. Using (5.33) we arrive at


β  Γ (∆ /d) Γ (−2β)
+
d −2β Γ (∆+ /d) Γ (2β)
d
φ = lim 1 − y
+ (1 − y )
.
y→1
Γ (∆+ /(2d) − β)2
Γ (∆+ /(2d) + β)2
(5.35)
Now we have to identify the ingoing modes as written down in (5.11). From
(5.9) we collect
2 F1 [a, a; c; d]

=

r∗ |z=d =



i
1 h 
log 1 − y d − 2 log 1 + y d ,
4πT

(5.36)
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such that we are able to identify
−iωt

e



1−y

d

±β

−iωt ±iω

=e

e

log 1−y d

(

4πT

)

iω

= e−iω(t±r∗ ) (1 + y z )∓ 2πT ,

(5.37)

which leaves us to the conclusion that we have to put the term with the
positive power of β to zero. This is accomplished by requiring


ω
∆
1
= 0, ⇒
= −i 2n +
,
(5.38)
Γ (∆+ /(2d) − β)
2πT
d
where n is a positive integer. For d = 2 the result restores the finding in
[102]. For d = 1 we obtain the case of [101]. This solution holds for any
d > 1 and at all times exhibits overdamped behavior. It is concluded from
(5.26) that
d
τz=d =
,
(5.39)
2πT ∆
which implies that higher anisotropy corresponds to a longer relaxation time.
From the numerics it is observed that this holds as long as z > d .

5.3.2 Numerical solutions, z 6= d
Initially we started by solving the Schrödinger-like equation (5.14) using the
method described in [43]. This method, in essence, solves the Schrödingerlike equation by using a power series Ansatz. Applying the boundary conditions, results in a recursive relation between different terms in the power
series Ansatz. This recursive relation is too cumbersome to be handled analytically. We thus have to resort to numerical methods.
The time it takes for the power series to converge numerically, is found
to increase dramatically for z > 1 . It was already noted by the authors
of [43] themselves that increasing d increases computation time. This is
connected to the fact that increasing d , increases the power of r in the
potential, yielding a more complex recursive relation, which amplifies the
time it takes to converge. Noting that when increasing z that the power of
r in the potential gets larger too, explains the rise of computation time.
To decrease computational time we adopted the Improved Asymptotic Iteration Method, as described in [112]. This method, however making use of a
recursive structure as well, relies on (as opposed to the previously mentioned
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algorithm) the observation that
χ00 (x) = λ0 (x)χ0 (x) + s0 (x)χ(x) , ⇒ χ(n+2) (x) = λn (x)χ0 (x) + sn (x)χ(x) ,
(5.40)
where the superscripted (n + 2) denotes the order of derivation. The λ0
and s0 are polynomials to which λn and sn are related in a recursive fashion
including various orders of derivatives as well. From the ratio of the (n+3)th
and (n + 2)th derivatives, one shows


sn+1 (x)
0


λn+1 χ (x) + λn+1 (x) χ(x)
d

 .
log χ(n+2) (x) =
(5.41)
dx
λn χ0 (x) + λsnn(x)
χ(x)
(x)

Now we introduce the asymptotic aspect of the method. If for some sufficiently large n
sn+1
sn
≈
,
(5.42)
λn
λn+1
one can solve (5.41) and, by plugging this back into (5.40), find a solution
for χ(x) . This approach is called the Asymptotic Iteration Method and was
originally developed by [113]. The Improved Asymptotic Iteration Method
entails, as modification to the original approach, some convenient power
series expansions of sn and λn in order to simplify their respective recursive
relations.
To put this algorithm to our use we choose to rescale the coordinate
into a dimensionless parameter with a finite range in the following way
x=1−

rh
.
r

r

(5.43)

We rewrite equation (5.14) into

!


2 h(x)
(1
−
x)
∂
ω 2 − V(x)
x
00
0
2
φ̃ (x)+
φ̃ (x)+ rh
φ̃(x) = 0 , (5.44)
(1 − x)2 h(x)
[(1 − x)2 h(x)]2
|
{z
}
|
{z
}
≡Q(x)

≡R(x)

where h( r) = rz+1 f ( r) and the accents denote derivatives with respect to
x . We aim to scale out the behavior near the horizon and the boundary.
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This is done by employing the scaling
φ̃(x) = xA (1 − x)B χ(x) ,
z
−iω
, B= +
A=
(d + z − 1) rzh
2

r

m2 +

(d + z)2
.
4

(5.45)

Using that

∂x



≡F (x)

}|
{
z

xA (1 − x)B = xA (1 − x)B Ax−1 − B(1 − x)−1 ,

(5.46)

we rewrite (5.44) as

χ00 (x) + [2F (x) + Q(x)] χ0 (x)
{z
}
|
=λ0



+ F 2 (x) + ∂x F (x) + Q(x)F (x) + R(x) χ(x) = 0 .
|
{z
}

(5.47)

=s0

Now that the form of (5.40) is obtained, we can in principle construct λn
and sn for any n . The quasinormal modes ω are obtained by requiring and
solving
sn (x, ω)λn+1 (x, ω) − sn+1 (x, ω)λn (x, ω) ≈ 0 ,
(5.48)
for some large value of n . Typically we use n ∼ 30 to obtain certainty up to
at least two decimals. In our case for z > 1 we obtained quicker convergence
with this algorithm, than when using the first mentioned algorithm. We
reproduced the results from [43] for the case of a black brane in Table A.1
in the appendix as a check.

5.3.3 Analysis of numerical output
We focus on d = 1, 2, 3 because of their relevance in real world systems. We
choose momentum to be vanishing and leave the k 6= 0 to future work. For
clearness we restrict ourselves to ∆ = 3, 4, 5.5 and values of z for 1 through
6. To get some intuition for the behavior of the quasinormal modes in the
complex plane, when varying z , we present a cartoon in Figure 5.2.
In Figure 5.3 we plot the real part of the quasinormal modes versus z. A
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n=0
n=1

◦

●

ωRe

◦

◦

◦

n=2 ◦
etc. ◦

◦

●

◦

◦

◦

●

z=1

●

−ωIm

●z

z>1
≥d

Figure 5.2: The hollow dots denote the location of the quasinormal modes when
z = 1 . The n denotes the overtone number. When increasing z, the
location of quasinormal mode will follow the arc towards the vertical
axis. At z = d the mode, for the first time, hits the vertical axis. From
there on, for any z ≥ d , the quasinormal mode remains somewhere
on the vertical axis. We stress that remaining on the vertical axis is
because of the vanishing real part when z ≥ d and corresponds to
overdamped systems.

sample of the data can also be found in Table A.2 in the appendix. In the
region z ≥ d we find that the system is overdamped. For z < d we find a
non-zero real part. This result is interesting when taking into account the
conjectures of [104, 102] , which state that for (most) Lifshitz black holes the
quasinormal modes are purely imaginary. Moreover, finding underdamped
cases for z < d contrasts the overdamped cases found for d ≥ 3 , z = 2
in a R2 gravity setting [104] and d ≥ 1 , z = 2 in a R3 gravity setting
[105]. We present a cartoon of the qualitative structure of the overtones of
the quasinormal modes in the complex plane in Figure 5.4. We summarize
Figures 5.1 and 5.4 in Figure 5.5 for clarity. Notice that for fixed ∆ , d and
increasing z , the real part is strictly decreasing, until it hits z = d . When
fixing z we have the relation that higher ∆ corresponds to a greater real part
in the underdamped region.
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Figure 5.3: The real part of the computed quasinormal modes. For d = 2 the value
is zero everywhere, as can be read off from Table 2 in the appendix.
Diamonds correspond to ∆ = 5.5, triangles correspond to ∆ = 4 and
the dots correspond to ∆ = 3 .

5.4 Relaxation times
In Figure 5.6 we present the relaxation time versus z . For the relaxation
times the point z = d leaves its footprint as well as in the real part, by
separating different behaviors on either side of this point. A sample of the
data points is given in Table 2 in the appendix. Features which we gather
from Figure 5.6 are:
• Higher scaling dimension ∆ of an operator corresponds to a lower
relaxation time.
• Increasing z , the amount of anisotropy, corresponds to a higher relax-
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Figure 5.4: The line given by z = d divides quasinormal modes in being overdamped or underdamped. Both plots within the separated regions
show the qualitative behavior of the overtones of the quasinormal
modes in those regions. Exactly at and underneath the line z = d
the system is overdamped.

ation time τ when z ≥ d .
• Overdampedness is independent of the dimension of the operator.

5.5 Discussion
The results in this chapter were obtained from the holographic point of
view. It would be interesting if, in the spirit of [101], one could reproduce
these results directly from the field theory side. In particular it would be
interesting to understand the difference between the regimes z ≥ d and
z < d. In context of this we make the following observation. Consider a free
d-dimensional theory with Lifshitz scaling and a dispersion
ω ∼ |k|z .

(5.49)

The number of states Ω(k) up to momentum |k| is obtained by taking a
spherical k-space volume and dividing it by the volume occupied per allowed
state, resulting in
Ω(k) ∼ k d .
(5.50)
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−d
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d

Figure 5.5: The information from Figures 5.1 and 5.4 is summarized. Exactly at
the z = −d + ∆ line the operator is marginal. On and above the line
z = −d + 2∆ the BF bound is violated. Exactly at and underneath
the line z = d the system is overdamped.

The density of states D(ω) is defined as
D(ω) =

d−1
1−z
d−z
dΩ(k(ω))
dΩ(k) dk(ω)
=
∼ω z ω z =ω z .
dω
dk
dω

(5.51)

Notice that there is a qualitatively different behavior between the regimes
z > d and z < d. For z > d, the density of states decreases with energy,
whereas for z < d it increases with energy. Perhaps this behavior is related to
the underdamped and overdamped phases after adding interactions. Moreover, for z > d one is tempted to relate the divergence at ω = 0 to energy
rapidly dissipating into many available modes and link this to overdampedness. However, further research is needed to make this possible connection
obvious. We leave this for future work.
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Figure 5.6: Results of the relaxation times τ , numerically computed from quasinormal modes. Diamonds correspond to ∆ = 5.5 , triangles correspond
to ∆ = 4 and the dots correspond to ∆ = 3 . A star denotes that the
operator at that point is marginal. The curve stops on the right when
the BF bound is violated. The highlighted points denote when the operator is relevant, otherwise the point is irrelevant. However, around
the region z = d we did not put any highlights for readability’s sake.
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6 Holographic equilibration of nonrelativistic
plasmas
6.1 Introduction
1 Quantum

criticality has been a focus of interest both in theoretical and
experimental physics over the past few decades. It is believed to be a key
ingredient in the solution to the various yet unsolved problems such as the
high Tc superconductivity [16]. In particular, the dynamics of a system near
a continuous quantum phase transition is governed by a universal, scale invariant theory characterized by the dimensionality d, the dynamical scaling
exponent z and the various other critical exponents that are independent of
the microscopic Hamiltonian of the system. In these systems, the characteristic energy scale ∆, such as the gap separating the first excited state from
the ground state, vanishes as the correlation length ξ diverges as ∆ ∼ ξ −z .
For instance, z = 1 occurs at the touching points of the band structure of
mono-layer graphene, z = 2 can describe the case of bilayer graphene and
z = 2, 3 occur in heavy fermion systems, see e.g. [14, 114, 115, 116, 117].
The existence of a quantum critical point at vanishing temperature determines the behavior of observables also at finite temperature, and even
beyond the thermal equilibrium, in the so-called quantum critical region of
the parameter space. In fact, a basic way to characterize this quantum critical region is to consider the response of the system to a small disturbance,
determined by the equilibration time τeq .2 The quantum critical region corresponds to short relaxation times τeq ∼ 1/T , whereas local equilibrium is
reached much more slowly as τeq  1/T outside the quantum critical region
[16].
In this Chapter, we want to go one step further and ask the question, what
1
2

This chapter is based on [2].
We use the terminology relaxation time for equilibration after small perturbations. Equilibration also occurs after large perturbations, and the isotropization we study in this
chapter is an example of this. In that case, we speak of isotropization time.
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happens when such a quantum critical system is taken completely out-ofequilibrium, when the perturbation is not small, but of the same order as the
Hamiltonian. We answer this question partially in the particular situation
when the collective excitations of the system are characterized by global,
hydrodynamic quantities such as energy and pressure gradients at any time
during the evolution. In this case, an example of such a large perturbation
would be to consider a homogenous, isotropic system with average pressure
P , and create an initial anisotropy in one direction, say ∆Px , that is of the
same order as P . The question then is how to characterize the evolution of
this system towards equilibrium.
We will investigate equilibration processes in strongly interacting systems
that can be modeled by holography [5, 6, 7]. There is, by now, a substantial amount of work in the literature that goes by the name holographic
thermalization, concerning this problem in the case of relativistic scaling,
z = 1, following the seminal work of [45]. The problem of equilibration is
mapped onto the evolution of a black brane geometry in the dual gravitational description. Thus, we obtain the fully nonlinear evolution of the black
brane starting from the aforementioned initial conditions that correspond to
anisotropy in pressure and we determine the isotropization of the system in
time. In accordance with the earlier results for z = 1, e.g. [118, 119], we
find that the system equilibrates quite rapidly, with isotropization times of
the order ∼ 1/T . At later times, close to global thermal equilibrium, the
evolution of the system is characterized by the quasinormal modes (QNMs)
of the black brane [43]. In particular the relaxation time τ above is related
to the lowest lying quasinormal frequency as τ = −1/Im ω0 . We find that
the relaxation times are determined by the ratio z/d and fall in a narrow
range. This agrees with our results of the nonlinear evolution.

6.2 Gravitational model
The holographic description of field theories with Lifshitz scaling at criticality and zero temperature was initiated in [28]. To describe nonrelativistic
plasmas holographically in the critical region at non-zero temperature, black
brane solutions with Lifshitz asymptotics can be used [29]. The Hawking
temperature of the black brane corresponds, via holography, to the temper-
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ature of the dual field theory. The action for this model is given by


Z
√
1
1
eλφ 2
dd+1 x −g R − Λ − (∂φ)2 −
(6.1)
S=
F ,
16πG
2
4
q
2d
where Λ = −(d + z)(d + z − 1) is the cosmological constant, λ = − z−1
and
z is the dynamical scaling exponent, which is bounded by the null-energy
condition to be z ≥ 1 [82]. The scalar field φ and the gauge field F = dA
are needed to support the Lifshitz geometry.
We consider an anisotropic but homogeneous system, which we describe
using the following Ansatz 3
ds2 = − f ( r, t)dt2 + 2 rz−1 dtd r
h
i
+ S( r, t)2 e(d−2)B(t, r) dx21 + e−B( r,t) d~x2d−1 ,
A = a( r, t)dt ,

(6.2)

φ = φ( r, t) .

We take the gauge A r = 0, which is essential to obtain the nested form of the
equations (6.6). The function B( r, t) expresses the anisotropy of the black
brane. The boundary, where the plasma lives, is at r → ∞ and the horizon
is denoted by rh . From the viewpoint of holography this setup is dual to
a nonrelativistic plasma with a pressure difference between the longitudinal
direction x1 and transversal directions ~xd−1 .
By solving the equations of motion near the boundary, imposing Lifshitz

3

Notice that this ansatz still has the gauge symmetry
the form invariant. In this letter η = 0 is chosen.

r → ( r z + η(t))1/z which leaves
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asymptotics, we obtain
f ( r, t) =

r2z + E rz−d −

S( r, t) =

r − nS

φ( r, t) = φ0 log
a0 ( r, t) =
B( r, t) =

P(t)2

5 P(t)2
+ ... ,
8 r2d

r2(d+z)−1
r2d

+ ... ,
−

2(z − 1)(d + z)
P(t)2
rd+z − dnS d+z+1 + ... ,
P(t)

r

d+z

r

+

(6.3a)

1 ∂t P(t)
+ ... .
z rd+2z

(6.3b)
2nS P(t)2

r2(d+z)

+ ... ,

(6.3c)
(6.3d)
(6.3e)

q
Where nS = ((d − 1)/8)(d + z)/(2d + z) and φ0 = 12 (z − 1)/d. In contrast
to [45] we do not quench the system, but consider the equilibration of an
out-of-equilibrium state, so do not turn on a source for B.
In this expansion there are two free coefficients E and P. The E is the
normalizable mode of f and it is proportional to the energy, which is required to be constant by the equations of motion. The function P is the
normalizable mode of B and will be related to the pressure difference. For
P = 0 we recover the static black brane solution with E = − rd+z+2
[29]. The
h
d+z z
Hawking temperature is given by T0 = 4π rh . We stress that the scalar and
gauge field do not have independent modes, they are completely determined
by the metric and do not have any intrinsic dynamics.
To obtain vacuum expectation values, we need the counterterm action on
the boundary. For our setup this can be obtained by generalizing e.g. the
analysis of [120] to arbitrary dimensions,


Z
1
d + z λφ 2
d √
Sct =
d x −γ z − 2d − 5 +
e A .
(6.4)
8πG
2
Notice that it breaks gauge invariance, but this is not an issue since the
gauge field is not normalizable and not used to induce a chemical potential
on the boundary.4 For z = 1 there is no gauge field, so the first term is
enough.
4

Throughout this chapter we work at zero charge density. To introduce a chemical
potential, one may use the black brane solution of [100]
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Following [120] this yields a boundary energy-momentum tensor in the
coordinate basis (t, x1 , ~xd−1 ),
Tµν =

N2
diag (E, PL , PT , ..., PT ) ,
2π 2

(6.5)

where E = − d2 E and ∆P ≡ PL − PT = d(d+z)
P(t). It satisfies the identity
2
zE = PL + (d − 1)PT . In equilibrium the pressure P0 = − z2 E. Furthermore,
we abbreviated N 2 /(2π 2 ) = 1/(8πG).

6.3 Numerical methods
The numerical method we use to obtain solutions is an adaptation of [45]
to asymptotically Lifshitz spacetimes. Using the ansatz in Eq. (6.2) and
working with null-derivatives h0 ≡ ∂ r h and ḣ ≡ ∂t h + 12 r1−z f ∂ r h, the
equations of motion can be put in a nested structure of linear ODEs,
1
d−1
2
2
Sφ0 +
SB 0 ,
r
2d
4


S0
00
0 1−z
0
a +a
+ d + λφ ,
r
S
0
r1−z Seλφ 0 2
S
Λ rz−1 S
(Ṡ)0 + (d − 1) Ṡ +
+
a ,
S
2d
4d
d S0
d Ṡ 0
(Ḃ)0 +
B ,
Ḃ +
2S
2S
d S0
d Ṡ 0 λ 1−z λφ 0 2
(φ̇)0 +
φ̇ +
φ + r e a ,
2S
2S
4
1−z 0
ṠS 0
f 00 +
f − 2d(d − 1) rz−1 2 + rz−1 φ̇φ0
r
S
d(d − 1) z−1
1 3d − 2 λφ 0 2
d
−
2
r ḂB 0 −
+
Λ r2z−2 −
e a ,
2
d
2 d
!
Ṡ
z − 1 −z
r f ,
(a˙0 ) + a0 d + λφ̇ −
S
2

0 = S 00 +
0 =
0 =
0 =
0 =
0 =

0 =

0 = S̈ +

1−z

S0 +

1
1
d−1
S φ̇2 − r1−z Ṡf 0 +
S Ḃ 2 .
2d
2
4

(6.6a)
(6.6b)
(6.6c)
(6.6d)
(6.6e)
(6.6f)

(6.6g)
(6.6h)

97

6 Holographic equilibration of nonrelativistic plasmas

0.005

ΔP/P0

0.004
0.003

1.0

0.002
0.001

0.8

0.000

0.6

-0.001
0.9

0.4

1.0

1.1

1.2

1.3

0.2

(b)

0.2

0.4

0.6

0.8

1.0

t T0

Figure 6.1: (a) Nonlinear evolution of B(u, t) for d = 3, z = 2. The colors indicate
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equal height. (b) Evolution of the pressure difference, for d = 3 and z
from 1 (rightmost) to 4 (leftmost). The blowup shows a small oscillation below 0 for z = 2. Dashed lines are the evolution resulting from
a fit of the first 10 QNMs to the initial profile of B. (c) Evolution of
pressure difference, comparing cases with the same α ≡ z/d but different d, showing close agreement. The initial profile is a factor 10 bigger
than in (b). Dashed lines denote evolution using first 10 QNMs.

6.4 Results

Given initial profiles B( r, t = 0) and φ( r, t = 0), the first equation is
an ODE for S. Having solved this, the second becomes an ODE for a0 ,
and so we solve for the full geometry at t = 0 by solving linear ODEs. In
these equations we consider Ṡ independent of S, and similarly for the other
functions. Numerically, we use pseudospectral methods [121] to solve these
equations. All plots were generated with a grid of 40 points. After solving
one timestep, we can use B, Ḃ and f to find ∂t B from the definition of the
dot. We use a 4th order Adams Bashforth stepper to evolve this to the next
timestep. We do the same for φ, and then start the procedure again.5
For the numerics we change the radial coordinate to u = r−z . One comz
putes the event horizon by solving the equation ∂utHuH(t)(t)
2 = − 2 f (uH (t), t), arising from ds2 = 0, with the boundary condition at late times f (uH (t), t)|t→∞ =
0. We also have an apparent horizon, defined as the location of the largest
trapped surface, given by Ṡ(uAH (t), t) = 0. Using the Lifshitz scaling symmetry we set E = −1 so that at equilibrium rH = uH = 1.

6.4 Results
We analyse the nonlinear evolution for the cases 2 ≤ d ≤ 4 and 1 ≤ z ≤ 4.
For the initial profiles we take the pressure to be ∆PP(t=0)
= 1. This defines
0
P (we set time derivatives to 0) and to obtain consistent profiles we plug
this in the near boundary expansion (6.3a).
We highlight the case d = 3 and z = 2, which is physically the most
interesting. In Figure 6.1a the evolution of the anisotropy function B over
the whole bulk spacetime is plotted. We checked that the entropy, as defined
by the area density of either the event horizon or the apparent horizon,
strictly increases during the evolution, as required by the area theorems.
This is a consistency check of our numerics.6 In all cases considered, the
above consistency checks are valid.
5

There is a small subtlety here which does not arise in AdS. We have to specify initial
profiles for both B and φ, but φ does not have any independent dynamics. Therefore
we must be careful to choose self-consistent initial profiles. We use the near boundary
expansion to order 3(d + z) to achieve this.
6
As a final check on the numerics, the constraint equation Eq. (6.6h) is small and
decreases further with increasing precision.
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The bulk evolution of B describes the evolution of a pressure difference
of the boundary theory through the function P, which we turn to now.
In Figure 6.1b we show the time evolution of the pressure difference. The
system isotropizes on a timescale of the order of the inverse temperature.
Note first that for the cases where z ≥ d, there are no oscillations, the system
is overdamped. This will be more clear when we look at the QNMs, and is
in agreement with [1].
The anisotropy B obeys the massless Klein-Gordon equation at zero momentum. After redefining t̃ = zt, this equation only depends on d and z
through the ratio α ≡ z/d, as
h
i
∂u u−1/α ∂t̃ B − u2−1/α f (u)∂u B + u−1/α ∂t̃ ∂u B = 0 ,
(6.7)

with f (u) = u−2 (1 − (u/uH )1+1/α ). Note that in contrast, the nonlinear
equations do depend on d and z separately. Furthermore, turning on either
a mass or momentum for the QNM will also break the dependence on α
alone. To compute QNMs we solve the associated generalized eigenvalue
equation using pseudospectral methods [122].
We compare thePnonlinear evolution with the sum of the first 10 QNMs,
BQNM (u, t) = Re 9i=0 ci bi (u)e−iωi t . Here the ci are coefficients which we
obtain by fitting to the initial profile B(u, t = 0), bi are the eigenmodes
and ωi the corresponding eigenfrequencies [123]. Dashed lines in Figure 6.1b
show the fitted QNM evolution. They always lag behind on the nonlinear
evolution a little, but otherwise give a very good approximation. The late
time evolution of the pressure is well approximated by the lowest QNM.
We check that taking different shapes as initial profile, localized more in
the UV or in the IR, gives a result similar to those in relativistic plasmas (in
AdS) [123], with profiles localized in the UV better approximated by QNMs
and those in the IR not well approximated.
For several cases of (d, z) we were also able to study significantly larger
profiles with ∆PP(t=0)
= 10, as shown in Figure 6.1c. Here we look at cases
0
with the same value of α but different pairs of (d, z). As expected, the fit
with the first 10 QNMs is significantly worse than for the smaller profiles.
More interestingly though, the evolutions with the same α are very similar,
their small difference being caused purely by the nonlinearities. Finally we
note that the larger profiles thermalize faster, as was already the case for
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AdS but it is slightly more pronounced for higher α.
Going back to the QNMs, for α ≥ 1 they become overdamped (purely
imaginary) and we observe a bifurcation, see Figure 6.2, with one mode
branching upwards and the other downwards, converging as α → ∞ to the
first two modes in AdS2 . Notice α → ∞ can be interpreted as z → ∞ at
fixed d, or as d → 0, at e.g. z = 1, matching [124] where it is stated that
the z → ∞ limit of Lifshitz corresponds to AdS2 . This behavior is clarified
in Figure 6.3 where we plot the motion of the lowest QNMs in the complex
plane, as we vary α.
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Figure 6.2: Relaxation times from QNMs (blue points) as a function of α ≡ z/d.

At α = 1 the modes bifurcate, with the second lowest shown in red.
Also shown are relaxation times 4πT0 τ̃ obtained from the nonlinear
evolution for d = 2 (black squares), d = 3 (green circles) and d = 4
(orange diamonds). The hollow markers denote larger initial profiles.

The value α = 1 can be found from AdS3 , where one can show analytically
1
that τ = 4πT
[101, 102, 1]. Curiously, this is not the minimal value of the
0
relaxation time, which instead sits at α ≈ 0.847227 and reads τ ≈ 0.989002
4πT0 .
Note that the fact that the relaxation time increases again for larger α is also
visible in the reversing of the green and orange lines in 6.1c. For α = 1 + 2
with   1 we numerically find that 4πT0 τ ≈ 1 + 12 .
As α is taken to zero, the relaxation time diverges. However, we observe
that with d ≤ 4, which covers all physically relevant cases and implies that
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α ≥ 14 , we have a range of relaxation times 0.989002 ≤ 4πT0 τ ≤ 2.
From the nonlinear evolution we obtain an isotropization time, defined as
∆P (t≥tiso )
| ≤ , for some choice of . To compare this with the relaxation
|
P0
time from the QNMs, we define τ̃ ≡ tiso / log(c0 b0 (0)/). When applied to a
single QNM decaying as B0 (t) = c0 b0 (0)e−t/τ , τ̃ becomes equivalent to τ .
Along with the relaxation times in Figure 6.2 we plot 4πT0 τ̃ , with c0 and
b0 (0) obtained from the QNM fit to the nonlinear evolution, taking  = 0.1.
We checked that choosing a smaller  brings the nonlinear evolution closer to
the evolution dictated by the QNMs, as expected, since smaller  corresponds
to later times. These have qualitatively the same dependence on α, but
generally lie just below τ due to the presence of higher order modes. As
expected the larger initial profiles deviate more from the QNM relaxation.
There can be some noise due to oscillations, which are not accounted for in
the definition of τ̃ , as seen in the point at α = 1/4 and α = 1/2.
Note also that at α = 1 we have the three cases (d, z) = (2, 2), (3, 3) and
(4, 4) which are very close to each other in the plot, and for α = 1/2 the
cases (d, z) = (2, 1) and (4, 2) nearly overlap, even for the large profiles.

6.5 Discussion
We find that for physically relevant dimensions the relaxation time is roughly
of the order 1/(4πT0 ), with only mild z-dependence. We note that this universal behavior only applies to critical theories with no mass gap. Holographic equilibration in gapped theories such as QCD has also been studied
in the literature [119, 125, 122] where the approach to equilibrium may be
qualitatively different [119].
Our results are valid for large N 2 ∼ 1/G and strong coupling, but are
consistent with the general arguments about equilibration times for general
strongly coupled quantum critical systems (see e.g. [16]). This seems to
indicate that our results are quite robust and the large N -limit does not
affect this behavior qualitatively.
We compared full nonlinear evolutions for different cases of (d, z) which
nevertheless have identical QNM spectra (the same α), finding a remarkable
agreement. So the fact that only the ratio α characterizes the evolution
is even true to a high precision for the nonlinear evolution of large initial
conditions. This stands in contrast with the fact that these evolutions are
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N -limit does not a↵ect this behavior qualitatively.
We note that the perturbations we take are large, i.e.
P ⇠ P0 , yet the backreaction is quite small, i.e. the
entropy increase is only a few percent. It might be interesting to consider larger profiles at fixed ↵ but di↵erent
d and z, to see which combination will reach equilibrium
faster deeper into the nonlinear regime. It has proven
difficult to do this with significantly larger profiles, but
using domain decomposition [20] might help isolate the
numerical difficulties at the boundary.
Acknowledgements.— We thank Takaaki Ishii and
Wilke van der Schee for comments on the draft. This
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7.1 Introduction
1A

second order quantum phase transition is characterized by a dynamical
critical scaling exponent z, which dictates the form of the scaling symmetry
present at the zero temperature critical point,
~x → λ~x,

τ → λz τ ,

(7.1)

where ~x = (x1 , . . . , xd ) are spatial coordinates and τ is Euclidean time.
In relativistic systems z = 1 and the scaling symmetry is extended to the
full conformal symmetry. Generic quantum critical points in nonrelativistic
systems, on the other hand, do not have conformal symmetry and exhibit
anisotropic scaling between time and the spatial directions with z > 1, commonly referred to as Lifshitz scaling. In this chapter we study correlation
functions of scaling operators in theories with Lifshitz scaling in d ≥ 2 spatial dimensions. We pay particular attention to so-called autocorrelators,
i.e. correlation functions where all the operators are inserted at the same
spatial point but at different times,
hO1 (~x, t1 )O2 (~x, t2 )...On (~x, tn )i .

(7.2)

Autocorrelators carry information about the energy spectrum of the model
in question and provide a useful diagnostic of time evolution in out-ofequilibrium configurations.
We begin in Section 7.2 by introducing a set of free field theories in d+1
dimensions that realise Lifshitz scaling with arbitrary dynamical critical exponent. These theories include the well known 2+1-dimensional quantum
Lifshitz model as a special case with z = d = 2 and provide a particularly
1

This chapter is based on [3].

105

7 Correlation functions in theories with Lifshitz scaling
simple setting to study quantum critical behavior at generic integer values
of z. Many interesting properties of the original quantum Lifshitz model
survive in the more general free field theories when the dynamical critical
exponent z equals the number of spatial dimensions and we refer to the models with z = d as generalized quantum Lifshitz models. For instance, it is
well known that the ground state correlation functions of scaling operators at
equal time in the original quantum Lifshitz model can be expressed in terms
of correlation functions of a two-dimensional Euclidean field theory with conformal symmetry [21]. We briefly review this construction and then show
how the connection to conformal field theory extends to d+1-dimensions,
provided that z = d, in which case the connection is to a higher-derivative
free field CFT in d dimensions.
There is a further connection to conformal field theory, which is only realized in the time domain. It turns out that autocorrelators in the generalized
quantum Lifshitz model in any number of dimensions can be expressed in
terms of autocorrelators of a two-dimensional conformal field theory when
z = d. This holds for autocorrelators evaluated in any Gaussian state that
is symmetric under spatial translations and rotations, and as an example we
work out autocorrelators of monopole operators in a thermal state.
Since the generalized quantum Lifshitz model is a free field theory, it is
perhaps not that surprising that its correlation functions take a simple form.
It turns out, however, that the connection to two-dimensional conformal field
theory persists when one considers autocorrelators in a strongly coupled field
theory with a holographic dual that exhibits Lifshitz scaling. In Section 7.3
we introduce a holographic model that realises Lifshitz scaling with generic
z > 1 and evaluate vacuum two-point functions of operators with large
scaling dimension. Analytic expressions are easily obtained for the equal
time two-point function and the two-point autocorrelator at general d and
z. For the special case of z = 2 we find a parametrized solution for the full
vacuum two-point function at arbitrary spatial and temporal separation on
the boundary and compare it to the corresponding correlation function in
the quantum Lifshitz model. We then turn our attention to more general
autocorrelators in the holographic model and uncover a quantitative relation
to autocorrelators in a two-dimensional conformal field theory. In particular,
we show how the form of three-point autocorrelators at general d and z is
constrained by an underlying two-dimensional extended symmetry.
In Section 7.4 we restrict to integer values of z = d and show how autocor-
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relators in a thermal state in the holographic model can be expressed in terms
of thermal autocorrelators of a two-dimensional conformal field theory. The
resulting thermal two- and three-point autocorrelators in the holographic
theory thus have the same scaling form as those of the generalized quantum
Lifshitz model.
In Section 7.5 we step outside the time domain and consider quasinormal
modes of massive scalar field fluctuations at finite momentum. In momentum space we can go beyond the geodesic approximation and find that the
special behavior at z = d persists at small momentum and any operator scaling dimension. In Appendix B.2 we expand on the numerical and analytic
methods we use to study the quasinormal mode spectrum and extend our
discussion to include quasinormal modes at any z, d and high momentum.
The connection between generalized Lifshitz models at z = d and twodimensional conformal field theory extends to more general states that are invariant under spatial translations and rotations. This includes time-dependent
states dual to Lifshitz-Vaidya spacetimes in the holographic models and
quench states in the generalized quantum Lifshitz model, as briefly illustrated in Section 7.6.
We conclude our discussion in Section 7.7 and some technical results that
are referred to in the main text are worked out in the appendices.

7.2 The generalized quantum Lifshitz model
Our starting point is a class of d+1-dimensional quantum field theories exhibiting Lifshitz scaling with integer valued dynamical critical exponent z.
They are governed by the following (Euclidean) action
Z
h
i
1
S=
dd xdτ (∂τ χ)2 + κ2 (∇z χ)2 ,
(7.3)
2
where κ > 0 is a constant and we are using a shorthand notation,

(∇2 )k χ if z = 2k ,
z
∇ χ=
~
(∇2 )k ∇χ
if z = 2k+1 .

(7.4)

These models generalize the well known quantum Lifshitz model [21], which
has z = 2 in 2+1 dimensions, and allow us to systematically explore the
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behavior of various physical quantities at different values of the dynamical
critical exponent in a controlled free field theory setting. When there are
explicit analytic results available one can even consider formally extending
z to non-integer values. In the following we will mainly be concerned with
theories where z = d, which includes the quantum Lifshitz model as a special
case. The connection to conformal field theory found in the quantum Lifshitz
model is retained at general z = d > 2 and accordingly we refer to these
theories as generalized quantum Lifshitz models.
The generalized monopole operators (or just monopole operators for short),
Oα (~x, t) = eiαχ(~x,t) ,

(7.5)

with α ∈ R, turn out to have simple scaling properties in the generalized
quantum Lifshitz model and we will focus our attention on their correlation functions. The name monopole operator arises from a dual gauge field
representation of the original quantum Lifshitz model, where such operators
with α = ±2π create magnetic monopoles in three-dimensional Euclidean
space [21].

7.2.1 Equal time correlation functions
The ground state wave functional of the quantum Lifshitz model with z =
d = 2 is given by the exponential of a Euclidean action of a free 1+1dimensional conformal field theory (CFT) [21]. In Appendix B.1 we outline
how this statement can be generalized to arbitrary z = d by expressing
the ground state wave functional in terms of a free d-dimensional (higherderivative) CFT of a type studied recently in [126]. The connection to a
CFT can also be obtained by showing that equal time correlation functions
of monopole operators in the generalized quantum Lifshitz model have the
form of CFT correlation functions,
hOα1 (~x1 , τ ) . . . Oαn (~xn , τ )i = eiα1 χ(~x1 ) . . . eiαn χ(~xn )

CF T

.

(7.6)

Consider the vacuum two-point function of the χ field,
GE (~x1 , τ1 ; ~x2 , τ2 ) =
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Z

dωdd p e−iω(τ1 −τ2 )−i~p·(~x1 −~x2 )
,
ω 2 + κ2 k 2z
(2π)d+1

(7.7)

7.2 The generalized quantum Lifshitz model
where k = |~k| and we let z take a general integer value for now. The
integral over ω is easily performed by closing the integration contour around
the upper or lower half of the complex ω-plane, depending on the sign of
τ12 ≡ τ1 − τ2 . Either way, a single residue at ω = ±iκk z is picked out, giving
Z
1
dd k 1 −κ|τ12 |kz −i~k·~x12
GE (~x1 , τ1 ; ~x2 , τ2 ) =
e
,
(7.8)
2κ
(2π)d k z
where ~x12 ≡ ~x1 − ~x2 . The remaining momentum integral is convergent for
z < d, logarithmically divergent for z = d, and power-law divergent for
z > d.
For equal time correlation functions we set τ1 = τ2 in (7.8) and then the
two-point function becomes formally identical to the two-point function of
a free scalar field in d-dimensions with the action
Z
S = κ dd xφ(−∇2 )z/2 φ .
(7.9)
At z = d with d an even integer, this is one of the higher-derivative free
scalar CFTs considered in [126].2
Equal time correlation functions of monopole operators are obtained by
applying Wick’s theorem, and the connection (7.6) follows from the equality of the two-point functions of the elementary fields at equal time in the
generalized quantum Lifshitz model and the free d-dimensional CFT. So far,
we have written down formal expressions which need to be supplemented
by prescriptions for both IR and UV regularisation. To address such issues,
and in order to establish some notation for later use, it is useful to work out
some explicit examples, starting with the equal time correlation function of
two monopole operators,
E
D
hOα1 (~x1 , τ )Oα2 (~x2 , τ )i =
eiα1 χ(~x1 ) eiα2 χ(~x2 )
= e−

2

α2
α2
1 G (~
x1 )− 22 GE (~
x2 ;~
x2 )−α1 α2 GE (~
x1 ;~
x2 )
E x1 ;~
2

. (7.10)

In odd numbered spatial dimensions the action (7.9) appears non-analytic in momentum
space but we can still obtain a free CFT at z = d at odd d. A free field theory is fully
determined by its two-point functions and (7.8) with τ1 = τ2 supplies a well-defined
two-point function for the φ field for any integer d.
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The equal time GE (~x1 ; ~x2 ) is given by (7.8) with z = d and τ1 = τ2 ,
GE (~x1 ; ~x2 ) =
=

Z

dd k e−i~p·~x12
(2π)d k d
Z π
Z
−ik|~
x12 | cos θ
Vol(S d−2 ) ∞
d−2 e
dθ(sin
θ)
dk
,
k+µ
2κ(2π)d 0
0
1
2κ

(7.11)

where the parameter µ > 0, introduced to regulate the infrared divergence
in the integral over p, is to be sent to zero at the end of the calculation.
The integral over θ evaluates to a Bessel function,
Z π
1− d
√
2J
x12 |
dθ(sin θ)d−2 e−ik|~x12 | cos θ = 2(d−2)/2 πΓ( d−1
d
2 ) k|~

2 −1

0

(k|~x12 |),

and using Vol(S d−2 ) = 2π (d−1)/2 /Γ( d−1
2 ) we obtain

d
Z ∞
1
y 1− 2
GE (~x1 ; ~x2 ) =
dy
J d (y)
y + µ|~x12 | 2 −1
2κ(2π)d/2 0

1
log(µ|~x12 |) + cd + . . . ,
= − d d/2
2 π Γ(d/2)κ

(7.12)

where cd is a finite constant and . . . denotes terms that vanish in the limit
µ → 0. Inserting this expression for GE (~x1 ; ~x2 ) into (7.10) then gives
Oα1 (~x1 , τ )Oα2 (~x2 , τ )
= µe

cd



(α1 +α2 )2
2d+1 π d/2 Γ(d/2)κ



2
α2
1 +α2
2d+1 π d/2 Γ(d/2)κ

|~x12 |

α1 α2
2d π d/2 Γ(d/2)κ

(7.13)
,

where we have introduced an ultraviolet cutoff,
|~xij | ≥  ,

(7.14)

to regulate the self-contractions in Wick’s theorem. As a result, the equal
time two-point function of monopole operators is independent of the infrared
regulator when α1 + α2 = 0 but vanishes when µ → 0 unless this condition
on the charges is satisfied. The dependence on the ultraviolet cutoff can be
absorbed into a renormalisation of the monopole operator when viewed as a
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composite operator,
OαR (~x, τ ) ≡ −∆ eiαχ(~xi ,τ ) ,
of scaling dimension
∆=

α2
2d+1 π d/2 Γ

d
2



κ

(7.15)

.

(7.16)

The equal time two-point function of renormalized monopole operators then
reduces to the usual scaling form,
R
hOαR (~x1 , τ )O−α
(~x2 , τ )i = |~x12 |−2∆ .

(7.17)

The equal time correlation function of three monopole operators is obtained in a similar fashion,
hOα1 (~x1 , τ )Oα2 (~x2 , τ )Oα3 (~x3 , τ )i
1

=e− 2

P3

= µecd

i,j=1



αi αj GE (~
xi ;~
xj )

(α1 +α2 +α3 )2
2d+1 π d/2 Γ(d/2)κ

∆3 −∆1 −∆2

× |~x12 |

(7.18)

∆1 +∆2 +∆3
∆2 −∆3 −∆1

|~x13 |

(7.19)
∆1 −∆2 −∆3

|~x23 |

.

This expression vanishes in the µ → 0 limit unless α1 +α2 +α3 = 0 but when
the sum of charges is zero the equal time three-point function of renormalized
monopole operators reduces to a standard CFT form,
hOαR1 (~x1 , τ )OαR2 (~x2 , τ )OαR3 (~x3 , τ )i

= |~x12 |∆3 −∆1 −∆2 |~x13 |∆2 −∆3 −∆1 |~x23 |∆1 −∆2 −∆3 .

(7.20)

Finally, a straightforward calculation gives the equal
P time correlation function of four renormalized monopole operators with 4i=1 αi = 0 in terms of
invariant cross ratios,
1

P4

hOαR1 (~x1 , τ ) . . . OαR4 (~x4 , τ )i = −∆ e− 2 i,j=1 αi αj GE (~xi ;~xj )
e
(α +α )2
∆
Y
e
− d+1 1d/2 3
∆
3
−∆
−∆
i
j
2
π
Γ(d/2)κ
=
|~xij | 3
X
e

(7.21)
(7.22)

i<j

×Y

e
(α +α )2
∆
− d+1 1d/2 4
3
2
π
Γ(d/2)κ

,
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where X =

|~
x12 | |~
x34 |
|~
x13 | |~
x24 | ,

Y =

|~
x12 | |~
x34 |
|~
x14 | |~
x23 |

e = P4 ∆i .
and ∆
i=1

7.2.2 Operators inserted at generic points
We now turn our attention to correlation functions in the generalized quantum Lifshitz model with operators inserted at different times as well as different spatial positions. For this we find it convenient to adopt a streamlined
regularisation procedure along the lines of the one used by [21] in the original
quantum Lifshitz model. Having established that non-vanishing correlation
functions of monopole operators are independent of the infrared regulator,
we can dispense with µ in our formulas, provided
P we only consider correlation
functions where the monopole charges satisfy i αi = 0. The ultraviolet divergences are then efficiently handled by introducing a regularized two-point
function with the equal time coincident point two-point function subtracted
off. Starting from (7.8) we obtain
GR
x1 , τ1 ; ~x2 , τ2 ) ≡ GE (~x1 , τ1 ; ~x2 , τ2 ) − GE (~x1 , τ1 ; ~x2 , τ2 )
E (~
{|~
x12 |=, τ12 =0}

Z ∞
1− d
1
dk
d
2J
=
k|~x12 |
(k|~x12 |)e−κ|τ12 |k
(7.23)
d
d/2
k
2κ(2π)
2 −1
0

1− d
2
− p
J d (k)
2 −1
Z ∞
h
1
d
=
dy y −d/2 J d (y)e−ξy
(7.24)
d/2
2κ(2π)
2 −1
0
~x12
−


d
2 −1

Jd

2 −1

y i
, (7.25)
|~x12 |

where in the last step we have introduced a scaling variable,
ξ≡

κ|τ12 |
,
|~x12 |d

(7.26)

which is invariant under the Lifshitz scaling transformation (7.1) with z = d.
The equal time correlation functions of renormalized monopole operators
are easily recovered by setting ξ = 0 in the regularized two-point function. In
this case the integral in (7.25) can be obtained in closed form and one finds
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the following exact result for the regularized equal time two-point function,
GR
x1 ; ~x2 ) = −
E (~

1
d/2
d
2 π Γ


d
2

κ

log

 |~x | 
12
.


(7.27)

Wick’s theorem then yields the same equal time correlation functions of
monopole operators as in Section 7.2.1.

The regularized two-point function at generic points can be expressed as a
sum of two terms: the equal time two-point function (7.27) and an integral
that only depends on the Lifshitz invariant combination ξ,
GR
x1 , τ1 ; ~x2 , τ2 ) = GR
x1 ; ~x2 )
E (~
E (~
with

1
Id (ξ) =
2κ(2π)d/2

Z

∞

dy y −d/2 J d

0

ξ=0

2 −1

+ Id (ξ) ,


d
(y) e−ξy − 1 .

(7.28)

(7.29)

The integral is finite for any finite value of ξ and can easily be evaluated
numerically for any given number of spatial dimensions. Correlation functions of monopole operators inserted at generic points do not have the CFT
form found for equal time correlators but depend on the Lifshitz invariant
ratio ξ in a non-trivial way. For instance, the correlation function of two
renormalized monopole operators is given by
R
hOαR (~x1 , τ )O−α
(~x2 , τ )i = |~x12 |−2∆ eα

2I

d (ξ)

.

(7.30)

In the special case of d = 2, the integral can be expressed in terms of an
incomplete gamma function
I2 (ξ) = −

1
1
Γ 0,
,
8πκ
4ξ

(7.31)

and we reproduce the monopole operator two-point function of [21] for the
original quantum Lifshitz model,

|~
x12 |2
R
R
−2∆ −∆Γ 0, 4κ|τ12 |
hOα (~x1 , τ1 )O−α (~x2 , τ2 )i = |~x12 |
e
.
(7.32)
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7.2.3 Vacuum autocorrelators
Next we consider monopole operators located at the same spatial point but
at different times and evaluate the resulting autocorrelation functions. This
amounts to taking the limit |~xij | → 0 for all the spatial insertion points before
using Wick’s theorem to evaluate the correlation function of the monopole
operators. At first sight, the regularized two-point function (7.28) appears
singular in this limit, due to the logarithmic dependence on |~x12 | in the
equal time two-point function (7.27), but this turns out to be cancelled by
a corresponding logarithm in the integral Id (ξ) at large ξ.
To see this, we differentiate Id with respect to ξ,
Z ∞
dId
1
d
=−
dy y d/2 J d (y)e−ξy ,
−1
dξ
2(2π)d/2 κ 0
2

(7.33)

then use the series expansion for the Bessel function,
Jm (y) =

∞
 y m X

2

n=0

 y 2n
(−1)n
,
Γ(n+1)Γ(m+n+1) 2

(7.34)

and exchange the order of summation and integration to obtain
 1  2n +1
X (−1)n
Γ( 2n
1
d
d
d +1)
Id = − d d/2
.
dξ
22n Γ(n+1)Γ(n+ d2 ) ξ
d2 π κ
∞

(7.35)

n=0

Integrating with respect to ξ and keeping only the leading terms at large-ξ,
we find
h
i
1
−2/d

Id (ξ) =
−
log
ξ
+
e
c
+
O(ξ
)
,
(7.36)
d
d 2d π d/2 Γ d2 κ

where e
cd is a d-dependent constant of integration. Finally, we insert this
into (7.28) and see that the logarithm of |~x12 | is precisely cancelled, leaving
a well-defined expression for the regularized two-point function of the χ field
inserted at the same spatial point at different times,
GR
E (τ1 ; τ2 ) = −

1
d/2
d
d2 π Γ


d
2

κ

log

κ|τ12 | 
.
eecd d

(7.37)

With the two-point function in hand, the autocorrelation functions of renor-
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malized monopole operators, as defined in (7.15), are easily obtained by
applying Wick’s theorem. For instance, for two monopole operators carrying opposite charges inserted at ~x at times τ1 and τ2 , one finds the following
scaling form,
R
hOαR (~x, τ1 )O−α
(~x, τ2 )i = |e−ecd κ τ12 |−2∆/d .

(7.38)

The scaling exponent in (7.38) differs from the one found in the corresponding equal time correlation function (7.17) by a factor of 1/d, reflecting the
underlying z = d Lifshitz symmetry. This result could be anticipated, as
the form of the two-point function of scaling operators is fixed by scale
invariance. Higher-point functions, on the other hand, are not fixed by
scale invariance but nevertheless higher order autocorrelation functions of
monopole operators also have a characteristic CFT form. For three renormalized monopole operators with α1 + α2 + α3 = 0 we obtain,
hOαR1 (τ1 )OαR2 (τ2 )OαR3 (τ3 )i

(7.39)

∝ |τ12 |(∆3 −∆1 −∆2 )/d |τ23 |(∆1 −∆2 −∆3 )/d |τ13 |(∆2 −∆3 −∆1 )/d ,

up to an overall constant factor that
P we have not kept track of. Similarly,
the four-point autocorrelator with
αi = 0 is given by
hOαR1 (τ1 )OαR2 (τ2 )OαR3 (τ3 )OαR4 (τ4 )i
e
(α1 +α3 )2
∆
Y
∆j
e
∆i
−
∆
∝
|τij | 3d − d − d X 3d d 2d+1 πd/2 Γ(d/2)κ Y

(7.40)

(α +α )2
∆
− d+1 1d/23
3d
d2
π
Γ(d/2)κ

,

i<j

P4
|τ12 | |τ34 |
12 | |τ34 |
e
where X = |τ
i=1 ∆i . The apparent CFT
|τ13 | |τ24 | , Y = |τ14 | |τ23 | and ∆ =
structure clearly generalizes to n-point autocorrelators for any n in the
ground state.
We have seen that both equal time correlation functions and autocorrelation functions in the generalized quantum Lifshitz model have the appearance of CFT correlation functions while this does not hold for correlation
functions of operators inserted at generic points in space and time. For
the autocorrelation functions it is less clear why there should be any connection to a CFT as in this case the correlation functions are not simply
given by path integrals weighted with the vacuum wave functional and they
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involve time evolution with respect to a Lifshitz symmetric rather than a
conformally invariant Hamiltonian.
The relation to a CFT for autocorrelation functions can be established in
another way, which reveals that the CFT in question is not the same as the
one involved for the equal time correlation functions. In fact, the vacuum
autocorrelation functions of the generalized quantum Lifshitz model in any
number of spatial dimensions are matched by those of a standard free boson
CFT in two Euclidean dimensions.
Starting from (7.7) and setting ~x1 = ~x2 , the two-point function of the
elementary field is given by
Z
dωdd k e−iω τ12
GE (τ1 ; τ2 ) =
.
(7.41)
(2π)d+1 ω 2 + κ2 k 2d
Now write the p integral in spherical coordinates, change variables to q = κk d
and extend the range of integration over q to be from −∞ to ∞, to obtain
Z
dωdq e−iωτ12
1

GE (τ1 ; τ2 ) =
.
(7.42)
2π ω 2 + q 2
d 2d π d/2 Γ d2 κ

This is the two-point function at coincident spatial points of a free twodimensional CFT with the action
Z


d−2 d2 −1
SCF T = d 2 π
Γ(d/2)κ dydτ (∂τ χ)2 + (∂y χ)2 .
(7.43)
The key point in the above reduction is that the integrand in (7.41) only
depends on the magnitude of the momentum and not on its direction. Thus,
it works only for autocorrelators.
To evaluate the two-point function (7.42) in this approach, we would introduce infrared and ultraviolet regulators and proceed in parallel with the
calculation presented in Section 7.2.1 for equal time correlation functions. It
is straightforward to check that such a calculation reproduces the autocorrelation functions of monopole operators in the generalized quantum Lifshitz
model found above.
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7.2.4 Autocorrelators in a thermal state
We round up our discussion of the generalized quantum Lifshitz model at
z = d by considering thermal autocorrelation functions. In the Matsubara
formalism the two-point function of the χ field in a thermal state is given in
terms of the sum
X Z dd k e−iωn τ12
GE (τ1 , τ2 ) = T
,
ωn = 2πnT.
(7.44)
(2π)d ωn2 + κ2 k 2d
n
As before, we make the change of variables in the momentum integral q =
κk d , which gives
X Z dq e−iωn τ12
2πT
.
(7.45)
GE (τ1 , τ2 ) =
2π ωn2 + q 2
d 2d π d/2 Γ( d2 )κ n
This is precisely the thermal two-point function of the free conformal field
theory with the action (7.43) [34]. The thermal autocorrelation functions
of monopole operators are thus identical to those of a two-dimensional free
boson, as they can be obtained from the χ autocorrelation function using
Wick contraction.
We use the same regularization procedure as in Section 7.2.2 above and
restrict P
our attention to correlation functions where the monopole charges
satisfy i αi = 0. A regularized two-point function, with the equal time
two-point function subtracted off, is given by
GR
˜; τ )
E (τ1 ; τ2 ) ≡ GE (τ1 ; τ2 ) − GE (τ + 


1
| sin(πT τ12 )|
= −
log
,
πT ˜
d 2d π d/2 Γ( d2 )κ

(7.46)

where ˜ is an ultraviolet cutoff in the Euclidean time direction and we have
performed the integral and sum in (7.45). This reduces to the zero temperature two-point function in (7.37) in the T → 0 limit provided the temporal
and spatial UV cutoffs are related by
κ ˜ = ec̃d d .

(7.47)

The thermal autocorrelator of two renormalized monopole operators is then
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given by
R
OαR (~x, τ1 )O−α
(~x, τ2 ) =

(πT )2∆/d
.
|e−c̃d κ sin(πT τ12 )|2∆/d

(7.48)

For later reference, we include also the thermal autocorrelator of three renormalized monopole operators in the generalized Lifshitz model,
hOαR1 (τ1 )OαR2 (τ2 )OαR3 (τ3 )i
∝

(7.49)
(πT )

| sin(πT τ12 )|

∆1 +∆2 −∆3
d

∆1 +∆2 +∆3
d

| sin(πT τ23 )|

∆2 +∆3 −∆1
d

| sin(πT τ13 )|

∆3 +∆1 −∆2
d

.

7.3 Holographic models with Lifshitz scaling
Anisotropic scaling of the form (7.1) with z > 1 is realized in holographic
models through geometries that are asymptotic to the so-called Lifshitz
spacetime [28, 127]
 2

du2 d~x 2
2
2 dτ
ds = `
(7.50)
+ 2 + 2 ,
u2z
u
u
Here ` is a characteristic length scale in the higher dimensional bulk spacetime and the coordinates τ , u, and ~x are dimensionless. For convenience, we
adopt units such that ` = 1. The Lifshitz metric (7.50) is invariant under
τ → λz τ ,

~x → λ ~x ,

u → λu,

(7.51)

which incorporates the scaling in (7.1) on the τ and ~x coordinates. Spacelike
infinity is at u = 0 and the geometry has a null-singularity at u → ∞, where
tidal forces diverge while all scalar curvature invariants remain finite. This
is a peculiarity of the Lifshitz vacuum spacetime. Finite temperature states
in the dual boundary field theory instead correspond to Lifshitz black holes
with a non-singular horizon at a finite value of u.
The Lifshitz spacetime is known to be a solution of the field equations of
several different gravitational models. The Einstein-Maxell-dilaton (EMD)
theory [29],


Z
√
1
1
SEMD = − dd+2 x −g R − 2Λ − ∂µ φ∂ µ φ − eα φ Fµν F µν , (7.52)
2
4
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with negative cosmological constant Λ = − 12 (d + z)(d + z − 1) and α =
p
− 2d/(z − 1) is a particularly convenient choice. This model has well
known analytic black hole solutions for generic z ≥ 1 [100], which we utilize
when we discuss thermal correlation functions in Section 7.4 below. Our
results in the present section, including those higher-order vacuum correlation functions in Section 7.3.3, hold for arbitrary values of d and z. They
only rely on the form of the Lifshitz metric (7.50) and do not depend on the
choice of gravitational model.
The Lifshitz metric is a solution of the EMD field equations when the
dilaton and gauge field have the following background values,
 u √2d(z−1)
 u d+z+1
p
0
0
φ
e =
,
Fuτ = i 2(z + d)(z − 1) u0−z−1
,
u
u
(7.53)
where the factor of i appears due to the Euclidean signature and u0 is an
arbitrary reference value of u which arises due to the shift symmetry of the
action
φ → φ + c,
Aµ → e−cα/2 Aµ .
(7.54)
As expected when z = 1, the dilaton is independent of u, the auxilliary
gauge field vanishes, and the Lifshitz metric reduces to that of anti-de Sitter
space.
A z ≥ 1 planar black brane solution is given by
ds2 = f (u)

dτ 2
1 du2 d~x 2
+
+ 2 ,
u2z
f (u) u2
u

(7.55)

with
f (u) = 1 − (u/uH )z+d

(7.56)

and the same dilaton and gauge field (7.53) as the Lifshitz vacuum. Now
there is a horizon at u = uH and in order for the Euclidean spacetime
geometry to be smooth there the time τ must be periodic with a period that
corresponds to the Hawking temperature
T =

d+z
.
4πuzH

(7.57)

Due to the underlying scale symmetry, one can fix all dimensions in the
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system in terms of the temperature by setting the value of uH to unity. In
particular, one is free to rescale the horizon radius uH in the planar black
brane solution by a scale transformation of the form (7.51) accompanied
by an appropriate shift (7.54) such that the temperature becomes a pure
number.

7.3.1 Scalar two-point functions in the geodesic approximation
Now consider a minimally coupled scalar field with the action
Z

1
√
S=
dd+2 x g (∂ϕ)2 + m2 ϕ2 .
2

(7.58)

In general, the two-point function of the scaling operator O in the dual
boundary field theory, that is dual to the bulk field ϕ, is obtained from a
solution of the Klein-Gordon equation,
(−∇2 + m2 )ϕ = 0 .

(7.59)

Near the u → 0 boundary the solutions have the asymptotic form
ϕ(τ, ~x, u) = ϕ− (τ, ~x) u∆− + ϕ+ (τ, ~x) u∆+ + . . . .

(7.60)

s

(7.61)

with
d+z
∆± =
±
2

d+z
2

2

+ m2 .

The scaling dimension of O is ∆ = ∆+ and for large scalar mass we have
∆ ≈ m  1.
The two-point correlation function of operators of high scaling dimension,
∆  1, can be expressed in terms of the length of the shortest bulk geodesic
connecting the two insertion points x1 = (τ1 , ~x1 ) and x2 = (τ2 , ~x2 ) on the
boundary [128, 36],
hOR (x1 )OR (x2 )i ≈ −2∆ e−∆ L(x1 ;x2 ) .

(7.62)

Here  is an infrared cutoff in the bulk spacetime, u > . The geodesic approximation can be motivated either from a saddle point approximation in
the particle path integral representation of the bulk Klein-Gordon propaga-
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tor, or from a WKB solution of the bulk Klein-Gordon equation [129].
We will determine the geodesic by minimizing the length functional
Z

dxµ dxν
1
+e ,
(7.63)
L = dλ e−1 gµν
2
dλ dλ
where e is a vielbein that satisfies the following equation of motion
e2 = gµν

dxµ dxν
.
dλ dλ

(7.64)

We can use the coordinate reparametrization symmetry to set e = 1 so that
the length functional reduces to
Z
L = dλ = λ2 − λ1 ,
(7.65)
where λ1 , λ2 are the values of the affine parameter of the geodesic at its
endpoints on the boundary.
We first consider vacuum correlation functions of high-dimension operators, which are captured by geodesics in the Lifshitz spacetime (7.50). Thermal correlators obtained from geodesics in Lifshitz black hole backgrounds
will be considered in Section 7.4. We orient the spatial coordinates on the
boundary so that the geodesic endpoints to lie on the x-axis, in which case
the geodesic equations become
τ̇

= E u2z ,
2

ẋ = k u ,
u̇2
= 1 − k 2 u2 − E 2 u2z ,
u2

(7.66)
(7.67)
(7.68)

where f˙ ≡ df /dλ and E, k are constants. Using (7.68) the affine parameter
can be expressed as an integral over the radial coordinate,
Z
du
1
√
λ=
+ constant.
(7.69)
u 1 − k 2 u2 − E 2 u2z
Below, we focus on some special values of z, k, and E where the integral can
be explicitly evaluated. Numerical results are readily obtained for generic
values of these parameters but we will not pursue that here.
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7.3.2 Two-point function at equal time and the two-point
autocorrelator
We are not able to evaluate the integral in (7.69) analytically in full generality,3 but we can proceed by setting either E = 0 or k = 0, which corresponds
to equal time correlation functions or autocorrelation functions, respectively.
We begin by considering a geodesic connecting boundary points that are
spatially separated but at equal times, which amounts to setting E = 0 in
(7.69). Adjusting the constant of integration so that λ = 0 corresponds to
the midpoint of the geodesic, one finds a radial profile
u(λ) =

1
1
.
|k| cosh λ

(7.70)

With an infrared cutoff the geodesic endpoints are at u = , which translates
into
 |k| 
λ1,2 = ± log
+ O(2 ) .
(7.71)
2
By integrating (7.67) and taking the  → 0 limit, we find that k = 2/|~x12 |.
The regularized geodesic length is then given by
LR = −2 log  + 2 log |~x12 | + O(2 ) ,

(7.72)

and the equal time vacuum two-point function has the expected scaling form,
hOR (~x1 , τ )OR (~x2 , τ )i = |~x12 |−2∆ ,

(7.73)

which is independent of the value of d and z.
The autocorrelator at generic z is obtained by setting k = 0 in (7.69) and
going through the same steps as before. The radial profile of the geodesic is
given by
u = (|E| cosh zλ)−1/z .
(7.74)
and by integrating (7.66) we find E = 2/(z|τ12 |). The regularized geodesic
length is
2
LR = −2 log  + log (z|τ12 |) .
(7.75)
z
3

In Section 4.4 we consider the special case of z = 2, for which which one can analytically
compute the integral in (7.69) for both E and p non-zero (for any number of spatial
dimensions d).
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Inserting this into (7.62) leads to a scaling form of the two-point autocorrelator,
hOR (~x, τ1 )OR (~x, τ2 )i = (z |τ12 |)−2∆/z .
(7.76)
This expression differs from that of the equal time correlator in precisely the
way one expects from the Lifshitz scaling relation (7.1).

7.3.3 Three-point vacuum autocorrelators
In this section we obtain the three-point autocorrelator of large-dimension
scalar operators in the Lifshitz vacuum, i.e. a boundary correlation function,
with all three operators inserted at the same spatial position ~x = 0 but at
different (Euclidean) times τ1 , τ2 , τ3 . We consider a bulk theory with a
three-point vertex of the form
Z
λ
√
−
dd+2 x gφ1 (x)φ2 (x)φ3 (x),
(7.77)
3!
where the fields φj have masses mj . To first order in powers of λ, the threepoint function, is given by a tree-level Witten diagram,
Z
√ (1)
G3 (τ1 , τ2 , τ3 ) = − λ dd xdτ du gGBB (0, τ1 ; ~x, τ, u)
(7.78)
(2)
(3)
× GBB (0, τ2 ; ~x, τ, u)GBB (0, τ3 ; ~x, τ, u).
In the limit of large scaling dimensions, ∆j = mj  1, the integral can be
performed in a saddle point approximation,
G3 (τ1 , τ2 , τ3 ) ∝ −λ e−

P

j

∆j LR (0,τj ;~
x,τ,u)

,

(7.79)

where LR (0, τj ; ~x, τ, u) is the regularized length of a geodesic connecting the
boundary point (0, τj ) and the bulk point xµ = (~x, τ, u). The bulk vertex
is positioned so as to minimise the sum over the lengths of the bulk-toboundary geodesics (weighted by the corresponding scaling dimensions),
3
∂ X
∆j LR (0, τj ; ~x, τ, u) = 0.
∂xµ

(7.80)

j=1
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It is clear by symmetry that the bulk saddle point will be at ~x = 0 and we
only have to vary τ and u to locate it.
At this point it is convenient to change the radial coordinate to y = uz /z
so that the Lifshitz metric (7.50) becomes
ds2 =

1
1 1
(dτ 2 + dy 2 ) +
d~x2 ,
2
2
z y
(zy)2/z

(7.81)

The part of the metric that is relevant for geodesics in the (τ, y)-plane is that
of AdS2 with a characteristic radius rescaled by a factor of 1/z compared to
that of the Lifshitz spacetime. The geodesics are simply arcs of semicircles
in the new coordinates and their regularized length is given by


1
log (τ − τj )2 + y 2 − log y + log z − z log  .
z
(7.82)
The saddle point equations (7.80) reduce to
LR (0, τj , z /z; 0, τ, y) =

3
X
∆j

τ − τj
= 0,
z (τ − τj )2 + y 2

(7.83)

3
X
∆j (τ − τj )2 − y 2
= 0,
z (τ − τj )2 + y 2

(7.84)

j=1

j=1

and after some algebra one finds the following solution
γ 2 2 2
τ τ τ ,
4P 2 12 23 13
X
τ=
,
2P

y2 =

(7.85)
(7.86)

where
γ = 2∆21 ∆22 + 2∆21 ∆23 + 2∆22 ∆23 − ∆41 − ∆42 − ∆43 ,

P

2
2
2
= ∆1 ∆2 τ12
+ ∆2 ∆3 τ23
+ ∆1 ∆3 τ13
− ∆21 τ12 τ13 − ∆22 τ21 τ23 − ∆23 τ31 τ32 ,

X = ∆21 τ12 τ31 (τ2 + τ3 ) + ∆22 τ12 τ23 (τ1 + τ3 ) + ∆23 τ23 τ31 (τ1 + τ2 )
2
2
2
+2∆1 ∆2 τ12
τ3 + 2∆1 ∆3 τ13
τ2 + 2∆2 ∆3 τ23
τ1 .

Non-trivial cancellations occur when the solution is inserted into the ex-
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pression for the regularized length (7.82), yielding rather simple time dependence. For instance, the geodesic connecting the bulk vertex to the boundary
insertion at τ1 has length
h 2∆ (∆ − ∆ − ∆ ) i 1
h |zτ ||zτ | i
1
1
1
2
3
12
13
log
+ log
.
√
z
z
γ
z
|zτ23 |
(7.87)
The lengths of the geodesics connecting to the boundary at τ2 and τ3 are
obtained by cyclic permutation. This, in turn, leads to the following CFTlike form for the three-point autocorrelator,
LR (0, τ1 , z /z; 0, τ, y) =

C(∆1 , ∆2 , ∆3 )
,
|τ12 |(∆1 +∆2 −∆3 )/z |τ13 |(∆1 +∆3 −∆2 )/z |τ23 |(∆2 +∆3 −∆1 )/z
(7.88)
where the analog of the OPE coefficient is given by
G3 (τ1 , τ2 , τ3 ) ∝

−∆1 /z

C(∆1 , ∆2 , ∆3 ) = − λ (γ/2)∆/z ∆1

∆
− z1

×(∆1 −∆2 −∆3 )

−∆2 /z

∆2

−∆3 /z −(∆1 +∆2 +∆3 )/z

∆3

(∆2 −∆3 −∆1 )−

z

∆2
z

∆3

(∆3 −∆1 −∆2 )− z .
(7.89)

7.4 Holographic thermal autocorrelators
In this section we outline the computation of two- and three-point thermal
autocorrelators. The geodesics relevant to the autocorrelators are located
on a constant ~x slice, as they provide an extremum of the geodesic length
functional. Thus, the only part of the metric relevant to the autocorrelator
geodesics is
ds22 = gτ τ dτ 2 + guu du2 .
(7.90)
On a Lifshitz black brane with z = d, this part of the metric has the form

du2
u2d  dτ 2
ds22,Lif = 1 − 2d 2d +
2d ,
uH u
u2 (1 − uu2d )

(7.91)

H

corresponding to a thermal state with T = d/2πudH . In gravitational duals
of 1+1 dimensional CFTs the spacetime dual to a thermal state is the BTZ
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black hole. The corresponding part of the metric in a BTZ black hole is
"
#

2
2
1
dy
y
.
(7.92)
ds22,BTZ = 2 1 − 2 dτ 2 +
2
y
yH
1 − y2
yH

The geometric reason for the agreement of the autocorrelators is that there
is a time independent coordinate transformation relating (7.91) and (7.92)
up to a constant rescaling of the metric,
y=

ud
,
d

ds22,Lif =

1 2
ds
.
d2 2,BTZ

(7.93)

The radial positions of the black brane horizons are related by yH = udH /d.
Within the geodesic approximation the factor of 1/d2 in front of the BTZ
metric is important in getting right the Lifshitz scaling dimension ∆ ≈ m/d.
This is apparent when we consider the thermal two-point correlation function
in the geodesic approximation,
m

G2 ∝ e−mLLif = e− d LBTZ .

(7.94)

The fact that the relevant part of the Lifshitz black hole metric can be
transformed into the BTZ metric implies agreement between thermal z = d
Lifshitz autocorrelators and thermal autocorrelators of a 1+1 dimensional
CFT for large scaling dimension operators. In what follows, we check this
explicitly for thermal two- and three-point correlation functions.

7.4.1 Holographic thermal two-point autocorrelators
The time translational symmetry of the action (7.63) leads to a conserved
energy


u2d
−2d
E=u
1 − 2d τ̇ ,
(7.95)
uH
and since we are interested in the autocorrelator we can set ~x to be constant
along the geodesic and use e = 1 in (7.64), to solve for u(λ),


u̇2
−2d
2
=
1
−
u
+
E
u2d .
H
u2
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This leads to the integral
λ − λ0 =

Z

dũ
q
,
ũ 1 − ũ2d (1 + Ẽ 2 )

(7.97)

where λ0 is a reference point along the geodesic, which will turn out to be
the turning point, and we have introduced rescaled variables ũ = u/uH and
Ẽ = udH E to simplify notation. This can be integrated to
1
ũd (λ) = p
.
1 + Ẽ 2 cosh [d(λ − λ0 )]

(7.98)

Next we obtain τ from (7.95),
τ̃ (λ) =

Z

dλ

Ẽ
,
(1 + Ẽ 2 ) cosh [d(λ − λ0 )] − 1
2

(7.99)

where we have also introduced a rescaled time variable τ̃ = τ /udH . Performing the integral leads to the identity
tan(d τ̃ ) =

1
tanh[d(λ − λ0 )] ,
Ẽ

(7.100)

where we have used the symmetry of the metric under Euclidean time translations to set τ = 0 at the turning point. Next we require that as λ → λ1,2 ,
the radial coordinate approaches the cutoff at u = , which allows us to
determine λ1 and λ2 and the two-point length of the geodesic becomes
!
2udH
2
p
LR = λ2 − λ1 = log
.
(7.101)
d
d 1 + Ẽ 2

Now the only problem left is to relate Ẽ to the time separation between the
endpoints of the geodesic. This can be obtained from (7.100) by taking the
limit λ → λ2 and requiring that τ → τ2 = τ12 /2. This leads to
Ẽ =

1
,
tan (πT τ12 )

(7.102)
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where T is the temperature of the Lifshitz black brane. Plugging this value of
Ẽ into the regularized length in (7.101) and inserting the resulting expression
into (7.62) finally gives the two-point autocorrelation function,
R

R

hO (~x, τ1 )O (~x, τ2 )i =

πT
d sin(πT |τ12 |)

!2∆/d

,

(7.103)

which reduces to (7.76) in the zero temperature limit.

7.4.2 Holographic thermal three-point autocorrelators
To calculate the thermal three-point function it is convenient to use the coordinates (y, τ ) for the Lifshitz black brane as defined in (7.92) and (7.93).
The regularized length of an equal space geodesic connecting the bulk point
(τ, y, ~x = 0) and the boundary point (τi , ~x = 0) is then given by the corresponding expression in the BTZ spacetime, multiplied by the constant factor
1/d.



2 
p
2d yH
τ − τi
1
(i)
1 − f (y) cos
,
(7.104)
LR = log
d
yH
yd
2

where we denote f (y) = 1 − yy2 . The calculation of the three-point function
H
in the geodesic approximation proceeds as in the vacuum case, this time
extremising the action
SR =

3
X
∆i
i=1



2
2dyH
log
d
yd




p
τ − τi
1 − f (y) cos
.
yH

(7.105)

As before, the three-point function is given by the saddle point value, G3 ≈
e−SR .
At this point it is convenient to introduce new coordinates that map the
(τ, y) section of BTZ into the Poincare patch of AdS2 ,
p
yH f (y) sin( yτH )
y
p
p
ȳ =
, τ̄ =
.
(7.106)
1 + f (y) cos( yτH )
1 + f (y) cos( yτH )
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In terms of the AdS2 coordinates, the action (7.105) is given by
"
#
3
 (τ̄ − τ̄ )2 + ȳ 2 
 τ̄ 2 + y 2 
X
∆i
i
d
i
H
log
−log
+log d−log  , (7.107)
SR =
2
d
ȳ
2yH
i=1

where τ̄i = yH tan 2yτiH . We note that, apart from the second term in the
brackets, this expression is the same as the action obtained from the regularized geodesic length (7.82) in the vacuum (upon setting z = d). The
extra term arises from the coordinate transformation in (7.106), but since
it does not involve the variables τ̄ and ȳ the minimization problem at finite
temperature reduces to the corresponding problem in the vacuum, which
was already solved in section 7.3.3. Using the result (7.88), we obtain the
thermal three-point function

G3 (τ1 , τ2 , τ3 ) ≈

C(∆1 , ∆2 , ∆3 )
|τ 1 − τ 2 |

∆1 +∆2 −∆3
d

Q3

|τ 1 − τ 3 |

i=1



2
τ̄i2 +yH
2
2yH

∆1 +∆3 −∆2
d

∆i /d

|τ 2 − τ 3 |

∆2 +∆3 −∆1
d

,

(7.108)
where C(∆1 , ∆2 , ∆3 ) is given by (7.89). After some algebra this reduces to,
G3 (τ1 , τ2 , τ3 )
≈

(πT )(∆1 +∆2 +∆3 )/d C(∆1 , ∆2 , ∆3 )
| sin(πT τ12 )|

∆1 +∆2 −∆3
d

| sin(πT τ13 )|

∆1 +∆3 −∆2
d

| sin(πT τ23 )|

∆2 +∆3 −∆1
d

,

(7.109)
which reduces to (7.88) in the zero temperature limit. Up to an overall factor
this coincides with the thermal three point function (7.49) of the generalized
quantum Lifshitz model, consistent with an underlying conformal symmetry.

7.5 Excursions outside the time domain
In the previous sections we have seen that, in the limit of large scaling
dimensions, the autocorrelation functions of scalar operators computed in
Lifshitz spacetime and Lifshitz black brane backgrounds for z = d have
the form of autocorrelation functions of a 1+1-dimensional conformal field
theory. In this section we investigate the structure of thermal correlation
functions at generic values of ∆. We perform the analysis in momentum

129

7 Correlation functions in theories with Lifshitz scaling
space and, when possible, make contact with the real-space calculations
discussed in the previous sections.
The wave equation for a massive scalar field in the Lifshitz-like black brane
background (7.55) with z = d is


1
w2 u
1
0
2 d1
00
ϕ (u) + 2
− q u − ∆(∆ − 2d) ϕ(u) = 0 ,
ϕ (u) −
1−u
4u (1 − u)d2 (1 − u)
(7.110)
where we have expanded ϕ in Fourier modes as
ϕ(u, t, ~x) = e−iωt+i~p·~x ϕ(u) ,

(7.111)

and defined the dimensionless quantities
u=

u2d
,
u2d
H

w=

ω
,
2πT /d

~q =

~k
.
(2πT /d)1/d

(7.112)

We wish to determine the analytic structure in frequency space of correlation
functions of scalar operators dual to the bulk field ϕ. We begin by computing
the two-point correlation function explicitly for ~q = 0 to establish a connection with the holographic autocorrelation functions of the previous section.
We then determine the quasinormal mode frequencies, which correspond to
poles of the real-time correlation function. We obtain the mode spectrum
numerically at generic values of q and also analytically in an expansion for
small-q as well as in a WKB approximation for large-q. The details of these
calculations are provided in Appendix B.2, while in the main text we focus
on presenting the results.

7.5.1 Correlation functions at ~q = 0
We first consider the situation at zero momentum. As noted in [1], the
dependence on the spatial coordinates ~x drops out entirely in this case and
one can solve for the radial wave-function exactly. The generic solution for
z = d can be written in terms of hypergeometric functions,


∆−
ϕ(u) = ϕ− u 2d (1 − u)β 2 F1 ∆2d− + β, ∆2d− + β, ∆d− , u


∆+
+ ϕ+ u 2d (1 − u)β 2 F1 ∆2d+ + β, ∆2d+ + β, ∆d+ , u , (7.113)
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where ∆± is defined in (7.61) and
β=

iw
.
2d

(7.114)

With the solution to the wave equation in hand, it is straightforward to
compute the two-point correlation function at q = 0 following the prescription in [130]. The retarded correlation function is given in terms of a flux
factor that arises as a boundary term when evaluating the (Wick-rotated)
action (7.58) on-shell,
1
√
F(u; w, q) = ϕ∗in (u) gg uu ∂u ϕin (u),
2

(7.115)

where ϕin is a solution to the scalar equation of motion which is in-falling
at the horizon. In terms of F, the retarded correlation function is
GR (w, q) = −2 lim F(u; w, q),

(7.116)

u→

where  is an infrared cut-off on the bulk radial coordinate. The solution to
the scalar wave equation, which is in-falling at the horizon and normalized
to one at the boundary, is
ϕ(u) =

(1 − u)−β u
(1 − )−β 

∆−
2d

∆−
2d

∆−
2 F1 ( 2d
∆−
2 F1 ( 2d

− β, ∆2d− − β, 1 − 2β, 1 − u)
− β, ∆2d− − β, 1 − 2β, 1 − )

.

(7.117)

Using this, one can evaluate (7.116) to compute the correlation function. The
main point to make here is that the wave-function in (7.117) is precisely the
same as that in [130] for a scalar in the BTZ black hole background at zero
momentum (with ∆− replaced by ∆− /d).4 Therefore, correlation functions
of scalar operators at zero momentum in the z = d Lifshitz black brane
background are given by zero momentum correlators in a 1+1-dimensional
conformal field theory (up to a rescaling of all scaling dimensions by a factor
d). The reason behind this behavior is the same as in the previous section.
In particular, at q = 0 the scalar Laplacian is equivalent (after a coordinate
4

The flux-factor F is (up to an over-all normalization) the same as that computed in
[130]. To see this, we note that the coordinate zthere in [130] naturally generalizes to
the situation here such that zthere = 1 − u.
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transformation) to that of a scalar field in a BTZ black hole background, from
which the relation to the 1+1-dimensional conformal field theory follows.
It is tempting to try to make contact with the autocorrelators discussed
in the previous sections by performing a Wick-rotation to the Euclidean
correlator and then a Fourier transform to position-space. Unfortunately,
the Fourier transform of the q = 0 correlator is not in general equivalent
to the autocorrelation function. The autocorrelator is instead given by the
Fourier transform of the momentum space correlation function, computed
after first integrating over the spatial momentum,
G(τ1 , τ2 ) =

Z

dωE
2π

Z

dd~k −iωE (τ1 −τ2 )
e
GE (ωE , ~k).
(2π)d

(7.118)

It is, however, worthwhile to point out that for large ∆ the autocorrelation
function is dominated by a saddle point which enforces ~k = 0. So, at least
in this limit, the autocorrelator and the q = 0 correlation functions are
equivalent.
We have shown that momentum space correlation functions at q = 0 in
duals to the z = d Lifshitz-like black branes (7.55) are equivalent to those
of a 1+1-dimensional conformal field theory. In what follows we will investigate what happens when q 6= 0. In this case, the scalar wave equation
can no longer be solved analytically and we turn to computing the quasinormal mode frequency spectrum at q 6= 0, which corresponds to the poles
of the correlation function in frequency space, using a combination of analytic approximations valid for restricted values of parameters and numerical
methods for generic parameter values.

7.5.2 Quasinormal mode spectrum
The quasinormal mode spectrum for massive scalar field fluctuations in Lifshitz black brane backgrounds was computed in [1] for the special case of
q = 0. An interesting transition was pointed out as one varied the value of
z relative to d. In particular, for z < d both the real and imaginary parts
of the quasinormal frequencies are non-zero, whereas for z ≥ d they become
purely imaginary. In [1], the cases z < d and z ≥ d were referred to as underdamped and overdamped, respectively. Furthermore, precisely at z = d,
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one can determine the spectrum exactly to be
wn,q=0 = −i(∆ + 2nd),

n = 0, 1, 2, · · · .

(7.119)

After the discussion in the previous sub-section it is perhaps not surprising
that, up to an overall factor of d, this is precisely the quasinormal mode
spectrum for q = 0 in a BTZ black hole background.
Small-q regime
We begin by discussing the behavior of the quasinormal frequencies for small
values of q. In Table 7.1 we present a fit to numerical data for the momentum
dependence of the lowest quasinormal mode for a massless scalar at several
values of z and d.
d
1
2
3

z=1
1.0q − 2.0i
1.8 + 0.42q2
−(2.7 − 0.12q2 )i
3.1 + 0.24q2
−(2.7 − 0.072q2 )i

z=2
−(1.9 + 0.30q2 )i
0.71q
−(4.0 + 0.17q2 )i
2.1 + 0.25q2
−(4.9 + 0.096q2 )i

z=3
−(2.4 + 0.17q2 )i
−(3.5 + 0.20q2 )i
0.58q
−(6.0 + 0.14q2 )i

Table 7.1: Leading momentum dependence (for q  1) of the lowest quasinormal
mode in the spectrum of a massless scalar field for several values of
z and d. The q-dependence of the entries is obtained by a quadratic
polynomial fit to numerical results.

We present the results for z 6= d in order to emphasize the special behavior
that occurs for z = d. In particular, for generic values z 6= d, the behavior
near q = 0 displays a quadratic dispersion away from the q = 0 result
and furthermore, the leading dependence on q retains the underdamped
(overdamped) behavior for z < d (z > d) of the q = 0 results.5 However,
for z = d we see that the leading dependence on q is instead linear and real.
5

Note that the overdamped behavior for z > d is only robust for a finite region near
q = 0. Our numerical results (discussed in Appendix B.2) indicate that as q increases
two quasinormal poles approach each other along the imaginary axis and eventually,
at a particular value of q = qc , these two poles merge and obtain a real part for q > qc .
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For the case z = d = 1, this is the well-known behavior for quasinormal
frequencies in the BTZ black hole and is exact. For z = d > 1, there are two
important differences. First, in these cases the linear term is no longer exact
and there are further corrections which become important as q increases.
Second, although not obvious from this data, the slope of the linear term for
z = d > 1 is a function of both the scaling dimension ∆ of the dual operator
and the critical exponent, as opposed to the BTZ result whose linear term
has a coefficient precisely equal to one. Nonetheless, the linear approach
to q = 0 is suggestive and implies that slowly varying spatial perturbations
propagate and dissipate in a way similar to a 1+1-dimensional conformal
field theory.
For z = d we can analytically determine the slope by computing the mode
function analytically in a hydrodynamic expansion. Owing to the fact that
the q = 0 mode functions are given exactly by (7.113), we can solve the
equation (7.110) perturbatively for small q and determine the quasinormal
mode functions and frequencies. We relegate the details of this calculation
to appendix B.2. The leading (n = 0) quasinormal mode frequency is found
to be6
s

Γ ∆+1−d
d

 q + O(q2 ) .
w = −i∆ ±
(7.120)
Γ d1 Γ ∆
d
Note that although in principle one can compute the quasinormal frequencies to generic order in q, for simplicity we contented ourselves with the
leading linear-in-q dependence. For massless scalars with ∆ = 2d, this result
simplifies to
1
wn=0,∆=2d = −2id ± √ q + O(q2 ),
(7.121)
d
which matches nicely with the results in Table 7.1.
Figure 7.1 provides a visualization of the q dependence for the lowest
quasinormal mode of a massless scalar. In particular, the insets in the figure
highlight the approach to q = 0 for the real and imaginary parts of the
frequency for the special case of z = d = 2. The blue dots in the inset refer
to numerical data while the blue line is the hydrodynamic result in (7.120).
The two are in good agreement at low q.
6

The higher mode frequencies (n > 0) have similar expressions but the slope depends on
n in a nontrivial way. The result for generic n is presented in appendix B.2.
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which matches nicely with the results in Table 1.
Figure 1 provides a visualization of the q dependence for the lowest quasinormal mode
of a massless scalar. In particular, the insets in the figure highlight the approach to q = 0
for the real and imaginary parts of the frequency for the special case of z = d = 2. The
blue dots in the inset refer to numerical data while the blue line is the hydrodynamic result
in (5.11). The two are in good agreement7.5
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Large-q regime

From the data in Figure 1 it is evident that the quasinormal mode dependence on q becomes
linear in qregime
both for small q and large q. These two behaviours are, however, unrelated. As we
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1
d
id
i⇡ d2d1
2d q
pIn(2n
w
=
e
(d as1) well.
+ 1) + O(q 1 ).
(5.13)
n
This can be verified analytically
d 1
2 appendix B.2 we provide a

WKB calculation of the linear behavior for asymptotically large values of q,
Finally, it is interesting to note that the large-q results imply that large-momentum exincluding
the leading off-set from linearity. The result for z = d is given by
citations in a plasma dual to the Lifshitz-like black brane are always exponentially damped
r
for z > 1. This is in
stark contrast
to the
z = 1id
result, where regardless of the dimension,
1
d
−iπ d−1
−1
2d
wn = e
(d − 1) 2d of
q−
(2n + 1)term
+ O(q
). ±1, (7.122)
for asymptotically
large q the coefficient
the√linear-in-q
is exactly
indicating
d−1
2
that high temperature CFT plasmas with holographic duals possess long-lived propagating
excitations.
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slightlyimply
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Finally, itInisfact,
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to1 note
thatWKB
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large-q isresults
that large-

momentum excitations in a plasma dual to the Lifshitz-like black brane are
always exponentially damped for z > 1. This is in stark contrast to the z = 1
result, where regardless of the dimension, for asymptotically large q the coef– 23
– indicating that high temperature
ficient of the linear-in-q term is exactly
±1,
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CFT plasmas with holographic duals possess long-lived propagating excitations. In fact, in the z = 1 case the WKB analysis is slightly more subtle
and the overall structure is modified from the above such that the leading
d−1
correction to the linear term is proportional to q− d+3 and so becomes more
suppressed as q increases [131, 132].

7.6 Non-equilibrium states
Up to now we have considered equilibrium states. Both in the 1 + 1 CFT
case and in the BTZ case it is possible to study the evolution of out-ofequilibrium states analytically for specific types of quenches. Here we extend
those non-equilibrium results to the generalized quantum Lifshitz model and
the holographic EMD theory for z = d.

7.6.1 States with translational and rotational symmetry
Autocorrelators in a general translationally and rotationally invariant state
of the z = d generalized quantum Lifshitz model are related to autocorrelators in a two-dimensional CFT. In the Heisenberg picture, the field operator
equations of motion are solved by (in this section we work in real time)
χ(x, t) =

Z



dd k
1
−iω(k)t+ik·x
iω(k)t−ik·x †
p
e
a
+
e
a
k
k ,
(2π)d 2ω(k)

(7.123)

d

where ω(k) = κk d and we denote k d ≡ (k 2 ) 2 . The normalization of the
†
operators
h
i ak and ak is chosen so that they satisfy commutation relations

ak , a†k0 = (2π)d δ d (k − k 0 ). The Wightman autocorrelator on a general
Heisenberg picture state |ψi is then given by
hχ(t2 )χ(t1 )i =

Z

dd k1
(2π)d

Z


dd k2
1
p
e−iω(k1 )t1 −iω(k2 )t2 hak2 ak1 i
(2π)d 2 ω(k1 )ω(k2 )

+ eiω(p1 )t1 −iω(k2 )t2 hak2 a†k1 i + e−iω(k1 )t1 +iω(k2 )t2 ha†k2 ak1 i

+ eiω(k1 )t1 +iω(k2 )t2 ha†k2 a†k1 i .
(7.124)
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Assuming that the state |ψi is invariant under spatial translation and rotation leads to the following form of the matrix elements of the creation and
annihilation operators (a proof is given in Appendix B.3)
hak2 ak1 i = A11 (ω(k1 ))(2π)d δ d (k1 + k2 ),

hak2 a†k1 i = A12 (ω(k1 ))(2π)d δ d (k1 − k2 ),

ha†k2 ak1 i = A21 (ω(k1 ))(2π)d δ d (k1 − k2 ),

(7.125)

ha†k2 a†k1 i = A22 (ω(k1 ))(2π)d δ d (k1 + k2 ).

The two-point autocorrelator becomes
Z d
d k1
1  −iω(k1 )(t1 +t2 )
hχ(t2 )χ(t1 )i =
e
A11 (ω(k1 ))
(2π)d 2ω(k1 )

+ eiω(k1 )(t1 −t2 ) A12 (ω(k1 )) + e−iω(k1 )(t1 −t2 ) A21 (ω(k1 ))

+ eiω(k1 )(t1 +t2 ) A22 (ω(k1 )) .
(7.126)

Using the same change of integration variables as before q = κk1d and extending the integration region, we obtain
Z
dq 1  −iω̄(q)(t1 +t2 )
2π
e
A11 (ω̄(q))
hχ(t2 )χ(t1 )i =
2π 2ω̄(q)
2d π d/2 dκΓ( d2 )

+ eiω(p1 )(t1 −t2 ) A12 (ω̄(q)) + e−iω(q)(t1 −t2 ) A21 (ω̄(q))

+ eiω(q)(t1 +t2 ) A22 (ω̄(q)) ,
(7.127)

where ω̄(q) = |q|. The autocorrelator (7.127) is identical to the autocorrelator of a 1+1 dimensional CFT with the action (7.43), now in Lorentzian
time.
The state of a Gaussian CFT is specified by the matrix elements
hbq2 bq1 i = A11 (ω̄(q1 ))2πδ(q1 + q2 ),

hbq2 b†q1 i = A12 (ω̄(q1 ))2πδ(q1 − q2 ),

hb†q2 bq1 i = A21 (ω̄(q1 ))2πδ(q1 − q2 ),
hb†q2 b†q1 i

(7.128)

= A22 (ω̄(q1 ))2πδ(q1 + q2 ),
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where
and annihilation operators of the CFT satisfy the algeh the creation
i
†
bra bq , bq0 = 2πδ(q − q 0 ). We have so far demonstrated that the Wightman autocorrelators of the z = d generalized quantum Lifshitz model are
equivalent to the two-dimensional CFT Wightman autocorrelators. Other
two-point correlation functions (such as Feynman or retarded correlators)
can be obtained from linear combinations of Wightman functions and their
complex conjugates. If the wavefunctional of the state |ψi is Gaussian, one
can obtain the correlation functions of all the composite operators, such as
the monopole operators, by using Wick’s theorem with the hχχi two-point
function. Thus, in Gaussian states with spatial translational and rotational
symmetries, the autocorrelators of the generalized quantum Lifshitz model
are identical to autocorrelators of a 1+1 dimensional free boson CFT.

7.6.2 A mass quench in the generalized quantum Lifshitz model
As a concrete example of a non-equilibrium state in the generalized quantum
Lifshitz model with z = d, we can consider a quench state starting from the
ground state of a different free Hamiltonian at t = 0. In this case the matrix
elements (7.125) are given by
1 ω
ω0 
A11 (ω) = A22 =
,
−
4 ω0
ω

1 ω
ω0
A12 (ω) =
+
+2 ,
4 ω0
ω

1 ω
ω0
A21 (ω) =
+
−2 ,
4 ω0
ω

(7.129)
(7.130)
(7.131)

where ω0 is the initial dispersion relation, and ω the final dispersion relation.
These matrix elements can be computed from matching the initial and final
ground state at t = 0. In the case of a quench starting from the ground state
of a mass deformed quantum Lifshitz Hamiltonian one has
q
ω0 = κ2 p2d + m20 , ω = κk d .
(7.132)

For simplicity we consider the case of a deep quench with m−1
0  t where t
is any of the following |t1 − t2 |, t1 or t2 . This in particular gives the late time
behavior of the correlation function. The full time evolution of the correlator
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can be evaluated numerically. When m0 is large, the leading contribution to
the two-point function becomes
Z
2π
m0 ∞ dq  −iq(t2 −t1 )
hχ(t2 )χ(t1 )i ≈
e
+ eiq(t2 −t1 )
2d π d/2 dκΓ( d2 ) 8π 0 q 2
(7.133)

−iq(t2 +t1 )
iq(t2 +t1 )
−e
−e
,
where we use the integration variable q = κk d . Performing the integrals
gives
hχ(t2 )χ(t1 )i ≈


m0 
2π
t
+
t
−
|t
−
t
|
1
2
2
1 .
2d π d/2 dκΓ( d2 ) 8

(7.134)

The Feynman propagator is given by
GF (t2 , t1 ) =θ(t2 − t1 )hχ(t2 )χ(t1 )i + θ(t1 − t2 )hχ(t1 )χ(t2 )i

2π
m0 
≈
t
+
t
−
|t
−
t
|
.
1
2
2
1
2d π d/2 dκΓ( d2 ) 8

(7.135)

The two-point function of monopole operators is obtained by using Wick’s
theorem
πm0
hT eiαχ(t2 ) e−iαχ(t1 ) i ≈ e− 2d ∆|t2 −t1 | .
(7.136)
This has the same exponential fall off at large |t2 − t1 | as the thermal autocorrelator if one identifies an effective temperature Tef f = m0 /4.

7.6.3 Vaidya collapse spacetime in the holographic model
A class of non-equilibrium states within holography is provided by “quenches”
starting from the gapless ground state of the dual field theory. This can be
achieved by introducing a time dependent source J(t) for some operator in
the dual field theory. A fast varying source induces a perturbation in some
(combination of) field(s) close to the boundary of the space, which subsequently falls into the bulk and forms a black hole. Generically the time
evolution has to be followed numerically by solving the dynamical Einstein’s
equations coupled to whatever matter is present [2]. A simple metric that
can be used to model the collapsing configuration is the Vaidya spacetime,
which corresponds to null and pressureless matter sourcing Einstein’s equa-
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tions.
An asymptotically Lifshitz version of the Vaidya spacetime was constructed
in [35] and equal time correlators of scalar operators obtained in the geodesic
approximation. Here we would instead like to consider autocorrelators in this
time-dependent background.
For z = d the Lifshitz-Vaidya spacetime is given by
ds2 = −


1 
dudv dx2
2d
2
1
−
m(v)u
dv
−
2
+ 2 ,
u
u2d
ud+1

which can be transformed to the form
i
1
1 1h
dx2 ,
ds2 = 2 2 − (1 − d2 m(v)y 2 )dv 2 − 2dydv +
2/d
d y
(dy)

(7.137)

(7.138)

with the coordinate transformation y = ud /d. The gvv and gyv components
of the metric (7.138) are identical to those of the BTZ-Vaidya spacetime,
and since the large-∆ limit of the autocorrelation function is insensitive to
the dx2 part of the metric, they will be identical to the autocorrelator in the
BTZ-Vaidya background. These were computed in [133] using the geodesic
approximation in two different ways with the result
GF (t2 , t1 ) ∝ 

1
t1 cosh(πT t2 ) −

1
πT

sinh(πT t2 )

2∆/d ,

(7.139)

where T is the temperature of the final state black hole. Due to the above
reasoning, this is also the result for the non-equilibrium autocorrelator in
the Lifshitz-Vaidya case as well. In (7.139) we have assumed t1 < 0 and
t2 > 0. When both times are negative, i.e. before the collapse, the two-point
function is instead identical to the vacuum one. Correspondingly, when both
times are positive, i.e. after the collapse, the two-point function is identical
to the thermal one.

7.7 Discussion
In this chapter we have studied two types of theories exhibiting a Lifshitz
scale invariance: free field theories and holographic theories. The free field
theories generalize the well known quantum Lifshitz model to arbitrary num-
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ber of spatial dimensions. These theories can be defined for any value of z
but we restrict our attention for the most part to models with z = d in
order to retain some key properties of the original quantum Lifshitz model.
In particular, precisely for z = d, one can define a set of scaling operators (so-called generalized monopole operators) whose equal time correlation functions match those of a d-dimensional conformal field theory. The
holographic theories are dual to gravitational models of Einstein-Maxwelldilaton (EMD) type and we consider scalar operators dual to massive scalar
fields in the bulk geometry. By studying the vacuum and thermal correlation functions of these two classes of theories we have uncovered several
interesting features.
At z = d vacuum autocorrelation functions of scaling operators in the
generalized quantum Lifshitz model can be expressed in terms of autocorrelators of a 1+1-dimensional CFT. Likewise, for holographic models a similar
relation manifests in the geodesic (or large-∆) approximation to the autocorrelator. This indicates an enhanced symmetry in the time domain that
does not follow in an obvious way from the Lifshitz scaling symmetry. Furthermore, we find that the relation to a 1+1-dimensional CFT persists when
we consider autocorrelators in a thermal state. On the gravitational side we
expect this finite temperature behavior to be specific to the EMD models
and that it will not persist in, for instance, Lifshitz models that are dual to
bulk theories of Einstein-Proca form.
In the generalized quantum Lifshitz model the relation to autocorrelators in a 1+1-dimensional CFT follows from a simple change of variables,
q = κk d , in the momentum integrals in propagators. On the holographic
side, the corresponding relation can be established by a transformation of
the radial coordinate, y = ud /d, which maps the (u, t) section of the z = d
Lifshitz black brane metric to a corresponding (y, t) section of a BTZ black
hole metric. The relation to a 1+1-dimensional CFT continues to hold for
autocorrelators in out-of-equilibrium states of the generalized Lifshitz model
that are invariant under spatial translations and rotations. Similarly, holographic non-equilibrium states described by a Lifshitz-Vaidya type collapsing
spacetime can be mapped to the BTZ-Vaidya spacetime with the same coordinate transformation as in the thermal state. This leads to the equivalence
between the large-∆ limit of autocorrelators in certain non-equilibrium states
of holographic theories with Lifshitz scaling and 1+1-dimensional CFTs with
holographic duals.
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We also consider correlation functions of operators with order one scaling
dimensions, i.e. outside the geodesic approximation. In practice, we look
for the poles of retarded thermal two-point functions, or in other words the
quasinormal mode frequencies of the corresponding bulk fields. For zero
spatial momentum, k = 0, the quasinormal mode spectrum can be found
analytically and agrees with the BTZ quasinormal mode spectrum. This
again follows from the same coordinate transformation we used when evaluating autocorrelators. Furthermore, for large scaling dimension operators,
the equal space limit of correlation functions can be argued to correspond to
zero spatial momentum. Thus, we find consistent results with both methods.
The quasinormal modes at small non-zero momenta also share features with
the corresponding BTZ quasinormal modes. In particular, for z = d, we
find that the frequency starts out purely real at low enough momentum and
grows linearly with momentum, as in the BTZ case. At high momentum,
on the other hand, we find interesting differences compared to CFT results.
In particular, the imaginary part of the quasinormal mode frequency scales
linearly with k at high momentum. This is in strong contrast to holographic
d−1
CFTs where the imaginary parts approach zero as k − d+3 at high momentum.
This implies that, while CFTs have long lived excitations at high momentum, we find that high momentum excitations are very short lived in Lifshitz
theories with z > 1. This has interesting implications for thermalization of
far from equilibrium configurations in these theories, which seems opposite
to the pattern of thermalization found in CFTs, where the long lived high
momentum excitations are the slowest to equilibrate.
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A.1 Numerical data
In Table A.1 we present data in order to compare to the results of [43]. Table
A.2 contains a sample of the results used in this Chapter.
rh
100
50
10
5
1

d=2
ωIm
ωRe
266.38 184.94
133.19 92.47
26.63 18.49
13.31 9.24
2.66
1.84

d=3
ωIm
ωRe
274.66 311.94
137.33 155.97
27.46 31.19
13.73 15.59
2.74
3.11

d=5
ωIm
ωRe
261.24 500.74
130.62 250.37
26.12 50.07
13.06 25.03
2.61
5.00

Table A.1: Results which can be compared to [43]. Notice that this corresponds to putting the mass m to zero and z = 1.
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∆=3
∆ = 5.5
d=1
d=2
d=3
d=1
d=2
d=3
Re(ω0 )
Re(ω0 )
Re(ω0 )
Re(ω0 )
Re(ω0 )
Re(ω0 )
z 4πT 4πT τ 4πT 4πT τ 4πT 4πT τ 4πT 4πT τ 4πT 4πT τ 4πT 4πT τ
1 0 2/3 0.61 1.12 0.54 2.27 0 4/11 1.14 0.53 1.13 0.93
4
3 0.00 1.03 0.39 1.15 0.45 2.01 0.00 0.54 0.66 0.57 0.87 0.87
5
3 0.00 1.30 0.21 1.23 0.36 1.91 0.00 0.69 0.32 0.63 0.64 0.87
2 0.00 1.55 0 4/3 0.28 1.89 0.00 0.82 0 8/11 0.46 0.90
7
3 0.00 1.80 0.00 1.83 0.204 1.90 0.00 0.95 0.00 0.96 0.31 0.95
8
3 0.00 2.04 0.00 2.15 0.13 1.94 0.00 1.09 0.00 1.13 0.18 1.02
3 0.00 2.28 0.00 2.44
0.00 1.21 0.00 1.28 0 12/11
10
0.00
2.52
0.00
2.72
0.00 1.34 0.00 1.42 0.00 1.38
3
11
0.00
2.76
0.00
2.99
0.00 1.47 0.00 1.56 0.00 1.57
3
4 0.00 2.99
0.00 1.60 0.00 1.70 0.00 1.73
13
0.00
3.23
0.00 1.72 0.00 1.84 0.00 1.89
3
14
0.00 1.85 0.00 1.97 0.00 2.04
3 0.00 3.46
5
0.00 1.98 0.00 2.11 0.00 2.19
16
0.00 2.10 0.00 2.24 0.00 2.33
3
17
0.00 2.23 0.00 2.37 0.00 2.48
3
6
0.00 2.35 0.00 2.50 0.00 2.63
Table A.2: Parts of the results which are used to plot Figure 5.3 and 5.6.
Empty rows signal violation of the BF bound.
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B.1 Ground state wave functional in the generalized
quantum Lifshitz model
The Hamiltonian of the generalized quantum Lifshitz model is given by
Z


1
H=
dd x Π(x)2 + κ2 (∇z χ)2 ,
(B.1)
2
where Π(x) = ∂t χ is the canonical momentum, which in the Schrodinger
picture is replaced by the operator
Π(x) = −i

δ
.
δχ(x)

(B.2)

The ground state of the theory can be found by solving the time independent
Schrodinger equation
HΨ [χ] = EΨ [χ] .
(B.3)
At this point if is convenient to introduce the operators

1 
Q(x) = √ iΠ(x) + κ(−)z/2 χ(x) ,
2


1
Q† (x) = √ − iΠ(x) + κ(−)z/2 χ(x) .
2
The Hamiltonian can be now expressed as
Z
H = dd xQ† (x)Q(x) + E0 ,

(B.4)
(B.5)

(B.6)
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where E0 is given by1
Z
Z
dd k ω(k)
d κ
z/2 d
0
E0 = lim
d
x
(−)
δ
(x
−
x
)
=
V
,
d
x0 →x
2
(2π)d 2

(B.7)

where ω(k) = κ(k 2 )z/2 . The operator H̃ = H − E0 is positive definite as for
any normalizable state
Z
Z
d
†
hH̃i = d xhψ|Q (x)Q(x)|ψi = dd x||Q(x)|ψi||2 ≥ 0.
(B.8)
Thus, if we can find a state for which Q(x)|ψi = 0, this state will minimize
the energy, i.e. it is the ground state of the theory. The equation

1  δ
+ κ(−)z/2 χ(x) Ψ [χ] = 0,
Q(x)Ψ [χ] = √
2 δχ(x)

(B.9)

can be straightforwardly solved by
R d
1
1
z/2
Ψ [χ] = √ e− 2 d xχ(x)κ(−) χ(x) ,
Z

(B.10)

where Z is a normalization factor that ensures the wavefunction has unit
norm
Z
R d
z/2
Z = [dχ] e−κ d xχ(x)(−) χ(x) .
(B.11)

Thus, the correlation functions of operators at equal time in the ground state
are given by the expression
Z
R d
1
z/2
hO(χ)i =
[dχ] e−κ d xχ(x)(−) χ(x) O(χ),
(B.12)
Z
which can be identified as a correlation functions in a d-dimensional Euclidean CFT if z = d.

1

Above we have defined Q† (x)Q(x) = limx0 →x Q† (x)Q(x0 ).
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B.2 Quasinormal mode spectrum
In this appendix we provide some details on the computation of the quasinormal mode spectrum. In particular, we elaborate on our numerical procedure as well as obtain analytical results for small-q in (7.120) and large-q in
(7.122).

B.2.1 Numerical Algorithm
To perform the numerical computation we used the Mathematica package
“QNMspectral”.2 The essence of the algorithm boils down to the following. First we cast the scalar wave equation (7.59) in infalling EddingtonFinkelstein coordinates with a compact radial coordinate, which we discretise
on a spectral grid. This grid puts more points near the boundary and horizon than in the “middle”, which is convenient for numerical purposes. We
then express the eigenfunctions in terms of a sum of Chebychev polynomials
where we take into account the required fall-off. Note that we can only have
as many Chebychev coefficients as points on the spectral grid. This yields a
set of equations which can be cast into the form of a generalized eigenvalue
problem,
M · ~v = ω · ~v ,
(B.13)
where ~v is a vector with the coefficients of the Chebychev expansion and
M is a matrix with values depending on the details of the quasinormal
mode equation (7.59). The eigenvalue problem can readily be solved using
Mathematica. In principle, the higher rank the matrix M , the higher the
precision and number of overtone numbers n of the quasinormal modes ω.
The minimum numerical precision of the quasinormal modes computed in
this chapter is better than 1%.

B.2.2 Small-q expansion
In order to derive (7.120) we begin with the the scalar wave equation in the
z = d Lifshitz black brane background (7.110), which we rewrite here for
2

We thank Aron Jansen for making this package available publicly.
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completeness



w2 u
2 d1
− q u − ∆(∆ − 2d) ϕ(u) = 0 .
(1 − u)
(B.14)
For q = 0, solution that is regular at infinity is given by (7.113) with ϕ− = 0,
such that


∆+
iw
∆+
iw ∆+
,
−
,
,
u
.
(B.15)
ϕ(u) = ϕ+ u 2d (1 − u)− 2d 2 F1 ∆2d+ − iw
2d 2d
2d d

1
1
ϕ0 (u)+ 2
ϕ (u)−
1−u
4u (1 − u)d2
00

Imposing in-falling boundary conditions at the horizon further restricts the
solution such that w is quantized as
wn,q=0 = −i(∆ + 2nd),

n = 0, 1, 2, · · · .

(B.16)

For generic values of w the hypergeometric function in (B.15) is given by
an infinite series in u, however at the quasinormal values of w in (B.16) the
series terminates and one can write the hypergeometric as a finite degree
polynomial. In particular, when evaluated on the quasinormal frequency
the q = 0 scalar solution is (see eq. 15.4.1 of [111])


∆+
∆
ϕ(u) = ϕ+ u 2d (1 − u)−n− 2d 2 F1 −n, −n, ∆d+ , u
= ϕ+ u

∆+
2d

(1 − u)

∆
−n− 2d

n
X
(−n)2m m
u ,
m!( ∆
d )m
m=0

(B.17)

where the Pochhammer symbol (·)m is defined by
(a)m ≡

Γ(a + m)
.
Γ(a)

(B.18)

We will now specialize to the case n = 0 and will come back to the generic-n
situation later. At n = 0 the hypergeometric function above is a constant. In
order to find the momentum dependence we then make the following ansatz
∆

∆

ŵ

ϕ(u) = u 2d (1 − u)− 2d −i 2d ϕ̂(u),
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where ϕ̂(u) parametrizes the deviation from the q = 0 solution and we have
set w = −i∆ + ŵ, so that ŵ is the shift of the frequency from the q = 0
result. Its appearance in the exponent above is required by the in-falling
boundary condition at the horizon.
Inserting this into (7.110) we find the following equation for φ̂(u)


∆
d

u (1 − u)

1− ∆
d

0
ϕ̂ (u) +
0

∆

∆

iŵu d

d(1 − u)

∆
d

0

ϕ̂ (u)+

u z −2
4d2 (1 − u)

1

∆
d

(uŵ2 −u d q2 )ϕ̂(u) = 0 .

(B.20)
Solving this equation perturbatively in ŵ and q, and demanding regularity
at the boundary u → 0, one finds that the solution up to O(ŵ2 , q2 ) is given
by
"
Z
Γ(1 − ∆
∆
∆
d)
φ̂(u) =φ0 1 −
du0 u0− d (1 − u0 ) d −1
1
4dΓ( d )


∆
2
∆
1
∆+1 2
× Γ(1 + d )Γ( d )ŵ −
Γ( d )q
∆+1−d


Z du0 ŵ2 F (1, 1, 2 − ∆ , 1 − u0 ) − q2 u d1 −1 F ( 1 , 1, 2 − ∆ , 1 − u0 ) #
d
d
d
−
4d(∆ − d)
+ O(ŵ3 , q3 ).

The important point to note for our purposes is that, when ∆
d is not an
integer,3 the integral on the first line gives a solution which is non-analytic
at u = 1 and should be vanishing. In order for this term to vanish one must
set
Γ( ∆+1−d
) 2
d
ŵ2 =
q ,
(B.21)
∆
1
Γ( d )Γ( d )
which is the result quoted in (7.120). One can perform the same analysis
with the generic form of the quasinormal solution in (B.17) to obtain the
3

In deriving the integrands in (B.21) we utilized a relation between hypergeometric functions evaluated at u to a sum of two hypergeometric functions evaluated at 1 − u (see
eq. 15.3.6 of [111]). For generic values of ∆ one branch simplifies to the elementary
functions in the first line. However, when ∆ is a positive integer the connection equation from u to 1 − u contains terms with log(1 − u) (see eq. 15.3.12 of [111]). The
vanishing of the logarithmic terms coincides with the condition given in (B.21).
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general-n result,
2
Γ n+ ∆
d
ŵ =
2

Γ(n + 1)2 Γ ∆
Γ 2n + ∆
d
d


n
X
+ d1 − 1 2
(−n)2i 1 (−n)2j 1 Γ i + j + ∆
d

 q .


×
∆
i! ∆
j! Γ i + j + d1 − 2n
d i
d j
i,j=0
2

(B.22)

B.2.3 Large-q WKB
At high momentum, we can compute the scalar mode functions in a WKB
approximation that is valid for large q. using a method described in [131].
We will carry out the calculation using generic values of (d, z) and later
specialize to the case of z = d.
In order to set notation, let us write the metric for generic (d, z)
ds2 =

f (u) 2
du2
dx2
dτ
+
+
,
u2z
u2 f (u)
u2

f (u) = 1 −

ud+z
.
d+z
uH

(B.23)

The scalar wave equation for generic (d, z) is given by
1
1
ϕ00 (u) −
ϕ0 (u) + 2
1−u
u (1 − u)(d + z)2

2z

2
w2 u d+z
− q2 u z+d − m2
(1 − u)

!

ϕ(u) = 0,

(B.24)
where we have again defined dimensionless quantities, which for generic (d, z)
are now given by
ud+z
,
ud+z
H


4πT −1
w =
ω,
d+z


4πT −1/z ~
~q =
k.
d+z
u =

(B.25)

and
m2 = ∆(∆ − d − z).
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It is useful to write the wave equation in terms of the so-called “tortoise”
coordinate, which we define to be
Z u
d
1
du0
u0− d+z
.
(B.27)
r? =
d+z 0
1 − u0
With this convention the boundary is located at r? = 0 and the horizon is
approached as r? → ∞.
−

d

In terms of the rescaled wave function ψ(u) = u 2(d+z) ϕ(u), the equation
of motion (B.24) can be written in Schrödinger form
(−∂r2? + V (u))ψ = w2 ψ,

(B.28)

where the potential is given by
V (u) =

1−u
2z

u d+z



2

q u

2
d+z


z 2 d2
+ν −
+ u ,
4
4
2

(B.29)

2

with ν 2 = m2 − (d+z)
. To take the large q limit, we rescale the frequency as
4
w = wq,

(B.30)

in which case the equation of motion can be solved in an expansion in inverse
powers of q. In particular, we can write the potential as
V (u) = q2 V0 (u) + V2 (u),
where
V0 (u) = u

2(1−z)
d+z

(1 − u).

(B.31)

(B.32)

To determine the leading WKB quasinormal modes, we only need to take
into account the leading order potential V0 (u). The additional terms in V2 (u)
yield sub-leading contributions that are suppressed by powers of q−1 .
In what follows, we will review the analysis of [131]. It is important to
note that for z > 1 the potential in (B.32) behaves very differently near the
boundary compared to the case of z = 1 studied in [131]. In particular, for
z = 1 (B.32) approaches a constant at the boundary, whereas for z > 1 it
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diverges.4 This divergence will naturally lead to bound state solutions. The
following analysis will therefore echo the large-mass analysis of [131], rather
than the high momentum analysis.
First, consider the situation for real values of w, in which case intuition
from one-dimensional scattering in quantum mechanics is useful. In particular, since the potential vanishes at the horizon u = 1, the function
κ(r? ) = w2 − V0 (r? )

(B.33)

is positive for sufficiently large r? as one approaches the horizon. The WKB
solutions in this region correspond to oscillating waves
ψ>,± (r? ) =
where
W (r? ) ≡

A>,± ±iqW (r? )
e
+ O(q−1 ) ,
κ(r? )1/4

(B.34)

Z

(B.35)

r?

r?c

dr?0

p

w2 − V0 (u(r?0 ))

and r?c corresponds to a classical turning point of the potential, such that
κ(r?c ) = 0.
As one moves further from the horizon eventually r? = r?c , after which one
enters the classically forbidden region with κ(r? ) < 0. The WKB solutions
in this region correspond to rising and falling exponentials
ψ<,± (r? ) =

A<,±
e±qZ(r? ) + O(q−1 ) ,
(−κ(r? ))1/4

where
Z(r? ) ≡

Z

r?

r?c

dr?0

p
V0 (r?0 ) − w2 .

Writing the integral out explicitly in terms of the coordinate u,
Z u
d p
1
1
0− d+z
Z(u) =
du0
u
V0 (u0 ) − w2 ,
d + z uc
1 − u0
4

(B.36)

(B.37)

(B.38)

In fact, as was recently pointed out in [132], for z = 1 the WKB analysis does not
capture the behavior of the lowest quasinormal modes for large-q. This is because for
z = 1 the turning point of the potential gets pushed to the near-boundary region, but
this does not happen for the z > 1 case discussed here.
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where u < uc , we see that Z(u) is negative and decreasing as u moves away
from the turning point and so the solution ψ<,+ (r? ) corresponds to the
decaying mode under the potential barrier. As one further approaches the
boundary at r? = 0 the WKB solutions behave as
(z−1)

ψ<,± (u) ' A<,± e±qZ(r?c ,0) u 2(d+z) e±qu

1
d+z

.

(B.39)

In order to construct quasinormal solutions we will build the solution up
from the boundary. Near the boundary, the WKB expansion breaks down
and one must solve for the wave-function in a near-boundary expansion. At
large-q, the w2 term is suppressed by powers of q−1 and the near-boundary
solution is independent of w to lowest order. The regular solution near the
boundary is given by
z

1

ψn.b. (u) = B u 2(d+z) Iν (qu d+z ),

(B.40)

which scales as φ ∼ uν+(d+z)/2 for small u as is appropriate for a normalizable
mode. To match this to the WKB solutions in (B.36) we expand for large u,
z−1

1
u 2(d+z) qu d+z
ψn.b. (u) ' B √
e
.
2πq

(B.41)

We therefore see that the normalizable solution at the boundary can be
matched onto the decaying WKB solution ψ<,+ (r? ), with
p
B = 2πqeqZ(r?c ,0) A>,+ .
(B.42)

Next, matching the solution ψ<,+ (r? ) across the turning point onto the
oscillating solutions in (B.34) one finds the solution in the allowed region
(r? > r?c ) to be
ψ(r? ) =


A>,+
π
cos
qW
(r
)
−
,
?
4
κ(r? )1/4

r? > r?c .

(B.43)

For large r? this solution behaves as a linear combination of e+iqr? and
e−iqr? . The first behavior corresponds to an in-falling wave and the latter to
an out-going wave. Solutions with real w are therefore not quasinormal.
To find quasinormal frequencies one must analytically continue by allow-
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ing both w and r? to take complex values. This allows for additional turning
points where κ(r? ) vanishes. In particular, there will be special complex values of w where one of these new turning points, which we will refer to as
r?t , will merge with the analytic continuation of the physical turning point
r?c . As explained in [131], when this occurs certain sub-dominant contributions to the out-going mode will become of the same order as the leading
term. Near the point where the turning points merge, the ratio of the two
contributions to the out-going mode is given by
e2qZ(r?c ,r?t ) ,
where
Z(r?c , r?t ) =

Z

r?t

r?c

dr?0

This means that when

p

(B.44)

V0 (r?0 ) − w2 .

e2qZ(r?c ,r?t ) = −1,

(B.45)

(B.46)

the two contributions will exactly cancel and leads to the quantization condition [131]
2qZ(r?c , r?t ) = iπ(2n + 1),

n = 0, 1, 2, · · · .

(B.47)

The two turning points merge when the following two conditions are satisfied,
V0 (ub ) = wb2 ,
V00 (ub ) = 0,

(B.48)

which ensure that κ(r? ) has a second order zero at r?b ≡ r? (ub ). We can
approximate the potential around the point where the two turning points
merge as a quadratic polynomial
1
V0 (r? ) ' V0 (r?b ) + V000 (r?b )(r? − r?b )2 .
2

(B.49)

Furthermore, assuming w = wb +x, where x is small, we see that the turning
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points r?t and r?c are located at r?c ± a, where
s
4wb x
.
a=
V000 (r?b )

(B.50)

In this approximation we can perform the integral
Z r?t
p
Z(r?c , r?t ) =
dr?0 V0 (r?0 ) − w2
Zr?c
q
a
'
dy 12 V000 (r?b )y 2 − 2xwb
−a
r
Z
V000 (r?b ) 1 p
2
dy 1 − y 2
' ±ia
2
−1
r
a2 π V000 (r?b )
' ±i
2
2
iπx
' ±
,
δ
where
δ=

s

V000 (r? )
2V0 (r? )

r? =r?b

.

(B.51)

(B.52)

The quantization condition (B.47) then leads to the expression
wn = wb + x
δ
= wb + (2n + 1).
2q

(B.53)

The quasinormal frequencies are then given by
δ
w = qwb + (2n + 1),
2

n = 0, 1, 2, · · · .

(B.54)

Evaluating this for our potential in (B.32), we find the turning point con-
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ditions to be
ub = −

2(z − 1)
,
d+2−z
r

−iπ

wb = e

(z−1)
d+z

d+z
d+2−z



2(z − 1)
d+2−z

− (z−1)
d+z

.

(B.55)

Evaluating the offset δ in (B.52) for this case we find
δ=e

z
−iπ d+z

d+z
√
2



2(z − 1)
d+2−z



d−z
2(d+z)

.

(B.56)

Note that we only trust these results for z in the range 1 < z < d + 2. The
case of z ≥ d + 2 needs to be treated with more care as the point ub , where
the turning points merge, goes behind the horizon, i.e. ub > 1.
For the case of d = z, this gives the following result for the quasinormal
frequencies
r
1
d
id
−iπ d−1
2d
wn = e
(B.57)
(d − 1) 2d q − √ (2n + 1) + O(q−1 ).
d−1
2
Figure B.1 provides an overview of our numerical results for several values
of d, z and q.

B.3 Matrix elements of creation and annihilation
operators
In this Appendix we demonstrate how the momentum dependence of the
creation and annihilation operator matrix elements (7.125) is fixed by rotational and translational invariance of the state |ψi. The vacuum |0i is a
state invariant under translation and rotations
eix·K |0i = |0i,
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U (R)|0i = |0i,
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Figure 3: Real and imaginary parts of the first three overtones (n = 0, 1, 2) in the EMD model
Figure
B.1: Real and imaginary parts of the first three overtones (n = 0, 1, 2) in
for a massless field with = d + z. The dots above the x-axis represent the real part and the ones
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where (Rp)
leadsresult.
to the following transformation
properties of the creation operators
eix·P a†p e

ix·P

= a†p eix·p ,

U (R)a†p U † (R) = a†Rp .

(D.3)

The transformation properties of the annihilation operators follow from Hermitian conjugation. Next we consider one of the matrix elements in (6.3)

where K is the momentum operator
is an operator generating
the
f (p1 , p2 )and
=h U
|ap(R)
(D.4)
1 ap2 | i.
†
rotation
R. The one particle state |ki = a |0i transforms as
We assume that the state is invariant under ktranslations and rotations, eix·P | i = | i
and U (R)| i = | i. Inserting three unit operators 1 = U † (R)U (R) in (D.4) gives

eix·K |ki = eix·k |ki,

U (R)|ki = |Rki,

f (p1 , p2 ) = f (Rp1 , Rp2 ),

(B.59)
(D.5)

i = Ri k j is the rotated momentum. This leads to the following
wherewhich
(Rk)
j f (p1 , p2 ) is a function of the rotationally invariant combinations p2 , p2
means that
1
2
transformation
properties
of the
creation1 operators
and p1 · p2 . By
inserting three
unit operators
= e ix·P eix·P in (D.4) gives
†
1 +p2 )
f (pa1 ,†pe2ix·k
) = ,eix·(pU
f (p†1 ,U
p †).
eix·K a†k e−ix·K =
(R)a
k
k 2 (R) = aRk .

– 39 –

(D.6)
(B.60)
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The transformation properties of the annihilation operators follow from Hermitian conjugation. Next we consider one of the matrix elements in (7.125)
f (k1 , k2 ) = hψ|ak1 ak2 |ψi.

(B.61)

We assume that the state ψ is invariant under translations and rotations,
eix·K |ψi = |ψi and U (R)|ψi = |ψi. Inserting three unit operators 1 =
U † (R)U (R) in (B.61) gives
f (k1 , k2 ) = f (Rk1 , Rk2 ),

(B.62)

which means that f (k1 , k2 ) is a function of the rotationally invariant combinations k12 , k22 and k1 · k2 . By inserting three unit operators 1 = e−ix·P eix·K
in (B.61) gives
f (k1 , k2 ) = eix·(k1 +k2 ) f (k1 , k2 ).
(B.63)
Since f (k1 , k2 ) should be independent of the arbitrary transformation parameter x, f must be of the form
f (k1 , k2 ) = g(k1 )δ d (k1 + k2 ).

(B.64)

Now because of rotational invariance g(k1 ) is only a function of k12 . Finally
d
k12 dependence can be traded to dependence on ω(k1 ) = κk1d ≡ κ k12 2 . The
same analysis can be repeated for all of the matrix elements in (7.125).
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Outlook
In this dissertation we cover topics within the main themes of Lifshitz symmetries and nonrelativistic holography. We first present a modest summary
of all of the research presented in this dissertation and end with a discussion
of future research directions. Note that more detailed outlooks can be found
at the end of Chapters 3, 5, 6, and 7.
Nonrelativistic theories are typically less constrained than relativistic ones,
which makes them often more cumbersome to work with. Via holography
one can have acces to domains of a field theory which are typically computationally inaccessible using only field theoretical methods. To get a better
understanding of what holography can do for us, however, one first requires
a proper understanding of the field theory itself. Thus, as a side effect of
studying nonrelativistic holography, nonrelativistic field theories have become a field of (renewed) interest in itself. Motivated by quantum critical
systems we restrict ourselves to a specific set of nonrelativistic symmetries,
namely Lifshitz symmetries.
In Chapters 2, 4, 5, and 6 we perform research in a bottom up holographic
setup, where the canonical relativistic methods are generalized to a nonrelativistic setting. We study relaxation and isotropization of a strongly coupled
nonrelativistic plasma via a specific holographic model, in which it turns out
that the approach known from relativistic holography was well generalizable
to nonrelativistic holography, at the cost of being more involved at the computational level. In both cases it turned out that z = d, when the dynamical
critical exponent equals spatial dimensions, respectively, is an important
point in parameter space.
In Chapter 7 we compare features from a specific field theoretic model and
the same gravitational model as used in Chapters 2, 4, 5, and 6. We find
that specific correlators, for z = d, which are obtainable analytically from
both sides of the duality, coincide.
In order to compute quantities beyond relaxation times, e.g. viscosities,
one has to study the hydrodynamics of a system. Although the computation
of hydrodynamic quantities can be done via holography, for the boundary
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interpretation of these quantities one needs to study the hydrodynamics of
the appropriate symmetry group. In Chapter 3 a framework is constructed
in which this can be done. As a proof of principle, the speed of sound was
computed for a gas of Lifshitz particles with various statistics.
With the framework developed in Chapter 3, we can study the classification of new hydrodynamic coefficients. This classification is already important purely from a field theory point of view. Moreover, the path towards
computing these hydrodynamic coefficients for strongly coupled Lifshitz systems, via holography, can now be pursued via such a framework.
We, however, restrict ourselves to using a specific gravitational model
because of its attractive analytic features. The question arises as to which
degree are the obtained features independent of a specific model. There is
a clear need for more (analytically) tractable models, or at least a better
overview of model-space. We can wonder, for instance, whether z = d is
special, or whether it is just some artifact of using a bottom up constructions.
Perhaps a better understanding of nonrelativistic holography from a top
down perspective might shed light on this and other features of the used
specific gravitational model.
Possibly, if all these questions, and more, are answered, we will be one
step closer to testing predictions of holography by experiments, which is the
ultimate goal.
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Voordat we de diepte in kunnen gaan met de materie die wordt behandeld
in dit proefschrift, Lifshitz symmetrieën en niet-relativistische holografie, is
het nodig om eerst een kleine stap terug te zetten in de tijd. Er is namelijk
veel gebeurd in de natuurkunde sinds Newton, ongeveer 400 jaar geleden,
succesvol de wereld beschreef met zijn befaamde wetten. De wetten van
Newton blijken niet voldoende te zijn voor het beschrijven van hele snelle
of hele kleine objecten. Ook in de nabijheid van heel zware objecten zijn er
afwijkingen van de wetten van Newton. Om dit op te lossen zijn er extra
theorieën nodig.
Relativiteit en kwantum in ons dagelijks leven
Aan het eind van de 19e eeuw wist men al dat de lichtsnelheid5 constant
is. De onveranderlijkheid van de lichtsnelheid wringt echter met de wetten
van Newton. Dit probleem leidde tot het uitbreiden van de wetten van
Newton met de speciale relativiteitstheorie, die in staat is om de beweging
van objecten te beschrijven die zich met bijna de lichtsnelheid voortbewegen.
Wie speciale relativiteitstheorie zegt, moet ook algemene relativiteitstheorie zeggen. Waar de speciale relativiteitstheorie rekening houdt met de
wetten van Newton én hele snelle objecten, houdt de algemene relativiteitstheorie ook nog eens rekening met een lichte kromming van de ruimte.
Dergelijke kromming treedt op in de nabijheid van hele zware voorwerpen,
zoals bijvoorbeeld bij sterren zoals de zon of een zwart gat. Een voorbeeld
van iets uit het dagelijkse leven dat bestaat dankzij onze kennis van de algemene relativiteitstheorie is het Globale Positionerings-Systeem (GPS6 ).
Nu hebben we het gedrag van snelle objecten en hele zware objecten besproken.7 Een logische volgende vraag is: hoe staat het met de grootte van
5

In het vacuüm plant licht zich voort met een snelheid van grofweg één miljard kilometer
per uur.
6
Is het eigenlijk niet raar dat men dit doorgaans GPS systeem noemt?
7
De trage en lichte objecten gedragen zich zoals de wetten van Newton voorschrijven.
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een object? Het blijkt dat je voor hele kleine8 objecten een nieuwe theorie nodig hebt: de kwantummechanica, nog zo’n pareltje uit de twintigste
eeuwse natuurkunde. Een aantal voorbeelden van waar we in ons dagelijks
leven de kwantummechanica tegenkomen zijn: transistoren (de bouwstenen
van chips in bijvoorbeeld computers) en radiologische beeldvorming in een
ziekenhuis (zoals PET-scans).
Zwarte gaten en het getalenteerde kind van relativiteit en kwantum
Uit de relativiteitstheorie volgt het concept zwarte gaten, die ook belangrijk
zijn in de context van dit proefschrift. Zwarte gaten zijn bolvormige9 regio’s
in de ruimte waaruit licht niet kan ontsnappen. De relativiteitstheorie voorspelt10 dat zwarte gaten bestaan, maar doordat de kromming van de ruimte
enorm is binnen zwarte gaten, kan de relativiteitstheorie geen uitspraak doen
over wat er zich in een zwart gat bevindt. Dit is een mysterie dat men graag
wil oplossen, niet op de laatste plaats omdat er bij het ontstaan van het
universum een vergelijkbare situatie was.
We hebben nu dus een theorie die om kan gaan met hele kleine objecten,
namelijk de kwantummechanica. Kan deze theorie gecombineerd worden
met de theorie voor snelle objecten, namelijk de speciale relativiteitstheorie?
Ja! Deze combinatie heet de kwantumveldentheorie. Deze theorie is het
paradepaardje van de natuurkunde uit de twintigste eeuw en wordt toegepast
bij het voorspellen en beschrijven van allerlei uiteenlopende fenomenen. Van
deeltjesversnellers in Genéve (bij CERN), Higgs-bosonen en supergeleiding
dichtbij het absolute nulpunt11 , kwantumveldentheorie kan het allemaal!
Kan kwantumveldentheorie dan alles? Nee. Ook kwantumveldentheorie
8

Voor de relevantie van kwantummechanica moet je op lengteschalen kijken die kleiner
zijn dan de zogenaamde de Brogliegolflengte. In het geval van het elektron bij
kamertemperatuur is deze golflengte ongeveer 3 × 10−9 (=0, 000.000.003) meter. Ter
illustratie: dit is ongeveer 100.000 keer kleiner dan de dikte van een menselijke haar!
9
Ons universum is wat betreft de vorm van zwarte gaten tamelijk saai. De grap is dat er
in andere (hypothetische) universa dan het onze, een kakofonie aan vormen van zwarte
gaten voor kan komen, zelfs donuts!
10
Ongeveer een maand na de publicatie van het artikel waarin Einstein de algemene
relativiteitstheorie voorstelde, vond Karl Schwarzschild de eerste voorspelling van een
zwart gat, terwijl hij in een loopgraaf zat. Gedurende het promotieonderzoek van de
auteur van dit proefschrift werden er dankzij de observatie van zwaartekrachtsgolven
voor het eerst zwarte gaten direct waargenomen. Ze bestaan dus echt!
11
Ongeveer -273.15 graden Celsius.
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kan bijvoorbeeld niet in een zwart gat kijken. Hiervoor moet je in plaats van
de speciale relativiteitstheorie de algemene relativiteitstheorie combineren
met de kwantummechanica, dus ook kromming van de ruimte meenemen
naast hele snelle en kleine objecten. Dit blijkt (nog?) niet mogelijk...12
De Argentijn en de holografie
Stel je hebt een natuurkundig probleem, dan kun je grofweg gezegd uit twee
theorieën kiezen om het probleem te bestuderen. In de praktijk gebruik
je dan de kwantumveldentheorie voor problemen op kleine (lengte)schalen,
bijvoorbeeld bij het beschrijven van hoe elektronen door een metaal stromen.
Voor problemen op grote (lengte)schalen, bijvoorbeeld het berekenen van een
pad dat een satelliet door ruimte aflegt, gebruik je de algemene relativiteitstheorie.
Toen de Argentijn Juan Maldacena eind 20e eeuw op een merkwaardige
brug stuitte tussen de algemene relativiteitstheorie en de kwantumveldentheorie, bleken deze twee theorieën meer gemeen te hebben dan gedacht.
Namelijk, in sommige gevallen bleek kwantumveldentheorie precies hetzelfde
te beschrijven als de algemene relativiteitstheorie. Met andere woorden, in
sommige gevallen zijn deze twee in principe heel verschillende theorieën twee
kanten van dezelfde munt!13
Via holografie zijn zwarte gaten net een vloeistoffen
We grijpen nu terug op zwarte gaten, zoals ze twee paragrafen hiervoor
zijn geı̈ntroduceerd. Zwarte gaten worden beschreven door de algemene
relativiteitstheorie. Het blijkt dat zwarte gaten in een universum dat Antide Sitter 14 heet, via de holografie gerelateerd kunnen worden aan systemen
12

Het gedrag van de gekromde ruimte zelf op hele kleine lengteschaal (dwz. op het kwantumniveau) is een groot mysterie. Wanneer dit ingrediënt succesvol aan een theorie wordt toegevoegd heet dit kwantumzwaartekracht of, misschien wat poëtischer, de
theorie van alles. Het vinden van deze theorie is de heilige graal van de moderne
natuurkunde.
13
Een bizarre eis voor de geldigheid van holografie is dat de algemene relativiteitstheorie
één dimensie meer moet hebben dan de kwantumveldentheorie. Door deze voorwaarde
draagt dit principe nu de naam holografie, naar de projectiebeelden die je vast wel eens
hebt gezien in een sciencefictionfilm, die hologrammen heten.
14
De Fries Willem de Sitter gebruikte wat nu de de Sitter ruimte heet om een uitdijend
heelal te simuleren. De anti-de Sitter ruimte is op een bepaalde manier precies het
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die allerlei eigenschappen van vloeistoffen hebben. Dit zijn systemen die je
ook direct vanuit de kwantumveldentheorie zou kunnen beschrijven.
Ons doel is om, met behulp van de algemene relativiteitstheorie, via de
holografie kwantumveldentheoretische processen te beschrijven. Dit is vooral
interessant wanneer de wiskunde achter de kwantumveldentheorie spaak
loopt, maar de wiskunde achter de algemene relativiteitstheorie niet. Een
groot deel van dit proefschrift gaat over het bestuderen van bepaalde kwantumveldentheorieën, genaamd Lifshitz-kwantumveldentheorieën, via holografie.
Lifshitz-symmetrieën...
Voor ons verwijst het predikaat Lifshitz 15 naar een specifieke verzameling
van symmetrieën16 . Een kwantumveldentheorie met Lifshitz-symmetrieën,
met de toepassing op materie in het achterhoofd, wordt gebruikt om een
fase17 te beschrijven die wordt gedomineerd door kwantummechanischeeffecten. Zo’n fase heet de kwantumkritische fase.
Materialen in de kwantumkritische fase hebben allerlei bijzondere eigenschappen18 . Onder bepaalde omstandigheden hebben we het probleem dat
onze reguliere kwantumveldentheorie grote moeite heeft met zulke systemen
beschrijven.
tegenovergestelde van deze ruimte en pikte zodoende het prefix Anti op. Voor de
holografie maakt de directe interpretatie niet uit, aangezien we toch alleen maar
geı̈nteresseerd zullen zijn in de kwantumveldentheoriekant van de holografie.
15
De promotor van Evgeny Lifshitz, Lev Landau, had een absurd moeilijk toelatingsexamen ingesteld, genaamd het theoretisch minimum, dat je moest halen om in Charkov
theoretische natuurkunde te mogen studeren. Tussen 1934 en 1961 hebben 43 mensen
dit gehaald, van wie Lifshitz als tweede.
16
Een symmetrie is een actie die je kan uitvoeren op een object, waarbij niets kwalitatief
verandert aan het object. Bijvoorbeeld, een kubus met op alle vlakken dezelfde kleur
kun je met een kwartslag draaien en dan verandert er in feite niets aan de situatie. Als
je nu de helft van de vlakken een andere kleur geeft, dan verandert het aantal acties,
en dus het aantal symmetrieën, dat je kunt uitvoeren zonder dat de kubus veranderd.
Zo kun je verschillende theorieën in de natuurkunde kwalificeren aan de hand van het
aantal en type symmetrieën.
17
Zoals water zich in de vaste fase (ijs), gasfase (damp) en de vloeibare fase kan bevinden,
zo kan sommige materie ook beschikken over een kwantumkritische fase.
18
Een bijzondere eigenschap is bijvoorbeeld supergeleiding, waar zonder verlies van energie
elektriciteit door een materiaal kan lopen.
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Met een oog op Lifshitz-kwantumveldentheorieën zetten we in hoofdstuk 3
een kader op, waarin we beter in staat zijn berekeningen te doen. Dit kader
lenen we van de vloeistoffysica, die ons de mogelijkheid verschaft om de
snelheid van een drukverstoring (ook wel snelheid van het geluid genaamd)
te voorspellen voor dit type systemen.
...en niet-relativistische holografie
Om meer te weten te komen over Lifshitz-kwantumveldentheorieën zullen
we holografie gaan gebruiken, dit is het onderwerp van de hoofdstukken
5, 6 en 7. Een technische eigenschap van Lifshitz-symmetrieën is dat tijd
en ruimte niet op dezelfde wijze schalen. Deze eigenschap noemen we nietrelativistisch, want in de relativiteit staan tijd en ruimte namelijk op dezelfde
wijze. Voor het beschrijven van een Lifshitz-kwantumveldentheorie is dus
niet-relativistische holografie benodigd.
In de hoofdstukken 5 en 6 geven we een kleine schop tegen een zwart
gat, zodat deze gaat ‘klotsen’, wat na verloop van tijd weer uitdooft. Dit
klotsen komt via de holografie overeen met een uitdovende drukgolf in een
Lifshitz-kwantumveldentheorie. Dit is een berekening die, onder dezelfde
omstandigheden, niet direct te doen is met kwantumveldentheorie.
In hoofdstuk 7, tot slot, beschouwen we een zeldzaam geval waarin berekeningen direct in een Lifshitz-kwantumveldentheorie gedaan kunnen worden,
die we vervolgens vergelijken met voorspellingen uit de holografie. Deze
resultaten blijken overeen te komen, wat een soort van consistentiecontrole
op de holografie is.
Tot slot: waar staan we nu en waar gaat dit heen?
De wetenschappelijke gemeenschap is druk bezig te ontdekken wat de potentie van de holografie is en, gezien de wiskundige ballast, hoe het precies
werkt. Dit proefschrift is hier een bijdrage aan. Zoals de holografie nu
werkt, kan het nog geen nauwkeurige voorspellingen doen. Het is nodig te
blijven werken aan dit onderwerp, zodat we op een dag via de holografie wel
voldoende nauwkeurige voorspellingen kunnen maken, die we dan experimenteel kunnen testen - en hopelijk verifiëren. Zoals het aloude credo luidt:
door meten tot weten.
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delight to have shared your infectious good moods during our Skype-calls.
Phil, I am grateful to have had such a sharp and experienced colleague. Jan,
als een soort van wervelwind was je een spreker op minimaal de helft van
de scholen en conferenties die ik heb gehad en daarom was het voor mij een
eer dat het tot een samenwerking kwam. Jelle, ondanks al je drukte vond je
altijd weer tijd om mij iets bij te brengen over niet-relativistische- en andere
wijsheden. Niels, je gastvrijheid in Kopenhagen en Nordita zal ik nimmer
vergeten, evenals de vrolijke duit die je telkens in het zakje wist te doen als
de boel te serieus dreigde te worden. Diego, Juan, and Manus, our paper
will be finished! A special “dankjewel” goes out to Tomislav for letting me
ruin a generation of cosmology students under his supervision.
I am grateful to the ITF and the ∆-itp environment, which in addition
includes Amsterdam and Leiden, for a supportive working environment (especially after having moved out of the Minnaert building). A special place
in my heart will always be reserved for Wanda, Olga, and Joost for making
sure that I found my way through university regulations while also making
me feel at home. Hartelijk dank! vd Wurff, je bent een prachtige gozer. I
also thank my (former) officemates: Vivian, Tobias, Javier, Giandomenico,
and Miguel. The Solvay-school (aka Brussels-Paris-Amsterdam school), the
summerschool in Porto, workshop in Nordita, the DRSTP-school in Brazil,

167

Acknowledgements
and all people I met there were definitely pinnacles of my Ph.D. time. I am
especially grateful to have met Diego, Gerben, and Manus there.
Lieve familie van Emmeke, hartelijk dank voor jullie oprechte interesse.
Mijn dierbare huisgenoten Marleen, Melissa, Sanne en Puk Argibald: Zonder
jullie wijze lessen was ik nu waarschijnlijk niet panisch met de deur op slot
doen. Ik heb een waardevolle ORCA-erfenis die mij vaak weer met twee
benen op de grond zet als ik te lang heb zitten mijmeren over een dimensietje meer of minder: ARCO en RampCie, bedankt! Een ander ORCA-fossiel:
Boudewijn, onze 2x- voelt als een zonovergoten droom, met het fietsen weet
ik nu in ieder geval zeker dat jij je benen ook gebruikt. Zoli, vaak als ik
vastzit met mijn onderzoek, dan denk ik: “Wat zou Zoli hebben gedaan?”,
bedankt voor de inspiratie.
It’s a privelege to be part of the Greater Nerds. I thank you and your
+1s for all the joy. Especially: George, I admire your resilience, malakka.
Peter: Mooie gozer, please never forget the one epic... Wilbert, ik hoop dat
je voor eeuwig de energieke gastheer zult zijn. Charlie: Jij bent al lang meer
dan zomaar een +1. Stefan: Ik ben blij dat je nooit bindingsangst tegenover
mij hebt getoond. Laura, onze Gutmensch im Osten: bedankt dat ik mijn
Fernweh op jou heb mogen botvieren; je bent nog niet van me af! Tot slot,
Christiaan: het is een voorrecht om je fratsen live mee te mogen maken.
Dan heb ik ook nog enk’le goede vrienden... Casper, Frank, Joris, Laureen,
Lodewijk en Tobias: Gelukkig zijn er nog mensen waar ik blijkbaar nooit
meer vanaf kom. Ik waardeer dat enorm!
Bram en Mathijs, het spreekt natuurlijk boekdelen dat jullie, naast mijn
collega’s, ook mijn paranimfen zijn. De vriendschap met jullie, en ieder
apart, koester ik. Er is niemand die ik meer vertrouw.
Mijn complexe familie en in het bijzonder nep/half/stief/echte-broers en
-zus en aanhang (doorhalen wat niet van toepassing is): Caroline en Arnold,
Dennis en Minh, Di en Suang Suang, Jeroen en Pei, Sietze en Heather,
en Sybren, ik wil jullie bedanken voor jullie warmte en afleiding. Dat was
voor mij belangrijk! Mijn ouders, al mijn ouders, die mij altijd gestimuleerd
en ondersteund hebben om door te leren (en zich gelukkig inhoudelijk niet
teveel bemoeiden), deze doctor-titel is ook voor jullie, wat mij betreft! Lieve
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