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Chapter 1

Introduction

In many cases the behavior of objects can be explained by theories within
a classical framework. The most famous example is probably the motion
of macroscopic masses that is described by Newton’s laws. However, it
turns out that the behavior of particles at the microscopic level cannot be
explained within the same framework. This is a consequence of the different
set of rules that must be obeyed on each scale. Namely, at the microscopic
level the laws of quantum mechanics apply, which are quite different from
the rules of classical mechanics.

To distinguish whether quantum mechanics is important or not, we
need to compare the average distance between the particles in the system
of interest with the thermal de Broglie wavelength of the particles. Here,
the latter is defined as

Λth =

√
2π~2

mkBT
, (1.1)

with ~ Planck’s constant, m the mass of the particle, kB Boltzmann’s con-
stant, and T the temperature of the collection of particles in the system.
In the regime where this wavelength is smaller than the average distance
between the particles, the behavior is classical and the quantum mechanical
nature of the particles can be ignored. However, if the de Broglie wave-
length becomes larger than the interparticle spacing, or if both quantities
are comparable, the effects of the laws of quantum mechanics set in.

A prominent example of a many-body phenomenon that is purely quan-
tum mechanical is Bose-Einstein condensation (BEC) [1,2]. Based on work
of the Indian physicist Bose, Einstein concluded that a nonzero fraction
of the number of particles in a gas of bosons occupies the ground state,
if the de Broglie wavelength is comparable to the interparticle distance.
For the macroscopic occupation of the ground state, the bosonic nature
of the particle is crucial, since fermions are not allowed to occupy the
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Figure 1.1: Schematic picture of evaporative cooling. By reducing the height
of the external potential the most energetic atoms are removed from the trap,
thereby reducing the average temperature of the trapped atomic gas.

same state. At first instance an experimental realization of BEC seemed
unrealistic. Namely, for the most convenient bosonic gases, such as rubid-
ium and sodium, the maximal densities in experiments are in the range of
1013 − 1015 cm−3. Therefore, these gases must be cooled to temperatures
in the nanokelvin regime to observe BEC.

1.1 Bose-Einstein condensation of atoms

The key insight for achieving these ultracold temperatures was the notion
of the equivalence between the temperature of a gas and the average veloc-
ity of the particles of which this gas consists. Namely, reducing the velocity
of the particles is equivalent to lowering the temperature of the gas. This is
the basic principle behind laser cooling. By shining a red-detuned laser in
the direction opposite to the motion of a particle, the particle can absorb
a photon. This reduces the velocity of the particle due to momentum con-
servation. Hereafter, the photon is emitted in an arbitrary direction and
therefore on average the velocity of the particle is reduced. By using this
principle, temperatures of the order of 10µK are achievable. Since this is
still not low enough for achieving BEC, laser cooling is followed by evapo-
rative cooling. Evaporative cooling is a process where the most energetic
particles are removed from the system. By simply reducing the height of
the trapping potential, the particles with the highest energy escape. This
process is illustrated in Fig. 1.1. This reduces the average temperatures of
the gas to the nanokelvin regime, which was sufficient for the first observa-
tion of BEC in atomic vapors [3–5].

There are several experiments that can be performed to distinguish
whether a Bose gas is in the Bose-Einstein condensed phase or not. The
most obvious experiment is measuring the density of particles and therefrom
extracting the number of particles in the ground state. Another possibility
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is performing correlation measurements and in particular investigating the
one-particle density matrix n(x,x′). In the language of second quantiza-
tion, it is given by

n(x,x′) = 〈ψ̂†(x)ψ̂(x′)〉, (1.2)

where ψ̂†(x) and ψ̂(x′) are the creation and annihilation operator of the
atoms. In an ordinary gas or liquid, the density matrix typically decays
exponentially as a function of the separation |x− x′|. On the other hand,
for a macroscopic occupation of the ground state there is an additional
contribution. Since this contribution is independent of the separation, we
find that in the Bose-Einstein condensed phase the density matrix does not
vanish at large separations. This so-called off-diagonal long-range order is
another characteristic for BEC.

True off-diagonal long-range order is only present in three dimensions.
In lower dimensions, interaction effects will lead to fluctuations that affect
the behavior of the single-particle density matrix. This is particularly im-
portant in atomic vapors, since in these systems it is possible to manipulate
the degrees of freedom of the particles. By changing the configuration of the
external trapping potential, the motion of the atoms in one or two directions
can be frozen out. In this case the gas is equivalent to a two-dimensional
or one-dimensional gas, respectively. For a Bose-Einstein condensate in
lower dimensions, it is important to distinguish between fluctuations of the
density and the phase. Since phase fluctuations cost less energy, for most
practical purposes the density fluctuations are strongly surpressed and the
phase fluctuations are most important. In fact, it is due to these phase
fluctuations that in one-dimensional systems, the one-particle density ma-
trix decays algebraically and therefore in this case true BEC is no longer
possible. In two dimensions, one finds algebraic decay with an exponent
that is proportional to the temperature. Hence, it is only possible to un-
dergo BEC at zero temperature. However, this does not affect some of
the properties of the gas at low temperatures. Specifically, superfluidity,
which is arguably the most important feature of interacting Bose-Einstein
condensates, is still present in these low-dimensional systems.

The transition from atoms in the normal state to the Bose-Einstein con-
densed state where the atoms are superfluid, is a typical example of a phase
transition that is driven by changing the temperature. Phase transitions
are usually characterized by an order parameter that changes from zero
to a nonzero value. We call a phase transition first order if this change is
discontinuous. If the change in the value of the order parameter is continu-
ous, the phase transition is of second or higher order. The order parameter
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Figure 1.2: Illustration of a Feshbach resonance. By changing the value of the
magnetic field, the scattering length can be tuned to arbitrary values. This allows
for studying cold atomic gases with any kind of interaction strength.

for BEC is the expectation value of the annihilation operator. During the
phase transition, the value of this order parameter changes continuously
and therefore BEC is a second-order phase transition.

Another important concept in the context of phase transitions is spon-
taneous symmetry breaking. The principle is that after undergoing the
phase transition, the state of the system no longer obeys the symmetry
of the underlying microscopic Hamiltonian. For BEC the U(1)-symmetry
is spontaneously broken. In the normal state all the atoms have an ar-
bitrary phase, whereas in the Bose-Einstein condensed state all the con-
densed atoms have the same global phase. However, the description of a
Bose-Einstein condensate with a fixed phase is only valid in the thermody-
namic limit. For finite-sized Bose-Einstein condensates, quantum fluctua-
tions give rise to non-trivial dynamics of the global phase. This is known as
phase diffusion [6]. Intuitively, this phenomenon is more clear in the case
of ferromagnetism. Below a critical temperature, all spins allign and the
nonzero expectation value of the magnetization spontaneously breaks the
SO(3)-symmetry. For a finite number of spins, even at zero temperature,
quantum fluctuations can provide enough energy for all spins to make a
rotation to a magnetization with the same absolute value but a different
direction. Only in the thermodynamic limit would this rotation of all spins
require an infinite amount of energy. In this case the magnetization remains
fixed once the temperature is below the critical temperature.

One of the main advantages of ultracold alkali atoms is the possibil-
ity to tune the interactions to arbitrary values by using a Feshbach reso-
nance [7]. This not only allows for studying the regime where the previously
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mentioned phase fluctuations are small, but it also opens up an avenue to
study systems with both weak and strong interactions. Moreover, it is even
possible to change between attractive and repulsive interactions. Since the
Bose-Einstein condensate is not stable for attractive interactions [8,9], the
case of repulsive interaction is most relevant for experiments with ultracold
Bose gases. Theoretically, the interatomic interactions can be treated by us-
ing a relatively simple contact interaction, with a proportionality constant
that is completely determined by the s-wave scattering length. Therefore,
we can incorporate the interactions via an interaction potential that is given
by

V (x− x′) = V0δ(x− x′), (1.3)

where V0 = 4π~2a/m is the interaction strength, with a the s-wave scat-
tering length. As can be seen in Fig. 1.2, the value of this scattering length
can be changed by varying the strength of the magnetic field. We have a
so-called Feshbach resonance if a magnetic field tunes the energy of a bound
state into resonance with the energy of the scattering atoms.

To validate the correctness of this contact interaction, it is important
to make comparisons with experiments on many-body phenomena in ultra-
cold alkali gases. The collective modes of ultracold atoms are well-known
examples of many-body phenomena where this comparison is possible. In
very good approximation, we can calculate the frequency of the collective
motion of the condensed particles as a consequence of an external pertur-
bation. Without an external trapping potential this result into a sound
mode with a speed that is given by

√
V0n0/m, with n0 the condensate

density. In the presence of a harmonic trapping potential, the so-called
breathing oscillation frequencies of the condensate are related to the trap
frequency via ω =

√
lωρ, where ωρ is the trapping frequency and l only

takes integer values. Since every different value of l corresponds to a dif-
ferent angular momentum mode of the condensate, several modes can be
excited depending on the precise perturbation of the trap. The excellent
agreement between theory and experiment is an important verification for
the many-body theory of BEC [10–15]. Apart from these collective modes,
there are of course more many-body phenomena that are nowadays well-
understood both experimentally and theoretically. An overview of some
important examples can be found in Ref. [16].

The large tunability in experiments with ultracold Bose gases is impor-
tant for making a comparison between theory and experiment. Moreover,
this large freedom also opens up the possibility to investigate models that
are important in many areas in condensed-matter physics, such as Hubbard
models [18]. In particular, the Bose-Hubbard model describes an ultracold
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(a) (b)

Figure 1.3: The two different phases of ultracold atoms in a periodic potential
with (a) the mott-insulating phase and (b) the superfluid phase, respectively. The
figures are taken from Ref. [17].

Bose gas in a periodic potential. The two important parameters in this
model are the nearest-neighbour hopping amplitude t and the on-site in-
teraction strength U . Here, t characterizes the probability for an atom to
move to a neighbouring well. In the case of repulsive interactions, U indi-
cates the energy cost for two atoms to occupy the same site. Hopping to
sites that are not nearest neighbours is usually neglected as for deep lattices
these processes are exponentially surpressed.

The Bose-Hubbard model has two different regimes. For strong repul-
sive interaction t� U , it is energetically unfavourable for an atom to move
to a site with another atom. Hence, we expect that particles are equally
distributed over the lattice sites. This is called the Mott-insulator phase
due to the band gap in the excitation spectrum in this state. However, in
the opposite limit, t� U , the energy is minimal if the atoms continuously
hop between lattice sites. This is the superfluid phase, where the parti-
cles delocalize over the lattice and form a Bose-Einstein condensate with a
well-defined global phase. The two different phases are shown in Fig. 1.3.
In experiments, we can switch between both phases by tuning the values of
both parameters. For example, the intensity of the external lasers that are
used to create the periodic potential influences the hopping parameter t and
the interaction strength U . Therefore, in experiments the so-called quan-
tum phase transition from the superfluid to the Mott-insulator phase has
been observed [19]. In cold atomic gases many other models have been in-
vestigated [20] and also other quantum phase transitions were explored [21].

Although up to now we focused on ultracold bosonic atoms, BEC is not
only restricted to those particles. An intriguing example is a Fermi gas in
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the presence of attractive interactions. Without the attractive interactions
the particles cannot form a Bose-Einstein condensate because occupying
the same state is forbidden by Pauli’s exclusion principle. However, due to
the attractive interactions it is energetically favourable to form bound pairs
of fermions with opposite spin. If the attraction is weak, the particles are
weakly bound and the size of these so-called Cooper pairs is much larger
than the average interparticle distance. For very strong attraction, the
pairs become more tightly bound and their size is smaller than the avarage
distance between the particles. In this case the pairs are analogous to point
particles that obey Bose-Einstein statistics. Therefore, in this regime the
ground state of the Fermi gas is a Bose-Einstein condensate that consist
of diatomic molecules. This transition from weakly bound Cooper pairs
to strongly bound molecules that can condense is known as the BEC-BCS
crossover. It has been studied extensively over the past years, see for ex-
ample Refs. [22–28].

1.2 Driven-dissipative Bose-Einstein condensates

From the last example it is clear that BEC is not restricted to alkali atoms.
In principle all particles that obey Bose-Einstein statistics can undergo
the transition to a Bose-Einstein condensate. Therefore, it is also possi-
ble to form Bose-Einstein condensates of photons and quasiparticles such
as magnons and exciton-polaritons. Magnons are the quanta of collective
spin-wave excitations and exciton-polaritons are photons that are strongly
coupled to electronic excitations. However, a priori there are certain prob-
lems that could prevent these particles from undergoing BEC. Firstly, the
particles have no bare mass and their number can change due to thermal
fluctuations. Moreover, another important issue is the short finite lifetime
of these quasiparticles. As a fixed, average number of particles is a prereq-
uisite for BEC, these are major obstacles for achieving BEC.

Recently, new methods were developed to circumvent these problems.
Since in these three different systems the problems preventing BEC are
quite similar, there are many similarities between the manner in which
these issues are resolved. First of all, inside the system of interest the
energy-dispersion relation of the quasiparticle is made quadratic. There-
fore, the second derivative in the minimum of the dispersion relation defines
an effective mass and the quasiparticles behave similar to massive bosons.
Moreover, the minimal energy of the quasiparticles is larger than the ther-
mal energy and therefore the number of particles is not affected by thermal
fluctuations. To compensate for the finite lifetime, there is external pump-
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Figure 1.4: Overview of some charateristics of a Bose-Einstein condensate of
atoms (A), exciton-polaritons (EP), dipolar magnons (M), and photons (P).

ing to keep the average number of particles in the system fixed. Thus,
these systems are in a quasi-equilibrium state that is a dynamical balance
between external pumping and particle losses through dissipation. More-
over, it is possible to make the lifetime of the quasiparticles a few orders of
magnitude larger than the thermalization time. In this situation the steady
state is equivalent to the equilibrium state of a thermalized massive Bose
gas with a constant average number of particles. Therefore, it is possible to
achieve BEC of magnons [29], exciton-polaritons [30,31] and photons [32].

However, there are still several differences with respect to BEC of ul-
tracold alkali atoms. First of all, the effective mass of the quasiparticles is
several orders of magnitude smaller than the typical mass of alkali atoms.
Therefore, as can be understood from Eq. (1.1), these systems undergo BEC
at much higher temperatures. Second, Bose-Einstein condensates of ultra-
cold atoms are usually very clean and isolated systems, which is quite dif-
ferent from these systems because of the dissipation and external pumping.
Finally, another big difference is the manner in which BEC is achieved.
Contrary to atomic Bose-Einstein condensates, the temperature remains
unchanged throughout the process of condensation. In these systems the
condition for BEC is satisfied by enlarging the total number of particles
in the system through increasing the external pumping. Because of the
differences these systems form a new class of Bose-Einstein condensates,
i.e., the so-called driven-dissipative Bose-Einstein condensates. To get an
idea of the appropriate regimes in the different Bose-Einstein condensates,
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we display an overview of some characteristic feautures in Fig. 1.4.

1.3 Bose-Einstein condensation of light

In this thesis we consider one of these driven-dissipative Bose-Einstein con-
densates in more detail, namely a Bose-Einstein condensate of photons.
For a long time it was an open question whether it is possible to make a
Bose-Einstein condensate of light. The main reason for this is that when-
ever light is trapped and in contact with walls, it obeys Stefan-Boltzmann’s
law. Therefore the number of photons decreases if the temperature is low-
ered, whereas for BEC an independent tuning of the average number of
photons and the temperature is necessary. Moreover, as already mentioned
before, the second problem is that the number of photons is not conserved.
Namely, a free photon is massless and therefore has zero energy for zero
momentum. Therefore, photons can be created as a consequence of thermal
fluctuations or simply disappear into the walls.

These problems can be solved by confining light in a cavity that is filled
with a dye solution. In this case the photons interact with the dye via
absorption and emission processes. The absorption and emission profiles of
the dye determine how many photons of a certain frequency are absorbed
and emitted. The photon gas thermalizes to the temperature of the dye via
multiple cycles of absorption and emission. Since the photons are trapped
between two mirrors, we obtain that the longitudinal momentum satisfies
kz(r) = qπ/D(r), where q is an integer that determines the wave number
and

D(r) = D0 − 2
(
R−

√
R2 − r2

)
, (1.4)

is the distance between the two mirrors with D0 the distance at the optical
axis, R the radius of curvature of the mirrors and r the distance from the
optical axis. It is clear that the difference between the two distinct longitu-
dinal momenta increases if the distance between the mirrors decreases. As
can be seen in Fig. 1.5, we observe that for distances that are small enough,
in very good approximation only photons with a certain longitudinal wave
number are absorped and emitted. In the example given in Fig. 1.5, this
implies that inside the cavity only photons with longitudinal wavenumber
q = 7 are present. In the paraxial approximation we use that the transver-
sal momentum kr is small compared to kz and also that r � R. This is
an accurate description, because in the experiments R is large and most of
the light is close to the optical axis. In this approximation, we obtain for
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Figure 1.5: (a) Spectrum of cavity modes and fluorescence and absorption spec-
tra of Rhodamine 6G dye as function of the frequency ν. The wavenumber q
determines the longitudinal momentum of the photons and the height of the bars
denotes the degeneracy of the transverse modes arising from the harmonic trap-
ping potential. In good approximation only photons with longitudinal momentum
q = 7 are absorped and emitted by the dye, generating an effective mass and
making the photons two dimensional. (b) Scheme of the set-up of the experiment
for BEC of photons. The harmonic potential is imposed by the curvature of the
cavity mirrors. The photons with zero transversal momentum are emitted in the
longitudinal direction and higher energetic photons are emitted at a larger angle
with respect to the optical axis. The figures are adapted from Ref. [32].

the energy of the photons inside the cavity

Eph(r, kr) =
~c
n0

√
k2
r + k2

z(r) '
m2

phc
2

n2
0

+
(~kr)2

2mph
+

1

2
mphΩ2r2, (1.5)

where c is the speed of light and n0 is the index of refraction of the dye
solution.

To cast this energy into this more familiar form, we defined an effective
photon mass mph and trapping frequency Ω that depend on the experimen-
tal parameters, such as D0 and q [32]. In this expression we recognize the
energy of a two-dimensional massive particle that is confined in a harmonic
trapping potential. Since these particles can undergo BEC at nonzero tem-
perature, the photons inside the dye-filled cavity are able to undergo BEC
as well.

However, we still need to check explicitly whether the fixed longitudinal
momentum solves the orignal problems that prevented light from undergo-
ing BEC. First, we observe that for typical experimental parameters the
minimal energy of the photons ~ωcutoff = m2

phc
2/n2

0 ' 80 kBT . Therefore,
thermal fluctuations do not influence the average particle number and the



1.3. BOSE-EINSTEIN CONDENSATION OF LIGHT 21

10
-1

10
0

10
1

 565  570  575  580  585

λ (nm)

S
ig

n
a

l 
(a

.u
.)

0.18×Pc,exp 

0.31×Pc,exp 

0.53×Pc,exp 

1×Pc,exp 

1.3×Pc,exp 

1.8×Pc,exp 

3.4×Pc,exp 

6.8×Pc,exp 

14×Pc,exp 

565 570 575 580 585

10
-1

10
0

 0.1  1  10  100

 10

 20

 30

 40

D
ia

m
e

te
r 

(µ
m

)

Condensate fraction (%)

Exp.

GP model

-200 -100  0  100  200

 0

 2

 4

 6

 8

 10

x (µm)

S
ig

n
a

l 
(a

.u
.)

ca b

d(a)

10
-1

10
0

10
1

 565  570  575  580  585

λ (nm)

S
ig

n
a

l 
(a

.u
.)

0.18×Pc,exp 

0.31×Pc,exp 

0.53×Pc,exp 

1×Pc,exp 

1.3×Pc,exp 

1.8×Pc,exp 

3.4×Pc,exp 

6.8×Pc,exp 

14×Pc,exp 

565 570 575 580 585

10
-1

10
0

 0.1  1  10  100

 10

 20

 30

 40

D
ia

m
e

te
r 

(µ
m

)

Condensate fraction (%)

Exp.

GP model

-200 -100  0  100  200

 0

 2

 4

 6

 8

 10

x (µm)

S
ig

n
a

l 
(a

.u
.)

ca b

d

(b)

Figure 1.6: Image of the spatial intensity profile leaking through the cavity mir-
rors. (a) Below criticality the photons have an ordinary Bose-Einstein distribution
at room temperature. (b) Above the critical power of the pump beam the bright
spot in the center signals the a macroscopic occupation of the ground state. The
figures are taken from Ref. [32].

average number of photons is fixed during the thermalization. As a conse-
quence, the temperature is decoupled from the average number of particles;
the average number of photons is determined by the power of the external
pump laser and the temperature is equal to the temperature of the dye.
Therefore, BEC should be possible by increasing the number of photons in
the cavity. Indeed, as can be seen in Fig. 1.6, above a critical value of the
power of the external pump beam a macroscopic occupation of the ground
state has been observed.

By looking at the expression for the energy of the photons inside the
cavity as given by Eq. (1.5), we expect that the size of the condensate re-
mains the same if the number of condensed photons is increased; the width
of the ground state wave function of a two-dimensional harmonic oscillator
is determind by the harmonic oscillator length l =

√
~/mphΩ that is inde-

pendent of the number of condensed photons. However, in the experiment
different behavior has been observed. For increasing pumping powers and
therefore for larger condensate fractions, the diameter of the condensate
increases. This signals the presence of repulsive interactions, which makes
it energetically more favourable to increase the interparticle distance in the
photon gas for larger condensate fractions. Although the origin of these
interactions is still an open question, it turns out that they can be modeled
by a contact interaction [32].

Since the expression for the energy of the photons inside the cavity is
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similar as for trapped ultracold alkali atoms, we want to apply the descrip-
tion that is used for atomic Bose-Einstein condensates to describe BEC
of light. Therefore, we work in second quantization and use a theory for
the photon creation and annihilation operators, which are defined via the
electric field. Hence, we introduce â†k,ν and âk,ν with k the momentum
of the different modes and ν indicates the different polarizations. In this
thesis the possible difference in polarization of the photons is ignored and
whenever appropriate we included an additional factor of 2 to account for
the two-fold polarization degeneracy. Hence, the Bose-Einstein condensate
of light is described by the famous Gross-Pitaevskii equation(

−~2∇2

2mph
+

1

2
mphΩ2r2 + g̃|φ0(r)|2

)
φ0(r) = µφ0(r), (1.6)

where φ0(r) is the wave function of the condensate, g̃ is the dimensionless
interaction parameter and µ is the chemical potential of the photons.

As mentioned before, an important issue in the driven-dissipative Bose-
Einstein condensates is thermalization. In fact, thermalization is a pre-
requisite for calling the macroscopic occupation of the ground state a true
Bose-Einstein condensate. In Ref. [33] it is shown that depending on the
lifetime of the photons inside the cavity, this system can operate both as a
laser and a Bose-Einstein condensate. If the lifetime is short, the photons
cannot thermalize and the system operates as a laser. However, if the ther-
malization timescale is shorter than the lifetime, the photon gas thermalizes
and macroscopic occupation of the ground state is really a consequence of
the Bose-Einstein statistics. The same conclusions are found in theoretical
studies of Kirton and Keeling [34,35]. Therefore, this confirms the previous
remarks that BEC in the driven-dissipative systems is only possible when
the lifetime of the quasiparticles is larger than the thermalization lifetime.

This pioneering experiment also inspired other groups to realize this
Bose-Einstein condensate of light. Currently, there are other realizations of
the experiment at Imperial college [36] in London and in Utrecht. Moreover,
the different circumstances in comparison with Bose-Einstein condensates
of ultracold alkali atoms, also made it interesting to investigate BEC of
light from a theoretical perspective [37–42].

1.4 Outline

In this thesis we focus on many-body phenomena in a Bose-Einstein con-
densate of light. The many-body phenomena that we study in this thesis
can be divided into two different categories. On the one hand, we are in-
terested in the effect of dissipation on many-body phenomena that have
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already been investigated in the context of Bose-Einstein condensates of
ultracold alkali atoms. On the other hand, we use the properties of light to
study many-body phenomena that have not yet been observed in atomic
Bose-Einstein condensates. The precise content of the Chapters of this the-
sis is as follows.

In Chapter 2 we use the Schwinger-Keldysh formalism to develop a
theory for BEC of light. In particular, we derive Langevin field equations
that describe the complete dynamics of the photons gas and we demon-
strate that the dissipation can, at low energies, be characterized by a single
dimensionless parameter. As an example we also calculate the effects of
the dissipation on the Bogoliubov dispersion relation. The results of this
Chapter will frequently be used in the subsequent Chapters.

Hereafter, in Chapter 3 we address the question whether the Bose-
Einstein condensate of light is a true condensate. Since the photons are
two dimensional, we investigate if the phase fluctuations destroy the phase
coherence. Moreover, we study the effects of dissipation on the tempo-
ral and spatial first-order correlation functions in both the normal and
Bose-Einstein condensed state. In particular, we examine the effect of the
damping parameter that was introduced in Chapter 2.

Subsequently, in Chapter 4 we set up the theory for describing number
fluctuations in Bose-Einstein condensates. In this model the number fluc-
tuations only depend on the value of the strength of the interactions. As
the number fluctuations have been measured in the Bose-Einstein conden-
sate of photons, we apply our model to this case. In addition, to make a
connection with experiments we further investigate several possible photon-
photon interaction mechanisms.

In Chapter 5 we investigate phase diffusion. Since this phenomenon
has not yet been observed in atomic Bose-Einstein condensate, photons of-
fers a new oppertunity to investigate this intriguing phenomenon. Because
the phase of light can be determined from an interference experiment, we
propose to use interference measurements to investigate phase diffusion.
Moreover, we predict the outcome of possible measurements.

Next, in Chapter 6 we study the Superfluid-Mott-Insulator transition
in a Bose-Einstein condensate of light. Motivated by experimental ideas
in the direction of combining this system with an periodic potential by lo-
cally changing the index of refraction, we construct a theory for the photon
system in this periodic structure. We investigate the effects of interaction
with the dye and show that this prevents the true Mott-Insulator phase
from occuring.

Finally, in Chapter 7 we address the superfluidity of light. Since the



24 1. INTRODUCTION

origin of the photon-photon interactions in the dye-filled optical microres-
onator is unknown and these interactions are crucial for superfluidity, we
investigate a different system where BEC of light is possible. We develop
a model for BEC of light in semiconductor microcavities and again investi-
gate the effects of dissipation in this system. Moreover, we propose to probe
the superfluidity of light via the excitation of so-called scissors modes and
calculate the decay of these modes.



Chapter 2

Schwinger-Keldysh theory

We consider BEC of photons in an optical cavity filled with dye molecules
that are excited by laser light. By using the Schwinger-Keldysh formal-
ism we derive a Langevin field equation that describes the dynamics of the
photon gas, and, in particular, its equilibrium properties and relaxation
towards equilibrium. Furthermore we show that the finite-lifetime effects
of the photons are captured in a single dimensionless damping parameter,
that depends on the power of the external laser pumping the dye. Finally,
as applications of our theory we determine spectral functions and collec-
tive modes of the photon gas in both the normal and the Bose-Einstein
condensed phases.1

2.1 Introduction

After the theoretical prediction of Bose-Einstein condensation (BEC) in
1925 [1, 2], it took until 1995 for the first direct experimental observation
of this phenomenon in weakly interacting atomic vapors [3–5]. In addition
to these atomic gases, BEC of bosonic quasiparticles such as magnons [29],
exciton-polaritons [30, 31], and photons [32] is now also observed. The
Bose-Einstein condensates of these quasiparticles form a different class of
condensates as they are not in true thermal equilibrium.

These non-equilibrium Bose-Einstein condensates are driven by external
pumping to compensate for the particle losses and thereby to keep the aver-
age number of particles in the system at a constant level. In these systems
the steady state of the Bose gas is therefore determined by interparticle
interactions that lead to quasi-equilibration and by the balance between

1This Chapter is directly based on Schwinger-Keldysh Theory for Bose-Einstein Con-
densation of Photons in a Dye-Filled Optical Microcavity, A.-W. de Leeuw, H.T.C. Stoof,
and R.A. Duine, Phys. Rev. A 88, 033829 (2013).
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pumping and particle losses. Furthermore, contrary to dilute atomic gases,
the temperature is typically constant in these experiments. Instead, one
varies the strength of the external pumping power while keeping the sys-
tem at a constant temperature. Above some critical value of the pumping
power, the density of particles in the system is above the critical density,
and the system undergoes BEC.

Another special feature of these pumped systems is the temperature at
which BEC occurs. Since BEC happens when the phase-space density is
of the order of unity [43], the temperature at which the magnons, exciton-
polaritons, and photons condense is inversely related to their mass to the
power 3/2. Although these particles do not even always have a bare mass,
they are all formally equivalent to bosons with an effective mass that is
several orders of magnitude smaller than that of alkali atoms. Therefore,
these systems undergo BEC at temperatures in the range of 10 to 300 K
instead of in the nK regime relevant for the atomic Bose-Einstein conden-
sates.

In order to get a detailed understanding of these non-equilibrium Bose-
Einstein condensates, we from now onwards focus on the photon experiment
of Klaers et al. [32]. This experiment is concerned with a photon gas in
a dye-filled optical resonator. The distance between the cavity mirrors is
chosen such that the emission and absorption of photons with a certain
momentum in the longitudinal direction dominates over that of other mo-
menta. Thus, this component of the momentum of the photons is fixed, and
the photon gas becomes equivalent to a Bose gas with a small effective mass.
Furthermore, the gas becomes effectively two-dimensional. In general this
prohibits observing BEC at nonzero temperature, since a homogeneous two-
dimensional Bose gas can only condense at zero temperature [43]. However,
due to the curvature of the cavity mirrors there is a harmonic potential for
the photons. Therefore, BEC of photons is observed above some critical
pumping power, since a harmonically trapped two-dimensional Bose gas
can exhibit BEC at a nonzero temperature [44,45].

Theoretically, a lot of progress has been made for BEC of magnons
and exciton-polaritons [46–52]. Although the observation of Bose-Einstein
condensation of photons is more recent, it has also motivated theoretical
studies: Klaers et al. predicted a regime of large fluctuations of the con-
densate number [53]. Furthermore, the authors of Ref. [34] found that the
photons cannot reach thermal equilibrium for small absorption and emis-
sion rates. The modification of the Stark shift of an atom in a Bose-Einstein
condensate of photons was investigated in Ref. [54], and conditions for BEC
of photons that are in thermal equilibrium with atoms of dilute gases were



2.2. MODEL 27

derived in Ref. [38].
In this Chapter we develop a theory for the photon experiment per-

formed by Klaers et al. [32]. We describe this photon system by using
the Schwinger-Keldysh formalism, which is commonly used in the quan-
tum optics community, see, for example, Ref. [55]. In Sec. 2.2 we derive an
effective action for the photons. In Sec. 2.3 we use this effective action to
derive a Langevin field equation for the photons including Gaussian noise,
which incorporates the effect of thermal and quantum fluctuations. The
main advantage of this approach is that it simultaneously treats coherent
and incoherent effects. In particular, it enables us to describe the complete
time evolution of the photons, including the relaxation towards equilibrium;
thus equilibrium properties can also be obtained. Subsequently, we show
that the finite-lifetime effects of the photons can be captured in a single
dimensionless parameter α, that depends on the power of the external laser
pumping the dye. In Sec. 2.4 we calculate equilibrium properties of the ho-
mogeneous photon gas in the normal and Bose-Einstein condensed phase,
such as spectral functions, collective modes, and damping. We end with
conclusions and outlook in Sec. 2.5.

2.2 Model

In this section we derive an effective action for the photons by using the
Schwinger-Keldysh formalism developed in Ref. [56]. In particular, the
photons are coupled to a reservoir of dye molecules. The energy of the
photons is given by

εγ(k) = ~c
√
k2
x + k2

y + k2
γ , (2.1)

where ~ is Planck’s constant, c is the speed of light in the medium, and
k is the transverse momentum of the photon. In agreement with the ex-
periment kz is ±kγ , since the frequency of the pump laser is such that in
the longitudinal direction the absorption of photons with mode number
q = 7 dominates over other absorption processes [32]. For the molecules
we take an ideal gas in a box with volume V . Since this gas is at equilib-
rium and at room temperature, we describe the translational motion of the
molecules by a classical Maxwell-Boltzmann distribution. Furthermore, we
model these molecules as a two-level system with energy difference ∆ > 0
between the excited and ground states. This is a simplification since these
molecules have a rovibrational structure. Therefore, the dye molecules have
more than two levels as the rovibrational structure divides the ground and
excited levels into several sublevels. However, in this section we will show
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t0t ∞
G∞

1

Figure 2.1: The Schwinger-Keldysh contour G∞. The integration is first from
t0 to ∞ and then back from ∞ to t0.

that we can model this multi-level system by introducing an effective mass
for the molecules in our two-level model.

At time t0 the photons are coupled to the molecules with a momentum-
independent coupling constant g. To study the dynamics of the coupled
system at times larger than t0 we consider the action

S[ak, a
∗
k, bk, b

∗
k] =

∑
k

∫
G∞

dt a∗k(t)

{
i~
∂

∂t
− εγ(k) + µγ

}
ak(t) (2.2)

+
∑
p,ρ

∫
G∞

dt b∗p,ρ(t)
{
i~
∂

∂t
− ε(p) + µρ −Kρ

}
bp,ρ(t)

− i√
2V

∑
k,p

∫
G∞

dt gak(t)bp,↓(t)b
∗
p+k+,↑(t) + h.c.

+
i√
2V

∑
k,p

∫
G∞

dt gak(t)bp,↓(t)b
∗
p+k−,↑(t) + h.c..

Here time is integrated along the Schwinger-Keldysh contour G∞, which is
depicted in Fig. 2.1. The photons are described by the fields ak(t) and a∗k(t).
Furthermore, εγ(k) is given by Eq. (2.1), and µγ is the chemical potential
of the photons. For now we neglect the harmonic potential for the pho-
tons, since this term is not important for the coupling between molecules
and photons. The fields bp,ρ(t) and b∗p,ρ(t) describe the dye molecules,
with ρ being equal to ↓ or ↑, corresponding to the ground and excited
states, respectively. Also, ε(p) = ~2p2/2md with md being the mass of the
Rhodamine 6G molecule. Moreover, Kρ accounts for the energy difference
between the molecular states, and we take K↓ = 0 and K↑ = ∆. The
last two terms describe the processes of the absorption and emission of a
photon, respectively. Here g is the coupling strength between the photons
and molecules, k+ = (kx, ky, kγ) and k− = (kx, ky,−kγ). Note that the
structure of the interaction terms is a consequence of the expansion of the
photon field in terms of a standing wave, instead of a plane wave, in the z-
direction. Furthermore, the summation over k is two-dimensional, whereas
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Figure 2.2: Polarization of the molecules P at room temperature T = 300 K as
a function of β∆µ for a density of molecules nm = 9 ·1023 m−3, ∆ = 3.63 ·10−19 J.
The polarization is exactly zero if ∆µ is equal to the energy difference between
the excited and ground states of the molecules.

the summations over p are three-dimensional. The latter convention will
be used throughout the Chapter.

In this system one of the two molecular chemical potentials determines
the density of molecules. The experiment of Klaers et al. one used Rho-
damine 6G dye solved in methanol with a of concentration 1.5 · 10−3 mol ·
L−1. Therefore, we use a typical value of nm = 9 · 1023 m−3 for the den-
sity of molecules. Furthermore the value of ∆µ = µ↑ − µ↓ determines the
polarization of the molecules. This polarization is defined as

P (∆µ) :=
N↑ −N↓
N↑ +N↓

=
eβ(∆µ−∆) − 1

eβ(∆µ−∆) + 1
, (2.3)

where β is the inverse of the thermal energy kBT , and N↑ and N↓ are,
respectively, the total number of excited-state and ground-state molecules.
For small ∆µ all molecules are in the ground state. By increasing the value
of ∆µ, the number of molecules in the excited state increases. Since the to-
tal number of molecules is constant, the number of ground-state molecules
thereby decreases. Thus for increasing ∆µ the polarization increases. More-
over, the polarization is exactly zero for ∆µ = ∆. A plot of the polarization
as a function of ∆µ is given in Fig. 2.2. The parameter ∆µ is also important
for making a connection with the experiment, since the number of excited
molecules and thereby the polarization are determined by the pumping
power of the external laser.

In our non-equilibrium theory the chemical potential of the photons
µγ becomes only well defined after the photon gas equilibrates by cou-
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pling to the dye molecules. Since both the sum of the number of ground-
state molecules and excited-state molecules, and the sum of the number of
excited-state molecules and photons are constant, we have in equilibrium

∆µ = µγ . (2.4)

To derive an effective action for the photons, we first integrate out the
molecules. Next, we use perturbation theory up to second order in g to
obtain

Seff [ak, a
∗
k] =

∑
k

∫
G∞

dt′
∫
G∞

dt a∗k(t) (2.5)

×
[{
i~
∂

∂t
− εγ(k) + µγ

}
δ(t, t′)− ~Σ(k, t, t′)

]
ak(t′),

where the photon self-energy due to coupling with the dye is given by

Σ(k, t, t′) =
−i|g|2
2~2V

∑
p

G↓(p, t
′, t) (2.6)

×
{
G↑(k+ + p, t, t′) +G↑(k− + p, t, t′)

}
.

It turns out that both terms on the right-hand side are equal, and therefore
we can write

Σ(k, t, t′) =
−i|g|2
~2V

∑
p

G↓(p, t
′, t)G↑(k+ + p, t, t′). (2.7)

Here the Keldysh Green’s function for the dye molecules is given by

Gρ(p, t, t
′) = ie−i(ε(p)−µρ+Kρ)(t−t′)/~ (2.8)

× {Θ(t, t′)(Nρ(p)− 1) + Θ(t′, t)Nρ(p)},

where Θ(t, t′) and Θ(t′, t) are the corresponding Heaviside functions on the
Schwinger-Keldysh contour. Furthermore, the occupation numbers for the
dye molecules are

Nρ(p) = e−β(ε(p)−µρ+Kρ), (2.9)

with ρ ∈ {↑, ↓}. Since this action is defined on the Schwinger-Keldysh con-
tour, we can only use this action to calculate quantities on the Schwinger-
Keldysh contour. However, the relevant physical quantities should be cal-
culated on the real-time axis. Therefore, we need to transform this action
into an action that is defined on this real-time axis. As is shown in Ref. [56],
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this boils down to determining the retarded, advanced, and Keldysh self-
energies. Roughly speaking, the advanced and retarded self-energies deter-
mine the dynamics of the single-particle wave function in the gas, i.e., the
coherent dynamics, and the Keldysh component accounts for the dynamics
of their occupation numbers, i.e., the incoherent dynamics.

In the continuum limit the retarded self-energy becomes

~Σ(+)(k, t− t′) = (2.10)

i

~
Θ(t− t′)|g|2

∫
dp

(2π)3
ei(ε(k+,p)+∆µ)(t−t′)/~ {N↑(k+ + p)−N↓(p)} .

Here we used Eqs. (2.6) and (2.8) and we defined ε(k+,p) = ε(p)− ε(k+ +
p)−∆. In Fourier space this self-energy reads

~Σ(+)(k, ω) := S(k, ω)− iR(k, ω) (2.11)

:=

∫
d(t− t′) ~Σ(+)(k, t− t′)eiω(t−t′).

Since the molecules behave as a Maxwell-Boltzmann gas at room temper-
ature, we can find an analytical expression for R(k, ω). We obtain

R(k, ω) = A(k, ω)
|g|2m2

d

2|k+|πβ~4
sinh

{
β~ω

2

}
, (2.12)

with

A(k, ω) = exp {β (µ↓ + µ↑ −∆) /2} (2.13)

× exp

{
−β

4

[
ε(k+) +

(∆−∆µ− ~ω)2

ε(k+)

]}
.

Furthermore, in Fourier space the Keldysh self-energy is given by

~ΣK(k, ω) = i|g|2
∫

dp

(2π)2
δ(~ω + ε(k+,p) + ∆µ) (2.14)

× {2N↓(p)N↑(k+ + p)−N↓(p)−N↑(k+ + p)}.

Since the dye is in quasi-equilibrium, this Keldysh self-energy can be related
to the imaginary part of the retarded self-energy. We find

~ΣK(k, ω) = −2i(1 + 2NBE(ω))R(k, ω), (2.15)

where

NBE(ω) =
1

eβ~ω − 1
. (2.16)
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Figure 2.3: Absorption and emission cross sections of the photons obtained
from the imaginary part of the retarded self-energy for md = 9.3 · 10−35 kg,
∆ = 3.63 · 10−19 J and g = 6.08 · 10−26 J · m3/2. The solid curve corresponds
to the emission and the dashed curve denotes the absorption of photons. The
absorption cross section is given by Eq. (2.19), and the plotted emission cross
section is obtained from the same equation by replacing Rabs(ω) with Remis(ω).

This result is known as the fluctuation-dissipation theorem. As we show in
the next section, this result guarantees that the photon gas relaxes towards
thermal equilibrium in the limit of t→∞.

To make further progress, we have to determine typical numerical values
for ∆ and g appropriate for the experiment of Klaers et al.. These values can
be obtained by looking at the physical meaning of the self-energy. Consider
a system of molecules that can be in either a ground state or excited state.
If we apply a laser to this system, we can measure, for instance, the total
number of molecules in the excited state. This number depends on the rate
of photon absorption and emission, and therefore on the lifetime of the
photons. Since the imaginary part of the retarded self-energy is related to
the lifetime of the photon, we can determine the emission and absorption
spectra of the molecules with the help of our expression for R(k, ω).

In order to obtain the absorption and emission spectrum separately,
we take a closer look at the retarded self-energy given by Eq. (2.10). In
this expression the factor with the Maxwell-Boltzmann distribution can be
rewritten as N↓(p)(N↑(k+ + p) ± 1) − N↑(k+ + p)(N↓(p) ± 1). The first
term can be understood as the absorption of a photon, since this statistical
factor accounts for the process where a ground-state molecule scatters into
an excited state. The factor N↓(p) simply is the number of molecules that
can undergo the collision, and (N↑(k+ + p)± 1) denotes the Bose enhance-
ment factor or Pauli blocking factor depending on the quantum statistics
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of the dye molecules. By using a similar reasoning the second term can be
understood as the emission of a photon. Hence, the part of the self-energy
proportional to N↓(p) is related to the absorption spectrum, and the part
proportional to N↑(k+ + p) is related to the emission spectrum.

The absorption and emission spectra are usually obtained in experi-
ments where the number of photons is not conserved. So, in these systems
the photons have no chemical potential. To make a comparison, we there-
fore have to set µ↓ = µ↑. Furthermore, contrary to the experiment of Klaers
et al., there is no restriction on the momentum of the photons. This im-
plies that the photon field should be expanded into plane waves instead of
standing waves. Therefore, the fourth term on the right-hand side of the
action in Eq. (2.2) is absent, and the prefactor of the third term is changed
into 1/

√
V . However, this modification leaves the expressions for the self-

energies unchanged.
In order to get more insight into the role of the parameters of our model

in the absorption and emission spectra, we first consider the experiment of
Klaers et al. and we keep k fixed. Then, the spectra have a maximum at

~ω± = ∆± ~2k2
+

2md
, (2.17)

where we used ∆µ = 0. Here the plus sign is the maximum of the ab-
sorption spectrum and the minus sign corresponds to the position of the
maximum of the emission spectrum. So we obtain a difference in frequency
between the maximum of the absorption and emission spectra. This differ-
ence is also obtained experimentally and is known as the Stokes shift. From
this expression we find that the value of md determines the value of the
Stokes shift. Furthermore we can see from Eq. (2.17), that we can change
the position of the peaks by varying ∆.

Now we turn to more conventional experiments, where the absorption
of laser light by the medium is measured as a function of frequency. To
obtain the absorption and emission spectra only as a function of frequency,
we have to consider the self-energy on shell and thus replace k+ with ω/c.
For the physical mass of the Rhodamine 6G molecule, we obtain peaks
that are too narrow and a Stoke shift that is too small. This is because
we neglected the rovibrational structure of the molecules. Due to this rovi-
brational structure there are many possible transitions, since the excited
and ground levels are split into several sublevels. Therefore there is a whole
range of photon energies which can be absorbed or emitted by the molecule.
This causes a considerable broadening of the spectra. As mentioned before,
we model this rovibrational structure by choosing an effective mass for the
molecules. We can also see explicitly from Eqs. (2.12) and (2.13), that de-
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creasing the value of md will indeed broaden the peaks. For ∆ = 3.63·10−19

J and md = 9.3 ·10−35 kg we recover in good approximation the normalized
absorption and emission spectra given in Ref. [32].

Up to now, we have considered the relative absorption and emission
spectra. To obtain the correct height of these spectra, we have to find
an appropriate value for g. By using Ref. [57], we can actually compare
our results to the experimentally obtained absorption and emission spectra.
However, to calculate the emission spectrum for this particular experiment
within our formalism, we have to take into account that the emission of
a photon can be in an arbitrary direction. Thus to obtain the emission
spectrum we have to perform an integral which averages over all possible
emission directions. However, the absorption spectrum can be obtained
without performing additional integrals, and therefore we focus on this
spectrum to obtain a numerical value for g. Then, as a consequence of our
formalism, for our purposes the correct emission spectrum is also incorpo-
rated.

Before we can fit g, we have to relate our calculated decay rates to the
measured absorption cross sections. We have

dN

dx
= −n↓σabs(ω), (2.18)

where the left hand-side is the number of absorbed photons dN after a
distance dx along the path of a beam. Furthermore, n↓ is the density of
ground-state molecules and σabs is the absorption cross section. By using
Fermi’s golden rule, we obtain that dN/dt is equal to −2Rabs(ω)/~. Here
Rabs(ω) denotes the absorption term in the imaginary part of the self-
energy. Hence

σabs(ω) =
2Rabs(ω)

c~n↓
. (2.19)

Since the molecules behave as a classical Maxwell-Boltzmann gas,

n↓ =

(
md,real

2π~2β

)3/2

eβµ↓ . (2.20)

Note that contrary to the mass of the dye molecules used in the self-energies,
we here use the real mass of the dye molecules to obtain the correct densi-
ties. Thus md is the effective mass to model the rovibrational structure of
the molecules, and md,real ' 7.95 · 10−25 kg is the physical mass of a Rho-
damine 6G molecule. By using our expression for R(k, ω) we observe that
the absorption cross section is independent of µ↓. Therefore we do not need
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to specify the number of molecules to obtain a numerical estimate for g.
Furthermore, we can relate the absorption cross section given by Eq. (2.19)
to the molecular extinction coefficient obtained in Ref. [57]. According to
Ref. [58],

σ = (3.82 · 10−21 · ε) cm3 ·mol · L−1, (2.21)

where ε = 1.16 · 105 L · mol−1 · cm−1 is the molar extinction coefficient.
This results in g ' 6.08 · 10−26 J · m3/2. A plot of the absorption and
emission cross sections for the obtained numerical values for ∆, md and
g is given in Fig. 2.3. The shown emission cross section is obtained from
Eq. (2.19) by replacing Rabs(ω) with Remis(ω). As mentioned before, this
is not the physical emission cross section since that can only be obtained
by integrating over all directions of emission.

2.3 Non-equilibrium physics

We introduce a complex field φ(x, t) for the photons such that

〈|φ(k, t)|2〉 = N(k, t) +
1

2
, (2.22)

where N(k, t) corresponds to the average occupation number of the single-
particle state with momentum k at time t. As is shown in Ref. [56], φ(x, t)
obeys a Langevin field equation for describing the dynamics of the photon
gas. This equation ultimately reads

i~
∂

∂t
φ(x, t) =

(
H(x) + T 2B|φ(x, t)|2

)
φ(x, t) (2.23)

+

∫
dx′dt′~Σ(+)(x− x′, t− t′)φ(x′, t′) + η(x, t),

where the Hamiltonian

H(x) = −~2∇2

2mph
− µγ + ~ckγ +

1

2
mphΩ2|x|2. (2.24)

Here x = (x, y) and the field φ∗(x, t) satisfies the complex conjugate equa-
tion. Furthermore, to obtain this equation, we expanded Eq. (2.1) for small
transverse momenta, using that kγ(x) is position dependent due to the
curvature of the cavity mirrors. In this equation mph ' 6.7 · 10−36 kg is
the effective mass of the photons, and Ω ' 2.6 · 1011 Hz is the trapping
frequency of the harmonic potential. We also introduced a self-interaction
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term with strength T 2B ' 1.2·10−36 J ·m2. According to Ref. [32], this self-
interaction of the photons arises from Kerr nonlinearity or thermal lensing
in the dye. This self-interaction is an effective interaction, and therefore
also incorporates renormalization from interactions at high momenta and
energies. Finally, the Gaussian noise η(x, t) satisfies

〈η(x, t)η∗(x′, t′)〉 =
i~
2
~ΣK(x− x′, t− t′). (2.25)

Here, the brackets denote averaging over different realizations of the noise.
In general it is difficult to determine correlation functions from these equa-
tions, especially because of the non-locality of the retarded self-energy.
However, since we are interested in Bose-Einstein condensation of photons
we focus on the low-energy behavior of this self-energy. In the low-energy
regime we are interested in kξ of the order of unity and ω around ωB(k),
where

~ωB(k) =

√(
~2k2

2mph

)2

+ 2n0T 2B

(
~2k2

2mph

)
, (2.26)

is the Bogoliubov dispersion and

ξ =
~

2
√
mphn0T 2B

, (2.27)

is the coherence length, with n0 being the density of condensed photons.
Note that k is the norm of the two-dimensional momentum vector k =
(kx, ky). Since for the experiment of Ref. [32] the critical number of pho-
tons Nc ' 77000 and the diameter of the condensate is measured as a
function of the condensate fraction, we can make an estimate of n0. We
obtain condensate densities in the range of at least 1012 − 1013 m−2.

We make a low-energy approximation to the imaginary part of the re-
tarded self-energy. As we see in Fig. 2.4, this is a good approximation in the
low-energy regime. Furthermore, the real part of the retarded self-energy
is small, and as a zeroth-order approximation we neglect this contribution.
Thus we approximate

~Σ(+)(k, ω) = −iα~ω, (2.28)

and we can write for the Langevin field equation that

i~(1 + iα)
∂

∂t
φ(x, t) = (H(x) + T 2B|φ(x, t)|2)φ(x, t) + η(x, t). (2.29)
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Figure 2.4: Validity of the linear approximation of the retarded self-energy for
n0 = 1012 m−2 and certain values of ω and k. The dashed, dotted and solid curves
are for, respectively, ∆µ equal to 3.4 ·10−19 J, 3.7 ·10−19 J, and 4.0 ·10−19 J. Below
the curves is the region where the linear approximation is within 1% of the actual
value of the self-energy.

This is the equation which determines the complete dynamics of the pho-
ton gas. The finite-lifetime effects are captured by the single dimensionless
parameter α, which depends on the difference between the chemical po-
tentials of the excited-state and ground-state molecules. Furthermore, the
noise η(x, t) is related to the Keldysh self-energy via Eq. (2.25) and in this
approximation

ΣK(x′ − x, t′ − t) = −2iαδ(x− x′)
∫
dω

2π
(1 + 2N(ω))ωe−iω(t′−t). (2.30)

The explicit dependence of α on ∆µ is given by

α = αmaxnm
e−C(∆µ−∆)2

cosh
{

1
2β(∆µ−∆)

} , (2.31)

where nm is the density of dye molecules,

C =
βmd

2~2|kγ |2
, (2.32)

and

αmax =

√
πmd,real

8β~2k2
γ

(
β|g|md

md,real

)2

e−β~
2k2
γ/8md . (2.33)

The damping parameter α is inversely proportional to the photon lifetime,
and accounts for the decay of photons due to the interaction with the dye
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Figure 2.5: Plot of the dimensionless damping parameter α as a function of β∆µ.
For this plot we used nm = 9 · 1023m−3. The parameter α has a maximum value
of about 2.65 · 10−2 at ∆µ equal to ∆.

molecules. The emission and absorption of photons are equally important
for the photon equilibration. Therefore, α has a maximum when there is an
equal amount of excited-state and ground-state molecules, i.e., for ∆µ = ∆
where P = 0. This also explains the symmetric form of α around ∆µ = ∆.
Namely, α should be symmetric while changing the sign of the polarization
as this only switches the excited-state and ground-state molecule densities.
A plot of α as a function of ∆µ is shown in Fig. 2.5.

The Langevin field equation given by Eq. (2.29) incorporates the com-
plete dynamics of the photons. However, we still need to check that for large
times the photon distribution function relaxes to the correct equilibrium.
For this it suffices to consider the homogeneous case and to neglect the
self-interaction of the photons. For purposes of generality, we do not make
a low-energy approximation to the self-energy, and we Fourier transform
the Langevin field equation into

i~
∂

∂t
φ(k, t) = (εγ(k)− µγ)φ(k, t) + η(k, t) (2.34)

+

∫ ∞
t0

dt′ ~Σ(+)(k, t− t′)φ(k, t′).

As mentioned in the previous section, the fluctuation-dissipation theo-
rem given by Eq. (2.15) should ensure that the gas relaxes towards thermal
equilibrium. To check that this formalism contains this correct equilibrium,
we assume that 〈φ(k, t)φ∗(k, t′)〉 only depends on the difference t − t′ and
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write,

〈φ(k, t)φ∗(k, t′)〉 =

∫
dω

2π
G(k, ω)e−iω(t−t′). (2.35)

Then

i~
d

d(t+ t′)
〈φ(k, t)φ∗(k, t′)〉 = 0, (2.36)

and for t′ = t we obtain the equilibrium value for 〈φ(k, t)φ∗(k, t)〉. Since
we are interested in the equilibrium, we consider times much larger than
t0. Therefore we are allowed to take the limit of t0 → −∞. Now Eq. (2.36)
can be rewritten as

〈η(k, t)φ∗(k, t′)〉 −
∫ ∞
−∞

dt′′ 〈φ(k, t)φ∗(k, t′′)〉~Σ(−)(k, t′′ − t′) = (2.37)

〈φ(k, t)η∗(k, t′)〉 −
∫ ∞
−∞

dt′′ ~Σ(+)(k, t− t′′)〈φ(k, t′′)φ∗(k, t′)〉.

Here we used that ~Σ(−)(k, t′− t) = (~Σ(+)(k, t′− t))∗. Furthermore, since
the field φ(k, t) and its complex conjugate depend on the noise, we have
a nonzero value for 〈η(k, t)φ∗(k, t′)〉, which can be determined by formally
integrating Eq. (2.34) and using Eq. (2.25). In Fourier space Eq. (2.37) is
given by

− 1

2i
ΣK(k, ω)G(+)(k, ω)G(−)(k, ω) = G(k, ω), (2.38)

where the retarded (+) and advanced (-) photon Green’s functions are
determined by

~G(±),−1(k, ω) = ~ω± − εγ(k) + µγ − ~Σ(±)(k, ω). (2.39)

To make further progress, we introduce the spectral function

ρ(k, ω) = − 1

π~
Im
[
G(+)(k, ω)

]
(2.40)

=
1

π

R(k, ω)

[~ω − εγ(k) + µγ − S(k, ω)]2 + [R(k, ω)]2

=
1

π~2
R(k, ω)G(+)(k, ω)G(−)(k, ω).

This spectral function ρ(k, ω) can be interpreted as a single-particle density
of states. Therefore we can calculate densities in equilibrium by multiplying
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this spectral function with the Bose-distribution function NBE(ω) and then
integrating over ~ω. Hence,

N(k) =

∫
d(~ω)NBE(ω)ρ(k, ω), (2.41)

where N(k) is the number of photons in a state with momentum k. Thus,
in equilibrium

G(k, ω) = 2π~
[

1

2
+NBE(ω)

]
ρ(k, ω), (2.42)

where we used the fluctuation-dissipation theorem in Eq. (2.15). Hence,

〈φ(k, t)φ∗(k, t)〉 = N(k) +
1

2
. (2.43)

By comparing this result to Eq. (2.22), we find that the average occupation
numbers N(k, t) relax to N(k). During this calculation we did not use an
approximation for the imaginary part of the retarded self-energy. However,
we can do the same calculation for R(k, ω) given by α~ω. This approxima-
tion will directly manifest itself in the fluctuation-dissipation theorem and
ultimately in the spectral function. Therefore, in this approximation the
equilibrium occupation numbers are also given by Bose-Einstein distribu-
tion functions.

2.4 Equilibrium physics

In the previous section we have shown that the complete dynamics of the
photon gas can be obtained from a Langevin field equation for a complex
field φ(x, t). On top of this non-equilibrium physics, we have demonstrated
that the relaxation of the photons towards the correct equilibrium. In
this section we discuss equilibrium properties of the photon gas, and we
therefore set ∆µ = µγ according to Eq. (2.4). We perform calculations in
both the normal and in the Bose-Einstein condensed states.

2.4.1 Normal state

We first consider the spectral function of the photons defined in Eq. (2.40).
The spectral function should satisfy two conditions. First of all, because we
are dealing with bosons, the spectral function should be positive (negative)
for positive (negative) frequencies. From Eq. (2.12) it is clear that R(k, ω)
has this property, and therefore this condition is indeed satisfied by the
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Figure 2.6: a) Negative frequency and b) positive frequency parts of the spectral
function of the photons in the normal state as a function of the frequency ω for
ky = kx = 0, nm = 9 · 1023 m−3, and µγ = 3.5 · 10−19J.

spectral function. Second, the spectral function should satisfy the zeroth-
frequency sum rule

∫
d(~ω)ρ(k, ω) = 1. (2.44)

By numerically integrating this spectral function, we check that we satisfy
the sum rule for all chemical potentials smaller than the lowest energy of
the photons.

As we can see from Figs. 2.6, the spectral function consists of a Lorentzian-
like peak for positive frequencies and a continuum for negative frequencies.
The latter is roughly five orders of magnitude smaller than the positive con-
tribution. Since the positive contribution is approximately a Lorentzian,
we can determine the lifetime of the photons by looking at the width of
these peaks [59]. This lifetime is defined as the time for which a photon
in a certain momentum state k goes into another state with momentum k′

due to absorption and re-emission by the molecules.
Numerically, we obtained for small momenta and βµγ up to roughly

87, a lifetime of the order of 10−13 s. If we increase µγ even further, the
lifetime of the photons increases rapidly. Because for larger values of µγ
the peaks of the spectral function are at smaller frequencies, we can also
show this fact analytically. Since we know that the lifetime of the photon is
related to the imaginary part of this pole, we need to determine the poles
of Eq. (2.39).

In the previous section we found that for small frequencies we can use
an approximation for the imaginary part of the self-energy in which it is
linear in frequency. Within this approximation, the Green’s function given
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by Eq. (2.39) has a pole at

~ωpole(k) =
1− iα
1 + α2

(εγ(k)− µγ) . (2.45)

Since α2 � 1, a typical lifetime of the photons in the normal state is given
by

τ(k) =
~

2α (εγ(k)− µγ)
∼ 1

αΩ
. (2.46)

where α is given by Eq. (2.31), ∆µ is sufficiently large, and Ω is the trap
frequency of the photons. In the last step we used the fact that the photons
are trapped in a harmonic potential and therefore the typical energy of the
photons is proportional to ~Ω. From Fig. 2.5 we know that for the relevant
values of µγ , α is in the range of 10−3−10−2. Therefore, the lifetime of the
photons is in the nanosecond regime, which agrees with Ref. [32]. We also
note that the smallness of α implies that the collective-mode dynamics of
the gas is underdamped as the ratio between the damping and frequency
of the collective modes is precisely α.

2.4.2 Condensed state

In this section we consider the homogeneous two-dimensional photon gas
below the critical temperature for Bose-Einstein condensation. To describe
the condensate of photons we start from the following two-dimensional
action

Seff [a∗, a] =
∑
k,n

~G−1(k, iωn)a∗k,nak,n (2.47)

+
T 2B

2

∑
K,k,q,n,m,l

a∗K−k,n−ma
∗
k,maK−q,n−laq,l.

Here

~G−1(k, iωn) = i~ωn − εγ(k) + µγ − ~Σ(k, iωn), (2.48)

and ~Σ(k, iωn) follows from the retarded self-energy by Wick rotation of
the real frequency to Matsubara frequencies iωn. This action describes the
same equilibrium physics as coming from the Langevin field equation in
Eq. (2.34), since after a Wick rotation the equations of motion for the field
ak,n are determined by the average of the Langevin equations. Substituting
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a0,0 → a0,0+φ and requiring that the terms linear in the fluctuations vanish
leads to the equation

µγ = ~ckγ + S(0, 0) + T 2Bn0, (2.49)

where n0 is the density of condensed photons. This equation determines the
chemical potential of the Bose-Einstein condensate of photons. We obtain
βµγ ' 90.9, and according to Eq. (2.3), we have a corresponding polariza-
tion of roughly 0.93. Therefore, almost all molecules are in the excited state.

To determine the collective excitations of the condensate over the ground
state we consider the action up to second order in the fluctuations. This is
the so-called Bogoliubov approximation. So

SBog[a∗, a] = −1

2

∑
k,n

u†k,n · ~G−1
B (k, iωn) · uk,n, (2.50)

where

uk,n :=

[
ak,n
a∗−k,−n

]
, (2.51)

and

~G−1
B (k, iωn) = ~G−1(k, iωn)

[
1 0
0 1

]
− T 2Bn0

[
2 1
1 2

]
. (2.52)

Since µγ is given by Eq. (2.49), we obtain that Det[G−1
B (0, 0)] = 0. There-

fore we have a gapless excitation, which agrees with Goldstone’s theorem.
By Wick rotating and solving for which ω the determinant of this ma-
trix vanishes, we can determine the dispersions. Since we are interested in
the low-energy behavior, we can use Eq. (2.28) for the self-energy. In this
approximation the dispersions are given by

(1 + α2)~ω(k) = −iα(ε̃γ(k) + T 2Bn0) (2.53)

±
√
−(αT 2Bn0)2 + ε̃γ(k)(ε̃γ(k) + 2T 2Bn0),

with ε̃γ(k) = εγ(k)− ~ckγ . The imaginary part of the dispersion relations
is always negative and we find a lifetime in the nanosecond regime for
n0 in the range of 1012 − 1013 m2 and excitations for which kξ < 0.2, with
k = |(kx, ky)|. For excitations with larger momentum the lifetime decreases,
until it approaches zero in the limit of k →∞.

Furthermore, we have the same behavior as was first shown in Ref. [60]
for a non-equilibrium Bose-Einstein condensate of exciton-polaritons. Also
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Figure 2.7: The spectral function as a function of ω for nm = 9 · 1023 m−3 and
n0 = 1012 m−2. In this plot kξ ' 3.8 · 10−2.

in this case the dispersions become purely imaginary for small momenta.
For the numerical values of the experiment and n0 = 1012 m2, we have
purely imaginary dispersions for kξ < 2.2 · 10−3. However, this does not
imply that for small momenta there are only decaying quasiparticles at
zero energy. This can be seen in the spectral function, which in this case
corresponds to the imaginary part of GB;11(k, ω+). In Figs. 2.7 and 2.8
we can see the two qualitatively different forms of the spectral function.
For relatively large momenta, we have two peaks at the real part of the
dispersions, and the width of the peaks is determined by the imaginary
part of the dispersions. In the small-momenta region where both dispersions
are purely imaginary, we have a continuum for both negative and positive
frequencies. Still, the spectral function has a maximum and a minimum.
Therefore, in agreement with the large-momentum case we can also define
the position of these extrema as the dispersion. So, contrary to what the
analytical dispersion given by Eq. (2.53) suggests, for small momenta the
spectral function also has a maximum and minimum at nonzero energy.

Finally, we check if the spectral function satisfies the sum rule given by
Eq. (2.44). In the low-frequency approximation for the retarded self-energy
we can integrate the spectral function analytically, and we obtain∫

d(~ω) ρ(k, ω) =
1

1 + α2
. (2.54)

Since we are in the Bose-Einstein condensed phase α ' 4.5 · 10−3, and
we satisfy in very good approximation the sum rule. Note that this small
deviation from the sum rule is a consequence of making the low-energy
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Figure 2.8: The spectral function as a function of ω for nm = 9 · 1023 m−3 and
n0 = 1012 m−2. In this plot kξ ' 1.9 · 10−5.

approximation to the self-energy. Namely, this approximation for the self-
energy is only valid for small energies, and therefore the high-frequency
behavior is not incorporated correctly. However, without this low-energy
approximation the self-energy has the correct low-energy and high-energy
limits, and we indeed find that the spectral function with the full self-energy
satisfies the sum rule.

2.5 Conclusion and outlook

In this Chapter we constructed a theory for BEC of photons in a dye-filled
cavity. By using the Schwinger-Keldysh formalism, we obtained a Langevin
field equation that describes the complete dynamics of the photons. In par-
ticular, it incorporates both the coherent and incoherent dynamics of the
gas. Furthermore we found that the finite lifetime of the photons can be
captured in a single parameter α, which depends on the external laser
pumping the dye. In addition, we also found an analytic expression for
this parameter. In the homogeneous case we have shown that our theory
incorporates the correct equilibrium properties of the gas.

Subsequently, we calculated the collective modes and spectral functions
of the homogeneous photon gas in the normal and Bose-Einstein condensed
state. In both phases we found that the lifetime of the photons in the cavity
is in the nanosecond regime, which is the same regime as found experimen-
tally in Ref. [32]. Moreover, we obtained that the dynamics of the collec-
tive modes is underdamped. Furthermore, in agreement with the results of
Ref. [60] for exciton-polaritons, we found in the Bose-Einstein condensed
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phase that dispersions become formally purely imaginary for small mo-
mentum. Nevertheless, for small momentum the spectral function also has
qualitatively a maximum and minimum at nonzero energy. Finally, in both
phases the spectral function is well-behaved and satisfies the sum rule.

In future research we will consider in detail the fluctuations, in partic-
ular the phase fluctuations, of the photon Bose-Einstein condensate. For
a condensate density of n0 ' 1012 m−2, the trap length l =

√
~/mphΩ '

7.8 ·10−6 m is about 2 times smaller than the coherence length ξ. However,
a condensate density of n0 ' 1013 m−2 results in a trap length l that is
about 2 times larger than the coherence length ξ. Both condensate densi-
ties are accessible experimentally [32], and therefore we intend to explore
both the regime of Bose-Einstein condensation and the quasi-condensate
regime.



Chapter 3

First-order correlation functions

We investigate the finite-lifetime effects on first-order correlation functions
of dissipative Bose-Einstein condensates. By taking into account the phase
fluctuations up to all orders, we show that the finite-lifetime effects are
negligible for the spatial first-order correlation functions, but have an im-
portant effect on the temporal correlations. As an application, we calculate
the one-particle density matrix of a quasi-condensate of photons. Finally,
we also consider the photons in the normal state and we demonstrate that
the finite-lifetime effects decrease both the spatial and temporal first-order
correlation functions.1

3.1 Introduction

Bose-Einstein condensation (BEC) was first directly observed by cooling
atomic vapors to temperatures in the nK regime [3–5]. These vapors were
confined in three-dimensional traps, of which the shape could be altered
by changing certain experimental parameters, e.g., the magnetic field. For
sufficiently tight confinement in two or one directions, the dynamics in
these dimensions can be frozen out and the atoms behave as a quasi one-
dimensional or two-dimensional gas. This manipulation opened up the pos-
sibility of exploring Bose-Einstein condensates in lower dimensions [61–64].

From a theoretical point of view these low-dimensional Bose-Einstein
condensates are particulary interesting because their physics is fundamen-
tally different from three-dimensional condensates. Namely, in two dimen-
sions a homogeneous Bose gas can only undergo BEC at zero temperature,
and in one dimension BEC in a homogeneous Bose gas cannot take place at
all [65,66]. In the presence of an external potential the situation drastically

1This Chapter is directly based on Phase Fluctuations and First-Order Correlation
Functions of Dissipative Bose-Einstein Condensates, A.-W. de Leeuw, H.T.C. Stoof, and
R.A. Duine, Phys. Rev. A 89, 053627 (2014).
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changes. In particular, harmonically trapped bosons can undergo BEC at
nonzero temperatures in both one and two dimensions [44,45,67].

For homogeneous two-dimensional Bose gases, theoretical studies show
that even though the Bose-Einstein condensate does not exist at nonzero
temperatures, there still exists a critical temperature in the system. Be-
low the so-called Kosterlitz-Thouless temperature the gas is superfluid, and
above this temperature the bosons lose their superfluid property [68]. This
is known as the Kosterlitz-Thouless transition, and it implies that superflu-
idity only requires the presence of a quasi-condensate [69] with phase coher-
ence over a distance much less than the system size. This quasi-condensate
can be roughly interpreted as a system consisting of several patches, each
with a fixed phase, whereas the phases of these different patches in the
system are uncorrelated.

In addition to atomic gases, there are presently also other low-dimensional
systems in which BEC is observed, such as systems consisting of exciton-
polaritons [30, 31] or photons [32]. Together with BEC of magnons [29],
these systems form a class of condensates that is different from the atomic
Bose-Einstein condensates. In particular, the bosonic quasiparticles have
a small effective mass resulting in BEC at temperatures in the range of 10
to 300 K instead of in the nK regime relevant to the atomic Bose-Einstein
condensates. Furthermore, these condensates are not in true thermal equi-
librium, and the steady state is a dynamical balance between particle losses
and external pumping. Therefore, the particles have a finite lifetime, which
can be characterized by a single dimensionless damping parameter.

In the context of exciton-polariton condensates the first-order correla-
tion functions are extensively studied theoretically. In Refs. [70, 71] the
temporal and spatial first-order correlation functions are calculated, by in-
troducing a cutoff to handle the ultra-violet divergence at zero temperature.
Furthermore, a more general discussion on spatial correlation functions of
non-equilibrium condensates in reduced dimension is given in Ref. [72]. In
that work, the main results are obtained for a frequency-independent damp-
ing, and a first attempt is made to incorporate frequency-dependent damp-
ing. Moreover, in Refs. [73, 74] the spatial correlations of one-dimensional
driven-dissipative non-equilibrium condensates are investigated by study-
ing a stochastic equation for the phase fluctuations.

In this Chapter we study the effect of the appropriate frequency-dependent
damping parameter on the first-order correlation functions of low-dimensional
Bose-Einstein condensates. In particular, we focus on a Bose-Einstein con-
densate of photons for which this damping parameter is explicitly calcu-
lated in Ref. [75]. First, we derive a general expression for the first-order
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correlation function for a homogeneous Bose gas in the condensed phase
in Sec. 3.2. Thereafter, we use this general expression for the first-order
correlation functions to determine the effect of the finite lifetime on the
spatial and temporal correlations in Sec. 3.3. In Sec. 3.4 we consider BEC
of photons, taking their interaction with the dye molecules into account,
and determine the off-diagonal long-range behavior of the one-particle den-
sity matrix in the Bose-Einstein condensed phase. We show that for the
relevant parameters used in the experiment the photons form a true con-
densate and Kosterlitz-Thouless physics is not observable. Subsequently,
we determine the first-order correlation functions of photons in the normal
state, and we end with conclusions and an outlook in Sec. 3.5.

3.2 Phase fluctuations

In this section we derive a general expression for the first-order correlation
functions for a homogeneous Bose gas consisting of N bosons in a box of
volume V . We start from the Euclidean action

S[φ∗, φ] =

∫ ~β

0
dτ dτ ′

∫
dx dx′ φ∗(x, τ)~Σ(x− x′, τ − τ ′)φ(x′, τ ′) (3.1)

+

∫ ~β

0
dτ

∫
dxφ∗(x, τ)

[
~
∂

∂τ
− ~2∇2

2m
− µ+

T 2B

2
|φ(x, τ)|2

]
φ(x, τ),

where τ and τ ′ denote imaginary times, β = 1/kBT with T the temperature,
µ is the chemical potential and T 2B is the strength of the self-interaction.
Furthermore, we included a self-energy ~Σ(x− x′, τ − τ ′) describing addi-
tional interaction effects, e.g., in the photon experiment of Klaers et al.,
the interaction of the photons with the dye molecules [32].

To obtain an expression for the first-order correlation functions in the
superfluid phase, we split the density and phase fluctuations and substitute
φ(x, τ) =

√
n+ δn(x, τ)eiθ(x,τ). Here n is the average density of the gas,

δn(x, τ) denotes the density fluctuations, and θ(x, τ) represents the phase.
We expand up to second order in θ and δn, and define

θ(x, τ) =
1√
~βV

∑
k,m

θk,me
i(k·x−ωmτ), (3.2)

δn(x, τ) =
1√
~βV

∑
k,m

δnk,me
i(k·x−ωmτ),
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to obtain

S[δn, θ] =
n

2

∑
k,m

{~Σs(k, iωm) + 2ε(k)} θk,mθ−k,−m (3.3)

+
1

8n

∑
k,m

{
~Σs(k, iωm) + 4nχ−1(k)

}
δnk,mδn−k,−m

+
∑
k,m

{
~ωm +

i

2
~Σa(k, iωm)

}
δn−k,−mθk,m

with the inverse of the static density-density correlation function χ−1(k) =
ε(k)/2n + T 2B, the single-particle dispersion ε(k) = ~2k2/2m and the an-
tisymmetric and symmetric parts of the self-energy obeying

~Σa(k, iωm) = ~Σ(k, iωm)− ~Σ(−k,−iωm), (3.4)

~Σs(k, iωm) = ~Σ(k, iωm) + ~Σ(−k,−iωm).

Here ~Σ(k, iωm) is defined in a similar way as the Fourier transform of
the phase and density fluctuations in Eq. (3.2) except for the normalization
factor, which is 1/~βV in this case. Furthermore, in Fourier space we take
without loss of generality ~Σ(0, 0) = 0. For bosons this assumption is
automatically satisfied for the imaginary part, and the constant real part
results in a energy shift of the poles of the Green’s function and can be
absorbed in the chemical potential. Note that in Eq. (3.3) we substituted
the zero-loop result for the chemical potential µ = nT 2B.

By using the classical equations of motion, we can now eliminate the
phase θk,m and find an action for the density fluctuations δnk,m alone.
From this action we obtain

〈δn(x, τ)δn(x′, τ ′)〉 = (3.5)

n

βV

∑
k,m

~Σs(k, iωm) + 2ε(k)

Det[~G−1
B (k, iωm)]

ei(k·(x−x
′)−ωm(τ−τ ′)),

where the Green’s function of the density and phase fluctuations has the
matrix structure

~G−1
B (k, iωm) = (3.6)[

~G−1(k, iωm)− nT 2B −nT 2B

−nT 2B ~G−1(−k,−iωm)− nT 2B

]
,

in terms of the single-particle Green’s function

~G−1(k, iωm) = i~ωm − ε(k)− ~Σ(k, iωm). (3.7)
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Similarly we use the equation of motion for δnk,m to eliminate the
density fluctuations, and we find

〈θ(x,τ)θ(x′, τ ′)〉 = (3.8)

1

4nβV

∑
k,m

~Σs(k, iωm) + 2ε(k) + 4nT 2B

Det[~G−1
B (k, iωm)]

ei(k·(x−x
′)−ωm(τ−τ ′)).

However, from Ref. [76] we know that the contribution of the phase fluc-
tuations is proportional to the density. The first two terms are not propor-
tional to n and they are an artifact of making an expansion up to second
order in θ(x, τ), and of neglecting the interaction terms between the density
and phase fluctuations. A more accurate approach that takes into account
higher-order terms in θ(x, τ) would not contain these high-momentum con-
tributions. Therefore, the correct expression for the phase fluctuations is
given by

〈θ(x, τ)θ(x′, τ ′)〉 =
1

nβV

∑
k,m

nT 2B

Det[~G−1
B (k, iωm)]

ei(k·(x−x
′)−ωm(τ−τ ′)).

(3.9)

In certain cases the self-energy is only known for real frequencies. There-
fore, we define

ρθ(k, ω) = −nT
2B

2~
ρB(k, ω) := −nT

2B

π~
Im

[
1

Det[~G−1
B (k, ω+)]

]
, (3.10)

and we write for the phase correlation function

〈θ(x, τ)θ(x′, τ ′)〉 (3.11)

=
~

n~βV
∑
k,m

∫ ∞
−∞

d(~ω)
ρθ(k, ω)

iωm − ω
e−iωm(τ−τ ′)eik·(x−x

′)

= − ~
nV

∑
k

∫ ∞
−∞

d(~ω) ρθ(k, ω)e−ω(τ−τ ′)eik·(x−x
′)

×
{

Θ(τ ′ − τ)NBE(~ω) + Θ(τ − τ ′)(NBE(~ω) + 1)
}
,

where

NBE(~ω) =
1

eβ~ω − 1
, (3.12)

is the Bose-Einstein distribution function. For simplicity we take τ ′ > τ ,
and the case τ ′ < τ is treated analogously. In principle we have to consider
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both the density and phase fluctuations, in order to calculate the first-order
correlation functions. However, here we consider relatively high condensate
fractions for which the density fluctuations are strongly suppressed and the
phase fluctuations are most important, especially for the description of the
long-range order which is of most interest to us here [77–80]. Hence, we
have

〈φ∗(x, t)φ(x′, t′)〉 ' n0〈e−i(θ(x,t)−θ(x
′,t′))〉 = n0e

− 1
2
〈[θ(x,t)−θ(x′,t′)]2〉, (3.13)

with n0 the quasi-condensate density. Note that for the Gaussian approach
used here, the second line of Eq. (3.13) is exact. However, in principle there
are corrections to this result which can be incorporated by treating the
phase of the condensate as a stochastic variable. As is shown in Ref. [74],
these corrections are rather small and therefore we neglect these corrections
throughout the remainder of this Chapter.

By using Eq. (3.11) and performing the analytical continuation to real
time τ = it, we obtain for the exponent of this expression

〈[θ(x, t)− θ(x′, t′)]2〉 = −T
2B

V

∑
k

∫ ∞
−∞

d(~ω)ρB(k, ω)NBE(~ω) (3.14)

×
{

1− cos(k · (x− x′)) cos(ω(t− t′))
}
,

where we used ~Σ(k, ω) = ~Σ(−k, ω) for an isotropic system.
To make further progress, we perform a long-wavelength approximation

to the self-energy. As mentioned before, the real part of the self-energy can
effectively be absorbed in the chemical potential and therefore we neglect
this part. The imaginary part is zero for k = 0 and ω = 0, and therefore
for small frequencies the imaginary part is linear in ω. Since the result
of Eq. (3.14) is dominated by the contributions for small frequencies, the
large frequency behavior is not visible in the final result. Therefore we can
safely assume that the self-energy obeys ~Σ(k, ω) = ~Σ∗(k,−ω) for the
imaginary part of both the retarded and advanced self-energy. This allows
us to rewrite

〈[θ(x, t)− θ(x′, t′)]2〉 = −T
2B

V

∑
k

∫ ∞
0

d(~ω)ρB(k, ω) (3.15)

× {1 + 2NBE(~ω)}
{

1− cos(k · (x− x′)) cos(ω(t− t′))
}
.

This expression for the phase fluctuations contains an ultraviolet diver-
gence. This divergence is a consequence of not taking into account the
proper energy dependence of the self-interaction of the bosons. For atoms



3.3. CORRELATION FUNCTIONS IN THE CONDENSED PHASE 53

this problem was already encountered in Ref. [76], and in that case the
divergence was handled by appropriate renormalization of the interactions.
In our case the form of the divergence is the same, since the self-energy
must vanish for large momenta. However, we do not know the exact energy
dependence of T 2B. Therefore, the cancellation of the ultra-violet diver-
gence requires us to introduce another energy scale γnT 2B that models the
correct energy dependence of the self-interaction of the bosons. We come
back to the precise determination of γ in the next section. We thus write,

〈[θ(x, t)− θ(x′, t′)]2〉 = −T
2B

V

∑
k

∫ ∞
0

d(~ω)ρB(k, ω) (3.16)

×
{

1 + 2NBE(~ω)− ~ωB(k)

ε(k) + γnT 2B

}{
1− cos(k · (x− x′)) cos(ω(t− t′))

}
,

with ~ωB(k) =
√
ε(k)[ε(k) + 2n0T 2B] the Bogoliubov dispersion. The inte-

grant in Eq. (3.16) must be positive for all k and all temperatures, because
this term corresponds to the expectation value of |θk,n|2. Therefore, we
have the restriction that γ ≥ 1. Finally, note that this result is consistent
with the expressions found in Ref. [76].

3.3 Correlation functions in the condensed phase

In the previous section we found an expression for the first-order correlation
function by taking into account the phase fluctuations up to all orders.
As mentioned before, the phase fluctuations are dominated by the small-
frequency contributions and for bosons the imaginary part of the self-energy
is linear in ω for small frequencies. Therefore, in this section we take the
retarded self-energy equal to ~Σ+(k, ω) = −iα~ω and we investigate the
effect of α on the first-order correlation functions.

3.3.1 Spatial correlations

From Eq. (3.16) we obtain that the phase fluctuations contain a contribu-
tion that is temperature dependent, and a zero-temperature part. For the
equal-time phase fluctuations at zero temperature, we have

〈[θ(x, 0)− θ(0, 0)]2〉 = −T
2B

V

∑
k

∫ ∞
0

d(~ω)ρB(k, ω) (3.17)

×
{

1− ~ωB(k)

ε(k) + γnT 2B

}
{1− cos(k · x)} .
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Figure 3.1: Zero-temperature part of the phase fluctuations in two dimensions for
a condensate density n ' 5 · 1013m−2 and correlation length ξ ' 2.8 · 10−6 m. The
dotted, dashed and solid curves correspond to, respectively, α = 0, α = 5 · 10−2,
and α = 10−1.

Without loss of generality we have set x′ = 0 and we have put t equal to
zero. Before we consider the effect of the self-energy on the spatial corre-
lations, we investigate the effect of γ. We first consider the case without
a self-energy. By writing the sum over k as an integral, we find in two
dimensions

〈[θ(x, 0)− θ(0, 0)]2 =

∫ ∞
0

dk
1− J0(kx)

4πnξ2

{
1√

k2 + 1
− 2k

2k2 + γ

}
, (3.18)

where J0(kx) is the Bessel function of the first kind, ξ = ~/[4mn0T
2B]1/2 is

the correlation length and x = |x|. In the limit x→∞, the Bessel function
vanishes and we obtain

〈[θ(x, 0)− θ(0, 0)]2〉 → log(2γ)

2π

mT 2B

~2
. (3.19)

Thus, the condensate density is given by the right-hand side of the following
equation

〈φ∗(x, 0)φ(0, 0)〉 → n0 exp

{
− log(2γ)

4π

mT 2B

~2

}
, (3.20)

where we again considered the limit x → ∞. Therefore, by increasing γ
we effectively increase the interaction strength and, thereby decrease the
condensate density of the gas. This dependence can in principle be used to
determine the value of γ from experiment. To determine the effect of the
self-energy we here just fix γ and set it equal to 1. In Fig. 3.1 we show the
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Figure 3.2: Nonzero-temperature part of the phase fluctuations in two dimen-
sions for a condensate density n ' 5 · 1013m−2, correlation length ξ ' 2.8 · 10−6 m
and βn0T

2B ' 1.3 · 10−2.

result for the zero-temperature part of the phase fluctuations for different
values of α. If α increases, the contribution of the phase fluctuations de-
creases. Therefore, for increasing α we obtain that the quantum depletion
of the condensate decreases.

For systems at low temperatures this is the dominating contribution.
However, here we are interested in BEC at higher temperatures such as
BEC of photons. For these condensates the temperature-dependent part
is the most relevant contribution. The temperature-dependent part of the
phase fluctuations is free of ultra-violet divergences and given by

〈[θ(x, 0)− θ(0, 0)]2〉 = (3.21)

− 2T 2B

π

∫ ∞
0

dk k

∫ ∞
0

d(~ω)ρB(k, ω)NBE(~ω) {1− J0(kx)} .

We evaluate this quantity for βn0T
2B ' 1.3 · 10−2. This corresponds to a

typical value for BEC of photons in the regime where the density fluctua-
tions are suppressed and we can focus on the phase fluctuations [83]. By
looking at Fig. 3.2, we observe that the temperature-dependent contribu-
tion is indeed several orders of magnitude larger than the zero-temperature
part. Furthermore, it turns out that the α dependence of the nonzero-
temperature part is negligible.

To understand this feature, we distinguish between two different fre-
quency regimes. Namely, β~ω < 1 and β~ω > 1. Since we are at room
temperature, the latter corresponds to relatively high values of the momen-
tum k. In the Bose-Einstein condensed phase the contributions for small
momenta are dominant. Therefore, the contributions coming from β~ω > 1
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are suppressed, and we can focus on the first regime.
To make analytical progress, we use 2NBE(~ω) ' 2/β~ω−1 for β~ω < 1.

Furthermore, we can neglect the −1 since this is a contribution of the same
order as the zero-temperature part and is therefore negligible compared
to the temperature-dependent part. Hence, we obtain for the nonzero-
temperature part of the phase fluctuations

〈[θ(x, 0)− θ(0, 0)]2〉 = (3.22)

− 2T 2B

πβ

∫ ∞
0

dk k

∫ ∞
0

d(~ω)
ρB(k, ω)

~ω
{1− J0(kx)} .

We can perform the integral over ω analytically, and we obtain

〈[θ(x, 0)− θ(0, 0)]2〉 =
T 2B

πβ

∫ ∞
0

dk k
1− J0(kx)

(~ωB(k))2
. (3.23)

This expression is indeed independent of α, and this explains why the α
dependence of the spatial phase fluctuations is negligible. Note that this
argument is independent of the number of dimensions, and therefore also
in one dimension the α dependence of the spatial correlations is negligible.
For a frequency-independent damping, this independence of the spatial
correlations is also encountered in exciton-polariton condensates [81].

3.3.2 Temporal correlations

To study the temporal correlation function, we define the first-order corre-
lation function g(1)(x, t) as

g(1)(x, t) :=
〈φ∗(x, t)φ(0, 0)〉
〈|φ(0, 0)|2〉 , (3.24)

with the temporal correlations defined as g(1)(t) = g(1)(0, t). Similar to
the spatial correlations, we consider the regime in which the phase fluctu-
ations are dominant. Therefore, we can directly calculate g(1)(t) by using
Eqs. (3.13) and (3.16), where we again consider βn0T

2B ' 1.3 · 10−2. In
Fig. 3.3 we show g(1)(t) in two dimensions for several values of α. As can
be seen from the figure, g(1)(t) increases for increasing α. Furthermore,
we find the same qualitative behavior in one dimension. Thus as opposed
to the spatial correlations, the finite-lifetime effects are important for the
temporal correlations.
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Figure 3.3: Normalized first-order correlation function g(1)(t) for a two-
dimensional Bose-Einstein condensate as a function of t/tc, with tc =
~(n0T

2B
√
β)−2 ' 1.5 · 10−10 s. Here βn0T

2B ' 1.3 · 10−2 and the dashed, dotted,
and solid curves are for, respectively, α = 10−1, α = 10−2, and α = 0.

3.4 Photons

In the previous section we gave a general discussion on finite-lifetime effects
on correlation functions of bosons in the Bose-Einstein condensed phase.
In this section we will focus on a specific example of such a system, namely,
BEC of photons [32]. Since this system is two-dimensional and of finite size
due to the presence of a trap for the photons, we first investigate whether
the photons form a quasi-condensate or a true condensate.

3.4.1 One-particle density matrix

To determine whether the photons form a quasi-condensate or a true con-
densate, we need to calculate the off-diagonal long-range behavior of the
one-particle density matrix, and compare the size of the condensate with
the distance over which the one-particle density matrix falls off. In particu-
lar, if the size of the condensate is smaller than the distance over which the
one-particle density matrix reduces to, say, half of the maximum value, we
have a true condensate. Otherwise, we are in the quasi-condensate regime.
Furthermore, we consider the regime where the density fluctuations are
suppressed and therefore we have large condensate fractions. Therefore we
are allowed to use the Thomas-Fermi approximation, and we obtain for the
number of condensed photons

N0 =
2π

T 2B

∫ RTF

0
dr r

(
µ− 1

2
mΩ2r2

)
, (3.25)
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Figure 3.4: Normalized first-order correlation function g(1)(x/RTF) for the Bose-
Einstein condensate of photons for the condensate fraction N0/N = 0.2.

where the Thomas-Fermi radius RTF =
√

2µ/mΩ2 is the size of the con-
densate and Ω is the frequency of the isotropic harmonic trap. Note that
the constant energy mc2, with c the speed of the photons in the medium,
is absorbed in the definition of the chemical potential µ. Furthermore, N0

can be related to the total number of photons N according to [43]

N0 = N − π2

3

(
kBT

~Ω

)2

. (3.26)

By performing the integral in Eq. (3.25), we can relate the chemical poten-
tial to the total number of photons in our system. This then implies

RTF =

(
4T 2BN0

πmΩ2

)1/4

. (3.27)

Furthermore, for the density of condensed photons n0 we take the density
in the center of the trap. Hence,

n0 =

√
mΩ2N0

πT 2B
. (3.28)

Experimentally, the relevant parameter is the condensate fraction N0/N .
Therefore given a condensate fraction, we use Eq. (3.26) to determine N0

and with this value we obtain the size and density of the condensate via
Eqs. (3.27) and (3.28). Furthermore, we use Ref. [32] to obtain numerical
values for the parameters m, Ω and T 2B.

In Fig. 3.4 we show a plot of the normalized first-order spatial corre-
lation function g(1)(x/RTF) = g(1)(x/RTF, 0) as defined in Eq. (3.24) for
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Figure 3.5: Normalized first-order correlation function g(1)(x) of the photons in
the normal state for µ = 0.99µc as a function of x/x0, where x0 = ~βc ' 6·10−6 m.
The solid curve is the result without taking into account the molecules, and the
dashed curve corresponds to a molecular density nm = 4.5 · 1024 m−3.

a condensate fraction of 20 %. From this plot it is clear that the phase
correlation function g(1)(x) hardly drops over the condensate size, and that
the photons form a true condensate. Note that this conclusion is also valid
for a homogeneous system with the same central density and confined to a
square with size RTF. Furthermore, in Ref. [82] it is shown that at large
length scales, in the regime of Kosterlitz-Thouless physics, isotropic sys-
tems undergo a Kardar-Parisi-Zhang (KPZ) crossover. Since these length
scales are even larger than the length scales for Kosterlitz-Thouless physics,
this KPZ regime is not accessible with the present set up.

In principle we should also include the harmonic trap in the calculation
for g(1)(x/RTF). As shown in Ref. [76], in this case the phase fluctuations
correlation function can also be found by solving the Bogoliubov-de Gennes
equations. However, the thermal energy kBT is roughly two orders of mag-
nitude larger than the energy splitting ~Ω of the harmonic potential V ex(x).
Therefore, incorporation of the harmonic potential is only a small correc-
tion and since for the homogeneous calculation we are already far in the
true condensate regime, this correction will not influence our conclusion.

3.4.2 Normal state

Apart from the Bose-Einstein condensed phase, the photons can also be in
the normal state. Since in this case not only the small frequency behavior of
the self-energy is important, the details of the system of interest should also
be included and we need the exact expression for the self-energy. Therefore,
we use the explicit expression for the self-energy as given in Ref. [75]. In
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Figure 3.6: a) Real and b) imaginary parts of the normalized first-order temporal
correlation function g(1)(t) for the photons in the normal state for µ = 0.99µc as
a function of t/t0 with t0 = β~ ' 2.5 · 10−14 s. For the solid curve we omitted the
effect of the molecules and the dashed curve corresponds to the molecular density
nm = 4.5 · 1024 m−3.

the normal state we write for the first-order correlation function

〈φ∗(x, τ)φ(0, 0)〉 =
1

~βV
∑
k,n

G(k, iωn)ei(ωnτ−k·x), (3.29)

where

G(k, iωn) =
−~

−i~ωn + ε(k)− µ+ ~Σ(k, iωn)
. (3.30)

Note that in this calculation we neglect the self-interaction of the photons,
since we are primarily interested in the effect of the imaginary part of the
self-energy. Furthermore, for the same reasons as mentioned before, we
neglect the harmonic potential V ex(x) which in the local-density approx-
imation can be incorporated by the replacement µ(x) = µ − V ex(x). By
defining

ρ(k, ω) :=
1

π~
Im
[
G(k, ω+)

]
, (3.31)

we write

〈φ∗(x, t)φ(0, 0)〉 =
1

2π

∫
dk

∫
d(~ω) k ρ(k, ω)NBE(~ω)J0(kx)eiωt, (3.32)

where J0(kx) is the Bessel function of the first kind, NBE(~ω) is the Bose-
Einstein distribution function as defined in Eq. (3.12) and x = |x|.

We study the spatial and temporal correlation functions g(1)(t) and
g(1)(x) separately. In general we are interested in the regime where we are
close to condensation, and therefore we take µ ' 0.99µc. Furthermore, we
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take the parameters as in the experiment of Ref. [32]. It turns out that
for the densities used in these experiments the effect of the molecules is
small. To demonstrate the effect of the dye molecules we take nm = 4.5 ·
1024 m−3. In general high molecular densities can spoil the thermalization
of the photons, but this value should be within the regime in which the
photons can still thermalize.

As can be seen in Fig. 3.5, the normalized spatial correlation function
g(1)(x) is lowered by the effect of the molecules. The normalized first-
order temporal correlation g(1)(t) consists of an imaginary and a real part,
which we show separately in Figs. 3.6. For both parts the amplitude of the
oscillations are decreased by the interaction with the molecules. Here, we
used correlation functions in terms of creation and annihilation operators.
In experiments one measures the correlation between the electric field at
different times and positions, and therefore experimentally only the real
part is relevant.

3.5 Conclusion and outlook

In this Chapter we investigated energy-dependent finite-lifetime effects,
characterized by the dimensionless parameter α, on the first-order corre-
lation functions. By taking into account the phase fluctuations up to all
orders, we derived an explicit expression for the first-order correlation func-
tions in the Bose-Einstein condensed phase for high condensate fractions.
We showed that the value of α does not influence the spatial correlations,
but it enhances the temporal correlation function.

Subsequently, we focused on BEC of photons under the relevant exper-
imental conditions and we showed that the phase of the condensate is co-
herent over length scales larger than the size of the condensate. Therefore,
the photons form a true condensate. Finally, we calculated the normalized
first-order correlation functions of the photons in the normal state and we
showed that the spatial and temporal correlations are both suppressed by
the interaction with the dye molecules.

For future research it would be interesting to investigate the regime
with smaller condensate fractions. Here the density fluctuations are impor-
tant and they also have to be incorporated in the formalism. For BEC of
photons this regime is also accessible experimentally [83], and in this case
the effect of the interaction with the dye molecules can be different from
the case with high condensate fractions.





Chapter 4

Number fluctuations

We investigate the effect of interactions on condensate-number fluctuations
in Bose-Einstein condensates. For a contact interaction we variationally
obtain the equilibrium probability distribution for the number of particles in
the condensate. To facilitate comparison with experiment, we also calculate
the zero-time delay autocorrelation function g(2)(0) for different strengths
of the interaction. Thereafter, we focus on the case of a Bose-Einstein
condensate of photons and find good agreement with recent experiments.
Finally, we discuss possible photon-photon interaction in the Bose-Einstein
condensate of light.1

4.1 Introduction

Fluctuations are ubiquitous in physics: from the primordial quantum fluc-
tuations in the early universe that reveal themselves as fluctuations in the
cosmic microwave background, to current fluctuations in every-day conduc-
tors. For large voltages, the latter fluctuations give rise to shot noise, that
is due to the discrete nature of charge [84]. As a consequence, shot noise can
be used to determine the quanta of the electric charge of the current carriers
in conducting materials [85]. Indeed, it has been used to characterize the
nature of Cooper pairs in superconductors [86] and the fractional charge
of the quasiparticles of the quantum Hall effect [87]. For low voltages, the
noise in the current is thermal and is called Johnson-Nyquist noise [88,89].
Contrary to shot noise, this thermal noise is always present in electrical
circuits, even if no externally applied voltage is present, since it is due to

1This Chapter is directly based on Interaction Effects on Number Fluctuations in a
Bose-Einstein Condensate of Light, E.C.I. van der Wurff, A.-W. de Leeuw, R.A. Duine,
and H.T.C. Stoof, Phys. Rev. Lett. 113, 135301 (2014). The content of this Chapter is
also part of the Master’s thesis of E.C.I. van der Wurff, who was supervised by A.-W. de
Leeuw, R.A. Duine and H.T.C. Stoof.
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thermal agitation of charge carriers, that leads to fluctuating electromotive
forces in the material.

Theoretically, fluctuations in equilibrium are described by the fluctuation-
dissipation theorem, as formulated by Nyquist in 1928 and proven decades
later [90]. This theorem relates the response of a system to an external
perturbation to the fluctuations in the system in the absence of that per-
turbation. Given a certain fluctuation spectrum we can reconstruct the
response of the system. Therefore, this theorem is very powerful, as was
fervently argued by the Japanese physicist Kubo [91].

Having stressed the importance of fluctuations in physics and the infor-
mation they contain, we now zoom in on condensate-number fluctuations as
our main point of interest. Traditionally, weakly interacting Bose-Einstein
condensates were first observed in dilute atomic vapors [3]. For these sys-
tems, it is very difficult to measure number fluctuations because typically
number measurements are destructive. Therefore, theoretical work has fo-
cused more on density-density correlation functions [92,93].

In recent years, Bose-Einstein condensates of quasiparticles have also
been created, such as exciton-polariton condensates [30], magnon conden-
sates [29] and condensates of photons [32,94]. These condensates of quasi-
particles are realized under different circumstances compared to the atomic
condensates. For instance, these condensates are created at higher tem-
peratures than the condensates of dilute atomic gases: from several kelvin
for the exciton-polariton condensate to room temperature for the photonic
condensate. Additionally, the condensates of quasiparticles are not in true
equilibrium, since the steady state is a dynamical balance between particle
losses and particle gain by external pumping with a laser. Due to these
differences, new experimental possibilities have opened up. For example,
large number fluctuations of the order of the total particle number have
been observed in a condensate of photons [83].

In this Chapter we investigate number fluctuations in Bose-Einstein con-
densates. We start by introducing an effective contact interaction into the
grand-canonical Hamiltonian of a Bose gas and derive an equilibrium prob-
ability distribution for the number of particles in the condensate. Subse-
quently, we investigate these distributions for different condensate fractions
and interaction strengths. We also calculate the zero-time delay autocorre-
lation function g(2)(0) to quantify the number fluctuations. In this manner
we are able to reproduce all experimental curves of Schmitt et al. [83] by us-
ing the interaction strength as a single fitting parameter. Having provided
this interpretation of the experimental results, we finally discuss possible
mechanisms for the interactions in a condensate of light.
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4.2 Probability distribution

We consider a harmonically trapped Bose gas with a fixed number of par-
ticles. Because the condensates of quasiparticles are typically confined in
one direction, we specialize to the case of two dimensions. However, the
following treatment is completely general and can easily be generalized to
higher or lower dimensions.

To investigate the number fluctuations, we first calculate the aver-
age number of particles 〈N0〉 in the condensate. Because the conden-
sates of quasiparticles allow for a free exchange of bosons with an external
medium we treat the system in the grand-canonical ensemble: the prob-
ability distribution P (N0) for the number of condensed particles is of the
form P (N0) ∝ exp{−βΩ(N0)}, with Ω(N0) the grand potential of the gas
of bosons.

To find the grand potential we use a variational wave function approach.
We note that the bosons in the condensate typically interact with each
other. A reasonable first approximation for the form of this interaction is
a contact interaction, as essentially every interaction is renormalized to a
contact interaction at long length and time scales, independent of the pre-
cise origin of the interactions. Therefore, we consider the following energy
functional for the macroscopic wave function φ0(x) of the Bose-Einstein
condensate [59]

Ω[φ0] =

∫
dx

[
~2

2m
|∇φ0(x)|2 +

(
V (x)− µ+

g

2
|φ0(x)|2

)
|φ0(x)|2

]
, (4.1)

where x is the two-dimensional position, the first term represents the ki-
netic energy of the condensate, V (x) = mω2|x|2/2 is the harmonic trapping
potential, µ is the chemical potential for the particles and g is the coupling
constant of the effective pointlike interaction between the particles.

We use the Bogoliubov substitution φ0(x) =
√
N0ψq(x), with the nor-

malized variational wave function ψq(x), such that
∫
dx |φ0(x)|2 = N0.

Subsequently, we minimize the energy as a function of the variational pa-
rameter q, which describes the width of the condensate. As a variational
ansatz we take the wave function to be the Gaussian

ψq(x) = (
√
πq)−1 exp{−|x|2/2q2}. (4.2)

Substituting this into the energy given by Eq. (4.1) and minimizing with
respect to the variational parameter, we obtain

qmin =
4

√
2π~2 +mN0g

2πω2m2
= qho

4

√
1 +

g̃N0

2π
, (4.3)
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where we introduced the dimensionless coupling constant g̃ := mg/~2 and
the harmonic oscillator length qho =

√
~/mω. Note that for a sufficiently

small number of condensate particles qmin reduces to qho. For a large num-
ber of condensate particles the Thomas-Fermi ansatz for the wave function
is in principle more appropriate. However, it is well known from the atomic
condensates that even in this case the Gaussian approach is rather accu-
rate [95].

We now substitute the minimal value for the variational parameter q
into the energy functional, yielding the probability distribution

P (N0) ∝ exp

{
βN0

(
µ− ~ω

√
1 +

g̃N0

2π

)}
, (4.4)

where the normalization is
∫∞

0 dN0 P (N0) = 1.
Experimentally, the relevant parameter is the condensate fraction x :=

〈N0〉/〈N〉, with N the total number of particles. Thus, to relate our results
to the experiments we need a relation between 〈N0〉 and the average total
number of particles. For temperatures T below the critical temperature
for Bose-Einstein condensation, the average number of particles in excited
states can in a good approximation be determined from the ideal-gas result.
We obtain

〈Nex(T )〉 =

∫ ∞
0

g(ε)dε

exp{ε/kBT} − 1
=
Ns

6

(
πkBT

~ω

)2

, (4.5)

where we used the density of states g(ε) = Nsε/(~ω)2 for a two-dimensional
harmonic trapping potential [43]. The integer Ns denotes the number of
spin components of the boson. The critical temperature Tc is defined by
〈N〉 = 〈Nex(Tc)〉. With this criterion, we find

〈N0〉 =
xNs

6(1− x)

(
πkBT

~ω

)2

. (4.6)

4.3 Results

Given an interaction strength g̃, we use the normalized probability distribu-
tion in Eq. (4.4) to calculate the chemical potential as a function of 〈N0〉, i.e.
µ = µ(〈N0〉). Given a condensate fraction x, we then use Eq. (4.6) to calcu-
late 〈N0〉 and the corresponding µ. As an example we take Ns = 2, which is
appropriate for the Bose-Einstein condensate of photons [32,83,94]. Finally,
we use the obtained chemical potential to plot the probability distribution
at fixed x and g̃. Typical plots of the probability distribution for different
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Figure 4.1: Probability distribution for two-component bosons for a fixed in-
teraction strength g̃ = 5 · 10−6 and different condensate fractions xred = 0.04,
xorange = 0.28, xyellow = 0.40, xgreen = 0.45, and xblue = 0.58.

condensate fractions are displayed in Fig. 4.1. Clearly, we have exponential
behavior due to a Poissonian process for small condensate fractions and
Gaussian behavior for larger condensate fractions. Physically, this shows
that the effect of repulsive interactions is to reduce number fluctuations,
as the interactions give fluctuations an energy penalty. Increasing the in-
teraction strength yields Gaussian behavior for even smaller condensate
fractions. These Gaussians are also more strongly peaked around 〈N0〉 for
higher interaction strengths, which is expected since stronger interactions
between the bosons leads to the supression of fluctuations.

Next, we obtain the second moment 〈N2
0 〉 from the probability distri-

bution P (N0). This gives us all the information needed to quantify the
number fluctuations of the condensate. The time-averaged second-order
correlation function of the light intensity is given by

g(2)(τ) := 〈I(t)I(t+ τ)〉/〈I(t)〉〈I(t+ τ)〉, (4.7)

where τ is the time difference in the arrival of two beams of photons on the
detectors in a Hanbury-Brown and Twiss experiment and I(t) represents
the intensity of those beams at time t. In fact, the corresponding zero-time
delay autocorrelation function is given by

g(2)(0) =
〈N2

0 〉
〈N0〉2

. (4.8)

A plot of g(2)(0) against the condensate fraction is displayed in Fig. 4.2 for
different interaction strengths g̃. We note that bunching of bosons takes
place for all interactions at small condensate fractions. Theoretically, we
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know that for thermal photons g(2)(0) = 2 [96], which is exactly what we
observe in our plots for the corresponding case x = 0. For larger condensate
fractions g(2)(0) → 1. The interpretation is as follows. Suppose we fix the
condensate fraction x. At small interactions the quartic term in the energy
in Eq. (4.1) is small and the minima of the energy are small and broad,
yielding large number fluctuations. If we increase the interaction, the min-
ima become deeper and more narrow, effectively reducing the fluctuations.
The same reasoning holds for a fixed interaction strength and increasing
condensate fractions, as we can also see in Fig. 4.1.

4.4 Comparison with experiment

The results in the previous sections were quite generic for a two-dimensional,
harmonically trapped gas of bosons with two possible polarizations. In
fact, measurements of g(2)(0) have been performed recently [83] in a Bose-
Einstein condensate of photons, enabling us to compare our theory with
experiments. In this experiment photons are confined in a dye-filled cavity,
providing a harmonic potential and giving the photons an effective mass
m by fixing their longitudinal momentum kz [32]. The photons thermalize
to the temperature of the dye solution by scattering of the dye molecules.
Additionally, photon losses from the cavity are compensated by external
pumping, yielding a constant average number of photons.

In Fig. 4.2 we plot the experimental data points of Ref. [83]. We are able
to reproduce all data sets by tuning the interaction parameter g̃. Unfortu-
nately, only one experimental value for g̃ is known. By measuring the size
of the condensate for different condensate fractions, it was experimentally
found that g̃ = (7 ± 3) · 10−4 [32], which only differs a factor of two with
our result for the purple curve gpurple = 2 · 10−4. However, we note that
the trapping potential, concentration of dye molecules and effective photon
mass were somewhat different for the purple data points and the measure-
ment of the interaction strength. We expect the interaction strength to
vary smoothly with variations in the experimental parameters. Hence the
agreement is remarkable and points to the important role of interactions
on number fluctuations in these experiments.

The data points in Fig. 4.2 were obtained for different dye molecule
densities nmol and detunings δ, which is roughly the difference between
the cavity frequency and a dye specific frequency related to the effective
absorption threshold of the dye molecules. Within our theory, the depen-
dence of number fluctuations on these parameters can be incorporated via
their influence on the interactions. Therefore, it would be useful to perform
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Figure 4.2: Zero-time delay autocorrelation function g(2)(0) against the con-
densate fraction x for ω = 8π · 1010 Hz and T = 300 K. The different curves
correspond to different interaction strengths: g̃red = 5 · 10−7, g̃orange = 2 · 10−6,
g̃green = 5 ·10−6, g̃blue = 3 ·10−5, g̃purple = 2 ·10−4. All curves are compared to the
included experimental points from Schmitt et al. [83]. The experimental results for
small condensate fraction x are unreliable due to systematic measurement errors.
Indeed, theoretically we have limx→0 g

(2)(0) = 2.

systematic measurements of g̃ for different detunings and molecule concen-
trations, as is also proposed in Ref. [40]. With this information, we would
be able to directly compare all experimental results with our theoretical
predictions for the number fluctuations.

4.5 Photon-photon interaction

The question remains what mechanism can cause an interaction that de-
pends on both nmol and the detuning δ. It has been suggested that the
interaction is caused by slight changes in the refractive index of the solu-
tion as a function of either temperature or the intensity of the photons [40].
The former phenomenon is known as thermal lensing, whereas the latter is
known as a Kerr-type nonlinearity. We now focus on both effects separately
and estimate the strength of the resulting interactions.

4.5.1 Thermal lensing

Thermal lensing is the phenomenon that the index of refraction n depends
on the temperature of the medium. In the experiment of interest to us,
non-radiative decay of the dye molecules, local fluctuations in the photon
number and the external pumping with a laser lead to temperature fluctu-
ations around the average temperature T0. As the photon energy depends
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on the index of refraction, these temperature fluctuations couple to the
photons.

We now consider the following action in imaginary time for the photon
field φ(r, τ) and temperature fluctuation field δT (r, τ)

S =

∫
dr

∫
dτ

[
δT (r, τ)

2T0

(
cp +

κ∇2

i∂τ

)
δT (r, τ)

]
(4.9)

+

∫
dr

∫
dτ

[
φ∗(r, τ)

(
~
∂

∂τ
− ~2∇2

x

2m
− mc2

n2
+

1

2
mω2|x|2 − µ

)
φ(r, τ)

]
,

where r = (x, y, z) is a three-dimensional vector, ∇2
x denotes that we only

consider motion in the transversal direction, cp is the heat capacity and κ
the thermal conductivity. The part which is quadratic in the temperature
fluctuations is constructed such that it has the correct diffusive pole and
diffusion propagator.

We now assume that the temperature fluctuations are small, and we
write for the index of refraction n(T ) = n(T0) + αδT (r, τ). Substituting
this into the action and expanding for small temperature fluctuations, we
obtain

S := Stemp + Scoup + Sph (4.10)

=

∫
dr

∫
dτ

[
δT (r, τ)

2T0

(
cp +

κ∇2

i∂τ

)
δT (r, τ)

]
+

∫
dr

∫
dτ

[
2mc2α

n3(T0)
δT (r, τ)φ∗(r, τ)φ(r, τ)

]
+

∫
dr

∫
dτ

[
φ∗(r, τ)

(
~
∂

∂τ
− ~2∇2

x

2m
+

1

2
mω2|x|2 − µ′

)
φ(r, τ)

]
,

where we shifted away the constant offset in the energy by setting µ′ =
µ+mc2/n2(T0). Since we want to describe thermal lensing, we can ignore
Sph and from now on we focus on the first two terms of Eq. (4.10).

To find the effective photon-photon interaction, it is more confinient to
work in Fourier space. Therefore, we define the Fourier transforms as

φ(r, τ) =
1√
~βV

∑
p,n

ap,ne
i(p·r−ωnτ), (4.11)

δT (r, τ) =
1√
~βV

∑
p,n

δTp,ne
i(p·r−ωnτ).
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γ,k, n

γ,k′ + p, n′ +m

γ,k+ p, n+m γ,k′, n′

δT,p,m

1

Figure 4.3: Feynman diagram for the photon-photon interaction due to the
diffusion of temperature fluctuations.

By substituting this into Stemp and Scoup, we find

S =
∑
p,n

δT ∗p,n(−~G−1
T (p, iωn))δTp,n (4.12)

+
1√
~βV

(
mc2α

n3(T0)

)∑
n,m,
k,p

(
a∗k+p,m+nak,nδTp,m + a∗k,nak+p,m+nδT

∗
p,m

)
,

where we used δT ∗p,n = δT−p,−n. In the process we defined the inverse
propagator in Fourier space for the temperature fluctuations

−~G−1
T (p, ωn) =

1

T0

(
cp −

κ|p|2
ωn

)
. (4.13)

Subsequently, we complete the square, perform the Gaussian path integral
over the temperature fluctuations δTp,n, and re-exponentiate to arrive at
the effective action

S = −~Tr log
[
−G−1

T (p, ωn)
]

(4.14)

− 1

~2βV

(
mc2α

n3(T0)

)2 ∑
k,k′,p

∑
n,n′,m

a∗k+p,n+mak,na
∗
k′,n′ak′+p,n′+mGT (p, ωm).

The last term is depicted as a Feynman diagram in Fig. 4.3. From the
effective action we read off the photon-photon four-point vertex

Γ(4)(p,m) = −2

~
GT (p, ωm)

(
mc2α

n3(T0)

)2

. (4.15)

Because the photon gas is confined to two dimensions this is not the photon-
photon interaction of the condensed photons. However, we can obtain this



72 4. NUMBER FLUCTUATIONS

interaction by using the fact that the longitudinal part decouples from
transversal part of the photon field. Therefore, we define

φlong(z) =
√

2/D0 sin(qπz/D0), (4.16)

with D0 the length of the cavity in the longitudinal direction and q =
7, 8 the fixed longitudinal wavenumber of the photons. Thus, the photon-
photon interaction in the two-dimensional photon gas is

Γ(4)(p,m)→
(∫ D0

0
|φlong(z)|4 dz

)
Γ(4)(p,m) =

2Γ(4)(p,m)

3D0
. (4.17)

Moreover, taking the photons in the condensate amounts to setting the
Matsubara frequency equal to zero and only taking a nonzero momentum
of kz in the z-direction. Hence, we obtain

g̃ =
2Γ(4)(0, 0)m

3~2D0
=

4m3c4α2T0

3D0~2n6(T0)cp
. (4.18)

Typical values for the experimental parameters are: m = 6.7 · 10−36 kg,
T0 = 300 K, D0 = 1.46 · 10−6 m [32], n = 1.34, α = −5 · 10−4 K−1 [97],
cp = c̃p/Vm with c̃p = 79.5 J mol−1 K−1 and Vm = 40.0·10−6 m3 mol−1 [98].
These values yield an estimate for the interaction strength of g̃ ∼ 10−9.

4.5.2 Dye-mediated photon-photon scattering

We now neglect the temperature depence of the index of refraction and
focus on dye-mediated photon-photon scattering. We therefore consider an
model which includes the interactions between the photons and dye that is
modeled as a two-level model. Therefore, we use a similar model as already
encountered in Eq. (2.2) of Chapter 2, and we consider the Euclidean action

S =
∑
k,n

a∗k,nG
−1(k, iωn)ak,n + +

∑
p,ρ,n

b∗p,ρ,nG
−1
ρ (p, iωn)bp,ρ,n (4.19)

+
gmol√
~βV

∑
k,p,n,n′

(
ak,nbp,↓,n′b

∗
p+k,↑,n+n′ + a∗k,nbp+k,↑,n+n′b

∗
p,↓,n′

)
,

where

G−1(k, iωn) = −i~ωn + εγ(k)− µ, (4.20)

G−1
ρ (p, iωn) = −i~ωn + ε(p)− µρ +Kρ.

Here the quantities are defined in a similar way as in Sec. 2.2.
Instead of the second order perturbation theory that is performed in
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Chapter 2, we here expand up to fourth order in the coupling constant
gmol. By performing the Wick rotations, we find for the effective action

Seff =
∑
k,n

a∗k,n(−i~ωn + εγ(k)− µ+ ~Σ(k, iωn))ak,n (4.21)

+
1

2~βV
∑

n,n′,n′′

k,k′,k′′

Γ(4)(k,k′,k′′, ωn, ωn′ , ωn′′)a
∗
k,nak′,n′a

∗
k′′,n′′ak−k′+k′′,n−n′+n′′ ,

where we defined the self-energy as

~Σ(k, iωn) :=
g2

mol

~2βV

∑
p,m

G↓(p, iωm)G↑(p + k, i(ωn + ωm)), (4.22)

and the photon-photon interaction vertex is given by

Γ(4)(k,k′,k′′, ωn, ωn′ , ωn′′) := − g4
mol

~4βV

∑
p,m

G↑(p + k, i(ωm + ωn)) (4.23)

×G↓(p, iωm)G↑(p + k′, i(ωm + ωn′))G↓(p + k′ − k′′, i(ωm + ωn′ − ωn′′)).
In principle we can use the value of the parameters as given in Chapter 2, to
find an estimate for this photon-photon interaction strength. However, it
turns out to be more convenient to use a slightly different model. Namely,
instead of an two-level model for the dye with an effective mass, we use the
real mass and introduce a finite lifetime Γ for the excited molecular state.
Hence, we define the spectral function

ρ↑(k, ω) =
1√

2π~Γ
exp

{
−(~ω − ε(k)−∆ + µ↑)2

2(~Γ)2

}
, (4.24)

and the corresponding Green’s function by using

G↑(k, iωn) =

∫ ∞
∞

d(~ω)
ρ↑(k, ω)

iωn − ω
. (4.25)

Similarly as in Chapter 2, we need to calculate the imaginary part of the
self-energy and fix the numerical value of the constants by fitting to the
absorption spectrum. By starting from the definition as given in Eq. (4.22)
and substituting Eqs. (4.24) and (4.25), we find for the imaginary part of
the retarded self-energy

R(k+, ω) := −Im
[
~Σ(+)(k+, ω)

]
(4.26)

= −Im

[
g2

mol

V

∑
p

∫ ∞
−∞

d~ω′ ρ↑(p + k, ω′)
NFD(~ω′)−NFD(ε(p)− µ↓)
−~ω+ + ~ω′ − ε(p) + µ↓

]
,
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γ,k+

γ,k+

γ,k+

p, ↓,m

p+ k+, ↑,m

γ,k+

p, ↓,m
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1

Figure 4.4: Feynman diagram for a fourth-order photon-photon interaction. The
photons γ are considered to be part of the condensate and are thus at zero fre-
quency and momentum k+ = (0, 0, kz), as their z-component momentum is fixed
and kx = ky = 0 for the ground state of the homogeneous photon gas. The
molecule forms a closed loop of ground (↓) and excited (↑) states, with momentum
p and Matsubara frequency ωm.

where NFD(x) = 1/(exp{βx}+ 1) is the Fermi-dirac distribution function.
Since we are considering a bath of molecules at room temperature and the
spectral function is almost zero for negative ω, we are allowed to take the
limit NFD(x)→ NMB(x) := exp{−βx}. Hence,

R(k+, ω) =

√
πg2

molβ exp {βµ↓}
Λ3

th

√
2(2βε(k+) + (~βΓ)2)

(4.27)

× (1− exp {−β~ω}) exp

{−β(ε(k+) + ∆−∆µ− ~ω)2

2((~βΓ)2 + 2βε(k+))

}
,

with k+ = (0, 0, kz) the wave number for photons in the condensate. By
setting ∆µ = 0 and kz = ω/cmed, and taking the part that is proportional
to N↓, we obtain the absorption cross section at equilibrium. As it turns
out the result is in very good approximation independent of the exact value
kz, and therefore from now onwards we take kz = 0. In this case we find

σ(ω)|kz=0 =

√
2πg2

mol

~2Γcmed
exp

{
−(~ω −∆)2

2~2Γ2

}
. (4.28)

Now we compare the absorption cross section for kz = 0 to the experi-
mental data for the fluorescent dye [57, 58]. The absorption spectrum for
the dye is asymmetric and impossible to fully reproduce within this simple
treatment. However, we can perform a fit to the line shape and obtain the
coupling constant gmol, the lifetime Γ and detuning ∆. Typical values we
find are gmol = 4 · 10−33 J m3/2, Γ = 1.15 · 1014 Hz and ∆ = 3.8 · 10−19 J.
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We now evaluate the photon-photon interaction strength in the conden-
sate, i.e., with Matsubara frequency zero, and is depicted in Fig. 4.4. By
using

G2
↓(p,m) = −~∂↓G↓(p,m), (4.29)

we obtain

Γ(4)(0,0,0, 0, 0, 0) :=
g4

molβnmol

~2Γ2
f(βµ− βδ), (4.30)

with

f(βµ− βδ) =
1

(β~Γ)2

∫ ∞
−∞

dω

∫ ∞
−∞

dω′
1

ω − ω′ exp

{
−ω

2 + (ω′)2

2(β~Γ)2

}
(4.31)

×
(

1− eβµ−βδ−ω
βµ− βδ − ω −

1− eβµ−βδ−ω′

βµ− βδ − ω′

)
(β~Γ)2 + ω + ω′

2π{1 + exp{βµ− βδ + (β~Γ)2/2}} .

Here we set ∆µ −∆ := µ − δ, we introduced the dimensionless quantities
ω := β~ω, ω′ := β~ω′. Furthermore, f(βµ− βδ) is a smooth dimensionless
function peaked around zero. Again we must scale Γ(4) → 2Γ(4)/3D0 to
obtain the effective coupling constant g of the photons in the condensate.

Having found the expression Eq. (4.30) we have to solve for g̃(µ) self-
consistently with the Gross-Pitaevskii equation. Considering the center of
the trap, i.e., V ex = 0, this amounts to solving g̃(µ) = (m/~2nph)µ for
µ, with nph the photon density. Graphically, this means that we need to
find the intersection of g̃(µ) and (m/~2nph)µ. Using typical experimental
parameters we find g̃ ∼ 10−8−10−7. However, the magnitude of g̃ is rather
uncertain due to the simplification of the rovibrational energy spectrum of
the dye molecules.

4.6 Conclusion

In conclusion, we have calculated the effect of self-interactions on num-
ber fluctuations in Bose-Einstein condensates. Comparing our results with
recent experiments on a condensate of light, we find good agreement. More-
over, we have considered two different possible photon-photon interactions.
Both thermal lensing and dye-mediated photon-photon scattering give in-
teraction strengths that are several orders of magnitude smaller than ob-
served experimentally. Therefore, systematic measurements of the interac-
tion strength are necessary to understand the true nature of the interaction.
If the interaction is indeed a contact interaction at long wavelengths, then
this would imply that the photon condensate is also a superfluid.





Chapter 5

Phase diffusion

We study phase diffusion in a Bose-Einstein condensate of light in a dye-
filled optical microcavity, i.e., the spreading of the probability distribution
for the condensate phase. To observe this phenomenon, we propose an
interference experiment between the condensed photons and an external
laser. We determine the average interference patterns, considering quan-
tum and thermal fluctuations as well as dissipative effects due to the dye.
Moreover, we show that a representative outcome of individual measure-
ments can be obtained from a stochastic equation for the global phase of
the condensate.1

5.1 Introduction

Phase transitions are every-day phenomena that have many high-tech ap-
plications in daily life, one example being the isotropic-nematic phase tran-
sition in LCD screens. Additionally, phase transitions are often encountered
in fundamental research, such as in the description of superconductivity [99]
and the electroweak and QCD phase transition in cosmology [100–102]. As
a result, throughout history much effort has been put into understanding
phase transitions. A crucial step was the development of Landau theory
in 1937 [103], which provided a general framework to describe symmetry-
breaking phase transitions.

Many phase transitions are associated with spontaneous symmetry break-
ing [104, 105]. In these transitions the state of the system after the phase
transition does not show the same symmetry as the Hamiltonian. As an

1This Chapter is directly based on Phase Diffusion in a Bose-Einstein Condensate of
Light, A.-W. de Leeuw, E.C.I. van der Wurff, R.A. Duine, and H.T.C. Stoof, Phys. Rev.
A 90, 043627 (2014). The content of this Chapter is also part of the Master’s thesis of
E.C.I. van der Wurff, who was supervised by A.-W. de Leeuw, R.A. Duine and H.T.C.
Stoof.
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illustration of spontaneous symmetry breaking, we consider the Heisenberg
model for ferromagnetism [106]. In this system the Hamiltonian is invariant
under rotations of the spins. After undergoing the transition the spins align
in a particular direction, and the state of the system breaks spin rotation
invariance. However, the original symmetry still has consequences because
a global rotation of all spins leaves the energy invariant. Therefore, the
ordered phase is infinitely degenerate and spontaneous symmetry breaking
by itself does not predict which particular ground state the system will
choose.

We can investigate this problem by looking at the probability distri-
bution of the quantum-mechanical observable that acquires a nonzero ex-
pectation value upon undergoing the transition. In the context of atomic
gases and Bose-Einstein condensation [1, 2], the Hamiltonian is invariant
under global U(1) transformations associated with the conservation of the
number of atoms. Therefore, the number of condensed particles and the
phase of the condensate are conjugate variables. Heisenberg’s uncertainty
principle implies that, for a fixed number of condensed particles, the phase
of the condensate fluctuates. Thus, in finite-sized condensates the phase is
not fixed and the system is not in a state with a definite phase. Rather,
the phase of the condensate is characterized by a probability distribution,
which can have nontrivial dynamics of its own. In Bose-Einstein conden-
sates this phenomenon is known as phase diffusion [6, 107].

Considerable theoretical work has been done on phase diffusion in atomic
condensates [108–113]. Experimentally, there have also been some attempts
to measure this phenomenon [114, 115], but up to now there is no exper-
imental evidence of phase diffusion. The only dynamical evolution of the
phase of a Bose-Einstein condensate was measured in an optical lattice by
quenching the system into the Mott-insulator phase [116]. As a result, this
phase dynamics is not a consequence of spontaneous U(1) symmetry break-
ing and having a finite number of condensed particles, and is fundamentally
different from the phase diffusion discussed in this Chapter.

More recently, quasiparticle Bose-Einstein condensates, such as con-
densates of magnons, exciton-polaritons, and photons have been observed
[29–32]. Since the phase of light can be obtained from a relatively sim-
ple interference experiment, the discovery of Bose-Einstein condensation of
photons, in particular, opens up a new avenue to investigate phase diffusion
in Bose-Einstein condensates.

In this Chapter, we therefore study phase diffusion in a Bose-Einstein
condensate of photons. We propose an interference experiment between the
condensed photons and an external laser to measure phase diffusion in the
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Figure 5.1: Proposal for an experimental setup to measure the phase diffusion
of the Bose-Einstein condensate of photons in a dye-filled microcavity. The mode
filter selects the condensate mode of the light that leaks through the mirror. These
condensed photons interfere with an external laser, and by measuring the intensity
of the combined signal, we obtain information about the phase diffusion of the
Bose-Einstein condensate of photons.

photonic condensate. Since phase diffusion is governed by both quantum
and thermal fluctuations of the number of condensed particles, we calculate
average interference patterns for both cases separately. Moreover, for the
present experimentally-most-relevant situation where thermal fluctuations
dominate, we show that representative results of individual measurements
can be obtained from a stochastic equation for the phase of the condensate.

5.2 Quantum fluctuations

Experimentally, information on the phase of the condensate can be inferred
from interfering the electric field of the photon condensate with an external
laser and measuring the intensity of the combined signal. We assume that
the laser is frequency locked to the homogeneous noninteracting energy of
a condensed photon, and without loss of generality we assume that the
distance from the laser and the condensed photons to the detector is the
same. A schematic picture of the experimental setup is shown in Fig. 5.1.

Since, for a finite-size condensate of photons, the phase is not well de-
fined, we introduce a density operator ρ̂ that takes into account that the
photons can be in a superposition of different coherent states with dif-
ferent phases. Following Ref. [96], we write the following for the inten-
sity of the combined signal of the laser and the condensate at the detec-
tor: Ī(r, t) = Tr[ρ̂Ê−(r, t)Ê+(r, t)], where the bar denotes the average and
with Ê−(r, t) and Ê+(r, t) being, respectively, the negative- and positive-
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frequency part of the sum of the electric field of the laser and the Bose-
Einstein condensate.

For our system the relevant basis states are the coherent states |θ〉|θL〉,
where |θL〉 is a coherent state of the laser with phase θL and |θ〉 is a co-
herent state of the Bose-Einstein condensate with a certain phase θ. In
the following, we assume without loss of generality that θL = 0. By using
properties of these coherent states (see e.g., Ref. [117]), we obtain for the
interference contribution of the intensity

ĪI(r, t) := Ī(r, t)− IL(r, t)− IC(r, t) (5.1)

= 2AI(r, t)

∫ 2π

0
dθ P (θ, t) cos(θ),

where IL(r, t) and IC(r, t) are the intensity of the laser and the condensed
photons, respectively. Furthermore, AI(r, t) is a prefactor that is the prod-
uct of the amplitude of the electric field of the condensed photons and of
the external laser. Moreover, P (θ, t) is the probability for the Bose-Einstein
condensate to have phase θ. Since the intensity of the photons coming from
the condensate is independent of the phase, this interference part of the in-
tensity is the only relevant contribution for observing phase diffusion.

For an explicit expression of the intensity as a function of time, we need
to determine the probability P (θ, t). In analogy with Ref. [59], we obtain
this probability by quantizing a field theory that describes the dynamics
of the phase of a Bose-Einstein condensate of photons. These photons are
equivalent to a two-dimensional harmonically trapped gas of bosons with
effective mass m [32]. Furthermore, they have an effective contact interac-
tion with strength T 2B and a constant zero-momentum energy mc2, with
c being the speed of light in the medium. Note that we have assumed
the laser to be frequency locked to mc2. Therefore, in imaginary time the
relevant action is given by

S[ψ∗, ψ] =
T 2B

2

∫ ~β

0
dτ

∫
dx |ψ(x, τ)|4 (5.2)

+

∫ ~β

0
dτ

∫
dxψ∗(x, τ)

{
~
∂

∂τ
− ~2∇2

2m
− µ+

1

2
mΩ2|x|2

}
ψ(x, τ),

where β = 1/kBT with T being the temperature, µ is the chemical potential
of the photons with respect to the energy mc2, and Ω is the harmonic
trapping frequency. In the following we use numerical values for Ω, T 2B,
and m as given in Ref. [32].

To extract the dynamics of the global phase, we substitute ψ(x, τ) =
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√
ρ(x, τ)eiθ(τ). Moreover, we consider the Thomas-Fermi limit relevant for

experiments and therefore can neglect the gradient of the density profile
ρ(x, τ). By integrating out the density field ρ(x, τ) and performing a Wick
rotation τ → it, we find an effective action for the global phase. Quantizing
this theory, we find that the wave function Ψ(θ, t) obeys

i~
∂Ψ(θ, t)

∂t
= −D

(
∂

∂θ
+ iN0

)2

Ψ(θ, t), (5.3)

where N0 =
∫
dx ρ̄(x) is the average number of condensed photons, and

the diffusion constant is defined as D = T 2B/2πR2
TF with RTF being the

Thomas-Fermi radius of the photon condensate. The general solution to
this equation reads

Ψ(θ, t) =
∑
n∈Z

cn exp

{
− iD(n+N0)2t

~
+ inθ

}
, (5.4)

where the coefficients cn are determined by the initial condition for the
wave function.

In order to demonstrate the phase diffusion and to calculate a typical
interference pattern, we consider the example that the initial wave function
is a superposition of Gaussians centered around θ = 0 mod 2π,

Ψ(θ, 0) =
1

(πσ2)1/4

∑
n∈Z

exp

{
−(θ + 2πn)2

2σ2

}
. (5.5)

Taking this superposition ensures that the wave function is periodic, i.e.,
Ψ(θ, 0) = Ψ(θ + 2π, 0). In principle we have a slightly different normal-
ization factor, but for the small values of σ < 1 considered here, this is
a very good approximation. In experiments one would measure the phase
of the condensate and then look at its dynamics. Hence, we start from a
wave function that is strongly peaked and therefore we can use in good
approximation that σ < 1.

For this initial wave function, we can determine cn exactly and obtain
an analytic expression for the probability P (θ, t) = |Ψ(θ, t)|2. Typical plots
of this probability are shown in Fig. 5.2. At t = 0 we have a sharp peak
and therefore the phase of the condensate is well-defined. However, if time
evolves the peak smears out and moves its position linearly with time. As
time evolves even further, the probability again regains its original shape.
This phenomenon is known as collapse and revival of the wave function, and
is a consequence of the invariance of the wave function for t→ t+ 2πk~/D
for every integer k, as can be deduced from Eq. (5.4). Hereafter, cycles of
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Figure 5.2: The probability P (θ, t) for the Bose-Einstein condensate of photons
at different times for N0 = 5 · 104 and σ = 10−1. The dashed, dotted, and solid
curve are the probability at t = 0, t = tcol, and t = 3tcol. We clearly see the
diffusion of the phase of the condensate if time evolves.

collapse and revival of the wave function occur.
Moreover, we use our expressions for the probability to obtain the av-

erage interference pattern as defined in Eq. (5.1). Again for small σ < 1,
we find

ĪI(r, t) =
2σAI(r, t)√

π
cos

(
5(1 + 2N0)σt

2tcol

)∑
n∈Z

e−n(n+1)σ2
cos

(
5nσt

tcol

)
, (5.6)

with tcol = 5~σ/2D. This time gives a measure of the time needed for this
pattern to vanish for the first time. Furthermore, this expression contains
two other important timescales. The first scale is the oscillation time of
the interference pattern, which for a relatively large number of condensed
photons N0 � 1 is given by tosc = ~/2DN0. Physically this corresponds
to ~/µ, with µ being the chemical potential of the condensate. Note that
this calculation gives a factor of two difference because of the quadratic
expansion of the grand canonical energy. The second timescale, given by
trev = 2π~/D, is the revival time for which the interference pattern returns
to its original shape. Note that this timescale is larger than tosc by a factor
4πN0. Furthermore, in the thermodynamic limit N0 → ∞, we find that
D ∝ 1/

√
N0 → 0 and both tcol → ∞ and trev → ∞. Hence, in the ther-

modynamic limit the condensate can be described as a symmetry-broken
phase.

In the previous calculations we ignored that the photons are in a dye-
filled optical microcavity, and that there is dissipation through the inter-
action with these dye molecules. As is shown in Ref. [75] by fitting to
experimental results, for low energies these interaction effects can in very
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good approximation be represented by one single dimensionless damping
parameter α. To incorporate this damping into our calculation, we note
that damping results into finite lifetimes for states with a nonzero energy.
Therefore, as a first attempt to include dissipation, we change Eq. (5.4) to

Ψ(θ, t) =
∑
n∈Z

cn

∫
dE ρ(E,n) exp

{
− iEt

~
+ inθ

}
, (5.7)

where the spectral function ρ(E,n) is given by

ρ(E,n) =
1

π

αE

(E −D(n+N0)2)2 + α2E2
. (5.8)

A consequence of approximating the dissipation effects with its low-energy
limit is a violation of the sum rule, since the integral of the spectral function
over all energies gives 1/(1 + α2). However, the experimental value of
α is rather small and therefore this approximation only leads to a small
deviation.

For a relatively small number of condensed photons, the interference
pattern with dissipation reads

Ī(r, t;α) ' e−t/tdis ĪI(r, t), (5.9)

where tdis = ~/4αDN2
0 and ĪI(r, t) is given by Eq. (5.6). Thus with dis-

sipation there is another timescale tdis, which indicates the decay time of
the interference pattern. Furthermore, for relatively small times t we can
simplify Eq. (5.6) and obtain

Ī(r, t;α) ' 2AI(r, t)e
−t/tdis−(5t/2tcol)

2
cos (µt/~) , (5.10)

which shows the different qualitative behavior of decay due to dye and
quantum effects, respectively. For very large condensates N0 � 1, the
low-energy approximation of the dissipation is no longer valid and we have
to incorporate the complete energy dependence of the photon decay rate
Γ(E) as calculated in Ref. [75]. In a good approximation the dissipation
timescale is then found by replacing αDN2

0 by ~Γ(DN2
0 )/2.

5.3 Thermal fluctuations

Analogously with Ref. [56], we describe the thermal fluctuations with a
Langevin field equation. As mentioned before, we incorporate the interac-
tion with the molecules by one dimensionless parameter α. Furthermore,
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Figure 5.3: The result of cos(θ(t)) as a function of t/tosc with tosc = ~/µ '
5·10−10 s. Here θ(t) is a solution to the Langevin equation describing the dynamics
of the phase of the condensate for N(t) = 〈N〉 = 4 · 104, α = 10−1, and ~β '
2.5 · 10−14 s. The solid curve is the result for an arbitrary noise configuration and
the dashed curve represents the average over 500 different configurations of the
noise.

we neglect the effects of the noncondensed photons. Following Ref. [118],
we separate the dynamics of the number of photons N(t) and their global
phase θ(t), and find

(1 + α2)~θ̇(t) = −µ+
√

(1 + α2)/N(t)ν(t), (5.11)

(1 + α2)~Ṅ(t) = −2αµN(t) + 2~
√
N(t)(1 + α2)η(t),

where the stochastic generalized forces η(t) and ν(t) are Gaussian and obey

〈ν(t)〉 = 〈η(t)〉 = 〈η(t)ν(t′)〉 = 0, (5.12)

〈ν(t)ν(t′)〉 = ~2〈η(t)η(t′)〉 ' α~δ(t− t′)/β.

Since we are dealing with Bose-Einstein condensation, we used the fluctuation-
dissipation theorem for large occupation numbers. Because the photons
are at room temperature, we expect this to be a very good approximation.
Furthermore, we note that the strength of the noise for the number N(t)
and phase θ(t) of the condensed photons scales differently with the number
of condensed photons. For larger number of photons the fluctuations in the
particle number increase, but the fluctuations in the global phase decrease.
Moreover, in the thermodynamic limit the noise for the global phase van-
ishes, and we obtain again a condensate with a well-defined phase.

As the description of the thermal fluctuations is different from the quan-
tum fluctuations, we need to modify our expression for the interference pat-
tern. In the previous section we found an expression by taking the average
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over an ensemble consisting of various quantum states, each with a certain
probability. A single experimental measurement, however, typically yields

II(r, t) = 2AI(r, t) cos(θ(t)), (5.13)

where θ(t) is the solution of Eqs. (5.11) for one realization of the noise.
As mentioned before, the fluctuations of the phase of the condensate are
only present in this interference part of the intensity, and therefore we are
primarily interested in this part of the intensity. Moreover, to highlight
the fluctuations of the phase we would like to minimize the fluctuations in
the intensity of the external laser and the light coming from the conden-
sate. Since the intensity of the condensate is proportional to the number
of condensed photons, we are interested in the regime with small number
fluctuations. As can be deduced from the experimental results in Ref. [83]
and Eqs. (5.11), the number fluctuations decrease for increasing condensate
fractions. Therefore, we consider large condensate fractions such that the
fluctuations in the interference pattern are dominated by phase fluctua-
tions, and we take N(t) = 〈N(t)〉 := N0.

In Fig. 5.3 we show the result for cos(θ(t)), where θ(t) is a solution to
the stochastic Eqs. (5.11) for a condensate fraction of roughly 35 %. The
solid curve gives the interference pattern for a certain realization of the
stochastic forces. Every realization of the noise results in a different in-
terference pattern, and therefore every individual measurement will give a
different result. However, once we average over more and more noise real-
izations 〈cos(θ(t))〉 converges, and we do observe the decay associated with
the dissipation.

In order to get more information about this decay of the intensity
II(r, t), we have to take the average of Eq. (5.13) over all noise configu-
rations. By using the Fokker-Planck equation as derived in Ref. [118], we
find

(1 + α2)~
∂

∂t
〈cos(θ)〉 = µ〈sin(θ)〉 − α

2βN0
〈cos(θ)〉, (5.14)

(1 + α2)~
∂

∂t
〈sin(θ)〉 = −µ〈cos(θ)〉 − α

2βN0
〈sin(θ)〉.

These equations admit analytic solutions and, by neglecting contributionsof
order α2, we find for the average of the interference part of the intensity

〈II(r, t)〉 = 2AI(r, t)e
−αt/2~βN0 cos (µt/~) , (5.15)

which coincides with the result in Fig. 5.3 where we averaged over 500 noise
realizations.
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5.4 Discussion and conclusion

In the previous sections, we gave a discussion on phase diffusion gov-
erned by quantum and thermal fluctuations. Since thermal fluctuations are
dominant for the current experiment, there are two important timescales
tosc = ~/µ and tdis = 2~βN0/α. For typical values for the trap frequencies
Ω, we obtain that tosc is of the order of picoseconds. Since this is rather
small, we expect that it is challenging to measure these oscillations exper-
imentally. However, for large condensate numbers N0 � 1 and α ranging
from 10−1 to 10−2 the decay time tdis is in the nanoseconds regime, which
is within the precision of current devices.

In conclusion, we have calculated the phase diffusion of a Bose-Einstein
condensate of photons. We propose an interference experiment of the con-
densed photons with an external laser to observe this phase diffusion exper-
imentally. Furthermore, we have shown that the typical outcome of individ-
ual experiments can be obtained from a stochastic equation for the phase
of the condensate. Finally, we have demonstrated that thermal fluctuations
dominate, and we obtained that the decay time of the average interference
pattern is in the nanosecond regime, which is a accessible timescale in ex-
periments.

Although the calculations in this Chapter are specific to a Bose-Einstein
condensate of photons, the concepts and ideas presented here are also ap-
plicable to Bose-Einstein condensation of exciton-polaritons. Namely, also
in these Bose-Einstein condensates we can get experimental information
about the global phase of the condensate. For example, in Refs. [119,120]
the relative global phase of two coupled exciton-polariton condensates is
measured in order to investigate Josephson oscillations. Therefore, it is
worthwhile to apply the present theory to Bose-Einstein condensation of
exciton-polaritons.



Chapter 6

Superfluid-Mott-insulator
transition

We investigate the superfluid-Mott-insulator transition of a two-dimensional
photon gas in a dye-filled optical microcavity and in the presence of a pe-
riodic potential. We show that in the random-phase approximation the
effects of the dye molecules, which generally lead to dissipation in the pho-
tonic system, can be captured by two dimensionless parameters that only
depend on dye-specific properties. Within the mean-field approximation,
we demonstrate that one of these parameters decreases the size of the Mott
lobes in the phase diagram. By considering also Gaussian fluctuations, we
show that the coupling with the dye molecules results in a finite lifetime
of the quasiparticle and quasihole excitations in the Mott lobes. Moreover,
we show that there are number fluctuations in the Mott lobes even at zero
temperature and therefore that the true Mott-insulating state never exists
if the interactions with the dye are included.1

6.1 Introduction

In physics there are many theoretically predicted phenomena that are hard
to verify directly in experiments. This can have several reasons, such as that
predictions are outside the limits of current devices or that other physics
overshadows the desired effect. In the latter category examples are the
effects of disorder on top of effects predicted for clean systems, or a combi-
nation of various kinds of interactions. Therefore, there is a constant search
for systems that exhibit interesting physics, are relatively simple, and are
described by few parameters of which many are controllable experimentally.

1This Chapter is directly based on Effects of dissipation on the superfluid-Mott-
insulator transition of photons, A.-W. de Leeuw, O. Onishchenko, R.A. Duine, and
H.T.C. Stoof, Phys. Rev. A 91, 033609 (2015).
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A prime example of such a system is obtained by combining cold atoms
with an optical lattice. In this case there is almost full control over the
interactions between the atoms and over the lattice structure. Therefore,
there exists a broad variety of experimental possibilities in these systems
that demonstrate many phenomena in condensed-matter physics, (see, e.g.,
Refs. [121–129]). Nowadays this research area is still very active. One of
the reasons is that cold fermionic atoms in an optical lattice possibly are
quantum simulators for high-temperature superconductivity [130–132].

An interesting property of cold bosonic atoms in optical lattices is that
there is a so-called quantum phase transition [21]. By reducing the depth
of the optical lattice the system undergoes a transition from the Mott insu-
lator, where each site is filled with an equal and integer amount of particles
and number fluctuations are suppressed, to the superfluid phase with a fluc-
tuating number of atoms per site. This transition was first observed exper-
imentally by Greiner et al. [19], and subsequently has been studied exten-
sively both theoretically and experimentally [18, 133–140]. Although most
studies focus on the superfluid-Mott-insulator transition for cold atoms,
this phase transition is not restricted only to cold atomic gases. For exam-
ple, it also has been studied in systems consisting of polaritons [141–147].
Furthermore, the transition has been investigated in interacting photon
gases in coupled dissipative cavities [148–151].

More recently, a new candidate for a system that can display a superfluid-
Mott-insulator transition has emerged, namely, photons in a dye-filled op-
tical microcavity. After the first experiments, which are well described in
terms of Bose-Einstein condensation of weakly interacting photons [32], a
new experiment was recently proposed [152]. By periodically varying the
index of refraction of the dye inside the cavity, an effective lattice potential
for the photons can be induced. Therefore, it is expected that the photons
can also undergo this superfluid-Mott-insulator phase transition. However,
this system is fundamentally different from the standard cold atomic gases
in optical lattices, since the photons can be absorbed and emitted by the
dye molecules. Thus, the question arises as to how this coupling affects
the behavior of the photons in this periodic potential, and in particular the
properties of the quantum phase transition to the Mott insulator.

In this Chapter we study the dissipation effects for a photonic lattice
in a dye-filled optical microcavity. Although we focus here on photons,
the results in this Chapter also apply to other systems that have dissi-
pation. First, in Sec. 6.2 we introduce the general theory and express all
quantities that enter our theory in terms of experimentally known param-
eters. Subsequently, we determine the effect of the molecules on the Mott
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lobes in mean-field theory in Sec. 6.3. We start by considering a simplified
model that neglects the fixed longitudinal momentum of the photons and
only considers absorption and emission of photons with zero momentum.
We show that at the mean-field level the dye effects are captured in one
parameter γ that can be calculated analytically, and we express this pa-
rameter in experimentally known quantities. Additionally, we show that
incorporation of γ decreases the size of the Mott lobes. Thereafter, we
consider the model that includes the fixed longitudinal momentum of the
photons and also the absorption and emission of photons with an arbitrary
momentum, and we study the effect of these extensions on the value of γ.
In Sec. 6.4 we go beyond mean-field theory and we calculate in the random-
phase-approximation the excitations inside the Mott lobes. We show that
in this approximation the dimensionless damping parameter αlat enters our
model and therefore the excitations acquire a finite lifetime. Moreover, we
show that even at zero temperature there are now number fluctuations in-
side the Mott lobes, which implies that the true Mott-insulating phase no
longer exists if the interactions with the dye are taken into account. Finally,
we end with a conclusion and outlook in Sec. 6.5.

6.2 Photonic lattice in dye-filled microcavity

In this section we write down a model for a lattice of photons in a dye-filled
optical microcavity for the experimental set-up used in Ref. [32, 36]. In
the particular experimental configuration the longitudinal momentum of
the photons is fixed, and the photons behave equivalently to a massive har-
monically trapped Bose gas in two dimensions. Since the photons interact
with dye molecules, the imaginary-time action that describes the photon
system contains three parts. The part that describes the photons reads

Sph[φ∗, φ] = S0[φ∗, φ] + Sint[φ
∗, φ] (6.1)

=

∫ ~β

0
dτ

∫
dxφ∗(x, τ)

{
~
∂

∂τ
− ~2∇2

2m
+ V ext(x)− µ

}
φ(x, τ)

+
1

2

∫ ~β

0
dτ

∫
dx

∫
dx′ φ∗(x, τ)φ∗(x′, τ)V (x− x′)φ(x′, τ)φ(x, τ),

where µ is the chemical potential of the photons, m denotes their effective
mass, β = 1/kBT with T the temperature, V (x − x′) is the interaction
potential and

V ext(x) = V0

∑
j

cos2(2πxj/λ), (6.2)
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denotes the lattice potential with λ two times the lattice spacing. In the
following we are primarily interested in how these photons are affected
by the coupling to the molecules, and therefore we ignore the external
harmonic potential that arises due to the curvature of the cavity mirrors.
We model the dye as a two-level system with energy difference ∆ and we
introduce the effective mass md to model the rovibrational structure of
the molecules. As is shown in Ref. [75], the value of this effective mass
can be tuned such that the correct experimental results for the molecular
absorption and emission spectra are obtained. A different way to achieve
this has been put forward by Kirton and Keeling [34]. Hence, the molecular
part of the action reads

Smol[ψ
∗, ψ] = (6.3)∑

ρ∈{↑,↓}

∫ ~β

0
dτ

∫
drψ∗ρ(r, τ)

{
~
∂

∂τ
− ~2∇2

2md
+Kρ − µρ

}
ψρ(r, τ),

where K↑ = ∆, K↓ = 0 and µρ denotes the chemical potential of the
excited and ground-state molecules. Contrary to the photon part, here
the integration is over three-dimensional space. From now on, we use the
convention that x is a two-dimensional vector and r is three dimensional.
The last part of the action consists of interaction terms between photons
and molecules, and reads

Sc[ψ
∗, ψ, φ∗, φ] = (6.4)

g

∫ ~β

0
dτ

∫
dr
{
φ∗(r, τ)ψ∗↓(r, τ)ψ↑(r, τ) + φ(r, τ)ψ∗↑(r, τ)ψ↓(r, τ)

}
,

with g a coupling constant. Furthermore, φ∗(r, τ) is related to the photon
field φ∗(x, τ) in Eq. (6.8) according to

φ(r, τ) =
√

2/L sin (kγz)φ(x, τ). (6.5)

Here we assume that in one direction the photons are confined by a box of
length L with impenetrable barriers at either end. Furthermore, in agree-
ment with the experiments, we only take into account a single longitudinal
momentum kγ .

To make further progress, we expand the photonic fields in Wannier
functions as

φ(x, τ) =
∑
n,i

an,i(τ)wn(x− xi), (6.6)
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where an,i(τ) and its complex conjugate respectively annihilates or creates
a photon in a Wannier state wn(x − xi) at lattice site i and in the band
with the band index n. Furthermore, the molecular field is expanded as

ψρ(r, τ) =
∑
p

bp,ρ(τ)
eip·r√
V
, (6.7)

where bp,ρ(τ) and b∗p,ρ(τ) annihilates or creates a molecule with momentum
p and internal state |ρ〉. Next we consider the tight-binding limit, where
each site can be seen as a harmonic oscillator and the Wannier functions
are known exactly. Furthermore, we consider the limit where the photons
only occupy the lowest band n = 0. In this approximation the three parts
of the action can be simplified, and by using the result of Ref. [153] we
obtain

Sph[a∗, a] = −
∫ ~β

0
dτ
∑
i 6=j

a∗i (τ)ti,jaj(τ) (6.8)

+

∫ ~β

0
dτ
∑
i

a∗i (τ)

{
~
∂

∂τ
+ εi − µ+

U

2
|ai(τ)|2

}
ai(τ),

where εi is the energy at lattice site i, ti,j is the hopping strength between
sites i and j, and U is the on-site interaction strength. The expression of
these quantities in terms of Wannier functions can be found in Ref. [153].
Since we consider the tight-binding limit, we know the analytic expression
for w0(x− xi). It is given by

w0(x− xi) =
(mω
π~

)1/2
exp

{
−mω(x− xi)

2/2~
}
, (6.9)

where m is the effective mass of the photon and ω is the frequency of
the harmonic potential at every site that can be obtained by performing a
Taylor expansion of Eq. (6.2). Hence,

ω =
2π

λ

√
2V0

m
. (6.10)

Note that the single-band approximation is only valid if we have that both
the thermal energy kBT and the on-site interaction strength U are smaller
than the on-site energy of the photons ~ω, i.e., kBT � ~ω and U � ~ω.
Furthermore,

Smol[b
∗, b] =

∫ ~β

0
dτ
∑
ρ,p

b∗p,ρ(τ)

{
~
∂

∂τ
+ εp +Kρ − µρ

}
bp,ρ(τ), (6.11)
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where εp = ~2p2/2md. Finally, the part that describes the interaction
between the photons and molecules can be rewritten as

Sc[a
∗, a, b∗, b] = (6.12)

i√
2AV

∫ ~β

0
dτ

∑
j,k,k′,q

gk,k′,ja
∗
j (τ)b∗(k′,q),↓(τ)b(k,q−),↑(τ) + h.c.

− i√
2AV

∫ ~β

0
dτ

∑
j,k,k′,q

gk,k′,ja
∗
j (τ)b∗(k′,q),↓(τ)b(k,q+),↑(τ) + h.c.,

where k and k′ are two-dimensional and q± = q ± kγ . Above and in
the following, p is a three-dimensional momentum vector and k is two
dimensional. Furthermore,

gk,k′,j = g

∫
dxw0(x− xj)e

i(k−k′)·x, (6.13)

and by using Eq. (6.9),

gk,k′,j = gme
i(k−k′)·xj−~(k−k′)2/2mω, (6.14)

with gm =
√

4g2π~/mω. The total action given by the sum of Eqs. (6.8),
(6.11), and (6.12), describes the photon gas coupled to dye molecules in
a periodic lattice in the single-band approximation. All the parameters
that enter in this theory are now expressed in the experimentally tunable
parameters λ and V0.

6.3 Mean-field theory

The model derived in the previous section is rather complicated due to the
fixed longitudinal momentum kγ and the dependence of gk,k′,i on two inde-
pendent momenta. To get a better understanding of the physics involved
in this system, we first consider a simplified model that neglects both the
nonzero value of kγ and the non-diagonal coupling in gk,k′,i. We return to
the effects of these approximations in the second part of this section.

6.3.1 Toy model

We consider a toy model consisting of photons and molecules, where the
molecules can only absorb and emit photons with very small momenta
compared to the typical molecular momenta. Thus, we consider a model
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with Sph[a∗, a] and Smol[b
∗, b] given by respectively Eqs. (6.8) and (6.11),

and Sc[a
∗, a, b∗, b] is changed into

Sc[a
∗, a, b∗, b] = (6.15)

gm√
A
√
V

∫ ~β

0
dτ
∑
i,p

{
a∗i (τ)b∗p,↓(τ)bp,↑(τ) + ai(τ)b∗p,↑(τ)bp,↓(τ)

}
.

Now, we use a mean-field approach to calculate the phase diagram of the
photons. Therefore, we introduce the order parameter ψ = 〈ai(τ)〉. How-
ever, due to the coupling with the molecules, an expectation value of ai(τ)
will also induce a nonzero value for φp = 〈b∗p,↑(τ)bp,↓(τ)〉. Physically this
implies that the molecules are forced into a linear superposition of its inter-
nal states. In the language of magnetism this means that the pseudospin
of the molecules gets also a component in the x-y plane.

In the end we are only interested in the photons, and therefore we want
to calculate φp as a function of ψ. Since Sph[a∗, a] is irrelevant for this cal-
culation, we first only consider Sc[a

∗, a, b∗, b] and Smol[b
∗, b]. Up to linear

order in the fluctuations, Sc[a
∗, a, b∗, b] is given by

Sc[a
∗, a, b∗, b] = g̃m

∫ ~β

0
dτ
∑
i,p

φp [ai(τ) + a∗i (τ)] (6.16)

+ g̃mNsψ

∫ ~β

0
dτ
∑
p

{
b∗p,↓(τ)bp,↑(τ) + b∗p,↑(τ)bp,↓(τ)− 2φp

}
,

where g̃m = gm/
√
A
√
V , Ns is the number of lattice sites, and without loss

of generality we assume that both ψ and φp are real.
We focus on the last part of the right-hand side of Eq. (6.16) to obtain

an expression for φp. By using a Matsubara expansion we can write for the
part of the action that depends on the molecular fields b↑ and b↓,

Smf [b
∗, b] =

∑
p,n

[
b∗p,n,↑, b

∗
p,n,↓

]
·
[

G−1
↑ g̃mNsψ

g̃mNsψ G−1
↓

]
·
[
bp,n,↑
bp,n,↓

]
, (6.17)

where G−1
ρ = −i~ωn + εp + Kρ − µρ. Now we perform a unitary transfor-

mation to diagonalize the action. Thus, we define

vp,n =

[
βp,n,↑
βp,n,↓

]
=

[
cos(θ) − sin(θ)
sin(θ) cos(θ)

] [
bp,n,↑
bp,n,↓

]
. (6.18)

Rewriting the action in terms of vp,n diagonalizes the action with on the
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Figure 6.1: Phase diagram of the Bose-Hubbard Hamiltonian with the photon-
molecule interaction parameter γ. From bottom to top, the three contributions
are for, respectively, one, two or three particles per site. The solid, dashed, and
dotted lines are for γ = 0, γ = 1/2 and γ = 1.

diagonal −i~ωn + εp + ∆/2− λ± and

λ± =
(
µ↓ + µ↑ ∓

√
(∆−∆µ)2 + 4g̃2

mN
2
s ψ

2
)
/2. (6.19)

Moreover,

sin(2θ) =
2g̃mNsψ√

(∆−∆µ)2 + 4g̃2
mN

2
s ψ

2
, (6.20)

cos(2θ) =
∆−∆µ√

(∆−∆µ)2 + 4g̃2
mN

2
s ψ

2
.

Here we define ∆µ = µ↑ − µ↓. Furthermore, since 〈β∗↓,p(τ)β↑,p(τ)〉 =
〈β↓,p(τ)β∗↑,p(τ)〉 = 0, we obtain

φp = 〈b∗p,↓(τ)bp,↑(τ)〉 =
g̃mNsψ√

(∆−∆µ)2 + 4g̃2
mN

2
s ψ

2
(6.21)

× {NMB(εp + ∆/2− λ+)−NMB(εp + ∆/2− λ−)} ,

where we again considered the Maxwell-Boltzmann limit as the system is
at room temperature. As already mentioned, this equation explicitly shows
that ψ 6= 0 also implies a nonzero value of φp.

In order to further investigate the properties of the photons, we substi-
tute this result into the action in Eq. (6.16). To compare with results for
standard Hubbard models as in, for example, Ref. [153], we switch to the
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Hamiltonian formalism. In the thermodynamic limit the effective Hamil-
tonian that describes the photons in the mean-field approximation is now
given by

Ĥeff = ztψ2Ns [1 + 2γ] +
U

2

∑
i

n̂i (n̂i − 1) (6.22)

− ztψ [1 + γ]
∑
i

(
âi + â†i

)
− µ

∑
i

n̂i,

where we only consider tunneling between nearest neighbors, z is the num-
ber of nearest neighbors, n̂i = â†i âi is the photon-number operator and

γ =
g̃m

zt

∑
p

φp =
g2

m

zt

P (∆µ)

∆µ−∆

(
md

md,real

)3/2

nsnmol. (6.23)

Here P (∆µ) denotes the polarization of the molecules as defined in Ref.
[75], md,real is the real mass of the dye molecules, and nmol equals the density
of molecules. Furthermore, ns = Ns/A is the density of sites. Moreover,
note that γ > 0 as the polarization P (∆µ) and ∆µ−∆ have the same sign
for all values of ∆µ. Moreover, recall that we modeled the molecules as a
two-level system with an effective mass, and therefore the ratio md/md,real

appears in the final result.
By introducing Ū = U/zt and µ̄ = µ/zt, we define Ĥeff = zt

∑
i Ĥi and

the Hamiltonian Ĥi at each site i as

Ĥi =
Ū

2
n̂i (n̂i − 1) + ψ2 [1 + 2γ]− µ̄n̂i − ψ [1 + γ]

(
âi + â†i

)
. (6.24)

To calculate the phase diagram of the photons in the dye-filled cavity, we
use the usual Landau theory for second-order phase transitions. Hence, we
write the energy of the ground state as

Eg(ψ) = a0(g, Ū , µ̄) + a2(g, Ū , µ̄)ψ2 +O(ψ4), (6.25)

and we minimize this energy. The corresponding value of ψ determines
the phase of the system. For a2(g, Ū , µ̄) ≥ 0, ψ = 0 and the system is
inside a Mott lobe. Differently, for a2(g, Ū , µ̄) < 0 we have that ψ 6= 0
and the photons are in the superfluid phase. This distinction becomes
clear if we consider the ground state of the system. At the level of mean-
field theory, the ground state inside the Mott lobe is a state with a well-
defined number of particles at each site. Therefore, we obtain ψ = 〈âi〉 = 0
as the states with a different number of photons per site are orthogonal.
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Furthermore, in the superfluid phase the number of particles per site is not
sharply defined. Thus, the ground state is a linear superposition of number
states and therefore ψ 6= 0.

To investigate the phase transition we determine a2(g, Ū , µ̄) by following
Ref. [153] and perform second-order perturbation theory. Therefore, we
split the Hamiltonian in an exactly solvable part Ĥ0 and a perturbation
ψ [1 + γ] V̂ . In this case

Ĥ0 =
Ū

2
n̂i (n̂i − 1) + ψ2 [1 + 2γ]− µ̄n̂i, (6.26)

and

V̂ =
(
âi + â†i

)
. (6.27)

In perturbation theory the second-order correction to the energy reads

E(2)
g = ψ2 [1 + γ]2

∑
n 6=g

|〈n|V̂ |g〉|2

E
(0)
g − E(0)

n

, (6.28)

where |n〉 is the state with n particles and for n = g this state is the ground

state. Furthermore, E
(0)
n is the energy of the state |n〉 with respect to the

exactly solvable Hamiltonian Ĥ0. Again analogous to Ref. [153], we obtain

a2(g, Ū , µ̄) = [1 + γ]2
(

g

Ū(g − 1)− µ̄ +
g + 1

µ̄− Ūg

)
+ 1 + 2γ (6.29)

for Ū(g − 1) < µ̄ < Ūg. The boundary of the Mott lobes can be found by
solving a2(g, Ū , µ̄±) = 0 for µ̄±. We find

µ̄± =
1

2

(
(2g − 1)Ū − 1/Γ

)
± 1

2Γ

√
1 + ŪΓ(ŪΓ− 4g − 2), (6.30)

where Γ = (1 + 2γ)/(1 + γ)2 < 1. In Fig. 6.1 we present a plot of the two
branches of Eq. (6.30) for several values of γ. We obtain that for increasing
γ, the size of the Mott lobes decreases. Physically this makes sense as the
absorption and emission of photons by the molecules effectively increases
the hopping of photons between different lattice sites. Furthermore, we
note that for increasing number of particles in the ground state the effect
of γ also increases. Moreover, the smallest Ū for each Mott lobe is equal to

Ūc =
(

2g + 1 +
√

(2g + 1)2 − 1
)
/Γ = Ūc,0/Γ, (6.31)
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with Ūc,0 the result obtained in Ref. [153] for γ = 0 and correspondingly
Γ = 1.

To estimate the value of γ, we want to express this coefficient in terms of
the experimental parameters λ and V0. As mentioned before, λ is twice the
lattice spacing and V0 is the depth of the lattice potential. From Eq. (6.23)
it follows that we have to find an expression for t. From Ref. [154], we
obtain

t̃ =
4Ṽ

3/4
0

π1/4

(
Λth

λ

)1/2

exp

−2

(
λ

Λth

)√
Ṽ0

π

 . (6.32)

Here Λth = (2π~2/mkBT )1/2 is the thermal de Broglie wavelength, Ṽ0 =
V0/kBT and t̃ = t/kBT . For the two-dimensional squared periodic potential
considered here, we take ns = 4/λ2 and z = 4. Hence,

γ =

(
meff

mreal

) 3
2 nmol

4π1/4

√
Λth

λ

g2β

Ṽ
5/4

0

P (∆µ)

∆µ−∆
e

2λ
Λth

√
Ṽ0
π . (6.33)

In Fig. 6.2 we use this expression for γ to illustrate the phase diagram for
β|∆µ−∆| < 1 and z = 4. For these chemical potentials we can approximate
P (∆µ)/β(∆µ−∆) ' 1/2 and for other quantities such as g, md, and md,real

we take the numerical values as found in Ref. [75].

6.3.2 Photon model

Up to now we only considered the terms with diagonal coupling in mo-
mentum space and we neglected the fixed momentum kγ of the photon
in the longitudinal direction. In the following we consider the effect of
these approximations on the phase diagram presented in the previous sec-
tion. Therefore, here we consider the full action consisting of the sum
of Eqs. (6.8-6.12). In accordance with the previous calculation, we define
〈b∗(k′,q),↓(τ)b(k,q−),↑(τ)〉 = φk,k′,q− and 〈ai〉 = ψ. The expectation value of
the molecular fields that depend on q+ are denoted by φk,k′,q+ .

Now we perform a mean-field approximation and we calculate φk,k′,pz

as a function of ψ. Therefore, we consider Smol[b
∗, b] and

Sc[a
∗, a, b∗, b] = (6.34)

iNsψ√
2AV

∫ ~β

0
dτ

∑
k,G,q

gGb
∗
(k+G,q),↓(τ)b(k,q+),↑(τ) + h.c.

− iNsψ√
2AV

∫ ~β

0
dτ

∑
k,G,q

gGb
∗
(k+G,q),↓(τ)b(k,q−),↑(τ) + h.c.,
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Figure 6.2: Plot of the values of γ in terms of the experimental parameters V0
and λ. We used nmol = 9 ·1023 m−3, T = 300 K, and β|∆µ−∆| < 1. Furthermore,
Λth is the thermal de Broglie wavelength. On the right-hand side of the solid line
γ > 1/2 and the corrections to the Mott lobes are important. To the left of the
solid line γ < 1/2 and the effect of the photon-molecule coupling γ on the Mott
lobes is small. Finally, these results are only valid if thermal fluctuations are small
kBT � ~ω or 4πV0/kBT � (λ/Λth)2.

where without loss of generality we again assume that ψ is real. Further-
more, we perform the summation over the lattice sites. After this summa-
tion the coupling constant gk,k′,i, given by Eq. (6.14), only depends on a
two-dimensional reciprocal lattice vector G. Here we consider Eq. (6.2), and
therefore we have a cubic lattice with lattices sites (nλ/2−λ/4,mλ/2−λ/4)
with n and m integers. Therefore, G = 4πn/λ with n = (nx, ny) and nx
and ny integers. Hence,

gG = gm exp

{
− 2

λ̃

√
π

Ṽ0

(
n2
x + n2

y

)}
, (6.35)

where λ̃ = λ/Λth and Ṽ0 = V0/kBT .
To calculate φk,k′,q we in principle have to invert an infinite-dimensional

matrix. However, we are generally interested in the phase transition and
therefore we only need to calculate the inverse of this infinite-dimensional
matrix up to linear order in ψ. Since all the off-diagonal terms of this
infinite dimensional matrix are already linear in ψ, we obtain up to linear
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order in ψ

φk,k+G,q+ = (6.36)

−iNsψgG√
2AV

NMB(ε(k, q+)− µ↑ + ∆)−NMB(ε(k + G, q)− µ↓)
ε(k, q+)− ε(k + G, q) + ∆−∆µ

,

where we consider the classical limit. We again combine the effects of the
molecules in the parameter γ, which in this case reads

γ =
ns

ztV

∑
k,nx,ny ,q

g2
m exp

{
− 4

λ̃

√
π

Ṽ0

(
n2
x + n2

y

)}
(6.37)

× NMB(ε(k, q+)− µ↑ + ∆)−NMB(ε(k + G, q)− µ↓)
∆µ−∆ + ε(k + G, q)− ε(k, q+)

,

where we used that the contributions of both φk,k+G,q+ and φk,k+G,q− are
the same. Note that for kγ = 0 and if we only consider nx = ny = 0, we
recover our previous result from the simplified model.

To determine γ we have to evaluate a sum over an infinite number of
terms. However, by performing a numerical analysis we obtain that the
contribution rapidly decreases for increasing nx and ny. Therefore, it suf-
fices to only take into account the terms where both nx ≤ 1 and ny ≤ 1.
Since γ depends on ∆µ, we obtain a different phase diagram for every value
of ∆µ. However, although there are quantitative differences, the qualita-
tive results of the calculations are not dependent on the precise value of
∆µ. Therefore, in comparison with the previous calculation, we again take
β|∆−∆µ| < 1.

In Fig. 6.3 we show a comparison between the values of γ in the thermo-
dynamic limit as a function of the experimental parameters V0 and λ, for the
full photon model discussed here and the simplified model used previously.
As can be seen from the figure, both results are qualitatively the same.
However, quantitatively there are some differences between both results.
The largest difference occurs for relatively small values of V0. Namely, for
V0/kBT < 2 the full photon model results in a larger region where the value
of γ is relatively small. For larger V0 both results are remarkably close, and
the full model has only a marginally larger region where the effects of the
molecule coupling are important.

6.4 Number fluctuations inside the Mott lobes

In the previous section we constructed a self-consistent mean-field theory
to investigate the effect of the photon-molecule coupling on the phase dia-
gram of the photonic lattice in a dye-filled optical microcavity. However, to
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Figure 6.3: Plot of the values of γ for the complete photon model and the
simplified model in terms of the experimental parameters V0 and λ. The simplified
model is represented by the solid line and the full model is depicted by the dashed
line. On the right-hand side of both lines γ > 1/2 and here the Mott lobes
are noticeably affected by the photon-molecule coupling. In this plot, we take
Λth ' 1.6 · 10−6 m and the numerical values for the other parameters and the
conditions are the same as given below Fig. 6.2.

obtain more information about the physics in the Mott lobes, we have to go
beyond mean-field theory and also include fluctuations. Since the theory in
the previous section cannot easily be generalized to describe these fluctua-
tions, we now use functional methods instead of the operator methods used
previously. This has the advantage that it is relatively straightforward to
include fluctuations at zero temperature.

Similar to the approach in Ref. [75], we integrate out the molecules and
expand up to second order in the coupling constant g. Thus, we obtain

S[a∗, a] =

∫ ~β

0
dτ
∑
i

a∗i (τ)

(
~
∂

∂τ
− µ+

U

2
|ai(τ)|2

)
ai(τ) (6.38)

−
∫ ~β

0
dτ

∫
dτ ′
∑
i,j

a∗i (τ)G−1
i,j (τ − τ ′)aj(τ ′),

with

G−1
i,j (τ − τ ′) = ti,jδ(τ − τ ′)− ~Σi,j(τ − τ ′), (6.39)
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and

~Σi,j(τ − τ ′) (6.40)

=
1

AV

∑
k,k′,pz

gk,k′,ig
∗
k,k′,jG↓(τ

′ − τ,k′, pz)G↑(τ − τ ′,k, pz + kγ).

Here, the coupling constant gk,k′,i is defined in Eq. (6.14) and the Green’s
function of the excited-state molecules or ground-state molecules is given
by Gσ(τ ′− τ,k′, pz). From these expressions we obtain that the interaction
with the molecules is an additional mechanism for the photons to hop be-
tween different lattice sites. Since ~Σi,i(τ − τ ′) 6= 0, the interaction with
the molecules also contributes to the on-site Green’s function of the pho-
tons. To decouple the hopping term we perform a Hubbard-Stratonovich
transformation to the action, and we write

S[a, a∗, ψ∗, ψ] = S[a∗, a] (6.41)

+

∫ ~β

0
dτ

∫ ~β

0
dτ ′
∑
i,j

(a∗i (τ)− ψ∗i (τ))G−1
i,j (τ − τ ′)

(
aj(τ

′)− ψj(τ ′)
)
,

where ψi(τ) is the complex order-parameter field. Following the procedure
described in Ref. [153], we calculate the action up to second order in ψ and
obtain

S(2)[ψ∗, ψ] =

∫ ~β

0
dτ

∫ ~β

0
dτ ′

∑
i,j

ψ∗i (τ)G−1
i,j (τ − τ ′)ψj(τ ′) (6.42)

− 1

~

∫ ~β

0
dτ

∫ ~β

0
dτ ′
∫ ~β

0
dτ ′′

∫ ~β

0
dτ ′′′

∑
i,j,i′,j′

ψ∗i (τ)

×G−1
i,j′(τ − τ ′′′)〈aj′(τ ′′′)a∗i′(τ ′′)〉0G−1

i′,j(τ
′′ − τ ′)ψj(τ ′).

Here 〈...〉0 denotes the expectation value with respect to the action defined
in Eq. (6.41) for G−1

i,j (τ − τ ′) = 0. Now, we separately calculate the first
and second part of this action. First, we define

ψi(τ) =
1√
~βNs

∑
k,n

ψk,ne
i(k·xi−ωnτ), (6.43)

where k only runs over the first Brillouin zone. We substitute the Fourier
expansions of ψi(τ) and ~Σi,j(τ − τ ′) and again we take tij equal to t for
nearest neighbors and zero otherwise. By performing the integrations over
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τ and τ ′, we obtain∫ ~β

0
dτ

∫ ~β

0
dτ ′

∑
i,j

ψ∗i (τ)G−1
i,j (τ − τ ′)ψj(τ ′) (6.44)

= −
∑
k,n

G−1
m (k, iωn)ψ∗k,nψk,n,

where

G−1
m (k, iωn) = εk +

16π~
mλ2ω

~Σ(k, kγ , iωn). (6.45)

Here, we use that we are inside a Mott lobe where ω is sufficiently large
and therefore we use the approximation that |gk,k′,i|2 = |gm|2. Note that
if we perform the Wick rotation to real frequencies in ~Σ(k, kγ , iωn), we
obtain the retarded self-energy as calculated in Ref. [75]. Furthermore, the
lattice dispersion εk is given by

εk = −2t

2∑
j=1

cos(kjλ/2). (6.46)

Similar to the calculation in the previous section, the periodicity of the pho-
tons induces the introduction of reciprocal lattice vectors for the molecules.
The incorporation of these vectors gives additional contributions that are
off-diagonal in momentum space. However, especially inside the Mott lobes
these contributions are small. Since in this section we only consider that
part of the phase diagram, these contributions are neglected throughout
the rest of this section.

The calculation of the second term of Eq. (6.42) is more involved. How-
ever, we only consider the zero-temperature case and therefore we can use
some results from Ref. [153]. Similarly, we obtain

〈aj′(τ)a∗i′(τ
′)〉0 = δi′,j′〈ai′(τ)a∗i′(τ

′)〉0, (6.47)

with

〈ai(τ)a∗i (τ
′)〉0 = Θ(τ − τ ′)(g + 1)e(µ−gU)(τ−τ ′)/~ (6.48)

+ Θ(τ ′ − τ)ge(µ−(g−1)U)(τ−τ ′)/~.

Again, by only taking into account nearest-neighbor hopping we can eval-
uate the second term of Eq. (6.42) explicitly. By using Eqs. (6.39), (6.40),
(6.43), and (6.48), we can perform the integration over imaginary time and
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summations over lattice sites. Combining this result with Eq. (6.44), we
find

S(2)[ψ∗, ψ] = −~
∑
k,n

ψ∗k,nG
−1(k, iωn)ψk,n, (6.49)

where the inverse Green’s function obeys

~G−1(k, iωn) = G−1
m (k, iωn) (6.50)

×
{

1 +G−1
m (k, iωn)

(
g + 1

−i~ωn − µ+ gU
+

g

i~ωn + µ− (g − 1)U

)}
.

As the quadratic coefficient a2(g, µ, U) of the Landau free energy coincides
with −~G−1(0, 0)/zt, this expression allows us to compare this theory with
the result from the previous section. By using the expression for the self-
energy in Ref. [75], we obtain

−~G−1(0, 0)

zt
= (1 + γ)

[
1 + (1 + γ)

{
g

Ū(g − 1)− µ̄ +
g + 1

µ̄− Ūg

}]
. (6.51)

Since in this approach we do not take into account the nonzero expecta-
tion value of 〈b∗p′,↓(τ)bp,↑(τ)〉, we arrive at a slightly different coefficient
a2(g, µ, U) as found in Eq. (6.29). Both mean-field theories are however
qualitatively the same as they lead to shrinking Mott lobes for increasing
values for γ. Although the exact position of the phase boundary of the Mott
lobes is slightly different, we expect that inside these loops both approaches
are equivalent as in this region of the phase diagram the expectation value
of the photon annihilation operator and therefore 〈b∗p′,↓(τ)bp,↑(τ)〉 is zero.

6.4.1 Quasiparticle excitations

We include the Gaussian fluctuations to obtain 〈ai(τ)a∗i′(τ
′)〉, and thereby

calculate the quasihole and quasiparticle excitations in the Mott lobes.
To obtain a relation between this correlator of photon operators and the
correlator of the Hubbard-Stratonovich fields 〈ψ∗i (τ)ψj(τ

′)〉, we add sources
Ji(τ) and J∗i (τ) that couple to ai(τ) and a∗i (τ). Instead of the Hubbard-
Stratonovich transformation used in Eq. (6.41), we now add∫ ~β

0
dτ

∫ ~β

0
dτ ′
∑
i,j

{a∗i (τ)− ψ∗i (τ) + [J ·G]i (τ)} (6.52)

×G−1
i,j (τ − τ ′)

{
aj(τ

′)− ψj(τ ′) + [G · J ]j (τ ′)
}
,
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Figure 6.4: Plot of the spectral function of the photons ρph(k, Ω̄) inside the
g = 1 Mott lobe as a function of Ω̄ = Ω/zt for k = 0, U/zt = 11, µ/zt = 5
and αlat = 10−2. The incorporation of the photon-molecule coupling broadens the
peaks that are located at the quasihole and quasiparticle excitations.

to the action in Eq. (6.38). Here we introduce short-hand notation for the
convolution

[J ·G]i (τ) =
∑
i′

∫
dτ ′′ ~J∗i′(τ

′′)Gi′,i(τ
′′ − τ). (6.53)

By differentiation of the partition function with respect to the currents, we
obtain

〈a∗i (τ)aj(τ
′)〉 = 〈ψ∗i (τ)ψj(τ

′)〉 − ~Gi,j(τ − τ ′). (6.54)

Denoting the Fourier transform of 〈a∗i (τ)aj(τ
′)〉 by Gph(k, iωn), we there-

fore find that

−1

~
Gph(k, iωn) =

(
g + 1

−i~ωn − µ+ gU
+

g

i~ωn + µ− (g − 1)U

)
(6.55)

×
[
1 +G−1

m (k, iωn)

(
g + 1

−i~ωn − µ+ gU
+

g

i~ωn + µ− (g − 1)U

)]−1

.

The excitations of the photons in the Mott lobes correspond to the zeros
of this inverse Green’s function Gph(k,Ω), where we perform an analytic
continuation iωn → Ω. Note that for large interactions U the excitations
are also at large frequencies. At these large frequencies the self-energy
vanishes and we obtain the usual results. However, for intermediate U for
which we are inside a Mott lobe and the excitations are still at relatively
small frequencies, the self-energy is important. In the following we ignore
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the real part of the self-energy, since this part, to a good approximation,
only results in a shift of dispersions.

By assuming that the excitation are at relatively small energies, we can
approximate ~Σ+(k, kγ ,Ω) ' −iα~Ω. Here α is the small dimensionless
damping parameter we calculated in previous work [75]. Up to linear order
in α, we obtain

~Ω±k = (1− iαlat)~ω±k (6.56)

− i

2
αlat

{
U + µ± (2g2 − 1)U2 − U [εk + µ(1 + 2g)]− εkµ

~ω+
k − ~ω−k

}
,

where αlat = 8π~α/mωλ2. Furthermore, ~ω+
k and ~ω−k denote the quasi-

particle and quasihole excitations as calculated in Ref. [153].
Moreover, we can also calculate the spectral function that is defined as

ρph(k,Ω) = − 1

π~
Im [Gph(k,Ω)] . (6.57)

In Fig. 6.4 we show a plot of the spectral function of the photons inside
the g = 1 Mott lobe for k = 0. The spectral function has two peaks, one
around the quasihole excitations and the other located at the quasiparticle
dispersion. Due to the interaction of the photons with the molecules, the
peaks are broadened. The width of the peaks is determined by the value of
αlat, and the larger this parameter the broader the peaks become. Further-
more, due to the approximation of the self-energy, the sum rule is modified
and reads ∫

d(~Ω)ρph(k,Ω) =
1

1 + α2
lat

, (6.58)

which is the same sum rule as already encountered in Ref. [75]. Thus for
relatively small αlat the sum rule is to a very good approximation satisfied.
Note that we can exactly satisfy the sum-rule, by taking the full energy
dependence of the self-energy into account and not using only its low-energy
approximation.

6.4.2 Number fluctuations

Apart from the excitations and the spectral function inside the Mott lobes,
we can also use the presented theory to calculate the number fluctuations.
For a Bose gas in an optical lattice that is described by the Bose-Hubbard
model, the true Mott insulator state only exists at zero temperature as
at this temperature the number fluctuations inside the Mott lobes van-
ish. However, for nonzero temperatures thermal fluctuations always induce
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number fluctuations, and strictly speaking there is no Mott insulator. As
we show next, in this system of photons in a dye-filled microcavity even
at zero temperature the number of photons in the Mott lobes fluctuates.
Therefore, for the photons in the dye-filled optical microcavity the true
Mott-insulating state does not exist due to the fluctuations induced by the
absorption and emission of photons by the dye molecules.

To calculate the number of photons inside the Mott lobes, we first de-
termine the thermodynamic potential. After the Hubbard-Stratonovich
transformation that decouples the hopping term, the thermodynamic po-
tential consist of two separate parts. The exactly solvable part is given
by the eigenvalue of the Hamiltonian Ĥ0 in Eq. (6.26) with ψ = 0. The
other part is described by Eq. (6.49) and the contribution to the thermo-
dynamic potential can be calculated by integrating out ψ in the Gaussian
approximation. Hence,

Ω = NsE0 +
1

β
Tr
[
log
(
−~βG−1

)]
, (6.59)

where the inverse Green’s function G−1 is defined in Eq. (6.50), and E0 is
the energy of the Hamiltonian in the Mott lobe with g photons. Thus,

E0 =
1

2
Ug(g − 1)− µg. (6.60)

Note that the thermodynamic potential also has a contribution from the
fact that we change the partition function if we simply add a complete
square to the action. Namely, by performing the Hubbard-Stratonovich
transformation we should multiply exactly with one and therefore the ther-
modynamic potential has an additional contribution that depends on the
self-energy induced by the molecules and the hopping parameter. However,
both do not have an explicit dependence on the chemical potential of the
photons. Therefore, if we calculate densities by taking a partial derivative
of the thermodynamic potential with respect to this chemical potential,
this additional contribution has no effect.

Thus the number of photons per site in the Mott lobe is given by

n = − 1

Ns

∂Ω

∂µ
= g − 1

βNs

∑
k,n

G(k, iωn)
∂G−1(k, iωn)

∂µ
. (6.61)

In this expression we cannot simply perform the sum over Matsubara fre-
quencies analytically, since the self-energy has a non-trivial imaginary part.
Therefore, we define

ρml(k,Ω) = − 1

π
Im

[
G(k,Ω+)

∂G−1(k,Ω+)

∂µ

]
, (6.62)
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Figure 6.5: Plot of the spectral function ρml(k, Ω̄) inside the g = 1 Mott lobe
as a function of Ω̄ = Ω/zt for k = 0, U/zt = 11, µ/zt = 5 and αlat ' 10−2. The
spectral function has a delta-peak contributions at Ω = −µ and Ω = −µ + gU .
Furthermore, the nonzero value of α broadens the contributions that are located
at the quasihole and quasiparticle excitations.

where Ω+ = Ω + iε with ε > 0 infinitesimally small. In Fig. 6.5 we show a
typical plot of this spectral function. This function contains four different
contributions. There are two delta-peaks at Ω = −(µ − (g − 1)U)/~ and
Ω = −(µ − gU)/~, and there are contributions at the quasiparticle and
quasihole excitations that are broadened by the photon-molecule coupling.

By using the definition of ρml(k,Ω), we can rewrite

n = g +
1

Ns

∑
k

∫ ∞
−∞

d(~Ω)NBE(~Ω)ρml(k,Ω). (6.63)

Here NBE(~Ω) denotes the Bose-Einstein distribution function. Here and
in the following we consider the photon gas at zero temperature and only
consider quantum fluctuations. This amounts to calculating

n = g − λ2

4

∫
BZ

dk

(2π)2

∫ 0

−∞
d(~Ω) ρml(k,Ω), (6.64)

where we only integrate the momenta over the first Brillouin zone. Recall
that we consider a square lattice with spacing λ/2 and therefore the mo-
menta run from −2π/λ to 2π/λ. Since in the low-energy approximation
of the self-energy we obtain ultra-violet divergences, we consider the full
expression of the self-energy as obtained in Ref. [75] and numerically eval-
uate the integrals. However, in the following we still use the parameter αlat

to compare between results for different values of the self-energy.



108 6. SUPERFLUID-MOTT-INSULATOR TRANSITION

0 102 4 6 80

0.1

0.2

0.3

0.4

δn

μ-0 102 4 6 8

0.96

0.98

1.02

1.04

1.00
  n

  a)   b)

μ-

Figure 6.6: a) Average number of photons n and b) corresponding number fluc-
tuation δn at zero temperature in the g = 1 Mott lobe as a function of µ/zt
for k = 0, λ/Λth = 1, V0/kBT = 30, zt/kBT ' 0.3 and U/zt = 11. The solid,
dashed, and dotted curves correspond to αlat ' 9.8 · 10−2, αlat ' 4.9 · 10−2, and
αlat ' 1.6 · 10−2. Since increasing the value of αlat also increases the value of γ,
the range of µ̄ where the photons are inside the g = 1 Mott lobe decreases for
increasing αlat. Moreover, the number fluctuation become larger if the value of
αlat increases.

As an example, we now take λ/Λth = 1 and V0/kBT = 30 such that
βzt ' 0.3. Furthermore, we calculate the number of photons for different
values of the self-energy, which can be obtained, for example, by changing
the density of molecules or changing the detuning. Moreover, these expres-
sions are only valid in the Mott lobes and therefore the values of µ̄ are
restricted. In agreement with this theory, we use the phase boundaries as
calculated by solving ~G−1(0, 0)/zt = 0, where ~G−1(0, 0)/zt is defined in
Eq. (6.51).

In Fig. 6.6(a) we show the average number of photons in the g = 1 Mott
lobe at zero temperature for several values of αlat. We observe that inside
the Mott lobe the average number of photons is not constant, and there-
fore the true Mott insulator never exists if the interactions with the dye
molecules are included. Furthermore, for increasing values of αlat there are
two effects. First, the range of µ̄ for which the photons are in the g = 1
Mott lobe decreases as larger values of αlat also correspond to larger values
of γ. Moreover, the differences between the number of photons for different
values of µ̄ inside the plateau become larger, i.e., the slope of the plateau
increases. This slope is related to the fluctuations in the average number
of photons, namely,

δn :=
√
〈n̂2〉 − 〈n̂〉2 =

√
∂n

∂(βµ)
=

√
κ

zt
, (6.65)
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Figure 6.7: Minimal value of the number fluctuation ln(δn) as a function of
ln(αlat) at zero temperature in the g = 1 Mott lobe for λ/Λth = 1, V0/kBT = 30,
zt/kBT ' 0.3 and U/zt = 11. The points represent values of µ̄ for which the
minimum in the number fluctuations is determined numerically. The solid line is
a fit through the first points of a line with slope 0.5. For αlat smaller than roughly
10−2, we find good agreement with the numerical points.

where we define κ = ∂n/∂(βµ̄) as the compressibility.
To obtain the number fluctuations due to quantum fluctuations, we first

consider the density as given by Eq. (6.63) and we take the derivative with
respect to βµ̄. Then we only consider quantum fluctuations, by neglecting
the Bose-Einstein distribution function of the photons and only integrat-
ing over negative frequencies. These number fluctuations are shown in
Fig. 6.6(b). We observe that for increasing values of αlat the number fluc-
tuations increase. Moreover, for a fixed value of αlat we obtain that the
number fluctuations increase, closer to the phase boundary. Intuitively,
this is because deeper in the Mott lobe, on average, the fluctuations in the
number of photons decrease.

To obtain more information about how the value of αlat affects the num-
ber fluctuations, we determine the minimal value of δn for different values
of αlat. The results of this numerical calculation are shown in Fig. 6.7.
We observe that for small values of αlat, to a very good approximation
δn ∝ √αlat. If αlat is larger than roughly 10−2, this relation is no longer
valid and the effect of αlat on the number fluctuations is larger. We also
performed the same calculation for U/zt = 14 and obtained similar results
for the scaling of δn.

Although the average number of photons inside a Mott lobe varies, the
system is for all practical purposes still a Mott insulator if these number
fluctuations are small. To distinguish this region from the regime where
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the fluctuations are large enough to destroy the Mott insulator, we use our
definition of the compressibility. A true Mott insulator is incompressible
and this corresponds to κ = 0 or δn = 0. However, we anticipate that for
δn < 1/2 it is still possible to make a distinction between different Mott
lobes, and therefore we consider this regime practically as the Mott insu-
lator. As can be seen in Fig. 6.6(b), this condition is satisfied for relatively
large αlat, even up to values of 10−1. Thus, in most cases the photons
are to a good approximation still in the Mott-insulating phase. Moreover,
note that these number fluctuations at zero temperature imply that the
transition from a superfluid to a Mott insulator is a crossover instead of a
quantum phase transition as is the case for cold bosonic atoms in an optical
lattice.

6.5 Conclusion and outlook

In this Chapter we have investigated the effects of the dye molecules on the
superfluid-Mott-insulator phase transition of photons in a dye-filled optical
microcavity. First, we derived expressions for the relevant parameters of
our theory in terms of the experimental quantities. Then, we considered a
simplified model that neglects the fixed longitudinal momentum of the pho-
tons and only takes into account absorption and emission of photons with
zero momentum. We have shown that at the mean-field theory level the
effect of the photon-molecule coupling can be captured in a single dimen-
sionless parameter γ. By performing a self-consistent mean-field theory, we
have found that a nonzero expectation value of the annihilation operator of
the photons induces coherence between different internal molecular states.
We have demonstrated that incorporation of γ decreases the size of the
Mott lobes. We considered the full model that includes the fixed longitudi-
nal momentum and takes into account absorption and emission of photons
with nonzero momentum, and have found generally good agreement be-
tween the values of γ for this full model and simplified model. However, for
small lattice potential depths V0 in the full model there is a larger range of
lattice spacings where the value γ is smaller.

Moreover, by first integrating out the molecules we calculated both the
excitations and the number fluctuations inside the Mott lobes at zero tem-
perature. We obtained that the quasiparticle and quasihole excitations in
this system have a finite lifetime, which is visible in the finite width of both
contributions in the spectral function. We have demonstrated that the
coupling between the photons and dye molecules results in nonzero number
fluctuations at zero temperature, and therefore, strictly speaking, the Mott
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insulator does not exist. However, we have shown that for the most relevant
values of αlat, the compressibility is sufficiently small and the system is to
a good approximation still in the Mott-insulating state. Subsequently, we
obtained that for a relatively small coupling the number fluctuations scale
with the square root of the dimensionless damping parameter αlat.

For future research it would be interesting to investigate which regions
are accessible in experiments. From Ref. [152], we know that for the lattice
potential typical lattice spacings in the micron regime are expected. Since
this is of the same order as discussed in this Chapter, we expect that for suf-
ficiently deep lattice potentials the coupling with the molecules is important
and could prevent the system from being inside a Mott lobe. For example,
it is interesting to compare the state of the photons for different molecular
densities, detunings or other dye-specific properties. Furthermore, we have
found that in the superfluid phase of the photons the molecules are in a
superposition of different internal states. Although our calculation does not
incorporate the full rovibrational structure of the molecules, we expect that
this phenomenon is also present in the experiment. Therefore, it would be
interesting to measure and investigate the behavior of the molecules if the
photons are in the superfluid phase.

Except for these experimental options, there are also some possibilities
for future theoretical work. First of all, in the experimental system there
is a harmonic trapping potential and for qualitative agreement this should
be taken into account. In a first approximation this can be incorporated in
the local-density approximation. Moreover, the presented theory beyond
mean-field only takes into account the effect of Gaussian fluctuations at
zero temperature. However, in the current experiment the photons are at
room temperature. In analogy with the first-order correlation functions and
phase fluctuations of a Bose-Einstein condensate of photons under similar
conditions, we expect that the thermal fluctuations are also very impor-
tant [155]. Finally, we note that the presented formalism is potentially also
useful to describe the effects of relaxation on the superfluid to insulator
transition in quantum magnets [156].





Chapter 7

Superfluidity

We construct a theory for Bose-Einstein condensation of light in nano-
fabricated semiconductor microcavities. We model the semiconductor by
one conduction and one valence band which consist of electrons and holes
that interact via a Coulomb interaction. Moreover, we incorporate screen-
ing effects by using a contact interaction with the scattering length for a
Yukawa potential and describe in this manner the crossover from exciton
gas to electron-hole plasma as we increase the excitation level of the semi-
conductor. We then show that the dynamics of the light in the microcavi-
ties is damped due to the coupling to the semiconductor. Furthermore, we
demonstrate that on the electron-hole plasma side of the crossover, which
is relevant for the Bose-Einstein condensation of light, this damping can
be described by a single dimensionless damping parameter that depends on
the external pumping. Hereafter, we propose to probe the superfluidity of
light in these nano-fabricated semiconductor microcavities by making use
of the differences in the response in the normal or superfluid phase to a
sudden rotation of the trap. In particular, we determine frequencies and
damping of the scissors modes that are excited in this manner. Moreover,
we show that a distinct signature of the dynamical Casimir effect can be
observed in the density-density correlations of the excited light fluid.

7.1 Introduction

The first observation of Bose-Einstein condensation in a dilute atomic vapor
opened up several different possibilities to explore many-body phenomena
in a completely new regime. As before this observation it was hard to
experimentally access the macroscopic quantum regime, the low tempera-
tures of these systems created a playground for the investigation of several
interesting quantum effects. One prominent example is the observation of
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superfluidity via the existence of quantized vortices [157–159]. These de-
velopments were even more encouraged by the large experimental control
that is available in the cold atomic gases, leading also to the possibility to
investigate dynamical behavior.

More recently a class of Bose-Einstein condensates have been observed
that are fundamentally different from atomic condensates and also allow for
different experimental probes. These Bose-Einstein condensates of bosonic
quasiparticles such as magnons [29], exciton-polaritons [30, 31] and pho-
tons [32] are dissipative systems. This leads to the possibility to inves-
tigate phenomena that are not not yet observed in atomic condensates,
such as large number fluctuations in a Bose-Einstein condensate of pho-
tons [83,160]. Moreover, it is also interesting to investigate whether certain
equilibrium phenomena are still present in these dissipative systems.

Although the Bose-Einstein condensate of light allows for dynamical
measurements and new experimental probes, there are still some disadvan-
tages to the current experimental approach [32,36]. First, it is inconvenient
to dynamically change the trap geometry of the photons. Second, every pos-
sible change highly affects the interactions of the photons with the dye and
therefore strongly influences the thermalization of the photons. Lastly, it is
very hard to predict theoretically, and to a large extent it is still unknown
experimentally, how strongly the photons interact and what the origin of
the effective photon-photon interaction is. Therefore, this is a large disad-
vantage for studying various many-body phenomena of light.

To overcome these problems we propose to follow a different experimen-
tal approach, namely nano-fabricated semiconductor microcavities. In this
system we use a semiconductor with a periodic array of holes filled with air
to create a photonic crystal. The photons thermalize due to the interaction
with the electrons and holes in the semiconductor. Moreover, by simply in-
creasing the size of the holes when moving further away from the center of
the semiconductor, the photons feel an effective harmonic trapping poten-
tial [161]. Finally, also in this case there is external pumping to compensate
for photon losses out of the microcavity. Although this suggest that light in
such nano-fabricated semiconductor microcavities is similar to photons in
a dye-filled optical microcavity, the former system has several advantages.
Most importantly, the interaction between the light and the semiconductor
is well understood, see e.g. Ref. [162]. Therefore, there are good prospects
of controlling the effective photon-photon interaction. Moreover, it is pos-
sible to change the cavity geometry and it is also achievable to influence
the photon trap dynamically on a sub-picosecond timescale [163].

A prime example of a many-body phenomenon of light where the ad-
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vantages of the semiconductor microcavity can be utilized is superfluidity.
In Ref. [164] it is shown that in dissipative condensates a superfluid density
can exist and therefore it is expected that also a Bose-Einstein condensate
of photons can exhibit superfluidity. Although some work has been carried
out that mainly focus on the frictionless flow of light through an obsta-
cle, see e.g. Ref. [165–168], up to now the superfluidity of a Bose-Einstein
condensate of photons has not yet been explored, since it is unclear how
the superfluidity of this system can be probed in the current experiments.
Namely, recall that the standard experiment for probing the superfluid be-
havior, i.e., observing the existence of quantized vortices after rotation of
the condensate, appears not to be feasible in a dye-filled optical microcav-
ity.

From studies in atomic Bose-Einstein condensates we know that there
is another method to obtain direct evidence for superfluidity [169,170]. By
applying a small sudden rotation of the trapping potential the so-called
scissors modes can be excited. The modes are quite different from the
excitations in the of the atoms in the normal state. Therefore, the time
evolution of the angle between the axial direction of the condensate and
the new trap direction is distinct in the normal and superfluid phase. As
mentioned before, in current experiments this is difficult to observe as a ro-
tation of the cavity highly affects the interactions of the photons with the
dye and therefore destroys the thermalization of the photons. In contrast,
in a semiconductor microcavity the trap geometry can be changed on a sub-
picosecond timescale [163], which is much shorter than the inverse trapping
frequency which is typically of the order of tens of gigahertz. Therefore,
this fast change of the cavity geometry is non-adiabatic, which allows for
the excitation of the scissors modes and probing the superfluidity of a Bose-
Einstein condensate of light.

Nonetheless, there are still major differences between the dynamics of
the scissors modes in Bose-Einstein condensates of atoms and photons. The
former systems are very clean and therefore damping is typically not an is-
sue, especially because most experiments are carried out in the collisionless
regime. As a result, only for fine-tuned configurations of the experimental
set-up, such as in Ref. [171], the scissors modes are damped by Beliaev
processes. In a Bose-Einstein condensate of light on the other hand, the
photons are, as envisaged here, coupled to electrons and holes in the solid-
state cavity, that is pumped with an external laser beam. In the context
of exciton-polariton systems it is shown that this pumping of the exter-
nal bath affects the superfluid properties [172, 173]. We show here that
the coupling with the external bath gives rise to damping of the scissors
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modes and in addition that this damping offers the possibility to observe
a dynamical Casimir effect. Moreover, we demonstrate that the amount of
damping also depends on the external pumping.

In this Chapter we study light in nano-fabricated semiconductor micro-
cavities. The layout of the Chapter is as follows. In Sec. 7.2 we model the
semiconductor by one conduction and one valence band and describe the
interactions between the electrons and holes by an effective contact inter-
action, which is especially appropriate in the electron-hole plasma regime
of interest to us here where the Coulomb potential is screened to a short-
range interaction. We include screening effects by calculating the scattering
length for the appropriate Yukawa potential. Hereafter, we consider the
coupling between light and the semiconductor in Sec. 7.3. We show that
the coupling results into damping of the light and we demonstrate that this
damping can be characterized by a single dimensionless parameter that de-
pends on the external pumping. After this, we apply our model and study
an example of a many-body phenomena of light where the advantages of
semiconductor microcavities are particularly useful. Namely, in Sec. 7.4 we
propose to investigate the superfluidity of light via the excitation of scissors
modes. In Sec. 7.5 we consider a sudden rotation of the trapping potential
of an elongated photon condensate and we calculate the decay rates of the
excitations in the Thomas-Fermi limit. Hereafter, in Sec. 7.6 we propose
to measure the density-density correlations of the excited light fluid, since
the decay products of the scissors mode quanta also demonstrate an ana-
log of the dynamical Casimir effect. Finally, we end with conclusions and
discussion in Sec. 7.7.

7.2 Semiconductor

To investigate Bose-Einstein condensation of light in a nano-fabricated
semiconductor we in first instance ignore the light and start with a model
for a homogeneous semiconductor. We consider the following action

Ssc[φ
∗, φ] = −~

∑
i,α

∫ ~β

0
dτ

∫
drφ∗i,α(r, τ)G−1

0i φi,α(r, τ) (7.1)

−
∑
α,α′

∫ ~β

0
dτ

∫
dr dr′ φ∗e,α(r, τ)φ∗h,α′(r

′, τ)Vs(r− r′)φh,α′(r
′, τ)φe,α(r, τ).

In this model we only take into account one valence and conduction band
and i denotes the electron e or hole h respectively. The generalization to for
instance one conduction band and three valance bands is straightforward
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and can be easily achieved once the experimentally relevant semiconductor
is known. The electron field and hole field are denoted by φi,α and φ∗i,α
with α and α′ representing the spin degeneracy that is denoted by ↑ or ↓.
The noninteracting Green’s function G−1

0i is defined as

G−1
0i = −1

~

{
~
∂

∂τ
− ~2∇2

2mi
− µi

}
, (7.2)

where µi is the chemical potential and mi is the corresponding mass of
the electron or hole. Note that the band gap of the semiconductor is ab-
sorped in our definitions of the chemical potentials. The same is true for
the bandgap renormalization due to the electron-electron and hole-hole
Coulomb interactions. The electron-hole interaction, however, needs to be
considered explicitly due to the possibility of exciton formation.

In a semiconductor there are usually Coulomb interactions. However,
since we are mostly interested in the highly excited regime where excitons
do not exist and screening plays a dominant role, we may simplify the
theory and replace the interaction potential by a contact interaction

Vs(r− r′)→ −V0δ(r− r′), (7.3)

with V0 the effective interaction strength that we determine selfconsistently
later on.

Now we perform a Hubbard-Stratonovich transformations to the pairing
fields and integrate out the fermionic fields [174]. Note that we have to
perform four different transformations and therefore we introduce the fields
∆αα′(x, τ), of which the averages are given by

〈∆αα′(r, τ)〉 = V0〈φh,α(r, τ)φe,α′(r, τ)〉. (7.4)

We apply here the Nozières-Schmitt-Rink approximation and only consider
terms up to quadratic order in the pairing fields [175], which is the simplest
approximation that correctly incorporates the crossover between an exciton
gas and an electron-hole plasma that occurs as a function of excitation, i.e.,
pumping, of the semiconductor. In this approximation we find that the
thermodynamic potential Ω is given by

Ω := Ω1 + Ω2 (7.5)

=
4

β

∑
P,n

ln
(
−1/~TMB(iΩn,P)

)
− 2

β

∑
p,i

ln
(

1 + e−β(εp,i−µi)
)
,

where Ωn are bosonic Matsubara frequencies and εp,i = ~2p2/2mi is the
kinetic energy of the particle or hole. The thermodynamic potential thus
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consists of the sum of the ideal electron and hole contributions and a fluc-
tuation correction. The many-body T-matrix in the above expression is
defined as

1

TMB(iΩn,P)
=

1

V0
− 1

V

∑
p′

1

εp′,e + εp′,h
(7.6)

+
1

V

∑
p′

1−NFD(εP−p′,e − µe)−NFD(εp′,h − µh)

−i~Ωn + εP−p′,e + εp′,h − µe − µh
,

where NFD(x) = 1/(eβx+1) is the Fermi-Dirac distribution function. From
now on we simplify the notation by omitting the arguments of the many-
body T-matrix.

7.2.1 Interactions

To obtain a better understanding of the effect of the interactions in our
model, we now focus on the many-body T-matrix. For simplicity we con-
sider relatively small densities of electrons and holes, such that the many-
body effects, i.e., the Fermi-Dirac distribution function in Eq. (7.6), can be
neglected. In this regime we find

1

TMB
=

1

V0
− m

3/2
r

2π~3

√
−2(z − εP,e+h + µe + µh), (7.7)

where z is the complex center-of-mass energy associated with the Matsub-
ara frequencies iΩn and mr is the so-called reduced mass which is defined
as

mr =

(
memh

me +mh

)
. (7.8)

Moreover, εP,e+h is the kinetic energy of the center-of-mass motion of the
electron and hole involved in the interaction that is given by

εP,e+h =
~2P2

2(me +mh)
. (7.9)

We write the effective interaction strength as V0 = 4π~2a/mr with a the
so-called effective scattering length of the potential between the electron
and hole.

From the expression for the many-body T-matrix in Eq. (7.7) we obtain
two features as a function of the complex energy z. First, we find that
for positive values of V0 there is a pole on the real axis. This corresponds
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to the exciton that is a bound state of an electron and a hole. Second,
we find that there is a branch cut on the real axis, which corresponds to
the continuum of electron-hole scattering states. To see this explicitly we
calculate the density of electrons in the semiconductor. As we only consider
optical excitations, the electron density ne is equal to the hole density nh.
Hence, we define a carrier density n as

n = ne = nh = − 1

V

(
∂Ω

∂µe

)
T

. (7.10)

Since we have an analytical expression for the many-body T-matrix, we
can also calculate the density analytically. By using similar techniques as
shown in Ref. [59], we perform the summation over Matsubara frequencies
by contour integration. Note that we have to be careful with the branch
cut and the pole when choosing the contours. Ultimately, we find

n = nid + nex + nsc, (7.11)

where

nid =
1

2π2

(
2mi

~2

)3/2 ∫ ∞
0

dε
√
εNFD(ε− µi), (7.12)

nex =
Θ(a)

π2

(
2(me +mh)

β~2

)3/2 ∫ ∞
0

dε
√
εNBE(εex),

nsc = − 1

2π3

Λth

4a
√
π

(
2(me +mh)

β~2

)3/2

×
∫ ∞

0
dε

∫ ∞
−∞

dy
√
ε
NBE(ε− β(µe + µh) + y2)

y2 + (Λth/4a
√
π)

2 ,

with Θ the Heaviside step function, β = 1/kBT , Λth =
(
2π~2β/mr

)1/2
the thermal de Broglie wavelength, NBE(x) = 1/(ex + 1) the Bose-Einstein
distribution function and we defined the dimensionless exciton energy εex

as

εex = ε− β(µe + µh)− 1

16π

(
Λth

a

)2

. (7.13)

We see that there are three contributions to the carrier density. The first
contribution is simply the ideal gas result. The second part originates from
the exciton bound state and the third part describes the scattering contin-
uum of electron-hole states. We can calculate the separate contributions
to the density as a function of the value of the scattering length. In order
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Figure 7.1: a) Number of electrons in excitons and b) total number of electrons
in the excitons and the scattering contributions as a function of the interaction
parameter a for ZnO. The solid and dashed lines correspond to a carrier density
of n = 1023 m−3 and n = 1024 m−3, respectively. We obtain a smooth crossover
from Λth/a � 0 where the electrons and holes behave as an ideal gas and form
an electron-hole plasma, to Λth/a � 0 where almost all electrons and holes form
excitons.

to obtain these values, we first take a certain carrier density n. Then we
can find the chemical potentials as a function of the scattering length, by
using Eqs. (7.11) and (7.12) for both i = e and i = h. By resubstituting
the chemical potentials, we obtain that every contribution to the density
only depends on the scattering length and the carrier density. Therefore,
we investigate the effect of changing the value of these physical parameters.
Of course, because of screening the effective scattering length will also de-
pend on the carrier density, but we ignore this in first instance and come
back to this problem in a moment.

In Fig. 7.1 we show the exciton contribution nex and the sum with
the scattering contribution nsc as a function of the scattering length. As
an example, we take ZnO at room temperature and use me = 0.28m0,
mh = 0.59m0 with m0 the bare electron mass, see Ref. [174]. First, we
note from Eqs. (7.12) that there are only excitons for positive values of the
scattering length and therefore we only show the number of excitons in this
regime. For smaller values of the scattering length the contribution of the
excitons becomes larger. Furthermore, by looking at the sum of the exciton
and scattering contribution as a function of the interactions, we note that
there is a smooth crossover from Λth/a � 0 when the electrons behave
as an ideal gas, to Λth/a � 0 where almost all electrons form excitons.
Therefore, we note that this model for the semiconductor describes both
the exciton regime and the regime where there is a electron-hole plasma.
Moreover, we note that the sum of the exciton and the scattering con-
tribution is an analog for the behavior of the Cooper-pair density in the
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BEC-BCS crossover [176].

7.2.2 Scattering length

Up to now we have considered the scattering length as a free parameter.
However, in a semiconductor the interaction depends on the value of the
carrier density due to screening effets. Here we only consider the effects of
static screening that can be described by using a Yukawa potential. There-
fore, we can make our model selfconsistent by calculating the scattering
length for the Yukawa potential.

The standard procedure for calculating the scattering length is via the
so-called Born series. However, for a Yukawa potential this will lead to
divergences and taking into account only the first term of this expansion
is not sufficient. Therefore, we here use a different approach. First, we
note that the scattering length is associated with a low-energy two-body
scattering wavefunction that is given by

ψ(r)
r→∞

= A
(

1− a

r

)
, (7.14)

where A is a normalization constant that is usually taken to be 1 for many-
body applications. Moreover, if we define u(r) = rψ(r) than this function
satisfies the following radial Schrödinger equation

~2

2mr

d2u(r)

dr2
= V (r)u(r), (7.15)

where V (r) is a potential and r is the relative coordinate between the
electron and hole. Note that this is an equation for the relative motion
between the electron and hole and therefore we have to use the reduced mass
mr in the kinetic energy part. For relatively large distances the potential
vanishes and therefore the wavefunction given by Eq. (7.14) is a solution
to this equation. Hence, we have to solve this equation and look at the
solution at large distances. To find the scattering length, we use that

−a = lim
r→∞

(
u(r)

u′(r)
− r
)
. (7.16)

Thus by solving the radial Schrödinger equation as written in Eq. (7.15) we
can find the scattering length.

For the semiconductor we assume that there is only static screening and
therefore we are allowed to take a Yukawa potential that is defined as

V (r) = − e2

4πε0εrr
e−r/λs , (7.17)
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Figure 7.2: The scattering length for ZnO as a function of the carrier density
by using the Yukawa potential with a screening length that is calculated for the
ideal-gas parts of the electron and hole densities. We obtain that the last resonance
occurs at the Mott-density nM ' 2.3 · 1024 m−3.

with e the electron charge, ε0 the vacuum permittivity, εr the appropriate
relative dieletric constant and λs the screening length. We calculate the
screening length by assuming that only the unbound carriers screen the
potential. Although this approximation leads to an overestimation of the
screening length, we expect that this is a small effect since screening by
bound carriers is weaker than screening by unbound carriers.

In this approximation the screening length λs satisfies λ−2
s = λ−2

e +λ−2
h

with

λi =

√
ε0εr
e2

∂µ0
i

∂n
, (7.18)

the screening lengths of the electron and hole plasmas respectively. Note
that in this formula the superscript 0 of the chemical potential indicates
that we calculate from the unbound carrier density by treating the electron
and hole as ideal Fermi gases. To find the scattering length for the Yukawa
potential we still need to specify the boundary conditions in Eq. (7.15).
Since the potential is infinite at r = 0, we must take u(0) = 0. Moreover,
we set u′(0) = 1. Note that this latter boundary condition is simply a
matter of normalization and does not affect the value of the scattering
length.

In Fig. 7.2 we display the scattering length as a function of the carrier
density by determining the screening length with the ideal-gas parts of the
electron and hole densities. For convenience we again consider ZnO with the
values as stated in Ref. [174]. We observe that there are multiple resonances
or equivalently values of the carrier density where the scattering length
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diverges. This is a consequence of the changing value of the screening length
for different carrier densities. For larger carrier densities, the screening
length becomes smaller and therefore roughly speaking the potential is less
deep. Hence, for small carrier densities the Yukawa potential supports
more bound states. Furthermore, every resonance corresponds to a bound
state and we find that the last resonance occurs at the Mott-density nM '
2.3 · 1024 m−3. After that value of the carrier density, the scattering length
always remains negative. Therefore, this calculation shows that there are
only excitons for carrier densities that are smaller than the Mott-density.
Note that this is in agreement with previously obtained results and the
value for the Mott-density is within the range of published data [174].

For large carrier densities we only have to take into account the last
resonance. Moreover, for carrier densities that are close to nM we can
approximate

a(n)

Λth
' 2.1

nM

nM − n
. (7.19)

7.2.3 Many-body effects

We are primarly interested in the regime where the amount of excitons
is negligible, because this is the regime where Bose-Einstein condensation
of light is possible. From the results in the last section, we know that we
therefore have to consider large carrier densities. At these high densities the
many-body effects, i.e., the Fermi-Dirac distribution functions in Eq. (7.6),
become important. Therefore, we now focus on these contributions and
we consider the part of the many-body T-matrix that has been neglected
before, namely

1

(2π)3

∫
dp′

NFD(εP−p′,e) +NFD(εp′,h)

i~Ωn − εP−p′,e − εp′,h + µe + µh
. (7.20)

In first instance we only consider the imaginary part and we neglect the real
part. For further purposes we need to calculate this many-body T-matrix
for iΩn → ω+ = ω + iε, where ε > 0 is infinitesimally small. By switching
to spherical coordinates and performing the angular integration, we find
that there is only a nonzero imaginary part if

y := ~ω + µe + µh − εP,e+h > 0. (7.21)

The imaginary part is given by

Θ (y)

4π~2P

[∫ phmax

phmin

dp kmeNFD(εp,h) + 〈e↔ h〉
]
, (7.22)
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where P = |P| and 〈e↔ h〉 denotes that there is a similar contribution as
the first integral where the indices e and h are interchanged. Furthermore,

phmin =
1

~

√
2y

memh

me +mh
− mh

me +mh
P, (7.23)

phmax =
1

~

√
2y

memh

me +mh
+

mh

me +mh
P,

where pemin and pemax are given by similar expression with again the indices
e and h interchanged.

By using∫ phmax

phmin

dp p NFD(εp,h) = −mh

β~2
Log

[
e−βµh + e−β~

2(phmax)2/2mh

e−βµh + e−β~2(phmin)2/2mh

]
, (7.24)

we obtain for the full many-body T-matrix,

1

TMB
=

1

V0
−Θ(−y)

m
3/2
r

π~3

√
−y + iε

2
(7.25)

− imemh

4πβ~4P
Θ(y)Log

cosh
(
β
2 {~ω + Ce+h}

)
+ cosh

(
β
2Ce−h

)
cosh

(
β
2 {~ω − Ce+h}

)
+ cosh

(
β
2Ce−h

)
 ,

where

Ce+h = 4

√
memh

me +mh

√
y εP,e+h, (7.26)

Ce−h = µe − µh +
me −mh

me +mh
(y − εP,e+h) .

Note that this results includes the two-body result as given by Eq. (7.7).
Moreover, in the context of ultracold Fermi gases a similar calculation has
already been performed in Ref. [177]. As expected, we agree with that
result if we put me = mh = m and µe = µh = µ.

Now we use this result to find a self-consistent solution for the chemical
potential of the electrons and holes. Recall that

ni = − 1

V

(
∂Ω

∂µi

)
T

(7.27)

=
2

V

∑
p

NFD(εp,i)−
4~
V

∑
P

∫
d(~ω) ρi(ω,P)NBE(ω),
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Figure 7.3: Chemical potential of the electrons µe (solid) and the chemical
potential of the holes µh (dashed) for ZnO as a function of the carrier density
by using the self-consistent scattering length for the Yukawa potential.

where

ρi(ω,P) = − 1

π~
Im

[
TMB(ω,P)

∂

∂µi

1

TMB(ω,P)

]
. (7.28)

As in the previous sections, we only want to consider optical excitation.
Therefore, we for simplicity from now on neglect the dependence of the
many-body T-matrix on µe − µh and set

Ce−h =
me −mh

me +mh
(y − εP,e+h) . (7.29)

In this case the spectral function is the same for i = e and i = h and we
again define the carrier density as n = ne = nh.

The spectral function ρ(ω,P) = ρe(ω,P) = ρh(ω,P) of the pairs con-
tains two different contributions that we can separate by considering either
y < 0 or y > 0. For y < 0, we obtain that the Logarithm does not con-
tribute in Eq. (7.25). In this case we can analytically determine the spectral
function and we find

ρ(ω,P) =
Θ (a)

~
δ

(
~ω − εP,e+h + µe + µh +

Λ2
th

16πβa2

)
. (7.30)

By using the result of Eq. (7.13) we recognize that this contribution to the
spectral function is simply a delta-function at the exciton energy. Again
recall that this contribution is only present when the scattering length
is positive and from the results in the previous section this implies that
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for carrier densities larger than the Mott density this contribution is not
present. The other contribution to the spectral function is obtained by
taking y > 0. In this case the square root in the expression for the many-
body T-matrix vanishes and we are left with the contribution from the
logarithm. This represents the scattering continuum of electrons and holes.

In Fig. 7.3 we show the result for the chemical potentials of electrons
and holes as a function of the carrier density n for ZnO as discussed in
Ref. [174]. In comparison with the calculation in that article, where the
chemical potentials are determined by treating the electron and holes as
two ideal Fermi gases, we find slightly smaller values for both chemical
potentials. For example, we find for the value of the carrier density that
corresponds to population inversion, i.e., µe+µh > 0, a value that is roughly
two times larger than stated in Ref. [174].

7.3 Light in semiconductor microcavities

Now that we worked out the model for the semiconductor, we consider the
full situation and include the coupling to an external light field. Similar
to Bose-Einstein condensation of light in a dye-filled cavity, we can de-
scribe the complete dynamics using the Schwinger-Keldysh formalism as
presented in Ref. [75]. As will follow from the results in this section, in
this case the self-energy as given in the Langevin field equation in Ref. [75]
is proportional to the susceptibility of the semiconductor. However, also
for Bose-Einstein condensation of light in nano-fabricated semiconductor
microcavities the system relaxes towards a steady state that can be de-
scribed by standard equilibrium methods. It is important to realize here
that throughout our paper we are always considering the thermalized case,
and in particular are not discussing the fully non-equilibrium laser regime
of this system. We start from the action

S[ak, a
∗
k, φk, φ

∗
k] = Ssc[φk, φ

∗
k] (7.31)

+
∑
k

∫ ~β

0
dτ a∗k(τ)

{
~
∂

∂τ
+ εph(k)− µph

}
ak(τ)

− geh√
V

∑
k,p,α

∫ ~β

0
dτ a∗k(τ)φh,p,−α(τ)φe,k−p,α(τ)

− geh√
V

∑
k,p,α

∫ ~β

0
dτ ak(τ)φ∗e,k−p,α(τ)φ∗h,p,−α(τ).
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This action contains several parts. First, Ssc[φk, φ
∗
k] describes the semi-

conductor, which is the momentum-space representation of Eq. (7.1). The
second part describes the light with a∗k(τ) and ak(τ) the photon fields.
Here, εph(k) is the kinetic energy of the photons. By performing a full
band structure calculation, e.g. see Ref. [161], we know that

εph(k) ∼= E0 +
~2(k− k0)2

2m
, (7.32)

with E0 the energy of the photon at the minimum of the band with respect
to the energy of the band gap of the semiconductor, k0 the wavenumber
at the minimum of the band and m the effective mass that arises from
the local curvature of the band. In equilibrium, the sum of the number
of electron and photons and the sum of holes and photons is conserved.
Therefore, in equilibrium we have

µph = µe + µh. (7.33)

The last two terms of Eq. (7.31) describe the interaction of the light with
the semiconductor. The first of these terms corresponds to the annihila-
tion of electron-hole pairs by the electric field and the second term is the
creation of electron-hole pairs by the electric field. Recall that α repre-
sents the spin degeneracy of the electrons and holes and can be either ↑
or ↓. In the interactions terms we only consider electrons and holes with
opposite spin and therefore we only take into account transitions without
spin-flip. Moreover, we introduced the coupling constant geh and we as-
sumed that the coupling is independent of energy. Finally, note that the
photons and the corresponding momentum k are two dimensional. How-
ever, the electron and holes are three dimensional and therefore p is also
a three-dimensional vector. This convention will be used throughout the
remainder of this Chapter.

To obtain the effect of the coupling to the semiconductor on the be-
haviour of the photon gas, we use second order perturbation theory in the
coupling constant geh. By following the same steps as in the appendix of
Ref. [174], we find the effective action for the photons to be

Seff [ak, a
∗
k] =

∑
k,n

a∗k,n {−i~ωn + εph(k)− µph − χk(ωn)} ak,n. (7.34)

Here the susceptibility χk(ωn) acts as a self-energy for the photons. In the
Nozières-Schmitt-Rink approximation it is given by

χk(ωn) =
g2
eh

V

∑
p

χk,p(ωn), (7.35)
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Figure 7.4: The imaginary part of the susceptibility χ0(ω) divided by the energy
of the photon at the minimum of the band E0 as a function of the photon energy
for geh ' 1.7 · 10−32 J · m3/2 and E0 = 0.72 eV. The dotted, dashed and solid
curves corresponds to a carrier density of n = 1025 m−3, n = 5 · 1025 m−3 and
n = 1026 m−3 respectively.

with

χk,p(ωn) = χ0
k,p(ωn)

1− V0

V

∑
p′

χk,p′(ωn)

 . (7.36)

Hence,

χk,p(ωn) =
χ0
k,p(ωn)

1 + V0
V

∑
p′ χ

0
k,p′(ωn)

, (7.37)

where

χ0
k,p(ωn) =

1−NFD(εk−p,e)−NFD(εp,h)

i~ωn − εk−p,e − εp,h + µe + µh
. (7.38)

From the previous section we know the effective interaction strength V0

and the chemical potentials as a function of the carrier density. Therefore,
we can determine the finite- lifetime effects of the photons due to the inter-
action with the electron-hole plasma by calculating the imaginary part of
the susceptibility χk(ω) for every carrier density. In principle we can deter-
mine the susceptibility for arbitrary photon momentum k. However, since
we are primarily interested in Bose-Einstein condensation of the photons,
we from now onwards only consider k = 0.

In Fig. 7.4 we display the imaginary part of the susceptibility for geh '
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1.7 · 10−32 J ·m3/2. Note that this values only changes the absolute value of
the imaginary part and does not affect the qualitative behaviour. However,
the actual value for these physical parameter should be obtained from ex-
periments on optical spectra of the semiconductor. We find that for small
carrier densities the imaginary part is only nonzero for positive photon en-
ergies. However, for carrier densities that are large enough, we also obtain
negative contributions for negative energies. This is a consequence of the
fact that only for large enough carrier densities there is gain of photons
by emission processes. Moreover, we find that for large carrier densities,
where there is substantial gain of photons, the imaginairy part of the sus-
ceptibility is linear for small values of the photon energy. Note that this is
similar to the result for Bose-Einstein condensation of light in a dye-filled
optical microcavity as presented in Ref. [75]. In this regime of large car-
rier densities we can combine the finite-lifetime effects of the photons in a
single dimensionless parameter α, which is simply the slope of the imag-
inairy part of the susceptibility at the origin. Note that we considered a
homogeneous semiconductor coupled to an external light field. However,
in the proposed experiment as envisaged here, the semiconductor contains
airholes, in which there are of course no electron or holes. In this case we
need to multiply α by 1− ηair, where ηair corresponds to the fraction of the
volume of the holes of the semiconductor.

Up to now we only considered carrier densities that are larger than the
Mott density. In this case we are in the pure photon regime, whereas for
carrier densities that are smaller than the Mott density the photons are
coupled to the exciton and therefore exciton-polaritons excitations exist.
To emphasize the difference between the two density regimes, we now in-
vestigate the spectral function of the photons in the two different regimes.
We define the spectral function of the photons as

ργ(k, ω) =
−1

π~
Im
[
Gγ(k, ω+)

]
, (7.39)

where Gγ(k, iωn) is defined in Eq. (7.34) and ω+ = ω + iε with ε infinitesi-
mally small.

In Fig. 7.5 we show the dimensionless spectral function ργ(k, ω) · eV for
geh ' 9 · 10−34 J ·m3/2 and E0 = 0.4 eV as a function of the photon energy.
Below the Mott density we have two distinct contributions. Due to the
coupling of the excitons to the photons, we have two peaks corresponding
to the lower and upper exciton-polariton branches. Note that the photons
that are part of the upper exciton-polariton acquire a finite lifetime, since
their energy is larger than the energy threshold for the scattering contin-
uum of electrons and holes. However, for carrier densities that are larger
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Figure 7.5: The spectral function of the photons above and below the Mott
density of n ' 2.3 · 1024 m−3 for geh ' 9 · 10−34 J · m3/2 and E0 = 0.4 eV. In
Figure a) the density is n = 3.1 · 1023 m−3 and Figure b) is for a carrier density
of n = 1 · 1025 m−3. Below the Mott density there are two different contributions
corresponding to the upper and lower exciton-polaritons. However, above the
Mott density excitons do not exist and therefore there are only pure photons that
acquire a finite lifetime through the interaction with the electrons and holes. This
is the regime in which Bose-Einstein condensation of light is possible.

than the Mott density, the excitons are no longer present. In this case
the spectral function only has a pure photon contribution, where the inter-
action with the semiconductor results into a finite lifetime of the photon.
Therefore, in this spectral function we clearly find the physical differences
between the exciton-polariton and the photon limits of the crossover. It
is important to note that Bose-Einstein condensation of photons appears
only in the regime described in Fig. 7.5(b).

7.4 Scissors modes

In the previous section we constructed a model for Bose-Einstein conden-
sation of light in nano-fabricated semiconductor microcavities. From now
onwards we focus on an example of a many-body phenomenon of light that
cannot be studied the currents experiments on Bose-Einstein condensation
of photons, but can be investigated in the proposed experimental set-up.
Namely, we consider probing the superfluidity of light via the excitation of
scissor modes.

We consider a two-dimensional photon gas with effective mass m and
an effective point-like interaction g in an external harmonic trapping po-
tential V ext(x) with trapping frequencies ωx and ωy. Note that in the
nano-fabricated semiconductor microcavities the harmonic potential arises
by systematically increasing the size of the holes from the center to the edge
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of the semiconductor. Furthermore, in the previous section we showed that
there is an excitation exchange between the photon gas and the electron-
hole plasma, but, apart from such processes, photons are assumed to be
conserved. Therefore, we are allowed to consider this quasi-equilibrium
photon gas in the grand-canonical ensemble and to introduce the chemical
potential µ of the photons. Moreover, we introduce a dimensionless inter-
action parameter g that describes the interactions between the photons.
Note that an explicit expression for the parameter can be obtained from
Eq. (7.31) by applying fourth order perturbation theory in the coupling con-
stant geh. However, here we simply use a phenomenological approach to
incorporate the interactions between the photons and leave the calculation
of the photon-photon interaction for future work.

We are interested in the dynamics of a condensate of light after a sud-
den rotation of the trap. In the following, we treat the local density and
local phase of the condensate separately and we consider a condensate with
a large number of photons such that we can use the Thomas-Fermi approx-
imation. In this approximation the equilibrium condensate density n0(x)
is equal to

n0(x) =
µ

g

[
1− (x/RTF,x)2 − (y/RTF,y)

2
]
, (7.40)

with R2
TF,i = 2µ/mω2

i the Thomas-Fermi radius in the corresponding di-
rection. Furthermore, the density is zero outside the ellipse that is spanned
by these two radii. A rotation of the trap by a small angle results into a
change in the condensate density δn(x) that is given by

δn(x, t) :=
[
n0(x′)− n0(x)

]
e−iωt = Cxye−iωt, (7.41)

where x′ are the coordinates after the sudden rotation of the trap and
C is a normalization constant. Here we used that for an eigenmode the
time dependence is harmonic with angular frequency ω. To obtain more
information about the fluctuations of the local phase, we consider the hy-
drodynamic equations of the condensate as for example can be found in
Ref. [43]. By assuming that both the velocity of the condensate and the
density fluctuations δn(x) are small, we find for the phase of the condensate

δφ(x, t) =
g

i~ω
Cxye−iωt. (7.42)

Moreover, for a harmonic trapping potential the frequency of the scissors
mode is given by ω = (ω2

x + ω2
y)

1/2. The normalization constant C can be
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2

v

v

Figure 7.6: The cigar-shaped superfluid photon gas after a sudden rotation of
the trapping potential by a small angle. The dashed lines indicates the oscillations
of the condensate and the solid arrows denote the irrotational velocity ~v of the
condensed photons. The red wiggly arrows represent the decay products of the
scissors mode quanta that can be used to demonstrate the dynamical Casimir
effect.

determined from the normalization condition of the corresponding Bogoli-
ubov amplitudes and we find

C :=

√
12~ω

πgR3
TF,yR

3
TF,x

. (7.43)

In the normal state the dynamics after a sudden rotation is different and
we have to distinguish between the collisional and collisionless regime. In
the collisional regime the frequency of the excitations is the same as in the
superfluid phase [169]. However, if the gas is dilute and the interactions are
weak, the system is in the collisionless regime and the analog of the scissors-
mode frequency is equal to ωx + ωy. By comparing the classical collision
rate with the trap frequencies, we can make a distinction between both
regimes. By using the expressions as specified in Ref. [169], we know how
to construct the experiment conditions such that we are in the collisionless
regime and we can distinguish whether the photons are superfluid or not
by measuring the frequencies of the excitations of the photon gas after
applying a rotation to the trap.

7.5 Damping of scissors modes

We have just seen that the superfluidity of the photons can be studied
by looking at the frequencies of the excitations after applying a sudden
rotation to the trap. These scissors modes result in oscillations that can
directly be observed in experiments. However, due to the coupling of the
photons with the electron-hole plasma it is worthwhile investigating how
this coupling leads to the damping of these oscillations.



7.5. DAMPING OF SCISSORS MODES 133

We have demonstrated that for a Bose-Einstein condensate of light, at
large carrier densities the effects of the electron-hole plasma can be charac-
terized by a single dimensionless damping parameter α that depends on the
external pumping. Moreover, the photon gas equilibrates to a steady state
that is a dynamical balance between particle losses and external pump-
ing. In the following we start from this steady state and we investigate the
associated decay processes of the scissors modes. In particular, we show
that the decay rate depend on the value of α and thereby on the external
pumping.

To observe properties of the damping, we are primarily interested in
configurations that allow for many decay processes. For an elongated trap,
the difference between the energies of two adjacent modes in the direction
with the small trap frequency is small. Therefore, we expect that in that
case the energy of the excitations in the long direction almost forms a con-
tinuum and the scissors mode quanta can decay into many other modes.
Hence, this elongated trap is particularly interesting and we only consider
this configuration throughout the remainder of this Chapter. A summary
of the proposed structure is displayed in Fig. 7.6.

We are interested in damping processes where fluctuations of the con-
densate induce the creation of non-condensed excitations and therefore we
only have to consider the interaction part of the hamiltonian. We substi-
tute for the creation and annihilation operator of the photons ψ̂(x, t) =
〈ψ̂(x, t)〉 + δψ̂(x, t) and we only consider terms up to quadratic order in
the fluctuations δψ̂(x, t). In this Bogoliubov approximation, we therefore
study

Ĥint(t) = 2g

∫
dx |〈ψ̂(x, t)〉|2δψ̂†(x, t)δψ̂(x, t) (7.44)

+
g

2

∫
dx
{
〈ψ̂(x, t)〉2[δψ̂†(x, t)]2 + 〈ψ̂†(x, t)〉2[δψ̂(x, t)]2

}
.

Now we explicitly separate the dynamics of the local phase and density
of the condensate by writing 〈ψ̂(x, t)〉 =

√
n0(x) + δn(x, t)eiδφ(x,t), with

n0(x) the equilibrium condensate density and both δn(x, t) and δφ(x, t)
fluctuations that are known from the calculations in the previous section.
Since these fluctuations are small, we only consider the first non-vanishing
term in the condensate fluctuations. For the harmonic potential that is
considered here, the parts of the hamiltonian that are linear in the con-
densate fluctuations δn(x, t) and δφ(x, t) vanish, since the fluctuations are
odd under y → −y. Hence, there is no decay of a single scissors mode
quantum at this level of approximation and we have to consider the parts
of the hamiltonian that are quadratic in the condensate fluctuations.
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We introduce the Bogoliubov amplitudes uj(x) and vj(x) according to

δψ̂(x, t) =
∑
j

[
uj(x)b̂j(t)− v∗j (x)b̂†j(t)

]
, (7.45)

δψ̂†(x, t) =
∑
j

[
u∗j (x)b̂†j(t)− vj(x)b̂j(t)

]
,

where j = 1, 2, ... indicates the mode number of the excitation. Note that
we neglect the contributions coming from j = 0, since we are only interested
in the decay into non-condensed excitations and the j = 0 term correspond
to the dynamics of the global phase of the condensate. Therefore, we have

ĤI(t) = e−2iωt
∑
j,j′ 6=0

Hj,j′ b̂
†
j(t)b̂

†
j′(t) (7.46)

=
(gC)2

~ω
e−2iωt

∑
j,j′ 6=0

[
H1
j,j′ +

gH2
j,j′

~ω

]
b̂†j(t)b̂

†
j′(t),

where

H1
j,j′ =

∫
dxx2y2

[
u∗j (x)u∗j′(x)− v∗j (x)v∗j′(x)

]
, (7.47)

H2
j,j′ =

∫
dxx2y2n0(x)

[
u∗j (x)u∗j′(x) + v∗j (x)v∗j′(x)

]
.

To make further progress, we need to determine the Bogoliubov amplitudes
and determine the time dependence of the operators b̂j(t) and b̂†j(t). Hence,
we need to solve the Bogoliubov-de Gennes equations.

In two dimensions the general solution of the Bogoliubov-de Gennes
equations is not known. However, in the elongated configuration we expect
that the dynamics of the long-wavelength photons is approximately one
dimensional. Therefore, we use the exact solution of the Bogoliubov-de
Gennes equations in one dimension, see e.g. Ref. [79], in order to make a
proper variational ansatz for the form of the non-condensed fluctuations in
the elongated configuration. Thus, we consider the ansatz

uj(z) =
1

2
√
Cj

[
αj
√

1− |z|2 +
βj√

1− |z|2

]
Pj(x̃), (7.48)

vj(z) =
1

2
√
Cj

[
αj
√

1− |z|2 − βj√
1− |z|2

]
Pj(x̃),
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with z = (x̃, ỹ) = (x/RTF,x, y/RTF,y) and Pj(x̃) the j-th Legendre polyno-
mial. Furthermore, the constants αj and βj are given by

αj =
1√

RTF,xRTF,y

√
µ

~Ωj
, (7.49)

βj =
1

2
√
RTF,xRTF,y

√
~Ωj

µ
,

with Ωj = ωx
√
j(j + 1)/2 the energy eigenvalues of the one dimensional

problem. Also RTF,x and RTF,y correspond to the Thomas-Fermi radius of
the condensate in the specified direction. Moreover, we defined the constant
Cj which is given by

Cj =

∫ 1

−1
dx̃ (1− x̃2)1/2 [Pj(x̃)]2 . (7.50)

This ansatz corresponds to a solution for an elongated trap where the exci-
tation only propagates in the direction with the small trapping frequency.
Note that if from the start we would have removed the y-dependence, our
ansatz simplifies to the exact solution in one dimension as given in Ref. [79].

Since the photons are in a good first approximation equivalent to non-
relativistic particles with an effective mass m and point-like interaction with
strength g, we consider the following action within the functional-integral
formalism in the Bogoliubov approximation

S[φ∗, φ] =

∫
dτ

∫
dxφ∗(x, τ)G−1(x, τ)φ(x, τ) (7.51)

+
g

2

∫
dτ

∫
dxn0(x)

{
[φ∗(x, τ)]2 + [φ(x, τ)]2

}
.

Here we defined

G−1(x, τ) = ~
∂

∂τ
− ~2∇2

2m
+ V ext(x)− µ+ 2gn(x). (7.52)

Furthermore, φ(x, τ) and φ∗(x, τ) are the fields that describe the fluctua-
tions that originate from the Bogliubov approximation ψ(x, τ) = 〈ψ(x, τ)〉+
φ(x, τ), n0(x) is the condensate density, n(x) equals the total density and
V ext(x) corresponds to the external trapping potential. We consider the
usual Bogoliubov transformation with

φ(x, τ) =
∑
j

[
uj(x)bj(τ)− v∗j (x)b∗j (τ)

]
, (7.53)
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and the ansatz from Eq. (7.48) for the coherence factors. This allows us to
rewrite

S =
1

2

∫
dτ
∑
j,j′

[
bj(τ)
b∗j (τ)

]†
·
[
Gj,j′,11 Gj,j′,12

Gj,j′,12 Gj,j′,11

] [
bj′(τ)
b∗j′(τ)

]
(7.54)

+
1

2

∫
dτ
∑
j,j′

[
bj(τ)
b∗j (τ)

]†
·
[
Gj,j′ 0

0 −Gj,j′

]
· ~ ∂
∂τ

[
bj′(τ)
b∗j′(τ)

]
,

with

Gj,j′ =

∫
dx
[
uj(x)uj′(x)− vj(x)vj′(x)

]
, (7.55)

Gj,j′,11 = −g
∫
dxn0(x)

[
uj(x)vj′(x) + uj′(x)vj(x)

]
+

∫
dx
[
uj(x)G−1(x)uj′(x) + vj(x)G−1(x)vj′(x)

]
,

Gj,j′,12 = g

∫
dxn0(x)

[
uj(x)uj′(x) + vj(x)vj′(x)

]
−
∫
dx
[
uj(x)G−1(x)vj′(x) + vj(x)G−1(x)uj′(x)

]
.

Here we used that un(x) and vn(x) are real. Furthermore,

G−1(x) = G−1(x, τ)− ~
∂

∂τ
= − ~2

2m

∂2

∂x2
+ gn0(x), (7.56)

where we used the Gross-Pitaevski equation in the Thomas-Fermi limit.
Moreover, in this limit we can also neglect the second-order derivative with
respect to y. This is valid as G−1 acts on un(x) and vn(x) that only have
y-dependence in the density.

We consider Fj(x) = uj(x) + vj(x) and Gj(x) = uj(x) − vj(x) with
uj(x) and vj(x) as given by Eq. (7.48). Then,

− ~2

2m

∂2

∂x2
uj(x) = − ~2

4m

∂2

∂x2
(Fj(x) +Gj(x)) (7.57)

= − ~2

4m

∂2

∂x2
Fj(x) =

1− x̃2 − ỹ2

1− x̃2

~Ωj

2
Gj(x),

where we used the results of Ref. [59] and the fact that we are in the
Thomas-Fermi limit and therefore neglected the derivatives of the densities.
Namely, all these derivatives result into second-order derivatives of densities
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or terms that contain n′0(x)/n0(x), which are all small in the Thomas-Fermi
limit. Similarly, we find that

− ~2

2m

∂2

∂x2
vj(x) =

1− x̃2 − ỹ2

1− x̃2

~Ωj

2
Gj(x). (7.58)

Now, we define

Ij,j′ =
1√
CjCj′

∫ 1

−1
dx̃ Pj(x̃)Pj′(x̃)

√
1− x̃2. (7.59)

Then,

Gj,j′ =
1

2

[
4

√
j′(j′ + 1)

j(j + 1)
+ 4

√
j(j + 1)

j′(j′ + 1)

]
Ij,j′ , (7.60)

Gj,j′,11 =

(
~Ωj′

3
+

~Ωj

2

)
4

√
j′(j′ + 1)

j(j + 1)
Ij,j′ ,

Gj,j′,12 =

(
~Ωj

2
− ~Ωj′

3

)
4

√
j′(j′ + 1)

j(j + 1)
Ij,j′ .

For now we ignore the coupling between modes where j 6= j′. Note that
this is in general a good approximation as the integral Ij,j′ has a maximal
value for j = j′ and gradually decreases if j is further and further away
from j′. This allows us to rewrite

S =
~Ωj

12

∫
dτ
∑
j

{
[bj(τ)]2 +

[
b∗j (τ)

]2}
(7.61)

+
1

2

∫
dτ
∑
j

{
b∗j (τ)

[
~
∂

∂τ
+

5~Ωj

6

]
bj(τ)− bj(τ)

[
~
∂

∂τ
− 5~Ωj

6

]
b∗j (τ)

}
To complete our variational approach we determine the equations of

motion, which allows us to determine the time dependence of the operators
bj(τ) and b∗j (τ). We find for the equations of motion(

~
∂

∂τ
+

5~Ωj

6

)
bj(τ) +

~Ωj

6
b∗j (τ) = 0, (7.62)(

~
∂

∂τ
− 5~Ωj

6

)
b∗j (τ)− ~Ωj

6
bj(τ) = 0,

for every j = 0, 1, .... Hence,

bj(τ) = c∗ne
√

2
3

Ωjτ + dje
−
√

2
3

Ωjτ , (7.63)

b∗j (τ) = cne
−
√

2
3

Ωjτ + d∗je
√

2
3

Ωjτ .
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Thus the energy of the excitations for j = 0, 1, 2, ... is equal to

~ωj = ~Ωj

√
2/3 = ~ωx

√
j(j + 1)/3. (7.64)

To quantify the effect of neglecting the non-diagonal terms, we numeri-
cally determine the eigenvalues of the full problem, where we consider terms
from j = 1 to j = 75. The largest error of roughly 15 percent occurs for
j = 1. For the other values of j the error is even smaller and less than
10 percent. Therefore, it is indeed a good first approximation to neglect
the non-diagonal terms. Furthermore, by resubstituting the expressions in
Eqs. (7.63) into Eqs. (7.62) we obtain

d∗j = −
(

5 + 2
√

6
)
c∗j , (7.65)

cj =
(

2
√

6− 5
)
dj .

Hence, up to an overal normalization constant

φ(x, τ) =
∑
j

[
ũj(x)dje

−ωjτ − ṽ∗j (x)d∗je
ωjτ
]
, (7.66)

where

ũj(x) = uj(x) +
(

5− 2
√

6
)
v∗j (x), (7.67)

ṽ∗j (x) = v∗j (x) +
(

5− 2
√

6
)
uj(x).

By using these expressions for the Bogoliubov amplitudes, we find for
Hj,j′ as defined in Eqs. (7.46) and (7.47),

Hj,j′ =
2g

πRTF,yRTF,x

1√
Z0,1
j,j Z

0,1
j′,j′

(7.68)

×
[(√

ωj′

ωj
+

√
ωj
ωj′

+

√
ωjωj′

2ω

)
Z2,3
j,j′ +

16µ2

35~ω
√
~ωj~ωj′

Z2,7
j,j′

]
,

where we used the shorthand notation

Zm,nj,j′ =

∫ 1

−1
dx̃ x̃m

(
1− x̃2

)n/2
Pj(x̃)Pj′(x̃). (7.69)

To investigate the damping of the scissors modes, we are interested
in the transition rate for creating two excitations with frequency ωj and
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Figure 7.7: The decay rate of two scissors mode quanta into a non-condensed
mode Wj =

∑
j′ Wj,j′(1 + δj,j′) with mode number j for µ = 10ωy, ωy = 10ωx

and α = 10−2.

ωj′ from the vacuum through the decay of two scissors mode quanta. By
applying Fermi’s Golden Rule, we obtain

Wj,j′ '
8π|Hj,j′ |2
~(1 + δj,j′)

ρ(ωj + ωj′), (7.70)

where

ρ(ωj + ωj′) =
1

π~
α(ωj + ωj′)

(ωj + ωj′ − 2ω)2 + [α(ωj + ωj′)]2
. (7.71)

Here we introduced a final density of states ρ(E) to incorporate that, due
to the interaction with the molecules, there is a probability that the photon
is in a state with an energy that is within a small band around ωj + ωj′ .
Note that for the current experiments we have that β(~ωj +~ωj′)� 1 with
β = 1/kBT the inverse of the thermal energy. Therefore, we used the low-
energy approximation for the density of states [75]. As the dimensionless
damping parameter α is small, we directly satisfy Wj,j′ ' 0 to a very
good approximation if the photons scatter into a state with energy outside
the small band around ωj + ωj′ . Note that the nonzero value of α makes
our calculation specific to dissipative Bose-Einstein condensates and not
immediately applicable to a cold atomic gas, where α = 0 and Beliaev
damping of the scissors modes is only possible in the presence of fine-tuned
degeneracies [171].

In Fig. 7.7 we show the decay rateWj =
∑

j′Wj,j′(1+δj,j′) for µ = 10ωy,

ωy = 10ωx and α = 10−2. Because the frequency of the scissors mode ω is
roughly equal to ω17, we obtain a peak for j = 17. Furthermore, we find
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that the decay of the scissors modes indeed leads to population of several
non-condensed modes.

7.6 Density-density correlation function

We now consider the situation that the scissors modes are being excited
and we consider the density-density correlation function in the operator
formalism. Thus, we define

g(2)(x,x′, t) =
〈ρ̂(x, t)ρ̂(x′, t)〉
〈ρ̂(x, t)〉〈ρ̂(x′, t)〉 − 1, (7.72)

where ρ̂(x, t) = ψ̂†(x, t)ψ̂(x, t) is the density operator. We again take
ψ̂(x, t) = 〈ψ̂(x, t)〉 + δψ̂(x, t) and we explicitly separate the fluctuations
that are described as scissors modes and Bogoliubov excitations by writing
δψ̂(x, t) = δψ̂s(x, t)+ δψ̂B(x, t). As a consequence, the density-density cor-
relation function contains the density-density correlations from the scissors
modes and also a term from the density-density correlations between the
Bogoliubov modes. From now onwards we take y = y′ = 0 such that the
contribution of the scissors modes vanishes, as can be seen explicitly in
Eqs. (7.41) and (7.42).

For the part with the Bogoliubov excitations we can use Eq. (7.45) to
rewrite the result in terms of the Bogoliubov amplitudes u(x) and u(x).
We find

g(2)(x,x′, t) = (7.73)∑
n

(un(x)− vn(x)) (un(x′)− vn(x′))√
n0(x)n0(x′)

{
1 + 2

〈
b̂†n(t)b̂n(t)

〉}
,

where Nn(t) = 〈b̂†n(t)b̂n(t)〉 is the number of excitations in a mode n at
time t. The contribution of g(2)(x,x′, t) that is independent of Nn(t) has
an ultraviolet divergence that can be resolved by an appropriate subtraction
[155]. However, generally this part is neglible compared to the contribution
that depends on Nn(t) as the photons are at room temperature. Thus, in
the following we neglect this so-called quantum contribution.

To find the number of excitations Nj(t), we solve the following coupled
system of equations

∂Ns(t)

∂t
+
∑
j

∂Nj(t)

∂t
= 0, (7.74)

∂Nj(t)

∂t
= N2

s (t)
∑
j′

Wj,j′(1 +Nj′(t))(1 + δj,j′ +Nj(t)),
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Figure 7.8: The density-density correlation function of the Bogoliubov exci-
tations 8n0ξ

2g(2)(x,x′, t), where n0ξ
2 = ~2/2mg with ξ the so-called coherence

length and n0 the condensate density in the center of the trap, in terms of
(~ωx)2~ωy/µ3 for y = y′ = 0.

where Ns(t) denotes the number of scissors mode quanta and Wj,j′ is the
decay rate that is defined in Eq. (7.70). As a lower limit we neglect the
Bose stimulation factors in the rate equations and in this approximation
we find

Nj(t) =
N2

s (0)
∑

j′Wj,j′(1 + δj,j′)t

1 +Ns(0)
∑

j,j′Wj,j′(1 + δj,j′)t
. (7.75)

Now we use the decay rates as displayed in Fig. 7.7 and as an illustration we
consider a time t such that Nj(t) = Wj/Wmax. The corresponding contri-
bution of the decay of the scissors modes to the density-density correlation
function is displayed in Fig. 7.8. Note that in experiments there is always
another contribution from the thermal background, which is given by re-

placing
〈
b†n(t)bn(t)

〉
by the Bose-Einstein distribution function at energy

~ωn. Therefore, to obtain the result of this figure experimentally, the con-
tribution from the thermal background should be subtracted.

This is only possible when the contribution originating from this decay
process is large enough compared to the background contribution. If we
consider a time t such that Nj(t) = Wj/Wmax, for x ' x′ the value of
the background contribution is at least two orders of magnitude larger and
therefore we expect that in this region it is difficult to observe. However,
for |x̃− x̃′| ≥ 0.2 the largest value of the thermal background is maximally
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a factor of ten larger than the scissors mode contribution. The exact time
scale at which the number of excitations Ni(t) takes this value depends on
many parameters such as the number of scissors modes and the trapping
frequencies. For an estimate we take values of the parameters from current
experiments on Bose-Einstein condensation of photons and we obtain that
this condition can be fulfilled within the nanosecond regime.

We calculated the number of excitations Nn(t) while ignoring the Bose
stimulation factors in the rate equations. To compare with experimen-
tal results, the incorporation of these additional terms can be important.
In first approximation these factors can be incorporated by replacing the
number of excitations by their expectation value. As this renormalization
increases the decay rate, we obtain that within the nanosecond regime the
signal of the decay of the scissors modes is comparable to the background
for |x̃ − x̃′| ≥ 0.2. Hence, we expect that the effect of the decay of the
scissors modes can be distinguished from the background and is observable
in the density-density correlation function.

In the elongated configuration, as envisaged here, the Bogoliubov am-
plitudes are proportional to Legendre polynomials. Since these are approx-
imately standing waves, the scissors mode decays predominently into a pair
of excitations consisting of an excitation with a certain local momentum k
and −k. This then also explains the correspondence with the dynamical
Casimir effect as an external perturbation, in this case a sudden rotation
of the trap, leads to the creation of phonon pairs from the vacuum. There-
fore, a measurement of this density-density correlation function would give
a demonstration of an analog of the dynamical Casimir effect in a Bose-
Einstein condensate of light, which up to now only is considered in atomic
and exciton-polariton condensates [178–180].

7.7 Discussion and conclusion

In this Chapter we discussed a model for a semiconductor that qualitatively
contains the correct crossover physics. However, to obtain the correct quan-
titative result, several improvements have to be made. First, in our model
we only take into account one conduction and valence band. In a realistic
semiconductor there are multiple bands that all have to be included. More-
over, we have not taken into account the band-gap renormalization when
self-consistently determining the chemical potential. However, for quanti-
tative agreement it will be important to be more careful about this and
include the effect of Coulomb screening on the renormalization of the band
gap.
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Another simplification is the use of the contact interaction for the in-
teractions between the electrons and holes. Normally, these interactions
are described by a Yukawa potential due to screening effects in the semi-
conductor. Although we use the scattering length for the Yukawa potential
as input for the strength of the contact interaction, taking a contact inter-
action for the interactions between the electrons and holes is still a rough
approximation at low carrier densities where screening is not very effec-
tive. However, we are primarily interested in large carrier densities and in
this regime the Yukawa potential behaves more and more like a contact
interaction. We verified that in this regime the susceptibility for Yukawa
interactions and the contact interaction agree quite well. For a quantitative
agreement at all carrier densities, the Yukawa potential has to be taken into
account. Another extension of our model is to consider dynamical screen-
ing effects, which become important at very high carrier densities [181].

In conclusion, we have considered Bose-Einstein condensation of light in
nano-fabricated semiconductor microcavities. We model the semiconductor
as a two-band system consisting of electrons and holes that interact via a
contact interaction. To incorporate screening effects, we use the scatter-
ing length for the Yukawa potential as input parameter for the strength of
the contact interaction. We have demonstrated that this model contains a
qualitative description of the regime with and without excitons. Moreover,
we have shown that if we couple light to the semiconductor, for large car-
rier densities the finite-lifetime effects of the photons can be characterized
by a single dimensionless parameter α, which is proportional to the slope
of the imaginary part of the susceptibility at zero energy. Hereafter, we
have proposed to probe the superfluidity of the light in the nano-fabricated
semiconductor microcavities via the excitation that the scissors modes. By
using Fermi’s Golden Rule and a variational ansatz to calculate the Bo-
goliubov amplitudes, we determined the decay rates of the scissors modes
into the non-condensed excitations. Finally, we have demonstrated that
the density-density correlation function of the excited light fluid exhibits
an analog of the dynamical Casimir effect.





Samenvatting

Door van jongs af aan goed om ons heen te kijken, hebben we een bepaalde
intüıtie ontwikkeld waarmee we het gedrag van alledaagse dingen kunnen
zien aankomen. Zo weten we dat een pen op de grond valt als deze van
een tafel afrolt en een fiets uiteindelijk tot stilstand komt als je stopt met
trappen. Het is echter belangrijk om onderscheid te maken tussen deze zo-
genaamde macroscopische processen en natuurkundige processen op micro-
scopische schaal. Op dit allerkleinste niveau gedragen deeltjes zich namelijk
anders dan dat wij gewend zijn. We kunnen dit al begrijpen aan de hand
van de bouwsteen van alle materie op aarde: het atoom. Uit experimenten
blijkt dat de fysische eigenschappen van een atoom, zoals bijvoorbeeld de
lading, stapsgewijs toenemen. Zo is het voor een atoom dus alleen mogelijk
om een elektrische lading te hebben die een veelvoud is van de elementaire
ladingseenheid. Aangezien dit zo veel verschilt van het gedrag van voorwer-
pen waar we iedere dag mee te maken hebben, is het moeilijk om hiervan
een voorstelling te maken.

Om het gedrag van atomen op microscopisch niveau te beschrijven is
er een speciale theorie ontwikkeld, namelijk de kwantummechanica. Uit
deze theorie volgt dat atomen zich niet alleen als deeltjes, maar ook als een
golf kunnen gedragen. Hierbij worden de fysische eigenschappen van een
deeltje, zoals bijvoorbeeld de plaats en snelheid, beschreven door een zoge-
naamde fysische toestand. Voor het gedrag van een atoom is het belangrijk
om te kijken naar de waarde van zijn spin, een puur kwantummechani-
sche eigenschap die op het macroscopische niveau doet denken aan de mate
waarmee een tol rond zijn as draait. In de kwantummechanica wordt er
onderscheid gemaakt tussen deeltjes met een heeltallige en halftallige spin.
In het eerste geval spreken we over bosonen, terwijl fermionen deeltjes zijn
met een halftallige spin. In een verzameling van identieke fermionen is
het voor twee fermionen niet toegestaan om dezelfde fysische toestand te
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bezetten. Daarentegen geldt voor identieke bosonen dat het aantal in de-
zelfde fysische toestand ongelimiteerd is. Het is zelfs zo dat het voor een
boson waarschijnlijker is om een bepaalde toestand in te nemen, als deze
al door meerdere bosonen wordt bezet. Bij extreem lage temperaturen of
grote dichtheden van deeltjes, kunnen de bosonen zelfs in een bijzondere
toestand komen. In dit zogenaamde Bose-Einstein condensaat hebben alle
bosonen in het systeem de laagst mogelijke energie. Dit is voor fermionen
onmogelijk, omdat identieke fermionen nooit in dezelfde fysische toestand
kunnen zitten.

Bose-Einstein condensatie kunnen we het beste vergelijken met een al-
ledaags voorbeeld zoals filevorming. Als er weinig auto’s op de snelweg
zijn, is het voor alle afzonderlijke auto’s mogelijk om met een verschillende
snelheid over de snelweg te rijden. Dit is echter niet meer het geval als
het aantal auto’s op de snelweg te groot wordt en er een file ontstaat. De
auto’s kunnen zich dan niet meer afzonderlijk voortbewegen en alleen een
gezamenlijke verplaatsing is mogelijk. Ook weten we uit de praktijk dat
de hoeveelheid auto’s die nodig is om een file te laten ontstaan afhankelijk
is van verschillende factoren. Zo weten we bijvoorbeeld dat het weer een
grote invloed op files heeft. Bovendien zien we in deze vergelijking dat het
niet zo vreemd is dat iets zich als een golf en deeltje tegelijk gedraagt. Als
we de file namelijk als geheel bekijken, dan gedraagt deze zich als een golf,
terwijl het geheel nog steeds uit afzonderlijke auto’s bestaat.

In een experiment kunnen bosonen worden gevangen in een val, waar-
door ze zich alleen nog in een klein gebied kunnen bewegen. Door het aantal
deeltjes in dit gebied groot genoeg te maken, nemen de bosonen spontaan
de laagst toegestane energie aan en vormen ze samen het Bose-Einstein
condensaat. Net als bij filevorming, is het aantal benodigde bosonen om
een condensaat te vormen afhankelijk van verschillende factoren, zoals de
temperatuur in het experiment en de massa van de deeltjes. Verder wordt
ook in dit geval het gezamenlijke gedrag van de deeltjes in het Bose-Einstein
condensaat beschreven als een golf.

Vanuit een theoretisch oogpunt is het relatief eenvoudig om te bepa-
len wat de voorwaarde voor het optreden van Bose-Einstein condensatie
is. Praktisch gezien is het maken van een Bose-Einstein condensaat daar-
entegen een grote technologische uitdaging. In de natuur komen namelijk
alleen bosonische atomen voor met een relatieve grote massa, waardoor
deze deeltjes alleen kunnen condenseren als het systeem wordt afgekoeld
naar temperaturen die lager zijn dan een miljoenste graad boven het ab-
solute nulpunt. Om deze temperaturen te bereiken, zijn zeer geavanceerde
apparatuur en technieken vereist. Hierdoor heeft het tot 1995 geduurd om
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een atomair gas tot deze temperatuur af te koelen en daarmee voor de eer-
ste keer een Bose-Einstein condensaat waar te nemen.

Door de observatie van het eerste Bose-Einstein condensaat ontstond
een heel nieuw onderzoeksgebied. Het systeem is zo interessant doordat
de eigenschappen van de deeltjes in deze systemen sterk kunnen worden
gemanipuleerd. Zo is het bijvoorbeeld mogelijk om de wisselwerking tussen
de deeltjes aan te passen naar een willekeurige sterkte. Het is dus moge-
lijk om te veranderen tussen situaties waarbij atomen elkaar aantrekken of
juist afstoten. Dit is met name cruciaal voor het onderzoeken van veel-
deeltjesverschijnselen uit de kwantummechanica, omdat deze in grote mate
afhankelijk zijn van de sterkte van de onderlinge interacties. Inmiddels
zijn er meerdere veeldeeltjesverschijnselen geobserveerd. Het meest indruk-
wekkende fenomeen is waarschijnlijk supergeleiding, een toestand waarin
atomen wrijvingsloos kunnen bewegen en er dus geen energieverlies op-
treedt.

Alhoewel we het tot nu toe alleen over bosonische atomen hebben ge-
had, is het in principe voor alle deeltjes met een bosonisch karakter mogelijk
om een Bose-Einstein condensaat te vormen. Aangezien lichtdeeltjes ook
bosonen zijn, zou het ook mogelijk moeten zijn om een Bose-Einstein con-
densaat van licht te maken. Het probleem is echter dat het foton geen
massa heeft. Daardoor lijkt het onmogelijk om aan de conditie voor Bose-
Einstein condensatie te voldoen. Een paar jaar geleden is er echter een
oplossing voor dit probleem gevonden. Door het licht in een specifieke con-
figuratie te vangen en te laten wisselwerken met een vloeistof, gedragen de
lichtdeeltjes zich hetzelfde als bosonen met een bepaalde massa. Het grote
voordeel is zelfs dat in vergelijking met bosonische atomen de massa heel
klein blijkt te zijn, waardoor het mogelijk is om op kamertemperatuur een
Bose-Einstein condensaat te vormen. In tegenstelling tot de experimenten
met atomaire Bose-Einstein condensaten, is er een continue doorstroom
van deeltjes. Hierdoor is het interessant om te bekijken in hoeverre deze
verschillen de al geobserveerde veeldeeltjesverschijnselen veranderen. Ook
zijn bepaalde experimenten, zoals een interferentie-experiment, makkelijker
met licht uit te voeren dan met atomen. Daardoor zijn er nieuwe mogelijk-
heden om andere verschijnselen te onderzoeken, die moeilijk te bestuderen
zijn in atomaire systemen.

In dit proefschrift onderzoeken we veeldeeltjesverschijnselen in een Bose-
Einstein condensaat van licht. In de introductie beschrijven we meerdere
veeldeeltjesverschijnselen in atomaire Bose-Einstein condensaten en behan-
delen we het experiment waar het eerste Bose-Einstein condensaat van licht
werd waargenomen. Daarna construeren we in Hoofdstuk 2 een model
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waarmee het volledige proces van Bose-Einstein condensatie van licht kan
worden beschreven. Dit model gebruiken we in het vervolg van dit proef-
schrift om verschillende veeldeeltjesverschijnselen te onderzoeken.

In Hoofdstuk 3 bekijken we correlatiefuncties. Deze correlatiefuncties
geven een beeld van de samenhang tussen de verschillende deeltjes in het
systeem. Vervolgens onderzoeken we in Hoofdstuk 4 veranderingen in het
aantal deeltjes van een Bose-Einstein condensaat. Aangezien fluctuaties in
het aantal gecondenseerde deeltjes zijn waargenomen in het lichtconden-
saat, maken we een directe vergelijking tussen de experimentele resultaten
en ons model. Hierna bestuderen we in Hoofdstuk 5 de fase van de golffunc-
tie van het Bose-Einstein condensaat. In het bijzonder beschrijven we een
methode om de fase van Bose-Einstein condensaat van licht te onderzoeken.
In Hoofdstuk 6 beschouwen we de situatie dat de fotonen zijn gevangen in
een val met een periodieke structuur. In dit geval behandelen we de over-
gang tussen de twee verschillende fases waarin het licht zich kan bevinden.
In de ene fase liggen de posities van alle fotonen vast en in het andere geval
kunnen de deeltjes vrij rond bewegen. Tot slot verkennen we in Hoofdstuk
7 een ander systeem waarin licht zou kunnen condenseren. Ook bestuderen
we een bijzondere collectieve beweging van fotonen die kan worden gebruikt
om te bepalen of het licht supergeleidend is.

In de korte tijd na het ontdekken van het eerste Bose-Einstein conden-
saat van licht is al veel vooruitgang geboekt. Zo laten we in dit proef-
schrift zien dat we al een goed beeld hebben gekregen van verschillende
veeldeeltjesverschijnselen in dit systeem. Ook zijn er inmiddels meerdere
experimentele groepen die dit condensaat kunnen maken. Bovendien zijn
er ideeën voor andere systemen waarin licht zou kunnen condenseren. Dit
alles is een zeer bemoedigend vooruitzicht om uiteindelijk het volledige
kwantumgedrag van gecondenseerd licht te begrijpen.
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Nature 415, 39 (2002).

[20] M. Lewenstein, A. Sanpera, and V. Ahufinger, Ultracold atomic
gases in optical lattices: simulating quantum many-body systems,
Oxford University Press (2012).

[21] S. Sachdev, Quantum phase transitions, Cambridge University Press
(2011).

[22] S. Jochim et al., Science 302, 2101 (2003).

[23] M.W. Zwierlein et al., Phys. Rev. Lett. 91, 250401 (2003).

[24] C.A. Regal, M. Greiner, and D.S. Jin, Phys. Rev. Lett. 92, 040403
(2004).

[25] J. Kinnunen, M. Rodŕıguez, and P. Törmä, Phys. Rev. Lett. 92,
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