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Chapter 1

Introduction and Overview

Seeking unification of the laws of physics has so far proven to be the correct

approach to gain a deeper understanding of our universe. Besides providing a

more simple and elegant formulation of pre-existing laws, the hope for a unified

framework is that it will also provide unsuspected new insights. A prime example

is the unification of the laws describing the behaviour of electric and magnetic

fields (Gauss’s laws, Ampere’s law and Faraday’s law) into the Lorentz-covariant

Maxwell’s equations [1]. These equations then served as a major source of in-

spiration for Einstein’s theory of special relativity [2]. This is only one in many

examples, as the 20th century is punctuated by theoretical breakthroughs which

stem from the identifications of seemingly unrelated theories with limits of a more

fundamental framework.

Nowadays, after having successfully assembled many pieces of the puzzle, we are

left with two reliable theoretical frameworks which have resisted various unification

attempts. They are both illustrated in Einstein’s equation [3],

Rµν −
1

2
gµνR =

8πGN

c4
Tµν , (1.1)

where the left-hand side describes the dynamics of spacetime, i.e. gravity, while the

right-hand side accounts for the presence of matter. The latter consists of various

particles whose behaviour and interactions with the strong, weak and electromag-

netic forces are accurately described by the Standard Model using the framework

of quantum field theory. The composite and quantum nature of matter, referred

to as the ‘wood’ by Einstein, sharply contrasts with the unique and geometric

description of spacetime, the ‘marble’. It is therefore not unreasonable to expect

that the unification of both realms should involve a framework that provides a

1



2 Chapter 1 Introduction and Overview

consistent (and predictive) quantisation of gravity and allows for a geometric in-

terpretation of matter and gauge symmetries. In fact, this last idea was already

explored in the early works of Kaluza [4] and Klein [5] which showed that four-

dimensional gravity coupled to an Abelian gauge field and a scalar can be regarded

as pure gravity in 4 + 1 dimensions, with the fifth dimension being ‘curled up’ (or

compactified) on a circle. In this example, the ‘matter’ fields simply descend from

components of the five-dimensional metric with legs along the circle.

Supergravity [6] is an attempt, based on supersymmetry, to consistently unify

both sides of Einstein’s equation in the framework of quantum field theory. The

key ingredient there is the invariance of the theory under supersymmetry trans-

formations. Roughly speaking, these transformations take bosons into fermions

and vice versa, such that the theory contains an equal number of bosonic and

fermionic degrees of freedom. Importantly, in supergravity, supersymmetry is a

local symmetry, and the commutator of two such transformations yields a gen-

eral coordinate transformation. Invariance under local supersymmetry therefore

automatically implies the presence of dynamical degrees of freedom associated to

gravity. Nowadays, supergravity has flourished into a multitude of theories formu-

lated in various dimensions and with different amount of supersymmetry. From

the Kaluza-Klein point of view discussed previously, the rich matter content of

some of the lower-dimensional supergravities can be seen as resulting from com-

pactifications of the few simple higher-dimensional theories.

A major issue faced by supergravity theories is the appearance of divergences

that are inherent to the perturbative approach in quantum field theory. Already

in [7, 8], it was that realised that a perturbative quantisation of gravity leads to

non-renormalizable ultraviolet divergences from the two-loops order onwards, and

therefore nullifies the predictive power of the theory. Supergravity suffers from the

same issues, although supersymmetry tends to soften the ultraviolet divergences.

In four dimensions, the hope for a ultraviolet finite theory at all orders still remains

and is carried by the maximally supersymmetric supergravity [9–11], especially in

view of its similarities with the finite maximally supersymmetric Yang-Mills the-

ory [12,13]. So far, elaborate techniques have shown that the four-graviton ampli-

tude remains finite up to four loops [14], while a divergence is expected to appear

at the seven loop order, which currently remains out of reach. Regardless of the

outcome of these loop computations, the finiteness issue is usually evaded by ar-

guing that (super)gravity emerges as the low-energy effective limit of a ultraviolet

finite theory, which must therefore rely on a radically different description of the
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physical degrees of freedom. This theory, whose detailed features only become ap-

parent at the Planck scale (1019 GeV), is superstring theory (for a comprehensive

exposition, see for instance the textbooks [15,16]).

In superstring theory, the fundamental constituents are tiny one-dimensional ob-

jects: closed or open strings of the order of the Planck length (10−33 cm). These

strings vibrate, interact and propagate in a ten-dimensional space, sweeping out a

two-dimensional surface known as the world-sheet. The energy (or mass) spectrum

of each string is discrete as a result of the boundary conditions that are imposed

on their vibration. In this framework, the various elementary particles are char-

acterised by specific modes of the string. In particular, the spectrum of massless

modes of the closed string contains the degrees of freedom of a spin-2 particle cor-

responding to the graviton. This is in contrast with supergravity, where particles

are described as point-like excitations of fields defined over the spacetime manifold.

In fact, it is the ‘stretching’ of the point-like interactions into extended vertices

for strings that is at the root of the (perturbative) finiteness of string theory. In

addition to massless modes, the string spectrum contains an infinity of massive

modes. In the low-energy limit, the massive modes are ignored and as a result, the

one-dimensional profile of the string becomes irrelevant and can be approximated

by a point. In this case, the classical dynamics of the massless modes becomes

precisely encoded in the field equations of a ten-dimensional supergravity theory.

In total, there exist five different versions of superstring theory, which differ from

one another by certain properties of the strings considered. They are known as

type I, type IIA, type IIB and Heterotic (with gauge groups SO(32) and E8×E8)

superstring theory. In the low-energy limit, each of these theories is effectively

described by one of the five ten-dimensional supergravities that carry the same

name. Furthermore, upon compactifications on different backgrounds, such as

torii of unequal radii, different superstring theories have been shown to actually

describe the same underlying quantum theory. The transformations that map

such equivalent backgrounds define discrete groups, which are commonly referred

to as duality symmetry groups [17]. These are believed to be manifestations of

a large set of equivalence relations, or dualities, that relate all the superstring

theories in ten dimensions [18]. Based on these insights, it was conjectured that

the five superstring theories actually correspond to different realisations of a single

and more profound theory, the so-called M-theory [19]. Despite many efforts, not

much is known today about M-theory besides the fact that its low-energy limit

should be described by the unique eleven-dimensional supergravity.
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In this work, we exclusively focus on supergravity theories, and in particular, on

their continuous rigid duality symmetries that appear in D ≤ 9 dimensions and

which can be understood as remnants of their discrete counterparts in superstring

theory [17]. The aim is to improve our understanding of the unifying abilities

and/or the higher-dimensional origin of these duality symmetries. In the long

term, this will hopefully allow us to gain insights into the structure and properties

of M-theory.

The outline of this introductory chapter is as follows. In sections 1.1 and 1.2,

we review some aspects of supergravity theories which will be necessary for the

derivation of the original results presented in the next chapters. In section 1.3, we

give a short summary of these results and of our motivations.

1.1 Maximal supergravity

Supergravity theories can be formulated in D ≤ 11 spacetime dimensions. These

field theories are, by construction, invariant under general coordinate transfor-

mations as well as under local supersymmetry transformations. The latter are

generated by supercharges which arrange into an irreducible Lorentz spinor. Ex-

tended supergravities result from considering N>1 independent supersymmetries,

and therefore N sets of supercharges. As a result, all supergravity theories contain

at least a graviton and a set of N gravitini, i.e. the supersymmetry (fermionic)

gauge fields. The maximal number of real supercharges for which supergravity

theories can be constructed is 32. For instance, in D = 4, Majorana spinors have

4 real components and therefore supergravity theories only exist up to N = 8.

Beyond this limit, supersymmetry requires the presence of higher-spin fields and

a number of associated issues arise. In this chapter, we present a few selected

features of supergravity theories. Detailed reviews of the subject can for example

be found in [20,21].

In this work we exclusively consider supergravity theories in D ≥ 3 dimensions

and with 32 real supercharges. The field contents of these so-called maximal

supergravities are strongly constrained by the large amount of symmetries. In

particular, the latter do not allow for the presence of matter supermultiplet. The

various fields transforming into each other under supersymmetry transformations

organise into the gravity supermultiplet. In addition to the metric and N gravitini,

the gravity supermultiplet typically comprises antisymmetric tensor fields (or p-

forms, with p ≥ 1) associated to Abelian gauge symmetries, and for D ≤ 10,
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spin-1/2 fermions and scalars. In that sense, maximal supergravities stand as a

true unification of gravity and matter.

The simplest, and arguably most elegant maximal supergravity is the unique N=1

eleven-dimensional theory constructed by Cremmer, Julia and Scherk [22]. Its

bosonic Lagrangian simply reads

LD=11 = − 1

2
E R− 1

48
E FMNPQ F

MNPQ

− 1

(12)3
√

2
i εMNPQRSTUVWXFMNPQ FRSTU CVWX , (1.2)

where R is the Ricci scalar and E is the determinant of the elfbein EM
A. Space-

time and tangent space indices1 are denoted by M,N, . . . and A,B, . . ., respec-

tively. The three-form potential CMNP possesses the following Abelian tensor

gauge transformations

δCMNP = 3 ∂[MΞNP ] , (1.3)

which naturally leave the field strength FMNPQ = 4 ∂[MCNPQ] invariant. The 128

bosonic on-shell degrees of freedom (44 from EM
A and 84 from CMNP ) appearing

in (1.2) are consistently matched by the 128 fermionic on-shell degrees of freedom

contained in a Majorana vector-spinor, the single gravitino of the theory.

In D=10, the situation is different due to the presence of Majorana-Weyl spinors

which contain 16 real components. There exist two maximal D = 10 supergravi-

ties: the chiral N = (2, 0) type IIB theory [23–25] in which the two gravitino are

of the same chirality, and the non-chiral N = (1, 1) type IIA theory [26]. They

correspond to the low-energy limits of type IIB and type IIA superstring theory.

Type IIB and type IIA supergravity are respectively the pivots of chapter 2 and

3, and we refer to those chapters for a more detailed presentation. Nevertheless,

it is already worth mentioning some of their characteristic features that will turn

out to be particularly relevant for our purposes. The IIB theory is invariant under

a rigid SU(1, 1) ∼= SL(2) symmetry and its field content includes two real scalars

parametrising an SU(1, 1)/U(1) coset space. On the other hand, the IIA theory

can be obtained from a circle reduction of the eleven-dimensional theory, and

therefore admits a rigid R+ symmetry associated to the rescaling of the circle

(see next subsection). Finally, there also exists a massive deformation of the IIA

1The factor of i in front of the Levi-Civita tensor density, εM...X , accounts for the Pauli-Källén
conventions that we adopt throughout this work, except in chapter 3.
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theory, known as massive type IIA [27], for which no eleven-dimensional origin is

known.

In each of the lower dimensions (i.e. forD < 10), there exists a unique,2 non-chiral,

maximal supergravity. As discussed below, these supergravities can be obtained

from the dimensional reduction of either eleven-dimensional supergravity or type

IIB supergravity. This is a consequence of the so-called T-duality which implies

that type IIA and type IIB superstring theory compactified on torii (of different

radii) correspond to two different formulations of the same theory.

1.1.1 Dimensional reduction and duality symmetries

The field content and the symmetries of maximal supergravities in 3 ≤ D ≤ 9

are more complex than that of the ten- and eleven-dimensional theories. In this

subsection, we focus exclusively on the ungauged theories, in which all scalar fields

are neutral under the local Abelian symmetries. This is in contrast with gauged

supergravities which will be discussed in section 1.1.2.

On top of the various local Abelian symmetries associated to p-forms (with p ≥ 1),

ungauged maximal supergravities develop increasingly large rigid symmetries, G,

as the dimension decreases. These so-called duality symmetries leave the vielbein

invariant but act non-lineary on the scalars that parametrize the coset spaces

G/K, where K is the maximal compact subgroup of G. Both G and K are

listed in Table 1.1 for various dimensions. Note that, until chapter 3, we ignore

the scaling symmetry (also known as trombone symmetry) of the field equations

of all (super)gravity theories. When the duals of the scalars and the p-forms

are introduced on-shell, each complete set of p-forms transforms linearly under

G according to the representations presented in Table 1.1. In the Lagrangians

however, only physical degrees of freedom appear. In particular, due to the self-

duality of (D/2− 1)-forms in even dimensions, one is forced to select half of them

by choosing a so-called symplectic frame. For instance, only 28 vectors enter the

Lagrangian of D = 4, N = 8 supergravity [9–11]. For this reason, the duality

symmetry is only realised at the level of the field equations in even dimensions. In

general, the bosonic Lagrangians involve the p-forms3 listed in blue and only half

of those listed in red in Table 1.1. A detailed description of the fermionic sectors

2In D = 6, the existence of Weyl spinors allows again for a chiral (4, 0) [28,29] and a non-chiral
(2, 2) theory. The former however however does not contain a graviton and will be ignored in
what follows.

3Except in D = 3 where the standard ungauged Lagrangian only contains scalars.
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of maximal supergravities is not necessary at this point but we note that all the

fermions transform in linear representations under local K transformations. The

latter are also known as R-symmetry transformations. For instance, the gravitini

of N = 8 supergravity in D = 4 and D = 5 transform in the 8’s of SU(8) and

USp(8), respectively.

G K Rv (p = 1) p = 2 p = 3 p = 4 p = 5

D = 9 R+ × SL(2) SO(2) 1−4 + 2+3 2−1 1+2 1+2 2−1

D = 8 SL(3)× SL(2) SO(3)× SO(2) (3,2) (3, 1) (1,2) (3,1) (3,2)

D = 7 SL(5) SO(5) 10 5 5̄ 10 24

D = 6 SO(5, 5) SO(5)× SO(5) 16c 10 16s 45

D = 5 E6(6) USp(8) 27 27 78

D = 4 E7(7) SU(8) 56 133

D = 3 E8(8) SO(16) 248

Table 1.1: Duality symmetry group G and its maximal compact subgroup K
in D dimensions [30]. The representations of G carried by the various p-forms
(p < 6) are indicated. The one-forms, which will often be loosely referred to
as vectors, transform in the Rv representation of G. Note that this table also
includes those p-forms which can be introduced on-shell by dualization. In
contrast, only the blue and half of the red p-forms enter the standard ungauged
Lagrangians as propagating degrees of freedom.

As mentioned previously, all the maximal (ungauged) supergravities of Table 1.1

can be obtained by dimensional reductions of the type IIB or eleven-dimensional

supergravity (1.2). In these reductions, which are based on the early ideas of

Kaluza and Klein (see [31] for a review in the context of supergravity), one assumes

that the (D+ n)-dimensional spacetime manifold factorizes intoMD × T n, where

MD denotes an arbitrary D-dimensional spacetime, and subsequently shrinks the

n-torus T n to a point. Due to the periodicity of the fields in the coordinates pa-

rameterizing T n, they can be expanded on a Fourier basis. The massless modes

are U(1)n singlets4 while the massive modes carry a charge proportional to the

Fourier mode m ∈ N?. Because of these charge assignments, one can consistently

truncate the infinite tower of massive modes without running the risk of inadver-

tently throwing away massless modes. In the end, this truncation simply amounts

to declaring that all the fields only depend on the D coordinates parametrizing

MD. From a low-energy perspective, the truncation becomes meaningful when

the characteristic size of T n is set to vanish. In this case the massive modes,

4Here we mean the U(1)n transformations that act as shifts of the compactified coordinates.
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whose masses are inversely proportional to the radii of the torus, indeed become

irrelevant in the framework of supergravity. Finally we emphasise that for com-

pactifications on more general manifolds, the consistency of the truncation of the

massive modes is a notoriously difficult problem to study. We come back to this

issue later on.

Upon dimensional reduction, the various bosonic fields of the eleven-dimensional

theory appearing in (1.2) can be shown to decompose into the field content of

the lower-dimensional theories of Table 1.1. As an example, one obtains 15 + 6

five-dimensional vectors from the eleven-dimensional three-form and metric, re-

spectively. The three-form also contributes to 6 five-dimensional two-forms which,

after dualisation, provide the remaining vectors to complete the 27 representation

of E6(6)
5. The same result can be obtained by considering the reduction of type

IIB supergravity along the same reasoning.

The emergence of exceptional duality symmetries upon dimensional reduction is

a characteristic feature of supergravity theories. In comparison, the dimensional

reduction of pure gravity only yields a theory which admits a rigid R+ × SL(n)

symmetry related to the geometry of the n-torus. In order to clarify this point,

let us split the coordinates of a (D+ n)-dimensional spacetime as xM → (xµ, ym),

with µ = 0, . . . , D − 1 and m = 1, . . . , n, and similarly for the tangent space

indices A → (α, a). The (D + n)-bein can always be rotated into the following

upper triangular form

EM
A =


∆

1
(2−D+n) eµ

α Bµ
m em

a

0 em
a

 , with det(em
a) = ∆ , (1.4)

by gauge fixing the higher-dimensional Lorentz symmetry to SO(D−1, 1)×SO(n).

As explained previously, since we want to perform here a dimensional reduction,

the D-bein eµ
α(x), the n Kaluza-Klein vectors Bµ

m(x) and the n2 scalars em
a(x),

are chosen independent of the n compactified coordinates.6 The residual SO(n)

symmetry preserved by the Ansatz (1.4) acts as

δem
a = em

b hb
a , with h ∈ so(n) , (1.5)

5The notation En(n) refers to the split form of the exceptional Lie groups. In this form, the
associated Lie algebra is real and contains the maximal number of non-compact generators.

6Note that in chapter 2, we consider such a Kaluza-Klein decomposition but we do not perform
a reduction, i.e. we keep an arbitrary dependence on the full set of D + n coordinates.
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and can be used to reduce the number of physical scalars carried by em
a to

n(n+ 1)/2. The diffeomorphism parameters ξM(x, y) split into ξµ(x), which gen-

erate the usual diffeomorphims in D dimensions, and ξm, which induce two kinds

of internal symmetries in the reduced theory. Because of the restricted coordinate

dependence of the fields, the latter can be decomposed without loss of generality

as

ξm(x, y) = ξ̃m(x) + Λm
n y

n + λ ym , (1.6)

where ξ̃m(x) are arbitrary functions, and where Λm
n is a real constant traceless

matrix and λ is a real number. It can be shown that the first term generates

Abelian gauge transformations for the Kaluza-Klein vectors

δBµ
m = ∂µ ξ̃

m , (1.7)

and leaves the scalars and eµ
α invariant. The second term in (1.6) generates rigid

SL(n) transformations

δBµ
m = −Λm

nBµ
n , δem

a = Λn
men

a . (1.8)

Finally, the third term in (1.6) corresponds to a rescaling of the internal torus.

When appropriately combined with the on-shell scaling symmetry (the aforemen-

tioned trombone symmetry) of the (D + n)-dimensional theory, it induces two

scaling symmetries in the reduced theory. One of them is again a trombone sym-

metry. The other one extends the rigid symmetry group of the reduced theory to

R+ × SL(n). From (1.5) and (1.8), it can be shown that the n(n + 1)/2 physical

scalars parametrise an R+ × SL(n)/SO(n) coset space. The reduced theory also

admits a local U(1)n symmetry associated to the Kaluza-Klein vectors (1.7).

Let us now reconsider the same reduction but with the bosonic sector of eleven-

dimensional supergravity (1.2) as a starting point. The pure gravity picture pre-

sented above is now modified by the presence of the three-form CMNP in the gravity

supermultiplet. For n ≥ 3, it decomposes into various D-dimensional scalars and

p-forms

CMNP (x) = {Cµνρ(x), Cµνm(x), Cµmn(x), Cmnp(x)} , (1.9)

which, according to the reduction procedure, do not depend on the compactified

coordinates. These fields transform linearly under the rigid SL(n) transformations

induced by the internal diffeomorphisms (1.8). Moreover, the Abelian tensor gauge

transformations (1.3) associated to the three-form in the higher-dimensional theory

contribute to additional symmetries in the reduced theory. As with the internal
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diffeomorphisms, those internal tensor gauge parameters which are linear in the

torus coordinates, i.e. Ξmn = ρmnp y
p with constant ρmnp, induce the following

rigid transformations on the D-dimensional scalars

δCmnp = 3 ρ[mnp] . (1.10)

It turns out that this additional rigid shift symmetry plays a crucial role in extend-

ing the R+×SL(n) symmetry of the reduced theory into the full duality symmetry

group G (see Table 1.1). In general, a symmetry enhancement occurs whenever

new scalars arise from the dimensional reduction.7 When n ≥ 6, this also includes

the scalars that are obtained by dualising the (D − 2)-forms. A detailed investi-

gation of the emergence of duality symmetries upon dimensional reduction can be

found in [32,33].

In essence, when reducing on torii of increasing dimensionality, the spacetime

symmetries of the higher-dimensional theories gradually get transmuted into in-

creasingly large rigid duality symmetries. When reaching the threshold of D ≤ 2

dimensions, the symmetry groups become infinite-dimensional. In D = 2, un-

gauged maximal supergravity has been constructed and admits a rigid E9(9) sym-

metry [34–36]. In D = 1 and D = 0, models have been developed based on the

Kac-Moody algebras e10 (see for instance [37–39]) and e11 (see [40] and references

therein), respectively. Although they provide exciting perspectives beyond the

standard supergravity framework, they will not be discussed in this work.

1.1.2 Gauged supergravity

A systematic approach to the construction and classification of gauged maximal

supergravities in 3 ≤ D ≤ 9 is provided by the embedding tensor formalism

[41–47]. In this subsection, we give a brief overview of this formalism, in view of

the fact that the same structures underly the exceptional field theories discussed

in chapter 3. A detailed presentation of gauged maximal supergravities can for

instance be found in the reviews [30,48].

7For n = 2, the 11D three-form does not decompose into 9D scalars and, in this case, the
rigid symmetry of the reduced theory is then simply R+ × SL(2). This symmetry can also
be understood from the dimensional reduction of type IIB supergravity. In this case, the R+

is induced by the circle reduction while the rigid SL(2) symmetry is already present in ten
dimensions.
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The embedding tensor

Consider as a starting point one of the ungauged maximal supergravities discussed

in the previous subsection. There, the Abelian vector fields Aµ
M transform in

the Rv representation (see Table 1.1) of the duality symmetry group G. Such

transformations, with constant parameters κα, take the form

δκAµ
M = −κα [tα]N

MAµ
N , (1.11)

where tα denote the generators of G. In gauged supergravity, a subgroup of this

rigid duality symmetry is promoted to a local invariance.8 To this end, some of

the vectors appearing in (1.11) are used as gauge connections for the chosen gauge

group. The gauged supergravity Lagrangian and the symmetry variations of the

fields are entirely specified by an embedding tensor ΘM
α , where the index α

labels the adjoint representations of G. As its name suggests, this tensor encodes

the embedding of the gauge group into G. In particular, the generators of the

gauge group, XM, can be decomposed as

XM ≡ ΘM
α tα . (1.12)

Following the conventional gauging procedure in field theory, the partial derivatives

are then converted into covariant derivatives, Dµ = ∂µ − g Aµ
MXM, where g

denotes the gauge coupling constant. For example, when acting on a covariant

field UM in the Rv representation of G, the covariant derivative reads

DµU
M = ∂µU

M + g Aµ
NXNP

MUP , (1.13)

where the objects XNM
P = [XN ]M

P play the role of the structure constants of the

gauge group. In general, they are not purely antisymmetric in their lower indices.

In the maximal theories considered here, XMN
P captures the same information as

the embedding tensor ΘM
α .

Despite its name, the embedding tensor should be taken as a fixed object, which

therefore explicitly breaks the rigid symmetry G in order to gauge a subgroup.

Its variations under diffeomorphisms, gauge transformations and supersymmetry

all vanish by definition. However, it is often convenient to regard XMN
P as a

spurious object, which is allowed to transform under G together with the fields

of the theory, thus allowing for a formally G -covariant formulation of gauged

8Here we exclude the gauging of the R+ trombone symmetry of maximal supergravities for
which there is no Lagrangian formulation [49,50].
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maximal supergravity. A set of quadratic and linear constraints must be imposed

on the embedding tensor for consistency of the gauged theory. The quadratic

constraint takes the following form

2X[MP
RXN ]R

Q +X[MN ]
RXRP

Q = 0 ,

X(MN )
RXR = 0 , (1.14)

and ensure both the closure of the gauge algebra and the Jacobi identity (when

this identity is evaluated in the vector representation Rv). Using the quadratic

constraint, it is easy to verify that the gauge covariance of the derivative (1.13)

requires the gauge connections to transform as

δΛAµ
M ≡ ∂µΛM − gAµNΛPXPN

M + . . . (1.15)

under a gauge transformation with parameter ΛM(x). Actually, this definition

is valid up to terms of the form Aµ
NΛPX(PN )

M, which do not affect the gauge

covariance of (1.13) as a consequence of the symmetric part of the quadratic

constraint (1.14). It is therefore convenient to chose

δΛAµ
M = ∂µΛM + gAµ

PΛNXPN
M = DµΛM . (1.16)

The linear (or representation) constraint is required by supersymmetry. At the

bosonic level, it also ensures that the number of physical degrees of freedom re-

mains unaffected by the chosen gauging (cf. discussion below). In practice, the

linear constraint restricts the embedding tensor to specific representations, RX , of

G contained in the tensor product of Rv and the adjoint representation

Θ ∈ RX ⊂ Rv ⊗ adjG . (1.17)

We list these representations in Table 1.2 for gauged supergravities in 3 ≥ D ≥ 9.

The tensor hierarchy

Prior to the discovery of the embedding tensor formalism, constructions of gauged

supergravities were hampered by the necessity to first adapt the field content of

the ungauged Lagrangian depending on the desired gauging. In particular, those

vectors that were not used as gauge connections but which were still charged under

the gauge symmetry had to be dualised before proceeding with the gauging [51–53].



Chapter 1 Introduction and Overview 13

D = 9 D = 8 D = 7 D = 6 D = 5 D = 4 D = 3

G SL(2)× R+ SL(3)× SL(2) SL(5) SO(5, 5) E6(6) E7(7) E8(8)

Rv 2−3 + 1+4 (3,2) 10 16s 27 56 248

adjG 30 + 10 (8,1) + (1,3) 24 45 78 133 248

RX 2−3 + 34 (3,2) + (6̄,2) 15 + 40 144s 351 912 1+3875

pMax 4 4 3 3 2 2 1

Table 1.2: Relevant representations of the duality group G for the embedding
tensor formalism of D-dimensional gauged maximal supergravity. The embed-
ding tensor is restricted to RX by the linear constraint. The value of pMax

indicates the highest rank of the p-forms appearing in the Lagrangian.

The embedding tensor formalism allows to bypass this difficulty by relying on

a hierarchy of p-forms9 (those listed in Table 1.1) which also carry their own

Abelian tensor gauge transformations [55–57]. When a gauging is turned on, the

various gauge transformations of the theory become entangled in a way which

is dictated by the corresponding embedding tensor. This enlarged set of gauge

symmetries ensures that, for all consistent gaugings, the number of propagating

degrees of freedom remains the same as in the ungauged theory. The distribution

of these degrees of freedom over the various p-forms is automatically organised by

the embedding tensor and therefore, the issue mentioned in the beginning of the

paragraph is circumvented in this formalism.

Let us now shortly comment on the mechanism at origin of the tensor hierarchy.

The spark that triggers this proliferation of p-forms occurs when initially trying

to construct the field strengths Fµν
M associated to the gauge fields Aµ

M. More

precisely, the naive expression

Fµν
M = 2 ∂[µAν]

M − g X[NP]
MAµ

NAν
P , (1.18)

fails to tranform covariantly under the gauge transformations (1.16) due to terms

proportional to X(NP)
M. The lack of covariance of these field strengths can be

absorbed in the gauge transformations of a set of two-forms. The latter are intro-

duced through a redefinition of the expression (1.18) in the form of Stückelberg

couplings (which depend on the embedding tensor). The same issues remerge

9The first form of such a hierarchy appeared in the peculiar D = 3 case. There, the absence
of vectors in the standard ungauged formulation (c.f. Table 1.1) originally left the introduction
of gaugings as an open problem. This was resolved in [41, 54] where gauged Lagrangians were
formulated by introducing 248 vectors (that reduce to the on-shell duals of the scalars in the
ungauged limit) via a Chern-Simons term.
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when attempting to construct the field strengths associated with the two-forms.

Again, one is forced to introduce a set of three-forms in order to guarantee the

gauge covariance. This process unfolds repeatedly and leads to a hierarchy of p-

forms. At some point, however, this iterative procedure becomes irrelevant for the

purpose of writing down a gauge invariant Lagrangian. Indeed, the p-forms that

are present in the Lagrangian appear projected by certain components of the em-

bedding tensor such that, as a result of the linear and quadratic constraints, they

form a gauge invariant subset. In the embedding tensor formalism, the gauged

Lagrangians thus only depend on those p-forms of rank p ≤ pMax, where the value

of pMax is indicated in Table 1.2 for various dimensions.

Consistent truncations

As explained in section 1.1.1, ungauged supergravities can systematically be ob-

tained as dimensional reductions of D = 11 (or equivalently D = 10, type IIB)

supergravity on flat torii of appropriate dimensions. The higher-dimensional ori-

gins of gauged supergravities are usually more puzzling, and for some gaugings

an uplift to eleven- or ten-dimensional supergravities is simply not possible. In

general, the gaugings are inherited from the isometry group of the curved space

on which the higher-dimensional theory is compactified, and/or from the pres-

ence of background fluxes. In these compactifications, the internal coordinates

dependence of the higher-dimensional fields are captured by geometric quantities

characterising the curved internal space, such as Killing vectors or tensors.

Assuming such ansätze for the fields, the challenging task is then to prove that the

higher-dimensional theory can be consistently truncated to the lower-dimensional

gauged supergravity. A consistent truncation means that the ansätze provide an

embedding of the whole field configuration space of the lower-dimensional the-

ory into that of the higher-dimensional theory. As a byproduct, this implies that

any solution of the lower-dimensional theory can be embedded into a solution of

the higher-dimensional one. This formally requires the dependence on the com-

pactified coordinates to systematically factorise out of the field equations of the

higher-dimensional theory after substitution of the ansätze, leaving the field equa-

tions of the lower-dimensional theory. In practice, due to the non-linearity of the

field equations of supergravity theories, it is extremely difficult to verify explicitly

such a requirement. For most of the successful cases known today, the consistency

of the truncation was proven on the basis of group-theoretic arguments (such as in
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the trivial cases of reductions on torii discussed earlier). This includes the Scherk-

Schwarz (SS) reductions [58] in which the dependence on the internal coordinates

is carried by group-valued matrix, sometimes referred to as ‘twist matrix’, that

must satisfy stringent conditions to ensure consistency of the truncation.

More involved truncations, such as those based on sphere compactifications, cannot

be approached as standard SS reductions (as introduced in [58]). Their consistency

requires highly non-trivial conditions. Nevertheless, in some cases, the consistency

was established using more elaborate techniques which will be discussed later in

this work.

1.2 Conformal (super)gravity

In this section, we shift our perspective from the duality symmetries presented

above and focus on the space-time symmetries of supergravity. The theories dis-

cussed so far are by construction invariant under local super-Poincaré transforma-

tions. Requiring invariance under the larger group of superconformal transforma-

tions leads to conformal supergravity. As Poincaré supergravities, the conformal

theories exist in various dimensions and with different amount of supersymmetry.

In general, the higher degree of symmetry of these theories tends to organise and

stiffens their structures. In this section and chapter 4, we restrict ourselves to four

spacetime dimensions where superconformal theories exist up to N = 4 [59]. The

same structures that underly conformal supergravities are also reflected in confor-

mal gravity, which we present in this section. The supersymmetric extensions are

technically much more involved but rely on the same mechanisms.

Conformal gravity is constructed as the gauge theory of the conformal group. In

four dimensions, the conformal algebra is so(4, 2) and contains, in addition to

the Poincare subalgebra, the generators of the conformal boosts Ka and of the

dilatations D. To each of these generators is associated a gauge field and a gauge

parameter:

generators : P a M [ab] D Ka

gauge fields : eaµ ωµ
ab bµ fµ

a

parameters : ξa εab ΛD ΛK
a

Here, µ = 0, . . . , 3 is a spacetime index. The indices a, b, . . . = 0, . . . , 3 label the

coordinates of a flat manifold with Minkowski signature which is, at this point,

not identified with the tangent space of the spacetime manifold. Indeed, the
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conformal symmetry is treated so far as an internal symmetry. In particular, the

transformations rules of the gauge fields are dictated by the conformal algebra

δeµ
a =Dµξa − ΛDeµ

a + εabeµb ,

δωµ
ab =Dµ εab + 2 ΛK

[aeµ
b] + 2 ξ[afµ

b] ,

δbµ = ∂µΛD + ΛK
aeµa − ξafµa ,

δfµ
a =DµΛK

a + ΛDfµ
a + εabfµb , (1.19)

where Dµ denotes the covariant derivative with respect to Lorentz transformations

and dilatations. Under general coordinates transformations all the fields simply

transform as one-forms, irrespective of their internal indices.

The covariant curvatures associated to the various symmetries can be constructed

using the transformations (1.19). Here, we list the two that will be relevant for

our purposes

R(P )µν
a = 2 ∂[µeν]

a + 2 b[µeν]
a − 2ω[µ

abeν]b ,

R(M)µν
ab = 2 ∂[µων]

ab − 2ω[µ
acων]c

b − 4 e[µ
[afν]

b] . (1.20)

In order to promote the internal transformations (1.19) to transformations of the

spacetime manifold, a set of covariant algebraic constraints is imposed.10 In par-

ticular, after identifying the gauge field eµ
a with the (invertible) vierbein, it is

easy to verify that, by imposing R(P )µν
a = 0, the variation of vierbein under a

P transformations reduces to a (covariant) general coordinate transformation. As

by a product, this constraint determines entirely the gauge field ωµ
ab

ωµ
ab(e, b) = −2 eν[a∂[µeν]

b − eν[aeb]σeµc∂σeν
c − 2 eµ

[aeb]νbν . (1.21)

This is the analogue of Cartan’s first structure equation which determines the

spin connection in terms of the vierbein in general relativity. Note however that

in (1.21), the spin connection ωµ
ab also depends on the dilatational gauge field bµ.

A second curvature constraint is imposed, eνbR(M)µν
ab = 0, and can be solved

for the K-gauge field fµ
a

fµ
a =

1

2
R(ω, e)µ

a − 1

12
R(ω, e) eµ

a . (1.22)

10In conformal supergravity, these constraints also ensure that the symmetry algebra is of the
supergravity type, i.e. that the commutator of two SUSY transformations is a general coordinate
transformation (see (B.7)).
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Here we used the Ricci tensor R(ω, e)µ
a = R(ω)µb

ab and its corresponding Ricci

scalar R(ω, e), where R(ω)µb
ab is the Riemann tensor associated to the spin con-

nection (1.21). Its expression is given by the second equation in (1.20) without

the last term. The only independent fields of the theory are therefore eµ
a and

bµ. Finally, if one sets11 bµ = 0, then R(ω)µν
ab, R(ω, e)µ

a and R(ω, e) reduce to

the Riemann tensor, the Ricci tensor and the Ricci scalar of general relativity,

respectively.

From the transformation rules (1.19), it can be shown that the curvature R(M)µν
ab

is invariant under conformal boosts due to the constraint R(P )µν
a = 0. Moreover,

observe that bµ is the only independent field transforming under conformal boosts.

This means that, in the expression (1.20), the various terms that contain bµ in

fact cancel out. Therefore, the curvature R(M)µν
ab is simply equal to the Weyl

tensor, which we henceforth denote as Cµν
ab. The unique conformally invariant

Lagrangian is given by

LCG = eCµν
abCµν

ab . (1.23)

The Weyl tensor is invariant under dilatations while the determinant of the vier-

bein, e, carries a Weyl weight w = −4, such that

δΛDe = −4ΛDe . (1.24)

With this information, it is trivial to verify the invariance of the Lagrangian (1.23)

under all conformal transformations.

The setup of conformal gravity is primarily useful as a gauge equivalent formulation

of Poincaré gravity. To illustrate this point, let us consider a real scalar field φ

in a background of conformal gravity. The scalar is chosen inert under conformal

boosts and carries a Weyl weight w, such that under dilatations

δΛDφ = wΛDφ . (1.25)

We introduce the derivative Dµ which is covariant with respect to all conformal

transformations. The following expression can then be derived

DµD
aφ = (∂µ − (w + 1) bµ)Daφ− ωµabDbφ+ w fµ

aφ , (1.26)

11This is possible due the specific form of the variation of bµ under conformal boosts (1.19),
and because the vierbein is invertible.
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where the appearance of the K-gauge field is tied to the presence of bµ in Dµφ.

After some algebra, and using (1.19), (1.26) leads to

δΛD,ΛKDaD
aφ = ΛD(2 + w)DaD

aφ + 2 ΛK
a(1− w)Daφ . (1.27)

With this result and (1.24), it is straightforward to check that, after fixing w = 1,

the following Lagrangian

L = −e φDaD
aφ . (1.28)

is invariant under all conformal transformations. In particular, invariance under

conformal boosts implies that the various terms that contain bµ cancel out in

(1.28). The subsequent computation is therefore simplified by simply ignoring the

field bµ. Upon using (1.26) and (1.22), the Lagrangian reduces to

L = e ∂aφ ∂
aφ− 1

6
eR(e)φ2 , (1.29)

where we also dropped a total derivative. Here, the Ricci scalar is that of Einstein’s

gravity since, from the start, bµ was absent from the Lagrangian. Finally, when

gauge fixing the dilatations by setting φ to a (dimensionful) constant, for instance

φ =
√

3/κ, the Lagrangian (1.29) reduces to the Einstein-Hilbert Lagrangian

L = −e R(e)

2κ2
, (1.30)

where κ2 = 8πGNc
−4 denotes Einstein’s constant. This standard example illus-

trates the gauge equivalence between Einstein’s gravity, which is invariant under

local Poincaré transformations, and a scalar field φ, known as a compensator field,

coupled to conformal gravity. In general, a compensator is introduced in a theory

(here Einstein’s gravity), in order to compensate for a lack of gauge invariance

(here conformal invariance). The gauge equivalence between the two formulations

of the theory (with or without the compensator) is reflected through the counting

of physical degrees of freedom. In our context, the 4+1 degrees of freedom carried

by bµ and φ are canceled by the 4+1 gauge degrees of freedom associated with the

conformal boosts and the dilatations. After further substracting the 4 + 6 gauge

degrees of freedom associated to the Poincaré symmetries from the 16 degrees of

freedom carried by eµ
a, only the 6 physical degrees of freedom of Einstein’s gravity

are left. As a separated remark, let us also point out that the same mechanism

underlies the tensor hierarchy of the embedding tensor formalism for gauged su-

pergravities (see section 1.1.2). In this case, the (non-abelian) gauge invariance

of the Lagrangian is ensured by introducing a hierarchy of p-forms that act as
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compensators.

The picture presented so far is naturally generalised to the cases of four-dimensional

conformal supergravities. There, the gauge symmetries are associated to a super-

conformal algebra which, in addition to the conformal generators listed in (1.19),

contains an R-symmetry generator as well as two different kinds of supersymmetry

generators, denoted by Qi and Si (where i = 1, . . . , N). The former, known in

this context as Q-supersymmetry generators, are the usual supersymmetry gen-

erators whose corresponding gauge fields are the N gravitini. The presence of

the additional supercharges Si is an exclusive feature of superconformal algebras.

They generate the so-called S-supersymmetry transformations. In contrast with

Poincaré supergravity, these extra symmetries impose additional restrictions on

the multiplets, and as a result conformal supergravities only exist up to N = 4

in four spacetime dimensions (see chapter 4). For N > 1, the various indepen-

dent superconformal gauge fields (which include those presented in (1.19)) must

be completed by a set of ‘matter’ fields to form an irreducible off-shell representa-

tion of the superconformal algebra. These gauge and matter fields constitute the

so-called Weyl supermultiplet. The associated invariant Lagrangian is the super-

conformal completion of the conformal gravity Lagrangian (1.23). In analogy with

the non-supersymmetric case presented above, various matter supermultiplets can

be coupled to conformal supergravity as compensators in order to obtain a gauge

equivalent formulation of Poincare supergravity. This approach has proven very

useful in order to gain insights on the structure of the Poincare theories [60].

We now close the discussion on conformal supergravity until chapter 4. In the

following, we revert to the framework of Poincaré supergravity.

1.3 Content of this work

This section serves as a summary of the main results and motivations of this thesis,

and at the same time, provides a more global perspective on the rather technical

problems that will be addressed.

As discussed in section 1.1, maximal supergravity theories in various dimensions

are known to possess intruiging duality symmetries (cf. Table 1.1) which can

optionally be broken by non-abelian gauge interactions. Many of these theories

can be described as truncations from eleven-dimensional supergravity or from ten-

dimensional IIB supergravity in the context of dimensional compactification on
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an internal manifold of appropriate dimensionality. Already at an early stage this

raised the question whether the higher-dimensional supergravities might some-

how reflect the exceptional duality symmetries that are present in their lower-

dimensional ‘descendants’. This question has a long history and is also relevant for

proving the existence of consistent truncations, implying that any solution of the

lower-dimensional maximal supergravity can be uplifted to a higher-dimensional

one.

An early attempt to answer this question was based on a reformulation of the full

eleven-dimensional supergravity obtained by performing a suitable Kaluza-Klein

decomposition to four dimensions while retaining the full dependence on the seven

internal coordinates [61]. The key element here was to ensure that the resulting

theory was invariant under the four-dimensional R-symmetry group SU(8). This

symmetry was locally realized with respect to all the eleven coordinates, and it

was introduced by a gauge equivalent re-assembling of the original Spin(10, 1)

tangent space. The resulting supersymmetry transformation rules then took a

form that was almost identical to the four-dimensional ones, which do indeed

exhibit the typical characteristics of the E7(7) dualities, but now with fields that

still depend on all eleven spacetime coordinates. Eventually this set-up made

it possible to establish the consistency of the S7 truncation, meaning that the

whole field configuration of four-dimensional SO(8) gauged supergravity can be

uplifted as a submanifold in the full eleven-dimensional theory by specifying the

dependence of the fields on the seven internal coordinates [62, 63] .

Recently this approach was substantially extended by including the supersymme-

try transformations of dual fields, which opened a new window to accessing the

E7(7) duality properties of the full eleven-dimensional supergravity [64–67]. Given

these recent insights, it is a natural question whether similar structures can be

derived for IIB supergravity in the context of a 5 + 5 split of the coordinates.

In chapter 2, we confirm that this is indeed the case and we present a detailed

analysis to support this claim. Qualitatively the results turn out to be rather sim-

ilar to the case of eleven-dimensional supergravity, but many new features arise.

In our case the tangent space is re-assembled such that the theory is manifestly

invariant under local USp(8) transformations. This group contains the USp(4)

subgroup of the 10D tangent space group and the explicit U(1) R-symmetry of

IIB supergravity as subgroups. Obviously, in this case, the SU(1, 1) ∼= SL(2) sub-

group of E6(6) is manifestly realized from the start. Another interesting aspect is

that the five-dimensional gauged supergravity theories, when described in terms

of the embedding tensor formalism, involve 27 vector and 27 two-rank tensor fields
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(cf. Tables 1.1 and 1.2) which constitute the beginning of an intricate E6(6) vector-

tensor hierarchy [55,56]. As explained in chapter 2, these features are also present

when one retains the dependence on the extra internal coordinates for IIB su-

pergravity, so that this vector-tensor hierarchy does emerge in a ten-dimensional

context. This is in line with more recent approaches, such as E6(6) Exceptional

Field Theory (discussed below), which incorporates both eleven-dimensional and

ten-dimensional IIB supergravity and where the vector-tensor hierarchy also plays

a key role [68]. Irrespective of these features, the analysis presented in chapter 2

adresses a number of subtle technical complications that are absent in the corre-

sponding analysis of eleven-dimensional supergravity. Many of those are caused

by the fact that the field representation of IIB supergravity is more reducible than

that of the eleven-dimensional one. Finally, our reformulation of the IIB theory

exhibits the characteristic features of five-dimensional gauged supergravity, and

therefore provides a convenient framework in which to study consistent trunca-

tions to five dimensions. In particular, we close chapter 2 by working out a partial

proof of the consistency of the S5 truncation to SO(6) gauged supergravity, and

compare the results with those obtained from other approaches.

While it is clearly significant that the approach initiated in [61] can also be applied

successfully to IIB supergravity, we should point out the existence of a wide vari-

ety of alternative approaches. These approaches are also aimed at understanding

and/or exploiting the duality symmetries of the lower dimensional theories, and

involve substantial extensions of the conventional supergravity framework. In par-

ticular, they make use of extended geometrical structures and, therefore, contrast

with the work presented in chapter 2 which is exclusively based on the standard

formulation of type IIB supergravity (as constructed in [23–25]). One such ap-

proach is based on generalized geometry [69, 70], and was later further extended

to Exceptional Generalised Geometry (EGG) [71–74]. In the latter, one considers

an extension of the internal tangent space of eleven-dimensional supergravity (or

massless type II supergravities) in the context of specific dimensional split. This

enables the unification of the internal diffeomorphims and the internal gauge trans-

formations into the so-called generalised diffeomorphisms, which act on the fields

by means of a generalised Lie derivative. In this approach, the purely internal

components of the various fields are gathered into a generalised metric while the

external components are either set to zero, or frozen to a background value. Also,

the fields are taken to only depend on the internal coordinates. Nevertheless, the

manifest exceptional duality structure of the (internal) generalised tangent space

allows, for instance, to study consistent truncations using a generalisation of the
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conventional Scherk-Schwarz mechanism in which the twist matrices take values

in the duality group. In particular, it was realised that the truncation of type IIB

supergravity on S5 can be cast as generalised Scherk-Schwarz reduction. In this

way, the complete truncation ansätze for the scalars were provided in [75].

Building up on the idea that an exceptional generalised geometry underlies max-

imal supergravity [71], another step was envisaged in [76] and later concretized

in [77], where the seven-dimensional internal space of eleven-dimensional super-

gravity (in the context of a 4+7 split) was extended to a 56-dimensional space in

order to allow for the E7(7) duality symmetry to act linearly on the coordinates.

This idea was then adapted, in the case of a 5+6 split, to also include the external

(five-dimensional) spacetime, thus providing the first E6(6)-covariant formulation

of the full (bosonic) eleven-dimensional supergravity [68,78]. In this so-called E6(6)

Exceptional Field Theory (EFT), all the fields depend arbitrarily on 5 + 27 coor-

dinates. The field equations of this theory can be encoded in an E6(6)-invariant

action which is unambiguously constructed by requiring gauge invariance under

external and internal generalised diffeomorphisms. Consistency of the theory how-

ever requires to impose a so-called section constraint which restricts the fields and

the gauge parameters to depend on at most eleven coordinates, and therefore ul-

timately breaks the E6(6) invariance. More precisely, the section constraint admits

two independent maximal solutions, and upon choosing one solution or the other,

E6(6) EFT reduces to eleven-dimensional supergravity (or equivalently massless

type IIA supergravity) or to type IIB supergravity in a 5 + 6 or 5 + 5 dimensional

split, respectively [68,79]. The internal generalised diffeomorphisms then account

for the internal diffeomorphisms and the internal gauge transformations of the

corresponding supergravity theory.

Since then, EFT’s have been constructed based on the various duality groups G

of maximal supergravities presented in Table 1.1 [68,80–85]. For simplicity, let us

henceforth denote by En(n) the duality group in D = 11 − n dimensions.12 The

construction of the En(n) EFT relies on the same structures and principles as those

discussed above for the E6(6) case. In particular, all the fields depend on external

spacetime coordinates xµ with µ = 0, . . . , D − 1, as well as on an extended set of

internal coordinates yM with M = 1, . . . , dimRv that transform in the represen-

tation Rv of En(n) given in Table 1.1. As long as one does not commit to a specific

solution of the section constraint, the theory can be regarded as being formally

invariant under rigid En(n) transformations. The embedding of the massless type

II and eleven-dimensional supergravities is systematically recovered by choosing

12Such that for instance E4(4) ≡ SL(5).
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the appropriate solution of the section constraint. The generalised Lie derivative

and other structures in EFT then reproduce the EGG associated with the inter-

nal space of the corresponding supergravity theory in an appropriate dimensional

split. An alternative (trivial) option is to solve the section constraint by choosing

the fields to be independent of all the internal coordinates yM. The En(n) EFT

then reduces to ungauged supergravity in D dimensions, and, only in this case,

the rigid En(n) symmetry is preserved. A more detailed presentation of EFT’s

will be given in chapter 3. Their applications range from the study of consistent

truncations [86–88] to loop computations of higher-derivative corrections to the

M-theory effective action [89]. Finally, supersymmetric completions of the E6(6),

E7(7) and E8(8) EFT have been worked out [90–92], but in this work, we will only

be concerned with bosonic EFT’s.

While the embedding of the eleven-dimensional and massless type II supergravities

into EFT is well understood, the one of massive IIA supergravity [27] remained

until recently an open problem. In fact, a puzzle arises when facing this issue. On

the one hand, being a fully consistent ten-dimensional maximal supergravity in

its own right, massive type IIA should possess an associated EGG capturing its

degrees of freedom and local symmetries in the same fashion as for the massless

type II theories. It is therefore natural to expect that such a generalised geome-

try would descend from EFT after choosing some specific solution of the section

constraint. On the other hand, solutions of the section constraint in EFT have

been classified and are known to exclusively correspond to the massless type II and

eleven-dimensional supergravities [89,93–96]. It thus suggests that some violation

of the section constraint could be needed in order to reproduce massive type IIA

supergravity. In this case, however, there would be no direct relation with an EGG

in ten dimensions.

In chapter 3, we provide a solution to this puzzle and, in doing so, we unveil

an extension of the EFT framework which is based on consistent deformations

of the generalised Lie derivative. In analogy with the embedding tensor formal-

ism in gauged supergravity (see 1.1.2), the deformation parameter is En(n) Lie

algebra-valued and must satisfy set of quadratic and linear constraints in order

to guarantee the consistency of the deformed theory. In addition to the origi-

nal section constraint of EFT, the presence of the deformation imposes further

constraints on the coordinate dependence of the fields and gauge parameters. In

particular, we prove that for a specific deformation, these constraints allow for

a ten-dimensional solution which corresponds to massive type IIA supergravity.

This is illustrated for the SL(5) EFT where we show explicitly that, for a suitable
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deformation and choice of physical coordinates, the deformed generalised diffeo-

morphisms reproduce the internal diffeomorphisms and gauge transformations of

massive type IIA supergravity in a 7 + 3 split. Later on we focus exclusively on

the E7(7) case, and we show that invariance under deformed generalised diffeo-

morphisms requires modifications of the tensor hierarchy and of the action. In

particular, when the fields are simply chosen to be independent of the 56 internal

coordinates, the theory reduces to the bosonic sector of D = 4 gauged maximal

supergravity and the deformation parameter serves as the embedding tensor.

The last part of this work is rather disconnected from the problematics discussed

above and concerns the conformal supergravity framework introduced in section

1.2. More precisely, the question addressed in chapter 4 is that of the construction

of an invariant action for N = 4 conformal supergravity in four dimensions. In

this case, the field representation and the full non-linear superconformal trans-

formation rules have been derived long ago in [97]. One of the characteristic

feature of the N = 4 theory is the presence of scalar fields that parametrize an

SU(1, 1)/U(1) coset. When coupled to compensating matter multiplets, the the-

ory is gauge-equivalent to half-maximal Poincaré supergravity where the SU(1, 1)

factor is part of rigid duality symmetry group [98]. Irrespective of this property,

the construction of an N = 4 invariant action for pure conformal supergravity is

hampered by the absence of a chiral superspace and, so far, only partial results

had been obtained [99, 100]. Moreover, it was suggested already in [101] that a

large class of actions could exist. In chapter 4, we confirm this expectation by de-

riving the most general N = 4 conformal supergravity action, which turns out to

depend on a holomorphic function of the scalar fields. Our approach relies on the

construction of a density formula which is expressed in terms of composite fields

and provides a superconformally invariant skeleton for the full action. Ultimately,

we explicitly present the purely bosonic term and postpone the presentation of the

fermionic sector to an upcoming paper [102].

Notations and conventions

To each chapter corresponds an independent set of notations and conventions.

They are defined explicitly when necessary. Appendix A and B share the notations

of chapter 2 and 4, respectively.



Chapter 2

E6(6) structure of type IIB

supergravity

In this chapter, we present a reformulation of type IIB supergravity in which some

of the E6(6) duality features of five-dimensional maximal supergravity are reflected.

Ultimately, this allows us to partially write down and study the ansätze for the

truncation to SO(6) gauged supergravity. This chapter is directly based on [103],

with the exception of section 2.6 which also takes into account the more recent

results of [79,86].

2.1 Introduction

As announced in section 1.3, it is possible to reformulate type IIB supergravity

upon splitting the coordinates into 5 space-time and 5 internal coordinates, while

retaining the full dependence on the two sets of coordinates. To ensure that

the theory takes the form of a five-dimensional theory with fields that depend in

addition on the five internal coordinates, one adopts a gauge-equivalent version

of the tangent space such that the tangent space group will be restricted to the

product group SO(4, 1) × SO(5). Subsequently one combines the group SO(5)

associated with the internal five-dimensional tangent space with the manifest local

U(1) R-symmetry group of IIB supergravity. The crucial step is then to extend

this product group to USp(8), which is the R-symmetry group for five-dimensional

25
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maximal supergravity. Hence we envisage

Spin(9, 1)× U(1) −→ Spin(4, 1)×
[
USp(4)× U(1)

]
−→ Spin(4, 1)× USp(8) , (2.1)

where we now refer to the universal covering groups which are relevant for the

fermions. Initially only the USp(4)×U(1) subgroup is realized as a local invariance

that involves all ten coordinates. In order to realize the full local USp(8) invariance,

it suffices to introduce a compensating USp(8)/[USp(4)× U(1)] phase factor.

The ensuing analysis will be more subtle than for the 4 + 7 split of 11D super-

gravity [61]. Indeed, the latter contains a single fermion field corresponding to the

gravitino that decomposes directly into 4D gravitini transforming in the 8 repre-

sentation and 4D spin-1/2 fermions transforming in the 48 + 8 representation of

Spin(7). As was first demonstrated in [104], these fields can be reassembled upon

extending the group Spin(7) to the four-dimensional chiral SU(8) R-symmetry

group, so that the gravitini transform in the 8⊕8 representation and the spin-1/2

fields in the 56⊕ 56 representation of SU(8). The IIB fermion representation, on

the other hand, is already reducible in ten dimensions and consists of a complex

gravitino and a complex dilatino field. The USp(4) tangent-space group can in

principle be generalized for each of these fields to SU(4) ∼= SO(6). Furthermore,

the fermions of the IIB theory transform under a locally realized U(1). Therefore,

the R-symmetry group of the 5D fermions is extended from SU(4) to SU(4)×U(1).

For the gravitini this group can be directly extended to the expected USp(8) R-

symmetry group, under which the gravitini will transform in the 8 representation.

However, for the spin-1/2 fermions one must combine the gravitino associated

with the internal space, comprising 40 symplectic Majorana spinors, with the di-

latino, comprising 8 such spinors, into an irreducible 48 representation of the

group USp(8). It is clear that assembling the different IIB fermions into a single

irreducible spinor that transforms covariantly under USp(8) is a subtle task.

Therefore our strategy is to read off the expression for the Usp(8) covariant spinor

fields from the supersymmetry transformations of the bosonic fields. This requires

us to first identify the correct 5D vector and two-rank tensor fields and their super-

symmetry transformations, subject to the vector-tensor hierarchy that is known

from the embedding tensor formulation of 5D maximal supergravity [42]. Unlike

in the reformulation of eleven-dimensional supergravity one must also include the

tensor fields in the analysis, because in five dimensions the dynamic degrees of

freedom for generic gaugings are always carried by a mixture of vector and tensor
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fields (see 1.1.2). Hence the vector-tensor hierarchy plays a key role here at a

much earlier stage of the analysis and it is not sufficient to rely exclusively on a

proper preparation of the target space as indicated in (2.1). In the end, five of

the tensor fields are still unaccounted for, but even without these missing tensors

we have sufficient information to determine the generalized vielbeine, the USp(8)

covariant spinor fields, and the supersymmetry transformations of the generalized

vielbeine. Using the vector-tensor hierarchy as a guide, one can incorporate the

missing five tensor fields which turn out to transform in a representation that

coincides precisely with that of a descendant of the 10D dual graviton [105–107].

Hence the dual graviton emerges in the form of tensor fields, unlike in the eleven-

dimensional situation [67] where the dual graviton resides in the vector sector. We

present a basis for the vector and tensor fields which is manifestly in agreement

with the E6(6) assignments known from the 5D theory, which involves the invariant

three-rank symmetric tensor of that group.

In spite of many subtle differences, the gross features of the present analysis are in

agreement with those of 11-dimensional supergravity, implying that the approach

that has been adopted is sufficiently robust to be applied to more complicated

situations. The supersymmetry transformations of the fields are covariant under

local USp(8) transformations and, as such, provide a convenient basis to study

other detailed questions, such as consistent truncations to five-dimensions. Here,

we focus on the truncation to the SO(6) gauging of maximal five-dimensional

supergravity. We present a partial set of truncation ansätze which we compare

with results obtained from different approaches.

This chapter is organized as follows. In section 2.2 the relevant properties of

IIB supergravity are summarized and the conventions are defined. Subsequently,

in section 2.3, the Kaluza-Klein decompositions are carried out to ensure that

the fields transform covariantly from the viewpoint of the 5D space-time. Also,

the conversion to 5D spinors and gamma matrices is discussed as well as the

proper definitions of the 5D vector and tensor fields that emerge directly from

the 10D bosonic fields. As it turns out, further redefinitions on the vector and

tensor fields are required such that they transform under supersymmetry in a way

that is consistent with the vector-tensor hierarchy of the 5D theory. In section

2.4, we introduce the 5D vector and tensor fields associated with the dual six-

form potentials of the IIB theory. Again their proper identification is based on

covariance in the 5D space-time and on the vector-tensor hierarchy. As it turns

out there are only 22 tensor fields at this stage. It is then demonstrated how the

missing fields can emerge from a component of the 10D dual graviton. This enables
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one to obtain the symmetric E6(6) tensor that appears in the transformation rules of

the tensor fields. At this point the supersymmetry transformations of the bosonic

vector and tensor fields clearly resemble the transformation rules encountered in

the pure 5D theory as presented in [42], including those related to the vector-tensor

hierarchy. By direct comparison between the supersymmetry transformations of

the vector fields arising from ten dimensions and the five-dimensional ones, explicit

expressions for the generalized vielbeine are derived in section 2.5. In addition

the USp(8) covariant definitions of the spinor fields are obtained, as well as the

supersymmetry transformations of the generalized vielbeine. A similar strategy is

then applied to the tensor fields, which leads to a corresponding set of generalized

vielbeine. Upon adopting suitable normalizations of the vector and tensor fields

one can show that this new set of vielbeine constitutes the inverse of the generalized

vielbeine determined in the vector sector. Finally, in section 2.6 the question of

the consistent truncation to SO(6) gauged maximal 5D supergravity is adressed.

The results presented in this chapter relies on Appendix A, which deals with the

definition and decomposition of gamma matrices as well as with the spinor and

R-symmetry representations associated with the various groups emerging upon

decomposing the tangent-space into two separate 5D subspaces.

2.2 IIB supergravity

Here we summarize the relevant results for IIB supergravity in ten spacetime

dimensions [23–25]. We use M,N, . . . as ten-dimensional spacetime indices and

A,B, . . . as tangent space indices.1 The theory is described in terms of a zehnbein

EM
A, a gravitino field ψM , a spinor field λ, a complex three-rank tensor field

strength, GMNP , a five-rank field strength FMNPQR subject to a duality constraint,

a complex vector PM and a U(1) gauge field QM . The fermions are complex and

have opposite chirality,

Γ̆11ψM = ψM , Γ̆11λ = −λ , (2.2)

where Γ̆11 = iΓ̆1Γ̆2 · · · Γ̆10, with Γ̆A denoting the ten-dimensional gamma matrices.

The fermions transform under the local U(1) transformations according to

ψM → eiΛ/2 ψM , λ→ e3iΛ/2 λ . (2.3)

1They should not be confused with the Usp(8) indices introduced in section 2.5.
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The zehnbein EM
A and the field strength FMNPQR are invariant under these trans-

formations, unlike the other quantities, which transform as follows,

GMNP → eiΛGMNP , PM → e2iΛ PM , QM → QM + ∂MΛ . (2.4)

The vectors PM and QM satisfy the Maurer-Cartan equations associated with the

coset space SU(1, 1)/U(1), which is parametrized by the scalar fields of the theory,

∂[MQN ] = −iP[M P̄N ] , D[MPN ] = 0 . (2.5)

In this section the derivative DM is covariant with respect to local Lorentz and

local U(1) transformations.

The coset representative can be expressed in terms of an SU(1, 1) doublet φα,

(α = 1, 2), transforming under U(1) as

φα → eiΛ φα , (2.6)

and subject to the SU(1, 1) invariant constraint,

|φ1|2 − |φ2|2 = 1 . (2.7)

In what follows we use the convenient notation φα ≡ ηαβ(φβ)∗, with ηαβ =

diag(+1,−1), so that the above constraint reads φαφ
α = 1. In this convention

the vector fields take the following form,

QM = − iφα ∂Mφ
α ,

PM = εαβ φ
αDMφβ ,

P̄M = − εαβ φαDMφβ , (2.8)

where the Levi-Civita symbol is normalized by ε12 = ε12 = 1. Note that ηαβε
βγηγδ =

−εαδ. We note the following useful identities,

φαDMφα = 0 , φαPM = εαβ DMφβ , φαP̄M = −εαβ DMφβ . (2.9)

Let us now turn to the tensor field strengths. The theory contains two tensor fields

AαMN transforming under SU(1, 1) ∼= SL(2). Here we use a pseudoreal basis with

AαMN = εαβ(AMN)β, where the convention for lowering and raising of indices is
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the same as for φα. Their field strengths are defined as follows,

3 ∂[MA
α
NP ] =φα ḠMNP + εαβφβ GMNP ,

GMNP = − 3 εαβ φ
α ∂[MA

β
NP ] ,

ḠMNP = 3φα ∂[MA
α
NP ] . (2.10)

The tensor fields are subject to rigid SU(1, 1) transformations, just as the scalar

fields φα, and to tensor gauge transformations. The latter read

δAαMN = 2 ∂[MΞα
N ] . (2.11)

Furthermore we have a 4-rank antisymmetric gauge potential AMNPQ, which trans-

forms under two types of gauge transformations

δAMNPQ = 4 ∂[MΛNPQ] + 3
4
i εαβ Ξα

[M ∂NA
β
PQ] . (2.12)

The corresponding 5-rank field strength is defined by

FMNPQR = 5 ∂[MANPQR] − 15
8

iεαβ A
α
[MN ∂PA

β
QR] . (2.13)

The 3- and 5-rank field strengths satisfy the following Bianchi identities,

D[MGNPQ] =P[M ḠNPQ] ,

∂[MFNPQRS] = − 5
12

iG[MNP ḠQRS] . (2.14)

In addition there is a constraint on the 5-rank field strengh which involves the

dual field strength,

1
120

i εABCDEFGHIJ F
FGHIJ = FABCDE − 1

8
i ψ̄M Γ̆[M Γ̆ABCDEΓ̆N ]ψN

+ 1
16

i λ̄ Γ̆ABCDE λ . (2.15)

From the chirality of the fermion fields it follows that the fermionic bilinears in

(2.15) are anti-selfdual, which is obviously required because otherwise (2.15) would

decompose into two independent constraints that would overconstrain the system.

Originally (2.15) was derived in superspace [25]. Suppressing the fermionic terms

would imply that the bosonic field strength should be self-dual. Note that the

constraint (2.15) is supersymmetric and it must transform into the fermionic field

equations. Upon combining it with the Bianchi identity (2.14), one obtains the

field equations for AMNPQ.
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Let us now turn to the fermions ψM and λ. The supersymmetry transformations

for the spinor fields are as follows,

δψM =DMε− 1
480

iFNPQRS Γ̆NPQRS Γ̆Mε− 1
96
GNPQ

(
Γ̆M Γ̆NPQ + 2 Γ̆NPQ Γ̆M

)
εc ,

δλ = − PM Γ̆Mεc − 1
24
GMNP Γ̆MNP ε , (2.16)

where the quantities Γ̆MN ··· denote anti-symmetrized products of 10D gamma ma-

trices, and DMε contains the spin-connection field ωM
AB and the U(1) connection

QM ,

DMε =
(
∂M − 1

4
ωM

ABΓ̆AB − 1
2
iQM

)
ε . (2.17)

Here ε is the space-time spinor parameter of supersymmetry. In (2.16) we have

introduced the Majorana conjugate of a 10D spinor ψ, which is defined by

ψc = C̆−1
± ψ̄T , ψ = C̆−1

± ψ̄cT . (2.18)

Here C̆± denotes the charge conjugation matrix in ten spacetime dimensions which

can be either symmetric or anti-symmetric. The gamma matrix conventions are

discussed in detail in appendix A.1, but for the convenience of the reader we note

C̆± Γ̆AC̆
−1
± = ±Γ̆A

T , C̆±
T = ±C̆± , C̆±

† = C̆−1
± . (2.19)

We also note the following equation for spinor bilinears with strings of gamma

matrices,

χ̄ΓA1 · · ·ΓAn ψ = −(±)n+1ψ̄c ΓAn · · ·ΓA1 χ
c . (2.20)

In type IIB supergravity we have chiral spinors comprising 16 complex components.

One can show that ψ and ψc have the same chirality (see appendix A.1 for details)

and since the spinors are complex (so that ψc 6= ψ) one can adopt a pseudo-

real representation by combining ψ and ψc into a 32-component chiral spinor

Ψ = (ψ, ψc), subject to

Ψ = σ1 C̆
−1
± Ψ̄T , (2.21)

where σ1 denotes the standard 2 × 2 Pauli spin matrix. We will also need the

supersymmetry transformations for the bosons,

δEM
A = 1

2
(ε̄ Γ̆AψM + ε̄c Γ̆Aψc

M) ,

δφα = 1
2
εαβφβ ε̄

cλ ,

δAαMN = − 1
2
φα
(
λ̄ Γ̆MNε− 4 ε̄ Γ̆[MψN ]

c
)

+ 1
2
εαβφβ

(
ε̄ Γ̆MNλ+ 4 ψ̄[M

c Γ̆N ]ε
)
,

δAMNPQ = 1
2
iε̄ Γ̆[MNPψQ] + 1

2
iψ̄[M Γ̆NPQ]ε+ 3

8
i εαβA

α
[MN δA

β
PQ] . (2.22)
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The above transformation rules (2.16) and (2.22) have been derived by imposing

the supersymmetry algebra,

[
δ(ε1) , δ(ε2)

]
= ξMDM + δΞ

(
Ξα

MN

)
+ δΛ(ΛMNP ) + · · · , (2.23)

where

ξM = 1
2
ε̄2 Γ̆Mε1 + 1

2
ε̄2

c Γ̆Mε1
c ,

Ξα
M = − φα ε̄2Γ̆Mε1

c − εαβφβ ε̄2cΓ̆Mε1 ,

ΛMNP = 1
8
i
(
ε̄1Γ̆MNP ε2 − ε̄2Γ̆MNP ε1

)
+ 3

16
i
(
εαβφ

αAβ[MN ε̄2Γ̆P ]ε1
c + φαA

α
[MN ε̄2

cΓ̆P ]ε1
)
, (2.24)

and where ξMDM denotes a fully covariantized spacetime diffeomorphism.

For completeness, we also present the supersymmetry transformation rules for the

Majorana conjugate spinors,

δψM
c =DMεc + 1

480
iFNPQRS Γ̆NPQRS Γ̆Mε

c − 1
96
ḠNPQ

(
Γ̆M Γ̆NPQ + 2 Γ̆NPQ Γ̆M

)
ε ,

δλc = ± P̄M Γ̆Mε± 1
24
ḠMNP Γ̆MNP εc . (2.25)

To understand the various field equations it is convenient to first consider the

following 10D Lagrangian of IIB supergravity up to terms of fourth-order in the

fermion fields, ignoring for the moment the constraint (2.15),

L = − 1
2
E R− E ψ̄M Γ̆MNPDNψP − 1

2
E λ̄ /̆Dλ− E |PM |2 − 1

24
E |GMNP |2

− 1
60
E (FMNPQR)2 + 1

384
εMNPQRSTUVW εαβ ∂MANPQRAST

α ∂UAVW
β

− 1
2
E
[
ψ̄M

c Γ̆N Γ̆Mλ P̄N + λ̄ Γ̆M Γ̆NψM
c PN

]
+ 1

240
iE ψ̄M Γ̆[M Γ̆ABCDEΓ̆N ]ψN FABCDE

+ 1
48
E
[
ψ̄M Γ̆[M Γ̆ABC Γ̆N ]ψN

c GABC + ψ̄M
c Γ̆[M Γ̆ABC Γ̆N ]ψN ḠABC

]
+ 1

48
E [ψ̄M Γ̆ABC Γ̆M λ ḠABC − λ̄ Γ̆M Γ̆ABCψM GABC

]
− 1

480
iE λ̄ Γ̆ABCDE λFABCDE + · · · . (2.26)

We have refrained from imposing the supersymmetric constraint (2.15) so that it

makes sense to include a term proportional to (FMNPQR)2, and furthermore we

have included a Chern-Simons term that is invariant under tensor gauge trans-

formations up to a total derivative. It is then straightforward to show that the

field equation for the 4-form field that follows from this Lagrangian is consistent

with the constraint (2.15) upon using the second Bianchi identity (3.94). Here
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we should remind the reader that there are extensive discussions in the literature

about manifestly covariant Lagrangians that imply self-duality constraints for ten-

sor fields (see, for instance, [108], where also the Chern-Simons terms is presented,

and references cited therein). An example is the Lagrangian of E7(7) exceptional

field theory which will be discussed in chapter 3. However, these features are

not relevant for the purpose of the present chapter. We also recall that the field

equations are already encoded in the supersymmetry transformations, as super-

symmetry is only realized on-shell, so that one can determine most terms in (2.26)

by imposing super-covariance of the field equations, just as was done in [24]. Our

results are also consistent with [25] where an on-shell superspace treatment of IIB

supergravity was presented.

For further convenience we list some of the field equations,

DMPM + 1
24
GMNP G

MNP = 0 ,

DMGMNP + PM ḠMNP − 2
3
iFNPQRS G

QRS = 0 ,

RMN + 2P(M P̄N) + 1
4

(
ḠPQ(M GPQ

N) − 1
12
gMN |GPQR|2

)
+ 1

6
FM

PQRS FNPQRS = 0 ,

Γ̆MD̂Mλ+ 1
240

iΓ̆NPQRSλFNPQRS = 0 ,

Γ̆MNP D̂NψP ∓ 1
2
Γ̆QΓ̆MλcPQ − 1

48
Γ̆QRSΓ̆Mλ ḠQRS = 0 , (2.27)

where D̂Mλ denotes the supercovariant derivative of the spinor λ and D̂[MψN ]

the supercovariant curl of the gravitino. Here we suppressed higher-order fermion

terms.

However, in section 2.4, we will need the field equations for the two-form fields

including the terms quadratic in the fermions. They follow directly from the

Lagrangian (2.26) and can be written as follows,

∂[MFNPQRSTU ]α = 0 , (2.28)

where the 7-rank anti-symmetric tensors FMNPQRST α are equal to

FαMNPQRST = − 1
7
iE εMNPQRSTUVW

(
εαγ φ

γφβ + εβγ φ
γφα
)
∂UAVW β

− 120i εαβ A[MN
β
[
∂PAQRST ] − 1

8
iεγδ APQ

γ ∂RAST
δ
]

+ 1
7
εαβφ

β
[
ψ̄U Γ̆[U Γ̆MNPQRST Γ̆V ]ψV

c + λ̄ Γ̆U Γ̆MNPQRSTψU
]

+ 1
7
φα
[
ψ̄U

c Γ̆[U Γ̆MNPQRST Γ̆V ]ψV − ψ̄U Γ̆MNPQRST Γ̆U λ
]
. (2.29)
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Note that the normalization of this tensor is arbitrary but the phase is dictated by

the fact that its pseudo-reality condition is in line with that of the other pseudo-

real fields.

2.3 Kaluza-Klein decompositions and additional

field redefinitions

The strategy in this chapter is to describe IIB supergravity as a field theory in

a five-dimensional space-time, while still retaining the dependence on the five

additional coordinates that describe an internal space. Hence the 10D coordinates

are decomposed according to xM → (xµ, ym), where xµ are regarded as the five

space-time coordinates and ym as the five coordinates of the internal manifold.

Eventually, in a given background, the fields may be decomposed in terms of a

complete basis of functions of the internal coordinates. As discussed in 1.1.1,

for the T 5 background this is rather straightforward. On the other hand, the

spectrum of the tower of Kaluza-Klein supermultiplets for S5 has been studied

in [109,110]. However, at this stage we will not be assuming any particular space-

time background and neither will we be truncating the theory in any way. We

are only reformulating the theory in a form that emphasizes the five-dimensional

spacetime.

A crucial ingredient in this reformulation is provided by a change of the tangent-

space group, which we have already indicated in (2.1). First we impose a gauge

choice, reducing the 10D local Lorentz group to the product group SO(4, 1) ×
SO(5), whose universal covering group equals Spin(4, 1) × USp(4). The fermions

then transform according to the product representation of this group, so that

from a five-dimensional space-time perspective we are dealing with four complex

Spin(4, 1) spinors, each carrying four components. The fermions are subject to

the extra local U(1) transformations (2.3), and the product group USp(4)×U(1)

must be contained in the 5D R-symmetry group. Obviously we have to convert the

10D gamma matrices to those appropriate for five space-time dimensions, equiped

with two sets of mutually commuting gamma matrices, one associated with space-

time and the other one with the internal space. In due course we will also have

to recombine the spin-1/2 fermion fields into an irreducible representation of the

group USp(8), which is the R-symmetry group for eight symplectic Majorana

supercharges in a 5D space-time. This last redefinition will be considered in

section 2.5.
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The next step is to redefine the fields such that they transform covariantly under

the 5D space-time diffeomorphisms. These Kaluza-Klein decompositions were

systematically discussed in the context of the T 7 reduction of 11D supergravity to

4D supergravity [104]. Furthermore, we will find that the vector and tensor fields

require additional redefinitions beyond the Kaluza-Klein ones in order to generate

transformations that reflect the vector-tensor hierarchy [42].

The standard Kaluza-Klein decompositions start with the vielbein field and its

inverse, which we write in triangular form by exploiting the 10D local Lorentz

transformations,

EM
A =


∆−1/3eµ

α Bµ
m em

a

0 em
a

 , EA
M =


∆1/3eα

µ −∆1/3eα
νBν

m

0 ea
m

 . (2.30)

Here we used tangent-space indices α, β, . . . associated with the 5D space-time

and a, b, . . . associated with the 5D internal space.2 The scalar factor ∆ is defined

by,

∆ =
det[em

a(x, y)]

det[̊ema(y)]
, (2.31)

where e̊m
a is some reference frame for the internal space parametrized by the co-

ordinates ym. The rescaling of the fünfbein is such that the gravitational coupling

constants in 10D and 5D are related by κ−2|10D = κ−2|5D
∫

d5y det[̊em
a], so that

we are in the 5D Einstein frame.

An important feature of the gauge choice made in (2.30) is that it must be pre-

served under supersymmetry. This requires to add to the 10D supersymmetry

transformations a uniform field-dependent Lorentz transformation with a param-

eter equal to

εαa = −εaα = −1
2
ea
m
(
ε̄ Γ̆αψm + ε̄c Γ̆αψm

c
)
, (2.32)

where ψa = ea
m ψm. The supersymmetry transformation of ea

m is not affected by

the compensating Lorentz transformations. This implies

δ∆ = 1
2
∆
(
ε̄ Γ̆aψa + ε̄c Γ̆aψa

c
)
. (2.33)

One can now determine the supersymmetry variation of the fünfbein eµ
α, taking

into account the compensating Lorentz transformation (2.32) and the effect of the

2Note that we are also using indices α, β . . . for the SU(1, 1) indices on the scalar doublet and
the tensor fields. This should not cause any confusion.
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factor ∆. Insisting on the fact that eµ
α transforms into the 5D gravitino field in

the same way as before, one then derives a modified gravitino field,

ψµ
KK ≡ ∆1/6

[
ψµ −Bµ

m ψm
]

+ 1
3
∆−1/6eµ

α Γ̆αΓ̆aψa , (2.34)

and likewise for ψµ
c. This field transforms covariantly under 5D space-time dif-

feomorphisms by virtue of the presence of the field Bµ
m. Accordingly we also

perform field-dependent scale transformations on the supersymmetry parameter,

the gravitino components ψa and the dilatino,

εKK = ∆1/6ε , ψa
KK = ∆−1/6 ea

m ψm , λKK = ∆−1/6λ . (2.35)

Subsequently we must convert to different gamma matrices that decompose into

two commuting Clifford algebras corresponding to the 5-dimensional space-time

and the 5-dimensional internal space, which must both commute with Γ̆11 so that

they will be consistent with the 10D chirality restriction on the original spinors. As

mentioned previously every 10D spinor decomposes into four complex Spin(4, 1)

spinors. The gamma matrix conversion is discussed in detail in appendix A.1 and

the results can be summarized as follows. The 32× 32 gamma matrices Γ̆A can be

written as

Γ̆α = −i
(
γ̂α Γ̃

)
, Γ̆a+5 = −i

(
Γ̂a γ̃

)
, (2.36)

where Γ̆11 = iγ̃Γ̃ with γ̃ and Γ̃ mutually anti-commuting hermitian matrices that

square to 1l32. The tangent space indices in the 5 + 5 split were already defined

below (2.30).3 Both γ̂α and Γ̂a anti-commute with γ̃ and Γ̃ (and therefore commute

with Γ̆11 as insisted on before). They generate two commuting five-dimensional

Clifford algebras. Furthermore, we will insist on the Majorana condition Ĉ−1ψ̄T =

ψc for all the 5D spinor fields, where Ĉ is defined in terms of the 10D charge

conjugation matrix in (A.13). For the gravitino fields and the supersymmetry

parameters this leads to the following relations between 10D and 5D fields,

ψ
∣∣KK

10D
= ψ

∣∣
5D
, ψc

∣∣KK

10D
= ψc

∣∣
5D
, ψ̄

∣∣KK

10D
= −iψ̄

∣∣
5D

Γ̃ , (2.37)

where ψ denotes either ψM or ε.

For the dilatino field λ the situation is somewhat different in view of the fact that

we wish to change its chirality by absorbing the matrix Γ̃. This conversion is of

course no longer consistent with 10D Lorentz invariance, but it is convenient to

3 We employed Pauli-Källén conventions where xα equals ix0 for α = 1, so that all gamma
matrices are hermitian.
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define all the spinor fields with the same (positive) chirality.

λ
∣∣KK

10D
= Γ̃λ

∣∣
5D
, λc

∣∣KK

10D
= ∓Γ̃λc

∣∣
5D
, λ̄

∣∣KK

10D
= i λ̄

∣∣
5D
, (2.38)

Once these modifications have been performed, one can simply restrict oneself to

the 16-dimensional subspace corresponding to the eigenspace of Γ̆11 with eigenvalue

+1. After this one drops the carets on γα and Γa and thus obtains a description

in term of 16-component complex spinors, with two mutually commuting sets

of gamma matrices γα and Γa. Note that this is consistent with using the charge

conjugation matrix Ĉ, which was introduced as a 32-dimensional matrix but which

commutes with the chirality operator (i.e. charge-conjugated fields carry the same

chirality). With these conversions the relation (2.34) for the 10D gravitino field

ψM with M = µ in terms of the 5D fields reads

∆1/6ψµ = ψµ
KK − 1

3
iγµΓmψm

KK + ∆1/3Bµ
m ψm

KK . (2.39)

Observe that here and henceforth γµ ≡ eµ
α γα and Γm ≡ em

a Γa, where the vielbein

fields eµ
α and em

a are defined in (2.30).

In this way one finds the following transformation rules for the 5D fields emerging

from EM
A as defined in (2.34) and (2.35),

δeµ
α = 1

2

[
ε̄ γαψµ + ε̄cγαψµ

c
]
,

δBµ
m = 1

2
∆−1/3ea

m
[
i
(
ε̄Γaψµ + ε̄c Γaψµ

c
)

+ ε̄ γµ(δab + 1
3
ΓaΓb)ψ

b + ε̄c γµ(δab + 1
3
ΓaΓb)ψ

bc
]
,

δem
a = 1

2
i
[
ε̄Γaψm + ε̄c Γaψm

c
]
, (2.40)

up to an infinitesimal 5D local Lorentz transformation with a parameter propor-

tional to Γmψm. Since we will be suppressing terms of higher orders in the spinor

fields, these transformations will not play a role when evaluating the fermion trans-

formation rules later in this section. Here and in the following we are exclusively

considering the 5D fields, so that we have dropped the additional labels.

We also evaluate the supersymmetry variations of the scalars and the dilatini,

δφα = − 1
2
i εαβφβ ε̄

cλ , (2.41)

δλ = ∆−1/3
[
− iPαγ

α + PaΓ
a
]
εc

+ 1
24

∆−1/3
[
Gabc Γabc − 3iGabα Γabγα + 3Gaαβ Γaγαβ − iGαβγ γ

αβγ
]
ε ,
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δλc = ∆−1/3
[
− iP̄αγ

α + P̄aΓ
a
]
ε

+ 1
24

∆−1/3
[
Ḡabc Γabc − 3i Ḡabα Γabγα + 3 Ḡaαβ Γaγαβ − i Ḡαβγ γ

αβγ
]
εc ,

where the tensors P and G refer to the components of PA and GABC , which are

defined with 10D tangent-space indices.

Subsequently we derive the expressions for the supersymmetry variation of the

gravitino fields up to terms of higher order in the fermion fields, which will now

also involve the components of the field strength FABCDE and the spin-connection

fields written with 10D tangent-space indices. We first list the gravitino fields that

carry a 5D space-time vector index,

δψµ =
[
∂µ − 1

6
∂µ ln ∆−∆−1/3eµ

α
(

1
4
ωα

βγ γβγ + 1
2
iωα

βa Γaγβ + 1
4
ωα

ab Γab + 1
2
iQα

)]
ε

−Bµ
m
[
∂m − 1

6
∂m ln ∆

]
ε

− 1
240

i∆−1/3 εabcde
[
iFabcde − 5Fβabcdγ

βΓe − 5iFβγabcγ
βγΓde

]
γµε

− 1
96

∆−1/3
[
− iGbcd Γbcdγµ + 3Gbcα Γbc

(
γµγ

α + 2 γαγµ
)

+ 3iGbαβ Γb
(
γµγ

αβ − 2 γαβγµ
)

+Gαβγ

(
γµγ

αβγ + 2γαβγγµ
)]
εc

+ 1
3
i∆−1/6γµ Γaδψa ,

δψµ
c =
[
∂µ − 1

6
∂µ ln ∆−∆−1/3eµ

α
(

1
4
ωα

βγ γβγ + 1
2
iωα

βa Γaγβ + 1
4
ωα

ab Γab − 1
2
iQα

)]
εc

−Bµ
m
[
∂m − 1

6
∂m ln ∆

]
εc

+ 1
240

i∆−1/3εabcde
[
iFabcde − 5Fβabcdγ

βΓe − 5iFβγabcγ
βγΓde

]
γµε

c

− 1
96

∆−1/3
[
− iḠbcd Γbcdγµ + 3 Ḡbcα Γbc

(
γµγ

α + 2 γαγµ
)

+ 3iḠbαβ Γb
(
γµγ

αβ − 2 γαβγµ
)

+ Ḡαβγ

(
γµγ

αβγ + 2γαβγγµ
)]
ε

+ 1
3
i∆−1/6γµ Γaδψa

c . (2.42)

where we made use of the self-duality condition on the field strength (2.15) and the

gamma matrices defined in appendix A.1, and in particular of (A.17), to simplify

the terms involving the various components of the field strength FABCDE.

The transformation rules for the gravitini that carry a vector index of the internal

5D space are given by

δψa = ∆−1/3ea
m
[
∂m − 1

4
ωm

αβ γαβ − 1
2
iωm

αa Γaγα − 1
4
ωm

ab Γab − 1
2
iQm − 1

6
∂m ln ∆

]
ε

+ 1
240

i∆−1/3εbcdef
[
Fbcdef + 5iFαbcdeγ

αΓf − 5Fαβbcdγ
αβΓef

]
Γaε

− 1
96

∆−1/3
[
Gbcd

(
ΓaΓ

bcd + 2 ΓbcdΓa
)
− 3iGbcα γ

α
(
ΓaΓ

bc − 2 ΓbcΓa
)

+ 3Gbαβ γ
αβ
(
ΓaΓ

b + 2 ΓbΓa
)

+ iGαβγγ
αβγΓa

]
εc ,
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δψa
c = ∆−1/3ea

m
[
∂m − 1

4
ωm

αβ γαβ − 1
2
iωm

αa Γaγα − 1
4
ωm

ab Γab + 1
2
iQm − 1

6
∂m ln ∆

]
εc

− 1
240

i∆−1/3εbcdef
[
Fbcdef + 5iFαbcdeγ

αΓf − 5Fαβbcdγ
αβΓef

]
Γaε

c

− 1
96

∆−1/3
[
Ḡbcd

(
ΓaΓ

bcd + 2 ΓbcdΓa
)
− 3iḠbcα γ

α
(
ΓaΓ

bc − 2 ΓbcΓa
)

+ 3Ḡbαβ γ
αβ
(
ΓaΓ

b + 2 ΓbΓa
)

+ iḠαβγγ
αβγΓa

]
ε . (2.43)

The next topic concerns the 2-rank tensor fields AαMN , which decompose into

twenty scalars Aαmn, ten 5D vectors Aαµm and two 5D 2-rank tensors Aαµν . Their

consistent Kaluza-Klein definitions are as follows,

Aαmn
KK =Aαmn ,

Aαµm
KK =Aαµm −Bµ

pAαpm ,

Aαµν
KK =Aαµν + 2B[µ

pAαν]p +Bµ
pBν

qAαpq . (2.44)

Their supersymmetry variations take the form,

δAαmn = − 1
2
iφα
[
ε̄c Γmnλ

c − 4 ε̄Γ[mψn]
c
]
− 1

2
i εαβφβ

[
ε̄Γmnλ− 4 ε̄c Γ[mψn]

]
,

δAαµm = − 1
2
∆−1/3φα

[
2i ε̄Γmψµ

c − 2 ε̄ γµ(δm
n − 1

3
ΓmΓn)ψn

c + ε̄c Γmγµλ
c
]

− 1
2
∆−1/3εαβφβ

[
2i ε̄c Γmψµ − 2 ε̄cγµ(δm

n − 1
3
ΓmΓn)ψn + ε̄Γmγµλ

]
− δBµ

pAαpm ,

δAαµν = − 1
2
∆−2/3φα

[
− 4 ε̄ γ[µψν]

c + 4
3
iε̄ γµνΓ

mψm
c + i ε̄cγµνλ

c
]

− 1
2
∆−2/3εαβφβ

[
− 4 ε̄cγ[µψν] + 4

3
i ε̄cγµνΓ

mψm + i ε̄ γµνλ
]

+ 2 δB[µ
pAαν]p , (2.45)

where we have suppressed the KK-label on both sides of the equations.

Subsequently we consider the 4-rank tensor AMNPQ which decomposes into five

5D scalars Amnpq, ten 5D vectors Aµmnp, ten 5D 2-rank tensors Aµνmn, five 5D

3-rank tensors Aµνρp and one 5D 4-rank tensor Aµνρσ. Their consistent definition

is

Amnpq
KK =Amnpq ,

Aµmnp
KK =Aµmnp −Bµ

q Aqmnp ,

Aµνmn
KK =Aµνmn + 2B[µ

q Aν]qmn +Bµ
pBν

q Apqmn ,

Aµνρm
KK =Aµνρm + 3B[µ

pAνρ]mp + 3B[µ
pBν

q Aρ]mpq −Bµ
pBν

q Bρ
r Apqrm ,

Aµνρσ
KK =Aµνρσ + 4B[µ

pAνρσ]p + 6B[µ
pBν

q Aρσ]pq + 4B[µ
pBν

q Bρ
r Aσ]pqr

+Bµ
pBν

q Bρ
r Bσ

sApqrs . (2.46)
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The supersymmetry variations for these fields then take the following form,

δAmnpq =− 1
2
ε̄Γ[mnpψq] + 1

2
ε̄cΓ[mnpψq]

c + 3
8
i εαβA

α
[mn δA

β
pq] ,

δAµmnp = 1
8
∆−1/3

[
ε̄Γmnpψµ + 3i ε̄γµΓ[mn(δp]

q − 1
9
Γp]Γ

q)ψq
]

+ 1
8
∆−1/3

[
− ε̄cΓmnpψµc − 3i ε̄cγµΓ[mn(δp]

q − 1
9
Γp]Γ

q)ψq
c
]

+ 3
16

iεαβ
[
Aαµ[m δA

β
np] − δAαµ[mA

β
np] − δBµ

qAαq[mA
β
np]

]
− δBµ

q Aqmnp ,

δAµνmn = 1
4
∆−2/3

[
iε̄Γmnγ[µψν] − ε̄ γµνΓ[m(δn]

p − 1
3
Γn]Γ

p)ψp
]

+ 1
4
∆−2/3

[
− iε̄c Γmn γ[µψν]

c + ε̄cγµνΓ[m(δn]
p − 1

3
Γn]Γ

p)ψp
c
]

+ 1
16

iεαβ
[
Aαµν δA

β
mn + Aαmn δA

β
µν − 4Aα[µ[m δA

β
ν]n]

]
+ 1

8
iεαβ δB[µ

p
[
Aαν]pA

β
mn − 2Aαν][mA

β
n]p

]
+ 2 δB[µ

pAν]pmn ,

δAµνρm = 1
8
∆−1

[
3 ε̄Γmγ[µνψρ] + iε̄ γµνρ(δm

p − ΓmΓp)ψp
]

+ 1
8
∆−1

[
− 3 ε̄c Γmγ[µνψρ]

c − iε̄cγµνρ(δm
p − ΓmΓp)ψp

c
]

+ 3
16

i εαβ
[
Aα[µν δA

β
ρ]m − δAα[µν Aβρ]m

]
+ 3

16
i εαβ δB[µ

p
[
Aανρ] A

β
pm + 2AανmA

β
ρ]p

]
+ 3 δB[µ

pAνρ]mp ,

δAµνρσ = 1
2
∆−4/3

[
iε̄ γ[µνρψσ] + 1

3
ε̄ γµνρσΓpψp

]
+ 1

2
∆−4/3

[
− iε̄cγ[µνρψσ]

c − 1
3
ε̄cγµνρσΓpψp

c
]

+ 3
8
iεαβ A

α
[µν δA

β
ρσ] − 3

4
iεαβ δB[µ

pAανρA
β
σ]p

+ 4 δB[µ
pAνρσ]p , (2.47)

where again we suppressed the KK-label on both sides of these equations.

Let us review the various fields that we have obtained so far and compare them with

the fields that are generically contained in maximal 5D supergravity. First of all we

have the fünfbein field eµ
α and the eight independent gravitini fields consisting of

the fields (ψµ, ψµ
c). Furthermore there are 48 spin-1/2 fields consisting of (ψa, ψa

c),

and (λ, λc).

Then there are 42 scalar fields, consisting of em
a, φα, Aαmn and Amnpq. The field

em
a corresponds to 15 scalars and the fields φα to 2 scalars upon subtracting the

degrees of freedom associated with tangent space transformations of the internal

space and local U(1) transformations. The fields Aαmn and Amnpq describe 20 and
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5 scalars, respectively. The total number of scalars is thus equal to the dimen-

sion of the E6(6)/USp(8) coset space that parametrizes the scalars in 5D maximal

supergravity.

To appreciate the systematics of the vector and tensor fields we introduce the

following (re)definitions. The 25 vector fields that we have obtained at this stage

will be denoted by

Cµ
m =Bµ

m ,

Cµ
α
m =Aαµm

KK ,

Cµmnp =Aµmnp
KK − 3

16
iεαβA

α
µ[m

KKAβnp] , (2.48)

where the extra term in the definition of Cµmnp has been included such that its

supersymmetry variation will not contain any vector field. This is line with the

supersymmetry variations of the vectors in 5D maximal supergravity. Observe

also that in the above result we have suppressed the KK-label for the scalar field

Aβnp; henceforth we will do this consistently for both Aβnp and Amnpq. The fields

Cµ
m and Cµmnp can be combined into the 15-dimensional anti-symmetric repre-

sentation of SL(6). The remaining vector fields Cµ
α
m transform as five doublets

under SU(1, 1) ∼= SL(2). As compared to the vector fields of 5D maximal super-

gravity, we should expect six such doublets. As we will show in the next section,

the extra doublet will emerge from a dual tensor field, AαMNPQRS, which leads to

the fields Aαµmnpqr. In view of the self-duality constraint (2.15), we do not expect

any tensor fields dual to AMNPQ.

The 25 vector fields (2.48) transform as follows,

δCµ
m = 1

2
∆−1/3ea

m
[
i
(
ε̄Γaψµ + ε̄c Γaψµ

c
)

+ ε̄ γµ(δab + 1
3
ΓaΓb)ψ

b + ε̄c γµ(δab + 1
3
ΓaΓb)ψ

bc
]
,

δCµ
α
m = − 1

2
∆−1/3φα

[
2i ε̄Γmψµ

c − 2 ε̄ γµ(δm
n − 1

3
ΓmΓn)ψn

c + ε̄c Γmγµλ
c
]

− 1
2
∆−1/3εαβφβ

[
2i ε̄c Γmψµ − 2 ε̄cγµ(δm

n − 1
3
ΓmΓn)ψn + ε̄Γmγµλ

]
+ 1

2
i ∆−1/3Aαmp

[
ε̄Γpψµ + ε̄c Γpψµ

c
]

+ 1
2
∆−1/3Aαmp

[
ε̄ γµ(ea

p + 1
3
ΓpΓa)ψ

a + ε̄c γµ(ea
p + 1

3
ΓpΓa)ψ

ac
]
,

δCµmnp =

1
8
∆−1/3

[
ε̄Γmnpψµ + 3i ε̄γµΓ[mn(δp]

q − 1
9
Γp]Γ

q)ψq
]

+ 1
8
∆−1/3

[
− ε̄c Γmnpψµ

c − 3i ε̄cγµΓ[mn(δp]
q − 1

9
Γp]Γ

q)ψq
c
]

− 3
16

i ∆−1/3εαβ A
α
[mnφ

β
[
2i ε̄Γp]ψµ

c − 2 ε̄ γµ(δp]
n − 1

3
Γp]Γ

n)ψn
c + ε̄c Γp]γµλ

c
]
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+ 3
16

i ∆−1/3Aα[mn φα
[
2i ε̄c Γp]ψµ − 2 ε̄cγµ(δp]

n − 1
3
Γp]Γ

n)ψn + ε̄Γp]γµλ
]

+ 1
2
i ∆−1/3

[
Amnpq + 3

16
iεαβA

α
[mnA

β
p]q

][
ε̄Γqψµ + ε̄c Γqψµ

c
]

+ 1
2
∆−1/3

[
Amnpq + 3

16
iεαβA

α
[mnA

β
p]q

]
×
[
ε̄ γµ(eb

q + 1
3
ΓqΓb)ψ

b + ε̄c γµ(eb
q + 1

3
ΓqΓb)ψ

bc
]
. (2.49)

Furthermore we have identified 12 two-rank tensor fields, which we define by

Cµν
α =Aαµν

KK − C[µ
pCν]

α
p ,

Cµν mn =Aµνmn
KK − 1

16
iεαβA

α
µν

KKAβmn − C[µ
pCν]pmn . (2.50)

The supersymmetry transformations of these tensors are expressed by

δCµν
α + C[µ

p δCν]
α
p + C[µ

α
p δCν]

p

= −1
2
∆−2/3φα

[
− 4 ε̄ γ[µψν]

c + 4
3
iε̄ γµνΓ

mψm
c + i ε̄cγµνλ

c
]

− 1
2
∆−2/3εαβφβ

[
− 4 ε̄cγ[µψν] + 4

3
i ε̄cγµνΓ

mψm + i ε̄ γµνλ
]
,

δCµν mn + C[µ
p δCν]pmn + C[µ pmn δCν]

p + 1
4
iεαβ C[µ

α
[m δCν]

β
n]

= 1
4
∆−2/3

[
iε̄Γmnγ[µψν] − ε̄ γµνΓ[m(δpn] −

1
3
Γn]Γ

p)ψp
]

+ 1
4
∆−2/3

[
− iε̄c Γmn γ[µψν]

c + ε̄cγµνΓ[m(δn]
p − 1

3
Γn]Γ

p)ψp
c
]

− 1
16

i ∆−2/3εαβ A
α
mn φ

β
[
− 4 ε̄ γ[µψν]

c + 4
3
iε̄ γµνΓ

mψm
c + i ε̄cγµνλ

c
]

+ 1
16

i ∆−2/3Aαmn φα
[
− 4 ε̄cγ[µψν] + 4

3
i ε̄cγµνΓ

mψm + i ε̄ γµνλ
]
. (2.51)

These transformation rules are in line with what is known from the vector-tensor

hierarchy that appears in the context of the embedding tensor formalism [42, 56].

We have actually verified that also the variation of the 3-rank 5D tensor fields,

Aµνρm
KK listed in (2.46) will exhibit the same structure upon introducing a suitable

modification. Since we will not be considering tensors of rank higer than two, we

refrain from giving further details.

At this point the number of 2-rank 5D tensor fields is less than the 27 fields

that one expects on the basis of 5D maximal supergravity in the context of the

embedding tensor formalism. Ten extra tensors Aαµνmnpq will be provided by the

dual field, AαMNPQRS, which will bring the total of tensors to 22. The dual vectors

and tensors are evaluated in the next section.
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2.4 Dual fields and the vector-tensor hierarchy

In (2.28) we presented the field equation for the tensor fields AαMN written as a

Bianchi identity of the 7-rank field strength FαMNPQRST defined in (2.29). The

field equation thus implies that this field strength can be written in terms of a

dual six-form field AαMNPQRS according to

FαMNPQRST = 6 ∂[MAαNPQRST ] . (2.52)

It is not possible to derive an expression for AαMNPQRS in closed form, but it is

possible to determine how this field transforms under supersymmetry. Obviously,

the Bianchi identity (2.28) should transform under supersymmetry into fermionic

equations which are of at most first order in derivatives. Therefore one expects

that FαMNPQRST transforms into fermionic field equations and into terms that

carry explicit space-time derivatives such that they can be identified as the result

of the supersymmetry variation of the dual six-form. Because the field equations

are supercovariant all the contributions of the variation of the six-form can be

identified from the terms that are proportional to the derivative of the supersym-

metry parameters. The consistency of this approach can easily be verified and it

leads to the following result,

δAαMNPQRS = εαβφ
β
(

1
6
λ̄ Γ̆MNPQRSε+ 2 ε̄ Γ̆[MNPQRψS]

c
)

− φα
(

1
6
ε̄ Γ̆MNPQRSλ− 2 ψ̄[M

c Γ̆NPQRS]ε
)

− 20i εαβA
β
[MN

(
δAPQRS] − 1

8
i εγδA

γ
PQ δA

δ
RS]

)
. (2.53)

In particular we note the dual fields Aαµmnpqr and Aαµνmnpq, which constitute two

5D vector fields and twelve 5D tensor fields transforming under SU(1, 1). We

first consider the transformation rule of the vector field Aαµmnpqr, which takes the

following form,

δAαµmnpqr =

− 1
3
i ∆−1/3εαβφ

β
[
ε̄Γmnpqrψµ

c + 5i ε̄ γµ(Γ[mnpqδr]
s − 1

15
Γr]Γ

s)ψs
c + 1

2
iε̄c γµΓmnpqrλ

c
]

− 1
3
i ∆−1/3φα

[
ε̄c Γmnpqrψµ + 5i ε̄c γµΓ[mnpq(δr]

s − 1
15

Γr]Γ
s)ψs + 1

2
iε̄ γµΓmnpqrλ

]
− 20

3
i εαβ

(
Aβµ[m δAnpqr] − 2Aβ[mn δApqr]µ

)
− 5

6
εαβ εγδ

(
2A(β

µ[mA
γ)
np δA

δ
qr] − Aβ[mnAγpq δAδr]µ

)
+ 40

3
i εαβ δBµ

sAβ[mn
(
Apqr]s − 1

16
iεγδA

γ
pq A

δ
r]s

)
, (2.54)
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where on the right-hand side all the fields have been subject to Kaluza-Klein

redefinitions. The field Aαµmnpqr already transforms consistently as a vector in

the 5D spacetime because tensors antisymmetric in more than five internal-space

indices must vanish. The consistency of the above result is confirmed by the fact

that no terms are generated proportional to the Kaluza-Klein vector field Bµ
m,

simply because the corresponding terms are fully anti-symmetric in six internal-

space indices and therefore vanish.

However, from the perspective of the vector-tensor hierarchy further redefinitions

are required, as the supersymmetry variations should not contain any vector fields,

but at most variations of vector fields. A preliminary analysis suggests to add mod-

ifications that are quadratic and cubic terms in the four- and two-form fields but

here we have to make sure that also the modification itself transforms consistently

as a vector in the 5D space-time. This leads us to the following redefinition,

Cµαmnpqr = Aαµmnpqr + 20
3

i εαβ Cµ
β

[mAnpqr] − 5
6
εαβ εγδ A

β
[mnCµ

γ
pA

δ
qr] , (2.55)

where Cµ
α
m is a proper vector field defined in (2.48). Under supersymmetry the

field Cµαmnpqr transforms in the required way,

δCµαmnpqr =

− 1
3
i ∆−1/3εαβφ

β
[
ε̄Γmnpqrψµ

c + 5i ε̄ γµ(Γ[mnpqδr]
s − 1

15
Γr]Γ

s)ψs
c + 1

2
iε̄c γµΓmnpqrλ

c
]

− 1
3
i ∆−1/3φα

[
ε̄c Γmnpqrψµ + 5i ε̄c γµΓ[mnpq(δr]

s − 1
15

Γr]Γ
s)ψs + 1

2
iε̄ γµΓmnpqrλ

]
+ 20

3
i εαβ

[
δCµ

β
[mAnpqr] − 2 δCµ[mnpA

β
qr] − 2 δCµ

sAs[mnpA
β
qr]

]
+ 5

2
εαβ εγδ

[
δCµ

γ
[mA

δ
npA

β
qr] + 1

3
δCµ

sAγs[mA
β
npA

δ
qr]

]
, (2.56)

where, for conciseness, we refrained from substituting the explicit expressions for

Cµ
m, δCµ

α
m and δCµmnp in the right-hand of the last equation.

Subsequently we consider the tensor field Aαµνmnpq. To ensure that this field trans-

forms as a proper 5D tensor one performs the standard Kaluza-Klein redefinition,

Aαµνmnpq
KK = Aαµνmnpq + 2B[µ

r Aαν]mnpqr . (2.57)

This modified tensor field transforms as

δAαµνmnpq =

− 2
3
i ∆−2/3εαβφ

β
[
iε̄Γmnpqγ[µψν]

c − 2 ε̄ γµνΓ[mnp(δq]
r − 1

6
Γq]Γ

r)ψr
c − 1

4
ε̄c γµνΓmnpqλ

c
]

− 2
3
i ∆−2/3φα

[
iε̄c Γmnpqγ[µψν] − 2 ε̄c γµνΓ[mnp(δq]

r − 1
6
Γq]Γ

r)ψr − 1
4
ε̄ γµνΓmnpqλ

]
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− 4
3
i εαβ

[
Aβµν δAmnpq − 8Aβ[µ[m δAν]npq] + 6Aβ[mn δApq]µν

]
− 1

6
εαβ εγδ

(
2A(β

µν A
γ)

[mn δA
δ
pq] + Aβ[mnA

γ
pq] δA

δ
µν

)
+ 2

3
εαβ εγδ

(
Aβ[µ[mA

γ
ν]n δA

δ
pq] + 2A(β

[µ[mA
γ)
np δA

δ
ν]q]

)
+ 16

3
i εαβ δB[µ

r
(
2Aβν][mAnpq]r + 3Aν]r[mnA

β
pq]

)
+ 1

3
εαβ εγδ δB[µ

r
(
4A(β

ν][mA
γ)
npA

δ
q]r + Aδν]rA

β
[mnA

γ
pq]

)
+ 2 δB[µ

r Aαν]mnpqr , (2.58)

where we again dropped KK-label on both sides of the equation.

Again this result is not consistent with regard to the vector-tensor hierarchy so

that further redefinitions of the tensor field are required. As it turns out, they

take the following form,

Cµν αmnpq =Aµν αmnpq + 4
3
i εαβ A

β
µν Amnpq

− 1
6
εαβ εγδ

[
Aγµν A

β
[mnA

δ
pq] − 8C[µ

β
[mCν]

γ
nA

δ
pq]

]
− 16

3
i εαβ C[µ

β
[mCν]npq] − C[µ

rCν]αmnpqr , (2.59)

where on the the right-hand side the KK-labels have again been suppressed. The

transformation rule of Cµν αmnpq takes the form

δCµν αmnpq = (2.60)

− 2
3
i ∆−2/3εαβφ

β
[[

iε̄Γmnpqγ[µψν]
c − 2 ε̄ γµνΓ[mnp(δq]

r − 1
6
Γq]Γ

r)ψr
c − 1

4
ε̄c γµνΓmnpqλ

c
]

+ Amnpq
[
− 4 ε̄ γ[µψν]

c + 4
3
iε̄ γµνΓ

mψm
c + i ε̄cγµνλ

c
]]

− 2
3
i ∆−2/3φα

[[
iε̄c Γmnpqγ[µψν] − 2 ε̄c γµνΓ[mnp(δq]

r − 1
6
Γq]Γ

r)ψr − 1
4
ε̄ γµνΓmnpqλ

]
− Amnpq

[
− 4 ε̄cγ[µψν] + 4

3
i ε̄cγµνΓ

mψm + i ε̄ γµνλ
]]

− 2i ∆−2/3 εαβ A
β
[mn

[[
iε̄Γpq]γ[µψν] − ε̄ γµνΓp(δq]r − 1

3
Γq]Γ

r)ψr
]

−
[
iε̄c Γpq] γ[µψν]

c − ε̄cγµνΓp(δq]r − 1
3
Γq]Γ

r)ψr
c
]]

− i ∆−2/3εαβ A
β
[mn

[
εγδ A

γ
pq] φ

δ
[
i ε̄ γ[µψν]

c + 1
3
ε̄ γµνΓ

rψr
c + 1

4
ε̄cγµνλ

c
]

− Aγpq] φγ
[
i ε̄cγ[µψν] + 1

3
ε̄cγµνΓ

rψr + 1
4
ε̄ γµνλ

]]
+ 16

3
i εαβ

[
C[µ

β
[m δCν]npq] + C[µ[npq δCν]

β
m]

]
− C[µ

r δCν]αmnpqr − C[µαmnpqr δCν]
r .
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To conclude this section let us summarize the situation regarding the vector and

tensor fields. We have identified precisely 27 vector fields, namely,

Cµ
M =

{
Cµ

m , Cµmnp , Cµ
α
m , Cµαmnpqr

}
. (2.61)

For the tensor fields the situation is somewhat different. First of all, we ex-

pect 27 tensor fields whereas previously we found only 22 fields. Secondly, we

note that the tensor fields, which we will denote by Cµν Q, carry different indices.

The vector-tensor hierarchy implies that there must be 5 additional tensor fields

and furthermore requires the existence of a constant tensor dQ,MN , symmetric in

(M,N), in order to obtain the characteristic term dQ,MN C[µ
M δCν]

N in δCµν Q.

Assuming that the overall covariance of this expression must be preserved and

that precisely five additional fields are needed, one deduces that these five fields

can be precisely represented by new fields Cµν m;npqrs, where the array [npqrs] is

fully antisymmetric. Hence the decomposition of the 27 tensors takes the following

form, in direct analogy with (2.61),

Cµν Q =
{
Cµν m;npqrs , Cµν mn , Cµν αmnpq , Cµν

α
}
. (2.62)

The new field Cµν m;npqrs indeed has the representation that is expected from the

dualization of 10D gravity [105, 106] (although this dualization can not be fully

understood at the non-linear level in 10D [107]).

The systematics of the vector and tensor fields can be improved upon converting to

dual representations by extracting the anti-symmetric tensors e̊ εmnpqr and/or εαβ.

Note that the first tensor depends only on the reference background of the internal

space, because of the definition e̊(y) ≡ det[ e̊m
a(y)], and not on the space-time

coordinates xµ. Hence these conversions have no bearing on the supersymmetry

transformations nor the vector and tensor gauge transformations. Now consider

the following redefinitions for the vector fields,

Cµ
m = Cµ

m ,

Cµ
α
m = i εαβ Cµβm ,

Cµmnp = 1
128

√
5 e̊ εmnpqr Cµ

qr ,

Cµαmnpqr = −1
6

√
5̊e εmnpqr Cµα .

(2.63)

For the tensor fields the corresponding redefinitions are

Cµν m;npqrs ∝ e̊ εnpqrsCµν m ,

Cµν αmnpq = 1
6

√
5i̊e εmnpqr εαβ Cµν

βr ,

Cµν mn = Cµν mn ,

Cµν
α = Cµν

α .

(2.64)
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Now the vector and tensor fields can be written as Cµ
M and Cµν M , respec-

tively, where the indices M decompose according to M =
{
m , mn , αm , α

}
and

M =
{
m , mn ,

αm , α
}

, respectively. Here we observe that the normalization of

the vector and tensor fields is at this point completely arbitrary. Nevertheless, by

identifying the (upper) index M on Cµ
M with the 27 representation of E6(6) and

the (lower) index M on CµνM as the 27 representation, the decompositions (2.63)

and (2.64) correspond to the branchings

27
SL(2)×SL(6)−→ (1,15) + (2,6)

SL(2)×SO(5)−→ (1,5) + (1,10) + (2,5) + (2,1) ,

27
SL(2)×SL(6)−→ (1,15) + (2,6)

SL(2)×SO(5)−→ (1,5) + (1,10) + (2,5) + (2,1) .

At this point it makes sense to compare our results for variations of the tensor

fields to the corresponding expressions known from maximal 5D supergravity [42].

In the latter case these variations are encoded in the symmetric three-rank E6(6)

invariant tensor dMNP ,

δCµν M − 2 dMNP C[µ
N δCν]

P . (2.65)

Expressions such as these are characteristic for the vector-tensor hierarchy. Obvi-

ously the tensor dMNP decomposes into three SL(2)×SO(5) invariant components,

dMNP ∝


d(mn|αp|βq) = δmn

pq εαβ ,

d(mn|pq|r) = e̊ εmnpqr ,

d(m|αn|β) = δm
n εαβ ,

(2.66)

where normalization factors are not specified because they can be changed by

rescaling the normalization of the vector and tensor fields. Nevertheless the fact

that a single symmetric tensor dMNP must encode the variations above for all the

fields does pose certain restrictions on the relative normalizations of vectors and

tensor fields, especially because the product of the normalization of a tensor and

its corresponding dual vector is constrained, just as in the maximal 5D theory [42].

We return to this issue in the next section, but note that this normalization condi-

tion has been incorporated when adopting the rescalings of the vector and tensor

fields in (2.63) and (2.64), repectively. It then turns out that the expressions for

the independent components of the combined variations (2.65) must be equivalent
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to

δCµν
αm − 1

8
i εαβ

[
C[µβn δCν]

mn + C[µ
mn δCν]βn

]
− i εαβ

[
C[µ

m δCν]β + C[µβ δCν]
m
]
,

δCµν
α + i εαβ

[
C[µ

m δCν]βm + C[µβm δCν]
m
]
,

δCµν mn + 1
128

√
5 e̊ εmnpqr

[
C[µ

p δCν]
qr + C[µ

qr δCν]
p
]
− 1

4
i εαβ C[µα[m δCν]βn] ,

δCµν m − i εαβ
[
C[µαm δCν]β − C[µα δCν]βm

]
+ 1

256

√
5̊e εmnpqr C[µ

np δCν]
qr , (2.67)

where the last line is not derived directly from the 10D supergravity as the tensor

field Cµν m is associated with the elusive dual graviton. Nevertheless it is remark-

able that one can also derive the coefficients in the variation of Cµν m by comparing

to the 5D vector-tensor hierarchy.

2.5 Generalized vielbeine and USp(8) covariant

spinors

The spinor fields ψµ, ψµ
c, ψa, ψa

c, λ and λc, which were defined in section 2.3,

obviously transform under the Spin(4, 1) × USp(4) subgroup of the 10D tangent

space group Spin(9, 1). Hence every 10D spinor consists of four complex Spin(4, 1)

spinors which rotate among each other under USp(4) transformations. In the fol-

lowing we will not consider the Spin(4, 1) aspects but concentrate on the extension

of the USp(4) transformations to the full automorphism group of the 5D space-

time Clifford algebra. This R-symmetry group contains also the U(1) group of

IIB supergravity (which can be regarded as the 10D R-symmetry group) and it

can be further extended by realizing that the spinors can actually transform un-

der SU(4) ∼= SO(6) (for instance, by regarding them as chiral spinors of SO(6)).

It is then convenient to introduce corresponding SO(6) gamma matrices as well,

which requires to combine the spinors with their charge conjugates, i.e. ψµ with

ψµ
c, and likewise, ψa with ψa

c, and λ with λc. This is described in detail in ap-

pendix A.2. The SO(6) gamma matrices will be denoted by Γâ, with â = 1, . . . , 6,

and act on the eight-component pseudo-real spinors. We may then introduce the

chirality operator Γ7 ≡ iΓ1Γ2 · · ·Γ6, which decomposes as Γ7 = 1l4 ⊗ σ3, so that

the SO(6) chirality of the charge conjugate fermions is opposite to the original

ones. Here we are using a basis where the positive-chirality (negative-chirality)

components carry positive (negative) U(1) charge. In this section and henceforth

we will be using these 8-component spinor arrays whenever possible (labeled by
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indices A = 1, . . . , 8) and they will simply be denoted by ψµ
A, ψa

A and λA. Each

of these spinors are then 5D symplectic Majorana spinors, i.e.,

C−1ψ̄A
T = ΩAB ψ

B , (2.68)

where C is the charge conjugation matrix in five space-time dimensions and Ω is

the anti-symmetric USp(8) invariant tensor.

The appearance of Ω indicates that the full R-symmetry group is equal to USp(8),

as is to be expected for 5D spinors. Indeed, the gravitini ψµ
A transform consis-

tently in the 8 representation of this extended R-symmetry group. However, the

fields ψa and λ cannot possibly transform in the 8 representation, in view of the

fact that the U(1) charges of the fields ψa
A and λA are equal to ±1/2 and ±3/2,

respectively. Therefore those fields must transform in a different representation of

the USp(8) group. In view of the values for the U(1) charges and the fact that

ψa
A and λA define precisely 48 5D symplectic Majorana spinors, these fields must

combine into the 48 representation of the group USp(8). At this point we should

recall that only the USp(4)×U(1) subgroup is realized as a local gauge invariance,

as they originate from the symmetries of 10D IIB supergravity that were already

realized as local ones. As we have stressed in the introduction, the full USp(8)

R-symmetry group can be realized locally upon introducing a compensating phase

factor belonging to USp(8)/[USp(4) × U(1)]. We will postpone the introduction

of this phase factor till later, so that the present calculations will describe the

results subject to a gauge condition that sets the compensating phase factor equal

to unity. However, it is important to realize that the local transformations depend

on both sets of coordinates, xµ and ym. This is the reason why we adopted the

indices A,B, . . . for the spinors in this case, while in the maximal 5D supergravity,

the spinors will carry indices i, j, . . . with local R-symmetry transformations that

depend only on the space-time coordinates xµ. This issue will be important in

section 2.6, when considering a truncation of 10D supergravity to 5D,

In the previous section we have identified 27 vector fields Cµ
M as listed in (2.63),

which transform under supersymmetry into the symplectic Majorana spinors ψµ
A,

ψa
A and λA. As it turns out the supersymmetry variations of these fields can

be written in the same way as the variations of the vector fields in 5D maximal

supergravity [42],

δCµ
M = 2

[
iΩ̄AC ε̄C ψµ

B + ε̄C γµχ
ABC

]
VABM , (2.69)
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except that, as explained above, we changed the USp(8) indices from i, j, . . . to

A,B, . . .. Here ΩAB is the symplectic USp(8) invariant tensor introduced aboved

and the VABM depend on the 42 scalar fields. All these fields depend on coordinates

xµ and ym. In the pure 5D theory the corresponding quantities VijM are defined

in terms of the E6(6)/USp(8) coset representative. The transformations (2.69) are

consistent with the USp(8) R-symmetry group and the anti-symmetric traceless

spinors χABC are symplectic Majorana spinors, satisfying

C−1χ̄ABC
T = ΩAD ΩBE ΩCF χ

DEF , (2.70)

in direct correspondence with the 5D theory [42]. Because of the anti-symmetry in

[ABC] and the condition ΩAB χ
ABC = 0, this representation is irreducible. Hence

the spinor χABC should be linearly related to the spinors ψa
A and λA. Indeed,

as we demonstrate in appendix A.2 (c.f. (A.26)) the branching of the 8 and 48

USp(8) representations of the fermions with respect to the SU(4)×U(1) subgroup

accounts precisely for the fermion fields ψµ
A, ψa

A and λA including their U(1)

charge assignments.

The supersymmetry transformation rules for the vector fields Cµ
M in terms of

the spinors ψµ
A, ψa

A, λA based on IIB supergravity follow from (2.49) and (2.56)

upon taking into account the redefinitions (2.63). By comparing these expressions

to (2.69) we obtain explicit representations of the so-called generalized vielbeine

VABM , which depend on all 10D coordinates. Furthermore we can deduce the

explicit relation between the USp(8) covariant spinor field χABC and the fields ψa
A

and λA. In the same fashion one can evaluate the supersymmetry transformations

of the tensor fields, a topic that will be dealt with at the end of this section.

Matrices in spinor space can be decomposed into direct products of the 5D gamma

matrices γµ and the SO(6) gamma matrices. The latter products can be conve-

niently decomposed into 28 anti-symmetric matrices Ω, Ω Γâ, Ω ΓâΓ7 and Ω Γâb̂Γ7,

and 36 symmetric matrices Ω Γ7, Ω Γâb̂ and Ω Γâb̂ĉ. The latter are proportional

to the anti-hermitian generators of USp(8) (note that the matrices Γâb̂ are the

generators of the group SU(4) ∼= SO(6)). Before obtaining a representation of

the generalized vielbeine VABM we note that the USp(8) transformations of the

spinors ψµ
A and εA have been defined in appendix A.2, and they imply that the bi-

linears ΩAC ε̄Cψµ
B transform in the 27 representation of USp(8). Since the vector

fields are not subject to the R-symmetry, it follows that the generalized vielbeine

VABM transform in the same representation, so that they can be expanded in the
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corresponding gamma matrix combinations,

VABM =VaM
(
Ω Γa

)
AB + V6

M
(
Ω Γ6

)
AB + ṼaM

(
Ω ΓaΓ7

)
AB + Ṽ6

M
(
Ω Γ6Γ7

)
AB

+ VabM
(
Ω ΓabΓ7

)
AB + 2Va6

M
(
Ω Γa6Γ7

)
AB , (2.71)

which defines the branching of the 27 representation of USp(8) with respect to

SO(5) (which directly follows via the branching with respect to SO(6)),

27
SO(6)−→ 6 + 6̄ + 15

SO(5)−→ 1 + 5 + 1 + 5 + 10 + 5 . (2.72)

The generalized vielbeine can now be directly determined from the supersymmetry

transformations of the vector fields, which leads to

VABm = − 1
4
i ∆−1/3 ea

m
(
ΦTΩ Γa6Γ7 Φ

)
AB , (2.73)

VABmn = − 4
5

√
5i ∆2/3

(
ΦTΩ ΓmnΓ7 Φ

)
AB

+ 4
5

√
5 e̊−1εmnpqrAαpq VAB αr

+ 32
15

√
5 e̊−1εmnpqr

[
Apqrs − 3

16
iεαβA

α
pqA

β
rs

]
VABs ,

VAB αm = 1
4
i ∆−1/3

[
(φα − εαβφβ)

(
ΦTΩ Γm Φ

)
AB + (φα + εαβφ

β)
(
ΦTΩ ΓmΓ7 Φ

)
AB

]
+ i εαβA

β
mn VABn ,

VAB α = 1
10

√
5i ∆2/3

[
(φα − εαβφβ)

(
ΦTΩ Γ6 Φ

)
AB + (φα + εαβφ

β)
(
ΦTΩ Γ6Γ7 Φ

)
AB

]
+ 1

16
i εαβA

β
mn VABmn

− 1
15

√
5 e̊−1εmnpqr

[
Amnpq VABαr + 2i εαβ A

β
mnApqrs VABs

]
− 1

40

√
5i εαβ e̊

−1εmnpqr
[
AβmnA

γ
pq VAB γr − 1

3
i εγδ A

γ
smA

δ
npA

β
qr VABs

]
.

In the above equations we have now included the compensating phase factors ΦA
B

that were discussed earlier, which enable the USp(8) R-symmetry group to be

realized locally. The phase factors are simply generated by a redefinition of the

fermion fields, as Φ ∈ USp(8) is assumed to transform under the action of USp(8)

from the right and under USp(4)×U(1) from the left, so that fermion fields Φ†Ψ,

where Ψ denotes the original fields in a proper basis, transform indeed under this

local group. Previously we have assumed the gauge condition Φ = 1l which suffices

to carry out most of the various calculations. In fact, we will continue to use

this gauge condition in most of what follows. The phase factors can always be

introduced later to elevate the R-symmetry group to a local invariance group.

This is in direct analogy with what was done for 11D supergravity [61].

The next task is to establish the relation between the USp(8) covariant spinors
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χABC and the spinors originating from 10D, ψa
A and λA. Comparing the terms

proportional to these fields in the supersymmetry variations of the vector fields,

one finds the following set of equations,

ψa
A = − i

[
χABC δa

b − 1
8
(ΓaΓ

b)AD χ
DBC

]
(2.74)

×
[
Ω Γb6Γ7

]
BC

,[
(1l± Γ7)Γa6

]
A
D λ

D = ± i
[
Ω Γa(1l± Γ7)

]
BC

(
1l± Γ7

)
A
D χ

DBC ,(
1l± Γ7

)
A
D λ

D = ± i
(
Ω Γ6(1l± Γ7)

)
BC

(
1l± Γ7

)
A
D χ

DBC ,[
(Γ[ab(δc]

d1l− 1
9
Γc]Γ

d)Γ7

]
A
D ψd

D = − 1
6
εabcde

(
Ω ΓdeΓ7

)
BC

χABC ,[
(Ω Γa

(
1l± Γ7)

]
BC

(
1l∓ Γ7

)A
D χ

DBC = ± 2i
[(

1l∓ Γ7

)
Γ6

(
δa
b1l− 1

3
ΓaΓ

b
)]
A
D ψb

D ,[
(1l± Γ7)Γa

]
A
D ψa

D = ∓ 3
4
i
[
Ω Γ6(1l∓ Γ7)

]
BC

(
1l± Γ7

)
A
D χ

DBC .

These are the relations that determine the (linear) relation between the spinors

ψa
A and λA and the USp(8) covariant spinors χABC . Just as in 11D supergravity,

where the expression for the 4D spin-1/2 given in [104] is only unique up to

Fierz reordering, there are various different ways to express the solution for χABC .

One solution follows by substituting the SO(6) covariant parametrization derived

in appendix A.2 into (2.74), which then leads to (A.43). However, given that

the ansatz for χABC is not unique, one might wonder whether there exists an

alternative version of this solution that may be even more concise. Indeed we find

such a solution taking the form

χABC = − 3
8
i
[(

Γ6 Ω̄
)

[AB
(
Γ7λ

)
C] +

(
Γ7Γ6 Ω̄

)
[AB λC]

]
− 3

4
i
(
ΓaΓ6Γ7 Ω̄

)
[AB ψa

C] − 1
4
i Ω̄[AB

(
Γ6Γ7Γ

aψa
)
C] . (2.75)

which also satisfies (2.74). Its equivalence to (A.43) can be confirmed by showing

that both solutions are related by Fierz reordering to a single expression that

involves eight different structures. This result satisfies the reality condition (2.70)

and vanishes upon contraction with ΩAB. Note also that the above expression

should in principle have been contracted with three different phase factors Φ† as

was discussed above. For clarity of the presentation we have set Φ = 1l.

Subsequently we derive a formula for the supersymmetry transformations of the

generalized vielbeine VABM . For maximal 5D supergravity [42] there exists the

following expression (with indices i, j, . . . replaced again by A,B, . . .),

δVABM = − i
[
4 ΩG[A χ̄BCD] ε

G + 3 Ω[AB χ̄CD]G ε
G
]

Ω̄CEΩ̄DF VEFM

= i ΩACΩBD

[
4 Ω̄G[C ε̄G χ

DEF ] + 3 Ω̄[CD ε̄G χ
EF ]G

]
VEFM . (2.76)
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This result is expected to be identical to the result that one obtains by calculating

the variations of the generalized vielbeine (2.73) induced by the supersymmetry

transformations of the scalar fields,

δem
a = 1

2
em

b ε̄Γa6Γ7ψb ,

δφα = − 1
4
εαβφβ ε̄Γ6(1l + Γ7)λ ,

δφα = − 1
4
εαβφ

β ε̄Γ6(1l− Γ7)λ ,

δAαmn = − 1
4
i em

a en
b (φα + εαβφβ) ε̄ (Γabλ− 4 Γ[aψb])

+ 1
4
i em

a en
b (φα − εαβφβ) ε̄ (ΓabΓ7λ− 4 Γ[aΓ7ψb])

δAmnpq = − 1
2
i em

a en
b ep

c eq
d ε̄Γ6Γ[abcψd] + 3

8
iεαβA

α
[mn δA

β
pq] . (2.77)

Based on the similar construction for 11D supergravity [61], we expect the su-

persymmetry transformations of the vielbeine induced by the variations (2.77) to

coincide with (2.76) up to a uniform USp(8) transformation. By very laborious

calculations it is possible to demonstrate that this expectation is correct so that

(2.76) can be regarded as the supersymmetry transformation rule for the vielbeine.

More precisely, the results induced by (2.77) take the form

δVABM = δVABM
∣∣
(2.76)

− ΛC
[A VB]C

M (2.78)

where ΛA
B is the field-dependent infinitesimal USp(8) transformation given by

ΛA
B = − 1

16
ε̄Γ7[Γabλ+ 4 Γ[aψb]]

(
Γab6

)
A
B

+ 1
48
ε̄Γ7[Γabc6λ+ 2 Γabcd6ψ

d]
(
Γabc)AB

+ 1
4
ε̄Γ7Γacψ

c
(
Γa6
)
A
B + 1

4
ε̄Γ7Γ6[aψb]

(
Γab)AB . (2.79)

We now proceed with the supersymmetry transformations of the tensor fields

Cµν mn, Cµν
αm and Cµν

α that were defined in (2.62), following the same approach

as for the vector fields. Their supersymmetry transformations follow upon substi-

tuting the results specified in (2.51) and (2.60). Subsequently we compare them to

the five-dimensional transformation rules for the tensor fields [42] with the indices

adjusted as before,

δCµν M−2 dMNP C[µ
N δCν]

P

= 4
5

√
5VMAB

[
2 ψ̄[µA γν]ε

C ΩBC − iχ̄ABC γµνε
C
]

= − 4
5

√
5VMAB

[
2 ΩAC ε̄B γ[µψν]

C + iΩADΩBE ε̄C γµνχ
DEC

]
. (2.80)
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In 5D maximal gauged supergravity the tensor fields constitute a 27 representation

of E6(6). From IIB supergravity we have initially identified only 22 different tensor

fields. The missing five tensors Cµν m have been identified as originating from a

component of the 10D dual graviton. The second term on the left-hand side of

(2.80) has already been specified in (2.67).

From the terms in (2.80) proportional to ψµ
C one can directly obtain the following

expressions for the 22 components of VMij, by making use of the supersymmetry

transformations of the corresponding tensors derived in the previous sections,

VmnAB = − 1
32

√
5i ∆−2/3em

aen
b
(
Φ† ΓabΓ7Ω̄ Φ̄

)
AB + 1

8
i εαβ A

α
mn Vβ AB ,

VαmAB = − 1
4
i∆1/3 ea

m
[(
φα − εαβφβ

) (
Φ† ΓeΩ̄ Φ̄

)
AB

−
(
φα + εαβφβ

) (
Φ†ΓeΓ7Ω̄ Φ̄

)
AB
]

+ 1
15

√
5 e̊−1εmnpqr

[
Anpqr VαAB + 3

8
iAαnpA

β
qr εβγVγ AB − 6AαnpVqrAB

]
,

VαAB = − 1
8

√
5i ∆−2/3

[(
φα − εαβφβ

) (
Φ† Γ6Ω̄ Φ̄

)
AB

−
(
φα + εαβφβ

) (
Φ† Γ6Γ7Ω̄ Φ̄

)
AB
]
, (2.81)

where we have again included the phase factors Φ. Before discussing how to obtain

the missing components of VMAB that are associated with the dual graviton, we

first consider the contractions of the form VMAB VABN making use of the expressions

(2.73) and (2.81). As it turns out the only non-zero contractions are given by

VmnAB VAB pq = 2 δmn
pq ,

VαAB VAB β = δαβ ,

VαmAB VAB βn = δαβ δ
m
n , (2.82)

suggesting that

VMAB VABN = δM
N . (2.83)

This condition is actually identical to the one that holds in 5D maximal gauged

supergravity. In the same spirit as in (2.67), we may assume that (2.83) holds

in this case as well, and this then enables us to also determine the five missing

components VmAB,

VmAB = − 1
2
i ∆1/3em

a
(
Φ†Γa6Γ7Ω̄Φ̄

)AB
+ 16

15

√
5 e̊−1εnpqrs

[
Amqrs − 3

16
i εαβA

α
qrA

β
sm

]
Vnpij − iAαmn εαβ VβnAB

+ 1
15

√
5i e̊−1εnpqrs εαβ

[
Anpqr A

β
sm − 1

8
i εγδA

β
npA

γ
qrA

δ
sm

]
VαAB . (2.84)
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Note that the conditions (2.83) implies that also the supersymmetry transforma-

tions of the VMAB are determined and take the same form as the corresponding

supersymmetry transformations in 5D maximal supergravity. Needless to say,

the results obtained from the vector fields on the covariant spinors χABC can be

verified also from the perpective of the transformations of the tensor fields. The

results turn out to be mutually consistent.

This completes the evaluation of the bosons and their supersymmetry transforma-

tions. We have succeeded in identifying these fields from IIB supergravity such

that the results resemble as closely as possible the structure of the 5D maximal

gauged supergravities [42] while retaining the full dependence on all ten coordi-

nates. For the fields associated with the dual graviton, we obtained their su-

persymmetry transformations by requiring them to be consistent with the global

structure exhibited for the other fields. In this way the results exhibit covariance

with respect to the duality group E6(6), although the IIB theory is not in any way

invariant under this group. This is further confirmed by the fact that the follow-

ing representation of the invariant tensor dMNP which was noted for maximal 5D

supergravity [42],

dMNP = 2
5

√
5VMAB VMCD VMEF ΩBC ΩDE ΩFA , (2.85)

is also satisfied here, as this expression precisely reproduces the tensor dMNP as

specified in (2.67).

We remind the reader that the generalized vielbeine are pseudo-real. This prop-

erty is inherited form the (pseudo-)reality of 10D the tensors and the fermionic

bilinears. Hence, taking complex conjugates of vielbeine that carry the SU(1, 1)

requires the contraction with a two-dimensional metric ηαβ = diag(+1,−1) in

order to obtain a covariant quantity (see section 2.2).

Finally, in view of the above results for the variations of the bosonic fields, it is

also of interest to consider the supersymmetry variations of the fermion fields ψµ
A

and χABC , to verify whether they also take a Usp(8) covariant form. This analysis

not only complements the previous results, but also allows for the proper identifi-

cation of various bosonic Usp(8) tensors in terms of the 10D bosonic fields. Here,

we refrain form presenting these results as they are not directly relevant for the

purpose of the next section. Instead, we refer to [103] where an explicit analysis of

the fermion transformation rules is provided, starting from the expressions (2.41),

(2.42) and (2.43), and following the same strategy as was applied in the case of

11D supergravity [61].
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2.6 On the consistent truncation to 5D SO(6)

gauged supergravity

It is natural to expect that IIB supergravity compactified on S5 will be related

to 5D SO(6) gauged maximal supergravity [53], provided one can consistently

remove the additional Kaluza-Klein states by imposing a consistent truncation.

Such a question was first studied for 11D supergravity compactified on S7, which

was indeed shown to admit a consistent truncation to 4D maximal supergrav-

ity with an SO(8) gauge group [11, 62–64, 111, 112]. There, the strategy was to

first reorganise the fields and their supersymmetry transformations in a form that

was as close as possible to that of 4D maximal supergravity, while keeping the

dependence on the full set of eleven coordinates. This is analogous to our refor-

mulation of type IIB supergravity, which was presented in the previous sections,

where the supersymmetry transformations take the form of those in 5D maximal

supergravity, although all fields and symmetry parameters still depend on both

the five space-time coordinates xµ and the five internal coordinates ym. In fact,

one of the the original motivations for this work was to acquire further insight into

a suitable truncation for IIB supergravity, especially in view of the subtleties of

the IIB theory that are not present in 11D supergravity.

Before continuing, let us put aside supergravity for moment and consider the is-

sue of consistent truncations in the context of Kaluza-Klein theory, where one

compactifies general relativity in d + 4 dimensions on some d-dimensional Eu-

clidean space. In this case the 4D vector fields originate entirely from the higher-

dimensional metric, and when the internal manifold has non-abelian isometries,

they act as non-abelian gauge fields. A consistent truncation ansatz of the vector

fields is generally given by the following expression of the d+4-dimensional metric4

gµn(x, y) gnm(x, y) = K(y)mA Vµ
A(x) , (2.86)

where K(y)mA are the Killing vectors of the internal metric g̊mn(y) associated

with the compactification manifold. The Killing vectors generate the isometries

of this manifold and the isometry group (whose adjoint representation is labelled

by A,B, . . .) will coincide with the gauge group of the 4D massless vector fields

Vµ
A [113]. Indeed the structure constants of the gauge group, fAB

C emerge when

4For the purpose of this example, the spacetime and internal space indices are momentarily
parametrised by xµ and ym with µ, ν = 0, . . . , 4 and m,n = 1, . . . , d, respectively.
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considering the effect of an isometry on a Killing vector, i.e.,

K(y)nA ∂nK(y)mB −K(y)nB ∂nK(y)mA = fAB
CK(y)mC . (2.87)

Of course, one would also like to derive consistent truncation ansätze for the scalar

fields contained in gmn(x, y) and the gravitons contained in gµν(x, y), but this is in

general a non-trivial task. Nevertheless, for supergravity it is possible in certain

cases to derive consistent truncation ansätze for all the fields.

Let us now return to truncations in the supergravity framework and review some

of the recent developments. First of all, the analysis of the consistent truncation of

11D supergravity on S7 has been further extended over the last few years, and now

involves the dual gauge fields as well as various other quantites [114–116]. For the

case of the truncation of type IIB supergravity on S5, some of those extensions

were implemented in [103]. Results on the truncation of IIB supergravity were

also derived based on rather different approaches. For instance, a fairly general

set of truncation ansätze appeared in [75] based on generalized geometry. Even

more recently, the full consistent truncation of IIB supergravity has been worked

out in detail from exceptional field theory [87]. Both generalized geometry and

exceptional field theory are based on extensions of the conventional supergravity

framework, and therefore, are in contrast with the more conservative approach

followed in this chapter. In this last section, we will therefore describe how results

on the consistent truncation can be derived based on the work of the preceding

sections, and compare them with the literature. We should mention that these

results were already partially presented [103], but at the time some subtleties were

overlooked.

The first step of the analysis is to sweep out the full field configuration space of

5D maximal supergravity in the ten-dimensional field configuration space starting

from the fully supersymmetric AdS5 × S5 solution. This is done by writing the

10D fields as functions of the 5D fields, involving y-dependent functions, mostly

constructed from the S5 Killing spinors, in such a way that the 10D supersymmetry

transformations remain consistent upon extracting these y-dependent factors. In

the case at hand these eight independent, pseudo-real, Killing spinors, ηA(y),

satisfy (
D̊m + 1

2
m5 e̊m

a Γa6

)
η(y) = 0 . (2.88)

Here m5 denotes the inverse S5 radius which is related to the background value

of the field strength Fmnpqr by m5 = 1
120

e̊ εmnpqrF̊mnpqr. The background value of

the associated potential is denoted by Åmnpq(y). Furthermore D̊m equals the S5



58 Chapter 2 E6(6) structure of type IIB supergravity

background covariant derivative and e̊m
a(y) is the globally defined fünfbein on S5.

The Killing spinor equation (2.88) is motivated by the fact that it characterizes

the supersymmetry of the AdS5 × S5 solution of IIB supergravity. Note that the

Killing spinors in this section will be commuting.

In view of what follows it is useful to first discuss these Killing spinors in some

detail. Since (2.88) is a first-order differential equation it allows for eight inde-

pendent solutions. However, in five Euclidean dimensions, the Clifford algebra

associated with the SO(5) gamma matrices has an automorphism group equal to

Sp(1) ∼= SU(2). Consequently one can choose six independent spinors that are

not related by the action of the automorphism group, so that the orbit that is

then swept out under the action of the SU(2) automorphism group will yield the

two remaining independent spinors. Bilinears constructed from the Killing spinors

that involve only the original SO(5) gamma matrices will necessarily be invariant

under the automorphism group and therefore the number of independent spinor

bilinears of this type will constitute 6⊗ 6 independent bilinears which decompose

into 15 anti-symmetric and 21 symmetric components. This argument, which inci-

dentally also plays a role when analyzing the number of degrees of freedom of the

generalized vielbeine in section 2.5, explains why the bilinears produce precisely

15 independent Killing vectors associated with the isometry group of S5. More

specifically it follows that

e̊a
m η̄1(y) Γa6Γ7 η

2(y) =
∑
[âb̂]

C âb̂Km
âb̂(y) , (2.89)

where η1,2 are two possible Killing spinors (with η̄ ≡ η†) and the indices â, b̂, . . .

denote the components of the defining representation of the SO(6); in this back-

ground SO(6) corresponds to the isometry group of the sphere S5. The fifteen

Killing vectors are labeled with anti-symmetric pairs [âb̂] which are raised and

lowered using the SO(6) Cartan-Killing metric (and its inverse). The coefficients

C âb̂ are constant. To prove this relation one can write the gamma matrices in

terms of the original SO(5) gamma matrices and/or one can prove directly that

the left-hand side of (2.89) satisfies the Killing equation by virtue of (2.88).

Taking the derivative of the Killing vectors one finds additional tensors that are

also anti-symmetric in [âb̂],

D̊mKn âb̂ = −m5Kmn âb̂ , (2.90)
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and which are known as a Killing tensors. They satisfy the equation

D̊mKnp âb̂ = 2m5 g̊m[nKp] âb̂ . (2.91)

and are orthogonal to the Killing vectors, i.e. Kmn âb̂K
p âb̂ = 0. From the previous

results one then derives

e̊m
a e̊n

b η̄1(y) ΓabΓ7 η
2(y) =

∑
[âb̂]

C âb̂Kmn âb̂(y) . (2.92)

Note that the internal indices carried by objects characterising the S5 geometry,

such as the Killing vectors or tensors, are raised and lowered using the S5 metric

g̊mn(y).

After these observations we turn to the consistent truncation ansätze for the 10D

fields. We start from eight independent Killing spinors, now labeled by indices

i, j, . . . = 1, 2, . . . , 8, such that these spinors form an orthonormal basis in the

USp(8) spinor space and are subject to a pseudo-reality condition,

η̄i(y) ηj(y) = δij , η̄iA = Ω̄ij ΩAB ηj
B , (2.93)

where Ω̄ij and ΩAB are the symplectic matrices used before. The truncation for

the fermions, the supersymmetry parameters and the space-time vielbein eµ
α are

then assumed to take the form,5

ψµ
A(x, y) =ψµ

i(x) ηi
A(y) ,

εA(x, y) = εi(x) ηi
A(y) ,

χABC(x, y) =χijk(x) ηi
A(y) ηj

B(y) ηk
C(y) ,

eµ
α(x, y) = eµ

α(x) . (2.94)

Observe that the supersymmetry transformations for eµ
α(x, y) are consistent under

this truncation ansatz in the sense that y-dependence drops out of (2.40). However,

for the other bosons the truncation ansatz is more subtle.

To derive the truncation ansätze for the remaining bosons one first considers their

5 The phase factor Φ is only implicit in the formulae below, but it actually plays a crucial
role to ensure that consistency is achieved (see e.g. [111]).
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supersymmetry variations into the fermions, defined according to (2.94). For in-

stance, consider (2.69), which will now take the form,

δCµ
M(x, y) = 2

[
iΩ̄ik ε̄k(x)ψµ

j(x) + ε̄k(x) γµχ
ijk(x)

]
VijM(x, y) , (2.95)

where

VijM(x, y) = ηi
A(y) ηj

B(y)VABM(x, y) . (2.96)

The consistency of the truncation now requires that the y-dependence of Cµ
M and

VijM to match.

Before deriving some of the additional truncation results, let us first compare the

situation regarding the compactification on the torus T 5 and the sphere S5. In

the torus truncation all the fields Cµ
M will all appear and will be independent of

the torus coordinates ym. Consequently the generalized vielbeine VijM will also

be y-independent and they will be precisely equal to the corresponding quantities

Uij
M(x) that are a representative of the E6(6)/USp(8) coset space.6 The tensor

fields Cµν M can be gauged away in the torus truncation where they carry no

additional information and they are simply dual to the vector fields.

The situation for the S5 compactification is different, as in this case the various

‘physical’ fields reside in both the Cµ
M and Cµν M [53]. More precisely, there

are fifteen vector fields transforming in the adjoint representation of the SO(6)

subgroup of E6(6) and twelve tensor fields transforming as a direct product of the

vector representation of the same SO(6) subgroup and the doublet represention

of the SU(1, 1) subgroup of E6(6). The remaining vector and tensor fields in the

sphere truncation are the duals of these 15 ⊕ 12 fields. When writing the 5D

Lagrangian in the embedding-tensor approach, these fields are contained in the

Lagrangian but they can be gauged away. This decomposition in terms of the

expected vector and tensor fields must be reflected in the truncation ansätze for

the vectors and tensors.

It is important to realize that the fields Cµ
M and Cµν M are gauge fields, which

excludes field-dependent multiplicative redefinitions. Given that the y-dependence

should be extracted in the form of the geometric quantities associated with the

sphere S5, an obvious truncation ansatz is to decompose the vector and tensor

fields, Cµ
m, Cµ

mn, Cµν m and Cµν mn into the fifteen Killing vectors or tensors

6 Here we deviate from the notation used in [42] where the Uij
M (x) are denoted also by VijM .
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according to

Cµ
m(x, y) =Km

âb̂(y)Aµ
âb̂(x) , (2.97)

Cµ
mn(x, y) =Kmn

âb̂(y) Ãµ
âb̂(x) , (2.98)

Cµν m(x, y) =Km
âb̂(y)Bµν âb̂(x) , (2.99)

Cµν mn(x, y) =Kmn
âb̂(y) B̃µν âb̂(x) . (2.100)

There are no strong arguments why precisely these ansätze should be the correct

ones, except for the first one, which is a standard Kaluza-Klein truncation ansatz

(2.97). When continuing with the analysis of the other vectors and tensors, some

of the ansätze (2.98), (2.99) and (2.100) will eventually lead to contradictions and

will therefore require modifications. Hence for the moment we will just proceed

on the basis of these ansätze and investigate whether it leads to a consistent

proposal. Furthermore, as explained above, in 5D one has only fifteen vector and

fifteen tensor fields in the SU(1, 1) invariant sector, so that one must assume that

Ãµ
âb̂(x) must be proportional to Aµ

âb̂(x) (or equal to zero). A similar comment

can be made for the tensor fields Bµν âb̂(x) and B̃µν âb̂(x). Here, we will not deal

with fixing the normalizations of all quantities when connecting to the 5D fields.

A similar decomposition must then apply to the generalized vielbeine Vijm, Vijmn,

Vmij and Vmnij, to ensure that the supersymmetry transformation (2.95) are con-

sistent under the truncation (i.e. that the same y-dependence factorises on both

side). Hence we write

Vijm(x, y) =Uij
âb̂(x)Km

âb̂(y) , (2.101)

Vijmn(x, y) =Uij
âb̂(x)Kmn

âb̂(y) , (2.102)

Vmij(x, y) =Uâb̂
ij(x)Km

âb̂(y) , (2.103)

Vmnij(x, y) =Uâb̂
ij(x)Kmn

âb̂(y) , (2.104)

where, as we have explained above, Uij
âb̂(x) and Uâb̂

ij(x) are components of the

E6(6)/USp(8) coset representative of the 5D maximal supergravity that contain

the scalars. In particular, they satisfy,

Uij
âb̂(x)Uĉd̂

ij(x) = 2 δĉd̂
âb̂ . (2.105)

Subsequently we consider the following identities that follow from direct calcula-

tion using the generalized vielbeine expressed in terms of the 10D quantities in
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(2.73), and converting the USp(8) indices according to (2.96),

V̄ ikm Vkjn + V̄ ik n Vkjm = − 1
4
δij V̄klm Vkln ,

Ω̄ik Ω̄jl Vijm Vklnp = 32
15

√
5 e̊−1εnpqrs

[
Aqrst + 3

16
iεαβ A

α
qrA

β
st

]
V̄ ij m Vij t ,

Ω̄ik Ω̄jl Vijm Vkln = 1
2
∆−2/3gmn , (2.106)

where gmn(x, y) is the full (inverse) internal metric, which depends also on the

space-time coordinates xµ through its dependence on the 5D scalar fields, and

∆2 = det[g(x, y)]/ det[̊g(y)]. It is therefore different from the S5 metric g̊mn(y),

unless the 5D scalar fields take their background value. We also remind the reader

that the generalized vielbeine are pseudo-real so that complex conjugation give

V̄ ij m ≡
(
Vijm

)∗
= Ω̄ik Ω̄jk Vklm.

Let us first consider the implications from the first and third equations (2.106),

which only involve the Killing vectors Km
âb̂(y),

∆−2/3 gmn(x, y) = 2 Ω̄ik Ω̄jl Uij
âb̂(x)Ukl

ĉd̂(x) Km
âb̂(y)Kn

ĉd̂(y) . (2.107)

This result is rather generic and was first established in the case of the 11D

supergravity compactified on S7 [112]. For IIB supergravity compactified on S5

the above result was established in [117] and is in agreement with the recent

papers [75,87]. Note that the power of ∆ depends on the dimensions of the space-

time and the internal space. From this result it is clear that (2.106) and (2.107)

imply that we must adopt the following normalization for the Killing vectors,∑
[âb̂]

Km
âb̂(y)Kn âb̂(y) = 1

2
g̊mn(y) , (2.108)

where we used that in the S5 solution, in which all 5D scalar fields vanish and

consequently Uij
âb̂(x) ≡ Ũij

âb̂, we have

Ω̄ik Ω̄jl Ũij
âb̂ Ũkl ĉd̂ = δâb̂

ĉd̂
. (2.109)

The next step is to study the consequences of the second equation (2.106). Sub-

stitution of the generalized vielbeine leads to the equation

∆−2/3
[
Amnpq + 3

16
iεαβ A

α
[mnA

β
p]q

]
=
√

5
432

Ω̄ik Ω̄jl Uij
âb̂(x)Ukl

ĉd̂(x) (2.110)

× e̊ εmnptuKr
âb̂(y)Ktu

ĉd̂(y) gqr(x, y) .
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The derivation above follows the same approach as the one in the context of

11D supergravity [64], where it gave rise to the non-linear ansatz of the internal

components of the 11D 3-rank tensor field.

However, at this point, we stumble upon a first inconsistency that forces us to re-

consider one of the ‘naive’ truncation ansatz that we proposed earlier on. Indeed,

a puzzle becomes apparent when considering (2.110) in the S5 background solu-

tion (2.109). In that case the right-hand side vanishes, which indicates that the

background four-form potential Åmnpq(y) must vanish. However, this is impossible

in view of the fact that its field strength e̊ εmnpqrF̊mnpqr = 120m5 is non-zero. This

was already observed in [103].

To avoid this inconsistency we must trace back our steps to (2.102) and modify

the ansatz for Vijmn to

Vijmn(x, y) = Uij
âb̂(x)Zmn

âb̂(y) , (2.111)

where

Zmn
âb̂(y) = Kmn

âb̂(y) +
32

15

√
5 e̊−1 εmnpqr Åpqrs(y)Ks

âb̂(y) , (2.112)

such that (2.110) now takes a form that is consistent with the S5 solution,

∆−2/3
[
Amnpq − Åmnpq + 3

16
iεαβ A

α
[mnA

β
p]q

]
=
√

5
432

Ω̄ik Ω̄jl Uij
âb̂(x)Ukl

ĉd̂(x) (2.113)

× e̊ εmnptuKr
âb̂(y)Ktu

ĉd̂(y) gqr(x, y) .

Furthermore, the modification in (2.111) implies that (2.98) should be modified in

the same manner to preserve the consistency of the truncation:

Cµ
mn(x, y) = Zmn

âb̂(y)Aµ
âb̂(x) (2.114)

We observe that the modified ansatz (2.114) is in agreement with [87] (up to

normalizations) and that the equation (2.113) agrees with a result presented in [75].

Subsequently we continue to the twelve vector and twelve tensor fields that trans-

form under SU(1, 1), namely Cµα, Cµαm, Cµν
α and Cµν

αm, which should be de-

composed into the twelve vector and the twelve tensor fields that one expects in

the 5D gauged supergravity. However, in view of their number, it is not possible to

expand these fields in terms of Killing vectors or tensors. Therefore we introduce

the SO(6) vector fields Y â(y) that satisfy Y â(y)Yâ(y) = 1, whose parametrization

in terms of the ym is based on the same SO(6)/SO(5) coset representative as all
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other geometric quantities of S5, such as the metric and the Killing vectors and

tensors (see, e.g. [112]). In that case, one can parametrize the remaining vector

and tensor fields in terms of the twelve expected 5D fields,

Cµα(x, y) =Y â(y)Aµαâ(x) , (2.115)

Cµαm(x, y) = ∂mY
â(y)Aµαâ(x) , (2.116)

Cµν
α(x, y) =Yâ(y)Bµν

αâ(x) , (2.117)

Cµν
αm(x, y) = g̊mn ∂nYâ(y)Bµν

αâ(x) . (2.118)

We emphasise that, as before, these truncation ansätze are a first approximation.

Once again, we close our eyes for the moment, and proceed until some inconsistency

forces us to modify these ansätze by the addition of extra terms that depend on

Åmnpq(y) (as in (2.114)). For consistency of the truncation, a similar decomposition

must therefore apply to the generalized vielbeine Vij α, Vij αm, Vα ij and Vαm ij

which appear in the variation of the above fields,

Vij α(x, y) =Uij αâ(x)Y â(y) , (2.119)

Vij αm(x, y) =Uij αâ(x) ∂mY
â(y) , (2.120)

Vα ij(x, y) =Uαâ ij(x)Yâ(y) , (2.121)

Vαm ij(x, y) =Uαâ ij(x) g̊mn ∂nYâ(y) , (2.122)

where Uij αâ(x) and Uαâ ij(x) are again related to specific components of the

E6(6)/USp(8) coset space representative that appear in the 5D theory. They satisfy

Uαâ ij(x)Uij βb̂(x) = δαβ δ
â
b̂ . (2.123)

Finally, we consider the following identities that can be derived for the generalized

vielbeine,

Ω̄ik Ω̄jl Vijm Vkl αn = iεαβA
β
np V̄ ij m Vijp ,

εαγ Ωik Ωjl Vγij Vβ kl = 5
4
∆−4/3

(
δα

β − 2φαφ
β
)
. (2.124)

From these identities we can obtain the following results upon substitution of the

adequate truncation ansätze,

∆−2/3Aαmn = 2i εαβ Ω̄ik Ω̄jl Uij
âb̂(x)Ukl βĉ(x)Kp

âb̂(y) gp[m(x, y) ∂n]Y
ĉ(y) ,

∆−4/3
(
δα

β − 2φαφ
β
)

= 4
5
εαγ Ωik Ωjl U

γâ ij(x)Uβb̂ kl(x)Yâ(y)Yb̂(y) . (2.125)
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The first result has recently been derived based on generalized geometry [75], while

the second one has been obtained long ago (under some mild assumptions) in [117]

by using the same strategy as in this section. Note that no further modifications of

the ansätze (2.116) and (2.117) (and hence of (2.120) and (2.121)) were necessary

at this point. This is so far consistent with the findings of [87].

We end the analysis here but it is clear that we have only probed part of the pos-

sible identities that can be derived on the basis of this approach. The consistency

of the identities presented in this section is only enough to confirm the ansätze

(2.97), (2.114), (2.116) and (2.117) (and the associated ones for the generalised

vielbeine). In principle, this program should be further carried out by establish-

ing the mutual consistency of all possible equations quadratic in the generalized

vielbeine. For some of the generalized vielbeine, this would reveal the need for

modifications of their truncation ansätze along the lines of (2.111). Alternatively,

the need for making such modifications would follow from requiring the various S5

geometric quantities to transform covariantly under SO(6). In the end, the results

should be compared with [87] where the complete truncation ansätze for all the

fields (including the 5D three- and four-forms) have been worked out.





Chapter 3

Deformations of Exceptional

Field Theory

This chapter deals with the duality covariant framework of exceptional field the-

ory. We show that the generalised Lie derivative admits consistent deformations

which, in particular, allow for the description of massive type IIA supergravity

as a geometric solution of the section constraint. This chapter is directly based

on [118].

3.1 Introduction

Exceptional field theory (EFT) provides a unified framework where to describe

massless type II and eleven-dimensional supergravity [68, 80–85]. In EFT, co-

variance with respect to the En(n) duality symmetry of maximal supergravity in

D = (11−n) dimensions is made manifest by adding extra coordinates to the ten-

or eleven-dimensional spacetime. Consistency of the theory eventually requires to

impose a section constraint which restricts all fields to depend, at most, on ten

or eleven physical coordinates. After solving the section constraint, EFT reduces

(locally in a coordinate patch) to an exceptional generalised geometry (EGG) for-

mulation of massless type II or eleven-dimensional supergravities [73,74]. In view

of the unifying abilities of EFT, it is natural to ask whether there exist consistent

modifications of the EFT framework that would also allow Roman’s massive type

IIA supergravity [27] to arise as a solution of the section constraint.

67
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The Romans mass mR has always manifested itself as a deformation parameter in

any construction related to type IIA supergravity. This is the case, for instance, for

the supersymmetric AdS vacua of [119–121]. When considering dual holographic

models, the Romans mass translates into a deformation of the field theory in the

form of a Chern-Simons term with level k given by k/(2πls) = mR [122–124]. A

more recent example involves the consistent truncation of the massive IIA theory

on the six-sphere [123, 125, 126]. In this case it was shown that, after truncation

to four dimensions, the Romans mass appears as an electric-magnetic deformation

parameter of the types constructed in [127, 128]. These results suggest that, in

order to embed the massive IIA theory in EFT, one should investigate the possible

deformations of the latter.

In this chapter, we show that EFT admits consistent deformations which still allow

for ten- and/or eleven-dimensional solutions of the section constraint. For one of

these deformations, there exists a purely geometric ten-dimensional solution which

precisely corresponds to massive IIA supergravity, and thus defines as a byproduct

the associated EGG. This new deformed EFT framework endows massive IIA

supergravity with the same geometrical and group-theoretical tools that were so

far exclusive to the massless theories.

En(n) EFT is based on an external spacetime and an internal extended space

which are respectively parametrised by the coordinates xµ and yM , where µ =

0, . . . , D − 1 , M = 1, . . . , dim Rv and where the Rv representation of En(n) is

reminded for convenience in Table 3.1. Internal generalised diffeomorphisms act on

fields by means of a generalised Lie derivative LΛ . While all fields and parameters

formally depend on the full set of coordinates (xµ, yM) , the dependence on the

internal coordinates is ultimately restricted to a physical subset by the section

constraint

Y PQMN ∂P ⊗ ∂Q = 0 , (3.1)

where ∂M ≡ ∂
∂yM

and Y PQMN is a specific En(n) × R+ invariant tensor [94].

After choosing a maximal solution of this constraint, EFT effectively reduces to

eleven-dimensional or type IIB supergravity in a D + n or D+(n−1) dimensional

split, respectively. Such a split of the physical coordinates into the D-dimensional

external spacetime and the n- or (n − 1)-dimensional internal space explicitly

breaks the Lorentz covariance of the eleven- or ten-dimensional theory but does

not truncate any of its degrees of freedom. The generalised Lie derivative then

encodes the ordinary internal diffeomorphisms and p-form gauge transformations

of the physical theory in the corresponding dimensional split.



Chapter 3 Deformations of Exceptional Field Theory 69

D 9 8 7 6 5 4

En(n) SL(2)× R+ SL(2)× SL(3) SL(5) SO(5, 5) E6(6) E7(7)

Rv 23 + 1−4 (2, 3̄) 10 16c 27 56

RX 2−3 + 34 (2,3) + (2, 6̄) 15 + 40 144c 351 912

Table 3.1: Relevant En(n) representations for the internal generalised coordi-

nates yM and for the X deformation.

The construction of ‘X deformed’ exceptional field theories (XFT’s) entirely relies

on the following modification of the ordinary generalised Lie derivative

L̃Λ = LΛ + ΛMXM , (3.2)

where XM is En(n) Lie algebra valued. In particular, it takes the form (XM)N
P ≡

XMN
P when acting on a field in the Rv representation. Closure of the deformed

generalised Lie derivative (3.2) and consistency of the EFT tensor hierarchy require

X to be restricted to the RX representation of En(n) (see Table 3.1) and to satisfy

a quadratic constraint

XMP
RXNR

Q −XNPRXMRQ +XMN
RXRP

Q = 0 . (3.3)

in analogy with the constraints (1.17) and (1.14) appearing in gauged maximal

supergravity [42–46,54,129]. Furthermore, an additional constraint involving both

X and ∂M must be imposed

XMN
P ∂P = 0 . (3.4)

This so-called X-constraint can be interpreted as a compatibility condition be-

tween the X deformation and the yM dependence of the fields and gauge param-

eters. Together with the section constraint (3.1), these conditions guarantee the

consistency of the internal generalised diffeomorphisms algebra and, ultimately, of

the whole XFT.

For specific choices of X , (3.4) is still compatible with solutions of the section

constraint (3.1) that preserve n or (n − 1) internal coordinates. The resulting

XFT’s ultimately describe three types of eleven- and ten-dimensional maximal

supergravities:

◦ 11-dimensional and massless type IIA supergravities with background fluxes.
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◦ Type IIB supergravity with background fluxes.

◦ Massive type IIA supergravity with background fluxes.

The latter case is a genuine result of XFT. Indeed, the massive IIA supergrav-

ity, which cannot be described in EFT without violating the section constraint,

now admits a geometric description using the XFT framework. The fluxes men-

tioned above simply correspond to constant background values for the internal

components of certain field strengths in the corresponding supergravity theory.1

It is therefore not surprising that the background fluxes can be reabsorbed in

the dynamical fields of the theory without violating the section constraint. This

is however not possible for the Romans mass, since there exists no correspond-

ing ‘zero-form field strength’ in which it could be reabsorbed. As a result, the

EGG of type IIA supergravity admits two inequivalent generalised Lie derivatives

corresponding to the massless and massive theories, respectively2.

The outline of the chapter is as follows. In section 3.2 we review the generic

features of EFT and its generalised Lie derivative. Subsequently, we reproduce

explicitly the internal gauge transformations of the massless IIA theory in a 7 + 3

split by choosing the appropriate solution of the section constraint in SL(5) EFT.

We then argue that a deformation of the generalised Lie derivative is needed in

order to account for the modifications to the gauge transformations in the massive

case. In section 3.3 we present the general properties of the X deformation and

show that it can accommodate the Romans mass parameter. We also classify

the deformations of the SL(5) EFT that remain compatible with ten- or eleven-

dimensional solutions of the section- and X-constraints. Finally, in section 3.4, we

derive the tensor hierarchy and the bosonic action for the E7(7) XFT.

3.2 Exceptional field theory and type IIA super-

gravity

As discussed previously, EFT’s embed the eleven-dimensional and massless type

II supergravities in a unified framework which captures their underlying excep-

tional generalised geometries, and where the exceptional duality symmetries of

1Here we insist that these background values are constant over the whole internal space. The
dynamical part of all fields still carries an arbitrary dependence on the eleven or ten physical
coordinates.

2A detailed construction of the exceptional generalised geometry for massive IIA supergravity
can be found in [130].
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the lower-dimensional theories are manifest. More concretely, the spacetime of

eleven-dimensional supergravity is decomposed into a D dimensional ‘external’

spacetime and an n = 11 − D dimensional ‘internal’ space, without performing

any truncation of degrees of freedom. Note that this procedure was described in

detail in chapter 2 for the case of a 5 + 5 split of type IIB supergravity. The

internal diffeomorphisms are then extended to generalised diffeomorphisms which

also account for the internal gauge transformations of the three- and dual six-form

potentials (and of the dual graviton in D = 4, 3). A similar situation occurs for

the D+ (n−1) dimensional split of the massless type II supergravities. The set of

internal coordinates is then extended to yM , with M = 1, . . . , dimRv , such that

the coordinates transform linearly under En(n) and can be regarded as conjugate

to the internal momenta and half-BPS charges of the theory [89, 131]. A section

constraint must be imposed for consistency, and restricts the coordinate depen-

dence of all fields and gauge parameters to a subset of the internal coordinates. As

long as one does not commit to a specific solution of this constraint, EFT can be

regarded as being (formally) invariant under rigid En(n)×R+ transformations. The

embedding of the original ten- and eleven-dimensional supergravities is recovered

by choosing the appropriate solution of the section constraint. The generalised Lie

derivative and other structures in EFT then reproduce (locally) the exceptional

generalised geometry associated with the corresponding supergravity theory where

the rigid En(n)×R+ symmetry is broken. This symmetry only subsists if one solves

the section constraint by choosing all the fields to be independent of yM. In this

case, EFT reduces to ungauged maximal supergravity in D dimensions and the

R+ factor corresponds to the trombone symmetry (cf. 1.1.1).

In their latest formulations, EFT’s have been constructed in any D ≥ 3 [68,

80–85] following a prescription that mimics the embedding tensor formulation of

maximal supergravities in the corresponding dimension [42–46, 54, 129]. In both

the EFT’s and the maximal supergravities, internal and spacetime symmetries

completely specify the field content as well as its interactions in an elegant and

unambiguous manner. In this section we introduce the basics of the EFT’s which

we will extensively use later on. We will focus on D ≥ 4 throughout this chapter.

3.2.1 Generalised diffeomorphisms

EFT fields depend on spacetime coordinates xµ, µ = 0, . . . , D − 1, and extended

internal coordinates yM. The fields and gauge parameters of the theory are ar-

ranged in objects that transform consistently under a set of internal generalised
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diffeomorphisms. On covariant objects generalised diffeomorphisms act with a

generalised Lie derivative LΛ . For instance, the action of LΛ on a En(n) × R+

vector UM of weight λ(U) = λU reads3

LΛU
M = ΛN∂NU

M−UN∂NΛM+YMNPQ ∂NΛP UQ+ (λU−ω) ∂PΛPUM, (3.5)

where ΛM(x, y) is the gauge parameter, YMNPQ is a specific, constant En(n)×R+

invariant tensor (so that δΛY
MN

PQ = LΛY
MN

PQ = 0 ), and ω = 1/(D− 2) . All

parameters of generalised diffeomorphisms carry weight ω .

Consistency of the generalised diffeomorphisms requires the algebra of the gener-

alised Lie derivative to close, namely

[LΛ,LΣ]WM = L[Λ,Σ]EW
M , (3.6)

where the so-called E-bracket for parameters Λ and Σ is defined as

[
Λ,Σ

]M
E
≡ 1

2
(LΛΣM − LΣΛM) = ΛP∂PΣM +

1

2
YMNPQ ∂NΛP ΣQ

− (Λ↔ Σ) . (3.7)

The requirement (3.6) translates into a set of conditions [94] which severely re-

stricts the dependence of the fields and parameters in the EFT on the generalised

coordinates:

Y PQMN ∂P ⊗ ∂Q = 0 ,(
YM(P

T Q Y
T |N )

RS − YM(P
RS δ

N )
Q
)

(∂P∂N ) = 0 ,(
YMNT Q Y

T P
[SR] + 2YMN [R|T | Y

T P
S]Q

− YMN [RS] δ
P
Q − 2YMN [S|Q| δ

P
R]

)
∂(N ⊗ ∂P) = 0 ,(

YMNT Q Y
T P

(SR) + 2YMN (R|T | Y
T P
S)Q

− YMN (RS) δ
P
Q − 2YMN (S|Q| δ

P
R)

)
∂[N ⊗ ∂P] = 0 . (3.8)

The first condition in (3.8) is usually referred to as the section constraint. We

will always impose that it holds on any combination of fields and/or parameters,

including derivatives and products. As a result, the section constraint restricts

all objects in the EFT to depend only on a subset of the internal coordinates. In

3The transformation rule for a covariant tensor VM is deduced by requiring that the contrac-
tion S = UMVM transforms as a scalar density of weight λU + λV . The transformation rule
for tensors follows immediately.
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all the En(n) EFT’s, the other equations in (3.8) are automatically satisfied if the

section constraint is imposed [94].

The E-bracket in (3.7) fails to satisfy the Jacobi identity:

[
[Λ,Σ]E,Γ

]
E

+ cycl. =
1

3

{
[Λ,Σ]E,Γ

}
E

+ cycl. . (3.9)

This fact plays a central role in the construction of EFT’s, as it requires the

introduction of a hierarchy of p-form fields and gauge transformations [68,78,80–82]

similar to the one of gauged supergravities [55, 56], in order to guarantee the

invariance of the field equations under generalised diffeomorphisms. For vectors

of weight ω, one finds that the symmetric bracket {Λ,Σ}E , reads

{
Λ,Σ

}M
E

=
1

2
(LΛΣM + LΣΛM) =

1

2
YMNPQ

[
ΣQ∂NΛP + ΛQ∂NΣP

]
, (3.10)

so that LΛΣM = [Λ,Σ]ME +
{

Λ,Σ}ME . Consistency of the tensor hierarchy in EFT

then follows from the fact that, upon using the section constraint, {Λ,Σ}E is a

trivial gauge parameter, namely, that L{Λ,Σ}E vanishes identically.

Covariance under internal generalised diffeomorphisms with parameters that de-

pend on spacetime coordinates xµ requires the introduction of appropriate covari-

ant derivatives and associated connections [78]

∂µ → Dµ ≡ ∂µ − LAµ , (3.11)

where Aµ
M(x, y) are the vector fields of EFT. The requirement that Dµ is co-

variant fixes the transformation properties of Aµ
M up to the addition of trivial

gauge parameters. It is customary to choose

δΛAµ
M = DµΛM = ∂µΛM − LAµΛM . (3.12)

Making use of the fact that {Λ, Aµ}ME is a trivial parameter, we can also give a

different expression for δΛAµ
M which will be convenient in the following section:

δΛAµ
M = ∂µΛM + LΛAµ

M . (3.13)

The difference between any two choices of δΛAµ
M is absorbed into the gauge

transformations associated with the two-forms of the EFT tensor hierarchy. This is

again analogous to the situation in gauged supergravity. The specifics of the tensor

hierarchy in EFT depend on the dimension D , although a systematic treatment
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has been recently developed in [132]. We will discuss the D = 4 case thoroughly

in section 3.4.

3.2.2 Massless IIA gauge transformations from EFT

In order to make contact with the eleven-dimensional and massless type II su-

pergravities, it is necessary to pick a specific solution of the section constraint in

(3.8). As a first step towards the implementation of the Romans mass as a de-

formation parameter in EFT, we first briefly exemplify how to recover the gauge

transformations of ten-dimensional massless IIA supergravity from those of EFT.

Type IIA supergravity is the maximally supersymmetric non-chiral theory in ten

dimensions. Its field content differs from the one of the type IIB theory discussed

in chapter 2. In addition to the zehnbein, a dilaton, a Kalb-Ramond two-form

AMN as well as two gravitini (and two dilatini) of different chirality, type IIA

supergravity involves Ramond-Ramond (RR) p-form potentials of odd rank. The

latter possess gauge transformations which are deformed by the Romans mass,

mR, in the massive version of the IIA theory [27].

Let us then start by introducing the massless gauge transformations of the IIA

ten-dimensional p-form potentials AM , AMN and AMNP . These are specified by

gauge parameters λ , ΞM and θNP = −θPN , where M, N, . . . are ten-dimensional

spacetime indices, and take the form (we follow the conventions of [133])

δAM = ∂Mλ , δAMN = 2 ∂[M ΞN ] , δAMNP = 3 ∂[M θNP ] − 3A[MN ∂P ]λ . (3.14)

In this example, we consider a 7+3 dimensional split of the fields and parameters of

the ten-dimensional type IIA supergravity. The p-forms of type IIA supergravity

are decomposed in 7D scalars, 7D vectors and so on. As in chapter 3, appropriate

Kaluza-Klein (KK) redefinitions are needed to ensure their covariance under the

seven-dimensional external diffeomorphisms. Importantly, all fields and gauge

parameters still depend on the ten-dimensional coordinates xM = (xµ , yα) with

µ = 0, . . . , 6 and α = 1, 2, 3 . The redefined 7D vectors originating from the

ten-dimensional p-form potentials take the form

AKK
µ = Aµ−Bµ

δ Aδ , AKK
µβ = Aµβ −Bµ

δ Aδβ , AKK
µβγ = Aµβγ −Bµ

δ Aδβγ , (3.15)
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where Bµ
α are the KK vector fields coming from the ten-dimensional metric. It

is convenient to perform a second set of non-linear redefinitions4

Cµ = AKK
µ , Cµβ = AKK

µβ and Cµβγ = AKK
µβγ + AKK

µ Aβγ . (3.16)

After some algebra manipulations it can be shown that, under (3.14), these vec-

tors transform as follows under internal diffeomorphisms with parameter ξα and

internal gauge transformations with parameters λ , Ξα , θαβ :

δBµ
α = (∂µ −Bµ

δ ∂δ) ξ
α + ξδ ∂δBµ

α ,

δCµ = ξδ ∂δCµ + (∂µ −Bµ
δ ∂δ)λ ,

δCµβ = ξδ ∂δCµβ + Cµδ ∂βξ
δ + (∂µ −Bµ

δ ∂δ) Ξβ +Bµ
δ ∂β Ξδ ,

δCµβγ = ξδ ∂δCµβγ + 2Cµδ[γ ∂β]ξ
δ + (∂µ −Bµ

δ ∂δ) θβγ + 2Bµ
δ ∂[β| θδ|γ]

+ 2Cµ ∂[βΞγ] − 2Cµ[β ∂γ]λ . (3.17)

The 7 + 3 dimensional split we have adopted to describe the massless IIA super-

gravity can be compared with the D = 7 EFT, based on E4(4) ≡ SL(5) [84,93,95].

Analogous comparisons can be performed for other D+(n−1) dimensional splits.

The SL(5) EFT is characterised by generalised vectors ΛM in the 10 representa-

tion,

textiti.e. Λmn = −Λnm , with m = 1, ..., 5 being a fundamental SL(5) index. The

structure tensor of the SL(5) EFT is given by5

Y mnpq
rs tu = εmnpqz εrstuz , (3.18)

and the section constraint reduces to

εmnpqz ∂mn ⊗ ∂pq = 0 . (3.19)

There are two inequivalent solutions of (3.19) (up to SL(5) transformations [95])

corresponding to eleven-dimensional supergravity (which will be referred to as

4Similar redefinitions were discussed for the IIB case in chapter 2, and more generally, in
[67,103,125].

5The entries in Y mnpqrs tu are 0,±1 . Therefore, whenever an index pair mn is contracted, a
factor of 1

2 must be explicitly included.
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M-theory for conciseness) and type IIB supergravity:

M-theory: ∂α4 6= 0 , ∂45 6= 0 and ∂α5 = ∂αβ = 0 ,

type IIB: ∂αβ 6= 0 and ∂α4 = ∂α5 = ∂45 = 0 .
(3.20)

The massless IIA case is obtained by further restricting to only three coordinates

in the M-theory solution. We will set ∂45 = 0 .

The SL(5) EFT contains 10 vector fields Aµ
M ≡ Aµ

mn that transform under a

generalised diffeomorphism as in (3.13). Using the massless IIA solution of the

section constraint (∂α4 6= 0), we can identify the field content and gauge parameters

of the supergravity theory with those of the EFT:

Aµ
mn = (Aµ

α5 , Aµ
α4 , Aµ

αβ , Aµ
45 ) = (

1

2
εαβγ Cµβγ , Bµ

α , εαβγ Cµγ , Cµ ) ,

Λmn = ( Λα5 , Λα4 , Λαβ , Λ45 ) = (
1

2
εαβγ θβγ , ξ

α , εαβγ Ξγ , λ ) ,

∂mn = ( ∂α5 , ∂α4 , ∂αβ , ∂45 ) = ( 0 , ∂α , 0 , 0 , 0 ) . (3.21)

After imposing the massless IIA solution of the section constraint, an explicit

computation of the vector field transformations directly from (3.13) reproduces

(3.17). A similar analysis can be repeated for the other types, such as the 7D

scalars or the 7D two- and three-forms. However, the vector gauge transformations

are enough for our purposes in the next section.

3.2.3 Massive IIA gauge transformations from a deformed

Lie derivative

Let us now look at the gauge transformations of the ten-dimensional massive IIA

theory. They are modifications of the massless expressions (3.14), and they read

δAM = ∂Mλ+mR ΞM ,

δAMN = 2 ∂[M ΞN ] ,

δAMNP = 3 ∂[M θNP ] − 3A[MN ∂P ]λ−mRA[MN ΞP ] . (3.22)
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where mR denotes the constant Romans mass. In the 7 + 3 dimensional split, and

after performing the field redefinitions (3.15) and (3.16), the internal diffeomor-

phisms and gauge transformations become

δBµ
α = (∂µ −Bµ

δ ∂δ) ξ
α + ξδ ∂δBµ

α ,

δCµ = ξδ ∂δCµ + (∂µ −Bµ
δ ∂δ)λ−mRBµ

δ Ξδ ,

δCµβ = ξδ ∂δCµβ + Cµδ ∂βξ
δ + (∂µ −Bµ

δ ∂δ) Ξβ +Bµ
δ ∂β Ξδ ,

δCµβγ = ξδ ∂δCµβγ + 2Cµδ[γ ∂β]ξ
δ + (∂µ −Bµ

δ ∂δ) θβγ + 2Bµ
δ ∂[β| θδ|γ]

+ 2Cµ ∂[βΞγ] − 2Cµ[β ∂γ]λ− 2mRCµ[β Ξγ] . (3.23)

Note that the extra terms in (3.23) compared to (3.17) do not contain inter-

nal derivatives. This poses an obstruction to recovering such variations from a

standard EFT/generalised geometry Lie derivative like (3.5), whose terms always

contain derivatives of either the gauge parameter or the field it acts on. How-

ever, the fact that massive IIA supergravity is a geometrically well-defined theory

means that it should admit an exceptional generalised geometry description. This

suggests that the solution to the above obstruction is to implement mR as a de-

formation of LΛ , and therefore modify the notion of covariance in the exceptional

generalised geometry associated with type IIA supergravity. The procedure that

we follow in order to identify the correct deformation is the inverse of the one

presented in the previous section. We still use the dictionary (3.21) for the SL(5)

EFT, but we now repackage (3.23) into an expression

δΛAµ
mn = ∂µΛmn + L̃ΛAµ

mn , (3.24)

where L̃Λ accounts for mR and reduces to the standard EFT Lie derivative in

the limit mR → 0 . We stress that vector fields transform faithfully under internal

generalised diffeomorphisms, so that by covariance this procedure uniquely iden-

tifies the deformation induced by mR on all the every other field. The resulting

deformed Lie derivative reads

L̃ΛAµ
mn = LΛAµ

mn −Xpq rs
mn Λpq Aµ

rs , (3.25)
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where the second term in the right-hand side is specified by an X deformation of

the form

Xmnpq
rs = 2Xmn [p

[r δ
s]
q] , (3.26)

with non-vanishing entries given by

Xαβ γ
5 = −2mR εαβγ , (3.27)

and where εαβγ is the Levi-Civita symbol in three dimensions with ε123 = +1 .

Note at this point that equations (3.26) and (3.27) correspond to the embedding

tensor of the gauged maximal supergravity induced by a three-torus compactifi-

cation of massive IIA supergravity6.

Consistency requirements, like closure of L̃ , will follow from consistency of the

original massive IIA theory, at least as long as we restrict ourselves to the solution

of the section constraint that corresponds to the type IIA theory. As we shall see,

however, the new structures unveiled in this section can be immediately generalised

to other dimensions as well as to generic X deformations. Therefore we will discuss

consistency of the deformed EFT’s in a more general setting in the next section,

and later come back to the case of the Romans mass.

3.3 Deformations of exceptional field theory

Motivated by the Romans mass deformation of the SL(5) EFT found in the previ-

ous section, we move on to investigate general deformations of EFT. Let us recall

that we refer to the deformed version of EFT as XFT. In this section we will fo-

cus on the structure of generalised diffeomorphisms and discuss their closure and

consistency conditions.

3.3.1 Deformed generalised Lie derivative

Motivated by our discussion of the internal gauge variations of massive IIA super-

gravity, we will now consider generic deformations of the exceptional generalised

Lie derivative LΛ in the D-dimensional EFT, by non-derivative terms specified by

6The reduced theory is a seven-dimensional gauged maximal supergravity with three vectors
Aµ

αβ spanning an abelian R3 gauging specified by the three commuting generators tγ5 .
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a constant object XMN
P . As we will see, this object satisfies the same require-

ments as the embedding tensor of the D-dimensional gauged maximal supergrav-

ity: the quadratic constraint (1.14) is required for the closure of the generalised

diffeomorphisms algebra and for the Jacobi identity, while the linear or represen-

tation constraint (see Table 3.1) is required for the consistency of the hierarchy of

tensor fields. We exclude deformations of the trombone type from our discussion.

We thus start by introducing a deformed generalised Lie derivative which acts on

En(n) × R+ vectors as

L̃ΛU
M = LΛU

M −XNPM ΛN UP , (3.28)

where the standard (undeformed) generalised Lie derivative LΛ is defined in (3.5).

A first consistency requirement is that L̃Λ is compatible with the rigid En(n)

structure of the theory. Hence, XMN
P must decompose just as in (1.12). We can

thus say that in general

L̃Λ ≡ LΛ + ΛMXM , (3.29)

where XM is En(n) Lie algebra valued and acts in the appropriate representation.

Closure of generalised diffeomorphisms translates to the deformed version of (3.6):

[
L̃Λ, L̃Σ

]
= L̃[Λ,Σ]X , (3.30)

where the X-bracket [• , •]X takes the form

[
Λ,Σ

]M
X
≡ 1

2
(L̃ΛΣM − L̃ΣΛM) =

[
Λ,Σ

]M
E
−X[PQ]

M ΛP ΣQ . (3.31)

Requiring (3.30) induces a new set of consistency constraints. Since Λ and Σ are

arbitrary parameters, these constraints can be disentangled based on the number

of derivatives. The two-derivative ones do not contain XM and therefore reduce

to the original section constraint (3.8). An explicit computation yields

[L̃Λ, L̃Σ]WM − L̃[Λ,Σ]XW
M = AMNPS ΛNΣPW S +X[NP]

Q ΛNΣP∂QW
M

+BMQNRS (ΛN∂QΣRW S − ∂QΛRΣNW S) , (3.32)

where, without loss of generality, we have already assumed (3.8) to hold. The

right-hand side of (3.32) therefore defines X-dependent conditions. The A and B
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terms read

AMNPS = 2X[N|Q
MXP]S

Q −XQSMX[NP]
Q , (3.33)

BMQNRS = X(NR)
MδQS −XNSQδMR + YMQRPXNS

P

− Y PQRSXNPM + YMQPSX[NR]
P − 1

2
Y PQRNXPS

M . (3.34)

Note that the first line is the antisymmetric part of the quadratic constraint (1.14).

Altogether, we have the requirements

AMNPS = 0 , X[NP]
Q ∂Q = 0 and BMQNRS ∂Q = 0 . (3.35)

The conditions above are not yet final. Just as for the E-bracket, the X-bracket

fails to define a Lie algebra as the Jacobi identity does not hold. Instead, it yields

a Jacobiator

[
[Λ,Σ]X ,Γ

]
X

+ cycl. =
1

3

{
[Λ,Σ]X ,Γ

}
X

+ cycl. , (3.36)

where the X-modified symmetric bracket turns out to be

{
Λ,Σ

}M
X
≡ 1

2
(L̃ΛΣM + L̃ΣΛM) =

{
Λ,Σ

}M
E
−X(PQ)

MΛPΣQ . (3.37)

Consistency of the XFT requires that the Jacobiator again corresponds to a trivial

gauge parameter, namely, L̃{Λ,Σ}X vanishes. A direct computation shows that

L̃{Λ,Σ}XU
M = CMRSPQ (ΛQ∂RΣPUS + ∂RΛPΣQUS)−X(PQ)

R ΛPΣQ ∂RU
M

+X(PQ)
RXRS

M ΛPΣQUS , (3.38)

with

CMRSPQ = X(PQ)
MδRS − YMRT S X(PQ)

T − 1

2
Y T RPQXT S

M , (3.39)

and where we have used the conditions (3.35) derived from (3.32). Therefore we

must impose

X(PQ)
RXRS

M = 0 , X(PQ)
R ∂R = 0 and CMRSPQ ∂R = 0 . (3.40)

The first equation in (3.40) combines with the first equation in (3.35) to produce

the full set of quadratic constraints in (1.14). The middle equations in (3.35) and

(3.40) combine into the X-constraint XMN
P ∂P = 0 . A careful analysis of the
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representation content of the remaining conditions (namely, the ‘B’ and ‘C’ terms)

shows that they are entirely equivalent to the X-constraint. We thus arrive at the

final set of consistency conditions for XFT:

YMNPQ ∂M ⊗ ∂N = 0 ( section constraint ) , (3.41)

XMN
P ∂P = 0 ( X-constraint ) , (3.42)

and XM must additionally satisfy the quadratic constraint in (1.14). The above

conditions should be intended as acting on any field, parameter and combina-

tions thereof. As a result, the new X-constraint (3.42) restricts the coordinate

dependence to those coordinates left invariant by the En(n) elements generated by

XM . Together with the linear and quadratic constraints on X, this is the only

new condition required for consistency of XFT.

We should also emphasise that our notion of covariance under internal generalised

diffeomorphisms is now given in terms of L̃ , so that δΛT = L̃ΛT for any covari-

ant tensor T . The deformation XMN
P by definition does not vary under any

(internal or external) diffeomorphism and gauge transformations. Its generalised

Lie derivative, however, does not necessarily vanish. Using the constraints above

one can compute

L̃ΛXMN
P = 2 ∂[M ΛRX|R|N ]

P + Y PQRN ∂QΛS XSM
R , (3.43)

where we assigned the weight λ(X) = −ω, as can be deduced by requiring that

generalised Lie derivatives of tensors carry the same weights as the tensors them-

selves.

We close the section by stressing again that XMN
P must be restricted to the En(n)

representations displayed in Table 3.1 for the consistency of the tensor hierarchy

that will be presented in 3.4.

3.3.2 Section constraint and massive IIA supergravity

Equipped with the new generalised Lie derivative L̃ , and the consistency condi-

tions derived in the previous section, we now look at specific X deformations to

discuss their interpretation. We will come back to the construction of the full XFT

action in section 3.4 where we discuss the E7(7) case in detail. Starting from the

M-theory solution of the section constraint (3.41), we now show that by turning
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on the X deformation corresponding to the Romans mass mR , to which we refer

as XR , a dependence of the fields and parameters on the M-theory coordinate is

no longer allowed as a consequence of the X-constraint (3.42). The resulting XFT

will then describe the massive IIA theory. The deformation XR always corresponds

to the embedding tensor obtained from reduction of massive IIA supergravity on

a torus. We will also show that other ten-dimensional solutions of the section and

X-constraints compatible with XR exist and correspond to type II theories with

background RR p-form fluxes T-dual to mR . For the D = 4 case, we will also find

an eleven-dimensional supergravity solution. Several of these solutions would be

equivalent to each other in standard EFT, as they belong to the same En(n) orbit.

However, the presence of XR breaks En(n) to a subgroup which always contains

at least an SL(n − 1) factor, and solutions to the constraints must be classified

in orbits of this subgroup only. We restrict our analysis to D = 9, 7, 4 XFT but it

should be clear that similar results can be obtain for the other D ≥ 4 XFT’s.

SL(2)× R+ XFT

The EFT with (D,n) = (9, 2) features an SL(2)×R+ structure and has recently

been constructed in [85]. The extended (internal) space has coordinates yM =

(yα , y3) with α = 1, 2 being a fundamental SL(2) index. The SL(2) × R+

invariant Y -tensor is given by

Y α3
β3 = Y α3

3β = Y 3α
β3 = Y 3α

3β = δαβ , (3.44)

and the section constraint in (3.41) reduces to ∂α ⊗ ∂3 = 0 . There are two

inequivalent solutions corresponding to M-theory and type IIB supergravity

i) ∂α 6= 0 , ∂3 = 0 , (M-theory) and ii) ∂3 6= 0 , ∂α = 0 , (type IIB) . (3.45)

In the context of maximal D = 9 supergravity [46,134,135], the Romans mass pa-

rameter induces an embedding tensor7 whose only non-vanishing entry is [XR]32
1 =

mR . Taking it to be the X deformation in XFT and substituting it into the X-

constraint (3.42) yields

mR ∂1 = 0 . (3.46)

7The corresponding gauging is simply a shift symmetry R generated by t21 ∈ SL(2) and
spanned by the vector field Aµ

3 [134,136].
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As a result, any dependence on the M-theory coordinate y1 is prohibited by the

X-constraint (3.46), thus reflecting the fact that massive IIA cannot be embedded

into M-theory. Furthermore, after imposing (3.46), the section constraint (3.41)

reduces to ∂2 ⊗ ∂3 = 0 and admits a type IIA and a type IIB solution, namely,

i) ∂2 6= 0 , ∂3 = 0 , (type IIA) and ii) ∂3 6= 0 , ∂2 = 0 , (type IIB) . (3.47)

In the IIA solution, the XR deformation is identified with the Romans mass. In the

IIB solution, the sameXR deformation corresponds to turning on a RR background

flux F(1) (

textiti.e. associated with the axion) along the y3 coordinate. The two solutions

are related by a T-duality transformation

i) massive IIA
T−→ ii) IIB with F(1) , (3.48)

exchanging y2 ↔ y3 . Note finally that in (3.47), the IIB solution is single out by

identifying the coordinate that does not transform under SL(2). As a consequence,

this solution also inherits the SL(2) symmetry.

SL(5) XFT

The EFT with (D,n) = (7, 4) possesses an SL(5) structure and has already

been discussed in section 3.2.2. The SL(5) invariant Y -tensor and the section

constraint, as well as its solutions, can be found in (3.18), (3.19) and (3.20).

The consistent XR deformation induced by the Romans mass was presented in

section 3.2.3, resulting in eqs (3.26) and (3.27). In this case, the X-constraint

(3.42) reads

mR ∂α5 = mR ∂45 = 0 . (3.49)

Note again that any dependence on the M-theory coordinate y45 as well as on

the (brane) coordinates’ yα5 is killed by the X-constraint (3.49). Substituting

(3.49) in the section constraint (3.41) leads to εαβγ∂α4 ⊗ ∂βγ = 0 , which admits

the ‘natural’ type IIA and IIB solutions

i) ∂α4 6= 0 , ∂αβ = 0 , (type IIA)

iv) ∂αβ 6= 0 , ∂α4 = 0 , (type IIB) ,
(3.50)
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as well as two more solutions (with α 6= β 6= γ)

ii) ∂α4 , ∂β4 , ∂αβ 6= 0 , ∂γ4 = ∂βγ = ∂γα = 0 (type IIB) ,

iii) ∂α4 , ∂αβ , ∂γα 6= 0 , ∂β4 = ∂γ4 = ∂βγ = 0 (type IIA) ,
(3.51)

In the IIA solution i), the XR deformation is identified with the Romans mass. In

the IIB solution ii), it corresponds to a RR background flux F(1) along the single

coordinate yαβ . In the IIA solution iii), it is mapped back to a RR background

flux F(2) along the two coordinates (yαβ, yγα) . Finally, in the IIB solution iv),

the X deformation corresponds to a RR background flux F(3) . The four solutions

are connected via a chain of T-duality transformations

i) massive IIA
Tγ−→ ii) IIB with F(1) (3.52)

Tβ−→ iii) IIA with F(2)
Tα−→ iv) IIB with F(3) ,

where Tγ exchanges yγ4 ↔ yαβ, with α 6= β 6= γ.

E7(7) XFT

The EFT with (D,n) = (4, 7) exhibits an E7(7) structure and the coordinates yM

of the extended space transform in the 56 fundamental representation. The E7(7)

invariant Y -tensor reads [94]

YMNPQ = −12 [tα]MN [tα]PQ −
1

2
ΩMN ΩPQ , (3.53)

where [tα]M
N are the E7(7) generators. E7(7) fundamental indices are raised and

lowered using the Sp(56)-invariant (and thus E7(7)-invariant) antisymmetric tensor

ΩMN .8 It will prove convenient to move to an SL(8)-covariant description of the

theory where one has the E7(7) ⊃ SL(8) branching 56 → 28 + 28. For instance,

the coordinates yM = (yAB , yAB) are expressed in terms of an antisymmetric pair

AB of SL(8) fundamental indices A,B = 1, ..., 8 . The section constraint (3.41)

8We use the NW-SE conventions of [80], such that [tα]MN = ΩMP [tα]P
N ,

[tα]MN = [tα]M
P ΩPN and ΩMPΩNP = δMN .
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reads

∂[AB ⊗ ∂CD] −
1

4!
εABCDEFGH ∂

EF ⊗ ∂GH = 0 ,

∂AC ⊗ ∂BC + ∂BC ⊗ ∂AC −
1

8
δBA
(
∂CD ⊗ ∂CD + ∂CD ⊗ ∂CD

)
= 0 ,

∂CD ⊗ ∂CD − ∂CD ⊗ ∂CD = 0 .

(3.54)

Branching now the SL(8) index with respect to SL(7) ⊂ SL(8) , namely A =

(I, 8) with I = 1, ..., 7 , two solutions of (3.54) were identified in [80] (see also

the discussion in section 3.2 of [137]) which are the ordinary M-theory and type

IIB solutions9. These are the only maximal solutions up to E7(7) transformations

[89,96] and involve a non-trivial dependence on the extended space of the form

i) ∂I8 6= 0 , (M-theory) and ii) ∂α8 6= 0 , ∂α̂7 6= 0 , (type IIB) , (3.55)

where we have further split I = (m, 7) and m = (α, α̂) with m = 1, ..., 6 , α =

1, 2, 3 and α̂ = 4, 5, 6 .

In the context of a reduction to maximal D = 4 supergravity [44], the Romans

mass induces a consistent embedding tensor of the form10

[XR]AB EF
CD = −[XR]ABEFCD = −8 δ

[A
[Cξ

B][Eδ
F ]
D] , (3.56)

with ξAB = mR δ
A
8 δ

B
8 . Taking now (3.56) to be the X deformation in XFT results

in an X-constraint (3.42) of the form

mR ∂I8 = mR ∂
IJ = 0 , (3.57)

which removes any dependence on the M-theory coordinate y78 as well as on the

coordinates ym8 and yIJ . Substituting (3.57) in the section constraint (3.41)

leads to two conditions ∂[IJ ⊗ ∂KL] = 0 and ∂IJ ⊗ ∂J8 + ∂J8 ⊗ ∂IJ = 0 . Various

type IIA/IIB solutions are recovered with a non-trivial dependence on the internal

9For the ordinary type IIB solution, we pick the one that is obtained by acting with three
T-dualities upon the ‘natural’ IIA solution (which follows from the M-theory one after imposing
∂78 = 0).

10The induced gauging in four dimensions is an abelian R7 symmetry associated to the gen-
erators tI8 ∈ SL(8) and it is spanned by the vector fields Aµ I8 [126].
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extended space of the form

i) ∂m7 6= 0 (type IIA) ,

ii) ∂17, ..., ∂57 6= 0 , ∂68 6= 0 (type IIB) ,

iii) ∂17, ..., ∂47 6= 0 , ∂58 , ∂68 6= 0 (type IIA) ,

iv) ∂17, ..., ∂37 6= 0 , ∂48, ...∂68 6= 0 (type IIB) ,

v) ∂17, ..., ∂27 6= 0 , ∂38, ...∂68 6= 0 (type IIA) ,

vi) ∂17 6= 0 , ∂28, ...∂68 6= 0 (type IIB) ,

vii) ∂m8 6= 0 (type IIA) .

(3.58)

Note that vii) is actually a type IIA solution that is embeddable into a dual

M-theory solution characterised by

viii) ∂I8 6= 0 , (dual M-theory) . (3.59)

The different cases in (3.58) are related by a chain of T-duality transformations,

in complete analogy with the analysis of the other XFT’s. Starting from i), where

the XR deformation is identified with the Romans mass, one finds

i) massive IIA
T67−→ ii) IIB with F(1)

T57−→ iii) IIA with F(2)
T47−→

iv) IIB with F(3)
T37−→ v) IIA with F(4)

T27−→ vi) IIB with F(5)
T17−→

vii) IIA with F(6) ! viii) dual M-theory with F(7) = ?
11D

F(4) ,

(3.60)

where ? denotes the Hodge dual in 11D and where the chain of T-duality trans-

formations Tm7, with m = 1, ..., 6, exchanges the internal coordinates ym7 ↔ ym8.

The original Romans mass parameter gets consistently mapped into different RR

p-form fluxes upon T-dualities. In the dual M-theory case, obtained by an oxida-

tion of type IIA with F(6) (the solution vii), the XR deformation corresponds to

the Freund–Rubin (FR) parameter [138].11

11Note the difference with the SL(5) XFT discussed before for which a dual M-theory in-
terpretation of the Romans mass was not possible. The reason is that, in the D = 7 case,
the Freund-Rubin parameter in M-theory can only reduce to a Neveu–Schwarz–Neveu–Schwarz
(NSNS) background flux H(3) in type IIA. The latter is not related to the Romans mass via
duality transformations.
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3.3.3 Extension to other background fluxes

In the previous section we have seen how, starting from a type IIA solution of

the section constraint with a non-vanishing Romans mass mR 6= 0 , other type

II (or M-theory) background fluxes are obtained upon choosing T-dual solutions

(with an extra oxidation). In these dual descriptions, the mass parameter mR

gets consistently mapped into other types of flux parameters which are still com-

patible with the quadratic constraints (1.14), the section constraint (3.41) and the

X-constraint (3.42) in XFT. It is therefore natural to wonder whether different

types of fluxes can coexist in X for a fixed solution of the section constraint.

This is what we investigate in this section where, for simplicity, we again restrict

ourselves to the SL(5) XFT. We choose a representative M-theory, type IIA and

type IIB solution of the section constraint, and classify all the X deformations

that solve the X-constraint without having to impose further restrictions on the

coordinate dependence.

The structure of X deformations in SL(5) XFT parallels that of maximal D = 7

supergravity [43]. In the latter, deformations (or gaugings) are described in terms

of an embedding tensor that falls into the 15 + 40 representations of SL(5),

and which is therefore characterised by Ymn = Y(mn) and Zmn,p = Z [mn],p with

m = 1, ..., 5 and Z [mn,p] = 0 . In terms of these two objects, the X deformation in

XFT takes the form

Xmnpq
rs = 2Xmn [p

[r δ
s]
q] with Xmnp

r = δr[m Yn]p − 2 εmnpst Z
st,r . (3.61)

Type IIA fluxes in SL(5) XFT

We start by selecting the type IIA solution of the section constraint in (3.50),

in which the three internal coordinates are identified with yα4 (α = 1, 2, 3) , or

equivalently with ∂α4 6= 0 . An explicit computation shows that the most general

X deformation compatible with this solution of the section constraint, as well as

with the X-constraint, has (independent) non-vanishing components of the form

1
4
Yα4 = 1

2
εαβγ Z

βγ,5 ≡ Hα , Y44 ≡ 1
3!
εαβγ Hαβγ ,

Z5α,5 ≡ 1
2
εαβγFβγ , Z45,5 ≡ 1

2
mR , (3.62)
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SL(5) R+
1 × SL(4) R+

1 × R+
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∂i
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2
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2
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2
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2
)
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∂α
)
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24 4̄− 5
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Cjkl

)
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2
+ (1 + 15)0 1(− 5

2
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2
) + 3̄(− 5

2
, 1
2

)

(
Aβγ

)
+ 1( 5

2
, 3
2

) + 3( 5
2
,− 1

2
)

+ 1(0,0)

(
φ
)

+ 8(0,0) + 3(0,−2)

(
Aβ
)

+ 3̄(0,2) + 1(0,0)

15
(
YMN
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1−4

(
∂[iCjkl]

)
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2
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(
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)
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2
, 3
2

) + 3(− 3
2
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2
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mR

+ 3̄(1,−1) + 6̄(1,1) + 1( 7
2
,− 3

2
) + 3̄( 7

2
, 1
2

)

Table 3.2: Relevant branchings for the embeddings of M-theory (middle column)
and type IIA (right column) into SL(5) XFT. The internal derivatives (⊂ 10 ),
gauge potentials and dilaton (⊂ 24 ) and gauge fluxes (⊂ 15 + 40 ) are high-
lighted both in the M-theory (blue) and the natural type IIA (red) solutions of
the section constraint. The Romans mass parameter mR is singled out. Note
that only a linear combination of the two 3(− 3

2
,− 1

2
) ⊂ 15 , 40 is sourced by the

dilaton flux ∂αφ so that there are 1 and 8 free real deformation parameters
in M-theory and type IIA, respectively.

and therefore accounts for 3 + 1 + 3 + 1 = 8 free real parameters. Using

purely group-theoretical arguments, we establish in Table 3.2 a dictionary be-

tween type IIA fluxes and the deformations. The various components in (3.62) are

then identified with the dilaton (Hα ), NSNS three-form (Hαβγ ) and RR two-form

(Fαβ ) fluxes, as well as with the Romans mass parameter12

The X deformation induced by (3.62) accounts for all the background gauge fluxes

that can thread the three-dimensional internal space. However, this does not imply

that all the parameters can be turned on simultaneously as they still have to obey

the quadratic constraints (1.14). These take the form of

mRHα = 0 and 1
2
εαβγ Hα Fβγ + 1

4!
1
3!
εαβγmRHαβγ = 0 , (3.63)

12The Romans mass can be dynamically generated in a non-geometric manner (not even locally
geometric in the language of [139]) by allowing the RR one-form to have a non-trivial dependence
on the type IIB coordinates ỹα ≡ 1

2 εαβγ y
βγ associated with ∂̃α ≡ 3̄(1,−1) (see Table 3.3). Using

representation theory one finds

mR ≡ 1(1,−3) = 3̄(1,−1) ⊗ 3(0,−2)

∣∣
1
≡ ∂̃αAα .

As discussed in [140] in the context of double field theory, the dependence on ỹα would violate
the section constraint and, in order to recover massive IIA, one would have to explore the
non-geometric side of the EFT’s where the fields pick up a dependence on physical and dual
coordinates at the same time.
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∂̃αγ0

)
Table 3.3: Relevant branchings for the embedding of type IIB into SL(5) XFT.
The purely internal derivatives (⊂ 10 ), gauge potentials and scalars (⊂ 24 )
and gauge fluxes (⊂ 40 ) are highlighted (red). Note that only a linear com-
bination of the two 3̄(1,−1) ⊂ 40 is sourced by the dilaton flux ∂̃αφ . The

R+
S ∈ SL(2) charge of the type IIB theory (S-duality) is given by qS = qR+

1
+qR+

2
.

and correspond to the flux-induced tadpole cancellation conditions in absence of

O8/D8 and O6/D6 sources, respectively. Solving the quadratic constraints (3.63)

yields two families of X deformations, and hence, of consistent XFT’s. The first

one is a six-parameter family of XFT’s specified by the two conditions

a) εαβγ Hα Fβγ = 0 , mR = 0 , (3.64)

whereas the second one is a four-parameter family of XFT’s specified by the four

conditions

b) Hαβγ = 0 , Hα = 0 . (3.65)

As a result, the dilaton flux Hα and the H(3) flux on the one hand, and the

Romans mass parameter mR on the other cannot be turned on simultaneously.

M-theory fluxes in SL(5) XFT

The same analysis can be performed for the M-theory extension of the type IIA

solution in (3.50). In this case, the four internal coordinates yi of the eleven-

dimensional supergravity are identified with yα4 and y45 , the latter being the
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M-theory coordinate. The most general X deformation compatible with the X-

constraint has a unique non-vanishing component given by

Y44 ≡ fFR , (3.66)

and is identified (see Table 3.2) with the Freund–Rubin (FR) parameter [138]. This

parameter corresponds to a purely internal background value for the field strength

of the three-form potential of eleven-dimensional supergravity (1.2). Hence, there

is a one-parameter family of XFT’s describing eleven-dimensional supergravity

with an fFR flux.

Type IIB fluxes in SL(5) XFT

Finally, let us consider the type IIB solution in (3.50), where the three internal

coordinates are identified with ỹα ≡ 1
2
εαβγ y

βγ , or equivalently with ∂̃α 6= 0 .

The most general X deformation satisfying the X-constraint is compatible with

the SL(2) symmetry (S-duality) of the IIB theory and has (independent) non-

vanishing components of the form

SL(2)-doublet : Z45,5 ≡ 1
3!
εαβγ F

αβγ , Z45,4 ≡ 1
3!
εαβγ H

αβγ ,

SL(2)-triplet : Zα5,5 ≡ Fα , Zα5,4 = Zα4,5 ≡ Hα , Zα4,4 ≡ F̂α , (3.67)

accounting for 2 × 1 + 3 × 3 = 11 free real parameters. Using the dictionary

between type IIB fluxes and deformations in Table 3.3, one identifies the SL(2)-

doublet of RR (Fαβγ ) and NS-NS (Hαβγ ) three-form fluxes13 of the IIB theory.

In addition, there is also an SL(2)-triplet of one-form deformations (Fα, Hα, F̂α) .

The latter account for an internal dependence of the type IIB axion-dilaton and can

be dualised into nine-form fluxes for the SL(2)-triplet of RR eight-form potentials

of the IIB theory [142,143].

The computation of the quadratic constraints in (1.14) for the type IIB fluxes in

(3.67) produces the set of relations

εαβγ F
βHγ = 0 , εαβγ F

β F̂ γ = 0 and εαβγ F̂
βHγ = 0 , (3.68)

which corresponds to flux-induced tadpole cancellation conditions for an SL(2)-

triplet of 7-branes (and related orientifold planes). Indeed such objects must be

13See also [141] for a discussion on generalised fluxes in SL(5) EFT.
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absent in order to preserve maximal supersymmetry. Note that (3.68) is SL(2)-

covariant and can be rewritten as H[A ∧HB] = 0 with A = 1, 2, 3 labelling the ad-

joint representation and HA = (F,H, F̂ ) . Solving (3.68) yields a seven-parameter

family of XFT’s that describes such ten-dimensional type IIB with various fluxes

along the internal directions.

We close this section by commenting on the number of deformation parameters

allowed in other D ≥ 4 XFT’s. The most general X deformation compatible

with the section constraint (3.41) and the X-constraint (3.42) includes: i) the

Freund–Rubin parameter in M-theory (only for D = 7, 4 ) ii) the Romans mass

mR (for any D) as well as the dilaton (for any D) and standard p-form gauge

fluxes (when permitted by D) in type IIA iii) the SL(2)-triplet of one-form fluxes

(for any D) as well as the standard internal p-form gauge fluxes (when permitted

by D) in type IIB. In order for XFT to be consistent, the X deformation must

still satisfy the quadratic constraint (1.14). The latter can be seen as tadpole

cancellation conditions that ensure the absence supersymmetry breaking sources.

A last remark concerns the incompatibility of the X-constraint with the presence

of a metric flux ω of the Scherk–Schwarz (SS) type [58]. Indeed, suppose that

it was possible to introduce ω in XFT. After choosing a solution of the section

and X-constraint, the resulting X-deformation would modify the action of the

ordinary internal diffeomorphisms rather than that of the internal (p-form) gauge

transformations. This would be incompatible with an arbitrary dependence of all

fields on eleven or ten physical coordinates. It is therefore with no surprise that

we find the X-constraint to actually exclude metric fluxes.

3.4 Dynamics of E7(7) XFT

In this section we illustrate the generic features of the deformations introduced in

section 3.3.1 by constructing explicitly the gauge invariant E7(7) XFT. While the

field content of the theory remains identical to the one of E7(7) EFT, changes occur

at the level of the tensor hierarchy and in the action due to the presence of the

X deformation. We refer to section 3.3.2 for a detailed discussion of the section

constraint of the E7(7) XFT. We present below some specifics of the deformed

E7(7) generalised diffeomorphisms, followed by the tensor hierarchy and the full

bosonic action. The latter consistently reduces to the action of D = 4 gauged

maximal supergravity when all fields are taken independent of the 56 exceptional

coordinates yM , and to the one of the E7(7) EFT when theX deformation is turned
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off. Finally, when fixing X to (3.56) and choosing an appropriate solution of the

section and X-constraints (see (3.58)), one recovers the bosonic sector of massive

type IIA supergravity in a 4 + 6 dimensional split. The results of this section are

in parallel with those of [80] to which we refer for an in-depth discussion of the

E7(7) EFT dynamics.

3.4.1 Modified Lie derivative and trivial parameters

The expression of the E7(7) invariant Y -tensor was given in (3.53). Both the

E7(7) generators [tα]M
N and the symplectic form ΩMN are invariant under the

deformed generalised Lie derivative (3.29). For E7(7) the distinguished weight to

be introduced in (3.5) is ω = 1
2

. The section constraint decomposes into two

irreducible pieces in the 1 + 133 irreps:

ΩMN∂M ⊗ ∂N = 0 , [tα]MN∂M ⊗ ∂N = 0 . (3.69)

We will use the shorthand notation (P1+133)MN∂M ⊗ ∂N = 0 to reflect these two

constraints.

As explained previously, the X deformation satisfies the same linear and quadratic

constraints as the embedding tensor in gauged maximal supergravity [44]. The

linear constraints in D = 4 read

XNM
M = XMN

M = 0 , X(MNP) = 0 , (3.70)

and restrict X to belong to the 912 representation. Consequently, the quadratic

constraint (1.14) can be rephrased as

ΩMN XM ⊗XN = 0 . (3.71)

The deformed EFT requires to impose the section- and the X-constraint (3.41). In

D = 4 the latter can be decomposed into the 133 + 1539 irreps, corresponding to

X(MN )
P∂P and X[MN ]

P∂P respectively. Using representation theory it is possible

to find other equivalent ways to express these constraints. Two such expressions

are particularly useful

ΩMNΘM
α∂N = 0 , ΘM

(α[tβ)]MN∂N = 0 , (3.72)

and correspond to the 133 and 1539, respectively.
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The construction of the E7(7) XFT tensor hierarchy relies on the form of certain

trivial parameters appearing in the symmetric X-bracket (3.37). Specifically, for

two arbitrary generalised vectors of weight ω we have{
U, V

}M
X

= − 6 [tα]MN [tα]PQ ∂N
[
UPV Q

]
− UNV PX(NP)

M

− 1

4
ΩMN ΩPQ

[
V Q ∂NU

P + UQ ∂NV
P] . (3.73)

Both lines of (3.73) are trivial parameters provided all fields satisfy the section con-

straint and the symmetric part of the X-constraint (3.42). This ensures that the

Jacobi identity for L̃ is satisfied. More generally, the following generic parameters

do not generate generalised diffeomorphisms:

ΛM = [tα]MN∂Nχα +
1

6
ZM,α χα , (3.74)

ΛM = ΩMNχN , (3.75)

for arbitrary χα . The intertwining tensor ZM,α is constructed from XMN
P making

use of the linear constraint:

ZM,α = −XPQM [tα]PQ = −1

2
ΩMNΘN

α . (3.76)

Similarly to the EFT case, χM is covariantly constrained in the sense that it must

itself satisfy the section constraints

(
P1+133

)MN
χM∂N = 0 =

(
P1+133

)MN
χMχN , (3.77)

where P1+133 denotes the projector onto the 1⊕133 representation of the 56⊗
56 . In XFT, the field χM is further covariantly constrained by

X(MN )
PχP = 0 , (3.78)

or equivalently by ΩMNΘM
α χN = 0 . The importance of the covariantly con-

strained parameters (3.75) will become apparent when constructing the tensor

hierarchy.
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3.4.2 Yang-Mills sector and tensor hierarchy

In analogy with EFT, we introduce an external derivative which is covariant with

respect the deformed internal generalised diffeomorphisms

Dµ ≡ ∂µ − L̃Aµ . (3.79)

Covariance determines the variation of Aµ
M to be

δΛAµ
M = DµΛM ' ∂µΛM + L̃ΛAµ

M , (3.80)

where the equivalence holds up to the addition of a trivial gauge parameter that

can be subsequently reabsorbed in other gauge transformations higher up in the

tensor hierarchy. This is completely in line with the situation in EFT.

Following the construction of the tensor hierarchy in the original EFT’s, we first

define the field strength for the vector fields Aµ
M as

Fµν
M = 2 ∂[µAν]

M −
[
Aµ, Aν

]M
X
. (3.81)

Since the Jacobiator of the X-bracket does not vanish, the above expression does

not transform covariantly under generalised diffeomorphisms. The procedure to

restore gauge covariance is analogous to those of gauged supergravity and EFT.

In fact, it turns out to be a superposition of the two cases. We define a modified

field strength by introducing the two-form fields Bµν α and BµνM in the form of

the two trivial parameters (3.74) and (3.75)

FµνM = Fµν
M − 12 [tα]MN∂NBµν α − 2ZM,αBµν α −

1

2
ΩMNBµνN , (3.82)

where BµνN is a covariantly constrained field as in (3.77) and (3.78). Note that

this construction only deviates from EFT by the term proportional to ZM,α , which

is precisely the one needed to make contact with gauged supergravities when all

the fields are taken to be yM-independent. It is easy to verify that, since Fµν
M

only differs from FµνM by a trivial parameter, we have

[
Dµ,Dν

]
= −2 L̃∂[µAν] + 2 L̃A[µ

L̃Aν] = −L̃Fµν = −L̃Fµν . (3.83)
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Using the explicit expression for the symmetric X-bracket (3.73), the general vari-

ation of the modified field strength (3.82) now reads

δFµνM = 2D[µδAν]
M − 12 [tα]MN∂N∆Bµν α

− 2ZM,α∆Bµν α −
1

2
ΩMN ∆BµνN , (3.84)

where, as in EFT, we have defined

∆Bµν α = δBµν α + [tα]NPA[µ
N δAν]

P ,

∆BµνN = δBµνN + ΩPQ
[
A[µ

Q∂N δAν]
P + ∂NA[µ

PδAν]
Q] . (3.85)

We define the vector gauge variations of the two-forms as follows14:

∆ΛBµν α = [tα]NPΛNFµνP ,

∆ΛBµνN = ΩPQ
[
ΛQ∂NFµνP + FµνQ∂NΛP

]
.

(3.86)

Substituting the above variations back in (3.84) and making use of (3.73) and

(3.83) yields

δΛFµνM =
[
Dµ,Dν

]
ΛM + 2

{
Λ,Fµν

}M
X

= L̃ΛFµνM , (3.87)

which shows that FµνM transforms covariantly.

On top of the generalised diffeomorphisms (also referred to as vector gauge trans-

formations in the following), the field strength (3.82) is invariant under tensor

gauge transformations associated with the two-forms

δΞAµ
M = 12[tα]MN∂NΞµα + 2ZM,α Ξµα +

1

2
ΩMNΞµN ,

∆ΞBµν α = 2D[µΞν]α ,

∆ΞBµνM = 2D[µΞν]M + 48 [tα]L
K(∂K∂MA[µ

L) Ξν]α + 4 ΘP
α ∂MA[µ

P Ξν]α ,

(3.88)

where the tensor gauge parameters Ξµα and ΞµM carry weight 1 and 1
2
, respec-

tively. For an arbitrary generalised vector Wα in the adjoint of E7(7) with weight

λ′, the deformed generalised Lie derivative acts as follows:

L̃ΛWα = ΛR∂RWα − 12 fγα
β[tγ]L

K ∂KΛLWβ

+ λ′∂RΛRWα − ΛNΘN
γfγα

βWβ , (3.89)

14It will be convenient for compatibility with [80] to take δΛAµ
M = DµΛM as the variation

for the vector fields under generalised diffeomorphisms (cf. the discussion below (3.80)).
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where we have used the definition (3.29) and the relation between the generators

in the adjoint and the structure constants [tγ]α
β = −fγαβ. In order to verify the

invariance of the field strength under tensor gauge transformations, it is necessary

to study the following expression in terms of a covariant object Wα :

TM ≡ [tα]MN∂NWα +
1

6
ZM,αWα . (3.90)

Under generalised diffeomorphisms, it transforms as

δΛT
M = L̃ΛT

M + ΩMN
(

[tα]L
KWα∂N∂KΛK + 1

12
ΘP

αWα∂NΛP
)

+ (λ′ − 1)[tα]MNWα∂N∂KΛK .
(3.91)

where TM carries weight λ(TM) = (λ′− 1
2
) . As in [80], in order to cancel the non-

covariant terms in the first line, a compensating field WM subject to the covariant

constraints (3.77),(3.78) is introduced such that the combination

T̂M ≡ TM +
1

24
ΩMN WN , (3.92)

transforms covariantly with λ(T̂M) = 1
2

provided that λ′ = 1. This is ensured only

if the compensating field transforms under generalised diffeomorphisms as

δΛWM = L̃ΛWM − 24 [tα]L
KWα∂M∂KΛL − 2 ΘP

αWα∂MΛP , (3.93)

where λ(WM) = 1
2

. Note that (3.93) preserves the covariant constraints (3.77)

and (3.78) by virtue of the section constraint (3.41) and the X-constraint (3.42).

With the observation that structures of the form (3.92) transform covariantly, it

becomes straightforward to verify the invariance of the field strength under both

tensor gauge transformations.

The field strengths Hµνρα and HµνρM associated to the two-forms are defined

through the Bianchi identity

3D[µFνρ]
M = −12 [tα]MN∂NHµνρα − 2ZM,αHµνρα −

1

2
ΩMN HµνρN , (3.94)

up to terms that get projected out under 6 [tα]MN∂N +ZM,α . The field strength

HµνρM is again covariantly constrained as in (3.77) and (3.78) and transforms

according to (3.93) under generalised diffeomorphisms.
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3.4.3 Bosonic action

In analogy with [80], the full dynamics of the theory can be encoded into a formally

E7(7)-invariant pseudo-action supplemented by a first-order duality equation15 for

the 56 gauge fields Aµ
M

FµνM = −1
2
e εµνρσ ΩMNMNKFρσK , (3.95)

where e denotes the determinant of the vierbein and MMN is the scalar matrix

parameterising the coset space E7(7)/SU(8) . This ensures that only half of the

vectors are independent.

The field equations can be conveniently derived by varying the following gauge

invariant pseudo-action, and subsequently imposing (3.95):

SXFT =

∫
d4x d56y e

[
R̂(X) + 1

48
gµν DµMMN DνMMN (3.96)

− 1
8
MMN FµνMFµνN + e−1 Ltop(X)− VXFT(M, g,X)

]
.

For the purpose of this chapter we shall always assume that integration over the

internal space is actually performed only on the physical coordinates after choosing

a solution of the section constraint, so that rigid integration over the internal

manifold is well defined. While the general form of the action matches the one of

EFT, the differences with the latter lie in the expressions of the field strengths,

the covariant derivatives and the scalar potential, VXFT, which explicitly depend

on the X deformation. As in EFT, the XFT action is uniquely determined by

requiring gauge invariance under the bosonic symmetries. More specifically, each

term in (3.96) is invariant under internal generalised diffeomorphisms while the

relative coefficients are fixed by external diffeomorphisms.

In what follows we discuss the invariance of the different terms under vector (i.e.

generalised diffeomorphisms) and tensor gauge transformations. In the forthcom-

ing computations we will consistently drop all the vector gauge transformations of

scalar density of weight 1. Indeed, these take the form of boundary terms in the

extended space.

15We remind that in this chapter, we do not adopt Pauli-Källén conventions for the external
spacetime.
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The kinetic terms: The first term in the action is the Einstein-Hilbert term.

As in EFT, it is built from a modified Riemann tensor

R̂µν
ab(X) = Rµν

ab[ω] + FµνM eaρ ∂Meρ
b , (3.97)

where the curvature of the four dimensional spin connection ωµ
ab reads

Rµν
ab[ω] = 2D[µων]

ab − 2ω[µ
ac ων]c

b . (3.98)

The second term in (3.97) has been added in order for the modified Riemann tensor

to transform covariantly under the four dimensional local Lorentz transformations

acting on the spin connection as δλωµ
ab = −Dµλab. The spin connection can in

turn be expressed via Cartan’s (covariantised) first structure equation in terms

of the vierbein eµ
a which is an E7(7) scalar of weight 1

2
. Consequently, the spin

connection and the Riemann tensor both carry weight 0. Furthermore, using the

section constraint and the X-constraint, it is straightforward to show that the

internal derivative of an E7(7) scalar S of weight λ(S) transforms under vector

gauge transformations as

δΛ(∂MS) = L̃Λ(∂MS) + λ(S)S ∂M∂NΛN , with λ(∂MS) = λ(S)− 1
2
. (3.99)

Hence, the modified Riemann tensor does not transform covariantly due to the

second term in (3.97). The non-covariant part of the variation vanishes when

contracted with vierbeine and therefore, the modified Ricci scalar R̂(X) is a

scalar of weight -1. This proves the invariance of the XFT Einstein-Hilbert term

under gauge transformations.

The second and third term in (3.96) are respectively the kinetic terms for the

scalars and the vector fields. They only differ from the ones in EFT by the implicit

presence of the X deformation. The scalar matrix MMN is a tensor of weight

0 while FµνN carries weight 1
2

. Using (3.87) and δΞFµνM = 0 , it is clear that

both terms are invariant under vector and tensor gauge transformations.

The topological term: Following [80], we present the topological term as a

surface term in five spacetime dimensions

Stop(X) = − 1

24

∫
Σ5

d5x

∫
d56y εµνρστFµνMDρFστM

≡
∫
∂Σ5

d4x

∫
d56yLtop(X) ,

(3.100)
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where once again the difference with EFT lies in the definition of the field strength

and the covariant derivative. Although this term is manifestly gauge invariant, its

general variation is needed to derive the field equations for the vectors and two-

forms

δLtop = −1

4
εµνρσ

[
δAµ

MDνFρσM (3.101)

+ FµνM
(
6 [tα]MN∂N∆Bρσ α + ZM,α∆Bρσ α + 1

4
ΩMN∆BρσN

)]
.

This requires to use the Bianchi identity (3.94) and the fact that for any three

vectors of weight 1
2

the following identity holds

ΩMN U
M{V,W}N

X
+ cyclic = 12 [tα](M

Q[tα]NP) ∂Q(UMV NWP) . (3.102)

The X-dependent part of the left-hand side vanishes using (3.70), and hence the

identity takes the same form as in EFT. Using these results one can explicitly

verify that (3.101) vanishes for vector and tensor gauge transformations.

The potential: The scalar potential of XFT takes the following form:

VXFT(M, g,X) = VEFT(M, g) + VSUGRA(M, X) + Vcross(M, X) , (3.103)

where the scalar potential of EFT is independent of the X deformation

VEFT = − 1

48
MMN ∂MMKL ∂NMKL +

1

2
MMN ∂MMKL ∂LMNK

− 1

2
g−1∂Mg ∂NMMN − 1

4
MMN g−1∂Mg g

−1∂N g

− 1

4
MMN ∂Mg

µν ∂N gµν , (3.104)

while the parts exclusive to XFT are

VSUGRA =
1

168

[
XMN

PXQR
SMMQMNRMPS + 7XMN

PXQP
NMMQ ] , (3.105)

and

Vcross =
1

12
MMNMKLXMK

P ∂NMPL . (3.106)

The full potential boils down to the one of EFT when the X deformation is set to

zero. Additionally, it precisely reduces to the potential of D = 4 gauged maximal
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supergravity (3.105) when the fields are taken to be yM-independent.16 The term

in (3.106) is a purely novel feature as it is absent in both EFT and gauged maximal

supergravity.

We finally give a few guidelines on the construction of the XFT potential. The

various terms and coefficients in (3.103) are uniquely determined by requiring

invariance under vector gauge transformations up to boundary terms, while each

term is manifestly invariant under tensor gauge transformations. Throughout

the computation, one has to repeatedly make use of the section constraint, the

linear (or representation) constraint and the X-constraint. The starting point is

the variation of the EFT potential under vector gauge transformations which can

easily be computed using (3.99) and

δΛ(∂MMKL) = L̃Λ(∂MMKL) + 2MN (K ∂L)∂MΛN +MKL ∂M∂NΛN

− 2Y QRN (KML)Q ∂M∂R ΛN + 2XN (K
QML)Q ∂MΛN , (3.107)

where λ(∂MMKL) = 1
2

. After the cancellations described in [80], the only non-

covariant variations remaining are the ones depending (linearly) on the X defor-

mation. In order to cancel them, one needs to add counterterms to the potential

which are of first order in the derivatives and the X. The only term17 of this type

which does not vanish by virtue of the various constraints is (3.106). At this stage

of the computation, it is important to realise that both the X and the combination

M−1XM take value in the E7(7) Lie algebra. Consequently, the adjoint projector

satisfies

(P133)MN
K
LXPK

L =XPN
M ,

(P133)MN
K
LMLPXQP

RMRK = MMPXQP
RMRN . (3.108)

The vector gauge transformation of (3.106) also yields additional non-covariant

variations which are quadratic in X. These must be cancelled by extending fur-

ther the potential with counterterms quadratic in X and that do not contain

derivatives. It again turns out that (3.105) are the only non-vanishing terms of

this type.

Finally, as already mentioned in the EFT case [80], it should be possible to write

down a true Lagrangian formulation of E7(7) XFT by choosing a symplectic frame

that selects 28 physical vector fields. In this case, all the formally E7(7)-covariant

16The different normalisation of VSUGRA with respect to [44] is due to the different normali-
sation of the Einstein–Hilbert term.

17Up to equivalent rewriting using the linear constraint for the X deformation.
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field equations can be derived by varying the Lagrangian. However, just as in

D = 4 maximal supergravity [144], the Lagrangian itself is not E7(7)-invariant.

Moreover, the kinetic terms for the physical vectors are not invariant under gen-

eralised diffeomorphisms, and their variations must cancel against that of a new

topological term. Such true Lagrangian formulations have been discussed in the

context of double field theory [145].





Chapter 4

N = 4 conformal supergravity

This final chapter is somewhat removed from the topics discussed in chapter 2 and

3. Here, we present the construction of all N = 4 conformal supergravity actions.

We find that these are encoded in a function of the scalar fields that parametrize

an SU(1,1)/U(1) coset space. When the function equals a constant, the theory is

invariant under rigid continuous SU(1, 1) transformations. For a short introduction

to the symmetries and mechanisms underlying conformal supergravity, we point

the reader to section 1.2, where a review of the construction of the N = 0 theory

(i.e. conformal gravity) was given. This chapter is based on [146].

4.1 Introduction

Conformal supergravities in four dimensions are invariant under the local sym-

metries associated with the superconformal algebra su(2, 2|N). They are super-

symmetric generalizations of the conformally invariant action of general relativity

quadratic in the Weyl tensor (1.23). The latter corresponds to the traceless part

of the Riemman tensor and can be conveniently expressed in terms of the Ricci

tensor and Ricci scalar as

Cµνρσ = Rµνρσ − 2 g[µ[ρRσ]ν] +
1

3
Rg[µ[ρgσ]ν] . (4.1)

For N = 1 and 2 conformal supergravity, the transformation rules and the corre-

sponding invariant Lagrangians are known [147,148]. For N=4 the full non-linear

transformation rules of the fields, which constitute the off-shell Weyl supermulti-

plet, have been determined [97]. This is the largest possible conformal supergravity

103
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that can exist in four space-time dimensions [149], and until recently a complete

action was not known. A unique feature of the N = 4 theory is the presence of

dimensionless scalar fields that parametrize an SU(1, 1)/U(1) coset space. The

U(1) factor is realized as a local symmetry with a composite connection, and

acts chirally on the fermions. It is also worth pointing out that, similarly to the

non-supersymmetric case (cf. section 1.2), pure N = 4 Poincaré supergravity is

gauge equivalent to a system of six on-shell N = 4 abelian vector multiplets in

a conformal supergravity background. The Poincaré theory is recovered after an

appropriate gauge fixing of some of the superconformal symmetries [98]. From

this perspective, the connection between the rigid SU(1, 1) duality symmetry of

the N = 4 Poincaré theory and the coset structure of the scalar sector of N = 4

conformal supergravity becomes apparent.

Already in the early works on conformal supergravity, the issue of ‘non-minimal’

couplings, where the terms quadratic in the Weyl tensor are multiplied by a func-

tion of the scalar fields, was raised. The possible existence of such Lagrangians

was indeed suggested long ago in [101, 150]. Meanwhile indirect evidence came

from string theory, where the threshold corrections in the effective action of IIA

string compactifications on K3 × T 2 revealed the presence of terms proportional

to the square of the Weyl tensor multiplied by a modular function [151]. The

same terms emerge in the semiclassical approximation of microscopic degeneracy

formulae for dyonic BPS black holes [152–154]. Finally higher-derivative couplings

derived for N = 4 Poincaré supergravity [155, 156] also exhibit non-trivial scalar

interactions. These various results presciently led to expect that a large variety of

N = 4 conformal supergravity actions were to exist.

In this chapter, we present the construction of all N = 4 conformal supergravity

actions. These turn out to be encoded in a holomorphic function that is homo-

geneous of zeroth degree in scalar fields that parametrize the SU(1,1)/U(1) coset

space [146]. The bosonic part of this class of actions will be presented explicitly

while the fermionic terms will be reported in an upcoming paper [102]. When the

function of the coset scalars is chosen to be constant, the bosonic action turns

out to agree with a recent result derived by imposing supersymmetry on terms

that are at most quadratic in the fermions [100]. In this case, the action is also

invariant under continuous rigid SU(1, 1) transformations. For a generic function,

this symmetry is however broken.

The organisation of this chapter is as follows: in 4.2 and 4.3 we review the field
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content and the non-linear transformation rules of N = 4 conformal supergrav-

ity, respectively. In Section 4.4, we construct a so-called density formula which

captures the form of the most general invariant action in terms of arbitrary func-

tions of the Weyl multiplet fields. These functions, or composites, must obey a

set of constraints to guarantee the invariance of the density formula under the

(off-shell) N = 4 superconformal transformations. In Section 4.5, we construct

explicit expressions for these functions in terms of the Weyl multiplet fields and

show that they are left to depend on a holomorphic function of the coset scalars.

The bosonic terms of the resulting invariant action are then explicitly presented.

Finally in 4.6, we comment on the relation of the conformal theory with Poincaré

supergravity and the potential applications of our result.

4.2 The N = 4 Weyl supermultiplet

N = 4 conformal supergravity [97] is built upon the gauging of the superconformal

algebra su(2, 2|4). Its bosonic subalgebra1 contains the generators of the conformal

group SU(2, 2) (1.19), and the generators of a chiral SU(4) R-symmetry. The

fermionic generators consist of sixteen Q-supercharges and sixteen S-supercharges.

In addition, the theory contains a local chiral U(1) symmetry which extends the

R-symmetry group to SU(4)× U(1).

The fields of the theory describe 128+128 bosonic and fermionic off-shell degrees

of freedom. Among them are gauge fields corresponding to the various local sym-

metries which include the vierbein eµ
a, SU(4) gauge fields Vµ

i
j, a gauge field bµ

associated with dilatations as well as the gravitini ψµ
i (the gauge fields of Q-

supersymmetry). In analogy with the N = 0 case presented in section 1.2, there

is also a set of composite gauge fields, namely the spin connection ωµ
ab, the gauge

field fµ
a associated with conformal boosts, the U(1) gauge field aµ and the S-

supersymmetry gauge fields φµi. These do not count as independent degrees of

freedom as they are expressed in terms of the other fields of the theory via a

set of conventional constraints presented in Appendix B. All of the gauge fields

are summarised in Table 4.1 along with their algebraic restrictions, their SU(4)

representation, their Weyl weight w under local dilatations and their U(1) chiral

weight c. In this chapter, µ, ν, . . . and a, b, . . . denote four-dimensional spacetime

and tangent space indices, respectively. The indices i, j, . . . label the fundamental

1The optional U(1) central charge is suppressed [59]. Note that it does not correspond to the
one of the SU(1, 1)/U(1) coset space.
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representation of SU(4). We adopt Pauli-Källen conventions which imply that all

gamma-matrices are hermitian.

Table 4.1: Gauge fields of N = 4 conformal supergravity.

The gauge fields listed in red are composite fields.

Field Symmetry (Generator) Name/Restrictions SU(4) w c

Bosons

eµ
a Translations (P) vierbein 1 −1 0

ωµ
ab Lorentz (M) spin connection 1 0 0

bµ Dilatation (D) dilatational gauge field 1 0 0

Vµ
i
j SU(4) (V) SU(4) gauge field 15 0 0

Vµi
j ≡ (Vµ

i
j)
∗ = −Vµji

Vµ
i
i = 0

fµ
a Conformal boosts (K) K-gauge field 1 1 0

aµ U(1) U(1) gauge field 1 0 0

Fermions

φµi S-supersymmetry (S) S-gauge field 4 1
2

1
2

γ5 φµi = φµi

ψµ
i Q-supersymmetry (Q) gravitino; γ5 ψ

i
µ = ψiµ 4 −1

2
−1

2

In addition to the gauge fields, the theory contains complex anti-selfdual tensor

fields Tab
ij, whose complex conjugates are the selfdual fields Tabij, complex scalars

Eij, pseudo-real scalars Dij
kl and two spin-1/2 fermions χijk and Λi. Finally there

exists a doublet of complex scalars φα, which are invariant under dilatations and

transform under rigid SU(1, 1) transformations (α = 1, 2). They are subject to

the SU(1, 1) invariant constraint

φα φα = 1 , φ1 ≡ (φ1)∗ , φ2 ≡ −(φ2)∗ , (4.2)

and as a result the fields φα and φα parametrise SU(1, 1) matrices. Because these

fields are also subject to the local U(1) symmetry, they describe two physical de-

grees of freedom associated with an SU(1, 1)/U(1) coset space2. These various

matter fields3 are listed in Table 4.2 along with their various algebraic proper-

ties, and their representation assignments. Note that only the positive chirality

fermions were presented in Table 4.1 and 4.2. The negative chirality fermions

transform under the corresponding SU(4) conjugate representations and carry op-

posite chiral weight.

2Just as the scalars of type IIB supergravity which were presented in 2.2.
3The term ”matter” here is used for lack of a better word. These fields are part of the Weyl

supermultiplet and therefore have no relation with components of N = 4 matter multiplets.
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Table 4.2: Matter fields of N = 4 conformal supergravity

Field Properties SU(4) w c

Bosons

φα φα = ηαβ φα, φα φ
α = 1 1 0 −1

Eij Eij = Eji 10 1 −1

Tab
ij 1

2
εab

cdTcd
ij = −Tabij 6 1 −1

Tab
ij = −Tabji

Dij
kl Dij

kl = 1
4
εijmnεklpqD

pq
mn 20′ 2 0

Dkl
ij ≡ (Dkl

ij)
∗ = Dij

kl

Dij
kj = 0

Fermions

Λi γ5Λi = Λi 4 1
2
−3

2

χijk γ5χ
ij
k = χijk; χ

ij
k = −χjik 20 3

2
−1

2

χijj = 0

In view of their central role in the construction of invariant actions, we present

some further details regarding the scalar fields φα and φα, which we refer to as the

holomorphic and the anti-holomorphic fields, respectively. The holomorphic fields

are invariant under S-supersymmetry and transform under Q-supersymmetry into

the positive chirality spinors Λi

δS φα = 0 , δQ φα = −ε̄iΛi εαβ φ
β . (4.3)

where εi denotes the Q-supersymmetry parameter. The supersymmetry transfor-

mations of the remaining fields is postponed to the next section. The supercovari-

ant constraint that determines the expression of the composite U(1) gauge field

aµ and the generalized supercovariant derivatives of the coset fields, Pa and P̄a,

are defined by

φαDaφα = − 1
4
Λ̄iγaΛi , (4.4)

Pa = φα εαβDaφ
β , P̄a = −φα εαβDaφβ ,

where Da denotes the derivative covariantised with respect to all the supercon-

formal symmetries as well as the local U(1) symmetry. Observe that Pa and P̄a

carry Weyl weight w = 1 and chiral weights c = 2 and c = −2, respectively. From

these definitions one may derive the supercovariant extension of the Maurer-Cartan
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equations associated with the SU(1, 1)/U(1) coset space,

F (a)ab = − 2i P[a P̄b] − 1
2
i
(
Λ̄iγ[aDb]Λi − h.c.

)
,

D[aPb] = − 1
2
Λ̄iγ[aΛ

i Pb] + 1
4
Λ̄iR(Q)ab i , (4.5)

where F (a)ab and R(Q)ab i denote the supercovariant U(1) and Q-supersymmetry

curvatures, respectively. The superconformal curvatures and their transformation

rules are presented in Appendix B. Note that the expressions (4.3) and (4.4), when

combined with those for the anti-holomorphic fields, reflect the structure of the

three left-invariant vector fields associated with the group SU(1, 1),

D0 = φα
∂

∂φα
− φα

∂

∂φα
, (4.6)

D† = φα ε
αβ ∂

∂φβ
, D = −φα εαβ

∂

∂φβ
,

which satisfy the commutation relations

[
D0,D

]
= 2D , and

[
D,D†

]
= D0 . (4.7)

Using these definitions, the Q-supersymmetry variation and the supercovariant

derivative of arbitrary functions of the coset scalars H(φα, φ
β) can be written as

δH = −
[
ε̄iΛiD + ε̄iΛ

iD†
]
H ,

DaH =
[
P̄aD + PaD† + 1

4
Λ̄iγaΛiD0

]
H . (4.8)

Of particular importance for the next sections are functions H(φα) that are ho-

mogeneous of zeroth degree in the holomorphic variables, so that D†H(φα) = 0

and D0H(φα) = 0. Using the above commutation relations, it then follows that

D†DnH(φα) ∝ Dn−1H(φα) for n > 1, and vanishes for n = 1 so that DH(φα) is

holomorphic while D2H is not.

4.3 Superconformal transformation rules

Let us now come back to the various fields presented in Tables 4.1 and 4.2. Their

full non-linear superconformal transformation rules were derived in [97], and are

such that the superconformal algebra closes off-shell on the independent fields

which therefore constitute the N = 4 Weyl supermultiplet. We refrain from pre-

senting the bosonic symmetry transformations as they simply follow from the
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various properties of the fields given in the Tables 4.1 and 4.2 and from the usual

conformal algebra (1.19). It should nevertheless be mentioned that all matter fields

are invariant under conformal boosts. We then turn to the Q-supersymmetry vari-

ations of the gauge fields which read

δQ eµ
a = ε̄iγaψµi + h.c. ,

δQ ωµ
ab = − 1

2
ε̄iγabφµi + ε̄iγµR(Q)abi − 2T abij ε̄

iψµ
j + h.c. ,

δQ Vµ
i
j = ε̄iφµj + ε̄kγµχ

i
kj − 1

2
εjkmnE

ik ε̄mψµ
n − 1

6
Eik ε̄jγµΛk

+ 1
4
εiklm T ablj ε̄kγabγµΛm + 1

3
ε̄iγµ /PΛj

− 1
4
εiklpεjmnp ε̄

mγaψµk Λ̄lγ
aΛn − (h.c.; traceless) ,

δQ bµ = 1
2
ε̄iφµi + h.c. ,

δQ fµ
a = − 1

8
eµb ε

abcd ε̄iR(S)cd
i − ε̄iγµDbR(Q)ab i − 2Tµb

ij ε̄iR(Q)abj

+ h.c. + [terms ∝ ψµ] ,

δQ aµ = 1
2
iε̄iγµ /̄PΛi + 1

4
iEij Λ̄iγµε

j + 1
8
i εijkl Tab

kl Λ̄iγµγ
abεj

− 1
4
i(Λ̄iγaΛj − δij Λ̄kγaΛk) ε̄iγ

aψµ
j + h.c. ,

δQ ψµ
i = 2Dµεi − 1

2
γabTab

ijγµεj + εijkl ψ̄µjεk Λl ,

δQ φµ
i = − 2fµ

aγaε
i + 1

4
Tab

ij T cdjk γcdγµγ
abεk − 1

4
ε̄jR(Q)ab k γ

abγµΛlε
ijkl

+ 1
6

[
γµγ

ab − 3 γabγµ
][
R(V )ab

i
j ε

j − 1
2
iFab ε

i + 1
2
DaTcd

ijγcdγbεj
]

+ [terms ∝ ψµ or φµ] , (4.9)

where the complex vectors Pa were defined in (4.4) and where Dµ is covariant

with respect to the all the bosonic symmetries except the conformal boosts. For

instance, we have

Dµεi =
[
∂µ − 1

4
ωµ

abγab + 1
2
(bµ + iaµ)

]
εi − Vµij εj , (4.10)

Note here that, contrary to [97], the U(1) gauge field was chosen real. We also

recall that the Levi-Civita symbol satisfies εµνρσ = e−1eµ
aeν

beρ
ceσ

d εabcd , and that

ε0123 = +1. The variations of the matter fields under Q-supersymmetry are given

by

δQ P̄a = − ε̄iDaΛi − 1
4

Λ̄iγ
bc Tbc

ijγaεi − 1
2
ε̄iΛi Λ̄

jγaΛj ,

δQ Λi = − 2 /̄P εi + Eijε
j + 1

2
εijkl Tbc

klγbc εj ,

δQEij = 2 ε̄(i /DΛj) − 2 ε̄kχmn(i εj)kmn − Λ̄iΛj ε̄kΛ
k + 2 Λ̄kΛ(i ε̄j)Λ

k ,

δQ Tab
ij = 2 ε̄[iR(Q)ab

j] + 1
2
ε̄kγabχ

ij
k + 1

4
εijkl ε̄kγ

cγabDcΛl − 1
6
Ek[i ε̄j]γabΛk
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+ 1
3
ε̄[iγab /̄PΛj] ,

δQ χ
ij
k = Dij

kl ε
l − γabR(V )ab

[i
k ε

j] − 1
2
γab /DTab

ijεk − 1
2
εijlm /DEkl εm

− 1
2
εklmnE

l[iγabTab
j]nεm + 1

2
EklE

l[i εj] − 1
2
εijlm /̄PγabT

ab
klεm

+ 1
4
γaεn

[
2 εijlnχ̄mlk − εijlmχ̄nlk

]
γaΛm + 1

4
ε[i
[
2 Λ̄j] /DΛk + Λ̄k /DΛj]

]
− 1

4
γabε[i

[
2 Λ̄j]γaDbΛk − Λ̄kγaDbΛ

j]
]
− 5

12
εijlmΛm ε̄l

[
EknΛn + 2 /PΛk

]
+ 1

12
εijlmΛm ε̄k

[
ElnΛn + 2 /PΛl

]
− 1

2
γabTab

ijγcε[k Λ̄lγcΛl]

− 1
2
γabTab

l[iγcε[k Λ̄j]γcΛl] + 1
2
ε[iΛ̄j]Λm Λ̄kΛm − (traces) ,

δQD
ij
kl = − 4ε̄[i /Dχj]kl + εklmn ε̄

[i
[
− 2Ej]pχmnp + 1

2
γabTab

mn
↔
/D Λj]

+ 1
3
Ej]mEnpΛp − 2

3
/̄PΛmEj]n + 1

2
γabTab

mnΛp Λ̄j]Λp
]

+ ε̄[i
[
2 γaχmkl Λ̄

j]γaΛm + 2 /̄P γabT
ab
kl Λ

j] + 2
3
Λ[kEl]m Λ̄j]Λm

+ 1
6
γab /PΛj] Λ̄kγabΛl

]
+ εijmn ε̄p T abkl

[
2Tab npΛm + TabmnΛp

]
+ (h.c.; traceless) . (4.11)

We continue with the S-supersymmetry variations of all the fields

δS eµ
a = 0 ,

δS ωµ
ab = 1

2
ψ̄µ

iγabηi + h.c. ,

δS Vµ
i
j = −

[
ψ̄µ

iηj − 1
4
δij ψ̄µ

kηk
]
− h.c. ,

δS bµ = − 1
2
ψ̄µ

i ηi + h.c. ,

δS fµ
a = 1

2
η̄iγ

aφµ
i − 1

4
η̄iR(Q)µ

a i + 1
12
η̄iγ

bcTbc
ijγaψµj + h.c. ,

δS aµ = 0 ,

δS ψµ
i = − γµηi

δS φµ
i = 2Dµηi − 1

6
γµγ

abTab
ijηj + 1

2
εijklη̄kΛlψµj ,

δS P̄a = − 1
2
η̄iγaΛi ,

δS Λi = 0 ,

δS Eij = 2 η̄(iΛj) ,

δS Tab
ij = − 1

4
εijkl η̄kγabΛl ,

δS χ
ij
k = 1

2
Tabγ

abηk + 2
3
δ

[i
k Tab

j]l γabηl − 1
2
εijlmEkl ηm − 1

4
Λ̄kγ

aΛ[iγaη
j]

+ 1
12
δ

[i
k

[
Λ̄lγ

aΛlγaη
j] − Λ̄lγ

aΛj] γaη
l
]
,

δS D
ij
kl = 0 . (4.12)

where ηi denotes the S-supersymmetry parameter.
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We close this section by commenting on the properties of the N = 4 conformal su-

perspace. As a consequence of the Q-supersymmetry variation of the coset scalars

(4.3), the Weyl multiplet defines an SU(1, 1) doublet of chiral superfields with

lowest components φα and with fermionic components of positive chirality [97].

They are in fact constrained superfields which explains the apparent discrepancy

between their expected number of components and the 128+128 independent de-

grees of freedom of the Weyl multiplet. This doublet of superfields contains the

gravitational degrees of freedom and therefore defines a curved N = 4 superspace.

In contrast with N = 2, the twisted geometry of this superspace is such that it

proscribes the existence of independent N = 4 chiral supermultiplets coupled to

conformal supergravity (other than the Weyl multiplet itself). This is due to the

presence of specific superspace torsion components proportional to the spin-1/2

field Λi which do not preserve the chiral representation. These torsion components

are reflected in the N = 4 superconformal algebra (see Appendix B) where the

commutator of two Q-supersymmetry variations with parameters ε1 and ε2 yields,

among other irrelevant transformations,

[
δQ(ε1), δQ(ε2)

]
−→ δQ(εi3 = εijklε̄1k ε2l Λj) . (4.13)

This means that for an arbitrary chiral superfield with lowest components {A,Ψi, . . .},
such that δQA = ε̄iΨi, the relation (4.13) implies

Ψ[iΛj] = 0 , (4.14)

and shows that any chiral superfield must be proportional to the Weyl multiplet.

The absence of a chiral superspace formulation in N = 4 conformal supergravity

undoubtedly makes the construction of invariants much more involved than in the

N = 2 case.

4.4 A density formula

The construction of an invariant action has remained so far an open issue. Since

the N = 4 superconformal algebra closes off-shell and the full transformation rules

are known, one possible approach is to start from the Weyl tensor squared (1.23)

(optionally multiplied by an arbitrary function of the coset scalars) and iteratively

add terms in order for the total Q-supersymmetry variation to vanish. This super-

symmetrization procedure is conceptually straightforward and, provided sufficient



112 Chapter 4 N = 4 conformal supergravity

computational efforts are invested, it is guaranteed to produce a superconformal

invariant. In practice however, such a computation rapidly becomes unmanage-

able due to the rich field content and the non-linearity of the transformation rules.

This method was used in [100] to obtain an action up to terms which are at most

quadratic in the fermions.

In this section, we will follow a somewhat different path and construct the most

general invariant action by making use of the fact that any supersymmetric com-

ponent Lagrangian can be written as the Hodge dual of a four-form built in terms

of the vierbein, gravitini, and possibly other connections, multiplied by superco-

variant coefficient functions that we will treat as composite fields. This approach

is known as the superform method [157–159]. As explained previously, N = 4

chiral superspace does not exist and therefore we aim to construct such a den-

sity formula directly, assuming that only the vierbein and gravitini may appear

explicitly within the four-form. Schematically we will thus consider a four-form

decomposed into five types of forms, namely ψ4, e ψ3, e2 ψ2, e3 ψ and finally e4.

The Weyl weight of these forms ranges from w = −2 for the first one to w = −4 for

the last one. This last form will be multiplied by a composite coefficient function

with w = 4 that contains all the purely bosonic terms of the Lagrangian (as well

as the purely supercovariant fermionic terms).

The overall structure of the Lagrangian is dictated by the transformation of the

lowest-dimensional (i.e. with lowest Weyl weight) supercovariant composites. We

thus start by considering the quartic gravitino forms, which we postulate to be of

the following type,

L = −i εµνρσ ψ̄µi ψνj ψ̄ρk ψσl Aijkl
− i

4
εµνρσ ψ̄µi ψνj ψ̄ρk ψσl ε

klrsCij
rs

− i
4
εµνρσ ψ̄µ

i ψν
j ψ̄ρ

k ψσ
l εklrs C̄

rs
ij + . . . , (4.15)

where the supercovariant composites Aijkl, C
ij
kl, and C̄ij

kl are assumed to be S-

supersymmetric, and are therefore also invariant under conformal boosts.4 All

three composites have w = 2 and are restricted to the 20′ representation of SU(4).

The composite Aijkl is chosen to be pseudo-real while the other two are complex

conjugate to each other, i.e. (Cij
kl)
∗ ≡ C̄kl

ij. The Lagrangian is therefore real.5

It turns out that the three terms in (4.15) are sufficient to generate the full class

4This is because the anti-commutator of two S-supersymmetry transformations is a conformal
boost.

5We remind that the factors of i account for the Pauli-Källén conventions we have adopted
in this chapter.
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of superconformal Lagrangians. It may be possible to include other quartic grav-

itino terms in different representations, but this modification will only give rise to

additional total derivatives in the final Lagrangians. This subtle point is discussed

in more detail in an upcoming paper [102].

The density formula (4.15) is completed by iteratively imposing Q-supersymmetry

at each order in the gravitini. To elucidate this calculation we present its first step

explicitly and evaluate the Q-supersymmetry variations that remain proportional

to four gravitini. For this purpose, we note that in the Q-supersymmetry trans-

formation of the gravitino fields (4.9), we may ignore the second term, but neither

the third nor the first. The reason the first term is relevant is that, in writing the

variation of the action in a manifestly supercovariant form, we must integrate the

derivative by parts and reconstruct supercovariant quantities. This then leads to

further gravitino terms in two ways. The first is when the derivative hits another

gravitino, which must be converted into the supercovariant Q-supersymmetry cur-

vature (B.2) by adding appropriate terms,

D[µψν]
i = 1

2
R(Q)µν

i − 1
4
εijklψ̄[µjψν]kΛl + . . . . (4.16)

The second way is when the derivative hits a supercovariant composite, such as

Cij
kl, which we rewrite as

DµCij
kl = DµC

ij
kl + 1

2

[
ψ̄µ

m C̃ij
kl ,m + ψ̄µm C̃

ij
kl
,m
]
. (4.17)

Here we wrote the Q-supersymmetry transformations of the scalar composites as

δQC
ij
kl = ε̄m C̃ij

kl ,m + ε̄m C̃
ij
kl
,m ,

δQA
ij
kl = ε̄m Ãijkl ,m + ε̄m Ã

ij
kl
,m , (4.18)

with supercovariant fermionic composites C̃ ,m, Ã,m and C̃,m, Ã,m in the 60+20 and

60 + 20, respectively. Naturally the transformations (4.18) also induce variations

of (4.15) proportional to ψ4 times C̃ and Ã. Finally there is yet another way to

generate variations quartic in gravitini originating from four-forms of the type e ψ3

in the Lagrangian, and induced by the transformation of the vierbein (4.9). Note

that connections other than the gravitini will also be generated, for example from

(4.16), but those turn out to cancel at the end.

Collecting all the resulting variations proportional to the various possible quartic

gravitini four-forms and requiring them to vanish imposes the following constraints
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on the traceless parts of the fermionic composites in (4.18),

[C̃ij
kl ,m]60 = [2Λm Ã

ij
kl]60 , [C̃ij

kl
,m]60 = 0 ,

[Ãijkl ,m]60 = [Λm C̄
ij
kl]60 , (4.19)

along with their complex conjugates6, where [•]r denotes projection onto the SU(4)

representation r. The remaining terms in the fermionic composites C̃ and Ã

lie in the 20 and 20 representations and must be proportional to the fermionic

composites multiplying the e ψ3 in the Lagrangian. We find

δ[i
m Υkl

j] + δ
[i
[k Υl]m

j] = [C̃ij
kl ,m + 2 ΛmA

ij
kl]20 ,

δ[i
m Ψkl

j] + δ
[i
[k Ψl]m

j] = [Ãijkl ,m + 3 Λm C̄
ij
kl]20 , (4.20)

where the fermionic composites Υij
k and Ψij

k appear in the density formula (4.15)

as follows

i

8
εµνρσeσ

aψ̄µiψνjψ̄ρkγa Υrs
k εijrs +

i

4
εµνρσeσ

aψ̄µ
iψν

jψ̄ρkγa Ψij
k + h.c. (4.21)

Note that the component [C̃ij
kl
,m]20 is left unconstrained by Q-supersymmetry

as it appears projected out in the variations quartic in the gravitini that we have

considered. The Q-supersymmetry variation (4.18) of the composite Cij
kl therefore

involves an composite that lie in the 20 representation and which does not appear

in the Lagrangian.

This procedure must be continued by considering the remaining Q-supersymmetry

variations proportional to the four-forms e ψ3, e2 ψ2, etc., to determine the re-

lations between all the supercovariant composites in the Lagrangian and their

transformation rules. This calculation makes use of the Q-supersymmetry trans-

formations of almost all the Weyl multiplet fields presented in section 4.3. The

fact that no inconsistencies arise at this level is a first indication that our original

assumptions regarding the ψ4 four-forms are correct.

Finally, we must check that the derived transformation rules of the composites

satisfy the same off-shell superconformal algebra as the Weyl multiplet. This is a

straightforward but technically involved calculation for which we make extensive

use of the computer algebra package Cadabra [160, 161]. In this process one also

identifies the missing S-supersymmetry variations of the composites, which so far

6Note that since Aijkl is pseudo-real, the fermionic composites Ãijkl ,m and Ãijkl
,m are related

by charge conjugation.
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were only specified for Aijkl and Cij
kl. This then provides a complete density

formula built upon (4.15) and the constraints (4.19), that is invariant under all

local superconformal symmetries

L = 6eF + 2e
(
ψ̄µi Ω

µi + ψ̄µiγ
µ Ωi + h.c

)
+

1

8
e ψ̄[µiγ

µψν]
j Eνij −

i

8

(
e ψ̄µiγ

µνψνj E ij +
1

2
εµνρσψ̄µiψνj Eρσij + h.c

)
+
i

8
εµνρσ

(
ψ̄µiψνjψ̄ρkγσΥrs

k εijrs + 2 ψ̄µ
iψν

jψ̄ρkγσ Ψij
k + h.c

)
− i

4
εµνρσ

(
ψ̄µiψνjψ̄ρkψσl ε

klrsCij
rs + 2 ψ̄µiψνjψ̄ρ

kψσ
lAijkl + h.c

)
. (4.22)

Note, for instance, that the the four-form of the type e4 corresponds to the first

term. This can be seen by writing

eF = 1
4!
εµνρσeµ

aeν
beρ

ceσ
d
(
εabcdF

)
. (4.23)

Similar manipulations can be used to rewrite the second line and the bracket of

the first line as four-forms of the type e2ψ2 and e3ψ, respectively. The various

supercovariant composites appearing in the density formula and their properties

are listed in Table 4.3. In what follows, it will be useful to use the same ‘tilded’

Table 4.3: Composites appearing in the density formula

Type Composite Properties SU(4) w c

Bosonic

Aijkl (Aijkl)
∗ = Aklij 20′ 2 0

Cij
kl (Cij

kl)
∗ ≡ C̄kl

ij 20′ 2 −2

E ij 10 1 −1

Eabij E(ab)
ij = 0 6 1 −1

Eaij 15 1 0

F F = F ∗ 1 0 0

Fermionic

Υij
k γ5Υij

k = Υij
k 20 3

2
−3

2

Ψij
k γ5Ψij

k = Ψij
k 20 3

2
+1

2

Ωi γ5 Ωi = Ωi 4 1
2
−1

2

Ωa
i γ5 Ωa

i = −Ωa
i , γa Ωa

i = 0 4 1
2
−1

2

notation as in (4.18) to denote the Q-supersymmetry variations of the composites.

More precisely, for a bosonic composite B in an arbitrary representation of SU(4)
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and of the Lorentz group, we define

δQ B = ε̄iB̃,i + ε̄iB,i , (4.24)

while the variation of an arbitrary fermionic composite F of positive chirality can

be decomposed without loss of generality as

δQF = ε̄iF̃,i + γabε̄iF̃−ab ,i + γaε̄iF̃a,i , (4.25)

where F̃−ab ,i is an anti-selfdual tensor. The various composites appearing in the

density formula (4.22) are related to Aijkl and Cij
kl by Q-supersymmetry. Using

the notations (4.24) and (4.25), they can be written as follows

Υij
k = C̃ lk

ij ,l + 2 ΛlA
lk
ij ,

Ψij
k = Ãlkij ,l + 3 Λl C̄

lk
ij ,

E ij = 1
3
εlrs(i

(
Υ̃rs

j)
,l − Λ̄lΨrs

j)
)
,

Eaij = iΨ̃a kj
i,k − 3 iΛ̄kγaΥkj

i ,

Eabij = −4
5
Ψ̃+
ab
ij
l
,l − 12

5
εklrs Tab klC

ij
rs

− 3
5
εijrs Υ̃−ab rs

k
,k − 4Tab

rsAijrs + 1
10
εijrsΛ̄kγabΨrs

k ,

Ωa
i = i

256
γbcγa

(
Λl Ebc jk εijkl − Ẽbcij ,j

)
,

Ωi = − i
40

(
γab Tab

jkΨjk
i + Ẽ ij ,j

)
− 1

640
γaẼaij ,j ,

F = i
192

(
Tab ij Eabij − TabijEabij

)
− 1

12

(
Ω̃i

,i + Ω̃i
,i

)
, (4.26)

Note that the first two expressions were already presented in (4.20). The full

Q- and S-supersymmetry transformations of these composites are not particularly

illuminating for our purposes and will be reported in an upcoming paper [102]. As

observed above, the full transformations rules will involve additional composites

which do not appear in the density formula (4.22). The complete set of composites

however forms a multiplet on which the superconformal algebra closes off-shell.

Let us close this section by emphasizing that this density formula makes no as-

sumptions about the specific dependence of the supercovariant composites on the

Weyl multiplet fields. It only relies on the existence of composites Aijkl and Cj
kl

satisfying the constraints (4.19).
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4.5 The invariant action

In order to obtain an explicit expression of the N = 4 conformal supergravity

action, we now have to express the composites Aijkl and Cij
kl in terms of the

supercovariant fields of the N=4 Weyl multiplet; they will then yield correspond-

ing expressions for the remaining composites through their transformation rules

(4.26). As it turns out there exist only four scalar S-supersymmetric expressions

in the 20′ representation,

X(1)
ij
kl = Dij

kl ,

X(2)
ij
kl = 1

2
Tab

ijT abmnεklmn − 1
4
εijmnEmkEnl

+ 2Λ̄[kχ
ij
l] − traces ,

X(3)
ij
kl = −1

4
Tab

ijΛ̄kγ
abΛl + 1

4
εijmnEm[kΛ̄l]Λn − traces ,

X(4)
ij
kl = − 1

24
εijmnΛ̄kΛmΛ̄nΛl , (4.27)

each of which is homogeneous in the Weyl multiplet fields. The first one is pseudo-

real and the others are complex. The composites Aijkl and Cij
kl must then be

written as linear combinations ofX(n)
ij
kl and X̄(n)

ij
kl multiplied by, apriori arbitrary,

functions of the coset scalars with the appropriate U(1) weights. Hence, we have

Cij
kl = A−2

1 Dij
kl Aijkl = B0

1 D
ij
kl

+W 0
2 X2

ij
kl + Z−4

2 X̄2
ij
kl + C+2

2 X2
ij
kl + C̄−2

2 X̄2
ij
kl

+W+2
3 X3

ij
kl + Z−6

3 X̄3
ij
kl + C+4

3 X3
ij
kl + C̄−4

3 X̄3
ij
kl

+W+4
4 X4

ij
kl + Z−8

4 X̄4
ij
kl + C+6

4 X4
ij
kl + C̄−6

4 X̄4
ij
kl , (4.28)

while the expression for C̄ij
kl follows from complex conjugation. The various

factors A−2
1 , B0

1 ,W
0
2 , . . . depend on the coset scalars and their U(1) weight is in-

dicated explicitly as a superscript. From these expressions one determines the

corresponding fermionic composites via (4.18), and subsequently imposes the con-

straints (4.19). The latter then turn into constraints on the factors that depend

on the coset scalars in (4.28). In particular, the constraint [C̃ij
kl
,m]60 = 0 implies

D†W 0
2 = 0 , D†A−2

1 = −Z−4
2 ,

D†W+2
3 = 2W 0

2 , D†Z−4
2 = −Z−6

3 ,

D†W+4
4 = 6W+2

3 . D†Z−6
3 = −Z−8

4 , (4.29)
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where the SU(1, 1) derivative D† was defined in (4.6). It is already clear from the

first constraint that W 0
2 must be at least be independent of the anti-holomorphic

coset scalars φα. In fact, a careful analysis of all the constraints that follow from

(4.19) leads to two linearly independent solutions for Aijkl and Cij
kl.

The first solution, in which W 0
2 = 0, can be shown to correspond to a Lagrangian

that is a total derivative. We therefore ignore it here and refer to [102] where

this will be demonstrated. The other solution is parametrised by an holomorphic

function H(φα) that is homogeneous of zeroth degree in the coset scalars, such

that

D†H = 0 = D0H , (4.30)

and by an associated complex potential K(φα, φ
β) which carries a chiral weight

c = 0, and which obeys

H = D†DK , (4.31)

and its complex conjugate. Note that K can be seen as a Kähler potential for

H since (4.31) is left invariant by shifts of the form K → K + ρ(φα) + ρ̄(φα).

The scalar factors in the expressions of the composites Cij
kl and Aijkl (4.28) only

depend on these two functions. They read

A−2
1 = −1

2
iD†K̄ , B0

1 = −1
4
i(H− H̄) ,

W 0
2 = 1

2
iH , C+2

2 = −1
2
iD
(
K − 1

2
H
)
,

W+2
3 = −iDK , C+4

3 = iD2
(
K − 1

4
H
)
,

W+4
4 = − 1

12
iD2

(
K − 1

2
H
)
, C+6

4 = −3
2
iD3

(
K − 1

6
H
)
,

Z−4
2 = −D†A−2

1 ,

Z−6
3 = (D†)2A−2

1 ,

Z−8
4 = −(D†)3A−2

1 . (4.32)

The function H is uniquely determined as it appears in Cij
kl as a distinctive

term equal to 1
2
iX(2)

ij
klH. The holomorphicity of H can then be seen as a direct

consequence of the constraints (4.19), which also determine how derivatives of H
and K appear within Cij

kl and all the other composites. The expression of the

remaining composites in terms of the Weyl multiplets are then derived from the

transformation rules (4.26).

Once the expressions of the various composites are substituted in the density

formula (4.22), it is possible to show that all the terms that depend explicitly on

the potential K can be removed by splitting off a total derivative, such that the
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final Lagrangian is written only in terms of the function H. Once again, we refer

to [102] for a detailed proof of this last point. This step concludes the construction

of the class7 of N = 4 conformal supergravity actions which is characterized by the

holomorphic function H. Here we present the bosonic terms of the Lagrangians

which are, up to total derivatives, fully captured by the first term of (4.22). They

read

e−1L = H
[

1
2
R(M)abcdR(M)−abcd +R(V )abij R(V )−ab

j
i + 1

8
Dij

klD
kl
ij + 1

4
Eij D

2Eij

− 4Tab
ijDaDc T

cb
ij − P̄ aDaDbP

b + P 2P̄ 2 + 1
3
(P aP̄a)

2 − 1
6
P aP̄aEij E

ij

− 8Pa P̄
c T abij Tbc

ij − 1
16
Eij E

jk EklE
li + 1

48
[Eij E

ij]2

+ T abij Tab kl T
cd ij Tcd

kl − T abij Tcdjk Tab kl T cd li

− 1
2
Eij T ab klR(V )ab

m
i εjklm + 1

2
Eij T

ab
klR(V )ab

i
m ε

jklm

− 1
16
EijEkl T

ab
mn Tab pq ε

ikmn εjlpq − 1
16
EijEkl T abmn Tab

pq εikmn εjlpq

− 2T ab ij
(
P[aDc]Tb

c kl + 1
6
P cDcTab

kl + 1
3
Tab

klDcP
c
)
εijkl

− 2T abij
(
P̄[aDc]Tb

c
kl − 1

2
P̄ cDcTab kl

)
εijkl

]
+DH

[
1
4
Tab

ij Tcd
klR(M)abcd εijkl + T ab ij Ta

c klR(V )bc
m
k εijlm

− 1
8
Dij

kl

(
T abmn Tab

kl εijmn − 1
2
EimEjnε

klmn
)

+ Eij T
ab ik R(V )ab

j
k

− 1
24
Eij E

ij T ab kl Tab
mn εklmn − 1

6
Eij Tab

kl T acmn T bc
pq εiklm εjpqn

]
+D2H

[
1

384
Eij EklEmnEpq ε

ikmp εjlnq + 1
6
Eij Tab

ik T ac jl T bc
mn εklmn

− 1
8
Eij Ekl Tab

ik T ab jl + 1
32
T ab ij T cd pq Tab

mn Tcd
kl εijkl εmnpq

− 1
64
T ab ij T cd pq Tab

kl Tcd
mn εijkl εmnpq

]
+ 2H eaµfµc ηcb

[
P a P̄ b − P d P̄d η

ab
]

+ h.c . (4.33)

where R(M)−abcd and R(V )−ab
i
j denote the anti-selfdual part of the supercovariant

curvatures (see (B.6)). When suppressing the fermionic terms, they become equal

to the Weyl tensor (4.1) and the SU(4) field strengths. The fermonic terms of

this class of Lagrangians will be reported in [102]. Let us emphasise again here

that the function H is only restricted by the conditions (4.30). Nonetheless, these

7As already claimed previously, this is in fact the most general class of N = 4 conformal
supergravity actions. An argument based on the uniqueness of the supercurrent that couples
(exclusively) to N = 4 conformal supergravity will be presented in an upcoming paper [102].
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conditions imply that any non-constant function is entirely expressed in terms of

the coset coordinate S = φ1/φ2, and therefore breaks the rigid SU(1, 1) symmetry.

In deriving the result (4.33), we have introduced additional total derivative terms

in order to bring the formula into a concise form at the cost of generating terms that

explicitly depend on the conformal boost gauge field fµ
a. Indeed, the presence of

this gauge field can at first seem disorienting since they were originally excluded

from the density formula. Finally, a strong check of the Lagrangian (4.33) is

provided by the fact that it agrees (up to a total derivative) with the bosonic

Lagrangian derived in [100] when the holomorphic function is equal to a real

constant. In this case, it is clear that the Lagrangian is also invariant under rigid

SU(1, 1) transformations.

4.6 Potential applications

In the future, it would be interesting to consider the relevance of our results in

the Poincare limit. As mentioned previously, the N = 4 Poincaré theory can be

described as a system of six abelian N = 4 vector multiplets coupled to conformal

supergravity. In this case, the field equations for the vector multiplets are invariant

under the rigid SU(1, 1) transformations8 associated to the coset scalars [98]. It

is natural to wonder whether deformations of the type considered in this chapter,

i.e. that break the SU(1, 1) symmetry, could also be implemented in this con-

text. Since the vector multiplet is on-shell, its field equations are encoded in the

superconformal transformation rules of its components. A rather simple analysis

reveals that closure of the superconformal algebra actually requires the SU(1, 1)

symmetry and thus proscribes the implementation of deformations. After elimi-

nating some of the matter fields and choosing the Poincaré gauge, the associated

action reduces to that of N = 4 Poincaré supergravity and the SU(1, 1) subsists

as a duality symmetry of the field equations.

The results of this chapter could be directly incorporated into Poincaré supergrav-

ity as four-derivative couplings following the construction carried out originally

in [98], by including the superconformal Lagrangian (4.33) before proceeding to

the standard gauge choices. This could be interesting in view of the recent results

concerning the finiteness of the N = 4 Poincaré theory.

8In this context, they also correspond to electric/magnetic duality transformations.
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On one hand, sophisticated loop computations have shown that the Poincaré the-

ory remains ultraviolet finite up to three loops [162]. The divergences that arise at

four loops are associated to terms which are not invariant under the U(1) subgroup

of the SU(1, 1) duality group. On the other hand, our class of higher-derivative

conformal invariants (4.33), after a careful gauge fixing of the conformal symme-

tries and the elimination of auxiliary fields, should capture the one-loop effective

Poincaré action. Due to the holomorphic function discussed in section 4.5, the

effective action obtained in this way will generically break the SU(1, 1) invariance.

This would be line with the presence of the U(1) anomaly [163].

Another possible application of our results concerns the calculation of subleading

corrections toN=4 supersymmetric black hole entropy that are known to originate

from precisely the class of Lagrangians (4.33). In principle this can be done by

generalizing the analysis of [164], which can also be utilized for localization along

the lines of [165, 166]. Both these approaches have so far only been considered in

a truncated N = 2 setting, and therefore it should be interesting to understand

these results in the context of a manifestly N=4 supersymmetric formulation.





Appendix A

Decomposition of type IIB

gamma matrices et fermions

In chapter 2, we consider a 5 + 5 dimensional split of type IIB supergravity. The

10D tangent space is decomposed accordingly into a direct product of two five-

dimensional spaces, one corresponding to a five-dimensional space-time and one

corresponding to a five-dimensional internal space. Since we are dealing with

spinor fields, it is then important to identify the gamma matrices appropriate to

this product space in terms of the original 10D gamma matrices. This identifica-

tion is worked out in section A.1. Based on these results, we present in section A.2

a detailed derivation of the Usp(8) covariant expressions of the 5D spinors fields

(discussed in section 2.5) in terms of the type IIB fermion fields.

A.1 Decomposition of gamma matrices and spinors

We start from 32 × 32 hermitian gamma matrices Γ̆A, where A = 1, 2, . . . 10,

satisfying the Clifford algebra anti-commutation relation, {Γ̆A, Γ̆B} = 2 δAB 1l32,

and proceed in a way that is independent of a specific representation for these

gamma matrices. The hermitian chirality operator, Γ̆11, is defined by

Γ̆11 = iΓ̆1 Γ̆2 · · · Γ̆10 , (A.1)

and satisfies

Γ̆11
2 = 1l32 , {Γ̆A, Γ̆11} = 0 . (A.2)

123
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Moreover we note the identity,

Γ̆ABCDE = 1
120

iεABCDEFGHIJ Γ̆FGHIJ Γ̆11 . (A.3)

Let us now decompose the gamma matrices into two sets, Γ̆α with α = 1, 2, . . . , 5

and Γ̆a+5 with a = 1, 2, . . . , 5.1 Subsequently one introduces hermitian matrices

associated with the two five-dimensional sectors,

γ̃ = Γ̆1 Γ̆2 Γ̆3 Γ̆4 Γ̆5 , Γ̃ = Γ̆6 Γ̆7 Γ̆8 Γ̆9 Γ̆10 . (A.4)

which satisfy the following properties,

γ̃2 = 1l32 , Γ̃2 = 1l32 , {γ̃, Γ̃} = 0 , Γ̆11 = iγ̃ Γ̃ , (A.5)

Subsequently one defines two sets of mutually commuting hermitian gamma ma-

trices,

γ̂α = iΓ̆α Γ̃ , Γ̂a = iΓ̆a+5 γ̃ , (A.6)

so that {γ̂α, γ̂β} = 2 δαβ1l32, {Γ̂a, Γ̂b} = 2 δab1l32, and [γ̂α, Γ̂a] = 0. The matrices

γ̂α will refer to the five-dimensional space-time (to account for the signature one

may write one of the five gamma matrices, say γ̂1 as iγ̂0) and the matrices Γ̂a to

the five-dimensional internal space. The matrices γ̂α and Γ̂a commute with Γ̆11,

as one can easily verify from the above equations. It is important to note that

γ̂[αγ̂βγ̂γ γ̂δγ̂τ ] = εαβγδτ Γ11 ,

Γ̂[aΓ̂bΓ̂cΓ̂dΓ̂e] = − εabcde Γ11 . (A.7)

where ε12345 = +1. Obviously, by choosing an explicit representation for the 10D

gamma matrices, one obtains explicit expressions for the various matrices that we

have defined above which will reflect their properties.

Let us now consider the charge conjugation matrix. In ten dimensions there exist

two possible options for the charge conjugation matrix, denoted by C̆±, satisfying

C̆± Γ̆AC̆
−1
± = ±Γ̆A

T , C̆±
T = ±C̆± , C̆±

† = C̆−1
± , (A.8)

1At this stage there is no difference between upper and lower indices, so that we are dealing
with a positive Euclidean metric.
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which lead to the following results,

C̆±Γ̆11C̆
−1
± = −Γ̆11

T , C̆±γ̃C̆
−1
± = ±γ̃T , C̆±Γ̃C̆−1

± = ±Γ̃T . (A.9)

From the first equation (A.9), it follows that C̆± satisfy

(C̆±Γ̆11)T = Γ̆11
T C̆±

T = ∓(C̆± Γ̆11) , (A.10)

so that the two options for the charge conjugation matrix can simply be related

by multiplication with Γ11. Furthermore we note that both C̆±Γ̃ and C̆±γ̃ are

symmetric and unitary matrices. Up to a phase factor, these can act as the charge

conjugation matrices in the 5D context, as is demonstrated by

(C̆±Γ̃)γ̂α(C̆±Γ̃)−1 = γ̂α
T , (C̆±Γ̃)Γ̂a(C̆±Γ̃)−1 = Γ̂a

T . (A.11)

Similar relations hold for (C̆±γ̃).

To appreciate the significance of this result, let us consider the definition of the

Dirac conjugate in the 5D context, defined by ψ†iγ̂0, where γ̂0 was related to γ̂1

as explained below (A.6). From these relations it follows straightforwardly that

the 5D Dirac conjugate ψ̄
∣∣
5D

is related to the 10D conjugate according to

ψ̄
∣∣
5D

= iψ̄
∣∣
10D

Γ̃ . (A.12)

Consequently, identifying the Majorana conjugate defined in (2.18) in the 10D

context with the one in the 5D context, one concludes that the charge conjugation

matrix in the 5D context equals

Ĉ = iΓ̃TC̆± = ±iC̆± Γ̃ , (A.13)

so that Ĉ−1
[
ψ̄|5D

]T
= ψc, and likewise ψT = ψ̄c|5D Ĉ

−1. As a consequence the two

commuting sets of 32×32 gamma matrices, γ̂α and Γ̂a, satisfy the relations known

from five dimensions,

Ĉγ̂αĈ
−1 = γ̂α

T , ĈΓ̂aĈ
−1 = Γ̂a

T , ĈT = Ĉ , Ĉ† = Ĉ−1 . (A.14)

This leads to the rearrangement formula,

χ̄Γψ = −ψ̄c Ĉ−1ΓTĈ χc , (A.15)

where Γ denotes any matrix in the spinor space, which in all cases of interest
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takes the form a product of gamma matrices Γ̂a and γ̂α. Observe that the new

charge conjugation matrix is not anti-symmetric, as one might expect on the basis

of a single irreducible 5D Clifford algebra representation. We return to this issue

shortly.

In chapter 2 we discuss the type-IIB theory where the spinor fields are chiral and

complex. Therefore the above formulae have to be projected on an eigenspace of

Γ11 and the effective 5D gamma matrices defined in (A.6) are consistent with the

10D chirality constraint on the spinor fields, because they are proportional to an

even number of the original 10D gamma matrices. However, it is important to

realize that IIB supergravity contains independent spinor fields of opposite chiral-

ity, namely ψM and λ. This leads to a subtlety in view of (A.7), which indicates

that different chirality spinors involve inequivalent gamma matrix representations

in 5D. However, one has to keep in mind that the chirality assignment can easily

been changed in the 5D context by redefining the spinors by multiplication with

one of the matrices (A.4).

Let us now assume that we are starting from 10D with fermion fields of positive

chirality. Hence we can choose a Weyl basis where Γ̆11 is diagonal and make use of

the fact that it commutes with the mutually commuting gamma matrices γ̂α and

Γ̂a. Hence we write

γ̂α = σ3 ⊗ γα ⊗ 1l4 , Γ̂a = σ3 ⊗ 1l4 ⊗ Γa , (A.16)

where Γ̆11 = σ3⊗ 1l16 and γα and Γa are 4× 4 matrices. It then follows from (A.7)

that they define irreducible representations of the respective Clifford algebras, as

γ[αγβγγγδγτ ] = εαβγδτ 1l4 , Γ[aΓbΓcΓdΓe] = −εabcde 1l4 . (A.17)

The 10D chiral spinors thus transform under the direct product group Spin(1, 4)×
USp(4), whose generators are provided by the anti-symmetrized products of gamma

matrices, γαβ and Γab, respectively. Correspondingly the charge conjugation ma-

trix Ĉ can be written (adjusting possible phase factors) as the direct product of

the two 5D anti-symmetric charge conjugation matrices,

Ĉ(16) = C ⊗ Ω(4) , (A.18)

where C denotes the anti-symmetric charge conjugation matrix for a 5D space-

time spinor and Ω(4) is the symplectic matrix that is invariant under the USp(4)
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R-symmetry. In this case we may write (A.14) as

C γαC
−1 = γα

T , Ω(4) ΓaΩ
−1
(4) = Γa

T . (A.19)

However, the chiral spinors are complex which implies that the fields (ψ, ψc), which

constitute the 32-component spinor Ψ, can again be rearranged in a pseudo-real

form as in (2.21). The doubling of field components enables one to realize the

extension of the R-symmetry group from USp(4)×U(1) to USp(8). It then follows

from (2.21) that the extended USp(8) invariant tensor must take the form

Ω = Ω(4) ⊗ σ1 . (A.20)

Consequently, (2.21) and (A.18) imply the symplectic Majorana condition,

C−1Ψ̄T = Ω Ψ , (A.21)

where Ω is an 8 × 8 anti-symmetric matrix. Both matrices C and Ω are anti-

symmetric and unitary.

We close this appendix with some additional definitions that will be useful in

the next appendix A.2. First of all we write the anti-symmetric tensor Ω(4) as

Ω(4)IJ and its complex conjugate as Ω̄(4)
IJ , so that Ω(4)IJ Ω̄(4)

JK = −δIK , where

I, J,K = 1, . . . , 4. The gamma matrices Γa are then written as Γa
I
J , so that

Ω(4)
T = −Ω(4) , (Ω(4) Γa)

T = −(Ω(4) Γa) , (Ω(4) Γab)
T = (Ω(4) Γab) , (A.22)

with similar relations for (Γa Ω̄(4))
IJ and (Γab Ω̄(4))

IJ . The six matrices Ω(4)IJ and

(Ω(4) Γa)IJ form a complete set of 4 × 4 anti-symmetric matrices, and the ten

matrices (Ω(4) Γab)IJ a complete set of 4× 4 symmetric matrices This leads to the

completeness relations

Ω(4)IJ Ω̄(4)
KL + (Ω(4) Γa)IJ (Γa Ω̄(4))

KL = 4 δ[I
K δJ ]

L ,

(Ω(4) Γab)IJ (Γab Ω̄(4))
KL = 8 δ(I

K δJ)
L . (A.23)
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A.2 The R-symmetry group and the fermion rep-

resentations

In the previous section we considered a 10D chiral spinor and described its prop-

erties in the context of a product of a five-dimensional space-time and a five-

dimensional internal space. The gamma matrices and the charge conjugation

matrices were decomposed accordingly. The 10D spinors then transform under

a subgroup of the original Spin(1, 9) transformations consisting of the Spin(1, 4)

group associated with the 5D space-time and the group USp(4) associated with

the internal space.

However, USp(4) is not the full automorphism group (or R-symmetry group) of the

eight symplectic Majorana spinors. This group is actually equal to USp(8), which

consists of the unitary transformations that leave the symplectic and unitary tensor

Ω, invariant. The generators of this group can be easily identified in terms of direct

products of the 4×4 gamma matrices Γa, defined in (A.16), their anti-symmetrized

products Γab and the unit matrix 1l4, and the 2× 2 matrices (1l2, σ1, σ2, σ3). As a

result one derives all the 36 generators of the Lie algebra usp(8) = su(8)∩sp(8,R),

by constructing the complete set of traceless and anti-hermitian matrices that

preserve the symplectic form Ω,

T ≡ i1l4 ⊗ σ3, Ta ≡ iΓa ⊗ σ3,

Tab
0 ≡ Γab ⊗ 1l2, Tab

1 ≡ Γab ⊗ σ1, Tab
2 ≡ Γab ⊗ σ2 . (A.24)

It can be verified that these matrices close under commutation, and that the

resulting structure constants are real, in agreement with usp(8) being a real form.

The Tab
0 are the generators of the group USp(4) ∼= SO(5). When extended with

the generators Ta one obtains the group SU(4) ∼= SO(6) which obviously commutes

with the generator T . As we will exhibit later, T corresponds to the SO(6) chirality

operator. The latter commutes with the U(1) transformations of the original 10D

theory (see (2.3) and(2.4)). Clearly SU(4)×U(1) is a maximal subgroup of USp(8).

A chiral 10D spinor Ψ can be decomposed into eight 5D symplectic Majorana

spinors ψA, where A = 1, . . . , 8. Note that from now on we employ indices A,B, . . .

to label the symplectic Majorana spinors. The same indices were previously used

in the 10D theory (in particular in section 2.2 and section A.1) to denote the

10D tangent-space components. This should not give rise to confusion in view of

the fact that the 10D tangent space will no longer play a role in what follows.
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In view of the direct-product structure indicated in (A.24) the indices A can be

written as index pairs A = (Iα), where I = 1, . . . , 4 are USp(4) indices and

α = +,−. Here α = + (α = −) indicates that we are dealing with a chiral

(anti-chiral) SO(6) spinor with positive (negative) U(1) charge2. Based on this

direct-product structure the eight 5D gravitini ψµ
A transform under the USp(8)

R-symmetry group with generators that can be read off directly from (A.24). It is

thus clear that that each of the ψµ
A decomposes into two components of opposite

SO(6) chirality which therefore carry opposite values of the U(1) charge. This

fact enables us to unambiguously identify the various chiral fermionic components

on the basis of this charge. Furthermore we note that the symplectic Majorana

constraint (A.21) relates fermion fields of opposite U(1) charges, which is consistent

with the form of the symplectic matrix Ω defined in (A.20). For instance, for the

gravitini we have

C−1ψ̄µ I+
T = (Ω(4))IJ ψµ

J− , (A.25)

where C denotes the charge conjugation matrix associated with the five-dimensional

space-time.

Let us now turn to the spin-1/2 fermions which originate from the fields (ψa, ψa
c)

and λ, λc and constitute 48 independent 5D symplectic Majorana spinors. From

5D maximal supergravity we know that these spinors can be written as a sym-

plectic traceless, fully anti-symmetric three-rank USp(8) tensor χABC . This is

consistent with the fact that the spin-1/2 fields carry U(1) charges ±1/2 and

±3/2. We intend to determine the (linear) relation between the components of

χABC and the fields ψa
A and λA by making use of the fact that these fields do all

transform consistently under the action of the maximal subgroup SU(4) × U(1)

of USp(8). To see how this works let us present the branching of ψµ
A and χABC

under the SU(4)× U(1) subgroup,

8
SU(4)×U(1)−→

(
4, 1

2

)
⊕
(
4,−1

2

)
,

48
SU(4)×U(1)−→

(
4, 3

2

)
⊕
(
4,−3

2

)
⊕
(
20, 1

2

)
⊕
(
20,−1

2

)
. (A.26)

The chiral representations on the right-hand side are now unambiguously identified

by the corresponding U(1) charge, so that they must correspond to the fields ψµ,

ψµ
c, and λ, λc, ψa and ψa

c, respectively.3

2We ignore the various redefinitions of the spinors that are considered in section 2.3. These
redefinitions should be performed before making the decompositions described in this appendix,
but their precise details are not relevant here.

3A vector-spinor in odd dimension d can consistently transform under SO(d+1) by describing
it as an irreducible chiral vector-spinor in d+ 1 dimensions.
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After these general observations we determine the precise relationship between the

various chiral components, which must carry positive U(1) charges and are thus

related to the fields λ and ψa. Writing the three indices of the symplectic Majorana

fields χABC in the direct-product representation introduced before, with A = Iα,

B = Jβ and C = Kγ. In addition the fields should vanish upon contraction

with the symplectic matrix ΩIα Jβ that was defined in (A.20). Since α, β, γ take

only two possible index values, two of them must always be equal. Hence we

may distinguish the fields χI± J±K±, which must be fully anti-symmetric in the

indices I, J,K, and thus correspond to 4 + 4 symplectic Majorana fields, and

the fields χI± J±K∓, which are anti-symmetric in the indices I, J , and thus define

24+24 fields. The remaining fields χIα Jβ Kγ follow then from imposing the overall

anti-symmetry. However, unlike the fields χI± J±K±, the fields χI± J±K∓ are not

manifestly traceless with respect to contractions with the symplectic matrix Ω.

This implies that one must impose the additional condition

χI± J±K∓ (Ω(4))JK = 0 , (A.27)

which reduces the number of independent spinors in this sector to 20 + 20, as it

should.

Let us first analyze the correspondence for the spinors χABC with positive U(1)

charge +3
2
, which must be linearly related to the 10D spinor λ. The former must

be given by χI+ J+K+, which must necessarily be fully anti-symmetric in USp(4)

indices. From (A.22) one then concludes that χI+ J+K+ can be decomposed into

two terms, namely (Ω̄(4))
[IJ (λc )K] and (ΓaΩ̄(4))

[IJ(Γaλ
c )K]. However, the first

completeness relation (A.23) leads to

(ΓaΩ̄(4))
IJ(Γaψ)K = −4 (Ω̄(4))

K[I ψJ ] − (Ω̄(4))
IJ ψK , (A.28)

for an arbitrary USp(4) spinor ψ, so that the two terms are in fact related. Hence

we may adopt the following ansatz,

χI+ J+K+ = c3/2 (Ω̄(4))
[IJ λK] , (A.29)

where c3/2 is a complex proportionality factor which is undetermined at this stage.

The fields with charge −3
2

are then defined through the symplectic Majorana

condition,

χI− J−K− ≡ − (Ω̄(4))
lL (Ω̄(4))

JM (Ω̄(4))
KN C−1 χ̄L+M+N+

T
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= c̄3/2 (Ω̄(4))
[IJ (λc)K] . (A.30)

The relation between the spinors χI+ J+K− and ψa with U(1) charge +1
2

is more

subtle. First consider the following ansatz,

χI+ J+K− = c1/2

[
(ΓaΩ̄(4))

IJ (ψ̂a)
K − (Ω̄(4))

IJ (Γa ψ̂a)
K
]
, (A.31)

where ψ̂a = ψa + αΓaΓ
bψb with α, so that we have now introduced two new

parameters, c1/2 and α whose values will be given later. The linear combination in

(A.31) is chosen such that the USp(8) constraint (A.27) is satisfied. An alternative

version of (A.31), which is the one that we will actually use, is

χI+ J+K− = c1/2

[
(ΓaΩ̄(4))

IJ (ψa)
K − (Ω̄(4))

IJ (Γa ψa)
K
]

+ c′1/2
[
(Ω̄(4))

IJ (Γaψa)
K + 2

3
(Ω̄(4))

K[I (Γaψa)
J ]
]
, (A.32)

but also this expression can be rewritten by making use of the identity

(Γa Ω̄(4))
[IJ (ψa)

K] = −(Ω̄(4))
[IJ(Γa ψa)

K] . (A.33)

As before we define the spinor components with U(1) charge −1
2

by

χI− J−K+ ≡ − (Ω̄(4))
lL (Ω̄(4))

JM (Ω̄(4))
KN C−1 χ̄L+M+N−

T

= c̄1/2

[
(ΓaΩ̄(4))

IJ (ψa
c)K − (Ω̄(4))

IJ (Γa ψa
c)K
]

+ c̄′1/2
[
(Ω̄(4))

IJ (Γaψa
c)K + 2

3
(Ω̄(4))

K[I (Γaψa
c)J ]
]
. (A.34)

Hence we have obtained the linear relation between χABC and the original 10D

spinors, depending on three unknown complex constants, c3/2, c1/2 c
′
1/2. Their

values are determined in section 2.5, as we will be discussing at the end of this

appendix.

We will now merge the chiral and anti-chiral spinors with opposite U(1) charges

into eight-component symplectic Majorana spinors. In that case it is convenient

to introduce SO(6) gamma matrices and chiral projection operators. The 8 × 8

gamma matrices (Γâ)
A
B, where â = 1, . . . , 6, are defined in terms of direct products

of 4× 4 and 2× 2 matrices, just as in (A.24),

Γa ≡ Γa ⊗ σ1 , Γ6 ≡ 1l4 ⊗ σ2 . (A.35)
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These (hermitian) gamma matrices satisfy the Clifford property

{
Γâ ,Γb̂

}
= 2 δâb̂ 1l8 . (A.36)

and satisfy the following charge-conjugation properties,

Ω Γâ Ω−1 = Γâ
T , with ΩT = −Ω , Ω−1 = −Ω̄ , (A.37)

where the anti-symmetric charge conjugation matrix ΩAB was defined in (A.20).

The chirality operator Γ7 is obtained in the standard way,

Γ[â Γb̂ · · ·Γf̂ ] = −iεâb̂ĉd̂êf̂ Γ7 , where Γ7 = 1l4 ⊗ σ3 . (A.38)

Observe that Γ7 is hermitian and behaves under charge conjugation as Ω Γ7 Ω−1 =

−Γ7
T. Furthermore Γ7 coincides with the U(1) charge that was already present

in the original 10D theory.

The gamma matrices Γâ and their multiple anti-symmetrized products define a

complete basis for matrices in the 8-dimensional spinor space. They can conve-

niently decomposed into 28 anti-symmetric matrices Ω, ΩΓâ, ΩΓâΓ7 and ΩΓâb̂Γ7,

and 36 symmetric matrices ΩΓ7, ΩΓâb̂ and ΩΓâb̂ĉ. The latter are related to the

anti-hermitian generators of USp(8) that were already defined in (A.24),

T = iΓ7 , Ta = Γa6 ,

Tab
0 = Γab ,

Tab
1 = 1

6
εabcde6 Γcde ,

Tab
2 = Γab6 .

(A.39)

We have now obtained a parametrization of the relation between the fields χABC

and the fields λ, λc, ψa and ψa
c originating from the 10D theory in terms of

(anti-)chiral components. This relation is in accordance with the SU(4) × U(1)

branching of the spinor fields presented in (A.26). The resulting expressions for

given charges were given in (A.29), (A.30), (A.32), (A.34), which can be converted

in terms of the SO(6) gamma matrices Γâ. Since we have established this relation

for chiral and anti-chiral components separately, it is convenient to introduce chiral

projection operators

P± = 1
2

(
1l± Γ7

)
. (A.40)

The spinor χABC is subsequently decomposed in tri-spinors with all possible chi-

ralities,

χABC = χABC+++ + χABC−−− + χABC++− + χABC+−+ + χABC−++ + χABC−−+ + χABC−+− + χABC+−− . (A.41)
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For the spinors with U(1) charge equal to +3/2 and +1/2 we derive, respectively,

χABC (+++) = i c3/2 P+
A
D P+

B
E P+

C
F

[
Γ7Γ6 Ω̄

][DE
λF ] , (A.42)

χABC (++−) = i c1/2 P+
A
D P+

B
E P−CF

[[
Γa Ω̄

]DE (
Γ7Γ6 ψa

)
F −

[
Γ7Γ6 Ω̄

]DE (
Γa ψa

)F]
+ i c′1/2 P+

A
D P+

B
E P−CF

[[
Γ7Γ6 Ω̄

]DE (
Γa ψa

)F − 2
3

Ω̄F [D
[
Γ7Γ

a6ψa
]E]
]
,

where the spinors λ and ψa are now 8-component spinors consisting of (λ, λc) and

(ψa, ψa
c). The labels (+ + +) and (+ +−) on the left-hand side indicate how the

indices are contracted with the chiral projectors. Note that the combinations (+−
+) and (−++) are related upon interchanging the indices A,B,C correspondingly.

The corresponding spinors with charges −3/2 and −1/2 read the same with c3/2,

c1/2 and c′1/2 replaced by their complex conjugates and with opposite projectors.

Confronting the above decompositons to the equations (2.74) uniquely determines

the three constants to c3/2 = −3
4
, c1/2 = −1

4
and c′1/2 = −1

2
. The corresponding

expression for χABC equals

χABC = − 3
8
i
[(

Γ6 Ω̄
)[AB (

Γ7λ
)C]

+
(
Γ7Γ6 Ω̄

)[AB
λC]
]

− 3
8
i
[(

Γa Ω̄
)[AB (

Γ7Γ6ψa
)C] −

(
Γ7Γ

a Ω̄
)[AB (

Γ6ψa
)C]
]

− 3
8
i
[(

Γ7Γ6 Ω̄
)[AB (

Γaψa
)C] −

(
Γ6 Ω̄

)[AB (
Γ7Γ

aψa
)C]
]

− 1
2
i Ω̄[AB

(
Γ7Γ6Γ

aψa
)
C] . (A.43)

Here we shoud stress that this form of the solution is not unique as it can be

rewritten by Fierz reordering. In section 2.5 we have presented an equivalent but

shorter expression.





Appendix B

N=4 superconformal curvature

constraints and algebra

In this appendix, we present some relevant material for the arguments and the

computations of chapter 4. Most of the following expressions already appeared

in [97] and we remind them here for the reader’s convenience.

In analogy with the conformal gravity case discussed in 1.2, some of the N = 4 su-

perconformal gauge fields (see Table 4.1) are composite fields. They are expressed

in terms of the other fields of the theory via a set of supercovariant constraints,

which we here choose to be

R(P )µν
a = 0 ,

eνbR(M)µν
ab = 0 ,

γµR(Q)µν
i = 0 . (B.1)

All the curvatures can be derived by supercovariantizing the curl of the associated

gauge connections. They read

R(P )µν
a = 2D[µeν]

a − ψ̄[µ
iγaψν]i ,

R(M)µν
ab = 2 ∂[µων]

ab − 2ω[µ
acων]c

b − 4 e[µ
[afν]

b]

+ 1
2

[
ψ̄[µγ

abφν]i − 2 ψ̄[µi γν] R(Q)ab i + 2 ψ̄µi ψνj T
ab ij + h.c

]
,

R(Q)µν
i = 2D[µψν]

i − γ[µφν]
i − 1

2
γabγ[µψν]jTab

ij + 1
2
εijklψ̄[µj ψν]k Λl , (B.2)

where the derivative Dµ, defined in (4.10), is covariant with respect to all the

bosonic symmetries except for the conformal boosts. Note that by setting the
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fermions to vanish, the curvatures (B.2) reduce to those presented in (1.20) for

the N = 0 case. The first, second and third constraint in (B.1) respectively

determines the field ωµ
ab, fµ

a and φµ
a in terms of the independent fields of the

Weyl supermultiplet. The U(1) gauge field aµ is also a composite field and is

expressed as the solution of the supercovariant constraint (4.4). Its associated

curvature, F (a)µν , was given in (4.5).

The remaining supercovariant curvatures, which appear in the Q-supersymmetry

transformations of the fields (4.11) and the action (4.33), are given by

R(V )µν
i
j = 2 ∂[µVν]

i
j − 2V[µ

i
k Vν]

k
j −

[
δQ|ψ[µ + δS|φ[µ

]
Vν]

i
j ,

R(S)µν
i = 2D[µφν]

i − 1
6
γ[µγ

abφν]jTab
ij − 1

2
εijklφ̄[µk Λl ψν]j − δQ|ψ[µ φν]

i , (B.3)

where δ |• denotes an infinitesimal transformation in which the parameter is re-

placed by • . Using (4.9) and (4.12), the explicit expressions of the curvatures

(B.3) can be easily derived. Finally, the curvatures associated to the dilatations

and the conformal boosts can be written as

R(D)µν = 0 ,

R(K)µν
c = eµ

a eµ
bDdR(M)ab

dc . (B.4)

These relations between the supercovariant curvatures follow from combining the

constraints (B.1) with the SU(2, 2|4) Bianchi identities. Additional relations of

this kind can be derived and were presented in [97]. Let us simply mention that

the only non-vanishing independent curvatures are R(M)µν
ab, R(V )µν

i
j, R(Q)−µν

i

and R(S)+
µν
i. Indeed, one can derive

R(Q)+
µν
i = 0 ,

R(S)−µν
i = eµ

a eν
b 6DR(Q)ab

i . (B.5)

where the (anti)self-dual part of an arbitrary antisymmetric Lorentz tensor Lab is

defined as

L±ab = 1
2
(Lab ± 1

2
εabcdL

cd) . . (B.6)

The Q- and S-supersymmetry variations of the curvatures can be derived using the

variations of the fields (4.9) and (4.12) and the expressions of the curvatures given

above. Part of them can once again be found in [97]. Their complete expressions

are not particularly useful for the purpose of chapter 4 and therefore will only be

presented in [102].
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Finally, let us comment on the symmetry algebra of N = 4 conformal supergravity.

As mentioned previously, the theory is originally based on the su(2, 2|4) algebra

[59]. Because of the curvature constraints (B.2) that must be imposed, some of the

structure constants receive field-dependent modifications and, as such, characterise

a so-called ‘soft algebra’. Here, let us restrict ourselves to those commutation

relations which differ from the original su(2, 2|4) relations. They correspond to

the following commutators

[
δQ(ε1), δQ(ε2)

]
= δcgct(ξ

µ) + δM(εab) + δQ(εi3) + δS(ηi)

+ δSU(4)(Λ
i
j) + δU(1)(Λ) + δK(Λa

K) , (B.7)[
δQ(ε), δS(η)

]
= δD(Λ̃D) + δM(ε̃ab) + δS(η̃i) + δSU(4)(Λ̃

i
j) + δK(Λ̃a

K) (B.8)

where δcgct denotes a covariant general coordinate transformation. The various

(field-dependent) parameters read

ξµ = 2 εi1γ
µ ε̄2i + h.c. ,

εab = 4 ε̄i1ε
j
2 Tab ij + h.c. ,

εi3 = εijklε̄1kε2l Λj

ηi = − 2 ε̄k1 ε
l
2χ

i
kl − 1

2

(
ε̄2
kγaε1j + h.c.

)(
γaχ

ij
k − 1

2
εijlmγcdγaΛlT

cd
km

)
− 1

12

(
ε̄2
iγaε1j − δij ε̄2lγaε1l + h.c.

)
γa
(
EjkΛk + 2 /̄PΛj

)
+ 1

2
εijklε̄1kε2l /DΛj + 2

3
ε̄2

[iε1
j]
(
EjkΛ

k + 2/PΛj

)
,

Λi
j =Eikεklmj ε

l
2ε
m
1 + 1

2

(
ε̄k2γa + h.c.

)
Λ̄iγaΛk − 1

4

(
ε̄k2γaε1k + h.c.

)
Λ̄iγaΛj

− 1
4

(
ε̄2i

γ
aε1j + h.c.

)
Λ̄kγaΛk − (h.c.;traceless) ,

Λ = 1
2

(
ε̄i2γaε1j + h.c.

)(
Λ̄jγaΛi − δji Λ̄kγaΛk

)
Λa
K = 1

3
εabcdε̄2iγbε1

j R(V )cd
i
j + 8

3
ε̄2iε1jDbT

ab ij − 1
6
i εabcdε̄2iγbε

i
1F (a)cd

+ 1
4
ε̄2iγabγcdε1

kT abjkT
cd ij + h.c. , (B.9)

and

Λ̃D = − η̄iεi + h.c. , ε̃ab = − η̄iγabεi + h.c. ,

η̃i = − 1
4
εijklη̄kγaεjγ

aΛl , Λ̃a
K = 1

6
η̄iγ

bcγaεjTcb
ij + h.c. ,

Λ̃i
j = − 2ε̄iηj − h.c.;traceless . (B.10)





Samenvatting

Theoretisch natuurkundigen proberen wiskundige modellen te bedenken die de

wereld om ons beschrijven. Dit theoretische werk had in de jaren 70’ geleid

tot twee belangrijke, maar incomplete, beschrijvingen. Deze beschrijvingen zijn

gebaseerd op de algemene relativiteitstheorie van Einstein aan de ene kant, en

kwantumveldentheorie aan de andere kant. De eerste beschrijft zwaartekracht

en haar effect op macroscopische objecten zoals planeten en sterren. De tweede

beschrijft natuurkunde op microscopische schaal zoals de wisselwerkingen van ele-

mentaire deeltjes onder drie fundamentele krachten: de sterke, zwakke, en elektro-

magnetische kracht. Het probleem schuilt in het feit dat deze succesvolle beschri-

jvingen niet op een eenduidige manier gecombineerd kunnen worden. De algemene

relativiteitstheorie gaat niet samen met de regels van de kwantummechanica omdat

de combinatie niet leidt tot consistente voorspellingen. Natuurkundigen geloven

daarom dat er een meer fundamentele theorie van kwantumzwaartekracht moet

zijn. Deze theorie zou consistent moeten zijn op alle schalen. Ondanks grote in-

spanningen in de laatste 50 jaar, en de vele kandidaattheorieën, is het bestaan en

de beschrijving van zo’n theorie een open vraag. Bovendien is het testen van zo’n

theorie problematisch omdat de zwaartekracht zo’n 40 ordes van grootte zwakker

is dan de andere drie fundamentele krachten.

Een van de populaire kandidaten voor een theorie van kwantumzwaartekracht is

supersnaartheorie. In dit raamwerk wordt alles in ons universum beschreven in

enkel soort fundamentele objecten: vibrerende snaren met een typische lengte van

1033 cm (de Planck lengte). Deze snaren kunnen open of gesloten zijn en bewegen

in een tien-dimensionale ruimte. Net zoals een snaar van een piano een oneindige

hoeveelheid tonen kan creëren, kan een supersnaar op verschillende manieren vi-

breren om zo een oneindige toren van elementaire deeltjes te maken. Een van

deze excitaties is het graviton dat correspondeert met de kwantumexcitatie van

het zwaartekrachtveld. In supersnaartheorie is zwaartekracht daarom expliciet

kwantummechanisch.
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Door de jaren heen, zijn er vijf verschillende supersnaartheorieën ontdekt. Een

tijdlang werd dit gezien als bewijs dat er geen unieke fundamentele natuurkundige

theorie bestaat. Echter het werd langzamerhand duidelijk dat de vijf theorieën

aan elkaar verbonden zijn via bepaalde relaties die ook wel dualiteiten worden

genoemd. Het bleek dat de vijf theorieën allemaal realisaties zijn van een enkele

onderliggende theorie in elf dimensies. Het ontrafelen van deze theorie, ook wel

M-theorie genoemd, is het doel van menig onderzoeksprogramma.

Net zoals onze oren ongevoelig zijn voor noten boven een bepaalde frequentie, kun-

nen we alleen maar deeltjes waarnemen die corresponderen met lage frequenties van

de supersnaren. In deze lage-energielimiet kunnen snaren benaderd worden door

puntdeeltjes wiens gedrag en interacties beschreven worden door veldentheorieën

genaamd superzwaarekracht. Deze theorieën zijn supersymmetrische extensies van

algemene relativiteitstheorie. Supersymmetrie is een symmetrie die de twee meest

algemene categorieën van deeltjes (de deeltjes verschillen alleen wat betreft spin-

statistiek) relateert namelijk bosonen en fermionen. Superzwaartekrachttheorieën

kunnen geformuleerd worden in elf dimensies and voor verschillende hoeveelhe-

den supersymmetrie. Specifiek blijkt het dat er vijf tien-dimensionale en een elf-

dimensionale superzwaartekrachten bestaan. Deze beschrijven de lage-energie lim-

iet van de vijf supersnaartheorieën en M-theorie. Deze thesis gaat alleen over het

lage-energie raamwerk van superzwaartekracht en in het bijzonder over theorieën

met een maximale hoeveelheid supersymmetrie. Dit bevat ook de elf-dimensionale

theorie en de zogenaamde type IIB en (massaloze en massieve) type IIA theorieën

in tien dimensies.

Het bestaan van zo’n groot aantal dimensies is verontrustend, omdat het in tegen-

spraak is met ons leven in drie ruimtelijke dimensies. Deze paradox kan worden

opgelost door de extra dimensies ‘op te rollen’ zodat ze onmeetbaar klein zijn

in ons dagelijks leven. Dit is te vergelijken hoe een kabel van afstand een een-

dimensionaal object lijkt terwijl een kever die rondom de kabel loopt ook de twee-

dimensionale structuur waarneemt. In superzwaartekracht kunnen de deeltjes be-

wegen in de extra opgerolde dimensies en hun gedrag wordt daardoor bëınvloed.

Het resultaat is dat de effectieve lage-dimensionale natuurkunde die wij waarne-

men afhangt van de geometrie van de microscopische opgerolde ruimte.

In dit proefschrift bekijken we de zogenaamde dualiteit symmetrieën (en hun de-

formaties) die ontstaan in maximale superzwaartekrachttheorieën geformuleerd

in minder dan tien dimensies. Veel van deze theorieën kunnen verkregen wor-

den door compactificatie van elf- en/of tien-dimensionale superzwaartekracht. In
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sommige gevallen kunnen dezelfde gecompactificeerde theorieën verkregen worden

door verschillende compactificatie van verscheidene hogerdimensionele voorouders

en, in zo’n geval, kunnen de dualiteit symmetrieën begrepen worden als de lage-

energie overblijfselen van de supersnaar dualiteiten. Het doel van dit werk is om

de hogerdimensionale manifestaties en/of de unificerende eigenschappen te onder-

zoeken van dualiteit symmetrieën in superzwaartekracht. In de toekomst leidt dit

hopelijk tot meer inzicht in de structuur van M-theorie.

De belangrijkste hoofdstukken van deze thesis zijn niet direct verbonden maar vor-

men meer een mozäıek van resultaten waarin dualiteit symmetrieën van maximale

superzwaartekrachtstheorieën een central role spelen. In het eerste hoofdstuk in-

troduceren we het vereiste achtergrondmateriaal. In het tweede hoofdstuk werken

we een herformulering uit van de tien-dimensionale type IIB superzwaartekracht.

Deze herformulering laat expliciet de karakteristieke eigenschappen zien van de du-

aliteit symmetrie van vijf-dimensionale maximale superzwaartekrachtstheorieën.

Uiteindelijk, de herformulering maakt het mogelijk om de consistentie te on-

derzoeken van een specifieke truncatie van de IIB theorie naar vijf dimensies.

Het derde hoofdstuk gaat over het raamwerk van exceptionele veldentheorieën

dat afhangt van onfysische vrijheidsgraden om zo tegelijk elf- en massaloze tien-

dimensionale superzwaartekrachtstheorieën te beschrijven op een dualiteitsym-

metrische manier. We introduceren op een consistente manier deformaties van dit

raamwerk en laten zien dat op de deze manier ook type IIA superzwaartekracht kan

worden ingebed. De laatste hoofdstukken hebben tot slot betrekking op schaalin-

variante superzwaartekracht. We identificeren en presenteren voor de eerste keer

de meest algemene klasse van Lagrangianen voor de maximale theorie, beter bek-

end als N = 4 schaalinvariante superzwaartekracht. Deze klasse wordt gekarak-

teriseerd door een holomorfe functie die zich gedraagt als een deformatie van de

dualiteit symmetrie van de theorie.





Summary

Theoretical physicists aim to establish models, formulated in a mathematical lan-

guage, that accurately predict the natural phenomena which can be observed

around us. By the 1970’s, theoretical research had resulted in two main incomplete

descriptions of nature that are characterised by Einstein’s general relativity and

quantum (field) theory. The former accurately describes gravity and its effects on

large-scales objects, such as planets and stars. The latter governs the physics on

the microscopic scales, such as the interactions of elementary particles with the

remaining three forces, namely the strong, weak and electromagnetic force. How-

ever, when these two theories are considered in each other’s domain of validity,

they lose any sensible predictive power. For instance, on the microscopic scales,

general relativity does not comply with the rules of quantum mechanics and suf-

fers from technical inconsistencies. This has led physicists to expect that they

should in fact correspond to fragments of a unique, more fundamental theory of

quantum gravity. The latter would then provide a unified description of all forces

and matter that would remain consistent at all scales. Despite the many efforts

that were invested during the past 50 years, and the various proposals that have

been put forward, the existence and the details of such a unified theory remain

today an open question. Furthermore, coming up with realistic experimental tests

of such a theory would also constitute a real challenge in view of the fact that

gravity is about 1040 times weaker than the other three forces.

Among the popular candidates for a theory of quantum gravity is superstring

theory. In this framework, our whole universe is described in terms of a single

type of objects: vibrating strings (of the order of the Planck length, 10−33 cm),

that can be closed or open, and that propagate and interact in a ten-dimensional

space. Similarly to a single piano string that can produce an infinity of notes

depending on its vibration mode, the various energy modes (or harmonics) of

the strings in superstring theory correspond to an infinity of different elementary

particles. Among them is the so-called graviton which corresponds to a quanta
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of excitation of the gravitational field. In superstring theory, gravity therefore

appears as quantised from the start.

Along the years, a total of five different superstring theories were discovered. While

once again, this seemed to contradict the idea that nature should be described by a

unique theory, it was gradually realised that the five theories are in fact connected

by a large group of equivalence relations, known as dualities, and should corre-

spond to different realisations of a single underlying eleven-dimensional theory.

Unraveling the structure and properties of this so-called M-theory, which remain

to this day unknown, is the long-term goal of many ongoing research programme.

In analogy with our ears which remain insensitive to notes above a certain fre-

quency, we are only able to perceive some of the particles that are associated with

the low-energy modes of the strings. In this low-energy limit, because of the trivial

vibrational profiles of the relevant modes, strings can be approximated by points

whose behaviour and interactions are effectively described by field theories known

as supergravities. The latter are supersymmetric extensions of general relativity.

Supersymmetry, which is also a key ingredient in superstring theory, is a symmetry

that relates the two most general categories of elementary particles (which only dif-

fer by their so-called spin-stastics), i.e. the bosons and the fermions. Supergravity

theories can be formulated in up to eleven spacetime dimensions and with various

amount supersymmetry. In particular, there exist five supergravity theories in ten

dimensions and only one in eleven dimensions. They are known to describe the

low-energy limits of the five superstring theories and the elusive M-theory, respec-

tively. The present work is exclusively concerned with the low-energy framework

of supergravity and, more specifically, with those theories which have a maximal

amount of supersymmetries. These include the eleven-dimensional theory and the

so-called type IIB and (massless and massive) type IIA theories in ten dimensions.

The possibility for such large numbers of spacetime dimensions might at first

appear disconcerting, as it naturally conflicts with our daily perception of only

three space dimensions. This mismatch is resolved by considering the extra space

dimensions to be compactified, or curled up, to a size that is unobservable at

our scale. The same idea for instance underlies the fact that, from far away,

one discerns say an electric cable as a one-dimensional object, while a small bug

that moves along and around the cable is able to experience its two-dimensional

structure. In supergravity, the particles are allowed to move in these compactified

dimensions, and are therefore sensitive to their shapes. As a result, the effective
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lower-dimensional physics that we observe depends on the chosen geometry of the

compactified space.

In this work, we consider the so-called duality symmetries (and their deforma-

tions) that appear in maximal supergravities formulated in less than ten spacetime

dimensions. Many of these supergravities can be obtained from various compact-

ifications of eleven and/or ten-dimensional maximal supergravities. In particular,

some of these lower-dimensional theories equivalently descend from different com-

pactifications of multiple higher-dimensional ancestors and, in this case, their du-

ality symmetries can be understood as the low-energy remnants of the superstring

dualities. The aim of the present work is to investigate the higher-dimensional

manifestations and/or the unifying abilities of the duality symmetries in super-

gravity. In the future, this might hopefully lead to some insights into the structure

of M-theory.

The main chapters of this thesis are not directly connected, but rather consti-

tute a mosaic of results in which the duality symmetries of maximal supergravi-

ties play a central role. In the first chapter, we introduce some of the necessary

background material. In the second chapter, we work out a reformulation of the

ten-dimensional type IIB supergravity which exhibits the characteristic features

of the duality symmetry of five-dimensional maximal supergravities. This refor-

mulation ultimately allows us to study the consistency of a specific truncation

of the IIB theory to five dimensions. The third chapter is concerned with the

framework of exceptional field theories, which relies on spurious (or unphysical)

degrees of freedom in order to simultaneously describe the eleven- and massless

ten-dimensional supergravities in a duality symmetric formalism. In particular,

we introduce consistent deformations of this framework and show that those fur-

ther allow for the embedding of massive type IIA supergravity. Finally, the last

chapter deals with conformal supergravity in four dimensions. For the first time,

we construct and partially present the most general class of Lagrangians for the

maximal theory, which is known as N = 4 conformal supergravity. This class is

characterised by a holomorphic function which, from a certain perspective, can be

seen as a deformation of the duality symmetry of the theory.
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