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1
Introduction
In this chapter, we introduce various topics and basic concepts that are used throughout
this thesis. We make the description of these concepts as approachable as possible so
that later chapters can be followed more easily. The Introduction should be seen as a
guide for ‘further reading’. We introduce the concept of computer simulations, present
the necessary statistical mechanics, and discuss concepts such as colloids and suspensions
thereof, states of matter, phase transitions, and hard particles.
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Chapter 1

Computer Simulations

Since the early days of civilization, science was based solely on observation and the power
of deduction. Although we can say science has now matured greatly, its two pillars, theory
and experiments, have remained since the very beginning. Experiments are performed,
observations are made and conﬁrmed, and a theory is deduced. With the invention of
computers, science has substantially evolved along with our everyday lives which demonstrates the power of this invention. Along the two aforementioned pillars, a third one
is added, making the foundations of science ever sturdier. This third pillar is known as
computer simulations.
Before we discuss what exactly computer simulations are and their role in modern
science, we ﬁrst need to explain what a scientiﬁc model is. Generally, a scientiﬁc model
tries to simplify phenomena, and physical processes, to only the parts that are needed to
understand the phenomenon or process. A scientiﬁc model needs to be testable, and the
most successful ones can also make predictions. As an example, weather is very complex,
and is aﬀected by many parameters which are impossible to keep track of. Instead,
meteorologists might ﬁrst identify the most important parameters that aﬀect weather in
an isolated area, such as wind, humidity, barometric pressure, etc. At ﬁrst instance, the
meteorologist might consider the clouds being spherical, and the velocity of the wind to
be uniform in space, thereby constructing a simple model that can be easily solved by
either humans, or computers.
Scientiﬁc models are used both in theory and in computer simulations. In computer
simulations, a model is used to reproduce the behavior of the system of interest, by computing the outcome for a given set of input parameters (e.g. wind velocity, pressure, etc.
in the above example). One could say that a computer simulation is trying to virtually imitate the physics of a system. At this point, the diﬀerences between simulations,
experiments, and theory, might get muddied, and that is understandable. Theory and
simulations are similar in the sense that they use scientiﬁc models to make predictions. On
the other hand, given enough computational power and understanding of the underlying
physics, computer simulations could very accurately simulate a physical process, and even
make observations beyond what is experimentally possible by our measuring devices. Ever
since the ﬁrst large-scale deployment of a computer simulation to model the process of
nuclear detonation during the Manhattan Project in World War II, the ﬁeld of computer
simulations has evolved hand-in-hand with the rapid development of computers. In 2013,
the Nobel prize was awarded for the ﬁrst time for work done using computer simulations
[1], marking the point in history where simulations are now considered a viable alternative
to theory and experiments.

1.2

Statistical Mechanics

Statistical mechanics, is a framework for relating microscopic properties of the individual
constituents, typically atoms and molecules, to the macroscopic or bulk properties of
materials that can be observed in everyday life, therefore explaining thermodynamics as a
natural result of statistics, classical mechanics, and quantum mechanics at the microscopic
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level. These constituents are usually all the same, but interact with each other. The sheer
number of these constituents that is contained in typical systems (i.e. one liter of oxygen
at room temperature and pressure consists of about 3 × 1022 oxygen molecules), makes
it impossible to predict how they will evolve in time. Even if these constituents were
e.g. perfect spheres bouncing oﬀ each other elastically, like idealized billiard balls, we
can not solve this system analytically for three spheres or more. Clearly, though, looking
at thermodynamic quantities, such as temperature, pressure, etc., we see that they obey
simple relations, indicating there is some way to average out the multiple degrees of
freedom. Statistical mechanics does just that, by looking at the system as having a
certain probability of being in a certain macroscopic state.
Swiss physicist Daniel Bernoulli, in 1738, was the ﬁrst that posited the argument, still
used today, that gases consist of large numbers of molecules moving in all directions, that
their impact on a surface causes the gas pressure that we feel, and that what we experience
as heat is simply the kinetic energy of their motion. In 1859, after reading a paper on
the diﬀusion of molecules by Rudolf Clausius, Scottish physicist James Clerk Maxwell
formulated the Maxwell distribution of molecular velocities, which gave the fraction of
molecules having a certain velocity, within a speciﬁc range. This was the ﬁrst statistical
law in physics. Five years later, in 1864, Ludwig Boltzmann, a young student in Vienna,
came across Maxwell’s paper and spent much of his life developing the subject further.
Modern statistical mechanics came about in the 1870s with the work of Boltzmann.
We now delve into slightly greater detail in the inner workings of statistical mechanics.
Suppose a system is in some state µ. We deﬁne the probability for the system to transition
to state ν after some time dt as R(µ → ν)dt, where R(µ → ν) denotes the rate at which
the system transitions from state µ to state ν. We additionally deﬁne the probability the
system will be in a state µ at time t as wµ (t). The probability weights, wµ (t), should obey
the normalization condition
X
wµ (t) = 1,
(1.1)
µ

i.e. the system should always be in some state µ. We can then deﬁne the expectation of
some observable Q (i.e. average kinetic energy of the molecules in a gas) at a time t as
the sum,
X
Qµ wµ (t),
(1.2)
hQ(t)i =
µ

where Qµ is the value of the observable when the system is in state µ. The above equation
is simply a weighted average of the observable quantities, Qµ . If a scientist is to measure
the quantity Q at time t, for a large number of independent systems, the average of these
values should converge to hQ(t)i. This collection of systems is known as an ensemble
in statistical mechanics. Clearly, in real experiments, or even in continuous-time simulations, performing a measurement at an exact point in time is impossible. Instead, a
scientist conducting an experiment would wait for the system to reach equilibrium, and
take the average measurement of Q at diﬀerent times, t. At equilibrium, by deﬁnition the
probability weights, wµ (t), should be independent of time t, i.e. the stationary probability
of a system being in state µ remains the same as time passes. We can thus write,
pµ = lim wµ (t),
t→∞

(1.3)
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where pµ is the equilibrium probability of ﬁnding a system in state µ. Here we take the
limit of inﬁnite time, but realistic systems ‘equilibrate’ in a ﬁnite span of time. Gibbs,
in 1902, showed that a system in thermal equilibrium with a reservoir, i.e. a system in
which the temperature, T , volume, V , and number of particles, N , do not change (also
known as ‘canonical ensemble’), has equilibrium occupation probabilities given by,
1 −βEµ
,
(1.4)
e
Z
where β = 1/kB T , with kB being the Boltzmann factor, Eµ is the energy associated with
state µ, and Z is known as the canonical partition function. The probability distribution
in eq. (1.4) is known as the Boltzmann distribution, after Ludwig Boltzmann. The
probabilities pµ should also obey the normalization condition, eq. (1.1), so that the
partition function can be written as,
pµ =

Z=

X

e−βEµ .

(1.5)

µ

Knowledge of the canonical partition function, Z, for diﬀerent values of the parameters
N , V , and T , contains all the information needed to predict the macroscopic behavior of
a system. In this ensemble, using eqs. (1.4) and (1.2), the expectation of the observable,
Q, for a system in thermal equilibrium with a reservoir is given by
hQi =

1X
Qµ e−βEµ .
Z µ

(1.6)

From thermodynamics it can be shown that the Helmholtz free energy, F , which is
a measure of the ‘useful’ work obtainable from a thermodynamic system at a constant
temperature, volume, and number of particles, can be written as,
F = U − T S = −kB T ln Z,

(1.7)

where U = hEi is the total energy of the system, T is the temperature, and S is the
entropy. Entropy is a measure of the number of microscopic conﬁgurations available to a
system in a certain state. The last statement was ﬁrst written formally by Max Planck
around 1900 [2] as,
S = kB ln W.
(1.8)
although it was already formulated by Ludwig Boltzmann between 1872 and 1875. Here,
W is the number of microscopic conﬁgurations of a system in a certain thermodynamic
state. As the free energy is directly related to the partition function, Z, it is evident
that it is a very important quantity, and indeed its measurement is the objective of
many research projects, especially in simulations [3, 4]. A thermodynamic system reaches
equilibrium by minimizing its (Helmholtz) free energy. From eq. (1.7), we see that this
can be achieved by e.g. minimizing the total energy, U ; the energy U is associated with
interactions between constituents, and, thus, a system can minimize its total energy by
minimizing the distance between particles that attract, or maximize it for particles that
repel each other. An alternative, is to maximize the entropy, S, which from eq. (1.8), we
see that this can be achieved by increasing the number of conﬁgurations available to the
system. This is also the reason it is easy to break eggs but not to put the pieces back
together; the broken pieces can be arranged in more conﬁgurations than the egg itself.
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Phase Transitions and Critical Phenomena

Having discussed the meaning of equilibrium, we proceed by discussing the classiﬁcation
of an equilibrium state of a system in what is generally known as phases. Often, the
term ‘phase’ is used to denote a state of matter, i.e. one of the four distinct (basic)
forms that matter can take: solid, liquid, gas, and plasma. A state of matter, though,
such as a solid, can be in one of several diﬀerent phases. Thus, the equilibrium states
of a system are usually classiﬁed according to the microscopic order of its constituents,
which can be positional and orientational, and either short- or long-ranged. The type
of symmetries present in a certain phase has important implications for the properties of
that phase. As an example, a substance in the solid state, will show long-range order of its
constituents, in all three dimensions. The presence of long-range order can be determined
by e.g. scattering light oﬀ of the material. The scattered light ought to show Bragg peaks
ordered in patterns representative of the type of order in the system. A certain type of
phase that is pertinent to this thesis, is the so-called mesophase. A mesophase is a state
of matter that sits in between the crystalline and liquid phases. It possesses long-range
positional order in less than the three spatial dimensions. Examples of mesophases include
liquid crystals, which are used in displays, and lipid bilayers in cell membranes of living
organisms.
We mentioned that the equilibrium state of a system is classiﬁed as a certain phase
based on its inherent symmetries. Under certain conditions, the stable (equilibrium)
state of a system might be a coexistence between phases. This can happen when a system
transitions between two diﬀerent phases. An example of phase coexistence from everyday
life is when water reaches its boiling point temperature. When this happens, the water
(liquid) coexists with steam (gas). Phase transitions may fall into two basic categories:
ﬁrst-order, and second-order or continuous phase transitions, where at transitions of the
ﬁrst category we encounter phase coexistence. Paul Ehrenfest classiﬁed phase transitions
according to the behavior of the free energy, introduced in section 1.2. According to
Ehrenfest, in ﬁrst-order phase transitions, the ﬁrst derivative of the free energy exhibits a
discontinuity. The ﬁrst derivative of the free energy are thermodynamic observables such
as the density. On the other hand, in continuous phase transitions, the ﬁrst derivative does
not show a discontinuity. We should take the opportunity, here, to mention once more
how important the free energy is. Knowledge of the free energy of a system not only allows
us to calculate the order of phase transitions, but also the range of occurrence of these
phases. The discontinuities in physical behavior which occur when a system undergoes a
phase transition has always been a heated research topic for many scientists. Phenomena
associated with the approach of a critical point (also known as critical phenomena), such
as the liquid-vapor critical point, or the critical point of ferromagnetic materials, have
been especially interesting for reasons we will discuss.
A historically important model in the study of phase transitions is the well known
Ising model, named after physicist Ernst Ising. The Ising model was actually invented by
physicist Wilhelm Lenz in 1920 who gave it as a problem to his student, Ernst Ising. The
model consists of a lattice where each site, i, can take the value si ∈ {+1, −1}, which
represents the direction of spins in a ferromagnet. Here, i denotes the coordinate of the
site. Each lattice site may interact with adjacent lattice sites, which we simply call its
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nearest neighbors. Given a certain lattice conﬁguration, the energy of the standard Ising
model is given by the Hamiltonian function,
H = −J

X

hi,ji

si sj − µ

X

si ,

(1.9)

i

where the sum is over nearest-neighbor pairs hi, ji, J > 0 is the ferromagnetic coupling
constant, and µ is an external ﬁeld. From eq. (1.9), we see that nearest-neighbor pairs
having the same lattice value, corresponds to an energy −J, leading to attraction, while
when their lattice values are opposite, the energy is J, leading to repulsion. This is a
simpliﬁed view of how a ferromagnet works. The two-dimensional square lattice model
with vanishing external ﬁeld, µ = 0, was ﬁrst solved exactly by Lars Onsager in 1942 and
was published in 1944 [5]. The model
exhibits a continuous phase transition at critical
√
temperature kB TC = 2J/ ln(1 + 2), between an ordered and a disordered phase. At
high temperatures, T ≫ TC , the interactions between the nearest-neighbor pairs become
negligible, and thus the spins of the lattice will be randomly oriented. The magnetization
P
of the ferromagnet in this case, will vanish, M = i si = 0. While approaching the critical
point at TC , the nearest-neighbor interactions become increasingly important, leading to
a ﬁrst-order phase transition to a state where most spins are aligned in either the positive,
M > 0, or the negative, M < 0, direction. Typical conﬁgurations above and below the
critical temperature are shown in ﬁgure 1.1.
If we make the substitution si → (si + 1)/2, lattice sites may now take the values si ∈
{0, 1}, which could represent the presence of an atom. Note that the substitution results in
an additional term to the Hamiltonian, which is irrelevant, as only the energy diﬀerences
of diﬀerent states are important. Nearest-neighbor atoms, then, attract each other with
strength J/4. This is essentially a square-well interaction, which is a very coarse-grained
approximation of a typical interatomic interaction potential between neutral atoms, see
ﬁgure 1.1. The two phases with M < 0 and M > 0 described in the previous paragraph
can then be interpreted as a gas and a liquid phase. This interpretation of the Ising model
is also known as a lattice gas. We will use the Ising model as a model for a binary solvent
mixture in chapters 2, and 3.
As we mentioned earlier, phenomena of signiﬁcant scientiﬁc importance occur close to
the critical point of a phase transition. Critical phenomena take place when the phase
transition is continuous, although not exclusively (at a ﬁrst-order phase transition between
an ordered and a disordered phase, the interface between the two phases can undergo a
continuous phase transition [6]). An important quantity, here, is the correlation length,
ξ, which becomes system size dependent upon approach of the critical point, and diverges
in the thermodynamic limit, i.e. at the limit of inﬁnite system size. The correlation
length signiﬁes the characteristic size of regions in a system that behave similarly. As an
example, in the Ising model, it is the characteristic size of clusters of lattice sites with
the same value, si , as shown in ﬁgure 1.1(b). This ‘clustering’, which is enhanced as the
critical point is approached, is also known as critical ﬂuctuations. In the Ising model,
the correlation length diverges as, ξ ∼ |T − TC |ν , where ν is a so-called critical exponent.
The divergence of the correlation length renders the microscopic details of the system
irrelevant – diverging observables behave as Q(T ) ∝ (T − TC )α for some critical exponent
α. These critical exponents are characteristic of the universality class of the system. The
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Figure 1.1: (a) Lennard-Jones potential, U (r) = 4ε ( σr )12 − ( σr )6 , which is an approximation
of the typical interaction between a pair of neutral atoms or molecules of diameter σ. (b) Typical
conﬁgurations from Ising model simulations at τ = 0.05 (top) and τ = −0.025 (bottom), where
τ = (T − TC )/TC , is the reduced temperature. The top conﬁguration is above the critical
temperature, i.e. in the mixed state, while the bottom one is in the one-phase state. The
temperatures are chosen such that the bulk correlation lengths are equal.

universality class, is a class of systems that behave in the same way at the critical point.
Fluids typically fall in the 3D Ising universality class.

1.4

Colloids, Nanoparticles, and Suspensions Thereof

With the huge technological leaps of the last century, we were able to ‘minify’ virtually
everything. We are now able to synthesize particles of various shapes at the nano and
micrometer scale [7–26]. In 1861 Thomas Graham coined the term colloid (from the Greek
κόλλα (/kóla/) which means "glue") to describe Francesco Selmi’s “pseudosolutions”. The
term emphasizes their low rate of diﬀusion and lack of crystallinity. Graham deduced
that the low rate of diﬀusion implied that the particles were fairly large — at least 1 nm
in diameter. On the other hand, the failure of particle sedimentation implied an upper
size limit of 1̀m. Graham’s deﬁnition of the range of particle sizes that characterize the
colloidal domain is still widely used today. The term nanoparticle is usually reserved for
particles between 1 and 100 nanometers in size. Nanoparticles and colloids are of great
scientiﬁc interest as they are, in eﬀect, a bridge between bulk materials and atomic or
molecular structures. A bulk material should have constant physical properties regardless
of its size, but at the nano-scale size-dependent properties are often observed. Thus, the
properties of materials change as their size approaches the nanoscale and as the percentage
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of the surface in relation to the percentage of the volume of a material becomes signiﬁcant.
Today colloid science is the study of systems involving small particles of one substance
suspended in another. Suspensions in liquids form the basis of a wide variety of systems
of scientiﬁc and technological importance, including paints, ceramics, cosmetics, agricultural sprays, detergents, soils, biological cells, and many food preparations. As a result
of their surface chemistry, colloids suspended in a ﬂuid with a gas-liquid phase transition,
usually have a preference for the liquid phase, or one of the two components of a binary
solvent mixture. We say then, that the colloid ‘prefers’ one of the components. Due to
this preference a ﬁlm of the preferred component gets adsorbed at the colloid surface. The
existence and size of this adsorbed ﬁlm, depends strongly on the state of the solvent and
the bulk correlation length [27, 28] – as we mentioned in section 1.3, as the critical point is
approached, the bulk correlation length diverges, which leads to what is known as critical
adsorption. When two such colloids are then brought together, the adsorbed ﬁlms are
expected to interact with each other in a non-trivial manner, inducing an eﬀective interaction between the colloids, with a characteristic length proportional to the ﬁlm thickness
[27, 29–31]. For high enough colloid concentrations, the eﬀective interaction leads to aggregation of the colloids [32]. Other well-known examples of eﬀective interactions include
depletion, arising from the presence of additional, smaller components (depletants), and
the Derjaguin-Landau-Verwey-Overbeek (DLVO) interaction arising from screening by
counterions in the case of a charge-stabilised colloidal suspension. We will delve deeper
in adsorption-induced eﬀective interactions between colloidal particles in chapters 2 and
3.
Colloids suspended in liquids, are small enough to be aﬀected by random collisions
with the smaller solvent atoms. The random motion generated by these collisions is known
as Brownian motion, after the botanist Robert Brown who, in 1827, while looking through
a microscope at particles trapped in cavities inside pollen grains in water, observed the
particles moving through the water but was not able to determine the mechanisms causing
this motion [33]. Although the idea that matter is made up of discrete units dates back to
ancient Greece, it was not until Dalton, in 1803, proposed his atomic theory [34]. Thus,
it took some time to develop a theory explaining the observed motion. In 1905, Albert
Einstein published his theory explaining in detail the way water molecules caused the
apparent Brownian motion. Jean Baptiste Perrin was awarded the Nobel prize in 1926
for the experimental veriﬁcation of Einstein’s theory, which was published in 1908 [35].
In colloidal systems, Brownian motion ensures that the colloids explore the surrounding
space so that the system quickly ﬁnds its equilibrium state. As we shall discuss, certain
computer simulation methods exploit this fact to eﬃciently sample the space of possible
conﬁgurations. Additionally, as we will show in this thesis, and as the title reveals, order
can arise from the chaotic Brownian motion and random ﬂuctuations.

1.5

Salt and Electrostatic Interactions in Solutions

In everyday life, salt refers to the mineral composed mainly of sodium chloride (NaCl),
and is commonly used to add taste to food. In chemistry, a salt is a more general term
which describes an ionic compound composed of cations and anions such that it is overall
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electrically neutral. When a salt is dissolved in a solvent, it dissociates into its ionic
constituents. This solution is commonly known as an electrolyte solution. Most natural
systems contain some amount of salt which allows for important eﬀects, such as osmosis
which is vital for biological systems. Examples of charged systems are suspensions of
sulfonated latex spheres, gold colloids, clay sheets, DNA and polyelectrolytes (charged
polymers).
In colloidal suspensions, the preference of the colloids for certain solvent species, creates interfaces, which may be diﬀuse depending on the thermodynamic state of the mixture. Furthermore, the dissolved ions may also have a certain preference for a solvent
species, leading to complex phenomena. It is well known that the addition of salt in a
solvent mixture changes its interfacial tension; decreasing the surface tension allows the
two solvent phases to mix more easily, which is also the reason that the addition of a
surfactant, such as soap, in water, helps remove oil and grime. In a colloidal suspension
where the colloids are aggregated, this results in reversing the colloidal aggregation by
decreasing the strength of the eﬀective solvent-mediated interactions due to the adsorbed
solvent ﬁlms [36]. The addition of salt also has the eﬀect of screening the Coulombic
interactions between charged colloids. In some cases, the eﬀective interaction between
like-charged colloids may even, unintuitively, become attractive [37].
Electrolytes, being ubiquitous as alluded to above, have been studied for a long time,
but due to the long range of the Coulombic interactions and the big number of diﬀerent
types of components, progress has been diﬃcult. An important development has been
the calculation of ion distributions around charged surfaces. The traditional approach
towards charged systems has been the Poisson-Boltzmann (PB) formalism, which uses a
mean-ﬁeld approach to calculate ion distributions from the Poisson-Boltzmann equation
[38]. The PB method becomes asymptotically exact in the limit of weak surface charges,
low ion valency, and high temperature, at least in the absence of other interactions.
In all other cases, ﬂuctuations become important, and a mean-ﬁeld description can not
provide an accurate picture, but improved theories have been developed recently [39, 40].
Another important development, is the DLVO theory [41–43]. The theory quantitatively
explains the aggregation in colloidal suspensions, and describes the force between charged
surfaces interacting through a liquid medium. It combines the eﬀects of the van der Waals
attraction and the electrostatic repulsion due to the way ions distribute themselves close
to charged interfaces. The ‘van der Waals’ force, is a short-ranged weak intermolecular
force, attributed mainly to the dipole ﬂuctuations of other molecules.
In this thesis, in chapter 4 speciﬁcally, we will look into antagonistic salt solutions.
An antagonistic salt is a salt in which the positive and negative ions have a preference
for diﬀerent solvent species when dissolved in a binary solvent mixture. This system
was predicted to exhibit mesophases as a result of the coupling of the ﬂuctuations of the
solvent mixture and the ions [44].

1.6

Liquid Crystals

In section 1.3, we mentioned a speciﬁc class of mesophases known as liquid crystals. The
two words, liquid and crystal, are incompatible, but instead, they reﬂect the fact that
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liquid crystals are in a state in between liquids and crystals; they possess long-range
orientational order and some or no degree of long-range positional order [45]. There are
only a few types of liquid crystals, and they all possess remarkable optical properties.
Due to these properties, liquid crystals are easily recognizable under a microscope with a
polarizing ﬁlter.
We now review the various types of liquid crystals that have been discovered, in increasing positional order. The liquid crystal with the lesser degrees of long-range positional
order, is the nematic phase. The word nematic comes from the Greek νή̀α (/nima/),
which means “thread”. This term is associated with the thread-like structures typically
seen under the microscope. In a nematic phase, the particles are usually rod-shaped and
align their long axes, but their center of mass positions are randomly distributed as in
a liquid. In some cases the particles also align a secondary axis [46]. This is known
as a biaxial nematic liquid crystal. Another possibility is that the particle orientations
twist along the average direction of the system. This variant of the nematic phase is
called chiral from the Greek word for hand, χείρ (/çir/), because the winding is either
left- or right-handed. Moving up a dimension, the smectic liquid crystals show long-range
positional order along one dimension in a layered structure. The layers themselves are
positionally disordered, but possess various degrees of inter- and intra-molecular longrange orientational order. The particles may simply be aligned along a common director,
twist between layers, etc. The various smectic phases are labelled with a letter of the
alphabet, with the diﬀerent smectic phases ranging from smectic-A, to smectic-L [47].
Finally, if a system shows long-range positional order along two dimensions, it is known
to be in the columnar liquid crystal phase. These can again be distinguished on the basis
of their inter- and intra-columnar order, as well as the particle orientations. The liquid
crystals described above, can be divided into thermotropic and lyotropic liquid crystals.
Thermotropic liquid crystals consist mainly of organic molecules and occur in a certain
temperature range. If the temperature is too high, thermal motion will destroy the delicate cooperative ordering, pushing the material into a conventional isotropic liquid phase.
At too low temperatures, most materials will form a standard crystalline structure. Examples of lyotropic liquid crystal are colloids, viruses, proteins, and detergents, which
show liquid crystalline behavior in certain concentration ranges.
In chapter 4, we will show a binary solvent mixture with added antagonistic salt,
exhibiting of diﬀerent lyotropic liquid crystalline phases. In chapters 5,6, we will instead
investigate hard-particle systems exhibiting a range of thermotropic liquid crystalline
phases.

1.7

Hard-Particle Model

In section 1.2 we mentioned that one way to minimize the free energy, is by maximizing
the entropy. It is, then, scientiﬁcally instructive to envision a model where the total
energy of the system is ﬁxed. This way we can study the isolated eﬀect of entropy. Such
models have existed in the scientiﬁc literature since around 1924, and were ﬁrst used to
model a simple gas [48]. The particles in the model are called ‘hard’ because they behave
as macroscopic rigid bodies, interacting solely through the exclusion of their volumes.
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Figure 1.2: (a) Diagram of a clothespin of width σ. (b) Example of a random conﬁguration
of N = 10 clothespins on a washline of length L = 20σ. (c) Probability, p(x), of ﬁnding a
clothespin at position x of the washline. The plot is the result of a simulation of N = 15 pins,
on a washline of length L = 20σ. The probability shows oscillatory behavior, with increased
probability of ﬁnding a pin close to the end-points of the line.

This type of interaction for e.g. a pair of hard spheres with diameter σ at a distance r, is
formally written as,
(
0, r > σ
(1.10)
βV (r) =
∞, r ≤ σ

Hard-particle models were only used to model ﬂuids until 1949, when Onsager was the
ﬁrst to show that a discontinuous phase transition could take place by means of shape only
[49]. The system he studied was a system of inﬁnitely thin rods, which showed a transition
from an isotropic liquid to a nematic liquid crystal. It was not until Kirkwood in 1951 [50]
showed that a system of hard spherical particles could crystallize, that we knew that such
entropy-driven phase transitions were as rich as standard phase transitions. Only three
years later, in 1954, Rosenbluth and Rosenbluth performed the ﬁrst Monte Carlo (see section 1.8) simulation of 256 hard spheres, qualitatively conﬁrming Kirkwood’s results [51].
The simulations took around 150 hours on MANIAC in Los Alamos. A few years later,
in 1957, Alder and Wainwright performed a computer simulation of hard spheres using
the ‘Molecular Dynamics’ simulation method [52], and conﬁrmed the freezing transition
of hard spheres, but found quantitative disagreement with the Rosenbluths. Alder and
Wainwright found that even 32 hard spheres were enough to get accurate results. Wood
and Jacobson, the same year, conﬁrmed Alder and Wainwright’s results simulating only
32 hard spheres using the Monte Carlo method. They attributed the discrepancies to
the fact that the Rosenbluths used a larger number of particles, making it harder for the
simulations to reach equilibrium in a timely fashion.
The simplest hard-particle model that showcases the unintuitive eﬀects of entropy, is
the so-called random clothespin model [53], which can be alternatively viewed as a onedimensional hard-sphere model, and is also known as a Tonks gas, due to Lewi Tonks who
studied the model in 1936 [54]. In this model, clothespins of width σ (see ﬁgure 1.2 (a)),
are attached to a washing line of length L at random positions. An example of a random
conﬁguration is seen in ﬁgure 1.2 (b). The clothespins, being ‘hard’, are not allowed to
overlap each other. In ﬁgure 1.2 (c), we have plotted the probability, p(x) of ﬁnding a pin
at position x, for 15 clothespins of width σ, and a washing line of length L = 20σ. We
see that the probability is oscillatory and, on average, higher close to the line ends. This
is a rather mysterious result, showcasing the ramiﬁcations of entropy.
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The Monte Carlo Simulation Method

As both theory and experiments have various tools at their disposal, so do computer simulations. One such tool which will be used throughout this thesis, is the so-called Monte
Carlo method. The Monte Carlo method stems from the same roots as statistical physics
itself, and relies on random sampling to solve problems that might even be deterministic.
It is very useful for simulating systems with many degrees of freedom, where calculating
all possible outcomes would otherwise be impossible, and is an especially important tool
in statistical physics. A standard example of the use of the Monte Carlo method, is estimating the value of π, by generating random points within a square, and calculating the
ratio of points that lie within the inscribed circle. Here, each generated point is generated
independently from the previous ones. This is called direct sampling. A diﬀerent sampling method used often in Monte Carlo simulations, is called Markov-chain sampling. In
Markov-chain sampling, each subsequent sample is generated by modifying the previous
one.
The modern version of the Markov-chain Monte Carlo method was invented in the
late 1940s by Stanislaw Ulam, while he was working on nuclear weapons projects at the
Los Alamos National Laboratory. Immediately after Ulam’s breakthrough, John von
Neumann understood its importance and programmed the ENIAC computer to carry out
Monte Carlo calculations. Being secret, the work of von Neumann and Ulam required a
code name. A colleague of von Neumann and Ulam, Nicholas Metropolis, suggested using
the name Monte Carlo, which refers to the Monte Carlo Casino in Monaco where Ulam’s
uncle would borrow money from relatives to gamble. Monte Carlo methods were central
to the simulations required for the Manhattan Project, though severely limited by the
computational power at the time. The scientiﬁc community quickly realized the power of
the Monte Carlo method [51, 55].
The Monte Carlo method is not very speciﬁc in what way states should be sampled.
It is compelling to sample the states of our model, based on their importance. This is
called importance sampling. From statistical mechanics, we know that at equilibrium, a
state, µ, has probability, pµ , equal to the Boltzmann distribution (eq. (1.4)). If states are
selected with this probability, then our estimate of the observable Q is,
QM =

M
1 X
Qµ ,
M i=1 i

(1.11)

where the sum is over the M states, µi , chosen with probability equal to the Boltzmann
distribution. Note that the estimate, QM is independent of the partition function, Z.
This ﬂexibility of choosing the probability distribution allows for some eﬃcient simulation
algorithms.
In the Markov chain Monte Carlo method, a new state, ν, is generated from the current
state, µ, with a probability P (µ → ν), which is also called a transition probability. As
the system needs to transition to a new state, or stay in the same state, the transition
probability should be normalized,
X
ν

P (µ → ν) = 1

(1.12)
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where the sum is over all states, including state µ. An important point here, is the ergodic
hypothesis of physics (or ergodicity), which states that, given enough time, a system in
a certain state, should be able to access all other states. Ergodicity allows one to set
arbitrary transition probabilities, as long as there is always a path from each state to each
other state. Lastly, one more condition is imposed to ensure that our choice of transition
probabilities will lead to the correct Boltzmann distribution when equilibrium is reached.
The condition is widely known as detailed balance [56] and is suﬃcient, but not necessary,
to ensure the correct distribution is sampled. Detailed balance is written as,
pµ P (µ → ν) = pν P (ν → µ)

(1.13)

which says that the probability ﬂux from a state µ to a state ν should be equal to the
probability ﬂux from state ν to state µ. As we mentioned, this condition is suﬃcient but
not necessary. A less strict condition exists, called global balance, which is less intuitive,
but can be used to create very eﬃcient sampling algorithms [57]. For generating the
Boltzmann distribution, the condition, eq. (1.13) becomes,
pν
P (µ → ν)
=
= e−β(Eν −Eµ ) .
P (ν → µ)
pµ

(1.14)

A useful technique from statistics is the rejection sampling technique. It allows one
to easily sample a probability distribution by generating a simpler one and rejecting the
samples that are unwanted. As a simple geometric example, suppose we would like to
generate a random point within the unit circle. This can be done by generating random
points x, y in the unit square and rejecting points for which x2 + y 2 > 1. This concept can
be applied to the transition probabilities, by writing it as the product of the probability
of selecting a certain transition, g(µ → ν), and the probability of accepting the transition,
a(µ → ν),
P (µ → ν) = g(µ → ν)a(µ → ν).
(1.15)
A frequently used prescription for choosing the acceptance probabilities, is the Metropolis
criterion, which was introduced by Nicolas Metropolis et al. in 1953 and is based on
equation 1.14 so that detailed balance is ensured and the Boltzmann distribution is correctly generated. Given a chosen set of selection probabilities, the Metropolis criterion is
written as,
"
#
pν g(ν → µ)
,
(1.16)
a(µ → ν) = min 1,
pµ g(µ → ν)

The Metropolis criterion will be used in all Monte Carlo simulations presented in this
thesis.

2
Critical Casimir Interactions and
Colloidal Self-Assembly in
Near-Critical Solvents
A binary solvent mixture close to critical demixing experiences ﬂuctuations whose correlation length, ξ, diverges as the critical point is approached. The solvent-mediated
(SM) interaction that arises between a pair of colloids immersed in such a near-critical
solvent can be long-ranged and this so-called critical Casimir interaction is well-studied.
How a (dense) suspension of colloids will self-assemble under these conditions is poorly
understood. Using a two-dimensional lattice model for the solvent and hard disks to
represent the colloids, we perform extensive Monte Carlo simulations to investigate the
phase behaviour of this model colloidal suspension as a function of colloid size and wettability under conditions where the solvent reservoir is supercritical. Unlike most other
approaches, where the solvent is modelled as an implicit background, our model employs
an explicit solvent and treats the suspension as a ternary mixture. This enables us to
capture important features, including the pronounced fractionation of the solvent in the
coexisting colloidal phases, of this complex system. We also present results for the partial
structure factors; these shed light on the critical behaviour in the ternary mixture. The
degree to which an eﬀective two-body pair potential description can describe the phase
behaviour and structure of the colloidal suspension is discussed brieﬂy.
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Figure 2.1: Phase diagram of a binary AB solvent mixture in the reduced temperature, τ =
(T −Tc )/Tc , versus composition, xr , representation. The grey area denotes the two-phase region,
where the solvent mixture demixes in an A-rich and a B-rich phase. The phases coexist on the
binodal (solid line) and the critical point is indicated by the white circle. The hatched box
indicates the (supercritical, A-rich) region investigated in this study.

2.1

Introduction

Colloidal particles suspended in a solvent can display a rich variety of eﬀective interactions. Well-known examples include depletion, arising from the presence of additional,
smaller components (depletants), and the Derjaguin-Landau-Verwey-Overbeek (DLVO)
interaction arising from screening by counter-ions in the case of a charge-stabilised colloidal suspension. Theoretical treatments of eﬀective interactions between colloids usually
proceed by tracing out the degrees of freedom of the smaller components, i.e. depletants
and ions, assuming that the underlying molecular solvent is merely an ‘inert’ structureless
background. However, there are several situations where the thermodynamic state of the
solvent plays a key role leading to characteristic solvent-mediated (SM) interactions between colloids. In particular, for certain colloidal suspensions long-ranged SM interactions
can arise due to the local ﬂuctuations of the solvent composition. An important situation
occurs when the solvent is close to its (demixing) critical point. Then the SM interaction
between two colloidal particles becomes long-ranged; the range is set by the (diverging)
correlation length, ξ, of the solvent mixture. This is the situation we consider in the
present chapter where we investigate the properties of a model of a ternary mixture that
mimics colloidal particles suspended in an explicit binary solvent near its critical point.
Here we describe the Monte Carlo (MC) simulation methods and present a comprehensive
set of results for the phase behaviour and structural properties of the (lattice) model.
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We motivate our study by recalling ﬁrst the properties of a binary AB solvent mixture
near its demixing critical point. Figure 2.1 shows a schematic phase diagram of such a
mixture in the reduced temperature, τ = (T −Tc )/Tc , versus composition, xr = NB /(NA +
NB ), representation, with T the temperature, Tc the critical temperature, and NA(B)
the number of particles of solvent A(B). The solvent has an upper critical solution
temperature, denoted by the white circle. The critical point occurs at τ = 0 and at critical
composition, xr,c = 1/2. For τ < 0 the phase diagram exhibits a two-phase region, where
the solvent mixture demixes into an A-rich and a B-rich phase. The binodal in ﬁgure
2.1 is symmetric about xr = 1/2 as the solvent model employed here has Ising or lattice
gas symmetry. The approach to criticality is signalled by the presence of ﬂuctuations in
the order parameter, in this case composition, occurring on increasing length scales, up
to the bulk correlation length of the solvent, ξ. Suﬃciently close to the critical point,
ξ ∼ |τ |−ν , where ν is a critical exponent characteristic of the particular universality class
of the system.
Suppose now the solvent comes into contact with a substrate (plate), or a large colloidal particle, that prefers one of the solvent species, say B. The local composition of the
solvent close to the surface will be enriched with that species. If the solvent is close to its
critical point, the white circle in ﬁgure 2.1, the length scale over which the composition
proﬁle approaches the bulk composition is set by the correlation length, ξ. This is the
well-known phenomenon of critical adsorption, see e.g. Ref. [28]. When the near-critical
ﬂuid is conﬁned between two plates, or two large colloids, one expects that the critical
adsorption at each surface will lead to interesting SM interactions. Indeed Fisher and de
Gennes showed in 1978 [27] that when two plates, at a separation L ∼ ξ, are immersed
in such a solvent mixture these will experience a long-ranged SM interaction. Exactly at
the critical point, the SM force between plates decays algebraically, i.e. as L−D ,where D
is the bulk spatial dimension. The interaction is attractive if the two plates are identical or preferentially adsorb the same solvent species, but can be repulsive if they adsorb
opposite species. In recent times this eﬀect has been termed the critical Casimir effect
[58–60], due to the similarities it shares with the celebrated Casimir eﬀect. In the latter,
an algebraically decaying force is induced between two conducting macroscopic bodies as
a consequence of conﬁning quantum ﬂuctuations of the electromagnetic ﬁeld [61]. Theoretical and simulation studies of critical Casimir interactions in planar wall conﬁnement
are numerous; see for example Refs. [58–60, 62, 63]. The scaling behaviour of the SM
force, i.e. how it depends on L/ξ, has been determined for various universality classes and
various choices of boundary conditions. Results for two parallel plates can be extended
to a sphere near a plate and to a pair of large spherical colloids using the Derjaguin
approximation [64]. Accepting concepts of universality, and that real ﬂuid mixtures lie
in the 3D Ising universality class, we can argue that from theory and simulation we now
have a rather good description of the eﬀective pair interaction, at large inter-particle separations, between an isolated pair of identical colloidal particles suspended in a solvent
at its critical composition xr,c . For oﬀ-critical compositions the scaling behaviour of the
critical Casimir interaction is more complicated but there has been recent progress in
ascertaining this; see Refs. [65–67] and references therein. Moreover, the results of direct
experimental measurements of the critical Casimir force between a colloid and a planar
substrate, using total internal reﬂection microscopy [37, 68], conﬁrm the form of the pre-
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dicted scaling functions. A forthcoming review [69] provides a comprehensive account of
this subject.
Suppose now we move up in complexity and enquire what is the phase behaviour
and structure of a dense suspension of identical colloids in the same near-critical solvent.
The critical Casimir eﬀect might well be expected to play an important role in colloidal
aggregation and phase behaviour; long-ranged SM interactions should be present close to
the critical point of the solvent. The history is interesting. Probably the ﬁrst experimental
observation of colloidal aggregation in a near-critical solvent goes back to Beysens and
Estève [32] in 1985. In this experiment, silica spheres, with diameter 160 nm, preferentially
adsorbing lutidine, were suspended in a water-lutidine mixture. Beysens and Estève
measured the temperature at which the silica particles began to form aggregates upon
heating the ternary mixture, which allowed them to determine an ‘aggregation line’ in
the composition-temperature diagram. This aggregation line resided on the water-rich
side of the phase diagram and the authors ﬁrst associated this with the prewetting line
that might be linked with preferential adsorption of lutidine at a single macroscopic
substrate. However, the line extended to temperatures in the one-phase region below
the demixing critical point, which is not found for prewetting lines at a planar substrate.
Note that the water-lutidine mixture exhibits a demixing phase transition above a lower
critical temperature rather than demixing below an upper critical temperature, as shown
in ﬁgure 2.1. Transcribing to our present model, the observed aggregation line extended
to the region τ > 0, on the A-rich side of the phase diagram supposing species B to
be preferentially adsorbed on the colloids, indicated by the hatched region in ﬁgure 2.1.
Several other experimental studies followed, using diﬀerent solvents and colloids [70–76].
In addition the eﬀect of adding salt was investigated [77] and it was found that adding
suﬃcient Mg2+ ions resulted in the aggregation line ﬂipping from the lutidine-rich phase to
the water-rich phase. The phenomenon of reversible colloidal aggregation in near-critical
solvents appears to be quite general. A brief review [78] summarizes the state of play
up to 1999. Although the precise location of the aggregation line depends on a complex
interplay of van der Waals (dispersion), screened Coulomb, and adsorption-induced longranged eﬀective interactions, reversible aggregation appears to occur generally in nearcritical binary solvents at compositions, near the binodal, that are poor in the species
preferentially adsorbed by the colloidal particle. Note that this is the region of the solvent
phase diagram where the critical Casimir attraction between two identical colloids is
expected to be strongest [65, 79, 80].
Pertinent to our present study is the experimental work of Kaler et al. [73, 74] who
argued that the system of colloids in a binary solvent mixture should be viewed as a
true ternary mixture including full fractionation of the components of the solvent. On
the theoretical side, Sluckin [81] had argued already in 1990 that colloidal aggregation
should be regarded as phase separation in a ternary system. Löwen [82], Netz [83] and
Gil et al. [84] followed this line, but focused on the subcritical, τ < 0, region of the
pure solvent reservoir, where capillary bridging between colloids brought about by wetting is likely to be the dominant mechanism in driving the colloidal aggregation. The view
that reversible aggregation is a manifestation of colloidal phase transitions was reinforced
strongly by experimental studies in 2008 by Guo et al. [85] who carried out SAXS studies
on density-matched polystyrene particles in a solvent of water, heavy-water and picoline.
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The measured structure factors revealed colloidal gas, liquid and fcc crystalline phases
as the temperature was increased towards the solvent binodal at an oﬀ-critical composition. Maciolek and Dietrich [69] provide a valuable overview of early experimental and
theoretical work.
The same article reviews recent studies, e.g. Refs. [65–67], which construct an effective pair potential between the colloids, incorporating the long-ranged critical Casimir
attraction and some empirically determined short-ranged repulsion, that is then used to
investigate the properties of a dense near-critical suspension. Speciﬁcally, by extracting
the attractive part of the eﬀective pair potential from MC simulations and using liquid
state theories, Mohry et al. investigated the phase behaviour, structure and aggregation
of an eﬀective one-component model of a colloid-solvent mixture near the solvent’s critical
point. The papers of Nguyen et al. and Dang et al. adopt a similar philosophy to Mohry
et al. but use instead an eﬀective pair potential extracted from experimental measurements of the colloid-colloid pair correlation function [86, 87]. The results are summarized
in another topical review [88], more experimentally focussed, which outlines important
and exciting possibilities for reversible colloidal particle assembly brought about by tuning
the temperature and composition of an appropriate host solvent. The title of this review:
‘Critical Casimir Forces for Colloidal Assembly’ is revealing. Indeed the authors argue
strongly that an eﬀective pair potential description, which incorporates critical Casimir
attraction, should be suﬃcient to capture most of the physics relevant for colloidal phase
behaviour.
The extent to which a one-component description, incorporating only pairwise eﬀective
interactions between the colloids, might be accurate for a dense suspension is not at all
obvious. Very close to solvent criticality, where the solvent correlation length ξ can be
several times the colloid radius, the inter-particle forces are long-ranged, and one must
expect that many-body eﬀects are important. Consequently, in this regime, an eﬀective
pair potential description should break down — perhaps not in the qualitative description
of colloidal phase behaviour but certainly in a quantitative description. At oﬀ-critical
compositions, further from criticality, where ξ is considerably smaller than the colloid
radius, one might hope that the eﬀective pair potential description is better founded and
this is the viewpoint taken in both recent reviews [69, 88].
In order to address such issues it is necessary to investigate in detail the phase behaviour of a ternary colloid-AB solvent mixture. Our present study is also motivated
partly by work of Edison et al. who developed a mean-ﬁeld theory, based on free-volume
arguments [89], that describes the phase behaviour of the model we are presenting here;
we shall allude to this later. We provide results for the eﬀects of temperature, colloid size
and wettability (strength of the preferential adsorption) on the phase behaviour of the
ternary mixture and, in addition, we present some results for the eﬀective pair interactions
between colloids under diﬀerent conditions of the solvent reservoir, that is in diﬀusive (osmotic) equilibrium with the suspension. Moreover, details on the computational methods
are provided; these were not given in Ref. [90]. We focus on the supercritical, τ > 0,
region of the pure solvent mixture phase diagram, where wetting-induced interactions
such as capillary bridging are absent. The latter can be very strong and could potentially
mask the subtle eﬀects of the critical Casimir interactions. This chapter is organized as
follows: We describe our lattice model in Sec. 2.2. Sec. 2.3 provides information about
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Figure 2.2: A schematic representation of the colloid-solvent model with the grid representing
the lattice sites. White cells are occupied by solvent species A and blue cells by solvent species
B. The brown (interior) and black cells belong to a single colloidal particle, C, of radius R = 6.
Particles of species B adjoining the black cells experience an attractive interaction of strength
αǫ.

the simulation and analysis methods. This Section is aimed at readers who are interested
in the important but more technical details of our MC study and might be skipped by
those readers interested only in the results, which we present in Sec. 2.4. Finally, in Sec.
2.5, we summarize and make some concluding remarks.

2.2

Model

The aim of this chapter is to investigate, by means of computer simulations, the phase
behaviour of colloids immersed in a near-critical binary solvent. However, simulations
of colloids in a molecular solvent with a bulk correlation length that diverges upon approaching the critical point pose major challenges from a computational point of view,
as very diﬀerent length- and time-scales are involved. Moreover two steps precede our
investigations of the colloid-solvent model, i) determining the phase diagram (binodal)
and the critical point of the pure solvent and ii) obtaining a good understanding of the
behaviour of the solvent adsorbed on the surface of a single model colloidal particle (interfacial properties). It is therefore highly advantageous to choose a model for which the bulk
phase diagram and interfacial properties have been established already or can be carefully
investigated. To describe the solvent, we choose an incompressible nearest-neighbour AB
lattice model which is isomorphic to the well known lattice-gas model of ﬂuids. From
a computational standpoint, lattice-based models are highly favourable since they are
easy to parallelize and are computationally highly eﬃcient. The lattice-gas model has
been used extensively to study wetting and capillary phenomena, and the eﬀects of conﬁnement between planar walls [91, 92]. By drawing analogies directly between a binary
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solvent mixture and a one-component gas-liquid system with regard to phenomena such
as complete wetting, capillary condensation, critical adsorption etc. [93] we are provided
with a wealth of information on interfacial properties pertinent to our solvent mixture.
Upon approaching the critical point of the solvent, it is important to simulate sufﬁciently large systems to accommodate the diverging correlation length [56]. A direct
consequence of the diverging correlation length is the critical slowing down of the dynamics. It thus becomes increasingly diﬃcult to simulate ﬂuids as their critical point is
approached, although algorithms exist which try to alleviate these problems by operating on correlated clusters [94, 95]. The size asymmetry (big colloid versus small solvent
molecule) in our system is also a serious computational challenge. These complications
forced us to restrict the present study to two-dimensional systems, but a cluster algorithm
is presented in chapter 3, which is able to overcome these challenges.
Thus, in our model of the solvent-colloid mixture, colloids are modelled as hard disks
whose centres can undergo translational motion restricted to an underlying (solvent) lattice. The solvent and colloids also interact via nearest-neighbour interactions. Essentially,
our model is an incompressible ABC mixture on a 2D square lattice, and shares many
similarities with the lattice model used by Rabani et al., to simulate the drying-mediated
self-assembly of nanoparticles [96]. Our model also derives inspiration from the ‘ﬁnely discretized’ lattice model of Panagiotopoulos [97, 98]. To elaborate, colloids C are discretized
hard disks (HD) with a radius R, measured in number of lattice sites, and occupy a set
of sites SC = {ri | d(ri , rC ) ≤ R}, where rC are the lattice coordinates of the disk, ri are
the coordinates of lattice site i, and the function d(a, (b) calculates the absolute distance
between a and b using the minimum image convention. The disks have only translational
degrees of freedom, and their Hamiltonian HC (in the absence of the solvent mixture) is
zero for non-overlapping conﬁgurations, and is inﬁnite if any pair of colloids overlap, or if
a colloid and solvent site overlap. We assign to every lattice site i an occupancy number
ni ∈ {0, 1}. A lattice site i is occupied by a colloidal disk, and thus not available for a
solvent species A or B, in the case ni = 1. For occupancy number ni = 0, lattice site i
is not occupied by a colloidal disk and we assign an occupancy number si ∈ −1, 1 which
indicates if it is occupied by solvent species A or B, respectively. We consider only nearest
neighbour interactions, and assign an energy penalty ǫ/2 > 0 for every nearest neighbour
AB pair, to drive AB demixing at suﬃciently low temperatures, and an energy gain of
−αǫ/2 with α ≥ 0 for every BC pair, to mimic preferential adsorption of solvent B on the
colloid surfaces. The parameter α measures the wettability of the colloidal disk. ﬁgure
2.2 illustrates the model. The total Hamiltonian reads
H =HC +
−

ǫX
(1 − si sj )(1 − ni )(1 − nj )
4 hi,ji

(2.1)

αǫ X
ni (1 + sj )(1 − nj )
4 hi,ji

where the summation runs over the set of distinct nearest neighbour pairs hi, ji. In the
absence of colloids, the ABC model reduces to the simple lattice-gas, or AB model.
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Figure 2.3: Illustration of the translation of a colloid. Here we attempt to move the disk by
one lattice site to the right. Any sites that are occupied by solvent species B (blue outlined
with green colour), are reﬂected with respect to the new disk position, resulting in the new
conﬁguration seen in the right ﬁgure.

2.3

Methods

In order to study the structure and phase behaviour of the ABC model of a binary solventcolloid mixture, just described, we choose to use Monte Carlo simulations. To this end,
the following Monte Carlo moves are employed:
• An attempt to ﬂip the solvent occupancy si of every site, i.e. sites which have
ni = 0.
• An attempt to translate every colloidal particle in the system, along either the x or
y axis.
The occupancy ﬂip moves are accepted using the standard Metropolis criterion for changing the number, NB , of sites occupied by B:
h

i

a(NB → NB ± 1) = min 1, e−β(∆E∓ǫ∆µs ) ,

(2.2)

with ∆E the diﬀerence in potential energy (Hamiltonian Eq. (2.1)) of the new and old
conﬁguration. The dimensionless quantity ∆µs = (µB − µA )/ǫ denotes the chemical potential diﬀerence of solvent species A and B, and β = 1/kB T is the inverse temperature,
with kB Boltzmann’s constant. Note that the acceptance rule (2.2) depends on the chemical potential diﬀerence ∆µs as the total number of solvent species Ns = NA + NB is ﬁxed,
and thus NB → NB + 1 simultaneously means that NA → NA − 1. Disk translations are
handled using symmetry operations [94] to remove any disk-solvent overlaps. An attempt
is made to move a disk in a random direction x or y by one lattice site. If no overlaps
with other disks occur, the disk is translated and the sites outlined with a green colour in
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ﬁgure 2.3, are reﬂected with respect to the new disk position. The move is then accepted
using the Metropolis algorithm.
To determine the phase behaviour, we use the direct interfacial or coexistence simulation method [99] in combination with the grand-canonical staged-insertion (GCSI) Monte
Carlo technique [100–102]. In spite of the simplicity of our model, a considerable amount
of computational time is needed to collect data with suﬃciently high accuracy. Below,
we describe these techniques, tailored for the ABC model, in more detail.

2.3.1

Direct Coexistence Simulations

In the direct coexistence method, simulations are performed in the canonical ensemble at
a thermodynamic state point that lies well inside the two-phase coexistence region of the
ternary mixture. The system will therefore phase separate according to the lever rule.
To facilitate the formation and subsequent stabilization of the interfaces between the two
phases, an elongated simulation box with a typical aspect ratio of 2:1 is chosen. The
densities of the coexisting phases can then be computed from the density proﬁles of the
system. The direct interfacial simulation is computationally the least expensive method
for determining phase coexistence when compared to alternative techniques. However, the
method has several disadvantages: for ﬁnite-sized systems a signiﬁcant fraction of particles
are at or near the interface, and when a critical point is approached, the interface becomes
very broad as the surface tension approaches zero. Therefore the simulations become
inaccurate close to the critical point of the ternary ABC mixture. For our ABC model,
we utilize this technique to determine gas-solid coexistence since alternative techniques
that involve particle insertions, e.g., grand canonical or Gibbs ensemble Monte Carlo
simulations, are not feasible in the case of crystal phases. In our direct coexistence
simulations we treat the colloids canonically while the solvent is treated grand canonically,
i.e. we ﬁx the number of colloids NC , the solvent chemical potential diﬀerence ∆µs , the
volume V (or area, in the present case) of the system, and the temperature T . At ﬁxed
∆µs and reduced temperature τ , we run simulations at a series of colloid packing fractions,
η. If the value of η lies between two bulk coexisting density values, phase coexistence is
observed directly in the simulations. We can then estimate the densities of the coexisting
phases from the average density proﬁles of the system in the direction perpendicular to
the interface.

2.3.2

Grand Canonical Staged-Insertion Method

In order to get accurate estimates of the colloidal gas-liquid coexistence region of the
phase diagram we perform grand canonical simulations, i.e. we ﬁx ∆µs , V, T , and the
colloid chemical potential diﬀerence, ∆µc = (µc − µA vc )/ǫ, with µc the chemical potential
of the colloids and vc the number of lattice sites occupied by a single colloidal particle.
Simulations in the grand canonical ensemble involve additional Monte Carlo moves which
attempt to either insert or remove colloidal hard disks from the system. Due to the size
asymmetry between the colloids (C) and the solvent species, and the hard-core repulsion
between the hard disks, the acceptance of such moves becomes prohibitively low. Recently,
a technique which deals eﬀectively with this issue was introduced by Ashton and Wilding
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Figure 2.4: Allowable transitions for a ghost particle with M = 6 stages. Note that a system
with NC colloids and a ghost at stage index m = M − 1 (5 in the diagram), the stage at which
the ghost becomes fully coupled, is equivalent to a system with NC + 1 colloids and a ghost at
stage index m = 0, where the ghost is fully decoupled.

[100]. This is based on the expanded ensemble simulation technique, see Refs. [101, 102]
for more details. Next, we describe the implementation of this method, called grand
canonical staged-insertion (GCSI), for our ABC model.
The grand canonical partition function of the ternary system can be written as
Ξ=

X

e−β(H−ǫ∆µs NB −ǫ∆µc NC ) ,

(2.3)

{Ω}

where {Ω} is the set of all allowed conﬁgurations of the lattice, NC is the number of
colloids. Due to the symmetries present in our model, the ternary ABC system is equivalent to a binary system where the amount of species B and C is controlled by ﬁelds
∆µs and ∆µc , respectively. The staged insertion method involves inserting the colloidal
(large) particle in stages. That is, one could insert a small particle and grow it to the
desired size, or insert an ideal-gas particle of the desired size and couple it to the system
energetically in a series of stages. We use the latter method, and refer to the particle
inserted in stages as the ghost particle. In principle there is no restriction on the number
of ghost particles in the system, however, we employ a maximum of one ghost particle at
any instant of the simulation.
A ghost particle can transition between M diﬀerent stages, where stage m = 0 is
equivalent to a system of NC colloidal particles and m = M − 1 is equivalent to a system
with NC + 1 colloidal particles. The ghost particle at a particular stage m interacts with
the solvent particle in the following fashion: at stage m = 0 the ghost particle is merely
an ideal gas particle, with no interaction with the solvent particles, and at m = M − 1,
the solvent particles at the surface of the colloid interact with an attractive interaction
of strength α, and solvent particles existing within the hard core experience an inﬁnite
repulsion. Following Ashton and Wilding [100] we introduce a stepwise potential for the
intermediate stages. The ghost particle has an m-dependent ﬁeld strength αm and an
additional ﬁeld, with strength σm , associated with the excluded-volume interaction of the
ghost particle with the solvent sites. A typical set of stage-dependent ﬁelds used in our
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simulations is
m
M −1
m
σm =
,
M −1−m
αm = α

(2.4)
(2.5)

where we typically employ M = 6 stages. Depending on the simulated state point,
diﬀerent forms of the ﬁelds αm and σm can provide better acceptance rates. The method
increases slowly the coupling of the ghost particle to the system by interpolating the two
ﬁelds, between the fully coupled and fully decoupled state.
The partition function of the system with the inclusion of a ghost particle is given by,
Ξm =

X

G

e−β(H+Hm −ǫ∆µs NB −ǫ∆µc NC )

(2.6)

{Ωm }

where {Ωm } is the set of all allowed conﬁgurations including a ghost particle at stage m,
G
and Hm
is the interaction Hamiltonian of the ghost particle at stage m,
αm ǫ X
gi (1 + sj )(1 − gj )
4 hi,ji
σm ǫ X
gi (1 + si ),
+
2 i

G
Hm
=−

(2.7)
(2.8)

where gi ∈ {0, 1}, denotes the presence of a ghost particle at lattice site i. Note that the
grand canonical ensemble is a subset of the above ensemble. More speciﬁcally, this is the
subset for which the stage index m = 0. The expanded ensemble partition function, is
then simply deﬁned as the sum of Ξm over the diﬀerent stages, m,
ΞE =

M
−2
X

Ξm .

(2.9)

m=0

To simulate the system in the expanded ensemble, a Monte Carlo move is introduced
which attempts to change the stage index, as shown in ﬁgure 2.4. The move is accepted
using the Metropolis criterion with a probability given by,
h

G

G

a({NC , M − 2} → {NC + 1, 0}) = min 1, e−β(U0 −UM −2 )+βǫ∆µc −ln(NC +1)
h

G

G

a({NC , 0} → {NC − 1, M − 2}) = min 1, e−β(UM −2 −U0 )−βǫ∆µc +ln NC
h

G

G

i

a({NC , m} → {NC , m ± 1}) = min 1, e−β(Um±1 −Um ) ,

i

i

(2.10)
(2.11)
(2.12)

G
where Um
is the potential energy due to the interactions with the ghost at stage m, given
by equation (2.7). During each sweep we perform k such moves. After every move, we
equilibrate locally the solvent sites in a square of size (2R + 3) × (2R + 3) centred around
the position of the ghost particle, to facilitate the transition between stages.
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Transition Matrix Monte Carlo Technique

As we mentioned earlier, the interface of the ternary mixture in the two-phase region
becomes too diﬀuse for us to make reliable measurements close to the critical point using
direct coexistence simulations. In order to determine the accurate phase coexistence in
this case, we use the transition matrix Monte Carlo (TMMC) technique to calculate the
particle number probability distribution P (NC ) in a grand canonical Monte Carlo simulation. The objective of the TMMC technique is to estimate the probability of observing the
system at a certain value of a chosen macrostate variable, Y , i.e. energy, volume, density,
etc. We employ this technique to determine phase coexistence but also the probability
distribution of the distance between two colloids, P (r), from which the eﬀective colloidcolloid potential can be calculated. The TMMC technique is also used to determine the
probability distribution of the number of BC surface interactions, mB , around a colloid,
P (mB ; α). This enables us to calculate the saturation point for the colloid wettability, α,
i.e. the value at which the colloid has essentially only species B solvent neighbours.
A TMMC simulation involves a regular simulation of the system with a few additional
bookkeeping steps. After every move which attempts to change the macrostate, Y , of the
system, regardless of whether the move is accepted, we update a collection matrix in the
following fashion:
C(Y → Y ′ ) = C(Y → Y ′ ) + a(y → y ′ )
C(Y → Y ) = C(Y → Y ) + 1 − a(y → y ′ ),

(2.13)

where the lower-case y denotes the microstate variable corresponding to the observed
macrostate variable, Y . Periodically during the simulation the macrostate transition
probability π(Y → Y ′ ) is estimated as follows
C(Y → Y ′ )
.
W C(Y → W )

π(Y → Y ′ ) = P

(2.14)

If we restrict transitions such that any macrostate has only two neighbouring macrostates,
and provided the transition probabilities are estimated, the macrostate probabilities P (Y )
can be calculated simply using the detailed balance condition
P (Y )π(Y → Y ′ ) = P (Y ′ )π(Y ′ → Y ).

(2.15)

In order to sample eﬃciently all macrostates, the acceptance probabilities are biased
according to the multicanonical approach in the following fashion,


ab (y → y ′ ) = min 1, eη(Y

′ )−η(Y

)



a(y → y ′ ) ,

(2.16)

where η(Y ) = − ln P (Y ). We begin initially with a ﬂat distribution for η(Y ). Then
routinely as P (Y ) is estimated, we update the biasing function and the simulations are
continued until the distribution P (Y ) converges within a certain acceptable tolerance.
In the grand canonical ensemble, knowledge of the particle number probability distribution, P (N ), allows one to calculate easily the densities of the two coexisting phases
using histogram reweighting techniques [103]. For the GCSI simulations, we associate
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the macrostate variable Y , with the pair {NC , m}. The dimension of the collection matrix is (NCmax × M − 1) × (NCmax × M − 1). In order to improve the eﬃciency of the
method we split the range [0, NCmax ] × [0, M − 1] into several overlapping windows of size
[NCi , NCi+1 ] × [0, M − 1], and simulate the windows in parallel. The macrostate probabilities, P (Y ), are then estimated by combining the probabilities from each window in the
following manner,
W (i)

log P (Yi ) = log P (YI(i) ) +

W (i)−1

X

log P (Ynjj ),

(2.17)

j=0

where Yi is the ith macrostate, Yij is the ith macrostate of window j, and the functions
W (i) and I(i) give the window, and index inside the window of macrostate i, respectively.
Ynii is the last macrostate of window i, and Ynii = Y0i+1 . Note that when Yi = Ynjj = Y0j+1 ,
then W (i) = j + 1, and I(i) = 0. The particle number probability distribution, P (NC ),
then follows directly from P ({NC , m}), by setting m = 0.
In calculating the two-body eﬀective interaction, U (r), one particle is kept immobile at
position r = (0, 0), while the position of the second is used as the macrostate variable for
the transition matrix. This allows us to calculate the eﬀective interaction between a pair
of colloids as, βU (r) = − ln[P (r)/P (r → ∞)]. As the particle is only allowed to translate
to the nearest lattice sites, the problem of calculating the macrostate probabilities can be
described as a quasi-birth-death process [104, 105]. In order to calculate the probabilities
P (r), instead of equation (2.14), we solve the global balance equation which in matrix
notation can be written as,
P = πP
(2.18)
The above equation can be solved easily using an iterative solver such as successive overrelaxation, if we rewrite it as,
P i+1 = πP i
(2.19)
with the index i denoting the ith iteration of the algorithm.
Using the simulation methods described above, we study the phase behaviour and
structure of a 2D lattice model of discretized colloidal hard disks in a near-critical binary
solvent mixture. In addition, we investigate systematically the eﬀects of wettability, α,
and the colloid radius, R, on the phase behaviour of the model colloidal suspension.

2.3.4

Two-Point Correlation Function and Structure Factor

An important quantity that tells us how two points in space are correlated, is the twopoint connected correlation function, which for a multi-component system, is deﬁned [106]
as,
+
*
Nµ
Nν X
1 X
δ(r + rj − ri )
(2.20)
xµ xν ρgµν (r) =
N i=1 j=1
P

where in the Grand-Canonical ensemble, ρ = hN i /V , xµ = hNµ i / hN i and N = µ Nµ ,
with Nµ being the number of particles of the µ component of our system. For a discretized
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lattice, we use the following mapping,
Nµ
X
i=1

Nµ N ν
X
X

i=1 j=1

δ(r − ri ) → nµi

δ(r − ri + rj ) →

X

(2.21)
nµi nνj

{i,j|ri −rj =r}

where nµi is the occupancy of site i for species µ. Integrating over the whole volume of
the system, one can conﬁrm that the top equation will give the number of particles and
the bottom one, the number of particles with a distance r in the bottom one. Using this
map, we get for eq. 2.20,
1
xν xµ ρgνµ (r) =
hN i

*

X

nµi nνj

+

.

(2.22)

X

nµi nνj

+

.

(2.23)

{i,j|ri −rj =r}

Solving for gνµ , we ﬁnally ﬁnd,
V
gνµ (r) =
hNµ ihNν i

*

{i,j|ri −rj =r}

We can use Fast Fourier transforms to calculate these correlation functions very eﬃciently
[56]. The static structure factor for a multi-component system, is deﬁned [106] as,
Sµν (k) =





1 µ ν
,
ρ ρ
N k −k

(2.24)

as a function of Fourier components of the density. For a lattice, we can write these as,
ρµk

=

V
X
nµ e−ik·ri
i

(2.25)

i=0

which is simply the discrete Fourier transform of the occupancy of species ν. With this
deﬁnition it is easy to calculate the static structure factor Sµν (k) directly from eq. 2.24.

2.4
2.4.1

Results
Phase Diagram of Solvent

In the absence of colloids, the AB solvent is isomorphic to the Ising model and in 2D the
exact phase diagram is known analytically from Onsager [5]. In ﬁgure 2.1 we represent
the phase diagram of the solvent in τ vs. xr representation, where τ = (T − Tc )/Tc is the
reduced temperature, with Tc the critical temperature of the pure solvent, and xr , the
composition. The critical temperature is given by kB Tc = 0.567ǫ. We use the subscript
r to denote the solvent reservoir. Due to the Ising symmetry inherent to the AB lattice
model, the critical composition xr,c = 1/2 and the chemical potential corresponding to
the binodal, at which saturation occurs, is at ∆µs = 0, for τ < 0. For ∆µs < 0 (∆µs > 0)

Critical Casimir Interactions and Colloidal Self-Assembly in
Near-Critical Solvents

τ = 0.025

1.4
1.2
1.0
0.8
0.6
0.4

ρ(z)

(ρ(z) − ρc)/(ρcτ β )

1.6

1.0
0.9
0.8
0.7
0.6
0.5
0

τ = 0.050

30

29

τ = 0.075

60

90

z

0.2

0.0
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

z/ξ
Figure 2.5: Density proﬁles of species B adsorbed on a planar wall with wettability α = 0.6,
for ∆µs = 0, and three reduced temperatures τ . In the main ﬁgure, the distance from the wall
z is scaled with the correlation length of the pure solvent ξ = 0.567τ −1 . The inset shows the
unscaled proﬁles. ρc is the critical density.

the bulk solvent mixture is rich in solvent species A(B). In this chapter we show results
for colloids which prefer the B species of the supercritical solvent.
It is important to comment on the choice of our model. Had we chosen a diﬀerent
model, lattice or oﬀ-lattice, to describe the solvent, we would have needed to compute
and identify with great accuracy the solvent phase diagram. Moreover, given that a grand
canonical treatment of the solvent is the most accurate way to study the phase behaviour
of the ABC model, lattice models oﬀer computational advantages over oﬀ-lattice models.

2.4.2

Adsorption at a Single Wall

Before we present our results on the phase behaviour of colloids, we study ﬁrst the adsorption behaviour of the solvent mixture at a ﬂat planar wall, which can be regarded
as an inﬁnitely large colloid. We consider only nearest neighbour interactions between
solvent species B and the wall. As described in section 2.2, the wettability parameter, α,
is a measure of the preference of the substrate for solvent species B. For α = 0, the planar
wall prefers neither solvent species and is termed neutral. For such a wall, and ∆µs = 0,
there is no ordering at the surface [107], due to the perfect AB (Ising) symmetry.
In this work we consider only states where the solvent is super-critical, i.e. τ > 0,
and surfaces with wettability α > 0. In the limit τ → 0+ , the solvent exhibits critical
adsorption, i.e. the thickness of the adsorbed ﬁlm is determined by ξ, the bulk correlation
length of the solvent [28]. Thus, as the critical point is approached, the presence of a
wall can be felt at very large distances, set by the diverging ξ. In ﬁgure 2.5 we present
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the density proﬁles of species B adsorbed on a planar wall with α = 0.6, at reduced
temperatures, τ = 0.025, 0.05, and 0.075, for ∆µs = 0, i.e. at ﬁxed critical composition.
ρ(z) is simply the local composition at distance z from the planar wall, with z measured
in lattice spacings. The critical density, ρc = ρ(∞), is the critical composition, i.e. ρc =
xr,c = 1/2. We choose to use the term density proﬁle since this makes clear the connection
with studies of real (oﬀ-lattice) mixtures. The scaling in ﬁgure 2.5 is motivated by general
considerations [28]. Distances from the wall are scaled with ξ, the bulk correlation length,
and the deviation from the critical density is scaled by τ −β , where the order parameter
critical exponent β = 1/8 in D = 2. The plot demonstrates excellent data collapse to the
universal scaling prediction and conﬁrms that the simulations can tackle eﬃcaciously nearcritical adsorption phenomena. Note that the scaling described in ﬁgure 2.5 is applicable
only for ∆µs = 0. For non-zero values of ∆µs a ﬁeld (chemical-potential) -dependent
variable enters the scaling relation.
The thickness of adsorbed ﬁlms is highly sensitive to the thermodynamic state of the
solvent reservoir. Thick adsorbed ﬁlms are also observed far from the critical point of
the solvent. In particular, these can arise for τ < 0 when wetting ﬁlms develop. We
refer to adsorption far from the critical scaling regime as preferential adsorption; this is a
non-universal phenomenon. Here the detailed nature of the wall-ﬂuid interactions plays
a key role in determining the ﬁlm thickness, and hence the eﬀective interactions between
colloidal particles suspended in the solvent.

2.4.3

Neutral vs. Attractive Colloids

We now turn our attention to a system of many colloids immersed in a supercritical
binary solvent mixture, τ > 0, and relatively poor in the colloid-preferred species B,
∆µs ≤ 0, i.e. we consider states corresponding to those in the hatched region in ﬁgure
2.1. This choice precludes solvent-mediated colloidal aggregation arising from complete
wetting and capillary condensation, i.e. formation of capillary bridges [108]. To this end,
we consider a colloidal suspension at a ﬁxed packing fraction η (the fraction of lattice sites
occupied by colloids), and we treat the solvent grand-canonically, i.e. we view our system
as being in thermal and diﬀusive contact with an AB solvent reservoir with composition
xr that ﬁxes τ and ∆µs . Generally, the ABC mixture has composition x 6= xr . Here x
denotes the fraction of sites occupied by B when the colloids are present. Note that the
variable τ merely sets the temperature of the reservoir, and is not a measure of distance
from criticality of the ternary mixture. We consider ﬁrst the case of neutral colloids of
radius R = 6, which have no preference for species A or B (α = 0). In ﬁgure 2.6 (Top)
we show a system of these colloids (right) at τ = 0.005 and ∆µs = 0 in equilibrium
with the solvent reservoir (left). The visualization reveals the tendency of the colloids
to preferentially adsorb at the ’interfaces’ between the instantaneous (supercritical) A
and B domains. This feature, which resembles the binding of colloids to static air-liquid
or liquid-liquid interfaces by a Pieranski potential [109], is captured here owing to the
Brownian character of the colloids. ﬁgure 2.6 (Bottom) shows a visualization for the same
parameter set, except now the colloids strongly prefer solvent B (α = 19). The strong Badsorption on the colloids and the unfavourable AB interaction lead to an overall excess
of B, thereby driving the ABC mixture far away from criticality; the solvent correlation
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Figure 2.6: Top: Typical conﬁgurations of a ternary ABC mixture (right) with neutral colloids
with no preference for A or B (radius R = 6, α = 0) at colloid packing fraction η = 0.11 and
solvent composition x = (1 − η)/2 in equilibrium with a solvent reservoir (left) with η = 0,
∆µs = 0, xr = 1/2, τ = 0.005, and bulk correlation length ξ ≈ 19R. Bottom: Typical
conﬁgurations of a ternary ABC mixture (right) with colloids strongly preferring solvent B
(R = 6, α = 19.0) at packing fraction η = 0.11 and solvent composition x > (1 − η)/2 in
equilibrium with the same solvent reservoir (left) as in Top. The system consists of 512 × 512
lattice sites and in both the Top, and Bottom, the number of colloids is NC = 64.
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Figure 2.7: Binodals of the ABC ternary mixture, computed using a combination of the
GCSI-TMMC method for near-critical ∆µs , and the direct coexistence method for the remaining
points, for three ﬁxed temperatures τ = 0.025 (green), τ = 0.05 (orange), and τ = 0.075 (blue)
with R = 6 and α = 0.6. The square symbols, correspond to coexistence packing fractions,
computed from simulations using the measured eﬀective two-body potential at τ = 0.025. In
this solvent chemical potential, ∆µs , vs. colloid packing fraction, η, representation, the tie lines
are horizontal. The red circles and black lines in the inset are the critical points and binodals
obtained by least-squares ﬁtting of equation (2.26). Note that the vertical dashed lines denote
ﬂuid-solid coexistence for pure hard disks..

length is observed to be smaller than the particle size. This is in sharp contrast to ﬁgure
2.6 (Top) where the correlation length of the solvent is hardly altered by the presence of
neutral colloids.

2.4.4

Phase Behaviour and Structure

The results in the previous subsection refer to ∆µs = 0. Here we focus on ∆µs < 0 where
colloidal phase transitions occur. As mentioned earlier, due to the symmetries inherent in
our model, the ternary ABC mixture is equivalent to a binary mixture and therefore any
binodals are a two-dimensional manifold in the three-dimensional η vs. ∆µs vs. τ space.
We determine cuts of this manifold at certain ﬁxed temperatures. Here, we expand upon
key results from our earlier work on the ABC model [90].
Once again, we ﬁx the parameters R = 6 and α = 0.6, and determine the binodals
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at three diﬀerent ﬁxed temperatures τ = 0.025, 0.05, and 0.075, as shown in ﬁgure 2.7.
We choose these temperatures as the bulk correlation length, ξ = 0.567/τ , of the solvent
reservoir evaluated at ∆µs = 0, is then comparable to the size of the colloid. We plot
the binodals in the η vs. ∆µs representation. In this representation the tie-lines are
horizontal. We observed stable colloidal gas (G), liquid (L) and crystal (X) phases [90].
There is broad G-X coexistence for ∆µs < −0.1. The vertical dashed lines in ﬁgure 2.7
correspond to the (discretized) hard-disk phase behaviour that is recovered in the limit
∆µs = ±∞ [89, 90]. In the inset to ﬁgure 2.7 we have also plotted estimates of the critical
points, obtained by a least-squares ﬁt to the equation: [110–113]
1
η± − ηc = A |∆µs − ∆µcs | ± B |∆µs − ∆µcs |β
2

(2.26)

where η± stands for colloidal liquid/gas packing fraction, with ηc its critical value, and
A, B, as well as the exponent, β, are ﬁt parameters. Note that we have substituted
temperature with the solvent chemical potential, ∆µs , with ∆µcs being the solvent chemical
potential at the critical point of the ternary mixture. It is important to realize that
equation (2.26) is not an exact relation, and under this understanding, we ﬁt it to our
results mostly as a guide to the eye.
In ﬁgure 2.8 we show a visualization of a supercritical sample, and G-X and G-L
coexistence for τ = 0.05 using the direct coexistence method. In the middle and right
panels of ﬁgure 2.8, we note the presence of two interfaces and that the composition of
the solvent in the coexisting phases is very diﬀerent. The liquid and crystal phases, dense
in colloids (orange disks), is extremely dilute in species A (white). By contrast, the gas
phase, G, dilute in colloids, is rich in A. Indeed, we ﬁnd that the solvent composition in
G is close to that of the reservoir: x ≈ xr . This is important to note as several theoretical
approaches that study the phase behaviour of a colloid solvent mixture treat the solvent as
a uniform background with a ﬁxed composition in both the coexisting phases [65–67, 88].
In the remainder of this work we shall focus on the G-L coexistence.
The G-L coexistence shown in ﬁgure 2.7 terminates at a critical point (see red circles)
that shifts to lower ∆µs and higher packing fraction, η, with increasing τ . A signature
of criticality is the divergence of the partial structure factors, Sab (k), in the low k limit.
We note that in any mixture, the solvent-solvent (ab = BB), colloid-colloid (ab = CC),
and solvent-colloid (ab = BC) pair correlation functions should all decay with the same
true correlation length [114]. Calculations of SBB (k → 0) vs. η, yield a rough estimate
of the G-L critical
D point.E In ﬁgure 2.9(a) we show the BB structure factor deﬁned as
B
B
SBB (k) = (1/N ) nB
k n−k , where nk is the Fourier transform of the solvent species B
occupancy proﬁle [115]. We compute SBB (k) at τ = 0.025 and ∆µs = −0.00315 and
ﬁve values of η, i.e. the state points indicated by dots in the phase diagram shown in
the inset of ﬁgure 2.9(a). In ﬁgure 2.9(b) we plot the limit SBB (k = 0), obtained from
a linear extrapolation to k = 0 of the simulation data, vs. η. This shows a maximum
corresponding to the state closest to the G-L critical point. ﬁgure 2.9(a) displays data for
two values of η (0.1724 and 0.3276) for which SBB (k) exhibits pronounced oscillations.
The period of these is about ∆k ≈ 0.54/a, with a the lattice spacing, which implies that
the wavelength of oscillations in gBB (r) is about 12a, the diameter of the colloidal hard
disks. Examination of plots of gab (r) (see ﬁgure 2.9(c)) shows that all three oscillate with
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Figure 2.8: Simulation snapshots of a system of 256 × 512 lattice sites at τ = 0.05 and α = 0.6,
showing (Left) a supercritical colloidal phase at ∆µs = −0.005 of 128 colloids, (Middle)
gas-liquid (G-L) coexistence at ∆µs = −0.04 of 348 colloids, and (Right) gas-crystal (G-X)
coexistence at ∆µs = −0.3 of 580 colloids.

roughly this wavelength. In other words, the (large) colloidal length scale determines the
form of BB and BC correlations, as well as CC correlations, at suﬃciently large packing
fraction η.
Phase behaviour: Dependence on α
Here we discuss how the phase behaviour of the model depends on the wettability α
of the colloids C. Recall that values of α > 0 cause species B to preferentially adsorb
on the surface of colloid C. We have shown that phase separation into colloidal gas,
liquid, or crystal phases then occurs for ∆µs < 0, i.e. where the bulk solvent reservoir
is rich in species A. Clearly, the phase separation is driven by a competition between
bulk, favouring A, and colloid adsorption, favouring B. When ∆µs > 0, so that the bulk
reservoir is rich in species B, there is no phase separation. By the same argument, if we
set α < 0, then phase separation will be observed for states where the bulk prefers species
B, i.e. ∆µs > 0.
The role of α in our model is to promote the formation of an adsorption layer around
each colloidal particle. This extends, due to solvent-solvent correlations, up to a distance
given by the solvent correlation length ξ. Above a certain value of α the surface of the
colloid remains saturated with particles of species B. In ﬁgure 2.10 we show mB , the
fraction of BC interactions on a single colloidal particle, as a function of the wettability,
α, for reduced temperature τ = 0.025, and ∆µs = 0 and −0.1. As expected, for ∆µs = 0,
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Figure 2.9: (a) Partial structure factor, SBB (k), of the solvent computed at τ = 0.025,
∆µs = −0.00315, R = 6, at diﬀerent values of colloid packing fraction: η = 0.0 (green),
η = 0.0345 (brown), η = 0.1035 (blue), η = 0.1724 (orange), and η = 0.3276 (cyan). For clarity,
the curves were shifted by 0.5 on the log-scale. The inset shows the G-L binodal for τ = 0.025
(black diamond symbols). (b) The value of the structure factor linearly interpolated to k = 0,
SBB (k → 0) vs. η, at ∆µs = −0.00315. (c) The partial pair correlation functions plotted as
log |gαβ (r)−1| vs distance, normalized by the lattice spacing a, at temperature τ = 0.025, colloid
packing fraction η = 0.4 and chemical potential ∆µs = −0.005. All three correlation functions
exhibit the same decay length and period, as predicted by [114].
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Figure 2.10: Fraction of BC interactions, mB , for a colloid of R = 6, as a function of the
wettability, α, at temperature τ = 0.025, for solvent chemical potential, ∆µs = 0.0 (solid line),
and ∆µs = −0.1 (dashed line).

mB = 1/2 for the neutral case α = 0. These results are obtained by calculating the
probability P (mB ; α) using TMMC (see section 2.3.3), and subsequently using histogram
reweighting in the wettability, α. This procedure is similar to that described in Ref. [116].
From ﬁgure 2.10 we see that the surface layer is saturated at α ≃ 3.
In ﬁgure 2.11(a) we plot the G-L coexistence region of the phase diagram for four
diﬀerent values of the wettability α at a ﬁxed temperature τ = 0.025 and colloid radius
R = 6. The binodals are computed from probability distributions using the TMMC
technique (see section 2.3.3) for a system size L = 256, and broaden upon increasing
the wettability. However, for α beyond a saturation value of about 4.0, the binodals are
unchanged. Provided α is suﬃciently large that the surface layer around the colloid is
occupied fully by B, i.e. mB = 1 in ﬁgure 2.10, G-L coexistence remains unaﬀected by
stronger wettability. Note that for α = 0.6, the value chosen for the majority of our
studies, mB is typically about 0.8 − 0.9 for states close to the colloidal critical points.
The results in ﬁgure 2.11(a) correspond to a much narrower range of ∆µs than in
ﬁgure 2.7. In addition to broadening the binodals, increasing α shifts the colloidal critical
point to smaller values of η and to smaller values of |∆µs |. This trend is similar to that
found in the mean-ﬁeld treatment of Edison et al. – see ﬁgure 7 of Ref. [89].
For ∆µs < −0.1, we observed broad G-X coexistence (not shown in ﬁgure 2.11(a))
similar to that shown in ﬁgure 2.7. In this regime lattice eﬀects become important and
below we explain this in more detail.
Phase behaviour: Dependence on R
Next we discuss the dependence of the phase behaviour on the radius of the colloids, R.
We computed the phase diagrams of three systems where the colloids have radii R = 6,
R = 9 and R = 12. Ideally we would like to investigate colloid sizes which are much
larger ∼ O(100). However, determining the phase behaviour of these systems using the
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Figure 2.11: G-L binodals for the full ABC ternary mixture plotted as hard-disk packing
fraction η vs. solvent chemical potential ∆µs , at temperature τ = 0.025. (a) The particle
radius is ﬁxed at R = 6 and the wettability is varied, α = 0.6 (green), α = 1.0 (orange), α = 5.0
(blue), and α = 19.0 (pink). Note that for α = 5.0 and 19.0, the binodals are extremely close.
(b) The wettability is ﬁxed at α = 0.6 and the particle radius is varied, R = 6 (green), R = 9
(orange), and R = 12 (blue). The red circles and black lines are the critical points and binodals
obtained by least-squares ﬁtting of equation (2.26).

aforementioned techniques is not computationally feasible. The sizes we investigate are
more representative of nanoparticles in solvents than micron-sized colloids. The G-L
binodals are computed from probability distributions using the TMMC technique (see
section 2.3.3). We used system sizes of L = 256, 384, and 512 for colloid radii R = 6, 9,
and 12, respectively. In ﬁgure 2.11(b) we show the G-L binodals at a ﬁxed temperature
τ = 0.025. We set the wettability α = 0.6 for all three cases. Increasing the radius
broadens the binodal and shifts the colloidal critical point to larger values of η and smaller
values of |∆µs |. The same trend is found in ﬁgure 8 of Ref. [89]. Note that for R = 12,
the binodal is extremely ﬂat in the neighbourhood of the critical point.
As a remark concerning the critical behaviour of the ternary mixture, we note that
although the various liquid-gas coexistence curves in Figs. 2.11(a) and 2.11(b) appear to
show diﬀerent degrees of ‘ﬂatness’ in the vicinity of their critical points, all the ternary
mixtures must lie in the 2D Ising universality class. In other words, were we able to
perform simulations for increasing system sizes at states suﬃciently close to criticality,
and employ ﬁnite-size scaling arguments, we would ﬁnd the critical exponent in Eq. (2.26)
is β = 1/8. Current resources do not permit such an analysis.

2.4.5

The Effective Two-Body Potential

In this subsection we present some results for the eﬀective pair potential, U (x, y), obtained
from our MC simulations, using the method described in Section 2.3C.
As mentioned earlier, there have been several attempts to ascertain the phase behavior
of colloids in a near-critical solvent based solely on eﬀective two-body interactions, e.g.,
Refs. [66, 86]. In order to assess the validity of this approach for the present model system,

38

Chapter 2

4

λ
R

2
0
0

Um
kT

−2
−4
0

B2∗

−10
−20
0.75
0.50

η

0.25
0.00
−0.04

−0.02

0.00

∆µs
Figure 2.12: (a) Thickness λ of the B-rich ﬁlm adsorbed on a single colloid. (b) The minimum
well depth of the eﬀective two-body SM potential. (c) The reduced second virial coeﬃcient B2 .
(d) To facilitate comparison, the phase boundaries of the ternary ABC mixture of ﬁgure 2.7
are replotted in the η vs ∆µs representation. The square symbols (d) correspond to packing
fractions of coexisting phases computed from simulations of colloids interacting via the measured
two-body interaction at τ = 0.025. Black, red, and blue symbols refer to reduced temperatures
τ = 0.025, 0.05, and 0.075, respectively (R = 6, α = 0.6).
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we calculated several one- and two-colloid properties for the range of thermodynamic state
points studied in ﬁgure 2.7. For the three temperatures investigated, we show in ﬁgure
2.12 the dependence on ∆µs of (a) the thickness λ of the adsorbed B-rich ﬁlm on a single
disk, (b) the minimum Um of the eﬀective pair potential U (x, y), and (c) the reduced
second virial coeﬃcient
B2∗

2 Z L/2 Z L/2
= 2
dxdy(1 − e−βU (x,y) ),
L 0
0

(2.27)

To facilitate comparison, we replot the phase diagrams of ﬁgure 2.7 in the η vs ∆µs representation in ﬁgure 2.12(d). The ﬁlm thickness λ and the well depth Um are measures of
the range and strength of U (x, y), respectively. The quantity B2 is a well-established (dimensionless) measure of combined strength and range. This must be suﬃciently negative
in order for gas-to-liquid condensation to occur in systems described by pairwise additive
interactions [117, 118].
Figure 2.12(a) shows a monotonic increase of the ﬁlm thickness from λ ≪ R to λ ≫ R,
reﬂecting the growth of the correlation length, as the isochoric composition is approached
(∆µs → 0). In the same range, Um varies nonmonotonically, being strongest at slightly
negative ∆µs , reaﬃrming earlier theoretical predictions [65, 79, 80]. At ∆µs ≈ 0, the
eﬀective pair potential is long ranged; however, it is only weakly attractive (β|Um | < 1).
Upon decreasing ∆µs , U (x, y) does become more attractive, although the adsorbed ﬁlm
thickness λ and thereby the range of U (x, y) decrease. B2∗ also becomes more negative.
This is more clearly seen in ﬁgure 2.13, which shows the radially average eﬀective potential,
U (s), as a function of the contact distance, s, for R = 6 and α = 0.6, calculated at the
solvent state points given in the inset, i.e. τ = 0.025 and three diﬀerent values of ∆µs .
For the state at the critical composition, ∆µs = 0, the potential is slowly decaying. Recall
that the correlation length, ξ ∼ 23 lattice spacings at this state point. For ∆µs = −0.01,
slightly oﬀ the critical composition, the potential decays faster but the range is comparable
with ξ. However, the minimum of U (s), which occurs at contact between the disks,
s = 0, is about 5 times deeper than for ∆µs = 0. Moving further into the A-rich phase,
∆µs = −0.2, the strength of the attraction is reduced. More strikingly, the range is
dramatically reduced and the potential becomes ‘sticky’. This variation of U (s) with ∆µs
leads to a characteristic variation in the reduced second virial coeﬃcient, B2∗ seen in ﬁgure
2.12.
As we model the colloid-ﬂuid interactions via nearest neighbour interactions, and the
surface perimeter of our colloid is discretized, the eﬀective two-body potential between
colloids is not smooth. Therefore certain solvent sites right next to the colloid can have
more than one colloid site as its neighbour, as is clear from ﬁgure 2.2. The surface ﬁeld
induced by the colloid is not homogeneous and under certain conditions this heterogeneity
plays an important role. In ﬁgure 2.14 we plot the eﬀective two-body potential between
colloids of radius R = 6 with α = 0.6, determined at ∆µs = −0.01 and ∆µs = −0.5,
for temperature τ = 0.05. The eﬀective potential close to the surface of the colloid is
heterogeneous for both chemical potentials, i.e. U (x, y) 6= U (x2 + y 2 ). It turns out that
these lattice eﬀects can have a pronounced eﬀect on phase coexistence. The lattice eﬀects
play no role in G-L coexistence where typically a solvent ﬁlm spanning several lattice
sites is found preferentially adsorbed on the surface of a colloid and the range of the
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Figure 2.13: Eﬀective two-body potentials, U (s), between two colloids of radius R = 6 and
α = 0.6, suspended in a solvent at τ = 0.05, for ∆µs = 0 (green), ∆µs = −0.01 (orange), and
∆µs = −0.2 (blue). Here, s is the surface to surface distance, s = |~r| − (2R + 1). The inset shows
the phase diagram of the AB solvent in the ∆µs vs. τ representation. The red dot denotes the
solvent critical point. The other dots show the state points at which the eﬀective potential is
calculated.

eﬀective interaction is many lattice sites, as in ﬁgure 2.14(a). However, they do play a
signiﬁcant role in G-X coexistence, i.e. the crystal phase is facilitated by the colloids
aligning along the more energetically favourable directions. Recall that the crystal phase
typically becomes stable for ∆µs . −0.1 (see ﬁgure 2.7) where for α = 0.6, mB , the
fraction of BC surface interactions, is . 0.5 (see ﬁgure 2.10). In this regime it is the
relatively low surface occupancy that determines the short-range of the eﬀective potential:
this is only 1-3 lattice sites in ﬁgure 2.14(b).
We performed simulations of the eﬀective system, with the colloid-colloid pair interaction determined by the measured eﬀective potential, which is shown in Figs. 2.7, and
2.12(d). Whilst the eﬀective system does exhibit G-L and G-X coexistence, the G-L binodals are not close to those computed for the full ternary mixture with R = 6 and α = 0.6
— see the inset of ﬁgure 2.7 in the supercritical region where simulations performed with
the eﬀective two-body potential predict G-L coexistence. This along with the B2 and βUm
curves indicates that the approaches employing only eﬀective pair potentials as obtained
from, e.g., planar slit studies and the Derjaguin approximation overestimate the extent
of G-L coexistence and underestimate the shift in critical point of the ternary mixture
with respect to that of the solvent reservoir. We return to this point later. Once more,
we note that lattice eﬀects are not important for G-L coexistence. On the other hand,
the eﬀective pair-potential treatment provides a rather good account of G-X coexistence,
i.e. the binodals for ∆µs < −0.1 in ﬁgure 2.7, provided lattice eﬀects are incorporated
properly. From our present study we conclude that an eﬀective-pair potential treatment

Critical Casimir Interactions and Colloidal Self-Assembly in
Near-Critical Solvents

4

30

30
0

2

20

y

20

y

−1

0
10

10
−2

−2
0

41

0

10

x

20

(a)

30

0

βU (x, y)

0

10

x

20

30

βU (x, y)

(b)

Figure 2.14: Eﬀective two-body potential, U (x, y), between two colloids of radius R = 6 and
α = 0.6 suspended in a solvent at τ = 0.025 for (a) ∆µs = −0.01 and (b) ∆µs = −0.5. The
area in white is inaccessible due to the hard-core repulsion. For (x2 + y 2 )1/2 ≈ 2R, the potential
displays lattice-induced heterogeneity.

can capture the gross features of the phase behaviour but is very unlikely to provide
a quantitative description. It would be instructive to perform detailed comparisons for
other radii and wettability strength.

2.5

Conclusion

Using a simple lattice model we have investigated the phase behaviour of colloidal particles
immersed in near-critical solvents. Our model is a minimal one for treating colloidal
self-assembly mediated by the long-ranged eﬀective interactions that arise from longranged correlations in an explicit solvent. The choice of model was motivated in Sec.
2.2. The size asymmetry between the (big) colloid and the (small) solvent particles
and the requirement to treat a dense solvent grand canonically set severe computational
demands. In addition, having accurate estimates of the binodal of the colloid-free solvent
and knowledge of the solvent’s adsorption (wetting) properties at the surface of a single
(very large) colloid are important prerequisites. Such considerations led us to treat a
2D lattice model for the AB solvent, incorporating hard disks representing the colloids
(C), that was introduced in a recent Letter [90]. There we presented results for the
phase behaviour of the ABC model for colloids of a particular radius R = 6 and colloidsolvent adsorption strength (wettability) α = 0.6. In the present work we have provided
details of the computer simulation methods employed and extended our earlier study by
i) investigating systematically the phase behaviour of our model as a function of R and
α, and ii) by determining the structure of the ternary liquid mixture.
In Ref. [90] we found that the critical point of the ternary colloid-solvent mixture shifts
signiﬁcantly from that of the colloid-free solvent upon adding a small volume fraction η
of colloids. Here we show that on increasing α, i.e. the preference of colloid C for species
B, at a ﬁxed reduced temperature τ and radius R = 6, the G-L binodals broaden and
the G-L critical point shifts towards the critical point of the solvent. However, there is a
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saturation value of α above which the phase coexistence is unchanged. For the data shown
in ﬁgure 2.11(a), the saturation value of α is ≃ 5.0. The phase behaviour with respect to
the size of the colloid R is arguably more important than that w.r.t. α. Upon increasing
R at ﬁxed τ and α, the G-L binodal becomes much ﬂatter, and the critical point shifts
to larger colloid fraction η (see ﬁgure 2.11(b)). Unfortunately, investigating larger values
of R pertinent to the regime of real colloidal systems is constrained by computational
resources. It is signiﬁcant that the trends found by increasing both α and R are similar to
those found in the mean-ﬁeld treatment of Ref. [89] for the same model. This observation
suggests that excluded volume considerations, incorporated in the mean-ﬁeld treatment,
are important in determining G-L coexistence and, indeed, the overall phase behaviour
of our model.
One of the key advantages of our ternary mixture model is that it enables us to
investigate fractionation of the solvent; the composition x of the solvent is generally
diﬀerent from that of the solvent reservoir xr . This is illustrated (see ﬁgure 2.8) for
coexisting colloidal liquid and gas phases. In the dense liquid phase, L, the solvent is very
rich in the solvent species B favoured by the colloids. In principle we could calculate the
values of x from our simulation results for the two coexisting phases. That would allow
us to make further contact with the mean-ﬁeld treatment of Ref. [89]. Note that unlike
the results for ∆µs versus η shown here and those for xr versus η given in ﬁgure 3c of Ref.
[90], the tie-lines are not horizontal in the x versus η representation—see ﬁgure 3 of Ref.
[89]. Fractionation arises naturally in our approach that treats a full ternary mixture. By
contrast, approaches such as those of Mohry et al. [65–67] and Nguyen et al. [88] that
treat the solvent as an implicit background, whose role is merely to induce an eﬀective
pairwise colloid-colloid interaction, struggle to incorporate this important element of the
physics of the phase behaviour.
Results for the partial structure factors shed further light on the nature of criticality
in our model ternary mixture. Suﬃciently close to a critical point, all the partial structure factors Sab (k) exhibit Ornstein-Zernike-like (OZ) behaviour at small wavenumbers k
characterized by a single (OZ) correlation length. We chose to focus on SBB (k), i.e. on
solvent species BB correlations. However, we could equally well have measured the BC
or CC partial structure factors. Although these are quite diﬀerent from SBB (k) plotted in
ﬁgure 2.9(a), the modulus of each Sab (0) should exhibit the same dependence on η as that
shown in ﬁgure 2.9(b). That is, proximity to the critical point is signalled by a diverging
Sab (0) for any ab pair. This phenomenon of ‘critical point infection’ is manifest more
directly in real space. The quantity r(D−1)/2 (gab (r) − 1), as r → ∞, decays exponentially
with a common correlation length ξ [114]. Here, gab (r) is the pair correlation function for
species ab and, as before, D is the spatial dimension. As the critical point is approached,
ξ diverges.
Now consider an extremely dilute colloidal suspension, that may or may not be close
to criticality of the solvent, where the colloid volume fraction η → 0. Then, for mixtures
where all species interact with short-ranged potentials, r(D−1)/2 (gCC (r) − 1) decays as
e−r/ξ where, in the dilute colloid limit, ξ is determined by correlations in the pure solvent.
In this limit, gCC (r) = exp(−βφeff (r)), and it follows that the eﬀective colloid-colloid pair
potential φeff (r) must decay as e−r/ξ /r(D−1)/2 as r → ∞. Suppose now the solvent is only
very slightly removed from its criticality. The solvent correlation length ξ is long and
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sets the length scale determining the range of φeff (r). This simple argument describes
the origin of the tail of the critical Casimir interaction between two identical colloids in
the framework of liquid mixtures. Suppose now we have a more concentrated suspension
of colloids. Measuring SCC (k) or gCC (r) at given η, τ and xr will yield the correlation
length of the concentrated ternary mixture, not that of the pure solvent, under the given
conditions. This observation is relevant for experimental work [86, 87] that attempts
to extract a reliable φeff (r), characteristic of the pure solvent, from measurements of
gCC (r). Performing an experiment that extracts reliable data in the dilute limit is not
straightforward. Given that the critical point shifts rapidly with η, values extracted for
ξ, and hence φeff (r), are likely to be very sensitive to η.
We have focused on the supercritical regime of the solvent phase diagram —the box
in ﬁgure 2.1. The same ABC model and computational techniques could be used to
investigate the sub-critical region of the solvent reservoir. In this regime (τ < 0, ∆µs < 0)
strong preferential adsorption can lead to a bridging transition [119] between two identical
colloidal particles. This is equivalent to rounding the well-known capillary condensation
transition of a binary mixture conﬁned between two identical planar substrates [108].
Once again it is important that the bulk solvent prefers species A, while the colloids
prefer the phase rich in B, leading to a capillary bridge of the latter phase. The resulting
SM interaction can be strongly attractive [29, 31, 120–122]. Unlike the critical Casimir
SM interactions, these non-critical interactions are non-universal and are dependent on
the precise nature of the local interactions between a colloid and the binary solvent at the
given state point. Our model can incorporate these. Indeed we have observed bridging
phenomena in our simulations under subcritical conditions.
The results presented here are relevant to experimentally realisable quasi-2D systems
such as protein assembly in plasma membranes of living cells where it is argued critical Casimir forces might arise between macromolecules embedded in a biomembrane
[123, 124], an observation that has spurred careful density matrix renormalization group
calculations of the scaled Casimir force between disks [125]. In our earlier discussion we
implied that our results should also be relevant to 3D systems. The results of a mean-ﬁeld
theory presented in Ref. [89] suggest that the ﬁne details of solvent criticality, speciﬁcally
the precise nature of two-body critical Casimir forces, are not too important in determining the main features of the observed phase coexistence. Thus, we speculate that the
phase behaviour in 3D will be qualitatively similar to the currently investigated 2D case.
These speculations will be investigated in the next chapter.
Equipped with this insight, we conclude by returning to two pertinent experimental
studies of near-critical colloidal aggregation. We focus ﬁrst on the pioneering study of
Beysens and Estève [32], mentioned in Section 2.1, who used light scattering to investigate
silica colloids suspended in a water-lutidine mixture. Recall this solvent exhibits a lower
demixing critical point with Tc = 34◦ C and lutidine mass fraction of xc = 0.286. The
colloids prefer lutidine over water and in ﬁgure 2 of Ref. [32], the authors plot the
thickness of the lutidine layer adsorbed on a silica colloid. At ﬁxed solvent concentrations
xLu lying slightly below xc , the thickness increases rapidly with increasing temperature
until the aggregation line is reached; this lies about 0.4K below the binodal. The observed
increase in layer thickness at state points approaching the aggregation line, residing in the
water-rich region, is a signature that strong preferential adsorption drives the aggregation
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phenomenon. The inset to our ﬁgure 2.5 shows that the (excess) adsorption, obtained
by integrating the density proﬁles, increases rapidly with decreasing τ , approaching the
critical point. ﬁgure 4(a) of Ref. [90] shows the thickness of the B-rich ﬁlm increasing
with decreasing τ , for ∆µs slightly negative, corresponding to solvent compositions slightly
below xr,c . Clearly our model system incorporates correctly the preferential adsorption
at a single colloid. It also incorporates the crucial competition between the bulk solvent
preferring a certain species (A) and the colloid preferring another (B), that drives the
aggregation. In a typical experiment a ﬁxed number of colloids is suspended in a solvent at
ﬁxed composition, xr , and the temperature is changed to induce (reversibly) aggregation.
Then, for ﬁxed η, the locus of points in the T versus xr plane, where aggregation is ﬁrst
observed, is termed an aggregation line —see e.g. ﬁgure 3 in Ref. [32]. In Ref. [89]
aggregation lines were calculated using the mean-ﬁeld treatment, taking the view that
aggregation corresponds to the onset of colloidal phase separation. Results are shown
for η = 0.05 and 0.1 in ﬁgure 2.5. The shape of the aggregation lines is similar to that
shown in Ref. [32] when we recognize that our model has an upper, rather than a lower,
demixing critical point. In principle we could also compute aggregation lines from our
simulation results but this would be hugely expensive. Given the mean-ﬁeld treatment
captures the main features of the simulation phase diagrams, we would expect to ﬁnd the
same shapes for aggregation lines from our simulations. Quantitative comparisons with
experiment are inappropriate. In Ref. [32] results near aggregation imply the ratio ξ/R
is at most 0.2 which should be contrasted with a typical value of about 3 from theory and
simulation [89].
The second experimental study we consider is the confocal microscopy (real-space)
investigation [86] of poly-n-isopropyl acrylamide (PNIPAM) colloidal particles suspended
in quasi-binary solvent of 3-methyl pyridine, water and heavy water which has a lower
critical temperature and a critical methyl pyridine mass fraction xc = 0.31. PNIPAM
particles swell in the solvent; near the critical point the particle radius was about 250
nm. In the experiments the initial packing fraction was about 0.02 and the mass fraction
of methyl pyridine was ﬁxed at 0.25, i.e. substantially below the critical composition.
Remarkably, upon increasing the temperature towards that of the solvent binodal, colloidal gas, liquid, and crystal phases were observed. Speciﬁcally, condensed, liquid-like
aggregates were ﬁrst observed at 0.3 K below the temperature of the solvent binodal, and
upon raising the temperature a further 0.1 K the particles inside the aggregates formed an
ordered fcc crystal [86]. Although our model certainly yields stable gas, liquid and crystal
phases it is not clear that it can account for the sequence of phases found in Ref. [86].
As observed in Ref. [89], changing the composition of the solvent reservoir does lead to
considerable variation in the τ versus η phase diagrams of our model. Making direct comparisons is not straightforward. We noted in Ref. [89], that changing the composition of
the solvent reservoir does lead to considerable variation in the τ versus η phase diagrams
of our model. Given the PNIPAM particles are very large and there is substantial deviation from the critical composition, the ratio ξ/R is very small in these experiments and
is typically much smaller than in the regime investigated in the present study. Therefore
one should not rule out the possibility that aggregates observed in Ref. [86] arise from
speciﬁc (non-universal) solvent-mediated interactions. Whether these are captured properly by the ‘Casimir’ pair potentials extracted from measurements of gCC (r) in the dilute
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colloidal gas is open to discussion. Bearing in mind the ratios of length scales, our study
is, perhaps, more representative of nanoparticles suspended in a near-critical solvent. In
this respect it suggests that such systems might exhibit very rich phase diagrams with
the potential for a wide range of colloidal self-assembly controlled by sensitive tuning of
temperature and solvent composition.
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3
Scaling of the 2D Critical Casimir
Potential and Phase Behavior of
Colloids in Near Critical Solvents
in 3D Using a Cluster Algorithm
Colloids dispersed in a binary solvent mixture experience long-ranged solvent-mediated
(SM) interactions (critical Casimir forces) upon approaching the critical demixing point
of the solvent mixture. The range of the interaction is set by the bulk correlation length
of the solvent mixture, which diverges upon approaching the critical point. The large
diﬀerence in length scales between the colloid and solvent, and the critical slowing down
as the ternary mixture critical point is approached, hampers the performance of simulation
studies.
Here, we develop a rejection-free geometric cluster algorithm that enables us to study
the scaling of the critical Casimir potentials in a two-dimensional system, and more importantly, the full ternary mixture of colloidal hard spheres suspended in an explicit threedimensional lattice model for the solvent mixture using extensive Monte Carlo simulations.
The eﬀective potentials seem to scale according to the small-sphere limit, suggesting that
the colloids in our simulations are closer in size to proteins. The phase diagram of the
three-dimensional system displays stable colloidal gas, liquid, and crystal phases, as well
as broad gas-liquid and gas-crystal phase coexistence, and pronounced fractionation of
the solvent in the coexisting colloid phases. The topology of the phase diagram in our
three-dimensional study shows striking resemblance to that of the previous chapter, which
was carried out in two dimensions.
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Chapter 3

Introduction

The critical Casimir interaction has been thoroughly studied, especially in the context of
solvent mixtures. For instance, the critical Casimir interaction between two static planar
walls has been the subject of numerous theoretical studies [58–60, 62, 63], and has been
extended to a pair of spherical particles using the Derjaguin approximation [64] which
approximates the spherical surface with a number of planar walls. As the critical Casimir
interactions depend directly on the bulk correlation length, these are very sensitive to
the temperature and composition of the mixture, and this raises prospects to tune the
self-assembly process of e.g. suspended colloids, reversibly and in an in situ fashion.
Theoretical and simulation studies on the phase behavior and structure of the full
ternary mixture of colloidal particles moving around in an explicit solvent mixture are
hampered by the huge diﬀerences in length and time scales between the colloids, solvent
species, and the diverging bulk correlation length of the solvent mixture. As such, in
most theoretical and simulation approaches, such as the work of Mohry et al. [65–67],
Nguyen et al. [86, 88], and Dang et al. [87], the binary solvent mixture is taken to be
a structureless implicit background. This approach fails to capture important elements
such as the fractionation of the solvent in the coexisting colloidal phases. In the previous
chapter, we used a model that is able to capture the above-mentioned important elements
by using a simple lattice-gas binary solvent model with embedded colloids interacting
through ﬁrst neighbor and excluded volume interactions with the solvent. The model,
although simple, contains all the necessary physics to describe the SM interactions between
colloids. Since an explicit solvent is used, fractionation and many-body eﬀects arise
naturally. Due to the large diﬀerence in length scales between the colloid and solvent,
and the critical slowing down as the ternary mixture critical point is approached, studying
a three-dimensional system using Monte Carlo simulations was deemed computationally
unfeasible when starting out our study presented in chapter 2 and in Refs. [90, 126].
Cluster algorithms are known to alleviate problems of critical slowing down and of
low acceptance when performing Monte Carlo moves on constituents of very diﬀerent
sizes [94, 127, 128], and would, thus, be pertinent to our study of the critical Casimir
interactions. In the current chapter, we develop a cluster algorithm which we describe in
section 3.2 — we mention that a geometric cluster algorithm was also developed recently
by Hucht et al. [95] for a similar lattice model. After ﬁrst studying the scaling of the
critical Casimir interaction between a pair of colloids in 2D, we study the phase behavior of
preferentially adsorbing colloidal spheres embedded in a binary solvent mixture in 3D. We
once again focus on the supercritical, τ > 0, region of the pure solvent mixture reservoir,
where we note that the lattice-gas model has an upper critical solution temperature. Here,
τ = (T − TC )/TC is the reduced temperature of the system – it is important to recognize
that TC , here, refers to the critical temperature of the solvent in the absence of colloids.
The motivation behind this choice is to avoid the added complexity of having to deal with
subcritical eﬀects such as capillary bridging. Of course, the model can be used in any
scenario.
This chapter is organized as follows. In section 3.2, we describe the cluster algorithm
which made this study possible. In section 3.3, we brieﬂy derive the form of the eﬀective
potential using the Derjaguin approximation and discuss the ‘small-sphere’ expansion. In
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section 3.4.1, we present results for the scaling behavior of the critical Casimir interaction
between a pair of colloids in a two-dimensional system. In section 3.4.2 we present the
phase diagram for a three-dimensional system of colloids in a binary solvent mixture, in
the solvent chemical potential diﬀerence, ∆µS , colloid packing fraction, η, representation,
for varying temperatures. In section 3.5, we make some conclusions.

3.2

Cluster Algorithm

The model we presented in chapter 2 involves species of signiﬁcantly diﬀerent sizes, which
is known to cause diﬃculties when performing Monte Carlo moves, such as translations
[100, 128, 129]. This, coupled with the fact that solvent species B can adsorb strongly to
the colloid surface, and that critical slowing-down upon approaching the ternary mixture
critical point is encountered, leads to extremely low acceptance rates, and exponentially
longer equilibration times as a function of temperature [56]. In addition, we note that
colloid translations have a much higher acceptance rate in 2D than in 3D; colloids in 2D
have signiﬁcantly fewer surface sites with which they can interact with solvent species,
than colloids of the same radius in 3D. This makes displacements of colloids much more
diﬃcult in higher dimensions and with increasing colloid radius.
To overcome the low acceptance of colloid translations and the critical slowing down,
we developed a geometric cluster algorithm based on the work by Heringa et al. [94, 127]
and Ashton et al. [128] This exploits the facts that the Hamiltonian is symmetric under
reﬂection of the lattice about an arbitrary pivot point (note that the pivot point can also
take half-integer values). In the implementation of our model, a lattice site at index i is
represented by the variable ti which takes the values ti ∈ [0, NC + 2] corresponding to the
species that occupies lattice site i, with A ≡ 0, B ≡ 1, and colloid n, Cn ≡ n + 2. It is
also easy to see that si = ti − 1, ni = 0 when ti < 2, and ni = 1 when ti ≥ 2. In the same
spirit as Ref. [94], we use primed identiﬁers, i.e. i′ , to denote identiﬁers that are mapped
from the original by a symmetry transformation, in this case a point reﬂection about a
random pivot point. As is the case with most cluster algorithm implementations, since
the algorithm is rejection free, we can point-reﬂect lattice sites as they are added to the
cluster instead of reﬂecting the whole cluster at the end of the algorithm. To this end,
we keep track of the lattice sites that are added to the cluster by marking them as added
to the cluster. The geometric cluster algorithm, modiﬁed for our model, consists of the
following steps,
1. Choose a random colloid and lattice pivot point, r, about which point reﬂection is
to be performed. The site at the center of the colloid, is denoted i, and the site
reﬂected about the pivot point r, i′ . Figure 3.1 presents a schematic picture.
2. Interchange the species variables ti and ti′ of sites i and i′ , and mark them as added
to the cluster.
3. For all neighboring sites, k and k ′ , of site i and corresponding reﬂected site i′ , that
have not been added to the cluster, do the following,
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Figure 3.1: When performing a cluster move, a random colloid and a random pivot point, r
(red circle at (11, 10)), are chosen. Starting with its central site at lattice index i (blue circle
at (7, 7)), and the site reﬂected about the pivot point, i′ (yellow circle at (15, 13)), neighboring
sites are added to the cluster according to the cluster move rules described in the text.
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3.1. If ti ≥ 2, i.e. it belongs to a colloid, and tk′ = ti , i.e. sites i and k ′ belong
to the same colloid, or if site ti′ ≥ 2 and site tk = ti′ , interchange the species
variables tk and tk′ , and mark sites k and k ′ as added to the cluster.
3.2. Else, calculate the energy diﬀerence, ∆H, associated with interchanging tk and
tk′ . If ∆H > 0, interchange the species variables tk and tk′ , and mark sites k
and k ′ as added to the cluster with probability 1 − e−β∆H .
4. For each site that was added to the cluster in step 3, denote these as i, and repeat
steps 3 and 4, or terminate if no sites were added.
Step 3.1 is the equivalent of saying that nearest-neighbor pairs belonging to the same colloid are bonded inﬁnitely strongly, such that ∆H = ∞. The geometric cluster algorithm
described above, signiﬁcantly reduces the relaxation time of the system and renders translations rejection free. When a cluster becomes percolating, the cluster move may leave
the system unchanged. For this reason, we also attempt standard colloid translations. In
our implementation, we found it to be more eﬀective to restrict the random pivot point
to a small window centred around the colloid.

3.3

The Derjaguin Approximation and the Small-Sphere
Expansion

The critical Casimir force for an Ising ﬁlm of thickness L, has the following form in d
dimensions [58, 59],
kB T
(3.1)
FC = d ϑ(x, y, z)
L
where ϑ is the universal scaling function and its variables are deﬁned as,
x = L/ξτ = L |τ | /ξ0±

y = L/ξh = L |h|8/15 /ξh0

(3.2)

z = L/lh1 = Lh1 2 .

The ± sign in ξ0± indicates if we are above or below the critical temperature, h is the
external Ising ﬁeld and h1 is the surface ﬁeld of a wall located at the boundaries of the
Ising ﬁlm. For the LGHD model, these ﬁelds would correspond to the distance of the
chemical potential from the coexistence value √
∆µs and the ﬁeld strength parameter α,
respectively. For a 2D Ising model, ξ0+ = 1/2 ln( 2+1), ξ0− = ξ0+ /2 and ξh0 = 0.233±0.001
[130, 131]. For simplicity, we will assume a strong enough surface ﬁeld h1 (or α) such
that the eﬀect of the ﬁeld reaches saturation. In the LGHD α = 19 is high enough, so
that the critical Casimir interaction does not change anymore with an increase of the ﬁeld
strength.
In the Derjaguin approximation in two dimensions, the curved edge of a disk is considered to be made up of inﬁnitely thin stair-steps of length dS, as seen in ﬁgure 3.2. In
this approximation, the force acting on a single ‘stair-step’ is,
βdFC =

dS(θ)
ϑ(x(θ), y(θ))
L2 (θ)

(3.3)
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Figure 3.2: Geometry of the Derjaguin approximation for 2D disks. Various lengths
important to our derivation are annotated.

where θ denotes the angle of the stair-step, as shown in ﬁgure 3.2. For two disks at a
surface-to-surface distance z, we ﬁnd from ﬁgure 3.2, that L = 2κ+z and κ = R(1−cos θ),
yielding,
L(θ) = z + 2R(1 − cos θ).
(3.4)
Using some basic trigonometry, we obtain,

dS(θ) = R(sin(θ + dθ) − sin θ).

(3.5)

Substituting eq. 3.4 and eq. 3.5 in eq. 3.3 and integrating up to a maximum angle θM ,
the critical Casimir force at coexistence (δµ|h = 0) reads,
βFC =

R Z θM sin(θ + dθ) − sin θ
h
i2
z2 0
1 + 2 Rz (1 − cos θ)




(3.6)

R
×ϑ(z 1 + 2 (1 − cos θ) /ξ),
z

with ξ = ξτ , the bulk correlation length. In the Derjaguin approximation, R ≫ z, and
as a consequence, the integral is dominated by the small angle contributions, such that
1 + 2 Rz (1 − cos θ) ≈ 1 + (R/z)θ2 . If we change the integral variable to l = 1 + (R/z)θ2 ,
we ﬁnd,
1 1/2 −3/2 Z lM
1
ϑ(zl/ξ).
(3.7)
βFC = R z
dl 2 √
2
1
l l−1
The critical Casimir potential, ΦC (z) follows from integrating the critical Casimir force,
βFC in eq. 3.7,
1 1/2 Z ∞ Z ∞
κ−3/2
βΦC (z) = R
dl 2 √
dκ
ϑ(κl/ξ)
2
1
z
l l−1
 
q −3/2
1 R 1/2 Z ∞ Z ∞
dl 2 √
dq
ϑ(lqz/ξ).
=
2 z
1
1
l l−1

(3.8)
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The integral is over a universal scaling function, and depends only on z/ξ, which allows
us to write,
 
1 R 1/2
Θ(z/ξ),
(3.9)
βΦC (z) =
2 z
where we substituted the integral with Θ(z/ξ).
In the opposite limit of ξ ≫ z ≫ R, the critical Casimir potential is derived using the
so-called ‘small-sphere’ operator product expansion [132],
√  R 1/4 ′
βΦC (z) = − 2
Θ (z/ξ).
z

(3.10)

In section 3.4, we compare the critical Casimir potentials obtained from MC simulations
using the cluster algorithm, with the two scaling limits shown above.

3.4
3.4.1

Results
Scaling of the Critical Casimir Potential in 2D

In section 2.4.5, we saw that knowledge of the eﬀective two-body potential can be used to
elucidate the various features of the phase diagram of the LGHD model. The dependence
of the eﬀective potentials on the size of the colloids and adsorption strengths can, thus,
give us valuable information pertaining the phase behavior of the mixture.
Using the LGHD model, we calculate the eﬀective two-body (critical Casimir) interaction between a pair of colloids. We use the TMMC method to extract the probability
distribution of ﬁnding a colloid of radius R at a position r with respect to a colloid of
equal size. In our simulations, we use square lattices of diﬀerent sizes, depending on
the correlation length and ﬁx the position of one disk at the origin. Due to the periodic
boundary conditions we only need to consider positions of the second disk restricted to one
quarter of the lattice. See section 2.3.3 for a more in-depth description. After extracting
the probability distribution P (r), the eﬀective potential is easily calculated as,
βU (r) = − ln

P (r)
.
P (∞)

(3.11)

In ﬁgure 3.3 we plot the critical Casimir interaction between a pair of hard disks for a
range of radii and temperatures, corresponding to bulk correlation lengths 7.5 < ξ < 23,
and for two surface ﬁelds, α = 19, which is well beyond the saturation transition, and
for neutrally adsorbing disks, α = 0, for the two scaling limits in equations (3.9) and
(3.10). In ﬁgures 3.3(a) and 3.3(c), the two scaling limits are compared for α = 19.
In ﬁgure 3.3(a), we show the critical Casimir interactions using the scaling as predicted
using the Derjaguin approximation. As the size of the colloids is of the order of the bulk
correlation length, ξ, the Derjaguin approximation is not valid, and indeed we ﬁnd no
collapse of the data, especially at short distances. In ﬁgure 3.3(c), we plot the critical
Casimir interactions using the scaling in the small-sphere limit. We ﬁnd a better collapse
of the data using the small-sphere scaling limit. At short distances, we ﬁnd deviations
which we attribute to the discretization of the colloids. For neutrally adsorbing colloids,
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Figure 3.3: Critical Casimir interactions of two hard disks as a function of the scaled
surface-to-surface distance z/ξ for diﬀerent radii, temperatures and surface ﬁelds at bulk
solvent coexistence (δµ = 0). Figures (a) and (c) are for colloids with adsorption strength
α = 19, well beyond the saturation transition, while ﬁgures (b) and (d) are for an adsorption
strength α = 0, i.e. for neutrally adsorbing disks. The critical Casimir interactions in ﬁgures
(a) and (b) are plotted using the Derjaguin scaling limit (eq. 3.9), while ﬁgures (c) and (d) are
plotted using the small-sphere limit (eq. 3.10).

α = 0, we have a very short-ranged weak attraction. Again, both scaling limits seem to
give good scaling results in ﬁgures 3.3(b) and 3.3(d), with the small-sphere limit giving
slightly better results once more.
The scaling plots in ﬁgure 3.3, make it clear that the colloid sizes in our simulations
are closer to the small-sphere limit, which is also known as the ‘protein limit’. This makes
our results especially useful for studies in e.g. living cells [123, 124].

3.4.2

3D Model Phase Diagram

In this section, we demonstrate that the development of our cluster algorithm also enabled
us to perform large-scale simulations of a ternary AB-solvent-colloid mixture in 3D and in
near-critical solvent conditions. We do this by assessing the phase behavior, and compare
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Figure 3.4: Phase diagram of the ABC ternary mixture, computed using the direct coexistence
method, for three ﬁxed temperatures τ = 0.025 (green), τ = 0.05 (orange), and τ = 0.075
(blue) with colloid radius R = 6 and colloid-solvent adsorption strength α = 0.6. In this
solvent chemical potential, ∆µs , vs colloid packing fraction, η, representation, the tie lines are
horizontal. The red circles and black lines in the inset are the critical points and binodals
respectively, obtained by least-squares ﬁtting of equation (3.12). Note that the vertical dashed
lines denote ﬂuid-solid coexistence for our lattice representation of the pure hard-sphere system;
see text.

the overall topology of the resulting 3D phase diagram with that of the two-dimensional
system introduced in chapter 2. This comparison is achieved by calculating the solvent
chemical potential diﬀerence, ∆µs , vs colloid packing fraction, η, phase diagrams of the
ternary mixture at diﬀerent reduced temperatures, τ .
To calculate the phase diagrams, we employ the direct coexistence method [126] in
which an elongated box is used to facilitate the formation of an interface between two
phases. This allows us to calculate density proﬁles along the direction normal to the
interface, from which the colloid coexistence packing fractions, η can be ‘read oﬀ’ for a
ﬁxed solvent chemical potential, ∆µs . We thus treat the colloids in the canonical ensemble,
whereas the solvent is treated grand-canonically, similarly to chapter 2. Throughout this
section, a simulation box with dimensions of 128 × 128 × 256 lattice sites is used; this is
large enough to avoid signiﬁcant ﬁnite-size eﬀects.
By calculating the density proﬁles at diﬀerent chemical potentials, ∆µs , we determined
the phase diagrams for three diﬀerent temperatures, τ = 0.025, 0.05, and 0.075, as shown
in ﬁgure 3.4, and for a colloid radius R = 6, and a ﬁxed value of the adsorption strength
used previously in 2D in chapter 2, α = 0.6 — we focus on the supercritical, B-rich,
∆µs < 0 region, where capillary eﬀects are absent. We observe colloidal gas (G), liquid
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Figure 3.5: Representative conﬁgurations of our ternary colloid-solvent mixture model at
reduced temperature τ = 0.05, colloid radius R = 6, and for diﬀerent chemical potentials,
Top: ∆µs = −0.002 (supercritical), Middle: ∆µs = −0.008 (G-L coexistence), and Bottom:
∆µs = −0.3 (G-X coexistence). The pink-colored particles represent the colloids, while the
grey-colored ones, the solvent B species. The conﬁgurations were visualized using a path tracing
renderer.
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(L), and crystal (X) phases, as well as phase coexistence between colloidal gas and liquid
phases, and colloidal gas and crystal phases, with pronounced fractionation of the solvent.
In ﬁgure 3.5 we show examples of G-L (middle), and G-X (bottom) coexistence, along
with a supercritical conﬁguration (top). In the inset of the phase diagram in ﬁgure 3.4,
we present a close-up of coexistence in the near critical region. We also plot estimates of
the critical points, obtained by a least-squares ﬁt to the equation [110–113]
1
η± − ηc = A |∆µs − ∆µcs | ± B |∆µs − ∆µcs |β
2

(3.12)

where η± stands for the coexisting colloidal liquid/gas packing fraction, with ηc its critical
value, and A, B, are ﬁt parameters. The critical exponent, β, was ﬁxed to its value for the
three-dimensional Ising universality class, β = 0.3258 [133]. Note that we have substituted
temperature with the solvent chemical potential, ∆µs , with ∆µcs being the solvent chemical
potential at the critical point of the ternary mixture. We note that we use equation (3.12)
as a ﬁt to our result, only in order to guide the eye. From the phase diagram in ﬁgure
3.4, we observe broad G-X coexistence for ∆µs < −0.1, and a L-X coexistence region
for −0.1 < ∆µs < −0.9, which becomes narrower upon decreasing ∆µs . In addition,
we expect to recover the ﬂuid-crystal transition of pure hard spheres at ∆µs = ±∞,
corresponding to hard spheres in either a pure A or a pure B solvent background. We
thus ﬁnd that the G-L binodal ends in a G-L-X triple point at lower ∆µs . Assuming
the colloidal spheres are suﬃciently large that lattice eﬀects are minimal, the system of
pure hard spheres should exhibit ﬂuid-crystal coexistence at packing fractions η = 0.4915
and η = 0.5428 [134]. From our lattice simulations, we ﬁnd that the actual coexistence
packing fractions are η = 0.4611 and η = 0.5073, drawn as dashed lines in ﬁgure 3.4.
This should come as no surprise; the spheres in our model are rather small such that the
lattice discretization aﬀects their packing and hence the coexistence packing fractions.
From the phase diagram in ﬁgure 3.4 it is clear that the topology is similar to that
of the two-dimensional system. The coexistence curves of the three-dimensional system,
are broader, mainly due to the fact that the particle surface is proportional to R2 as
opposed to R in 2D; the colloidal particles in 3D are overall adsorbing more strongly for
the same value of α. The phase diagrams also exhibit the same trends when decreasing
the temperature, τ ; the two-phase G-L(X) coexistence region broadens, and the critical
point of the ternary system shifts towards the critical point of the pure solvent reservoir.

3.5

Conclusion

Computer simulations of a suspension of colloidal particles in a near critical solvent mixture in three dimensions were previously prohibited due to slow equilibration arising from
large diﬀerences in length and time scales between the individual components, the strong
adsorption of the solvent on the colloids, and the critical slowing down. In this work,
we circumvented these problems by developing a rejection-free geometric cluster algorithm which takes advantage of the point reﬂection symmetry of the Hamiltonian of our
lattice-based model.
Using a cluster-type algorithm for the model of a ternary colloid binary solvent mixture
introduced in chapter 2, we calculated the 2D eﬀective interactions of hard disks with very
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high precision, which enabled us to test the Derjaguin and ‘small-sphere’ scaling limits. In
the Derjaguin approximation, the distance, z between two spherical particles is assumed
to be much smaller than their radius, R, while in the small-sphere expansion, the opposite
is assumed, i.e. that the spheres are much farther apart than the size of their radii. From
the scaling limits, we deduced that our disks size corresponds to the typical size of proteins
as the eﬀective interactions show a better collapse using the small-sphere scaling.
We further determined the phase behavior of colloidal hard spheres in a near-critical
solvent mixture in 3D, using the direct coexistence method. We determined the gasliquid and gas-solid binodals for three diﬀerent supercritical reduced temperatures, τ =
0.025, 0.05, and 0.075, close to the solvent reservoir’s critical point. We found the same
qualitative features as in the two-dimensional case: i) we observe that the upper gasliquid critical point of the ternary colloid-solvent mixture shifts towards lower solvent
chemical potential diﬀerences ∆µS and higher colloid packing fractions, η, upon adding
colloids, and ii) we ﬁnd broad gas-liquid and gas-solid phase coexistence, with signiﬁcant
fractionation of the solvent species favored by the colloids.
In conclusion, we have developed a rejection-free geometric cluster algorithm which
enabled us to investigate the scaling behavior of the critical Casimir pair potentials, and
to determine the phase diagram of colloids in a binary solvent mixture in 3D. Moreover
we also demonstrated that the key features of our previous results on the phase behavior
and structure in two dimensions, in chapter 2, are present in three dimensions.
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4
Are Antagonistic Salt Solutions
Block Copolymers? No, but they
behave similarly.
Mesophases are phases that lie in between the solid and liquid phase, and are classiﬁed by
their symmetry. Recent experiments using a binary solvent mixture of deuterium oxide
(D2 O) and 3-methylpyridine (3MP), showed the presence of a lamellar mesophase, for certain concentrations of sodium tetraphenylborate (NaBPh4 ), an organic salt. The organic
salt used in the experiments consists of an organic group with a small inorganic counterion. The lamellae were found to assemble into micrometer-sized onion-like structures
with a lamella spacing on the order of 10 nm. Although theoretical models have been
able to describe the experimental results to a certain extent, the degrees of freedom of the
solvent mixture are integrated out, and treated on a mean-ﬁeld level, thereby ignoring
ﬂuctuations. Moreover, simulation techniques involving electrostatics are computationally expensive, due to the long range of the Coulomb interaction. Here, we develop an
eﬃcient lattice model, and present the ﬁrst simulation study of an antagonistic salt suspended in a polar binary solvent mixture. In our lattice model, the solvent mixture and
electrostatics are treated explicitly, by combining the simplicity of a lattice gas model and
the eﬃciency of the auxiliary ﬁeld method for treating the electrostatics. In our study of
an antagonistic salt solution, we ﬁnd rich mesophase behavior, including a lamellar phase,
for a wide range of temperatures, and solvent and salt compositions, resembling the phase
behavior of diblock copolymers. We further analyze the ion distribution, and behavior of
the lamellar phase as a function of the salt concentration and temperature and build a
simple mean-ﬁeld theory which is capable of describing our observations.
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Introduction

In section 1.5, we gave a brief introduction on the eﬀect of ions on the phase behavior
of binary mixtures of water and organic solvent (oil). The dissolved ions interact via
Coulombic interactions, and each ionic species may have a preference for a particular
solvent species. In chapters 2, and 3, we saw that a simple suspension of neutral solutes
in a binary solvent mixture with the solutes preferring one of the two solvent species,
leads to rich phase behavior. The fact that electrostatics also come into play leads us to
believe that the behavior of electrolyte solutions should be even richer. In 1943 it was
already shown that the addition of salt consisting of hydrophilic ion pairs expands the
two-phase region of these binary mixtures [135, 136], as the interfacial tension increases.
The eﬀect of hydrophilic salt is thus opposite to that of surfactants that decrease the
surface tension.
In 2001, Jacob et al. detected a novel phase behaviour in aqueous systems of organic
solutes [137–139]. They reported the formation of a solid-like third phase forming at the
liquid/liquid interface of a 3-methylpyridine-water mixture, and long-lived mesoscopic
heterogeneities, with the addition of NaBr salt at near-critical conditions. It was later
found that these heterogeneities occurred only when the solution was contaminated by
impurities [140–142]. Nonetheless, this sparked interest in the community, leading to the
discovery of periodic structures in solutions of antagonistic salts [142–146]. Sadakane et
al. observed that the addition of small amounts of sodium tetraphenylborate (NaBPh4 ),
which consists of a hydrophobic cation, Na+ , and a hydrophilic anion , BPh4 , to a mixture
of D2 O and 3-methylpyridine (3MP), a mixture with both a lower and upper critical
solution temperature, made the phase coexistence region shrink. For high enough salt
concentrations, they found that the phase coexistence region completely disappeared,
and instead observed, using neutron scattering, lamellar structures within the one-phase
region of the pure solvent mixture, even far from criticality [144–146]. Moreover, in some
cases they found that the lamellae formed onion-like structures composed of approximately
1000 concentric lamellae with a lamella spacing of ∼ 18 nm.
Already in 1980, Nabutovskii theorized, using a mean-ﬁeld theory, the existence of a
phase with a periodic substructure in the vicinity of the critical point of an electrolyte
solution [44]. This phase was found to occur due to the interaction of charge-density
and order-parameter waves when the solutes adsorbed strongly. This mesophase was not
further studied until recently by Onuki et al. [147–150], who was motivated by the experimental advances of Sadakane et al. [143–146]. Using a mean-ﬁeld model of a mixture of
oil, water and an antagonistic salt with strong adsorption, they were able to ﬁnd various
mesophases, including phases with a bicontinuous and a tube-like pattern of the solvent
composition. They also found an onion structure as the one discovered experimentally
by Sadakane et al. [144–146]. Furthermore, Onuki et al. [151] and Pousaneh et al. [152]
studied the eﬀective interactions between a pair of colloids suspended in such an antagonistic salt solution, and found an oscillatory interaction, as is expected due to the periodic
substructure.
The above developments are important for the study of biological systems. These
usually contain some amount of salt that allows for important eﬀects, such as osmosis, a
vital process for living organisms. The developments by Onuki et al. [151] and Pousaneh
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et al. [152], underline, furthermore, the importance of salt concentration in colloidal
suspensions. If an oscillatory interaction between colloids can be realized experimentally,
they could potentially self-assemble into quasi-crystals [153–156].
As outlined above, the antagonistic salt solution has been treated theoretically at the
mean-ﬁeld level. Although the theory has been successful in describing the experimental
observations, mean-ﬁeld theories neglect ﬂuctuations, which could be potentially important in describing a near-critical system. Moreover, in the theories developed by Ciach
et al. and Onuki et al., the mixture constituents are taken to be point-like, neglecting
excluded volume interactions. On the other hand current simulation techniques are notoriously slow, due to the long range of the Coulomb interaction. Moreover, in simulating
solutions of ions in polar ﬂuids, techniques such as the ‘Ewald sum’ [157], cannot handle
dipole-charge interactions — dipoles need to be treated as a pair of charges, adding to the
already high complexity of the algorithm. In addition, eﬀects based on the ﬂuctuation
of dipoles, or the dielectric inhomogeneity in a medium, are collective eﬀects that can
make the equilibration of a model system very diﬃcult. Here, motivated by the intriguing
mesophase behavior of a (polar) solution of antagonistic salt, as seen in the experimental
work of Sadakane et al. [143–146], and the lack of computationally eﬃcient simulation
techniques in this area, we develop a lattice model of solutes suspended in an explicit
polar binary solvent mixture. The electrostatics are treated explicitly, using a relatively
new, highly eﬃcient, simulation technique developed by Maggs [158], in which an auxiliary electrostatic ﬁeld is evolved using local Monte Carlo moves. Using this model, we
not only replicate the experimental results of Sadakane et al. but we are able to uncover
an even richer behavior, as a function of its solvent composition, temperature, and salt
concentration.
This chapter is organized as follows. In section 4.2, we present our lattice model and
in section 4.3 we present the Monte Carlo algorithms that we employ to treat the electrostatics. In section 4.4 we present the results of our study on the mesophase behavior of
the mixture, after ﬁrst verifying the validity of our model by comparing it with theoretical predictions of the Poisson-Boltzmann theory. Finally, in section 4.5, we present our
concluding remarks.

4.2

Model

As alluded to in the Introduction, simulating an explicit solution of ions in a polar solvent,
is hampered by the high computational cost of current methods of handling the electrostatics in a model system. This is reﬂected in the scarcity of simulation-based research
literature on this topic. Here, we choose to use a lattice-gas model, coupled with the simulation method developed by Maggs, which we henceforth simply call ‘Maggs’s method’,
to treat the electrostatics. A lattice-based model is chosen over a continuum model because of the simplicity, and the coarse-graining and parallelization opportunities these
models present. Lattice-gas models have also been used extensively to study wetting and
capillary phenomena, and the eﬀects of conﬁnement [91, 92], and we are, thus, provided
with a wealth of information pertinent to our solvent mixture. Below, we describe our
model, and in section 4.3 we introduce the Monte Carlo algorithms we use to simulate it.
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Figure 4.1: Schematic representation of the lattice model of an ion-solvent mixture with the
grid representing the lattice sites. The diﬀerent colors represent the diﬀerent species of the
model, with white and blue representing A and B solvent species, respectively, and yellow and
red representing negative and positive ions. The arrows represent the discretized electric ﬁeld
of Maggs’s method – the magnitude of the ﬁeld is not shown here. The dotted square encloses a
ﬁeld plaquette. In the lower left corner, a positive ion is drawn. To move the ion to the lattice
e ﬁeld on the link between the two sites needs to be modiﬁed by
site to the right, the reduced D
−1, so that Gauss’s law (eq. (4.11)) is satisﬁed.
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We consider a simple cubic lattice consisting of N sites of size Λ. Each site, i, of our
lattice model can be occupied by one of the following four species: the A or B solvent
species, and the positive or negative ionic species, as depicted in ﬁgure 4.1. We deﬁne
an occupancy operator, oiµ , to take the value 1 if site i is occupied by species µ, and
0 otherwise. Note that we use Greek subscripts to denote lattice species, and Latin to
denote the lattice site. We also require excluded volume interactions between all species,
i.e.
X
oiµ = 1
(4.1)
µ

where the sum is implied to run over all species. The diﬀerent species of our model, may
interact with each other via a short-ranged nearest-neighbor interaction,
ǫ XX
Jµν oiµ ojν
(4.2)
HLG = −
2 hi,ji µ,ν

where the ﬁrst sum runs over all nearest-neighbour pairs hi, ji, and where Jµν , sets the
strength of the interaction between species µ and ν. It is important to realize that a
lattice site does not represent e.g. a single ion or solvent molecule, but a coarse-grained
view of a solvated ion, or a ‘blob’ of solvent molecules.
As discussed earlier, we use the method ﬁrst introduced by Maggs and Rosetto [158],
to simulate the electrostatics in our model system. The advantage of Maggs’s method is
two-fold; it circumvents the time-consuming computations of the long-ranged Coulombic
interactions in charged systems, which is often based on Ewald summation methods, and
it can be straightforwardly applied to systems with a spatially varying dielectric permittivity (or polarization), in contrast to conventional methods. It uses constrained updates
of an auxiliary electric ﬁeld instead of the electric potential, which allows the co-evolution
of ﬁeld and charged particles. More speciﬁcally, in a Monte Carlo simulation, the electrostatics can be simulated by generating conﬁgurations with a probability proportional to
the Boltzmann distribution with the following Hamiltonian for the electrostatic energy,
D 2 (r)
1Z
dr
,
HD =
2
ε(r)

(4.3)

where ε(r) is the spatially varying dielectric, and D(r) is the electric displacement ﬁeld,
which obeys Gauss’s law,
∇ · D(r) − ρ(r) = 0,
(4.4)

with ρ(r) the charge density ﬁeld. For brevity’s sake we shall drop the explicit dependence
on the variable r. We can then write the partition function by taking the path integral
over all conﬁgurations of the electric displacement and charge density ﬁelds.
Z=

Z

Dρ

Z

β

DDδ [∇ · D − ρ] e− 2

R

2

dr Dε

.

(4.5)

The general solution to Gauss’s law eq. (4.5), is given by D = Dk +D⊥ , with D⊥ = −ε∇φ
and Dk = ∇ × Q being the transverse and longitudinal parts, respectively. By doing so,
the partition function factorizes,
Z=

Z

β

Dρe− 2

R

drε(∇φ)2

×

Z

β

DD⊥ δ [∇ · D⊥ ] e− 2

R

dr

D2
⊥
ε

= ZCoulomb × Z⊥ .

(4.6)
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Here, Z⊥ = const., is independent on the charge positions, and contains only integrations
over the transverse ﬁeld degrees of freedom, while ZCoulomb gives the Coulomb interactions between the charged particles. From the above, it is evident that only the transverse
degrees of freedom need to be integrated out, along with the charge positions with the
restriction that Gauss’s law is preserved. The system is subsequently discretized by deﬁning a lattice of N = Nx Ny Nz sites with periodic boundary conditions. The electric ﬁeld
is discretized on the links between the lattice sites. This discretization scheme is often
also used when solving Poisson’s equation using ﬁnite diﬀerence methods [159] (see also
ﬁgure 4.1). We denote the ﬁeld on the link between sites i and j as Dij .
To make the species in our model polar, we further assign a dielectric permittivity, εµ ,
to each of them. For Maggs’s method, knowledge of the value of the dielectric constant at
the positions of the lattice links is required. We choose to interpolate the dielectric permittivity on the link between sites i and j by taking the harmonic mean of the permittivities
of the two sites, as follows [160],
1
1
=
εij
2

1
1
+
εi εj

!

(4.7)

P

where εi = µ εµ oiµ , is the dielectric permittivity of the species occupying site i. In Yee’s
ﬁnite-diﬀerence time-domain scheme, eﬀective permittivities are often used to account
for oﬀsets of dielectric interfaces from grid nodes [161]. Note that we can also write
P
1/εi = µ (1/εµ )oiµ , which leads to the following expression for the dielectric permittivity
of link {i, j},
X 1
1
=
(oiµ + ojµ ).
(4.8)
εij
µ 2εµ

With all this, the full Hamiltonian of our model system reads,
H = HLG +

Λ3 X X 1 2
D (oiµ + ojµ ).
4 hi,ji µ εµ ij

(4.9)

HLG , here, is the nearest-neighbour interaction term deﬁned in eq. (4.2). The second
f , where e is the elementary
part is the electrostatic energy. Substituting Dij → (e/Λ2 )D
ij
charge, the Hamiltonian reads,
H=−

ǫ XX
ǫΓ X X 1 f2
D (oiµ + ojµ ),
Jµν oiµ ojν +
2 hi,ji µ,ν
4 hi,ji µ εeµ ij

(4.10)

with Γ = e2 /ε0 Λǫ, and εeµ = εµ /ε0 , is the value of the dielectric constant. With these
deﬁnitions, Gauss’s law reads simply,
X

j∈nnb(i)

f =o −o .
D
ij
i+
i−

(4.11)

Note that the dielectric constants of the diﬀerent species of our model, εeµ , can be written
as a function of the dielectric constant of one of the species. We thus set εeA = 1, and
vary the dielectric constants of the other species in our simulations.
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Methods

The solvent and ions in the model introduced above, are simulated in the canonical
ensemble using the following Monte Carlo moves,
1. Attempt to translate a solvent site by swapping it with a nearest-neighbour solvent
site of the opposite species.
2. Attempt to swap an ion site with a nearest-neighbour solvent site.
f in a closed directed loop.
3. Attempt to modify the circulation of the electric ﬁeld D

f in the directions in which metallic boundary
4. Attempt to modify the global ﬁeld D
g
conditions are imposed.

and are accepted using the standard Metropolis acceptance, a = min [1, exp(−β∆H)],
where the energy diﬀerence, ∆H, is calculated from eq. (4.10). Site in move 1 are
chosen randomly from the lattice, and moves which end up picking a non-solvent site are
immediately rejected. For the ion translations in move 2, we keep a list of their positions,
so we can randomly pick an ion straightforwardly. In each Monte Carlo cycle, we perform
move 1 and 3, N times, move 2, N± times, and we perform move 4 once.
To simulate the solvent grand-canonically, step 1 is replaced by an attempt to ‘ﬂip’
the species of a solvent site, and is accepted by the Metropolis criterion,
h

a(NB → NB ± 1) = min 1, e−β(∆H∓ǫ∆µs )

i

(4.12)

where ∆µs = (µB − µA )/ǫ is the chemical potential diﬀerence between the two solvent
species.
When we move an ion from site i, to its neighbour site, j, in the case of move 2, the
f , needs to be modiﬁed by −(o − o ) to
ﬁeld on the link connecting sites i and j, D
ij
i+
i−
satisfy Gauss’s law, as shown in ﬁgure 4.1. The move is then accepted with the standard
Metropolis criterion, based on the change in electrostatic energy, given by the second part
in eq. (4.10). Additionally, to increase the acceptance, we use temporary charge spreading,
as described in Ref. [162], and later generalized by Maggs et al. [160]. The concept of
temporary charge spreading is simple; the charge of the ion is temporarily spread to
neighbouring sites according to some rule that maximizes the overall acceptance, they
are subsequently translated, and pulled back in. The beneﬁt of temporary spreading is
that the modiﬁcation of the electric ﬁeld is also spread out, leading to an overall higher
acceptance based on the spreading range.
To generate conﬁgurations of the electric ﬁeld, D, with the correct statistical weight,
an additional Monte Carlo move is introduced (move 3, above), which integrates over
the transverse degrees of freedom, D⊥ , by modifying the ﬁeld circulation. This can be
achieved by modifying the ﬁeld along a closed directed path, by some random value, and
again, accepted based on the energy change in eq. (4.10). The simplest such path is
shown in ﬁgure 4.1, and is commonly referred to as a plaquette. As described in Refs.
[163, 164], under periodic boundary conditions, the electric ﬁeld actually decomposes into
D = −ε∇φ + ∇ × Q + Dg ,

(4.13)
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Figure 4.2: Local update move for ﬂuctuating the surface charge of a metallic plate (hatched
sites). A random reduced charge δ q̃ is exchanged between the two sites, and the reduced ﬁeld,
e along the arrows shown in the ﬁgure are modiﬁed by an amount δ q̃ so that Gauss’s law is
D,
satisﬁed and the ﬁeld inside the plate remains zero.

where the global electric ﬁeld, Dg = const, and φ is the electrostatic potential. If we
wish to simulate tinfoil instead of vacuum boundary conditions, the global electric ﬁeld,
Dg also needs to be relaxed with a Monte Carlo move (move 4, above). Tinfoil boundary
conditions set the dielectric constant at inﬁnite distance to εe∞ = ∞, while the vacuum
boundary conditions set it to εe∞ = 1.
In addition to the above moves, we introduce an additional Monte Carlo move for
simulating parallel charged plates with a ﬁxed charge density. We need to be able to
ﬂuctuate the surface charge of the metallic plates while keeping the total charge ﬁxed.
Additionally, the electric ﬁeld should be zero everywhere inside the metallic plates. Levrel
and Maggs [164] introduced a Monte Carlo move in which a random site at the surface of
a plate is chosen and a random amount of charge δq is transferred to a neighbouring site.
To keep the electric ﬁeld inside the plates zero, it is modiﬁed on a path outside the plates,
as shown in ﬁgure 4.2. In our simulations, we perform this move N± times. The surface
charge on the plate surface is continuous, unlike the charge of the sites occupied by the
ion species. When parallel plates are simulated, vacuum boundary conditions should be
imposed in the direction perpendicular to the plates [164].
Before simulating a system, the electric ﬁeld should be initialized so that it is consistent
with Gauss’s law. A simple procedure is to initialize the electric ﬁeld to zero, and then
take a Hamiltonian path through the lattice, e.g. a path that visits each site exactly
once, and solve Gauss’s law for each site visited by modifying the link to the next site
in the path. On arriving at site pi , i.e. the ith step of the path p, holding a charge
qpi = opi + − opi − , we have already solved the Gauss constraint for sites {p1 , ..., pi−1 }. The
Pj=i−1
f
incoming link to the site, {pi − 1, pi }, thus bears the initialized ﬁeld D
qpj .
pi−1 ,pi =
j=1
Pj=i
f
f
f
The outgoing ﬁeld Dpi ,pi+1 is then set to j=1 qpj so that Dpi ,pi−1 + Dpi ,pi+1 = qpi : Gauss’s
law is now fulﬁlled on site pi and we proceed to site pi+1 . At the end of the path, we
Pj=N −1
f
reach site pN with D
qpj . Imposing periodic boundary conditions in
pN −1 ,pN =
j=1
charged systems is only possible if the total charge, Q, is zero (otherwise the total energy
f
is divergent). Thus D
pN −1 ,pN = Q − qpN = −qpN and Gauss’s law is satisﬁed everywhere

ρ(z)
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Figure 4.3: Ion density proﬁle, ρ(z), as a function of the distance to the left wall z/Λ. The
simulated system consists of N− = 128 counter-ions of valency q = 1 using a lattice of dimensions
38 × 38 × 90, with a charge density of σs = 0.044e/Λ2 on each plate, at an inverse temperature
βǫ = 13.299. The remaining lattice sites are ﬁlled by B solvent species, i.e. NB = N − N− , with
permittivity εB = 2e2 /Λǫ. The permittivity of the counter-ions is also set to ε− = 2e2 /Λǫ, so
that ε = εB = ε− . This results in a weak coupling, Ξ = 0.078. The straight line, is the result
predicted by Poisson-Boltzmann theory in the weak coupling limit eq. (4.14).

on the lattice.

4.4
4.4.1

Results
Model Verification: Comparison with Poisson-Boltzmann
Theory

A system consisting of two parallel uniformly charged plates inside an electrolyte, exhibits
two classical length scales, the Bjerrum length, λB = e2 β/4πε, which is deﬁned as the
length at which the thermal energy equals the Coulomb energy between two unit charges
(elementary charge e), and the Gouy-Chapman length, µ = e/2πqσs λB , which measures
the distance from the wall at which the potential energy of an isolated ion reaches thermal
energy. Here, q is the charge valency, and σs is the charge density of the plates. We also
introduce the so called coupling parameter, Ξ = 2πq 3 λ2B σs /e, in line with Refs. [38, 39].
To verify our model, we simulate a system of parallel charged plates, using a lattice of
dimensions Nx × Ny × Nz , where Nx = Ny = 38 and Nz = 90, and lattice site size Λ, with
a charge density σs = 0.044e/Λ2 on each plate, at an inverse temperature βǫ = 13.299.
To keep the system charge-neutral, we embed N− = 128 counter-ions of valency q = 1 in
a homogeneous background of B solvent species (i.e. NB = N − N− ), with permittivity
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εB = 2e2 /Λǫ. The permittivity of the counter-ions is also set to ε− = 2e2 /Λǫ, so that
ε = εB = ε− . We can calculate the Bjerrum length, λB = 0.529Λ, and the GouyChapman length, µ = 6.786Λ, which results in a weak coupling, Ξ = 0.078 and a reduced
plate separation, d˜ = Nz Λ/µ = 13.262.
In ﬁgure 4.3 we present the average density proﬁle of the system, as a function of the
distance, z, from the left charged plate. For comparison, we plot the Poisson-Boltzmann
prediction in the weak coupling limit [38, 39],
ρ(z̃) =



2πλB σs2 λ
h

i ,

˜
cos2 λ1/2 z̃ − d/2

where ze = z/µ. The parameter λ, is determined by the transcendental equation,
˜ = 1.
λ1/2 tan(λ1/2 d/2)

(4.14)

(4.15)

Figure 4.3 shows that our simulations agree very well with theory, leading us to the conclusion that the implementation of the simulations is correct. There is a slight deviation,
very close to the charged plates which is most probably caused by the lattice resolution.

4.4.2

Pure Solvent Phase Diagram

We now consider a four-component mixture of solvent species A and B, and positive and
negative ions. We set our simulation parameters close to the experimental parameters of
a D2 O-3MP mixture with NaBPh4 salt [145]. We start by setting the lattice-gas nearestneighbor interaction between solvent species A and B, to JAA = JAB = 0, and JBB = 1,
to drive phase separation. From symmetry of the Hamiltonian in eq. (4.2), we know
that an adsorption strength JB± = 1, corresponds to neutrally adsorbing ions. To make
the salt antagonistic, we set the nearest-neighbor interaction between ions and solvent
to, JB+ = 6 and JB− = −4. Hence, the positive ions preferentially adsorb the B solvent
species, whereas the positive ions prefer the A solvent species. All other nearest-neighbor
interactions, Jµν , are set to 0. Note that the above choice of adsorption strength, leads to
a self-energy of ±15ǫ (which can be calculated from the hamiltonian HLG as 3(JB± − 1)ǫ)
in the absence of electrostatics. This is large, but not unreasonable, as seen from the
Gibbs transfer energies in tables of Refs. [165, 166], and also used in theoretical models
[167]. Although the two ionic species (dis)like solvent species B equally, the eﬀective
Keesom potential generated due to the electrostatics, slightly increases the preference
of both ionic species for solvent species B. Next, we set the dielectric constants of the
diﬀerent species to, εA = ε+ = ε− = 1, and εB = 3. This choice is arbitrary, but as it will
become clear, we are still able to tune the simulation parameters to lie close to those of
the experimental system. The size of a lattice site is set to Λ = 10Å, which is equal to
the size of the biggest component of the experimental system, i.e. BPh−
4 . The Bjerrum
length in our model can be written as,
Γβe
Λ,
(4.16)
4π εe
where the bulk dielectric permittivity for e.g. a pure AB mixture with xB = NB /(NA +
NB ) = 0.5, is 1/εe = (1/εA + 1/εB )/2 = 1/1.5. We set the Bjerrum length to λB =
λB =
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Figure 4.4: The phase diagram of the pure AB solvent mixture, as described by a simple
lattice-gas model, in the reduced temperature, τ , composition, xB = NB /N , representation as
denoted by the dotted line. The solid line represents the phase diagram for the polar solvent
mixture with εB /εA = 3. The colored boxes denote the various phases we observe at the diﬀerent
state points, for a ﬁxed molar concentration of salt, C = 51.89 mmol/L. The phases seen here
are the lamellar phase (L), the perforated lamellar phase (PL), the tubular lamellar phase (TL),
the tubular phase (T), the tubular disordered phase (TD), and the droplet phase (Dr). Here, we
only plot the B-poor, xB < 0.5, part of the phase diagram as it is symmetric around xB = 0.5.
The colored regions are only guesses of the mesophase boundaries and serve as a guide to the
eye. The color gradient represents the uncertainty in the maximum temperature at which these
mesophases are observed.

5.64Å= 0.564Λ. Using equation (4.16) and assuming βe = βǫ = 0.886618, i.e. the critical
temperature of the lattice-gas,
we ﬁnd Γ = 12. For reference, the Debye length can be
q
−1
−1 e
e
εN/2βΓN
written as, κ = Λ
± , where N± = N− /2 = N+ /2. With this, we have set
all system parameters close to the experimental values of a D2 O-3MP solvent mixture
with BPh4 salt.
Before simulating the full binary solvent-ion mixture it is useful to calculate the phase
diagram of the pure AB solvent mixture for the parameters we set above. To do so,
we simulate the solvent in the Grand-Canonical ensemble and monitor the probability
P (NB ) of observing a certain number of B solvent sites, NB , using the transition-matrix
Monte Carlo (TMMC) method [168]. In ﬁgure 4.8(b), we plot the probability distribution
ln P (xB ), as a function of the solvent composition, xB at coexistence, for the pure polar
solvent with εB /εA = 3, at a reduced temperature τ = 0.12. Using histogram reweighing,
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we can determine the coexisting particle numbers, NB of the A-rich and B-rich phases
at a certain temperature, for our system size. See section 2.3.3 for a more in-depth
description. We repeat this process for a range of diﬀerent temperatures, and ﬁnally
plot the phase diagram of the solvent mixture in ﬁgure 4.4. Here, we plot the fraction
of B solvent sites, xB at diﬀerent reduced temperatures τ = (T − TCLG )/TCLG , where
TCLG = TCI /4 ≈ 1.127881964 [133] is the critical temperature of the simple lattice-gas
system, i.e. Γ = 0, with TCI the critical temperature of the Ising model. The phase
diagram of the simple lattice-gas model is also plotted using a dotted line for reference.
The phase diagrams are fairly symmetric around xB = 0.5, so we only plot the A-rich
side, xB < 0.5. A lattice with dimensions of 32 × 32 × 32 was used in all simulations for
calculating the phase diagram in ﬁgure 4.4. Larger system sizes did not seem to aﬀect the
phase diagram signiﬁcantly. The phase diagram of this polar solvent mixture is broader
than that of the simple lattice-gas model. This is expected, since the introduction of
electrostatics to the system generates an eﬀective (attractive) Keesom potential between
solvent sites [163].

4.4.3

Mesophase Behavior of an Antagonistic Salt Solution

We next focus on the full quaternary mixture by introducing a certain amount of antagonistic salt to the AB solvent mixture investigated in the previous section. We now
simulate the solvent in the canonical ensemble, in line with standard experimental setups.
We simulate the system using a cubic lattice consisting of N = 643 lattice sites. We ﬁrst
study the behavior of the mixture as a function of reduced temperature, τ , and solvent
composition, xB , for a small number of ions N± = 8192, which corresponds to a molar
concentration C = N± /NAv N Λ3 = 51.89 mmol/L, where NAv is Avogadro’s number. This
value is close to the lower limit at which Sadakane et al. observed an ordered-lamellar
phase, 60 mmol/L ≤ C ≤ 250 mmol/L [146]. Within the pure solvent binodal, see ﬁgure
4.4, we ﬁnd mesophases with remarkably diverse structures, depending on both the temperature and solvent composition. Isosurfaces at composition xB = 0.5 are plotted for
various conditions in ﬁgure 4.5. We categorize the various sub-ﬁgures according to their
structural characteristics. In ﬁgure 4.5(a), we show an ordered lamellar phase (L). Here,
the solvent is arranged in lamellae of alternating composition. In ﬁgure 4.5(b), we show a
perforated lamellar phase (PL). As the name suggests, the lamellae here are perforated.
In ﬁgure 4.5(c), we ﬁnd a tubular-lamellar (TL) phase which exhibits lamellar ordering,
but each lamella has a tube-like structure. One could argue that this is actually the PL
phase. We further ﬁnd a tubular phase (T) in ﬁgure 4.5(d), where the minority solvent
species is organized in parallel tubes, a tubular disordered (TD) phase in ﬁgure 4.5(e),
where the tubes are not parallel, and a droplet or peanut phase (Dr) in ﬁgure 4.5(f), where
the minority solvent species is organized in disordered droplets. We have plotted the state
points within the phase diagram of ﬁgure 4.4 indicating the type of mesophase found for
that solvent composition, xB , and reduced temperature, τ . The droplet phase seems to
form for a solvent composition xB ≤ 0.25. For temperatures, τ ≤ −0.25, we ﬁnd L, PL,
and TL phases, from which, only the PL phase survives at higher temperatures. The
system transitions from the lamellar phase to the tubular-lamellar phase by reducing the
fraction of B solvent. For higher temperatures, τ ≥ 0.0, the system becomes disordered.
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Figure 4.5: Representative isosurfaces at the interface between the A and B solvent microphases, for the diﬀerent observed mesophases. Here, the orange color represents the side of the
isosurface of the minority phase. We show six representative conﬁgurations, (a) the lamellar
(L) phase, (b) the perforate lamellar (PL) phase, (c) the tubular lamellar (TL) phase, (d) the
tubular (T) phase, (e) the tubular disordered (TD) phase, and (f) the droplet (Dr) phase.
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We should mention here, that these mesophases are also observed for smaller adsorption
strengths, J±B , and in some cases, also for an apolar solvent, εB = εA = 1, but the eﬀects
are enhanced for higher values, such as the ones chosen in this study.
Surprisingly, the various mesophases we ﬁnd in our model system remind us of a
completely diﬀerent system, namely a diblock copolymer system. A diblock copolymer
is a polymer consisting of two types of monomers, A and B. The two monomers are
arranged in two chains that are attached on one end to form the diblock copolymer.
Theoretical work [169–171], has shown that these polymers can form various phases, such
as a droplet phase where the droplets are arranged in either an face-centered cubic (FCC)
or body-centered cubic (BCC) lattice, a tubular phase where the tubes are packed in a
hexagonal phase, a gyroid phase which has a sponge-like structure, and a lamellar phase.
In experiments [169] and simulations [172], additional phases have been found, including a
perforated lamellar, a double-diamond phase, and a droplet phase where the droplets are
peanut shaped. We can argue that the present quaternary mixture, because of the strong
adsorption and electrostatic interactions, can be seen as a system consisting of bound
ion pairs at a distance set by the Bjerrum length and a thick ﬁlm of the corresponding
preferred species adsorbed around each ion. The similarities with the diblock copolymer
system become then clear. This, of course, is only a simpliﬁed view, which helps us
understand why e.g. the interfaces between the two solvent phases become more curved
as the fraction of one solvent phase is decreased in favor of the other; the eﬀective adsorbed
ﬁlms around the ions become uneven. The behavior we see here is not unique to either
antagonistic salt solutions nor diblock copolymers, but other systems such as surfactants
also exhibit similar phase behavior [173, 174].

4.4.4

Structure of Lamellae and Mean-Field Model

We further investigate the lamellar phase by examining the structure of the lamellae. In
ﬁgure 4.6, we plot the average fraction of sites occupied by B solvent species, and positive
and negative ions, as a function of the position, r/Λ, in the lamella-normal direction, for
a system simulated at a reduced temperature τ = −0.2, solvent composition xB ≈ 0.5,
and N± = 8192 ions. We observe 3 AB lamellae for this system. The fraction of B
solvent sites approaches the pure solvent coexistence compositions in the middle of the A
and B lamella regions. The ions seem to completely partition between the two A and B
regions, with the negative ions concentrating in the B-rich regions, and the positive ions
concentrating in the A-rich regions, as expected from their solvent preferences. We also
observe that the ions show higher concentrations at the AB interfaces, forming electric
double layers. There is also a slight asymmetry between the two ion proﬁles; this is due
to the eﬀective Keesom interaction which yields a small preference to B solvent sites, for
both ionic species.
From our observations of ﬁgure 4.6, we can build a simple mean-ﬁeld model. As a
ﬁrst approximation, we assume that both ionic species and the solvent species, partition
completely between the two lamella regions, and that their densities are position independent within the regions. We denote the salt concentration, c = N± /N , the dimensionless
surface area of an AB lamella as Ae = A/Λ2 , and the dimensionless thickness as δe = δ/Λ,
e and that of B-rich lamellae, x δ.
e
with the thickness of the A-rich lamellae being xA δ,
B
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Figure 4.6: Average fraction of sites occupied by B solvent species, xB · 10−1 , and positive,
c+ , and negative, c− , ions, as a function of the distance, r/Λ, in the lamellae-normal direction.
The proﬁles presented here are calculated from simulations at a reduced temperature τ = −0.2,
solvent composition xB ≈ 0.5, and inverse salt concentration c−1 = 32. The dashed lines denote
the coexistence compositions of the pure solvent.
e
e = L/Λ is given by k = L/
e δ.
The number of AB lamellae, k in a box of reduced length L
e
e
Note that N = LA. Given these assumptions, we can write an expression for the free
energy of the ions in this system,
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Fion /ǫΛ3 N =

(4.17)

The ﬁrst two terms correspond to the entropy of the two ion species, where the concentration of positive ions in the A-rich phase is simply cA
+ = N+ /NA = (N± /2)/(xA N ) = c/2xA ,
and that of the negative ions in the B-rich phase is cB
− = c/2xB . The third term is the
adsorption energy of the ions. An energy penalty is paid for the formation of the 2k
interfaces, which is seen in the fourth term, where γe = γΛ2 /ǫ is the dimensionless surface
tension. The electric displacement ﬁeld of an A/B lamella, due to symmetry, can be
f
calculated to be, D
A/B (r) = cr/2xA/B . With this, we arrive at the ﬁnal expression for
the free energy of the ions in the lamellar phase,
c
cxB
c
(JB+ − 1)
Fion /ǫΛ3 N = e ln c − e ln[4xB (xB − 1)] −
2
β
2β
(4.18)


2γe Γc2 δe2 1 − xB xB
+
.
+ e +
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δ
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perature, τ = −0.2, and solvent composition xB ≈ 0.5. The thickness is calculated from the
e as a function of the reduced
radially averaged structure factor, S(k). (b) Lamella thickness, δ,
temperature, τ , for a system with N± = 8192 ions, and solvent composition xB ≈ 0.5. The
thickness is calculated from the radially averaged structure factor, S(k).

Finally, we minimize the free energy expression (eq. 4.18) with respect to the lamella
e to get,
thickness, δ,




1 ∂Fion
2γe Γc2 δe 1 − xB xB
=
−
+
=0⇔
+
εeA
εeB
ǫΛ3 N ∂ δe
96
δe2
⇔



δe = 

h

192γe εeB

Γc2 xB + (1 − xB ) eεeεB

A

1/3

i

(4.19)

.

The lamella thickness δe appears to scale with the power −2/3 as a function of the salt
concentration. Coincidentally, the lamella thickness in block copolymers is found to scale
with the same power law as a function of the copolymer molecular weight [169, 171].
We compare the prediction of our model in eq. (4.19) by studying the thickness of the
lamellae as a function of salt concentration, c. We run simulations for molar concentrations
in the range, 29.189 mmol/L ≤ C ≤ 347.027 mmol/L, at reduced temperature τ = −0.2,
and solvent composition xB ≈ 0.5. In ﬁgure 4.7(a) we plot the dimensionless lamella
e as a function of c−2/3 . The lamella thickness, δ,
e is calculated as δe = 2π/k
e
thickness, δ,
max ,
e
where kmax = kmax Λ is the position of the second largest peak of the radially averaged
structure factor, SBB (k). In ﬁgure 4.8(a), we show a typical example of SB B(k) for the
lamellar phase of a quaternary mixture at xB = 0.49, τ = −0.3, and C = 51.89 mmol/L.
In ﬁgure 4.7(a), we also plot the mean-ﬁeld prediction (eq. (4.19)) by substituting the
quantities from our simulations. The surface tension was calculated using the results for
the probability density P (xB ) from the TMMC simulations of the pure solvent mixture
as [168],
"

1
1
γe = e e
2L2 β 2

!

max ln P (xB ) + maxmin ln P (xB ) −

xB <xmin
B

xB >xB

#

ln P (xmin
B )

,

(4.20)

Are Antagonistic Salt Solutions Block Copolymers? No, but they
behave similarly.
30

0

20

eγ L
e2
2βe

−20

10

ln P (xB )

kz ΛNz /2π

75

0
-10

−40
−60
−80

-20
-30
-30 -20 -10

0

10

ky ΛNy /2π
(a)

20

30

−100
0.2 0.3 0.4 0.5 0.6 0.7 0.8
xB
(b)

Figure 4.8: (a) Structure factor, log SBB (k), averaged in the direction of kx , for lamellar
phase of a quaternary mixture at xB = 0.49, τ = −0.3, and C = 51.89 mmol/L. (b) Probability
distribution function P (xB ) of the pure polar solvent mixture with εB /εA = 3, calculated using
TMMC, as a function of the solvent composition, xB , for a system at a reduced temperature
τ = 0.12.

where xmin
B is the position at which the probability distribution P (xB ) is minimized. The
ﬁrst term amounts to an average over the two maxima of ln P (xB ). We show ln P (xB ) as
a function of xB at coexistence, for the pure polar solvent mixture, at τ = 0.12, in ﬁgure
e changes in increasingly
4.8(b). In ﬁgure 4.7(a), we notice that the lamella thickness, δ,
larger steps. This happens due to the ﬁnite size of the box and because only an integer
number of lamellae is allowed. Barring these ‘ﬁnite size’ eﬀects, we ﬁnd that our meanﬁeld model is able to give a very good quantitative estimate of the lamella thickness, δ.
In ﬁgure 4.7(b) we plot the temperature dependence of the lamella thickness, δ, for
a system with inverse salt concentration c−1 = 32, and solvent composition xB ≈ 0.5,
along with the corresponding mean-ﬁeld prediction. The mean-ﬁeld model seems to give
satisfactory results even in this case, although our model fails to include the temperature dependence of the solvent composition of the lamellae. On the other hand, the
temperature is low enough such that ﬂuctuation eﬀects are not that important.

4.5

Conclusion

In a series of recent experiments, with a mixture of an antagonistic salt (BPh4 ) and a
binary solvent mixture (D2 O - 3MP), Sadakane et al. made some intriguing observations [144–146]: a) the binary solvent mixture exhibits a two-phase region with an upper
and lower critical point, which shrinks with increasing salt concentration, and b) the
mixture exhibits a structural transition into an ordered lamellar phase for certain salt
concentrations and temperatures, which is conﬁrmed from small-angle neutron scattering experiments. Although some theoretical work in explaining these observations was
presented by Onuki et al. recently [147–150], simulations can often provide more insight.
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Figure 4.9: Schematic helping to draw analogies between a ‘bound’ ion pair in a system
of A and B solvent species, and positive and negative ions (right), and a diblock copolymer
with a certain number of block B monomers and block A monomers (left). Due to preferential
adsorption, a diﬀuse layer of B solvent species and A solvent species, drawn as a blue and a
white disk, surrounds the positive and negative ions, respectively. Similarly, a diﬀuse layer of
block B and block A monomers, surrounds the respective diblock copolymer chain. These diﬀuse
layers are drawn as colored discs of the same size as the case of the bound ion pair to facilitate
the analogy.

Unfortunately, current simulation techniques are notoriously slow, due to the long range
character of the Coulomb interactions. In addition, eﬀects based on the ﬂuctuation of
dipoles, or the dielectric inhomogeneity in a medium, which could be important in the
formation of the ordered lamellar phase, are collective eﬀects that make the equilibration
of the model system of interest very diﬃcult. Using Maggs’s method [158] to simulate the
electrostatics in a lattice-gas type model, we were able to circumvent these diﬃculties,
allowing us to investigate the presence and behavior of mesophases in a model system
resembling the experimental system of Sadakane et al. [144–146].
We ﬁrst determined the phase diagram for the pure polar solvent mixture using the
TMMC technique. For a ﬁxed molar salt concentration, C = 51.89 mmol/L, we performed
a series of simulations within the two-phase coexistence region of the pure solvent mixture,
ﬁnding, not only the experimentally observed lamellar phase, but also a multitude of
other mesophases, such as a tubular and a droplet phase, which remind us of the phase
behavior of block copolymers [169–172], or even surfactants [173, 174]. Considering the
strong adsorption and electrostatic interactions, the system can be seen bound ion pairs
at a distance set by the Bjerrum length with thick ﬁlms of the corresponding preferred
species adsorbed around each ion (see ﬁgure 4.9 for a schematic of this analogy). This
view helps us relate our current system, to the diblock copolymer system.
The parallel drawn between the two systems is further supported when studying the
structure and behavior of the lamellar phase. From density proﬁles of the lamellar phase
at low temperatures, the ions and solvent seem to partition completely between the Arich and B-rich lamella regions. This observation allowed us to build a simple mean-ﬁeld
model, from which we calculated an expression for the optimal lamella thickness, δ. The
e should scale with the power
expression predicts that the reduced lamella thickness, δ,
−2/3 of the salt concentration. Coincidentally, the lamella thickness in block copolymers
is found to scale with the copolymer molecular weight [169, 171] with the same power.
From simulations of the lamellar phase for diﬀerent salt concentrations and temperatures,
we found that our mean-ﬁeld model appears to predict the thickness of the lamellae very
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Figure 4.10: Representative isosurfaces at the interface between the A and B solvent microphases, of two observed mesophases at εB /εA = 9. Here, the orange color represents the side of
the isosurface of the minority phase. We show a hexagonally ordered tubular phase in (a), and
a gyroid phase in (b).

accurately, without the need of any ﬁtting.
Given the large parameter space of our model system, we explored only a small fraction
here. Preliminary results using e.g. a higher dielectric contrast εB /εA = 9, seem to conﬁrm
the existence of additional phases seen in diblock copolymer systems, such as the gyroid
phase, and hexagonally ordered droplet and tubular phases. Representative isosurfaces
of a gyroid phase and a hexagonally ordered tubular phase are shown in ﬁgure 4.10.
Additionally, simulations closer to the critical point of the pure solvent mixture seem to
exhibit a lamellar phase only at very low salt concentrations. This could be an indication
that the lamellar phase in this region is the one predicted by Nabutovskii et al. [44], which
is induced by the critical composition ﬂuctuations in the system. Furthermore, keeping the
salt concentration low, and lowering the temperature, leads to phase separation between
an A-rich and a B-rich phase with inhomogeneities, which cause the eﬀective shrinking
of the two-phase region, as seen in experiments.
Finally, although we used our model to simulate antagonistic salt solutions, it is evident
that it can be used to successfully simulate a multitude of systems and setups of interest.
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5
A Simulation Study on the Phase
Behavior of Hard Rhombic
Platelets
Using Monte Carlo simulations, we investigate the phase behavior of hard rhombic platelets
as a function of the thickness of the platelets, T . The phase diagram displays a columnar
phase and a crystal phase in which the platelets are stacked in columns that are arranged
on a two-dimensional lattice. We ﬁnd that the shape of the platelets determines the
symmetry of the two-dimensional lattice, i.e., rhombic platelets form an oblique columnar
phase and a simple monoclinic crystal phase. For suﬃciently thick platelets, i.e., for a
thickness-to-length ratio T /L > 0.17, we ﬁnd only an isotropic ﬂuid, an oblique columnar
phase, and a monoclinic crystal phase. Surprisingly, for an intermediate plate thickness,
0.083 < T /L < 0.17, we also ﬁnd a region in between the isotropic (or nematic) phase
and the columnar phase, where the smectic phase is stable. For suﬃciently thin platelets,
T /L < 0.13, the phase diagram displays a nematic phase. With the exception of the
smectic phase, our results resemble the phase behavior of discotic particles. Our results
may guide the synthesis and future experiments on rhombic nanoplates.
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Introduction

With the advancement of technology and the prevalence of various display devices, liquid
crystal displays (LCD) have played an increasingly important role in our everyday lives.
LCDs use the light modulating properties of liquid crystals to display complex images,
as such, the study of liquid crystals has never been more important and relevant than at
the present age. Whereas normal periodic crystals exhibit long-range positional and orientational order in all spatial dimensions, liquid crystals exhibit long-range orientational
and positional order in only two or less spatial dimensions.
Hard-particle models, i.e. models in which the particles interact only by their excluded
volume, are particularly important in the study of liquid crystals because they can be used
to test molecular theories for the properties of liquid crystals, and they provide a starting
point for thermodynamic perturbation theories. The study of such models goes all the
way back to 1949, when Onsager [49] predicted theoretically that a system of inﬁnitely
thin rods or a system of inﬁnitely thin platelets exhibits a ﬁrst-order phase transition
from an isotropic phase to a nematic phase, which is driven purely by excluded-volume
interactions. The ﬁrst time a hard-particle model was used to simulate a liquid crystal was
in 1972 by Vieillard-Baron [175] who investigated the phase behavior of a two-dimensional
system of hard ellipses. Due to the computational restrictions of those times, it was not
until 1985 that the phase behavior of the full three-dimensional system of ellipsoids was
mapped out by Frenkel et al. [176], revealing isotropic, nematic, crystal, and plastic
crystal phases. In 1997, the phase diagram of hard spherocylinders was determined by
means of free-energy calculations using Monte Carlo simulations, and was found to exhibit
an isotropic, nematic, (plastic) crystal, but also a smectic phase [177].
Frenkel et al. [178, 179] studied the limit of inﬁnitely thin cylinders, or disks, in 1982,
ﬁnding a ﬁrst-order isotropic-nematic phase transition, and compared it with Onsager
theory [49]. Later, in 1992, Veerman and Frenkel [180] studied a model for hard platelets,
using a sphere truncated by two symmetrically opposite parallel planes, and observed
a ﬁrst-order phase transition from a nematic to a columnar phase which was later also
conﬁrmed for inﬁnitely thin disks [181]. In addition, they found a so-called cubatic phase
which turns out to be metastable with respect to the columnar phase in later studies
[182–184]. The phase diagram of hard oblate spherocylinders, i.e. a model system of
discotic-like particles, was determined as a function of the plate thickness by Marechal
et al., and exhibits isotropic, nematic, columnar, and two crystal phases. Marechal et al.
also studied models of hard platelets with diﬀerent degrees of roundness [183] focusing
on the ‘devitriﬁcation’ process from a metastable cubatic to a columnar phase. More
recently, a large class of polyhedral-shaped particles has been investigated, that exhibit
plastic crystal and liquid crystal phases, but also intriguing crystal phases [7, 185–189].
Although plastic-crystal forming hard particles have been studied since 1985 [176, 190–
192], the more ‘exotic’ states, such as quasi-crystals [185, 193], biaxial nematics [194–197],
and even chiral phases [198], have only been studied very recently, which indicates [199]
that the study of hard-particle systems is far from over.
There is an additional reason why hard-particle models have become important as of
late, and that is because a wide variety of these systems are now experimentally available.
Hard-sphere colloidal particles have been synthesized for over ﬁve decades now [200, 201],
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Figure 5.1: A rhombic platelet. The three lines, denote the characteristic dimensions of the
platelet, with T being the thickness, W being the width or short axis length, and L the long
axis length. In our simulations, we ﬁx W/L = 2/3.

and various polyhedral-shaped particles have been synthesized recently [7–26].
In this work we focus on the phase behavior of particles of a speciﬁc polyhedral shape
known as rhombohedron. The work is motivated by the recent synthesis of nano-platelets
of this shape by Murray et al. [23, 26], and is focused on thin, or plate-like, shapes. For
convenience, we refer to these particles as ‘rhombic platelets’. Current research on the
self-assembly of these particles [26] has focused on two-dimensional planar geometries.
Instead, we explore the self-assembly of the three-dimensional bulk system, which could
prove useful for future experimental studies. We generally expect the phase behavior of
platelets of diﬀerent shapes to be qualitatively similar, i.e. we should at least ﬁnd nematic,
columnar, and crystal phases at the appropriate aspect ratios.
This chapter is organized as follows. In section 5.2 we discuss the hard-particle model,
and in section 5.3 the computational methods used to simulate and characterize the
diﬀerent phases of the rhombic platelets. In section 5.4 we present our results, which are
focused on the phase behavior of these ﬂat particles. Finally, in section 5.5 we summarize
the results, and discuss possible future ventures.

5.2

Model

We study the phase behavior and structure of a system consisting of hard rhombic platelets
using Monte Carlo simulations. To this end, we model each particle as a rhombohedron
which is basically a rhombus extruded in the third dimension. In ﬁgure 5.1 we show a
typical rhombic platelet along with three lines, denoting the characteristic dimensions
of the platelet, with T being the thickness, W being the short axis length, and L the
long axis length. Two-dimensional rhombi can tile space, admitting either a tiling where
all platelets are parallel, or a so-called rhombille tiling [202], with the former being the
favorable one as shown in simulations [26]. Rhombic platelets can also tile the threedimensional space by stacking diﬀerent 2D tilings on top of each other.
Here, we simulate hard rhombic platelets, that interact solely through excluded volume
interactions which means that platelets cannot overlap at any point in the simulation. In
our simulations, we ﬁx W/L = 2/3, which is close to the experimental value of recently
synthesized GdF3 nanoplatelets [23], and investigate the phase behavior as a function of
the reduced thickness, T /L.
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Methods
NPT Cluster algorithm

Simulating hard particles using Monte Carlo simulations, is generally thought to be less
eﬃcient than using equivalent event-driven molecular dynamics (EDMD) simulations. On
the other hand, implementing a fast and robust EDMD engine is very time consuming.
One of the bigger problems with Monte Carlo simulations of hard particles in the N P T
ensemble, is that volume moves become prohibitive as the number of particles is increased.
This is because there is a higher probability to ﬁnd an overlap between particles when
compressing. A recent paper [203] introduces a new cluster algorithm which promises
great speed-ups. The algorithm works by ﬁnding clusters of particles that are close to
each other and treating them as one body when scaling the coordinates.
In more detail, we form clusters of particles that are close to each other. The probability to add a particle to a cluster, b(sij ), depends on the minimum surface-to-surface
distance sij between particles i and j. For calculating the shortest surface-to-surface distance, s, as well as overlaps between pairs of particles, we use the Gilbert Johnson Keerthi
(GJK) algorithm [204], which can be employed for arbitrary convex particle shapes. The
probability function b(sij ) can have any form, but we choose to use the one suggested in
[203],



1−

b(sij ) = 



sij
sc

0,

2

, 0 ≤ sij < sc
sij ≥ sc

(5.1)

where sc is some appropriate cutoﬀ, which aﬀects the size of the clusters. To obey detailed
balance, the algorithm replaces the standard N P T acceptance probability with,
α(V → V ′ ) =

(V ′ )Nc exp [−βP V ′ − βU (Xc , V ′ )] ω(Xc |X ′ )
V Nc exp [−βP V − βU (Xc , V )] ω(Xc |X)

(5.2)

where X and X ′ denote the conﬁgurations before and after the volume move, Xc denotes
a particular cluster realization, and ω(Xc |X) is the probability of generating a cluster
realization Xc , given the conﬁguration X. The ratio of probabilities that appears in the
right-hand side of equation (5.2) can be calculated as,
ω(Xc |X ′ ) Y 1 − b(s′ij )
=
ω(Xc |X)
1 − b(sij )
[ij]

(5.3)

where [ij] denotes pairs of particles belonging to the same cluster.
In pseudo-code, the algorithm for generating the clusters is shown in alg. 5.1. Because
the surface-to-surface minimum distance calculation is an expensive procedure, we make
some optimizations. Before calculating the distance, we ﬁrst check if the center-to-center
distance of the two particles is smaller than riout + rjout + sc (where riout is the out-scribed
sphere radius of particle i), if it is, then we do an overlap check between the particles using
their shapes dilated by a sphere of radius sc /2 (using GJK, this is a very simple overlap
check). Only if the previous two tests succeed, we proceed, else, we skip the particle pair.
It should also be noted that if a Cell List structure is used, it is generally faster to always
rebuild it before calculating the acceptance weight, eq. (5.3).
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Algorithm 5.1 Cluster formation algorithm
nc ← 0
for all n ∈ N do
if n not already in a cluster then
nc ← nc + 1
n now belongs to cluster nc
push(stack, n)
while stack not empty do
i ← pop(stack)
for all j ∈ neighbour(i) do
if j not already in a cluster then
if rand[0, 1) < b(sij ) then
j now belongs to cluster nc
push(stack, j)
end if
end if
end for
end while
end if
end for

5.3.2

Order Parameters

To determine the isotropic-nematic (I-N ), isotropic-columnar (I-C), isotropic-smectic
(I-Sm), nematic-smectic (N -Sm), and smectic-columnar (Sm-C) coexistence packing
fractions, η, we study the discontinuities in the equations of state. The equations of state
are determined by expanding from the space-ﬁlling rhombic crystal phase. Furthermore,
we calculate the nematic and smectic order parameters. The nematic order parameter,
S, and nematic director, n̂û , along the particle symmetry axis, û, are identiﬁed as the
largest eigenvalue, and corresponding eigenvector, of the nematic order parameter tensor
[205],

N 
3
1
1 X
Qûαβ =
(5.4)
uiα · uiβ − δαβ ,
N i=1 2
2
where uiα is the α-th component of the symmetry axis, û, of particle i, N is the number
of particles, and δαβ is the Kronecker delta. The smectic order parameter, τ , is calculated
along the nematic director, n, and is given by [206–209]
τ = max
l

N
X

e2πirj ·n/l ,

(5.5)

j=1

where rj is the position of the j-th platelet, and the value of l ∈ R that maximizes
the above expression is identiﬁed as the layer spacing. Additionally, we calculate the
diﬀraction patterns along the nematic director corresponding to the long particle axis, i.e.
the L-axis. This is done by projecting the particle positions on the plane deﬁned by the
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Figure 5.2: (a): Equation of state (βP Vp vs η) for rhombic platelets with reduced width W/L =
2/3 and thickness T /L = 1/9. The diﬀerent points are colored according to the respective phase.
Orange: isotropic phase (I), Green: nematic phase (N ), Pink: smectic phase (Sm), Purple:
columnar phase (C), Brown: rhombic crystal phase (X). In the inset, a zoomed-in region of
η ∈ (0.38, 0.57) is plotted showing more clearly the jumps associated with the three ﬁrst-order
phase transitions (namely I-N , N -Sm, and Sm-C). (b): Nematic, S, and smectic, τ , order
parameters for the same rhombic platelets as in (a). The nematic order parameter is plotted
as circles, while the smectic order parameter is plotted as diamonds. The diﬀerent points are
colored according to the color-coding in (a).

nematic directors of the T and W particle axes, and subsequently calculating the Fourier
transform of a two-dimensional histogram of the projected particle positions.

5.4

Results

We perform Monte Carlo (MC) simulations in the N P T ensemble, i.e. simulations where
the number of particles, N , pressure P , and temperature T are ﬁxed. We employ periodic
boundary conditions along all three dimensions. We change the volume independently in
each dimension so that the simulation box can accommodate the diﬀerent phases, thereby
avoiding severe ﬁnite size eﬀects. We use the cluster algorithm described in section 5.3.1
for performing the volume change moves. Each Monte Carlo cycle consists of N attempts
to translate a random particle, N attempts to rotate a random particle, and one attempt
to change the volume of the simulation box. Conﬁgurations were initialized in an oblique
crystal phase (an example of this phase is shown in ﬁgure 5.4), and simulated for ∼ 107
MC cycles. The equilibrium packing fraction, η, was calculated as an average over the
last few million MC cycles.

5.4.1

Phase Behavior Characterization

In our Monte Carlo study, we ﬁnd that hard rhombic platelets with a width-to-length
ratio W/L = 2/3 exhibit rich phase behavior; the platelets can transition through up to
ﬁve diﬀerent phases, depending on the reduced thickness, T /L. In ﬁgure 5.2(a), we have
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plotted the equation of state (βP Vp vs η, where β = 1/(kB T ) with kB the Boltzmann
constant and T the temperature, and Vp the particle volume) for platelets with reduced
thickness T /L = 1/9. The colors denote the thermodynamic phase of the respective
state point. More speciﬁcally, the isotropic phase (I) is represented by the orange color,
the nematic phase (N ), by the green color, the smectic phase (Sm), by the pink color,
the columnar (C), by the purple color, and the rhombic crystal phase is represented
as the brown color. To appreciate the ﬁne detail of the equation of state, we plot a
magniﬁed version for packing fractions η ∈ (0.38, 0.57), in the inset, showing the jumps
associated with the three ﬁrst-order phase transitions (I-N , N -Sm, and Sm-C). This
is further underpinned in ﬁgure 5.2(b), where we plot the nematic, S, and smectic, τ
order parameters, using once more the same color-coding. It can be clearly seen that
the nematic order parameter, S, shows a jump at a packing fraction η ≈ 0.4, clearly
indicating the orientational alignment of the platelets along the nematic director. On the
other hand, the smectic order parameter, τ , clearly shows a jump at a packing fraction
η ≈ 0.5. The smectic order parameter jumps back to ∼ 0 in the columnar phase at a
packing fraction η ≈ 0.55.

5.4.2

Structure

We now turn our attention to the structure of these phases. To this end, we present
conﬁgurations, along with the corresponding diﬀraction patterns, in ﬁgures 5.3, and 5.4,
for platelets with reduced thickness T /L = 1/9. In the conﬁgurations, the particles are
colored according to the absolute direction of the short axis – it is easily seen that with the
exception of the isotropic phase, as shown in ﬁgure 5.3(a), all phases are orientationally
ordered along the short particle axis, i.e. along the T -axis. From the conﬁguration
in ﬁgure 5.3(b) and the corresponding diﬀraction pattern, we observe that the nematic
phase shows only weak positional order of the platelets along the nematic director, which
is enhanced and clearly pronounced in the smectic phase. In the columnar phase, as
shown in ﬁgure 5.4(b), we ﬁnd that the particles form stacks which are arranged in a
two-dimensional oblique lattice. We thus ﬁnd a phase transition from the smectic phase,
with one-dimensional positional order and strong orientational order along the nematic
director, to a columnar phase with two-dimensional positional order and with additional
weak orientational order in the direction perpendicular to the nematic director, as can be
seen form the diﬀraction patterns and conﬁgurations.

5.4.3

Phase Diagram

Combining the information from the equations of state, the order parameters, S and
τ , and the diﬀraction patterns, we determine the phase diagram as a function of plate
thickness, T /L, which is shown in ﬁgure 5.5. The hatched blue region denotes the region
where the equation of state shows a jump, while the solid-colored regions represent the
diﬀerent phases according to the color-coding used in ﬁgure 5.2. From the phase diagram,
we see that for suﬃciently thick platelets, T /L > 0.17, only the isotropic, columnar,
and rhombic crystal phases are present. For thinner platelets, we ﬁnd a narrow regime
where the smectic phase is stable, which is easy to miss. Upon decreasing T /L further,
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Figure 5.3: Left: Representative conﬁgurations of hard rhombic platelets with reduced width
W/L = 2/3 and thickness, T /L = 1/9 for the isotropic (a) and nematic (b) phases. The particles
are colored according to the direction of their short axis; the absolute value of the components
of the particle direction is translated to normalized RGB values. Right: Diﬀraction patterns
corresponding to the phases to the left, with the vertical axis being along the T -nematic director,
and the horizontal axis, perpendicular to it.
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Figure 5.4: Left: Representative conﬁgurations of hard rhombic platelets with reduced width
W/L = 2/3 and thickness, T /L = 1/9 for the smectic (a), columnar (b), and rhombic crystal
(c) phases. The particles are colored according to the direction of their short axis; the absolute
value of the components of the particle direction is translated to normalized RGB values. Right:
Diﬀraction patterns corresponding to the phases to the left, with the vertical axis being along
the T -nematic director, and the horizontal axis, perpendicular to it.
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Figure 5.5: Phase diagram, of hard rhombic platelets with width-to-length ratio W/L =
2/3, in the packing fraction, η - reduced thickness, T /L representation, determined from N P T
expansion runs. At the top of the diagram, and from left to right, the rhombic platelet is shown
for increasing reduced thicknesses corresponding to the x-axis. The volume of the depicted
platelets is ﬁxed. The stable phases are coloured in the phase diagram as, Orange: isotropic
phase (I), Green: nematic phase (N ), Pink: smectic phase (Sm), Purple: columnar phase (C),
Brown: crystal phase (X), and Blue: two-phase coexistence regions.
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the isotropic region becomes smaller, and the nematic phase takes over. For thickness
0.083 < T /L < 0.133, the rhombic platelets experience, upon increasing the packing
fraction, a (weakly) ﬁrst-order phase transition from the isotropic to the nematic phase,
followed by a (weakly) ﬁrst-order phase transition to the smectic phase, and another one
to the columnar phase, and a continuous transition to the crystal phase. For thickness
T /L < 0.083, the smectic phase vanishes completely. It is also expected that the isotropic
phase vanishes as T /L → 0.
In addition, we investigated the possibility of the smectic phase being metastable. To
this end, we carefully checked if the smectic phase spontaneously forms upon expanding
the space-ﬁlling rhombic crystal phase, as well as upon compressing the isotropic ﬂuid
phase using MC simulations in the N P T ensemble for N ≈ 2000 rhombic platelets, with
T /L = 1/9. Upon compressing the isotropic ﬂuid phase, we indeed ﬁnd that the smectic
phase forms spontaneously, thereby lending strong support that the smectic phase is
stable. Upon compression, long-lived columnar clusters are also formed. However, we
were not able to recover a bulk columnar phase upon compressing the smectic phase
further, at least within the simulation time that we considered.
Furthermore, we performed event-driven Molecular Dynamics (EDMD) simulations
of rhombic particles with T /L = 1/9, in the N V T ensemble. Our EDMD implementation details can be found in chapter 6. For N ≈ 2000 particles, simulations close to the
isotropic-nematic, and nematic-smectic coexistence, showed strong spinodal-like ﬂuctuations in the local nematic, and smectic order parameters, respectively. This accompanied
by the small ‘jumps’ in the equations of state, leads us to the conclusion that these transitions are weakly ﬁrst order. We also ﬁnd that the columnar phase melts into a smectic
phase at a pressure βP Vp ≈ 7.3, which is close to the coexistence pressure found from
the MC expansion, but we ﬁnd signiﬁcant ﬁnite size eﬀects for this transition, even for a
columnar phase consisting of 20 × 52 columns, i.e., N = 52000 particles.
Although the hard rhombic platelets have a fundamentally diﬀerent shape from e.g.
oblate hard spherocylinders (OHSC) of Ref. [183], preliminary simulations show striking
agreement, at least quantitatively, in the phase behavior of the two particle shapes. Unlike
the OHSC, though, we also ﬁnd a smectic phase for reduced thickness 0.083 < T /L <
0.17, and for packing fractions η ∈ (0.5, 0.52). We speculate that the smectic phase is
entropically stabilized by the non-circular shape of the rhombic platelets as well as the
large ﬂat facets.

5.5

Conclusion

Using Monte Carlo simulations, we determined the phase diagram of hard rhombic platelets
with width-to-length ratio W/L = 2/3, as a function of the plate thickness, T /L. We
measured the equations of state, diﬀraction patterns, as well as the nematic and smectic
order parameters, and determined the phase boundaries from N P T expansion runs. We
veriﬁed the type of the various phases by visual inspection of the particle conﬁgurations.
In addition, we investigated the presence of metastability by performing compression
runs, upon which a bulk smectic phase is formed, and EDMD simulations in the N V T
ensemble. Our MC simulations as well as EDMD simulations, provide strong support
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for a stable columnar and smectic phase in a system of hard-rhombic platelets, but it
is hard to pinpoint exactly the phase transition due to severe ﬁnite-size eﬀects and slow
equilibration rates, as the free energies of the two phases are likely very close. This will
also hamper the determination of the phase boundaries using free-energy calculations.
The phase behavior of rhombic platelets, presented here, is compatible with that
of other platelet-like particles found in the literature, such as cylinders [179, 210], cut
spheres [182, 184], and oblate hard spherocylinders [183]. Unlike the aforementioned
particle shapes, the non-circular symmetry and ﬂat facets of rhombic platelets leads to
the presence of a stable smectic phase. The smectic phase is stable in a narrow density
regime but could possibly be stabilized in a wider regime for diﬀerent width-to-length
ratios of W/L.
Generally, a biaxial phase is expected for anisotropic particles when the quantity
ν = T /W − W/L ≈ 0 [211], where T < W < L are the sizes of the three main particle
axes. For the rhombic platelets presented here, we ﬁnd from preliminary simulations that
a biaxial nematic phase is present for extremely thin platelets, T /L < 0.05, corresponding
to ν ≈ −0.6. Our preliminary results, as well as those found e.g. in Ref. [212] on bricklike particles, indicate that the stability of a biaxial phase also depends on an additional
criterion for T /L, i.e. the platelets should be suﬃciently thin. In the next chapter, we
study the phase behavior of rhombic particles as a function of all parameters T , W , and
L. There, we focus on ﬁnding the combination of parameters that allow rhombic particles
to form a biaxial phase.
Rhombic platelets of diﬀerent aspect ratios can be synthesized and used in selfassembly experiments. In this work, we have investigated what the eﬀect of a noncircularly symmetric particle shape is on the phase behavior of plate-like particles, and
how the ﬂat facets stabilize a layered structure such as the smectic phase.

6
Investigating the Presence of a
Biaxial Nematic Phase in Hard
Rhombic Particles
We develop a highly eﬃcient event-driven Molecular Dynamics (EDMD) algorithm that
enables us to perform simulations on general convex particles. Using this algorithm we
study the presence of a biaxial nematic phase for rhombic particles with T ≤ W ≤ L,
where T is the thickness, W the width, and L the length of the particle, by simulating
68 diﬀerent particle shapes. Upon expansion from the space-ﬁlling crystal structure, we
ﬁnd 10 diﬀerent ordered phases, including a biaxial nematic phase. A biaxial smectic
phase is also shown for the ﬁrst time in a simulation study, which remarkably does not
appear in the same particle shape parameter regime as the biaxial nematic phase. In
addition, we map out a diagram of the diﬀerent sequences of phases we ﬁnd for increasing
densities, as a function of the length and width of the rhombic particles. We ﬁnd 9 regimes
with diﬀerent phase sequences, which conveys the complexity of the system. Our results
show that due to the sharp-angled rhombic shape of the particles, the smectic phases are
destabilized in favor of the biaxial nematic phase, making the area of the biaxial nematic
phase in the phase diagram larger than in previously studied hard-particle systems.
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Introduction

When discussing liquid crystals in the Introduction (section 1.6) we mentioned that, in
a uniaxial nematic phase, particles which are anisotropic in shape, rod-like or plate-like,
are oriented along a preferred direction, but their center of mass positions are randomly
distributed as in a liquid. In cases where the particles are not uniaxial, they may also
display orientational order along a second preferred axis [46] and form a so-called biaxial nematic liquid crystal. The biaxial nematic liquid crystal has two distinct optical
axes along which the velocity of light is polarisation independent. This has important
implications for next-generation liquid crystal applications.
Historically, systems consisting of biaxial particles were studied theoretically in the
early 1970s [213–215], as a logical step up from particle models with uniaxial symmetry.
These theoretical studies predicted the existence of a biaxial nematic phase in which the
particles display orientational order in two directions. In addition, there was a need to
explain discrepancies between theoretical predictions and experimental observations on
the magnitude of the nematic order parameters and fractional density jumps during the
isotropic-nematic transition [216]; the molecules studied in experiments were of course
not perfectly uniaxial. In the following years, various theoretical hard-particle models
were studied, including biaxial ellipsoids [216, 217], spheroplatelets [218], and board-like
particles [219]. Theoretically studies by Straley [215] and Mulder [218], predicted that
the biaxial nematic phase should appear in systems composed of particles that satisfy
M 2 = LS, where L, M , S are the lengths of the long, medium, and short particle axes,
respectively.
Although the biaxial nematic phase was identiﬁed for lyotropic liquid crystals since
1980, in a ternary potassium laurate-1-decanol-water mixture [220], early experimental
evidence of a thermotropic biaxial nematic phase [221–224] was later refuted [225, 226].
The reason for the failure to observe thermotropic biaxial nematics is connected with the
competition of this phase with other potential molecular organizations. It was not until
2004 when unambiguous and conclusive evidence of such a biaxial nematic phase was
presented by Madsen et al. [227] and Acharya et al. [228]. These studies were received
with considerable excitement, as it opens up new areas of both fundamental and applied
research.
Simulation studies, although scarce, have also seen progress in the direction of biaxiality. Studies include hard-particle models of biaxial ellipsoids [217] and spheroplatelets
[197, 229] as well as models with interactions such as systems of elongated attractiverepulsive biaxial Gay-Berne particles studied by Berardi et al. [230, 231], and model
mixtures of rod-like and disk-like molecules interacting through inter-molecular potentials studied by Cuetos et al. [232]. Computer simulations of hard spheroplatelets by
Peroukidis et al. [197, 229] showed, as predicted by theory [215, 218], that it is possible
to obtain a biaxial nematic phase before the appearance of a smectic phase for a narrow
shape regime, M 2 ≈ LS, provided that also the ratio between the size of the long and
short particle axis is large enough.
In this chapter, motivated by the simulation studies by Peroukidis et al. [197, 229] and
experimental realization of colloidal dispersions of boardlike particles by van den Pol et al.
[233], we use event-driven molecular dynamics (EDMD) simulations to study the presence
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of a biaxial nematic phase in a model of hard rhombic particles like the ones introduced
in the previous chapter. We investigate the phase behavior of rhombic particles as a
function of particle shape, and ﬁnd that they exhibit very rich phase behavior, including
a biaxial nematic phase for a narrow packing fraction range but relatively wide shape
parameter regime. This chapter is organized as follows: We describe our hard rhombic
particle model and associated shape parameters in Sec. 6.2. In Sec. 6.3 we present the
methods used, with the ﬁrst part providing information and implementation details on
the EDMD simulation techniques. This part is aimed at readers who are interested in
the important but more technical details of our EDMD study and might be skipped by
those interested only in the results, which we present in Sec. 6.4. Finally, in Sec. 6.5, we
summarize and make some concluding remarks.

6.2

Model

We use the same model of hard rhombic particles as in chapter 5, which is shown in
ﬁgure 5.1. Here, we extend our previous study, where we ﬁxed the width-to-length ratio,
W/L = 2/3, by looking at the phase behavior of rhombic particles with T ≤ W ≤ L,
similar to the study by Peroukidis et al. [197]. It should be noted that the region
T ≥ L ≥ W should also be very interesting, but is left for future work. We introduce
e = L/T and W
f = W/T respectively, and study
the dimensionless length and width as L
the phase behavior as a function of these two parameters. The rhombic particles become
f =L
e and their phase behavior should be the same as that found by John
square when W
et al. [234].

6.3

Methods

In order to study the phase behavior of the model described above, and due to the large
number of particle shapes that we wish to investigate, the EDMD method seems better
suited due to its fast equilibration times. Because of this choice, in contrast with the
previous chapter where the N P T ensemble was employed, the simulations are necessarily
restricted to the N V T ensemble. It should be noted that although EDMD is well-suited
for systems with low dimensional symmetry, Monte Carlo N P T simulations might fair
better in accurately determining the coexistence properties between highly ordered phases,
because the dimensions of the periodic box are allowed to relax to the dimensions of the
underlying ordered structure.
To investigate the structure and identify the various phases formed by rhombic particles, we use a combination of order parameters, diﬀraction patterns, visual inspection
of typical conﬁgurations, and looking for ‘van der Waals loops’ in the equations of state.
This is in the same spirit as chapter 5, where we restricted ourselves to rhombic particles
e > 3.
with W/L = 2/3 and L
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Event-Driven Molecular Dynamics

In molecular dynamics (MD) simulations, the trajectories of atoms and molecules are
determined by numerically integrating Newton’s equations of motion for a system of
interacting particles, where forces between the particles and their potential energies are
calculated using interatomic potentials or molecular mechanics force ﬁelds. For hard
particles whose interaction potential (see e.g. eq. 1.10) is discontinuous, the integration
is ill-deﬁned. Instead, one can numerically integrate the equations of motion to the next
collision event, resolve the collision by modifying the velocities of the colliding particles,
and rinse and repeat. Remarkably, such an EDMD simulation, was already performed in
1957 by Alder et al. [52] for a system of hard spheres, and actually preceded the ﬁrst MD
simulations with continuous potentials by Rahman [235].
Ever since the ﬁrst EDMD simulation [52], the method has seen substantial improvements. In EDMD, the most resource intensive operation, is identifying the next collision
event. In a naive implementation, one would identify only the next collision event by
searching all possible collision events. Since only two particles participate in a collision
event, and thus only those two particles are modiﬁed after the event, all other possible
collision events that are calculated, are wasted. Instead, modern implementations use
what is known as an event calendar [236]. The event calendar is responsible for storing
and sorting possible events according to their time of occurrence. Events involving particles that have been modiﬁed also need to be easily invalidated. In our implementation,
we use a very eﬃcient event calendar, which shows a constant time, O(1), complexity in
all operations [237]. The other important improvement comes from the realization that
particles that are far apart are less likely to collide within a short period of time, than
particles that are closer. There are various space partitioning algorithms that make it
easy to ﬁnd particles that are in close proximity, including the well known cell-linked list
[157, 236, 238–240]. In case a space partition algorithm is used, the EDMD implementation also needs to keep track of the event where a particle traverses a partition, so that
collision events are recalculated for the new neighboring particles [238]. In our EDMD
implementation, we also use the delayed states algorithm [241], in which the particle state
variables are not updated until an event involving the particle occurs.
Below we present, brieﬂy, information pertinent to the implementation of our EDMD
simulation of general hard convex particles.
Rotation
To describe rotations, we use quaternions. A quaternion is composed of a scalar part
and a vector part, q = (w, r), or q = w + rx i + ry j + rz k, in complex notation, where
i2 = j 2 = k 2 = −1. Quaternion multiplication is performed in an analogous way to
complex numbers. A rotation by a given angle, φ, about a ﬁxed axis represented by an
imaginary unit vector, n̂ = nx i + ny j + nz k, can be represented by the unit quaternion,
φ
φ
+ n̂ sin .
2
2
Application of this rotation to a vector, u, is then given by the formula,
q = cos

u′ = quq −1 = u + 2r × (r × u + wu).

(6.1)

(6.2)
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Being of unit length, the quaternion can be written as q = exp φ2 n̂ . Applying a rotation,
q, i times, results in the quaternion qi , which is simply given by, qi= q i, so that the
evolution of a quaternion under constant angular velocity, is qt = exp t φ2 n̂ , which, cast
in the form of eq. 6.1, reads,
qt = cos

tφ
tφ
+ n̂ sin .
2
2

(6.3)

We use the above formula to evolve the rotation of our particles between collisions, when
the angular velocity remains constant. The time derivative, q̇t = dqt /dt, is also easily
derived and is given by,
1
1
(6.4)
q̇t = φn̂qt = ωqt ,
2
2
where ω = φn̂ is the imaginary angular velocity.
Conservative Advancement
The most complex and time consuming operation in an EDMD simulation, is ﬁnding out
if and when two particles are going to collide. To ﬁnd the time of collision between two
bodies, most commonly a distance function, d(t) is deﬁned, which measures the closest
distance between the two bodies as a function of time. This is usually solved iteratively
using some root ﬁnding algorithm (e.g. Newton Raphson) [242], in a two-sided approach,
meaning that the distance function is allowed to become negative (penetration). Our goal
was to use the ﬂexible GJK algorithm which is able to calculate the shortest distance
between arbitrary convex shapes. However, GJK does not a priori provide a penetration
depth, and although it can be extended to do so, the performance of this extension is
poor. Luckily, a one-sided approach to ﬁnding the root of the distance function, called
‘conservative advancement’ (CA) was developed in 1996 by B. Mirtich [243] for exactly
this reason.
CA exploits the fact that there exists an upper bound on the component of linear
velocity parallel to the shortest distance between the two bodies. Consider two convex
bodies moving at a constant linear and angular velocity, like in ﬁgure 6.1, and let c1 be
the point of body 1 closest to body 2, and c2 , the point of body 2 closest to body 1.
Since body 1 is convex it must lie entirely on one side of the plane passing through c1
and perpendicular to the distance vector d = c2 − c1 . The same is true for body 2 and
the corresponding plane through c2 . Let x1 and x2 be the points at which the bodies
will ultimately collide. No matter where on the convex bodies these points are situated,
they will always have to cover a distance kdk in the direction of d. Based on this fact, it
can be shown that the component of the velocity of a convex body with a circumscribed
radius R, in the direction of d, is bounded by,
vd = v · dˆ + kdˆ × ωkR,

(6.5)

where v is the linear velocity, ω is the angular velocity, and dˆ is the unit vector along d.
Using this bound, the time, t, before which it is ensured that no collision will take place,
can be calculated as t = kdk/vd , and thus the simulation can be advanced to that point.
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Figure 6.1: Two convex bodies approaching each other with constant linear and angular
velocities. c1 and c2 are the two closest points of the two bodies, and d = c2 − c1 , is the
distance vector, or ‘separating axis’.

The process is repeated until the two bodies are close enough, i.e. until the distance falls
below some predetermined threshold.
Zhang et al. improved upon the conservative bound [244–247], for polyhedra and
sphere swept volumes. We can make further improvements on the conservative bound on
the velocity for general convex shapes. Consider a point r on a convex particle, at time
t0 = 0. The projection of the velocity of this point on the minimum distance direction,
ˆ reads,
d,
ˆ
vd = v · dˆ + (ω × r(t)) · d,
(6.6)
where r(t) is the position of the point r at time t. Using Rodrigues’s rotation formula,
this is written as,
r(t) = r coskωkt + (ω̂ × r) sinkωkt + ω̂(ω̂ · r)(1 − coskωkt).

(6.7)

We substitute the above formula into eq. 6.6, yielding,
1
(ω × (ω × r)) · dˆsinkωkt.
kωk

(6.8)

ˆ · r coskωkt + 1 (ω × (ω × d))
ˆ · r(sinkωkt).
vd = v · dˆ + (ω × d)
kωk

(6.9)

vd = v · dˆ + (ω × r) · dˆcoskωkt +

Using properties of the triple product, we can rewrite the above expression as,

We ﬁrst maximize the above expression with respect to time. Substituting the solution
to the maximization problem back in to the expression, and maximizing with respect to
point r on the convex particle, yields the ﬁnal expression,
vd = v · dˆ +

r

ˆ · r]2 + max[(ω × (ω × d))
ˆ · r/kωk]2 .
max[(ω × d)
r

r

(6.10)

The two ‘max’ expressions can be written in terms of the support function, of the convex
ˆ returns the extreme
shape: maxr |x · r| = max[±x · s(±x̂)]. The support function, s(d),
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ˆ and is also used extensively in the GJK algorithm.
point of the shape in the direction d,
Note that for axisymmetric particles, it suﬃces to take the support function in either the
positive or negative direction.
Collision resolution
Collision resolution for non-spherical particles is slightly more involved due to the angular
component of the momentum. To resolve the collision between two bodies, their common
contact point, rC , as well as their common collision normal, n̂, at the time of collision,
need to be known. The exchange of momentum between two colliding particles A and B,
and assuming a spherically symmetric moment of inertia, is then given by,
∆pAB

1
1
krCA × n̂k krCB × n̂k
= 2(n̂ · (vB − vA ))
+
+
+
mA mB
IA
IB

!−1

n̂,

(6.11)

where rCA = rC − rA , rA the position of particle A, mA , mB the mass of particles A, and
B, and IA , IB , the moments of inertia of the two bodies. The particle velocities are then
updated immediately after the collision as,
∆pAB
,
mA
∆pAB
vB ← vB +
,
mB
vA ← vA −

(6.12)
(6.13)

and the angular velocities as,
rCA × ∆pAB
,
IA
rCB × ∆pAB
.
ωB ← ωB +
IB
ωA ← ωA −

(6.14)
(6.15)

It is evident that a way to calculate rC , and n̂, is necessary. In simulations, the surfaces
of the particles will be at a small, ﬁnite distance apart, so it suﬃces to ﬁnd the closest
point of the two particles, rCA , rCB , and the contact normal is then given by, n̂ =
(rCB − rCA )/krCB − rCA k. We explain how these points are calculated in the following
subsection.
GJK Closest Points Algorithm
To be able to calculate the closest points of two convex shapes, the GJK distance algorithm
[204] needs to be adjusted. The distance algorithm builds a simplex out of the Minkowski
sum of the two shapes, A and B, iteratively, by using the ‘support function’ of each shape,
ˆ Every time a point is added to the simplex, it is reduced to its feature that is closest
s(d).
to the origin. This is repeated until the origin cannot be further approached, or until an
overlap is found (this is the case if the origin is contained in the Minkowski sum). The
ˆ + sB (−d),
ˆ where sA and
simplex is built from points on the Minkowski hull, p = sA (d)
sB are the support functions of shape A and B respectively. For the distance algorithm,
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Figure 6.2: Example of a two-dimensional system of rhombic particles (gray) with surrounding
bounding boxes (rectangles). The lines represent pairs of bounding regions that overlap each
other and are part of the near-neighbour list of the particle in the middle.

ˆ and b = sB (−d)
ˆ along with p. To
we have to additionally store the points a = sA (d),
get the closest points, we project the origin on the closest feature of the Minkowski hull,
to get a point q, and by calculating its barycentric coordinates ui , the closest points are
given by,
pA =
pB =

N
−1
X

i=0
N
−1
X

ui ai

(6.16)

ui bi ,

(6.17)

i=0

where i runs over the N vertices of the closest feature. For the particular case of N = 3, i.e.
for triangles, barycentric coordinates can be calculated using Cramer’s rule. In practice,
it is known that Cramer’s rule is unstable, and this could also be seen in our simulations.
Instead we used a numerically stable algorithm called Gaussian Elimination with Partial
Pivoting (GEPP) [248]. Additionally, instead of using n̂ = (pB − pA )/kpB − pA k, we use
the distance vector, d/kdk, we get from the distance algorithm. This way, the calculations
remain consistent.
Near-Neighbour Lists
In a simulation where particles interact with each other, implementing an eﬃcient neighbor search algorithm is very important. Donev et al. [239, 240] introduced the concept of
near-neighbor lists (NNL) for the ﬁrst time in EDMD simulations. The concept of NNLs
is not new, and has been previously used in MD simulations [249], and shares many similarities with the well known Verlet lists [250]. Adoption of NNLs in EDMD have been
hampered by the diﬃculty of updating these at the correct time.
For the NNL algorithm, at the start of the simulation, each particle, i, is enclosed by a
slightly enlarged bounding region, Bi . Subsequently, for each particle, i, a list of bounding
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regions, Bj , overlapping with Bi , is stored as Ni . In ﬁgure 6.2 we draw a schematic of
a two-dimensional system of rhombic particles and surrounding bounding regions, where
pairs of bounding regions that overlap each other are connected by lines. To eﬃciently
ﬁnd the overlapping bounding regions, a ‘cell list’ structure is used [239]. During the
simulation, the bounding regions are immobile, but both Bi and Ni need to be updated
when a particle comes in contact with its own bounding region, Bi . Additionally, the
current neighbours of particle i, need to update their neighbor lists accordingly, i.e. the
Nj ∀j ∈ Ni . When a new neighbor, j, is added to a list Ni , a collision event needs to be
predicted between particles i and j. For the above update, a new type of event needs to
be kept track of in the event calendar. This event keeps track of when a particle crosses
its bounding region. Calculating this event is very hard for arbitrary shaped particles
and bounding regions, and is the main reason why NNLs haven’t been adopted earlier
in EDMD simulations. Moreover, the bounding region needs to wrap around the shape
of the particle as closely as possible so that only the nearest neighbors are added to the
NNLs.
Donev et al. implemented NNLs for ellipsoidal particles with the bounding regions
being slightly enlarged ellipsoids of the same shape. Here, we implement NNLs for general
convex shaped particles, and use bounding boxes as the bounding regions. For simplicity
we assume the bounding boxes are centered at the centroid of the particle. The extent, li±
of the bounding box, along each dimension, ±êi , can be calculated for any convex shape
by using its support function,
li± = êi · s(±êi ).

(6.18)

The bounding box is enlarged by a ﬁxed amount, c, in each direction, li′± = li± + c. When
a particle crosses its bounding box, the box’s position and orientation are updated to
those of the particle. The time at which a particle is going to cross its bounding box,
can be easily calculated using the conservative advancement method introduced above.
The velocity bound in eq. 6.10 is calculated for each dimension of the box, in both
directions, ±dˆi . Using the support function to calculate the distance in that direction,
′±
b
b
ˆ
d±
i = li ∓ (s(±di ) − ri ), where ri is the position of the box, the advancement time is
determined as the minimum of the advancement times in each direction, t = min d±
.
i /ud±
i
We should note that a diﬀerent simple bounding shape exists which wraps better
around convex shapes than the simple rectangular box. This type of shape is known as a
discrete oriented polytope (DOP). While for the rectangular box introduced above, only
three directions along the main Cartesian axes were used, in a k-DOP, k such directions
are used instead. We have tried using a k-DOP instead of an oriented rectangular box. In
this case, when updating the bounding region Bj of particle j, the k-DOP is recalculated
in a similar way to eq. 6.18,
li± = n̂i · s(±n̂i ),

(6.19)

instead of updating its orientation. Calculating the time a particle crosses its bounding kDOP the same as above, with the direction dˆi replaced by the k predetermined directions,
n̂i . We found that even for particles such as the rhombic particle introduced here, there
is no noticeable performance beneﬁt of choosing this type of bounding shape. More
anisotropic shapes, though, might see a bigger beneﬁt.
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Order Parameters

In addition to the order parameters introduced in section 5.3.2, we introduce two order
parameter, B and S4 , for quantifying the degree of biaxiality and cubatic order respectively. Given the three orthonormal symmetry axes, â, b̂, ĉ of a particle, we use eq.
5.4 to calculate the three nematic order parameter tensors, Qâ , Qb̂ , and Qĉ , respectively,
and determine the largest eigenvalue, λ+
û , and corresponding eigenvector, n̂û , for each of
them. The eigenvector corresponding to the largest of these eigenvalues, is the identiﬁed
as the principal laboratory axis, Ẑ, and the corresponding particle symmetry axis, as the
primary particle symmetry axis, ẑ. The second largest eigenvalue is used to identify the
secondary laboratory, and particle axes, Ŷ and ŷ, while the axes X̂ and x̂ are identiﬁed
from the remaining eigenvalue and eigenvector. This can be easily implemented using a
û
sorting procedure to sort sets of the type {λ+
û , n̂û , û, Q } according to the value of the ﬁrst
element. Finally, the biaxial order parameter can be calculated as the following ensemble
average,
E
1D
X̂ · Qx̂ · X̂ + Ŷ · Qŷ · Ŷ − X̂ · Qŷ · X̂ − Ŷ · Qx̂ · Ŷ .
(6.20)
B=
3
The biaxial order parameter is normalized to unity, with low values of B corresponding to
an isotropic or uniaxial phase and values close to 1 corresponding to a phase with biaxial
symmetry.
Similar to the biaxial phase, the cubatic phase exhibits no long-range positional order.
While in both the biaxial nematic phase and the cubatic phase, the diﬀerent particle
symmetry axes align in three diﬀerent orthogonal directions, in the cubatic phase, the direction along which particles choose to orient themselves, is chosen with equal probability.
In this sense, the cubatic phase, is a special case of the biaxial nematic phase. A pertinent
order parameter for measuring the cubatic order in a system exists, and is simply known
as the cubatic order parameter, denoted as S4 . For this, a fourth-rank tensor is deﬁned
[182],
Qαβγδ =

1
24N

X

N
X

û∈{â,b̂,ĉ} i=1

[ 35uiα uiβ uiγ uiδ − 5(uiα uiβ δγδ + uiα uiγ δβδ + uiα uiδ δβγ

(6.21)

+ uiβ uiγ δαδ + uiβ uiδ δαγ + uiγ uiδ δαβ ) + (δαβ δγδ δαγ δβδ δαδ δβγ ) ] .
As was the case for the second-rank tensor
of the symmetry axis, û, of particle i, N
Kronecker delta. This fourth-rank tensor
spherical harmonics. It is highly symmetric

in eq. 5.4, uiα , here, is the α-th component
is the number of particles, and δαβ is the
is closely related to the set of fourth-rank
and has the following property:

Qαβγδ δγδ = 0.

(6.22)

The cubatic order parameter, S4 , is deﬁned through the following tensor equation,
7S4
Qαβ .
(6.23)
8
Since Qαβ is symmetric and traceless, the above tensor equation reduces to only 5 coupled
equations, for (α, β) ∈ {(x, x), (x, y), (x, z), (y, y), (y, z)}. The equations can thus be cast
in the following form,
T p = λp,
(6.24)
Qαβγδ Qγδ =
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where T is a 5 × 5 square matrix, with each row given by,


T

Qαβxx − Qαβzz




2Qαβxy




2Qαβxz




Q
−
Q
 αβyy
αβzz 
2Qαβyz

(6.25)

for the 5 pairs (α, β) ∈ {(x, x), (x, y), (x, z), (y, y), (y, z)}, and p is the 5-dimensional
vector. The cubatic order parameter can then be calculated from the largest absolute
eigenvalue of equation 6.24, λ+ , as,
S4 =

8λ+
.
7

(6.26)

The parameter, Q, can be reconstructed from the eigenvector p of equation 6.23. The
cubatic order parameter takes the value of S4 = 1 for perfect cubatic ordering, with
molecules pointing with probability 1/3 along each of the three axes. More generally,
the cubatic order parameter is large for particle orientations that are either parallel or
perpendicular to the eigenvectors of Q. This means that the cubatic order parameter
is also large when there is uniaxial alignment (e.g. in nematic or smectic phases). In
this case, the largest absolute eigenvalue of Q, should also be much larger than its other
eigenvalues.

6.4

Results

Using the EDMD methods introduced above, we simulate N ∼ 2·103 rhombic particles, in
a box of ﬁxed size, and with periodic boundary conditions. Conﬁgurations are initialized
in an oblique crystal phase (an example of this phase is shown in ﬁgure 5.4). The particle
velocities are initialized using uniform random unit vectors, while the angular velocities
P
are set to 0. The average velocity of the system, us = N
i ui /N , is subtracted from each
particle’s velocity to ensure that the system is not moving. The moment of inertia and
mass of all particles is set to 1. The system is simulated for over t∗ = tVp1/3 /v0 ∼ 104 ,
where Vp is the particle volume and v0 is the initial velocity of each particle, and the
equilibrium pressure, P , is calculated as an average over the last time interval, i.e. where
the system is equilibrated.

6.4.1

Phase Behavior and Structure

f /L
e = 2/3, and L
e ≥ 9 could transition
In chapter 5, we found that rhombic platelets with W
through up to ﬁve diﬀerent phases with increasing pressure, I-N -Sm-C-X. By removing
f and L
e independently, we ﬁnd that
the width-to-length ratio constraint, and adjusting W
rhombic particles can exhibit 9 diﬀerent phase sequences upon increasing density. In
addition to the diﬀerent phases found for rhombic platelets, i.e. isotropic (I), nematic (N ),
smectic (Sm), columnar (C), and crystal (X), we ﬁnd 6 new phases: a prolate nematic
phase with alignment along the L particle axis, a columnar phase with 4-fold rotational
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symmetry in the plane perpendicular to the common columnar director, a cubatic phase,
a smectic phase with cubatic intralayer ordering, the eluded biaxial nematic phase, and a
biaxial smectic phase. Given the multitude of nematic phases, and to match the notation
used in previous studies in biaxial phases, we denote the nematic phase with alignment
along the L-axis as N+ , the nematic phase along the T -axis as N− , and the biaxial phase
as Nb . We denote the columnar phase with the 4-fold rotational symmetry as C 4 , the
cubatic phase simply as Cub, the smectic cubatic phase as SmCub , and the biaxial smectic
phase as Smb .
f =4
We ﬁrst discuss the phase behavior of rhombic particles with a reduced width W
e
and length L = 11. In ﬁgure 6.3(a), we plot the equation of state, along with the nematic
order parameter for the three particle symmetry axes, S Ŵ , S T̂ , and S L̂ , as well as the
biaxial nematic order parameter, as a function of the packing fraction, η. From the order
parameters, we see that S L̂ is large for η > 0.30, whereas the nematic order parameters in
the other two directions, S Ŵ and S T̂ have a small value of about 0.2, for 0.3 ≤ η ≤ 0.43.
We thus ﬁnd a prolate nematic, N+ , phase for 0.3 ≤ η ≤ 0.43. Upon increasing η, S Ŵ
and S T̂ increase sharply, and the system transitions to a biaxial nematic phase, Nb . From
the equation of state in ﬁgure 6.3(a), we see that the biaxial nematic region is small,
η ∈ (0.43, 0.49). Although this could indicate that the phase is metastable, we note that
the biaxial nematic phase we found, was very stable for the length of our simulation runs,
with no indication of phase separation. In ﬁgure 6.3(b-c), we show a typical conﬁguration
of rhombic particles in the biaxial phase, at a packing fraction η = 0.48. The coloring
of the particles according to their orientation, nicely depicts the biaxial character of the
phase. Note that the absolute value of the components of the particle orientational vector
is translated to normalized RGB values. Increasing the packing fraction further, we also
ﬁnd a columnar and a crystal phase. We thus observe a I-N+ -Nb -C-X phase sequence for
f = 4 and L
e = 11.
rhombic particles with W
f = 7 and L
e = 11.
We now investigate the phase behavior for rhombic particles with W
We plot the equations of state and the nematic order parameter for the three particle
symmetry axes, S Ŵ , S T̂ , and S L̂ , the biaxial nematic order parameter, B, and the smectic order parameter, τ , as a function of the packing fraction, η, in ﬁgure 6.4(a). From the
order parameters, we see that S T̂ increases sharply at η ≈ 0.36, where we also see a ‘van
der Waals loop’ in the equation of state, indicating that the transition from the isotropic
(I) phase to the N− phase is (weakly) ﬁrst order. The nematic order parameter increases
slightly with packing fraction, η, until another (weakly) ﬁrst order phase transition is encountered at η ≈ 0.49. Here, the smectic order parameter, τ , increases sharply, suggesting
that the newly formed phase is smectic. Indeed, visual inspection of the particle conﬁgurations and respective diﬀraction pattern within this phase, conﬁrm this. These are shown
in ﬁgures 6.5(b), along with a particle conﬁguration and the diﬀraction pattern of the N−
phase, in 6.5(a). In ﬁgure 6.4(a), at a packing fraction η ≈ 0.54, we see another ‘van der
Waals loop’ in the equation of state, where the smectic phase transitions to a columnar
phase. Particles in the columnar phase are aligned, which is also recognized by the jump
in the biaxial nematic order parameter, B. For an example of how the columnar phase
looks like, and its diﬀraction pattern, see ﬁgure 5.4(b) of chapter 5. Notice also the weird
behavior of the biaxial nematic order parameter near the coexistence; due to the ﬁnite
size eﬀects, a system in the columnar region can spontaneously melt into a smectic phase
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Figure 6.3: (a) Equation of state, and nematic and biaxial order parameters as a function
f = 4, and L
e = 11. The
of the packing fraction η = N Vp /V , for rhombic particles with W
equation of state is represented by the black line and is plotted as βP Vp /10. The S Ŵ , S T̂ , and
S L̂ order parameters are represented by the green, orange, and blue lines respectively. The pink
line with rhombic markers represents the biaxial nematic order parameter, B. The dotted lines
denote approximate phase boundaries, where the diﬀerent phases are labeled by their respective
symbols. (b-c) Representative conﬁgurations of the biaxial phase for rhombic particles with
f = 4, and L
e = 11, at packing fraction η = 0.48. The conﬁguration (b) is colored according to
W
the orientation of the T̂ axis, while the conﬁguration (c) is colored according to the L̂ axis.
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Figure 6.4: Equations of state, and nematic, biaxial, smectic, and cubatic order parameters
f = 7 and
as a function of the packing fraction η = N Vp /V , for rhombic particles with (a) W
e = 11, and (b) W
f = 4 and L
e = 5. The equations of state are represented by the black lines
L
and are plotted as βP Vp /10. The S Ŵ , S T̂ , and S L̂ order parameters are represented by the
green, orange, and blue lines respectively. The pink line with rhombic markers represents the
biaxial nematic order parameter, B. In (a) we also plot the smectic order parameter, τ , as a
green line with triangular markers, while in (b) we also plot the cubatic order parameter, S4T̂ ,
as a yellow line with square markers. The dotted lines denote approximate phase boundaries,
where the diﬀerent phases are labeled by their respective symbols.

which, as we discussed in the previous chapter, makes pinpointing the smectic-columnar
f = 7 and L
e = 11, we thus
transition rather troublesome. For rhombic particles with W
ﬁnd a I-N− -Sm-C-X phase sequence, similar to the rhombic platelets that we thoroughly
investigated in the previous chapter.
In order to form a cubatic phase, the two particle dimensions of a rhombic particle, L
f = 4 and L
e = 5, we plot
and W , should be satisfy, L ≈ W . For rhombic particles with W
the equations of state, and the nematic order parameter for the three particle symmetry
axes, S Ŵ , S T̂ , and S L̂ , the biaxial nematic order parameter, B, and the cubatic order
parameter, S4 , as a function of the packing fraction, η, in ﬁgure 6.4(b). These rhombic
particles show a phase sequence I-Cub-C 4 -X. The diﬀerent phase regions are indicated
by their labels in ﬁgure 6.4(b). From the ﬁgure, we clearly see that the cubatic phase is
entered from the isotropic phase through a ﬁrst order phase transition, which is accompanied by a strong increase of the cubatic order parameter, S4 . The region where the cubatic
phase is stable is not very large, i.e. η ∈ (0.45, 0.56). An example of a particle conﬁguration for the cubatic phase is shown in ﬁgure 6.6(a), together with its diﬀraction pattern
shown on the right. From the diﬀraction pattern, we see that short range positional order
is present. At η ≈ 0.56, we see that the nematic order parameter in the direction of the
T̂ axis, S T̂ , increases sharply. Here we ﬁnd a columnar phase, but unlike the columnar
f = 7 and L
e = 11, we do not ﬁnd such a dramatic increase
phase found for particles with W
of the biaxial nematic order parameter, B, indicating that the particles in the columns
can rotate freely around their T̂ axis. In ﬁgure 6.6(b) we show a conﬁguration of the C 4
phase, along with its diﬀraction pattern, which shows some medium range intracolumnar
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Figure 6.5: Left: Representative conﬁgurations of hard rhombic particles with reduced width
f = 7 and length L
e = 11 for (a) a nematic phase at packing fraction η = 0.42, and (b) a
W
smectic phase at packing fraction η = 0.52. (c) Representative conﬁguration of hard rhombic
f = 2 and L
e = 11, for a smectic biaxial Smb phase, at packing fraction η = 0.52.
particles with W
The particles in (a) and (b) are colored according to the orientation of their short axis, T̂ , while
in (c) they are colored according to the orientation of their Ŵ axis. Right: Diﬀraction patterns
corresponding to the phases to the left, with (a) the vertical axis being along the L̂-nematic
director, and the horizontal axis along the Ŵ director, and (b) and (c) the vertical axis being
along the T̂ -nematic director, and the horizontal axis along the L̂ director.
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f = 4 and
Figure 6.6: Left: Representative conﬁgurations of hard rhombic particles with W
e
L = 5, for (a) a cubatic phase at packing fraction η = 0.52, and (b) for a plastic columnar C4
phase, at packing fraction η = 0.6. (c) Representative conﬁgurations of hard rhombic particles
f = 5 and L
e = 5, for a smectic cubatic SmCub phase, at packing fraction η = 0.5. The
with W
particles in (a) and (c) are colored according to the orientation of their short axis, T̂ , while in
(b) they are colored according to the orientation of their Ŵ axis. Right: Diﬀraction patterns
corresponding to the phases to the left, with (a) the vertical axis being along the L̂-nematic
director, and the horizontal axis along the Ŵ director, (b) the vertical axis being along the
Ŵ -nematic director, and the horizontal axis along the T̂ director, and (c) the vertical axis being
along the T̂ -nematic director, and the horizontal axis along the L̂ director.
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Figure 6.7: Phase diagram of rhombic particles, as a function of the particle shape parameters,
e and W
f . Colored regions denote diﬀerent phase sequences. The phase sequence corresponding
L
to each color, is listed in the legend. The region boundaries are only guesstimates based on the
sampled points, which are plotted as small squares. The red dashed line is the line of particle
shapes with W/L = 2/3 and for variable thickness T .

order. The coloring of the particle orientations clearly indicate the plastic nature of this
phase. Stereographic projection of the particle orientations shows 4 peaks instead of a
ring, indicating that the particles have two perpendicular preferred orientations. This can
also be seen from the fact that there are two dominant colors present in ﬁgure 6.6(b),
representing the two perpendicular directions. The cubatic phase mentioned above, has
been described as a parquet phase by John et al. [234] who studied hard perfect tetragonal
parallelepipeds, and found a smectic phase with cubatic-like intralayer ordering.
When L = W , the rhombic
√ particles are equivalent to perfect tetragonal parale
lelepipeds with side-length L/ 2. In this case, we ﬁnd the same smectic phase as in
Ref. [234], which is shown in ﬁgure 6.6(c), where the respective diﬀraction pattern clearly
reveals the smectic ordering. Also note, that in this case, the C4 columnar phase becomes
degenerate, as the two perpendicular orientations become equivalent. A I-SmCub -C4 -X
e =W
f = 5.
phase sequence is thus observed for rhombic particles with L
In certain cases where the ratio W/L is small enough, we ﬁnd that prolate nematic
N+ phase transition to a smectic phase with biaxial orientational order, which appears
to be stable in only a small packing fraction range, even smaller than the smectic phase
described above. A ‘snapshot’ of this phase is shown in ﬁgure 6.5(c) for particles with
f = 2 and L
e = 11. Due to the small range of stability of this phase, we were not able to
W
pinpoint the exact phase boundaries. We thus ﬁnd a I-N+ -Smb -C-X phase sequence for
f = 2 and L
e = 11.
particles with W
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Phase Diagram

Following a similar procedure as above, we simulated and classiﬁed hard rhombic particles
f and length
according to their phase sequences, as a function of their reduced width W
e In all cases, the particles crystallize at suﬃciently high packing fractions. It is, thus,
L.
understood that all phase sequences end in the crystal, X, phase. We found 9 diﬀerent
phase sequences under which the diﬀerent particle shapes are classiﬁed: I-N+ -Smb , IN+ -Smb -C, I-N+ -C, I-N+ -Nb -C, I-C, I-Cub-C 4 , I-SmCub -C 4 , I-N− -C 4 , I-N− -Sm-C. In
ﬁgure 6.7, we summarize our results on the classiﬁcation of the diﬀerent particle shapes
e and
in a single phase sequence diagram, as a function of the particle shape parameters, L
f . Diﬀerent colors are assigned to the various phase sequences listed above. The color
W
coding is explained in the legend. Note that the boundaries of the diﬀerent regions are
estimates on the basis of the sample points which are depicted as small squares in the
ﬁgure.
For comparison with the results of chapter 5 on rhombic platelets, we have also plotted
a red dashed line corresponding to W/L = 2/3. We see that the results of that chapter
are nicely conﬁrmed here; at small values of L and W , i.e. for thick particles, we only
ﬁnd an isotropic to columnar, I-C, phase transition. For thinner particles, i.e. increasing
e and W
f , the red line goes into the brown region, where we ﬁnd a I-N -Sm-C phase
L
−
sequence.

Focusing on the grey region where a biaxial phase is observed in the phase diagram
f , L)
e
in ﬁgure 6.7, we see that the critical point lies at (W
√ ≈ (4, 9). Theoretical models
of biaxial particles predict a critical point at W ≈ LT , or ν = T /W − W/L ≈ 0
[215, 218]. The critical point we ﬁnd for the rhombic particles, corresponds to ν = −0.194,
which deviates signiﬁcantly from the predicted value. Simulations by Peroukidis et al.
[197, 229] on hard spheroplatelets, exhibit, instead, a critical point at (w∗ , l∗ ) ≈ (3, 9),
which corresponds to ν = 0, as predicted. Here, w∗ and l∗ are the reduced lengths of the
spheroplatelet sides. Note, however, that in the limit where L = W , our L and W are
equal to the length of the diagonal of square parallelepipeds, and thus a diﬀerent choice
of the particle size parameters could lead to a value of ν closer to the one predicted. From
the phase diagram we also see that the two nematic phases, N+ and N− , are separated by
f ≈ 4, which passes through the critical point of the biaxial
the line at constant width, W
region. A mysterious feature of the phase diagram, though, is the fact that the biaxial
f < 4 region.
smectic phase, Smb , lies in the W

It is interesting to further compare our results with the results of Peroukidis et al.
[197, 229] for the spheroplatelets (or equivalently rounded parallelepipeds). Preliminary
results by Dussi et al. [212] seem to suggest that ‘roundness’ increases the packing fraction
range within which a stable biaxial phase is found. The rhombic particles we simulated
here possess sharp edges, and indeed we ﬁnd that the stable packing fraction range for
the biaxial nematic phase is rather small. On the contrary, the region of biaxiality found
by Peroukidis et al., seems to cover a much smaller shape parameter regime than in our
case. We speculate that the reason behind this is that the smectic phase is destabilized
for these sharp-angled rhombic particles, allowing for a wider biaxial nematic region in
the shape parameter space.

Investigating the Presence of a Biaxial Nematic Phase in Hard Rhombic
Particles
109

e = 11, showing points of the approxiFigure 6.8: Slice of the phase diagram in ﬁgure 6.7 at L
f ≤ 9.
mate packing fractions at which the particles transition between diﬀerent phases, for 1 ≤ W
Solid lines represent the approximate location of ﬁrst-order phase transitions. Dashed lines are
used to represent continuous transitions, such as the transition between the diﬀerent nematic
phases. The diﬀerent regions are labeled by their respective phase symbol.

6.4.3

Phase Behavior as a Function of the Particle Width

To understand the transition of rhombic particles from oblate to a prolate alignment,
e = 11. In ﬁgure 6.8 we
we take a slice of the phase sequence diagram in ﬁgure 6.7 at L
plot points of the approximate packing fractions at which the particles transition between
f ≤ 9. In the state diagram of ﬁgure 6.8, we have drawn solid
diﬀerent phases, for 1 ≤ W
lines, to represent the approximate location of the ﬁrst-order phase transitions. Dashed
lines are used to represent continuous transitions, such as the transition between the
diﬀerent nematic phases. The topology of the state diagram, seems to suggest that for
f ≈ 5.5, the system might transition from a prolate nematic phase, N , to an oblate
W
+
nematic phase, N− , before reaching the biaxial nematic phase, Nb . This scenario has
also been found for hard spheroplatelets [197, 229] and parallelepipeds [212]. It is also
interesting to note that the prolate nematic phase, N+ , is signiﬁcantly wider than the
oblate nematic phase N− , where the isotropic phase extends up to packing fractions of
η ≈ 0.35. Another interesting feature, is the disappearance of the smectic phase, and the
f ≈ 8.5. In chapter 5, we speculated
appearance of the plastic columnar phase, C 4 , at W
that the smectic phase was stabilized by the entropy gain that arises from the rotational
degrees of freedom that are freed-up. Particles with L ≈ W should gain less orientational
entropy, than less symmetric ones. Finally, we clearly observe from ﬁgure 6.8, that the
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two smectic phases are stable in a narrow packing fraction range.

6.5

Conclusion

We developed an eﬃcient EDMD algorithm, which is based on the conservative advancement algorithm, with an improved conservative bound, in combination with the GJK
distance algorithm [204], in order to perform simulations of hard convex particles. We
also adapted the nearest-neighbor algorithm by Donev et al. [239, 240] for general convex
shapes, using a box-shaped bounding neighborhood. We ﬁnd that the algorithm allows
us to simulate hard-particle systems very eﬃciently.
Motivated by the study of Peroukidis et al. [197, 229] on biaxial phases of hard
spheroplatelets, we used the developed EDMD algorithms to investigate the stability of
a biaxial phase in rhombic particles. The possibility of forming such a phase was ﬁrst
hinted in chapter 5, where rhombic platelets with large aspect ratios seemed to form a
biaxial nematic phase. The eﬃciency of our EDMD algorithm allowed us to investigate
f
the phase behavior of 68 diﬀerent particle shapes, parametrized by the reduced width, W
e thus mapping the whole phase sequence diagram of rhombic particles with
and length L,
T ≤ W ≤ L. The diﬀerent phases were identiﬁed using a combination of order parameters,
equations of state, diﬀraction patterns, and visual inspection of the equilibrated particle
conﬁgurations.
From the above analysis, we ﬁnd that the rhombic particles exhibit up to 9 diﬀerent
phase sequences, depending on the particle shape. The 9 sequences we ﬁnd are the
following, I-N+ -Smb , I-N+ -Smb -C, I-N+ -C, I-N+ -Nb -C, I-C, I-Cub-C 4 , I-SmCub -C 4 ,
f , L)
e ≈
I-N− -C 4 , I-N− -Sm-C. The biaxial nematic phase has a lower critical point at (W
(4, 9) which corresponds to ν = −0.194. This deviates signiﬁcantly from the predicted
value of ν = 0, although the exact deﬁnition of the three particle dimensions can greatly
aﬀect the value of the parameter, ν. Additionally, we ﬁnd, for the ﬁrst time in computer
simulations, a biaxial smectic phase, Smb , but remarkably, it is not present within the
region where the biaxial nematic phase is stable. For plate-like particles, we suggested
that the smectic phase is formed due to a gain in rotational entropy. In the case of the
Smb phase, we think that the reason is a gain in ‘sliding’ entropy, i.e. the particles can
slide more easily with respect to each other. The region of stability of the Smb phase is
quite small and further simulations are needed to undeniably determine its stability. In
the case of the spheroplatelets, a smectic-A phase is present. In order to form a smectic-A
phase in the case of rhombic particles, the smectic layers should be formed perpendicular
to the long, L̂, axis, which would be highly unfavourable due to their sharp-angled shape.
Comparing our results further with the results of Peroukidis et al. [197, 229], we ﬁnd that
the stable packing fraction range for the biaxial nematic phase is rather small. However,
the region of biaxiality found by Peroukidis et al., seems to cover a much smaller area
than in our case. In addition, we plot in ﬁgure 6.8, the phase diagram for hard rhombic
e in the packing fraction, η, reduced width, W
f representation, i.e. a slice of
particles with L,
e = 11. We ﬁnd that the tiny biaxial nematic
the phase sequence diagram of ﬁgure 6.7, at L
region in between the prolate, N+ , and oblate, N− , nematic phases, seems to be stabilized
f ≈ 2.5 and W
f ≈ 6,
by the destabilization of the two smectic phases, Smb and Sm, at W
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respectively. Preliminary results by Dussi et al. [212] on brick-like particles, show that
the biaxial nematic phase is formed only for much higher particle aspect ratios. Previous
simulation studies on hard uniaxial platelets [184] showed that the isotropic-to-columnar
phase transition shifts to higher packing fractions by introducing some degree of particle
roundness. If this argument is applied to the case of spheroplatelets, we expect that
the roundness of the particle may increase the packing fraction range where the biaxial
e = W
f agree well with
nematic phase is stable. Our results for rhombic particles with L
the results by John et al. on hard perfect tetragonal parallelepipeds [234], where e.g. a
smectic phase with cubatic intralayer orientational ordering is found. Moving to slightly
e ≈W
f , we ﬁnd that the Sm
asymmetric rhombic particles, L
Cub phase is replaced by the
cubatic phase with short- to medium-ranged positional order.

7
Spherical Confinement of Hard
Convex-Shaped Particles
We investigate the behavior of two model systems of hard particles under spherical conﬁnement, using Monte Carlo simulations, motivated by experiments on nanoparticles
conﬁned in emulsion droplets. The ﬁrst system consists of hard cubic particles. From
compression runs, we ﬁnd that the surface layer crystallizes at a slower rate, while for
big system sizes, the surface layers start crystallizing before the interior. We also ﬁnd
ﬂuid-like regions between the surface layers and the interior, organized on the vertices of
a cube. Lastly, we ﬁnd a large number of diﬀerently oriented crystalline clusters, which
might be indicative of the high vacancy concentration in the system. In the second system, we simulate round platelets (cylinders) with length-to-diameter ratio L/D = 1/2
and discover a twisted columnar phase for system sizes N ≥ 1005. We investigate the
twist as a function of packing fraction, η, and system size, N .
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Introduction

Many biological and colloidal systems consist of mesoscopic particles that are conﬁned in
space. Examples are, membrane proteins conﬁned in a lipid membrane, or actin ﬁlaments
conﬁned in a biological cell [251]. Such systems have been studied extensively, due to the
vast range of phenomena that are induced due to the conﬁnement. A prime example of
conﬁnement-induced eﬀects is the critical Casimir eﬀect studied in chapters 2 and 3. In
simple ﬂuids (composed of small, neutral molecules) and well-characterized materials, the
introduction of wall interactions, and the competition between ﬂuid-wall and ﬂuid-ﬂuid
forces, can lead to interesting surface-induced phase transitions. These include new types
of phase transitions not found in the bulk, such as, layering, wetting transitions, as well
as changes in the bulk phase behavior (of e.g. freezing, gas-liquid, liquid-liquid) [252].
The addition of salt in such ﬂuids can even make like-charge colloids attract [253, 254].
In block copolymers, conﬁnement has been found to induce a range of novel morphologies
[255]. Hard particle models have also been studied under conﬁnement, ﬁnding similar
eﬀects, such as e.g. the existence of diﬀerent layered solid phases in hard spheres conﬁned
between parallel hard plates [134, 256] and a reentrant freezing of a two-dimensional
colloidal crystal [257].
Conﬁnement of liquid crystals in droplets can have interesting applications, due to
their liquid-like behavior and crystal-like optical properties. In 1925, Zocher reported
the observation, of small birefringent domains in colloidal suspensions of vanadium pentoxide, by polarized light microscopy [258]. He called these domains tactoids from the
Greek “to assemble”, and correctly inferred that they must be made of small rod-like particles aligned in the same direction. If an isotropic suspension of nematogens is brought
under conditions where it coexists with a nematic liquid-crystalline phase, the shape of
the formed nematic tactoids resembles a spindle-like shape due to the anisotropy of the
surface tension of the isotropic-nematic interface [258–267]. In 1985, it was surprisingly
demonstrated by Williams [268], using theory, that the director ﬁeld in spherical bipolar
tactoids of achiral nematogens, exhibited a parity breaking transition to a twisted conﬁguration. In ﬁgure 7.1 we show a schematic representation of the director ﬁeld on the surface
of a spherical bipolar tactoid. Prinsen et al. [269] extended this study to non-spherical
and non-bipolar tactoids, ﬁnding that if the bend and twist elastic constants are small
enough in comparison to the splay elastic constant, the twisted (parity-broken) structure
is energetically more favourable. Prinsen et al. also found that the transition to a twisted
structure happens sharply at some critical volume. This twisting was experimentally detected for thermotropic liquid crystals already in 1968, by Williams [270] and in several
other studies thereafter [271–273]. A twisted structure was detected in lyotropic liquid
crystals only recently [274–277].
In this chapter, we investigate the behavior of hard cubes and hard cylinders under
spherical conﬁnement. Our study is motivated by experiments, on cubic Fe3 O4 nanoparticles and EuF3 nanoplatelets conﬁned in emulsion droplets. In these experiments, the
nanoparticles are dispersed in a suitable (apolar) solvent. This dispersion is emulsiﬁed
into an oil-in-water emulsion, and subsequently, the oil phase is evaporated from the
suspended emulsion droplets, causing the packing fraction of the nanoparticles in the
droplets to increase slowly, which eventually leads to crystallization. De Nijs and Dussi
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Figure 7.1: Plot of director ﬁeld, generated using the equation of a helix with variable radius,
equal to the radius of the spherical cap in the direction of the helix (eqs. (7.8-7.10)) (a): Director
ﬁeld on the surface of a spherical bipolar tactoid with radius R = 1/2. (b): Director ﬁeld at
a distance r = R/2 from the center of the tactoid, modelled as a prolate ellipsoid with height
2R′ = 2.2R.

et al. had previously investigated the crystallization of hard spheres under spherical conﬁnement, using emulsion droplets of cobalt iron oxide nanoparticles and core-shell silica
colloids using, and also with event-driven molecular dynamics (EDMD) simulations [278].
In their study, they reported the formation of icosahedral clusters consisting of up to
100,000 particles, which are entropically favored over the bulk face-centered cubic crystal
structure.
We investigate the crystallization of hard cubes under spherical conﬁnement in the ﬁrst
part of this chapter. The phase behavior of hard cubes has been the subject of several
recent simulation studies [279–282]. Jagla found that freely rotating cubes melt through a
ﬁrst-order transition, and subsequently, Agarwal and Escobedo found a ﬁrst-order phase
transition between a ﬂuid and an ordered phase. Agarwal et al. [281] identiﬁed the
ordered phase at coexistence as a cubatic phase, which is characterized by the presence
of long-range orientational order along three perpendicular axes, but a lack of long-range
positional order. In addition, the authors found appreciable diﬀusion in the ordered phase,
which led them to the conclusion that the phase is a cubatic liquid crystal, instead of a
crystal phase. However, the authors noted that the size of their simulations made it
diﬃcult to determine the extent of the positional order in their system. The work by
Smallenburg et al., later showed that the stable ordered phase is a simple cubic crystal
phase that contains many vacancies (over two orders of magnitude larger than typically
seen in colloidal systems). Hence, the diﬀusion as found by Agarwal et al. [281] is
attributed to the vacancy diﬀusion in the vacancy-rich simple cubic crystal phase.
In the second part of this chapter, we investigate the eﬀects of spherical conﬁnement on
hard round platelets, which are modeled as cylinders. Various models of round platelets
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have been studied extensively, including hard ‘cut spheres’ [180, 182, 184], and hard
oblate spherocylinders [183, 283]. In all cases, an oblate nematic and a columnar phase
was found among the isotropic and crystal phases, while the cubatic phase was determined
to be metastable with respect to the isotropic-columnar transition[184]. In the limit of
inﬁnitely thin platelets, it was shown that they transition from an isotropic to a nematic
phase through a weakly ﬁrst order transition [179], followed by a ﬁrst-order transition to
a columnar phase [181]. Unfortunately, hard cylinders were only studied in simulations
by Blaak et al. [210], where it was found that cylinders with length-to-diameter ratio,
L/D = 0.9, do not form a cubatic phase, but instead a plastic crystal-like phase was
found in between the nematic and crystal phases. Nonetheless, the results for hard ‘cut
spheres’ and oblate spherocylinders [180, 182–184, 283] are relevant for the study of hard
cylinders.
As we mentioned, our study of the spherical conﬁnement of hard cubes and cylinders is motivated by experiments on synthesized cubic Fe3 O4 nanoparticles and EuF3
nanoplatelets conﬁned in emulsion droplets. Employing N P T Monte Carlo simulations
we slowly compress a spherically conﬁned system of hard cubes, and investigate the crystallization of diﬀerent surface layers and the interior. Compression of hard cylinders with
a width-to-diameter ratio of L/D = 0.5, which is close to the aspect ratio of the round
platelets in the experiments, leads to conﬁnement induced chiral symmetry breaking of
the columnar, even though the platelets themselves are achiral. We investigate the behavior of the twisted tactoid further, by studying the twist angle as a function of the tactoid
packing fraction, and the amount of conﬁned cylinders.
In section 7.2 we introduce our two models, i.e. hard cubes and hard cylinders. In
section 7.3, we describe our simulation techniques, including the method used to detect
particle overlaps with a spherical boundary, and the algorithms involved in identifying
crystalline clusters and particle surface layers in a spherically conﬁned system of particles.
Finally, we present our results on the spherical conﬁnement of cubes and cylinders in
section 7.4.

7.2

Models

Due to the high surface tension between the oil and water phase, we expect that the shape
of emulsion droplets will not deviate signiﬁcantly from a perfect sphere, and we thus model
the interface between the two phases as a hard (impenetrable) spherical boundary.
The two hard-particle models studied in the current chapter are depicted in ﬁgure 7.2.
We denote the length of the side of the cube as σ, as is shown in the ﬁgure. The support
ˆ in the direction given by the unit vector d,
ˆ can be calculated
function for cubes, s(d),
using the following expression,
ˆ
ˆ = σ sgn(d).
(7.1)
s(d)
2
Note that in the particular case of cubes (or rectangular parallelepipeds) using the separatingaxis theorem algorithm [284] instead of GJK to detect overlaps might be slightly more
eﬃcient.
For the cylinders we denote the length, or height, of the cylinders as L, and its diameter, D, as shown in ﬁgure 7.2. The support function we use for cylinders with their main
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Figure 7.2: Left: Hard cylinder with length L and diameter D. Right: Hard cube of side
length σ.

axis aligned along the unit vector, û, is given by,
ˆ =
s(d)


sgn(dˆ · û) L û + D w
2

sgn(dˆ · û) L û,
2

2 kwk

, if w 6= 0

otherwise

(7.2)

where w = dˆ − (dˆ · û)û, is the component dˆ perpendicular to û.

7.3

Methods

We use Monte Carlo simulations, to simulate cubes and cylinders in the N V T and N P T
ensembles. In addition to overlap checks when translating or rotating a particle, we need
to check if the particle remains in the conﬁnes of the hard spherical boundary. This check
is also performed when reducing the size of the spherical boundary during a volume change
attempt. The algorithms used to detect particle overlaps with a spherical boundary are
described below.

7.3.1

Detecting Particle Overlap with a Spherical Boundary

For simplicity, we assume that the spherical boundary of radius, R, lies at the origin.
For a convex particle at position r, we ﬁrst check if its inscribed sphere of radius ρin lies
completely outside the boundary, i.e. r 2 ≥ (R − ρin )2 , if it does, the particle lies deﬁnitely
on, or outside the spherical boundary. If, on the other hand, the circumscribed sphere
with radius ρout lies completely inside the boundary, r 2 < (R − ρout )2 , then the particle
lies deﬁnitely inside the spherical boundary. If none of the above checks hold we have
to further check if the particle overlaps the boundary. For polyhedral-shaped particles,
it suﬃces to check if any of its vertices, ri , lie outside the boundary, i.e. ri2 ≥ R2 . For
cylinders and other convex particles, we could not come up with a general expression for
the containment inside a spherical boundary. Instead, we use an approximate algorithm;
we predeﬁne a set of directions, dˆi , and, using the support function, test the corresponding
support points, ri = s(dˆ′i ), for containment, where dˆ′i is the direction dˆi rotated to the
particle’s frame. In our simulations, we predeﬁne a set of 26 diﬀerent directions. For
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cylinders, this means that they eﬀectively behave as octagonal platelets with respect to
the spherical boundary.
In retrospect, we can come up with an exact algorithm for cylinders, which we describe
for future reference. At ﬁrst, we determine the circular face that should be checked for
intersection with the spherical boundary. Its position, r, is given by,
r = r0 +

L
sgn(û · r0 )û
2

(7.3)

where r0 is the position of the cylinder, and û is the unit vector along the main axis of
the cylinder. We then simply check if the circle at r is contained in the circle created by
the intersection of a plane with normal û and containing the point r, with the spherical
boundary.
The center of the circular section is given by, c = (û · r)û and its radius by
q
2
ρ = R − (r · û)2 , so that ﬁnally kr − ck2 < (ρ − D/2)2 should hold for the cylinder to
be contained inside the boundary.

7.3.2

Monte Carlo Stack Rotation Move

To speed up the equilibration of Monte Carlo simulations of round platelets, we implement
a Monte Carlo move that is designed to rotate short stacks [184, 210]. We select a particle,
i, randomly and deﬁne a stack, by the particles, j, with a center-to-center distance,
krj − ri k < D/2. We subsequently generate a random vector in the plane perpendicular
to the main axis of particle i, and rotate the stack around this axis by π/2. Finally,
the move is accepted if no overlaps are generated, and rejected otherwise. This move
can easily be seen to obey detailed balance. Furthermore, the simulation is ergodic since
regular rotation and translation moves are also performed. Although the acceptance ratio
of these moves is tiny (∼ 10−6 ), the small number of moves that are accepted during the
simulation do signiﬁcantly speed up the equilibration. We perform this move once every
10 Monte Carlo cycles.

7.3.3

Cluster and Surface Layer Identification

To identify crystalline clusters in our simulated conﬁgurations, we follow the same procedure as in Ref. [285]. We ﬁrst calculate the bond orientational order parameter, qlm for
each particle, i,
b (i)
1 NX
qlm (i) =
Ylm (rij ),
(7.4)
Nb (i) j=1

over the Nb (i) neighbors that are found within a cutoﬀ distance, rc , from particle i. Here,
Ylm (rij ) are the spherical harmonics, with m ∈ [−l, l], and rij = rj − ri is the relative
position of particles i and j. Subsequently, the correlation between two neighboring
particles, i and j, is calculated using the following expression,

dl (i, j) =

l
P

m=−l
l
P

m=−l

|qlm (i)|2

qlm (i)q̄lm (j)

!1/2

l
P

m=−l

|qlm (j)|2

!1/2 ,

(7.5)

Spherical Confinement of Hard Convex-Shaped Particles

119

and solid particles are then deﬁned as those having more than nc neighbors for which
dl (i, j) > dc . The crystalline clusters are built from the list of solid particles using the
cluster algorithm 5.1, where the condition becomes dl (n, j) > d′c , for some d′c > dc , and
where n is the ﬁrst particle added to the cluster, and j is the candidate particle.
For identifying columns of round platelets, we use algorithm 5.1 again, with the condition krij −(ûi ·rij )ûi k < D/2, i.e. that their distance projected on the plane perpendicular
to the orientation, ûi , of particle i is smaller than D/2. The neighbors of a particle, i,
are deﬁned as those within a distance D.
Furthermore, in our analysis, we identify diﬀerent surface layers. Unfortunately, there
is no unique way to identify a concave hull of a set of points. The authors of Ref. [278],
used a so-called cone algorithm [286], where for a given particle, its associated cone region
is deﬁned as the region inside a cone of a certain side length and angle, whose apex resides
on the particle. A hollow cone is a cone region with no other particles inside it. A particle
is identiﬁed as being on the surface if at least one associated hollow cone exists. Here,
we instead use the concept of the α-shape [287], which is a generalization of the convex
hull. As mentioned in Edelsbrunner’s and Mücke’s paper [288], one can intuitively think
of an α-shape as the following. Imagine a huge mass of ice-cream making up the space
and containing the points as ‘hard’ chocolate pieces. Using a sphere-shaped ice-cream
spoon with radius α we carve out all parts of the ice-cream block we can reach without
bumping into chocolate pieces, thereby even carving out holes in the inside (e.g. parts
not reachable by simply moving the spoon from the outside). The algorithm itself, is
quite complex to implement. Instead, we use the computational geometry algorithms
library, CGAL [289] for the α-shape algorithm. Diﬀerent surface layers can be identiﬁed
by applying the algorithm repeatedly to the set of points left after removing the surface
points.

7.3.4

Calculating the Twist

In twisted tactoids of round platelets, the director ﬁeld is deﬁned by the tangent of the
curve passing through the center of mass of the particles in a column. Given such a curve
with coordinates r(t), parameterized by t ∈ [−1, 1], i.e. the normalized position along the
nematic director, n̂, we determine the degree of twist in conﬁgurations of round platelets
by calculating the slope of the director ﬁeld with the meridian at t = 0,
χ(r) =

1 ∂ [(n̂ × r(0)) · r(t)] /∂t
kr(0)k
∂ [n̂ · r(t)] /∂t

,

(7.6)

t=0

where r = kr(0)k.
In implementing the above analysis, we ﬁrst identify individual columns in a conﬁguration, as described in the previous section, and the nematic director, n̂. We subsequently
calculate the column’s center of mass, rcm , and approximate r(0) ≈ rcm − (n̂ · rcm )n̂,
i.e. the projection of rcm on the plane deﬁned by n̂, and ﬁt a straight line through the
centroids of the column’s particles, to get its ‘tangent’ at the position of the center of
ˆ The slope with the meridian is then calculated from the expression below,
mass, d.
χ(r) =

1 (n̂ × r(0)) · dˆ
.
kr(0)k
n̂ · dˆ

(7.7)
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Figure 7.3: (a): Fraction of crystalline particles as a function of the packing fraction, η, for
a system of N = 1911 hard cubes in spherical conﬁnement, using diﬀerent compression rates,
Γ, as obtained from MC simulations. For comparison, we also plot the crystallinity as obtained
from MC simulations in the N V T ensemble. The compression plots are smoothed-out using
a 3rd order B-spline interpolation. (b): Fraction of crystalline particles as a function of the
packing fraction, η, for a system of N ∈ {304, 437, 624, 751, 1016, 1911, 3839, 5904, 7664, 10851}
cubes in spherical conﬁnement, using a compression rate Γ = 3 · 10−5 . The data, here, have
been smoothed-out using a Savitzky-Golay ﬁlter.

7.4
7.4.1

Results
Crystallization of Hard Cubes Under Spherical Confinement

We perform Monte Carlo simulations of hard cubes in spherical conﬁnement in the N P T
ensemble. We compress the system by exponentially incrementing the system pressure,
βP σ 3 , at a rate Γ, starting from some pressure βP0 σ 3 , so that the pressure after t MC
steps have elapsed, is given by βP σ 3 = βP0 σ 3 (1 + Γ)t .
We need to determine a suﬃciently slow compression rate, such that jamming and
defects in the resulting crystalline structure is avoided. To this end, we performed compression runs of N = 1911 hard cubes for diﬀerent compression rates, and measured
the fraction of crystalline particles in the system, using the cluster criterion in section
7.3.3, where we set the cutoﬀ distance, rc to the ﬁrst minimum of the radial distribution
function, g(r), rc = 1.4, the symmetry index, l = 4, the threshold value for the minimum number of neighbours, nc = 5, and the minimum threshold value for a solid bond,
dc = 0.6, and addition to a cluster, d′c = 0.9. In addition, we performed simulations in the
N V T ensemble for various packing fractions, to determine the equilibrium crystallinity
— since we are expanding from a dense conﬁguration, some degree of hysteresis could be
present. In ﬁgure 7.3(a), we plot the degree of crystallinity of the system for Γ = 10−4 ,
7 · 10−5 , and 3 · 10−5 , along with the results from the canonical (N V T ) simulations. Note
that the curves for the compression runs have been smoothed out using a 3rd order Bspline. Hard cubes are known to show coexistence between the cubic crystal phase and the
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Figure 7.4: Final conﬁgurations of compression runs for diﬀerent system sizes, N . The left
ﬁgure of each pair, shows a cut through the middle. Particles are colored according to the cluster
they belong to. Fluid-like particles are colored black.

isotropic phase for packing fractions η ∈ [0.45, 0.5]. From the ﬁgure, we see that indeed,
crystallization is initiated at η ≈ 0.45, but reaches 50% crystallinity only at a packing
fraction, η ≈ 0.6, due to the eﬀects of conﬁnement. We also note that with the exception
of Γ = 10−4 , the crystallinity for the other compression rates are quite close to the equilibrium value. This is also conﬁrmed from visual inspection of the ﬁnal conﬁgurations,
which show larger crystalline domains, i.e. with less defects.
For the remainder of our simulations, we choose a compression rate Γ = 3 · 10−5 .
Additionally, we perform compression runs for diﬀerent system sizes, of N ∈ [304, 10851]
particles. In ﬁgure 7.3(b), we plot the fraction of crystalline particles for systems of N ∈
[304, 10851] particles, as a function of the packing fraction. The plots have been smoothedout with a Savitzky-Golay ﬁlter [290], to remove the large noise of the smaller system
sizes. We notice that up to η ≈ 0.5, there are no signiﬁcant diﬀerences in the crystallinity
between the diﬀerent system sizes. The system size appears to also play an increasingly
less signiﬁcant role on the crystallinity, indicating that the bulk limit is already approached
for N > 5904, where the crystallinity reaches 95%, although conﬁnement could play an
important role on the presence of vacancies, and should be further studied.
We now focus on the formation of crystalline clusters. In ﬁgure 7.4 we present
snapshots of the ﬁnal conﬁguration of the compression runs, for diﬀerent system sizes,
N ∈ [304, 10851]. In the ﬁgure, we have colored particles according to the cluster they
belong to. Fluid-like particles are colored black. The ﬁrst thing we observe, is that in all
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Figure 7.5: Fraction of crystalline particles as a function of packing fraction, η, for the whole
system, the three ﬁrst surface layers, and the interior of a spherically conﬁned system consisting
of (a): N = 1911 particles, and (b): N = 10851 particles. The data, has been smoothed-out
using a Savitzky-Golay ﬁlter.

cases, we ﬁnd a large number of diﬀerently oriented crystalline clusters, indicating that
there are many defects in the crystal structure. This could also be caused by the high
vacancy concentration. From visual inspection of the conﬁgurations, we ﬁnd that the
cubic layers in the crystal twist with respect to each other, for system sizes as small as
N = 751 particles, which could also potentially contribute to the observation of a large
number of clusters. Another signiﬁcant feature, is that for N ≥ 1016, we ﬁnd clusters of
ﬂuid-like particles, which are organized on the vertices of a cube. These regions of the
spherically conﬁned system have the highest frustration because they are not compatible
with the orientation of the crystal structure.
To further get a grasp on the way the spherically conﬁned system of hard cubes
crystallizes, we plot the fraction of crystalline particles as a function of packing fraction, η,
for the whole system, the three ﬁrst surface layers, and the interior of a spherically conﬁned
system consisting of N = 1911, and N = 10851 particles, in ﬁgure 7.5. In ﬁgure 7.5(a),
we see for N = 1911 particles, that the interior crystallizes at a faster rate compared to
the surface layers. Here, the outermost surface layer, L1 , is the least crystalline, while the
second and third layers, L2 , and L3 , have about the same crystallinity. The crystallinity
of the surface layers, here, is lower due to the ﬂuid-like patches described above. For
N = 10851, we observe a signiﬁcantly diﬀerent picture; the surface layers now crystallize
with a rate close to that of the interior, with layers L2 , and L3 , even starting to crystallize
earlier than the interior, in the region η < 0.55. The outermost surface layer also shows
a much higher crystal fraction, as the eﬀects of sphere’s curvature are less pronounced.
Curiously, the third surface layer, as well as the interior, exhibit a maximum at η ≈ 0.74,
and decrease slightly for large packing fractions. This subtle eﬀect was also seen in Ref.
[212], for hard spheres, although it was not discussed.
Finally, we compare the structure of our conﬁgurations to Scanning Electron Microscope (SEM) images of so-called ‘supraparticles’ of synthesized Fe3 O4 cubic nanoparticles,
in ﬁgure 7.6, where for comparison, we show the ﬁnal conﬁguration of N = 3839 hard
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Figure 7.6: Top: Scanning electron microscopy (SEM) image of supraparticles of synthesized
Fe3 O4 cubic nanoparticles. Bottom: Final conﬁguration of N = 3839 hard cubes, as obtained
from MC simulations in spherical conﬁnement, with the left image showing the inner core of the
system, after removing the surface layers.
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Figure 7.7: Left:Typical conﬁguration of N = 10656 round platelets in spherical conﬁnement,
at a packing η = 0.65, obtained from MC simulations. Right: The same conﬁguration showing
only the columns consisting of particles with orientation close to the nematic director.

cubes, which is close to the number of cubes in the supraparticle. The Fe3 O4 nanocubes
have an edge length of σ = 22 nm, and were prepared by thermal decomposition of iron
(III) oleate, by modifying previous literature methods [291]. The resemblance of the structures is striking. Moreover, in experiments, there is evidence that the surface layers of
the supraparticle get easily detached. In our simulations, we observed 8 ﬂuid-like clusters
between the interior and the surface layer(s), which could reduce the contact between the
surface layers and the interior, leading to a weaker binding and perhaps detachment (in
an experimental setup).

7.4.2

Chiral Twist in Spherically Confined Hard Round Platelets

We next investigate the spherical conﬁnement of hard round platelets of length-to-diameter
ratio L/D = 0.5. We ﬁrst expand a system consisting of N = 10656 cylinders, and equilibrate it at diﬀerent pressures. We ﬁnd a discontinuity in the equation of state at packing
fractions η ∈ (0.52, 0.56), where the system transitions from an isotropic to a columnar
phase. We also perform a compression run from the dilute isotropic ﬂuid phase, consisting
of N = 2581 particles, and ﬁnd that indeed the system transitions to a columnar phase.
In ﬁgure 7.7, we show snapshots of a conﬁguration consisting of N = 10656 round
platelets, at a packing η = 0.65. The columns at the surface are organized in hexagonal
patches close to where the ‘bulk’ hexagonally ordered columns meet the boundary surface.
From our simulations, we ﬁnd that the columnar phase shows a chiral twist, which can
be observed in ﬁgure 7.7 (Right), where only the columns consisting of particles with
orientation close to the nematic director are visible.
To further support the claim that we indeed see a twist in our system, we apply the
ˆ
analysis introduced in section 7.3.4, to calculate the ‘direction’ of each column, d(r),
for
the conﬁguration presented in ﬁgure 7.7. In ﬁgure 7.8(a), we plot the director ﬁeld, projected on the plane perpendular to the nematic director. From this ﬁgure, we can clearly
see that the director ﬁeld shows a left-handed chiral twist. Notice also the hexagonal
shape of the columnar cluster. In ﬁgure 7.8(b), we plot the twist χ(r), as a function of
the reduced distance, r/R, where R is the radius of the spherical boundary. The twist,
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χ(r), shows linear behavior, as can be seen by the linear ﬁt.
To make sense of this linear behavior of χ(r), we build an ‘empirical’ model, based on
our observations. We model the director ﬁeld line, at center of mass coordinates (r, θ) (in
polar coordinates), inside a twisted tactoid of radius R, as a helix whose radius follows
the surface of a prolate ellipsoid with radius r and height 2R′ , consisting of k coils (within
the conﬁnes of the ellipsoid). An example of this, for r = R/2, is shown in ﬁgure 7.1(b),
where we also draw the director ﬁeld lines at the boundary. The parametric equations for
a right-handed director ﬁeld are presented below,
√
x(t) = r 1 − t2 sin (πkt + θ)
(7.8)
′
y(t) = R t
(7.9)
√
z(t) = r 1 − t2 cos (πkt + θ)
(7.10)
with t ∈ [−1, 1], so that the position of the director ﬁeld line as a function of the variable t,
is given by r(t) = [x(t), y(t), z(t)]T . The projection of the line on the plane perpendicular
to the vector r(0), i.e. on the plane spanned by the vectors êu = [z(0)/r, 0, −x(0)/r]T
and êw = [0, 1, 0]T , is given by,
√
(7.11)
u(t) = r 1 − t2 [cos(θ) sin (πkt + θ) − sin (θ) cos(πkt + θ)]
w(t) = R′ t

(7.12)

√
∂u(t)
= 2πrk 1 − t2 cos(πkt)
∂t

(7.13)

∂w(t)
= R′
∂t

(7.14)

The tangent of this projected line is,

Setting t = 0, we get,
χ(r) =

∂u(t)/∂t
∂w(t)/∂t

=
t=0

2πkr
,
R′

(7.15)

which reproduces the behavior we observed in ﬁgure 7.8(b). We unfortunately need information on the curvature of the columns, R′ to calculate the number of twists, k in eq.
(7.15). We can calculate the maximum angle of the director ﬁeld with a meridian at the
surface of the tactoid, as α = arctan[χ(R)].
Having established the presence of a twisted phase, and a model describing its geometry, we further investigate the dependence of the twist on the packing fraction of the
system. To this end, we perform MC simulations of N = 10656 platelets in the N V T
ensemble, for diﬀerent packing fractions η ∈ [0.56, 0.7]. We ﬁnd that the twist evolves
slowly, so we run the simulations for up to 2 · 107 MC cycles. In ﬁgure 7.9(a) we plot the
equilibrium twist angle α as a function of the packing fraction, η. For η < 0.6, the twist
angle ﬂuctuates too much and even changes handedness, and thus the data is not reliable.
From ﬁgure 7.9(a) we see that the twist angle, α, increases with packing fraction, up to
η ≈ 0.67. For η > 0.67, the twist angle, α, seems to decrease with η, but as we show next,
even 2 · 107 MC cycles might have not been enough to equilibrate the system suﬃciently.
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Figure 7.8: (a) Plot of the calculated director ﬁeld for N = 10656 particles, and packing
fraction η = 0.65, projected on the plane perpendicular to the nematic director. (b) Twist,
χ(r), as a function of the reduced column distance, r/R, from the center of the tactoid. The
line seen in the ﬁgure is a linear ﬁt.
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Figure 7.9: (a) Plot of the equilibrium twist angle, α, as a function of the packing fraction, η for
a system consisting of N = 10656 hard cylinders in spherical conﬁnement. (b) Equilibrium twist
angle, α, of a system of hard cylinders in spherical conﬁnement, at packing fraction η = 0.65,
as a function of the MC cycles, t, for diﬀerent system sizes, N , shown in the legend. The plots
are smoothened-out using a Savitzky-Golay ﬁlter.

In ﬁgure 7.9(b) we plot the twist angle, α, as a function of the number of MC cycles, for
diﬀerent system sizes, N ∈ [1005, 5245]. For system sizes N < 1005, we do not observe
a chiral conﬁguration, due to the strong conﬁnement eﬀect. From ﬁgure 7.9(b), we see
that the twist angle, α, equilibrates extremely slowly; even 108 MC cycles seem not to be
enough in some cases. Furthermore, from the current plots of the twist angle, α, we are
unable to ﬁnd possible relations of the twist angle with system size. In Ref. [269], it is
found that the twist angle remains 0 up to some critical system volume v0 , at which the
system shows a sharp transition to a twisted phase, and then increases as a function of
the volume of the system. Our results indeed conﬁrm that the twist angle is zero up to a
critical system size, N < 1005, and becomes non-zero for suﬃciently large systems sizes.
However, our simulations do not show that α increases with system size.

7.5

Conclusion

In conclusion, motivated by experiments, on cubic Fe3 O4 nanoparticles and round EuF3
nanoplatelets conﬁned in emulsion droplets, we implemented a Monte Carlo algorithm
in order to perform simulations of spherically conﬁned systems of hard convex-shaped
particles.
Hard cubes are known to show coexistence between an isotropic ﬂuid phase and a
simple cubic crystal phase in the bulk, at packing fraction η ∈ (0.45, 0.5) [282]. From
compression runs, we ﬁnd that, indeed, the fraction of crystalline particles starts to increase at η ≈ 0.45, although strong boundary eﬀects persist for system sizes up to the
largest investigated, i.e. N = 10851. We additionally found that the ﬁrst surface layer
crystallizes at a slower rate, while for big system sizes, the surface layers start crystallizing
before the interior. For system sizes N ≥ 1016, we ﬁnd ﬂuid-like regions between the ﬁrst
couple of layers and the interior, which are positioned on the vertices of a cube, This
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last observation could potentially explain why the surface layers detach in experiments.
Lastly, we ﬁnd a large number of clusters, which might be indicative of the high vacancy
concentration in the system [282].
For the system of hard cylinders, we observed chiral conﬁgurations, where the columns
twist around a common axis, upon compression. We devised various methods to analyse
the degree of twist in the system. We ﬁnd that the slope of the tangent of a director
ﬁeld line (column), follows a linear dependence as a function of the column distance
from the center of the ‘twist’. We subsequently built an empirical model to successfully
explain the reason why this dependence is observed. Unfortunately, the twisted system
evolves very slowly, especially, at these high packing fractions, and thus a relationship
between the twist angle, α, and packing fraction, η, or system size, N , could not be
established, although we were able to ﬁnd that system sizes with N < 1005 particles,
did not exhibit chiral phases, mainly due to the strong boundary eﬀects. Note that in
our analysis we assumed that the director ﬁeld is centered at the middle of the tactoid,
but from the curvature of the columns, we believe it might be possible for the center of
the director ﬁeld to drift around the tactoid. We expect that the shape of the particle
should also play an important role in the twisting transition, as the elastic constants of the
system are also dependent on the particle shape. To this end, careful calculation of the
elastic constants [292, 293], could give further insight on the formation of chiral phases in
entropic systems. We mention here that a twist is not seen in emulsion droplets of round
EuF3 nanoplatelets, but these are rounded unlike the cylindrical particles simulated here.
Moreover, the attraction between the (oleic acid) ligands present on the surface of the
nanoplatelets may aﬀect the elastic constants of the system signiﬁcantly.
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Summary
Colloidal particles, i.e. particles at the nanometer scale, experience random motion
(Disorder) generated by collisions with smaller solvent particles. This random motion
is known as Brownian motion, and it allows colloidal particles to explore the space of
possible conﬁgurations. As a consequence, they are able to reach the most (thermodynamically) favorable structure (Order). This process is known as self-assembly. The title
of this thesis, Order from Disorder, is referring to the self-assembly process, which is extensively studied here. More speciﬁcally, we use computers to simulate models of several
colloidal systems. Computer simulations can reveal aspects of a physical process which
are otherwise diﬃcult or impossible to solve analytically, or measure experimentally. The
thesis is divided in two main themes; in chapters 2, 3, and 4, we study colloidal systems
where the various particles interact with each other either directly or indirectly, and in
chapters 5, 6, and 7, we study systems of hard particles i.e. particles that cannot overlap
but that also do not further interact with each other.
Colloids dispersed in a binary solvent mixture experience long-ranged solvent-mediated
(SM) interactions (critical Casimir forces) upon approaching the critical demixing point of
the solvent mixture. The range of the interaction is set by the bulk correlation length of the
solvent mixture, which diverges upon approaching the critical point. It is generally poorly
understood how a (dense) suspension of colloids will self-assemble under these conditions.
In chapter 2, we use a two-dimensional lattice model of a binary solvent mixture and
hard disks (as a model for the colloids), and perform extensive Monte Carlo simulations
investigating the phase behaviour of this model colloidal suspension as a function of colloid
size and wettability under conditions where the solvent reservoir is supercritical. We ﬁnd
broad colloidal gas-liquid (G-L), and gas-crystal (G-X) coexistence. The critical point of
the mixture shifts signiﬁcantly from that of the colloid-free solvent upon adding a small
volume fraction of colloids. Upon increasing the preference of the colloids for one of the
solvent species, at a ﬁxed temperature and radius, the G-L binodals broaden and the
G-L critical point shifts towards the critical point of the solvent. However, we ﬁnd a
saturation point above which the phase coexistence is unchanged. The phase behaviour
with respect to the size of the colloid is arguably more important than that with respect
to the adsorption strength. Upon increasing the colloid size, the G-L binodal becomes
much ﬂatter, and the critical point shifts to larger colloid fraction.
Due to the large diﬀerence in length scales between the colloid and solvent, and the
critical slowing down as the ternary mixture critical point is approached, studying a
three-dimensional system using Monte Carlo simulations was deemed computationally
unfeasible when starting out our study presented in chapter 2. In chapter 3, we overcome
these problems by developing a rejection-free geometric cluster algorithm that enables
us to study the scaling of the critical Casimir potentials in a two-dimensional system,
and more importantly, the full ternary mixture of colloidal hard spheres suspended in
an explicit three-dimensional solvent mixture. The eﬀective potentials seem to scale
according to the limit known as the small-sphere limit, suggesting that the colloids in our
simulations are closer in size to e.g. proteins. The phase diagram of the three-dimensional
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system displays stable colloidal gas, liquid, and crystal phases, as well as broad gas-liquid
and gas-crystal phase coexistence, and pronounced fractionation of the solvent in the
coexisting colloid phases. The topology of the phase diagram in our three-dimensional
study shows striking resemblance to that of the previous chapter.
Motivated by recent experiments where a lamellar mesophase was observed when
adding a certain concentration of an organic salt in a binary solvent mixture, we develop an eﬃcient lattice model, and present the ﬁrst simulation study of an antagonistic
salt suspended in a polar binary solvent mixture in chapter 4. Although theoretical models have been able to describe the experimental results to a certain extent, the degrees
of freedom of the solvent mixture are integrated out, and treated on a mean-ﬁeld level,
thereby ignoring ﬂuctuations. Moreover, simulation techniques involving electrostatics
are computationally expensive, due to the long range of the Coulomb interaction. In our
lattice model, similarly to previous chapters, the solvent mixture and electrostatics are
treated explicitly, by combining the simplicity of a lattice gas model and the eﬃciency
of the Maggs’ auxiliary ﬁeld method for treating the electrostatics. In our study of an
antagonistic salt solution, we ﬁnd rich mesophase behavior, including a lamellar phase,
for a wide range of temperatures, and solvent and salt compositions. The phase behavior
of the system resembles that of diblock copolymers. We argue that because of the strong
adsorption and electrostatic interactions, the system can be view as consisting of bound
ion pairs at a distance set by the Bjerrum length and a thick ﬁlm of the corresponding preferred species adsorbed around each ion. This picture, underlines the similarities shared
between the two diﬀerent systems. We further analyze the ion distribution, and behavior
of the lamellar phase as a function of the salt concentration and temperature and build a
simple mean-ﬁeld theory which is capable of describing our observations. The mean-ﬁeld
model predicts that the lamella thickness, should scale with the power −2/3 of the salt
concentration.
In chapter 5, we investigate the phase behavior of hard rhombic platelets as a function
of the thickness of the platelets. Hard plate-like particles are known to exhibit nematic and
columnar phases. Using the equations of state, diﬀraction patterns, as well as the nematic
and smectic order parameters we determine the phase diagram of the rhombic platelets.
The phase diagram displays a columnar phase and a crystal phase in which the platelets
are stacked in columns that are arranged on a two-dimensional lattice. We ﬁnd that
the shape of the platelets determines the symmetry of the two-dimensional lattice, i.e.,
rhombic platelets form an oblique columnar phase and a simple monoclinic crystal phase.
For suﬃciently thick platelets, we ﬁnd only an isotropic ﬂuid, an oblique columnar phase,
and a monoclinic crystal phase. Surprisingly, for an intermediate plate thickness, we also
ﬁnd a region in between the isotropic (or nematic) phase and the columnar phase, where
the smectic phase is stable. For suﬃciently thin platelets, the phase diagram displays a
nematic phase, and we ﬁnd hints of a possible biaxial nematic phase. With the exception
of the smectic phase, our results resemble the phase behavior of discotic particles.
Given the possibility of a biaxial nematic phase in chapter 5, we further investigate
the phase behavior of rhombic particles, for a broader range of parameters, in chapter 6.
We develop a highly eﬃcient event-driven molecular dynamics (EDMD) algorithm that
enables us to perform simulations on general convex particles. Using this algorithm we
study the presence of a biaxial nematic phase for rhombic particles, by simulating 68
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diﬀerent particle shapes. Upon expansion from the space-ﬁlling crystal structure, we ﬁnd
10 diﬀerent ordered phases, including a biaxial nematic phase. A biaxial smectic phase is
shown for the ﬁrst time in a simulation study, which remarkably does not appear in the
same particle shape parameter regime as the biaxial nematic phase. In addition, we map
out a diagram of the diﬀerent sequences of phases we ﬁnd for increasing densities, as a
function of the length and width of the rhombic particles. We ﬁnd 9 regimes with diﬀerent
phase sequences, which conveys the complexity of the system. Our results show that due
to the sharp-angled rhombic shape of the particles, the smectic phases are destabilized in
favor of the biaxial nematic phase, making the area of the biaxial nematic phase in the
phase diagram larger than in previously studied hard-particle systems.
Many biological and colloidal systems consist of mesoscopic particles that are conﬁned
in space. Examples are, membrane proteins conﬁned in a lipid membrane, or actin ﬁlaments conﬁned in a biological cell. Conﬁnement of liquid crystals in droplets can have
interesting applications, due to their liquid-like behavior and crystal-like optical properties. Motivated by experiments, on cubic Fe3 O4 nanoparticles and EuF3 nanoplatelets
conﬁned in emulsion droplets, in chapter 7 we investigate the behavior of two model systems of hard particles under spherical conﬁnement using Monte Carlo simulations. The
ﬁrst system consists of hard cubic particles. From compression runs, we ﬁnd that the
surface layer crystallizes at a slower rate, while for big system sizes, the surface layers
start crystallizing before the interior. We also ﬁnd ﬂuid-like regions between the surface
layers and the interior, organized on the vertices of a cube. Remarkably, we ﬁnd that
the crystallized core shows some twisting. Lastly, we ﬁnd a large number of clusters,
which might be indicative of the high vacancy concentration in the system. In the second
system, we simulate round platelets (cylinders) and discover a twisted columnar phase
for large-enough systems, while smaller systems do not exhibit such a phase, due to the
strong boundary eﬀects. We devise various methods to analyse the degree of twist in the
system. We ﬁnd that the slope of the tangent of a director ﬁeld line (column), follows
a linear dependence as a function of the column distance from the center of the ‘twist’.
We subsequently built an empirical model to successfully explain the reason why this
dependence is observed. Unfortunately, the twisted system evolves very slowly, especially,
at the very high packing fractions this twisted phase is observed, and thus a relationship
between the twist angle, and packing fraction, or system size, can not be established.

Samenvatting
Colloïdale deeltjes, dat wil zeggen deeltjes met een grootte in de orde van nanometers,
ervaren een willekeurige beweging (Wanorde), die gegenereerd wordt door botsingen met
de kleinere moleculen van het oplosmiddel. Deze willekeurige beweging staat bekend als
Brownse beweging, en maakt het voor colloïdale deeltjes mogelijk om verschillende conﬁguraties te verkennen. Ten gevolge hiervan kunnen ze de meest (thermodynamisch) gunstige
structuur bereiken (Orde). Dit proces staat bekend als zelforganisatie. De titel van dit
proefschrift, Orde uit Wanorde, verwijst naar het zelforganisatie proces dat in deze thesis
uitvoerig wordt bestudeerd. Om speciﬁeker te zijn, gebruiken we computers om verschillende colloïdale modelsystemen te simuleren. Computersimulaties kunnen aspecten van
een fysisch proces ophelderen welke analytisch of experimenteel moeilijk of onmogelijk op
te lossen zijn. Het proefschrift is verdeeld in twee hoofdthema’s; In hoofdstukken 2, 3 en 4
worden colloïdale systemen bestudeerd waarin de verschillende deeltjes direct of indirect
met elkaar interacteren, en in hoofdstukken 5, 6 en 7, bestuderen we systemen van harde
deeltjes, namelijk deeltjes die niet kunnen overlappen, maar verder geen interactie met
elkaar hebben.
Bij het naderen van het kritische ontmengingspuntpunt van een binair vloeistof mengsel,
ervaren de colloïden in zo’n mengsel langedracht vloeistof-gemedieerde interacties (kritische Casimir-krachten). Het bereik van de interactie wordt bepaald door de correlatielengte
van het bulk vloeistof mengsel, welke divergeerd naar mate het kritisch punt nadert. Het
was nog niet duidelijk hoe een (dichte) suspensie van colloïden zou zelforganiseren onder
deze condities. In hoofdstuk 2 gebruiken we een tweedimensionaal roostermodel van een
binair vloeistofmengsel en harde schijven (een representatie van de colloïden). Op dit
systeem voeren we uitgebreide Monte Carlo simulaties uit. We onderzoeken het fasegedrag van deze colloïdale suspensie model als functie van de colloïdale grootte en adsorptie,
waarbij het vloeistofreservoir superkritisch is. We vinden een brede colloïdale gas-vloeistof
(G-L) en gas-kristal (G-X) coëxistentie. Bij het toevoegen van een kleine volumefractie
van colloïden verschuift het kritische punt van de mengsel aanzienlijk ten opzicht van die
van een colloïd-vrije vloeistof. Gegeven dat de temperatuur en de grootte van colloïden
constant blijft, vinden we dat de G-L binodaal platter wordt en dat het kritische punt
naar een hogere colloïdfractie verschuift wanneer de voorkeur van de colloïden voor een
van de oplosmiddelen versterkt wordt. We vinden echter een verzadigingspunt waarvoor
de fase-coëxistentie ongewijzigd blijft. Het fasegedrag met betrekking tot de grootte van
het colloïden is blijkbaar belangrijker dan dat ten opzichte van de adsorptiesterkte. Bij
het vergroten van de colloïden wordt de G-L binodaal veel platter, en het kritische punt
verschuift naar een hogere colloïdfractie.
Aan het begin van onze studie in hoofdstuk 2, werd het bestuderen van een driedimensionaal systeem met behulp van Monte Carlo-simulaties computationeel onmogelijk
geacht. Dit was wijten aan het grote verschil in lengteschalen tussen de colloïden en
de vloeistof, en aan de kritische vertraging wanneer het kritische punt van het ternaire
mengsel wordt benaderd. In hoofdstuk 3 overwinnen we deze problemen door een afstotingsvrij geometrisch cluster-algoritme te ontwikkelen. Met dit algoritme bestuderen we
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zowel de schaling van de kritieke Casimir-potentialen in een tweedimensionaal systeem
als een volledig ternair mengsel van colloïdale harde bollen gedispergeerd in een expliciet
driedimensionaal vloeistofmengsel. De eﬀectieve potentialen lijken te schalen volgens een
limiet die bekend staat als de small-sphere-limiet, wat suggereert dat de grootte van de
colloïden in onze simulaties dichter bij die van b.v. eiwitten ligt. Het fasediagram van het
driedimensionale systeem toont stabiele colloïdale gas-, vloeistof- en kristal fasen, evenals
brede gas-vloeistof- en gas-kristal fase-coëxistentie, en fractionering van de vloeistof in de
coëxistente colloïdale fasen. De topologie van het fasediagram in onze driedimensionale
studie toont een opvallende gelijkenis met die in het vorige hoofdstuk.
Geinspireerd door recente experimenten waarin na het toevoegen van een bepaalde
concentratie van een organisch zout in een binair vloeistofmengsel een lamellaire mesofase werd geobserveerd, ontwikkelen we een eﬃciënt roostermodel en presenteren we in
Hoofdstuk 4 de eerste simulatiestudie van een antagonistische zout opgelost in een polair
binair oplosmiddelmengsel. Alhoewel theoretische modellen tot op zekere hoogte de experimentele resultaten kunnen beschrijven, worden de vrijheidsgraden van het vloeistofmengsel uitgemiddeld en worden ze op mean-ﬁeld theorie niveau behandeld, waardoor
ﬂuctuaties worden genegeerd. Daarnaast zijn simulatietechnieken die elektrostatica betreﬀen computationeel kostbaar in verband mat het lange bereik van de Coulomb-interactie.
In vergelijking met vorige hoofdstukken worden in ons roostermodel het vloeistofmengsel
en de elektrostatica expliciet behandeld door een combinatie van een eenvoudig roostergasmodel en de eﬃciëntie van de‘auxiliary ﬁeld’ methode, welke ontwikkeld is door
Maggs voor de behandeling van de elektrostatica. In ons onderzoek vinden we rijk mesofase gedrag, waaronder een lamellaire fase, voor een breed scala van temperaturen en
vloeistof- en zout- samenstellingen. Het fasegedrag van de antagonistische zoutoplossing lijk op die van diblokcopolymeren. We redeneren dat door de sterke adsorptie- en
elektrostatische interacties het systeem kan worden gezien als gebonden ionparen op een
afstand die door de Bjerrumlengte is vastgesteld, en een dikke ﬁlm van de bijbehorende
geprefereerde vloeistof die om elke ionen wordt geadsorbeerd. Dit beeld legt de nadruk
op de overeenkomsten die tussen de twee verschillende systemen bestaan. We analyseren
de ionenverdeling en het gedrag van de lamellaire fase verder als functie van de zoutconcentratie en temperatuur, en bouwen een eenvoudige mean-ﬁeld theorie die in staat is om
onze waarnemingen te beschrijven. Het mean-ﬁeld model voorspelt dat de lamella-dikte
met de zoutconcentratie tot de macht −2/3 schaalt.
In hoofdstuk 5 onderzoeken we het fasegedrag van harde rhombische plaat-achtige
deeltjes als functie van hun dikte. Harde plaatachtige deeltjes staan bekend om het
vormen nematische en kolom fasen. Met behulp van de toestandsvergelijkingen, diﬀractiepatronen, evenals de nematische en smectische orderparameters bepalen we het fasediagram van de rhombische plaat-achtige deeltjes. Het fasediagram laat een kolomfase en
een kristalfase zien waarin de deeltjes gestapeld zijn in kolommen die op een tweedimensionaal rooster zijn geplaatst. We laten zien dat de vorm van de deeltjes de symmetrie
van het tweedimensionale rooster bepaalt, dat wil zeggen dat rhombische plaatachtige
deeltjes een schuine kolomfase vormen en een eenvoudige monoklinische kristalfase. Voor
voldoende dikke deeltjes vinden we alleen een isotropische vloeistof, een schuine kolomfase en een monoklinische kristalfase. Tot onze verbazing, vinden we in een gebied tussen
de isotropische (of nematische) fase en de kolom fase ook een stabiele smectische fase.
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Voldoende dunne deeltjes vormen een nematische fase, en we vinden aanwijzingen voor
een mogelijke biaxiale nematische fase. Met uitzondering van de smectische fase zijn onze
resultaten vergelijkbaar met het fasegedrag van discotische deeltjes.
Gezien de mogelijkheid tot het vormen van een biaxiale nematische fase in hoofdstuk 5, onderzoeken we in hoofdstuk 6 het fasegedrag van rhombische deeltjes voor een
breder scala van parameters. We ontwikkelen een zeer eﬃciënt zogenaamd event-driven
molecular dynamics algoritme waarmee we simulaties van algemene convexe deeltjes kunnen uitvoeren. Met behulp van dit algoritme bestuderen we de aanwezigheid van een
biaxiale nematische fase bij rhombische deeltjes door 68 verschillende deeltjesvormen te
simuleren. Bij expansie vanuit de ruimtevullende kristalstructuur vinden we 10 verschillende geordend fasen, waaronder een biaxiale nematische fase. We laten voor het eeste een
biaxiale smectische fase in een simulatie studie zien. Opmerkelijk genoeg wordt deze niet
in hetzelfde deeltjesvormregime als de biaxiale nematische fase geobserveerd. Daarnaast
stellen we een diagram uit de verschillende fase-sequenties samen, die we voor toenemende
dichtheden vinden, als een functie van de lengte en de breedte van de rhombische deeltjes.
We vinden 9 regimes met verschillende fase sequenties, wat de complexiteit van het systeem overbrengt. Uit onze resultaten blijkt dat de smectische fasen door de scherphoekige
rhombische vorm van de deeltjes gedestabiliseerd worden ten gunste van de biaxiale nematische fase, waardoor het gebied van de biaxiale nematische fase in het fasediagram
groter is dan in eerder bestudeerde systemen van harde deeltjes.
Veel biologische en colloïdale systemen bestaan uit mesoscopische deeltjes die begrensd
zijn in ruimte. Voorbeelden zijn membraaneiwitten, die in een lipidmembraan opgesloten
zijn, of actinﬁlamenten, die in een biologische cel zitten. Het beperken van vloeibare
kristallen binnen druppels kan interessante toepassingen hebben, door het vloeibaarachtig
gedrag en de kristalachtige optische eigenschappen. Geïnspireerd door experimenten van
kubische Fe3 O4 en plaatachtige EuF3 nanodeeltjes die opgesloten zitten in emulsiedruppels, onderzoeken we in hoofdstuk 7 het gedrag van twee modelsystemen van harde deeltjes
in een bol met behulp van Monte Carlo simulaties. Het eerste systeem bestaat uit harde
kubische deeltjes. Door het systeem te comprimeren vinden we dat de laag die het dichtst
bij het oppervlak van de bol ligt, langzamer kristalliseert, terwijl we voor grote systemen
juist zien dat de kern van de bol langzamer kristalliseert dan de lagen aan het oppervlak. Bovendien vinden we vloeistofachtige gebieden tussen de oppervlaktelagen en de
kern die op de hoekpunten van de kubus liggen. Opmerkelijk genoeg, vinden we dat de
gekristalliseerde kern een beetje gedraaid is. Tenslotte vinden we een groot aantal clusters, wat mogelijk kan wijzen een hoge concentratie van lege plekken in het systeem. In
het tweede systeem simuleren we ronde plaatachtige deeltjes (cilinders) en ontdekken we
voor groot genoeg systemen ,een gedraaide kolomfase, terwijl door de sterke grenseﬀecten
zulke fasen niet aanwezig zijn in kleinere systemen. Wij bedenken verschillende methoden
om de mate van draaiing in het systeem te analyseren. We vinden dat de helling van de
tangent van een richtingsveldlijn (kolom) een lineaire afhankelijkheid heeft als functie van
de afstand van de kolom ten opzichte van het centrum van de ’draai’. Vervolgens hebben
we een empirische model gebouwd om deze afhankelijkheid succesvol uit te leggen. Helaas
evolueert bij de zeer hoge pakkingsfracties waar deze gedraaide fase waargenomen wordt,
het gedraaide systeem heel langzaam waardoor een relatie tussen de draaihoek en de
pakkingsfractie of systeemgrootte niet kan worden vastgesteld.
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