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I nterfacing superconducting qubits and single optical photons
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We propose an efficient light-matter interface at opticafjfrencies between a superconducting qubit and
a single photon. The desired interface is based on a hybchitacture composed of an organic molecule
embedded inside an optical waveguide and electrically leolip a superconducting qubit far from the optical
axis. We show that high fidelity, photon-mediated, entamglet between distant superconducting qubits can be
achieved with incident pulses at the single photon levethSaw light level is highly sought for to overcome
the decoherence of the superconducting qubit caused bypaiosoof optical photons.

PACS numbers: 03.67.-a, 42.50.Ex, 85.25.Cp

Over the past few years, rapid progress in engineering andf the emitter and the qubit.
control of their physical properties, have made supercoRdu  Since the emitter is in a waveguide, the shift can lead to
ing (SC) qubits, one of the most promising candidates foimeasurable effects even for light pulses containing few pho
future quantum processois [1-4]. To use such processors {gns resulting in minimal decoherence due to light fieldssTh
quantum communication protocols and beyond, it is a neis a major advantage over existing hybrid proposals that re-
cessity to build light-matter interfaces at optical frencies,  quires strong optical field$|[2] 1@y é_gg], which
since quantum communication over long distances needs to g likely to be a major source of decoherence. We show
performed through optical fibers! [, 6]. This has stimulatedhow the achieved light-matter interface allows efficient op
immense interest in devising ways of efficiently coupling op tical readout of the qubit state. Furthermore, we put fodvar
tical photons to SC systents [7+22]. Some success have begjetailed scheme for photon-mediated entanglement betwee
achieved in this regards, at microwave frequencies|[28, 24kwo distant SC qubits. As a first example towards realization
while in the optical domain, only limited indirect coupling of such entanglement we discuss the generation of quantum
have been achieved using transduders|[25-27]. Coherent Cogorrelation between an optical photon and a SC qubit, which
pling of quantum fields at optical frequencies to a SC systenghows violation of the Clauser-Horn-Shimony-Holt (CHSH)
thus remains an outstanding challenge. A principle obstaclinequality.
o t_his Is the large mismatch between t_he energy scales of an The Hybrid: Our hybrid system consist of three elements
optlc_al photon ¢ l_eV) and a SC_ qubit _100 pev) ] . shown schematically in Figl]1 (a), an optical waveguide, a
m_akmg the absorption of even a single optical photon a majog~ qubit fabricated near the waveguide’s surface300 —
disturbance for a SC system. 500 nm) and a dipole emitter embedded in an organic matrix

In this letter we propose a schemdrnterface optica] pho_ inside the Waveguide. In addition to differential Starkflshﬂ'/e
tons with a SC qubiat light levels involving only a single ora assume that the emitter has an optical transition with aomarr
few photons. To achieve this we introduce a hybrid solidesta linewidth as demonstrated for organic dye molecules/[3}, 35
architecture Figl1(a) comprising, a dipole emitter emisetid Placing an ideal two level emitter in an optical waveguide, i
in an optical waveguide with a SC qubit fabricated near it.Principle, allows for coupling efficiencies to optical pbas
The individual components of this hybrid has already been reof more thand5% [36,[37]. In practise however, given that
alized. In comparison to the magnetic coupling, considerede molecular electronic configuration involves severnatle,
in numerous approaches to hybrid structué [16-18, 24, 2gthe coupling may be smaller. For the applications we are con-
133] a key feature of our scheme is the electric coupling becerned with here, a coupling efficiency of abaatt will be
tween the emitter and SC qubit. The coupling strength cagufficient to achieve operations with few photons per pulse
then be orders of magnitude stronger thus allowing for stron (< 10).
coupling in the system. To understand the physics of such A typical CPB, with the gate chargey restricted to the
electrical coupling let us consider the SC qubit to be a cooperangel0, 1], only have one Cooper pair shared between the SC
pair box (CPB). As a cooper pair oscillates between the suislands. The CPB thus resembles a two level systen{ {Fig.1 b)
perconducting islands, it generates a variation in thetédec which can be coherently manipulated at temperatgrd$)0
field at the emitter. If the emitter has a large difference inmK [@,]. The Hamiltonian of this two level system can be
the dipole moment between its ground and excited states, theritten asHcp = — 3 (x17°+ x27x), Wherey o E¢(1—2ng),
electric field variation will lead to different Stark shiff the  x» « Ej, andn?, nx are the Pauli spiri/2 operators defined
excited and ground energy levels (Elg.1 c). This leads to @n the spin basig| 1), | |)} corresponding to the CPB charge
sizeable shift of the resonance frequency of the emitteichvh  states{0, 1} [@,]. HereE. andE; are the Coulumb energy
can be larger than its linewidth, leading to coherent cawgpli of an extra pair of charges on the island and the Josephson
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state of the molecule b:jt%hgc, compared to the unperturbed

b) o5 ; oo " .
@ ®) T resonance abm, (Fig. [ c) making it sensitive to the qubit
d le) [+) state. The molecular resonance line is then splitinto twohs
p
/‘ = Eco 7, that, the position of each line corresponds to one of thetqubi
> ) X ) states{| 1),| J)}, with the splitting given by the molecule-
o Qout ! qubit coupling g. We can therefore determine the state of the
Transmitted 05 > | X g : N A
Photon 05 qubit by studying the scattering of an incoming photons and

Molécule

F o e measuring whether they are transmitted or reflected.
Mool To describe the protocol we consider the Hamiltor#tén
&e (1) and evaluate the photon scattering amplituglesof input
Fonaton :i; _______ photons, for the qubit statést) and| |) assuming that we
,gt/_gl_ﬁ, o are below saturation. We do this using an effective operator
l9)=0— |} formalism ﬂ] generalized to Heisenberg pictt@ [40]. Welfin

the amplitude of the reflected field, ;) corresponding to
the qubit state 1)(| 1)) to be,

FIG. 1.  Schematic of the hybrid molecule-SC system. (a) An . N . (71D . ! N

organic molecule located inside the optical waveguide &tel Go,1(y) = 1G4 Gin = 1 (T) [A —i7/2 ('i') 9c/2|  din,

cally coupled to a SC via a Stark shift. Incident probe phston

the waveguide are scattered by the- 0 optical transition of the )
molecule. Due to the coupling of the SC qubit and the molecale . . .

flected and transmitted photons are entangled with theniatstate ~ Where,y1p is the rate of decay of the emitter into the one-
of the qubit. (b) The energy levels of a SC qubit can be reptese ~ dimensional waveguide modé&y = w, — wy, is the detun-

by two hybridized levels for a gate charge restricted in #rege0 to ing from the molecular resonancejs the total decay of the

1. .(c) Oscillation of the cooper pair between the SC islanddea molecules andi;,, represent the input quantum field (the in-
shift of the molecular resonance. coming photon). From EqC]2) we find two different resonance
conditionsA = +1g,, for the respective qubit states) and

energy respectively. The Hamiltonian of the molecule—qubi| - ) ) ) ) o
hybrid can be written in the formy. = Ho + H,, where, is A simple numerical estimate gives an electrostatic field
the free energy part of the Hamiltonian containing the molec Variation of roughlyA& = (2.5 — 8) kV/m, at the loca-
ular, field and CPB energi40], whilg, is the interaction  tion of the molecule for a waveguide of permitivity 4.7,

Hamiltonian governing the coherent dynamics, due to presence of a cooper pair on an island situated about
~ (500 — 300) nm away [4B]. Hence, fonp. = 1 D
H = hL;mo-“‘de_iwpt +Hece. + ihgcnz ® (0 +1). (1) [34, [44,[45], we can obtain a coupling strength of &

(2m) x (25 — 80) MHz. As an organic molecule typically
Here the first and the third term corresponds respectively thas a line widthy ~ (27) x 20 MHz [34,(45], we can thus
the light-molecule and molecule-CPB interactions. Therope achieve strong coupling in the hybrid system. Since the-sepa
atorso*, o* for the molecule are the standard dipole transi-ration between the resonance peaks is larger than thein widt
tion operators for a two level system afds the field opera- 9. > <, we can distinguish between the two internal states
tor of the incoming photon pulsa41] of central frequengy ~ of the qubit by sending in a single photon pulse resonant
The incoming light couples to the molecule with a strengthwith one of the peaks and measuring whether photons are re-
Om = eg F/h, Wherepeg s the dipole moment of the optical flected. At resonance we evaluate the reflection probability
transition|e) < |g) in the molecule andF the mode func- to be(vy1p/v)?, so that we can distinguish the two state by
tion of the incoming photon in the one-dimensional waveg-sending in(y/~1p)? ~ 100 photons even for a conservative
uide. Furthermore, g= Agp. - AE/h is the molecule-CPB  estimate ofy;p/y = 0.1 [34].

coupling strength, wheré o is the difference in the static ~ The above depicted scheme may allow efficient optical
dipole moments between the excited and ground manifold ofeadout of SC qubits. A more promising application how-
the molecule, whileA€ is the electrostatic field variation as ever, would be a coherent interface. As a first example of this
seen by the molecule due to the tunnelling of a single Coopewe discuss an entanglement protocol. To minimize the deco-
pair. herence arising due to charge noise , 47] it is neceseary t
Qubit state detection:We first outline a recipe for detect- operate the qubit near the sweet spot of the CRB € 0)

ing the qubit’'s state by optical photons. We assume that théo achieve coherent operation. At this poif; |n*|+) =
CPB is operated at a gate voltage away from the sweet spgt-|n*|—) = 0, and the CPB-molecule coupling term in the
(ng # 1/2) in the linear regime of Fig[]1 (b). Working in Hamiltonian contributes only to the second order, and would
this regime, the eigenstates of the qubit Hamiltorita are  therefor require strong light fields, see detaild in [40].

the n* eigenstates. The CPB-molecule interaction Hamilto- To be able to work with a single to few photons an alter-
nian () reveals that the state of the qubit shifts the excitedhative is to consider, Raman scattering schemas shown in



Fig.[S2 (a). This is realized, by having two organic molesule (@

with properties as above and with optical transitions oflyea
the same frequencies, e.g., achieved by tuning them inte res
nance using an external fieE[48]. The molecules are assume e, gor—)
to have a separation less than the optical wavelength, aisd th
couple to each other via near field optical dipolar inte@cti
Furthermore, we assume a reflector at one end of the wavec
uide such that the waveguide is single sided to maximize the
collection of Raman photons. The Hamiltonian can then be |, ,,

Pr(y/v1p)

‘Aa 7)

P

written asH = Ho + Haa + H,- Here, H, is free energy part
having contribution from both molecules and the qubit [40],
Haa = RV (0 05 + o5 o7 ) is the dipolar coupling Hamilto-
nian of strength/, while the interaction Hamiltonian is,

H|:Z[

J

hgmj +4

B O'j ae

, hg..
—iwpt +H.c.+ %nz ® (O_JZ +H):| ’

3)

where Ch, and q, for (j = 1,2) corresponds to the coupling

(gl‘l_gl.‘z)/’y

FIG. 2. (a) Schematics of Raman configuration. The molecular
levels|e1g2) and|giez2) are hybridized by the dipole-dipole interac-
tion to form the dressed stated) and|S), the separation of which

is tuned into resonance with the qubit frequengy A photon scat-
tered along the transitiofy, —) — |5, —) is emitted as a Stokes
photon along the transitiofd, 4+-) — |g,+) due to resonant cou-
pling among the statds, —) < |A, +). (b) Probability of Raman
scattering into the waveguide for a single incident photea éunc-

tion of coupling (g9;, — g,,)/~ for different values of the dipolar

strength of the incoming light and CPB to the molecules recoupling strength. Here we have assumegdy = 0.45

spectively. The strong dipole-dipole interactidfyq can be
diagonalized to form two dressed state and|A) which are

split by 2V = /4V? + §2. Using an external field to vary
the difference in the molecular energigs= (w; — w2), the

In Fig.[S4 (b) we plot the Raman probability as a function
of (9., — 9,,) /~ for different values of the ratio between the

transition between the dressed states can be brought s#o r&ipolar coupling and qubit frequency/\4,. The results can

onance with the qubit transitio) = wq. This resonance

be understood from the need to have both good hybridization

condition allows the exchange of energy between the qubit,q coupling to the waveguide. For low/d, the hybridiza-
and the excited manifold of the molecules which enables thgy of le1g2) and|goer) to |A) and|S) is small which limits

Raman transitiong, —) — |S, =) — |4, +) — |g,+) (Fig.

the coupling, whereas for M, — 1/2, 59 — 0, |A) becomes

a). Here the molecular system starts and ends in the joint 45k state of the coupling to the waveguide so fhat— 0.

ground statey) = |g1, g2) while the qubit is flipped from state

|-) to [+) by the emission of a Stokes photon of frequencyy51ue even for limited cou

ws = (wp — wg). The effective coupling constant between
the stateg.S, —) and|A, +) which enables this transition is

given byG = (g, — gc2)V/\/4V2 + 2. Using the same
formalism as above, we find that at resonance the probabi
ity for an incident single photon to induce a Raman scatterin
into the waveguide, for moderate couplingyg/wwq <1lis

Pr = (v1p/7)” pr, where[4D],
5o )

_ (%) 46*
Or =g/ \T2rzjay? 1462

Herey = vip + 7. + ' is the total decay rate of each

molecule (assumed to be same for both the molecules);

(4)

ForV/wq 2 0.1, the probability quickly reaches its maximum
pling strength,, — c,)/7 2 1,
whereas saturation is slower for weaker dipole coupling due
to the lack of hybridization. We find from Fig._B4 (b), that for
afeasible Vwqy = 0.1 and even a moderate coupling strength
pf (9., — 9c,)/ = 5, the Raman scattering probability takes
avaluePr ~ 0.77 x (y1p/v)?. This set of parameters will
be used for all numerical examples. The valu®gf, is close
to its upper limit of (1 p/v)? set by the necessity of having
both waveguide absorption and emission by the emitter. Fur-
thermore, the Raman probability is not very sensitive to the
precise value of the dipole coupling making it attractiverev
for randomly placed molecules.

The effective Raman scheme, allows the use of the inter-
ferometric framework@djl], shown schematically in Fig.

v 4 27V /wg, T'a = v — 2.V /wq are the decay rates of the @ (a) to generate entanglement between distant SC qubits

states|S) and|A) respectively,y’ is the intrinsic decay rate
of each molecule while. is the collective decay rate of the

via the detection of a photon. For this purpose we assume
that both hybrids are initialized in statg, —),(2). Scatter-

molecules. In deriving the Raman scattering probability weing of an incoming single photon pulse off the hybrids, fol-

assumed that the molecules have the sameand that they
are close enough so that we can ignore effects of phases
the collective decamg] arising from the spatial positiaf

lowed by a beam splitter which erases the which way in-
farmation then creates one of the maximally entangled Bell
stategUy) = %|g> (|-)1]4+)2 £ |+)1]—)2) conditioned on

the molecules. The probability of Raman scattering is muchihe detection of a photon in the detectdrs after frequency

larger than the reverse procéds+) — |S, —), which is sup-
pressed by a factqGy)? /wg since itis off resonant [40].

filtering out photons which have not undergone a Raman scat-
tering.
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D *f P ~ 55 x 1073 for creating a Bell state with fidelity
(a) * F ~ 93%. Thus for an input coherent state, we gain sub-
e — . . . . . . . . . . .
D stantially in experimental simplicity with limited reduah in
) ’ , I[W.J fidelity. We show in Fig[34 (b), the behavior &fand P
i3 BS2

as a function of the mean photon numbers.

The above two qubit entanglement protocol can serve as
building block of a quantum network. A first step in this di-
| rection can be achieved with a much simpler entanglement
2 protocol between a single qubit (CPB) and a photon. For this
purpose, we consider an interferometer similar to fiy. 3(a)
with the hybridl replaced by a frequency modulator shifting
the frequency byvg. The hybrid is assumed to be initialized
in state|g, —). In this case upon post selecting a photon at
one of the detectors, the combined state of a photon and hy-
brid becomesg¥ ) = % (1Ue)lg, =) + |Lx)|g, +)), where
|Ux) and|Ly) represent respectively a photon in the upper
and lower arm of the interferometer. To verify this, we con-
sider violation of the CHSH inequality < 2 [E ] between

FIG. 3. (a) Interferometric scheme to generate maximalliaen the qubit and p_hOton' _We find for a COher_em St_ate input, by
gled Bell statel ¥, ) between two SC qubits using a single photon Properly balancing the interferometer after inserting agei
[1) or coherent statén) as input. Generation of entanglement is in one of its arm and measuring the qubit in a suitable basis, a
conditioned on a click of detectdp... (b) Fidelity ' and success violation of the CHSH inequalitmO]
probabilityPs(lfc) as a function of mean number of photons in the in-
coming pulse for Bell state generation. (c) Bell paramefeand 2¢~(Pr+Pro)
success probability?s) as a function of mean number of photons §=2v2 1 + e~ (Pr+Pro) |’ 6)
in the incoming pulse for an entangled state between a sqgié
and a photon. For all the plots we have assumed/y = 0.1, . - c
= 5%%, (G, — 9,)/7 2 5. Pr = 0.77 Xm(wé%)g and \;wtrzl) a suc_cless gfobablllty Ps(ug _
Ye/v=7'"/7 =045 3Peic (Pr+ Pro) ™ (1 — e 2nPrtProl).in Fig.  [3
(c) we show the behavior & and Ps(jg as a function of the
mean photon number. Using the above parameters we find

. . : S > 2.5 forn = 10, with a corresponding success probability
To describe these processes we again use the input-output.
formalism @]. For simplicity we consider the two hybrids Fsue = 1.3% for n - 50%. o
to have equivalent physical properties and work in the limit . S0 far we have ignored the tinié it takes to perform the
of moderate coupling szwq < 1. Assuming the input light scattering. To avoid decoherence, the scatteringge®

pulse to be a single photon, we find that the process has needs to be completed within the coherence time of the qubit.
fidelity F = 1, and a success probability (ﬁs(l) — P Since we rely on resonance condition with states of width
- 1 uc — ’

wheren is the photodetection efficiency of the single photonthe pulse duration needs to satigff > 1. With v = (27)20

detectors. For a moderate molecule-qubit coupling sth&*ngt'w_'Z we can chose a pulse duratigh= 50 ns which is stil

— . uch shorter than typical coherence times of CPB (aboit
(9, —G,)/7 = 5, and the set of parameters used above ann('Ti]S)@]' Much better coherence times can be achieved if we

with y1p /v = 0.1, we getPiil ~ 3.8 x 1075, forn = 50%.  replace the CPB with a transmon qubit whefe~ 3.5) [47].
The above mentioned success probability can be improveg ypical available size and coupling strengths of thasra
by considering a weak coherent state as input. Assuming idefnon and CPB we estimate that the coupling to the molecule

tical hybrids and an intensity below saturation, we find the,;;| pe smaller for a transmon,’g~ g./6 [@]_ Using Eq.
conditional fidelity to beF" = 1 — (1 4+ Pro/Pr) Ps(fg/n' (@), we estimate that for a transmon with such coupling con-
with the corresponding success probabilityl [40] stant[(g,, — g,,)/7]/6 the probability of Raman scattering
| — o~ (Pr+Pro) processis- 0.1 x (y1p/v)? which however can be improved
P = p) { ° } (5) by considering a larger dipole coupling/d, > 0.1. For in-
Pr+ Pro stance, from Fig[CS4(b) we estimate that whefwy ~ 0.2,
where 7 is the mean number of photons in the inci- Pr ~ 0.3 (y1p/7)?. For such reduced Raman rate, we only
dent pulse and the probability of Raman scattering tosuffer a minor decrease in the success probability for trans

Pyuc(%)

024628101214

n n

the outside (not into the mode of the waveguidePiso =  Mons but gain in terms of qubit coherence.
YD .\ [ 60\2 1) (14 2V 2G? In conclusion we have proposed a novel hybrid system
(T) (7) (w_q) + (7) ( + w_q) (F§F§/4w2+492)' formed by an organic molecule embedded in a polymer ma-

As an example, fom = 1.5 we get a success probability trix of an optical waveguide and electrically coupled to a SC
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qubit, that provide a light-matter interface for quanturfoin ~ [22] Ondrej Cernotik and KI. Hammerér, arXiv:1512.0076813).
mation transfer over long distances. In particular, ourpro[23] A. Wallraff, D. I. Schuster, A. Blais, L. Frunzio, R.- Sluang,
posed schemes work at low light levels (single to few pho- J. Majer, S. Kumar, S. M. Girvin and R. J. Schoelkopf, Nature
tons). This facilitates, the merger of optics with SC system 431,162 (2004).

. ) . [24] Y. Kubo, F. R. Ong, P. Bertet, D. Vion, V. Jacques, D. Zipef.
v_wthout severe detrimental effects, caused by opucal [@Bso Dréau, J.-F. Roch, A. Auffeves, F. Jelezko, J. WrachtrupFM
tion. Furthermore, as the component of the hybrid system are gathe, p. Bergonzo, and D. Esteve, Phys. Rev. 16§, 140502
in solid state, it should be readily scalable and integralite (2010).
current technologies and optics. This could open new direc25] J. Bochmann, A. Vainsencher, D. D. Awschalom, and A. N.
tions in quantum communication using SC quantum proces- Cleland, Nature Physick 712 (2013).

sors in an integrated circuitry with optical photons. [26] R. W. Andrews, R. W. Peterson, T. P. Purdy, K. Cicak, R. W.
Simmonds, C. A. Regal, and K. W. Lehnert, Nature Phy&(;s
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Supplementary Material: Interfacing superconductingitgtdnd single optical photons

SYSTEM HAMILTONIAN AND STATE DETECTION

Here we give the full system Hamiltonian and describe thaildedf the qubit detection scheme. The Hamiltonian of the
combined molecule-CPB qubit hybrid system can be writtef{as o + H,, whereHg = Hcp + Hm + Hs. HereHe =
7 (x1m* + x2m), is the free energy Hamiltonian of the qubit with o E¢(1 — 2ng) andy: o Ej, whereE; andE; are defined
in the main text. The gate chargg is defined byn, = C,V,/2e, where,C, andV, are the gate capacitance and voltage
respectively while: is the charge of an electron. In the charge regime (Joseghsotion energyE; < E¢,ng # 1/2), the
qubit states are eigenstate of tifeHamiltonian and hence the free energy Hamiltonian for theitdaecomesy = %fmqnz
wherewy is the qubit transition frequeney E¢(1 — 2ng)/h. The Hamiltoniar{, = %hwmaz is the free energy Hamiltonian

of the molecule withuy, being the transition frequency of the optical dipole in thel@sule andH; = >, hwk(d,idk +1/2),

is the free field Hamiltonian witla, being the field operator of mode k and frequengy The interaction Hamiltoniaf{, can
be divided into two part${},, and#y, .. The Hamiltoniar#,,  , describe the interaction between the incoming photon lagd t
molecule and can be written

h . h |
M = B0 gelbrent] 4 DI i el (S7)

’Hﬁq_q is the interaction between the molecule and the SC qubit aadite structure

Mg = %nz ® (0% +1), (S8)
wheren? = (| L)L | = [ D)), 02 = (le){e|l — |g){g]), o+ = |e)(g|(c~ = [¢F]). The couplings g and g are defined in the
main text.

To investigate the effect of coupling between the moleculé the CPB, and to develop a scheme for the detection of the
qubit state, we now study coherent scattering of opticatq@iofrom the hybrid system. Due to the light-matter intéoag
the scattering maps the qubit state onto the scatteredabptiotons, and the detection of these then provide infaomatbout
the qubit state. We here assume the CPB to be operated at aojfaige away from the sweet spot, # 1/2). The qubit
levels are then given by the eigenstafgs ), | 1)} of the operator)*. Furthermore, to study the dynamics of the hybrid, we
choose a combined molecule-CPB qubit bdsis ), le, 1), g,1), |, 1)} and use an effective operator formalism, where, one
eliminates the excited state manifold such that the dynamimlves only the lower states with effective decay radesyuning
and couplings as prescribed in Rlaf.[l]. To study the sdagesf photons inside the waveguide, we adopt an input-dutpu
formalism in the Heisenberg picture, for the field mode ofmesa

il (zt) = ol) +i Y e D0 e (1) [ Tz — vgt) + e 20T D ab (24 vt )}, (S9)
mny

b(2,1) = gz -+ vgt) 0> e @D gy (1) [ ity (2 -+ vgt) + 2407 Gl (2= wgt)] | (S10)
mny

where the superscripi§b) stands for the forward (backward) travelling waiig gives the outgoing photo#;, is the incoming
photon annihilation operatdr,= (22’ — z) while Z and z are the position of the scatterer and observationcteply. For the
group velocity of the photon wave-packet inside the waveguj, similar dispersion in the forward and backward directions
is assumed, and m,’mare the indices corresponding to all possible initial andlfsiates (attained after the scattering) of the
scatterer. The scattering co-efficiefiis evaluated to be

Iy 1’\1 1'\7
m =D |\ 5 (Hanea || 5™ | (s11)
e€

where,Hnn is a non-Hermitian Hamiltonian defined 2. — %Zk KLE;C, where#H.., is part of the HamiltoniarH, in the
excited state manifold anid stands for the different possible decay paths from the edatate manifold. Here e,e’ are indices



corresponding to the excited states of the scatterer, whgleate of scattering into the one-dimensional mode of ffieal slot
waveguide from the transitioa) <+ |m) of the scatterer is given Wy, o (gi,[e’ — m])?/v,. Note that the above input-output
relation derived by generalization of [1]is independerthefkind of scatterers and applies to a multitude of problemdving
photon scattering in Waveguid(ﬂ; [2].

In our coherent scattering scheme,=m’ and e= € with m = {|g,l), |g, 1)} while e = {le, ), e, 1)}. The reflected
photona™ according to the above input-output relation is then

ar(Z,0) = D €7 prn (8) Gty (2 — vgt), (S12)

where for simplicity we ignore the vacuum noise contribnticom modes initially not containing any photons. For sextig
with a single photon pulse of carrier frequengy, we find that the scattering co-efficient for the transitiathwaysje, ) —
19, 4) = le, 1) andle, ) — |g,1) — |e, 1) to be respectively

o= (B2)a-n2-0/27"  Gu = (B2) A2+ 0/2)7, (513)

where the detuning i& = (w,, —wp), ¥ = 7' + 71p is total radiative decay rate of the molecular transitiothwi’ being
the decay to the surrounding anép = T'etmy = I'eymy, that into the one-dimensional waveguide. Furthermore we fi
Pmm(t) = pmm(0) = 1 from the master equation for the density matrix when the idyisrinitially prepared in the statg, | )
or |g,1). The input-output relation then gives the scattered phdepending on the initial state of the qubif) or | 1). From
Eq. (SI3) we find that resonant scattering occurs by satigfyie resonance conditiods= Fg,/2.

We now investigate the coherent scattering dynamics at lthege degeneracy point (sweet spoj, = 1/2) of the CPB
qubit. The qubit states are now represented by an eiges{aasi= %U 1) £ | J)) of theny operator which diagonalizes
the qubit Hamiltoniar{c, given in the main text. The corresponding transition fretpye., is proportional to the Josephson
junction energyE ;. The molecule-CPB interaction Hamiltonian at the sweet gpmost conveniently expressed in the di-
agonalized eigen-basjis). To evaluate the scattering dynamics as before, we choasemhined molecule-CPB qubit basis
{le,+),le, =), g, +), |g, —)} and follow the input-ouput formalism for the field mode ogerain the same effective operator
approachl__[Jl]. For the scattering of a single input photon etecgrresponding to the qubit state)

ot = 1C+0in, (S14)
where the scattering amplitudes are given by,

71D AFwg— Z%
Ce = —) : , . (S15)
(% (A—i3) (AFw,—i3) —2/4
From the above expressions we find that in the limik A, wg, g, and ¢ < wq the resonance condition for scattering of an
incoming photon is\ = g2 /4wq. Resolving the resonance line for the values gdigdw, mentioned in the text is not feasible.
Hence in this case, we find the difference in the probabilitgaattering defined aB...: ~ |¢.|*> — |¢_|* evaluated to the

second order to be
2 2
Pscatt =~ (’Yl—D) (i) ’ (816)
Y Wy

where, we have assumed, > g. to get the above simple analytical form. For parametgrs/y = 0.1, ~ 27 x 20 MHz,

wq = 27 x 10 GHz and g ~ 27 x 80 MHz as mentioned in the main text, we g&t..;; ~ 10—*. This is small but still detectable
as we are in principle not restricted in photon flux, givenfde that we do not probe the CPB qubit, but rather the moéecul
with light. Thus with suitable filtering (i.e. building anterferometer around the system) ond @t photons will give rise to a
click in a detector if the CPB is in one state and not the otfiersuppress decoherence from the light field, it will howedser
desirable to work at lower light levels and we therefore a#sthe Raman scheme below.

RAMAN SCATTERING SCHEME

In this scheme we consider two molecules inside the sloegaide coupled to each other via optical dipole-dipoleraxtgon.
The qubit is assumed to be located near a pair of such dipojgl@d molecules and is operated at the charge degeneraty poi
The combination of two molecules and the qubit now repreenhybrid structure. The free energy part of the Hamiltonia
of such a hybrid is similar to the single molecule case Wth — >, ,(]'f) where the superscrigt = 1,2 denotes the two
molecules. The interaction Hamiltonian is in this case a s@iwontributions from three different physical processamaly
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dipole-dipole interactiori{4q, molecule-qubit interactiof H}Nq’k, and molecule-light interactiol, H:nl,k' Following Eq.
(1) and Eq.[{38) these can be written

Hy = Had + Hunix + Hingi s

Haa = WV (o] 0y +0507), (S17)

'Hlmyk _ h%mk U;rdei[krk—wpt] L hg;mk dTO_IZe—[ika—Uth] ’ (S18)
hg

H:nq,k = Tckﬁﬁ ® (o +1) , (S19)

where g, and g, are the coupling strength of thd"kmolecule to the incoming light and the CPB qubit respecfivalhe
combined basis of the molecule-CPB qubit hybrid can be @ni#ts{|e1, e2) ® |£), |S) @ | 1), |A) @ |£), |91, 92) ® |£)}. Here
the index1, 2 corresponds to the molecule aht) are the qubit eigenstates at the energy degeneracy poitg, e states
|S) = Bile1gs) + Balgrez) and|A) = Bile1g2) + B5|g1e2) are the eigen-states of the Hamiltonidgy with the co-efficients,

br=py= |51+ /A N . p—— (520)

2 Jave s ) \JAV2 + 52

Here,5y = (wm, — wm,), While the co-efficients satisfy3? + 33) = (B2 + BR) = 1, B1B2 = BiBy = V/\/4V? + 62,

|~

(B2 — B3) = (B2 — B2) = d0/1/4V? + 62. We consider the incoming light pulse interacting with thelecules to be quite

weak (single to few photons). Hence, two photon processekrig to excitation to the state;, e2) can be neglected from the
scattering dynamics. Thus, the basis states of the hybrabtsicted to{|S) ® |+), |A) @ |£), |91, 92) ® |£)} as shown in Fig
(S2).

|5, +)
|617 92, +>':."' “‘\‘ ‘glv €2, +>
le1, g2, —) g A

|gly 92, _>

— v

FIG. S4. Schematic of the energy levels in the molecule-S8it dpybrid for the Raman scattering process. The molecelal$|e; g2) and
|g1e2) are hybridized by the dipole-dipole interaction betweenrtiolecules to form the dressed stgtés and|.S). The separation of these
dressed states can be tuned into resonance with the qujiefieyw, (the energy separation between the ground states). Segtdéa photon
of frequencywyp along the transitiofg:, g2, —) — |S, —) leads to emission of a Stokes photonalong the transitionA, +) — |g1, g2, +)
due to resonant coupling among the stafes-) <> |A, +).

The state$S, —) and| A, —) in Fig[S4 have energiesy = i%\ /4V? + §2 corresponding to an energy separatio@@fwhile
IS, £)(]A, £)) are separated by the qubit transition frequenggqual to the ground state seperation. Furthermore, theseett

states have an effective coupling®f= (g., — g.,)V/ /4V? + 62 among them. For a dipolar interaction strength< wg, it

is possible to vary the frequency difference among the nuiésd, by external field so as to tune the energy difference among
the dressed stat@¥’ into resonance witlyg. This resonance condition allows the exchange of energydgst the qubit and the
excited manifold of the molecules which thereby enablesRhman transitiong;, g2, —) — |S, =) — |4, +) — |g1, 92, +)
when the hybrid interacts with an incoming photon resonatté transitiorig;, g2, —) — |S, —). This process is illustrated in
Fig.[S4. However, for big, the coupling among the dressed state becomes weak and aeetias to strike a balance between
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0o andV when selecting two such molecule. For the hybrid structarthé Raman configuration with the above mentioned
transition pathways, the non-Hermitian Hamiltonian in iasis{|S, +), | A, +)} is

V+A+w,— L <. —Lae G
g V+A- L g — Lo,
Hon ) = ; 2 - 2 , s21
—3% g V+A+wg—Le G (S21)
g — e % V4+A- T
while that for scattering along the inverse transition path|g1, g2, +) — [A, +) =[S, —) = [g1,92,—) IS
il g iTas
Rt Lt T
(IS) _ 71 TA-wg = - S22
o —5 g VAL @ | (S22)
g —ZFQ‘” g22 —V—i—A—wq—lFTa

do

_ % A % _ 1 S0(g1—g2) _
4V2+5g ) Fs =7 + 270 4V2+5§ 5 Fa Y 276 4V2+(58 ) gl 2 (gcl + gc2 + 4V2+5g >1 gQ
1 <gcl +0c, — %) and we have assumed the total decay rate of each emijitenz = v = vip + 7L + 7¢) to
0

be equal. Here; is the intrinsic decay of the'k emitter andy. is a collective decay rate. These different decay ratesctefiat
the two molecules can decay both to independent resenvgirggn intrinsic decay and to a joint reservoir giving aleotive
decay. For the collective decay we assume that possiblgyakifts due to the coupling to the collective reservoirinotuded
in the dipole interactior’. Furthermore for simplicity we assume that the two moleshiave the same relative phase in their
interaction with the waveguide and the common reservoirinteke two different Hamiltonian for the two different trsitions
pathways, because the initial states have different eeeegid thus different effective detuninEls [1]. From the @riock of
Eq. (S20) and(S21) that involves the —) — | A, +) and|A, +) — |S, —) respectively, it is clear that the resonance condition
for scattering along the two paths is quite different. Thasiain choice of the resonance condition will enhanced@msition
pathway while suppressing the other.

To describe the scattering dynamics we assume that the wialesig semi-infinite and single sided. The input-outpudtiehs
Eq. [S9) and Eq[{510), then following REF.[3] reduces to

Go(2,1) = din(Z = vgt) iy "m0 po () Gy in (2 — gt (S23)

m

with now I'ey/2 — Tem. TO evaluate the density matrix elemepts,y appearing in the above equation, for the process
lg,—) = 1S, =) = |A,+) — |g,+) we use the master equation derived in the effective opefatoralism [1]

p=rilHepspl = 2 Z (ﬁeffﬁkffp+ Pﬁeffﬁeff) + Zﬁeffpﬁeff & (S24)

where: ........ : denotes normal ordering. The effective Hamiltonian is terit

1 - N
Heff =35 (gmlﬂé + gmgﬂi)z [(Hrﬁs)z; + (;L[r}thT)2 ] |1><1|QT

where,I'ys = 7.

%(gmlﬁz—gmzﬂl) [( e + (M), 1} 14)(a]ata,
(S25)

where we have introduced the conventiph= |g1, g2, —), |2) = |5, —), |3) = |4, +) and|4) = |g1, g2, +) that will be used in
all further calculations. The effective Lindbald operatare

Lepp =L {(Hrﬁs)_l + (Hﬁhs)_l} V. (S26)
Here,cF = £]' + £ + £71o+% and
Vi = (G, B + Gy B0)[2) (1ae™ + (g, B2 — O, B1)]3) (4]aci(A <)t
+ G, B2 + G, 1)1, +) (41a€™ + h(G, B2 — G, B1)| 4, =) (4", (S27)
€7 = s (1162 + 14)(S, +1) + /1282 (14) (3] + 14, ), (s28)

L0149 = (1 +7) (B + B1) (NS, + + 1)20) + (10 +76) (B2 — B1) (14)(3]+ [1)(4, =)
(S29)
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For a single photon input, we find on solving Hg. (524) that hausd use

p11(t) = p11(0),  pasa(t) = pasa(0),
p14(t) = p1a(0)e™*. (S30)

when we insert it into Eq[{S23) because of normal orderimgg(that the normal ordering formalism used here merelyatefle
that a single photon can only be scattered once, and heneeish® evolution in the density matrix before the scattgrin

The scattering amplitud@, = 1n7—4 is evaluated from Eq[(S1L1) by finding the relevant inversthefnon-Hermitian Hamil-
tonian matrix given in Eq[{S21) and (S22). We evaluate tiresemoderate coupling Iimit@ﬂ/*ywq <las

RO " [ (RS 16G2

H H = S31

[ nh }23 { nholsa T (4G2 + T Ty +4[e3 — €2])2 + 4(Ts[er — ea] + Tafer + €2])2’ (S31)

[Husn} o [Husy -1 _ (fler +e2)[8TsG — 4TasG1 — 16G(e1 + e2)])* + (3T5[8TsG — 4TasG1 — 16G(e1 + €2)])?
nho Jao [Mnh g wé(FE + 4fer + €2]2)2 ’

(S32)

(RS)T] L [ (rRS)]Y 16(Iy 4 2[e2 — €1])?

[th }22 [th loo (4g2 +I. T, + 4[63 _ 6%])2 4 4(Fs[€1 _ 62] ¥ Fa[ﬁl + 62])2’ (S33)
us)] 7 [us] 7t _ Cler + el[ls = 2(en + e2)])* + (Ts[Ts — 2(e1 + e])?

[th }33 [th 133 - wé(rg + 4[61 + 62]2) ) (534)

wheree, (e2) is a small variations ofA(V), but < wq/2. The probability of Raman stokes scattering define®as= (14(s1
can then be written @B = (y1p/7)*pr, Where we find on using EJ._(S31)

(o ? 4G*
m‘<w_q) {Fzrz/wwg? ' (535)

In arriving at the above expression we have used the optéhriegonance conditioh = —wq/2 4+ G,V = wq/2 found by
puttinge; = G ande; = 0. In practise it is difficult to have a perfect single photomis®. As such a more realistic solution is
to use a weak coherent state. In the following we study soagtef an input weak light pulse represented by a coheraie st
|) interacting with the molecule. For our scheme rhoorresponds to the levelg,, g2, —) and|g:, g2, +). We hence find for
the resonant Raman scattering process, the density mignieats for the corresponding population and coherences as

].—‘/ F / 2 F/ ’ 2
pll(t) = pll(o){ R — + ( R i )e—(FR+FR)|a t} +P44(0) (71%,) (1 — ¢~ (Tr+TR)le t)’ (S36)

'r+T%g I'r+Tpg I'r+Tpg
I‘R F/R (T l“l 2 FR _ ! 2
) = paa(0 _ 4 : T+l b 0) (=B ) (1 — e~ TrtTRlelty (537
paa(t) = paa( ){FR+FR (FR+FR>€ p11(0) T+, ( € ) ( )
pra(t) = p1a(0)el@rsTrrr /Dlal’t, (S38)
where
(RS [(rRS)] ! e [t [as)]

= (O, B3+ O, 802 [H ][]+ (o, 85— 0,802 [H50T][HGD] (539)

; X -1 -1
D= (10 +7) (B2 = 1) + 7183 +1483] (Gm, 85 + 0w, 8D [HGT] | [HID] (S40)

’ ’ ’ - . 1 —1
D = [0 +76) (85 + B + 2182 + 1382 (o, B — 0, 8007 [H31T| [HGD] (s41)

. . 1 —1

Trre = (10 +70) (85 + B)? + 7185 + 765" | (Om, 85 + 0, 80 [HGT] [H,Sis’]m

. . —1
+ [ +70) (85 = B? + 9482 + 1465 (U, B — 08007 [HUT][HUD] 4 Ta4 T (542)

The right hand side of Eq.{SK0) can be separated into twes,pare proportional to the probability of Raman scattefaginto
the waveguide while the other is proportional to the prolitgtaif Raman scatterin@ro to the outside which include processes
where a photon is lost after scattering. On using Hgs.l(S&1.[&32) in Eqs.[(S40) and(341), we find the probability of Ram
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Stokes scattering into the waveguide mode tae= (v1p/7)?9r Wherepr, is given in Eq. [[S35). The Raman scattering to
modes other than the waveguide is found to be

N CTAYAAYERS 2G* o\ (7 2V 2G*
P~ (22) (5) (2) i)+ (22) (5) (4 2) [emiree - o9

Here we have assumed = ~4. On evaluating(S41) we find that,
2 2 2 i
/ 1 . 1) v 2V
o= () () () () (2) + () () (- 2)
Y Wy 0 Y Wy Y Y Wy

After some algebra we get in the leading ordéfg,/FR x (G7)? /wal. Hence under the chosen resonance condition the Raman
stokes process dominates over the inverse Raman proceisscafhalso be understood from the above matrices in[Eql (S21)
and [SZR), where one finds from the inverse of the elementseaténtral blocks that the transitiof, —) — |A, +) dominates

the scattgring process for the above mention set of reseramalition. For all further use of the Raman scattering wetkis
neglectl,.

@ \* (14 14.61/4¢* ~T1./26)°
ywd ['2/9% +4G2/~?
(S44)

ENTANGLEMENT GENERATION BETWEEN A HYBRID AND PHOTON

We first investigate entanglement between a stationaryt gutdia photonic qubit by entangling the hybrid and a singteqin
in an interferometric setup via post-selection of scatgegvent. Similar scheme has been shown to achieve a pedtechg
matter how bad the light-matter coupling li$ [4]. As we willsshin the following we can achieve perfect operation simitar
what was reported in [4]. The schematic of the entanglinghaeism is depicted in Fid._$5 . The hybrid considered to be in
the Raman configuration as shown in Eig.S4 forms one arm dhtheferometer. Physically the entanglement creationbzn
understood as follows. An incoming single photon pulge after passing through the beam splitter1BS spatially separated
into two components; andas. Thea, component is scattered from the hybrid A resulting in a scatt photoraZ. The other
component, travels along the other arm of the interferometer, andfgetgiency modulated by the modulator with frequency
Aw = wq and also acquires a phaggwhile passing through the phase shifter to becafné he two output components' and
a’ then interfere at the beam splitter B&herently to form the detector mode operatfggs The photons at the two output ports
of the B are collected by the single photon detectors. Df the hybrid is initialized in the statgy, —) = |g1, 92, —) = |1),
then post-selecting the events where there is scattesngeahall show below, leads to an entangled state of mather ajud
photonic qubit wriiten as,

L
V2

where, U, andL;, represent respectively a photon reflected fromi B8d a photon which has undergone Raman scattering. For
a balanced interferometer, a click on the single photonotiete after the phaseé have been applied then project the hybrid into

a superposition of the lower statgis™) = %(H) + ¢®]4)), depending on which of the detectdps. clicks. The post selected
dynamics conditioned on the detection of a frequency sh#tegle photon is thus completely equivalent to the dynarofa
maximally entangled state and allow e.g., the violation el'Binequality.

We next mathematically treat the interferometric creatibentanglement and verify it via a Bell inequality violaticorre-
sponding to the entangled statel ). For the hybrid prepared initially in the stdti,) = |g, —) = |1), after scattering a single
incoming photon via the Raman process, evolves to some|giatea timet > 1/~ conditioned on detection of a photon at the
single photon detector®... The amplitude of this component is then given by

[0S) = —= (IUk)[1) + |Lk)I4)) , (S45)

C; = (j, 0ldS (1)U (£)d" [Wini, D) (S46)

Here, the input and output field mode operatﬂ?sanddi respectively are defined by,

d2.(t) = %\/ﬁ(e”’di(t) Lad(n) + F (547)
dn = %(ei“thdl + /1 —x2a2) (S48)
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Aﬁ A 5

1/10) & Bt

FIG. S5. Interferometric scheme to create entanglementdast photons and the hybritl The incoming photon pulse after passing through
beam splitter B$ is spatially separated and travels along two arms of thefarmmeter. One of the component passes through a frequency
modulatorAw = wq and an optical element that introduces an addition pkdaseinterfere at beam splitter BSwith the other component
which undergoes a Raman scattering. The two detediarsthen does a joint measurement of the photon in a basis detednfiy the
beamsplitter and the phadeto setup a CHSH inequality verification. Violation of the dgumlity proves entanglement between the photons
and the hybrid emitter A.

where in writing Eq.[[S48) we assumed the beam splitter 8%e asymmetric with as the asymmetric co-efficiers; is the
noise operator ang is the photo detection efficiency of the single photon detscthe exponential describe the modulation
done by the modulator, and

A (t) = ag + e “aFa=2 Va4 b1y (H)ds,
ay(t) = i (S49)
Furthermore, we assumed a semi-infinite single sided wagegund have used the input-output relation of Eqg. [S23) gith

defined in Eq.[(S11) whilp,4(¢) for a single photon input is given by E.(3$30).
From Eq. [S46) we can write down the corresponding normaliEnsity matrix elements as,

L T (10U OUOd Wi, 0}, QLT (1) (1))
Pos = Tr(ps) ’
(Wi, 2| d"UT () (U DU 1) GIUOUT ()2 (U ()" Wi, 2)
Tr(ps)
(Wini, O|d"d3 | (#)pfl (£)dYy o ()d™ | Wini, O)

- (08) | (550)

Here, Tr; is the trace over all the field modes and the superscriptsiph$/ stand for Heisenberg picture. For all later reference
we will drop this subscript/superscript with the undertyassumption that all the operator evolution is in the Hdiseg picture.
Note that we here conditioned on a single detection at a tirSate for now we only consider a single incident photon astmo
a single photon can come out and this provide a complete ciegization of the output. On evaluating Ef._(550) we find the
components op to be

)

1 1 1
st,[u =5 st,[44 =5 P§14 = $§z’e
where we assume the interferometer to be balanced withtar gthases absorbed. Note that after the detection atfithe
density matrix should be propagated to the final titheCombining this with the phase evolution appearindin {348})ls to
a total relative phase ef““«”" as seen in the above equation. We will omit this phase fouaihér calculations as it merely
reflect the fact that the density matrix is not in the inte@cpicture with respect té(,.
To check the quantum correlation among the hybrid and théophend thereby the entanglement of the spétg,;) we next
consider a Bell -CHSH inequalitﬂ[, 6] violation measureriavolving single photon detection at the detectors [Projecting

7iquei<I> ’ (551)
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the density matripg on the statéw!) = \/% (|1) +¢"¥]4)) in the measurement basis characterized by the ahgte find the

joint probability of qubit detection and photodetectiorttet detectors D given by P, to be
P++:P__: %[1—1—8111(\1/—(1))],

P+_:P_+:

N — DN =

. % [ — sin (¥ — ®)]. (S52)

Here, the first and second subscript/ofstands for the photon detection by a respective detectopesjdction of the hybrid
to either of the stateSlF). The measurement outcome for certain choice of phases earbthwritten in spirit of the Bell
inequality as,
Poy+P _—-P _—-P,
E(V,, 0p) = = Uy — Pp). S53

(W, bb) P +P _+P_+P, sin (Wa — ®y) (553)
The Bell inequality violation parameter can then be defireed a

S - E(Wa, eb) - E(Wa, eb/) + E(\Ija/ 5 eb) + E(\Ija/ 5 9{3)7 (854)

and we get a maximal violatiofi = 2+/2 for the following set of phase anglé¥,, ¥y, &y, Py } = {7/4,37/4,0,7/2}. The
corresponding success probability is given by

PG = (Wini, O|d"dY ()d2 (£)d"™ | Wini, @)
= 200 ¢l (1 - x7) (S55)
where, (41 ¢l = (\/ﬁ%(Hfh))g;\/yf}:,) (\/wl%(Hffh”)g;\/wl%). In writing the above expression for success probability

we add contribution from both the detectors as they both tjigedesired outcome. On using the resonance conditiong alon
with Eq. [S31) in Eq.[(S85) we get

P = 2Pr(1 - x?), (S56)

wherePr, is given in Eq.[(S35).
If the incoming photon pulsé, is assumed to be in a coherent statethen Eql(S50) becomes,

e _ ol (005 (O (0)
Tr(p3) ’

In Eq. (S46) we conditioned on having clicks at a certain titmepresented by the operatats. Experimentally one would
however, only consider the first click which arrive at theedor. This makes no difference above where only a singlégoho
is involved in the process. With an incident coherent stameoae correct description would be to include in Efl._(S57) the
requirement that there is no photon detected before the tinf&ince we mainly consider the the limit of lofw:p/7), the
probability of having two detection events in the time intdiis negligible and the simple description in Hq. (557 ffisient.
Following the procedure as discussed in details for thdeipigoton input pulse, and consideripﬁ) (t) with the time evolution

of the matrix elements given by EqE._($36) - (538) we arri@@HSH measurement outcome of

(S57)

B(Ug ) = Dt H P = Peo =Py | 2e”PrtProlal
2 TP Y P _+P_+P,

1 + e~ (Pr+Pro)lal?t sin (\Ija - q)b) ) (558)

Substituting this measurement outcome into the Bell inkiyuzf Eq. (S54) then gives us the violation parameter as

5_2\/5{1

e~ (Pr+Pro)n
} , (559)

2
+ ¢—2(Pr+Pro)n

wheren is the mean number of photons involved in the scatteringge®.cThe corresponding success probability is given by
T
PR = [ W, ol (00 i, ),
0

1— e—QﬁFR
= Tl ——
77<41<41( X7) ( Mp ) )

1 1— e_Qﬁ[PR+7)RO]
(e) — Z p1)
Fsie = 5 suc ( Pt Pro ) (S60)
We plot Egs.[(S89) an@ (SB0) in Fig. 3(c) in the main text fomapmmetry co-efficient 6f0%.
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ENTANGLEMENT GENERATION BETWEEN TWO HYBRIDS

To entangled two hybrids we consider a similar interferaineetup to that shown schematically in Hig] S5(a) but nowt wi
hybrids A and B in both the arms of the interferometer and B&50 — 50 beam splitter as shown in Fig. 3(a) of the main text.
The physics behind the generation of entanglement has tetaited! in the main text. Here we concentrate on the mathieahat
treatment and focus on evaluating the fidelity and succedsapililty of the entangled state. The hybrids are inijigltepared in
the statd¥i,i) = |g, —)a® ]9, —)8 = |1)a|1)s. Due to Raman scattering of a single photon the hybrids egdlvthe entangled
state| ), conditioned on the detection of a photon in either of theders D.. The fidelity F = (¥ |px5|¥.) of the state
|¥.) can be evaluated by finding the time evolved density matnrmanents,

+ (Wini, O|d™d%! ()95 (£)d3 ()™ [ Tini, O)
Phs.; = (% 7 .
Tr(pag)

where the input and output field mode operators are definpécésely by

BL0) = 5 VA (0) £38(0) + 7.
. 1 . .
dn = %(a? +a®). (S62)
The input-output relation of Eq_(SR3) gives
al(t) = af +ie” =2 v g pi (e (S63)

where,(4; can be evaluated following Eq._(311). Substituting Eq. )$6ZEq. [S61) and on using Ed. (363) and considering
identical characteristics for the hybrid we find

1 1
+ + +
PaB,; = PABy, = 5’ pAB41,14 = :l:§ (864)

1
9’

For detection aD_ - the quality of the entangled state is characterized by tedify F = (V_|p, 5| ¥ _) which attains the ideal
value of ' = 1. The corresponding success probability is given by

P = (Wini, O[d"d2 (1)d2 (£)d™ | Vi, O)
1 1 2)\ — 2)T\ —
577@1(11 = 577 (\/ ”Y%%)(Hy(m))szl \/ ”Y%/%)) <\/’711%)(H7(m) )231 \/ ”Y%%)) ) (S65)

which on using the resonance conditions along with Eq.1(88&s us

P = nPr, (S66)

wherePr is given in Eq. [S3b). In writing the above expression forcass probability we add contribution from both the
detectors as they both give the desired outcome.

To get the plot of Fig. 2 in the main text, we express the sigcpesbability as a function of the ratio of the dipolar conglbe-
tween the molecules and the SC qubit transition frequenfayyVand the couplings of the molecule to the SC qu(cggf, — gCZ).
By using the resonance conditions for optimization of thee Raman process we can wrig = wg — 4V?. Substituting this
into Eq. [S66) the expression fBz can be re-written using Eq._(335),

Pr (v/1p)? = 16 (1~ 4°) y*a” (S67)

2\ 2’
164222 + (1 —dy? () )

wherey = (g, — 9,,) /7 andz =V /wg.
If the incoming photon pulse is assumed to be in a cohereet/stg the above treatment for evaluating the fidelity and success
probability remains valid with some modifications. The caments of the density matrix for the stafie, ) now becomes,

+ (Ui, ald (8) p35 (£)d% ()| Vi, )
pABi]‘ = + : (868)
Tr(pag)
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FIG. S6. Psyc as a function of Vwyq for different values of the mean photon number in the incgnphoton pulse. We have assumed

Ye/v = 0.45,7"/y = 0.45, y1p/y = 0.1 and(g,, — g,) /7 = 5.

The fidelity F = (¥ _|ppg |V _) and the success probabilifgs) for the entangled statgd _) is in this case

/ S (ini, o d! (£)dS () Wini, ). (S69)
0

F oo TRRl g

On using the input-output relation and the definition of thgpat field mode operators we find the success probability utinet

resonance condition to be
(S70)

(C) 2 T g -r ‘Oc|2t PS([}g -Tr ‘06|2T
Psid = nlal”CaCyy dte *F =5 (l—e R ) .
0 R

uc

On substituting Eq. [(S66) foP{ and Egs. [[§35) and (S43) fdry in the above equation we get the fidelity and success

probability as

c)

PRO) s(uc
F=1- (14222 7
( Pr 7
(c) i
suc 1 —1 {(%:"’7 ) <7c)] ( Y ) Psye

~ 21— 2V/w JeT T ) Covjwg [ L9)] [ , s71

5 (1= 2V/ug) " |1 oo (2 )] (5 s71)

(1)
P, _
ple) = ~su¢  Jq _ ~(Pr+Pro) | S72
S (Pr+ Pro) { ‘ } (572)

1. we pIotPS(Sg as a function of the ratio between the

To the lowest order in expansion of the exponential we fighd = 7 Psy¢
dipole coupling between the molecules and the SC qubitittanenergy(V/wq) in Fig. for different values of the mean

photon number.
We find that thePs(ﬁ)C increases significantly with the mean number of photons.VAs; — 1/2, the antisymmetric state
|A) in Fig. (S2) becomes decoupled from the dynamics of the fabecsystem and hence the probability of Raman scattering

vanishesPr — 0 which thereby leads to vanishing success probability.
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