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Manin’s conjecture for
certain biprojective hypersurfaces

By Damaris Schindler at Bonn

Abstract. Using the circle method, we count integer points on complete intersections
in biprojective space in boxes of different side length, provided the number of variables is large
enough depending on the degree of the defining equations and certain loci related to the singular
locus. Having established these asymptotics we deduce asymptotic formulas for rational points
on such varieties with respect to the anticanonical height function. In particular, we establish
a conjecture of Manin for certain smooth hypersurfaces in biprojective space of sufficiently
large dimension.

1. Introduction

The goal of this paper is to study the distribution of rational points on complete intersec-
tions in biprojective space. In particular, we prove a conjecture of Manin for certain smooth
hypersurfaces in biprojective space of sufficiently large dimension depending mostly on the
degree of the defining equation.

To state our main result we introduce some notation. Let n; and n5 be positive integers
and write X = (x1,...,Xxp,) andy = (¥1,.... Yn,). Let F1(x;y), ..., Fr(x;y) be R bihomo-
geneous polynomials with integer coefficients, all of bidegree (d1, d»). They define a variety X
in biprojective space IP’(S‘_I X IP’&Z_I given by

(1.1) Fi(x;y) =0, 1<i<R.

Assuming n; > Rd; fori = 1,2, we introduce the following height function on rational points
of IP’&‘ I x ]P’éz_l. For a point (x; y) with integer coordinates such that gcd(x1,...,x,,) =1
and ged(y1,...,Yn,) = 1 we define

H(x;y) :( max |x,~|n1_Rd1)< max |yj|”2_Rd2).
1

1<i<n 1<j=<n>

We wish to understand the number of rational points of bounded height on X with respect to
this height function. It may happen that this counting function is dominated by points lying
on a proper closed subvariety of X. Hence, we will construct a Zariski-open subset U C X
and count points lying in the set U only. More precisely, let Ny g (P) be the number of
points (x;y) € U(Q) with H(x;y) < P.
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210 Schindler, Manin’s conjecture for certain biprojective hypersurfaces

Before we state our main theorem, we need to introduce certain singular loci. To this end,
let V;* C A} ™" be the variety given by

(1.2) rank(m) <R
1<i<R

ax]' l
1<j=<n;

Analogously, we define V" to be the affine variety given by

ank(w) ) < R.
ayj 1<i<R

1<j=<n>

(1.3)

Theorem 1.1. Assume that dy, dy > 2. Let F; (X:y) be a system of bihomogeneous poly-
nomials as above with

(1.4) ni + ny —max{dim V;*,dim V,*} > 3. 291+424, 4, R3.
Then there is a Zariski-open subset U C X such that
Nu.g(P) = (42(ny — Rd1)¢(ny — Rdy)) 'oPlog P + C1 P + O(P!™M)

for some real number Cy and some n > 0. The constant o is the leading constant predicted by
the circle method for the number of integer solutions to the system of equations (1.1), where
the real density is to be taken with respect to the box [—1, 1]"17"2,

We remark that restricting our counting function to an open subset U is necessary in this
theorem. For example consider the hypersurface given by

F(X,Y) = x1d1y1d2 ++x51 7[1,12 —
with dy, d» > 2. In this case V|* and V" are both given by
xiyi=0, 1<i<n

such that we have dim V/;* = dim V;* = n. Hence our Theorem 1.1 implies the existence of an
open subset U with Ny g (P) ~ cP log P, for some constant ¢, as soon as n is sufficiently
large depending on dy, d>. Consider the rational points of height bounded by P in this hyper-
surface with x;y = 0 and y, = --- = y, = 0. Their contribution is of order P%, which is
larger than the main term in Theorem 1.1.

The open subset U in Theorem 1.1 is explicitly described in Section 4. It is a prod-
uct of two open subsets U; x Up with U; an open subset of affine n;-space for i =1, 2.
More precisely, some point x € A%‘ is contained in U if the variety in affine n,-space given
by F;(x;y) = 0 for 1 <i < R with x considered as fixed, is sufficiently non-singular in the
sense of Birch’s work [1].

It is interesting to interpret our main result in the case R = 1 of hypersurfaces. In [6]
Manin conjectured that for Fano manifolds X with Zariski-dense rational points X (Q) (ex-
cluding some cases) an asymptotic behaviour of the form

(1.5) NU,H(P) ~ CP(IOg P)rank(PicX)—l

should hold, where H is an anticanonical height function. Furthermore, Peyre [12] has given
an interpretation and prediction for the leading constant ¢, which we call from now on cpeyre.
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Schindler, Manin’s conjecture for certain biprojective hypersurfaces 211

So far, there are only very few cases of subvarieties of biprojective space known that
show the predicted asymptotic behaviour. For the case of a single hypersurface of bidegree
(d1,d») = (1, 1) there is work of Robbiani [15] proving the desired asymptotic for the variety
given by xoyo + -+ + x5¥s = 0,as soon as s > 3. Using a classical form of the circle method,
Spencer [19] has simplified the proof and extended the result to s > 2. There is an independent
proof given by Browning [5] in the case s = 2, which uses asymptotics for certain correlations
of the divisor function. Furthermore, Le Boudec succeeds in [11] to provide sharp upper and
lower bounds for the counting function Ny, g (P) associated to the threefold in biprojective
space given by xoyg + x1y12 + xzyg =0.

We compare Theorem 1.1 with the conjectured formula (1.5) in the case R = 1. Assume
that we are given a smooth hypersurface X C ]P’(g1 x P&z_l satisfying the conditions of The-
orem 1.1. In the next section (see Lemma 2.2) we show that the condition (1.4) is automatically
satisfied if X is smooth and both n; and n, are sufficiently large. Then [9, Exercise 11.8.3 b)]
shows that the canonical bundle on ]P’é‘ -1 xP&z_l is given by O(—n1, —n3). By the adjunction
formula (see [9, Proposition I1.8.20]) we obtain

—wx = Ox(n1 —di,na —ds).

Our assumptions in Theorem 1.1 certainly imply that n; — d; > 1 and that n, — dp > 1. Note
that then the set of global sections of Ox (n; — dq,n — dp) is generated by monomials of
bidegree (n1 — dy,n2 — d3). Such a choice of a set of generators defines an embedding into
projective space, which shows that —wy is very ample. Hence X is indeed a Fano variety, and
our height function H introduced at the beginning of this section is an anticanonical height
function.

In the next section we determine the Picard group of a smooth complete intersection
in biprojective space of dimension at least three, see Theorem 2.4. In particular we obtain
Pic X = Z2, and hence we have rank(Pic X) = 2. This shows that our Theorem 1.1 is compat-
ible with Manin’s conjecture for smooth hypersurfaces in biprojective space. In Section 3 we
show that the leading constant in Theorem 1.1 is compatible with Peyre’s prediction in [12].
This leads to the following theorem.

Theorem 1.2. Assume that dy,dy > 2. Let X be a smooth hypersurface in biprojective
space P&‘_l X IP’&Z_1 of bidegree (d1, d3) such that

min{ny,ny} > 14+3- 2d1+d2d1d2.

Then Manin’s conjecture holds for some Zariski-open subset U of X and the leading constant
C = Cpeyre in the asymptotic formula (1.5) is the one predicted by Peyre [12].

In the calculation of Peyre’s constant cpeyre One has to compute a Tamagawa measure
of the set of adelic points of X cut out by the Brauer group Br X of X. In the appendices
of Colliot-Thélene and Katz in [14] it is shown that the Brauer group of a smooth complete
intersection in projective space of dimension at least 3 is trivial. The proof also applies to the
biprojective setting and implies that the Brauer group of X is trivial as soon as X is a smooth
complete intersection in biprojective space with dim X > 3, see Proposition 2.6.

Our proof of Theorem 1.1 relies on previous work of the author [16]. It again makes
use of the circle method in combination with the hyperbola method with weights, which was
recently developed by Blomer and Briidern [2].
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212 Schindler, Manin’s conjecture for certain biprojective hypersurfaces

The structure of this paper is as follows. After providing some geometric preliminar-
ies in the next section, we show in Section 3 that our leading constant in Theorem 1.1 is the
one predicted by Peyre in [12] and deduce Theorem 1.2. In the fourth section we state our
supplementary theorems on counting functions associated to the system of equations (1.1),
which we prove in the following sections using the circle method. In particular, in Section 5
we apply Weyl-differencing fibre-wise to the system of polynomials (1.1) and deduce a form
of Weyl-inequality for the corresponding exponential sum. Sections 6 and 7 contain most of
the circle method analysis. In Section 8 we deduce from this the main theorems of Section 4.
The following Section 9 is used to apply the techniques developed by Blomer and Briidern
to our counting problem and deduce Theorem 1.1 using the previously mentioned circle
method theorems.

For some real-valued functions f (P, P;) and g(P1, P2) we write in the following

f(P1, P2) = O(g(P1, P2))

if there exist positive constants C and Cy such that
| f(P1. P2)| < Cg(Py,P2) forall Py > Coand P> > Co.

We write Val(Q) for the set of valuations of Q, and Q, for the completion of Q at
a place v € Val(Q). Furthermore | - |,, is the standard v-adic metric on Q,. We write dx, for
the Haar measure on Q,, which is the standard Lebesgue measure for the infinite place and for
a finite place p normalized in a way such that pr dx, = 1.

Acknowledgement. The author would like to thank Professor T.D. Wooley for sug-
gesting this area of research, the referee for his or her comments and Professor T. D. Browning
for useful discussions. The author is grateful to Professor P. Salberger for providing the proof
of Theorem 2.4 and for useful comments.

2. Geometric preliminaries

First we state a well-known lemma on the intersection of a closed subvariety with an
ample divisor, which we need in the following several times.

Lemma 2.1. Let W be a smooth variety, Z C W be a closed irreducible subvariety,
and D be an effective divisor on W. Then every irreducible component of D N Z has dimen-
sion at least dim Z — 1. Furthermore, if D is ample, W is complete over some algebraically
closed field, and the dimension of Z is at least one, then the intersection D N Z is non-empty.

Proof. The first statement is for example a consequence of [18, equation (x), p.238],
where we choose x a closed point in the intersection of D N Z if this is not empty. By the
Nakai-Moishezon criterion for ampleness (see [18, p.262]) one has

(D".Z)>0

if D is an ample divisor on a complete variety W and Z is an irreducible subvariety of dimen-
siondim Z = r. This implies in particular that DNZ # @ if the dimension of Z is positive. O
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Schindler, Manin’s conjecture for certain biprojective hypersurfaces 213

In the following we set
W =Pa " x PR

We note that for a smooth hypersurface X C W the loci V|* and V" as defined in the introduc-
tion cannot be too large.

Lemma 2.2. Assume that di,d, > 2 and that X C W is given by a single bihomoge-
neous equation F(x;y) = 0 of bidegree (d1, dz). Assume that X is smooth. Then we have

dim V;* < max{ny,nz,ny +np —n; + 1}

fori =1,2.

Proof. Let V; be the variety in biprojective space given by (1.2) for i = 1 and given
by (1.3) for i = 2. Then we certainly have
dim V;* < max{ny,nz,dimV; + 2}

fori = 1, 2. Hence it is sufficient to bound dim V; <n, — landdim V5, <n; — 1.
Let H; be the subvariety in W given by 0F /dy; = 0 for 1 < j < n,. Then the singular
locus Xiine of X in biprojective space is given by

)

Assume that dim V7 > ny. We note that each H; is either equal to the whole biprojective
space or an ample divisor since we have assumed d;, d> > 2. Hence Lemma 2.1 implies that
dim Vi1 N Hy = ny — 1. After intersecting with all the other H; we obtain

nz
dim(V1 N (ﬂ Hj)) > ny —ny =0,
Jj=1

and the intersection is non-empty by Lemma 2.1. This is a contradiction to X being smooth,
and hence dim V7 < ny — 1. Since the same argument holds for V7, this proves the lemma. o

We keep the notation W = P(g‘_l X ]P’(gz_1 and fix effective ample divisors D1, ..., Dy.
For some 1 <i < k write

i
X;=()D; and X =X
Jj=1
Set Xo = W and assume that X = ﬂ;?:l Dj is a smooth complete intersection of codimen-
sion k in W. Then all the intermediate intersections X; are also complete intersections and of

codimension 7. This is for example a consequence of Lemma 2.1. Note that the X; need not be
smooth, but they are all Cohen—Macaulay, see for example [9, Proposition I1.8.23].

Lemma 2.3. Let0 <i < k and D be an ample divisor on X;. Assume that dim Xj, > 3.
Then

(2.1) H'(X;,0(=D)) = H*(X;,0(=D)) =0
forall0 <i <k.
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214 Schindler, Manin’s conjecture for certain biprojective hypersurfaces

Proof. We use descending induction starting with i = k. Note that X is smooth by
assumption, and hence Kodaira’s vanishing theorem applies and gives the desired result since
dim X > 3 (see e.g. [9, Remark II1.7.15]).

Next assume thati < k and that we already have established the vanishing (2.1) for ample
divisors on X; 1. We consider on X; the exact sequence of Ox,-modules

(2.2) 0 — Ox,;(=Dj+1) — Ox, — Ox,,, — 0.

i+1

After twisting with Ox; (=D — (r — 1)D; 1) for some r > 1 and taking the associated long
cohomology sequence, we obtain the exact sequence

(2.3) H'(X;.O(=D = rDi41)) > H'(X;, O(=D — (r = 1)D;11))
— H'(Xi41.0(=D — (r —1)Dj11))
— H*(X;,O(=D —rDiy1))
— H?*(X;,0(=D — (r —1)Dj+1))
— H?*(Xi+1,0(=D — (r — 1)Di41)).

By induction hypothesis and since D + (r — 1) D; 4 is ample for r > 1, we have
H!(Xi41.0(=D = (r =1)D; 1)) =0. j =1.2.

Next we apply Serre duality to the cohomology groups on X;. Recall that all the X; are Cohen—
Macaulay and equidimensional. Write /; = dim X; and let wgi be the dualizing sheaf of X;.
Hence [9, Corollary I11.7.7] implies that

H'(X;.0(=D = rDi11) = H''(Xi,O(D + rDiy1) ® 0,)'.

where / denotes the dual vector space.
Next we apply Serre’s vanishing theorem (see [9, Theorem III.5.2]). This implies that
there is some ro = ro(X;) such that for all r > rg one has

Hli_l(Xi, O +rDiy1)® a))?,l) =0.

Since we have assumed dim X > 3, the same holds for the cohomology groups H li=2 Hence,
by Serre duality we have

H'(X;,O(=D = rDit1)) = H*(X;,O(=D = rDj11)) = 0
for r > ro. Now the exact sequence (2.3) implies that
H’(Xi,O(=D —(r =1)Di41)) =0, j = 1.2,
for r > ry. Now induction on 7 shows that
H'(X;,0(=D)) = H*(X;,0(-D)) = 0,
as desired. |

With the help of Lemma 2.3 we can now determine the Picard group of X.
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Schindler, Manin’s conjecture for certain biprojective hypersurfaces 215
Theorem 2.4. Let X be as above a smooth complete intersection in W of dimension at
least 3. Then the restriction homomorphism
PicW — Pic X

is an isomorphism, and Pic X = 7 x 7.

Proof.  First we note that by [3, Example A.9.28, p. 560] one has
Pic(Pp' ! x P2 ") = 72

for any field K.
Next Lemma 2.3 implies that

H'(X;,O(=Di41)) = H*(X;,O(=Dj11)) =0, 0<i <k.

Since X; is Cohen—Macaulay and of dimension at least 3, it is of depth > 3 in all its closed
points. Hence we can apply [8, Exposé XII, Corollaire 3.6] to the variety X; and the divi-
sor D;41. Therefore, the homomorphism

Pic Xl' — Pic Xl'+1
is an isomorphism for 0 <i < k — 1. Composing all these isomorphisms
Pic W — Pic X1 — --- — Pic X},

gives the result of this theorem. ]

Next we note that Lemma 2.3 also implies that all the intermediate intersections X;
are connected.

Lemma 2.5. The variety X; is connected for all 0 <i < k.

Proof. 'We proof this by induction on i. Note that Xo = W is connected since
HO(PL ™ x PR Ow) = C.
The exact sequence of sheaves (2.2) implies that the sequence
HO(X;, 0x,) = H°(Xit1.0x,,,) = H'(X;i. Ox,(=Dit1)
is exact. Since the divisor D; 4 is ample, Lemma 2.3 implies that
H' (X, Ox,(=Dj 1) = 0.
Therefore the first map in the above sequence is surjective,
H(X;,0x,) > H°(Xi41.0x,,,).
and HO(XZ-+1,(9XI.+1)=C |
The appendices at the end of [14, see especially Corollary A.2] show that the Brauer—
Manin obstruction for a smooth complete intersection in P} with dim X > 3 and k a number

field, is vacuous. The proof contained in this work also applies to complete intersections in
biprojective space, and gives the following result.
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216 Schindler, Manin’s conjecture for certain biprojective hypersurfaces

Proposition 2.6 (Analogue of [14, Proposition A.1]). Let k be a number field and X be
a smooth complete intersection in biprojective space IP’];' =1y ]P’,? 2-1 of effective ample divisors
satisfying dim X > 3. Then the natural map Brk — Br X is an isomorphism.

Proof. First let k be an algebraically closed field of characteristic zero, and set
V=P x P

Let ¥ be given by F; (x;y) =0, 1 <i <R, for a system of bihomogeneous polynomials
of bidegree (dl(’ ), dz(l)). Let H; be given by F;(x;y) = 0. Then we claim that V \ H; is affine.
For this consider the map

.mhi—1 no—1 Ny N> N
¢ Py x Py =P xP° =P,

where the first map is the product of a Veronese embedding IP’,? =1, IP’,?’ ! of degree d 1(i ) and
a Veronese embedding of the second factor of degree dz(i ), followed by a Segre embedding.
Then ¢ (H;) is given by one linear equation. Hence ¢ (V') \ ¢ (H;) is affine as desired.

Let / be a prime invertible in k and let H éit denote étale cohomology. Then [14, Corol-
lary B.5] implies that the restriction map

2.4) HI P <P 2/12) — HL (Y. Z/1Z)

is an isomorphism fori < ny; 4+ np —2 — R and injective fori = n; +ny —2 — R.

Note that in our situation of a smooth complete intersection in biprojective space, the
group BrY is torsion. To show that BrY is trivial, it is hence enough to prove that the /-torsion
part (BrY)[/] = O for all primes /.

We assume for a moment that n; > 2 for i = 1,2. Otherwise Proposition 2.6 reduces
to [14, Proposition A.1]. As in [14, Appendix A] one can consider the commutative diagram

0 —— Pic(V)/l —— HZ(V.Z/IZ)

| l

0—— Pic(Y)/l —— HZ(Y.Z/1Z) — (BrY)[l] —0

whose rows are exact. For dim Y > 3, the right vertical map is an isomorphism by equa-
tion (2.4). Furthermore, the top horizontal map is an isomorphism since both groups are of
rank 2 over Z /[ 7. This implies (Br Y')[/] = O for all primes / as desired.

To adapt the proof of [14, Proposition A.1] to the biprojective setting, we have to check
the following ingredients. Let X be as in Proposition 2.6, denote by k an algebraic closure
of k,let G = Gal(k/k)and X = X xj k. Then we need to check that X is geometrically con-
nected, that Pic X — (Pic X) is an isomorphism, that H ! (k, Pic X) = 0 and that Br X = 0.
The last of these follows directly from the above comments.

Lemma 2.3 implies that X is geometrically connected since dim X > 3. By Theorem 2.4
there is an isomorphism PicX =~ Z x Z, and hence H 1(k,Pic Y) is trivial. Furthermore,
Theorem 2.4 implies that the restriction map

Pic(IP’E"'_1 X IP’E"Z_I) — Pic X
is an isomorphism, and hence
Pic X — (Pic X)¢

is an isomorphism as explained in [14, Appendix A]. ]
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Schindler, Manin’s conjecture for certain biprojective hypersurfaces 217

3. Interpretation of the leading constant

In this section we will consider a single bihomogeneous polynomial F(x;y) = 0 of
bidegree (d1, d>) which defines a hypersurface X C IP’&‘ —Tx P&z_l. Suppose that the assump-
tions of Theorem 1.1 are satisfied. In particular, we have n; —d; > 2 for i = 1,2 and hence
the anticanonical sheaf

wy' = Ox(n1 —di,nz — da)
is very ample. We let s1,...,5, be the global sections of the sheaf Ox(n1 —dy,ny —d>)
given by all monomials in (x;y) of bidegree (d;, d2). They generate the ring of global sections
I'X,O(ny —dy,ny —d»)), and define an adelic metric on Ox (n1 — dy,n, — d») and hence
a height function on X(Q) given by
Hxy) = [] max iy,
veVval(Q)

If x and y are both given by reduced integer vectors, then this is the same as saying
Hx:y) = (max x| ) (max |y 2742,
i J

which is nothing else than the anticanonical height function introduced in the last section.
According to Peyre the leading constant in equation (1.5) should be of the form

G epeyre = @(X)BX) lim (s = D™ PO LG5, ppy, ) 7 (X (A)™).

This expression can for example be found in [10, Chapter VI, Section 5]. In the rest of this
section we define each factor separately, and compute them for X as above. We follow mainly
the formulation and analysis of the constant in [10, 12, 13].

Recall that we have an isomorphism

. ~ D ni—1 na—1\ ~ 72
Pic X =P10(PQ XPQ ) = Z~.
The hyperplanes Hy: x; = 0 and Hp: y; = 0 generate Pic(P&l_l X P&Z_l) freely, and hence
also Pic X. Using additive notation for the divisor class group, we know that
—Kx = (n1 —di)Hi + (n2 — d2) Ha,

with Kx the class of the canonical divisor. We use the classes H; and H» to identify Pic X
with the lattice Z? in R?. The real cone of effective divisors of X is then given by

Aegr(X) = {[1H1 +tr,Hy i t1,1p > 0} C Rz.

Let AY(X) C (R?)V be the dual of the effective cone. Then the constant (X)) is defined to
be

a(X) = rank(Pic X) vol{z € AY: (z,—Kx) < 1}

=2vol{t;,tr eR 11,1 > 0and (n; — dy)t1 + (np —da)tr < 1}

B 1

(i —d)(na—dy)’
Next we come to the constant B(X). As usual, write X = X x Q. Then the constant S(X) is
defined to be the cardinality of the first Galois cohomology group

B(X) = tH'(Gal(Q/Q), Pic X).

In our case Pic X 2 Z? with trivial Galois action, hence S(X) = 1.
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218 Schindler, Manin’s conjecture for certain biprojective hypersurfaces

We turn to the third term in the product in equation (3.1). Since the absolute Galois group
acts trivially on Pic(X), one has L(s, Xpiex)) = ¢ (5)?, and hence
. __ 1yrank(Pic X) ) —
Sll_IEll(S 1) L(s, xpiecxy) = 1-

Proposition 2.6 shows that the Brauer group is trivial in our setting. Hence we have
X(A@)™ = X(Aq).
Furthermore our variety X is projective, and therefore we have
XA = ] x@.
veVal(Q)

In this situation the Tamagawa measure 7 (X (Ag)) factors as

w(X(h) = [[ wX@).
veVval(Q)

In the following we define the local measures t,. For a finite place p this is given as in [10, Def-
inition 5.20] by

1, = det(1 — p~'Frob,| Picylp)a)p,
with @, the Tamagawa measure as defined in [12] and where we write I, for the inertia group.
In our case this simplifies to

p=(- p_l)z

For the infinite place one directly sets 700 = woo. Next we give a description of w, for any
place v € Val(Q). Let Uy 1 be the standard open subset of P11 x P"2~1 given by x1y; # 0
and writen = ny + ny — 3. Let (x;y) € X be a point with (9F /0y, )(x;y) # 0. Consider the
morphism

p: X, NUi1 — Ag,
(x;y) — (E,...,E,E,...,M).
X1 X1 )1 J1
By the v-Adic Implicit Function Theorem the map p induces an analytic isomorphism of some
open subset IV C X in the v-adic topology with p(V'). Furthermore, p induces a map of coher-
ent sheaves
®(p) : P wan /@, = ©XNU; 1 /Q,
given by
o(p)(duz A+ Advg,—1) =dug Ao Advg,—1.
Here we write us, ..., Upn,, V2,...,Us,—1 for the local coordinates on Aﬁév.
Next we observe that we have an isomorphism

wxnu,; — Ox(—n1 +dy,—nz + da)|y, -

On the Zariski-open subset given by dF /dy,, # 0 this is locally induced by

d(x_z) Ao A d(ynz_l) — or (1, x_z’ e m)xl_"]er‘yl_anrdz.
X1 n dyn, \ X1 Y1

According to [12, Section 2.2.1] the Tamagawa measure w, is given by

duzﬁv X oo X dvnz_l,v
maxi<i<q |8i (071 (1, v))(@(p)(duz A=+ A dvgy—1)]y

Px®y =
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We introduce the local heights

hy() = max X1, and h2(y) = max [y27%|,
1<i<n, 1<j<n ~/
and set
. 1 2
hy(x3y) = hy,(X)7;(y).
We use the vector notation u = (1,u3,...,u,,) and v = (1, vz, ..., vy,). Then we obtain
_ duz,v X oo X dvnz_l,v
)|
v ’ aYnz ) v
where vy, is implicitly given by uz, ..., Up,—1.

For a finite place p, the local measure w,(X(Q)p)) is closely related to the usual circle
method density. As usual, we define this local circle method density o, by

op = lim plemn=Dii(x:y) mod p! : F(x;y) = 0 mod p'}.
[—o0
Then we have the following lemma, which we prove at the end of this section.

Lemma 3.1. With the above notation one has
(1 — p~m—dy( — p~(r2—d2))
=p 12 o
Let 0 be the singular integral for the system of equations (1.1) and with respect to the

box (—1, 1)t x (—1, 1)"2, as defined for example in [1, Section 6]. Then 0 is related to the
Tamagawa measure of X(R) in the following way.

wp(X(Qp)) =

Lemma 3.2. One has

(n1 —dy)(n2 —d>)
4

Too(X(R)) =

(ool

Before we come to the proof of Lemmas 3.1 and 3.2, we deduce Theorem 1.2 from the
above and Theorem 1.1.

Proof of Theorem 1.2.  Assume that X C IP’(&‘_I xP&z_l is a smooth hypersurface given
by a bihomogeneous polynomial F(x;y) of bidegree (d;, d») with dy, d» > 2. Then Lemma 2.2
implies that
n1 + np —max{dim V;*, dim V;*} > min{ny,no} — 1.

Recall that we have assumed in Theorem 1.2 that
min{ny,n} > 1+4+3- 2d‘+d2d1d2.
Hence Theorem 1.1 applies to X and delivers an asymptotic formula of the form
(3.2) Nu,u(P) = (4L(n1 — d1)t(n2 — d2)) " 'oP log P + O(P),

for some Zariski-open subset U of X. As pointed out in the introduction, the shape of this
asymptotic formula is already compatible with Manin’s prediction. It remains to show that the
leading constant is the one predicted by Peyre.
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220 Schindler, Manin’s conjecture for certain biprojective hypersurfaces

Using Lemmas 3.1 and 3.2 together with the description of Peyre’s constant in (3.1) and
the remarks following it, we can compute the Peyre constant cpeyre for the hypersurface X as

1 —(ny— —(am (n1 —dv)(n2 — da)
— 1 — p—(ri=d)yq _ ,—(n2—d2)
CPeyre (n1 —dy)(n2 — da) 1;[( P \a=» )% 4 0o
1 _ _
= ZC("l —d1) "t (ny — da) tooo 1_[01;-
p
This is exactly our leading constant in (3.2) coming from Theorem 1.1. ]

3.1. Proof of Lemmas 3.1 and 3.2. Let 7 be the natural map
m i AG T\ (AG x {0} U{0} x AF) > P! T x PR,

and set W = 77 1(X). Let (x;y) € W be a smooth (closed) point with (3F/dy;)(x;y) invert-
ible for some j (if one of the derivatives with respect to some x; is non-vanishing, then we just
interchange notation). Then the Leray form w;, on W is given by

S OF\ ! —
o (x;y) = (—1)(”2_1)(5) dxg Ao Adxy, Adyr A Ady; A Adyg, (X1Y).
j

For each place v € Val(Q) the Leray form induces a local measure wy .
For a finite place we can relate the Tamagawa measure to a Leray measure via the follow-
ing lemma, which is a slight modification of [12, Lemma 5.4.6] to the biprojective situation.

Lemma 3.3. Let p be a finite place, and write

a(p) = (1—p~H2(1 — p~m=dV)y=1 (| _ p=(n2=d2))=1,

Then we have

/ w1 p(%:¥) = a(p)op(X(Qp)).
{xEW(Q)p) :h)y(x)<1, h3(y)<1}

Proof.  We fix an open subset V' C X(Q,) in the p-adic topology such that the coordi-
nates (x2/X1,...,Xn, /X1, ¥2/Y1, ... Yno—1/y1) induce a diffeomorphism p with the image

— ni+nz—3 ni—1 npy—2
p(V)y=U C AQp C ]P’Qp X PQp .
To prove the lemma it is enough to assume that U is of the form U; x U, with
Ui CcAg ! and Up CAG >

Then (X1,...,Xn,,Y1...., Yn,—1) define a diffeomorphism of the biaffine cone of V' with
the product of the affine cones CU; x C U,. We assume this diffeomorphism in the following
implicitly.

Define the functions
oF
Vns

(xiy)| and h(xiy) = hp ()3 (y).

g(xiy) = ‘
P
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Schindler, Manin’s conjecture for certain biprojective hypersurfaces 221

Then we can write

a(p)wy(V) :/ dxz,p...dxn,,pdy2,p ... dyn,—1,p
P U xUs g'h(l,XQ,...,xnl,]7y2"“’yn2),

where y,, is implicitly given by the other coordinates. For a fixed vector (x2,...,x,,) € U;
we consider
dy2 D dynz—l D
J(x2,...,x ):/ : : .
" v 8(Loxa, Xy Lyas o ynp—1)RG(Y)

Note that we have g(x; ly) = |)ngz_1g(x; y) and i3 (Ay) = |A|Zz_d2h12,(y) for A € Q,. Hence
we can apply [12, Lemma 5.4.5] and obtain

_ e _ 1
1-pHa-p (n2 dZ)) 1J(xz,...,xnl) =/ —dy1,p..-dYn,—1,p-
{yeCU>:h3(y)<1} §

Hence we obtain

wp(V)a(p) = (1— p~H(1 — p~m=dv)=1

X/ / d.xz,p...anl,pdyl,p...dynz_l,p
Uy JyeCUs:h3(y)<1) ghy(x)

Now we interchange the order of integration and obtain after another application of [12, Lem-
ma 5.4.5]

a(p)p(V) = /

{xeCU,; :h},(x)fl}

1
/ _dxl’p...anl,pdyl,p...dynz_l’p.
{yeCU>:hz(y)<1} &

The last expression is exactly the integral over the Leray measure oy, ,(X;y). |

For the proof of Lemma 3.1 we need two more lemmata, which are slight modifications
of [13, Lemmas 3.2 and 3.3].

Lemma 3.4. Let

W*(r) = {(x:y) € (Zp/p")" ™ 1 x # 0(p), y # 0(p) and F(x;y) = 0 mod p"},
and set N*(r) = tW*(r). Then there is some rq such that for all r > ro one has

N*(r)

Cl)L’ =0
pr(nl +ny—1)

/{(x;y)ezzl 12 x2£0(p), y£0(p), F (x;y)=0}

Proof. For (x;y) € Zj' ™" we write [x; y], for the residue class modulo p”. Following
the proof of [13, Lemma 3.2] we start in writing

/ ni+n wL,p
{(xy)€Z,' "2 :x#0(p), y#0(p), F (x;y)=0}

(x;y) mod p”
x#0(p), y#0(p)

/ eyt wL,p(uiv)
{wvEeZy "2, [uv], =(x;y) : F(x;y)=0}

or,p;v).

(xy)EW*(r) /{(u;v)GZﬁ‘ 2 [uv], =(xy) : F (xiy) =0}
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222 Schindler, Manin’s conjecture for certain biprojective hypersurfaces

Since X is smooth, there is some r sufficiently large such that for any (x;y) € (Z,/p")"1 "2
with x #% 0 mod p and y #% 0 mod p and with F(x;y) = 0 mod p”, the infimum

(o (OF oF
C_Elj Vp ax; Vp dyj

is finite and constant on the class defined by (x;y). Assume that » > ¢ and that

oF
c=v (x; y))
? (3yn2
is the minimum.

Let (w;v) € Zj' ™ represent (x;y) and let (z;2') € Zp' 7", Then one has

o IF < OF
Fu+zv+17)=F(uv) + Z —(w;v)z; + Z —(wv)z: + G(u,v,z,7),
— 0x; = dy; J

where G (u, v,z,2') is a polynomial such that each term contains at least two factors of z; or Z]’..
Hence, for (z;z') € (p"Zp)"' T"2 we have

Fu+zv+2)= F(u;v) mod p"¢.

Thus, the image of F(u;v) in Z,/p"*¢

for this value.
If F*(x;y) # 0, then the inner integral above corresponding to that value of (x;y) is zero
and the set

only depends on (u; v) modulo p”. We write F*(x;y)

{(u;v) mod p" ¢, [w;v], = (x;y) : F(u;v) = 0 mod p" ¢}

is empty.
If F*(x;y) = 0, then Hensel’s lemma shows that there is an isomorphism of the set

{(wv) € Z3' 7+, [wiv], = (xiy) : F(u;v) = 0}

and (U1,...,Un, V15, Unae1) + (p"Zp)" 271 Hence we have

| — oL, (V)
{wweZ, "2, [wyl=(x;y) : F (x;y)=0}

c
p dul’p .. .dvnz—l’p

.....

c—r(ni+nr—1)

=P
On the other hand we have
p~HAE+n2 =Dty v) mod p” ¢, [w;v], = (x;y) : F(u;v) = 0 mod p"+¢)
— p—(r+c)(n1+n2—1)p(n1+n2)c
=p

c—r(ni+na—1)

since F (u; v) modulo p” ¢ only depends on (x;y).
The lemma now follows via summing over all (x;y) € W*(r). |
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Schindler, Manin’s conjecture for certain biprojective hypersurfaces 223

Lemma 3.5. One has

/ ni+n @L,p
{(x:y)€Zp' "2 :x£0(p), y£0(p), F (x;y)=0}

— (1= p=m=dy (g _ p—(nz—dz))/ oL
(yezp "2 Foy) =0y

and -
lim (r) =(1- p_(nl—dl))(l _ p—(nz—dz))o_p‘

F—00 pr(”ll +ny—1)

Proof. The first part of the lemma follows from the observation that
oL p(pxy) = p " op p(xy) and  wp (% py) = p T Rwr H(xy).
For the second part of the lemma we recall that

. H(xy) mod p" : F(x;y) =0 mod p"}
op = lim .

r—00 pr(n1+n2—1)

Next we assume that r > idy + jd» + 1 and consider the cardinality of the set
NG.j)=tx e (p'Zp/p" )" x £ 0(p'™H),
ye(p/Zy/p")"?, y # 0(p’ ) F(x;y) = 0 mod p'}.
Then we have
N(i.j) = f{x mod p" ™", x # 0(p), y mod p" ™/, y # 0(p) : F(x:y) = 0 mod p’ /#1772
— pnl(id1+jdz—i)+n2(id1 +jd2—j)N*(r —idy — jdo).
Define
N(r) = #{x,y mod p" : F(x;y) =0 mod p"}.
Let rg be as in Lemma 3.4, and let /(r) be the set of all integer tuples (i, j) such that
r—ro<idy+ jdy <r—ro+dy+ds.
Then we have

N =Y Y Fap+o[ X #ixy) modp” ix=00p), y = 0<pf'>}).
i=0 j=0 (,/)el(r)
r—idy—jd>>ro
Since n; > d;, the error term can be bounded by

Ko F Max prr=Dtna(r=j)
(i.7)el(r)

(n1+n—1r r—idy—jdr—i—j
Lpo T max
ro P et

Lporo rp(nl +n2—1)7‘p—r/(d1d2)_

Hence we obtain

N(r) = Z Z pnl(idl+jd2—i)+n2(id1+jd2—j)N*(r —idy — jda)

i>0 >0
r—id1 —jdzzr()

+ O(rp(nl+nz—1)rp—r/(d1d2)).
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224 Schindler, Manin’s conjecture for certain biprojective hypersurfaces

Since the summation is restricted to 7o < r —idj — jd», one has by Lemma 3.4
N*(r —idy — sz) — p—r(nl+n2—1)N*(r)p(r—idl—jdz)(nl+n2—1)'
Therefore we obtain
N(r) = Z p—inl—jn2+id1+jd2N*(r) + O(rp(n1+n2—1)rp—r/(d1 dz))'
ro+idy+jd><r

This implies that

lim p—r(n1+n2—l)N(r) — (1 _p—(nl—dl))—l(l _p—(nz—dz))—l lim p_r(n1+n2_1)N*(r),

r—0o0 r—>00

which proves the lemma. |
Proof of Lemma 3.1.  First we note that Lemma 3.4 and 3.5 imply that

wL’p = Op.
/{(x;y>ezzl 2. F(xy)=0}

The lemma now follows from this equality and Lemma 3.3. m|

Finally we give a proof of Lemma 3.2. This is only a slight modification of [10, Proposi-
tion VI.5.30] to the biprojective setting.

Proof of Lemma 3.2. By [1, Section 6, equation (10)] one has

Oco = / WL 00

Wn{maxi<j<pn |%i|<1, max1<j<n, |¥;1=1}
Since the question of the lemma is hence local, it suffices to consider a subset V' C X(R),
open in the real topology, such that V' is contained in x;y; # 0 and such that the coordinates
(X2/X1, -+ Xny /X1, ¥2/Y15 - - -+ Yna—1/¥1) define a diffeomorphism p with p(V) C Ag! ">,
Then we set

W, 0o

s

000 (V) =/ .
T (V)ﬂ{maxlsisnl |xi|§1,max15j5”2 lyv;1=1}

Using the explicit description of the Leray measure at the beginning of this subsection, we
obtain

dxp...dxp,dyr...dyn,—1

Uoo(V) = /
7= (V)N max) < <, |xi <1, maxi < <, 1y7 <1} }ai—fz(x; y)|

Note that the condition maxj<; <, |X;| < 1 is equivalent to saying |x1| < (max;<;<n, |§—;’|)_1.
In the above integral we now apply the substitution x; = xqu; for2 <i <njand y; = y1v;
for 2 < j < ny — 1. Recall the notation u = (1,uz,...,u,,) and v = (1,v2,...,Vp,). Then
we obtain

)dxldylduz . dvn2_1

Ia"’y’;2 (V)|

UOO(V) — / |xl|n1—l—d1|y1|n2—2—(d2—1

with 7= 1(V) N {|xq 179 < hl (w1, ly1|"2~42 < h2,(v)~!} as domain of integration.
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Schindler, Manin’s conjecture for certain biprojective hypersurfaces 225

We can rewrite this as

_ 2 1 -1
7o) = [ =l

_ du2 . dUn -1

h2 (V) 1 2

ny —dy |_32F (u; v)‘
ny

4
= 1 —d)(n2 — do) /V(”""’

which proves our lemma. |

4. Statement of circle method ingredients

The strategy for the proof of Theorem 1.1 is as follows. We first count integral points on
the affine cone W given by F;(x;y) = 0 for 1 <i < R, with x and y restricted to boxes. For
this let B and B, be two boxes in affine n1- and n,-space, and Py and P; be two real param-
eters larger than 2. We aim for proving asymptotic formulas for the number of integer points
on W withx € P18 andy € P> 85, possibly restricting our counting functions to appropriate
open subsets of W. We will obtain an asymptotic formula, which holds for all P;, P, > 2, with
an error term that saves a small power of min( Py, P5).

We use different approaches depending on the relative size of P; and P,. If Py and P>
are roughly of the same size or a bounded power of one another, then we import previous work
of the author [16] which uses a circle method analysis of the type used in Birch’s work [1].

If P, is small compared to Py, which means in our setting a small power of Pj, then we
take a fibre-wise counting approach. That is, we fix y, for which the resulting variety is not too
singular, and count the number of integer points x of bounded height on the resulting system
of equations. We then add up all the contributions for y in a box of side lengths P,. In contrast
to the case where Py and P, are of roughly the same size, it is here important to exclude bad
choices of y as the example following Theorem 1.1 shows.

Theorem 4.4 below is the result of combining both approaches. Together with asymptotic
formulas for the number of integral points on fibers, this is the main ingredient which is needed
to apply a recently developed technique by Blomer and Briidern [2]. This is carried out in
Section 9 and will lead to the proof of Theorem 1.1.

For the following let Py, P, > 2, and define u > 0 by

log P,
U = .
log Py
We think most of the time of P, as relatively small compared to Pj, i.e. u < 1. For fixed y
let Ny(P1) be the number of integer vectors x in P18 such that the system of equations (1.1)
holds.

Since we might like to exclude some fibres for y later, we assume that we are given

aset #A1(Z) C 7"2, and define the counting function

(4.1) Ni(Pr.P)= > Ny(Py).
yeP>, BoNA(Z)

For fixed y and some & € RR we define the exponential sum

R
Sy(e) = Z e(ZaiFi(X;Y))s

xeP1 8B, i=1
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226 Schindler, Manin’s conjecture for certain biprojective hypersurfaces

where we understand here and later the sum to be over all integer vectors in the given range.
Then we have

Ny(P1) = /[0 g Sy(a)dor.

s

For fixed y let Vl’fy be the variety in affine n{-space given by

JoF; (x;
rank(ﬂ) , < R,
1<i<R

0x; i
1<j=<n;

and define V', analogously.

Theorem 4.1. For some positive integer A let the set A1(Z) be given by
A1(Z) = {y € Z"* : dim Vf:y <dimV{* —ny + A}

Let diy > 2 and § > 0, and let P; and P, be two real numbers larger than one. Assume that
the quantity u = (log P2)/(log P1) satisfies ud>(2R* + 3R) + 8 < 1, i.e. in particular we
have Py < Pi. Furthermore, define K| by

(4.2) 21K =0y 4y —dim V= 4,
and write

g1(u,8) = (1 —ud>(2R? + 3R) — §) "' (2R + 3)R(d; — 1)(ud> RQ2R + 1) + 26).
Assume that we have

4.3) (K1 — R(R+ 1)(d1 — 1)) > g1(u,§).

1-8—QR+3)Rdou
Then, for P; 2rR+3)R—1) > C3, one has

Ni(Py Py) = PPRE 37 @y o(pTRATI pramRe,
yEP>BrNA1(Z)

where Gy and Jy are given in Lemmas 7.3 and 7.4. The complement A{(Z) of the set A1(Z)
can be given as the set of zeros of a system of homogeneous polynomials in'y.

This theorem is useful when P is relatively small compared to P;. We write out the
same theorem, where the roles of x and y are reversed.

Theorem 4.2. Let dy > 2 and § > 0. Assume that we have di(2R? + 3R) + $u < u.

For some positive integer Ay let the set Ay (Z) be given by
A2(Z) = {x € Z"" : dim V', < dim V;" —ny + A2}
Define the counting function N»( Py, P2) by
Na(Py, Py) = f{x € A2(Z) N P1 By, y€ PoB, NZ" : Fi(x;y) =0,1<i < R}.

Furthermore, define K by

(4.4) 2%27VKy = ny + ny —dim VyF — As,
and write

921, 8) = (u — di(2R? + 3R) — u8) ' (2R + 3)R(d> — 1)(d1 RQ2R + 1) + 2us).
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Schindler, Manin’s conjecture for certain biprojective hypersurfaces 227

Assume that we have
(K2 — R(R + 1)(d2 — 1)) > g2(u, §).

u—ud—(Q2R+3)Rd;
Then, for P,uGR+3r@=1 > C3, we have

Ny(Py, Py) = Py R% Y G+ o(ppRET pmmRdy
XxeEP| B1NA2(Z)

where ©y and Jx are defined analogously as ©y and Jy. As in Theorem 4.1 above, the com-
plement AS(Z) of the set A(Z) is given as the set of zeros of a system of homogeneous
polynomials in x.

The proofs of Theorems 4.1 and 4.2 are carried out in the next four sections. We first
seek asymptotic formulas for the counting functions Ny(P;) and then essentially add up the
contributions as in equation (4.1).

Next we repeat a result for counting solutions to the system of equations (1.1) in
a situation where Py and P, are of similar size. This result was proved in [16], and we repeat
it here, since we use is for the proof of Theorem 4.4 below. For this we introduce the count-
ing function N’(Pj, P;) to be the number of integer vectors x € P;B; and y € P, B, such
that F;(x;y) =0for1 <i < R.

Theorem 4.3. Assume u < 1 and min{ni,n,} > R, and suppose that we have
d
ni 4 ny —dim V* > 291422 max{R(R + 1)(dy + da — 1), R(—1 + dz)}
u
fori = 1,2. Then we have the asymptotic formula

N'(P1, Pp) = oP{1 =R ppa=Réz o g(ppn=Rai=3 ppa=kiz)

for some real number o and some § > 0. Here o is as usual the product of a singular series ©
and singular integral J (taken with respect to the box [—1,1]"1T"2) which are for example
defined in Schmidt’s work [17, equation (3.10)]. Furthermore, the constant o is positive if

(1) the F;(x;y) have a common non-singular p-adic zero for all p,

(ii) the F;j(x:y) have a non-singular real zero in the box 81X B, and dim V(0) =n;+n,—R,
where V(0) is the affine variety given by the system of equations (1.1).

Assume for the following that dq +d> > 2, and fix some small § > 0. For a real number ¢,
write [7] for the smallest integer larger than or equal to ¢.
Now let by > d2(2R? + 3R) be the solution to the quadratic equation

1
24 +H"2R(pdy + dy) = 29171 (gl (b—, 5) + R(R + 1)(dy — 1)) + [R(b1dy + d») + §].
1

Note that g (u, 8) is monotone growing on ud,(2R? 4+ 3R) 4 § < 1. In considering the value
b = 2d»(2R? + 3R), a short calculation shows that
24+ L2R(pdy + dp) <3292 R34, d,y

for ¢ sufficiently small.
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228 Schindler, Manin’s conjecture for certain biprojective hypersurfaces

Next we set u; = 1/b;. Our goal is to find an asymptotic formula for a modified form
of the counting function N’(Py, P,), which holds for all values of Py, P, > 1. For values
of 0 < u < u; we will use Theorem 4.1 above. In the range #; < u < 1 we use Theorem 4.3.

The above theorems essentially cover the case of P, < P;. To obtain asymptotic formu-
las for P, > Pp, we interchange the roles of x and y. Thus, we define analogously to b; the
real number b, to be the solution of the quadratic equation

2N+ =2 R(bydy + dy) = 2927V (g2(ba, 8) + R(R + 1)(d2 — 1)) + [R(bada + d1) + 8].

Next set Ay = [R(b1dy + d3) + 8] and A, = [R(byds + dy) + &8]. Consider the open
subsets Uy = 4, and U, = #1, and their product U = Uy x U, C A%l 12 We define the
counting function Ny (P1, P») to be the number of integer vectors x € P1 81 andy € P, B>
with (x;y) € U such that the system of equations (1.1) holds. We set

¢(dy,dz, R) = 21T 272 Rmax{(b1dy + da), (b2da + dy)).

Theorem 4.4. Assume that di,d>» > 2 and ny,n, > R, and that
4.5) ni + ny —max{dim V{*, dim V,*} > ¢(d1, d2, R).
Then we have
Ny(Py, Py) = oP1—Rdi pra=Rd> o (pmi=Rdi prno=Rd> i (p) py1=5)

for some § > 0 and positive real numbers Py > 2 and P, > 2. Here o is the same constant as
in Theorem 4.3. Moreover, we have

$(di.dr, R) <3-29%% 4,4, R3.

This is the precursor of Theorem 1.1. There are mainly two steps left from here to
prove Theorem 1.1. On the one hand, we have to replace the height function max; |x;| < Py
and max; |y;| < P, by the anticanonical height function given in the introductory section. This
is done using techniques developed by Blomer and Briidern [2]. On the other hand, we still
count all integer points on the affine cone of an open subset of X. We will perform a Mobius
inversion to obtain results on the counting function in biprojective space.

5. Exponential sums

Our first goal is to establish a form of Weyl-lemma for the exponential sum Sy(e).
Write X = (X(l), ... x4 1)), and let I'y (X; ) be the multilinear form, which is associated to

R
da! ) i Fi(x:y)

i=1

for fixed y. Write e; for the jth unit vector. By [1, Lemma 2.1] we have the estimate

ni
Syl P« p T A Z(]‘[ min(P1, | Ty(ej, x?, ..,x<d1>;a)||—1)),
J=1
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where Y is over all integer vectors x(z), R x@d) ¢ P18, where & is the n1-dimensional unit
cube. Let Ly(P, P™", &) be the number of such integer vectors in P& such that

ITy(e;,x®, ... x9): a)|| < P77

forall 1 < j < nj. Then, again by [1, Lemma 2.4], we have the following result.

Lemma 5.1. Let P and k be some real parameters. If |Sy(et)| > P! tEPK_ then one

has
Ly(Ple, Pl_dl+(dl_1)9,“) > Pl(dl—l)n19P—2d1—1K

for fixed 0 < 0 < 1 and any ¢ > 0.

Next define the multilinear forms Fy(i )(f() for I <i < R in such a way that

R
Ny&e) =Y ol ®

i=1
for all real vectors .. Write X = (x(z), e ,X(d‘)). Suppose that we are given some vector
g e (—Pf, PO (@=1 syuch that the matrix (I‘§’)(ej,i))i, ; has full rank. For convenience
we assume that the leading R x R minor has full rank. For all 1 <[ < ny, we can write
Ty(e,. X)) = a +§;

for some integers d; and real §; with |5;| < P/ A+ =D Byrthermore, let

q= |det(Fy(i)(ej X)) 1<i,j<Rl-

Now we consider the system of linear equations

R
Y T (ej. %) =a; +38;. 1<j=<R
i=1
We want to solve this in «;. For this let Ay(X) be the inverse matrix of (l"y(i)(e 7. X)) 1<i,j<R-
We note that gAy(X) has integer entries which are essentially given by certain submatrices
of (Fy(i)(ej ,X)). Now we have

R
ai =Y AyR)i,; (@ +3;)
Jj=1
forall 1 <i < R, where we write
Ay(X) = (Ay(X)i,j)1<i,j<R-
We set
R
ai =q )  Ay®)i,ja;
j=1
and obtain then the approximation

R ~
> A4,®)i8

Jj=1

lgai —ai| < q

forall 1 <i < R. This proves the following lemma.
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230 Schindler, Manin’s conjecture for certain biprojective hypersurfaces

Lemma 5.2. Let P and k be some real parameters and 0 < 0 < 1 be fixed. Then one
of the following alternatives holds.

(i) One has the bound |Sy(e)| < P/ T° P,
(i1) There exist integers 1 < g < PlRe(dl_l)|y|Rd2 and a; for 1 <i < R with the property
that gcd(q,ay, . ..,ar) = 1 such that

—d1+RO(d—1 _
2|qai _ai| < Pl 1+RO(d, )|y|(R 1d>

forall 1 <i < R. Here were write |y| for the maximum norm |y| = max; |y;|.
(iii) The number of integer vectors X € (—Ple, Ple)”l(dl_l) such that
(5.1 rank(I\") (¢, %)) < R

is bounded below by P
> C1P19|n1(d1—1)P—2 1=k

for some positive constant C1.

Our next goal is to show that we can omit alternative (iii) in the above lemma for certain
choices of y and a suitable dependence of x and 6. Recall that we have defined

AL ={z € AZ :dim V", <dim V{" —ns + A}

for some integer parameter A to be chosen later.
Assume now that we are given some y € +1(Z) such that alternative (iii) of Lemma 5.2
holds with P = P; and k = K6, where K is defined as in Theorem 4.1, i.e.

(5.2) 2NTNK ) = ny +ny —dim V) — A

Furthermore, let My C A @1=1 be the affine variety given by (5.1), and define My(PY) to
be the number of integer points X on My with X € (—Ple , P19 )1 (d1=1) We note that the degree
of My is bounded independently of y. Thus, the proof of [4, Theorem 3.1] delivers

My(Pl) < PO

for some implied constant which is independent of y.
Next consider in A @=1 the diagonal D given by x? = ... = x(4)_ Then My N D

is isomorphic to Vl’fy and we have
dimMy N D > dim My + dim D —ny(dy — 1),

and hence

dim My < n1(dy —2) +dim V7',
We conclude that there exists a constant C; > 0, independent of y, such that for ally € A;(Z)
we have

My(Ple) - C2P19("1(d1—2)+dim Vi —n2+k—1).

If alternative (iii) of Lemma 5.2 holds, then we have

c Plg(nl(dl_l)_zdl—lKl) - C2P10(n1(d1—2)+dim Vl*—n2+)L—1),

which is equivalent to
C 1 P 10 < C2 s

by definition of K. We have now established the following lemma.
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Lemma 5.3. There is a positive constant C3 such that the following holds. Let 0 < 6 < 1
and Py > 1 with Ple > C3, and assume thaty € A1(Z). Then we have either the bound

—K16+
|Sy(a)| < P1"1 e

or alternative (ii) of Lemma 5.2 holds.

Next we give an estimate for the number of integer vectors of bounded height which are
not in ;.

Lemma 5.4. Denote by A the complement of #1. Then we have
f{z € (—Pa, P2)"> N AS(Z)} < PP,
Furthermore, the set of all vectors z with
dim Vy", > dim V" —ny + A

is a Zariski-closed subset of A%Z.

Proof. First we show that
{={zec A :dimV{, > dim V" —ny + 1}
is a closed subset in A%z. For this let Aq,..., A, be all the R x R-subdeterminants of
the matrix ((0F;/0x;)(X:¥))1<i<R,1<j<n,- They define a closed subset ¥ of P('é‘_l x AE.
We note that the morphism
7Y — IP’('él_l xA%z —>Afé2
is projective and hence closed. Thus, we can apply [7, Corollaire 13.1.5] and see that
{z € A%z :dimY, > dimVl* —np+A—1}
is closed, and hence Af is closed, since dimY; + 1 = dim V",
Next we note that the intersection ¥ N (Pg'_l x #4{) is given by the disjoint product

of the fibres UZGA? 7~ Y(z). If dim V¥ —ny + A —1 >0, then all the fibers 7~ 1(z) are non-
empty for z € 4{. Hence, we have

dim A +dim V" —np + A —1 <dimY =dim V;" — 1,
which implies
dim A < np — A.
If dim V¥ —ny 4+ A < 0, then the first part of the lemma is trivial since n, < dim V.
This delivers the required bound on integer points on 4. |

6. Circle method

Throughout this section we assume that d; > 2.
For some 0 < 0 <1 and y € Z"2, we define the major arc Emg,q (0) to be the set of
vectors & € [0, 1] such that

2|qei —aj| < Pl_d1+R0(d1_l)|Y|(R_1)d2,
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232 Schindler, Manin’s conjecture for certain biprojective hypersurfaces

and set
MY () = U i 6).
q=P [Ty Ry B
where the second union is over all integers 0 < ay,...,ar < g with gcd(q,ay,...,agr) = 1.

Let the minor arcs mY(#) be the complement of Y (6) in [0, 1]%. We also define the slightly
larger major arcs ngfq (0) by

—di+RO(d— -
2lga; —aj| = gPy ROy (RN

and let 9V'Y(0) be defined in an analogous way as Y (6). In the next lemma we show that the

major arcs EIR;’yq (0) are disjoint for sufficiently small 6, depending on [y|.

Lemma 6.1. Assume that

(61) Pl_dl+3R9(d1_1)|y|(3R—1)d2 < 1.

Then the major arcs smgfq (0) are disjoint.

Proof. Assume that we are given some & € MY, (6) N 93&'5‘% (9) with both
~ RO(d1—1 R
q.q < POy R,

Then we have some 1 <i < R with

L8| pediRO@ D R0z
q4q q q
This implies
1< Pl—d1+3R0(d1—1)|y|(3R—1)d2’
which is a contradiction to our assumption (6.1). O

The next lemma reduces our counting issue to a major arc situation.

Lemma 6.2. Lety € A1(Z), and P10 > (3. Assume that (6.1) holds, and that we have

(6.2) Ki>(di—1DR(R+1).
Let ¢ (y) = PlRe(dl_l)|y|Rd2, and define

A0, K1) =0(K1 —(di —1)R(R + 1)).
Then we have the asymptotic formula
NPy = 3y /ﬁm o, Sy O(P[ITIATAGRIT )
qg=¢(y) 2 ad

where the summation over a is over all 0 < a; < q with ged(q,ay,...,agr) = 1.

Proof. By Lemma 6.1 the major arcs 9t'Y(0) are disjoint for € as in the assumptions.
Hence we can write

NPy = > > /Sn Sy(e)der + &(y)

1=g=<¢(y) 2 wa (®)
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with a minor arc contribution of the form
6w = [ ISl
mY ()

First we shortly estimate the size of the major arcs It (6) by

_ 20(d:—
meas(s:ny(e)) < Z Zq—RPl Rdi+R=6(d; 1)|y|R(R—l)d2
q=<¢(y) 2
< P;Rd1+9(dl_1)R(R+l)|y|R2d2.
Next we choose a sequences of real numbers 1 = ¥7 > 97_1 > --- > ] > ¥ = 6 > 0 with
(6.3) &> (D41 —Yi)(d1 — DR(R+ 1)

for some small ¢ > 0. Note that we certainly can achieve this with T < P¥.
Since y € #41(Z), we can now estimate by Lemma 5.3 the contribution on the comple-
ment of Y1t (J7) by

/ |Sy(e)|de < pri—Kidr+e o pmi=RA=AG.Ki)te
g IMY (97) 1 1
since
0(K1 — (di = DR(R + 1)) = Ky — Rd
for dq > 2.
On the set MY (i 41) \ MY () fori = 0,..., T — 1 we obtain

/ |Sy (o) |dee < meas(IY (9;41)) Pl K17ite
€M (9 4 D\ (9;)
& Plnl_Rdl_Kﬁi+8+l9,'+1(d1—l)R(R+l)|y|R2d2

—Rd;—A(6,K 2 2
<« Plnl 1—A0,K1)+ 8|y|R dz’

since
K19 +9i41(di = DR(R+ 1) = (41 —9i)(d1 — DR(R + 1) — AW, Ky).

This shows that s
g(y) < Pli’ll—Rd1+A(9,K1)+38|y|R dz’

as required. m|

7. Major arcs

Lemma 7.1. Lety € Z™2. Assume that there is some 1 < g < PlRe(dl_l)|y|Rd2 and

that there are integers ay, ...,ag with

2|qai — a;| < qu—d1+R9(d1—1)|y|(R—l)d2
forall 1 <i < R. Write B; = «;j —a;i/q foralli. Then one has

- d —14+2R0O(d;—
Sy(@) = P'q ™™ Sug()Iy(P1 ) + O(P]1 1ROy 2Rz

Brought to you by | Utrecht University Library
Authenticated
Download Date | 11/22/16 10:31 AM



234 Schindler, Manin’s conjecture for certain biprojective hypersurfaces

with the exponential sum
R a:
Saqgy) = Y _ e (Z — Fi(z; y))
z mod g i=1 q

and the integral

ne = [ e(z ﬁiFi(v:y))dV-
Proof. First we write

Sy(a) = Z e(Z%Fi(Z;Y))Ss(Z)

z mod g i

with the sum

S3(z) = Ze(ZﬁiFi(thr z;y)),

t
where the summation is over all integer vectors t with gt +z € Py 8;. Consider two such
vectors t and t’ with |t — t'| < 1 in the maximums norm. Then we have

|Fi(qt+z:y) — Fi (gt +z:y)| < P y|%,
and therefore
V v di—1 (P (P!
sio= [ o(Sanany)sco(Tinlert e (2) +(2) )
gve P 8B, ; : q q

After a coordinate transformation we obtain
S3=P'g ™ / ) e(Z Pf“ﬂl-F,-(v;y))dv + O(g TRy Ry
vedb i

_ d _ —14RO(d,—1
— Plnlq nl[y(Pl lﬂ) + 0(q n1+1P1nl (dy )|Y|Rd2),
which proves the lemma. ]

Now we combine Lemma 7.1 with Lemma 6.2 and obtain the following approximation
for the counting function Ny(P1). Let

- 1 RO -1 .
¢(Y) — 5P1 (d1 )|y|(R 1)d2‘

Lemma 7.2. Set
nO)=1—B+2R)RO(d; —1).

Under the same assumptions as in Lemma 6.2 we have

—Rd e
Ny(Py) = P74 Gy (9 () Jy(8(Y))
+ O(Plnl_Rdl_A(OsKl)‘f‘Ellezdz + Plnl_Rdl—Tl(G)|y|2R(R+1)d2)

with some truncated singular series

Sy = Y. "> Sag).

q=<¢(y) a
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where the summation is over all 0 < ay,...,ar < q with gcd(ay,...,ar,q) = 1. Further-
more the truncated singular integral is given by
n@w = [ 1.
B=<a(y)

Proof. Write O(E) for O(Plnl_Rdl_A(e’K1)+8|y|R2d2). An application of Lemma 6.2

leads to
Ny(Py) = > Z[m Sy(@)da + O(E1).

g=o@y) a MM ®

We insert the approximation of Lemma 7.1 for Sy(er), and obtain

Ny(P1) =PI 37 7" ) Sayly)
1=6() a |

., I(P{"B)dB + O(E1) + O(Ey)
Bl<¢p() P, !

with
Ez _ meas(m/y(e))Plrll_l+2R0(d1_l)|y|2Rd2'

A variable substitution in the integral over 8 shows that we have already obtained the required
main term.
We note that

meas(MY(0)) < Y P RUGmR < IR Gy)Rp(n) RH.
q=<¢(y) 2

Hence, the second error term E» is bounded by

E, & Plnl—Rdl—n(e)|y|2Rd2+R(R—1)d2+(R+1)Rd2 < Plnl—Rdl—r/(Q)|y|2R(R+1)d2
with
n() =1—2RO(dy — 1) — (R + 1)RO(d; — 1) — R?*0(d, — 1)
=1—(3+2R)RA(d; — 1). o

Lemma 7.3. Lety € 41(Z), and assume that we have K1 > R?(d; — 1) + 8. Then the
integral

Ty = f Iy(B)dp
BERR
is absolutely convergent and we have
"t 0(R%(d1-1)—-K _
[Ty (B(y)) — Jy| « PIRA=D=E) g R(R=1)d>
Moreover, we have

|Jy| < |y|R(R—l)d2+8.

Proof. Set B = max; |B;| for some real vector B € RR. Assume that we have
2B > C3R(d1_1)|}’|(R_l)d2.

Then we choose the parameters 0 < 6’ < 1 and P in Lemma 5.3 in such a way that we have

2B = PRQ/(d1—1)|y|(R—1)d2 and P—KG/ — P_1+2R9/(d1_1)|y|2Rd2.
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In particular, this implies
/
P—2+4R9 (d1—1)|y|4Rd2 <1,

and hence equation (6.1) holds, since we have assumed d; > 2. Thus, the vector p—di B lies
on the boundary of the major arcs described in Lemma 5.3 and we therefore have the estimate

|Sy(P~ 41 )| < pm—KifTte,
On the other hand Lemma 7.1 delivers
P Iy(B)] < |Sy(P~1B)| 4 O(PM 12ROy 2RE)

Thus, we obtain the bound

|Iy(ﬁ)| < B_KIR_l (dl—l)_] +8|y|K1 (R—l)dzR_l (dl—l)_l .
Assume that Ple > (C3 with Pj as in the assumptions of the lemma. This implies
7 R(di—1 —
26(y) = €Dy (R0,
Thus we can estimate

[Ty ((y) — Jy <</  BRE1B=KIRT @i=D) T ey KR-DAR™ @i-D7 g g
B>¢(y)
< Ply) BRI A=) ey Ky (RDA R =)™

2 —1)—
< P19(R (di—1) K1)|y|R(R—1)d2’

which proves the first part of the lemma for P;, which are greater than a fixed constant depend-
ing on 6. For the second part and small P; we note that the same computation delivers

R(d1—1 — _
|Jy(C3( 1 )|y|(R l)dz)_Jyl < |y|R(R 1)d2+s’

and thus we obtain
|Jy| < |y|R(R—l)d2+8’

using the trivial estimate for Jy(C3R(d1 - |ly|(R—Dd2),

Next we prove similar results for the singular series ©y fory € A1(Z).

Lemma 7.4. Lety € A1(Z), and assume that we have K1 > R(R + 1)(d{ — 1). Then
the singular series

Sy = > gD Saq(y)

a=<¢(y) a

is absolutely convergent and one has
1Gy(p(y)) — @y| < PIREFDEI-D=K+e) y\dsR(R+1)

for some ¢ > 0. Furthermore, one has the bound

|6y| < |y|d2R(R+1)+8‘
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Proof. Note that we have S, 4(y) = Sy(e) for Py =4 and 81 = [0, )" andx = a/q.
Assume that we are given some ¢ and 0 < 6’ < 1 with ¢ > C3. Then, by Lemma 5.3 one has
either the upper bound

[Saqg(y)] < g~ F10Fe
or there exist integers ¢’,a},...,az with 1 < ¢’ < qR(’V(dl_l)|y|R”l2 and

2|61,Cli _a;ql < ql—dl-i-RG'(dl—l)|y|(R—1)d2

forall 1 <i < R. This is certainly impossible if d; > 2 and ¢gR¢"(@1—D|y|Rd2 < 4.
Thus, for g > C3R(dl_1)|y|R”l2 we can choose 0 < 6’ < 1 by

qR(O +e)(d1—1)|y|Rd2 =g

and obtain
[Sa,q(¥)| < q”l—Kl R™(d; —1)_1+e|y|K1 R R~ (di—1)""

Next we note that for P19 > (3 we have ¢(y) > C3R (=1 ly|®42 and hence we obtain the
estimate

Sy — Gyl < Y g™ |Sag ()]

q>¢(y) a
< Z qR—KlR_l(d1—1)_1+8|y|K1RdzR_l(dl—l)_l
a>¢(y)

— — _ _ —1 1)1
< |y|K1Rd2R 1(d]-l) 1PlRG(dl D(R+1-K1R™ (d1—1)"" +¢)

Rd>(R+1—-K{R™1(d;—1)"!
x |y 2(R+ 1 (d1—=1)""+¢)

For the second part of the lemma we use the same calculation and obtain
|@y(C3R(dl -1) |y|Rd2) _ 6y| < |y|Rd2(R+1—K1 R1 (dy —1)_1 +¢) |y|K1 RdzR_l (d; —1)_1

< |y|d2R(R+1)+8‘

We combine this with the trivial estimate |6y(Cf(d1 -b ly|R92)| « |y|92RR+DFe 16 establish
the desired result. ]

We put the results of this section together to prove an asymptotic formula for Ny(Pq).

Lemma 7.5. Lety € A (7). Assume that we are given some 0 < 0 <1 and P; > 1
with Ple > C3 and such that equation (6.1) holds. Moreover, assume that we have

Ki > (dy — DR(R + 1).

Let A(0, K1) and n(0) be defined as in Lemmas 6.2 and 7.2. Then we have the asymptotic
formula
Ny(P1) = @yJy PP RN 4 O(Ex(y)) + O(E3(y))

with
EZ(y) — Plnl_Rdl_n(e) |y|2R(R+l)d2

and ; ; )
—Rd|—A0,K)+
E3(Y) — Plnl 1 ( 1) €|y|2R dz.
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Proof. By Lemma 7.2 we have

Ny(P1) = Gy(3())Jy($(y) PR 1+ O(E)) + O(E2)

with an error term )
E| = PI'll_Rdl_A(eaKl)+8|y|R d2‘

Hence we have £y < E3. By Lemma 7.3 and 7.4 we estimate

1Sy () Iy (p(y)) — ByJy| < [By(p(¥)) — Gyl Iy (@) + Sy Ty (d(¥)) — Jy|
< PIO(R(RH)(‘Z‘ —1)—K;+e¢) |y|R(R+l)d2 |y|R(R—1)d2

O(R?>(d1—1)—K 1+ _
+ Pl( (d1-1) 1 5)|y|R(R+l)d2|y|R(R 1)d»

&« Plg(R(R+l)(dl —1)—K+¢) |y|2R2d2 ;
which proves the lemma. O
If we fix some small positive 8 with R(d; — 1)0 < ﬁ, then we obtain the following
corollary.

Corollary 7.6. Lety € A1(Z), and assume that K1 > R(R + 1)(d1 — 1). Then there
is a 8 > 0 such that

Ny(Pl) = @nyPlnl_Rdl + O(Plnl_Rdl_8|y|2R(R+1)d2)

dy—1
holds uniformly for all |y| < P1(3R1*7”d2,

Remark 7.7. The results of this section still hold if we take any system of homogeneous
polynomials F; j(x), with coefficients given by some integer vector b, and replace ly|2 by |b|
in the above lemmata.

8. Proof of Theorems 4.1 and 4.4

First we deduce Theorem 4.1 from the lemmata that we have collected in the preceding
sections.

Proof of Theorem 4.1.  First we note that by definition we have
Ni(P1, Py) = D Ny(P).
yEP, BrNA(Z)
Hence, for some 6 satisfying the assumptions of Lemma 7.5, we obtain
Ni(Py, Py) = pm—Rd Y Gy + 0(62) + O(E3)
yEP>B>NA1(Z)

with

€= Y Eay), &= ) Esy).

ye< P2 32 ye< P2£2
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Recall the notation P, = P*. Then we have

& K Pl"l_Rdl Pznz—Rdz Plezu—Tl(9)+2R(R+1)d2u

and

ni—Rd; pn>—Rd> , Rdou—A(0,K1)+2R?>dru+¢
&3 < R ppam Ry p RE> ! 2ute,

Now we choose 6 by
Rdou —n(0) + 2R(R + 1)dou = -6,

which is equivalent to saying that
1—-6=2R+3)Rdu+ 2R+ 3)RO(d1 — 1).

Note that this choice of 6 is possible by the assumptions of Theorem 4.1, and it implies that
equation (6.1) holds. Moreover, this choice of 8 ensures that the error term &5 is sufficiently
small.

Now, equation (4.3) implies that we have

6(K1 — R(R + 1)(d1 — 1)) > 28 + Rdou + 2R?d,u,

which leads to
83 & Plnl—Rdl—spznz—Rdz.

. 1-8—(2R+3)Rdyu
This proves Theorem 4.1 for P @GrR+3HR@ -1 > C3. ]

Recall that we have defined the counting function N’( Py, P5) to be the number of integer
solutions x € P18 andy € P> B> to the system of equations

Fi(x;y) =0, 1<i<R.

We note that we have

N'(P1.Py) = Ni(Pr.P)+0O( ) P{“).
yEPz.fBzﬂAi(Z)

By Lemma 5.4 these counting functions differ by at most
(8.1) N'(Py. P) = Ni(Py, Py) + O(PY2~*pIM),

As in Section 4, we now choose A = A1 = [R(b1d1 + d2) + §]. Next we consider the
case Py = sz ', and note that then we have

(8.2) N'(Py1, Py) = Ni(Py, Pp) + O(Py2~Rd2=8 pm=Rdyy
Assume additionally that we have
ny 4 ny —max{dim V;*,dim V;*} > 24T L2 R(bydy + d>).
Then the conditions on 71 + n5 in Theorem 4.1 for ¥ = u; and A; as above are equivalent to

n+ny —dim Vit > 297 gy (u1,8) + R(R + 1)(d1 — 1)) + [R(b1d1 + da) + §].
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Thus, by definition of b1, Theorem 4.1 applies to our situation with u = u; and delivers
the asymptotic

(83)  Ni(Pr,Po)=PI'RY 3T Gyt O TR PR,
YEP>BorNA(Z)

Next we note that under the above assumptions Theorem 4.3 delivers the asymptotic

(8.4) N'(Py, Py) = op]' " Rd pro=Rd> | (pmi=Rd1=8 pro=Rda,

for some § > 0. A comparison of equations (8.2), (8.3) and (8.4) shows that we have

(85) Z @y]y — O-PZnZ_RdZ + O(Pznz_Rdz_S)_
YEP2BoNA1(Z)

Note that this relation is independent of P;, and thus holds for all choices of P, as soon
as ny + np — max{dim V;*, dim V*} > 241+td2=2R(p1dy + d>). It is now easy to deduce the
following theorem.
Theorem 8.1. Tuke di,d» > 2, and let n1,n, > R. Assume that
n1 + ny —max{dim V;*,dim V;*} > 29T L2 R(bydy + d>).
Furthermore, let A1 = [R(b1dy + d2) + 8], and define the set A1(Z) by
A1(Z) ={z € 72" : dim Vlfz < dim Vl* —ny + At}

Assume 1 < Py < Py. Then there is some ¢ > 0, which is independent of Py and P, and the
ratio of their logarithms, such that

Ni(P1, Py) = gpf1 R pro=Rd>  g(ppi=Rdi pra=Rd>=e)
where o is given as in Theorem 4.3.
Proof. Recall that we write P, = Pl". First we consider the case ¥ < u. The assump-

tion
n1 + ny — max{dim V{*, dim V,*} > 2d‘+d2_2R(b1d1 +d,)

implies that
n1 + ny — max{dim V{*, dim V,*} > 2d1_1g1(u1,8) + [R(b1dy + d) + §]
+ 247 IR(R + 1)(d1 — 1).
By monotonicity of g1 (u, §) in the range of 0 < u < u; we thus obtain
(K1 = R(R+ 1)(d1 — 1)) > g1(u1.8) = g1(u. ).
Hence Theorem 4.1 is applicable and delivers

Ni(Pr Py = PR N @y Uy 0P TR P RE,),
yEP>B>NA1(Z)

Together with equation (8.5) this proves the theorem for u < u;.
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Next consider the case u; <u <1, ie. 1 <b < by if we write b = 1/u. Note that by
assumption we have

ni + ny —max{dim V;*, dim V;*} > 241922 R(bydy + dy) > 29T RT2R(bd, + d).
Furthermore we have b; > d»(2R? + 3R) and hence
ni + ny —max{dim V;*,dim V;*} > 29179272 R(R 4+ 1)(d; + do — 1).
Thus, we see that Theorem 4.3 applies and delivers the asymptotic formula
N'(Py, Py) = op[~RAv pra=Rd> o (pmi=Rdi=¢ pna=Rd)
By equation (8.1) we have
N'(Py, P2) = Ni(Py1, P2) + O(Pznz_Rbldl_Rdz_gplnl),

which shows that the error in replacing N’ by Nj is of acceptable size for b < b;. ]
We can now prove Theorem 4.4.

Proof of Theorem 4.4. Recall that we assume
n1 + np — max{dim V;*, dim V;*} > 2ditd2—2p max{(b1dy + da), (b2d> + dy)}.

Thus, the symmetric version of Theorem 8.1 with the roles of x and y reversed implies that

Na(Py, Pp) = oP =R pRamRl y g(ppn =R ppariizy

for P1 < P, and some §>0.To prove Theorem 4.4 it thus suffices to show that the error in
replacing Np resp. N, by Ny is small enough. For this we apply Lemma 5.4, and obtain

IN1(P1, P2) — Ny (P, P2)| < Z PP & priTh2prz.
XGA%(Z)ﬂPl.ﬁl

Recall that A, = [R(bad + dy) + §] and b > 1. Hence the error is bounded by
<< Plnl_Rdl_SPZnZ_Rdz

for P, < P;. By symmetry the same applies to the difference No(P;, P2) — Ny (P, P2), in

the case of P, > Pj. O

9. Transition to another height function and Mobius inversion

The first goal of this section is to apply the machine developed by Blomer and Briidern [2]
to the counting function Ny (Py, P2). To make this precise we need to introduce some nota-
tion. Write |x| = max; |x;| for the maximum norm. Let 4 : N2 — [0, 00) be an arithmetical
function. Fix some real parameter C and positive real parameters 8, 1 and . We say that /
satisfies condition (I) with respect to (C, 8, B1, B2) if

> h(l.m)y = CLPrMP2 + OLP MP> min{L, M}~P)

I<L
m<M

for all L, M > 1. Fix further constants v and D, where v is positive and D non-negative.
We introduce a second condition for our arithmetical function /.
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(IT) There exist arithmetical functions ¢y, ¢, : N — [0, 00) such that
> " h(l.m) = cy(m)LPT + O(mP LP1~7)
I<L
holds uniformly forall L > 1 andm < L", and
> h(l.m) = ca(YMP> + 0P MP>7F)
m<M

holds uniformly forall M > 1l and [ < M".

We say that a function % is a (C, 8, B1, B2, v, D)-function if it satisfies conditions (I)
and (IT) with respect to these parameters.

We define the function

Yh(P)= Y h(l.m).
1BimP2<p
A slight modification of [2, Theorem 2.1] yields the following result.

Theorem 9.1. Assume that h is a (C, 36, B1, B2, v, D)-function. Then there is a positive
number 1 and a real number B such that one has the asymptotic formula

Y4(P) = CPlog P + BP + O(P!™™).

We note that Theorem 9.1 is not covered by [2, Theorem 2.1] since for our application we
will in general need 81 # B2. However, the proof of [2, Theorem 2.1] can easily be generalized
to our setting and is indeed much simpler since we only work with arithmetical functions &
depending on two variables rather than k-dimensional functions /4 as in [2]. We first define the

counting function
H(L,M)=Y" %" h(l.m).
I<L m<M

Lemma 9.2. Let h satisfy conditions (I) and (I). Then we have
> ey =CLha+ o)
I<L

and
> eim) = CMP(1+ O(M7%)).
m<M

Proof. By condition (I) we have
H(L,M)=CLPrMP> + o(LP MP> min{L, M}7?).
For M > 1 and L < M" condition (I) implies
H(L,M) = Z( > h(l,m))
I<L “‘m<M
=Y (c2(OMP> + 0P MP>77%))
I<L
= MP > "y (1) + 0P T MP0),
I<L
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Schindler, Manin’s conjecture for certain biprojective hypersurfaces 243

Now choose M = L7 for J sufficiently large such that L < M and LP+t1M—% = o(LA1—9).
A comparison of both expressions for H (L, M) yields

> o) =CLP + o(LP ),
I<L

which proves the lemma. m|

Lemma 9.3. Let h satisfy conditions (I) and (II). Fix some u with 0 < B < 1/2
satisfying

vB1 v
9.1 1+ 221) < 2
o-h “(+ﬂz)fﬂz
and
551) 5
92 D— 1+ 2Py o 2
©- “( Pttt g ) <2,

Define the sum

Ti= > > h(l,m).

I<PR p1/2 b2 < p]—Bi

Then there is a real number B’ € R and some ¥ > 0 such that we have

Ty = B1CuPlog P + B'P + O(P'™?).

Proof. First note that we have
Tv= > Y h(l.m)—H(PH PYCR)
I<Pr[BimbB2<p
By our assumption (9.1) on u, we have

I < (Pl/ﬁzl—ﬂl/ﬂz)v

for all [ < P*. Hence, by condition (IT), we obtain

pl/B2\ B2 D pl/B2\ P28
_ _ H(p*, pl/CB)
Ti= ). (Cz(l)(lﬂl/ﬁz) +0(1 (lﬂl/ﬂz) )) H(P", P ).

I<pPHr

We have

Z |P=B1+8B1/B2 O(PM(D—31+1+8/31/.32) + 1),
I<PHK

which is bounded by p3/B2) by assumption (9.1) on w. Hence, we can express the sum under
consideration as

T = ( > Clzéf))P — H(P", PYCP)) 1 o(P17?)
I<PHK

for some ¢ > 0.
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Next we evaluate ) clzﬁ(ll) via summing by parts. By Lemma 9.2 we can write

9.3) Y ) =CLP + E(L)
I<L

with an error term of size at most |E(L)| <« LP178. Summing by parts leads us to

pPH
2 czzéf) =P Y )+ B / t‘ﬁ“‘(Zcz(’))d’-

I<PK I<PHK 1 1<t

After inserting the asymptotic (9.3) we get

I P
> 612/;) = p~HBi(cprbr 4 o(prPI-Iy) 4 ﬂlfl PN e 4+ E@)de
I<pPHr

) * E(1) ® s
=C+ O0(P7Y)+ B1Clog P* + B dt + O t dr ).
1 Bt pu

Note that the integrals in the last line are both absolutely convergent by the bound on E(L).
Hence, we obtain

!
> Clzﬂ(l) = B1Culog P + B + O(P~?)
I<Pr

for some real B’ and & > 0.
Note that by condition (I) on the function /, we have

H(P", pl/(2/32)) — 0(pﬁlu+l/2) = O(P 1—19)
for some positive real ©. Putting these estimates into the expression for 77, we finally obtain
Ty = B1CuPlog P + B'P + O(P'™?),

which proves the lemma. o
We state the final lemma that we need for the proof of Theorem 9.1.

Lemma 9.4. Let h be a function satisfying condition (1), and assume that

1 1
0<pu<ming—1,—/.
a {2,31 2,32}

T, = > > h(l, m).

Pu<]<Pl/QBD p1/2 b2 <pl—Fi

Define the sum

Then one has

1
Ty = c(5 — ﬂlu)P(log P) + CP + O(PYV?tAiry 4 o(p' (/218 100 p).

Proof. Choose some large J, and define 6 > 0 via
1+ 9)1 — pl/@B)—n
Consider numbers P* < [ < L' < PYCBD with L' = L(1 + ). Define the slice

L)y = Y > h(l, m)

L<I<L’ p1/2<ymB2<p|—BI
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and the sums

o= Y > h(l.m),

L<I<L’ p1/2<mB2<pP(L)~P1

Vi(L)y= Y > h(l, m).

L<I<L’' p1/2<mbBo<pL—F1
By the non-negativity of the function /, we obtain
9.4 V(L) = V(L) = V4(L).
Next we evaluate the sum V4 (L). Note that by inclusion-exclusion we have
Vi(L) = H(L', PP =Pr/B2y _ g(1', pl/ 22y
_H(L’Pl/ﬂzL—ﬂl/ﬁz) + H(L,Pl/(zﬂZ)).
Next consider the difference
H(L', Pl/ﬂzL—ﬂl/ﬂz) — H(L, pl/ﬁzL—ﬂl/ﬂz)
= C((LHP = LPYyPL™P1 - o((L)Pr PL™P1 min{L', pV/P2 [ ~P1/P2y=8),
Since we have assumed 1 < 1/(282), it follows that
H(L', PVB2p=P/B2y _ (L, pY/B2=P1/B2y — C((146)Pr —1) P + O((1 4 6)P1 P1HF),
Using (1 + 0)#1 =1+ B16 4+ 0(0?), we get
H(L', pYPp=P/B2y _ gL, pYP2=P1/B2y = CBOP + O(PTH0) + O(6?P).
Similarly, we obtain
H(L', PGBy _ g, pY/CE)y = cpyoLPr PV2 + O(P'H8) + 062 P).
This gives the asymptotic
Vi(L) = CB16P + CB1OLP PV2 + 0(02P) + O(P1™19),

We assume from now on that 6 is sufficiently small and we will see in our choice of J later
that this is indeed the case. Using (1 + 8) A1 = 1 + 0(6) for small 6, a similar computation
shows that we have exactly the same asymptotic for V_(L), and hence for V(L).

We now use a ‘dyadic’ decomposition in choosing

Li=PHr(1+6), 0<j<lJ.
The sum 7>, which we aim to evaluate, becomes

T2 = Z V(Lj)
o<j<J
= CAI(JOP +CPi1OP2 Y LI 1 0(J62P) + O(JP1145),
0<j<J
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We compute

J
0 Z Lflzgpﬂlﬂw

Nl (14 6)A —1

pl/2=Bin _ |
B1+ 0(0)

1
— ﬁ_pl/z + O(PPy + o(P1/?0).
1

— pbin

Therefore, we obtain
T> = CB1(JO)P + CP + O(PY?>* By L 0(6P) + O(J6%P) + O(JP'™H9).

Next we choose J as the largest integer smaller than P (/243 Jog P Note that by the definition
of 6 we have

1
Jlog(1+0) = (E — u) log P,

and hence

0 = J_l(ﬁ — ,u) log P + O(J 2(log P)?).

This gives the asymptotic

1
Jo = (ﬁ - M) log P + O(P~"3/2(log P))
1

and the bound 8 = O(P~(1/2)18) Plugging this into the last expression for T», we obtain
1 1/2+B 1—(1/2)pé
T,=C 5—,31# P(log P)+ CP + O(P "My + 0P 1% log P). o

We can now give a proof of Theorem 9.1.

Proof of Theorem 9.1. We start in writing

Th(P)= Y h(l.m)

1BimP2<p
= > hmy+ Y hm) + H(PV/GED pl/@))
1BimbB2<p 1BimbB2<p
mﬁ2>P1/2 lﬁl>P1/2
Note that
Yo hUm)=Ti+T,
1BimP2<p
mb2>pl/2

with 77 and 7> given in Lemmas 9.3 and 9.4. For p sufficiently small these two lemmata
together imply

1
> hl.m) = SCPlog P + B"P + O(P'™")

BimbP2<p
mb2>p1/2
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for some B” € R and some positive real 1. By symmetry, the same asymptotic holds for the
sum of 4(l, m) over all possible values [#1mP2 < P with [t > P1/2_ Together with condi-
tion (I) applied to H(P /@B p1/(2B2)) this leads us to

Yu(P) = CPlog P + BP + O(P'™")

for some real number B, as desired. O

Our next goal is to apply Theorem 9.1 to the following arithmetical function. For some
positive integers [ and m let i(l, m) be the number of integer vectors x € Z"! and y € Z"2
with (x;y) € U and |x| = [ and |y| = m such that F;(x;y) = Oforall 1 <i < R.

Assume that equation (4.5) holds, i.e.

n1 4 ny —max{dim V;*, dim V;*} > 297922 R max{(b1d; + dy). (b2d + d1)}.

Then condition (I) for this function 4 is directly provided by Theorem 4.4 for 81 = [—1, 1]™"!
and B, = [—1, 1]"2 with respect to the parameters C = o, f1 = ny — Rdy, fa = nn — Rd»
and § as given in Theorem 4.4.

It remains to verify condition (II). Recall that the open subset U is by construction the
product of two open subsets Uy C A"! and U, C A"2,i.e. U = Uy xU,. Thesum ) ; _; h(l, m)
counts all integer vectors (x;y) € U such that [x| < L, |[y| = m and F;(x;y) =0,1 <i < R.
For fixed y let Ny y (L) be the number of integer solutions |x| < L, x € Uy to the system of
equations (1.1). Then we have

9.5) d hom)y= > Nyu(L).

I<L lyl=m,yeU
Fix some y € Uy = +41(Z). Then equation (4.5) implies that
Ky > R(R + 1)(d1 - 1)

in the language of Corollary 7.6 with A = A1. Hence this corollary delivers an asymptotic
formula
Ny(L) — @nyLnl—Rd1 + O(Ln]—Rd|—8|y|2R(R+1)d2)

d1—1
uniformly for |y|?2 < L3%=T. We consider the difference of the counting functions Ny (L)
and Ny gy (L). This is trivially bounded by the number of integer vectors x € A$§(Z), |x| < L.
An application of Lemma 5.4 to A = 4, and A = A, delivers the bound

f{x € AS(Z) : |x| < L} < L™ ™72,
Recall that we have defined A, = [R(bad> + dq) + §]. Hence we obtain
INy(L) = Ny.u(L)| < LM~ RO,

which implies that we have the same asymptotic formula for Ny (L) as for Ny(L). We put
these asymptotic formulas into equation (9.5) and set

cam= > Gl

lyl=m,yeU>
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‘We obtain

Z h(l,m) = ¢y (m)L™ —Rdv 1 O( Z |y|2R(R+1)d2Ln1—Rd1—8)
I=L lyl=m
= Cl(m)L'“_Rdl + O(m”2_1+2R(R+1)d2Lnl—Rd1—5)

dy—1
uniformly for all m < L GR=D42 This verifies the first part of condition (I) for the function /

with respect to the parameters
dy —1
BR—-1dy’
By symmetry, the same arguments prove the second part of condition (II). Hence, the following
corollary now follows directly from Theorem 9.1

D=ny—142R(R+ 1)da, v=

Corollary 9.5. Assume that dy, d» > 2 and that equation (4.5) holds. Let h be given as
above. Then we have the asymptotic formula

Y,(P) =0PlogP + BP + O(P'™")

for some positive number n > 0 and some B € R.

We note that Y3, (P) counts all integer vectors (x;y) € U with [x|#]y|#2 < P and (1.1).
Thus, Y5, (P) and Ny, g (P) essentially only differ in whether or not they count non-primitive
vectors X and y, i.e. solutions with ged(xy,...,x,,) > 1 or gcd(y1,...,Yn,) > 1. The last
goal of this section is to apply a form of Mobius inversion to the counting function Yy (P) to
obtain an asymptotic formula for Ny, g (P), and hence to prove Theorem 1.1.

We start with the observation that

V(P =5 2 wenpeTi( 5 )
e; e

€1ﬂ1€§2SP 1 %2

In the following we assume that we have 8; > 2 fori = 1, 2. This is certainly true in the situ-
ation of Theorem 1.1 since 8; = n; — Rd; and n; is assumed to be sufficiently large by (4.5).
Note that for e’f ! efz < P we can apply Corollary 9.5 to the inner term and obtain for n < 1/2

the asymptotic formula

1 1 1 1\
NU,H(P)=ZoSlPlogP—ZoSzP—i—ZBSlP—l—O(Pl_” Z( 5 ﬂz) )

er,ex N1 €3

1 1 1
= ZaSlPlogP — ZoSzP + ZBSIP + O0(PM)

with (enuer)
. pnler)p(es
S1= Z PP
elﬁlefz_P 1 2
nd (eDp(e)
pnler) ez
S2 = Z ﬂ ﬂ ( 1 €2 )
e?leﬂz_P €1 €
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We note that the appearing sums S; and S, are absolutely convergent. To be more precise,
we have

=0+ o( X 5ig)

elﬂlefzzP €1 €
The error term is bounded by
ad 1
<P N <P

e1,ex=1 (e{}l 62132)2/3

since B1, B2 > 2. Similarly, we have

B2 3 M jogef) 1 0P

e1=1 1

=E(/3)Z“(2)1g(22>+§
er=1 €

_ 1 Bll(B2) 1 Big'(B1) _
=B (B Tty g TP

for some 1 > 0, which finally proves Theorem 1.1 for d; > 2 and d» > 2.
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