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offers only incomplete results. A mathematical
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S U M M A RY

Climate studies deal with changes in the statistics rather than in the exact state of
the Earth system. Ergodic theory is the art of relating the dynamics of a system to its
statistical properties and is thus particularly suitable to a unifying theory of climate.
This work introduces concepts of ergodic theory to the study of climate variability,
stability and response to forcing. The focus is on the spectrum of transfer operators,
governing the evolution of statistics by the dynamics. It is shown that crucial information about a system’s stability can be extracted from approximations of the transfer
operators and their ergodicity spectrum. These results are first applied to stochastic
systems relevant to climate and in particular to El Niño-Southern Oscillation (ENSO),
the dominant pattern of climate variability on interannual time-scales. Novel analytical formulas are found for the ergodicity spectrum of these systems. A key result is
the direct relation between the shrinkage of this spectrum and the slowing down of
a system undergoing a crisis, i.e. a dramatic change in its statistics. In addition, it
is shown that the ergodicity eigenvectors are very sensitive to nonlinear effects and
could allow to unravel the nature of dominant patterns of variability such as ENSO.
It is a matter of great debate whether the Earth system can undergo such dramatic
events and if state-of-the-art climate models are able to resolve them and to give
early-warnings. The transition from a warm to a snow-covered Earth due to the icealbedo feedback found in the Planet Simulator, a General Circulation Model (GCM)
of intermediate complexity, is an example of such crisis. We explain for the first time
how slowing down occurring at the crisis is due to the shrinkage of the ergodicity
spectrum. The study of the ergodicity spectrum thus allows to discuss the validity of
concepts such as climate sensitivity or linear response as well as the applicability of
early-warning indicators of crises to high-dimensional systems such as climate.
Lastly, we show that transfer operators can be applied to the study of midlatitude
blocking events. These atmospheric regimes of increased persistence have a large
impact on the climate of western Europe and North America. In a hemispheric barotropic model of the troposphere with realistic forcing, it is found that these regimes
are associated with the ergodicity spectrum responsible for a slow decay of correlations. This allows to extract them as almost-invariant sets connected by preferred
transition paths. These paths constitute a source of predictability allowing to design
an early-warning indicator of transition from the zonal to the blocked regime.
As a general conclusion, this work supports ergodic and dynamical systems theory as a unifying mathematical framework to climate dynamics and the study of its
natural variability, stability and response to forcing.
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In de klimaatwetenschap probeert men de statistische veranderingen in weerpatronen te beschrijven in plaats van de exacte toestand van het weer. Ergodische theorie
relateert de dynamiek van een system aan de statistische eigenschappen ervan en is
daarom een bijzonder geschikt fundament om een universele theorie van het klimaat
op te ontwikkelen. In dit proefschrift worden concepten uit de ergodische theorie geïntroduceerd in de studie van klimaatvariabiliteit en stabiliteit en de reactie van het
klimaatsysteem op bepaalde veranderingen in de forcering. Cruciale informatie over
de stabiliteit van het systeem kan bijvoorbeeld worden afgeleid uit benaderingen van
de transfer operatoren en de bijbehorende spectra.
De resultaten zijn toegepast op stochastische systemen die relevant zijn voor het
klimaat zoals de ENSO, het meest dominante patroon van klimaatvariabiliteit op tijdschalen van meerdere jaren. Voor de ergodische spectra van dit systeem zijn nieuwe
analytische vergelijkingen geformuleerd. Een van de belangrijkste resultaten is dat
er een relatie is tussen het krimpen van het betreffende spectrum en het vertragen
van het systeem tijdens een crisis, d.w.z. een drastische verandering in de statistische
eigenschappen van het systeem. Bovendien blijken de ergodische eigenvectoren zeer
gevoelig te zijn voor niet-lineaire effecten. Ze kunnen daarom mogelijk helpen de
geheimen te ontrafelen van patronen zoals ENSO.
Er is groot debat gaande over het feit of het klimaatsysteem dramatische transities
kan ondergaan en bovendien of klimaatmodellen deze op een realistische manier
kunnen oplossen en daarmee tijdig alarm kunnen slaan. Een voorbeeld van zoń crisis is de transitie van de aarde van een warme toestand naar een toestand volledig
bedekt met sneeuw door de ijs-albedo feedback. Deze crisis was gevonden in de Planet Simulator, een algemeen circulatie model van gemiddelde complexiteit. In dit
proefschrift leggen we voor het eerst de vertraging uit die optreedt tijdens de crisis
aan de hand van het krimpen van het ergodische spectrum. Het bestuderen van dit
spectrum geeft daarmee een handvat om niet alleen de validiteit van concepten zoals
klimaatgevoeligheid of lineaire reacties te testen, maar ook de toepasbaarheid van
alarm-indicatoren voor crises in hoog-dimensionele systemen zoals het klimaat.
Tot slot laten we zien dat transfer operatoren gebruikt kunnen worden om situaties
te bestuderen waarin zich een blokkade in de atmosfeer vormt. Deze typische patronen in de circulatie van de atmosfeer in de gematigde zones hebben een grote impact
op het weer in West-Europa en Noord-Amerika. In een hemisferisch, barotroop model
van de troposfeer met realistische forcering laten we zien dat deze regimes geassocieerd zijn met het ergodische spectrum dat verantwoordelijk is voor het langzaam
afnemen van correlaties. Hierdoor is het mogelijk om bijna-invariante paren af te lei-
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den die verbonden zijn door de meest waarschijnlijke paden van de transitie. Deze
meest waarschijnlijke paden hebben een bepaald voorspellend vermogen en op basis daarvan kan een alarmindicator gedefinieerd worden voor de transitie van een
zonaal naar een geblokkeerd regime.
Dit proefschrift geeft met de theorie van ergodiciteit en dynamische systemen een
algemene, mathematische basis voor klimaatdynamica en de natuurlijke variabiliteit,
stabiliteit en de reactie op forcering van het klimaatsysteem.

1
INTRODUCTION

This dissertation is concerned in the broad sense with problems such as characterizing low-frequency climate, climate stability and its response to a forcing. Let us first
motivate the unifying approach of ergodic theory and dynamical systems analysis to
study such problems.
1.1

W H AT I S C L I M AT E ?

Historically, "climate" would refer to the
expected value of meteorological quantities, such as surface temperature or precipitation, in different regions of the
Earth. These expectations would be calculated from long-time averages, possibly for a given month, to take into account the seasonal cycle due to the rotation of the Earth around the Sun (Hartmann, 1994).
While such a statistical picture of the
climates of the globe is already valuable
for example for urban development, agricultural planning or marine trade, it
became clear at the end of the 19th century and especially during the 20th century, that such a picture is far from being complete and that the climate of the Earth
(as well as of other planets such as Jupiter) is much richer and dynamic than previously thought (Peixoto and Oort, 1992). In particular, with the advent of long instrumental and proxy records, the satellite era and the study of deterministic chaos, it
was understood that climate exhibits natural and forced variability on a broad range
of time scales, from days to thousands of years and that such variability could have
a major impact on life and societies. This can be seen from the artistic view of the
composite power spectrum of climatic time series represented in figure 1.1 (giving

1

2

INTRODUCTION

Figure 1.1: An "artist’s rendering" of the composite power spectrum of climate variability showing the amount of variance in each frequency range. From Ghil (2002).

the density of explained variance per frequency). In addition to the daily and yearly
cycles, associated with the orbital parameters of the solar system, broad peaks superimposed on a continuous background are visible on intraseasonal, interannual to
longer time scales. To analyze such climate variability, the statistical measures had to
be extended to include higher-order moments such as the variance and covariance
as well the autocorrelation function in time or its counterpart in the frequency domain, the power spectrum (von Storch and Zwiers, 1999). These measures can be
applied to observations to analyze the shorter term variability. However, the study of
long time scales requires the use of numerical models due to the limited length and
extent of the observational record and to limitations inherent to laboratory experiments.
Over the years, it has become a major challenge to characterize the origin of this
variability and to understand the physical mechanisms behind it (Ghil, 2001). There
are several reasons for this. First, to understand to what kind of climatic conditions
life on earth should be able to resist to (e.g how high should a Dutch dyke be to prevent one in a 10000 years flooding event?). Second, to distinguish changes which
are natural (i.e from internal dynamics or from natural changes in the forcing, such
as the Milankovitch cycle) from changes caused by humans (the anthropogenic forcing). Indeed, in addition to the fact that climate variability can impact the life of a

1.2
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human being, an entire society or the ecological system, it was discovered that humans themselves could have an influence on climate, e.g. through the emission of
greenhouse gas, deforestation or urbanization (Stocker et al., 2013). Distinguishing
natural changes from changes due to mankind would allow (and partially has) to
clarify the role of Man in the observed global warming of the twentieth century and
to design incentives so as to prevent and mitigate such a change. It thus turns out
to be essential to understand how sensitive climate is to changes in forcing, whether
natural (such as the solar forcing or volcanic eruptions) or anthropogenic. That is,
whether the response of climate to forcing is predominantly linear or whether nonlinear or even abrupt changes can occur due to instabilities is crucial for a cautious
society willing to preserve the delicate climatic conditions favorable for life as we
know it (Lucarini et al., 2013).
Thirdly, characterizing climate variability is key to understand the degree of predictability of climate on long time scales (can we predict El Niño events a year ahead
even though weather forecasts more than one week ahead are pour?) and improve
forecast skills of weather and climate models (Held, 2005; Williams et al., 2013).
This last point raises the question of the distinction between weather an climate. Indeed, both terms refer to a particular state of the Earth system, so that the physics
associated to them intersect. This is manifested by the fact that General Circulation
Models (GCMs) used in weather forecasting or climate projections are in many ways
similar and are often sharing the same dynamical cores (Warner, 2010). However, it
is clear that the exercise of forecasting the temperature and amount of precipitation
at a precise hour and location with a lead time of a few days should be classified
as weather forecasting. Following the pioneering work of Lorenz (1963), it is usually accepted that beyond a "predictability range" of a few weeks, such exercise is
hopeless, due to the sensitive dependence of the earth system to initial conditions.
However, it is apparent that anticipating, for instance, what time averages of temperatures around the globe would be in a 100 years if we continue to increase our
greenhouse gas emissions constitutes a different exercise one can refer to as climate
projection. Yet, in which category the prediction of atmospheric blocking events (Barriopedro et al., 2006) or of interannual events such as El Niño should fall into? Along
these lines, what is the relationship between variability, predictability and stability
and what are the mathematical structures behind these concepts? We will see that
ergodic theory and dynamical systems provide crucial elements of answer to these
questions.
1.2

H I S T O R I C A L D E V E L O P M E N T S I N E R G O D I C T H E O R Y, D Y N A M I C A L S Y S T E M S
AND CHAOS

Ergodic theory and dynamical systems analysis (including stochastic processes) constitute the mathematical physics foundation of the present dissertation. Interestingly,
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even though both theories emerged rather independently, with one focusing on the
statistical properties of a system and the other on its topology, both approaches
quickly converged and raised the interest of both mathematicians and physicists. A
nonexhaustive summary of the past developments in ergodic theory, bifurcation theory and chaos will help understand the relevance of such approaches to the study of
climate.
The advent of dynamical systems analysis started with the early discovery of chaos
and pioneering work of Poincaré (1881) who studied the qualitative behavior of
solutions of differential equations which are not integrable (due to the presence of
homoclinic orbits, Poincaré, 1892) and the following works by Lyapunov (1892) and
Perron (1929) on the stability of these solutions (one should also mention the important contribution of Bendixson, 1899, to the demonstrations of results from Pointcaré).
Meanwhile, inspired by the work of Maxwell (1860), who derived a probability distribution of molecular velocities on heuristic grounds, the young Boltzmann (1909)
revolutionized modern physics with his mechanical interpretation of the second law
of thermodynamics and the association of an equilibrium state with a probability
distribution µ (or, in modern terms, measure) invariant under the dynamics. Such
a description proved very well suited to understand the macroscopic properties of
systems with many degrees of freedom, such as an ideal gas, and led the foundations of equilibrium thermodynamics. Boltzmann’s work was subsequently extended
by Gibbs (1902), in his developments of statistical physics. The existence of such a
distribution relies on an "ergodic hypothesis" and guaranties that the (macroscopic)
average ḡ of an observable g, such as the energy, exists independently of an initial
(microscopic) state x, such that
Z T
Z
1
ḡ = lim
g (φ ( t ) x ) d t = g ( x )µ( d x ),
(1.1)
T →∞ T
0
where the flow φ ( t ), t ≥ 0 yields the state at time t of a solution of the system with
initial state x . The last identity is true when µ is unique (i.e when µ is ergodic) and
was proved by Birkhoff (1931) who further developed the link made by Boltzmann
and Gibbs between ergodic theory and dynamical systems analysis (Birkhoff, 1927),
while Doob (1934) made the bridge with stochastic processes. The ergodic theorem
was also proved in a different functional context by von Neumann (1932) following
the ideas of Stone (1930), who considered groups of unitary operators in Hilbert
space, and Koopman (1931), in application to the evolution of observables induced
by the flow (see Chap. 2). Note that while Poincaré’s recurrence theorem (Poincaré,
1890) guaranties than an initial state in a set of positive measure returns infinitely
often to this set, Birkhoff’s ergodic theorem gives information on the rates at which
they do so, according to Kac’s lemma (Kac, 1947).
In the footsteps of Poincaré and Bendixson, the "Moscow school" of Andronov and
his wife Leontovich started in the late 30s to develop bifurcation theory in the plane
(Andronov et al., 1971), after Andronov and Pontryagin (1937) had introduced the
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important concept of structural stability of a vector field. Bifurcation theory is a particular branch of dynamical systems theory introduced by Poincaré (1885) and concerned with the study of qualitative changes in solutions of dynamical systems with a
parameter. However, the study of chaos took off later, in particular with the seminal
work of Kolmogorov (1954) (followed by Moser, 1962; Arnold, 1963) who showed
that the integrability of Hamiltonian systems was robust to small perturbations but
that irregular behavior could occur for larger perturbations, and with the early work
of Chirikov (1960) on Hamiltonian chaos. Both works precede the advent of scientific
computing and were followed by major contributions among which those of Henon
and Heiles (1964), Zaslavsky and Chirikov (1964) and Arnold and Avez (1967). At
this time, Kolmogorov (1958) and Sinai (1959) had the great intuition that the concepts from thermodynamics could be extended to chaotic systems with the study of
the evolution of distributions in phase space rather than that of unpredictable and
apparently stochastic trajectories. This led to the definition of the Kolmogorov-Sinai
entropy as a measure of the degree of chaoticity or predictability of a system. As it
became clear that the positive entropy of dynamical systems is related to the exponential divergence of orbits originating at nearby points, Oseledets (1968), a student
of Sinai, extended the definition of Lyapunov exponents to nonlinear systems and
proved their existence. It was then Pesin (1977) who proved the relation between
the entropy and the sum of the positive Lyapunov exponents (i.e. the total expansion
rate of the system) and developed the ergodic theory for nonuniformly hyperbolic
systems with notable extensions by Katok (1980) and Ledrappier and Young (1985).
The interested reader is redirected to the review by Livi et al. (2003) for more details
on the role of Kolmogorov in the study of chaos.
On the other hand, the appreciation of the importance of chaos to forced-dissipative
systems, such as climate, really started with the work of Lorenz (1963). He not only
showed, thanks to extensive numerical integrations, that such systems could have
aperiodic, yet bounded, solutions exhibiting sensitive dependance to initial conditions, but also that these solutions are attracted to some complicated set, a strange
attractor, which is neither a fixed point nor a periodic orbit or a torus. His study had
profound consequences regarding the inherent limitations of numerical weather predictions (a first example of which is the numerical weather prediction by Charney,
FJortoft, and von Neumann (1950) on the ENIAC computer) and the clarity of his
exposure and quality of his intuition inspired many subsequent work on chaos.
Soon followed several breakthroughs in the field. Bifurcation theory was further
developed in higher dimensions by the "Gorky school" (former Nizhny Novgorod),
led by Shilnikov who showed that homoclinic orbits play a key role in the route to
chaos (as already suspected by Poincaré). In particular, the discovery of spiral chaos
near a saddle-node loop (Shilnikov, 1965) was a genuinely paradigmatic shift for
bifurcation theory (Afraimovich et al., 2014). Indeed, it provides one of the simplest
route to chaos for dissipative systems and it was found in many real-world systems
(Shilnikov, 1984) such as the in the Lorenz model (Shilnikov et al., 1995). Another

5

6

INTRODUCTION

major contribution is due to Smale (1967) who characterized unstable orbits of dissipative systems by dynamics of stretching and the due to the boundedness of the
attractor and worked on the problem of structural stability of a vector field (Smale,
1966). The topological approach of Stephen Smale greatly inspired that of Anosov
(1962). Indeed, Anosov showed that even though orbits of chaotic systems are sensitive to perturbations, their statistical properties can be robust, as long as the system
is sufficiently chaotic (i.e hyperbolic). This topological approach also raised the interest of Ruelle and Takens (1971) who demonstrated that strange attractors, such
as the famous "butterfly" of Lorenz, are bound to emerge in forced-dissipative system
far from equilibrium and who suggested that such an attractor could be at the origin
of turbulence.
Anosov and Smale having shed light on the relevance of hyperbolic systems to
the study of dissipative chaos, the link between the dynamics of such systems and
their statistical properties was formalized by Sinai (1972) and Bowen and Ruelle
(1975). They showed, that even though nonconservative forces continually push a
dissipative system out of equilibrium (so that classical statistical mechanics does not
apply), a unique invariant probability measure with physical relevance exists (the
Sinai-Ruelle-Bowen or SRB measure), taking the role of the Gibbs measure found
in equilibrium thermodynamics. As a consequence, the SRB measure was naturally
coined the term of Non-Equilibrium Steady State (NESS) by Gallavotti and Ruelle
(1997) and coworkers. The strong connections between the topological and statistical
approaches was summarized in the inspiring review by Eckmann and Ruelle (1985).
While the invariant measure µ allows to calculate averaged quantities, the correlation function between two observables f and g, defined as
Z
Z
Z
C f ,g ( t ) =

f g ◦ φ ( t ) dµ −

f dµ

gdµ

gives a measure, in time domain, of the variability of a system (where the φ ( t ), t ≥ 0
is the flow). A striking result regarding the statistical properties of chaotic systems is
that the correlation function of many such systems, called mixing, decays rapidly to
zero, as in the stochastic case. While the metric entropy introduced by Kolmogorov
and Sinai gives a measure of predictability due to the divergence of nearby trajectories, the rate at which the correlation function decays with time is another particularly
important quantity, which, roughly speaking, indicates of how fast a mixing system
converges to the invariant measure. Pollicott (1985) and Ruelle (1986b) related this
rate of decay with the spectral properties of the nonequilibrium counterparts of the
operators introduced by Koopman and von Neumann half a century before. Ruelle
(1997) could then relate this spectrum to the response of hyperbolic systems to forcing (i.e. to the differentiability of the SRB measure). Such results and others gave a
strong revival to the development of nonequilibrium statistical mechanics (which had
been much slower than for the equilibrium case). In particular, Ruelle (1997) gave
a generalization to systems far from equilibrium of the linear response formula by
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Kubo (1966). Furthermore, the relevance of hyperbolic systems for the study of more
general chaotic systems with a large number of degrees of freedom found in physics
was argued by Gallavotti and Cohen (1995), who, inspired by the work of Ruelle
(1980) on the statistical properties of turbulence and the role of thermal fluctuations
(Ruelle, 1979), proposed an extension of the "ergodic hypothesis" to nonequilibrium
systems, namely, the "chaotic hypothesis". These successful developments led Ruelle
(1999) and Gallavotti (2014) to propose smooth dynamical systems and SRB measures as the appropriate framework for the rigorous study of nonequilbirum statistical
mechanics. Along these lines and as a final remark, the late twentieth century was
thus marked by a formidable convergence between mathematicians and physicists
in the domain of dynamical systems and statistical mechanics, as witnessed by Sinai
(Bolibruch et al., 2005, page 399).
1.3
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As a chaotic system with many degrees of freedom, climate constitutes an eligible
system for the application of methods from ergodic theory and dynamical systems
analysis (Dymnikov and Gritsoun, 2001). For example, the range of predictability of
the system due to sensitive dependence to initial conditions limits the potential of
weather forecasts to a few weeks (Lorenz, 1969; Leith, 1978; Simmons and Hollingsworth, 2002). Such a forecast corresponds to a numerical integration of a model
from an initial state x 0 over a period T , resulting in a trajectory {φ ( t ) x 0 }0≤t≤T , in
the phase space X = Rd , where d is the dimension of the system, or, in other words,
the number of prognostic variables. Here, the evolution equation for the system is assumed well-posed (in Hadamard’s sense, see Engel and Nagel, 2001) so that the flow
φ ( t ), t ≥ 0 yields the unique solution φ ( t ) x 0 at time t with initial condition x 0 . The
initial state is determined from (incomplete) measurements usually complemented
by data assimilation (Charney et al., 1969; Leith, 1975a). The spatial sparsity of these
measurements is a major source of error which is amplified during numerical integrations due to instabilities associated with positive Lyapunov exponents. Moreover,
small-scale errors are transferred to the large scales by the nonlinearities (Leith and
Kraichnan, 1972) and there is a dependance of the error growth rate on the scale (e.g.
the range of predictability of synoptic weather systems is much longer that that of
thunderstorms, see also Hoskins, 2013). In theory, the degree of predictability can be
measured by the Kolmogorov-Sinai entropy (Kolmogorov, 1958; Sinai, 1959), mentioned in the previous section 1.2, as the sum of the positive Lyapunov exponents
(Pesin, 1977). In practice, several methods have been proposed to evaluate the rate
of error growth with time of atmospheric flows based on numerical models, analogs
or statistical theory of turbulence (Lorenz, 1969; Leith, 1975a).
Since the seminal work of Epstein (1969) and Leith (1974), a common exercise to
improve weather forecasts and quantify their uncertainty is to simulate trajectories
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of an ensemble of members with initial states perturbed around a reference (Leutbecher and Palmer, 2008). An observable of interest, such as the temperature at a
location, can then be averaged over the ensemble to give an arguably more accurate prediction than for a single trajectory and the variance of the observable over
the ensemble can give an indication of the reliability of the prediction. Such a practice conforms with the study of the evolution of statistics advocated by Kolmogorov,
Sinai and others rather than that of a single chaotic trajectory. Indeed, this mathematically corresponds to studying the evolution of the initial distribution ρ0 ( x ) =
Pm
(i )
(i )
1
m
i =1 δ ( x − x 0 ) induced by the dynamics, where each x 0 corresponds to a perturbed initial state and δ is the Dirac distribution. The transferred distribution ρ ( x, t )
after a time t is such that, for any smooth observable g : X → R,
Z
Z
m
1 X
(i )
ρ0 ( x ) g (φ ( t ) x ) d x =
ρ ( x, t ) g ( x ) d x =
g (φ ( t ) x 0 ).
(1.2)
m
X
X
i =1
R
The term X ρ0 ( x ) g (φ ( t ) x ) is the average of the observable g after a time t with
respect to the initial distribution ρ0 . From the definition of ρ0 , this term coincides
Pm
(i )
1
with the ensembles average m
i =1 g (φ ( t ) x 0 ) calculated by taking the sample
mean of the observable g evaluated at the final states of each member after a time
t. The first equality is valid for any distribution in appropriate functional spaces and
the so-defined distribution ρ ( t ) is unique (Lasota and Mackey, 1994, Chap. 3). Thus,
there exists a linear operator P t , the transfer operator, such that ρ ( t ) = P t ρ0 , yielding the evolution of distributions after a finite time t. It follows that performing an
ensemble simulation is nothing but numerically calculating the evolution by P t of
a distribution constituted of a countable number of Dirac distributions. This is illustrated figure 1.2, where the first integral in (1.2) corresponds to the situation represented in panel (a), for which the average of the observable g is taken with respect
to the transferred density ρ ( t ) = P t ρ0 . The second integral in (1.2) corresponds
to the situation represented in panel (b), for which the average of the transferred
observable g ◦ φ ( t ) is taken with respect to the initial density ρ0 .
A key concept in ergodic theory is that of invariant measure, which leads to the
mathematical definition of a mean climatic state (Dymnikov et al., 2006). In order
to determine the mean state of the climate system, a long time series {φ ( t ) x}0≤t≤T
is usually taken (from observations or from a simulation) and it is assumed that, for
an observable g, the time average
Z T
1
ḡ = lim
g (φ ( t ) x ) d t,
(1.3)
T →∞ T
0
is well-defined (exists uniquely) and is given by the phase space average
Z
g ( x )µ( d x ),

ḡ =
X

(1.4)
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(b)

Figure 1.2: Two equivalent calculations of the average of the observable g at time t for an
initial ensemble ρ0 . (a) The integral of g (contours filled in blue) is taken with
respect to the initial density ρ0 (dashed black line contours) transferred forward
to P t ρ0 (thick black line contours), as for the first term of (1.2). (b) The integral
of g (dashed blue line contours) transferred backward to g ◦ φ ( t ) (contours filled
in blue) is taken with respect to the initial density ρ0 (thick black line contours), as
for the second term of (1.2) The thin gray arrows give an example of three states
evolved for a time t as individual trajectories by the flow φ ( t ) and as an ensemble
by P t , according to (1.2)
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(a)

(b)

Figure 1.3: (a) Time series of observables g (thick lines) and h (dashed lines) for three arbitrary simulations starting from three different initial states. (b) Finite time average
of g (thick lines) and h (dashed lines).

with respect to a unique invariant measure µ. A measure µ is invariant under the
flow φ ( t ), t ≥ 0 if for any Borel set A, µ(φ ( t )−1 (A)) = µ(A). As such, these measures are the only appropriate ones to calculate averages which do not depend on
the time at which the initial states are taken (recalling that φ ( t ) x ∈ A is equivalent
to x ∈ φ ( t )−1 A). In fact, for any integrable observable g and µ-almost every initial
state x (i.e. for any x in a set of positive measure µ), the existence (and uniqueness) of the time average (1.3) is guarantied by Birkhoff’s pointwise ergodic theorem
(Birkhoff, 1931) when an invariant measure µ exists (and is unique, i.e ergodic). Unfortunately, the ergodic theorem holds for initial states x taken in sets of positive
measure µ, while a strange attractor typically carries uncountably many distinct invariant measures which are singular with respect to the Lebesgue measure (Eckmann
and Ruelle, 1985). Thus, the ergodic theorem does not apply to initial states in sets
outside the attractor for such measures. Yet, as noted by Kolmogorov, most physical
systems or computer simulations appear to produce well-defined time averages for
any randomly chosen initial state (i.e. for any x in a set of positive Lebesgue measure as opposed to a set of positive measure µ). Such selection process thus defines a
particular measure of physical relevance, therefore called physical measure, for which
the equality (1.4) between time averages and ensemble averages holds for any initial
states in sets of positive Lebesgue measure. This is illustrated in figure 1.3 where artificial examples of climatic time series of two observables g and h for three randomly
chosen initial conditions are represented. One can see that, as the averaging window
width T is increased, the time average of each observable converges to a unique
value independent of the initial state. The averages however converge at different
rates, depending on the observable, as will be explained below.
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Determining the mean climate thus boils down to finding the physically relevant
invariant measure(s) µ, accordingly referred to as statistical steady state(s) (Ruelle,
1999; Gallavotti, 2014). It follows that changes in the mean climate in response to
forcing are associated with changes in the invariant measure µ. This sheds lights to
the interpretation of climatic projections such as those of the Coupled Model Intercomparison Project - Phase 5 (CMIP5, Hurrel et al., 2011). Indeed, since the range of
predictability of the climate system is known to be limited to a few weeks, it would
be absurd to attempt to predict the particular state of the climate system during a particular day of, say, year 2100. Yet, in both numerical weather predictions and climate
projections, one performs the numerical integration of a single trajectory starting
from an initial state (or of a relatively small ensemble). The fundamental difference
in both exercises is that in the first, one is interested in the final state of the integration, while in the second, the final state has absolutely no relevance and it is rather
the long time averages of observables such as in (1.3) (say over the last decade) that
one is interested in. For transient projections, such as those for the 21st century, the
period overRwhich the average is taken should be long enough to give a good approximation of X g ( x )µ( d x ) in (1.4) but also short enough so as to neglect transient
effects. The reasons why ensembles are often used for climate projections are at least
two fold. First it allows to get a better estimate of (1.4) by not only averaging in time
but also among the members. Second, it can allow to test the eventual existence of
multiple statistical steady states, in which case the system would not be ergodic.
In climate studies, one is not only interested in the mean climate but also in its
natural variability (i.e without any changes in the forcing). It is thus customary to
study climate variability from the correlation function t → C f ,g ( t ) between two
observables f and g, defined as
Z
Z
Z
X

g ( x )µ( d x ).

f ( x )µ( d x )

f ( x ) g (φ ( t ) x )µ( d x ) −

C f ,g ( t ) =

X

(1.5)

X

In particular, taking g = f , the Fourier transform of the autocorrelation function
C g,g ( t ) yields the power spectrum S g,g (ω) of g (von Storch and Zwiers, 1999). When
the measure µ is ergodic, the correlation function coincides with the sample mean
RT
Ĉ f ,g ( t ) = lim T →∞ T1 0 ( f ( x ) − f¯ )( g (φ ( t ) x ) − ḡ ) d t, which is commonly used in
practice. The behavior of the correlation function for chaotic systems can be understood by the following. Due to the chaotic divergence of trajectories (or to stochasticity, e.g. when fast-scale processes are modeled by random fluctuations), an ensemble
ρ ( t ) is expected to spread on the attractor. Thus the variance of an observable with
respect to the ensemble increases, as can be seen from typical examples of ensemble
weather prediction. Eventually, if the initial ensemble is so large as to be considered
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Figure 1.4: Autocorrelation function of the observables g (thick line) and h (thin dashed line)
corresponding to the time series of figure 1.3.

as a (smooth) density ρ0 , the average of the observable with respect to the ensemble
should converge in time, that is
Z
Z
P t ρ0 ( x ) g ( x ) d x =

lim

t→∞

X

g ( x )µ( d x ),

X

assuming the existence of a unique invariant measure µ. Such a system is called
mixing because a density evolving under the dynamics eventually converges (weakly)
to the invariant measure, quite as a blob of dye diffuses in a glass of water. More
precisely, a system is mixing if for any two sets A and B,
lim µ(A ∩ φ ( t )−1 B ) = µ(A)µ( B ),

t→∞

(1.6)

which means that, after a long-enough time, the probability of a state initially in A to
end-up in B depends only on the size of the sets and not on the initial state, so that
all information about the initial state has been lost. This property is stronger than
ergodicity and implies that the correlation function (1.5) decays to zero with time.
This is usually the case for climate time series, as illustrated in figure 1.4 where the
correlation functions of the observables g and h corresponding to the system of figure
1.3 are represented by a thick line and a thin dashed line, respectively. One can see
that the autocorrelation functions of both observables converge to zero as the lag t
is increased, indicative of the loss of information with time about the initial state of
the system by the chaotic (or stochastic ) dynamics. However, both functions have
different characteristic decay times, the one for g being of about 3 time units and the
one for h of about 8 time units. A slow rate of decay of the correlation function and
the presence of eventual weakly-damped oscillations will result in peaks in the power
spectrum at a position given by the frequency of the oscillations. We will see that the
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latter are determined by the spectrum of the transfer operators P t , referred to here
as the ergodicity spectrum, so that these operators not only govern the evolution of
statistics but also the variability in the system (in its statistical sense given by the
correlation function). By extension, invoking a version of the fluctuation-dissipation
theorem (Leith, 1975b; Dymnikov et al., 2006; Ruelle, 2009; Hairer and Majda, 2010;
Ragone et al., 2015), the important role of this spectrum in the statistical response
of dissipative systems to perturbations will also be discussed.
In both the case of the prediction of the state of the atmosphere in a few days
and of the study of the mean state and variability of climate, the distinction between
weather and climate is pretty clear. However, what about the study and prediction
of modes of low-frequency variability such as El Niño-Southern Oscillation (ENSO)
(Neelin et al., 1998)? Analysing this mode of variability from averages, correlations
and spectra of some observables such as the Sea Surface Temperature (SST) obviously
relies on the invariant measure µ and the transfer operators P t , t ≥ 0 through (1.4)
and (1.5), respectively. However, in an attempt to predict the evolution of ENSO, one
or an ensemble of trajectories in phase space are integrated forward in time from
a particular initial state with a dynamical model. Such exercise is akin to weather
prediction, in the sense that one is interested in the evolution of the state of the
system during a period of time as long as possible before all the information about
the initial state is "forgotten" (i.e before the members of the ensemble are spread over
the attractor, sampling the invariant measure). Doing so, one implicitly assumes that,
even though the state of the atmosphere is not predictable after a few weeks, there are
directions in phase space (e.g corresponding to coupled ocean-atmosphere dynamics
in the case of ENSO) corresponding to slow dynamics predictable over months or years
(i.e associated with Lyapunov exponents close to 0). Thus, in this case, one is not
interested in the complete state of the system but rather on the projection of some
observables on the space on which the slow variables live. In mathematical terms,
this corresponds to averaging the observable g of the predicted state x = y + z over
the fast variables z ∈ Z by taking the expectation
Z
g ( y, z )µ y ( dz ),

g( y) =

(1.7)

Z

of the observable g conditioned on the slow variables y ∈ Y . From the disintegration
theorem (Kallenberg, 2002, Chap. 6), the conditional measures µ y , y ∈ Y are welldefined and fully determined by the invariant measure µ and the projection R : x 7→
y on the slow variables.
Thus, one can see that the theory of ergodic dynamical systems is directly applicable to the study of climate dynamics and allow to rigorously define and extend
commonly used concepts in the field. Furthermore, we will see in chapter 2 that a
more detailed understanding of the spectral properties of the transfer operators allow to characterize the stability of a system as well as its response to perturbations
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in terms of statistics. Having motivated the applicability of ergodic theory to climate
science, the main physical problems considered in this thesis will be exposed.
1.4

MAIN QUESTIONS AND APPROACH

The present work is an attempt to apply the ideas presented and the previous sections
to particular problems in the study of climate variability and stability. These includes
the dynamics of ENSO - the dominant pattern of variability on interannual time scales
(Neelin et al., 1998), a chaotic attractor crisis associated with a transition from warm
to snowball Earth due to the ice-albedo feedback (Lucarini et al., 2010) and the
prediction of atmospheric regime transitions (Crommelin, 2003).
All three cases rely on the ideas from ergodic theory presented in the previous
section 1.3. The theory and in particular that of semigroup of transfer operators and
their spectrum will be described in greater details in chapter 2. These theoretical considerations will be accompanied by a presentation of an approximation method for
transfer operators and their spectrum based on a projection on a lower-dimensional
space, recently introduced to the climate community by Chekroun et al. (2014). Interestingly, it will be shown that the correlation function of observables acting on
the reduced space can be calculated exactly from these reduced operators and that
the latter gives bounds to the one of the transfer operators. The chapter will end-up
with a simple yet very insightful example of a multi-dimensional Ornstein-Uhlenbeck
process (OU) (Gardiner, 2009), a particular case of which has been used by Hasselmann (1976) to motivate stochastic modeling of climate. It will be shown that our
numerical approximation of the ergodicity spectrum compares well with the analytical formula of (Metafune et al., 2002) and their relation to the correlation function
and the power spectrum will be illustrated.
As a first case study, chapter 3 will be concerned with the dynamics of ENSO, the
dominant pattern of variability on interannual time scales. Since the seminal paper
of Zebiak and Cane (1987), it is generally accepted that coupled ocean-atmosphere
dynamics are key to the evolution of ENSO, through the so-called Bjerknes’ feedbacks
in which the trade winds respond to SST anomalies and in turn cause an adjustment
of the ocean masses and of the thermocline. Much more controversial is the nature
of the dynamics of ENSO, whether self-sustained or stochastically forced (Roulston
and Neelin, 2000), linear nonnormal (?) or nonlinear (Dijkstra, 2005, , Chap. 7).
One candidate is the presence of a Hopf bifurcation (Strogatz, 1994) in the coupled
ocean-atmosphere dynamics associated with travelling Rossby and Kelvin waves and
with the adjustment of the ocean heat content (Jin and Neelin, 1993). Such a bifurcation is found in the Zebiak-Cane model as well as in the delayed oscillator, a Delay
Differential Equation (DDE) suggested by Suarez and Schopf (1988) and Battisti and
Hirst (1989) as a conceptual model of ENSO. These two models will be used in chapter
3 as test-beds to show that the ergodicity spectrum gives a particularly interesting
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characterization of the variability of a dynamical system and that it allows to give a
description of the evolution of statistics during a bifurcation. First, the results on the
OU presented in chapter 2 will allow us to give analytical formulas for the leading part
of the ergodicity spectrum of general linear DDEs, such as the linear delayed oscillator
of Battisti and Hirst (1989), and of Stochastic Delay Differential Equations (SDDEs).
The nonlinear case with noise will then be treated. New results on the ergodicity
spectrum of a simple form of stochastic Hopf bifurcation as well as approximations
for the nonlinear delayed oscillator of Suarez and Schopf (1988) with noise will be
given. In particular, it will be shown that the ergodicity spectrum approaches the
imaginary axis at the bifurcation, resulting in critical slowing down. This will shed
light on early-warning indicators of tipping points (Lenton, 2011) in high dimension
as well as on the relationship between the structural stability of a system and the
evolution of statistics. Finally, these results will be compared to that found for the
Zebiak-Cane model and the important role played by the eigenvectors of the transfer
operators will be discussed. In particular, the eigenvectors reveal patterns in phase
space responsible for the slow dynamics and bear the signature of the nonlinearities, allowing to discriminate the subcritical from the supercritical situation as well as
the linear from the nonlinear case. These results thus offer promising perspectives
regarding the understanding of the nature of real-world ENSO.
The study of chapter 3 confirms that much can be learned about the variability
and stability of dynamical systems from the spectral properties of transfer operators. Yet, even though the Zebiak-Cane model has thousands of degrees of freedom,
the dynamics of the Hopf bifurcation is two dimensional and nonchaotic. Of major
importance is to understand whether high-dimensional and chaotic systems such as
climate can undergo rough changes in their statistical properties with changes in
the forcing, just as their low-dimensional counterpart do. Ergodic theory is particularly well suited to study high-dimensional chaotic systems. To demonstrate this, a
chaotic attractor crisis relevant to climate is studied in chapter 4. It is known that
in the one-dimensional Energy Balance Models (EBMs) studied by Budyko (1969)
and Sellers (1968), a bifurcation occurs when the solar constant is decreased further
than a critical value, during which the steady state of the system switches from a
warm climate, comparable to present-day conditions, to a cold climate, in which the
Earth is covered with ice (Ghil, 1976). Such a transition is also found in the Planet
Simulator (PlaSim, Fraedrich et al., 2005a; Lucarini et al., 2010), a GCM of intermediate complexity with tens of thousands of degrees of freedom and chaotic dynamics
(Schalge et al., 2013). It will be shown in chapter 4 that a slowing down of the decay
of correlations of physically relevant observables occurs at the approach of the crisis.
Furthermore, this slow decay of correlations will prove to result from the approach of
the ergodicity spectrum to the imaginary axis. These results suggest that the spectral
properties of transfer operators constitute a good framework for the study of chaotic
attractor crises. Moreover, they show that even though early-warning indicators such
as the lag-1 autocorrelation (Held and Kleinen, 2004) are affected by the crisis (due
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to critical slowing down), their signal may be limited by the expected smoothness
of the changes of the ergodicity spectrum with the parameters of the system or the
forcing (Gouëzel and Liverani, 2006).
Chapter 5 will deal with the midlatitude low-frequency atmospheric variability,
namely, blocking events over Europe and North America (Barriopedro et al., 2006).
Such events occur when a persistent anticyclonic system deviates the predominant
westerlies meridionally and are believed to result in an increase of predictability on
time scales of weeks to months, in a region otherwise dominated by baroclinically
unstable synoptic weather systems. Using a barotropic model of the midlatitude troposphere with realistic forcing (Selten, 1995), it will be shown that the reduced operators presented in chapter 2 allow to detect meta-stable regimes as almost-invariant
sets (Dellnitz and Junge, 1999). Such sets are associated with the leading eigenvectors of the transfer operators and an algorithm based on Markov chain reduction
is designed to detect them. Furthermore, it is shown that the preferred transition
paths connecting the different regimes are responsible for an increase of predictability and of a weakening of memory effects due to the projection of the dynamics on
the reduced space (Chorin et al., 2002). This allows to use the reduced operators
to give an early-warning indicator of transition from one regime to the other. Such
an indicator is statistical in nature and thus well suited for long-term predictions of
chaotic systems.
To conclude, chapter 6 will provide a summary of the results of our application of
ergodic theory to the study of the climate system and give some perspectives on the
applicability of the framework to a broader range of climate-related problems.

2
E R G O D I C I T Y S P E C T R U M : T H E O RY A N D M E T H O D O L O GY

A brief summary of concepts from ergodic theory useful to climate dynamics has been
presented in the previous chapter 1. Here, we describe in more details the theoretical
foundations and the methodology used in this work, with a focus on the semigroup
of transfer operators and its spectrum, referred to as the ergodicity spectrum. The
latter characterizes the evolution of statistics by the dynamics and it is shown that
the spectral gap separating the leading ergodicity eigenvalues is directly related to
the rate of decay of correlations.
These theoretical considerations motivate the analysis of the ergodicity spectrum
to study the variability of climate, its stability and its response to a forcing. Unfortunately, this spectrum is hardly accessible, since the transfer operators act on (infinite
dimensional) spaces of functions acting on a high-dimensional phase space. For this
reason, a numerical method to extract information relative to the ergodicity spectrum is presented based on reduced transition matrices describing the coarse-grained
evolution of densities and observables acting on a reduced space (of lower dimension
than the phase space) defined by an observation operator. The value of this method
is supported by a theorem by Chekroun et al. (2014) relating transition probabilities
between sets in the reduced space to transition probabilities between sets in phase
space. An important corollary is further proved which attests that the gap between
the leading eigenvalues of the reduced transition matrices gives an upper bound to
the gap between the true ergodicity eigenvalues. It is also shown that the correlation functions between observables in the reduced space can be calculated from the
reduced transition matrices or their spectral decomposition.
Finally, the numerical method is applied to the simple yet very instructive example
of a multi-dimensional Ornstein-Uhlenbeck process. Such a process has been shown
to be of the utmost relevance for climate by Hasselmann (1976) as it is the simplest
model of slow-fast system allowing to explain the red-noise spectrum typical of climate time series and analytical formula for their spectrum by Metafune et al. (2002)
will be used in chapter 3 to study the ergodicity spectrum of linear SDDEs. Here, it
is found that the numerical approximation of the ergodicity spectrum agrees well
with the analytical results and that it fully describes the correlation functions, giving
confidence regarding the application of the method to larger problems.
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2.1

T R A N S I T I O N S E M I G R O U P S , S P E C T R U M A N D D E C A Y O F C O R R E L AT I O N S

First, we give a brief overview of the theory of the semigroup of transfer operators and explain how their spectrum characterizes the relaxation of distributions (or
ensemble) to a statistical steady state and the decay of correlations. While the appellation and definition of the these semigroups vary with the context, we will refer
to their spectrum with the general term of ergodicity spectrum (also called RuellePolicott resonances, correlation spectrum or Liouvillian spectrum).
2.1.1

Stochastic evolution

Unless specified, the mathematical setting of this study will be that of Stochastic Differential Equations (SDEs). There are several reasons for this choice. First of all, the
study of the ergodic properties of SDEs, is an important topic on its own (Da Prato
and Zabczyk, 1996), noise being ubiquitous to systems found in physics, engineering,
social sciences and finance (Gardiner, 2009). Nevertheless, only few results exist regarding the ergodicity spectrum of stochastic (as well as deterministic) systems, apart
for some systems which are linear (Metafune et al., 2002) or low dimensional (Dekker and van Kampen, 1979; Gaspard et al., 1995; Gaspard and Tasaki, 2001), because
the calculation of the ergodicity spectrum usually involves solving nonlinear Ordinary
Differential Equations (ODEs) / SDEs or Partial Differential Equations (PDEs) with varying coefficients (see e.g. Gaspard et al., 1995). There is thus a need for methods of
numerical approximation of the transition semigroups and their spectrum. Moreover,
even though trajectories of stochastic systems are highly irregular, spectral properties of stochastic systems can usually be studied in spaces of smooth functions (Da
Prato and Zabczyk, 1996), contrary to forced-dissipative deterministic systems for
which the interesting part of the spectrum belongs to spaces of distributions (Gouëzel
and Liverani, 2006; Baladi and Tsujii, 2007), due to the positive contraction rate of
volumes in phase space (Gallavotti, 2014). Finally, the study of stochastic dynamical
systems can provide very useful insight regarding dissipative deterministic systems
and delayed stochastic systems, as, on one hand, the ergodicity spectrum of some
smooth hyperbolic systems is robust to stochastic perturbations (Gouëzel and Liverani, 2006) and, on the other hand, Stochastic Delay Differential Equations (SDDEs)
can be represented by infinite-dimensional SDEs (Chojnowska-Michalik, 1978).
We start with a nonlinear SDE (Da Prato and Zabczyk, 1992) on a probability space
(Ω, F , P) with values in H
dX =
X (0) =

(AX + F ( X )) d t + Σ( X ) dW ,
x,

where X ( t, x ) is a stochastic process with values in a separable Hilbert space H, W ( t )
is a Wiener process, A is a linear operator on H and F and Σ are mappings from H
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into H. Furthermore, we assume that the A, F and Σ satisfy sufficient Lipschitz or
dissipative conditions for a unique mild solution X ( t, x ) of (2.1) depending regularly on the initial condition x to exist (i.e. the problem is well-posed, Da Prato and
Zabczyk, 1996). We also assume that a unique invariant measure µ exists. Finally,
the SDE (2.1) generates the Random Dynamical System (RDS)
φ:
such that

R×Ω×H
t

→H

(2.1)

7→ φ ( t, ·) x = X ( t, x )

(2.2)

is the solution of the SDE (2.1) (Arnold, 2003, Chap. 2).
Remark 1 (SDEs in infinite dimension). In this study, the infinite-dimensional setting
has been chosen for the study of SDEs (Da Prato and Zabczyk, 1992), because it allows
to represent SDDEs by SDEs (Chojnowska-Michalik, 1978), as we will see in chapter 3.
For a thorough presentation of SDEs in the more accessible finite-dimensional setting, see
Gardiner (2009).
2.1.2

Transition semigroups for SDEs

We now introduce a Borel σ-algebra B ( H ) in order to define the measure space
( H, B ( H ), µ). Under the conditions of section 2.1.1, for any initial state x ∈ H
, the process X ( t, x ) satisfying (2.1) is a Markov process (Da Prato and Zabczyk,
1992, Theorem 9.8), which is stationary, as implied by the invariance of µ. As a consequence, the Koopman operators U t , t ≥ 0, or backward transition operators, giving
the expected backward evolution of any bounded and continuous observable g by
the RDS φ, can be defined as
U t g ( x ) = E[ g (φ ( t, ·) x )], t ≥ 0, x ∈ H, ,
(2.3)
R
where the expectation E[ g (·)] = Ω g (ω)P(ω) yields the average of g over the
sample paths on Ω.
Remark 2. For a deterministic system with flow φ ( t ), t ≥ 0, one would simply have
U t g ( x ) = g (φ ( t ) x ), as in equation (1.2) and figure 1.2 of the previous chapter 1.
Remark 3. In this work, it is more natural to define the Koopman operators by (2.3).
This should not bring confusion with the other possible definition as the group of linear
transformations induced by the canonical dynamical system associated with the transition semigroup of the Markov process (c.f. Da Prato and Zabczyk, 1996, Chap. 2.2).
It follows from their definition (2.3) and the evolution equation (2.1) that the
Koopman operators U t , t ≥ 0 constitute a one-parameter semigroup of bounded
operators. A family of operators U t , t ≥ 0 is a one-parameter semigroup if
Us+ t
U0

= Us U t = U t Us ,
= I,

s, t ≥ 0
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where I is the identity. As first noted by Hadamard, the semigroup property is very
important and strongly related to evolution equations and the exponential function (Engel and Nagel, 2001, Chap. VII). Moreover, the existence of an invariant
measure µ allows to extend the semigroup of Koopman operators U t , t ≥ 0 (or
backward transition semigroup) to a strongly continuous semigroup of contractions
on Lµ2 ( H ) (Yosida, 1980, Theorem 1, page 381). Let us recall that Lµ2 ( H ) is the

space of twice integrable functions w.r.t. the invariant measure µ (i.e. f ∈ Lµ2 ( H )
R
if H | f |1,2 µ( d x ) < +∞, assuring the existence of the mean and variance of f ).
This contraction property, also referred to as the stability property, is very important because it means that the distance between two functions transferred by U t can
decrease but never increase with time (Lasota and Mackey, 1994, Chap. 3).
On the other hand, the semigroup of transfer operators L t , t ≥ 0 on Lµ2 ( H ), or
forward transition semigroup, can be defined as the adjoints of the bounded Koopman
operators with respect to the invariant measure µ. That is
〈L t f , g〉µ = 〈 f , U t g〉µ ,

(2.4)

where
Z

f ( x ) g ∗ ( x )µ( d x ),

〈 f , g〉µ =
H

is the scalar product associated with the invariant measure µ, with g ∗ denoting the
complex conjugate of g (g ∗ = g if the observable has values in R). The semigroup
of transfer operators L t , t ≥ 0 yields the finite-time forward-evolution of any density ρ (more generally, of any µ-integrable function) by the stochastic dynamics, as
illustrated in figure 1.2(a). It is related to the transition probabilities of the Markov
process with evolution equation (2.1) by

Pµ ( X ( t, x ) ∈ D|x ∈ C ) =
where µ( C ) =

R
C

µ( d x ) =

R
H

〈L t χC , χ D 〉µ
µ( C )

,

(2.5)

χC ( x )µ( d x ) is the measure of the Borel set C by µ.

Remark 4. In the deterministic case, assuming that the flow φ is invertible and that µ
is invariant by φ, one has that L t = U−t , t ∈ R, so that the transition operators constitute a group of unitary transformations on the Hilbert space Lµ2 ( H ) (Koopman, 1931;
Lasota and Mackey, 1994, Chap. 7.10). For a RDS, this is generally not the case, even if
P is invariant for the noise system, because of the averaging over the noise realizations
in the definition of the transition semigroups.
Remark 5 (µ- and Lebesgue-transfer operators). It is essential to understand that the
semigroup of (µ-)transfer operators has been defined in (2.4) for the invariant measure
µ in order to study the evolution of densities with respect to µ, in accordance to the
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methodology presented in the following section 2.2. In application, the invariant measure µ is generally not known, so that it should be determined. Instead, one could study
the semigroup of (Lebesgue-)transfer operators P t , t ≥ 0, adjoints of the Koopman operators with respect to the Lebesgue measure d x. In this case, if µ has a density p ( x )
w.r.t. the Lebesgue measure (i.e. if µ is absolutely continuous with respect to d x so that
µ( d x ) = p ( x ) d x), the density p ( x ) is given by the eigenvector associated with the
leading eigenvalue of the semigroup of Lebesgue-transfer operators (see Froyland, 2001,
and below). In addition, we have that

 1 P (p f )
where p > 0
t
Lt f = p
(2.6)
0
where p = 0,
for any µ-integrable function f (Collet and Eckmann, 2006, Chap. 5.6). As a consequence, the semigroup of µ-transfer operators L t , t ≥ 0, yields information about
the dynamics, such as the transition probabilities (2.5), only on the support of the invariant measure µ (i.e on sets of positive measure µ). Such a restriction has profound
consequences in the case of dissipative deterministic systems for which the support of the
physical invariant measure is contained in the nonwandering set (the set of recurrent
points on the attractor) and not in the full phase space (Foias et al., 2001, remark 1.4,
p 197).
Closing this parenthesis, the infinitesimal forward-evolution of a Lebesgue-density
ρ ( t ) is described by a conservation equation known as the Fokker-Planck or forward
Kolmogorov equation (Lasota and Mackey, 1994; Gardiner, 2009). For the purpose
of this study, it is sufficient to consider its formulation for a finite dimensional space
H = Rd
∂
ρ ( t, x ) =
∂t

−
Pd
1

+2

∂
i =1 ∂ x i

Pd

i =1

[(A + F )i ( x )ρ ( t, x )]

∂2
j =1 ∂ x i ∂ x j

Pd



(ΣΣ∗ )i j ( x )ρ ( t, x )



(2.7)

where Σ is the covariance matrix and Σ∗ its conjugate transpose. The right-hand
side of (2.7) defines an infinitesimal operator G which, having assumed the system
defined by the SDE (2.1) to be well-posed, generates the strongly continuous semigroup of Lebesgue-transfer operators P t , t ≥ 0 (Engel and Nagel, 2001, Chap. II.6).
This means that, formally, P t = e tG , t ≥ 0, as in the finite-dimensional case (although care should be taken in defining the domain D (G ) of the generator as well
as the exponential function).
Remark 6 (Liouville equation). In the deterministic case when Σ = 0, one recovers
the Liouville equation
∂
ρ ( t, x ) =
∂t

−

∂
i =1 ∂ x i

Pd

[(A + F )i ( x )ρ ( t, x )] = −∇ · ((A + F )( x )ρ ( t, x )).(2.8)
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The Liouville equation is a statement of conservation of probabilities in phase space
(Lasota and Mackey, 1994, Chap. 7.8) and is thus the counterpart of the continuity
equation stating conservation of mass in compressible hydrodynamics (e.g. Vallis, 2006).
Remark 7. Let us insist on the fact that, even though the evolution equation (2.1) for
trajectories can be nonlinear, the evolution of densities given by (2.7) or (2.8) is linear,
to the price of dealing with an (infinite dimensional) functional equation.
The Fokker-Planck equation (2.7), G and P t , t ≥ 0 apply to densities with the
Lebesgue measure. However, because the semigroup of µ-transfer operators L t , t ≥ 0
extends to a strongly continuous semigroup of contraction on Lµ2 ( H ), it is generated

by a unique closed linear operator Gµ densely defined on Lµ2 ( H ) (Engel and Nagel,
2001, Chap. 2.1, theorem 1.4), so that the spectrum of Gµ can be defined and related
to that of L t , t ≥ 0, as will be used in the following subsection 2.1.3.
2.1.3

Ergodicity spectrum of transition semigroups

As mentioned in chapter 1, the spectrum of the transition semigroups is at the core
of ergodic theory. Indeed, not only it allows to characterize whether a system is ergodic or mixing, but it also defines the backbone of the evolution of statistics, of the
decay of correlations and of the correlation spectrum. The study of the ergodicity
spectrum can be made difficult by the fact that, the transition operators acting on
infinite dimensional spaces, their spectrum can have a continuous part and depends
on the functional spaces considered. Most often, however, one is interested in the
discrete part of the spectrum so that, for the convenience of the exposition and for
reasons which will become apparent below, we will assume that the spectrum of the
transition semigroups considered is purely discrete. Moreover, the study of the spectral properties of stochastic systems is facilitated by the fact that eigenvectors in the
spaces Lµ2 ( H ) of twice integrable functions with respect to the invariant measure
µ are of interest (i.e functions for which the mean and variance is defined), while
for deterministic dissipative systems, spaces of distributions should be considered
(Gouëzel and Liverani, 2006; Baladi and Tsujii, 2007).
f
A vector ψk is a (forward) eigenvector of L t , for a given t > 0, associated with
the eigenvalue ζk ( t ) if
f

f

L t ψ k = ζ k ( t )ψ k ,

ζ k ( t ) ∈ C.

Furthermore, to the complex conjugate ζk ( t )∗ of ζk ( t ) is associated a (backward)
f
eigenvector ψkb of U t , so that the family ψk , ψkb , k ≥ 1 forms a bi-orthonormal set
for the inner product in Lµ2 ( H ). Because L t and U t , t ≥ 0, are semigroups, the
f

eigenvectors ψk and ψkb are independent of time, contrary to the eigenvalue ζk ( t ).
Moreover from the Spectral Mapping Theorem (SMT, Engel and Nagel, 2001, Chap.
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4.3, theorem 3.7) for strongly continuous semigroups, the eigenvalues ζk ( t ), t ≥ 0
of the semigroup of transfer operators L t , t ≥ 0 are related to the eigenvalues λk of
the generator Gµ by
ζk ( t ) = e λk t ,

t ≥ 0.

(2.9)

For the dissipative systems considered here, |ζk ( t )| ≤ 1, so that the eigenvalues of
the transfer operators belong to the unit disc of the complex plane. Equivalently,
ℜ(λk ) ≤ 0, so that the eigenvalues of the generator are to the left of the imaginary
axis. This is illustrated in figure 2.1 where an example of spectrum represented as eigenvalues ζk ( t ) of the transfer operators and as eigenvalues λk of the generator are
plotted panel (a) and (b), respectively. At this point, the origin of these spectra is not
important, the example being given for a purely didactic purpose. Both representations convey exactly the same information. However, the spectrum σ(Gµ ) = {λk }k≥1
of the generator (assumed purely discrete) is more convenient, since it is independent of time, making its physical interpretation more straightforward. Thus, in the
f
following, we will refer to {λk }k≥1 , {ψk }k≥1 and {ψkb }k≥1 as the ergodicity eigenvalues, the forward eigenvectors and the backward eigenvectors, respectively. These
families will be ordered by increasing distance of the λk from the imaginary axis (i.e
by decreasing real part).
Remark 8 (Eigenvectors of the µ- and the Lebesgue-transfer operators). When the
invariant measure µ has a density p ( x ) w.r.t. the Lebesgue measure, one can see from
(2.6) that multiplying the eigenvectors of the µ-transfer operator L t by the density p ( x )
yields eigenvectors of the Lebesgue-transfer operator P t , where p ( x ) > 0, associated
with the same eigenvalue. However, in the dissipative deterministic case, the spectrum of
the Lebesgue-transfer operators corresponding to contraction towards the attractor does
not belong to the spectrum of the µ-transfer operators, since, as explained in remark 5,
the invariant measure µ is supported by the nonwandering set on the attractor.
For the systems considered in this study, an invariant probability measure µ exists.
As a consequence the leading ergodicity eigenvalue λ1 is 0 (corresponding to ζ1 ( t ) =
f
1) and is associated with the eigenvector ψ1 = 1 (Da Prato and Zabczyk, 1996, Chap.
2.1). That is,
L t 1 = 1,

t ≥ 0.

It follows from remark 8 that, the stationary density p ( x ) associated with the invariant measure µ is a fixed point for the semigroup of Lebesgue-transfer operators
P t , t ≥ 0, i.e. P t p = p. The corresponding ergodicity eigenvalue λ1 = 0 is represented in red in figure 2.1 and in the following figures. If the first eigenvalue is simple,
the invariant measure is unique and it follows that the system is ergodic (Da Prato
and Zabczyk, 1996, Theorem 3.2.6).
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(a)

(b)

Figure 2.1: Example of leading eigenvalues of (a) the transfer operator L t , for t = 1/2 and
(b) the generator Gµ , in the complex plane.

Let us now assume that there exists an eigenvalue λk with vanishing real part but
f
non-vanishing imaginary part ωk , associated with the eigenvector ψk . Then, one has
that
f

L t ψk = e iωk t ψk ,

t ≥ 0.

f

The forward eigenvector ψk is thus transferred periodically with period 2π/ωk by
the transfer operators with its norm conserved, preventing the (weak) convergence
of transferred densities L t ρ0 to the stationary density p ( x ). In this case, as can be
seen from the definition (1.6) in chapter 1, the system cannot be mixing. On the
other hand, if no ergodicity eigenvalue lies on the imaginary axis but the leading
one λ1 (accordingly, if no ζk ( t ) lies on the unit circle but ζ1 ), as is the case for the
example represented figure 2.1, one can write λk = rk + iωk with rk < 0 for k > 1,
such that
¬
¶
¶
¬
f
f
= lim t→∞ e rk t ψk , g
lim L t ψk , g
t→∞

µ

µ

=

0.

Thus, the contributions of the eigenvectors associated with other ergodicity eigenvalues than 0 decay exponentially with time at a rate given by the real part of the
eigenvalues and the system is mixing (Da Prato and Zabczyk, 1996, Theorem 3.4.1).
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We can see that the ergodicity spectrum sheds light on the statistical properties
of a dynamical system. In particular, it provides a full description of the correlation
function C f ,g ( t ) for two observables f and g in Lµ2 ( H ), defined as
C f ,g ( t ) =

=

R
RH
H

f ( x )U t g ( x )µ( d x ) − µ( f )µ( g )
L t f ( x ) g ( x )µ( d x ) − µ( f )µ( g ),

(2.10)

R
where µ( f ) = 〈 f , 1〉µ = H f µ( d x ) is the average of f for µ. Indeed, the spectral
decomposition in the Hilbert space Lµ2 ( H ) (Kato, 1995, Chap. 5.2) of the transition
semigroups on the ergodicity spectrum (assumed simple, for convenience) yields for
the correlation function
¬
¶
P∞ λ t
f
k
C f ,g ( t ) =
f , ψkb µ ψk , g − 〈 f , 1〉µ 〈1, g〉µ
(2.11)
k =1 e
µ

Thus, in agreement with the preceding developments, one can see that if λ1 = 0 is
the only eigenvalue on the imaginary axis (and if the spectrum is purely discrete), the
correlation function converges to zero for any pair of observables, a consequence of
the mixing property (Lasota and Mackey, 1994, Chap. 5.5). Moreover, the decay rate
of the correlation function is determined by the ergodicity eigenvalues λk closest
to the imaginary axis, weighted by the components of the observable f and g on
f
the eigenvectors ψkb and ψk of the backward and forward transition semigroups,
respectively.
Remark 9 (Continuous spectrum). In this study, the ergodicity spectrum will be assumed purely discrete, as is the case for finite-dimensional or compact operators (Kato,
1995). In some cases, however, the ergodicity spectrum can be continuous, in which case
the sum in the decomposition of the correlation function (2.11) must be replaced by an
integral, resulting in an algebraic decay of correlations (i.e. as a power law). One interesting such case is for deterministic systems undergoing a bifurcation (Gaspard et al.,
1995; Gaspard and Tasaki, 2001). Indeed, while away from the bifurcation point, the
ergodicity spectrum of such systems is discrete, it accumulates at the imaginary axis at
the bifurcation point, resulting in the critical slowing down of the system.
Finally, the correlation spectrum S f ,g (ω) is given by the Fourier transform of the
correlation function C f ,g ( t ). When the latter is decomposed following (2.11), the
correlation spectrum between two observables f and g takes the particular form
S f ,g (ω) =

∞
X
k =2

f , ψkb

¬
µ

f

ψk , g

¶
µ

ℜ(λ k )
.
(ω − ℜ(λk ))2 + ℑ(λk )2

(2.12)

Thus, this spectrum is a linear combination of Lorentzian profiles centered on the
angular frequencies ℑ(λk ) with half-widths ℜ(λk ). Thus, peaks in the correlation
spectrum are associated with ergodicity eigenvalues close to the imaginary axis, as
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will be illustrated in figure 2.3 of the coming section 2.3. The closer a particular ergodicity eigenvalue to the imaginary axis, the sharper the spectral peak associated
to it. The position of the peak is given by the imaginary part of the ergodicity eigenvalue and its intensity by the product of the components of the observables f and
g on the backward and forward eigenvectors, respectively. In fact, the ergodicity eigenvalues are poles of the resolvent operator R(λ, Gµ ) = (λ − Gµ )−1 , λ ∈ C \ σ(Gµ ),
which, where well defined, is the Laplace transform of the semigroup of transfer operators giving their frequency response (see Arendt et al., 2011, for more details).
Note also that this type of spectrum is ubiquitous to nature and is found in particular
in quantum mechanics for which the natural broadening of an emission line of an
atom is due to the uncertainty principle and for which ℜ(λk ) would be the spontaneous emission rate of the atom (Hollas, 2004). Another example is the famous climatic red-noise spectrum studied by Hasselmann (1976) arising for one-dimensional
Ornstein-Uhlenbeck process (OU), which is easily recovered from (2.12) and will be
extended in section 2.3.
2.2

A P P R O X I M AT I O N B Y R E D U C E D T R A N S I T I O N M AT R I C E S

From the previous sections, it should be clear that the spectrum of the transition
semigroups can provide precious information on the characteristic evolution of statistics. Yet, their analytical study is limited to a few simple cases (Dekker and van
Kampen, 1979; Gaspard et al., 1995; Gaspard and Tasaki, 2001), due to the infinite dimensionality of the operators and, possibly, to the high dimensionality of the
phase space. Thus, there is a strong need for good approximation methods. A Galerkin approximation of the transition semigroups (defined in (2.3) and (2.4)) on a
finite-dimensional set of disjoint characteristic functions, known as Ulam’s method
(Ulam, 1964; Dellnitz and Junge, 1999), is supported, in the deterministic case, by
the fact that the discrete spectrum of the transition semigroups of smooth uniformly
hyperbolic systems acting on appropriate Banach spaces is stable to perturbations
(Gouëzel and Liverani, 2006; Butterley and Liverani, 2007; Froyland, 2007) and,
in the stochastic case, by the fact that such method introduces numerical diffusion
having a similar effect as the additive noise in (2.1) (Froyland et al., 2013). This
method and others (Mezić, 2013) led to many interesting applications in dynamical systems theory (Dellnitz and Junge, 1997; Froyland and Padberg, 2009; Koltai,
2010), stochastic modelling (Froyland et al., 2014a), physical oceanography (Froyland et al., 2007; Dellnitz et al., 2009; van Sebille et al., 2012; Froyland et al.,
2014b), hydrodynamics (Rowley et al., 2009; Mezić, 2013) and molecular dynamics
(Deuflhard et al., 1999; Schütte et al., 1999; Bittracher et al., 2015). Yet, for highdimensional systems, Ulam’s method becomes intractable, as the size of the grid, for
an equivalent refinement, grows exponentially with the dimension. Only recently has
a rigorous method already used by Schütte et al. (1999) in molecular dynamics been
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extended and introduced to the climate community by (Chekroun et al., 2014) in
order to deal with high-dimensional systems. This method relies on the projection of
the dynamics on a reduced space and will now be presented before to apply it in the
next chapters.
2.2.1

Reduced Markov operators

Instead of attempting to approximate the full transfer operator L t on the phase
space H, only a reduced transfer operator LR
t given by a particular orthogonal projection of the transfer operator on a space of measurable functions acting on a lowerdimensional space Y = R p , (p < dim H) than the phase space H is approximated
(Chekroun et al., 2014). The reduced space Y is defined by an appropriately chosen
continuous observation operator R : H → Y and induces a reduced measure m such
that m( B ) = µ(R −1 ( B )) for any Borel set B in the σ-algebra B ( Y ) associated with
the reduced space Y (i.e. m is the push-forward of µ with respect to R). Technically,
the reduced transfer operator LR
t is constructed from the conditional expectation
E [·|B ( Y )] as described by the following diagram.
f ◦R
O

Lt

/ Lt ( f ◦ R )

E [·|B ( Y )]

◦R

f

LR
t


/ LR f
t

First, the observable f acting on the reduced space Y is lifted to the space of measurable functions on the phase space H by the composition with the observation operator
R. The resulting observable f ◦ R corresponds to a crude representation of f on H
(i.e. f ◦ R is constant on the space H\Y orthogonal to Y in H). As a second step, the
true transfer operator L t is applied to the lifted observable f ◦ R. Last, the transferred observable is descended back to the space of measurable functions on Y by
taking its conditional expectation with respect to B ( Y ). The conditional expectation
is well-defined, as assured by the disintegration theorem applied to the measure µ
(Kallenberg, 2002, Chap. 6) and corresponds to a Hilbert space orthogonal projection
2
( Y ). Therefore, the reduced operator LR
from Lµ2 ( H ) to Lm
t inherits from the Markov
property of L t (Chekroun et al., 2014). Moreover, it follows from the invariance of
µ and the definition of reduced operator that the characteristic function supported
by Y is an eigenvector of LR
t associated with the leading eigenvalue 1.
As a consequence, transition probabilities between sets any two sets E and F in
the reduced space Y coincide with transition probabilities between their pre-images
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Figure 2.2: Schematic of the calculation of transition probabilities between two sets E and F
in the reduced space from their pre-image in the phase space.

R −1 ( E ) and R −1 ( F ) in the phase space H and are given by the reduced transfer
operator LR
t according to

LR
t χE , χF

m

m( E )

= Pµ ( X ( t, x ) ∈ R −1 ( F )|x ∈ R −1 ( E )),

E, F ∈ B ( Y )

(2.13)

as follows from the fact that

LR
t χE , χF
m( E )

m

=

L t χR −1 ( E ) , χR −1 ( F )
µ(R −1 ( E ))

µ

=

χR −1 ( E ) , U t χR −1 ( F )
µ(R −1 ( E ))

µ

.

(2.14)

This is the content of Theorem A by Chekroun et al. (2014), which can be extended
to the stochastic case, as illustrated in figure 2.2. On this figure, the two sets E and F ,
respectively represented in blue and red, belong to the reduced space Y represented
by the horizontal black line. These two sets are first lifted to the phase space H,
represented by the plane, by taking their pre-images R −1 ( E ) and R −1 ( F ) w.r.t. the
observation operator R, represented in light blue and light red, respectively. The
expectation with respect to the noise of the pre-image of R −1 ( F ) by the RDS φ is
then taken. In fact, this does not make sense in the nondeterministic case because
this operation does not result in a set. Rather, it is the backward transfer U t χR −1 ( F )
of the characteristic function supported by the pre-image of F by R which is taken,
as represented by the red contours. The transition probability from E to F are then
given by the scalar product of χR −1 ( E ) and U t χR −1 ( F ) normalized by the measure
of F , as in (2.14). It follows also immediately from the identities (2.14), that the
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2
correlation function of any observables f , g ∈ Lm
( Y ) can be calculated exactly from
R
the reduced operators L t , t ≥ 0 by

C f ,g ( t ) = C f ◦R,g◦R ( t )

=

L t ( f ◦ R ), g ◦ R

=

LR
t

f,g

m

µ

.

(2.15)

This of course not the case for the correlation function of any observables in Lµ2 ( H ).

However, contrary to L t , t ≥ 0, the family LR
t , t ≥ 0 does not constitute a semigroup because information is lost each time the conditional expectation is taken. This
is illustrated in the following diagram,
f ◦R
O

Ls

/ Ls ( f ◦ R ) (LR f ) ◦ R
s O
E [·|B ( Y )]

◦R

f

LR
s

Lt

E [·|B ( Y )]

◦R



/ LR f
s

LR
s f

/ L t [(LR f ) ◦ R ]
s

LR
t


/ LR LR f
t
s

where the observable f is transferred to time step s + t in two steps of length s and
t. In between, the lift of f transferred by L t is projected on the space of measurable
functions on the reduced space Y and lifted back to the space of measurable functions
on the phase space H. This operation results in a loss of information because f 7→ ◦R
is not a left-inverse of g 7→ E [ g|·]. This differs from the situation,
f

LR
s+ t

E [·|B ( Y )]

◦R


f ◦R

/ LR f
s+ t
O

Ls + t

/ Ls + t ( f ◦ R )

in which the observable f is directly transferred to time step s + t, without projecting
R R
to Y in between, so that LR
s + t differs from L t Ls . This loss of the semigroup property,
and a fortiori of the Markov property, can be understood in terms of Mori-Zwanzig
formalism (Zwanzig, 2001; Chorin and Hald, 2009), which teaches us that projecting an evolution equation on a reduced space introduces memory effects since past
realizations of the projected process are needed to predict its future state.
2.2.2

Calculating the reduced transition matrix

In practice, the reduced transfer operator LR
t needs to be discretized. Therefore, the
Galerkin approximation of LR
is
taken
by
projecting it on the set of characteristic
t
functions {χBi }1≤i≤n supported by n disjoint grid boxes {Bi }1≤i≤n covering a compact
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subset G of the reduced space Y . This results in a reduced transition matrix PR
t with
elements the transition probabilities
¬
¶
LR
χBi , χB j
t
m
( PR
= Pµ ( X ( t, x ) ∈ R −1 ( B j )|x ∈ R −1 ( Bi )),
t )i j =
m( B i )
of an observation given by R initially in box Bi to be in box B j after a time t. These
transition probabilities can be estimated from a long time series {x s }1≤s≤T of the
system by the Maximum Likelihood Estimator (MLE) (e.g. Billingsley, 1961) as such

(P̂R
t )i j =

#{( ys ∈ Bi ) ∧ ( ys+ t ∈ B j )}
#{ ys ∈ Bi }

,

(2.16)

where ys = R ( x s ) is the observation of the sth realization of the time series and
#{ ys ∈ Bi } counts the number of observations falling in Bi over the period of the
time series. In fact, the vector m̂ with elements m̂i = #{ ys ∈ Bi }/#{ ys ∈ G} is the
normalized histogram on the grid (or probability density function) giving a discrete
estimate of the Lebesgue-density of the reduced measure m from the long time series
of the observable.
Remark 10 (Restriction to the support of the invariant measure). Because of the high
dimensionality of the phase space H, it is not possible to estimate the transition probabilities from many short simulations starting from different initial conditions seeding the
phase space, as is usually done for Ulam’s method (Dellnitz and Junge, 1999). Instead,
taking advantage of the ergodicity of the invariant measure, only one long simulation
with spin-up removed is used (if the system was not ergodic, the present method would
select one of its ergodic components, depending on the initial condition). This is why
we have focused on the transfer operators defined w.r.t. to the invariant measure rather
than the Lebesgue measure. For deterministic dissipative systems, such method does not
allow to resolve motions of contraction towards the attractor (see chapter 4), because
only transition probabilities between sets on the attractor are resolved (see remarks 5
and 8). In the presence of noise, however, the system is perturbed away from the attractor,
so that motions corresponding to contraction towards the attractor can be resolved (see
also Cessac and Sepulchre, 2007; Colangeli and Lucarini, 2014) as long as the time
series is long enough to sample the whole phase space (of course, due to the finite length
of the time series, only a compact region of the phase space can be sampled in practice).
Other important issues of spin-up, round-off errors and convergence regarding the use
of a long time series have been stressed by Froyland (2001).
The transition matrix PR
t constitutes a finite-dimensional approximation of (when
acting on the left) the (forward) reduced operator LR
t and of (when acting on the
right) its adjoint, the (backward) reduced operator UR
t , defined by replacing the
transfer operator L t by the Koopman operator U t in the diagram defining LR
t . To
2
2
see this, let us define the space L̃m ( Y ), the discrete counterpart of Lm ( Y ), such that
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Pn

2
for any f ∈ L̃m
( Y ), f ( x ) =
product 〈 f , g〉m is given by

i =1 f i χ B i ( x ), f i

〈 f , g〉m =

Pn

∗
i =1 f i m i g i

2
∈ C. For f , g ∈ L̃m
( Y ), the inner

= fD(m)g∗ ,

where f is the row vector ( f1 , ..., f n ), f∗ its conjugate transpose and D(m) the diagonal
matrix with diagonal elements mi , 1 ≤ i ≤ n, giving the discrete approximation of the
density of m with respect to the Lebesgue measure. Thus, the action of the reduced
2
Markov operators on the discretized space L̃m
( Y ) is such that
¬

LR
t f , χB j
χBi , UR
t f

¶
m
m

=
=


fD(m)PR
t j,

∗
PR
t f i,

1≤ j≤n

(2.17)

1 ≤ i ≤ n.

(2.18)

The first identity means that the Galerkin approximation of the transfer of a density
2
f ∈ L̃m
( Y ) by the reduced transfer operator LR
t is obtained by applying the matrix
R
D(m)P t to the right of the vector representation f of f . Correspondingly, the second
identity means that the Galerkin approximation of the transfer of an observable g ∈
2
R
L̃m
( Y ) by the reduced Koopman operator UR
t is obtained by applying the matrix P t
to the left of the vector representation g of g.
Interestingly, the MLE estimate P̂R
t of the reduced transition matrix can be used
to recover other sample-based estimators. First, we have seen that the normalized
histogram m̂ with elements m̂i = #{ ys ∈ Bi }/#{ ys ∈ G} gives an estimate of the
discretization of the density m( x ) of the reduced measure m. It is in fact the first
left-eigenvector of P̂R
t associated with the eigenvalue 1, since
Pn
R
(m̂P̂R
t )j =
k =1 m̂k (P̂ t ) k j
Pn #{ ys ∈Bk } #{( ys ∈Bk )∧( ys+ t ∈B j )}
=
k =1 #{ ys ∈G} ×
#{ ys ∈Bk }
Pn #{( ys ∈Bk )∧( ys+ t ∈B j )}

=

k =1

#{ ys ∈G}
#{ ys + t ∈B j }
#{ ys ∈G}

=
=

mj,

so that m̂ is a fixed point for P̂R
t (which is unique by construction from a single time
series). More interestingly, the sample correlation function Ĉ f ,g ( t ) for two observ2
ables f , g ∈ L̃m
( Y ), defined as
Ĉ f ,g ( t )

=

1
T

PT

s =0 ( f

( x s ) − f¯ )( g ( x s+ t ) − ḡ )∗ ,

(2.19)

PT
where f¯ = T1 s=0 f ( x s ) = fm̂ is the sample mean of f , coincides with the transition
matrix estimate C̃ f ,g ( t ) of the correlation function, defined as
∗
∗
C̃ f ,g ( t ) = fD(m̂)P̂R
t g − (fm̂)(m̂g ),

(2.20)
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2
as expected from the identity (2.15). Indeed, from (2.16) and for f , g ∈ L̃m
( Y ),

C̃ f ,g ( t ) =

1 XX
f i #{ ys ∈ Bi , ys+ t ∈ B j }g ∗j − f¯ g¯∗ .
T i j

On the other hand,
1
T

Ĉ f ,g ( t ) =

=

1
T

s =0

P P P
i

j

1
T

=
=

PT

1
T

ys ∈Bi , ys+ t ∈B j

P P P

P P
i

f ( ys ) g ( ys+ t )∗ − f¯ g¯∗

i

j

f ( x s ) g ( x s+ t )∗ − f¯ g¯∗

∗
ys ∈Bi , ys+ t ∈B j f i g j −

j f i #{ ys

f¯ g¯∗

∈ Bi , ys+ t ∈ B j }g ∗j − f¯ g¯∗ .

2
Thus, for any f , g ∈ L̃m
( Y ), the sample and transition correlation functions Ĉ f ,g ( t )
and C̃ f ,g ( t ) coincide and give an estimate of the true correlation function C f ,g ( t )
defined in (2.10) and satisfying (2.15).

2.2.3

Spectrum of the reduced transition matrix and correlations

Once the transition matrix PR
t has been estimated for a continuous observation operator R and a lag t, its eigenvalues ζ̂R
( t ), 1 ≤ k ≤ n can be calculated, together with
k
R
its left eigenvectors êk ( t ) and right eigenvectors f̂R
( t ). From the identities (2.17)
k
R, f

and (2.18), one can see that the forward reduced ergodicity eigenvectors ψk ( t ) of
R
the reduced transfer operator LR
t are approximated by the left eigenvectors êk ( t )
R,b

of P̂R
t divided by m̂ and that the backward ergodicity eigenvectors ψk ( t ) of the
R
reduced Koopman operator UR
t are approximated by the right eigenvectors f̂k ( t ) of
R
P̂ t . To get an approximation of the ergodicity eigenvalues λk , the complex logarithm
of the eigenvalues of the reduced transition matrix P̂R
t divided by t is taken as such


R
ℜ λ̂R
k ( t ) = log ζ̂k ( t ) / t


ℑ λ̂R
arg ζ̂R
( t ) / t.
(2.21)
k (t) =
k
R
From the SMT (2.9), if P̂R
t was the true transfer operator L t , the λ̂k ( t ) would
yield the leading eigenvalues of the generator Gµ . The eigenvalues λ̂R
( t ), together
k
R, f

R,b

with the eigenvectors ψ̂k ( t ) and ψ̂k ( t ), would then be independent of the lag
t, but because the semigroup property is lost due to the projection on the space of
functions of the reduced space Y , transition matrices estimated for different lags can
R, f
( t ), as stressed by the addition of the argument
( t ), ψ̂k ( t ), ψ̂R,b
yield different λ̂R
k
k
t. The importance of the choice of the lag t is discussed in more details in chapter
5. As a rule of thumb, shorter lags allow to access shorter time scales but longer
lags allow to treat the fast unresolved variables as decorrelated noise and to resolve
longer time scales better.
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Remark 11 (Choosing the observation operator). While the quality of the approximation of the spectrum of the semigroup of transfer operators by the spectrum of transition
matrices depends on the choice of the observation operator R together with the grid
and sampling of the time series, it is expected from the results presented in the previous subsection 2.2.1 and in Chekroun et al. (2014) that the reduced transfer operator
LR
t contains partial information on the transfer operator L t . In order to maximize
this information, the observation operator R should be chosen in order for the leading
ergodicity eigenvectors to project significantly on the space of functions on Y so as for
the leading ergodicity eigenvalues to be captured. Moreover, it is shown in the following
subsection 2.2.4 that an estimate of the spectral gap separating the ergodicity eigenvalues of the transfer operators can be given from the one between the eigenvalues of the
reduced Markov operators.
Last but not least, knowing the eigenvalues ζ̂R
( t ) and the eigenvectors êR
( t ) and
k
k
R
the transition matrix P̂ t can be diagonalized as such

f̂R
( t ),
k

P̂R
t

R R
= F̂R
t Ẑ t Ê t ,

(2.22)

R
R
where ẐR
t is the diagonal matrix with elements the eigenvalues ζ̂k ( t ), 1 ≤ i ≤ n, Ê t
R
is the matrix of the left eigenvectors of P̂ t with its kth row giving the eigenvector
R
êR
( t ) and F̂R
t is the matrix of the right eigenvectors of P̂ t , with its kth column giving
k
the eigenvector f̂R
( t ). The spectral decomposition (2.22) of the transition matrix P̂R
t
k
can be used to calculate the transition matrix correlation function C̃ f ,g ( t ), defined
in (2.20) directly from the spectrum of P̂R
t , as such

C̃ f ,g ( t ) =

∗
∗
fD(m̂)P̂R
t g − (fm̂)(m̂g )

R
R ∗
∗
= (fD(m̂)F̂R
t )Ẑ t (Ê t g ) − (fm̂)(m̂g ),

(2.23)

where the last identity corresponds to the spectral decomposition (2.11) for f , g ∈
2
L̃m
( Y ). In the decomposition (2.23), we have used the eigenvalues and eigenvectors
of reduced transition matrices P̂R
t for t ≥ 0, which, apart from sampling errors and
imprecisions in the resolution of the eigenvalue problem, should give exactly the
2
correlation function C f ,g ( t ) for observables f and g in the discrete space L̃m
( Y ). EsR
timating the transition matrices P̂ t for many lags t and calculating their spectrum is
computationally expensive. Instead, one can calculate the spectrum of a single transR
ition matrix P̂R
τ for a carefully chosen lag τ and replace the matrix Ẑ t in (2.23) by
R
R
the matrix e t Λ̂τ with diagonal elements e t λ̂k (τ) , 1 ≤ k ≤ n, keeping the eigenvectors
fixed at lag τ, as such
R

t Λ̂τ
∗
∗
C̃ f ,g ( t ) ≈ (fD(m̂)F̂R
)(ÊR
τ )e
τ g ) − (fm̂)(m̂g ),

(2.24)

Because the semigroup property is lost due to the projection, one cannot expect the
2
decomposition (2.24) to be exact, even for observables in the discrete space L̃m
( Y ).
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However, if the observation operator R is chosen so as to capture the slowest motions, the leading eigenvalues of the transition matrix are expected to be robust to the
choice of the lag τ (see chapter 5 for a detailed discussion). On the other hand, the
contribution associated with the secondary eigenvalues far from the imaginary axis
will decay quickly with time. Thus, the constance of the reduced ergodicity eigenvalues with the lag as well as the quality of the reconstruction (2.24) of the correlation
function constitute a good test of the quality of the approximation of the ergodicity
spectrum by the spectrum of reduced transition matrices.
As a final remark, most of this work focuses on the ergodicity eigenvalues in order
to study the time scales of the mixing properties of the system and the next subsection
2.2.4 gives a theorem relating the spectrum of the reduced transfer operator to the
ergodicity spectrum of the semigroup of transfer operators. However, we will also
see in chapter 3, that much can be learned from the ergodicity eigenvectors as well,
in particular about the heterogenous character and the nature of the dynamics in
phase space.
2.2.4

Reduced spectral gap theorem

We have seen in subsection 2.2.1 that, due to the projection E [·|B ( Y )] : Lµ2 ( H ) →

2
Lm
( H ), iterations of the reduced transfer operator LR
t cause a loss of information
about the dynamics which in turn results in a breakdown of the semigroup property
that the family of transfer operators enjoys. As a consequence, one cannot expect
the reduced ergodicity eigenvalues λR
( t ) of LR
t to coincide with the ergodicity eik
genvalues λk of the semigroup of transfer operators. Instead, one can only hope to
capture the leading ergodicity eigenvalues responsible for the slowest decay of correlations when the observation operator R is chosen so as for the slowest motions
to project on the reduced space Y (i.e. for the eigenvectors associated with these
leading eigenvalues to project significantly on the space of measurable functions on
Y ). In particular, for the applications of the following chapters, the most important
information is provided by the spectral gap between the real parts of the first eigenvalue λ1 = 0 and the second eigenvalue λ2 of the generator Gµ , or, correspondingly,
by the spectral gap δL t between the modulus of the first eigenvalue ζ1 ( t ) = 1 and
the modulus of the second eigenvalue ζ2 ( t ) of the transfer operator L t . Indeed, this
spectral gap gives a measure of the rate of decay of correlations (or rate of mixing),
as can be seen from the spectral decomposition (2.11) of the correlation function.
The question thus boils down to whether the reduced spectral gap δLR = 1 −
t

R
|ζR
2 ( t )| of the reduced transfer operator L t can give a good estimate of the true
spectral gap δL t = 1 − |ζ2 ( t )|. Intuitively, one expects this reduced spectral gap to
give an upper bound to the true spectral. Indeed, the projection of the dynamics on
the reduced space Y induces an apparent increase of the mixing, manifested by the
crossing of the observed trajectory R ( X ( t, x )) on Y , as well as by the extra diffusion,
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or coarse-graining, associated with each iteration of the reduced transfer operator
LR
t , as illustrated by the diagrams of subsection 2.2.1. This idea is confirmed by the
following theorem, subsequently proved for the special case of compact operators.
Theorem 1 (Reduced spectral gap). We assume that the SDE (2.1) on the Hilbert space
H is well-posed and that an invariant measure µ exists. Let L t , t ≥ 0 be the semigroup
of transfer operator with respect to µ of the SDE, which can be extended to a semigroup
of contraction on Lµ2 ( H ). Let R be a continuous mapping from the phase space H to
the reduced space Y = R p , p < dim H, inducing a pull-back measure m = R ∗ µ on the
2
Borel σ-algebra B ( Y ). Let LR
t on L m ( Y ) be the reduced transfer operator associated
with the observation operator R (see subsection 2.2.1 and Chekroun et al., 2014). We
further assume that the transfer operators are compact.
R
Then, the spectral gap δLR = 1 − |ζR
2 ( t )| of L t is such that
t

δL R ≥ δL t
t

t ≥0

where δL t = 1 − |ζ2 ( t )| is the spectral gap of the transition operator L t .
The important assumption of the theorem is the compactness of the transfer operator L t . This should not come as a surprise as compact operators in infinite dimension share many properties of finite dimensional operators, in particular the discreteness of the spectrum, as assumed for the spectral decomposition of the correlation
function (2.11). The proof relies on the extension of the min-max variational principle to compact nonselfadjoint adjoint operators on Hilbert space by Ramm (1981)
(see also Ramm, 1983, for a generalization to Banach spaces). Mainly, the eigenvalue problem for LR
t on the reduced space is lifted to an eigenvalue problem for
L t on the full space, for which the eigenvectors of the reduced operator can only be
sub-optimal. Let us first define the space



ψR, f , 1 m
= 0


2
2
( Y ) × Lm
(Y ) :
V R = (ψR, f , ψR,b ) ∈ Lm
1, ψR,b m
= 0 ,




ψR, f , ψR,b m = 1
R, f

2
of couples of Lm
( Y ) which are bi-orthonormal with the first eigenvectors ψ1
R,b
ψ1

R, f
( ψ2
R

LR
t

=1

R,b
, ψ2 )

and
= 1 of
and its adjoint. Thus, the second eigenvectors
R
associated with the eigenvalue ζR
2 ( t ) of L t and its adjoint are in V . From the
disintegration of the measure µ (Kallenberg, 2002, Chap. 6), we have that
2
ψR ∈ L m
(Y )

ψR, f , 1
1, ψ

m

R,b

ψR, f , ψR,b

=

0

⇔

ψR ◦ R ∈ Lµ2 ( H )

⇔

ψR, f ◦ R, 1
R,b

µ

m

=

0

⇔

1, ψ

◦R

µ

m

=

1

⇔

ψR, f ◦ R, ψR,b ◦ R

µ

=

0,

=

0,

=

1.

35

36

E R G O D I C I T Y S P E C T R U M: T H E O RY A N D M E T H O D O L O GY

Thus, ψR 7→ ψR ◦ R is an isometry from V R to

V=









2
∃ψR, f , ψR,b ∈ Lm
( Y ) s.t.

(ψ f , ψ b ) ∈ Lµ2 ( H ) × Lµ2 ( H ) :

ψ f = ψR, f ◦ R,




ψ ,1
f

µ

1, ψ

= 0,

b

ψ b = ψR,b ◦ R
µ



ψ ,ψ µ = 1
f

= 0,

b

f

the set of couples of Lµ2 ( H ) which are bi-orthonormal to the first eigenvectors ψ1 = 1
and ψ1b = 1 of L t and its adjoint. From its definition, V is included in the space

W=





< ψ f , 1 >µ

(ψ f , ψ b ) ∈ Lµ2 ( H ) × Lµ2 ( H ) :

< 1, ψ b >µ




< ψ f , ψ b >µ



= 0

= 0 ,


= 1

f

f

to which the second eigenvectors (ψ2 , ψ2b ) of L t and its adjoint belong, since ψ1 = 1
and ψ1b = 1 are the first eigenvectors of L t and its adjoint, respectively. The second
R, f

eigenvalue ζR
2 ( t ), eigenvector ψ2
that

R,b

and adjoint eigenvector ψ2
R, f

|ζR
2 ( t )| =

< LR
t ψ2

R, f

< ψ2

R,b

, ψ2

R,b

, ψ2

>m

>m

of LR
t are such

,

so that, from the disintegration of the measure µ, the unique couple ( v f , v b ) in V
R, f
R,b
such that v f = ψ2 ◦ R and v b = ψ2 ◦ R satisfies
|ζR
2 ( t )|

=

< L t v f , v b >µ
< v f , v b >µ

= < L t v f , v b >µ

(2.25)

Moreover, from the variational principle of Ramm (1981) applied to the operator L t ,
assumed compact on the Hilbert space Lµ2 ( H ), the second eigenvalue of L t is such
that
|ζ2 | =

max
f
ψ ∈ Lµ2 ( H )

min
b
ψ ∈ Lµ2 ( H )

| < L t ψ f , ψ b >µ |

(2.26)

< ψ f , 1 >µ = 0 < 1, ψ b >µ = 0
< ψ f , ψ b >µ = 1
R, f

R,b

Thus, ( v f , v b ) = (ψ2 ◦ R, ψ2 ◦ R ) ∈ V can only be a sub-optimum of the variational problem (2.26), since V ⊆ W and it follows, from the identity (2.25), that
|ζR
2 ( t )| ≤ |ζ2 |, hence the statement of the reduced spectral gap theorem.

,

2.3

A P P L I C AT I O N T O A N O R N S T E I N - U H L E N B E C K P R O C E S S

Remark 12 (Applicability of the theorem). The compactness of the transition semigroups is a very strong property. It has been proven to be satisfied by some stochastic
systems in Lµ2 ( H ) (the space of twice integrable functions with respect to the invariant
measure µ on the Hilbert space H) such as finite-dimensional OUs (Chojnowska-Michalik
and Goldys, 1995; Metafune et al., 2002) and some dissipative SDEs (Da Prato et al.,
2002). For dissipative deterministic systems, however, one cannot expect the transition
semigroups to be compact, let alone on the Hilbert space Lµ2 ( H ), because of the presence
of an essential spectrum to the left of the discrete eigenvalues. Instead, these operators may be quasi-compact, as was shown for expanding maps (Rychlik, 1983; Ruelle,
1989c) and hyperbolic systems (Blank et al., 2002; Gouëzel and Liverani, 2006; Baladi
and Tsujii, 2007; Butterley and Liverani, 2007; Baladi and Liverani, 2012). This essential spectrum may result in a decay of correlations which is not exponential (see e.g.
Butterley, 2015). It is thus expected that our theorem can extend to the quasi-compact
case only for short lags t, depending on the degree of hyperbolicity of the system.
2.3
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As a first application of the theory exposed in section 2.1 and as a first test for the
methodology presented in the previous section 2.2, we study the spectrum of a ddimensional OU, 1 ≤ d < ∞. Such an OU is obtained by setting the nonlinear part F
of the general SDE (2.1) to zero and identifying the linear operator A and the noise
operator Σ with the matrices A0 and Q, respectively. That is
d X = A0 X d t + QdW ,

(2.27)

The matrix A0 is the linear and deterministic part of the process, while the real, symmetric and nonnegative matrix Q gives the crosscorrelations between the d components of the noise. In the following, we assume that the spectrum σ(A0 ) of A0 has
strictly negative real part, so that the OU process is stable and has a unique invariant
measure µ (Da Prato and Zabczyk, 1996; Metafune et al., 2002).
It has been shown in Metafune et al. (2002) (see also Chojnowska-Michalik and
p
Goldys, 1996; Metafune, 2001), that the ergodicity spectrum σ(G ) in Lµ (Rd ), 1 <
p < ∞, of a d-dimensional OU is discrete and given by linear combinations (with
coefficients in the natural numbers) of the eigenvalues of A0
¨ m
«
X
σ ( Gµ ) =
nl γl such that γl ∈ σ(A0 ), nl ∈ N, m ≥ 1 .
(2.28)
l =1

Interestingly, the eigenvalues λk , k ≥ 0, depend on Q only through the dependence
p
of the invariant measure µ defining Lµ (Rd ) on Q. We will see in chapter 3, that this
is generally not the case for nonlinear systems. Moreover, the forward and backward
eigenvectors (which, in the one dimensional case, are given by Hermite polynomials,
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respectively) are affected by the noise level in such way that their width increases as
the noise level is increased (Gaspard et al., 1995; Metafune et al., 2002).
To demonstrate the potential of the numerical method presented section 2.2 and
in view of the forthcoming applications, we take as an example a two-dimensional
OU with




1 0
0.196
0.513
.
(2.29)
A0 =
, Q=
0 1
−0.513 −0.396
The matrix A0 has been designed in order to have a pair of complex conjugate eigenvalues γ1,2 = −0.1 ± 2π/15 so that the corresponding linear system has a stable
focus point at 0 to which solutions converge with a characteristic time-scale of 10
time-units, spiralling with a period of 15 time-units. The ergodicity spectrum is approximated following the method described in section 2.2, from a simulation of the
OU process X ( t, x ) using the Euler-Maruyama scheme with a time-step δt of 0.01 for
a duration D of 106 time-units (i.e 108 time-steps). For the initial condition x not
to be in a weakly sampled region of the phase space, a spin-up period of 105 timeunits is removed. The dimension of the two-dimensional phase space being small,
no reduction is necessary for an estimation of the transition matrix PR
t , so that the
observation operator R is simply taken as the identity on H. The transition matrix
PR
t for a lag t of 0.5 time-unit was estimated on a grid of 200-by-200 boxes spanning -4 to +4 standard deviations in both directions. The leading eigenvalues of the
resulting transition matrix P̂R
t , converted to generator-like eigenvalues by applying
the formula (2.21), are represented in figure 2.3(a) as red and black solid dots, together with the analytical eigenvalues given by the analytical formula (2.28) as blue
R
crosses. The left eigenvector of P̂R
t associated with the ergodicity eigenvalue λ̂1 = 0
and approximating of the density of the invariant measure µ is also represented in
figure 2.3(b).
As expected (see e.g. Da Prato and Zabczyk, 1996), the approximated invariant
density represented in figure 2.3(b) is bivariate-normal, with a correlation matrix
determined by A0 and Q. By comparing the position of the solid dots and the crosses
in figure 2.3, one can see that the leading eigenvalues of the ergodic semigroup corresponding to (2.27) are well captured by the approximation. Indeed, the first 10
eigenvalues have a relative error of less than 1%. The real parts of eigenvalues far
from the imaginary axis tend to be overestimated (in absolute value), while the imaginary parts of eigenvalues far from the real axis are underestimated. Note that the
eigenvalues which are the farthest from the imaginary axis correspond to very fast
time scales so that they become more and more sensitive to the finite time-step δt of
0.01 used in the integration scheme. The numerical method used here is thus promising, since, in most applications of ergodic theory, one is interested in the slowest
time scales, i.e those responsible for the slow decay of correlations.
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(b)

Figure 2.3: (a) Approximated ergodicity eigenvalues of the two-dimensional OU defined in
(2.29). The red and black solid dots represent its approximation from the transition matrix P̂R
t estimated for a lag t of 1 time-unit on a grid of 200-by-200 boxes
spanning -4 to +4 standard deviations in both directions. The blue crosses represent the analytical spectrum as given by (2.28). (b) Approximation of the density of
the invariant measure as the left eigenvector of P̂R
t associated with the ergodicity
eigenvalue zero.

The pyramidal array of ergodicity eigenvalues represented in figure 2.3 is characteristic of linear systems with a stable focus point, i.e. for which the leading eigenvalues of the linear operator constitute a complex pair of eigenvalues. As a consequence
the leading pair of secondary ergodicity eigenvalues, which, by formula (2.28), is
identical to that of the linear operator, is responsible for correlation functions to oscillate at an angular frequency given by their imaginary part of the complex pair and
decaying at a rate given by their real part. This can be seen in figure 2.4(a), where
the sample autocorrelation function (2.19) for the observables f ( x ) = g ( x ) = x is
represented by a thick blue line. The slowly decaying oscillations in the correlation
functions represented in figure 2.4(a) associated with the leading complex pair of
ergodicity eigenvalues are responsible for a peak in the power spectrum (2.12), as
can be seen from the periodogram Ŝ x,x (ω) of figure 2.4(b), calculated as the Fourier
transform of the sample correlation function Ĉ f ,g ( t ) (von Storch and Zwiers, 1999)
applying a hamming window to reduce spectral leakage. As discussed at the end of
subsection 2.1.3, the position of the peak is determined by the imaginary part of the
ergodicity eigenvalues and its width by its real part (ergodicity eigenvalues close to
the imaginary axis being responsible sharp peaks). The transition matrix correlation
function (2.20) reconstructed from the leading 200 eigenvalues and eigenvectors of
the single transition matrix P̂R
t by applying (2.24) is also represented in figure 2.4(a)
by a dashed red line. We can see that both correlation functions coincide almost
identically (which would also be the case if only the first complex pair of eigenvalues
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(a)

(b)

Figure 2.4: (a) Sample correlation function Ĉ x,x ( t ) (thick blue line) and spectral reconstruction of the correlation function C̃ x,x ( t ) (green dashed line). (b) Periodogram
Ŝ x,x (ω) calculated as the Fourier transform of the sample correlation function
Ĉ x,x ( t ). The vertical dashed blue line marks the imaginary part of the leading
complex pair of ergodicity eigenvalues.

and eigenvectors would be used) because, not only the leading ergodicity eigenvalues
represented figure 2.3 are well approximated, but also the eigenvectors associated
to them, and that, since no reduction is performed, the semigroup property is only
vulnerable to the discretization and the finite sampling, in this case. Indeed, only
the discretization and the approximation of the spectrum from a long but finite time
series is tested here. However, armed with the theorem of Chekroun et al. (2014)
and the reduced spectral gap theorem of section 2.2.4, we will see in the coming
chapters that much can be learned even if the transition matrix is estimated on a
much lower-dimensional space than the phase space itself.

3
ERGODICITY SPECTRUM OF STOCHASTIC EVOLUTION
E Q U AT I O N : T H E O R Y A N D A P P L I C AT I O N T O E L N I Ñ O

The relationship between the ergodicity spectrum and the stability of a dynamical system is revealed in the context of bifurcation theory. As a system becomes unstable,
it takes more and more time to recover from perturbations, a phenomenon known
as critical slowing down. Thus, densities are expected to converge less quickly to the
invariant measure so that the ergodicity eigenvalues should approach the imaginary
axis. These ideas are applied to simple dynamical models of El Niño-Southern Oscillation (ENSO) undergoing a Hopf bifurcation. The first model, the stochastic delayed
oscillator, is an SDDE, while the second, the Zebiak-Cane model, is a Galerkin truncation of a PDE.
As a first step, novel formulas are given for the leading part of the ergodicity eigenvalues of general linear SDDEs. These formulas are derived from the ergodicity
spectrum of OUs and are supported by Galerkin approximations of the SDDEs. These
results are applied to the linear version of the stochastic delayed oscillator and it
is found that the numerical approximations of the ergodicity eigenvalues agree well
with the conjectured formulas, even though a reduction from an infinite-dimensional
space to a two-dimensional one is performed. It follows that the numerical method
presented in chapter 2 can prove very fruitful in studying stochastic bifurcations.
The nonlinear case is subsequently treated. First, novel results are found regarding the ergodicity spectrum of a simple form of stochastic Hopf bifurcation, which
sheds light on the characteristic evolution of statistics of such systems in terms of diffusive periodic orbit. In particular, the ergodicity eigenvalues are found to approach
the imaginary as the system gets closer to the bifurcation and noise-induced oscillations are possible even before the Hopf bifurcation. This analytical study allows to
interpret the numerical results obtained for the nonlinear version of the stochastic
delayed oscillator as well as for the Zebiak-Cane model. In particular, the ergodicity
eigenvectors bear the signature of the nonlinearities active along the bifurcation. As
a consequence, they allow to discriminate a linear system from a nonlinear one as
well as the subcritical case from the supercritical case. The applicability of this promising method to observations or more realistic models to unravel the nature of ENSO
is finally discussed.
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3.1

INTRODUCTION

The evolution of correlations between observables is crucial for interpretation of special phenomena, such as transitions or emergence, in dynamical systems. In the climate system, a particular phenomenon of interest is the El Niño-Southern Oscillation (ENSO) (Neelin et al., 1998), an interannual variation in the Pacific Ocean Sea
Surface Temperature (SST). The first model which was able to simulate realistic ENSO
events was the Zebiak-Cane model (Zebiak and Cane, 1987). Much of the theory
developed for ENSO is based on the analysis of simulation results of this model.
The oscillatory nature of ENSO derives from an instability of the coupled oceanatmosphere system, where SST anomalies cause surface wind anomalies that in turn
cause changes in surface ocean velocities. Through the associated heat fluxes, SST is
affected; in this way positive feedbacks exist of which the strength is measured by a
coupling strength µ. When µ exceeds a critical value µc , SST anomalies are amplified
and the background climate state of the Pacific is unstable. The interannual time
scale of ENSO is caused by an adjustment of the ocean circulation due to equatorial
wave processes, which induce a negative feedback on the SST. A conceptual model
of the ENSO cycle was proposed in Suarez and Schopf (1988) and Battisti and Hirst
(1989) as a delayed oscillator governed by a delay equation where the delay is given
by the travel time of specific ocean waves.
A general linear scalar Stochastic Delay Differential Equations (SDDEs) with one
delay has the form
d y ( t ) = ( a0 y ( t ) + a1 y ( t − d1 )) d t + qdW ( t ).,

(3.1)

Solutions of these SDDEs can be unstable, depending on the coefficients and the delays.
In particular, the special case of the one-dimensional linear Delay Differential Equation (DDE) with one lag (3.1), with a0 = 2.2 yr−1 and a1 = −3.9 yr−1 considered
by Battisti and Hirst (1989), is unstable for a delay d1 larger than dc ≈ 110 days.
For this reason, Suarez and Schopf (1988) have added an ad hoc cubic term to (3.1)
acting as a nonlinear damping able to stabilize the system. Hence, as the delay is
increased, a Hopf bifurcation occurs, in which a fixed point looses its stability while
a stable periodic orbit emerges (Strogatz, 1994).
Hence, a stochastic version of this nonlinear delayed oscillator, in which the noise
could represent fast atmospheric processes such as westerly wind-bursts, is given by

d y ( t ) = a0 y ( t ) + c0 y ( t )3 + a1 y ( t − d1 ) d t + qdW ( t ).
(3.2)
A bifurcation analysis of the deterministic part of (3.2) has been pursued by Suarez
and Schopf (1988). Interestingly, it has been shown by Jin (1997b), that the linear
deterministic part of the delayed oscillator can be derived from Ordinary Differential
Equation (ODE)-type models of ENSO in which a shallow-water model of the ocean is
coupled to a linear atmosphere. The first model of the kind was developed by Zebiak
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and Cane (1987) and it is known that a Hopf bifurcation also occurs in this model
as well as in its fully-coupled version by van der Vaart et al. (2000). Furthermore, it
has been shown by Roulston and Neelin (2000) that noise-induced oscillations could
occur, before the bifurcation, when various kind of noise products are added to the
wind stress.
Bifurcation theory, the study of rough changes in the dynamics when a parameter
is smoothly changed, is fairly complete for deterministic system (Guckenheimer and
Holmes, 1983; Arnold, 1986; Ruelle, 1989b; Strogatz, 1994; Kuznetsov, 1998). Stochastic
bifurcation theory, however, is much less mature (Arnold, 2003, Chap. 9). One possible explanation for this is that the changes in bifurcation diagrams due to stochasticity are various, the position of the bifurcation may change, bifurcation intervals
may arise, branches may disappear. Another is that different types of bifurcations
may occur such as Dynamical Bifurcations (D-Bifurcations) or Phenomenological
Bifurcations (P-Bifurcations), making the development of a systematic approach to
stochastic bifurcation theory difficult. Moreover, the derivation of normal forms, i.e
finding an equivalent representation of a system “as simple as possible", can be very
tedious in the stochastic case and the results may not be as simple as hoped for
(Arnold, 2003, Chap. 8), compared to their deterministic counterpart. For this reason,
approximation methods are being developed and recent developments in this direction by Chekroun et al. (2015b) and Chekroun et al. (2015c) are promising. Finally,
while the direct forward integration of evolution equations may be sufficient to study
deterministic bifurcations, such method may hide the richness behind Random Dynamical Systems (RDSs) which only pull-back approaches (Arnold, 2003) can reveal
(Chekroun et al., 2011).
In this chapter, the results on the Ornstein-Uhlenbeck process (OU) presented in
chapter 2 are first applied to give novel analytical formulas for the leading part of the
ergodicity spectrum of general linear SDDEs, such as the stochastic linear delayed oscillator. We then focus on the ergodicity eigenvalues and eigenvectors of the stochastic
nonlinear delayed oscillator (3.2) and of the stochastic Zebiak-Cane model near criticality. Supported by novel analytical results for a simple form of stochastic Hopf
bifurcation it will be shown that, while the reduced ergodicity eigenvalues of both
models are qualitatively similar, the ergodicity eigenvectors differ due to nonlinear
effects. Such results contribute to the challenge which is to understand whether ENSO
variability is the result (i) of the excitation of linear modes (?), (ii) of a nonlinear
sustained oscillation (Zebiak and Cane, 1987; Suarez and Schopf, 1988), or (iii) of
a nonlinear noise-induced oscillation (Roulston and Neelin, 2000; Dijkstra, 2013).
While other indicators have been developed to answer this question, such as the
Bjerknes’ index (Jin et al., 2006), we present here another approach based on the
analysis of the ergodicity eigenvectors.
In section 3.2, we start with new analytical formulas regarding the ergodicity eigenvalues of linear SDDE. The nonlinear case is then considered, starting with new
analytical results on the ergodicity spectrum of a simple form of the stochastic Hopf
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bifurcation in section 3.3. The derived system is not a normal form of the stochastic
Hopf bifurcation per se, yet it will prove very powerful to interpret the changes in the
ergodicity spectrum of the SDDE considered in section 3.4. These results will be used
to understand the changes in the ergodicity spectrum of the stochastic Zebiak-Cane
model, as presented in section 3.5. A summary and discussion of the main results in
section 3.6 concludes the chapter.
3.2

A P P L I C AT I O N T O L I N E A R S T O C H A S T I C D E L A Y D I F F E R E N T I A L E Q U AT I O N S

To our knowledge, the ergodicity spectrum of SDDEs has not been studied yet. However, such systems arise in many applications such as population dynamics (Fargue,
1973; Wörz-Busekros, 1978), control theory (Dugard and Verriest, 1998), stochastic
modelling (Kondrashov et al., 2015) and climate dynamics (Bhattacharya et al., 1982;
Roques et al., 2014; Suarez and Schopf, 1988; Battisti and Hirst, 1989; Tziperman
et al., 1994; Jin, 1997a,b) and could benefit from an ergodic approach, as will be
demonstrated in this study.
3.2.1

A brief introduction to the stability theory of linear SDDEs

Before to present novel results on the ergodicity spectrum of linear and nonlinear
SDDEs, let us recall some important facts regarding the stability of linear SDDEs. In
this section, the focus is on linear SDDEs with discrete delays of the form

Pr
d y ( t ) = A0 y ( t ) + l =1 Al y ( t − dl ) d t + QdW ( t )
(3.3)
y0 ∈ R d

y (0) =
y (θ ) =

y1 ( θ ) ,

θ ∈ [−dl , 0],

where 0 < d1 < ... < d r , are discrete delays, A0 , Al , l ∈ {1, ..., r} and Q are finite d-byd matrices and W (·) is a d dimensional Wiener process. It is known that y in (3.3)
can be extended to a process X function of the history interval [−d r , 0]. One possible
extension, which plays an important role in DDE theory, is on space of continuous
functions of the interval [−d r , 0] (Hale and Verduyn Lunel, 1993; Diekmann et al.,
1995). In accordance to the functional setting of chapter 2, we prefer the extension
on the Hilbert space H = Rd × L 2 ([−d r , 0), Rd ), classically used in control or approximation theory of DDEs (see Curtain and Zwart, 1995, , Sect. 2.4) The Hilbert
space H is endowed with the inner product defined for any (β1 , f1 ), (β2 , f2 ) ∈ H as:

( β 1 , f 1 ) , ( β2 , f 2 )

H

1
= 〈β1 , β2 〉 +
dr

Z

0

−d r

f1 (θ ), f2 (θ ) dθ ,
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where 〈·, ·〉 denotes the Euclidean inner product of Rd . The stochastic case has been
considered by (Chojnowska-Michalik, 1978) (see also Da Prato and Zabczyk, 1996, ,
Chap. 10), such that the process X is defined as


y (t)
X (t) =
, t ≥ 0,
(3.4)
y t (·)
where
y t (θ ) = y ( t + θ ),

t ≥ 0,

θ ∈ [−d r , 0].

The process X ( t ) is a mild solution of the infinite-dimensional OU
d X = A X d t + B dW ,
where the operators A and B on are defined as follows




Pr
φ (0)
A0 φ (0) + l =1 Al φ (−dl )
A
=
dφ
φ
dθ
¨

«
φ (0)
1
d
with domain D (A ) =
: φ ∈ H ([−d r , 0), R ) ,
φ
 
bu
, u ∈ Rd .
Bu =
0

(3.5)

(3.6)

H 1 ([−d r , 0), Rd ) denotes the standard Sobolev subspace of L2 ([−d r , 0); Rd ) of square
integrable functions with square integrable first order weak derivative. The operator A on D (A ) generates a linear strongly continuous semigroup on H (Curtain
and Zwart, 1995), so that the Cauchy problem associated with the linear equation
φ̇ = A φ is well-posed in Hadamard’s sense. Moreover, the spectrum σ(A ) of A is
identical to its point spectrum Pσ(A ) and is of the form
¨


«
r
X
e−γdl Al = 0
(3.7)
σ(A ) = γ ∈ C : det γI − A0 −
l =1

and the semigroup S t , t ≥ 0 generated by A is exponentially stable if and only if
(Hale and Verduyn Lunel, 1993)

sup ℜ(γ) : γ ∈ σ(A ) < 0.
(3.8)
In other words, the semigroup S t , t ≥ 0 is exponentially stable if and only if the
spectrum σ(A ) of its generator, is located to the left of the imaginary axis, strictly.
Depending on the matrices Al , 0 ≤ l ≤ r, whether the stability condition (3.8) holds
may depend on the delays or not. The particular one-dimensional case with one lag
will be studied in section 3.2.3, see Dugard and Verriest (1998) for more details.
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Remark 13. The characteristic equation in (3.7) for (3.5) is a transcendental equation which can be solved numerically (cf. section 3.2.3, for an example), contrary to
characteristic equations of finite systems of ODEs, which are polynomial.
3.2.2

The ergodicity eigenvalues of linear SDDEs

It is shown in chapter 10.2 by Da Prato and Zabczyk (1996) that if the stability
condition (3.8) is satisfied, then there exists exactly one (ergodic) invariant measure
for (3.3). However, little is known regarding the ergodicity spectrum of (3.3). Yet,
that the linear SDDE (3.3) can be extended to an infinite-dimensional OU (3.5), shows
that the ergodicity spectrum of a linear SDDE is that of the OU (3.5) on the Hilbert
space H = Rd × L 2 ([−d r , 0), Rd ).
Unfortunately, even when the stability condition (3.8) is satisfied, so that a unique
invariant measure µ exists for (3.5), the results on the ergodicity spectrum of a finitedimensional OU by Metafune et al. (2002), summarized in section 2.3, cannot be directly extended to an infinite-dimensional setting. However, a recent work by Chekroun et al. (2015a) shows that a large class of nonlinear DDEs satisfying sufficient
Lipschitz conditions can be approximated by a convergent Galerkin scheme on Koornwinder polynomials (that can be built from Legendre polynomials), rescaled so as to
form an orthogonal basis of the Hilbert space H = Rd × L 2 ([−d r , 0), Rd ) considered
here. In addition to analytical formulas for the scalar case (Sect. 4), Chekroun et al.
(2015a) give examples in section 6 of approximations of chaotic DDEs similar to those
considered here which reproduce very well the statistics of the original system.
We have seen in the previous subsection 3.2.1 that a linear SDDE can be extended to
an abstract OU. From the results of Chekroun et al. (2015a), this infinite-dimensional
OU can be approximated by its projection on a truncated set of polynomials, resulting
in a finite-dimensional OU. As a consequence, it is expected that at least the predominant statistical properties of a linear SDDE are that of a finite-dimensional OU. In
particular, it can be conjectured that the ergodicity eigenvalues of a linear SDDE close
to the imaginary axis are given by linear combinations of the spectrum σ(A ) (which,
according to (3.7), is discrete) of its linear operator A .
Conjecture 1. Let the linear SDDE (3.3), extended to the Hilbert space H = Rd ×
L 2 ([−d r , 0), Rd ), satisfy the stability condition (3.8) for its linear operator A , defined
in (3.6).
Then, the ergodicity eigenvalues σ(Gµ ) of the generator of the semigroup of transfer
operators L t , t ≥ 0 (see chapter 2) are such that
¨ m
«
X
σ ( Gµ ) =
nl γl such that γl ∈ Pσ(A ), nl ∈ N, m ≥ 1 ,
(3.9)
l =1
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where the the spectrum σ(A ) of the linear operator is such that
¨


«
r
X
−γdl
σ(A ) = γ ∈ C : det γI − A0 −
e
Al = 0 .
l =1

We will see, in the following subsection (3.2.3), that this conjecture is supported
by the fact that (i) the leading eigenvalues of a Galerkin approximation of the linear
SDDE (3.1) are indistinguishable from those obtained by solving the characteristic
equation (3.7) and that (ii) the reduced ergodicity eigenvalues calculated following
the method of chapter 2 are very close to the leading ergodicity eigenvalues calculated from the formula (3.9).
3.2.3

Application to the stochastic linear delayed oscillator

We now take a simple SDDE relevant for climate science and show that, in this simple
case, (i) the ergodicity eigenvalues satisfy (3.9) and (ii) the leading part of the ergodicity spectrum can be approximated from a transition matrix on a two-dimensional
reduced space (see section 2.2). The SDDE considered is a one-dimensional linear
DDE with one delay proposed by Battisti and Hirst (1989) as a model of ENSO with
the addition of noise
d y ( t ) = ( a0 y ( t ) + a1 y ( t − d1 )) d t + qdW ( t ),

(3.10)

where y represents the SST anomalies in the Eastern part of the Pacific ocean.
3.2.3.1 Stability analysis
The characteristic equation, defined in (3.7), for the deterministic part of (3.10) takes
the simple form
γ − a0 − a1 e−γd1 = 0.

(3.11)

Applying the stability condition (3.8), the stability of (3.10) can be studied in the
plane Oa0 a1 (Dugard and Verriest, 1998, Chap. I). One finds that (3.10) is stable
independently of the delay d1 for every couple ( a0 , a1 ) such that a0 + a1 < 0 and
a0 ≤ −|a1 | and stable for some delay d1 smaller than a critical delay dc for every
couple ( a0 , a1 ) such that a1 > |a0 |. This critical delay dc is given by the neutral
curves found by solving (3.11) for ℜ(γ) = 0. In the case of (3.10), these curves are
given by
q
(3.12)
ℑ(γ c ) =
± a12 − a02
dc =

1
|ℑ(γc )|

a

arccos(− a0 ),
1

(3.13)
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where γc is the critical value of γ for which ℜ(γ) = 0, such that, if ℜ(γ) > ℜ(γc ), the
system is unstable and dc is the critical value of the delay d1 at which this happens.
As an example of numerical application, we set a0 = 2.2 yr−1 and a1 = −3.9 yr−1 .
These values are taken from section 2.c by Battisti and Hirst (1989) and correspond
to realistic estimates of the local processes responsible for the growth of SSTs and of
the damping due to reflected Kelvin waves from the western part of the Pacific ocean,
respectively. For these values of a0 and a1 , the linear delayed oscillator (3.10) is not
stable for a delay d1 larger than dc ≈ 110 days (according to 3.13) and the instability
has a characteristic period Pγc = 2π/ℑ(γc ) ≈ 2.0 yr (according to 3.12).
Moreover, the spectrum σ(A ) of the linear operator corresponding to the deterministic part of the linear SDDE (3.10) can be calculated by solving the characteristic
equation (3.11) numerically. For instance, one can use the Levenberg-Marquardt algorithm (Levenberg, 1944), a hybrid method between the Gauss-Newton algorithm
and the gradient descent which is implemented in the MINPACK-1 Fortran package
(More et al., 1980). The so-calculated eigenvalues are represented in the complex
plane as solid blue dots in figure 3.1(a) and (b) for a delay d1 of 90 days and of
180 days, respectively. On top of these solutions are also plotted as black pluses the
eigenvalues of the matrix A60 corresponding to the Galerkin projection of the linear operator A of the linear SDDE on 60 Koornwinder polynomials (Chekroun et al.,
2015a, Sect. 5). Classically, these eigenvalues are solutions of the characteristic polynomial of the matrix A60 . The delay of 180 days is taken from Battisti and Hirst
(1989) and corresponds to an oceanic wave speed of 2.9 m s−1 . In this case, d1 > dc
so that the deterministic part of (3.10) is unstable, as confirmed by the fact that the
leading pair of eigenvalues (γ1 , γ2 = γ∗1 ) has positive real part (cf. figure 3.1(b)), corresponding to a characteristic time dγ1 = |ℜ(γ1 )−1 | of around 1.1 yr. Its imaginary
part corresponds to a period Pγ1 = 2π/|ℑ(γ1 )| of around 3.0 yr (approximatively
6 times as much as the delay d1 ). One can see that the eigenvalues calculated as
solutions of the transcendental characteristic equation (3.11) corresponding to the
linear SDDE (3.10) and those calculated as zeros of the characteristic polynomial of
the Galerkin approximation A60 are practically indistinguishable. Only the eigenvalues of the Galerkin projection very far left of the imaginary axis start to diverge, but
they correspond to fast time scales of the order of a month and better results could
be obtained by increasing the number of polynomials used for the Galerkin approximation. This indicates that the Galerkin approximation proposed by Chekroun et al.
(2015a) is able to capture the spectral properties of the original linear SDDE.
For a delay of 90 days, the deterministic part of the linear delayed oscillator (3.10)
is stable, as confirmed by the fact that all the eigenvalues of A are to the left of the
imaginary axis (cf. figure 3.1(a)). In this case, the leading complex pair of eigenvalues
corresponds to a characteristic time τγ1 of around 1.4 yr and to a period Pγ1 of around
1.7 yr. Again, both calculations of the eigenvalues are indistinguishable. Note that the
time scale corresponding to the real part of the first complex pair of eigenvalues is
more than a factor ten larger than that of the second pair, indicative of a strong time-
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(a)

(b)

Figure 3.1: Spectrum σ(A ) of the linear operator for the delayed oscillator (3.10) with
a0 = 2.2 yr−1 , a1 = −3.9 yr−1 and (a) d1 = 90 days (stable) or (b) d1 = 180 days
(unstable). The solid blue dots represent the eigenvalues calculated as roots of the
transcendental characteristic equation (3.11), with the eigenvalues with negative
(positive) real part colored in blue (red). The black pluses represent the eigenvalues calculated as roots of the characteristic polynomial of the matrix A60 of the
Galerkin approximation of the SDDE on 60 Koornwinder polynomials (Chekroun
et al., 2015a).

scale separation between the linear modes. This is indicative that conjecture 1 holds
in this case and that, according to (3.9), the leading part of the ergodicity eigenvalues
should be given by combinations of the leading pair of eigenvalues γ1 and γ2 = γ∗1
of A .
3.2.3.2 Ergodicity eigenvalues
Having estimated the spectrum σ(A ) of the linear operator of the delayed oscillator
(3.10), we can now apply the method presented in 2 to approximate the ergodicity
eigenvalues from transition matrices on a reduced space and test their agreement
with the one given by the conjectured formula (3.9). Here, the noise level q is set to
0.1. The stochastic process was simulated using the Euler-Maruyama scheme with a
time step of 0.001 yr for 105 yr.
Because of the periodicity in the process y ( t ) governed by the linear SDDE (3.10),
as seen from the non-vanishing imaginary parts of the eigenvalues of the linear
operator A represented in figure 3.1, a reduced space Y of at least two dimensions is used. A classical strategy to extend the one-dimensional valued process y ( t )
to larger dimensions, which has been developed to define embeddings of attractors (Takens, 1981), is to concatenate several delayed versions of the process as
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( y ( t ), y ( t − δ1 ), y ( t − δ2 ), ...). Rigorous results in the case of SDDEs regarding the approximation of attractors using such embedding have recently been given by Dellnitz
et al. (2015). In our case, we will see that, even though the linear SDDE (3.10) corresponds to an infinite-dimensional Stochastic Differential Equation (SDE) (cf. section
3.2.1), adding only one delayed time series is sufficient to get a good approximation
of the ergodicity spectrum, resulting in a two-dimensional reduced space Y . Here,
an embedding delay δ1 equal to the delay d1 in (3.10) seems appropriate. Another
choice could be to define δ1 as the characteristic time τγ1 or as the characteristic
period Pγ1 associated with the leading complex pair of eigenvalues of the linear operator A . The following results are, however, relatively robust to the choice of δ1 .
Proceeding a such, we have defined an observation operator R from H = Rd ×
2
L ([−d r , 0), Rd ) onto Y = R2 mapping X ( t ), defined in (3.4), to ( y ( t ), y ( t − d1 )).
Then, following the methodology of chapter 2, the transition matrix PR
τ is estimated
for a lag τ of 0.1 yr on a grid 200-by-200 grid boxes spanning a square of ±4 standard deviations in both directions. The eigenvalues and eigenvectors of this matrix
are subsequently calculated to give an approximation of the ergodicity spectrum. According to (2.21), these eigenvalues ζ̂R
( t ) are converted to generator-eigenvalues
k
λ̂R
(
t
)
.
The
resulting
reduced
ergodicity
eigenvalues are represented as solid dots in
k
figure 3.2(a) to (c) for a delay d1 of 90 days, of 100 days and of 105 days, respectively
(i.e for a less and less stable process). In addition, linear combinations of the leading
complex pair of eigenvalues of the linear operator A (fig. 3.1) are represented as
blue pluses, in order to compare the reduced ergodicity eigenvalues to the one given
by the conjectured formula (3.9).
We can see that the leading part of the reduced ergodicity eigenvalues represented
in figure 3.2 agrees well with the conjectured analytical one given by (3.9). This pyramidal structure of eigenvalues arises from linear combinations of the leading complex pair of eigenvalues of the linear operator A (fig. 3.1). This pyramidal structure
is characteristic of a stable focus (a fixed point to which solutions converge spiraling
with a characteristic period, see Gaspard et al., 1995). The gap between the imaginary parts of the ergodicity eigenvalues is a multiple of the fundamental angular
frequency |ℑ(γ1 )| of the stable focus. In physical terms, that for increasing imaginary parts the real part of the leading ergodicity eigenvalue decreases indicates that
the high-order harmonics of the fundamental angular frequency |ℑ(γ1 )| are more
damped that low-order ones. On the other hand, the gap between the real parts
of the ergodicity eigenvalues is a multiple of leading decay rate −ℜ(γ1 ) = 1/τγ1 .
This is why, when the delay d1 is increased to its critical value dc , the ergodicity eigenvalues get closer to the imaginary axis, resulting in critical slowing down. As a
consequence, the spectral gap between the first ergodicity eigenvalue and the second
gives a measure of the sensitivity of the system to perturbations (see also Chekroun
et al., 2014; Lucarini, 2015). In the deterministic case, for a delay d1 equal to the
critical value dc at which the system loses its stability, the spectral gap eventually
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(a)

(c)

(b)

Figure 3.2: Leading reduced ergodicity
eigenvalues (solid black dots) for the
stochastic linear delayed oscillator (3.10)
for a delay d1 of (a) 90 days, (b) 100 days
and (c) 105 days. The eigenvalues were
approximated from transition matrices on
the two-dimensional reduced space Y for
a lag of 0.1 yr on a grid of 200-by-200
boxes spanning a square of ±4 standard
deviations in both directions. The leading
ergodicity eigenvalues calculated from formula (3.9) of conjecture 1 are also represented as blue pluses.
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vanishes and any perturbation can result in a dramatic change in the statistics of the
system (Gaspard et al., 1995). On the other hand, in the stochastic case considered
here, noisy perturbations continuously perturb the deterministic part of the dynamics so that the system can become unstable before the spectral gap in the ergodicity
eigenvalues has vanished (a more detailed discussion of this effect is given in the
next section 3.3).
Remark 14. That the quality of the estimation of the leading reduced ergodicity eigenvalues may be improved by increasing the lag τ. To the contrary, reduced ergodicity
eigenvalues farther from the imaginary axis may be accessed by decreasing the lag (in
which case the grid resolution should also be increased). A compromise should thus be
found in choosing the lag τ for which the reduced transition matrix is estimated. One
can also notice that the imaginary parts of the eigenvalues with large imaginary parts
as well as the real parts of eigenvalues with large real parts tend to be underestimated.
Remark 15. That the reduced ergodicity eigenvalues agree so well with the analytical
ones, even though the approximation is done on a two-dimensional space, can be understood by the fact that the dynamics are dominated by the leading complex pair of
eigenvalues of the linear operator A , which is separated from the rest of the spectrum
and is associated with two eigenvectors spanning a two-dimensional space.
3.2.3.3 Ergodicity eigenvectors
f

We have seen in chapter 2 that the forward ergodicity eigenvectors ψk , for the semigroup of transfer operators L t w.r.t. the invariant measure, could be approximated by
the left-eigenvectors of the reduced transition matrix P̂R
τ divided by its stationary
R, f

density m̂, denoted ψk

(τ), and that the backward ergodicity eigenvectors ψkb by
R,b
the right-eigenvectors of P̂R
τ , denoted ψk (τ). Figure 3.3 represents the real parts of
R, f
R,b
the leading reduced ergodicity eigenvectors ψk (τ) and ψk (τ) of the transition

matrix P̂R
τ estimated above for a delay d1 of 110 days (right before the loss of stability). As an exception, the first left-eigenvector of the transition matrix (fig. 3.3) is not
divided by the stationary density m̂, which is thus represented. On the other hand,
R,b
the first backward reduced ergodicity eigenvector ψk (τ) is the unique constant
eigenvector, in agreement with the fact that m̂ is the unique stationary density, by
construction. Moreover, recall from chapter 2 that if two observables f and g project
strongly on the leading backward and forward ergodicity eigenvectors, respectively,
then the correlation function C f ,g ( t ) between these observables will decay slowly to
zero, so that the mixing time is long. Here, only the real parts of the eigenvectors are
plotted, because only real-valued observables are considered.
The represented eigenvectors reveal some interesting features. Firstly, the approximated stationary density, panel (a), is similar to that of the OU of section 2.3 (fig. 2.3(b))
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(a)
(e)

(b)
(f)

(c)

(d)

(g)

(h)

Figure 3.3: Real parts of the first four forward (left) and backwards (right) reduced ergodicity
eigenvectors associated with the reduced ergodicity eigenvalues of figure 3.2 for
the linear stochastic delayed oscillator (3.10) with a delay d1 of 105 days. As an
exception, panel (a) represents the stationary density m̂ of P̂R
τ.
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and both resemble a bivariate normal distribution. Moreover, the reduced ergodicity eigenvectors are qualitatively similar to polynomials in two dimension restricted to a compact support. This is in agreement with the results of Metafune et al.
(2002, Section 3), who showed that the (generalized) ergodicity eigenvectors of a
p
d dimensional OU are polynomials forming a complete orthogonal basis of Lµ (Rd ),
1 < p ≤ +∞. Furthermore, eigenvectors associated to ergodicity eigenvalues farther
from the imaginary axis have a smaller scale in the radial direction, while eigenvectors associated to ergodicity eigenvalues farther from the real axis have a smaller
scale in the tangential direction. Interestingly, we will see in the following sections,
that these ergodicity eigenvectors differ from those of nonlinear systems, allowing
to distinguish a linear system from a nonlinear one.
Remark 16. Even though each panel of figure 3.3 has a bounding box of the size of
the domain of the grid on which the transition matrices are estimated, both the forward
and backward reduced ergodicity eigenvectors have a compact support smaller than the
size of the grid. In the presence of noise, however, their support is not expected to be
bounded. As explained in remark 10 of chapter 2, this is a limitation of the numerical
method used here which is due to the finite length of the time series used to estimate the
transition matrices, implying that the region of the phase space covered by grid boxes
which are not empty of realizations is compact.
Remark 17. As for Principal Component Analysis (PCA, e.g. von Storch and Zwiers,
1999, Chap. 13), care should be taken in the physical interpretation of the ergodicity
eigenvectors, since each of them cannot be directly associated with a specific physical
process. For example, the leading ergodicity eigenvalues represented in figure 3.4 are all
associated with the leading complex pair of eigenvalues of the linear operator A and
do not correspond to distinct physical processes.
3.3

A N A LY T I C A L R E S U LT S O N T H E E R G O D I C I T Y S P E C T R U M O F T H E S T O C H A S T I C
HOPF

Before to analyze the ergodicity spectrum of the stochastic nonlinear oscillator and
of the Zebiak-Cane model, both undergoing a Hopf bifurcation, we first study the
changes in the ergodicity spectrum in a simple form of Hopf bifurcation. To our knowledge, the ergodicity spectrum of the Hopf bifurcation has only been studied in the
deterministic case (Gaspard and Tasaki, 2001), most likely because the normal form
of the stochastic Hopf is complicated (Arnold, 2003). However, we will see in this section that much can be learned about the ergodicity spectrum of a system undergoing
a stochastic Hopf bifurcation from an analytical study of the Fokker-Planck equation
associated with a simple form of stochastic Hopf. For this purpose, an SDE is derived by
adding noise to the normal form of the deterministic Hopf bifurcation. This leads to a
nonlinear Fokker-Planck equation which we do not attempt to solve directly. Instead,
we make the approximation that the noise level is weak with respect to the radius
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of the periodic orbit, and decompose the problem in the tangential direction and in
the radial direction. The tangential problem corresponds to an advection-diffusion
equation on the circle which can be solved analytically, while the problem in the radial direction is similar to that of the pitchfork bifurcation considered by Gaspard
et al. (1995). While these results are not complete, they will prove very useful to
give an interpretation to the ergodicity spectrum of the stochastic nonlinear delayed
oscillator and of the Zebiak-Cane model, treated in the following sections 3.4 and
3.5, respectively.
3.3.1

A simple form of the stochastic Hopf bifurcation

Let us first derive a simple system undergoing a stochastic Hopf bifurcation. We start
with the normal form of the Hopf bifurcation (Guckenheimer and Holmes, 1983)
given by

dr =
dµr + ar 3 d t
(3.14)

2
dθ = ω + cµ + br d t.
To simplify the analysis (with a loss of generality which is not problematic for this
study), we set c = 0, b = d = 1 and a = −1 (in order to consider the supercritical case). The parameter µ controls the stability of the invariant sets, while ω gives
the angular frequency of infinitesimal oscillations (see also Strogatz, 1994). The ergodicity spectrum of the Hopf bifurcation as been studied analytically by Gaspard
and Tasaki (2001) and we summarize some of their results here. For µ < 0, only
a stable fixed point exists with linear stability exponent µ ± iω and the ergodicity
eigenvalues are pyramidal, as for the OU and the linear delayed oscillator considered
in sections 2.3 and 3.2, respectively. For µ > 0, the fixed point becomes unstable and
p
a stable periodic orbit Γ emerges with radius R = µ and linear stability exponent
γ = −2µ. The ergodicity eigenvalues constitute an array of eigenvalues parallel to
the imaginary axis, with their imaginary parts separated by a gap equal to the angular frequency ω and their real parts separated by the linear stability exponent γ.
On top of this lies a pyramid of eigenvalues associated with the unstable fixed point
(Gaspard and Tasaki, 2001, figure 2 and 3). In this case, the system is not mixing (cf.
section 2.1), since the ergodicity eigenvalue zero is not the only one to have vanishing real part. Instead, there are infinitely many complex conjugate pairs of ergodicity
eigenvalues lying on the imaginary axis, which correspond to the fundamental of the
periodic orbit and its harmonics. That the system is not mixing can be understood by
the fact that the dynamics along Γ is neutral (i.e neither contracting nor expanding)
so that a distribution with support Γ is simply rotated by the dynamics but do not
converge to the invariant measure (while a distribution transverse to Γ is attracted
to Γ , hence the various lines of eigenvalues with non-vanishing real part parallel to
the imaginary axis in Gaspard and Tasaki, 2001, figure 3).
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With the addition of noise, however, a distribution supported by the attractor is diffused along and across the attractor, so that this distribution is expected to converge
to the invariant measure at a rate dependent on the noise intensity and the radius
R of Γ as well as on on the linear stability exponent γ of Γ . Thus, a typical system
undergoing a Hopf bifurcation in the presence of noise is expected to be mixing, so
that no other ergodicity eigenvalue than zero should lie on the imaginary axis.
For a more quantitative analysis, let us consider the normal form (3.14) with the
addition of noise on each Cartesian coordinates x = r cos θ and y = r sin θ , such
that


dx =
(µ − x 2 + y 2 ) x − ω y d t + qdW1


dy =
ωx + (µ − x 2 + y 2 ) y d t + qdW2 ,
where W1 and W2 are two independent Wiener processes. By the change of variables
to polar coordinate, the right hand side becomes


dx =
(µr − r 3 ) cos θ − ωr sin θ d t + qdW1


dy =
(µr − r 3 ) sin θ + ωr cos θ d t + qdW2 .
Then, expanding the radius r with respect to x and y, considering that ( dWi )2 = d t
is a first order differential and that dW1 dW2 = 0, one gets the differential
dr =
dθ =
Injecting r =

p

∂r
∂ x dx
∂θ
∂x

2

2

+ ∂∂ yr d y + 12 ∂∂ x r2 ( d x )2 + 21 ∂∂ yr2 ( d y )2

dx +

∂θ
∂ydy

2

(3.15)

2

+ 21 ∂∂ xθ2 ( d x )2 + 21 ∂∂ yθ2 ( d y )2 .

x 2 + y 2 and θ = arctan( y / x ) in (3.15) gives
q2

(µr − r 3 ) d t + q cos θ dW1 + q sin θ dW2 + 2r d t
q
q
dθ =
ωd t − r sin θ dW1 + r cos θ dW2 .
dr =

Thus, the system (3.14) with noise satisfies the SDE
dη =
with

F (η) =

F (η) d t + Σ (η) dW


q2
µr − r 3 + 2r
ω


and Σ(η) =

(3.16)

q

cos θ

sin θ

− sinr θ

cos θ
r


,

where η = ( r, θ ) T and dW = ( dW1 , dW2 ) T . We can see that the noise is responsible
for an additional drift term

q2
2r

in the radial direction. This term can be understood
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by visualizing a periodic orbit Γ of radius R centered at O in the Ox y plane and
figuring the impact of noise acting on the O x direction on an initial state positioned
at (0, R) (i.e the noise is tangential to Γ at the position of the initial state on top
of Γ ). Whether the realizations of the noise are negative or positive, they will act
as a centrifugal force pushing the state away from the center of Γ , with an average
intensity increasing with the noise level q and with the curvature 1/R of Γ . On the
other hand, the average effect of the noise in the tangential direction vanishes so
that no additional drift appears in this direction. As a result, by taking F (η) = 0,
one
that, for any value of µ, there exists a periodic orbit Γ with radius R =
q finds
p
(µ + µ2 + 2q2 )/2.
3.3.2

Ergodicity spectrum of the stochastic Hopf

The next step is to derive the Fokker-Planck equation associated with the SDE (3.16)
(see chapter 2 and also Lasota and Mackey, 1994; Gardiner, 2009). The diffusion
matrix is such that


1
0
T
Σ(η)Σ( p ) =
,
0 1/ r 2
so that it depends only on the radius. The Fokker-Planck equation for densities w.r.t.
the Lebesgue measure is thus given by



∂ ρ ( r, θ )
q2
∂
∂
3
(ωρ ( r, θ ))
=
−
µr − r +
ρ ( r, θ ) −
∂t
∂r
2r
∂θ
q2 ∂ 2 ρ ( r, θ ) 1  q 2 ∂ 2 ρ ( r, θ )
+
+
,
(3.17)
2
∂ r2
2 r
∂ θ2
where the first line of the right hand side is the drift, with both a deterministic and a
stochastic contribution and the second line is the diffusion. This is a parabolic Partial
Differential Equation (PDE) with variable coefficients so that finding all the solutions
of this equation is a very difficult problem. However, much can be said about the
spectrum of the generator G defined by the right hand side of the Fokker-Planck
equation (3.17). First, the density p ( r, θ ) of the invariant measure µ w.r.t. the Lebesgue measure is independent θ . Indeed, one can write the drift µr − r 3 + q2 /(2r )
in gradient form − ∂∂r U ( r ), with a potential U ( r ) = −µr 2 /2 + r 4 /4 − q2 log( r )/2
depending only on the radius. The stationary solution of the Fokker-Planck equation
for such systems is given by (Gardiner, 2009, Chap. 5.5)
p ( r ) = N e−U ( r )/σ ,
where N is a normalization constant and σ the diffusion coefficient equal to q2 /2,
in our case. Thus, the stationary density of the SDE (3.16) is given by
µ

p ( r ) = N r e q2

r2−

r4
2q2

,
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To go further in unraveling the spectral properties of the Fokker-Planck equation
(3.17), we decompose the generator G in a radial and an tangential component, as
such
G=
with

G r u( r ) =

− ∂∂r

G r + Gθ

i
h
q2
µr − r 3 + 2r u( r ) +
− ∂∂θ (ωv (θ )) +

and Gθ v (θ ) =

1
2

q 2
r

q 2 ∂ 2 u( r )
2 ∂ r2 ,

(3.18)

2

∂ v (θ )
.
∂ θ2

(3.19)

The key step of our study is to notice that, if not for the term (q / r )2 in front of the
second order derivative in θ , the eigenvalues of G would be given by combinations of
the eigenvalues of the radial operator G r and of the tangential operator Gθ , while its
eigenvectors would be given by products of their eigenvectors of G r and Gθ . However,
assuming that the control parameter µ is very large compared to the noise level q, so
that the periodic orbit is very stable and noisy fluctuations transverse to it small, one
∂ 2 ρ ( r,θ )

can approximate the term (q / r )2 in front of ∂ θ 2 by the constant (q /R)2 , where
R is the radius of the periodic orbit Γ . As a consequence, assuming in the following
that µ/q2 >> 1, the spectrum of the generator G can be studied by calculating the
spectra of each component G r and Gθ separately.
Remark 18. Here, the spectral properties of the generator G of the semigroup of transfer
operators P t , t ≥ 0 acting on densities w.r.t. the Lebesgue measure are studied rather
than that of the generator Gµ of the semigroup of transfer operators L t , t ≥ 0 acting
on densities w.r.t. the invariant measure µ. This choice comes from the fact that the
complete ergodicity spectrum will be calculated form the the Fokker-Planck equation
(3.17) allowing to make some comparisons with the results obtained in the deterministic
case by Gaspard and Tasaki (2001).
3.3.2.1 Ergodicity spectrum for the tangential operator Gθ
The spectrum of the tangential operator Gθ is the most accessible. Indeed, the latter is the infinitesimal generator of the advection-diffusion equation with periodic
boundary conditions
∂ v (θ )

= −ω ∂∂θ v (θ ) + D

∂t
v (−π) =
∂ v (−π)

=

∂θ
v (0, θ ) =

v (π)
∂ v (π)
∂θ

v0 .

∂ 2 v (θ )
∂ θ2

(3.20)
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q 2
where ω plays the role of a constant velocity and D = 12 R is the diffusion coefficient. The solutions of this linear equation are known to take the form

+
∞
X

v (θ , t ) =

2
hk e (−Dk +ikω) t e−ikθ ,

(3.21)

k =−∞

where the hk = −h−k are determined by the initial condition v0 . Thus, the ergodicity eigenvalues, forward eigenvectors and backward eigenvectors corresponding to
(3.19) are respectively given by
λθ ,k =

−k2 21

q 2
+ ikω,
R

ψθ ,k (θ ) =

p
e−ikθ / 2π

ψθb ,k (θ ) =

ψθ ,k (θ ).

f

k∈Z

(3.22)

f

One can see that the real part of the kth eigenvalue λθ ,k of Gθ is proportional to
the square of its rank k and to the square of the ratio of the noise level q with the
radius R of Γ , while the imaginary part of λθ ,k corresponds to the kth harmonic of
the fundamental ω. Moreover, the eigenvectors are not dependent on the noise level
q. Thus, the more intense the noise relatively to the radius of the periodic orbit, the
stronger the mixing. In particular, taking q equal to 0, one recovers the family of ωspaced purely imaginary eigenvalues of the non-mixing deterministic case (Gaspard
and Tasaki, 2001).
Remark 19. The first forward eigenvector gives the density of the invariant measure
w.r.t. the Lebesgue measure. Here, it is constant, indicative that the Lebesgue measure is
invariant for the advection-diffusion equation with periodic boundary conditions. This
is in agreement with the fact that the dynamics on the periodic orbit is neutral. That is,
there is no contraction nor expansion so that volumes are preserved as for conservative
systems.
Remark 20. Even though the periodic orbit is circular, so that the correlation spectrum
would reveal only one peak at the fundamental, ergodicity eigenvalues are found at the
positions of every harmonics. The reason is that these eigenvalues are associated with
the normal modes of (3.22). That a single peak at the fundamental frequency is visible
for a trajectory along a circular periodic orbit Γ is due to the fact that the coordinates
( x ( t ), y ( t )) = (R cos θ ( t ), R sin θ ( t )) parametrizing Γ are orthogonal to all but the
second pair of conjugate eigenvectors.
3.3.2.2 Ergodicity spectrum for the radial operator G r
The derivation of the spectrum of the radial operator G r is more involved and will
be carried only partially. We start by neglecting the diffusion term

q 2 ∂ 2 u( r )
2 ∂ r2

in (3.18),
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so that G r reduces to the infinitesimal operator of the Liouville equation induced by
the ODE
∂r
=
∂t
r (0) =

µr − r 3 +
r0 ,

q2
2r

= Fr ( r )

(3.23)

r0 ∈ (0, +∞).

From the change of variable s = r 2 and using partial fractions, one finds that the
solution φ r ( t ) r of (3.23) for the initial condition r, is given by
v
u
2
u s − s r 2−s+ eγt
u + − r −s−
φr ( t ) r = t
,
r 2 −s
1 − r 2 −s+ eγt

t ≥ 0,

−

p
p
µ± µ2 +2q2
with s± =
and γ = −2 µ2 + 2q2 . One has that s+ is the square of the
2
fixed point R for (3.23) (i.e the radius of Γ ) and γ is the linear stability exponent of
(3.23) at R. We can see that, due to the addition of noise, the periodic orbit exists for
any µ in R and that its stability increases with q. The latter can be understood by the
q2

fact that for r < R the additional drift term 2r vigorously pushes the state towards
the periodic orbit, while for r > R, it pushes the state away from the periodic orbit,
but much more weakly.
Following the methodology of Gaspard et al. (1995), the next step to calculate the
ergodicity spectrum corresponding to (3.23), is to find a decomposition in exponentials of time of the average at time t of g with respect to an initial density ρ0 , given
by
〈ρ0 , g ◦ φ r 〉 =

Z +∞

ρ0 ( r ) g (φ r ( t ) r ) d r.

0

To do so, we proceed by expanding g (φ r ( t ) r ) with respect to the variable ξ =
r 2 −s+ γt
e
r 2 −s−

at ξ = 0 (i.e. where r = R), which yields
v

u
∞
n
n
X
t s + − s− ξ
ξ d

g (φ r ( t ) r ) =
g
n
n
!
dξ
1
−
ξ
n=0

.
ξ=0

Next, taking the average of g (φ r ( t ) r ) with respect to ρ0 at time t gives


P∞ kγt R +∞ 1  r 2 −s+ n
〈ρ0 , g ◦ φ r 〉 =
e
ρ
(
r
)
d
r
2
0
k =0
n! r −s−
0




r
R +∞
s+ −s− ξ
dn
g ( r ) ξn δ r −
dr ,
1−ξ
0
ξ=0

(3.24)
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where δ is the Dirac distribution. We thus have obtained a spectral decomposition
of the semigroup generated by the radial operator G r and the ergodicity eigenvalues, forward eigenvectors and backward eigenvectors corresponding to (3.23), are
respectively given by
p
λ r,k = kγ = −2k µ2 + 2q2 , k ∈ N


r
s+ −s− ξ
f
dn
ψ r,k ( r ) =
δ
r
−
n
ξ
1−ξ
ξ=0

b
ψ r,k
(r )

=

1
n!



r 2 −s+
r 2 −s−

n

.

As a result, the ergodicity eigenvalues λ r,k , k ∈ N are given by multiples of the
p
linear stability exponent γ = −2 µ2 + 2q2 , so that the gap between them increases
with the control parameter µ and the noise level q. As a matter of fact, the more
stable the periodic orbit, the faster do probability densities converge to the invariant
distribution δ ( r − R) (associated with the fixed point at the radius of the periodic
orbit).
So far, our analysis of the spectrum of the radial operator G r has neglected the difq2 ∂ 2 g ( r )

fusion term 2 ∂ r 2 in (3.18). This term is a second order partial derivative so that
(3.18) constitutes a Sturm-Liouville problem difficult to solve analytically. However,
the effect of the addition of the diffusion can be described at least qualitatively. First
of all, when the nonlinear drift F r of the the radial component (3.18) of the FokkerPlanck equation is linearized at R as F̃ r ( r ) = γr (with r ∈ R for convenience), one
γ
is left with an OU as studied in chapter 2. By the change of variable z 2 = − q2 r 2 and
f

2

f

by multiplying the eigenvalue problem G r ψ r,k = λk ψ r,k by e−z , one is left with a
differential equation whose solutions are Hermite polynomials. It follows that the
ergodicity spectrum of the linearized radial operator G r is given by
p
λ r,k = kγ = −2k µ2 + 2q2 , k ∈ N
f

ψ r,k ( r ) =
b
ψ r,k
(r ) =

Nk H k (−γr /q ) e

−

γr 2
q2

Nk∗ H k (−γr /q ),

(3.25)

where H k is the kth physicists’ Hermite polynomial and Nk and Nk∗ are normalization constants. We have seen in section 2.3 that the noise level has no impact on the
ergodicity eigenvalues of an OU. On the other hand, the singularities in the deterministic forward eigenvectors are smoothed by the diffusion, so that Dirac distributions
are changed to Hermite polynomials with increasing spatial scale, as the noise level is
increased (see also Gaspard et al., 1995). Here, the invariant density is given by the
γr 2

f

Gaussian N1 exp(− q2 ), by which the forward eigenvectors ψ r,k should be divided
the get the eigenvectors with respect to the invariant measure.
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Furthermore, it has recently been shown by Lan and Mezić (2013), for deterministic systems with a hyperbolic fixed point (or a periodic orbit), that the ergodicity
eigenvalues of the nonlinear system are identical to the ergodicity eigenvalues of
the linearization around the fixed point. However, this result is no longer true in the
presence of noise. Indeed, in the stochastic case, the net effect of nonlinear terms
of the form −r 2p+1 , p ∈ N∗ is to pull trajectories or densities towards the invariant
measure at a faster rate than a linear term such as −r would do, when r > 1. Thus,
the addition of a nonlinear term −r 2p+1 to a linear system has the effect of pushing
the ergodicity eigenvalues farther away from the imaginary axis as the noise level
q is increased (as can be seen from the numerical results of Gaspard et al., 1995).
In conclusion, one would expect the eigenvalues of G r (in the nonlinear stochastic
case) to be of the form
Æ
λkr = −2k µ2 + 2q2 − O (q2 ), k ∈ N.
(3.26)
To recapitulate, assuming that µ/q2 >> 1, the ergodicity eigenvalues associated
with the Fokker-Planck equation (3.17) of the simple SDE (3.16) for the stochastic
Hopf bifurcation can be obtained by summing pairwise each eigenvalue of the radial
operator G r with each eigenvalue of the tangential operator Gθ calculated separately
from (3.22) and (3.26), respectively. As for the ergodicity eigenvectors, they can
be calculated as products of those of G r and Gθ . These spectra will be used in the
following sections 3.4 and 3.5 to interpret the reduced ergodicity spectra estimated
for the stochastic nonlinear delayed oscillator and the stochastic Zebiak-Cane model,
respectively.
3.4
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In light of the results on the ergodicity spectrum of the linear version of the stochastic
delayed oscillator (3.10) analyzed in section 3.2.3 and of the stochastic Hopf calculated in the previous section 3.3, we now study the ergodicity spectrum of the
nonlinear version

d y ( t ) = a0 y ( t ) + c0 y ( t )3 + a1 y ( t − d1 ) d t + qdW ( t ),

(3.27)

of the stochastic delayed oscillator. The same values of a0 , a1 and q are taken as for
the linear case of section 3.2.3, with a0 = 2.2 yr−1 , a1 = −3.9 yr−1 and q = 0.1. The
coefficient c0 in front of the cubic term is arbitrarily set to −1 yr−1 . Due to the third
order term c0 y 3 in (3.27), contrary to the linear delayed oscillator (3.10), stable
solutions can exist for a0 > −a1 or for d1 > dc . Taking the left-hand side of (3.27)
equal to 0, one finds that y0 = 0 is a fixed point (as in the linear case) but that two
other fixed points exist for a0 > −a1 , given by
v
t a0 + a1
y± = ± −
.
(3.28)
c0

3.4

A P P L I C AT I O N T O T H E S T O C H A S T I C N O N L I N E A R D E L A Y E D O S C I L L AT O R

The fixed point y0 always exists, but gets unstable for a0 > −a1 , independently of
the delay. For a0 > −a1 , the two symmetric fixed points y− and y+ emerge from the
origin and are stable for small values of the delay d1 . Thus, a pitchfork bifurcation
occurs at a0 = −a1 and the stability of the fixed points y− and y+ has been analyzed
by Suarez and Schopf (1988).
Here, we are interested in the case where the instantaneous instability is smaller
than the delayed damping, so that a0 < −a1 , so that the fixed point y0 is stable for
short delays d1 < dc as in section 3.2.3. When linearized around y0 , the deterministic
part of the nonlinear delayed oscillator (3.27) reduces to the linear delayed oscillator of Battisti and Hirst (1989), studied in section 3.2. The characteristic equation
(Dugard and Verriest, 1998, Chap. 1) of the deterministic part of (3.27) linearized
around y0 is thus given by
γ − a0 − a1 e−γd1 = 0,

(3.29)

q
so that the fixed point y0 becomes unstable for d1 > dc = arccos(−a0 / a1 )/ a12 − a02 ≈
q
110 days, with a characteristic period Pγc = 2π/ a12 − a02 ≈ 2.0 yr. Due to the stabilizing effect of the cubic term c0 y 3 , however, a Hopf bifurcation occurs at d1 = dc , so
that a stable periodic orbit emerges for large delays d1 > dc . The period of the periodic orbit is determined by the relative strength of the positive feedback, measured
by a0 , with respect to the strength of the delayed negative feedback, given by a1 .
In physical terms, when the damping −a0 is weak, e.g. when the effect of reflected
Rossby waves is weak on the local anomaly, the oscillation takes more time to change
phase so that its period is longer.
3.4.1

Ergodicity eigenvalues

One expects the ergodicity eigenvalues of the nonlinear stochastic delayed oscillator
to be at least qualitatively similar to that obtained for the linear case in section 3.2.3
for a small delay d1 << dc (i.e. far before the criticality) and to that obtained for the
simple form of stochastic Hopf calculated in the previous section 3.3 for a large delay
d1 << dc (i.e. far after the criticality). However, for intermediate delays, we do not
have access to the ergodicity spectrum of the stochastic nonlinear delayed oscillator
analytically.
Instead, we apply the methodology of reduced transfer operators presented in
chapter 2. The stochastic process governed by the SDDE (3.27) is simulated using
the Euler-Maruyama scheme with a time step of 0.001 yr for 105 yr. We have seen in
section 3.2.1 that an SDDE can be represented by an SDE on an (infinite-dimensional)
Hilbert space H = Rd × L 2 ([−d1 , 0), Rd ) (Da Prato and Zabczyk, 1996, Chap. 10).
Thus, the transition matrices PR
τ are estimated on a reduced space Y defined by the
observation operator R such that R ( X ( t )) = ( y ( t ), y ( t − d1 )), as for the linear
case in section 3.2.3. The reduced space Y is discretized into 200-by-200 grid boxes
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spanning ±4 standard deviations in both directions. The transition matrix PR
τ , giving
a discrete approximation of the reduced transfer operator LR
,
is
then
estimated
by
τ
the Maximum Likelihood Estimator (MLE) (2.16) for a lag τ of 0.05 yr. Finally, the
reduced ergodicity eigenvalues λ̂R
(τ) are calculated according to (2.21), by taking
k
(τ), 1 ≤ k ≤ m of the
the the complex logarithm divided by τ of the eigenvalues ζ̂R
k
estimated transition matrix P̂R
.
τ
The resulting spectra are represented in figure 3.4, for a lag d1 of (a) 90 days
(before the deterministic Hopf bifurcation), (b) 110 days (at the bifurcation), (c)
130 days and (d) 180 days (both after the bifurcation). The two horizontal dashed
black lines at the bottom and the top of these plots represent the boundaries ±π/τ
of the imaginary parts of the approximated ergodicity eigenvalues, which arise from
the fact that the imaginary part of the complex logarithm is calculated modulo 2π.
In addition, the thin black line in panel (d) represents the linear regression to the
reduced ergodicity eigenvalues of the parabola (3.22), obtained for the ergodicity
eigenvalues of the tangential component Gθ of the generator associated with the
simple SDE (3.16) for the stochastic Hopf bifurcation.
On panel (a) of figure 3.4, a pyramidal array of eigenvalues reminiscent of that of
the linear version of the delayed oscillator represented in figure 3.2 is found. This
should not come as a surprise, since for such a short delay d1 of 90 days compared
to the noise level q, the fixed point y0 of the deterministic nonlinear delayed oscillator (3.27) is strongly stable so that the dynamics is dominated by the linear terms.
On the other hand, for a delay d1 larger than 110 days (fig. 3.4(c,d)), the periodic
orbit has emerged (as seen from the stationary density represented in the coming
figure 3.7(a)). In particular, for the large delay d1 of 180 days (fig. 3.4(d)), a single
parabolic curve of eigenvalues is visible. As can be seen from the perfect fit of the
thin black line to these eigenvalues, this result is in very good agreement with the
analytical formula (3.22) found for the ergodicity eigenvalues corresponding to the
tangential component of the simple form of stochastic Hopf. The regression coefficients yield a value of 3.6 yr−1 for the tangential pulsation ω and of 1.3 for the
radius R, when taking q = 0.1. This value for R is in fact smaller than the radius of
the periodic orbit (see fig. 3.7(a)). One possible explanation is that the noise level
is effectively increased by the coarse-graining induced by the discretization of the
reduced transfer operator LR
τ (see Froyland et al., 2013). Interestingly, for a smaller
delay d1 of 130 days (fig. 3.4(c)), three parabolic curves of eigenvalues are visible.
This is explained by the fact the periodic orbit is less stable for d1 = 130 days than
for d1 = 180 days, so that according to the analytical formula (3.26) obtained for
the radial component of the simple form of stochastic Hopf for large delays, the gap
between the real parts of the reduced ergodicity eigenvalues decreases with the delay
(i.e. with the approach of the bifurcation). Finally, for the intermediate delay of 110
days (fig. 3.4(b)), the reduced ergodicity eigenvalues accumulate at the imaginary
axis, and seems to constitute a smooth transition between the spectra for a delay d1
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(a)

(b)

(c)

(d)

Figure 3.4: Reduced ergodicity eigenvalues of the stochastic nonlinear delayed oscillator
(3.27) for a delay d1 of (a) 90 days (before the deterministic Hopf bifurcation),
(b) 110 days (at the bifurcation), (c) 130 days and (d) 180 days (both after the
bifurcation). The eigenvalues were approximated from transition matrices on a
two-dimensional reduced space with components ( y ( t ), y ( t − d1 )), for a lag of
0.05 yr on a grid of 200-by-200 boxes spanning a square of ±4 standard deviations
in both directions.
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shorter than the critical delay dc and the spectra for d1 > dc . This approach of the
reduced ergodicity eigenvalues to the imaginary axis is at the origin of the slowing
down of the system at the approach of a criticality and is indicative of the weakening
of its stability. We will see in the next section 3.5 that such reduced ergodicity spectra
are also found for the stochastic Zebiak-Cane.
To conclude, the agreement of the reduced ergodicity eigenvalues for the stochastic
nonlinear delayed oscillator (3.27) (fig. 3.4), with the analytical results of section 3.3
for the simple form of stochastic Hopf suggests that the method of approximation
of the ergodicity spectrum stochastic evolution equations on a reduced space can
provide a very powerful tool to study the evolution of statistics and the stability of
dynamical systems.
3.4.2

Ergodicity eigenvectors and correlation function

To go further, let us now analyze the reduced ergodicity eigenvectors calculated
from the transition matrices estimated in the previous subsection 3.4.1 and compare them with those obtained for the linear version of the stochastic delayed oscillator represented in figure 3.3. Figures 3.5, 3.6, and 3.7 represent the real parts
of the leading forward (left panels) and backward (right panels) reduced ergodicity eigenvectors calculated from the estimated transition matrices P̂R
τ , for a delay
d1 of 90 days (before the deterministic bifurcation), 110 days (at the bifurcation)
and 130 days (after the bifurcation), respectively. Let us recall from chapter 2 that
R, f
the forward reduced ergodicity eigenvectors ψk (τ) are calculated from the left
R
eigenvectors of the transition matrix P̂τ divided by the stationary density m̂ with
elements m̂i = #{ ys ∈ Bi }/#{ ys ∈ G}, while the backward reduced ergodicity eigenR,b
vectors ψk (τ) are calculated from the right eigenvectors of the transition matrix
P̂R
τ . Again, as an exception, panel (a) of each figure represents the stationary density m̂, itself. Recall also, from the spectral decomposition (2.11) of the correlation
function, that if two observables project strongly on the leading backward and forward ergodicity eigenvectors, then their correlation function decays slowly to zero,
so that the mixing time is long. Here, only the real part of the eigenvectors is plotted,
because only real-valued observables will be considered.
Starting with the analysis of figure 3.5, for a small delay d1 of 90 days, one can see
that reduced ergodicity eigenvectors are similar to two-dimensional polynomials with
compact support. This is in agreement with the fact that, for a small delay d1 w.r.t the
noise level q, the fixed point y0 is strongly stable and the cubic term in (3.27) weak.
Thus the system reduces to the stochastic linear delayed oscillator (3.10), which can
be extended to an infinite-dimensional OU for which the eigenvectors of the leading
part of the spectrum is indeed expected to be given by polynomials (Metafune et al.,
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(a)
(e)

(b)

(c)

(d)

(f)

(g)

(h)

Figure 3.5: Real part of the first four forward (left) and backward (right) reduced ergodicity
eigenvectors associated with the reduced ergodicity eigenvalues of figure 3.4(a),
for the nonlinear stochastic delayed oscillator (3.27) with a delay d1 of 90 days.
As an exception, panel (a) represents the stationary density m̂ of P̂R
τ.
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(a)
(e)

(b)

(f)

(c)

(g)

(d)

(h)

Figure 3.6: Real part of the first four forward (left) and backward (right) reduced ergodicity
eigenvectors associated with the reduced ergodicity eigenvalues of figure 3.4(b),
for the nonlinear stochastic delayed oscillator (3.27) with a delay d1 of 110 days.
As an exception, panel (a) represents the stationary density m̂ of P̂R
τ.
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(a)
(e)

(b)

(f)

(c)

(g)

(d)

(h)

Figure 3.7: Real part of the first four forward (left) and backward (right) reduced ergodicity
eigenvectors associated with the reduced ergodicity eigenvalues of figure 3.4(c),
for the nonlinear stochastic delayed oscillator (3.27) with a delay d1 of 130 days.
As an exception, panel (a) represents the stationary density m̂ of P̂R
τ.
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2002). (see section 3.2). As seen in chapter 2, the fact that the reduced ergodicity
eigenvectors have compact support is due to the finite length of the time series used
to estimate the transition probabilities in P̂R
τ.
For a large delay d1 of 130 days (i.e after the deterministic bifurcation, figure 3.7),
the periodic orbit is revealed. Furthermore, in the tangential direction, the ergodicity
eigenvectors are similar to harmonic functions, in agreement with the eigenvectors
(3.22) obtained analytically for the tangential component of the Fokker-Planck equation of the simple form of stochastic Hopf of section 3.3. In the radial direction, the
ergodicity eigenvectors are almost constant, in agreement with the fact that they are
associated with the first parabolic curve of ergodicity eigenvalues (fig. 3.4(c)), the
eigenvectors of which are constant, according to (3.25). These results are, however,
limited by the fact that the support of the eigenvectors is very narrow in the radial
direction, due to the strong stability of the periodic orbit w.r.t. to the noise level and
the finite length of the time series used to estimate the transition probabilities.
Last but not least, for an intermediate delay d1 of 110 days (i.e at the deterministic
Hopf bifurcation, fig. 3.6), very characteristic twisted patterns are revealed by the reduced ergodicity eigenvectors, which seem to correspond to a smooth transition from
the eigenvectors for a small delay (before the criticality), represented figure 3.5, to
those for a large delay (after the criticality), represented figure 3.7. These results
could not be obtained from the analysis of an OU or on the stochastic Hopf. This
reveals the potential of the methodology of reduced transfer operators presented in
chapter 2 as a phenomenological yet more practical method to study stochastic bifurcations, in complement to stochastic normal forms (Arnold, 2003, Chap. 9). Moreover,
the patterns described by these eigenvectors are very different from those found for
the linear version (3.10) of the stochastic delayed oscillator, for a similar value of
the delay, and represented figure 3.3. Neither do they correspond to the product of
harmonic functions with polynomials as found in section 3.3 for the stochastic Hopf
with large values of the control parameter. Thus, the reduced ergodicity eigenvectors
of figure 3.6 reveal the nonlinear dynamics in action during the Hopf bifurcation and
allow to discriminate linear from nonlinear dynamics in the presence of noise and,
in the second case, from the subcritical from the supercritical situation.
Let us insist on this key point by analyzing the time series from which the reduced
ergodicity spectra have been calculated and the corresponding correlation functions.
Having calculated the left and right eigenvectors of the transition matrices, it is possible to calculate the reconstruction of the correlation function for different lags solely
from the spectrum of the single transition matrix P̂R
τ . Indeed, following section 2.2.3,
the transition matrix correlation function C̃ f ,g ( t ), for two observables f and g in the
two-dimensional reduced space, can be approximated as such
R

t Λ̂τ
∗
∗
C̃ f ,g ( t ) ≈ (fD(m̂)F̂R
(ÊR
τ )e
τ g ) − (fm̂)(m̂g ),

(3.30)

R
where ÊR
τ and Êτ are respectively the left and right eigenvectors of the transition

t λ̂R (τ)
t Λ̂R
τ is the diagonal matrix with elements e k
matrix P̂R
, 1 ≤ k ≤ n. The
τ and e
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spectral reconstruction of the autocorrelation function C̃ f , f ( t ), taking as observable
simply f ( y ) = y, from the previously defined transition matrix P̂R
τ , for τ = 0.05,
is represented in figure 3.8 by a dashed green line, for a delay of (a) 90 days, (b)
110 days and (c) 130 days. On top of this is also plotted the sample autocorrelation function Ĉ f , f ( t ) (see chapter 2) with a thick blue line. To give an impression
of the dynamics behind these correlation functions, corresponding snippets of the
simulated time series are also represented in panels (d) to (f).
As a first remark, the spectral reconstruction of the transition matrix correlation
function C̃ y, y ( t ) is in very good agreement with the sample correlation function
Ĉ y, y ( t ), even though only the spectrum of a transition matrix at a single lag was
used, assuming that the semigroup property and a fortiori the spectral mapping theorem holds, for (2.24) to give a good approximation of the full decomposition (2.23).
This is an indication that at least the leading ergodicity eigenvalues are robust to the
lag τ chosen to estimate the transition matrix P̂R
τ and that the true ergodicity eigenvalues are captured (a more thorough test would be to directly calculate the reduced
ergodicity spectrum for different lags as in chapter 5).
However, much more can be learned from the spectral properties of transfer operators than from the correlation function or the stationary density alone. Indeed, we
have seen that the ergodicity spectrum allows to separate the dynamics of statistics
into characteristic time-scales (see fig. 3.4) and patterns (see fig. 3.5, 3.6 and 3.7).
As an important example, it is difficult to qualitatively discriminate the subcritical
case d1 = 90 days from the critical case d1 = 110 days just from the corresponding
times series and correlation functions, represented figure 3.8(a, d) and 3.8(b, c), respectively. To the contrary, the twisted eigenvectors of figure 3.6 for d1 = 110 days
(at the criticality) are markedly different from those of figure 3.5 for d1 = 90 (before
the criticality). Thus, it appears that the reduced ergodicity eigenvectors allow to
discriminate a stochastic system with linear dynamics from a system in which nonlinear effects are important, such as when close to a bifurcation. This important point
to understand the nature of ENSO is supported by the following section 3.5, where
a similar analysis is performed for the Zebiak-Cane model, and will be discussed in
greater details in section 3.6.
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In order learn more about the ergodicity spectrum associated with ENSO dynamics, we now apply the methodology of reduced transfer operators of chapter 2 to
the stochasticly forced Zebiak-Cane model, a more realistic model of ENSO than the
stochastic nonlinear delayed oscillator of the previous section 3.4. These results
will also illustrate the applicability of the method to Galerkin approximations of
(infinite-dimensional) PDEs. We start by describing the stochastic version of the fullycoupled Zebiak-Cane model, in which a Hopf bifurcation occurs, and show that while
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(a)

(d)

(b)

(e)

(c)

(f)

Figure 3.8: Correlation functions (left) and time series snippets (right) for the stochastic nonlinear delayed oscillator with a delay of 90 days (top), 110 days (middle) and 130
days (bottom). More precisely, the left panels represent the sample correlation
function Ĉ y, y ( t ) (thick blue line) and the spectral reconstruction of the transition
matrix correlation function C̃ y, y ( t ) (green dashed line), calculated according to
(2.24) from the eigenvectors of the transition matrix P̂R
τ , τ = 0.05.
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the ergodicity eigenvalues of the model are comparable to those obtained for the
stochastic nonlinear delayed oscillator and allow to understand the phenomenon of
noise-induced oscillations described by Roulston and Neelin (2000), the reduced ergodicity eigenvectors show some interesting differences due to nonlinear effects.
3.5.1

Stochasticly-forced fully-coupled Zebiak-Cane model

The Zebiak-Cane model is a 1.5-shallow-water ocean model with an embedded mixed
layer coupled to a steady-state linear shallow-water atmosphere, on an equatorial
beta plane (for a detailed description, see Zebiak and Cane, 1987). Variables are expanded into spectral basis functions, with 30 Chebychev polynomials in the zonal
direction and 31 Hermite functions in the meridional direction. For this study, we
use the fully-coupled version of the Zebiak-Cane model (van der Vaart et al., 2000)
in which not only the anomalies but also the mean fields of the ocean and the atmosphere are coupled, allowing to get rid of spurious stable solutions (Neelin and
Dijkstra, 1995). The long-term dynamics of this model are largely determined by the
adimensional coupling parameter µ between the ocean and the atmosphere. For low
values of µ and a standard choice of the other parameters, only damped solutions
exist, converging to a stable fixed point. However, for a coupling larger than the critical value µc ≈ 2.85, a supercritical Hopf bifurcation occurs at which a periodic orbit
emerges with a period of 3 to 4 years, reminiscent of ENSO.
Of great interest for the understanding of the nature of ENSO is the impact of
a stochastic wind forcing, representing fast atmospheric processes such as westerly
wind-bursts, on the tropical ocean-atmosphere dynamics. In particular, Roulston and
Neelin (2000) have shown that, in the Zebiak-Cane model, a stochastic wind-forcing
is able to excite oscillations with a similar period as ENSO before the criticality, i.e
for µ < µc , in particular when the noise has a red spectrum (see also Dijkstra, 2013,
Chap. 8). Following their methodology, we have added a stochastic wind-forcing to
the ideal external wind-stress (i.e. to the component of the wind which is not in
response to the SST anomalies). To do so, the spatial pattern of the stochastic windforcing was calculated from observations as the first Empirical Orthogonal Function
(EOF) of observed pseudo wind stress anomalies, with the seasonal cycle removed
as well as the linear contribution from observed SST anomalies. In this study, we
have chosen to modulate this spatial pattern with white noise with equipartition of
variance over all frequencies. The level of the noise, calculated as the spatial average
of the standard deviation of the adimensional stochastic wind-forcing, was given a
value of 0.05 (see van der Vaart et al., 2000; Roulston and Neelin, 2000),relatively
close to observations (the precise of value of the noise level is not important for the
qualitative analysis which follows).
Several simulations of the model in the described configuration were run for 700
years, with an integration time step of 5 days and for different values of the control
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parameter µ. Examples of time series of SST averaged over the eastern part of the
basin with spin-up are shown in the left panels of figure 3.9, for a coupling parameter of 2.5 (before the Hopf bifurcation) with noise, of 3.5 (after the bifurcation)
with noise, and of 3.5 without stochastic wind-forcing added, respectively. The corresponding periodograms estimating the power spectra (see chapter 2) of each time
series of SST are also shown in the left panels of figure 3.9. In the strongly coupled
deterministic case (lower panels of figure 3.9), the time series converges quickly to a
periodic orbit, revealed by the corresponding periodogram composed of a sharp peak
at the fundamental frequency, corresponding to a period of 3.6 years, and of its harmonics. For the same value of the coupling but with stochastic wind-forcing added
(middle panels of figure 3.9), the fundamental frequency associated with the periodic
orbit persists but the peaks associated with each harmonic are weaker and broader,
in particular for high frequencies. For a coupling µ of 2.5, below its critical value µc ,
the system would converge to a stable fixed point, if not for the addition of noise.
However, as can be seen on the upper panels of figure 3.9, noise-induced oscillations
at the frequency of the deterministic periodic orbit are excited by the stochastic wind
forcing, in agreement with the results of Roulston and Neelin (2000). In light of the
theory presented in chapter 2, we will see, in the following subsection 3.5.2, that
these changes in the statistical properties of the model are the result of changes in
the ergodicity spectrum associated to it.
3.5.2

Ergodicity spectrum in the Zebiak-Cane model

In order to characterize the phenomenon of noise-induced oscillations described in
the previous section 3.5.1 and to relate the dynamics of the Zebiak-Cane model to
those of the stochastic nonlinear delayed oscillator studied in section 3.4, we now
calculate reduced ergodicity spectra for the Zebiak-Cane model. Even if the ZebiakCane can be considered as a model of intermediate complexity, it is nonetheless constituted of several hundreds of degrees of freedom. Thus, in order to estimate the
transition matrices from which the ergodicity spectrum will be calculated, we define
a two-dimensional observation operator R, with the SST averaged in the eastern part
of the basin as first component and the thermocline depth averaged over the western part of the basin as second component (this is known to be a good observation
operator to capture the periodic dynamics, see e.g van der Vaart et al., 2000). The
so-defined reduced space Y is then discretized into 100-by-100 grid boxes spanning
a rectangle of [−5, 3] × [−4, 4] standard deviations, and for a lag τ of one month
(a coarser grid resolution is used here compared to the previous examples due to
limitations in the computation of time series longer than 700 years in this model).
In figure 3.10 are represented the leading reduced ergodicity eigenvalues calculated
from estimated transition matrices P̂R
τ for a value of the coupling µ of (a) 2.5 and
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(a)

(d)

(b)

(e)

(c)

(f)

Figure 3.9: Time series (left) and periodograms (right) of the eastern SST index for a coupling
µ of 2.5 with noise (top), of 3.5 with a noise (middle) and of 3.5 without noise
(bottom).
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(b) 2.8 (both before the deterministic Hopf bifurcation) and of (c) 2.9 and (d) 3.5
(both after the bifurcation), with stochastic wind forcing.
As a first observation, one recovers in figure 3.10(a) and (b) the familiar pyramid
of eigenvalues associated with a stable focus point, also found in figures 2.3, 3.2 and
3.4(a) for the OU, the linear and the nonlinear delayed oscillators, respectively. As
expected, as the control parameter (µ, in this case) is increased towards its critical
value at which a Hopf bifurcation occurs, the secondary eigenvalues get closer and
closer to the imaginary axis, indicative of the slowing down of the system due to the
weaker stability of the fixed point. Let us remark that the real part of the eigenvalues
far from the imaginary axis and close to the real axis are larger (in absolute value)
compared to what would be expected from the ergodicity eigenvalues associated to
a linear stable focus point. However, this difference increases close to the criticality,
as can be seen in figure 3.10(b) for µ = 2.8. Thus, it seems that this effect is not
entirely due to the approximation method but rather to the nonlinearities excited by
the noise close to the criticality (see section 3.3). Secondly, for large µ (fig. 3.10(d)),
the reduced ergodicity eigenvalues follow a parabolic curve. According to the analytical results of section 3.3 for the stochastic Hopf and as found in the case of the
stochastic nonlinear delayed oscillator of section 3.4 (fig. 3.4(c) and (d)), these eigenvalues are associated to the stochastically-forced periodic orbit. Interestingly, for
a coupling µ close to its critical value µc ≈ 2.85 (fig. 3.10(b) and (c)), the ergodicity
eigenvalues appear to undergo a smooth change between the clear pyramidal array
found far before the bifurcation (fig. 3.10(a)) and the clear parabolic curves found
after the bifurcation (fig. 3.10(d)). This transition differs from the case of the normal
form of the deterministic Hopf bifurcation considered in (Gaspard and Tasaki, 2001),
for which a continuous spectrum resulting in an algebraic decay of correlations exists at the bifurcation. This difference comes from the smoothing effect of the noise
which introduces diffusion resulting in a non-vanishing mixing event at the criticality and stabilizes the system. Once again, such a result is made possible thanks to
the approximation of the ergodicity spectrum from reduced transition matrices. In
summary, the gap between the real parts of the ergodicity eigenvalues increases as
the attractor (or the statistical steady-state) of the system becomes more and more
stable. These results thus show that the characteristic statistical properties of both
models of ENSO considered in this study, the Zebiak-Cane (Zebiak and Cane, 1987;
van der Vaart et al., 2000) and the nonlinear delayed oscillator (Suarez and Schopf,
1988), are comparable and can be understood in terms of the ergodicity spectrum of
a system undergoing a Hopf bifurcation (cf. section 3.3).
In addition, the ergodicity spectra represented in figure 3.10 allow to understand
the power spectra and the phenomenon noise-induced oscillations presented in the
previous section 3.5.1. Indeed, as can be understood from the decomposition of the
correlation spectrum (2.12), each spectral peak in the periodograms represented in
figure 3.9(d) and (e) is associated to a particular ergodicity eigenvalue represented
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(a)

(b)

(c)

(d)

Figure 3.10: Leading part of the reduced ergodicity eigenvalues for the Zebiak-Cane model
with a coupling µ of (a) 2.5 and (b) 2.8 (both before the deterministic Hopf bifurcation) and of (c) 2.9 and (d) 3.5 (both after the bifurcation). These eigenvalues
were calculated from transition matrices on a two-dimensional reduced space
composed the eastern SST and the western thermocline depth, for a lag of one
month and a grid of 100-by-100 boxes spanning a rectangle of [−5, 3] × [−4, 4]
standard deviations.
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in figure 3.10(a) and (d), respectively. More precisely, for µ = 3.5, the periodic orbit
is very stable to noisy perturbations, so that the parabolic curve of eigenvalues of figure 3.10(d) is relatively flat and close to the imaginary axis, resulting in sharp peaks
in the periodogram of figure 3.9(e). This periodogram is similar to the one of figure
3.9(f) for the deterministic case, for which, according to the results of Gaspard and
Tasaki (2001), the leading ergodicity eigenvalues should have vanishing real parts.
As the coupling parameter is decreased (or as the noise level is increased), however,
the leading parabolic curve of eigenvalues sharpens, so that the leading eigenvalues
get farther from the imaginary axis, in particular those with large imaginary parts.
This results in the weakening and the spectral broadening of the peaks in the periodograms of figure 3.9(d) and (e), especially for high-order harmonics. However,
even when the periodic orbit has disappeared, for µ = 2.5, oscillations can still be
excited by the noise (as can be seen figure 3.9(a) and (b)), since the leading ergodicity eigenvalues represented in figure 3.10(a) have non-vanishing imaginary parts.
Yet, as the real part of the leading complex pair of eigenvalues decreases with the
critical parameter µ, a stronger stochastic forcing is required in order to excite these
oscillations.
Finally, the ergodicity eigenvectors corresponding to the ergodicity spectra represented in figure 3.10 (a) (µ = 2.5), (b) (µ = 2.8) and (d) (µ = 3.5) are plotted in figures 3.11, 3.12 and 3.13, respectively. One can see that there is a degree of similarity
between these eigenvectors and those of the stochastic nonlinear delayed oscillator,
represented in figures 3.5, 3.6 and 3.7 in the previous section 3.4. In particular, for a
small value of the coupling parameter (i.e before the criticality, fig. 3.11), the reduced
ergodicity eigenvectors resemble two-dimensional polynomials with compact support, in agreement with the results of (Metafune et al., 2002) for finite-dimensional
OUs. For a large value of the coupling parameter (i.e after the criticality, fig. 3.13),
the periodic orbit is revealed and the eigenvectors are similar to harmonic functions
in the tangential direction, in agreement with the results on the stochastic Hopf obtained in section 3.3. More interestingly, for an intermediate value of the coupling
parameter (i.e at the criticality, fig. 3.13), the patterns described by the eigenvectors
have the same twisted characteristic as those of the stochastic nonlinear delayed oscillator for intermediate delays, represented figure 3.6. However, the patterns are
concentrated towards the fixed point with a value of 30◦ C for the SSTs and skewed
towards stronger negative anomalies. This can be physically understood by the fact
that, in this model, the SST tend to relax to the radiative equilibrium temperature TE
set to 30◦ , while, during a La Niña event, the ocean states gets cooler. As a conclusion,
the reduced ergodicity eigenvectors allow to distinguish the dynamics of the ZebiakCane from the simpler dynamics of the stochastic delayed oscillator, in particular
close to the bifurcation.
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Figure 3.11: Real part of the first four forward (left) and backward (right) reduced ergodicity
eigenvectors associated with the reduced ergodicity eigenvalues represented in
figure 3.10(a) for the stochastic Zebiak-Cane model with a coupling µ of 2.5. As
an exception, panel (a) represents the stationary density m̂ of P̂R
τ.
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Figure 3.12: Real part of the first four forward (left) and backward (right) reduced ergodicity
eigenvectors associated with the reduced ergodicity eigenvalues represented in
figure 3.10(b) for the stochastic Zebiak-Cane model with a coupling µ of 2.8. As
an exception, panel (a) represents the stationary density m̂ of P̂R
τ.
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Figure 3.13: Real part of the first four forward (left) and backward (right) reduced ergodicity
eigenvectors associated with the reduced ergodicity eigenvalues represented in
figure 3.10(d) for the stochastic Zebiak-Cane model with a coupling µ of 3.5. As
an exception, panel (a) represents the stationary density m̂ of P̂R
τ.
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On the mathematical side, the present study represents a first attempt to analyze the
ergodicity spectrum of nonlinear SDDEs and PDEs undergoing a Hopf bifurcation. From
a simple SDE derived from the normal form of the Hopf bifurcation to which noise is
added, it is found that the ergodicity spectrum far after the criticality (i.e once the
periodic orbit has emerged) is the product of a tangential and a radial contribution.
The former is due to diffusion along the periodic orbit and is constituted of ergodicity
eigenvalues proportional to the square of their rank and to the square of the ratio
of the noise level over the radius of the periodic orbit, resulting in a characteristic
parabolica-shaped spectrum. The later is due to contraction towards the periodic
orbit and is akin to that found for a pitchfork bifurcation by Gaspard et al. (1995).
These analytical results compare well with the one found numerically for the
delayed oscillator (an SDDE Suarez and Schopf, 1988) and the Zebiak-Cane model
(the Galerkin approximation of a PDE van der Vaart et al., 2000). The ergodicity spectrum is approximated following the methodology of reduced transfer operators as
presented in section 2.2. Far below the criticality a pyramidal spectrum is found, as
for the OU with complex eigenvalues studied in section 2.3, while far above the criticality a parabolic spectrum is found, in agreement with the analytical results. In
between, the spectrum experiences a smooth transition from the sub- to the supercritical case, which could not have been found analytically. These results thus suggest
that the reduced ergodicity spectrum provides a direct and more phenomenological
approach to the study of stochastic bifurcations.
On the physical side, one of the open fundamental questions in the application of
ENSO theory is on the initiation of each particular event. In one extreme view, an event
occurs because noise, in particular due to Westerly Wind Burst (WWBs), excites a
large-scale SST pattern which is then amplified by Bjerknes’ feedbacks. In the absence
of the noise, in this view, the event would not have occurred. In another extreme
view, an event occurs because infinitesimal SST anomalies would be amplified due to
Bjerknes’ feedbacks and noise (WWBs) is totally irrelevant for the initiation of the
event.
In the deterministic Zebiak-Cane model, the two extreme regimes are separated
by a critical value of the coupling strength µc associated with a Hopf bifurcation. For
µ < µc no event occurs and for µ > µc a sustained oscillation occurs. We have shown
here that one can also distinguish the different types of statistical behavior by looking at the reduced ergodicity spectrum. Indeed, far below the criticality, a pyramid
of eigenvalues is present and the eigenvectors are similar to polynomials, whereas
far above the criticality a parabolically shaped spectrum occurs associated with harmonic eigenvectors. Such ergodicity spectra allow to understand the correlation or
power spectra of observables. For µ > µc , each ergodicity eigenvalue is associated
with one harmonic of the periodic orbit. The imaginary part of an ergodicity eigenvalue corresponds to the frequency of the harmonic, while its non-vanishing real part
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is due to diffusion resulting in a broadening of the spectral peak. When µ < µc , the
oscillatory behavior can be excited by the noise because the leading ergodicity eigenvalues are close enough to the imaginary axis and have non-vanishing imaginary
parts.
For a range of control parameter values around the critical value at which the deterministic bifurcation occurs, the ergodicity eigenvalues and eigenvectors undergo
a smooth transition from the sub- to the supercritical case, so that one cannot say
whether the bifurcation has yet occurred or not. However, the ergodicity eigenvectors
are very different from the linear case so that it is at least possible to say that the system is nonlinear and close to a bifurcation. Furthermore, the Zebiak-Cane model
ergodicity eigenvalues behave similar as simple delayed oscillator models, which
provides additional (and more abstract) support that a delayed oscillator mechanism explains ENSO cycles.
In the application of these results to observations, one limitation that immediately
appears is the length of the data (such as SST and thermocline depth) which is needed
to reliably determine the ergodicity spectrum. However, long control runs from General Circulation Models (GCMs) could be used to calculate the ergodicity spectrum.
Another approach applicable to observations would be to extract an Empirical Model
Reduction (EMR, Kondrashov et al., 2015) from twentieth century observations of
SST and to calculate the ergodicity spectrum from a long run of the EMR.
Another application is to develop early warning signals of transitions, such as associated with a range of different bifurcation phenomena. These can be based on
single time series, such as the lag-1 autocorrelation or the variance (Lenton, 2011),
or on multiple time series, such as the recently developed network indicators (van der
Mheen et al., 2013; Feng et al., 2014). The approach of a bifurcation is inevitably
related to at least one of the ergodicity eigenvalues approaching the imaginary axis.
In the reduced transfer operators approach arises the issue of choosing the optimal
observation operator so as for the reduced spectral gap to give an upper bound as
sharp as possible to the true spectral gap (see reduced spectral gap theorem, in chapter
2). Although this may be highly application dependent, it will be an interesting topic
for further research.
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The destruction of a chaotic attractor leading to a rough change in the dynamics
of a system as a control parameter is smoothly varied is studied. While bifurcations
involving nonchaotic invariant sets, such as fixed points or periodic orbits, can be
characterized by a Lyapunov exponent crossing the imaginary axis, little is known
about the changes in the Lyapunov spectrum of chaotic attractors during a crisis,
notably because chaotic invariant sets have positive Lyapunov exponents and that
Lyapunov eigenspaces vary on the invariant set. However, one would expect the critical slowing down of trajectories observed at the approach of a classical bifurcation
to persist in the case of a chaotic attractor crisis. The reason is that, as the system becomes susceptible to the physical instability mechanism responsible for the crisis, it
turns out to be less and less resilient to exogenous perturbations and to spontaneous
fluctuations due to other types of instabilities on the attractor.
The statistical physics framework, extended to nonequilibrium systems, is particularly well suited for the study of global properties of chaotic systems. In particular,
the semigroup of transfer operators governing the finite time evolution of probability
distributions in phase space and its spectrum, the ergodicity spectrum, characterizes
both the relaxation rate of distributions to a statistical steady state and the stability
of this steady state to perturbations. If critical slowing down indeed occurs in the approach to an attractor crisis, the gap in the ergodicity spectrum (between the leading
eigenvalue and the secondary ones) is expected to shrink.
Here we use a high dimensional, chaotic climate model system in which a transition
from today’s warm climate state to a snow-covered state occurs. This transition is associated with the destruction of a chaotic attractor as the solar constant is decreased.
We show that critical slowing down develops in this model before the destruction of
the chaotic attractor and that it can be observed from trajectories along the attractor.
In addition, we demonstrate that the critical slowing down can be traced back to the
shrinkage of the leading eigenvalues of coarse-grained approximations of the transfer operators, constructed from a long simulation of the model system, and that these
eigenvalues capture the fundamental features of the attractor crisis.
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4.1

INTRODUCTION

Much progress has been achieved during the last decades regarding bifurcation theory of low-dimensional dynamical systems and the emergence of aperiodic behavior
and sensitive dependence to initial conditions, or chaos, when a parameter of the system is changed. Examples include changes in the Rayleigh number in hydrodynamics
(Lorenz, 1963) or in the solar constant in climate science (Saltzman, 2002). Much
less is known, however, on the sudden appearance or destruction of chaotic attractors.
The review by Grebogi et al. (1983) provides a good starting point regarding the topological description of attractor crisis and the statistics of chaotic transients. However,
little is known regarding the changes in statistical properties of high-dimensional
chaotic systems undergoing an attractor crisis.
While it is a classical result that bifurcations involving nonchaotic invariant sets
are associated with Lyapunov exponents crossing the imaginary axis and with the
critical slowing down of trajectories (Strogatz, 1994), what happens before a chaotic
attractor is destroyed is less understood. One reason for this is that the Lyapunov
spectrum of high-dimensional systems is virtually inaccessible, either analytically or
numerically. However, one would still expect critical slowing down to occur before
the destruction of a chaotic attractor when the control parameter approaches its
critical value at which the crisis occurs. The system must take more and more time
to recover from exogenous perturbations and also from spontaneous fluctuations
due to instabilities on the attractor. To make the distinction clear between the lowdimensional case and the chaotic case, we will here prefer the term “attractor crisis"
rather than "bifurcation". We will also avoid the term “tipping point", often used in
geophysics, because, even though a clear definition has been given in Lenton et al.
(2008), its mathematical characterization remains vague and may refer to different
concepts such as bifurcation, phase transition (Le Bellac et al., 2004) or catastrophe
(Arnold, 1986).
For high-dimensional chaotic systems, geometrical approaches soon become intractable. However, statistical physics methods developed for nonequilibrium systems
can become very fruitful (Eckmann and Ruelle, 1985; Young, 2002; Gallavotti and
Lucarini, 2014), as already seen in chapter 3 in the context of stochastic evolution
equations. Following the ground-breaking ideas of Boltzmann, a steady state is described as a time invariant probability measure (a statistical steady state) rather than
a point in phase space. It is a fundamental property of nonequilibrium systems that
the invariant measure is supported on a strange attractor with dimensionality lower
than that of the phase space. This is the result of a contraction rate of the phase
space that is positive on average and indicates the presence of a positive rate of
entropy production (Ruelle, 1989a; Gallavotti and Lucarini, 2014). While most results concerning nonequilibrium mechanics have been found for the particular case
of smooth uniformly hyperbolic systems (Young, 1998), their applicability to more
general physical systems with a large number of degrees of freedom and exhibiting
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chaotic dynamics has been motivated by the Chaotic Hypothesis in Gallavotti and
Cohen (1995) (see also (Gallavotti and Lucarini, 2014)).
In the particular, yet physically highly relevant, case of mixing systems, probability
distributions converge to a unique invariant measure (Lasota and Mackey, 1994). As
seen in chapter 2 in the context of stochastic systems, how such relaxation occurs
is described by the spectrum of transfer operators (see definitions (2.4) and (2.3))
governing the evolution of distributions by the dynamics (Ruelle, 1986a; Gaspard,
1998; Baladi, 2000). If a system close to undergo a crisis experiences a slowing down,
the relaxation time of densities to the invariant measure must become very long,
because trajectories take more and more time to converge to the more and more
weakly attracting invariant set. We have seen an example of such situation in chapter
3 for the stochastic Hopf bifurcation. Since this relaxation time can be traced back to
the inverse of the real part of the eigenspectrum of the transfer operators, the latter
must thus get closer and closer to the imaginary axis as the crisis is approached. This
simple idea is also supported by the fact that the gap between the leading eigenvalue
of the transfer operators (associated with the invariant measure) and the secondary
eigenvalues, which is related to the hyperbolicity of the system, gives a measure of
the size of the perturbation for which one can expect the response of the system to
be smooth (Butterley and Liverani, 2007; Ruelle, 2009; Lucarini, 2015). Since the
response of a system at the crisis is definitely rough as an infinitesimal perturbation
can lead to an attractor change, the gap in the eigenspectrum of the transfer operators
is expected to shrink at the crisis.
One should not that in the dissipative deterministic case, the ergodic theory is very
delicate, since strange attractors can be fractal and the eigenvectors of the transfer
operators singular with respect to the Lebesgue measure due to the positive average
contraction rate of volume in phase space associated with a positive entropy production. For some smooth uniformly hyperbolic systems, the discrete spectrum of the
semigroup of transfer operators acting on Banach spaces, taking into account the dynamics of contraction and expansion on the stable and unstable manifolds, has been
shown to be stable to perturbations (Gouëzel and Liverani, 2006; Butterley and Liverani, 2007) and is accessible via numerical schemes (Froyland, 2007). Moreover,
we have seen in chapter 2 following the methodology of Chekroun et al. (2014) that
the leading part of the ergodicity spectrum of high-dimensional systems can also be
estimated numerically, but is dependent on the appropriate choice of an observation.
In this study, we explore the properties of an attractor crisis by taking an example
from climate physics. This field has motivated many new concepts in dynamical systems theory and statistical mechanics. Prominent examples are the case of chaos itself
(Lorenz, 1963), the use of stochastic dynamical systems (Hasselmann, 1976; Saltzman, 2002), the interpretation of complex climatic features using bifurcation theory
(Dijkstra and Ghil, 2005; Dijkstra, 2005), the study of predictability of chaotic flows
with its practical implications (Kalnay, 2003), methods for studying multiscale systems and developing parameterizations (Majda et al., 2001; Wouters and Lucarini,
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2012, 2013; Franzke et al., 2015), and the use of response theory for studying how
the climate responds to forcing (Gritsoun and Branstator, 2007; Abramov and Majda,
2007; Lucarini and Sarno, 2011; Lucarini et al., 2014; Ragone et al., 2015).
There are many indications that the climate of our planet is multistable, i.e. the
present astronomical conditions are compatible with two climatic regimes, the presentday state, and the so-called Snowball state, whereby the Earth experiences extremely
cold conditions. Paleoclimatological studies support the fact that in the distant past
(about 700 Mya) the Earth was in such a Snowball state, and it is still a matter of debate which mechanisms brought the planet in the present warm state. Note that the
issue of multistability is extremely relevant for the present ongoing investigations
of habitability of exoplanets (Lucarini et al., 2013). Multistability is found for climate models across a hierarchical ladder of complexity, ranging from simple Energy
Balance Models (Budyko, 1969; Sellers, 1968; Ghil, 1976) to fully coupled global
circulation models (Pierrehumbert et al., 2011; Voigt and Marotzke, 2010). The robustness of such features is tied to the presence of an extremely powerful positive
feedback which controls the transitions between the two competing states, the socalled ice-albedo feedback. The presence of a positive anomaly in ice cover favors
a decrease of the absorbed radiation, because ice effectively reflects incoming solar
radiation. This leads to a decrease in the surface temperature, which favors the formation of ice.
The Planet Simulator (PlaSim) (Fraedrich et al., 2005b,a) is a model displaying
chaotic behavior. The model is complex enough to represent the main physical mechanisms of climate multistability, yet sufficiently fast to perform extensive numerical
simulations (Lucarini et al., 2010; Boschi et al., 2013). In the present study, we
demonstrate that critical slowing down is observed in PlaSim before the destruction of the chaotic attractor corresponding to a warm climate. This slowing down is
visible for observables supported by the attractor (thus from simulations which have
already converged to the attractor, without having to perturb the system). The slowing down is described by the leading eigenvalues of coarse-grained approximations
of the transfer operators, constructed from a long simulation of the dynamical system
and capturing the fundamental features of the attractor crisis.
Section 2 below briefly describes the climate model as well as the set up of different
simulations for varying values of the control parameter. The spectral theory of transfer operators and the link to the slow decay of correlations associated with critical
slowing down is described in section 3. This section contains also a presentation of
the numerical method used to approximate the spectrum of transfer operators. The
results are presented in section 4, where critical slowing down is shown to occur in
the model as the attractor crisis is approached and to be associated with the approximated leading eigenvalues of the transfer operators getting closer to the imaginary
axis. The results are summarized in section 5 where we explain the observed critical
slowing down from the theory of boundary crisis (Grebogi et al., 1983) and discuss
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its applications to response theory and the design of early-warning indicators of the
crisis.
4.2

M O D E L A N D S I M U L AT I O N S

As mentioned above, the attractor crises corresponding to the transition between
warm states and snowball climate states has been replicated with qualitatively similar feature in a variety of models of various degrees of complexity. Given the goals of
this study, we need a climate model that is simple enough to allow for an exploration
of parameters in the vicinity of the attractor crisis and complex enough to feature
essential characteristics of high-dimensional, dissipative, and chaotic systems, as the
existence of a limited horizon of predictability due to the presence of instabilities
in the flow. We have opted for using PlaSim, a climate model of so-called intermediate complexity. This model has already been used for several theoretical climate
studies and provides an efficient platform for investigating climate transitions when
changing boundary conditions and parameters.
4.2.1

The Planet Simulator (PlaSim)

The dynamical core of PlaSim is based on the Portable University Model of the Atmosphere PUMA (Fraedrich et al., 1998). The atmospheric dynamics is modeled using the primitive equations formulated for vorticity, divergence, temperature and
the logarithm of surface pressure. Moisture is included by transport of water vapor
(specific humidity). The governing equations are solved using the spectral transform
method (Eliasen et al., 1970; Orszag, 1970). In the vertical, nonequally spaced sigma
(pressure divided by surface pressure) levels are used. The parametrization of unresolved processes consists of long- (Sasamori, 1968) and short- (Lacis and Hansen,
1974) wave radiation, interactive clouds (Stephens et al., 1978, 1984; Slingo and
Slingo, 1991), moist (Kuo, 1965, 1974) and dry convection, large-scale precipitation,
boundary layer fluxes of latent and sensible heat and vertical and horizontal diffusion
(Louis, 1979; Louis et al., 1981; Laursen and Eliasen, 1989; Roeckner et al., 1992).
The land surface scheme uses five diffusive layers for the temperature and a bucket
model for the soil hydrology. The oceanic part is a 50 m mixed-layer (swamp) ocean,
which includes a thermodynamic sea ice model (Semtner, 1976).
The horizontal transport of heat in the ocean can either be prescribed or parametrized by horizontal diffusion. In this case, we consider the simplified setting
where the ocean gives no contribution to the large-scale heat transport. While such
a simplified setting is somewhat less realistic, the climate simulated by the model
is definitely Earth-like, featuring qualitatively correct large scale features and turbulent atmospheric dynamics. Beside standard output, PlaSim provides comprehensive
diagnostics for the nonequilibrium thermodynamical properties of the climate sys-
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tem and in particular for local and global energy and entropy budgets. PlaSim is
freely available including a graphical user interface facilitating its use. PUMA and
PlaSim have been applied to a variety of problems in climate response theory (Ragone
et al., 2015), entropy production (Lucarini and Pascale, 2014; Fraedrich and Lunkeit,
2008), and in the dynamics of exoplanets (Lucarini et al., 2013).
4.2.2

Attractor crisis and instability mechanism

In Lucarini et al. (2010) and Boschi et al. (2013), a parameter sweep in PlaSim is
performed by changing the solar constant. The resulting changes in the Global Mean
Surface Temperature (GMST) are represented in figure 4.1, taken from Boschi et al.
(2013). For a large range of values of the solar constant there are two distinct statistical steady states, which can be characterized by a large difference — of the order of
40-50 K — in the value of the GMST. The upper branch in figure 4.1 corresponds to
warm (W) climate conditions (akin to present day) and the lower cold branch represents snowball (SB) states. The W branch is depicted with a thin line, whereas the
SB branch is depicted with a thick line. In the SB states, the planet is characterized
by a greatly enhanced albedo due to a massive ice-cover.
The actual integration of the model is performed by starting from present-day climate conditions and decreasing the value of S, until a sharp W → SB transition is
observed, corresponding to the attractor crisis, occurring at S ≈ 1263(W m−2 ). The
critical value of the solar constant needed to induce the onset of snowball conditions basically agrees with that found in Poulsen and Jacob (2004) and in Voigt and
Marotzke (2010) (see also, Wetherald and Manabe, 1975, Fig. 5). The SB state is
realized for values of the solar constant up to S ≈ 1433(W m−2 ), where the reverse
SB → W transition occurs. Hence, in the model there are two rather distinct climatic
states for the present day solar irradiance (Voigt and Marotzke, 2010).
These W - SB transitions are induced by the ice-albedo positive feedback (Budyko,
1969; Sellers, 1968) which is strong enough to destabilize both W and SB states. The
main ingredient of this feedback is the increase in the albedo (i.e. the fraction of
incoming solar radiation reflected by a surface) due to the presence of ice. When a
negative (positive) perturbation in surface temperature results in temperatures below (above) the freezing point (T f ≈ 271.8K, for sea ice), ice is formed (melts).
Because of the larger albedo of the ice compared to ocean or land surfaces, this increase (decrease) in the ice-cover extent leads to a decrease (increase) of the surface
temperature, further favoring the formation (melting) of ice. The dominant damping
processes of this growth mechanism include the local decrease of emitted long-wave
radiation with decreasing temperatures and the meridional heat transport from the
equator to the poles. However, as the solar constant is decreased to criticality, these
negative feedbacks are not sufficient to damp the ice-albedo feedback and the transitions occur.
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Figure 4.1: Hysteresis plot of the GMST (in Kelvin) for a varying solar constant S (in W m−2 )
in PlaSim. Figure from Boschi et al. (2013).

In more idealized models (Scott et al., 1999) or, in general, in non-chaotic models (Lucarini et al., 2007), bistability is typically associated with the presence of two
stable fixed points separated by a saddle node, and the loss of a fixed point is related
to a bifurcation determining the change in the sign of one eigenvalue of the system linearized around the fixed point. In the present case, instead, the two branches
define the presence of two parametrically modulated (by the changes in the value of
the solar constant) families of disjoint strange attractors, as in each climate state the
dynamics of the system is definitely chaotic. This is suggested by the fact that, for example, the system features variability on all time scales (Schalge et al., 2013) which
corresponds, to having intransitive climate conditions (Lorenz, 1967; Peixoto and
Oort, 1992). The loss of stability occurring through the W → SB and SB → W transitions is related to the catastrophic disappearance of one of the two strange attractors
(Grebogi et al., 1983). Near the transitions, the system features quasi-transitive climate conditions, where long transients can be observed.
4.2.3

Set-up of long simulations for varying solar constant

While the studies in Lucarini et al. (2010) and Boschi et al. (2013) were focused on
the thermodynamic properties of the model solutions along the two branches of statistical steady state, we here focus on the changes in the characteristic evolution of
statistics (see chapter 2) along the warm branch as the solar constant S is decreased
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to its critical value Sc = 1263(W m−2 ). The reduced transition matrix method presented in chapter 2 requires very long time series of observables. The model is hence
ran for 10,000 years in the configuration presented section 4.2.1 and for 12 different
fixed values of the solar constant, ranging from the critical value Sc to 1360 (W m−2 )
(approximately the present day value).
The initial state of each simulation is taken in the basin of attraction of the warm
state. While this is difficult to guarantee, taking as initial state the annual mean of the
100th year of a simulation for a solar constant as high as 1450 (W m−2 ) (i.e for which
only the warm state exists) resulted in the convergence to the warm state for each of
the 14 values of S. A spin-up of 200 years was more than enough for the simulations
to converge to the statistical steady state (facilitated by the fact that the ocean has no
dynamics). Preparing for the analysis of section 4.3, this spin-up period was removed
from the time series. The time series for each observable is subsequently sub-sampled
from daily to annual averages, in order to focus on interannual-to-multidecadal variability and to avoid having to deal with the seasonal cycle.
4.3

SLOWING DOWN AND ERGODICITY SPECTRUM

The long simulations described in section 4.2.3 are now used to study the statistical changes occurring along the warm branch of statistical steady states as the solar
constant is decreased towards its critical value Sc . Before applying the reduced transition matrix method presented in chapter 2, it is first of all shown that critical slowing
down can be observed before the crisis. Note that we have discarded all results relative to values of the solar constant smaller than 1265(W m−2 ), because the sea-ice
cover (a discontinuous observable) becomes very sensitive to the spatial resolution of
the model close to criticality. This results in spurious meta-stable states with different
number of grid boxes covered by sea ice.
4.3.1

Changes in the statistical steady state

We start by discussing the statistics of a few observables to stress their key role in the
ice-albedo feedback, the instability mechanism responsible for the attractor crisis (see
section 4.2.2). Based on physical grounds, the following observables will be used:
• the global fraction of Sea Ice Cover (SIC) in the Northern Hemisphere (NH),
• the Mean Surface Temperature (MST) averaged around the Equator (Eq, i.e.
from 15◦ S to 15◦ N ),
The SIC is the primary variable involved in the ice-albedo feedback as an ice-covered
ocean has a much bigger albedo than an ice-free ocean. Sea ice forms when the surface temperature is below the freezing point (T f ≈ 271.8K) motivating the choice
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of a surface temperature indicator. Furthermore, the MST at the equator is an indicator of the amount of heat stored in the ocean at low latitudes (indeed, because the
ocean is slab, the temperature of the water column is uniform and proportional to
its heat content) and that can potentially be transported to high latitudes through
horizontal diffusion in the Ocean or, indirectly, through the general circulation of the
Atmosphere.
The sample mean (from the long simulations) of these observables are represented
in figure 4.2(a-b), allowing us to recap the changes in the climate steady state (Lucarini et al., 2010; Boschi et al., 2013). As the solar constant is decreased, less thermal
Outgoing Longwave Radiation (OLR) is necessary to balance the Incoming Shortwave Radiation (ISR) from the sun, so that, as predicted by the Stefan-Boltzmann
law of black bodies, the temperature of the Earth cools down, explaining the decrease in the Eq MST (Fig. 4.2(b)). The cooling of the surface of the Earth induces
an increase of the extent of the sea ice towards low latitudes, further weakening the
amount of absorbed solar radiation and strengthening the cooling. These changes in
the mean of these observables are smooth, almost linear. Only for a value of the solar
constant smaller than 1280(W m−2 ) does the increase in NH SIC strengthen.
However, the sample variance (Fig. 4.2(c-d)) and skewness (Fig. 4.2(e-f)) experience rougher changes with the solar constant. Indeed, the variance of the NH SIC and
Eq MST increases dramatically for S < 1300(W / m2 ). This increase indicates that the
ice-albedo feedback is less and less damped as the criticality is approached. Thus, an
anomaly in, for instance, the surface temperature can lead to an increase in the SIC
which will be less easily damped by heat transport from a cooler equator. To stress
the relationship between the NH SIC and the Eq MST, their joint Probability Density
Function (PDF, calculated from the first eigenvector of the transition matrices estimated in the next section 4.3.3, yielding exactly the same results as binned estimates,
see chapter 2) is plotted figure 4.3, for decreasing values of the solar constant. Apart
from the changes in the mean and the increase in the variance (the axis of each panel
have the same scaling), these plots show that while for S = 1300(W m−2 ) (panel (a))
the NH SIC and Eq MST are not correlated and normally distributed, their distribution becomes more and more tilted and skewed as the solar constant is decreased
(panel (b-d)). This increase in the skewness of the NH SIC and Eq MST is also visible
figure 4.2(e-f) from which one can verify that positive values of the NH SIC and negative values of the Eq MST are favored as the criticality is approached. This asymmetry
is in agreement with the fact that as the ice-albedo feedback is less and less damped,
larger excursions of the SIC to low latitudes and concomitant cooler temperatures
are permitted.
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(e)

(f)

Figure 4.2: Sample mean (a-b), variance (c-d) and skewness (e-f) of yearly averages of the NH
SIC fraction (top) and the Eq MST in Kelvin (bottom), versus the solar constant S
(Wm−2 ).
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(a)

(b)

(c)

(d)

Figure 4.3: Joint PDFs of the NH SIC and Eq MST for (a) S = 1300(W m−2 ), (b) S =
1275(W m−2 ), (c) S = 1270(W m−2 ) and (d) S = 1265(W m−2 ), corresponding
to the first eigenvector of the transition matrices estimated in section 4.3.3. The
scaling of the axis is the same for each panel and is taken so as to span -3 to +3
standard deviations of the NH SIC and the Eq MST for S = 1265(W m−2 ).
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(a)

(b)

Figure 4.4: (a) ACF of the NH SIC, (b) ACF
of the Eq MST and (c) CCF (in absolute
value) of the NH SIC and Eq MST, for different values of the solar constant; note
that the ordinate has a logarithmic scale.

(c)

4.3.2

Critical slowing down

Section 4.3.1 revealed the changes in the moments of the steady state along the
warm branch, which could be linked to the physical mechanism of ice-albedo feedback. We now show that, consistent with the increase in variance and skewness of
the NH SIC and Eq MST, their decorrelation time also increases. For this purpose,
the sample AutoCorrelation Function (ACF) and CrossCorrelation Function (CCF) of
these observables, defined by (2.19), are calculated from the simulations presented
in section 4.2.3 and shown in figure 4.4. Note that, because the NH SIC and Eq MST
are mostly anti-correlated, the absolute value of the CCF between NH SIC and the
Eq MST is plotted in figure 4.4(c).
From the rather linear dependence of the correlation functions with the lag, we observe that the correlation functions are dominated by an exponential with slow decay
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rate in the spectral decomposition (2.11). In light of this decomposition, the fact that
the correlation functions in figure 4.4 show different decay rates depending on the
choice of the observables is indicative that these observables project differently on
the eigenvectors of the transition semigroups. For example, that the ACFs for the NH
SIC (Fig. 4.4.a) decay more slowly that the ACFs for the Eq MST (Fig. 4.4.b) suggests
that the NH SIC projects more strongly on the part of the spectrum of the semigroup
of transfer operators close to the imaginary axis than the Eq MST. Furthermore, no
oscillatory behavior is found in the correlation functions, indicative that the leading
ergodicity eigenvalues on which the observables project must have vanishing imaginary part. Note also the strong correlations between the NH SIC and the Eq MST
figure 4.4(c), in agreement with the PDFs of figure 4.3.
Most importantly, the correlation functions decay more and more slowly as the
solar constant is decreased towards its critical value. Critical slowing down is thus
apparent before the attractor crisis in this model, even when the unperturbed evolution of the system alone is observed (i.e., from time series converged to the attractor).
This result can be explained in physical terms by the fact that, as the criticality is
approached, spontaneous fluctuations, such as a temperature anomalies caused by
instabilities in the atmosphere, are able to trigger the ice-albedo feedback. Mathematically, the slowing down and the chaotic attractor crisis cannot simply be understood
in terms of a Lyapunov exponent becoming positive, as in Gaspard et al. (1995) and
Gaspard and Tasaki (2001) for the normal forms of the pitchfork and Hopf bifurcations. Indeed, estimates in Schalge et al. (2013) suggest that the dynamical core of
PlaSim possesses many positive Lyapunov exponents. As will be discussed in section
4.4, the slowing down can be explained by the approach of the stable manifold of a
repeller colliding with the attractor at the crisis.
4.3.3

Changes in the spectrum of transfer operators

The spectral theory of transition semigroups presented in chapter 2 and the results
obtained in chapter 3 for the stochastic Hopf bifurcation suggests that the slowing
down observed before the attractor crisis can be explained by the approach of the
spectrum of the semigroup of transfer operators, the ergodicity spectrum, towards
the imaginary axis. To test this theory here, we apply the method of reduced transfer
operators presented in chapter 2 and estimate transition matrices from the time series
of the NH SIC and the Eq MST, observables selected for being most sensitive to the
slowing down (as can be seen figure 4.4) and most relevant in terms of ice-albedo
feedback (see section 4.3.1).
Remark 21. Even though the methodology applied here is technically the same as the
one presented in chapter 2 and applied in chapter 3 in a stochastic context, the outcome
of the method in this deterministic case is expected to differ in two fundamental ways.
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The first difference is that, in the deterministic case considered here and contrary to
the stochastic case, one cannot expect to resolve motions of contraction towards the attractor, since the transition probabilities are estimated from a unique long time series
with spin-up (or transient) removed. Taking the simple example of a stable periodic orbit,
one can see that, after a transient period of convergence to the periodic orbit, the trajectory will only feel the neutral dynamics on the periodic orbit and not the dynamics of
contraction to it. Thus, with our method, only the ergodicity eigenvalues corresponding
to dynamics along the unstable manifold can be hoped to be approximated, as opposed
to the ergodicity eigenvalues corresponding to dynamics along the stable manifold (see
also Ruelle, 2009; Cessac and Sepulchre, 2007). However, we have seen in figure 4.4
that the slowing down could be observed from the evolution of observables in steady
state. This can be explained in physical terms by the fact that the primary mechanism
of instability leading to the destruction of the attractor, the ice-albedo feedback, is not
only activated by exogenous perturbations but also by spontaneous fluctuations along
the attractor (i.e., internal variability, in climatic jargon). Thus, it is expected that the
ergodicity eigenvalues associated with dynamics along the attractor should be affected
by the approach of the attractor crisis.
The second difference is that, because of the coarse graining induced both by the projection of the dynamics on a reduced space (Chekroun et al., 2014) and by the Galerkin
approximation (Froyland et al., 2013), the rate of decay of correlations measured by
the spectral gap of the reduced transition matrices will overestimate the true rate of decay of correlations as measured by the spectral gap in the true ergodicity spectrum. The
part of this effect due to the projection of the dynamics on a reduced space was already
stressed in chapter 2 by the reduced spectral gap theorem. However, this is even more
pathological in the deterministic case since, as a consequence of the coarse graining introducing spurious diffusion, the rate of decay of correlations measured by the reduced
spectral gap will be increased by the exponential divergence of nearby trajectories. Thus,
as discussed by Ruelle (1986b) at the end of his article, the time lag at which the decay of
correlations is measured and, a fortiori, for which the transition matrices are estimated
should be short relatively to the logarithm of the size of the perturbation induced by the
coarse graining divided by the largest characteristic exponent. In our case, this would
constitute a major restriction, since atmospheric baroclinic instability is expected to be
associated with Lyapunov exponents corresponding to a time scale of only a few days,
while the ice-albedo feedback dynamics has a time scale of several years. However, let us
argue that, as supported by the correlation functions of figure 4.4, such a restriction can
be weakened depending of the observables. Indeed, such an observable such as the NH
SIC is barely affected by fast processes such as atmospheric baroclinic instabilities. Thus,
by choosing such slow observables, one can hope to get a reasonable approximation of
the spectral gap of the ergodicity spectrum by choosing an observation operator such
that the leading ergodicity eigenvectors project significantly on the reduced space which
it defines.
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We first consider a one dimensional reduced space defined from the NH SIC or the
Eq MST alone. A grid of 50 boxes spanning the interval [−5σ, 5σ], where σ is the
standard deviations of each observable, is taken. The width of the domain is chosen
so as to avoid boundary effects which tend to result in a spectrum spuriously too far
from the imaginary axis. The choice of the number of boxes is a trade-off between
the resolution of short spatial and temporal scales and the quality in the estimates
of the transition probabilities by the Maximum Likelihood Estimator (MLE) (2.16). A
lag of one year was chosen (i.e., at the sampling frequency of the time series) which
should allow us to determine the eigenvalues corresponding to time scales as short
as one year. However, it is shown in A that our results are relatively robust to changes
in the grid, the lag and to the sample size.
The leading eigenvalues of the transition matrices estimated for different values of
the solar constant are represented in figure 4.5 for the NH SIC. The first eigenvalue,
represented in red, is always 0 and is associated with the invariant density of the
transition matrix, which is a projection of the actual invariant measure of the system.
The slowest relaxation time in the series of exponentials in (2.11) is determined
by the real part of the second eigenvalue and is given in the upper-right corner of
figure 4.5. Finally, the first five secondary eigenvalues are represented in blue to help
following their evolution. The main result here is that, in agreement with the slower
decay of correlations of the NH SIC observed in figure 4.4(a), the leading secondary
eigenvalues get closer and closer to the imaginary axis, as the solar constant nears its
critical value. Furthermore, that the leading eigenvalues have vanishing imaginary
part agrees with the fact that no periodicity is found in the correlation functions
represented figure 4.4(a).
For a more detailed analysis, the real part of the four leading secondary eigenvalues
for the NH SIC and for the Eq MST are plotted figure 4.6(a) and (b), respectively.
Furthermore, the corresponding plot for the transition matrices estimated using the
two dimensional space composed of both the NH SIC and the Eq MST is also shown
in figure 4.6(c). For this two dimensional observable, a coarser grid of 25×25 boxes
was used, because of the higher dimension of the reduced space compared to the one
dimensional case. In fact, the PDFs represented figure 4.3 were calculated as the first
left eigenvector of these transition matrices (see chapter 2). To these plots are added
the sample decorrelation rates of the observables, calculated from the sample ACFs
or CCFs as γi, j = log(|C f i , f j (τ)|)/τ, where C f i , f j (τ) is the sample ACF or CCF with
observable f i leading observable f j by a lag τ. Here the lag τ was chosen as 1 year,
the same as for the estimation of the transition matrices. For example, γ1,2 in figure
4.6(c) shows the sample decorrelation rate with the NH SIC leading the Eq MST by
1 year.
The plots in figure 4.6 confirm the approach of the imaginary axis by the leading
secondary eigenvalues for the NH SIC, the Eq MST and the (NH SIC, Eq MST), as
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Figure 4.5: Reduced ergodicity spectra of the NH SIC for a solar constant of (a) 1360, (b)
1290, (c) 1280, (d) 1275, (e) 1270 and (f) 1265 (W m−2 ). The first eigenvalue,
which is zero, is represented in red, while the first 5 secondary eigenvalues are
represented in blue. The slowest relaxation time in the series of exponentials in
(2.11) is determined by the real part of the second eigenvalue and is given in the
upper-right corner of the panels.
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(b)

Figure 4.6: Real part of the four leading
secondary eigenvalues for (a) the NH SIC
and (b) the Eq MST and (c) the (NH SIC,
Eq MST), versus the solar constant. The
sample decorrelation rates γi, j between
the observables are also represented as
black and red crosses.

(c)
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the solar constant is decreased to its critical value. In particular, the time scale associated with the second eigenvalue for the (NH SIC, Eq MST) transition matrices
increases from about 2 years to more than 17 years right before the crisis, yielding a
quantitative measure of the critical slowing down associated with the disappearance
of the attractor. Moreover, for S < 1290(W m−2 ), the increase of the real parts is
almost linear and is reminiscent of the results found for deterministic bifurcations of
low-dimensional systems (Gaspard et al., 1995; Gaspard and Tasaki, 2001) as well
as for the stochastic Hopf bifurcation treated in chapter 3. Overall, these changes are
in agreement with the slower decay of the ACFs and CCFs shown in figure 4.4. In
particular, one can see that the maximum sample decorrelation rates coincide very
well with the real part of the second eigenvalue as predicted by (2.11). This, however, will depend on how well the observables project on the eigenvectors associated
with the second eigenvalue, i.e on how large is the term f , ψ∗2 〈ψ2 , g〉 in (2.11) (for
instance, if the observable project very strongly on the third eigenvectors compared
to the second, the decorrelation rate may coincide better with the real part of the
third eigenvalue than the second).
Remark 22. The ability of the reduced ergodicity spectrum to approximate the spectrum
of the full transfer operators depends on the choice of the observation operator R. In this
study, however, we are particularly interested in the spectral gap between the first and the
second ergodicity eigenvalues. According to the reduced spectral gap theorem of chapter
2, the spectral gap between the reduced ergodicity eigenvalues gives an upper bound to
the true spectral gap. Thus, a small reduced spectral gap is necessarily associated with
small spectral gap between the true ergodicity eigenvalues.
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Motivated by the question whether critical slowing down can be observed in a chaotic
system undergoing an attractor crisis and whether this slowing down can be explained in terms of spectrum of operators governing the dynamics of statistics, we
have taken as test bed a high-dimensional chaotic climate model undergoing a change
of attractor as a control parameter is varied.
Correlation functions estimated from long simulations of the model have revealed
that a slowing down indeed occurs as the critical value of the control parameter is approached. Importantly, the slowing down could be seen from the evolution of observables in steady state, without having to perturb the system away from the attractor.
This could be explained in physical terms by the fact that the primary mechanism
of instability leading to the destruction of the attractor, the ice-albedo feedback, is
not only activated by exogenous perturbations but also by spontaneous fluctuations
along the attractor (i.e., internal variability, in climatic jargon). This aspect, related
to the presence of positive Lyapunov exponents associated with unstable processes,
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makes the treatment of deterministic chaotic systems intrinsically more interesting
than that of simpler systems featuring fixed points or periodic orbits as attractors.
The topological explanation of this phenomenon is less straightforward, but the
study in Bódai et al. (2013) suggests that the observed critical slowing down could be
related to the approach of the attractor by a repeller, eventually leading to the crisis.
They show that in a simple, yet physically relevant, energy model able to reproduce
accurately the snowball/snowfree bistability system the attractor crisis is due to the
collision of the attractor of the warm steady state with a repelling invariant set (the
so-called "edge state"). Such mechanism has been extensively described in Grebogi
et al. (1983) for low-dimensional systems such as the Hénon map or the Lorenz flow
and also in Schneider et al. (2007) for high-dimensional hydrodynamic flows. In
these studies, several attractors coexist for a large range of parameter values, as in
PlaSim, and it is shown that their basins of attraction are separated by the stable
manifold of a repeller, while the closure of the unstable manifold of the repeller lies
on the attractors (the simplest example of this situation would be two stable fixed
points separated by a saddle node). Furthermore, as the control parameter is varied
towards its critical value one of the attractors gets dangerously close to the stable
manifold of the repeller, eventually colliding with it at the crisis. There, one of the
attractors is destroyed and becomes part of the basin of attraction of the other.
Recently the edge state has been constructed also for a simplified climate model
incorporating the dynamical core of PlaSim and a simplified representation of the
oceanic transport and of the ice-albedo feedback (Lucarini and Bódai, 2015). For this
case, the above mentioned mechanism of attractor crisis has been confirmed in detail.
We are therefore led to think that the edge state exists also in the PlaSim configuration
adopted here. The critical slowing down observed at the approach of the crisis could
thus be explained by the influence of the stable manifold of the edge state on the
dynamics on the attractor. Indeed, trajectories along the attractor approaching the
region in which the stable manifold of the edge state is close are expected to spend
more and more time in this region, resulting in an increase of the correlations (and
thus of predictability). Note that understanding the properties of the edge state is
key to predicting the features of the noise induced transitions across the two basins
of attractions.
The second step of this study was to verify that the slowing down of the decay of
correlations can be described in terms of spectrum of transfer operators, relying on
approximations by Markov transition matrices acting on a reduced space. Approximating this spectrum for systems with competing time scales can reveal much reacher
dynamics than by the estimation of the decorrelation rates alone. Of course, one
cannot expect to recover the discrete part of the spectrum of transfer operators very
accurately with such coarse-grained representations. However, with an appropriate
choice of observable one can expect to get good estimates of the leading eigenvalues as supported by the reduced spectral gap theorem of chapter 2. The observable
should be such that the leading ergodicity eigenvectors project well on reduced space
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defined by the observable. However, these eigenvectors are difficult to access and the
choice of the observable should eventually be guided by the behavior of its correlation
functions and by an understanding of the fundamental physical mechanisms responsible for the slow dynamics. Moreover, if the reduced space on which the transition
matrices are estimated is defined by an observable which is such that its correlation
functions decay slowly, unresolved fluctuations (i.e orthogonal to the reduced space)
are more likely to experience a correlation decay faster than the observable itself
and could thus be approximated by a decorrelated noise. In this case, the evolution
of the observable could be modeled by a stochastic process on the reduced space and
the evolution of densities in this space would itself be governed by the semigroup of
transfer operators of the stochastic process (see chapter 5 for a detailed discussion).
Contrary to the changes in the statistical moments of observables (cf. section 4.3.1),
which are expected to vary depending on the topology of the attractor, the approach
of the spectrum of the semigroup of transfer operators to the imaginary axis responsible for the slowing down as an attractor crisis is approached is expected to be rather
general. It is based on both the physical idea that the instability mechanism becomes
more and more easy to trigger by spontaneous fluctuations along the chaotic attractor
and on the discussion on the collision with an edge state. In fact the narrowing of the
spectral gap between the eigenvalue 0 and the secondary eigenvalues of the semigroup is an indicator that the radius of convergence of the series expansion of the
perturbed invariant measure shrinks (Kato, 1995; Lucarini, 2015). In other words,
the size of the perturbation for which response theory applies (Ruelle, 2009) vanishes at the criticality, accordingly to the fact that a dramatic change in the statistics
occurs during the attractor crisis.
Finally, we have seen in section 4.3.3, that the change in the spectrum of the semigroup of transfer operators (and, a fortiori, in the decorrelation rates) is very smooth
before the crisis, in agreement with the analytical results in Gaspard et al. (1995)
and Gaspard and Tasaki (2001) for low-dimensional systems. Invoking the chaotic
hypothesis, such numerical results could be explained by the differentiability of the
spectrum of Anosov systems, proved in Gouëzel and Liverani (2006) for appropriate Banach spaces. The fact that critical slowing down can be observed from long
time series of a high-dimensional chaotic system suggests that classical early warning indicators such as the lag-1 autocorrelation (Held and Kleinen, 2004), could be
used to detect a chaotic attractor crisis from observations. However, the smoothness
in the change of the spectrum of the semigroup of transfer operators suggests that
autocorrelation-based indicators cannot be expected to give a very strong signal at
the approach of an attractor crisis. This analysis thus shows, that even though the
methodology presented chapter 2 is too demanding in terms of data to apply it to
observations and use the spectral gap as an early-warning indicator of a crisis, it is
very well suited to understand and design such indicators in the more general context of high-dimensional chaotic (and also stochastic) systems than the one of AR(1)
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processes for which the lag-1 autocorrelation indicator was originally developed in
Held and Kleinen (2004). This will be discussed in more details in chapter 6.
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5
L O W- F R E Q U E N C Y AT M O S P H E R I C VA R I A B I L I T Y: A T R A N S F E R
O P E R AT O R A P P R O A C H T O M E TA - S TA B I L I T Y A N D E A R LY
WA R N I N G S

The existence of persistent midlatitude atmospheric flow regimes with time scales
larger than 5-10 days and indications of preferred transitions between them motivates to develop early warning indicators for such regime transitions. In this chapter,
we use a hemispheric barotropic model together with estimates of transfer operators on a reduced phase space to develop an early warning indicator of the zonal to
blocked flow transition in this model. It is shown that, the spectrum of the reduced
Markov operator can be used to study the slow dynamics of the flow as well as the
non-Markovian character of the reduction. The slowest motions are thereby found to
have time scales of three to six weeks and to be associated with meta-stable regimes
(and their transitions) which can be detected as almost-invariant sets of the transfer
operator. From the energy budget of the model, we are able to explain the metastability of the regimes and the existence of preferred transition paths. Even though
the model is highly simplified, the skill of the early warning indicator is promising,
suggesting that the transfer operator approach can be used in parallel to an operational deterministic model for stochastic prediction or to assess forecast uncertainty.
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5.1

INTRODUCTION

The midlatitude atmospheric flow is considered to be a chaotic dynamical system for
which predictability is limited (Lorenz, 1969; Leith, 1978; Simmons and Hollingsworth, 2002). Although the behavior of this flow is dominated by weather systems
on short time scales caused by baroclinic instability, strong variability on time scales
longer than 5-10 days, with a predominantly barotropic structure, is also observed
(James, 1994). It has been argued that at least part of the observed low-frequency
variability can be explained by recurrent and persistent atmospheric regimes (Mo
et al., 1988; Kimoto and Ghil, 1993; Smyth et al., 1999) such as the North Atlantic
Oscillation (NAO) and blocking events (Plaut and Vautard, 1994; Ghil and Robertson,
2002).
Many studies identifying atmospheric regimes use algorithms relying on the recurrence property of these regimes such as the k-means (Mo et al., 1988; Kondrashov
et al., 2004) and the Gaussian mixture algorithms (Smyth et al., 1999; Smyth, 1999).
Other studies make use of persistence properties, for example leading to Hidden
Markov Models (Majda et al., 2006; Franzke et al., 2008). Most of these techniques
rely on the reduction of the high-dimensional phase space to a few dimensions.
The existence of weather regimes in General Circulation Models (GCM) and in
reanalysis has been questioned for some time (Stephenson et al., 2004; Christiansen,
2007; Fereday et al., 2008). Using the Integrated Forecast System (IFS) of the European
Centre for Medium-Range Weather Forecasts (talk), it was shown (Dawson et al.,
2012; Jung et al., 2005; Dawson et al., 2014) that it was necessary to use a spatial resolution of T1279 (16 km), or to include stochastic parametrizations, in order for the
atmospheric regime behavior to occur. This suggests that although the atmospheric
regimes are large-scale low frequency motions, the faster small-scale motions (either
explicitly resolved or included as random perturbations) are important to simulate
them.
The barotropic structure of midlatitude low-frequency variability has motivated
early studies using low-order barotropic models. Charney and DeVore (1979) have
shown that such regimes could manifest themselves in highly truncated spectral barotropic models as stable fixed points representative of different solutions of a standing
Rossby wave over topography. Flow regimes and spontaneous transitions have been
observed in laboratory experiments using rotating annulus experiments for a barotropic fluid with topography (Weeks et al., 1997) and for a two-layer shear flow
(Williams, 2003; Williams et al., 2004, 2005, 2008). In (Weeks et al., 1997), a zonal
flow and blocked flow were found for different values of the Rossby number, and
spontaneous transitions between the two were observed for intermediate values of
the Rossby number. They suggested that these transitions were associated with the
existence of two basins of attraction connected by heteroclinic orbits.
A scenario of chaotic itinerancy (Kaneko, 1991; Itoh and Kimoto, 1996) permitted
by heteroclinic connections is supported by the study of Crommelin et al. (2004) us-
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ing a 6-mode barotropic model. For specific values of the forcing parameter, the two
stable fixed points of the zonal and blocked regimes merge with a periodic orbit (due
to barotropic instability), yielding a heteroclinic connection. Although such a specific
situation is unlikely to exist in the real atmosphere, Crommelin (2003) found evidence of ruins of such a heteroclinic connection in a hemispheric barotropic model
with realistic topography and forcing (Selten, 1995), manifested by the presence of
preferred transition paths. Regime behavior was also found in more realistic barotropic (Legras and Ghil, 1985; Branstator and Opsteegh, 1989; Crommelin, 2003)
and multilayer quasi-geostrophic models (Itoh and Kimoto, 1996; Kondrashov et al.,
2004). Because these models exhibit chaotic behavior, the regimes are no longer identified by stable fixed points but rather as neighborhoods in the phase space where
trajectories tend to persist, motivating their denomination as meta-stable regimes.
In the laboratory experiments by Williams (2003), it is the inertia-gravity waves
which are responsible for the regime transitions when the flow is baroclinically unstable. Such waves and barotropic disturbances occur in the real atmosphere together
with baroclinically unstable synoptic weather systems, so that it is not yet clear if
one disturbance is more important than the other in inducing certain regime transitions. All these possible mechanisms suggest, however, that the variability of the
midlatitude atmospheric circulation can be captured by a deterministic model with
multiple basins of attraction ‘forced’ by random perturbations representative of highfrequency eddies.
This multi-scale property of the climate system motivates a stochastic-modeling approach (Gardiner, 2009) to climate variability (Penland, 2003). Stochastic climate
modeling often relies on a time-scale separation where the state vector is decomposed into a slow climate component and fast weather fluctuations. These fast fluctuations are not resolved explicitly but their aggregated effect is represented by a
noise term. The system is thus modeled by a Stochastic Differential Equation (SDE)
(Gardiner, 2009) with in general nonlinear deterministic terms and additive and/or
state-dependent noise terms (Majda et al., 1999, 2001; Franzke et al., 2005; Franzke, 2014). When the time-scale separation assumption is violated, the Mori-Zwanzig
formalism shows that a non-Markovian term representative of the memory effect induced by past interactions between the resolved and the unresolved variables has to
be added (Chorin and Hald, 2009; Darve et al., 2009; Wouters and Lucarini, 2013;
Kondrashov et al., 2015). Stochastic modeling has been applied to many problems
in climate science, such as subgrid-scale parametrization, uncertainty quantification
and data assimilation (Palmer and Williams, 2009; Franzke, 2014).
When randomness is present in a dynamical system, whether it is because of uncertainty in the initial state of chaotic systems or because of a stochastic forcing, it is
of interest to study the evolution of probability densities in phase space by the flow
rather than that of individual trajectories (Lasota and Mackey, 1994). We have seen
in chapter 2 that the evolution of densities is governed by the semigroup of transfer operators whose spectrum, the ergodicity spectrum, gives valuable information
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on the slow dynamics of the system. In particular, the leading ergodicity eigenvalues are associated with a slow correlation decay, which can be due to meta-stability
(Froyland and Padberg-gehle, 2014).
The main purpose of the present study is to develop an early warning indicator
of transitions between atmospheric flow regimes. A traditional method that gives an
early warning of a sudden transition is the use of the critical slow down of the system when it gets close to a bifurcation point (Scheffer et al., 2009). However, in a
high-dimensional model such as that used in (Crommelin, 2003) it is too simplistic
to reduce the topology of the system to one or more stable fixed points. Recently, it
was shown that complex networks can reveal information on nearby simple bifurcations in high-dimensional dynamical systems (van der Mheen et al., 2013). Near
bifurcation points, the topology of the network changes drastically and early warning indicators for transitions were developed based on these topological changes
(Viebahn and Dijkstra, 2014; Feng et al., 2014; Tirabassi et al., 2014).
In this study, we base the early warning indicator on the evolution of probability
densities with respect to meta-stable regimes in a reduced phase space of the barotropic model used in Crommelin (2003). To study the slow dynamics in this phase
space and to evaluate the effect of memory induced by the reduction, the spectrum
of transfer operators estimated for different lags is analyzed. Meta-stable regimes
are subsequently detected from the transfer operator at a carefully chosen lag. An
early warning indicator of transition to the blocked regime is developed from the
transfer operator making use of the existence of preferred transition paths between
the regimes. To test the quality of the early warning indicator, a traditional method
employing the Peirce skill score (Peirce, 1884; Stephenson, 2000; Thornes and Stephenson, 2001) is used. Finally, a study of the energy budget of the barotropic model
is performed, where particular attention is given to the conversion of mean kinetic
energy to eddy kinetic energy by Reynolds’ stresses, to provide a physical background
to the early warning indicator.
5.2
5.2.1

R E D U C T I O N O F T H E T 21- B A R O T R O P I C M O D E L

Model and data

Transitions between zonal and blocked regimes of the northern hemisphere atmospheric circulation are here investigated using a barotropic model (Selten, 1995;
Crommelin, 2003; Franzke et al., 2005). The dimensionless equation of the model,
expressed in terms of the streamfunction ψ (representing the non-divergent flow)
and using the mean radius of the Earth and the inverse of its rotation rate as horizontal and temporal scale, is given by the barotropic vorticity equation (BVE)
∂ ∇2 ψ
= −J (ψ, ∇2 ψ + f + h b ) − k1 ∇2 ψ + k2 ∇8 ψ + ∇2 ψ∗ ,
∂t

(5.1)
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where J denotes the Jacobian operator, f the Coriolis parameter, h b the scaled orography, k1 the Ekman damping coefficient, k2 the coefficient of scale-selective damping and ∇2 ψ∗ the prescribed vorticity forcing. The adimensional orography h b is
related to the one of the real Northern Hemisphere h0b by
h b = 2A0

h0b
H

sin φ0 ,

(5.2)

where φ0 = 45◦ N, A0 = 0.2 is a factor determining the strength of the surface winds
that blow across the topography, and H is a scale height of 10 km.
The BVE is projected onto spherical harmonics, triangularly truncated at the 21st
mode (T21). The spherical harmonic coefficients are chosen such that the model is
hemispheric with no flow across the equator, resulting in a system of 231 Ordinary
Differential Equations (ODE), which are integrated using a fourth order Runge-Kutta
numerical scheme. Following (Selten, 1995), the Ekman damping time scale and the
scale-selective damping time scale were chosen as 15 days and 3 days (for wavenumber 21), respectively, so as to adequately reproduce the observed mean and variance
of the 500hPa Northern-Hemisphere 10-day mean relative vorticity. The vorticity forcing ∇2 ψ∗ is calculated from ECMWF reanalysis data of wintertime 500hPa relative
vorticity from 1981 to 1991, in order for the first two moments of the simulated relative vorticity to be as close as possible to the observed relative vorticity. The term
∇2 ψ∗ is calculated (Roads, 1987; Selten, 1995) according to
∇2 ψ∗ = J (ψcl , ∇2 ψcl + f + h b ) + k1 ∇2 ψcl − k2 ∇8 ψcl + J (ψ0 , ∇2 ψ0 ),

(5.3)

where ψcl is the mean of the observed streamfunction. The quantity ψ0 is the deviation of the 10-day running mean observed streamfunction from ψcl . The present
study relies on a 500,000-day-long simulation using an integration time step of 30
minutes, with daily output and a spin-up of 5, 000 days removed.
5.2.2

Phase space reduction

In order to investigate the presence of meta-stable regimes and preferred transition
paths, it is important to define a proper reduction of the 231-dimensional phase
space (see chapter 2). This is usually done by projecting the state vector on a lowdimensional basis of orthogonal vectors such that the variance of the projected state
vector is maximized. In practice, this can be achieved by an Empirical Orthogonal
Function (EOF, e.g von Storch and Zwiers, 1999, Chap. 13) analysis of the streamfunction normalized by the kinetic energy norm (Crommelin, 2003; Franzke et al.,
2005). The streamfunction patterns of the three leading EOFs are represented in figure 5.1 and explain 36.7% of the total variance. The first EOF is related to the Arctic
Oscillation (AO), blocking events and the strength of the polar vortex (Crommelin,
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(a)

(b)

Figure 5.1: Dimensionless streamfunction
of the three leading EOFs of the barotropic
model. EOF 1 (a), EOF 2 (b) and EOF 3 (c)
that explain 21.4%, 8.5% and 6.8% of the
variance, respectively.

(c)
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Figure 5.2: Decorrelation times (in days) of the 20 leading principal components.

2003). As it shows a dipole-like pattern over the Atlantic basin, the third EOF has
been associated with the North Atlantic Oscillation (NAO).
For the purpose of this study, special care must be given to the choice of the EOFs
used to define the reduce phase space. Indeed, the presence of meta-stable regimes
and the transitions between them should not be hidden by the projection. Furthermore, for the sake of time-scale separation between the motions in the reduced phase
space and the unresolved ones and in order to capture the leading ergodicity eigenvalues, it is important for the principal components of the selected EOFs to show
decorrelation times as large as possible compared to the other principal components.
These decorrelation times, defined as the lag after which the autocorrelation function
has decayed to 1/ e of its value at lag 0, are plotted in figure 5.2 for the 20 leading
principal components. Largest decorrelation times are found for principal components 1, 2 and 3 (41, 18 and 15 days, respectively), while other principal components
have a decorrelation time shorter than 10 days (with many smaller than 5 days).
Because Crommelin (2003) has shown that meta-stability was mainly visible on the
first principal component (pc1 ), while transition between the meta-stable regimes
occurred through low and high values of principal component pc3 , we have chosen
to define the reduced phase space Y as the (EOF1 , EOF3 ) plane. The projection of
the state vector x ∈ H on the reduced phase space Y is then given by the observation
y obtained by R : x t 7→ y t = (pc1 ( t ), pc3 ( t )).
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Figure 5.3: Probability density function of the first and third leading principal components
normalized by their respective standard deviations and discretized using 50 × 50
grid boxes.

The two-dimensional normalized histogram of pc1 and pc3 for the 500,000-daylong simulation is (cf. figure 5.3) similar to figure 7 in (Crommelin, 2003). To estimate the histogram, principal components pc1 and pc3 were normalized by their
respective standard deviations and the (EOF1 , EOF3 ) plane was discretized into a
grid G of 50 × 50 boxes spanning a [−3, 3] × [−3, 3] square. Grid boxes at the boundary are extended so that all realizations belong to the grid. Furthermore, if a box
contains no realization, it is removed from the grid, as it is not likely to support part
of the projection of the attractor. This resulted in a grid of m = 1577 boxes containing on average 314 realizations and such that 80% of the boxes contain at least
20 realizations. The components hi of the normalized histogram h for grid box Bi
are then calculated as the likelihoods P̂( y t ∈ Bi ) = #{ y t ∈ Bi }/#{ y t ∈ G}, where
#{ y t ∈ Bi } is the number of realizations of the observable y in box Bi and #{ y t ∈ G}
is the total number of realizations.
The histogram in figure 5.3 shows two local maxima indicative of the presence of
recurrent or persistent regimes. These regimes will be precisely defined in section
5.3.3. For now, following Crommelin (2003), we associate the local maximum for
negative pc1 to the blocked regime (since it corresponds to high pressure over northwestern Europe) and the maximum for positive values of pc1 to the zonal regime.
Crommelin (2003) also showed that the transitions from the zonal to the blocked
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regime were preferably going through negative values of pc3 , interpreted as the positive phase of the NAO.
The dynamics of the state vector x of the barotropic model on the phase space X
are deterministic and Markovian. However, application of the Mori-Zwanzig formalism (Chorin and Hald, 2009; Darve et al., 2009; Kondrashov et al., 2015) indicates
that in a closed model of the dynamics of the observable y, memory terms accounting
for past interactions between the resolved and the unresolved variables have to be
included together with an, in general nonwhite, noise term. Under the assumption
that the time scales of the resolved variables are slower by several orders of magnitude than those of the unresolved variables, these memory terms can be neglected
(Givon et al., 2004; Majda et al., 2001). As can be seen in figure 5.2, the decorrelation time of the unresolved variables pc2 is not smaller that the one of the resolved
variables pc1 and pc3 and hence time-scale separation does not apply and memory
effects should be considered. Following the methodology of chapter 2, we show in
section 5.3 how transfer operator techniques can provide detailed information on
this issue.
5.3
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The semigroup of transfer operators is now analyzed to study the dynamics associated
with the meta-stable regimes. Because, the high dimensionality of the phase space
of the barotropic model (d = 231) prohibits the direct approximation of the semigroup of transfer operators and since, as described in section 5.2.2 and in Crommelin
(2003), the dynamics relevant to transitions between meta-stable regimes predominantly occur in the reduced phase space Y = (EOF1 , EOF3 ), we instead estimate the
transition matrix approximating the reduced Markov operator on the reduced phase
space Y (see chapter 2). Accordingly, we have discretized the reduced phase space
Y using exactly the same 50 × 50 grid as for the histogram as in section 5.2.2. Then,
the matrices PτR were estimated using the Maximum Likelihood Estimator (MLE) of
chapter 2 from the 500,000-day-long time series of y and for different lags τ. Importantly, P̂τR , τ ≥ 0 need not be a semigroup because (i) the partial observation of
the system introduces memory effects (Darve et al., 2009; Chorin and Hald, 2009),
(ii) the Galerkin approximation adds numerical diffusion (Froyland et al., 2013) and
(iii) the estimation of transition probabilities from a time series of limited length is
prone to sampling errors (cf. section 5.3 below).
5.3.1

Spectral properties and slow dynamics

For this purpose, we calculate the reduced ergodicity eigenvalues λ̂R
(τ) associated
k
R
R
with P̂τ for τ ranging from 1 to 39 days. The rates rk (τ) = −ℜ(λ̂k (τ)) corresponding to the 10 leading eigenvalues different from zero of each P̂τR are represented fig-
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Figure 5.4: Rates rk (τ) corresponding to the 10 leading eigenvalues different from unity of
each P̂τR , with the lag τ as abscissa and the (cyclic) coloring giving the rank of the
rate. A complex pair of eigenvalues is represented by one square for the two conjugates. The error bars represent 99% confidence intervals estimated from a thousand surrogate transition matrices by applying the bootstrap method described in
Appendix B.1.

ure 5.4 with the lag τ as abscissa and the (cyclic) coloring distinguishing the rank of
the rate. A complex pair of conjugate eigenvalues is represented by one square for the
two conjugates. The error bars represent 99% confidence intervals estimated from a
thousand surrogate transition matrices by applying the bootstrap method described
in Appendix B.1.
Our first observation concerns the small width of the confidence intervals (some
are even hidden by the marker size). These intervals evaluate the robustness of the
estimates to the limited length of the time-series. The largest intervals occur when
two rates almost overlap, so that one of them may appear or disappear in the surrogates, resulting in a change of rank for all higher-rank rates. In our case, large
confidence intervals are thus usually indicative of an uncertainty in the existence of
two close but distinct rates or of only one (as for the leading rates at τ = 7 or 8,
for example). Moreover, Appendix B.1 shows that at least the three leading rates are
very robust to changes in the the grid resolution, ranging from a 10 × 10 grid to a
100 × 100 grid, compared to the original 50 × 50 grid.
Being confident on the robustness of the rates to the sampling as well as to the
grid resolution, we now turn to a detailed analysis of the results in figure 5.4. First,
we can see that the two rates closest to zero, the leading rates in red and green,

5.3

S P E C T R A L P R O P E R T I E S , M E M O R Y A N D A L M O S T- I N VA R I A N T S E T S

are well separated from the rest of the spectrum after a lag between 5 and 10 days.
One of these rates derives from a real eigenvalue (the circle), the other represents
a pair of complex conjugate eigenvalues (the square); they exchange rank at a lag
of 8 days. We can calculate an indicative time scale associated with each rate as the
inverse of the rate. Whether this time scale corresponds, to a good approximation,
to a decorrelation time is not the matter of this study. For a lag of 15 days, the first
rate (in green) and the second rate (in red) correspond to a time scale of 40 and
23 days respectively. Furthermore, the second rate is separated from the third (in
cyan) by a gap of 13 days. This time-scale separation suggests that the reduced dynamics are slowly mixing due to the presence of meta-stable regimes responsible for
low-frequency variability (Dellnitz and Junge, 1997; Froyland and Dellnitz, 2003;
Chekroun et al., 2014). This confirms the work on meta-stable atmospheric regimes
in this model by Crommelin (2003); we will see in section 5.3.3 how such regimes
can be more objectively detected.
The second important feature, relevant to the problem of stochastic prediction of
section 5.4.2, is the relative constance of the two leading rates for lags larger than
8 days. We can say that the slow dynamics associated with these rates "behave as
Markovian", by which we mean that looking only at these rates, one cannot disprove
the semigroup property, even though the dependance on the lag of the other rates is
clearly indicative that { Pˆτ }τ≥0 cannot constitute a semigroup. Thus, the two leading
rates do not seem to be affected by memory effects due to the partial observation
of the system or by estimate errors, since one would not expect them to be constant
otherwise.
From the separation of the two leading rates from the other rates as well as their
relative independence on the lag τ for lags larger than 8 days, we expect 8 days to
be the minimum lag for which the transition matrix P̂τ=8 is likely to predominantly
resolve the dynamics associated with the meta-stable regimes. Consequently, the following developments will rely mostly on the transition matrix P̂τ=8 . Such strategy
for the choice of the lag is similar to the one of DelSole (2000) and Berner (2005),
who look directly at the decorrelation rate of their time series to infer for which lag
they should estimate the drift and diffusion coefficients of the Fokker-Planck equation they want to approximate. In our case, however, all the rates associated with
the dominant eigenvalues of the transfer operators are considered and not only the
decorrelation rate of the time series alone. Let us also acknowledge that the SMT
has been used in Crommelin and Vanden-Eijnden (2011) to estimate the spectrum
of the generator associated with a Fokker-Planck equation, in Froyland et al. (2013)
to compare approximates of transfer operators and generators of low-dimensional
dynamical systems and in Franzke et al. (2008) to test the meta-stability of Hidden
Markov Models. However, we do not know other studies using the SMT to test the
"Markovianity" of reduced systems, even though the τ-test in ? serves a similar purpose in the context of Linear Inverse Modeling.
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(a)

(b)

Figure 5.5: The value at each grid point represents the distance, for an initial density of 1 at
pow
this grid point, between the density f8k transferred by the k th power of Pˆ8 and
long

a density f8k

5.3.2

transferred by P̂k×8 for (a) k = 2 and (b) k = 4.

Further validation of the semigroup property

We further test to which extent the semigroup property is violated for special cases
of powers k of Pˆτ and the corresponding matrices P̂k×τ . Rather than directly calculating a distance between the matrices ( P̂τR ) k and P̂k×τ , we prefer to calculate, for
pow
an initial density f0 , the distance between the density f kτ = f0 ( Pˆτ ) k transferred by
long
the k th power of Pˆτ and the density f kτ = f0 P̂k×τ transferred by P̂k×τ . We use the
qP
m
2
distance d ( f , g ) =
i =1 πi ( f i − g i ) , which is a sum of squared errors between
the components of f and g, weighted by the likelihoods P̂( y t ∈ Bi ), so that errors in
grid boxes less likely to be reached by the Markov process are given less weight. The
pow long
distances d ( f kτ , f kτ ) have been calculated for a set of m initial densities associated with each grid box in {Bi }, so that the density associated with box B j integrates
to 1 in B j and to zero elsewhere. The distances are represented figure 5.5a and b
for a lag τ of 8 days and for a multiplicator k of 2 and 4, respectively (dark colors
indicate small distance).
To explain the nature of the violation of the semigroup property, let us recall that
there exists only three possible candidates, namely (i) the partial observation of the
dynamical system, (ii) the coarse-graining induced by the Galerkin approximation
and (iii) sampling errors. Furthermore, it is shown in Appendix B.2, that the distances
plotted figure 5.5 are not affected by the use of twice as more samples and that they
only decrease slightly when the resolution increases (and vice versa). Thus, we can
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say that positive distances in figure 5.5 are mostly the consequence of memory effects
induced by the partial observation of the high-dimensional barotropic model.
We can observe that these memory effects are mostly important where the stationary density is small (figure 5.3) and thus, where trajectories are less likely to pass
by. The denser regions which are associated with meta-stability, as will be seen section 5.3.3, seem to be less affected by memory effects. This result is in agreement
with the relative constancy with lag of the leading rates, also associated with metastability. Such memory effects, as well as the dependence on the lag of the spectral
gap between the leading rates, should be put in perspective with stochastic modeling with Stochastic Differential Equations (SDE) and based on time-scale separation
(Majda et al., 1999, 2001; Franzke, 2014). Indeed, in such models, one seeks a reduced basis for the decorrelation time of the resolved variables to be much longer
than the one of the unresolved variables, in order to be able to neglect the memory
effects made explicit by the Mori-Zwanzig formalism (Darve et al., 2009; Chorin and
Hald, 2009). If the transition matrices on the reduced phase space do not directly
help in the choice of the basis on which the dynamical system can be optimally reduced, their rates can give insights on the impact of the reduction on the resolved
variables.
5.3.3

Meta-stable regimes as almost-invariant sets

We have seen, section 5.3.2, that the two leading rates of figure 5.4 are close to zero
and that a large spectral gap separates them from the rest of the rates, a configuration indicative of the presence of meta-stable regimes. This characteristic of metastability or persistence allows to formally define these regimes as almost-invariant
sets (Dellnitz and Junge, 1997; Froyland and Dellnitz, 2003). We now give an extension of the definition of almost-invariant sets to sets in the reduced phase space and
present an algorithm to detect them from a transition matrix P̂τR .
A set A of the phase space H is almost-invariant if Sτ−1 (A) ≈ A, so that

Pµ (Sτ x ∈ A|x ∈ A) ≈ 1.

(5.4)

Reformulating, the probability for a trajectory starting in a set A to leave this set after
a lag τ is almost-zero. These sets are thus associated with persistent or meta-stable
regimes.
In the case of almost-invariant sets in the reduced phase space, we are interested
in almost-invariant sets E of Y , such that (see chapter 2)

Pµ (R (Sτ x ) ∈ E|R ( x ) ∈ E ) ≈ 1 ⇐⇒ Pµ (Sτ x ∈ h−1 ( E )|x ∈ h−1 ( E )) ≈ 1. (5.5)
This important result states that if a set E is almost-invariant in the reduced space Y ,
its pre-image h−1 ( E ) in H is almost-invariant to the flow Sτ . In other words, almostinvariant sets in the reduced phase space are images of almost-invariant, yet coarser,
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sets in the full phase space. Of course, these coarse-grained almost-invariant sets
may not be optimal, in the sense that other, more strongly almost-invariant sets (w.r.t
(5.4)) may exist but are filtered out by the observable h in the same way RP resonances can be filtered out by h.
Based on these considerations, the transition matrix P̂τ=8 was used to define the
meta-stable regimes objectively. For the detection of almost-invariant sets (see also,
Dellnitz and Junge, 1997; Froyland and Dellnitz, 2003; Froyland and Padberg, 2009)
we use an optimal Markov chain reduction (Deng et al., 2011; Rosvall and Bergstrom,
2008) with respect to the relative entropy rate Cover and Thomas (1991). This type of
Markov chain reduction is particularly well suited for the detection of dense almostinvariant sets (highly recurrent), since it attempts to minimize the distance between
a density transferred by the reduced transition matrix (giving the transition probabilities between the almost-invariants, see below) and the same density transferred by
the original transition matrix. The optimization was implemented using the greedy
algorithm from network theory (Clauset et al., 2004), where the grid boxes are iteratively merged to give coarser and coarser almost-invariant sets.
In accordance with the bimodality of the histogram (figure 5.3), we have chosen to
look for a number of almost-invariant sets p of 2. These two sets are plotted in figure
5.6, such that all grid boxes in green belong to the first almost-invariant set and all
grid boxes in blue belong to the second one. For the family of almost-invariant sets
{Eβ }, the 2-by-2 reduced transition matrix Q̂ τ=8, , such that (Q̂ τ=8 )βγ = P̂( y t +τ ∈
Eγ | y t ∈ Eβ ), and its stationary density η, such that ηβ = P̂( y t ∈ Eβ ), are found to
be




0.79 0.21
0.27
Q̂ τ=8 =
, η=
,
(5.6)
0.14 0.86
0.73
the second almost-invariant set (in blue) being almost three times as dense as the
first one (in green).
The algorithm is designed to find almost-invariant sets whose union covers the
entire grid. However, in view of the early warning problem discussed in section 5.4,
we need to find a restriction of the definition of the regimes {Rβ } to smaller regions
of the grid so that the likelihood P̂( y t ∈ Rβ ) to be in any regime Rβ becomes smaller
than one (Kharin and Zwiers, 2003). To do so, we selected, for each almost-invariant
set Eβ , their grid boxes Bi maximizing the likelihood P̂( y t ∈ Bi , y t +τ ∈ Eβ , y t−τ ∈
Eβ ) of a realization of y to be in Bi and to come from and go to the same almostinvariant set Eβ , until a sufficiently large number of boxes have been attributed to the
regime Rβ to have P̂( y t ∈ Rβ ) = P̂( y t ∈ Eβ )/2 (until half of the almost-invariant
set has been selected in terms of stationary density π). These restrictions are plotted
in dark green and dark blue (Fig. 5.6) and define the blocked and zonal regimes,
respectively. The probability to stay in the so-defined blocked and zonal regimes after
8 days is of 66% and 70%, respectively.
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Figure 5.6: Two almost-invariants sets and their restrictions (in dark colors) corresponding to
the blocked and the zonal regime, respectively.

It is shown in the Appendices B.1, B.2 and B.3 that these regimes are relatively
robust to the limited length of the time series, to the grid resolution and to the lag,
respectively. Their definition together with the transition matrices { P̂τR } are used in
section 5.4 to define an early warning indicator of a transition to the blocking regime.

5.4
5.4.1
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Preferred transition paths

Having defined the regimes, we now study the transitions between them. Following
Branstator and Berner (2005), we first plot the mean tendencies of the normalized
principal components pc1 and pc3 . The tendencies were calculated for each principal
component using a finite difference scheme such that ∆pci ( t ) = (pci ( t + ∆t ) −
pci ( t ))/∆t, where ∆pci is the approximate tendency of the i th principal component
and ∆t is the time step. An estimate of the mean tendency for each grid box was then
calculated by averaging over all the realizations of y in this grid box.
The mean tendency for a time step ∆t of 8 days is plotted figure 5.7. It can be
seen as a composition of a clockwise rotation and two sinks. This result corroborates
both the meta-stability of the regimes and the existence of preferred transition paths
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Figure 5.7: Mean tendency of the normalized principal components calculated using centered
differences for ∆t = 8 days. Arrows represent the direction and the colors represent the magnitude (in standard deviation per day). As for the following figures,
the black contours delimitate the blocked regime, marked by the letter B, and the
zonal regime, marked by the letter Z.

between them, reminiscent of a pseudo-periodic orbit (Plaut and Vautard, 1994;
Crommelin, 2003). Indeed, the rotation is such that typical trajectories leaving the
zonal regime (blocked regime) to go to the blocked regime (zonal regime) transit
through negative values (positive values) of pc3 . Furtermore, the correspondence
between the sinks with low values of mean tendency and the regimes is striking, in
particular for the zonal regime. We have seen in section 5.3.2 that the memory effects
are relatively weak in the region of the regimes. In the limit when these effects can
be neglected, the reduced dynamics can be modeled by an SDE and the mean tendency gives an approximation of the drift term involved in the Fokker-Planck equation
(together with diffusion, not calculated here, Berner, 2005; Gardiner, 2009) which
generates the semigroup of transfer operators associated with the SDE. The correspondence between weak tendency and almost-invariance is thus not coincidental.
To further support the existence of preferred transition paths from one regime to
the other, we have calculated, for each grid box, the likelihood P̂Z B ( P̂BZ ) that a trajectory starting in the zonal regime (blocked regime) and passing through this grid
box reaches the blocked regime (zonal regime) before the zonal regime (blocked
regime). Such likelihoods are sometimes referred to as committers in molecular dy-
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(b)

Figure 5.8: Likelihood, for each grid box, to reach (a) the blocked regime before the zonal
regime and (b) the zonal regime before the blocked regime.

namics (see e.g. Schütte and Marco Sarich, 2013) and can be used for the detection
of meta-stable regimes as well.
The resulting likelihoods are plotted in figure 5.8. In agreement with the tendency,
the trajectories going from the zonal to the blocked regime are more likely to do so
through low values of the 3 r d principal component while trajectories going from the
blocked to the zonal regime favor high values of the 3 r d principal component.
5.4.2

Early warning indicator

The presence of preferred transition paths from the zonal to the blocked regime,
as well as the weak mixing associated with the existence of rates close to zero (cf.
section 5.3.1), suggests that there is potential skill in predictability of transitions to
the blocked regime. Note that more than trying to predict when a trajectory will
leave the zonal regime, we want to use the fact that trajectories leaving the zonal
regime are more likely to go to the blocked regime if they transit through negative
values of pc3 . We therefore use the transition matrices for different lags to provide
an approximation of the transfer of densities in the reduced phase space by the flow
and to build an early-warning indicator of transitions to the blocked regime.
The quality of the indicator will depend on (i) the predictability of the full system
(in terms of sensitive dependence to initial conditions or rate of decay of correlations) and (ii) the validity of the Markov approximation for the reduced dynamics.
While the former is determined by the dynamical system alone, the latter depends
on the choice of the observable. We have seen in section 5.3 that the violation of the
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semigroup property indicates that the reduced dynamics are overall non-Markovian.
However, the constancy of the leading rates also indicates that motions associated
with the meta-stable regimes behave as Markovian, suggesting that densities transferred by the estimated transition matrices could be used to give a probability of
reaching one of the regimes.
The early-warning indicator is thus designed as such. Whenever the observed trajectory (in our case, the simulation) leaves the zonal regime, we define an initial
density f Bi ,τ=0 , integrating to 1 over grid box Bi to which the last observation belongs and to zero elsewhere (one could instead define an initial density spreading
over several boxes to account for uncertainties in the observation). Next, the Markov
approximation f Bi ,τ=1 of the transfer of f Bi ,τ=0 by the flow after a lag τ of 1 day is calculated
as f Bi ,τ=0 P̂τ=1 . We then calculate the likelihood P̂( yτ=1 ∈ Rblock | y0 ∈ Bi ) =
P
B j ∈Rblock ( f Bi ,τ=1 ) j for a realization y t +1 to belong to the blocking regime knowing
that y t belongs to grid box Bi . If this estimated probability exceeds a given critical
probability pc , an alarm of transition to the blocked regime after a lag τalarm of 1
day is given. Otherwise, the same process is repeated for τ = 2, 3, ... until an alarm
is given or a limit lag τmax is reached, after which we wait for the next observation
to run the forecasting system.
To illustrate this process we show in figure 5.9 the transferred density for grid box
314 marked as a blue square and lying in the region of preferred transition paths
between the zonal and the blocked regimes. This initial density f Bi =314 ,τ=0 , is plotted alone panel d). The densities f Bi =314 ,τ=4 , f Bi =314 ,τ=8 and f Bi =314 ,τ=16 transferred
using the transition matrices P̂τ=4 , P̂τ=8 and P̂τ=16 are plotted panel (a), (b) and
(c), respectively. The densities f Bi =314 ,τ=2×4 and f Bi =314 ,τ=2×8 transferred using the
square of the transition matrices P̂τ=4 and P̂τ=8 are also plotted panel e) and f), respectively, to show how the semigroup property can be violated. The corresponding
likelihoods to reach the blocked regime are written in the top left of each panel.
We can see that if a critical probability pc of 0.3 would be chosen, an alarm of
transition to the blocking regime would be raised for τ = 8 days (figure 5.9b), as
described in the previous paragraph. Figure 5.10 shows the grid boxes for which an
alarm would be given if a critical probability pc of 0.3 was used and the respective lag
τalarm after which the transition is predicted to occur. In this case, alarms are mainly
flagged for trajectories passing through grid boxes close to the blocked regime or in
the region of low principal component pc3 .
The quality of the early warning indicator of transition to the blocked regime was
tested over all trajectories starting when leaving the zonal regime and ending when
reaching any of the regimes. In order to take into account sampling errors in the
estimation of the transition matrices, the test was performed on a second 500, 000day-long simulation which was ran taking as initial state the last state of the original
simulation from which the transition matrices were estimated. Out of the 11759
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(a)

(d)

(b)

(e)

(c)

(f)

Figure 5.9: Approximation f Bi =314 ,τ of the transfer of the initial density f Bi =314 ,τ=0 for a lag τ
of (a) 4 days, (b) 8 days and (c) 16 days. The initial density is plotted in panel (d),
integrating to one over box Bi =314 and to zero elsewhere. The densities transferred
using the square of P̂τ=4 and of P̂τ=8 are plotted panel (e) and (f), respectively.
The corresponding likelihoods to reach the blocked regime are written in the top
left of each panel.
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Figure 5.10: Predicted time of transition to the blocked state τalarm , in days, for each grid box
where an alarm is given for a critical probability pc of 0.3.

trajectories starting from the zonal regime, 1993 reached the blocked regime, which
we call an occurrence event (O), while 9766 reached the zonal regime, which we call
a nonoccurrence event (O).
When testing a forecast system, one is interested in how many alarms (A) were
given when the event actually occurred, the number of so-called hits, and how many
did not occur, the number of so-called false alarms. In the case of a hit, the event
occurs at a given time τocc after the alarm is given, so that not only the occurrence
of the event should be forecasted, but also when it will occur. For easy reference,
the different cases are shown in Table 5.1. For example, a forecast that a blocking
event will occur in a month although it will truly occur only a week later is not of
much help. For the purpose of assessing the skill of a forecast not only in terms of
occurrence but also in terms of precision of the forecasted date of occurrence, we
need to define a tolerance ε, in days, such that a hit (H) is granted only when an
alarm is given with a prediction time τalarm such that τocc − ε ≤ τalarm ≤ τocc + ε. If,
however, the event is predicted to happen too early (τalarm < τocc − ε), it is counted
as a false alarm of type II (FA2), while if the event is predicted to happen too late
(τalarm > τocc + ε), it is counted as a missed alarm of type II (MA2). When the event
did not occur and no alarm (A) was given, we count a correct rejection (CR). When
an event occurs but no alarm is given, we count a missed alarm of type I (MA1) and
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Table 5.1: Overview of the different cases which can occur depending on the alarm given and
the event occurring.

A

A

A

A

τ f < τo − ε

|τ f − τo | ≤ ε

τ f > τo + ε

O

FA2

H

MA2

MA1

O

FA1

FA1

FA1

CR

when an event is predicted but does not occur, we count a false alarm of type I (FA1).
To assess the skill of the forecasts based on the categories defined in Table 5.1,
we adapted the original Peirce skill score (PSS) (Peirce, 1884; Stephenson, 2000) to
forecasts including the time of occurrence. In our case, we define the PSS as
S Peir ce ( pc ) = HR( pc ) − FAR1 ( pc ),
where HR( pc ) = H( pc )/O( pc ) is the hit rate, defined as the ratio of the number of
hits over the number of occurrences, and FAR1 ( pc ) = FA1( pc )/O( pc ) is the false
alarm rate of type I. The hit rate gives the likelihood of giving an alarm when the
event occurs, while the false alarm rate of type I gives the likelihood that an alarm
is given but the event does not occur. If the hit rate exceeds the false alarm rate the
PSS is positive and the forecast has skill. A PSS of 1 is reached for a perfect forecast,
when alarms are only raised when an event will actually occur and with the right
predicted time of occurrence.
The PSS is plotted figure 5.11 versus the critical probability pc and for different
tolerances ε. A tolerance of ∞ means that the precision of the predicted date of occurrence is not taken into account in the skill score. It is evident that as the tolerance
increases, the skill score increases as well. The PSS reaches a maximum for a critical
probability around 0.5, depending on the tolerance. Such scores have to be put in
perspective with the predicted time of occurrence τalarm . Indeed, a successful prediction of occurrence of a blocking event 1 day ahead is counted as a hit, but is not of
much practical use. For this reason, we have also represented the average prediction
time τalarm as a black dashed line on the same figure 5.11. It is of around two weeks
for a critical probability of 0.3 and around one week for a critical probability of 0.45.
Thus, depending on the final purpose of the forecast system, a compromise has to be
found between the skill of the forecast system and how many days ahead an event is
predicted on average. Choosing a critical probability of 0.3 would give a reasonably
good skill score of 0.4 (better than a no-skill forecast) with an average prediction
time of 2 weeks.
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Figure 5.11: Peirce skill score of the probability forecast of reaching the blocked regime versus
the critical probability pc for different tolerances ε (straight lines). The average
time lag in days for which an alarm is given is also plotted in black dashed line.

To summarize, the main advantage of a forecast system relying on the transfer of
densities is that it constitutes a very cheap way to account for the sensitive dependence on initial conditions of a chaotic dynamical system.
5.5

ENERGETICS OF THE TRANSITIONS

In this section we focus on the remaining question on how the dynamics of the barotropic model can explain (i) the persistence of each regime and (ii) the preferred
transition paths from the zonal to the blocked regime through high values or pc3 .
To help clarifying these issues the hemispheric energy budget of the model is studied. First, the fields are decomposed in a τ̄ = 8 days running mean and a deviation
from it. This decomposition yields for the streamfunction
ψ = ψ+ψ

0

with

1
ψ=
τ̄

Z t +τ̄/2

ψ d t 0.

(5.7)

t−τ̄/2

Inserting (5.7) into equation (5.1)and applying the running mean gives the equation
of the mean relative vorticity
∂ ∇2 ψ
+ J (ψ, ∇2 ψ + f + h) + J (ψ0 , ∇2 ψ0 ) = −k1 ∇2 ψ + k2 ∇8 ψ + ∇2 ψ∗ .(5.8)
∂t
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Subtracting (5.8) from (5.1) gives the equation of the deviation from the running
mean as
∂ ∇2 ψ0
+ J (ψ, ∇2 ψ0 ) + J (ψ0 , ∇2 ψ + f + h)
∂t

+J (ψ0 , ∇2 ψ0 ) − J (ψ0 , ∇2 ψ0 ) = −k1 ∇2 ψ0 + k2 ∇8 ψ0 .

(5.9)

In order to obtain the equation of the hemispheric average of the mean kinetic enR 2π R π/2
2
v2
1
ergy E =< u +
>, with < · > denoting the hemispheric average 2π
· cos φdφdλ,
2
0
0
equation (5.8) is multiplied by ψ and averaged hemispherically, giving
∂E
=< ψ J (ψ0 , ∇2 ψ0 ) > −2k1 E − k2 < ψ∇8 ψ > − < ψ∇2 ψ∗ > .
∂t

(5.10)

The first term on the right hand side is equal to the opposite of the sum of the Reynolds’ stress terms which represent a conversion of mean to eddy kinetic energy. Finally, multiplying (5.9) by ψ0 , applying the running mean and averaging over the
hemisphere gives the equation of the global eddy kinetic energy E 0 =<
∂ E0
= − < ψJ (ψ0 , ∇2 ψ0 ) > −2k1 E 0 − k2 < ψ0 ∇8 ψ0 > .
∂t

u02 + v 02
2

>

(5.11)

The terms in the equations (5.10) and (5.11) were calculated from the model simulation results and we could verify that the calculated tendencies equated the sum of
the right hand side terms but for a small error of up to 13% of the standard deviation
of the tendencies due to the running average of a deviation not being exactly zero.
The energetics of the transitions can be studied by plotting the kinetic energies
(Fig. 5.12) and the terms in the energy budget (Fig. 5.13) averaged for each grid
box of the reduced phase space. To these plots, a 200 days long trajectory transiting smoothly from the zonal to the blocked regime is added in green, starting with
a black square and ending with a black triangle. It is first interesting to notice that
low values of E 0 coincide rather well with our definition of the regimes (Fig. 5.12b).
That fact that the eddies are weak in the neighborhood of the regimes is mostly explained by low values of conversion to eddy kinetic energy (Fig. 5.13c), in particular
for the zonal regime, and additionally by a negative forcing for the blocked regime
(Fig. 5.13c-d). This stabilization of the flow in the region of the regimes is a good
physical candidate to explain their persistence.
We have seen (section 5.4), that typical trajectories from the zonal to the blocked
regime transit through the region of negative pc3 . Figures 5.12 and 5.13 allow us to
give a typical scenario for such a transition. Each step of the following scenario is
marked in figures 5.12 and 5.13 by the corresponding number.
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(a)

(b)

Figure 5.12: (a) Hemispheric mean kinetic energy E in Jm−2 , (b) Hemispheric eddy kinetic
energy E 0 in Jm−2 . The green line, starting with a black square and ending with
a black triangle, represents a 200 days long trajectory transiting from the zonal
to the blocked regime.

1. Starting in the zonal regime, the Reynolds’ stress terms are small and the mean
flow is stable. However, the positive forcing induces an increase of the mean
kinetic energy E.
2. As E increases and the forcing persists, the trajectory evolves to lower value of
pc3 and eventually leaves the zonal regime.
3. The trajectory then reaches a region of pc1 close to zero and low pc3 . The
forcing is still strong but the Reynolds stress terms begin to increase because
the strongly sheared flow becomes barotropically unstable for lower values of
pc3 , so that the total eddy kinetic energy E 0 continues to increase.
4. As the trajectory reaches lower values of pc1 , the forcing reverses but the Reynolds’ stress terms continue to increase as the barotropic eddies which emanated
at the previous step develop, so that E is converted to E 0 which continues to
increase.
5. The trajectory then goes to larger values of pc3 where the forcing is negative
and energy is removed both from the mean flow and from the eddies so that
the barotropic eddies decay.
6. The trajectory eventually reaches the blocked regime for lower values of pc1
where E 0 decreases due to the negative forcing coincident with relatively small
Reynolds’ stress terms. The mean flow is once again relatively stable, although
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(a)

(b)

(c)

(d)

Figure 5.13: (a) Tendency of the hemispheric mean kinetic energy in Jm−2 day−1 , (b) Tendency of the hemispheric eddy kinetic energy in Jm−2 day−1 , (c) Hemispheric Reynold’s stresses (conversion from mean to eddy kinetic energy when positive) in
Jm−2 day−1 , (d) Sum of hemispheric forcing and dissipation in Jm−2 day−1 . The
green line, starting with a black square and ending with a black triangle, represents a 200 days long trajectory transiting from the zonal to the blocked regime.
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not as much as for the zonal regime, as can be seen for the relatively large
Reynolds stress terms in the region of largest pc1 inside the blocked regime.
This scenario is consistent with the mechanisms of chaotic itinerancy (Itoh and
Kimoto, 1996), heteroclinic connections (Weeks et al., 1997; Crommelin, 2003) and
almost-invariant sets bounded by invariant manifolds (Froyland and Padberg, 2009).
Indeed, when the reduced state is in the zonal regime, the flow is relatively stable as
it belongs to what would be the basin of attraction of the zonal regime. However, as it
moves towards the neighborhood of positive forcing, energy is given to the mean flow,
the horizontal shear increases and the flow becomes unstable to small perturbations.
The increasing Reynolds’ stress term indicates that the perturbation grows, starts to
interact with the mean flow and enables the state to leave the basin of attraction of
the zonal regime.
5.6

S U M M A RY A N D D I S C U S S I O N

Using concepts of transfer operators of dissipative dynamical systems, stochastic reduction and meta-stable regimes, we developed an early warning indicator of midlatitude atmospheric regime transitions. It was applied here to the transitions between
a zonal and blocked flow in a barotropic hemispheric atmosphere model.
Transfer operators yield the evolution of densities induced by the flow. Markov
operators have been estimated on the reduced phase space to approximate the point
spectrum of the generator of the transfer operators, namely the ergodicity spectrum.
Their approximation for different lags have been used to assert the presence of slow
dynamics associated with meta-stable regimes and the impact of memory effects on
these motions. The presence of rates close to zero and separated from the rest of
the spectrum supports the existence of almost-invariant sets associated with metastable regimes and with time scales of three to six weeks. Furthermore, the relative
constancy of these rates showed that memory effects are weak in the meta-stable
regimes and along the transition path from the zonal to the blocked regime.
In order to objectively define these regimes, we have developed an algorithm for
the computation of almost-invariant sets based on earlier work in (Dellnitz and Junge,
1999; Froyland and Dellnitz, 2003; Froyland and Padberg, 2009), as well as on optimal Markov chain reduction (Deng et al., 2011; Rosvall and Bergstrom, 2008) and
greedy optimization in networks (Clauset et al., 2004). The algorithm attempts to
minimize a measure of the distance between the reduced Markov operator (giving
the transition probabilities between the almost-invariants) and the original one and
allows the detection of sets which are both recurrent and persistent. The algorithm
has enabled us to robustly define the blocked and the zonal regimes.
Compared to spectral almost-invariant detection algorithms such as developed
earlier by (Dellnitz and Junge, 1997, 1999; Froyland and Dellnitz, 2003; Froyland
and Padberg, 2009), which are based on the decomposition of the leading eigen-
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vectors of the transfer operator into characteristic functions supporting the almostinvariant sets, our algorithm is expected to perform better in the detection of more
than two almost-invariant sets, since the latter uses an aggregative implementation
rather than a divisive one like the spectral algorithms. For example, a similar algorithm (Rosvall and Bergstrom, 2008) has been used for the detection of a dozen
of communities, associated with spatial patterns of variability, in a correlation network of sea surface temperature (Tantet and Dijkstra, 2014). In this study, we were
only interested in the bi-partition problem and our algorithm showed comparable
performance in terms of invariance with respect to that in (Froyland and Padberg,
2009).
The transfer operator based algorithms are also comparable to Hidden Markov
Models (HMM, Majda et al., 2006; Franzke et al., 2008), with the difference that the
former are nonparametric (no assumption is made on the distribution of the reduced
states). Contrary to HMM, our algorithm detects hard clusters (nonoverlapping sets)
and takes as input the transfer operator rather than directly the time series of the
observable. In theory, it would be possible to adapt the algorithm to soft clustering (to
allow overlapping between the clusters) but the optimization problem would become
harder as it would necessitate another algorithm than the (combinatorial) greedy
algorithm.
The energy budget of the model showed that striking similarities exist between regions of low EKE and regions of almost-invariance, weak tendency and small memory
effects. Low EKE is indicative of stability of the mean flow and thus of almost-invariance,
low tendency as well as weaker memory effects due to the small amplitude of the
faster unresolved variables.
The early warning indicator is based on a forecasting scheme involving the evolution of densities by the estimated transfer operator in a two-dimensional reduced
phase space spanned by two EOFs of the model. It relies on the Markov approximation of the evolution of an initial density in the neighborhood of the latest observation
of the system and on the estimation of the probability to reach the blocked regime. A
warning is broadcasted for a lag τalarm if this probability exceeds a prescribed critical
probability. The quality of the early warning indicator, as measured by the Peirce Skill
Score, is highest for a critical probability of about 0.5 but a smaller critical probability of 0.3 allows to emit warnings two weeks ahead of the event, on average. A next
step is to investigate how this promising indicator would perform for more realistic
models of atmospheric flow transitions.
While the model here has obvious deficiencies (e.g. the lack of the representation
of baroclinic instability), it is one of the midlatitude atmospheric models for which regime transitions are found and hence forms a nice test model for the development of
the early warning indicator. The computational procedure can in principle be carried
out with a General Circulation Models (GCM) exhibiting regime behavior (Dawson
et al., 2012, 2014), if sufficiently long simulations can be performed. Note that in
our case, we used a 500,000-day-long simulation (∼ 1300 years) to assure the signi-
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ficance of our statistics. However, the dominant part of the spectrum was found to be
robust to the use of only 50 × 365 samples which is the typical size of an operational
GCM or a reanalysis record. The question remains if the transfer operator based early
warning indicator would perform well with nearly Gaussian GCM or observational
data (Dawson et al., 2012, 2014; Majda et al., 2006), where it is not clear whether
preferred transition paths between the meta-stable regimes exist.
Another application could be to estimate transfer operators from a long run of
an operational weather prediction GCM and use these operators in parallel with a
deterministic run of the GCM, in order to account for both uncertainty in the deterministic forecast (Palmer et al., 2005), and to give an early warning indicator of
transition to a new meta-stable regime.
Finally, the early warning indicator presented here certainly extends those based
on critical slowdown (Scheffer et al., 2009), such as the increase in variance and lag1 autocorrelation, which definitely have problems in high-dimensional phase space.
Even the network based indicators (van der Mheen et al., 2013; Viebahn and Dijkstra,
2014; Feng et al., 2014; Tirabassi et al., 2014) are not readily extended to highdimensional systems. It is therefore hoped that the techniques in this chapter will find
application in many types of chaotic high-dimensional systems as found in physics
and engineering.

6
G E N E R A L S U M M A RY A N D D I S C U S S I O N

Some applications of ergodic theory and nonequilibrium statistical physics to climate were presented in this work. The focus was on transfer operators governing
the evolution of statistics by the dynamics. In particular, we have argued that the
spectrum of these operators, the ergodicity spectrum, allows to characterize climate
variability and response to forcing. We have started our demonstration with known
theoretical results supporting the application of transfer operators to the study of
high-dimensional chaotic or stochastic systems, such as climate. In particular, the
gap between the leading eigenvalues of the transfer operators is directly related to
the sensitivity of the system to perturbation. The practical applicability of the theory was then shown to be made possible by the reduction method introduced by
Chekroun et al. (2014) to the climate community. Indeed, transfer operators act on
functions of a state living in a possibly high-dimensional phase space. Instead, the
reduction method allows to approximate the transfer operators by their projections
acting on functions on a reduced phase space. Supporting the applicability of the reduction method to the study of the stability of a dynamical system, it was shown for
the first time that the spectral gap calculated from reduced transfer operators gives
an upper bound to the true spectral gap of the transfer operators.
Our first application was concerned with an Ornstein-Uhlenbeck process (OU).
The first goal of this short study was to test the reduction method on a simple
stochastic system of relevance to climate (Hasselmann, 1976). Second, it allowed
to present known results regarding the ergodicity spectrum of an OU, proved by
Metafune et al. (2002), which were subsequently used to give novel analytical formulas for the ergodicity spectrum of linear Stochastic Delay Differential Equations
(SDDEs). These results were directly applied to the analysis of a simple yet very insightful stochastic delayed oscillator model of El Niño-Southern Oscillation (ENSO)
(Battisti and Hirst, 1989). The ergodicity spectra obtained analytically and through
the reduction method were found to be in very good agreement with each other and
to characterize the periodicity and the stability of the system. The nonlinear case
was then treated, supported by novel results on a simple form of stochastic Hopf
bifurcation. Such a bifurcation is found both in the stochastic nonlinear delayed oscillator (Suarez and Schopf, 1988) and in the stochastic Zebiak-Cane model (Zebiak
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and Cane, 1987; van der Vaart et al., 2000; Roulston and Neelin, 2000). The developments on the simple form of stochastic Hopf thus allowed to give a good interpretation of the behavior of the reduced ergodicity spectra in this model. In particular,
as expected from the theory, it was found that the ergodicity spectrum shrinks to the
imaginary axis at the approach of the bifurcation, resulting in the critical slowing
down of the system.
These developments allowed to gain some insights regarding the relationship between
the ergodicity spectrum and the stability of a system. These first applications dealt
with high-dimensional yet nonchaotic problems. On the other hand, the aim of our
second application was to show that much could be learned regarding the stability of a high-dimensional and chaotic system from the reduced ergodicity spectrum.
The method was thus applied to the transition from warm to snowball Earth found
in PlaSim, a chaotic General Circulation Model (GCM) of intermediate complexity.
Critical slowing down was found before the crisis, as seen from the slower decay of
correlations at the approach of the criticality. While this phenomenon is known for
stochastically forced nonchaotic systems, the underlying mechanism is more subtle
in the case of deterministic chaotic systems like PlaSim. Physically, it is due to the excitation of the instability mechanism by spontaneous fluctuations along the attractor
rather than by exogenous perturbations. A mathematical mechanism was also proposed based on the collision of the attractor with a repeller (Grebogi et al., 1983;
Schneider et al., 2007). The main result was that this slowing down could be traced
back to the approach of reduced ergodicity spectra to the imaginary axis.
The last application was concerned with the study of midlatitude blocking events
in a hemispheric barotropic model of the troposphere with realistic forcing. It is found
that these regimes are associated with the ergodicity spectrum responsible for a slow
decay of correlations. This allowed to extract them as almost-invariant sets connected by preferred transition paths. These paths were shown to constitute a source of
predictability allowing to design an early-warning indicator of transition from the
zonal to the blocked regime with relatively good skills.
Several questions raised in the body of this dissertation remain to be discussed.
A crucial topic is whether the real-world climate can in fact undergo abrupt or at
least nonlinear changes in response to forcing.Indeed, if such events were to happen
during the 21st century due to increased greenhouse gas concentrations, they could
have a major impact on our societies. In particular, the current efforts to calculate the
"climate sensitivity" (Knutti and Hegerl, 2008; Roe, 2009; Collins et al., 2013) may
be of little help if nonlinear contributions are important (Rugenstein et al., 2015;
Paynter and Frölicher, 2015) or if the climate response to forcing depends on the
background climatic state (von der Heydt et al., 2014; Köhler et al., 2015; Knutti
and Rugenstein, 2015). A dynamical systems perspective to these issues has been
given by Zaliapin and Ghil (2010), with examples taken from low-dimensional systems (see also Zaliapin and Ghil, 2011). In this sense, the study of the ergodicity
spectrum of a GCM in chapter 4 can be seen as a extension of their work in the dir-
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ection of high-dimensional chaotic systems. Unfortunately, state-of-the-art climate
models may not be able to simulate such abrupt changes (Valdes, 2011; Drijfhout
et al., 2013). This is related to the question of structural stability of climate models
considered by McWilliams (2007). It is sometimes argued that critical phenomena
exhibited by some low-dimensional or intermediate complexity models may not exist
in the real-world climate. For example, missing physical processes such as meridional
eddy heat transport may balance instability mechanisms like the ice-albedo feedback.
It has actually been shown in Dawson et al. (2012) and Drijfhout et al. (2013) that the
opposite can occur. For instance, small-scale atmospheric processes may be important for such critical behavior. As a consequence, it is crucial to understand whether
critical phenomena, such as the Meridional Overturning Circulation (MOC) collapse
(Dijkstra, 2005, Chap. 6), persist as climate models become more realistic. We have
seen in this work that the methodology of reduced transfer operators is very well
suited to study critical phenomena. Future work will thus focus on the application of
this framework to the investigation of the possibility of abrupt or nonlinear climate
changes.
Secondly, this work has focused on the steady-state response of climate to forcing.
However, our societies are primarily impacted by transient climate changes occurring
during the century. Indeed, the rate at which greenhouse gas concentration increases,
due to anthropogenic emissions is rather fast compared to the internal relaxation
time of the climate system to a statistical steady state. These relaxation times are associated with the leading ergodicity eigenvalues of the climate system and may be as
large as thousands of years or more due to ocean dynamics. Thus, it is important to
go further than the study of the steady-state response of climate to forcing and to consider its transient behavior as well. Ruelle’s response theory provides an interesting
framework for the study of such transient phenomena. Its practical implementation
for the linear response of selected observables has been shown to be feasible by Lucarini and Sarno (2011) and has been applied to a GCM of intermediate complexity
in Ragone et al. (2015). On the other hand, the methodology of reduced transfer operators presented in chapter 2 is not directly applicable to transient problems, since
one long transient time series is not sufficient to sample the time-dependent invariant
measure. Moreover, in the transient case, it is not clear how to relate the commonly
used sample correlation function (see e.g Boulton et al., 2014) to transfer operators.
The main difficulty comes from the fact that transfer operators of nonautonomous
systems do not constitute a one-parameter semigroup. This is a major hindrance to
giving firm theoretical grounds to early-warning indicators based on the correlation
function (or spectrum) such as the lag-1 autocorrelation in the transient case. More
work is thus needed in this direction.
In this work, we have looked at the changes in the reduced ergodicity spectrum
at the approach of the criticality. However, we have not considered how fast these
changes occur and thus how far from an instability the system is. According to the perturbation theory of Kato (1995) (see also Gouëzel and Liverani, 2006; Baladi, 2008),
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the sensitivity of the ergodicity spectrum to perturbations will depend on the size of
the perturbation with respect to the norm of the resolvent of the transfer operators.
In the special case of normal operators, the spectrum smoothly responds to the size
of the perturbation (Trefethen and Embree, 2005, Chap. 2) and the spectral gap directly gives a measure of the distance to criticality. This the case for for Hamiltonian
systems for which the semigroup of transfer operators is unitary. However, in the general case of nonnormal operators (which cannot be diagonalizable on an orthonormal basis), the ergodicity spectrum may be more sensitive to perturbations. Thus,
pathological situations may arise, in which the ergodicity spectrum approaches the
imaginary axis faster than expected for the normal case. The robustness to perturbation of the ergodicity spectrum depends on the microscopic dynamics of the system
and has been studied in analytical terms by Gouëzel and Liverani (2006), Butterley
and Liverani (2007) and coworkers for the hyperbolic case. Such considerations are
directly related to the applicability of Ruelle’s response theory (Ruelle, 1997, 1999;
Baladi, 2008; Ruelle, 2009), for which the behavior of the leading ergodicity eigenvalues is important. It is thus important to understand how sensitive is the ergodicity
spectrum of the climate system to perturbations, in order to know how close to a
catastrophe the system is.
Lastly, the applicability of the method of reduced transfer operators is limited by
the length of the time series available to estimate transition probabilities. Long control runs of coupled state-of-the-art GCMs are available in the context of the CMIP5
experiment (Taylor et al., 2012). Thus, it should be possible to directly carry the analysis ENSO dynamics of chapter 3 to such models, in order to understand better the
important factors triggering El Niño events. This should also be the case regarding
the study of meta-stable regimes of chapter 5. On the other hand, the short length of
the available observational record could be partially overcome by the regression of
an Empirical Model Reduction (EMR, Kondrashov et al., 2015) to data. Such a reduction allows to build an empirical model which is able to capture unavoidable memory
effects due to the projection of a system without time-scale separation (Chorin et al.,
2002; Kondrashov et al., 2015). Long time series are then easily obtained from simulations of the EMR which could be used to calculate reduced transfer operators on
higher-dimensional spaces than currently accessible. Conversely, comparing the ergodicity spectrum of stochastic model reductions to original models used as test-beds
could provide a more detailed diagnostic than comparison of correlation functions
alone.
Finally, as discussed in chapter 3, the study of the reduced ergodicity spectrum
provides a promising framework for the study of stochastic bifurcations, together
with stochastic parametrizing manifolds of Chekroun et al. (2015c). With the growing number of applications of the theory of random dynamical systems to climate
(Dijkstra, 2013), there is good hope that ergodic theory can lead to many interesting
results in the field.

A
R O B U S T N E S S O F T H E R E D U C E D E R G O D I C I T Y E I G E N VA L U E S
E S T I M AT E S O F C H A P T E R 4

In this section, we test the robustness of the eigenvalues of the reduced transition
matrices represented figure 4.6 to the sampling length, the grid size and the lag.
For convenience, all the tests are presented for the NH SIC only. However, the corresponding tests done for the Eq MST and (NH SIC, Eq MST) do not challenge the
conclusions taken in this study. Unless specified, all the parameters used in the following to estimate the transition matrices, such as the length of the times series, the
grid, or the lag, are taken the same as for the ones used section 4.3.3 to produce
figure 4.6.
A .1

ROBUSTNESS TO THE SAMPLING LENGTH

To test the robustness of the approximated spectra to the length of the time series
used to estimate the transition probabilities, one could calculate confidence intervals
from a version of the non-parametric bootstrap (see Efron (1980) and Mudelsee
(2010)), adapted to the estimation of transition matrices (see Craig and Sendi, 2002)
as was done in Chekroun et al. (2014) (see also chapter 5). Instead, we simply look at
the changes in the real part of the leading eigenvalues of the transition matrices when
only the first half (4850 years) or quarter (2425 years) of the time series is used. The
thus obtained real parts of the leading eigenvalues of transition matrices calculated
for the NH SIC, with a lag of 1 year and on a grid of 50 boxes, are represented figure
A.1. Furthermore, the inverse of the real part of the second eigenvalue is catalogued
in the third and fourth column of table A.1.
It is sufficient for this analysis to see, by comparing figure 4.6 to figure A.1 and
from table A.1, that using time series of NH SIC twice or even four times as short as
the original one to estimate the transition probabilities results in errors of less than
10% in the inverse of the real part of the eigenvalues. This shows the convergence of
the estimates with the length of the time series, and that the qualitative picture, of
the approach of the eigenvalues to the imaginary axis as the attractor crisis is neared,
is not affected by the sampling length.
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(a)

4

(b)

Figure A.1: Real part of the four leading secondary eigenvalues for the NH SIC, versus the solar
constant, using only (a) half and (b) a quarter of the time series used to produce
the corresponding figure 4.6.

A .2

ROBUSTNESS TO THE GRID SIZE

The robustness of our results to the size of the grid is now addressed. Figure A.2(a) to
(c) represents the real part of the leading eigenvalues of transition matrices estimated
on a grid of 25, 75 or a 100 boxes, respectively, instead of the original grid of 50
boxes used to produce figure 4.6. Figure A.2(a-c) and figure 4.6 are qualitatively
similar, with the approach to 0 of the real part of the leading eigenvalues as the
solar constant is decreased. The inverse of the real part of the second eigenvalue is
also given in the fifth to the seventh column of table A.1 from which one can see
that increasing the resolution results in differences in the inverse of the real part of
the second eigenvalue of less than 5%. This suggests that the grid of 50 boxes used
for the NH SIC is sufficiently thin to obtain good estimates of, at least, the second
eigenvalue, allowing one to conclude that the outcome of this study is not challenged
by the coarse resolution of the grid used to estimate the transition matrices.
A .3

ROBUSTNESS TO THE LAG

All the transition matrices in section 4.3.3 were calculated for a lag of 1 year, in order
to have access to time scales as short as possible. However, due to the fact that the
transition matrices are calculated on a reduced space, {Pτh }τ≥0 does not constitute a
semigroup, so that the SMT does not apply and the eigenvalues {λ̂hi (τ)}1≤i≤l depend
on the lag for which the transition matrix has been estimated. To verify that the
conclusions of the analysis presented section 4.3.3 are not questioned by a different

A.3

(a)

(b)

ROBUSTNESS TO THE LAG

(c)

Figure A.2: Real part of the four leading secondary eigenvalues for the NH SIC, versus the
solar constant, using a grid of (a) 25 boxes, (b) 75 boxes and (c) a 100 boxes,
compared to the 50 boxes grid used to produce figure 4.6.

choice of the lag, we represent, in figure A.3(a) and (b), the real part of the leading
secondary eigenvalues, calculated, as for figure 4.6, for the NH SIC and on a grid of
50 boxes but for a longer lag of 3 and 5 years, respectively. Again, the inverse of the
real part of the first secondary eigenvalue thus obtained is catalogued in table A.1.
It is obvious from figure A.3, that eigenvalues far away from the imaginary axis
are not well estimated for long lags as they are cornered to some cut-off value. This
effect is expected, since the lag used to estimate the transition matrices gives a lower
bound to the time scale associated with the eigenvalues that the reduced transition
matrix presented in chapter 2 can resolve. However, even when a lag of 5 years is
taken, the approach of the second eigenvalue to the imaginary axis as the control
parameter is decreased towards its critical value can still be observed figure A.3(b),
since the real part of this eigenvalue corresponds to a time scale larger than 5 years
for S < 1280(W m−2 ).
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(a)

4

(b)

Figure A.3: Real part of the four leading secondary eigenvalues for the NH SIC, versus the
solar constant, using a lag of (a) 3 years and (b) 5 years, compared to the lag of 1
year used to produce figure 4.6.

Table A.1: Inverse of the real part of the second eigenvalue (in years) of transition matrices
estimated for the NH SIC using different parameters, for different values of the solar
constant. For the second column, the whole time series was used as well as a grid
of 50 boxes and a 1 year lag, as for figure 4.6. For the third and the fourth columns,
only half or a quarter (Fig. A.1.a and b, respectively) of the time series was used,
respectively. For the fifth to the seventh column, a grid of 25 boxes, 75 boxes and a
100 boxes (Fig. A.2.a to c, respectively) was used. Finally, for the last two columns,
a lag of 3 and 5 (Fig. A.3.a to b, respectively) years was used.

S (W m−2 )

Fig. 4.6

1/2 len.

1/4 len.

25 b.

75 b.

100 b.

3 yr

5 yr

1265

16.36

14.48

15.63

14.12

16.69

16.95

15.84

15.95

1270

7.65

8.22

7.45

7.02

7.77

7.81

7.70

7.85

1275

5.69

5.49

5.29

5.33

5.73

5.77

6.02

6.52

1280

3.31

3.28

3.26

3.16

3.34

3.36

3.40

3.49

1290

1.90

1.89

1.94

1.89

1.90

1.92

1.99

2.25

1300

2.04

2.09

1.96

1.99

2.06

2.06

2.00

2.15

1315

1.89

1.94

1.84

1.85

1.92

1.91

1.82

2.09

1330

1.83

1.78

1.75

1.80

1.85

1.84

2.04

2.28

1345

1.59

1.52

1.50

1.55

1.59

1.59

1.51

1.80

1360

1.72

1.72

1.70

1.68

1.73

1.71

1.75

1.99
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B .1

B O O T S T R A P T E S T O F T H E R E D U C E D E R G O D I C I T Y E I G E N VA L U E S A N D R E GIMES

This appendix is concerned with the limited length of the record used to estimate the
transition matrices { P̂τR } defined in chapter 2. This statistical inference problem can
result in errors, notably in the rates and the regimes calculated from { P̂τR } in section
5.3.1 and 5.3.3 respectively, and requires an estimation of confidence intervals.
Following Chekroun et al. (2014), we use a version of the non-parametric bootstrap (Efron, 1980; Mudelsee, 2010), adapted to the estimation of transition matrices
as done in (Craig and Sendi, 2002). It starts from the matrix Tτ counting the transitions of { y t } from one grid box to another, before the normalization has been applied
∗
to get the transition probabilities. From Tτ , Ns surrogate count matrices {Tτ,s
}1≤s≤Ns
are generated. This is done, for each row i, by taking with replacement ni target
grid boxes among the ni transitions starting from grid-box Bi of Tτ . This accounts
for drawing ni times from a Multinomial distribution with vector of probabilities
R∗
{( P̂τR ) il }1≤l≤m . From these Ns surrogate count matrices, the transition matrices { P̂τ,s
}1≤s≤Ns
are then calculated by normalizing their rows. These matrices can then be used to
estimate the sampling error of any functions of the transition matrix P̂τR∗ .
R∗
A thousand surrogate matrices { P̂τ,s
}1≤s≤Ns are used to compute 99% confidence
intervals for the rates represented in figure 5.4. For each lag τ, the leading rates have
R∗
been calculated for every surrogate transition matrix in { P̂τ,s
}1≤s≤Ns . For each rate
∗
rk (τ) one gets a distribution of surrogate rates {( rk (τ))s }1≤s≤Ns . After sorting these
distributions, the (0.005 ∗ Ns ) th and the (0.995 ∗ Ns ) th values are taken to give the
lower bound and the upper bound, respectively, of the confidence interval for rate
r k (τ).
In this study, we added a bias correction to the intervals because the described
construction of the surrogate matrices introduces a bias towards lower values for
rates, in particular for the secondary rates. We give an example to explain this bias.
Assume that only two transitions start from a box Bi , with targets Bk and Bl . In the
surrogate, the probability to pick two different transitions (Bk and Bl ) will be of 1/2,
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(a)

5

(b)

Figure B.1: The value at each grid box represents the fraction of surrogate regimes for which
the grid box belongs to (a) the blocked regime or (b) the zonal regime out of a
100 surrogates. The surrogate regimes were detected by applying the algorithm of
section 5.3.3 to the bootstrap surrogate transition matrices.

while the probability to pick two of the same transitions (twice Bk or twice Bl ) will
also be of 1/2. Thus, a bias is introduced towards a weaker mixing resulting in lower
values of the rates (in particular to the secondary ones more sensitive to such details).
This bias was removed by centering the mean of the surrogate rates {( rk (τ))∗s }1≤s≤Ns
to the the value of the original rate rk (τ) being tested.
R∗
The surrogate transition matrices { P̂τ,s
}1≤s≤Ns can also be used to test the robustR∗
ness of the regimes to the sampling by running, for each P̂τ,s
, the regime detection
algorithm described in section 5.3.3. The membership of a grid box to a regime can
be given by a membership matrix Miβ such that Miβ = 1 if grid box Bi belongs to
regime Eβ , and is zero otherwise. Confidence intervals are not well suited for statistics taking logical values. Instead, we compute, for each grid-box Bi , the fraction of
surrogates for which Bi belongs to regime Eβ . These fractions are plotted in figure
B.1a,b for the blocked and the zonal regime, respectively, using Ns = 100 surrogates.
We can see that the core of the regimes are very robust to the sampling, as indicated
by the amount of grid boxes in each regime for which a fraction close to a 100% of
the boxes of the surrogates have been attributed to the same regime. However, boxes
along the path of the transition from the zonal to the blocking regimes are less robust
to the sampling. Such exit-region and entering-region for the zonal and the blocked
regime, respectively, are indeed harder to attribute to a regime, since they correspond
to regions where the invariance is weak. A possibility would be to add a simulated
annealing step in the almost-invariant sets detection algorithm as has been used, for
example, in Rosvall and Bergstrom (2008).

B.2

(a)

ROBUSTNESS TO THE GRID RESOLUTION

(b)

Figure B.2: Rates rk (τ) as in figure 5.4 but calculated from estimates of transition matrices
on a (a) 10 × 10 grid and (b) 100 × 100 grid.

B .2

R O B U S T N E S S O F T H E R E D U C E D E R G O D I C I T Y E I G E N VA L U E S A N D R E G I M E S
TO THE GRID RESOLUTION

The robustness of the rates and the regimes to the grid resolution for which the transition matrices are estimated is tested next. Figure B.2a, b represent rates calculated
from transition matrices estimated on a grid of 10 × 10 and 100 × 100 boxes respectively, to be compared with figure 5.4 of section 5.3.1. We can see that at least the 3
leading rates in green, red and cyan are not much affected by the grid resolution so
that the analysis of section 5.3.1 remains valid under changes of the grid in this range.
This robustness to the grid of the leading rates is in agreement with the fact that they
represent slow large-scale motions less likely to be affected by small perturbations
of the transition matrices.
Figure B.3a,b represent regimes detected from transition matrices estimated on a
grid of 20 × 20 and 200 × 200 boxes respectively, to be compared with figure 5.6 of
section 5.3.3. It can be seen that in both cases the regimes are very much alike to
the one plotted figure 5.6 for the grid of 50 × 50 boxes. The quality of the regimes
deteriorates for grids coarser than 20 × 20 (not represented here) but remains relatively good for resolutions as refined as 200 × 200 (Fig. B.3.b). This robustness of
the regimes to very refined resolutions can be explained by the aggregative nature
of the almost-invariant sets detection algorithm. Indeed, one expects the estimates
of the transition probabilities between grid boxes to deteriorate as the grid becomes
thinner and as the number of samples by grid box decreases. However, because the
algorithm iteratively agglomerates grid boxes into clusters, the transition probabilit-
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(a)

5

(b)

Figure B.3: Almost-invariant sets and their regimes as for figure 5.6 but for a grid of (a) 20 × 20
and (b) 200 × 200.

ies between these coarser and coarser clusters become less and less sensitive to the
sampling as the number of samples by clusters increases with their size.
B .3

ROBUSTNESS OF THE REGIMES TO THE TIME LAG

In addition to the robustness test of the regimes to the grid resolution, we next test
their robustness to the choice of the time lag of the transition matrix from which
they are detected. Regimes detected for lags τ of 7 and 50 days are plotted in figure
B.4a,b, respectively, to be compared to figure 5.6 of section 5.3.3. In this range, we
can see that the quality of the regimes is robust to the lag.
For lags shorter than 7 days, however, the algorithm is not able to distinguish the
transition path between the zonal and the blocked regime from the regimes themselves (not shown here). Such result is in agreement with the fact that for lags smaller than 7 days, the complex pair of rates represented by green squares in figure 5.4,
more likely to be associated with the transition, is dominant over the real eigenvalue
represented by red circles and likely to be associated with the meta-stability of the
regimes. Thus the motions associated with the transition appear to be dominant over
the meta-stability of the regimes for such short lags.
The deterioration of the regimes for lags larger that 50 days is to be expected due
to the fact that, as seen section 5.3.1, the leading rates of figure 5.4, associated with
meta-stability, have time-scales not larger than 40 days, so that for longer lags, the
motions associated with the meta-stable regimes are likely to decorrelate and cannot
be detected by the algorithm.

B.4

(a)

TEST OF THE SEMIGROUP PROPERTY

(b)

Figure B.4: Almost-invariant sets and their regimes as for figure 5.6 but for a lag of (a) 7 days
and (b) 50 days.

B .4

TEST OF THE SEMIGROUP PROPERTY

In this appendix, we justify that the distances plotted in figure 5.5a in section 5.3.1,
R
between densities transferred by a power of 2 of P̂8R and densities transferred by P̂2×8
,
are mostly explained by memory effects rather than by the Galerkin approximation
or by the sampling.
To do so, we first represent the same distances but calculated from transition
matrices estimated from time series of only 250, 000 realizations and as much as
1, 000, 000 realizations (Fig. B.5.a and b respectively), compared to the 500, 000
realizations from which the distances represented figure 5.5 have been calculated.
We can see that neither plots seem to be affected by the short or long length of the
time-series. One has to go to record lengths shorter than 200, 000 realizations to start
to see a difference in the distances (not shown here). Thus, the distances represented in figure 5.5 are not likely to be due to the limited length of the time-series from
which the transition probabilities have been calculated.
Secondly, to test the effect of the Galerkin approximation on the distances, we have
again reproduced figure 5.5, using 500, 000 realizations, but with a grid of 20 × 20
and 100 × 100 (Fig. B.6.a and b respectively). While for the 20 × 20 grid, the distances
get larger, indicating that this increase is due to the Galerking approximation, the
distances for the 100 × 100 grid resolution (Fig. B.6.b) are very much alike the one
for the 50 × 50 resolution (Fig. 5.5). Note that this is also true when a record length
of 1, 000, 000 realizations (not shown here), so that the similarities between the plots
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(a)

5

(b)

Figure B.5: As for figure 5.5, the value at each grid-point represents the distance, for an initial
pow
density of 1 at this grid-point, between the density f8k transferred by the k th
long
R
poser of Pˆ8 and a density f
transferred by P̂
for k = 2. However, the trans8k

k×8

ition matrices have been estimated from a time series of (a) 250, 000 days and (b)
1, 000, 000 days, compared to the 500, 000 of figure 5.5.

(a)

(b)

Figure B.6: As for figure 5.5, the value at each grid-point represents the distance, for an initial
pow
density of 1 at this grid-point, between the density f8k transferred by the k th
long
poser of Pˆ8 and a density f
transferred by P̂ R for k = 2. However, the trans8k

k×8

ition matrices have been estimated from on a grid of (a) 20 × 20 and (b) 100 × 100
boxes, compared to the 50 × 50 boxes of figure 5.5.

B.4

TEST OF THE SEMIGROUP PROPERTY

is not likely to be due to a compensating effect between the grid resolution and the
number of samples per grid point.
R
We can thus conclude that the distances represented in figure 5.5 for P̂8R2 and P̂2×8
are mostly due to memory effects introduced by the only partial observation of the
barotropic model.
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