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Topological order in the Kitaev/Majorana chain in the presence of disorder and interactions
Niklas M. Gergs, Lars Fritz, and Dirk Schuricht
Institute for Theoretical Physics, Center for Extreme Matter and Emergent Phenomena, Utrecht University,
Leuvenlaan 4, 3584 CE Utrecht, The Netherlands
(Received 9 November 2015; revised manuscript received 29 January 2016; published 16 February 2016)
We study the combined effect of interactions and disorder on topological order in one dimension. Toward that
end, we consider a generalized Kitaev chain including fermion-fermion interactions and disorder in the chemical
potential. We determine the phase diagram by performing density-matrix renormalization-group calculations on
the corresponding spin-1/2 chain. We find that moderate disorder or repulsive interactions individually stabilize
the topological order, which remains valid for their combined effect. However, both repulsive and attractive
interactions lead to a suppression of the topological phase at strong disorder.
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I. INTRODUCTION

Partially motivated by their possible applications in quantum information technology, recent years have seen a huge
interest [1–5] in the realization of Majorana fermions in
condensed-matter systems both from theoretical and experimental groups. One recent experimental work [6] performed
scanning tunneling experiments on ferromagnetic atomic
chains on a superconducting substrate and observed a strongly
localized conductance signal around the edges indicative of
Majorana edge modes. In fact, the localization at the edges
was even stronger than expected [7,8]. In this context, the
interactions in the system played an important role, i.e., the
experimental system was unsurprisingly more complicated
than the simple Kitaev chain [9] usually serving as a toy model
for the emergence of Majorana edge modes in solid-state
systems.
There has been broad interest in how experimental deviations from the clean, noninteracting setup affect the Majorana
edge states in the Kitaev chain as well as systems akin
to it. Two of the most relevant experimental influences are
disorder [10–17] and interactions [11,16,18–33]. Concerning
the effects of disorder, it has been observed that moderate
disorder supports the topological phase by pinning down
quasiparticles associated with the phase transition, which has
been investigated in particular for the two-dimensional toric
code [34–36]. Similarly, it has been shown [19,20,23–25]
that repulsive interactions generically broaden the window
of chemical potentials over which the topological phase and
thus Majorana fermions exist. Much less is known on the
combined effect of disorder and interactions, which has so
far only been investigated in topological quantum wires.
Performing a renormalization-group analysis of the corresponding bosonized low-energy theory in replica space, Lobos
et al. [11] showed that disorder and repulsive interactions
reinforce each other in suppressing the topological phase
and thus eliminating Majorana edge modes in the wires.
Crépin et al. [16] corroborated this finding using a Gaussian
variational approach.
Here we will analyze the combined effect of disorder and
interactions in a microscopic model, namely a generalized
Kitaev/Majorana chain. Specifically, we consider a onedimensional chain of spinless fermions in the presence of pwave superconducting pairing, nearest-neighbor interactions,
2469-9950/2016/93(7)/075129(8)

and a disordered chemical potential. While the special cases of
the interacting model without disorder [20,23,24,30] as well
as the noninteracting, disordered [12,13,15] model have been
studied previously and can be investigated using analytical
methods, the combined effect of interactions and disorder
is not amenable to analytic methods. Thus we employ the
density-matrix renormalization-group (DMRG) method [37]
to calculate several observables from which we determine the
phase boundary between the topological and trivial phases.
We find that moderate disorder stabilizes the topological order
in the noninteracting as well as interacting model. However,
strong disorder leads to a suppression of the topological phase,
which is amplified by both repulsive and attractive interactions.
This article is organized as follows: In the next section, we
define the system and discuss its main properties, including the
appearance of Majorana edge states and its mapping to a spin
chain. In Sec. III, we present results on the interacting system
without disorder, after which we recall known results on the
noninteracting model with disorder in Sec. IV. In Sec. V, we
discuss possible criteria for the detection of the topological
phase from our numerical DMRG simulations, the details of
which we present in Sec. VI. In Sec. VII, we present our main
results on the phase diagram in the presence of interactions
and disorder (see Figs. 6 and 7) before we conclude.
II. SYSTEM

To investigate the interplay of disorder and interactions
and their influence on the stability of topological phases, we
consider an extension of the well-known Kitaev/Majorana
chain [9], namely
H =−

N−1


†

(t ci ci+1 −  ci ci+1 + H.c.)

i=1

+U

N−1


†

†

(2 ci ci − 1)(2 ci+1 ci+1 − 1)

i=1

−



1
†
,
μi ci ci −
2
i=1

N


(1)

†

where the operators ci and ci annihilate or create a spinless
fermion at lattice site i, respectively. The first term describes
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hopping of the fermions between neighboring sites, the
second is a p-wave superconducting pairing, and the third
term represents an interaction term between fermions on
neighboring sites. The corresponding amplitudes t, , and
U are assumed to be real (furthermore, we assume t and
 to be positive) and constant along the chain. In contrast,
the chemical potential μi in the last term is allowed to be
site-dependent and thus to contain disorder. Throughout this
paper, we assume the values μi to stem from a uniform disorder
distribution with mean value μ̄ and variance σμ2 , i.e., the μi
√
are uniformly
distributed in the interval μ̄ − 3σμ < μi <
√
μ̄ + 3σμ . The generalization to other disorder distributions
is straightforward; we do not expect any qualitative changes
of our results. Unless stated differently, we assume an open
chain of length N .
For the later discussion, it is useful to rewrite the Hamiltonian (1) in two different ways (see, e.g., Ref. [38]). First, we can
introduce two Majorana fermions γi,a and γi,b at each lattice
site via ci = (γi,a + iγi,b )/2. The Majorana fermions satisfy
†
†
the algebra γi,a = γi,a , γi,b = γi,b , {γi,a ,γj,a } = {γi,b ,γj,b } =
2
2
2δij , {γi,a ,γj,b } = 0, and γi,a
= γi,b
= 1. In terms of these, the
Hamiltonian reads
H =

N−1
i 
[(t + )γi,b γi+1,a − (t − )γi,a γi+1,b ]
2 i=1

−U

N−1

i=1

i 
γi,a γi,b γi+1,a γi+1,b −
μi γi,a γi,b .
2 i=1
N

(2)

The appearance of Majorana edge zero modes is most easily
seen in the homogeneous, noninteracting model at t = .
Denoting the chemical potential by μ, it is straightforward
to show [38] that the operator

N 

μ i−1
left =
−
γi,a
(3)
2t
i=1
commutes with the Hamiltonian up to terms exponentially
small in the system size provided |μ| < 2t. Obviously, left
is localized at the left boundary; the Majorana edge mode
at the right boundary can be constructed analogously. The
condition |μ| < 2t is also sufficient [13] for the existence of
Majorana edge modes for  = t (as long as  = 0), and hence
it determines the topological phase in the clean, noninteracting
system.
Alternatively, the model (1) can be mapped to a
spin-chain Hamiltonian via the Jordan-Wigner transfor

y
†
†
mation σix = j <i (1 − 2cj cj )(ci + ci ), σi = −i j <i (1 −
†

†

†

2cj cj )(ci − ci ), σiz = 2ci ci − 1 = iγi,a γi,b , with the result
H =−

N−1

i=1

t + x x
t − y y
z
σi σi+1 +
σi σi+1 − U σiz σi+1
2
2

1
μi σiz ,
2 i=1



N

−

(4)

where the σia , a = x,y,z, denote the usual Pauli matrices.
In the homogeneous, noninteracting limit, this simplifies to
the well-known XY model in a magnetic field. For |μ| < 2t,

this model is in its ordered phase with σix  = 0, which
corresponds to the topological phase of the Kitaev chain. The
relation between the local order parameter in the spin-chain
representation (4) and the nonlocal topological order in the
Kitaev chain (2) is given by the nonlocal Jordan-Wigner
transformation [38].
In the following sections, we discuss the phase diagram of
the clean, interacting system followed by the noninteracting,
disordered one. We then turn to the investigation of their
combined effect.

III. INTERACTING CASE WITHOUT DISORDER

The phase diagram of the interacting Kitaev chain without
disorder, i.e., the model (1) with μi = μ, has been determined [20,23,24,30] employing the equivalent spin-chain
representation (4). It was shown that the topological and
trivial phases of the noninteracting model extend to weak
and moderate repulsive and attractive interaction strengths.
At large repulsions, U > t, additional incommensurate and
commensurate charge-density-wave phases (Mott insulator)
exist.
In this article, we focus on weak and moderate interactions. To obtain quantitative results on the phase boundary
between the topological and trivial phase, we diagonalize
the noninteracting Hamiltonian (assuming periodic boundary
conditions) using a standard Bogoliubov transformation (see,
e.g., Ref. [39]). The critical chemical potential μc is then
determined in perturbation theory in U from the condition
that the excitation gap closes; the result reads [40]

8U t
2 − t 2 
π (2 − t 2 )3/2
√

 + 2 − t 2
2
2
+ O(U 2 )
− (2 − t ) ln
t


32  − t
32
−
U + O(U 2 ),
≈ 2t +
3π
15π t

μc = 2t −

(5)

where in the last line we have expanded also to leading order
in ( − t)/t. The perturbative result (5) has been confirmed
numerically. The linear approximation with respect to ( −
t)/t works surprisingly well even for appreciable deviations of
the order of | − t| ∼ t/2. We stress that repulsive interactions
stabilize the topological phase in the sense that μc increases
with U .
We note that a pair coupling deviating from  = t causes
no shift of μc in the absence of interactions, while for the
interacting model the sign of the shift also depends on the
sign of the interaction U . The absence of any effect of  = t
on μc in the noninteracting case can be understood from the
Majorana representation (2): The coupling ∝(t − ) binds
Majorana fermions on neighboring fermionic sites i and i + 1
and thus acts qualitatively similar to the first term in favoring
the formation of Majorana edge modes. Finite interactions,
however, influence this binding between neighboring sites,
thus causing a correction in μc .

075129-2

TOPOLOGICAL ORDER IN THE Kitaev/Majorana . . .

PHYSICAL REVIEW B 93, 075129 (2016)

IV. NONINTERACTING CASE WITH DISORDER

V. POSSIBLE CRITERIA

Now let us turn to the noninteracting model with disorder
in the chemical potential. The phase diagram can be obtained
by considering a semi-infinite chain and applying a transfermatrix approach [13,15] to search for states that decay when
moving away from the edge. This leads to the criterion for the
existence of Majorana edge states,

In the remainder of this paper, we will analyze the interplay
of interactions and disorder in the chemical potential. Toward
that end, we will calculate several observables using the
DMRG method [37]. In this section, we give a list of
possible criteria to determine the phase boundary between the
topological and trivial phase, and we discuss their practical
applicability to the problem at hand.
(i) The simplest possible criterion is the closing of the
energy gap between the ground state and the first excited
state. This criterion works very well for the clean system,
as shown in Fig. 2(a). However, the presence of disorder
may lead to localized zero-energy modes, resulting in the
closing of the energy gap without a phase transition in the
bulk of the system [see Fig. 2(b)], thus rendering the criterion
unreliable. A related criterion, namely the compressibility
−∂ 2 EGS /∂μ2 , was discussed recently [29] and shown to be
insensitive to finite-size effects. However, in the disordered
case the compressibility shows the same problems as the

N

T =

μi
− t+

t−
t+

1

0

i=1

,

max{|λT |} < 1,

(6)

where λT denotes the eigenvalues of T . For the special case
t = , the structure of the matrices multiplied in the construction of T simplifies, and one obtains in the infinite-size limit

dμ p(μ,μ̄ = μc ,σμ ) ln

μ
= ln t,
2

(7)

(a)
2

where p(μ,μ̄,σμ ) denotes the probability distribution for the
μi with mean value μ̄ and variance σμ2 . For special probability
distributions such as the uniform, Gaussian, or CauchyLorentz distribution, the left-hand side of (7) can be evaluated
analytically. In the spin-chain context, the condition (7)
determines the phase boundary in the quantum Ising chain
with a disordered transverse field [41–43]. If additionally the
tunnel coupling t is disordered (but uncorrelated to the disorder
in μi ), one has to include a disorder average on the right-hand
side of (7) as well.
The criterion on the eigenvalues of the transfer matrix (6)
can also be used the determine the phase boundary for  = t,
although no closed result replacing (7) exists. We plot the
resulting phase diagram for different values of  in Fig. 1.
We observe that under a reduction of , the topological
phase shrinks, while increasing  stabilizes it against stronger
disorder in the chemical potential. We also observe that the
value of μc at σμ = 0 is unaffected, as predicted by the
result (5).

U = t/2, σµ = 0
Gr=50
ΔH/4
ΔE/t
|E−1 |γ1,a |E1 |2

1

0

−4

−2

0
μ/t

2

4

√
U = t/2, σµ = 5t/(2 3)

(b)
2

Gr=50
ΔH/4
ΔE/t
|E−1 |γ1,a |E1 |2

1
3

2
μc /t

0
Δ = t/2
Δ = 3t/4
Δ=t
Δ = 5t/4
Δ = 3t/2

1

0

0

1

2
σµ /t

3

4

FIG. 1. Phase boundary μc for different values of the pairing
strength . If, for a given standard deviation σμ , the mean chemical
potential μ̄ is below (above) the critical value μc , the system is
in the topological (trivial) phase. The data are obtained from the
transfer-matrix approach considering N = 106 sites.

−6

−4

−2

0
μ/t

2

4

6

FIG. 2. Function Gr=50 [see Eq. (10)], entanglement gap H,
energy gap E above the ground state, and Majorana edge state
overlap (8). (a) Clean system with μi = μ. (b) Exemplary disorder
configuration with mean value μ̄. While in the clean system the four
criteria agree and give the correct value μ = μc ≈ 4t for the phase
boundary, in the disordered case the energy gap shows significant
deviations due to localized zero-energy bulk states while the Majorana
edge state overlap possesses strong fluctuations. On the other hand,
the correlation function (10) and the entanglement gap give the same
result. The simulations were performed with t = , N = 200, and
χ = 32 kept states.
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energy gap. Thus we conclude that both criteria are not suitable
for the determination of the phase boundary in the presence of
disorder.
(ii) The second possible criterion is the relative change
of the wave-function overlap when changing μ—related to
the fidelity [44]—ψ = limε 0 (1 − |ψμ |ψμ+ε |)/ε. This
parameter also turns out to be very stable in the clean case,
but it becomes insensitive to the phase transition for strong
disorder as it also tends to be sensitive for the closure of the
energy gap.
(iii) Another possible criterion is based on the noninteracting picture [19] discussed above. One considers the overlap
E−1 |γ1,a |E1 , where |E±1  denotes the ground state in the
even- or odd-parity sector, respectively, which are connected
via the zero-energy Majorana edge state associated with
γ1,a . Hence, this expectation value will be of order 1 in the
topological phase but will vanish in the trivial phase, i.e., we
find



1 topological,
|E−1 |γ1,a |E1 |2 = E−1 |σ1x |E1 2 ≈
0 trivial.
(8)
The limiting factor for this approach is mainly the need to
access both ground states |E±1 , which comes at higher numerical costs than criterion (v) discussed below. Furthermore,
when determining the ground states, one has to ensure that
one obtains the true ground states in the respective parity
sectors and not some localized zero-energy state due to (strong)
disorder. In addition, as exemplified in Fig. 2(b), the Majorana
edge state overlap possesses strong fluctuations inside the
topological region, which make a reliable extraction of the
phase boundaries very hard.
(iv) A criterion often used to identify topological phases is
the degeneracy of the entanglement spectrum [19,45], i.e., the
spectrum of H = − log trL/2 ρgs , with the ground-state density
matrix ρgs , which is two-times degenerate in the topological
phase. Hence its gap may be used as a criterion, which turns
out to be robust against disorder, i.e., it does not detect spurious
localized zero-energy states. While this criterion is generally
easily accessible with DMRG algorithms, it requires some
effort to be numerically stable regarding the number of kept
states χ (see Sec. VI and Fig. 3). To sample many disorder
realizations in a reasonable amount of time, therefore, we did
not apply this criterion. However, we show for an exemplary
case in Fig. 2(b) that it agrees with criterion (v), as discussed
in the following.
(v) Finally, let us devise the criterion we are going to
use for our numerical calculations. As mentioned above, the
topological phase corresponds to the magnetically ordered
phase in the spin-chain representation (4), thus we start with
the correlation function of the corresponding order parameter,
x
Cri = σix σi+r
.

(9)

In the clean case, this function behaves as follows: In the
trivial region |μ| > 2t, one finds that Cri decays as [46,47]
Cri = r −2xM exp (−r/ξ ), where xM ≈ 0.191 and the correlation length is given by ξ = 1/ log(μ/t). In contrast, in
the topological region |μ| < 2t the correlation function Cri
saturates at a constant value close to unity as r
1. We will
now use this behavior to construct a parameter that has a

(a)
1.2
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χ = 256

1
0.8
0.6
0.4
0.2
0
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(b)
1.2
1
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0.6

χ = 32
χ = 64
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χ = 256

0.1
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0.2 c = 0.1
0
−6 −4
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0

2

FIG. 3. (a) Entanglement gap H and (b) function Gr=50 for an
exemplary disorder configuration with mean value μ̄. The simulations
were performed with t =  and N = 200 for different values of χ .
We observe that for smaller matrix dimensions χ , the entanglement
gap may show accidental collapses, while the χ dependence of the
function Gr=50 is much less significant.

rather sharp transition at the critical point μc = 2t and most
importantly is robust against disorder.
Toward that end, we consider the functions
Gr =

N−r
N−r
1  x x
1  i
Cr =
σ σ
,
N − r i=1
N − r i=1 i i+r

(10)

i.e., we consider the mean of the correlations between the
N − r leftmost sites with the respective ones at distance r. For
r
1 we obtain a sharp transition from Gr ≈ 0 in the trivial to
Gr ≈ 1 in the topological phase. We note that both interactions
[see Fig. 2(a)] as well as spatial fluctuations in the individual
samples due to the disorder [see Fig. 2(b)] yield a reduction
from the value Gr ≈ 1; however, considering the sum of
the correlation functions Cri ensures that rare fluctuations on
individual sites due to the disorder are smoothed out.
While the correlation function (9) is local in the spin-chain
representation, the Jordan-Wigner string results in a nonlocal
expression in terms of the fermionic degrees of freedom. For
example, in terms of the Majorana operators one finds
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For r = 1, the Jordan-Wigner string obviously vanishes and C1i
just corresponds to the expectation value of finding Majorana
fermions bound at neighboring sites. For r
1, however, the
string is essential to get a nonvanishing Cri in the topological
phase, reflecting the fact that the topological order is encoded
in nonlocal properties of the fermionic model (1).
In Fig. 2 we compare the energy gap E, the gap in
the entanglement spectrum H, the Majorana edge state
overlap (8), and the function Gr for two examples of interacting
systems. While for the clean system shown in Fig. 2(a) all
four criteria indicate the same critical chemical potential
μ = μc ≈ 4t, in the disordered system shown in Fig. 2(b)
the critical chemical potential extracted from the energy gap
shows significant deviations due to localized zero-energy
states. Similarly, the Majorana edge state overlap possesses
strong fluctuations in the disordered system. On the other
hand, the results obtained from the entanglement gap and
Gr 1 are identical, while the calculation of the latter turns
out to be numerically less demanding (see Sec. VI and Fig. 3).
We conclude that using the function (10) provides a stable
tool to detect the phase transition between the topological and
trivial phases in the presence of both interactions and disorder.
VI. IMPLEMENTATION

As discussed in the previous section, only the gap in the entanglement spectrum H and the function Gr 1 turned out to
be robust with respect to strong disorder. The main advantage
of the latter is that it is much less affected by truncation errors in
the DMRG calculations, in particular in the strongly disordered
case. This can be seen in Fig. 3: The entanglement gap H
shows fluctuations that may lead to accidental degeneracies,
particularly for small matrix dimensions χ , thus increasing the
uncertainty in the determination of the topological phase. In
contrast, the result for the function Gr=50 changes only weakly
with χ , and it yields reliable results [48] already for small
matrix dimension χ = 32, thus reducing the time to simulate
many disorder realizations. Hence in the following we use the
criterion
c = 0.1

3
2.5

(12)

to determine the topological phase. The function Gr=50 (μ̄)
depends implicitly on the mean μ̄ via the randomly distributed
chemical potentials {μi }. The choice of c is largely arbitrary;
the effect of choosing other values will be discussed below.
Practically, we proceed as follows:
(i) We generate a set of randomly distributed chemical
potentials {μi : i = 1, . . . ,N} from a uniform distribution
with mean 0 and standard deviation σμ . The random chemical
potentials {μi } are given as quenched disorder and are therefore
not altered during the following procedure.
(ii) Now we introduce an auxiliary parameter x by shifting
the randomly distributed chemical potentials, i.e., μi → x +
μi , and we determine the two points μ±
c by evaluating the
positions with Gr=50 (x = μ±
)
=
c.
The
critical
mean value of
c
the chemical potential is then set to μc = (μ+
−
μ−
c
c )/2. The
use of this symmetrized procedure nullifies random shifts of
the center of the topological region, which have to average
out to zero anyhow due to the symmetry of the problem

2
μc /t

Gr=50 (μ̄) > c,

under μi → −μi . The function Gr=50 (x) is determined using
a DMRG calculation with truncation at χ = 32 states.
(iii) We repeat step (i) for M disorder realizations denoted
j
by μi , j = 1, . . . ,M (we use M = 100 throughout). We use
 j
postselection to ensure that the mean values ν j = i μi of
the M realizations represent the corresponding Gaussian distribution [49]. We only discard a drawn disorder configuration
if already another one within the same acceptance limits for ν j
has been drawn before. Once we have obtained a valid disorder
realization, we calculate the critical chemical potential as in
step (ii), the final result for μc being the mean value of the
critical chemical potentials of the M disorder realizations.
We decided to determine the critical chemical potential
μc for each disorder realization, followed by averaging of
M realizations. Instead, one may consider averaging the
correlation functions over the disorder realizations, Cri avg ,
and then searching for the critical chemical potential. However,
close to the critical point these averaged correlation functions
are dominated by extremely rare [50] disorder realizations,
which lead to a decay of Cir avg ∝ exp(−3π 2/3 r 1/3 ) in contrast
to Cir typ ∝ exp(−αr 1/2 ) for the typical correlation function
[α is a disorder-dependent constant of order O(1)]. Hence,
one would have to take many more samples into account
to obtain a decent computation of the average correlation
functions Cri avg . Our comparison with exact results [51] in the
thermodynamic limit for the noninteracting system (cf. Fig. 4)
confirmed that these extremely rare disorder realizations do
not enter with an above-average weight in the determination
of the disorder-averaged critical chemical potential μc .
We now briefly discuss the deviations in μc due to various
sources of errors, namely approximations during the DMRG
procedure as well as our choice of the parameter c in (12).
First, by varying the matrix dimension χ for various disorder
realizations, we found that a reasonable upper limit for the
error δμc of δμc < 0.04 t can be achieved by using a rather

1.5

N
N
N
N

1
0.5

= 100
= 200
= 400
= 800

0
0

0.5

1

1.5

2 2.5
σµ /t

3

3.5

4

FIG. 4. Finite-size dependence of the critical chemical potential
μc as a function of the disorder strength σμ for a noninteracting system
with t = . The dashed line corresponds to the phase transition
in the thermodynamic limit obtained from (7), which at weak
disorder follows μc = 2t + σμ2 /(4t) + O(σμ3 ). Numerically, μc has
been determined with a matrix dimension of χ = 32 and M = 100
disorder realizations using the algorithm described in Sec. VI. The
finite-size results approach the infinite-size behavior already for
N = 400. The vanishing of the topological phase for strong disorder
strength is not as sharp as for the infinite-size case.
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U

σμ
√
2t/√3
2t/√3
4t/ √3
3.2t/ 3

0
t/2
0
t/2

c = 0.05

c = 0.1

c = 0.2

2.43t
4.35t
3.20t
3.61t

2.38t
4.27t
2.92t
3.17t

2.31t
4.13t
2.48t
2.51t

μc /t

TABLE I. Critical chemical potential μc for different values
of the interaction U , disorder strength σμ , and parameters c. The
other parameters are t = , N = 400, and M = 100. For moderate
disorder strengths σμ < t, the errors in μc remain small.

4.5
4
3.5
3
2.5
2
1.5
1
0.5
0

U
U
U
U

topological
phase
0

4.5
4
3.5
3
2.5
2
1.5
1
0.5
0
0.5

1

1.5
2
σµ /t

2.5

3

1.5

2 2.5
σµ /t

3

3.5

4

VII. INTERPLAY OF DISORDER AND INTERACTION

We now turn to the main result of our work, namely the
determination of the phase diagram in the presence of disorder
and interactions. Before doing so, we point out that the phase
diagrams presented in Figs. 6 and 7 have to be understood as
averaged ones for finite systems in the following sense: While
for each disorder realization we have a fixed Hamiltonian
and thus a definitive answer to whether Majorana modes are
present or not, the shown phase diagrams are obtained by
averaging over M disorder realizations. Thus in the region
denoted “topological phase,” a finite percentage of disorder
realizations will possess Majorana modes. The precise value
1.4
1.2
1
0.8
0.6
0.4
0.2
0
−0.2
−0.4

3.5

μ = 1.5t
μ = 2t
μ = 2.5t
topological
phase

0

FIG. 5. Finite-size dependence of the critical chemical potential
μc as a function of the disorder strength σμ for an interacting
system with interaction strength U = t/2 and t = . The dashed
line corresponds to the phase transition in the thermodynamic limit
obtained from (7). μc has been determined using criterion (12) with a
matrix dimension of χ = 32 and M = 100 disorder realizations. The
error bars show the statistical error defined as half of the standard
deviations.

1

topological phase, even in the interacting case as shown in
Fig. 5.

N = 100
N = 200
N = 400

0

0.5

FIG. 6. Critical chemical potential μc as a function of the disorder
strength σμ for different interaction strengths and t = . We used
N = 400, M = 100, and χ = 32. The dashed lines connecting the
data points are a guide to the eye. We observe that repulsive interactions stabilize the topological phase for moderate disorder σμ < t,
while at strong disorder the interactions suppress the topological
phase. In contrast, attractive interactions destabilize the topological
phase for all disorder strengths. The error bars show half of the
standard deviation.

Uc /t

μc /t

small matrix dimension of χ = 32 [see Fig. 3(b) for an
example]. Second, we varied the value of c and extracted
the corresponding critical chemical potentials μc as shown
in Table I. As can be seen, the induced errors are comparable
to those originating from the matrix dimension, at least for
moderate disorder strengths σμ < t.
In addition to these systematical errors, each critical
chemical potential will have a statistical error stemming from
the fact that by choosing N random variables for a given
quenched finite-size disorder, one will deviate from the smooth
distribution obtained in the thermodynamic limit. We plot the
error bars due to this statistical error, which we define as
half of the respective standard deviations, in Figs. 5–7. We
note that the statistical error only vanishes when taking the
thermodynamic limit, N → ∞, followed by the limit of an
infinite number of disorder realizations, M → ∞.
In addition to the statistical error at finite N and M, one
has the usual finite-size error on the critical chemical potential.
This is illustrated in Fig. 4 for the clean system. We observe,
however, that even though we used a small matrix dimension
χ = 32 to reduce the numerical workload for averaging over
the disorder samples, a remarkably good agreement between
the finite-size results for larger chains (N = 400 and 800)
and the exact result in the thermodynamic limit is obtained,
even in the strongly disordered regime. Generally we observe
that considering smaller systems results in a reduction of the

= −t/4
=0
= t/4
= t/2

0.5

1

1.5

2 2.5
σµ /t

3

3.5

4

FIG. 7. Critical interaction strength Uc as a function of the
disorder strength σμ for different mean values of the chemical
potential μ̄ and t = . We used N = 400, M = 100, and χ = 32. The
dashed lines connecting the data points are a guide to the eye. Again
we observe that weak interactions and weak to moderate disorder
strengths stabilize the topological phase. The error bars show the
statistical error, which is much smaller than in Fig. 6.

075129-6

TOPOLOGICAL ORDER IN THE Kitaev/Majorana . . .

PHYSICAL REVIEW B 93, 075129 (2016)

4
U = −t/4
U =0
U = t/4
U = t/2

3
ΔE/t

of this percentage depends on the specific point in the phase
diagram and the system size, while its value at the indicated
phase boundaries also depends on the details of our approach,
such as, for example, the value of c chosen in the criterion (12).
However, we expect that in the thermodynamic limit the
indicated phase boundaries become sharp transitions.
Now we turn to the discussion of the obtained phase
diagrams. The finite-size behavior for the interplay of disorder
and interactions is illustrated in Fig. 5, where the results
for the critical chemical potential μc for chains with up to
N = 400 sites are shown. Generally, the finite-size effects
are very similar to the noninteracting case. For example, at
weak to moderate disorder, σμ < t, the finite-size effects are
very weak. We also observe that the statistical errors decrease
quickly when increasing the system size, and they are only
appreciable in the strongly disordered regime.
We have performed simulations for systems with t = 
and several values of the interaction strength for chains of
length N = 400 using χ = 32 states and M = 100 disorder
realizations. Our results for the phase diagram are summarized
in Figs. 6 and 7, which constitute the main result of our work.
For weak disorder strengths σμ /t  1 we observe in
Fig. 6 that the topological phase is stabilized by the disorder
irrespective of the interaction strength, i.e., for all considered
values of U the critical chemical potential μc initially increases
with σμ . In fact, in this regime disorder and interactions seem
not to influence each other, and the phase boundary is well
described by simply adding up their individual effects. Thus
for t =  and in the thermodynamic limit we obtain

2
1
0
−6

−4

−2

0
μ/t

2

4

6

FIG. 8. Energy gap between the ground state and the second
excited state for nondisordered systems with chemical potential μ
and t = , obtained from DMRG simulations with χ = 32 and
N = 400. We observe that the energy gap in the topological phase
(centered around μ = 0) is reduced by both repulsive and attractive
interactions.

for disordered, superconducting nanowires with repulsive
interactions [11,16]. An intuitive explanation for the suppressive effect of interactions can be given by considering
the energy gap above the twofold-degenerate ground state in
the topological phase. As illustrated in Fig. 8, both repulsive
and attractive interactions decrease this gap, which allows
sufficiently strong fluctuations in the chemical potential to
destroy the topological phase more easily.
VIII. CONCLUSION

σμ2


32U
μc = 2t +
+
+ O U 2 ,σμ3 ,
3π
4t

(13)

which is consistent with the numerically determined phase
boundary shown in Fig. 6.
Similarly, in the phase diagram shown in Fig. 7 we observe
that for weak interactions moderate disorder stabilizes the
topological phase. In fact, the phase boundary is just described
by (13). As discussed in Sec. III, for strong interactions
the clean system possesses incommensurate and commensurate charge-density-wave phases with the transition from the
topological phase to the incommensurate charge-density phase
at Uc ≈ t (for μ ≈ 2t). Here we see that even weak disorder
suppresses the topological phase by decreasing the critical
interaction strength Uc as compared to the noninteracting
system, in contrast to the transition at weak interaction
strengths U ≈ 0.
Stronger disorder generally leads to a collapse of the
topological phase since the system is presumably dominated
by states localized around sites with strongly negative μi .
Interactions amplify this behavior, i.e., both for repulsive
and attractive interactions the topological phase is destroyed
already at weaker disorder. This is consistent with the findings
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[16] F. Crépin, G. Zaránd, and P. Simon, Phys. Rev. B 90, 121407(R)
(2014).
[17] Z.-Y. Xue, M. Gong, J. Lin, Y. Hu, S.-L. Zhu, and Z. D. Wang,
Sci. Rep. 5, 12233 (2015).
[18] S. Gangadharaiah, B. Braunecker, P. Simon, and D. Loss,
Phys. Rev. Lett. 107, 036801 (2011).
[19] E. M. Stoudenmire, J. Alicea, O. A. Starykh, and M. P. A. Fisher,
Phys. Rev. B 84, 014503 (2011).
[20] E. Sela, A. Altland, and A. Rosch, Phys. Rev. B 84, 085114
(2011).
[21] M. Cheng and H.-H. Tu, Phys. Rev. B 84, 094503 (2011).
[22] R. M. Lutchyn and M. P. A. Fisher, Phys. Rev. B 84, 214528
(2011).
[23] F. Hassler and D. Schuricht, New J. Phys. 14, 125018
(2012).
[24] R. Thomale, S. Rachel, and P. Schmitteckert, Phys. Rev. B 88,
161103(R) (2013).
[25] A. Manolescu, D. C. Marinescu, and T. D. Stanescu, J. Phys.:
Condens. Matter 26, 172203 (2014).
[26] A. Rahmani, X. Zhu, M. Franz, and I. Affleck, Phys. Rev. Lett.
115, 166401 (2015).
[27] G. Kells, Phys. Rev. B 92, 081401(R) (2015).

[28] A. Milsted, L. Seabra, I. C. Fulga, C. W. J. Beenakker, and
E. Cobanera, Phys. Rev. B 92, 085139 (2015).
[29] Y.-H. Chan, C.-K. Chiu, and K. Sun, Phys. Rev. B 92, 104514
(2015).
[30] H. Katsura, D. Schuricht, and M. Takahashi, Phys. Rev. B 92,
115137 (2015).
[31] G. Kells, Phys. Rev. B 92, 155434 (2015).
[32] A. Rahmani, X. Zhu, M. Franz, and I. Affleck, Phys. Rev. B 92,
235123 (2015).
[33] T. E. O’Brien and A. R. Wright, arXiv:1508.06638.
[34] D. I. Tsomokos, T. J. Osborne, and C. Castelnovo, Phys. Rev. B
83, 075124 (2011).
[35] J. R. Wootton and J. K. Pachos, Phys. Rev. Lett. 107, 030503
(2011).
[36] S. Bravyi and R. König, Commun. Math. Phys. 316, 641 (2012).
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