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Interfacing superconducting qubits and single optical photons
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We propose an efficient light-matter interface at optical frequencies between a superconducting qubit and
a single photon. The desired interface is based on a hybrid architecture composed of an organic molecule
embedded inside an optical waveguide and electrically coupled to a superconducting qubit far from the optical
axis. We show that high fidelity, photon-mediated, entanglement between distant superconducting qubits can be
achieved with incident pulses at the single photon level. Such low light level is highly sought for to overcome
the decoherence of the superconducting qubit caused by absorption of optical photons.

PACS numbers: 03.67.-a, 42.50.Ex, 85.25.Cp

Over the past few years, rapid progress in engineering and
control of their physical properties, have made superconduct-
ing (SC) qubits, one of the most promising candidates for
future quantum processors [1–4]. To use such processors in
quantum communication protocols and beyond, it is a ne-
cessity to build light-matter interfaces at optical frequencies,
since quantum communication over long distances needs to be
performed through optical fibers [5, 6]. This has stimulated
immense interest in devising ways of efficiently coupling op-
tical photons to SC systems [7–22]. Some success have been
achieved in this regards, at microwave frequencies [23, 24],
while in the optical domain, only limited indirect coupling
have been achieved using transducers [25–27]. Coherent cou-
pling of quantum fields at optical frequencies to a SC system
thus remains an outstanding challenge. A principle obstacle
to this is the large mismatch between the energy scales of an
optical photon (∼ 1 eV) and a SC qubit (∼ 100 µeV) [23]
making the absorption of even a single optical photon a major
disturbance for a SC system.

In this letter we propose a scheme tointerface optical pho-
tons with a SC qubitat light levels involving only a single or a
few photons. To achieve this we introduce a hybrid solid-state
architecture Fig.1(a) comprising, a dipole emitter embedded
in an optical waveguide with a SC qubit fabricated near it.
The individual components of this hybrid has already been re-
alized. In comparison to the magnetic coupling, considered
in numerous approaches to hybrid structures [16–18, 24, 28–
33] a key feature of our scheme is the electric coupling be-
tween the emitter and SC qubit. The coupling strength can
then be orders of magnitude stronger thus allowing for strong
coupling in the system. To understand the physics of such
electrical coupling let us consider the SC qubit to be a cooper
pair box (CPB). As a cooper pair oscillates between the su-
perconducting islands, it generates a variation in the electric
field at the emitter. If the emitter has a large difference in
the dipole moment between its ground and excited states, the
electric field variation will lead to different Stark shift of the
excited and ground energy levels (Fig.1 c). This leads to a
sizeable shift of the resonance frequency of the emitter, which
can be larger than its linewidth, leading to coherent coupling

of the emitter and the qubit.

Since the emitter is in a waveguide, the shift can lead to
measurable effects even for light pulses containing few pho-
tons resulting in minimal decoherence due to light fields. This
is a major advantage over existing hybrid proposals that re-
quires strong optical fields [2, 7, 19, 21, 24, 28–33], which
is likely to be a major source of decoherence. We show
how the achieved light-matter interface allows efficient op-
tical readout of the qubit state. Furthermore, we put forward
a detailed scheme for photon-mediated entanglement between
two distant SC qubits. As a first example towards realization
of such entanglement we discuss the generation of quantum
correlation between an optical photon and a SC qubit, which
shows violation of the Clauser-Horn-Shimony-Holt (CHSH)
inequality.

The Hybrid: Our hybrid system consist of three elements
shown schematically in Fig. 1 (a), an optical waveguide, a
SC qubit fabricated near the waveguide’s surface (∼ 300 −
500 nm) and a dipole emitter embedded in an organic matrix
inside the waveguide. In addition to differential Stark shift, we
assume that the emitter has an optical transition with a narrow
linewidth as demonstrated for organic dye molecules [34, 35].
Placing an ideal two level emitter in an optical waveguide, in
principle, allows for coupling efficiencies to optical photons
of more than95% [36, 37]. In practise however, given that
the molecular electronic configuration involves several levels,
the coupling may be smaller. For the applications we are con-
cerned with here, a coupling efficiency of about10% will be
sufficient to achieve operations with few photons per pulse
(. 10).

A typical CPB, with the gate chargeng restricted to the
range[0, 1], only have one Cooper pair shared between the SC
islands. The CPB thus resembles a two level system (Fig.1 b)
which can be coherently manipulated at temperatures≤ 100
mK [38, 39]. The Hamiltonian of this two level system can be
written asHcp = − 1

2 (χ1η
z+χ2ηx), whereχ1 ∝ Ec(1−2ng),

χ2 ∝ EJ, andηz, ηx are the Pauli spin-1/2 operators defined
in the spin basis{| ↑〉, | ↓〉} corresponding to the CPB charge
states{0, 1} [38, 39]. HereEc andEJ are the Coulumb energy
of an extra pair of charges on the island and the Josephson

http://arxiv.org/abs/1607.06271v1
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FIG. 1. Schematic of the hybrid molecule-SC system. (a) An
organic molecule located inside the optical waveguide is electri-
cally coupled to a SC via a Stark shift. Incident probe photons in
the waveguide are scattered by the0 − 0 optical transition of the
molecule. Due to the coupling of the SC qubit and the molecule, re-
flected and transmitted photons are entangled with the internal state
of the qubit. (b) The energy levels of a SC qubit can be represented
by two hybridized levels for a gate charge restricted in the range0 to
1. (c) Oscillation of the cooper pair between the SC island leads to
shift of the molecular resonance.

energy respectively. The Hamiltonian of the molecule-qubit
hybrid can be written in the form,H = H0+HI , whereH0 is
the free energy part of the Hamiltonian containing the molec-
ular, field and CPB energies [40], whileHI is the interaction
Hamiltonian governing the coherent dynamics,

HI =
~gm

2
σ+âe−iωpt + H.c.+

1

4
~gcη

z ⊗ (σz + I) . (1)

Here the first and the third term corresponds respectively to
the light-molecule and molecule-CPB interactions. The oper-
atorsσz , σ± for the molecule are the standard dipole transi-
tion operators for a two level system andâ is the field opera-
tor of the incoming photon pulse [41] of central frequencyωp.
The incoming light couples to the molecule with a strength
gm = ℘eg·F/~, where℘eg is the dipole moment of the optical
transition|e〉 ↔ |g〉 in the molecule andF the mode func-
tion of the incoming photon in the one-dimensional waveg-
uide. Furthermore, gc = ∆℘c · ∆E/~ is the molecule-CPB
coupling strength, where∆℘c is the difference in the static
dipole moments between the excited and ground manifold of
the molecule, while∆E is the electrostatic field variation as
seen by the molecule due to the tunnelling of a single Cooper
pair.
Qubit state detection:We first outline a recipe for detect-
ing the qubit’s state by optical photons. We assume that the
CPB is operated at a gate voltage away from the sweet spot
(ng 6= 1/2) in the linear regime of Fig. 1 (b). Working in
this regime, the eigenstates of the qubit HamiltonianHcp are
the ηz eigenstates. The CPB-molecule interaction Hamilto-
nian (1) reveals that the state of the qubit shifts the excited

state of the molecule by± 1
2~gc, compared to the unperturbed

resonance atωm (Fig. 1 c) making it sensitive to the qubit
state. The molecular resonance line is then split into two, such
that, the position of each line corresponds to one of the qubit
states{| ↑〉, | ↓〉}, with the splitting given by the molecule-
qubit coupling gc. We can therefore determine the state of the
qubit by studying the scattering of an incoming photons and
measuring whether they are transmitted or reflected.

To describe the protocol we consider the HamiltonianHI

(1) and evaluate the photon scattering amplitudesζ↑,↓ of input
photons, for the qubit states| ↑〉 and | ↓〉 assuming that we
are below saturation. We do this using an effective operator
formalism [1] generalized to Heisenberg picture [40]. We find
the amplitude of the reflected field̂ao,↑(↓) corresponding to
the qubit state| ↑〉(| ↓〉) to be,

âo,↑(↓) = iζ↑(↓)âin = i
(γ1D

2

)

[

∆− iγ/2 +
(−)

gc/2

]−1

âin,

(2)

where,γ1D is the rate of decay of the emitter into the one-
dimensional waveguide mode,∆ = ωp − ωm is the detun-
ing from the molecular resonance,γ is the total decay of the
molecules and̂ain represent the input quantum field (the in-
coming photon). From Eq. (2) we find two different resonance
conditions∆ = ± 1

2gc, for the respective qubit states| ↑〉 and
| ↓〉.

A simple numerical estimate gives an electrostatic field
variation of roughly∆E = (2.5 − 8) kV/m, at the loca-
tion of the molecule for a waveguide of permitivity∼ 4.7,
due to presence of a cooper pair on an island situated about
∼ (500 − 300) nm away [43]. Hence, for∆℘c = 1 D
[34, 44, 45], we can obtain a coupling strength of gc ∼
(2π) × (25 − 80) MHz. As an organic molecule typically
has a line widthγ ∼ (2π) × 20 MHz [34, 45], we can thus
achieve strong coupling in the hybrid system. Since the sepa-
ration between the resonance peaks is larger than their width
gc > γ, we can distinguish between the two internal states
of the qubit by sending in a single photon pulse resonant
with one of the peaks and measuring whether photons are re-
flected. At resonance we evaluate the reflection probability
to be(γ1D/γ)2, so that we can distinguish the two state by
sending in(γ/γ1D)2 ∼ 100 photons even for a conservative
estimate ofγ1D/γ = 0.1 [35].

The above depicted scheme may allow efficient optical
readout of SC qubits. A more promising application how-
ever, would be a coherent interface. As a first example of this,
we discuss an entanglement protocol. To minimize the deco-
herence arising due to charge noise [46, 47] it is necessary to
operate the qubit near the sweet spot of the CPB (χ1 = 0)
to achieve coherent operation. At this point,〈+|ηz|+〉 =
〈−|ηz|−〉 = 0, and the CPB-molecule coupling term in the
Hamiltonian contributes only to the second order, and would
therefor require strong light fields, see details in [40].

To be able to work with a single to few photons an alter-
native is to consider, aRaman scattering schemeas shown in
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Fig. S4 (a). This is realized, by having two organic molecules
with properties as above and with optical transitions of nearly
the same frequencies, e.g., achieved by tuning them into reso-
nance using an external field [48]. The molecules are assumed
to have a separation less than the optical wavelength, and thus
couple to each other via near field optical dipolar interaction.
Furthermore, we assume a reflector at one end of the waveg-
uide such that the waveguide is single sided to maximize the
collection of Raman photons. The Hamiltonian can then be
written asH = H0 +Hdd +HI. Here,H0 is free energy part
having contribution from both molecules and the qubit [40],
Hdd = ~V(σ+

1 σ
−
2 + σ+

2 σ
−
1 ) is the dipolar coupling Hamilto-

nian of strengthV , while the interaction Hamiltonian is,

HI =
∑

j

[

~gmj

2
σ+
j âe

−iωpt + H.c.+
~gcj

4
ηz ⊗

(

σz
j + I

)

]

,

(3)

where gmj
and gcj for (j = 1, 2) corresponds to the coupling

strength of the incoming light and CPB to the molecules re-
spectively. The strong dipole-dipole interactionHdd can be
diagonalized to form two dressed state|S〉 and|A〉 which are

split by 2V =
√

4V2 + δ20 . Using an external field to vary

the difference in the molecular energiesδ0 = (ω1 − ω2), the
transition between the dressed states can be brought into res-
onance with the qubit transition,2V = ωq. This resonance
condition allows the exchange of energy between the qubit
and the excited manifold of the molecules which enables the
Raman transition|g,−〉 → |S,−〉 → |A,+〉 → |g,+〉 (Fig.
S4 a). Here the molecular system starts and ends in the joint
ground state|g〉 = |g1, g2〉while the qubit is flipped from state
|−〉 to |+〉 by the emission of a Stokes photon of frequency
ωs = (ωp − ωq). The effective coupling constant between
the states|S,−〉 and |A,+〉 which enables this transition is

given byG = (gc1 − gc2)V/
√

4V2 + δ20 . Using the same
formalism as above, we find that at resonance the probabil-
ity for an incident single photon to induce a Raman scattering
into the waveguide, for moderate coupling g2

c1,2/γωq < 1 is

PR = (γ1D/γ)
2
℘R, where [40],

℘R =

(

δ0
ωq

)2(
4G2

Γ2
sΓ

2
a/4γ

2 + 4G2

)

. (4)

Here γ = γ1D + γc + γi is the total decay rate of each
molecule (assumed to be same for both the molecules),Γs =
γ + 2γcV/ωq,Γa = γ − 2γcV/ωq are the decay rates of the
states|S〉 and |A〉 respectively,γi is the intrinsic decay rate
of each molecule whileγc is the collective decay rate of the
molecules. In deriving the Raman scattering probability we
assumed that the molecules have the sameγ1D and that they
are close enough so that we can ignore effects of phases in
the collective decay [49] arising from the spatial positions of
the molecules. The probability of Raman scattering is much
larger than the reverse process|A,+〉 → |S,−〉, which is sup-
pressed by a factor(Gγ)2/ω4

q since it is off resonant [40].
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V/ωq = 0.2
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FIG. 2. (a) Schematics of Raman configuration. The molecular
levels|e1g2〉 and|g1e2〉 are hybridized by the dipole-dipole interac-
tion to form the dressed states|A〉 and|S〉, the separation of which
is tuned into resonance with the qubit frequencyωq. A photon scat-
tered along the transition|g,−〉 → |S,−〉 is emitted as a Stokes
photon along the transition|A,+〉 → |g,+〉 due to resonant cou-
pling among the states|S,−〉 ↔ |A,+〉. (b) Probability of Raman
scattering into the waveguide for a single incident photon as a func-
tion of coupling (gc1

− gc2
)/γ for different values of the dipolar

coupling strength. Here we have assumedγc/γ = 0.45

In Fig. S4 (b) we plot the Raman probability as a function
of
(

gc1 − gc2

)

/γ for different values of the ratio between the
dipolar coupling and qubit frequency V/ωq. The results can
be understood from the need to have both good hybridization
and coupling to the waveguide. For low V/ωq the hybridiza-
tion of |e1g2〉 and|g2e1〉 to |A〉 and|S〉 is small which limits
the coupling, whereas for V/ωq → 1/2, δ0 → 0, |A〉 becomes
a dark state of the coupling to the waveguide so thatPR → 0.
For V/ωq & 0.1, the probability quickly reaches its maximum
value even for limited coupling strengths(gc1 − gc2)/γ & 1,
whereas saturation is slower for weaker dipole coupling due
to the lack of hybridization. We find from Fig. S4 (b), that for
a feasible V/ωq = 0.1 and even a moderate coupling strength
of (gc1 − gc2)/γ = 5, the Raman scattering probability takes
a valuePR ≃ 0.77 × (γ1D/γ)2. This set of parameters will
be used for all numerical examples. The value ofPR, is close
to its upper limit of(γ1D/γ)2 set by the necessity of having
both waveguide absorption and emission by the emitter. Fur-
thermore, the Raman probability is not very sensitive to the
precise value of the dipole coupling making it attractive even
for randomly placed molecules.

The effective Raman scheme, allows the use of the inter-
ferometric framework [50, 51], shown schematically in Fig.
3 (a) to generate entanglement between distant SC qubits
via the detection of a photon. For this purpose we assume
that both hybrids are initialized in state|g,−〉1(2). Scatter-
ing of an incoming single photon pulse off the hybrids, fol-
lowed by a beam splitter which erases the which way in-
formation then creates one of the maximally entangled Bell
states|Ψ±〉 = 1√

2
|g〉 (|−〉1|+〉2 ± |+〉1|−〉2) conditioned on

the detection of a photon in the detectorsD± after frequency
filtering out photons which have not undergone a Raman scat-
tering.
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FIG. 3. (a) Interferometric scheme to generate maximally entan-
gled Bell state|Ψ+〉 between two SC qubits using a single photon
|1〉 or coherent state|α〉 as input. Generation of entanglement is
conditioned on a click of detectorD±. (b) FidelityF and success
probabilityP (c)

suc as a function of mean number of photons in the in-
coming pulse for Bell state generation. (c) Bell parameterS and
success probabilityP (c)

suc as a function of mean number of photons
in the incoming pulse for an entangled state between a singlequbit
and a photon. For all the plots we have assumedγ1D/γ = 0.1,
η = 50%, (gc1

− gc2
)/γ = 5, PR = 0.77 × (γ1D/γ)2 and

γc/γ = γi/γ = 0.45

To describe these processes we again use the input-output
formalism [40]. For simplicity we consider the two hybrids
to have equivalent physical properties and work in the limit
of moderate coupling g2c1,2/γωq < 1. Assuming the input
pulse to be a single photon, we find that the process has a
fidelity F = 1, and a success probability ofP (1)

suc = ηPR,
whereη is the photodetection efficiency of the single photon
detectors. For a moderate molecule-qubit coupling strength
(gc1 −gc2)/γ = 5, and the set of parameters used above along

with γ1D/γ = 0.1, we getP (1)
suc ≃ 3.8× 10−3, for η = 50%.

The above mentioned success probability can be improved
by considering a weak coherent state as input. Assuming iden-
tical hybrids and an intensity below saturation, we find the
conditional fidelity to beF = 1 − (1 + PRO/PR)P

(c)
suc/η,

with the corresponding success probability [40]

P (c)
suc = P (1)

suc

{

1− e−n̄(PR+PRO)

PR + PRO

}

, (5)

where n̄ is the mean number of photons in the inci-
dent pulse and the probability of Raman scattering to
the outside (not into the mode of the waveguide) isPRO =
(

γ1D

γ

)

{

(

γc

γ

)(

δ0
ωq

)2

+
(

γi

γ

)(

1 + 2V
ωq

)

}

(

2G2

Γ2
sΓ

2
a/4γ

2+4G2

)

.

As an example, for̄n = 1.5 we get a success probability

P
(c)
suc ≃ 5.5 × 10−3 for creating a Bell state with fidelity

F ∼ 93%. Thus for an input coherent state, we gain sub-
stantially in experimental simplicity with limited reduction in
fidelity. We show in Fig. S4 (b), the behavior ofF andP (c)

suc

as a function of the mean photon numbers.
The above two qubit entanglement protocol can serve as

building block of a quantum network. A first step in this di-
rection can be achieved with a much simpler entanglement
protocol between a single qubit (CPB) and a photon. For this
purpose, we consider an interferometer similar to Fig. 3(a)
with the hybrid1 replaced by a frequency modulator shifting
the frequency byωq. The hybrid is assumed to be initialized
in state|g,−〉. In this case upon post selecting a photon at
one of the detectors, the combined state of a photon and hy-
brid becomes|Ψ+

s 〉 = 1√
2
(|Uk〉|g,−〉+ |Lk〉|g,+〉), where

|Uk〉 and |Lk〉 represent respectively a photon in the upper
and lower arm of the interferometer. To verify this, we con-
sider violation of the CHSH inequalityS ≤ 2 [5, 6] between
the qubit and photon. We find for a coherent state input, by
properly balancing the interferometer after inserting a phaseΦ
in one of its arm and measuring the qubit in a suitable basis, a
violation of the CHSH inequality [40]

S = 2
√
2

[

2e−n̄(PR+PRO)

1 + e−n̄(PR+PRO)

]

, (6)

with a success probability P
(c)
suc =

1
2P

(1)
suc (PR + PRO)

−1 (1− e−2n̄[PR+PRO]
)

. In Fig. 3

(c) we show the behavior ofS andP (c)
suc as a function of the

mean photon number. Using the above parameters we find
S > 2.5 for n̄ = 10, with a corresponding success probability
P

(c)
suc ≃ 1.3% for η = 50%.
So far we have ignored the timeT it takes to perform the

light scattering. To avoid decoherence, the scattering process
needs to be completed within the coherence time of the qubit.
Since we rely on resonance condition with states of widthγ,
the pulse duration needs to satisfyγT ≫ 1. With γ = (2π)20
MHz we can chose a pulse durationT = 50 ns which is still
much shorter than typical coherence times of CPB (about500
ns)[54]. Much better coherence times can be achieved if we
replace the CPB with a transmon qubit where,T2 ∼ 3µs) [47].
For typical available size and coupling strengths of the trans-
mon and CPB we estimate that the coupling to the molecule
will be smaller for a transmon, gT

c ∼ gc/6 [47]. Using Eq.
(4), we estimate that for a transmon with such coupling con-
stant [(gc1 − gc2)/γ]/6 the probability of Raman scattering
process is∼ 0.1× (γ1D/γ)

2 which however can be improved
by considering a larger dipole coupling V/ωq > 0.1. For in-
stance, from Fig. S4(b) we estimate that when V/ωq ∼ 0.2,
PR ∼ 0.3×(γ1D/γ)2. For such reduced Raman rate, we only
suffer a minor decrease in the success probability for trans-
mons but gain in terms of qubit coherence.

In conclusion we have proposed a novel hybrid system
formed by an organic molecule embedded in a polymer ma-
trix of an optical waveguide and electrically coupled to a SC
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qubit, that provide a light-matter interface for quantum infor-
mation transfer over long distances. In particular, our pro-
posed schemes work at low light levels (single to few pho-
tons). This facilitates, the merger of optics with SC systems
without severe detrimental effects, caused by optical absorp-
tion. Furthermore, as the component of the hybrid system are
in solid state, it should be readily scalable and integrablewith
current technologies and optics. This could open new direc-
tions in quantum communication using SC quantum proces-
sors in an integrated circuitry with optical photons.
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Supplementary Material: Interfacing superconducting qubits and single optical photons

SYSTEM HAMILTONIAN AND STATE DETECTION

Here we give the full system Hamiltonian and describe the details of the qubit detection scheme. The Hamiltonian of the
combined molecule-CPB qubit hybrid system can be written asH = H0 + HI , whereH0 = Hcp + Hm + Hf . HereHcp =
1
2 (χ1η

z + χ2ηx), is the free energy Hamiltonian of the qubit withχ1 ∝ Ec(1− 2ng) andχ2 ∝ EJ, whereEc andEJ are defined
in the main text. The gate chargeng is defined byng = CgVg/2e, where,Cg andVg are the gate capacitance and voltage
respectively whilee is the charge of an electron. In the charge regime (Josephsonjunction energyEJ ≪ Ec, ng 6= 1/2), the
qubit states are eigenstate of theηz Hamiltonian and hence the free energy Hamiltonian for the qubit becomesHq = 1

2~ωqη
z

whereωq is the qubit transition frequency∝ Ec(1 − 2ng)/~. The HamiltonianHm = 1
2~ωmσ

z is the free energy Hamiltonian

of the molecule withωm being the transition frequency of the optical dipole in the molecule andHf =
∑

k ~ωk(â
†
kâk + 1/2),

is the free field Hamiltonian witĥak being the field operator of mode k and frequencyωk. The interaction HamiltonianHI can
be divided into two partsHI

m-L andHI
m-q. The HamiltonianHI

m-L, describe the interaction between the incoming photon and the
molecule and can be written

HI
m-L =

~gm

2
σ+âei[kr−ωpt] +

~gm

2
â†σ−e−[ikr−ωpt]. (S7)

HI
m-q is the interaction between the molecule and the SC qubit and has the structure

HI
m-q =

~gc

4
ηz ⊗ (σz + I) , (S8)

whereηz = (| ↓〉〈↓ | − | ↑〉〈↑ |), σz = (|e〉〈e| − |g〉〈g|), σ+ = |e〉〈g|(σ− = [σ+]†). The couplings gm and gc are defined in the
main text.

To investigate the effect of coupling between the molecule and the CPB, and to develop a scheme for the detection of the
qubit state, we now study coherent scattering of optical photons from the hybrid system. Due to the light-matter interaction,
the scattering maps the qubit state onto the scattered optical photons, and the detection of these then provide information about
the qubit state. We here assume the CPB to be operated at a gatevoltage away from the sweet spot(ng 6= 1/2). The qubit
levels are then given by the eigenstates{| ↓〉, | ↑〉} of the operatorηz. Furthermore, to study the dynamics of the hybrid, we
choose a combined molecule-CPB qubit basis{|e, ↓〉, |e, ↑〉, |g, ↓〉, |g, ↑〉} and use an effective operator formalism, where, one
eliminates the excited state manifold such that the dynamics involves only the lower states with effective decay rates,detuning
and couplings as prescribed in Ref.[1]. To study the scattering of photons inside the waveguide, we adopt an input-output
formalism in the Heisenberg picture, for the field mode operators

âfo (z, t) = âfin(z− vgt) + i
∑

mm′

e−iωmm′(z′−z)/vgρmm′(t)
[

ζffm′mâ
f
in(z− vgt) + e−2ik0z′ζfbm′mâ

b
in(z̃+ vgt)

]

, (S9)

âbo(z, t) = âbin(z+ vgt) + i
∑

mm′

eiωmm′ (z′−z)/vgρmm′(t)
[

ζbbm′mâ
b
in(z+ vgt) + e2ik0z′ζbfm′mâ

f
in(z̃− vgt)

]

, (S10)

where the superscriptsf(b) stands for the forward (backward) travelling wave,âo gives the outgoing photon,âin is the incoming
photon annihilation operator,z̃ = (2z′ − z) while z′ and z are the position of the scatterer and observation respectively. For the
group velocity of the photon wave-packet inside the waveguidevg, similar dispersion in the forward and backward directions
is assumed, and m, m′ are the indices corresponding to all possible initial and final states (attained after the scattering) of the
scatterer. The scattering co-efficient,ζ is evaluated to be

ζijm′m =
∑

ee′





√

Γi
m′e

2
(Hnh)

−1
ee′

√

Γj
e′m

2



 , (S11)

where,Hnh is a non-Hermitian Hamiltonian defined asHee′ − i
2

∑

k L
†
kLk, whereHee′ is part of the HamiltonianH0 in the

excited state manifold andk stands for the different possible decay paths from the excited state manifold. Here e,e’ are indices
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corresponding to the excited states of the scatterer, whilethe rate of scattering into the one-dimensional mode of the optical slot
waveguide from the transition|e〉 ↔ |m〉 of the scatterer is given byΓi

e′m ∝ (gim[e
′ → m])2/vg. Note that the above input-output

relation derived by generalization of [1] is independent ofthe kind of scatterers and applies to a multitude of problemsinvolving
photon scattering in waveguides [2].

In our coherent scattering scheme, m= m′ and e= e′ with m ≡ {|g, ↓〉, |g, ↑〉} while e ≡ {|e, ↓〉, |e, ↑〉}. The reflected
photonar according to the above input-output relation is then

âr(z, t) =
∑

m

e2ik0z′ρmm(t)ζmmâ
f
in(z̃− vgt), (S12)

where for simplicity we ignore the vacuum noise contribution from modes initially not containing any photons. For scattering
with a single photon pulse of carrier frequencyωp, we find that the scattering co-efficient for the transition pathways|e, ↓〉 →
|g, ↓〉 → |e, ↓〉 and|e, ↑〉 → |g, ↑〉 → |e, ↑〉 to be respectively

ζg,↓ =
(γ1D

2

)

(∆− iγ/2− gc/2)
−1, ζg,↑ =

(γ1D
2

)

(∆− iγ/2 + gc/2)
−1, (S13)

where the detuning is∆ = (ωm − ωp), γ = γ′ + γ1D is total radiative decay rate of the molecular transition with γ′ being
the decay to the surrounding andγ1D = Γe↑m↑ = Γe↓m↓, that into the one-dimensional waveguide. Furthermore we find
ρmm(t) = ρmm(0) = 1 from the master equation for the density matrix when the hybrid is initially prepared in the state|g, ↓〉
or |g, ↑〉. The input-output relation then gives the scattered photondepending on the initial state of the qubit| ↓〉 or | ↑〉. From
Eq. (S13) we find that resonant scattering occurs by satisfying the resonance conditions∆ = ∓gc/2.

We now investigate the coherent scattering dynamics at the charge degeneracy point (sweet spot,ng = 1/2) of the CPB
qubit. The qubit states are now represented by an eigen-basis |±〉 = 1√

2
(| ↑〉 ± | ↓〉) of the ηx operator which diagonalizes

the qubit HamiltonianHcp given in the main text. The corresponding transition frequencyωq is proportional to the Josephson
junction energyEJ . The molecule-CPB interaction Hamiltonian at the sweet spot is most conveniently expressed in the di-
agonalized eigen-basis|±〉. To evaluate the scattering dynamics as before, we choose, acombined molecule-CPB qubit basis
{|e,+〉, |e,−〉, |g,+〉, |g,−〉} and follow the input-ouput formalism for the field mode operators in the same effective operator
approach [1]. For the scattering of a single input photon we get corresponding to the qubit state|±〉

âo± = iζ±âin, (S14)

where the scattering amplitudesζ± are given by,

ζ± =
(γ1D

2

) ∆∓ ωq − iγ2
(

∆− iγ2
) (

∆∓ ωq − iγ2
)

− g2c/4
. (S15)

From the above expressions we find that in the limitγ ≪ ∆, ωq, gc and gc ≪ ωq the resonance condition for scattering of an
incoming photon is∆ = ∓g2c/4ωq. Resolving the resonance line for the values of gc andωq mentioned in the text is not feasible.
Hence in this case, we find the difference in the probability of scattering defined asPscatt ≃ |ζ+|2 − |ζ−|2 evaluated to the
second order to be

Pscatt ≃
(

γ1D
γ

)2( g2c
ωqγ

)

, (S16)

where, we have assumedωcp ≫ gc to get the above simple analytical form. For parametersγ1D/γ = 0.1, γ ≃ 2π × 20 MHz,
ωq = 2π×10 GHz and gc ≃ 2π×80 MHz as mentioned in the main text, we getPscatt ∼ 10−4. This is small but still detectable
as we are in principle not restricted in photon flux, given thefact that we do not probe the CPB qubit, but rather the molecule
with light. Thus with suitable filtering (i.e. building an interferometer around the system) one in104 photons will give rise to a
click in a detector if the CPB is in one state and not the other.To suppress decoherence from the light field, it will howeverbe
desirable to work at lower light levels and we therefore consider the Raman scheme below.

RAMAN SCATTERING SCHEME

In this scheme we consider two molecules inside the slot-waveguide coupled to each other via optical dipole-dipole interaction.
The qubit is assumed to be located near a pair of such dipole coupled molecules and is operated at the charge degeneracy point.
The combination of two molecules and the qubit now representthe hybrid structure. The free energy part of the Hamiltonian
of such a hybrid is similar to the single molecule case withHm → ∑

k H
(k)
m where the superscriptk = 1, 2 denotes the two

molecules. The interaction Hamiltonian is in this case a sumof contributions from three different physical processes namely
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dipole-dipole interactionHdd, molecule-qubit interaction
∑

k HI
mq,k, and molecule-light interaction

∑

k HI
ml,k. Following Eq.

(S7) and Eq. (S8) these can be written

HI = Hdd +HI
ml,k +HI

mq,k ,

Hdd = ~V(σ+
1 σ

−
2 + σ+

2 σ
−
1 ) , (S17)

HI
ml,k =

~gmk

2
σ+

k âei[krk−ωpt] +
~gmk

2
â†σ−

k e−[ikrk−ωpt] , (S18)

HI
mq,k =

~gck

4
ηz

k ⊗ (σz
k + I) , (S19)

where gmk
and gck

are the coupling strength of the kth molecule to the incoming light and the CPB qubit respectively. The
combined basis of the molecule-CPB qubit hybrid can be written as{|e1, e2〉 ⊗ |±〉, |S〉 ⊗ |±〉, |A〉 ⊗ |±〉, |g1, g2〉 ⊗ |±〉}. Here
the index1, 2 corresponds to the molecule and|±〉 are the qubit eigenstates at the energy degeneracy point while, the states
|S〉 = β1|e1g2〉+ β2|g1e2〉 and|A〉 = β′

1|e1g2〉+ β′
2|g1e2〉 are the eigen-states of the HamiltonianHdd with the co-efficients,

β1 = β′
2 =

√

√

√

√

√

1

2



1 +
δ0

√

4V2 + δ20



 , β′
1 = β2 =

√

√

√

√

√

1

2



1− δ0
√

4V2 + δ20



 . (S20)

Here,δ0 = (ωm1
− ωm2

), while the co-efficients satisfy(β2
1 + β2

2) = (β′2
1 + β′2

2 ) = 1, β1β2 = β′
1β

′
2 = V/

√

4V2 + δ20 ,

(β2
1 − β2

2) = (β
′2
2 − β

′2
1 ) = δ0/

√

4V2 + δ20 . We consider the incoming light pulse interacting with the molecules to be quite

weak (single to few photons). Hence, two photon processes leading to excitation to the state|e1, e2〉 can be neglected from the
scattering dynamics. Thus, the basis states of the hybrid isrestricted to{|S〉 ⊗ |±〉, |A〉 ⊗ |±〉, |g1, g2〉 ⊗ |±〉} as shown in Fig
(S4).

|g1, g2,+〉
|g1, g2,−〉

|e1, g2,−〉

|g1, e2,−〉
|A,−〉

|A,+〉

ωp

ωs

|g1, e2,+〉
|e1, g2,+〉

|S,+〉

|S,−〉
G

ωq

FIG. S4. Schematic of the energy levels in the molecule-SC qubit hybrid for the Raman scattering process. The molecular levels|e1g2〉 and
|g1e2〉 are hybridized by the dipole-dipole interaction between the molecules to form the dressed states|A〉 and|S〉. The separation of these
dressed states can be tuned into resonance with the qubit frequencyωq (the energy separation between the ground states). Scattering of a photon
of frequencyωp along the transition|g1, g2,−〉 → |S,−〉 leads to emission of a Stokes photonωs along the transition|A,+〉 → |g1, g2,+〉
due to resonant coupling among the states|S,−〉 ↔ |A,+〉.

The states|S,−〉 and|A,−〉 in Fig.S4 have energies±V = ± 1
2

√

4V 2 + δ20 corresponding to an energy separation of2V while
|S,±〉(|A,±〉) are separated by the qubit transition frequencyωq equal to the ground state seperation. Furthermore, these dressed

states have an effective coupling ofG = (gc1 − gc2)V/
√

4V2 + δ20 among them. For a dipolar interaction strengthV < ωq, it
is possible to vary the frequency difference among the moleculesδ0 by external field so as to tune the energy difference among
the dressed states2V into resonance withωq. This resonance condition allows the exchange of energy between the qubit and the
excited manifold of the molecules which thereby enables theRaman transition|g1, g2,−〉 → |S,−〉 → |A,+〉 → |g1, g2,+〉
when the hybrid interacts with an incoming photon resonant to the transition|g1, g2,−〉 → |S,−〉. This process is illustrated in
Fig. S4. However, for bigδ0 the coupling among the dressed state becomes weak and one thus needs to strike a balance between
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δ0 andV when selecting two such molecule. For the hybrid structure in the Raman configuration with the above mentioned
transition pathways, the non-Hermitian Hamiltonian in thebasis{|S,±〉, |A,±〉} is

H(RS)
nh =









V +∆+ ωq − iΓs

2
G1

2 − iΓas

2 G
Gs

2 V +∆− iΓs

2 G − iΓas

2

− iΓas

2 G −V +∆+ ωq − iΓa

2
Ga

2

G − iΓas

2
Ga

2 −V +∆− iΓa

2









, (S21)

while that for scattering along the inverse transition pathway |g1, g2,+〉 → |A,+〉 → |S,−〉 → |g1, g2,−〉 is

H(IS)
nh =









V +∆− iΓs

2
G1

2 − iΓas

2 G
G1

2 V +∆− ωq − iΓs

2 G − iΓas

2

− iΓas

2 G −V +∆− iΓa

2
G2

2

G − iΓas

2
G2

2 −V +∆− ωq − iΓa

2









, (S22)

where,Γas = γc
δ0√

4V 2+δ2
0

,Γs = γ + 2γc
V√

4V 2+δ2
0

,Γa = γ − 2γc
V√

4V 2+δ2
0

,G1 = 1
2

(

gc1 + gc2 +
δ0(g1−g2)√

4V 2+δ2
0

)

, G2 =

1
2

(

gc1 + gc2 −
δ0(g1−g2)√

4V 2+δ2
0

)

and we have assumed the total decay rate of each emitter (γk=A,B = γ = γ1D + γi
k + γc) to

be equal. Hereγi
k is the intrinsic decay of the kth emitter andγc is a collective decay rate. These different decay rates reflect that

the two molecules can decay both to independent reservoirs giving an intrinsic decay and to a joint reservoir giving a collective
decay. For the collective decay we assume that possible energy shifts due to the coupling to the collective reservoir areincluded
in the dipole interactionV . Furthermore for simplicity we assume that the two molecules have the same relative phase in their
interaction with the waveguide and the common reservoir. Weinvoke two different Hamiltonian for the two different transitions
pathways, because the initial states have different energies and thus different effective detunings [1]. From the central block of
Eq. (S20) and (S21) that involves the|S,−〉 → |A,+〉 and|A,+〉 → |S,−〉 respectively, it is clear that the resonance condition
for scattering along the two paths is quite different. Thus acertain choice of the resonance condition will enhanced onetransition
pathway while suppressing the other.

To describe the scattering dynamics we assume that the waveguide is semi-infinite and single sided. The input-output relations
Eq. (S9) and Eq. (S10), then following Ref.[3] reduces to

âo(z, t) = âin(z− vgt) + i
∑

m

e−iωmm’(z
′−z)/vgρmm’(t)ζmm′ âin(z− vgt), (S23)

with now Γem/2 → Γem. To evaluate the density matrix elementsρmm′ appearing in the above equation, for the process
|g,−〉 → |S,−〉 → |A,+〉 → |g,+〉 we use the master equation derived in the effective operatorformalism [1]

˙̂ρ = : i [Heff , ρ̂]−
1

2

∑

k

(

Lk†
effLk

eff ρ̂+ ρ̂Lk†
effLk

eff

)

+
∑

k

Lk
eff ρ̂Lk†

eff :, (S24)

where: ........ : denotes normal ordering. The effective Hamiltonian is written

Heff =
1

2

(

gm1
β′
2 + gm2

β′
1

)2
[

(

HRS
nh

)−1

22
+
(

HRS†
nh

)−1

22

]

|1〉〈1|â†â

+
1

2

(

gm1
β2 − gm2

β1

)2
[

(

HIS
nh

)−1

33
+
(

HIS†
nh

)−1

33

]

|4〉〈4|â†â,

(S25)

where we have introduced the convention|1〉 = |g1, g2,−〉, |2〉 = |S,−〉, |3〉 = |A,+〉 and|4〉 = |g1, g2,+〉 that will be used in
all further calculations. The effective Lindbald operators are

Lk
eff = Lk

[

(

HRS
nh

)−1
+
(

HIS
nh

)−1
]

V+. (S26)

Here,Lk = Lγi

1 + Lγi

2 + Lγ1D+γc and

V+ = ~(gm1
β

′

2 + gm2
β

′

1)|2〉〈1|âei∆t + ~(gm1
β2 − gm2

β1)|3〉〈4|âei(∆−ωq)t

+ ~(gm1
β

′

2 + gm2
β

′

1)|S,+〉〈4|âei∆t + ~(gm1
β2 − gm2

β1)|A,−〉〈4|âei(∆−V)t, (S27)

Lγi

j =
√

γi
jβ

′
2 (|1〉〈2|+ |4〉〈S,+|) +

√

γi
jβ2 (|4〉〈3|+ |1〉〈A,−|) , (S28)

L(γ1D+γc) = (γ1D + γc)(β
′

2 + β
′

1) (|4〉〈S,+|+ |1〉〈2|) + (γ1D + γc)(β2 − β1) (|4〉〈3|+ |1〉〈A,−|) .
(S29)
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For a single photon input, we find on solving Eq. (S24) that we should use

ρ11(t) = ρ11(0), ρ44(t) = ρ44(0),

ρ14(t) = ρ14(0)e
iω14t. (S30)

when we insert it into Eq. (S23) because of normal ordering (note that the normal ordering formalism used here merely reflect
that a single photon can only be scattered once, and hence there is no evolution in the density matrix before the scattering).

The scattering amplitudeζm = 1m′=4 is evaluated from Eq. (S11) by finding the relevant inverse ofthe non-Hermitian Hamil-
tonian matrix given in Eq. (S21) and (S22). We evaluate thesein a moderate coupling limit g2c1,2/γωq < 1 as

[

H
(RS)†
nh

]−1

23

[

H
(RS)
nh

]−1

32
=

16G2

(4G2 + ΓsΓa + 4[ǫ22 − ǫ21])
2 + 4(Γs[ǫ1 − ǫ2] + Γa[ǫ1 + ǫ2])2

, (S31)

[

H
(IS)†
nh

]−1

32

[

H
(IS)
nh

]−1

23
=

(14 [ǫ1 + ǫ2][8ΓsG − 4ΓasG1 − 16G(ǫ1 + ǫ2)])
2 + (18Γs[8ΓsG − 4ΓasG1 − 16G(ǫ1 + ǫ2)])

2

ω4
q(Γ

2
s + 4[ǫ1 + ǫ2]2)2

,

(S32)
[

H
(RS)†
nh

]−1

22

[

H
(RS)
nh

]−1

22
=

16(Γa + 2[ǫ2 − ǫ1])
2

(4G2 + ΓsΓa + 4[ǫ22 − ǫ21])
2 + 4(Γs[ǫ1 − ǫ2] + Γa[ǫ1 + ǫ2])2

, (S33)

[

H
(IS)†
nh

]−1

33

[

H
(IS)
nh

]−1

33
=

(2[ǫ1 + ǫ2][Γs − 2(ǫ1 + ǫ2)])
2 + (Γs[Γs − 2(ǫ1 + ǫ2])

2

ω2
q(Γ

2
s + 4[ǫ1 + ǫ2]2)

, (S34)

whereǫ1(ǫ2) is a small variations of∆(V), but≪ ωq/2. The probability of Raman stokes scattering defined asPR = ζ14ζ41
can then be written asPR = (γ1D/γ)2℘R, where we find on using Eq. (S31)

℘R =

(

δ0
ωq

)2 [
4G2

Γ2
sΓ

2
a/4γ

2 + 4G2

]

. (S35)

In arriving at the above expression we have used the optimized resonance condition∆ = −ωq/2 + G,V = ωq/2 found by
puttingǫ1 = G andǫ2 = 0. In practise it is difficult to have a perfect single photon source. As such a more realistic solution is
to use a weak coherent state. In the following we study scattering of an input weak light pulse represented by a coherent state
|α〉 interacting with the molecule. For our scheme m,m′ corresponds to the levels|g1, g2,−〉 and|g1, g2,+〉. We hence find for
the resonant Raman scattering process, the density matrix elements for the corresponding population and coherences as

ρ11(t) = ρ11(0)

{

Γ
′

R

ΓR + Γ
′

R

+

(

ΓR

ΓR + Γ
′

R

)

e−(ΓR+Γ
′

R)|α|2t
}

+ ρ44(0)

(

Γ
′

R

ΓR + Γ
′

R

)

(1 − e−(ΓR+Γ
′

R)|α|2t), (S36)

ρ44(t) = ρ44(0)

{

ΓR

ΓR + Γ
′

R

+

(

Γ
′

R

ΓR + Γ
′

R

)

e−(ΓR+Γ
′

R)|α|2t
}

+ ρ11(0)

(

ΓR

ΓR + Γ
′

R

)

(1 − e−(ΓR+Γ
′

R)|α|2t), (S37)

ρ14(t) = ρ14(0)e
(iω14−ΓRR′/2)|α|2t, (S38)

where

ω14 = (gm1
β′
2 + gm2

β′
1)

2
[

H
(RS)†
nh

]−1

22

[

H
(RS)
nh

]−1

22
+ (gm1

β′
2 − gm2

β′
1)

2
[

H
(IS)†
nh

]−1

33

[

H
(IS)
nh

]−1

33
, (S39)

ΓR =
[

(γ1D + γc) (β2 − β1)
2 + γi

1β
2
2 + γi

2β
2
1

]

(gm1
β′
2 + gm2

β′
1)

2
[

H
(RS)†
nh

]−1

23

[

H
(RS)
nh

]−1

32
, (S40)

Γ
′

R =
[

(γ1D + γc) (β
′

2 + β
′

1)
2 + γi

1β
′2
2 + γi

2β
′2
1

]

(gm1
β2 − gm2

β1)
2
[

H
(IS)†
nh

]−1

32

[

H
(IS)
nh

]−1

23
, (S41)

ΓRR′ =
[

(γ1D + γc) (β
′
2 + β′

1)
2 + γi

1β
′2
2 + γi

2β
′1
2

]

(gm1
β′
2 + gm2

β′
1)

2
[

H
(RS)†
nh

]−1

22

[

H
(RS)
nh

]−1

22

+
[

(γ1D + γc) (β
′
2 − β′

1)
2 + γi

1β
′2
2 + γi

2β
′1
2

]

(gm1
β′
2 − gm2

β′
1)

2
[

H
(IS)†
nh

]−1

33

[

H
(IS)
nh

]−1

33
+ ΓR + Γ

′

R. (S42)

The right hand side of Eq. (S40) can be separated into two parts, one proportional to the probability of Raman scatteringPR into
the waveguide while the other is proportional to the probability of Raman scatteringPRO to the outside which include processes
where a photon is lost after scattering. On using Eqs. (S31) and (S32) in Eqs. (S40) and (S41), we find the probability of Raman
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Stokes scattering into the waveguide mode to bePR = (γ1D/γ)2℘R where℘R is given in Eq. (S35). The Raman scattering to
modes other than the waveguide is found to be

PRO =

(

γ1D
γ

)(

γc
γ

)(

δ0
ωq

)2 [
2G2

Γ2
sΓ

2
a/4γ

2 + 4G2

]

+

(

γ1D
γ

)(

γi

γ

)(

1 +
2V

ωq

)[

2G2

Γ2
sΓ

2
a/4γ

2 + 4G2

]

. (S43)

Here we have assumedγi
1 = γi

2. On evaluating (S41) we find that,

Γ
′

R =

[

(

γ1D
γ

)2(
δ0
ωq

)2

+

(

γ1D
γ

)(

γc
γ

)(

δ0
ωq

)2

+

(

γ1D
γ

)(

γi

γ

)(

1− 2V
ωq

)

](

G2

γω2
q

)2 (
1 + ΓasG1/4G2 − Γs/2G

)2

Γ2
s/γ

2 + 4G2/γ2
.

(S44)

After some algebra we get in the leading order,Γ
′

R/ΓR ∝ (Gγ)2 /ω4
q . Hence under the chosen resonance condition the Raman

stokes process dominates over the inverse Raman process. This can also be understood from the above matrices in Eq. (S21)
and (S22), where one finds from the inverse of the elements of the central blocks that the transition|S,−〉 → |A,+〉 dominates
the scattering process for the above mention set of resonance condition. For all further use of the Raman scattering we will thus
neglectΓ

′

R.

ENTANGLEMENT GENERATION BETWEEN A HYBRID AND PHOTON

We first investigate entanglement between a stationary qubit and a photonic qubit by entangling the hybrid and a single photon
in an interferometric setup via post-selection of scattering event. Similar scheme has been shown to achieve a perfect gate no
matter how bad the light-matter coupling is [4]. As we will show in the following we can achieve perfect operation similarto
what was reported in [4]. The schematic of the entangling mechanism is depicted in Fig. S5 . The hybrid considered to be in
the Raman configuration as shown in Fig.S4 forms one arm of theinterferometer. Physically the entanglement creation canbe
understood as follows. An incoming single photon pulseâin, after passing through the beam splitter BS1 is spatially separated
into two componentŝa1 andâ2. Theâ2 component is scattered from the hybrid A resulting in a scattered photon̂aAo . The other
component̂a1, travels along the other arm of the interferometer, and getsfrequency modulated by the modulator with frequency
∆ω = ωq and also acquires a phaseφ, while passing through the phase shifter to becomeâ1o. The two output componentŝaAo and
â1o then interfere at the beam splitter BS2 coherently to form the detector mode operatorsd̂o±. The photons at the two output ports
of the BS2 are collected by the single photon detectors D±. If the hybrid is initialized in the state|g,−〉 = |g1, g2,−〉 = |1〉,
then post-selecting the events where there is scattering, as we shall show below, leads to an entangled state of matter qubit and
photonic qubit wriiten as,

|Ψ+
s 〉 =

1√
2
(|Uk〉|1〉+ |Lk〉|4〉) , (S45)

where,Uk andLk represent respectively a photon reflected from BS1 and a photon which has undergone Raman scattering. For
a balanced interferometer, a click on the single photon detectors after the phaseΦ have been applied then project the hybrid into
a superposition of the lower states|Ψ±〉 = 1√

2
(|1〉 ± eiΦ|4〉), depending on which of the detectorsD± clicks. The post selected

dynamics conditioned on the detection of a frequency shifted single photon is thus completely equivalent to the dynamics of a
maximally entangled state and allow e.g., the violation of Bell’s inequality.

We next mathematically treat the interferometric creationof entanglement and verify it via a Bell inequality violation corre-
sponding to the entangled state|Ψ+

s 〉. For the hybrid prepared initially in the state|Ψini〉 = |g,−〉 = |1〉, after scattering a single
incoming photon via the Raman process, evolves to some state|j〉 at a timet ≫ 1/γ conditioned on detection of a photon at the
single photon detectorsD±. The amplitude of this component is then given by

Cj = 〈j,Ø|d̂o+(t)U(t)d̂in†|Ψini ,Ø〉 (S46)

Here, the input and output field mode operatorsd̂in andd̂o± respectively are defined by,

d̂o±(t) =
1√
2

√
η(eiΦâ1o(t)± âAo (t)) + F̂ (S47)

d̂in =
1√
2
(eiωqtχâ1 +

√

1− χ2â2) (S48)



12

”Enhedens navn” og 

Indføj ”Sted og dato” 

D
−

d̂
o

−

D+ d̂
o

+

BS1

BS2

M

|1k〉/|α〉

â
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FIG. S5. Interferometric scheme to create entanglement between photons and the hybridA. The incoming photon pulse after passing through
beam splitter BS1 is spatially separated and travels along two arms of the interferometer. One of the component passes through a frequency
modulator∆ω = ωq and an optical element that introduces an addition phaseΦ to interfere at beam splitter BS2 with the other component
which undergoes a Raman scattering. The two detectorsD± then does a joint measurement of the photon in a basis determined by the
beamsplitter and the phaseΦ to setup a CHSH inequality verification. Violation of the inequality proves entanglement between the photons
and the hybrid emitter A.

where in writing Eq. (S48) we assumed the beam splitter BS1 to be asymmetric withχ as the asymmetric co-efficient,̂F is the
noise operator andη is the photo detection efficiency of the single photon detectors.The exponential describe the modulation
done by the modulator, and

âAo (t) = â2 + ie−iωq(zA−z)/vgζ41ρ14(t)â2,

â1o(t) = â1 (S49)

Furthermore, we assumed a semi-infinite single sided waveguide and have used the input-output relation of Eq. (S23) withζ41
defined in Eq. (S11) whileρ14(t) for a single photon input is given by Eq. (S30).

From Eq. (S46) we can write down the corresponding normalized density matrix elements as,

ρ±sij =
Tr
(

|i〉〈j|d̂o±(t)U(t)din†|Ψini ,Ø〉〈Ψini ,Ø|dinU †(t)d̂o†± (t)
)

Tr(ρ±s )
,

=
〈Ψini ,∅|d̂inU †(t)d̂o†± (t)U(t)U †(t)|i〉〈j|U(t)U †(t)d̂o±(t)U(t)d̂in†|Ψini ,∅〉

Tr(ρ±s )
,

=
〈Ψini ,Ø|d̂ind̂o†H,±(t)ρ

H
ij (t)d̂

0
H,±(t)d̂

in,†|Ψini ,Ø〉
Tr(ρ±s )

. (S50)

Here, Trf is the trace over all the field modes and the superscript/subscriptH stand for Heisenberg picture. For all later reference
we will drop this subscript/superscript with the underlying assumption that all the operator evolution is in the Heisenberg picture.
Note that we here conditioned on a single detection at a time t. Since for now we only consider a single incident photon at most
a single photon can come out and this provide a complete characterization of the output. On evaluating Eq. (S50) we find the
components ofρ±s to be

ρ±s,11 =
1

2
, ρ±s,44 =

1

2
, ρ±s,14 = ∓1

2
ie−iωqT eiΦ, (S51)

where we assume the interferometer to be balanced with all other phases absorbed. Note that after the detection at timet, the
density matrix should be propagated to the final timeT . Combining this with the phase evolution appearing in (S48)leads to
a total relative phase ofe−iωqT as seen in the above equation. We will omit this phase for all further calculations as it merely
reflect the fact that the density matrix is not in the interaction picture with respect toH0.

To check the quantum correlation among the hybrid and the photon and thereby the entanglement of the state|Ψent〉 we next
consider a Bell -CHSH inequality [5, 6] violation measurement involving single photon detection at the detectors D±. Projecting
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the density matrixρ±s on the state|Ψ±
m〉 = 1√

2

(

|1〉 ± eiΨ|4〉
)

in the measurement basis characterized by the angleΨ we find the
joint probability of qubit detection and photodetection atthe detectors D± given byP±± to be

P++ = P−− =
1

2
· 1
2
[1 + sin (Ψ− Φ)] ,

P+− = P−+ =
1

2
· 1
2
[1− sin (Ψ− Φ)] . (S52)

Here, the first and second subscript ofP stands for the photon detection by a respective detector andprojection of the hybrid
to either of the states|Ψ±

s 〉. The measurement outcome for certain choice of phases can then be written in spirit of the Bell
inequality as,

E(Ψa, θb) =
P++ + P−− − P+− − P−+

P++ + P−− + P+− + P−+
= sin (Ψa − Φb) . (S53)

The Bell inequality violation parameter can then be defined as

S = E(Ψa, θb)− E(Ψa, θb′) + E(Ψa′ , θb) + E(Ψa′ , θ
′
b), (S54)

and we get a maximal violationS = 2
√
2 for the following set of phase angles{Ψa,Ψa′ ,Φb,Φb′} = {π/4, 3π/4, 0, π/2}. The

corresponding success probability is given by

P (1)
suc = 〈Ψini ,Ø|d̂ind̂o†± (t)d̂o±(t)d̂

in†|Ψini ,Ø〉
= 2ηζ41ζ

†
41(1− χ2) (S55)

where,ζ41ζ
†
41 =

(

√

γ43
1D(H

(2)
nh )

−1
32

√

γ21
1D

)(

√

γ12
1D(H

(2)†
nh )−1

23

√

γ34
1D

)

. In writing the above expression for success probability

we add contribution from both the detectors as they both givethe desired outcome. On using the resonance conditions along
with Eq. (S31) in Eq. (S55) we get

P (1)
suc = 2ηPR(1 − χ2), (S56)

wherePR is given in Eq. (S35).
If the incoming photon pulsêain is assumed to be in a coherent state|α〉 then Eq.(S50) becomes,

ρ(±)
sij =

〈Ψini , α|d̂o†± (t)ρ±ij(t)d̂
o
±(t)|Ψini , α〉

Tr(ρ±s )
, (S57)

In Eq. (S46) we conditioned on having clicks at a certain timet, represented by the operatorsdo±. Experimentally one would
however, only consider the first click which arrive at the detector. This makes no difference above where only a single photon
is involved in the process. With an incident coherent state amore correct description would be to include in Eq. (S57) the
requirement that there is no photon detected before the timet. Since we mainly consider the the limit of low(γ1D/γ), the
probability of having two detection events in the time interval is negligible and the simple description in Eq. (S57) is sufficient.
Following the procedure as discussed in details for the single photon input pulse, and consideringρ(±)

sij (t) with the time evolution
of the matrix elements given by Eqs. (S36) - (S38) we arrive ata CHSH measurement outcome of

E(Ψa, θb) =
P++ + P−− − P+− − P−+

P++ + P−− + P+− + P−+
=

[

2e−(PR+PRO)|α|2t

1 + e−(PR+PRO)|α|2t

]

sin (Ψa − Φb) , (S58)

Substituting this measurement outcome into the Bell inequality of Eq. (S54) then gives us the violation parameter as

S = 2
√
2

[

2e−(PR+PRO)n̄

1 + e−2(PR+PRO)n̄

]

, (S59)

wheren̄ is the mean number of photons involved in the scattering process. The corresponding success probability is given by

P (c)
suc =

∫ T

0

dt〈Ψini , α|d̂o†± (t)d̂o±(t)|Ψini , α〉,

= ηζ41ζ
†
41(1− χ2)

(

1− e−2n̄ΓR

2ΓR

)

,

P (c)
suc =

1

2
P (1)

suc

(

1− e−2n̄[PR+PRO]

PR + PRO

)

(S60)

We plot Eqs. (S59) and (S60) in Fig. 3(c) in the main text for anasymmetry co-efficient of70%.
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ENTANGLEMENT GENERATION BETWEEN TWO HYBRIDS

To entangled two hybrids we consider a similar interferometric setup to that shown schematically in Fig. S5(a) but now with
hybrids A and B in both the arms of the interferometer and BS1 is a50− 50 beam splitter as shown in Fig. 3(a) of the main text.
The physics behind the generation of entanglement has been detailed in the main text. Here we concentrate on the mathematical
treatment and focus on evaluating the fidelity and success probabililty of the entangled state. The hybrids are initially prepared in
the state|Ψini〉 = |g,−〉A ⊗|g,−〉B = |1〉A |1〉B. Due to Raman scattering of a single photon the hybrids evolves to the entangled
state|Ψ±〉, conditioned on the detection of a photon in either of the detectors D±. The fidelityF = 〈Ψ±|ρ±AB |Ψ±〉 of the state
|Ψ±〉 can be evaluated by finding the time evolved density matrix components,

ρ±ABij
=

〈Ψini ,Ø|d̂ind̂o†± (t)ρ±ij(t)d̂
o
±(t)d̂

in†|Ψini ,Ø〉
Tr(ρ±AB)

, (S61)

where the input and output field mode operators are defined respectively by

d̂o±(t) =
1√
2

√
η(âA

o (t)± âB
o(t)) + F ,

d̂in =
1√
2
(âA

1 + âB
1). (S62)

The input-output relation of Eq. (S23) gives

âjo(t) = âj1 + ie−iωq(zj−z)/vgζj41ρ
j
14(t)â

j
1, (S63)

where,ζ41 can be evaluated following Eq. (S11). Substituting Eq. (S62) in Eq. (S61) and on using Eq. (S63) and considering
identical characteristics for the hybrid we find

ρ±AB11
=

1

2
, ρ±AB44

=
1

2
, ρ±AB41,14

= ±1

2
. (S64)

For detection atD−- the quality of the entangled state is characterized by the fidelityF = 〈Ψ−|ρ−AB|Ψ−〉 which attains the ideal
value ofF = 1. The corresponding success probability is given by

P (1)
suc = 〈Ψini ,Ø|d̂ind̂o†− (t)d̂o−(t)d̂

in†|Ψini ,Ø〉

=
1

2
ηζ41ζ

†
41 =

1

2
η

(

√

γ43
1D(H

(2)
nh )

−1
32

√

γ21
1D

)(

√

γ12
1D(H

(2)†
nh )−1

23

√

γ34
1D

)

, (S65)

which on using the resonance conditions along with Eq. (S31)gives us

P (1)
suc = ηPR, (S66)

wherePR is given in Eq. (S35). In writing the above expression for success probability we add contribution from both the±
detectors as they both give the desired outcome.

To get the plot of Fig. 2 in the main text, we express the success probability as a function of the ratio of the dipolar coupling be-
tween the molecules and the SC qubit transition frequency V/ωq, and the couplings of the molecule to the SC qubits

(

gc1 − gc2

)

.
By using the resonance conditions for optimization of the the Raman process we can writeδ20 = ω2

q − 4V2. Substituting this
into Eq. (S66) the expression forPR can be re-written using Eq. (S35),

PR (γ/γ1D)
2
=

16
(

1− 4y2
)

y2x2

16y2x2 +

(

1− 4y2
(

γc

γ

)2
)2 , (S67)

wherey =
(

gc1 − gc2

)

/γ andx = V/ωq.
If the incoming photon pulse is assumed to be in a coherent state |α〉, the above treatment for evaluating the fidelity and success

probability remains valid with some modifications. The components of the density matrix for the state|Ψ±〉 now becomes,

ρ±ABij
=

〈Ψini , α|d̂o†± (t)ρ±ij(t)d̂
o
±(t)|Ψini , α〉

Tr(ρ±AB)
. (S68)
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FIG. S6. Psuc as a function of V/ωq for different values of the mean photon number in the incoming photon pulse. We have assumed
γc/γ = 0.45, γi/γ = 0.45, γ1D/γ = 0.1 and

(

gc1
− gc2

)

/γ = 5.

The fidelityF = 〈Ψ−|ρ−AB |Ψ−〉 and the success probabilityP (c)
suc for the entangled stated|Ψ−〉 is in this case

F = e−ΓR|α|2t; P (c)
suc =

∫ T

0

dt 〈Ψini , α|d̂o†± (t)d̂o±(t)|Ψini , α〉. (S69)

On using the input-output relation and the definition of the output field mode operators we find the success probability under the
resonance condition to be

P (c)
suc = η|α|2ζ41ζ†41

∫ T

0

dt e−ΓR|α|2t =
P

(1)
suc

ΓR

(

1− e−ΓR|α|2T
)

. (S70)

On substituting Eq. (S66) forP (1)
suc and Eqs. (S35) and (S43) forΓR in the above equation we get the fidelity and success

probability as

F = 1−
(

1 +
PRO

PR

)

P
(c)
suc

η
,

= 1− P
(c)
suc

η
− 1

2
(1− 2V/ωq)

−1

[(

γc + γi

γ

)

− 2V/ωq

(

γc
γ

)](

γ

γ1D

)

P
(c)
suc

η
, (S71)

P (c)
suc =

P
(1)
suc

(PR + PRO)

{

1− e−n̄(PR+PRO)
}

. (S72)

To the lowest order in expansion of the exponential we findPsuc = n̄P
(1)
suc . We plotP (c)

suc as a function of the ratio between the
dipole coupling between the molecules and the SC qubit transition energy(V/ωq) in Fig. S6 for different values of the mean
photon number.

We find that theP (c)
suc increases significantly with the mean number of photons. AsV/ωq → 1/2, the antisymmetric state

|A〉 in Fig. (S2) becomes decoupled from the dynamics of the rest of the system and hence the probability of Raman scattering
vanishesPR −→ 0 which thereby leads to vanishing success probability.
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